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ELLIPTIC CURVES, RANDOM MATRICES
AND ORBITAL INTEGRALS

JEFFREY D. ACHTER AND JULIA GORDON

WITH AN APPENDIX BY S. ALI ALTUG

An isogeny class of elliptic curves over a finite field is determined by a qua-
dratic Weil polynomial. Gekeler has given a product formula, in terms of
congruence considerations involving that polynomial, for the size of such
an isogeny class (over a finite prime field). In this paper we give a new
transparent proof of this formula; it turns out that this product actually
computes an adelic orbital integral which visibly counts the desired cardi-
nality. This answers a question posed by N. Katz and extends Gekeler’s
work to ordinary elliptic curves over arbitrary finite fields.

1. Introduction

The isogeny class of an elliptic curve over a finite field [, of p elements is deter-
mined by its trace of Frobenius; calculating the size of such an isogeny class is a
classical problem. Fix a number a with |a| < 2,/p, and let I (a, p) be the set of all
elliptic curves over [, with trace of Frobenius a. Further suppose that p { a, so that
the isogeny class is ordinary.

Gekeler [2003] proposed a random matrix model to compute the size of I (a, p)
(see also [Katz 2009]). For each rational prime £ # p, let

(1-1)
. #y e GLo(Z/2") : tr(y) =a mod £", det(y) = p mod £"}
ve(a, p) = lim .
n— 00 #SLo(Z/e)/er
For £ = p, let
(1-2)

. #y eMy(Z/pt) :tr(y) =a mod p”, det(y) = p mod p"}
vy(a, p) = lim .
n—00 #SLo(Z/p™)/ p"
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2 JEFFREY D. ACHTER AND JULIA GORDON

On average, the number of elements of GL,(Z/¢") with a given characteristic
polynomial is # GLy(Z/£€")/(#(Z/€")* - £"). Thus, ve(a, p) measures the departure
of the frequency of the event that a random matrix y satisfies f,, (T') = T?—aT +p
from the average (over all possible characteristic polynomials).

It turns out [Gekeler 2003, Theorem 5.5] that

~ 1
(1-3) #1(a.p) = 5/pvso(a. p) [ [ veta. p).
14
where
2 a’
Voo(a»p)—; 1_55

#1 (a, p) is a count weighted by automorphisms (2-1), and we note that the term
H*(a, p) of [Gekeler 2003] actually computes 2H#1 (a, p) (see [Gekeler 2003, (2.10)
and (2.13); Katz 2009, Theorem 8.5, p. 451]). This equation is almost miraculous.
An equidistribution assumption about Frobenius elements, which is so strong that it
can’t possibly be true, leads one to the correct conclusion.

In contrast to the heuristic, the proof of (1-3) is somewhat pedestrian. Let
Ngp = a’>—4p, let Kap=0Q(/Asp), and let x, , be the associated quadratic
character. Classically, the size of the isogeny class I (a, [F,) is given by the Kro-
necker class number H (A, ,). Direct calculation [Gekeler 2003] shows that, at
least for unramified primes ¢,

1

V@(aa p) - I_Xa,p(g)/e

is the term at £ in the Euler product expansion of L(1, x,,,). More generally, a
term by term comparison shows that the right-hand side of (1-3) computes H (A, ).

Even though (1-3) is striking and unconditional, one might still want a pure
thought derivation of it. (We are not alone in this desire; Katz calls attention to this
question in [Katz 2009, Remark 8.7].) Our goal in the present paper is to provide a
conceptual explanation of (1-3). We will show that Gekeler’s random matrix model
(i.e., the right-hand side of (1-3)) directly calculates #1 (a, p), without appeal to
class numbers. A further payoff of our method is that we extend Gekeler’s results
to the case of ordinary elliptic curves over an arbitrary finite field [F.

Our method relies on the description, due to Langlands (for modular curves)
and Kottwitz (in general), of the points on a Shimura variety over a finite field. A
consequence of their study is that one can calculate the cardinality of an ordinary
isogeny class of elliptic curves over [, using orbital integrals on the finite adelic
points of GL, (Proposition 2.1). Our main observation is that one can, without
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explicit calculation, relate each local factor v, (a, ¢) to an orbital integral

(1-4) 161,z (x " Hyex) dx,

‘/;yg (Qp)\ GL2(Qy)
where y is an element of GL,(Q) of trace a and determinant ¢, G, is its centralizer
in GL2(Qy), and 1GL,(z,) is the characteristic function of the maximal compact
subgroup GL,(Z;). Here the choice of the invariant measure dx on the orbit is
crucial. On one hand, the measure that is naturally related to Gekeler’s numbers
is the so-called geometric measure (see [Frenkel et al. 2010]), which we review
in Section 3A3. On the other hand, this measure is inconvenient for computing
the global volume term that appears in the formula of Langlands and Kottwitz.
The main technical difficulty is the comparison, which should be well-known but
is hard to find in the literature, between the geometric measure and the so-called
canonical measure.

We start in Section 2 by establishing notation and reviewing the Langlands—
Kottwitz formula. We define the relevant natural measures in Section 3, and study
the comparison factor between them in Section 4. Finally, in Section 5, we complete
the global calculation.

It is perhaps not surprising that one can use a similar method to give an analogous
product formula for the size of an isogeny class of simple ordinary principally
polarized abelian varieties over a finite field. (The fact that the group controlling
the moduli problem is GSp,, rather than GL, means that, for example, conjugacy
and stable conjugacy no longer coincide, the explicit invocation of the fundamental
lemma is more involved, the comparison of measures (Proposition 4.5) is more
difficult, the global volume calculation is less immediate, etc.) We take up this
challenge in a companion work.

It turns out that [Frenkel et al. 2010, §3] has much of the information one needs
for the crucial comparison of measures. This is explained in the Appendix by
S. Ali Altug.

As we were finishing this paper, the authors of [David et al. 2016] shared their
work with us, which takes Gekeler’s random matrix model as its starting point; we
invite the interested reader to consult that work.

Notation. Throughout, [, is a finite field of characteristic p and cardinality g = p°.
Let Q, be the unique unramified extension of Q,, of degree e, and let Z, C Q, be
its ring of integers. We use o to denote both the canonical generator of Gal(F, /T )
and its lift to Gal(Q,/Q)).

Typically, G will denote the algebraic group GL,. While many of our results
admit immediate generalization to other reductive groups, as a rule we resist this
temptation unless the statement and its proof require no additional notation.
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Shortly, we will fix a regular semisimple element yy € G(Q) = GL,(Q); its
centralizer will variously be denoted G, and T'.
Conjugacy in an abstract group is denoted by ~.

2. Preliminaries

Here we collect notation concerning isogeny classes (Section 2A) as well as basic
information on Gekeler’s ratios (Section 2C) and the Langlands—Kottwitz formula
(Section 2D).

2A. Isogeny classes of elliptic curves. 1f E /[, is an elliptic curve, then its charac-
teristic polynomial of Frobenius has the form fg /,(T) = T? —ag T +4q, where
lagr,| < 2./q. Moreover, E| and E; are [,-isogenous if and only if ag, /F, =AE,/F,-
In particular, for a given integer a with |a| < 2,/q, the set

I(a,q) ={E/F;:ags, =a}

is a single isogeny class of elliptic curves over [,. Its weighted cardinality is

~ L 1
Q-1 #a.q= Y FAWE
Eel(a,q)

A member of this isogeny class is ordinary if and only if p t a; henceforth, we
assume this is the case.
Fix an element yy € G(Q) with characteristic polynomial

Jo(T) = fuy(T) :=T*—aT +q.

Newton polygon considerations show that exactly one root of f, ,(T) is a p-adic
unit, and in particular f, ,(T) has distinct roots. Therefore, yy is regular semisimple.
Moreover, any other element of G(QQ) with the same characteristic polynomial is
conjugate to yp. (Here and elsewhere, we use the fact that in a general linear group,
two elements are conjugate if and only if they are stably conjugate.)

Let K = K, , = Q[T]/f(T); it is a quadratic imaginary field. If E € I(a, q),
then its endomorphism algebra is End(£) ® Q = K. The centralizer G, of yp in G
is the restriction of scalars torus G,, = Rg,0Gp,.

If « is an invariant of an isogeny class, we will variously denote it as «(a, gq),
«(fo), or a(yy), depending on the desired emphasis.

2B. The Steinberg quotient. We review the general definition of the Steinberg
quotient. Let G be a split, reductive group of rank r, with simply connected derived
group G and Lie algebra g; further assume that G/G%" = G,,. (In the case of
interest for this paper, G = GL,, r =2, and G%" = SL,.)
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Let T be a split maximal torus in G, T9" = T N G%" (note that 79" is not the
derived group of T'), and W be the Weyl group of G relative to T'. Let A%" =T9¢r/ W
be the Steinberg quotient for the semisimple group G, It is isomorphic to the
affine space of dimension r — 1.

Let A = A% x G,, be the analogue of the Steinberg quotient for the reductive
group G, see [Frenkel et al. 2010]. We think of A as the space of “characteristic
polynomials”. There is a canonical map

(2-2) G5 A.
Since G/ G%" = G,,, we have
AZA %G, CA.

2C. Gekeler numbers. We resume our earlier discussion of elliptic curves, and
let G = GL;,. As in Section 2A, fix data (a, g) defining an ordinary isogeny class
over [F,. Recall that, to each finite prime £, Gekeler has assigned a local probability
ve(a, q), see (1-1) and (1-2). We give a geometric interpretation of this ratio, as
follows.

Since G is a group scheme over Z, for any finite prime ¢ we have a well-defined
group G(Z;), which is a (hyperspecial) maximal compact subgroup of G (Qy), as
well as the “truncated” groups G(Z,/¢") for every integer n > Q.

Recall that, given the fixed data (a, g), we have chosen an element yy € G(Q).
Since the conjugacy class of a semisimple element of a general linear group is
determined by its characteristic polynomial, y; is well-defined up to conjugacy.

Let ¢ be any finite prime (we allow the possibility £ = p); using the inclusion
Q — Q, we identify yy with an element of G(Qy). In fact, if £ # p, then yy is a
regular semisimple element of G(Z;).

For a fixed positive integer n, the average value of #c~!(a), as a ranges over
A(Zg/L"), is

#G (L)) [#AZe /1),

Consequently, we set

#ly € G(Zy/L") : y ~ (v mod £7)}
#G (Lo /L") [#A(Le/ ") ’

(2-3) ven(a, q) = ven(yo) =
and rewrite (1-3) (and extend it to the case of [) as

(2-4) ve(a,q) = lim vy ,(a, q).
n—>oo

Again, we have exploited the fact that two semisimple elements of GL; are con-
jugate if and only if their characteristic polynomials are the same. Note that the



6 JEFFREY D. ACHTER AND JULIA GORDON
denominator of (2-4) coincides with that of Gekeler’s definition [2003, (3.7)].
Indeed,

#G(Z/0") L(L—1)(L2=1)e4n—4 o e
#A(Z /L) - ([_1)571_16” = 1)¢ .

For £ = p, yp lies in GL,(Q,) N Maty(Z,). We make the apparently ad hoc
definition

(2-5)

#y e Maty(Z,/p") : y ~ (yo mod p")}
#G(Z,/p")/#HA(LZ ] p") '

where we have briefly used ~ to denote similarity of matrices under the action of
GL,(Z,/p"). In the case where g = p, this recovers Gekeler’s definition (1-2).

Finally, we follow [Gekeler 2003, (3.3)] and, inspired by the Sato—Tate measure,
define an archimedean term

2
27 voola, ) = = 1 i

2D. The Langlands and Kottwitz approach. For Shimura varieties of PEL type,
Kottwitz [1992] proved Langlands’s conjectural expression of the zeta function

(2-6) v,(a,q) = lim
n—oo

of that Shimura variety in terms of automorphic L-functions on the associated
group. A key, albeit elementary, tool in this proof is the fact that the isogeny class
of a (structured) abelian variety can be expressed in terms of an orbital integral.
The special case where the Shimura variety in question is a modular curve, so
that the abelian varieties are simply elliptic curves, has enjoyed several detailed
presentations in the literature (e.g., [Clozel 1993; Scholze 2011] and, to a lesser
extent, [Achter and Cunningham 2002]), and so we content ourselves here with the
relevant statement.

As in Section 2A, fix data (a, g) which determines an isogeny class of ordinary
elliptic curves over [, and let ¥y € G(Q) be a suitable choice. If E € I (a, q), then
for each € not dividing ¢ there is an isomorphism

H'(E;,. Q) = QF°

which takes the Frobenius endomorphism of E to yp.

There is an additive operator F' on Hclris(E , Q). It is o-linear, in the sense that
ifae Qg and x € HclriS(E, Qy), then F(ax) = a° F(x). To F corresponds some
80 € G(Qy), well-defined up to o-conjugacy. (Recall that § and §" are o-conjugate
if there exists some 7 € G(Q,) such that h='8h° = §'.) The two elements are
related by Ng, /0, (80) ~ Yo

Let G,, be the centralizer of yp in G. Let G, be the twisted centralizer of &
in Gg,; it is an algebraic group over Q,,.
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Finally, let A? denote the prime-to- p finite adeles, and let 21} C A? be the subring
of everywhere-integral elements. With these notational preparations, we have:

Proposition 2.1. The weighted cardinality of an ordinary isogeny class of elliptic
curves is given by

(2-8) #1(a, q) = vol (G, (@)\G,, (Af))

/ G(zz{)(g_l)/og)dg
GryAD\GAY)

1 (h~'80h%) dh.

/GBOA@,,)\G(@,,) 6@ (;;)6@

Here, each group G (Q;) has been given the Haar measure which assigns volume
one to G(Z,) (this is the so-called canonical measure, see Section 3A2). The choice
of nonzero Haar measure on the centralizer G, (Q;) is irrelevant, as long as the
same choice is made for the global volume computation. Similarly, in the second,
twisted orbital integral, G(Q,) is given the Haar measure which assigns volume
one to G(Z,). Since we shall need to say something about the volume term later,
we need to fix the measures on G,,(Q¢) for every £. We choose the canonical
measures " on both G and G, at every place. These measures are defined below
in Section 3A2.

The idea behind Proposition 2.1 is straightforward. (We defer to [Clozel 1993]
for details.) Fix an E € I (a, ¢) and H' (EE, Q) = @292 as above. This singles out
an integral structure

H'(Eg,, Z) € Q.

If E’ is any other member of I (a, q), then the prime -to-p part of an [, -rational
isogeny E — E’ gives a new integral structure H' (E/ Zy) on @692 Smnlarly, p-
power isogenies give rise to new integral structures on ‘the crystalline cohomology

cm(E Q). In this way, I(a, q) is identified with K*\Y” x Y,, where Y”
ranges among yy-stable lattices in ¥ (E[F ,A?), and Y, ranges among lattices in

Crls(E Q,) stable under &y and pcS . It is now straight forward to use an orbital
integral to calculate the automorphism-weighted, or groupoid, cardinality of the
quotient set K*\Y? x Y, (e.g., [Hales 2012, §6]).

We remark that most expositions of Proposition 2.1 refer to a geometric context
in which 10(2?) is replaced with the characteristic function of an open compact
subgroup which is sufficiently small that objects have trivial automorphism groups,
so that the corresponding Shimura variety is a smooth and quasiprojective fine
moduli space. However, this assumption is not necessary for the counting argument
underlying (2-8); see, for instance, [Clozel 1993, Section 3(b)].
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3. Comparison of Gekeler numbers with orbital integrals

The calculation is based on the interplay between several G-invariant measures
on the adjoint orbits in G. We start by carefully reviewing the definitions and the
normalizations of all Haar measures involved.

3A. Measures on groups and orbits. Let 7,24y — Z4/€" be the truncation map.
For any Z;-scheme X, we denote by 7;¥ the corresponding map

nn C X (Zy) — X(Zy)l™)

induced by m,,.

Once and for all, fix the Haar measure on A!(Q,) such that the volume of Z,
is 1. We will denote this measure by dx. For our calculations the key ob-
servation is that, with this normalization, the fibers of the standard projection
7~ Ad(Z,) — AY(Z/€"Z) have volume £~

There are two fundamental approaches to normalizing a Haar measure on the
set of Qg-points of an arbitrary algebraic group G. One can either fix a maximal
compact subgroup and assign volume 1 to it, or one can fix a volume form wg on G
with coefficients in Z, and thus get the measure |wg|¢ on each G (Qy).

For the Q,-points of a general variety, one also has the Serre—Oesterlé measure;
it is this measure which naturally arises in studying Gekeler-type ratios. In the case
of GL,, this measure comes from the volume form which Gross calls canonical.

We now review these constructions and the relations between them.

3A1. Serre—QOesterlé measure. Let X be a smooth scheme over Z,. Then there
is the so-called Serre—Oesterlé measure on X, which we will denote by MSO. It
is defined in [Serre 1981, §3.3], see also [Veys 1992] for an attractive equivalent
definition. For a smooth scheme that has a nonvanishing gauge form this definition
coincides with the definition of A. Weil [1982], and by Theorem 2.2.5 of that paper
(extended by Batyrev [1999, Theorem 2.7]), this measure has the property that
Vol s0 (X (Zg)) = #X (F¢)¢~?, where d is the dimension of the generic fiber of X'
In partlcular ,u O is the Haar measure on the affine line such that Vol o (AY(Zy)) =
wt=1,ie, us N @) coincides with |dx|,. Similarly, on any d- d1mens10na1 affine
space A?, the Serre—Oesterle measure gives A4(Z,) volume 1.

The algebraic group GL; is a smooth group scheme defined over Z. In particular,
for every ¢, GL, xzZ, is a smooth scheme over Z;, so uS° gives GL,(Z,) volume

#GLy(F,) €(—1)(*2—1)

Iz Iz '
3A2. The canonical measures. Let G be a reductive group over Qg; Gross [1997,
Section 4] defines a canonical integral model G/Z,. If G is unramified and con-
nected, then G(Z;) is a hyperspecial maximal compact subgroup of G (Qy). If T is

VOl,ngz (GL2(Zy)) =
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a (possibly ramified) torus, then 7 is the identity component 7° of the weak Néron
model 7 of T (discussed in more detail in Section 4A).

The measure most commonly used in orbital integrals, ", is the Haar measure
which assigns volume 1 to G(Z,).

In fact, Gross uses G to define a canonical volume form wg, which does not
vanish on the special fiber G* of G. If G is unramified over Qy, then wg recovers
the Serre—Oesterlé measure, insofar as

/ gl #G"* (Fy)
WGl = —F3——
G gdlmG

[Gross 1997, Proposition 4.7].

3A3. The geometric measure. We will use a certain quotient measure 1™ on the
orbits, which is called the geometric measure in [Frenkel et al. 2010]. This measure
is defined using the Steinberg map ¢, (2-2). We return to the setting of Section 2B.

For a general reductive group G and y € G () regular semisimple, the fiber over
c(y) is the stable orbit of y, which is a finite union of rational orbits. In our setting
with G = GL,, the fiber ¢~!(¢(y)) is a single rational orbit, which substantially
simplifies the situation. From here onwards, we work only with G = GL;.

Consider the measure given by the form wg on G, and the measure on A =
Al x G,, which is the product of the measures associated with the form d¢ on Al
and ds/s on G,,, where we denote the coordinates on A by (¢, s). We will denote
this measure by |dwa|.

The form wg is a generator of the top exterior power of the cotangent bundle
of G. For each orbit ¢~!(z, s) (note that such an orbit is a variety) there is a unique
generator wf(e;;n of the top exterior power of the cotangent bundle on the orbit
¢ '(c(y)) such that

geom

) AW4.

wG = W

Then for any ¢ € C2°(G(Qy)),

| o@uec=[ [ g e ool
G(Qy) AQg) e (e(y))

This measure also appears in [Frenkel et al. 2010], and it is discussed in detail in
Section 4 below.

3Ad4. Orbital integrals. There are two kinds of orbital integrals that will be relevant
for us; they differ only in the normalization of measures on the orbits. Let y be a
regular semisimple element of G(Qy), and let ¢ be a locally constant compactly
supported function on G(Q;). Let T be the centralizer G,, of y. Since y is regular
(i.e., the roots of the characteristic polynomial of y are distinct) and semisimple, T’
is a maximal torus in G.
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First, we consider the orbital integral with respect to the geometric measure.

Definition 3.1. Define 05" (¢) by

o) i= | P(s™ YOI,
T(Q\G(@e)

where 157" is the measure on the orbit of y associated with the corresponding

geo

differential form w ,?cl(y)) as in Section 3A3 above.

pt

Second, there is the canonical orbital integral over the orbit of y, defined as fol-
lows. The orbit of ¥ can be identified with the quotient 7 (Q,)\ G (Qy). Both T (Qy)
and G (Qy) are endowed with canonical measures, as above in Section 3A2. Then
there is a unique quotient measure on 7'(Q¢)\G (Q;), which will be denoted 5™
The canonical orbital integral will be the integral with respect to this measure on the
orbit (also considered as a distribution on the space of locally constant compactly
supported functions on G (Qy)).

Definition 3.2. Define O)C,an(qﬁ) by

05™(¢) := / d(g ye)dus™.
T(Qo\G(Qp)

By definition, the distributions 0§e°m and Oy differ by a multiple that is a
function of y. This ratio (which we feel should probably be well-known but was
hard to find in the literature, see also [Frenkel et al. 2010] and the Appendix) is
computed in Section 4 below.

We will first relate Gekeler’s ratios to orbital integrals with respect to the geo-
metric measure, in a natural way, and from there will get the relationship with the
canonical orbital integrals, which are more convenient to use for the purposes of com-
puting the global volume term appearing in the formula of Langlands and Kottwitz.

3B. Gekeler numbers and volumes, for £ not equal to p. From now on, G = GL;,
Y0 = Va,q» and £ is a fixed prime distinct from p. Our first goal is to relate the
Gekeler number v, (a, gq), (2-4), to an orbital integral 0§§°m(¢o) of a suitable test
function ¢y with respect to |dwcgf;;n |. (Recall that yy is the element of G(Qy)
determined by E, and in this case since £ # p, it lies in G(Z;).) In order to do
this we define natural subsets of G(Q,) whose volumes are responsible for this
relationship.

Recall (2-3), the definition of v, ,(y). For each positive integer n, consider the

subset V,, of GL,(Z,) defined as

(3-D Vi =Va(yo) :=1{y € GLa(Zy) | f,,(T) = fo(T) mod £"}
= {y € GLa(Zy) | 7, (c()) = 7, (c(vo)},
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and set

V) =) Valro).

n>1
We define an auxiliary ratio

volyso (Va(v0))

(3-2) v (Yo) = =

Now we would like to relate the limit of these ratios v, (3p) both to the limit of
Gekeler ratios vy , (o) and to an orbital integral.

Let ¢o = 1G1,(z,) be the characteristic function of the maximal compact subgroup
GL,(Zy) in GL,(Qy).

Proposition 3.3. We have
im v, (v0) = O™ (¢h).
n—oo

Proof. Because equality of characteristic polynomials is equivalent to conjugacy
in GL2(Qy), V (y0) is the intersection of GL,(Z,) with the orbit O(yy) of yy in
G = GL,(Qy). Then the orbital integral 0§§ M (o) is nothing but the volume of
the set V (yp), as a subset of O(yp), with respect to the measure d w";ﬁ‘)‘“

Let ag = ¢(y) = (a,q) € Al x G,,(Qy), and let U,(agp) be its £7" x £7"-
neighborhood. Its Serre—Oesterlé volume is vol /wio(U” (yo)) = €72,

Moreover, V,, () = (U, (10)) NGLy(Z,). Consequently,

VOIM%%2 (C_l (Un(yo)) N GLZ(Z‘Z))

G-3) s, v (0} = 1, vol,.50 (U (7))
_ i Yol (! (Ua () N GLa (20))
n—00 vOliguw, | (Un(¥0))
= vol geon (V (0)),
by definition of the geometric measure. O

Next, let us relate the ratios v,, to the Gekeler ratios.

Proposition 3.4. The ratios v, (yo) (and thus, also v¢ ,(y0)) stabilize, in the sense
that when n is large enough, v, (yo) = lim,_, o v, (y0), and we have

. #SLy(Fy) ..
lim v, (y0) = # lim vy, (o)
n—o00 £’ n—oo
02—
= ve(a, q).

gz
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Remark 3.5. We do not need the claim that Gekeler’s ratios v, , stabilize for large
n in order to relate them to the orbital integrals. However, we have included this
claim in order to point out that this behavior (also proved by Gekeler by direct
computation) is a special case of a very general phenomenon (which can be thought
of as a multivariable version of Hensel’s lemma) that has appeared in the work of
Igusa, Serre, and later Veys, Denef, and others, and was at the foundation of the
theory of motivic integration (see [Veys 2006] for related results), but does not
appear to be widely known. We provide more specific references in the proof of
the proposition.

Proof. Let ,, = nnGLZ : GLy(Zy) — GLy(Z/€"). To ease notation slightly, let
Vo = Viu(yo). Let S, C GL,(Z/€"Z) be the set that appears in the numerator
of (2-3),

Sn:={y € GL2(Z/€") | f,(T) = fo(T) mod £"}.

First, observe that for all n > 1, we have V, =~ I (S,). Indeed, taking charac-
teristic polynomials commutes with reduction mod £”, since the coefficients of
the characteristic polynomial are themselves polynomial in the matrix entries of y,
and reduction mod £" is a ring homomorphism. We claim that, for large enough n
(with the restriction depending on the discriminant of f), the following hold:

(1) mnly, : Vi = S, is surjective.

(i) We have the equality
(3-4) V01M%?2 (vn) = E_4n#Sn .

(iii) The number £%" vol uso (V) does not depend on 7.
2

We only need the second and third claims to establish the Proposition; we have
singled out the first claim since it is key to the proof of claims (ii) and (iii). First, let
us finish the proof of the Proposition assuming (ii) holds. Handling the denominator
of Gekeler’s ratio as in (2-5) above, we get

s, #S #5,#SLy(F)) #SLy(Fy)
3-5 n = n_—--n — n =
(-9 () = =™ = a0 = B (P2 Ve [E

ve.n(¥0),

as required.

Thus, it remains to address the three claims. The set V (yy) is the subset of A*(Z;)
cut out by the algebraic equations tr(y) = tr(yp) and det(y) = det(yp). Since yy
is a regular semisimple element, these equations define a 2-dimensional ¢-adic
analytic submanifold of A* (namely, the orbit of ;). For such submanifolds, all
three claims were proved by J.-P. Serre in [Serre 1981] (see Theorem 9 in §3.3 and
the remarks following it; see also [Veys 1992, Proposition 0.1], and the discussion
before Corollary 1.8.2 in the survey [Denef 2000]). We note that (i) is key, and
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the other two claims follow easily. Indeed, since GL; is smooth over the residue
field [y, all fibers of 7, have volume equal to =% The set V, is a disjoint union
of fibers of m,, and by (i), the number of these fibers is #m,(V,,) = #S,,. Thus, the
volume of V), is exactly £~ times the number of points in the image of the set
in the numerator under this projection. Claim (iii) follows in a similar fashion by
considering m,4+1(V,) = S,+1 as a fibration over S,,. O

Combining Propositions 3.3 and 3.4, we immediately obtain:
Corollary 3.6. The Gekeler numbers relate to orbital integrals via

63

l)g(a, Q) = #SLZ(”:Z)

O™ ().
3C. €= previsited. We now consider v, (a, ¢) in a similar light. Since det(yy) =g¢,
Yo lies in Matx(Z,) N GL,(Q),) but not in GL»(Z,), and we must consequently
modify the argument of Section 3B.

For integers m and n, let Ay, = () [?n), and let C,,., = GLo(Z ) Am.n GL2(Z).
The Cartan decomposition for GL; asserts that GL,>(Q,) is the disjoint union

GLy(@,) = | Cns

so that mzn

Maty(Z,) NGLy(@,) = | Cnn.

0<n<m

We now express v,(a, g) as an orbital integral. Recall that ¢ = p°. Since we
consider an ordinary isogeny class, the element yy € GL>(Q,) actually can be
chosen to have the form yy = (“'f qu

particular, yg € C, 0.

), where u, uy € Z, are units and thus, in

Lemma 3.7. Let ¢, be the characteristic function of C. 0 =GL(Z,) (g ?) GLx(Z)p).
Then

3
_ P geom
(@) = gy O 00

Proof. The proof is similar to the case £ # p, with one key modification. There, we
use the reduction mod £" map 7, defined on G(Z,). Here, we need to extend the
map 7, to a set that contains .

Let 71,1:/I :Maty(Z,) — Maty(Z,/ p") be the projection map, and let ¢: GL>(Q,,) —
A(Q)) be the characteristic polynomial map. As in Section 3B, we define the sets

Uy = {a = (ap, a1) € A(Zp) | a; = a;(yp) mod p",i =0, 1},
Su =y € Mata(Z,/p") 1 ¥ ~ 1" (0)},
V= () 71(S,) € Mata(Z,) N GL2(Q)).
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As before, informally, we think of U, as a neighborhood of the point given by the
coefficients of the characteristic polynomial of y; in the Steinberg—Hitchin base,
and we think of V), as the intersection of the corresponding neighborhood of the
orbit of yp in GL,(Q),) with Maty(Z). In the case £ # p we had GL2(Z;) in the
place of Mat>(Z ) in this description, and so it was clear that the evaluation of the
volume of V,, would lead to the orbital integral of ¢g, the characteristic function
of GL,(Z,). Here, we need to make the connection between the set V,, and our
function ¢, .

We claim that if n > e, then V,, C C,¢. Indeed, suppose y € V,,. Then, since the
characteristic polynomial of y is congruent to that of yy, the trace of y is a p-adic
unit. Then y cannot lie in any double coset C,, ,, with both m, n positive, because
if it did, its trace would have been divisible by p™"™™_ Then y has to lie in a
double coset of the form C,4,, —,, for some m > 0, but if m > 0, then such a double
coset has empty intersection with Mat>(Z,), so m = 0 and the claim is proved.

As in the proof of Proposition 3.4 (iii), the volume of the set V,, equals p~*"#S,,.
The rest of the proof repeats the proofs of Proposition 3.4 and Corollary 3.6. We
again set V (y0) =(),~; Vu C Ce,0. Since JT},ILVI is surjective, V (y0) = O (y0) N C, 0.
By (3-3),

geom o« YOl Va00) s, ) p
0] (¢g) = lim ———— = lim ————
Yo n— 00 Voluio(Un) n— 00 p—2"

and the statement follows by (3-5), which does not require any modification. [

Recall that, in terms of the data (a, ¢), we have also computed a representative &
for a o-conjugacy class in GL,(Q,). It is characterized by the fact that, possibly
after adjusting yp in its conjugacy class, we have Ng ./Qp (80) = yo. (Here we exploit
the fact that, in a general linear group, conjugacy and stable conjugacy coincide.)

The twisted centralizer G, of 8¢ is an inner form of the centralizer G, [Kottwitz
1982, Lemma 5.8]; since yy is regular semisimple, G, is a torus, and thus G, is
isomorphic to G,,. Using this, any choice of Haar measure on G,, (Q,) induces
one on G, (Q,).

If ¢ is a function on G(Q,), denote its twisted (canonical) orbital integral along
the orbit of &y by

ros" @) = [ B0k dp™

GSOU (Qp)\G(Qq)

Lemma 3.8. Let ¢, , be the characteristic function of GLy(Z4) 0,1 GL2(Z,). Then

TO5" ($p.q) = 03" (@)
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Proof. The asserted matching of twisted orbital integrals on GL,(Q,) with orbital
integrals on GL,(Q),) is one of the earliest known instances of the fundamental
lemma ([Langlands 1980]; see also [Laumon 1996, Section 4; Getz and Goresky
2012, (E.4.9)] or even [Achter and Cunningham 2002, Section 2.1]]). Indeed,
the base change homomorphism of the Hecke algebras matches the characteristic
function of GL2(Z4)11,0 GL2(Z,) with ¢, + ¢, where ¢ is a linear combination of
the characteristic functions of C, , with a4+ b =e and a, b > 0. As shown in the
proof of the previous lemma, the orbit of ) does not intersect the double cosets Cy
with a, b > 0, and thus the only nonzero term on the right-hand side is O)C/g“ (). U

4. Canonical measure versus geometric measure

Finally, we need to relate the orbital integral with respect to the geometric measure
as above to the canonical orbital integrals. A very similar calculation is discussed in
[Frenkel et al. 2010] (and as the authors point out, surprisingly, it seemed impossible
to find in earlier literature). Since our normalization of local measures seems to
differ by an interesting constant from that of [Frenkel et al. 2010] at ramified finite
primes, we carry out this calculation in our special case.

4A. Canonical measure and L-functions. Here we briefly review the facts that
go back to the work of Weil, Langlands, Ono, Gross, and many others, that show the
relationship between convergence factors that can be used for Tamagawa measures
and various Artin L-functions. Our goal is to introduce the Artin L-factors that
naturally appear in the computation of the canonical measures. To any reductive
group G over Qy, Gross [1997] attaches a motive M = M; following his notation,
we consider MY (1) —the Tate twist of the dual of M. For any motive M we let
L¢(s, M) be the associated local Artin L-function. We will write Ly;(M) for the
value of Ly(s, M) at s = 0. The value L;(M" (1)) is always a positive rational
number, related to the canonical measure reviewed in Section 3A2. In particular, if
G is quasisplit over Qy, then

(4-1) ng' = LM’ (1)|wgle

[Gross 1997, Proposition 4.7 and (5.1)].

We shall also need a similar relation between volumes and Artin L-functions
in the case when G = T is an algebraic torus which is not necessarily anisotropic.
Here we follow [Bitan 2011]. Suppose that T splits over a finite Galois extension L
of Q; let k. be the residue field of L, and let  be the inertia subgroup of the Galois
group Gal(L/Qy). Let X*(T) be the group of rational characters of 7. Let 7 be the
Néron model of T over Z,, with the connected component of the identity denoted
by 7°. This is the canonical model for T referred to in Section 3A2.
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Let Fry be the Frobenius element of Gal(xz/F;). The Galois group of the
maximal unramified subextension of L, which is isomorphic to Gal(ky /Fy), acts
naturally on the /-invariants X*(7')’, giving rise to a representation which we will
denote by &7 (and which is denoted by 4 in [Bitan 2011]),

Er : Gal(ky /Fy) — Aut(X*(T)") ~ GLy, (2),

where d; = rank(X*(T)’). Then the associated local Artin L-factor is defined as
F -1
Lo(s, &7) i= det(ld, - w) .
Proposition 4.1 [Bitan 2011, Proposition 2.14].

Lol &)~ = #7°(F e dm(® — f orle.
T°(Ze)

We observe that by definition [Gross 1997, § 4.3], since G = T is an algebraic
torus, the canonical parahoric 7° is 7°; the canonical volume form w7 is the same
as the volume form denoted by e, in [Bitan 2011].

We also note that the motive of the torus 7 is the Artin motive M = X*(T) ® Q.
If T is anisotropic over (¢, by the formula (6.6) (see also (6.11)) in [Gross 1997],
we have

Le(MY(1)) =L¢(1, &7).

As in the first paragraph of Section 3A3, let G be a reductive group over (),
with simply connected derived group G and connected center Z, and assume that
G/GY* =G,

Lemma 4.2. Let T C G be a maximal torus and let T = T N G, Then
Le(Mg(1) Lo(M e (1))
Le(1,&7) Le(1, §paer)

Proof. The motive My of a reductive group H, and thus Ly(M}, (1)), depends on H
only up to isogeny [Gross 1997, Lemma 2.1]. Since G is isogenous to Z x G,

(4-2)

LeMg(1) = Le(Mz (1) Le(M e (1)).

Because GY'N Z is finite [Frenkel et al. 2010, (3.1)], so is 79" N Z. Therefore, the
natural map 79" — T/Z is an isogeny onto its image. For dimension reasons it is
an actual isogeny, and induces an isomorphism X*(T%") ® Q = X*(T/Z) ® Q of
Gal(Qy)-modules. Therefore, L(s, &rar) = L(s,&7/7), and thus

L(s,&r) = L(s,51/2)L(s, &z) = L(s, §rar) L(s, £2).

Identity (4-2) is now immediate. U
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4B. Weyl discriminants and measures. Our next immediate goal is to find an
explicit constant d(y ) such that u)cf‘“ =d(y) M)g,eom. We note that a similar calculation
is carried out in [Frenkel et al. 2010]. However, the notation there is slightly different,
and the key proof in [Frenkel et al. 2010] only appears for the field of complex
numbers; hence, we decided to include this calculation here.

Let G be a split reductive group over ;. Choose a split maximal torus and

associated root system R and set of positive roots R*.

Definition 4.3. Let y € G(Qy), let T be the centralizer of y, and let t be the Lie
algebra of T'. Then the discriminant of y is

D(y) =[] —ay)) =det(I — Ad(y ")lg0).

a€R

4B1. Weyl integration formula, revisited. As pointed out in [Frenkel et al. 2010,
the paragraph above equation (3.28)], since both p3™ and ,u%,eom are invariant under
the center, it suffices to consider the case G = G%. So for the moment, let us
assume that the group G is semisimple and simply connected. Let ¢ € C2°(Qy).

On one hand, the Weyl integration formula (we write a group-theoretic version
of the formulation for the Lie algebra in [Kottwitz 2005, §7.7]) asserts that

(4-3)

1 -
¢(g)|da>a|=ZW—/ D)l ¢(s~'y®)ldwr\gllder|.
G(@0) = IWrl Jr@) T(@0)\G(@)

by our definition of the measure |dwr\g|. (Here, the sum ranges over a set of
representatives for G(Qg)-conjugacy classes of maximal Q,-rational tori in G,
and Wr is the finite group Wy = Ng(T)(Q¢)/ T (Qy).)

On the other hand we have, by definition of the geometric measure,

¢ (@)ldwg| = / ¢ (@)dwi ™ (9)lldwal.
G(@Qyp) A(Qp) /(@)

To compare the two measures, we need to match the integration over A(Q,) with
the sum of integrals over tori.

Up to a set of measure zero, A(Qy) is a disjoint union of images of 7' (Q;), as T
ranges over the same set as in (4-3); and for each such 7', the restriction of ¢ to T’
is |Wr|-to-one.

It remains to compute the Jacobian of this map for a given 7. Over the algebraic
closure of (Q; this calculation is done, for example, in [Kottwitz 2005, § 14]; over Q,
this only applies to the split torus 7P!. The answer over the algebraic closure is
cr [ [y=oe(x) — 1), where cr € F* is a constant (which depends on the torus 7).
We compute |cr|, in the special case where T comes from a restriction of scalars
in GL;.
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Lemma 4.4. Let T be a torus in GLy(Qy), and let c be the constant defined above.
Then |cr|e = 1 if T is split or splits over an unramified extension, and |cr| = £~ />
if T splits over a ramified quadratic extension. In particular, if vy € GL2(Q) and

T =Rk ;oG is the centralizer of yy as in Section 2A, then |cr| = |Ak|,

Proof. We prove the lemma by direct calculation for GL,. First, let us compute |cr |
for the split torus. Here we can just compute the Jacobian of the map 79" — 79/ W
by hand. Since we are working with invariant differential forms, we can just do
the Jacobian calculation on the Lie algebra; it suffices to compute the Jacobian of
the map from t to t/ W. Choose coordinates on the split torus in SL, = GLSer SO
that elements of t are diagonal matrices with entries (¢, —¢), then the canonical
measure on t is nothing but d¢. Now, the coordinate on t/ W is y = —¢* and the
form wp is dx. The Jacobian of the change of variables from t/ W to Al is —21.
Thus, for the split torus ¢ = —1. Note that 27 is the product of positive roots (on
the Lie algebra). Thus, |cr| = 1.

Now, consider a general maximal torus 7 in GL,. Let T*P! be a split maximal
torus; we have shown that |c;s| = 1. The torus T is conjugate to T*P' over a
quadratic field extension L. Let us briefly denote this conjugation map by . Then
the map ¢|7T can be thought of as the conjugation v : T — T*P! (defined over L)
followed by the map ¢|T*P!. Then

T
T @)
where ¥ *(wys) is the pullback of the canonical volume form on 7°P! under v and
the ratio wr /(Y *(wys)) is a constant in L. We thus have
wT
- = |‘p*(wTspl) ‘L,
where || is the unique extension of the absolute value on Q; to L.

At this point this is just a question about two tori, no longer requiring Steinberg
section, and so we pass back to working with the group GL; rather than SL,. Now T
is obtained by restriction of scalars from G,,, and so we can compute ¥ *(wzs1) by
hand. By definition, T =Ry g, G,, and T = G,, x G,,. The form Wyl 18

du dv
wrsp = — A T,
where we denote the coordinates on G, x G,, by (u, v). Let L = Q,(/€), where €
is nonsquare in (@, (assume for the moment that £ # 2). Then every element of T
is conjugate in GL,(Qy) to ()y‘ exy), and using (x, y) as the coordinates on T, the
map v can be written as ¥ (x, y) = (x + /€y, x — 4/€y). Then one can simply
compute

«(du d_v)_ dxndy
v (u o _2\/2)62—6312 = 2/ewr.
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Thus we get (for £ # 2),

lerle = 124/€lL = {

1 if L is unramified,
V€ if L is ramified,

which completes the proof of the lemma in the case ¢ # 2.

There is, however, a better argument, which also covers the case £ = 2. Namely,
to find the ratio |wr /Y™ (wrsi)|r of (4-4), we just need to find the ratio of the
volume of 7°(Z,) with respect to the measure |dwr| to its volume with respect to
|dyr*(wrsp)|. This is, in fact, the same calculation as the one carried out in [Weil
1982, p. 22 (before Theorem 2.3.2)], and the answer is that the convergence factors
for the pull-back of the form w1 to the restriction of scalars is (v/[Ag [¢) ™G,
in this case. O

Finally, summarizing the above discussion, we obtain

Proposition 4.5. Let y € GL(Q) be a regular element. Let T be the centralizer
of v, and let K be as in Section 2A. Abusing notation, we also denote by y the
image of y in GLo(Qy) for every finite prime €. Then for every finite prime £,

Lo(1,&7) -1/2 1/2 can
geom __ 4 T A D
75 —Lg(M(V;(l))| klg TIDWI 1y,

as measures on the orbit of y.

5. The global calculation

In this section, we put all the above local comparisons together, and thus show
that Gekeler’s formula reduces to a special case of the formula of Langlands and
Kottwitz. In the process we will need a formula for the global volume term that
arises in that formula. We are now in a position to give a new proof of Gekeler’s
theorem, and of its generalization to arbitrary finite fields.

Theorem 5.1. Let g be a prime power, and let a be an integer with |a| < 2./q and
ged(a, p) = 1. The number of elliptic curves over [, with trace of Frobenius a is

-1 Fia@,q) = Y@ o) [ w9
14

Here, v¢(a, q) (for £ # p), v,(a, q), and v (a, q) are defined, respectively, in
(2-4), (2-6), and (2-7), and the weighted count #/ (a, q) is defined in (2-1).

Proof. Recall the notation surrounding yy and &y established in Section 2A. Given
Proposition 2.1, it suffices to show that the right-hand side of (5-1) calculates the
right-hand side of (2-8).
Let G = GL,. First, let
¢P = ®ezplca
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be the characteristic function of G(Z?) in G(A?). The first integral appearing in
(2-8) is equal to

0@ = |  ¢’ldogl=]] 0" Uca,)-
GAn t#p
Combining Corollary 3.6, relation (4-2), and Proposition 4.5 we get, for £ # p,

£3
Ay On o)

63 Lg(l sTdcr)
T #GE(F)) L¢(M e (1))
—1/2

= Li(1, &) | D)1, 2 Ak | 208 (Lo(z,)-

Second, let ¢, be the characteristic function of G(Z p)(l 0)G(Z p) in G(Q,),
and let ¢, , be the characteristic function of G(Z, )(1 0 )G(Z ) in G(Qy). Using
Lemmas 3.7 and 3.8, we find that

Ug(a, Q) -

172

1
1Akl 21D 205 (L6z,)

p3
Vp(aa Q) #Gder(l]: ) geom(¢q>
3 der
P LU ST A |2 Dy 2 05 84)

~ #GU(F) Lp(M (1))

p3 L (1 STder)
T #GY(F,) L, (MGM(l))

1Ak, PIDG0) [T 052 (¢p.4)-

Taking a product over all finite primes, we obtain

Akl T
|D(V0)|

(5-2) [] veta.9)=LQ, &puer)

{<o0

Os30 (@p.0) 05" (97).

Recall that f,(T'), the characteristic polynomial of yp, is fo(T') = T?—aT +qg. The
(polynomial) discriminant of fy(7") and the (Weyl) discriminant of yq are related
by | D(yo) det(yo)| = |disc(fo)| =4qg — a. Consequently,

1
Vave(a.q) = —IDO)L.
Since L(1, &par) = L(1, é7/7) (Lemma 4.2), to deduce (5-1) from (5-2) it suffices
to show that

(5-3) L (1, 72) = vol T @NT ().

On one hand L(s, £7,7) coincides with L(s, K /Q), the Dirichlet L-function at-
tached to the quadratic character of K. Therefore, the analytic class number formula
implies that the left-hand side of (5-3) is hg /wk, the ratio of the class number
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of K to the number of roots of unity in K. On the other hand, the right-hand side
of (5-3) is also well-known to be hg /wg (e.g., [Weil 1973, Proposition VIIL.6.12]);
we defer to Lemma A.4 in the Appendix for details. (I

Appendix: Orbital integers and measure conversions
by S. Ali Altug

In this appendix, we explain how to deduce the comparison factor of Proposition 4.5
from [Frenkel et al. 2010] and certain computations in [Langlands 2013] as well
as calculate the volume factor that goes into the proof of Theorem 5.1. We also
remark that the same measure comparison also appears in [Altug 2015] (although
implicitly) in the passage from equation (2) to (3).

Comparison of measures. Let G = GL;. Let wg be the same volume form as in
Section 3A2. For atorus T C G, let wr be as in Proposition 4.1. Recall that 7° is
the connected component of the identity in the Néron model of 7.

Lemma A.1. Let £ be a finite prime, let y € G(Qy) be regular semisimple, and let
T = G, be its centralizer. Let juG and |7 be nonzero Haar measures on G(Qy)
and T (Qy), respectively. Then

geom vol(lwge) vol(pr.e) -
= D 2 s
ot =N IPOIGwr ) Vol 0 7O

where |D(y)| = |tr(y)? — 4 det(y)| and i = up ,/ire.
Proof. By equation (3.30) of [Frenkel et al. 2010], we have

M?’fﬁm =V IDW)lelorGle,

where we note that the left hand side of (3.30) of loc. cit. is what we denoted
by u)%eom. Since the Haar measure is unique up to a constant we have |wgle =
ce(G)dug,e and |or|e = ce(T)dr . The constants can be calculated easily by

comparing the volumes of the integral points

Vol (G(Ze)) 4 C((T):Vol\wﬂ(T"(Ze))

c(G) = - .
voly. ,(G(Zy)) voly, ,(T°(Z¢))
Therefore, the quotient measures ji7\g,¢ and |w7r\g |, are related by

CZ(G)_
WT\Glt = T\G,t-
nele=

The lemma follows. |

As an immediate corollary to Lemma A.1 we get:
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Corollary A.2. Let ug'y and u7'y be normalized to give measure 1 to G(Z) and

T°(Z;) respectively, and let the rest of the notation be as in Lemma A.1. Then
VOI\(OGM (G(ZZ)) —
S MT\G,
VOljoy 1, (T°(Ze))
We now quote a result of [Langlands 2013]. Let ,(s) = 1/(1 —£7%).
Lemma A.3. We have

vol(logle) = ()71, 1 (2),
()2 ifK/Qissplitat €,
vol(lor|e) = /|Akle 3 €)' if K/Q is unramified at £,
Ze(H)~! if K/Q is ramified at €,

wE™ = ID()e

L

where K /Q is the quadratic extension which splits T and Ak is the discriminant
of K.

Proof. The result for odd primes ¢ is given on pages 41 and 42 of [Langlands 2013].
The case for £ = 2 follows the same lines. The only point to keep in mind is the
extra factor of 2 that appears in the calculation of the differential form on page 42
of [Langlands 2013]; we leave the details to the reader. O

Corollary A.2 and Lemma A.3 then give the conversion factor between the two
measures.

Calculation of vol(K * \A;E’ﬁn). Let (a, p) be such that a> —4p < 0. Let du$™,
be the Haar measure normalized to give measure 1 to 7' (Z;) and set

can

ApT i = ®ilood U7 -
Lemma A.4. We have
LS (T @)\ T (A) = LK
, ”

where K /Q is the quadratic extension which splits T, wg is the number of roots of
unity in K, and h is its class number.
Proof. By identifying T = G, with G,, over the quadratic extension K we have
M§5 (T (@\T (A™) = u 5, (KAL),
where the measure on the right is such that M%‘f‘ﬁn(va) =1 for each place v. Let
Og =11, Oy Recall that
1= (K*NOO\OE - KX\AX™ - CI(K) — 1,

which implies that (K “\AX™) = hg (KX NONOX) = hi Jw. O
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ON THE ABSOLUTE CONTINUITY OF
p-HARMONIC MEASURE AND SURFACE MEASURE
IN REIFENBERG FLAT DOMAINS

MURAT AKMAN

We study the set of absolute continuity of p-harmonic measure u associ-
ated to a positive weak solution to the p-Laplace equation with continuous
zero boundary values and (n — 1)-dimensional Hausdorff measure "1 on
locally flat domains in space. We prove that whenn > 2 and 2 < p < o0
and when n > 3 and 2 — 5y < p < 2 for some 5 > 0 there exist locally flat
domains 2 C R" with locally finite perimeter and Borel sets E C 92 such
that u(E) > 0 = H""(E).

1. Introduction and statement of main results

A well-known result of F. and M. Riesz says that if €2 is a simply connected domain
whose boundary has finite length in the plane then harmonic measure and arclength
are mutually absolutely continuous. Makarov [1985] gives a sharp description of
the support of harmonic measure and shows that the function A given below is the
proper function to measure the size of the support of w. In particular, if 2 C R? is
a simply connected domain in the plane, then @ <« #*, where

A(r) =r exp{C\/Iog % logloglog % }

for sufficiently large C. Here “<«<” stands for absolute continuity of the measures, we
use “L” to denote measures are singular, and H* to denote the Hausdorff measure
with respect to the function A (see (1.4) for definition of #*). In [Makarov 1985], it
is also shown that this result is sharp in the following sense; there is an example of
a simply connected domain for which @ | H* whenever C is sufficiently small in
the definition of A. In higher dimensions, due to examples of Ziemer [1974] and Wu
[1986], neither H" |30 w nor w < H" |y are true in general without imposing extra
topological or nontopological conditions on d2. David and Jerison [1990] prove

MSC2010: 28A75,28A78, 35J25, 37F35, 35J92, 31A15.

Keywords: Hausdorff dimension of p-harmonic measure, harmonic measure, p-harmonic measure,
nonlinear elliptic PDEs, Hausdorff measure, Hausdorff dimension, singular sets for p-harmonic
measure, Reifenberg flat domains, NTA domains.
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that if Q2 is a nontangentially accessible (NTA for short; see Definition 2.1) domain
and 02 is Ahlfors—David regular (ADR for short; see Definition 2.5) then harmonic
measure is mutually absolutely continuous on d€2 with respect to surface measure,
and in fact they are As.-equivalent (see [Azzam et al. 2014]). Badger [2012]
considers the same problem by relaxing the ADR property by #"~1(3Q) < oo
and proves that #"~! « w on 3. He also shows that v <« H"~! <« w on the set
A C 0€2, where

A= {x €IQ: 1i£igfw < oo}.
Here A(x,r) = B(x,r) N 9o2. Badger also conjectures that when €2 is an NTA
domain then the same result holds not only on A C 92 but on the whole 92 (see
Conjecture 1.3 in [Badger 2012]). However, it turns out that this is not true in
general. In fact, Azzam, Mourgoglou, and Tolsa [Azzam et al. 2016] construct
an example of a Reifenberg flat domain (see Definition 2.3) Q in R"?, n > 3, with
H"1(3R2) < 0o and a Borel set E C 92 such that

w(E)>0=H""YE).

One can consider the same problem for the p-harmonic measure associated with a
positive weak solution to the p-Laplace equation for 1 < p # 2 < oco. To define
p-harmonic measure and the p-Laplace equation, we let 2 C R” be a domain and
let N be a neighborhood of Q2. Fix p, 1 < p < 00, and suppose that i is a positive
weak solution to the p-Laplace equation in Q N N. That is, i € WHP(Q N N) and

(1.1 /|Vﬁ|p‘2 (Vii, VO)dx =0

whenever 6 € W(:’p (2N N). Equivalently, we say that it is p-harmonic in Q N N.
Observe that if & is smooth and Vii # 0 in Q N N then

V- (ValP2vi) =0

in the classical sense, where V - denotes divergence. We assume that u# has
zero boundary values on 92 N N in the Sobolev sense. More specifically, if
¢ eCP(QNN), then g e Wol’p(QﬂN). Extend & to N by putting it =0 on N \ 2.
Then &i € W7 (N) and it follows from (1.1), as in [Heinonen et al. 1993, Chapter 21],
that there exists a finite positive Borel measure i on R” with support contained in
02 N N satisfying

(1.2) /lVﬁV’_Z(Vﬁ,V(}&)dx:—/(pd;l

whenever ¢ € C3°(N). Existence of @ follows from the maximum principle, basic
Caccioppoli inequalities for iz and the Riesz representation theorem for a positive
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linear functional. We note that if d€2 is smooth enough and Vu # 0 in €2, then
di = |ValP~ dH"  senn.

Remark 1.3. When p =2 1in (1.1), we have the usual Laplace’s equation. Moreover,
if u is the Green’s function for Laplace’s equation with pole at, say zg € €2, then the
measure in (1.2) corresponding to this harmonic function u is harmonic measure,
o, relative to zg. Note also that the p-Laplace equation in (1.1) is degenerate when
p > 2 and is singular when 1 < p < 2. The nonlinear structure of this PDE makes
it difficult to work with.

We next introduce the notion of the Hausdorff dimension of a measure. To this
end, let 7y > 0 be given, and let 0 < § < 7 be fixed. Let A : [0, 00) — [0, c0) be a
nondecreasing function with A(0) = 0. Let d(-) denote the diameter of a set. For a
given Borel set £ C R", we define (8, A)-Hausdorff content of E in the usual way:

Hg(E) = inf{ZA(d(Ui)) EC U U;, each U; is open with d(U;) < 6}.

Then the Hausdorff measure of E is defined by

(1.4) HME) = lim H;(E).

In case A(r) = r% we write H* for H*. The Hausdorff dimension of /i, denoted by
H — dim fi, is defined by

H—dimpa:= inf{a : there exists Borel E C 0Q2
such that H*(E)=0 and A(R"\E)=0}.

We return to our study of singular sets of p-harmonic measure with respect to "~
measure. For arbitrary p, 1 < p # 2 < 0o, Bennewitz and Lewis [2005] observed
that the natural candidates, i.e., snowflake-type domains, which give sharpness in
the harmonic case shown by Makarov, do not provide sharpness. In the same paper
it was also shown that if 9€2 is the von Koch snowflake in the plane and 2 < p < 0o
then H —dim i < 1. In [Lewis et al. 2011], a weaker version of Makarov’s result
was obtained under the p-harmonic setting for 1 < p # 2 < oco. Finally, Lewis
[2015] proved a p-harmonic analogue of Makarov’s result; let 2 C R? be any
bounded simply connected domain and let © be the p-harmonic measure described
above. Let A(r) be as in Makarov’s result. Then the following are true.

(@) If 1 < p <2, there is A = A(p) > 1 such that u < H*.

(b) If 2 < p < 00, there is A = A(p) < —1 such that u is concentrated on a set of
o-finite ' measure.
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The nonlinearity and degeneracy of the p-Laplace equation makes it difficult to
study the Hausdorff dimension of this measure in R", n > 3. The tools developed
by Lewis, Nystrom, and Vogel [Lewis et al. 2013] for p-harmonic functions were
used to obtain that:

(1) If 992 is sufficiently flat in the sense of Reifenberg and p > n > 3, then u is
concentrated on a set of o-finite 4"~! measure.

(2) If n =3 and 2 < p < n, there exist Wolff snowflakes such that H—dim u <n—1,
while if 1 < p < 2, there exist Wolff snowflakes such that H —dim u > n — 1.

(3) All examples produced by Wolff’s snowflake method have H —dim pu <n — 1
when p > n.

(4) There is a Wolff snowflake for which the sign of (n — 1) — (H{ — dim ) equals
the sign of (n—1) — (H—dim w), where u is the p-harmonic measure for p in an
open interval containing 2 and o is the harmonic measure with pole at infinity.

Lewis, Vogel, and the author [Akman et al. 2015] improved these results by proving
the following: let O C R" be any open set, Z € 90, and let p > 0. Let u be a
positive weak solution to (1.1) in O N B(Z, p). Assume also that u has continuous
zero boundary values on 0 N B(Z, p). Extend u to all B(Z, p) by defining 0 in
B(z, p)\ O. Let 1 be the measure associated to u as in (1.2). If p > n then u is
concentrated on the set

P= {x €d0NB(Z, p) :limsup —'u(liglfl’ ), 0}.
r—0
This set P has o-finite 4" ~! measure. The same result holds when p = n, provided
that 30 N B(Z, p) is locally uniformly fat in the sense of n-capacity. Therefore,
H—dimu, <n-—1when p>n.

On the other hand, the result of David and Jerison described above for harmonic
measure is extended to the p-harmonic setting for 1 < p # 2 < oo by Lewis and
Nystrom [2012]. To state this result, we let 2 C R” be a bounded NTA domain with
constants M, ro whose boundary is ADR. Let u be p-harmonic in Q N B(w, 4r),
w € dQ, 0 <r < ry, and continuous in 2 N B(w, 4r) with u = 0 on A(w, 4r).
Extend u to B(w, 4r) by defining u =0 on B(w, 4r)\ 2 and let x be the p-harmonic
measure as in (1.2) associated with u. Then it is shown in [Lewis and Nystrom
2012, Proposition 3.4] that i < H"~! « p on 3L in fact they are A.o-equivalent.
It also is proven in the same paper that Badger’s result holds under the p-harmonic
setting; if €2 is an NTA domain then p < H 1« uonthe set A'C A(w, 4r) C 982,
where

n—1 A
A =lxe a4 timing o BEPD 1
p—0 ,On_]
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The main result proved in this paper is that there are examples of domains for which
absolute continuity of p-harmonic measure and (n — 1)-dimensional Hausdorff
measure does not hold on the whole boundary when the domain is even locally flat
in the sense of Reifenberg.

Theorem 1.5. Whenn >2and?2 < p < oo and whenn >3 and2—n < p <2 for
some n > 0, there exist domains Q2 C R" and Borel sets E C 02 such that:

(1) Qisa (@, o0)-Reifenberg flat domain.
(2) o =H""is Radon.

(3) up(E) > 0 = o (E), where u, is the p-harmonic measure associated to a

positive p-harmonic function in 2 with continuous zero boundary values
on 0€2.

As the plan of this paper, we first state the definition of nontangentially accessible
domains, Reifenberg flatness, and Ahlfors—David regularity, and we give some
lemmas concerning the regularity of p-harmonic function in NTA domains in
Section 2. We give the construction of Wolff snowflakes in Section 3. Following
[Azzam et al. 2016], we construct “an enlarged domain Qj” from a certain domain
2 and, using some results from [Lewis et al. 2013] concerning the dimension of
p-harmonic measure, we give a proof of Theorem 1.5 in Section 4.

2. Definitions and preparatory lemmas

To proceed, some notation and definitions are in order. In the sequel, ¢ will denote
a positive constant > 1 (not necessarily the same at each occurrence), which may
depend only on p, n, unless otherwise stated. In general, c(ay, ..., a,) denotes a
positive constant > 1 which may depend only on p, n, ay, ..., a,, not necessarily
the same at each occurrence.

Letx =(xy, ..., x,) denote points in R" and let E:cl(E), intE, 0F, and E€ be
the closure, interior, boundary, and the complement of the set E C R", respectively.
Let diam(E) be the diameter of a set E. Let (-, -) be the usual inner product in R".
Let d(E, F) denote the usual distance between the sets E and F and let dy (E, F)
denote the Hausdorff distance between the sets E and F, which is defined by

dy(E, F) :=max(sup{d(E, y):y € F},sup{d(x, F) : x € E}).

Let B(x, r) be the usual open ball centered at x with radius » > 0 in R" and let dx
denote the Lebesgue n-measure in R”. Let A(w, r) =9QN B(w, r). For a given
number # > 0 and a cube Q, let [(Q) be the side length of Q and let ¢ Q denote the
cube whose side length is ¢/(Q) with the same center as Q.

We state the notion of nontangentially accessible domain which was initially
introduced by Jerison and Kenig [1982].
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Definition 2.1 (NTA domain). A domain €2 is called a nontangentially accessible
(NTA) domain if there exist M > 2 and rg such that the following are fulfilled.

(i) Corkscrew condition: for any w € 92, 0 < r < rg, there exists a,(w) €
satisfying
My < la,(w) —w| <r and My < d(a,(w), 02).
(i) R"\ Q satisfies the corkscrew condition.

(iii) Uniform condition: if w € 902, 0 < r < ry, and wy, wy € B(w, r) N Q2 then
there exists a rectifiable curve y : [0, 1] = Q with y(0) = w; and y (1) = w»
such that

(@) H'(y) < Mlwy —wal,
(b) min{#'(y ([0, 11)), #'([z, 1))} < Md(y (1), 3<).

Remark 2.2. We use the definition of this notion given in [Lewis and Nystréom
2012]. Note that (iii) of Definition 2.1 is different but equivalent to the Harnack
chain condition given in [Jerison and Kenig 1982].

Next we give the definition of Reifenberg flatness from [Azzam et al. 2016].

Definition 2.3 ((8, ro)-Reifenberg flat domain). Let 2 be a domain and rg, § > 0
with 0 < § < % Then € is said to be (8, ro)-Reifenberg flat provided that the
following two conditions hold.

(i) For every w € 92 and every 0 < r < r¢ there exists a hyperplane P(w, r)
containing w such that

dy(A(w,r), P(w,r)N B(w,r)) < dr.
(ii) For every x € 92, one of the connected components of
B(x,r0) N{x € R"; d(x, P(x, ro)) > 28ro}

is contained in €2 and the other is contained in R" \ €2.

We say that 2 is (8, oo)-Reifenberg flat if it is (8, rp)-Reifenberg flat for every
ro > 0.

Remark 2.4. An equivalent definition of Reifenberg flatness is given in [Lewis and
Nystrom 2012], and it is remarked that these two definitions are equivalent (see
observation after their Definition 1.2).

Definition 2.5 (Ahlfors—David regular set). We say that 92 is n-dimensional
Ahlfors—David regular (ADR) if there is some uniform constant C such that

C'r" <H'(A(x,r)) <Cr" forall r € (0, diam(R)), x € 9.
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We next give some estimates from when n > 3 [Lewis et al. 2013, Lemmas
3.2-3.6] and when n = 2 given under the p-harmonic settings [Bennewitz and
Lewis 2005, Lemmas 2.6, 2.7, 2.13, 2.14]. For Lemmas 2.6-2.8, let p be fixed with
l<p#2<o0.

Lemma 2.6. Let u be a positive p-harmonic function in B(w, 2r) CR", n>3. Then

p
PP / |Vu|”dx§c<max u)

B(w,r)
B(w,r/2)
and
max u <c¢ min u.
B(w,r) B(w,r)

Moreover, there exists B = B(p,n) € (0, 1) such that if x, y € B(w, r) then

(|x—y|>ﬁ
lu(x) —u(y)| <c max u.
r

For Lemmas 2.7 and 2.8 let 2 be an NTA domainin R” andlet w € 02, 0 <r < ry.

Lemma 2.7. Suppose that u is a nonnegative continuous p-harmonic function in
QN B(w, 4r) and u =0 on A(w, 4r). Extend u to B(w, 4r) by defining u =0 on
B(w, 4r) \ Q. Then u has a representative in WP (B(w, 4r)) with Hélder continu-
ous partial derivatives in QN B(w, 4r). In particular, there exists 0 = o (p,n) €
(0, 1] such that if x,y € B(W, 37), where B(, 47) C QN B(w, 4r) then

1 lx =y’ c(lx=yI\
—|Vu(x) — Vu(y)| < — max |Vu| < < — max u.
Cc r w,F) r r B(w,2F)

If Vu(w) # 0 then u is real analytic in a neighborhood of W.

The next lemma gives a relation between a p-harmonic function and its corre-
sponding measure.

Lemma 2.8. Suppose that u is a nonnegative continuous p-harmonic function in
QN B(w,2r) andu =0 on A(w, 2r). Extend u to B(w, 2r) by defining u =0 on
B(w, 2r)\ Q2. As in (1.2), there exists a unique locally finite positive Borel measure
w on R" with support in A(w, 2r) such that

/|Vu|P2(Vu, V6) dx = —/ 6du

whenever 0 € C3°(B(w, 2r)). Moreover, there exists c = c(p,n, M) € [1, 00) such
that if ¥ =r/c then

TP T AW, ) < @) < er " (A (w, 57)),

where az(w) is as in Definition 2.1.
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3. Construction of Wolff snowflakes

In this section, following [Lewis et al. 2013] when n > 3 and [Bennewitz and Lewis
2005] when n = 2, we describe the construction of Wolff snowflakes in R” which
was originally introduced in [Wolff 1995]. To this end, let

Qo={(x",xy,) :x' eR", x, >0} C R".

Set
1

Oy ={xeR"":—Ir<|q|<irfor1<i<n—1}.
Then Q(r) is an (n — 1)-dimensional cube with side length r and centered at 0. Let
¢ :R"~! — R be a piecewise linear function with support contained in {x’ x| < %}
satisfying

(3.D V@ lloo = bo.

For fixed large N, define ¥ (x') = N ~1¢(Nx'). Let b > 0 be a small constant and
let Q be an (n — 1)-dimensional cube with center ap and length /(Q) contained in
some hyperplane. Let cch(£) denote the closed convex hull. Let e be a unit normal
to Q and define

Py =cch(QU{ag +bl(Q)e}) and Py =intcch(QU{ap —bl(Q)e}).
We set e = —e,, for Q(1). We also define
A:={x e Ppi)UPoqy, Xy =¥ (x)} and 9:={xeR", x' € Q(1), x, =y ()}
We assume that N = N (b, M) is so large that

d(d\ 380, [ Poy U Po]) = 155

From the construction, it can be easily seen that d C Q(1) x [—%, %] consists of a
finite number of (n — 1)-dimensional faces. We fix a Whitney decomposition of
each face; we divide each face of d into an (n — 1)-dimensional cube Q, with side
lengths 8%, k=1,2,..., and 8 ¥ & to their distance from the edges of the face
they lie on. We next choose a distinguished (n — 2)-dimensional “side” for each
(n — 1)-dimensional cube.

Suppose €2 is a domain and Q C 92 is an (n — 1)-dimensional cube with
distinguished side y. Let e be a unit normal to d€2 on Q and assume that PpNQ2 =&
and P C 2. We form a new domain € as follows. Let 7 be the conformal affine map,
i.e., composition of a translation, dilation, and rotation, with 7(Q(1)) = Q which
fixes dilation, 7(0) = ap which fixes translation, T({x €dQ() :x; = l}) and

2
T (—ey) in the direction of e which fixes rotation. Let Ag =7 (A) and dp = T (9).
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Then we define €2 through the relations
QN(PpUPy) and Q\(PyUPy) =\ (PoU Pp).

Note that dp inherits from 0 a natural subdivision into Whitney cubes with distin-
guished sides. This process is called “adding a blip to Q2 along Q™.

To use the process of “adding a blip” to construct a Wolff snowflake 2, starting
from ¢, we first add a blip to ¢ along Q(1) obtaining a new domain 2;. We then
inherit a subdivision of 921 N (Py(1)N ISQ(U) into Whitney cubes with distinguished
sides, together with a finite set of edges E (the edges of the faces of the graph are
not in the Whitney cubes). Let G| be the set of all Whitney cubes in the subdivision.
Then €2 is obtained from €2; by adding a blip along each Q € G;. From this
process, we inherit a family of cubes G, C 92, (each with a distinguished side)
and a set of edges E, C 92, of o-finite H"~2 measure. Continuing by induction
we get (£2,,)%° (G and (E,,)%° where

m=n—1° m=n—1° m=n—1°

082, N (PQ(l) N ﬁQ(])) =FE,U U Q form=>=n-—1.
0eGp

If N =N(b, M) is large enough, then 2,, - Q2 in the Hausdorff distance sense.
We call Qo a Wolff snowflake. We state a result which says that Wolff snowflakes
are locally flat in the sense of Reifenberg.

Lemma 3.2 [Lewis et al. 2013, Lemma 7.1]. If 69, N~! are small enough, depend-
ing only n, then the Wolff snowflake domain Q. is (c6y, 00)-Reifenberg flat, where
c=c(n).

4. Proof of Theorem 1.5

In this section we give a proof of Theorem 1.5 using some results from [Lewis et al.
2013; Azzam et al. 2016]. To this end, let 25, be a Wolff snowflake with constants
6o, N as described in Section 3. For fixed p, 1 < p #2 < 00, let u be the unique
positive p-harmonic function in 2., with continuous boundary value zero on 02,
and |x, — Ueo(x)| — O uniformly as |x| — oo. Let poo be the p-harmonic measure
associated with u, as in (1.2). A proof of existence and uniqueness of u, can
be found in [Lewis et al. 2013, Lemma 6.1]. Let Q7 be the restriction of Q2 to
Q(1) x [—1, 1] and let pu/ be the restriction of jie to (Q(1) x [—1, 1]) N 0.
The following lemma can be easily deduced by combining Lemma 7.4 and
Proposition 7.6 from [Lewis et al. 2013] when n > 3 and combining Lemma 3.23 and
Theorem 1 from [Bennewitz and Lewis 2005] when n =2. Moreover, when n > 3 and
2—n < p <2 itfollows from Theorem 4 in [Lewis et al. 2013]. We first state a lemma.

Lemma 4.1. When n > 3 let p be fixed,2 < p < 0o, and when n > 2 let p be fixed
with2 —n < p <2 for some 1 > 0. Let Q. and ., be described as above. Then
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for some d > O we have

lim log i (A(x, 1))

lim og r <d<n-—1 forall x € dQ\A,

where A C 02, with u. (A) = 0. Moreover, H —dimpu.  <d <n — 1.

Proof. We first show that there exist Wolff snowflakes for which H—dimu <n —1
in all cases stated in Lemma 4.1. To this end, as we discussed in Section 1, when
n >3 and 2 < p < oo there exist Wolff snowflakes such that H—dim u <n—1 (see
Theorems 2 and 3 in [Lewis et al. 2013]). When n = 2, it follows from [Bennewitz
and Lewis 2005, Theorem 1] that there is a Wolff snowflake for which H—dim u < 1
whenever p is fixed with 2 < p < co. Next, there exist Wolff snowflakes for which
H—dimw < n — 1, which is a well-known result of Wolff [1995] when n > 3. On
the other hand, it is observed in [Lewis et al. 2013, Proposition 6.4] that there exists
a Wolff snowflake such that the sign of (n — 1) — (H — dim w) equals the sign of
(n—1)— (H—dimpu) for p € (2—n, 2). Therefore, combining these two results,
we first conclude that there exists a Wolff snowflake for which H —dimw <n — 1
when 2 —n < p < 2 for some 1 > 0. Using these observations and Lemma 7.4 in
[Lewis et al. 2013] we finish the proof of lemma. |

We are now ready to prove Theorem 1.5. Under the p-harmonic setting, we
closely follow the arguments given in [Azzam et al. 2016] after Theorem 4.3. We first
observe from Lemma 4.1, more specifically from the fact X —dimu,, <d <n—1,
and the definition of Hausdorff dimension of p-harmonic measure, that there is
a Borel set E C 32, such that u. (R"\ E) = 0 and HY(E) = 0. From this
observation and once again from Lemma 4.1 we also have

4.2) lim 108 Hoo(B(x, 1)) <d

<n—1 forall xe€E.
r—0 log r

Note that Q7 is the restriction of Qq to Q(1) x [—1, 1]; therefore,
Qoo \ {(x, xy) € R" 1 x,, =0} C IQ,.
For ease of notation we let
KL= {(x',x,) eR" : x’ e R*"! and x, =0).

From (4.2) it follows that for o, 0 <« <n — 1 —d, one can find small enough p
such that u_(E;) > 0, where

log 5o (B(x, 1))
logr

Elz{xe(EDBQoo)\fR"_l: <n—1—aforallre(0,,o]}.

We next fix a point {y € E;. By the regularity of p-harmonic measure we can
find pg € (0, p] and a compact set K C E; N B(&y, po) such that for all x € K and



ON THE ABSOLUTE CONTINUITY OF p-HARMONIC MEASURE AND Hnl 35

r € (0, po) the following property holds:
o (K)>0 and pul (B(x,r))>r" 172

The construction yields that K C Q2. N3 and cl(2,) C cl(Qo). Then using
the fact that the support of u/ is contained in (Q(1) x [—1, 1]) N3 we have

(4.3) Loo(K) >0 and  poo(B(x, ) NIR) > r" 17

for all x € K and r € (0, pp).

For a given number ¢, 4 < ¢, and given open set O C R"~! we use W;(0)
to denote the set of maximal dyadic cubes Q C O satisfying tQ N K = @. Let
O<e< 0 and let Z be the family of cubes Q € W, (K°) such that

oNEE) x[—1,1D NN # 2.
Note that

1(Q) ~ e*dist(Q, K) forall Qe€Z and IQ\K C UQ.
Qe

For each Q €Z, fix some point zp € QNI,. We then define a new domain 2 by

=Q (U BQ> where By = B(zg, edist(zg, K)).
Qel

It is observed in [Azzam et al. 2016, Lemma 2.2] that if 8, € in the construction of
the Wolff snowflake in Section 3 are small enough then Q" is (ce!/2, ry)-Reifenberg
flat and K C E)Q;r, provided that the original domain 2, is (8, rp)-Reifenberg flat.
Note that from Lemma 3.2 we have that Wolff snowflake domain Q2 is (c8y, ro)-
Reifenberg flat, where ro = co. Therefore if we choose 6 and € small enough and
use Lemma 2.2 from [Azzam et al. 2016] then Qj is a (ce'’?, oo)-Reifenberg flat
domain satisfying

(4.4) K CcoQ Nt and cl(Qu) Ccl(2)).

Let u be a positive p-harmonic function in Q7 with continuous boundary value
zero on Q2. Let u} be the p-harmonic measure associated with uJ as in (1.2).
From the construction of QF we have u} > u_ on 9Q/_. Then it follows from
the maximum principle for positive p-harmonic functions and (4.4) that u > u/_
in Q. This observation, Lemmas 2.6-2.8 and (4.3) yield

4.5) (K) >0 and u*(B(x r)) >r" 1= forall xeK, re (0, po).

As M: is a Radon measure which follows from Lemma 2.8 and satisfies (4.5) and Qj
1S (3 , Fo)-Reifenberg flat domain, it follows from [Azzam et al. 2016, Lemma 3.1]
that H"~! laq+ 1s locally finite. Let 2 := Qj be the (3, 7y)-Reifenberg flat domain
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with locally finite surface measure and let u := p be the p-harmonic measure as
above. From (4.5) we conclude that Theorem 1.5 is true. U
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ON THE GEOMETRY OF GRADIENT
EINSTEIN-TYPE MANIFOLDS

GIOVANNI CATINO, PAOLO MASTROLIA,
DARIO D. MONTICELLI AND MARCO RIGOLI

In this paper we introduce the notion of Einstein-type structure on a Rie-
mannian manifold (M, g), unifying various particular cases recently stud-
ied in the literature, such as gradient Ricci solitons, Yamabe solitons and
quasi-Einstein manifolds. We show that these general structures can be
locally classified when the Bach tensor is null.

1. Introduction and main results

In the last years there has been an increasing interest in the study of Riemannian
manifolds endowed with metrics satisfying some structural equations, possibly
involving curvature and some globally defined vector fields. These objects naturally
arise in several different frameworks; the most important and well studied examples
are Ricci solitons, see, e.g., [Hamilton 1988; Perelman 2002; Ni and Wallach
2008; Naber 2010; Cao and Chen 2012; Brendle 2013] and references therein.
Other examples are, for instance, Ricci almost solitons [Pigola et al. 2011], Yamabe
solitons [Daskalopoulos and Sesum 2013; Cao et al. 2012], Yamabe quasisolitons
[Huang and Li 2014; Wang 2013], conformal gradient solitons [Tashiro 1965;
Catino et al. 2012], quasi-Einstein manifolds [Kim and Kim 2003; Case et al. 2011;
Catino et al. 2013; He et al. 2012], and p-Einstein solitons [Catino and Mazzieri
2016; Catino et al. 2015].

In this paper we study Riemannian manifolds satisfying a general structural
condition that includes all the aforementioned examples as particular cases, in order
to hopefully provide a useful compendium that also gives a summary and unification
of classification problems thoroughly studied over the past years.
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Towards this aim we consider a smooth, connected Riemannian manifold (M, g)
of dimension m > 3, and we denote by Ric and S the corresponding Ricci tensor
and scalar curvature, respectively (see the next section for the details). We denote
by Hess(f) the Hessian of a function f € C*°(M) and by £x g the Lie derivative
of the metric g in the direction of the vector field X. We introduce the following:

Definition 1.1. We say that (M, g) is an Einstein-type manifold (or, equivalently,
that (M, g) supports an Einstein-type structure) if there exist X € X(M) and
A € C°°(M) such that

(1-1) aRic+§§£Xg+/LXb®Xb = (pS+ Mg,

for some constants «, 8, i, p € R, with (o, 8, u) # (0, 0, 0). If X =V for some f €
C®° (M), we say that (M, g) is a gradient Einstein-type manifold. Accordingly (1-1)
becomes

(1-2) aRic+BHess(f)+udf @df =(pS+A)g,
for some «, B, i, p € R.

Here X(M) denotes the set of smooth vector fields on M and X" the 1-form
metrically dual to X.

We note that, from the definition, the term pS could clearly be absorbed into
the function A. However, we keep them separate in order to explicitly include and
highlight the case of p-Einstein solitons.

In the present paper we focus our analysis on the gradient case.

Leaving aside the case § = 0 that will be addressed separately, see Proposition 5.7,
we say that the gradient Einstein-type manifold (M, g) is nondegenerate if 8 # 0
and B2 # (m — 2)au; otherwise, that is if 8 # 0 and 2 = (m — 2)au, we have a
degenerate gradient Einstein-type manifold. Note that, in this last case, necessarily
o and p are not null. The above terminology is justified by the next observation:

(1-3) (M, g) is conformally Einstein
¢

(M, g) is a degenerate, gradient, Einstein-type manifold,
for some «, 8, u #0.

For the proof and for the notion of conformally Einstein manifold see Section 2.

In case f is constant we say that the Einstein-type structure is frivial. Note that,
since m > 3, in this case (M, g) is Einstein. However, the converse is generally
false; indeed, if (M, g) is Einstein, then for some constant A € R we have Ric= Ag
and inserting into (1-2) we obtain

BHess(f)+udf @df = (pS+i— Aa)g.
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Thus, if p # 0, (M, g) is a Yamabe quasisoliton and f is not necessarily constant
(see [Huang and Li 2014; Wang 2013]).

We will also deal with the case o = 0 separately, see Theorem 1.4. We explicitly
remark that, from the definition, o and 8 cannot both be equal to zero.

As we have already noted, the class of manifolds satisfying Definition 1.1 gives
rise to the previously quoted examples by specifying, in general not in a unique way,
the values of the parameters and possibly the function A. In particular we have:

(1) Einstein manifolds: («, 8, u, p) = (1,0,0, 1/m), A = 0 (or, equivalently for
m>3, p=0and A = S/m).

(2) Ricci solitons: («, 8, 1, p) =(1,1,0,0), A € R.

(3) Ricci almost solitons: (a, 8, i, p) =(1,1,0,0), L € C°(M).

(4) Yamabe solitons: («, B, u, p) =(0,1,0,1), A e R.

(5) Yamabe quasisolitons: («, 8, u, p) = (0,1, —1/k, 1), k € R\ {0}, A e R.
(6) conformal gradient solitons: (&, 8, u, p) = (0, 1,0, 0), L € C*(M).

(7) quasi-Einstein manifolds: («, 8, u, p) = (1,1, —-1/k,0), L e R, k #0.
(8) p-Einstein solitons: (&, 8, u, p) =(1,1,0,p), 0 #0, A € R.

Of course one may wonder about the existence of Einstein-type structures. We
know from the literature positive answers to the various examples that we mentioned
earlier. For the general case we can consider three different necessary conditions.
The first two are the general integrability conditions (4-5) and (4-6) contained in
Theorem 4.4 below. The third comes from the simple observation that, in the case
w #0, tracing (1-2) and defining u = e/ */# | the existence of a gradient Einstein-type
structure on (M, g) yields the existence of a positive solution of

Lu=Au— %[mk + (mp —a)Slu =0,

so that, by a well-known spectral result (see, for instance, [Fischer-Colbrie and
Schoen 1980; Moss and Piepenbrink 1978]), the operator L is stable, or, in other
words, the spectral radius of L, AF(M), is nonnegative. Here we will not further
pursue this direction.

As it appears in Definition 1.1, the fact that (M, g) is an Einstein-type manifold
can be interpreted as a prescribed condition on the Ricci tensor of g (see, for
instance, the nice survey [Bourguignon 1981]), that is, on the “trace part” of the
Riemann tensor. Thus, it is reasonable to expect classification and rigidity results
for these structures only assuming further conditions on the traceless part of the
Riemann tensor, i.e., on the Weyl tensor. Indeed, most of the aforementioned papers
pursue this direction, for instance, assuming that (M, g) is locally conformally
flat or has harmonic Weyl tensor. In the spirit of the recent work of H.-D. Cao
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and Q. Chen [2013], we study the class of gradient Einstein-type manifolds with
vanishing Bach tensor along the integral curves of f. We note that this condition is
weaker than local conformal flatness (see Section 2).

It turns out that, as in the case of gradient Ricci solitons (see [Cao and Chen 2012;
2013; Cao et al. 2014]), the leading actor is a three tensor, D, that plays a funda-
mental role in relating the Einstein-type structure to the geometry of the underlying
manifold. D naturally appears when writing the first two integrability conditions
for the structure defining the differential system (1-2). Quite unexpectedly, the
constant p and the function A have no influence on this relation.

Our main purpose is to give local characterizations of complete, noncompact,
nondegenerate gradient Einstein-type manifolds. Denoting with B the Bach tensor
of (M, g) (see Section 2), our first result is

Theorem 1.2. Let (M, g) be a complete, noncompact, nondegenerate, gradient,
Einstein-type manifold of dimension m > 3. If B(Vf,-) = 0 and f is a proper
Jfunction, then, in a neighborhood of every regular level set of f, the manifold
(M, g) is locally a warped product with (m—1)-dimensional Einstein fibers.

In dimension four we improve this result, obtaining

Corollary 1.3. Let (M*, g) be a complete, noncompact, nondegenerate, gradient,
Einstein-type manifold of dimension four. If B(Vf, -) =0and f is a proper function,
then, in a neighborhood of every regular level set of f, the manifold (M, g) is locally
a warped product with three-dimensional fibers of constant curvature. In particular,
(M*, g) is locally conformally flat.

As we will show in Section 7, the properness assumption is satisfied by some
important subclasses of Einstein-type manifolds, under quite natural geometric
assumptions. As a consequence, in the case of gradient Ricci solitons, we recover
a local version of the results in [Cao and Chen 2013; Cao et al. 2014], while,
in the cases of p-Einstein solitons and Ricci almost solitons, we prove two new
classification theorems (see Theorem 7.1 and 7.2).

In the special case & = 0 (which includes Yamabe solitons, Yamabe quasisolitons
and conformal gradient solitons) we give a version of Theorem 1.2 in the following
local result that provides a very precise description of the metric in this situation.
Note that Theorem 1.4 and Corollary 1.5 also apply to the compact case.

Theorem 1.4. Let (M, g) be a complete, gradient, Einstein-type manifold of dimen-
sion m > 3 with « = 0. Then, in a neighborhood of every regular level set of f,
the manifold (M, g) is locally a warped product with (m—1)-dimensional fibers.
More precisely, every regular level set X of f admits a maximal open neighborhood
U C M™ on which f only depends on the signed distance r to the hypersurface X.
In addition, the potential function f can be chosen in such a way that the metric g
takes the form on U
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') ur\ =
g:dr®dr+<—e )g ,
1(0)
where g¥ is the metric induced by g on X. As a consequence, f has at most two
critical points on M™ and we have the following cases:

(1) If f has no critical points, then (M, g) is globally conformally equivalent to
a direct product I x N1 of some interval I = (t,, t*) C R with a (m—1)-
dimensional complete Riemannian manifold (N"~', gN). More precisely, the
metric takes the form

g =u(n)(dr’ +g"),
where u : (t, t*) — R is some positive smooth function.

(2) If f has only one critical point O € M™, then (M, g) is globally conformally
equivalent to the interior of a Euclidean ball of radius t* € (0, +00]. More
precisely, on M \ {O}, the metric takes the form

g= 1)2(t)(alt2 + tzggmfl),

where v : (0, t*) — R is some positive smooth function and S™~" denotes the
standard unit sphere of dimension m — 1. In particular (M, g) is complete,
noncompact, and rotationally symmetric.

(3) If the function f has two critical points N, S € M™, then (M, g) is globally
conformally equivalent to S™. More precisely, on M™ \ {N, S}, the metric
takes the form

g = w(t)(d? +sin? (g ),

where w : (0, m) — R is some smooth positive function. In particular (M, g)
is compact and rotationally symmetric.

In this case we can obtain a stronger global result just assuming nonnegativity
of the Ricci curvature, namely we have the following:

Corollary 1.5. Any nontrivial, complete, gradient, Einstein-type manifold of di-
mension m > 3 with « = 0 and nonnegative Ricci curvature is either rotationally
symmetric or it is isometric to a Riemannian product R x N™~!, where N~ is an
(m—1)-dimensional Riemannian manifold with nonnegative Ricci curvature.

The proof of Theorem 1.4 follows immediately from [Catino et al. 2012] by
substituting u = e*/ in the equation. This result covers the cases of Yamabe
solitons [Cao et al. 2012] and conformal gradient solitons [Catino et al. 2012].
Concerning Yamabe quasisolitons, Corollary 1.5 improves the results in [Huang
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and Li 2014]. In particular, this shows that most of the assumptions in [Huang and
Li 2014, Theorem 1.1] are not necessary.

The paper is organized as follows. In Section 2 we recall some useful definitions
and properties of various geometric tensors and fix our conventions and notation. In
Section 3 we collect some useful commutation relations for covariant derivatives of
functions and tensors. In Section 4 we prove the two aforementioned integrability
conditions that follow directly from the Einstein-type structures. In Section 5 we
compute the squared norm of the tensor D in terms of D itself, the Bach tensor B
and the potential function f. In Section 6 we relate the tensor D to the geometry
of the regular level sets of the potential function f. Finally, in Section 7 we prove
Theorem 1.2 and Corollary 1.3, and we give some geometric applications in the spe-
cial cases of gradient Ricci solitons, p-Einstein solitons, and Ricci almost solitons.

2. Definitions and notation

In this section we recall some useful definitions and properties of various geometric
tensors and fix our conventions and notation.

To perform computations, we freely use the method of the moving frame referring
to a local orthonormal coframe of the m-dimensional Riemannian manifold (M, g).
We fix the index range 1 < i, j,... < m and recall that the Einstein summation
convention will be in force throughout.

We denote by R the Riemann curvature tensor (of type (1, 3)) associated to the
metric g, and by Ric and S the corresponding Ricci tensor and scalar curvature,
respectively. The components of the (0, 4)-versions of the Riemann tensor and of
the Weyl tensor W are related by the formula

1
2-1)  Rijre = Wijre + m(Rikajt — R;18k + Rj:8ix — Rjibir)
S

- m(&'/ﬁjz —8irdjk)

and they satisfy the symmetry relations
Rijkt = —Rjikr = —Rijic = Rusij,
Wijke = =Wijite = =Wijik = Whaij-
A computation shows that the Weyl tensor is also totally trace-free. The Schouten

tensor A is defined by

—Ric—_ 5
A =Ric 2(m—1)g'

Tracing we have tr(A) = A;;, = ((m —2))/2(m — 1))S.

Remark 2.1. Some authors adopt a different convention and define the Schouten
tensor as A/(m —2).
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According to this convention the (components of the) Ricci tensor and the scalar
curvature are respectively given by R;; = R;;j; = R;i;; and § = R;;. We note that, in
terms of the Schouten tensor and of the Weyl tensor, the Riemann curvature tensor
can be expressed in the form

1
R=W-+ mA®g,

where @ is the Kulkarni-Nomizu product; in components,
1
Rijke = Wijke + m(Aikajt —Aitbjk + Ajidix — Ajibir).
Next we introduce the Cotton tensor C as the obstruction to the commutativity
of the covariant derivative of the Schouten tensor, that is

(2-2) Cijk = Aijx — Aik,j = Rijx — Rik,j — (Sk8ij — S;dik).

_ 1
2(m—1)
We also recall that the Cotton tensor, for m > 4, can be defined as one of the possible
divergences of the Weyl tensor; precisely

-2 -2
(2-3) Cijk = (%) Wiikj,r = —(Tm) Wiijk.i-
A computation shows that the two definitions (for m > 4) coincide.

Remark 2.2. It is worthwhile to recall that the Cotton tensor is skew-symmetric
in the second and third indices (i.e., C;jx = —Cjx;) and totally trace-free (i.e.,
Ciik = Cixi = Crij = 0).

We are now ready to define the Bach tensor B, originally introduced by Bach
[1921] in the study of conformal relativity. Its components are

1
(2-4) Bij = m(cﬁk,k + Rt Wikje),
that, in case m > 4, by (2-3) can be alternatively written as

1
Wikjt,tk + —Rkt Wikjt-

Bij = m—2

1
m—3
Note that if (M, g) is either locally conformally flat (i.e., C=0ifm =3 or W =0
if m > 4) or Einstein, then B = 0. A computation shows that the Bach tensor is
symmetric (i.e., B;; = Bj;) and evidently trace-free (i.e., B;; =0). As a consequence
we observe that we can write

1
Bi; = m(cijk,k + RuWikji).

We recall that
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Definition 2.3. The manifold (M, g) is conformally Einstein if its metric g can be
pointwise conformally deformed to an Einstein metric g.

We observe that, if g = e?*“g, for some ¢ € C*°(M) and some constant a € R,
then its Ricci tensor Ric is related to that of g by the well-known formula (see
[Besse 2008])

(2-5) Ric=Ric —(m—2)a Hess(¢)+(m—2)a*dp@¢p—[(m—2)a|Vo|*+aAplg.

Here the various operators (for their precise definitions see Section 3) are defined
with respect to the metric g.

Now we can easily prove statement (1-3); indeed, suppose that § # 0 and
B% = (m — 2)apu, that is, the Einstein-type structure is degenerate. Tracing (1-2)
we obtain

1 _ Ly B Ky
(2-6) a(pS+A)—m(S+aAf+a|Vf| ).
Choose ¢ = f and a = —B/((m — 2)a) in (2-5) to obtain
2-7)
o1 B> _ 1 B _B 2
Ric = a[—(m_z)a u]df®df+a(p5+/\)g+ i (A =S IVIP)s.

Inserting (2-6) into (2-7) and using the fact that the Einstein-type structure is
degenerate yields

—~ 2 ]
Ric—l[(mﬂz)a u_df®df+1[s+2ﬁm Af=Em - 1)|Vf|2]g.

Hence, since g% = (m —2)ap,

st 1T Bm—1 H, ]
RlC—m S+2 o Af (m DIV~ g,

that is, § = e~ A/ (=20 f ¢ i5 an Einstein metric (this was also obtained in [Besse
2008, Theorem 1.159]).

Conversely suppose that § = 2%/ g, a #0, is an Einstein metric, so that Ric=A g,
for some A € R. From (2-5)

(2-8) Ric —(m —2)a Hess(f) + (m — 2)a’df @ df
= [Aez"f + (m = 2)a®*|Vf|? +aAf]g,
Tracing we get
% =[(m —2)a*|VfI* +aAf] +aArf + ‘mmt‘l A

Thus, inserting into (2-8),

Ric —(m — 2)a Hess(f) + (m — 2)adf @ df = (% —aAf— m/ilezaf>g_
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We choose o = 1, B = —(m — 2)a, u = (m —2)a®, p = 1/(m — 1), and A(x) =
—aAf —A/(m —1)e*/. We note that 8 # 0 and

B* = (m —2)%a* = (m —2)apu,

so this choice of «, B, u, p, and A yields a degenerate Einstein-type structure.

To conclude we note that the equivalence of degenerate gradient Ricci solitons
and conformally Einstein metrics is well-known in conformal geometry (see [Catino
2012; Jauregui and Wylie 2015]).

3. Some basics on moving frames and commutation rules

In this section we collect some useful commutation relations for covariant derivatives
of functions and tensors that will be used in the rest of the paper. All of these
formulas are well-known to experts.

Let (M, g) be a Riemannian manifold of dimension m > 3. For the sake of
completeness (see [Alias et al. 2016] for details) we recall that having fixed a (local)
orthonormal coframe {#'}, with dual frame {e;}, the corresponding Levi-Civita
connection forms {9}} are the 1-forms uniquely defined by the requirements

do’ = —9; NCL (first structure equations), and 0; + 9ij =0.

The curvature forms {@;} associated to the connection are the 2-forms defined via
the second structure equations

i _ _piApk i
They are skew-symmetric (i.e., @; + ®{ = 0) and they can be written as

k<t

where R]’: «; are precisely the coefficients of the ((1, 3)-version of the) Riemann
curvature tensor.
The covariant derivative of a vector field X € X(M) is defined by

VX=X + X)) ®e = Xi0* Qei,
while the covariant derivative of a 1-form w is defined by
Vo = (do; — wi0)) ® 0" = 0y 0* 6"

The divergence of the vector field X € X(M) is the trace of the endomorphism
(VX)!: TM — TM, that is,

divX = tr(VX)* = g(V,, X, e;) = X\.
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For a smooth function f we can write
df = fi0',

for some smooth coefficients f; € C°°(M). The Hessian of f, Hess(f), is the
(0, 2)-tensor defined as

Hess(f) = Vdf = f;;6' @6,
with
fij0! =dfi — 1,6}
Note that (see Lemma 3.1 below)
fij = Jji-
The Laplacian of f, Af, is the trace of the Hessian, in other words
Af =tr(Hess(f)) = fii.

The moving frame formalism reveals extremely useful in determining the commu-
tation rules of geometric tensors. Some of them will be essential in our computations.

Lemma 3.1. Let f € C3(M). The following equalities hold.

G- fij = fii-

(3-2)  fijk = fjik-

(3-3)  fijk = fikj + Ji Reiji-

G4 fijk = fiy + [iWiijr + ﬁ(fthjSik — fiRuSij + fjRik — fxRij)

S
- m(fjfsik — fkdij).

1
(3-5)  fijk = firj + fi Wik + m(ftAthik — f1Aubij + fiAik — frAij).
In particular, tracing (3-3), we deduce

(3‘6) filt = fni + fthi-

For the Riemann curvature tensor we recall the classical Bianchi identities that
in our formalism become

Rijki + Risjk + Riksj =0 (first Bianchi identity),
Rijkii + Rijik,: + Rijux =0 (second Bianchi identity).

For the derivatives of the curvature we have the well known formulas
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Lemma 3.2.
Rijkr,ir — Rijke,rt = Rsjke Rsitr + Riske Rjir + Rijst Rokir + Rijks Reir s
Rijx — Rik,j = —Riijk.s = Riikjs
Rij ke — Rijik = Riike Rij + Rijre Rii-
The first Bianchi identities imply that
(3-7) Cijk + Cjki + Crij = 0.
From the definition of the Cotton tensor we also deduce that

Cijkt = Aijke — Aik,jr = Rij ke — Rik ji — (Ski6ij — Sjtdi)-

_ L
2(m—1)
On the other hand, by Lemma 3.2 and Schur’s identity S; = 5 Rj «.,

1
Rik, jk = Rik kj + Riijk Rix + Rekji Rii = ESij — Ry Risjk + Rit Ryj .

This enables us to obtain the following expression for the divergence of the Cotton
tensor:

1
Cijkk = Rijxx — 2( 1) s—Sij + R Ritjx — Ris Rij — mAS(SU-

The previous relation also shows that
(3-8) Cijkk = Cjikk

thus confirming the symmetry of the Bach tensor, see (2-4).
Taking the covariant derivative of (3-7) and using (3-8) we also deduce

Ckij,k =0.

4. The tensor D and the integrability conditions

The main result of this section concerns two natural integrability conditions that
follow directly from the Einstein-type structure; as in the case of Ricci solitons
and Yamabe (quasi-)solitons, there is a natural tensor that turns out to play a
fundamental role in relating the Einstein-type structure to the geometry of the
underlying manifold. Quite surprisingly, as it is shown in Theorem 4.4, the presence
of the constant p and of the function A seems to be completely irrelevant.

Let (M, g) be gradient Einstein-type manifold of dimension m > 3. Equation (1-2)
in components reads as

4-1) aR;j+ Bfij+unfifi = (pS+1)éi;.
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Tracing the previous relation we immediately deduce that

(4-2) (@ —mp)S + BAS + u|Vf|* =ma.
Definition 4.1. We define the tensor D by its components
1 1
4-3) Dijr = m(fkRij — fiRix) + mﬁ(&k&j — Ryjdix)

. S
(m—1)(m—2)

Note that D is skew-symmetric in the second and third indices (i.e., D;jx = —D;i;)
and totally trace-free (i.e., D;;jx = Djx; = Dyii = 0).

(fxdij — fidik)-

Remark 4.2. We explicitly note that our conventions for the Cotton tensor and for
the tensor D differ from those in [Cao and Chen 2013].

Lemma 4.3. Let (M, g) be a gradient Einstein-type manifold of dimension m > 3.
The tensor D can be written as

N2 B S A R NS SR S O
(4’4) Dtjk—a|:m_2(fjflk fkﬁj)+(m_1)(m_2)ﬁ(ftj(szk ftkfslj)
Af S — 18
- (m—l)(m—Z)(fJSlk fk611):|-

The proof is just a simple computation, using the definitions of the tensors
involved, (4-1) and (4-2).

The following theorem should be compared with [Cao and Chen 2013, Lemma 3.1
and Equation (4.1)], [Cao et al. 2014, Lemma 2.4 and Equation (2.12)] and [Huang
and Li 2014, Proposition 2.2]. This result highlights the geometric relevance of
D in this general situation and shows that, even in this more general framework,
similar structural equations hold.

Theorem 4.4. Let (M, g) be a gradient Einstein-type manifold with 8 # 0 of
dimension m > 3. Then the following integrability conditions hold

4-5) aCijk + BfiWrijk = [ﬂ - W]Duk,
(4-6) oB;; = ml_z{[ﬂ - (m_ﬂz)aM]Dijk,k +/3<Z—:3)ftcjn —MfszWizjk}-

Proof. We begin with the covariant derivative of (4-1) to get

aRijk + Bfijx +(fi fi + fi fix) = (pSk + Xi)di; .

Skew-symmetrizing with respect to j and k and using (3-3) we obtain

4-7)  a(Rijk — Rix,j) + Bfi Reijk + u(fik fj — fij fr)
= p(Skbij — S;6ik) + (Mibij — Ajdik).
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To get rid of the two terms on the right-hand side of (4-7) we proceed as follows.
First we trace the equation with respect to i and j and we use Schur’s identity
Sk = 2Ry.; to deduce

(4-8) o —2p(m — D)ISk = 2B Rk +2(m — Dk — 2u(fy fix — DS fi)-
Second, from equations (4-1) and (4-2) we respectively have

1

(4-9) Jie= B

[(0S +2)8ik — a Ry — wf; fi|bu

and
_1
B

Inserting the two previous relations into (4-8) and simplifying we deduce the
following important equation

Af [(mp —)S +mar — p|VFI?].

(4-10) [o=2p0m—1)1Si =2(p+ %)ﬁm F2(m — D

=2t — p(m = DISSi+ 2 = DA

From (2-1) and (4-4) we deduce that
1
(4-11) JtRiijk = fiWhijk — Dijr — m(ftRzk&j — fiRyjdir).

Inserting now (4-11), (2-2), and (4-10) into (4-7) and simplifying we get (4-5).
Taking the divergence of (4-5) we obtain

aCijxk — BfixWitjk — ﬁ(Z—:;)fthit = [,3 - W}Diﬂak-

Using the definition of the Bach tensor (2-4), (4-9), and the symmetries of W we
immediately deduce (4-6). O

Remark 4.5. Equation (4-10) is the analogue of the fundamental relation Sy =
2 f; Ry, valid for every gradient Ricci soliton.

Remark 4.6. In the case 8 = 0 (and thus « # 0), by direct calculations, using (2-2),
(4-3), and (4-1), one can show that D =0 and equations (4-5) and (4-6) take the form

oCiji =~ fix = fifi) = e fiFdie = Fudi) + 8L (o — fidip),

1
aBij = m{acijk,k — ufi fiWitji}-
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5. Vanishing of the tensor D

In this section we compute the squared norm of the tensor D in terms of D itself,
the Bach tensor B, and the potential function f. Moreover, under the assumption
of Theorem 1.2, we prove the vanishing of D. We begin with

Lemma 5.1. Let (M, g) be a nondegenerate gradient Einstein-type manifold of
dimension m > 3. If a # 0,

(5-1) <m—2)[ﬁ _ (m—Z)au]lDF

2 B
-2
=—B(m—2)fif;jBij + g[ﬂ - W](ﬁfj[)ijk)ka
while ifa =0
-2
(5-2) ("2)IDI = —(n = 2) fi £ B + (fi £ CigoOr
Proof. We observe that, since D is totally trace-free and D;jx = —Djy;,

1 1
|D|* = D;jx Diji = mDijk(fkRij — fjRix) = m(fkRijDijk + fjRix Dikj),

so that
2

m—2

ID|* = fkRijDiji.

The nondegeneracy condition 8 — (m — 2)a /B # 0 implies that, using (4-5)
and the definition of the Bach tensor, we can write

-2 -2
("57) [~ IDP = fikyy@Cise + B W)
= afiRijCiji — Bfi [i R Witk
=afiRijCijx — Bm —=2) fi fiBij + Bfi fi Cijk.k-
By the symmetries of the Cotton tensor we also have
Ji[iCijke = fi([iCiji)k — [fi fixCijk
= (fifiCij)x — fic fiCijk
= (fi fiCijx + fij [k Cijk-
Therefore we obtain

55 (552)[p- 2o

=afiRijCijx — B(m =2) fi fiBij + B(fi fiCiji)k + Bfij fiCijk-
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If « =0, using (4-1) in (5-3) we immediately get

(Z22)IDP = —0n = 2) £ £3B1j + (fi £ Cigoons

that is (5-2).
If o # 0, using equations (4-1) and (4-5) in (5-3) and simplifying we deduce
) m—2 _ (m=2)au ] 2

G4 (57| o

=—Blm—2)fif;Bij +§[ﬁ _ (m=2ap

5 ](ﬁijijk)k,
that is, (5-1). ]

Remark 5.2. In the case o %0, (5-1) can be obtained in a direct way. One takes the
second integrability condition (4-6), multiplies both members by f; f; and simplifies,
using the symmetries of the tensors involved and (4-5).

Theorem 5.3. Let (M, g) be a complete nondegenerate gradient Einstein-type
manifold of dimension m > 3. If B(Vf,-) =0 and f is proper, then D = 0.

Proof. We define the vector field ¥ = Y («) of components

(5-5) Y, = {(ﬂ/a)f,-ij,-jk ifar 0,

Ji fiCijk ifoa=0.
By the symmetries of D and C we immediately have
(5-6) g(Y,Vf) =

If B(Vf,-)=0and @ # 0, from (5-1) we obtain
(“22)101 = L1 1Dy
while if ¢ = 0 from (5-2) we deduce
("52)IDP = (fi £ Cijon
In both cases
(5-7) ("52) DR =divy.

Now let ¢ be a regular value of f and €2, and X. be, respectively, the corre-
sponding sublevel set and level hypersurface, i.e., 2. ={x € M : f(x) <c} and
Y. ={xeM: f(x)=c}. Integrating (5-7) on 2. and using the divergence theorem

we get
/(’" 2>|D| —f divY:/ 2(Y,v),
Q. 2 Qe e
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where v is the unit normal to X.. Since v is in the direction of Vf, using (5-6) and
letting ¢ — +o00 we immediately deduce

[, (252 =

which implies D =0 on M. (]

Remark 5.4. The validity of Theorem 5.3 is based on that of the divergence theorem
in this situation. Thus, instead of using properness of f, we can use [Gol'dshtein
and Troyanov 1999, Theorem A] to obtain the above conclusion, that is D = 0,
under the following assumptions; for some p > 1, M is p-parabolic and the vector
field Y € L9(M), where ¢ is the conjugate exponent of p. We note that a sufficient
condition for p-parabolicity is

1
————— ¢ L'(+00)
vol(dB,) r1
(see, e.g., [Troyanov 1999]), and, according to (5-5), Y € L9(M) if for some pair
of conjugate exponents P, P’ we have

IVfl e L?*9(M) and |D|eL”9(M)ifa #0

or
IVfl e L**9(M) and |C|e L”9(M)ifa=0.

Remark 5.5. A simple computation using the definition of the tensor D gives

fiDijx = ﬁ(ftfthj — JifiRw),

and then
i f3Dije = — (Ric(Vf, V1) fi = IVF 12 fi Ruo).

This shows that, in the case o # 0, the vector field Y defined in (5-5) can be
expressed in the remarkable form

__ B - 2(Ri f
Y = m[RIC(Vf, VAVS —VFI*(Ric(Vf, 9)F) ],
where § denotes the usual musical isomorphism.

Moreover, in the special case of a gradient Ricci soliton (M, g, f, 1), using the
fundamental relation Sy = 2 f; Rk, the vector field Y can also be written in the
equivalent form

1

_ _ 2
Y = —2(m_1)[g(VS, VAVf —|VfI*VS].
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We also observe that

_ _ 2 2o r2
g(Y,Vf)=0,g(Y,VS) = 2(m_1)[g(VS, VF)? = VSIPIVfIF] <0,
and that
2 _ 1 2 2 2 21 1 2
Y] ——4(m_1)2|Vf| [IVSPIVFIF—g(VS, V)] = —2(m_1)|vf| g(Y,VvSs).

Remark 5.6. In case § = 0 and u # 0, using Remark 4.6 and arguing as in
Lemma 5.1, one can obtain the following identity

2,2 1CP = 0n =2 i fiBij = (fifiCijin
Then, following the proof of Theorem 5.3, we obtain

Proposition 5.7. Let (M, g) be a complete nondegenerate gradient Einstein-type
manifold of dimension m > 3 and with 8 = 0. If B(Vf,-) = 0 and f is proper,
then C = 0.

6. D and the geometry of the level sets of f

In this section we relate the tensor D to the geometry of the regular level sets of the
potential function f. Our first result highlights, in the case « # 0, the link between
the squared norm of the tensor D and the second fundamental form of the level sets
of f. This should be compared with [Cao and Chen 2013, Proposition 3.1] and
[Cao and Chen 2012, Lemma 4.1]. For the case « = 0 we refer to [Huang and Li
2014, Proposition 2.3].

From now on, we extend our index convention assuming 1 <i, j, k, ... <m and
1<a,b,c,...<m-—1.

Proposition 6.1. Let (M, g) be a complete, m-dimensional, gradient, Einstein-
type manifold with a, B # 0 and m > 3. Let ¢ be a regular value of f and let
Y = {x € M| f(x) = c} be the corresponding level hypersurface. For p € X,
choose an orthonormal frame such that {e, ..., en—1} are tangent to ¥, and
em = Vf/IVf| (e, {e1, ..., en—1,en}is alocal first order frame along f). Then,
in p, the squared norm of the tensor D can be written as

22|V 2IVf P
-1 D2:<é>—h —h8up)* + —= R Ram,
(6 ) | | o (m_2)2| ab abl + (m—l)(m—2) amam
where h,y, are the coefficients of the second fundamental tensor and h is the mean
curvature of X..

Remark 6.2. Note that |y, — hdap|* is the squared norm of the traceless second
fundamental tensor ® of components ®,, = h,p — hdgp.
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Proof. First of all, we observe that in the chosen frame we have
df = f.0°+ fu0" =|Vf|0™,

since f,=0,a=1,...,m—1.
The second fundamental tensor I/ of the immersion X, < M is

I =hp0" 0@V,
where the coefficients /., = hj, are defined as
Ve, =Vv=0, e, =—0)Qe, = —hap0’ @ e,
(see also [Alias et al. 2016]), so that
hab = g1 (eqs €p), v) = —8(Ve, v, ) = —(Vv)"(eqs €p).

In the present setting we have

1
Vv=—-V(Vf)+V RV
o7+ V() 997
and
Vv _—Hess +d ®df.
(90 = g Hess(h) +d (fggg) @7
Thus, using (4-1), we deduce
1
6-2 hop = ——— ——J[aR, S+ A)dupl-
(6-2) b |Vf|f 5|Vf| b—(p L)
The mean curvature % is defined as & = h,,/(m — 1). Tracing (6-2) we get
1 o o
(6-3) h_,B|Vf|[(m—1_'O)S_m—lRmm_)\]'

Now we compute the squared norm of the traceless second fundamental tensor ®.

(6-4)  |hap — h8up|* = |hap|* — 2hhaq + (m — D)h* = |hgp|* — (m — 1)h?

= g [@Res = (oS + 180T
o o 2
—(m— 1)[(m—l _'O>S_ m—lRmm _X] }
2
= #W{“Qiclz - 2RamRam - (Rmm)2
1
— [ = 2SRy + (Rmm)2]}

2

= g7 LIRiel” = 2Ran Ran = "3 (R
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On the other hand, from the definition of D we have

(6-5) |D|2 (fk l] fj lk)2

(m—2)?
(fi RixSij — fi Rijdir)* 52 P
+ (m—l)z(m—22)2 + (m— 1)2(m—2)2 (fkfsz/ f/‘szk)
T m(fkRij — [iRi) (fi RikSij — fi Rij)
- m(ﬁc&j — [iRi) (fibij — fidik)
T = 1)%(9,” %) (ftRuSij — fiRjSir) (fidij — [dix)
= (2|Vf2|)2 (lR C| - RamRam - RmmRmm)
2|V
= 1) (m—2y2 RamRam + R R
252 2
o hm—27"
2
=D =7 SR = Ron? = Ron R
__ ASIVfP _ASIVSP
= ym—2)2 >~ Rom) = G 22 R
Simplifying, rearranging, and comparing (6-4) and (6-5) we arrive at
(m=2)* B m—2
D ADP = (£) 19 Plhan = 1805+ (27 ) R
which easily implies (6-1). 0

Proposition 6.1 is one of the key ingredients in the proof of the following theorem,
which generalizes [Cao and Chen 2013, Proposition 3.2 ] (compare also with [Huang
and Li 2014, Proposition 2.4]). Our proof is similar to those in [Cao and Chen
2013; Huang and Li 2014], but the presence of i and the nonconstancy of A require
extra care, in particular in showing that S is constant on X..

Theorem 6.3. Let (M, g) be a complete, m-dimensional (m > 3), gradient, Einstein-
type manifold with a, B # 0 and tensor D = 0. Let ¢ be a regular value of f and let
Y ={x € M| f(x) = c} be the corresponding level hypersurface. Choose any local
orthonormal frame such that {e1, . .., e;,—1} are tangent to ¥, and e, = Vf/|Vf]|
(i.e, {e1, ..., em—1,en} is a first order frame along f). Then

(1) |Vf|2 is constant on %,
(2) Ry = Rya =0foreverya=1,...,m—1and e, is an eigenvector of Ric;

(3) X, is totally umbilical,
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(4) the mean curvature h is constant on X,
(5) the scalar curvature S and A are constant on X,
(6) X, is Einstein with respect to the induced metric;

(7) on X, the (components of the) Ricci tensor of M can be written as R, =
(S —A1)/(m — 1)84p, where A1 € R is an eigenvalue of multiplicity 1 or m
(and in this latter case S =m A\ 1); in either case ey, is an eigenvector associated
to Aq.

Proof. If D =0, from Proposition 6.1 we immediately deduce that
(6-6) hab — hdap =0,
that is, property (3), and
R,n =0, (a=1,...,m—1).
From (6-6) a simple computation using (6-2) and (6-3) shows that

:m(g

(6‘7) Rab 1 ab s

which also implies

) Ri: fif:
RIC(U, V) = % = Ryum = Rmmlvlz-

This complete the proof of (2). To prove (1) we take the covariant derivative of
BIVf|? and use (4-1).

BUVS 1P = 2B fir

=2[(pS + 1 = WV ) fi — afi Rue]

=2[(pS+ % = wIVf ) fi — &feRek — |V | Rut]-
Evaluating the previous relation at k = a and using property (2) we immediately get

(lvf|2)a = 0’
that is (1). To prove (4) we start from the Codazzi equations, that in our setting read
_Rmabc = hab,c - hac,b-
Tracing with respect to a and ¢ we get
_Rmabu — _Rmkbk + Rmmbm == hab,a - haa,b’

that is, using (2),

(6’8) 0= _Rmb = hab,a - haa,b-
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On the other hand, from (3) we have
hab,a =hp and  haap = (m — Dhp,
so that (6-8) immediately implies
0=m-—2)hp, for b=1,...,m—1,

that is (4). To show the validity of (5) we first observe that, evaluating (4-10) at
k = a and using (2), we deduce

[ —2p(m —1)]S, —2(m — )X, =0,
which implies
(6-9) [« =2p(m —1)]S —2(m — 1)A  is constant on X..
From (6-3), the constancy of 4 and of |Vf| on X, also give that
(6-10) [« —p(m —1)]S —aRy, — (m— 1)L is constant on X..
Combining (6-9) and (6-10) we arrive at
(6-11) S —2R,m 1S constant on X..
Now we evaluate (4-10) at k = m, we use (2) and rearrange to deduce
[a—2p(m—1)]1Sn

= 2(54‘%)|Vf|Rmm+2(m—1))»m—%{[oc—,o(m—l)]S—(m—l)A}

=2ﬁ|Vf|Rmm+2<m—1>Am—%{[a—p(m—1>]S—aRmm—<m—1)x}.

Since by (1) and (6-10) the quantity Cu|Vf|)/B{la—p(m—1)]S—a Ry —(m—1)A}
is constant on X, we infer that

(6-12) [a—2p(m—1)]S,, —2B8|Vf|Rum —2(m — 1)X,, is constanton X..
Now we take the covariant derivative of (6-12) and evaluate at k = a to obtain
(6-13) [ —2p(m — 1)]Sma —2BIVf|Rmm.a —2(m — DAy =0 on Z..
But S,,; = Sum and Ay = Agm, thus (6-13) can be written as

{la =2p(m — D]IS —2(m — DA}am =2BIVf|Rum.a on X,
which implies, by (6-9), that

R, 1s constant on X.
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The previous relation, (6-11), and (6-9) show that S and A are constant on X, that
is (5). To prove (6) we start from the Gauss equations
> Raped = Raped + hachiva — haahpe,
which, by property (3), can be rewritten as
(6-14) ¥ Rabed = Rabed +h* BacSha — 8aadhe)-
Tracing (6-14) with respect to b and d gives
(6-15) " Rae = Rac = Ramem + (m — 218y
Tracing again we deduce that
(6-16) Teg=8— 2Rm + (m—1)(m — 2)h2 is constant on X..
Now a simple computation using decomposition (2-1) of the Riemann tensor, (6-7)

and the fact that W,,,,.,, = 0 (see Proposition 6.4) shows that

1
(6‘17) Ramcm = Rmm(sac-
m—1

Next, inserting (6-7) and (6-17) into (6-15), we get
5 Rae = [2 2R 4 n— 20025,
m—1
which shows the validity of (6). Now (7) is an easy consequence of the other
properties. U

The next two results are analogues of, respectively, Lemmas 4.2 and 4.3 of [Cao
and Chen 2013].

Proposition 6.4. Let (M, g) be a complete, noncompact, m-dimensional (m > 3),
nondegenerate, Einstein-type manifold with o # 0. If D = 0 then C = 0, unless f
is locally constant.

Proof. First of all, by analyticity, it is sufficient to prove the result where {Vf # 0}.
We choose a local first order frame along f (so that f, =0,a=1,...,m —1 and
fm = 1Vf]). The vanishing of D implies, by the first integrability condition (4-5),
that

aCijk + BfiWrijk =0,

which implies, since o # 0,
(6-18) Cije ==L fiwin
and consequently

f,'Cl'jk:fmijk=|Vf|ijk=0, (j,kzl,...,m).
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Thus
Cnjk =0
at all points where |Vf| # 0. Using (3) and (4) of Theorem 6.3 we have
hap.c =0,
and from the Codazzi equations we get
—Rmabe = hab.c —hacp = 0.

Since R, = 0 by (2) of Theorem 6.3, from the decomposition (2-1) we easily
deduce
Wambc = 0,

which implies by (6-18) that
Cabc =0.

By the symmetries of C, to conclude it only remains to show that Cp,, = 0= Cpppp.
First we observe that R,,, = 0 implies, by the definition of covariant derivative,

0=dR,,
_ k k k
= kaea + Rakem + Ram,k9
= Romby + Rumb,' + Rap0p + Ramb)y + Ram 16"
= Rmme,’ln + Rabeyl:l + Ram,kekv
so that, using (6-7),
(6'19) Ram,kek == Ram,beb + Ram,mem = Rabeg1 - Rmmeg1

S—R
- (S5 Rty

_ S_mRmm> m
_< m—1 O’

Now we want to show that R, ,, = 0. To see that we first evaluate (4-1) fori =a
and j = m, obtaining f,,, = 0; then we take the covariant derivative of the same
equation

aRij i+ Bfijk + n(fix fi + fi fix) = (0Sk +Ai)dijs
which for i =k =m and j = a gives (using f,,, =0)

aRam,;11 = _,Bfmam;
but
fmam = fmma + fiRimam = fmmav

while (4-2) and Theorem 6.3 tell us that the (globally defined) quantity Af is
constant on X, so that

(Af)a=0.
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On the other hand, from (4-1) and (6-7) we deduce
(6-20) Bfab=—

which implies, by tracing, that
B(Af — fum) 1S constant on X..

e —p(m —DIS —aRypu — (m — DAY

In particular

fmam = fmma = (Af)a =0,

and thus
Rym.m =0.

Getting back to (6-19) we now have
Ram b@b — <S_mRmm )Qm

m—1 a’

and thus
(6-21) Ramp = (=28 Yoo
1 (mRmm )

Schur’s identity implies
(6‘22) Sm = 2Rim,i = 2Ram,a + 2Rmm,m~
From the definition of C we have, using (6-7) and (6-21),

1
(6‘23) Cabm = Rab,m - Ram,b 2( — 1) S Sab

_ Sn—Rum.m 1 (s mRmm)
- m—1 8ab+ |Vf| m—1 fab 2(m )Smaub

1 1 1 /S— mRmm
_2(m—1)S’"8“b_m—1Rmm””8“b+|Vf|( m— )f“'

Using (6-22), (6-21), and (6-20) in (6-23) we arrive at

1

_ 1 1 S—mRmm)
Cabm—m_chm,c‘Sab+ |Vf|( m—1 fab
_ 1 1 /S— mRmm)
= T |Vf|(S mRmm,m)fab+ |Vf|< m Jab
=0,
concluding the proof. U

In dimension four, we can prove the following:

Corollary 6.5. Let (M*, g) be a complete, noncompact, nondegenerate, Einstein-
type manifold of dimension four with o # 0. If D = 0 then W = 0, unless f is
locally constant.
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Proof. From Proposition 6.4, we know that C;;; = 0. Hence, from (4-5), we deduce
fiWiijx=0forany i, j,k=1,...,4. Forany p € M* such that Vf(p) # 0, we
choose an orthonormal frame {eq, ..., e4} such that e, = Vf/|Vf|, thus we have

W4ijk(p)=0, fori,j,k:l,...4.

It remains to show that W,.;(p) =0 for any a, b, c,d =1, 2, 3. This follows from
the symmetries and the traceless property of the Weyl tensor (see, for instance, [Cao
and Chen 2013, Lemma 4.3]). O

7. Proof of the main theorems and some geometric applications

In this last section we first prove Theorem 1.2 and Corollary 1.3. Then, we give some
geometric applications in the special cases of gradient Ricci solitons, p-Einstein
solitons, and Ricci almost solitons. We begin with

Proof of Theorem 1.2 and Corollary 1.3. From Theorem 5.3 we know that the tensor
D has to vanish on M. Let X be a regular level set of the function f: M — R, i.e.,
|Vf|#0 on X, which exists by Sard’s Theorem and the fact that f is nontrivial. By
Theorem 6.3 (1) we have that |Vf| must be constant on X. Thus, in a neighborhood
U of ¥ which does not contain any critical point of f, the potential function f
only depends on the signed distance r to the hypersurface X. Hence, by a suitable
change of variable, we can express the metric g;; as

ds®> =dr?* + gap(r, 0)d0 ® do” (re <r <r®

for some maximal r, € [—00, 0) and r* € (0, 0o], where (82, ..., 0™)is any local co-
ordinates system on the level surface X. Moreover, by Theorem 6.3 (3)-(4), we have

0
35, 8ab = —2hap = @ () gan,

where ¢ (r) = —2h(r). Thus, it follows easily that

gap(r,0) = e® Vg (0,60), where ®(r) = / ¢(r)dr.
0

This proves that on U the metric g takes the form of a warped product metric
ds* =dr* +w(r)’g®, re(r.r),

where w is some positive smooth function on U, and g¥ = g% is the metric defined
on the level surface X, which is Einstein, by Theorem 6.3 (6). This concludes the
proof of Theorem 1.2.

The proof of Corollary 1.3 follows from the previous considerations combined
with Corollary 6.5. O
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Next we show that the properness assumption on the potential function f in
Theorem 1.2 is automatically satisfied by some classes of Einstein-type manifolds.

First of all, let (M, g) be a complete, noncompact, gradient Ricci soliton with
potential function f. Then, it is well known that f is always proper, provided
that the soliton is either shrinking [Cao and Zhou 2010, Theorem 1.1], or steady
with positive Ricci curvature and scalar curvature attaining its maximum at some
point [Cao and Chen 2012, Proposition 2.3], or expanding with nonnegative Ricci
curvature [Cao et al. 2014, Lemma 5.5]. Hence, in these cases, Theorem 1.2
provides a local version of the classification results obtained in [Cao and Chen
2013; Cao et al. 2014].

Secondly, if (M, g) is a complete, noncompact, gradient shrinking p-Einstein
soliton with p > 0 and bounded scalar curvature, then it follows by [Catino et al.
2015, Lemma 3.2] that the potential function f is proper. Hence, Theorem 1.2
implies the following

Theorem 7.1. Let (M, g) be a complete, noncompact, gradient shrinking p-Einstein
soliton of dimension m > 3 with bounded scalar curvature and p > 0. If B(Vf, -) =0,
then around any regular point of f the manifold (M, g) is locally a warped product
with (m—1)-dimensional Einstein fibers.

Finally, we want to show the following result concerning gradient Ricci almost
solitons which are “strongly” shrinking.

Theorem 7.2. Let (M, g) be a complete, noncompact, gradient Ricci almost soliton
of dimension m > 3 with bounded Ricci curvature and with .. > A > 0, for some .
If B(Vf,-) =0, then around any regular point of f the manifold (M, g) is locally a
warped product with (m—1)-dimensional Einstein fibers.

Proof. By Theorem 1.2 it is sufficient to show that under these assumptions the
potential function is proper. To do this we will apply a second variation argument
as in [Cao and Zhou 2010, Theorem 1.1]. Let r(x) = dist(x, o), for some fixed
origin o € M. We will show that, for r(x) > 1,

FO) = 3a(r) — ),

for some positive constant ¢ > 0 depending only on m and on the geometry of g on
the unit ball B,(1). Let y(s), 0 <s < s¢ for some sy > 0, be any minimizing unit
speed geodesic starting from o = y (0) and let y (s) be the unit tangent vector of y .
Then by the second variation of the arc length, we have

/ " $2() Ric(y, 7)ds < (m— 1) f " bs) 2 ds,
0 0

for every nonnegative function ¢ : [0, so] — R. We choose ¢(s) = s on [0, 1],
¢(s)=1on[l,s9—1],and ¢(s) =s9—s on [sg— 1, sg]. Then, since the solitons
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has bounded Ricci curvature, one has

S0
/ Ric(y, y)ds <2(m — 1) + max |Ric|4+ max |Ric|=<C,
0 B (o) By (y (s0))

for some positive constant C independent of sg. On the other hand, from the soliton
equation, we have

VyV;}f :)\._Ric()}, )/)

Integrating along y, we get

. . S0 S0
Fre0) = 1) = [rds— [ Rietr pds = a0 - .
0 0
Integrating again, we obtain the desired estimate

[y (s0) = 3A(s50— ),
for some constant ¢. This concludes the proof of the theorem. ]

Remark 7.3. From the above proof, if A = A(r) is such that 1/A(r) = o(1 /r?) as
r — +o00 we have f(r) — 400 as r — +o00. This suffices to prove Theorem 7.2.

To conclude, we note that Ricci almost solitons which are warped products were
constructed in [Pigola et al. 2011, Remark 2.6].

Acknowledgements

We would like to thank the referee for useful comments and remarks that helped
improve the exposition.

References

[Alias et al. 2016] L. J. Alfas, P. Mastrolia, and M. Rigoli, Maximum principles and geometric
applications, Springer, 2016. MR Zbl

[Bach 1921] R. Bach, “Zur Weylschen Relativititstheorie und der Weylschen Erweiterung des
Kriimmungstensorbegriffs”, Math. Z. 9:1-2 (1921), 110-135. MR Zbl

[Besse 2008] A. L. Besse, Einstein manifolds, Springer, Berlin, 2008. MR Zbl

[Bourguignon 1981] J.-P. Bourguignon, “Ricci curvature and Einstein metrics”, pp. 42-63 in Global
differential geometry and global analysis (Berlin, 1979), edited by D. Ferus et al., Lecture Notes in
Math. 838, Springer, Berlin, 1981. MR Zbl

[Brendle 2013] S. Brendle, “Rotational symmetry of self-similar solutions to the Ricci flow”, Invent.
Math. 194:3 (2013), 731-764. MR Zbl

[Cao and Chen 2012] H.-D. Cao and Q. Chen, “On locally conformally flat gradient steady Ricci
solitons”, Trans. Amer. Math. Soc. 364:5 (2012), 2377-2391. MR Zbl

[Cao and Chen 2013] H.-D. Cao and Q. Chen, “On Bach-flat gradient shrinking Ricci solitons”, Duke
Math. J. 162:6 (2013), 1149-1169. MR Zbl


http://dx.doi.org/10.1007/978-3-319-24337-5
http://dx.doi.org/10.1007/978-3-319-24337-5
http://msp.org/idx/mr/3445380
http://msp.org/idx/zbl/1346.58001
http://dx.doi.org/10.1007/BF01378338
http://dx.doi.org/10.1007/BF01378338
http://msp.org/idx/mr/1544454
http://msp.org/idx/zbl/48.1035.01
http://msp.org/idx/mr/2371700
http://msp.org/idx/zbl/1147.53001
http://msp.org/idx/mr/636265
http://msp.org/idx/zbl/0437.53029
http://dx.doi.org/10.1007/s00222-013-0457-0
http://msp.org/idx/mr/3127066
http://msp.org/idx/zbl/1284.53044
http://dx.doi.org/10.1090/S0002-9947-2011-05446-2
http://dx.doi.org/10.1090/S0002-9947-2011-05446-2
http://msp.org/idx/mr/2888210
http://msp.org/idx/zbl/1245.53038
http://dx.doi.org/10.1215/00127094-2147649
http://msp.org/idx/mr/3053567
http://msp.org/idx/zbl/1277.53036

66 G. CATINO, P. MASTROLIA, D. MONTICELLI AND M. RIGOLI

[Cao and Zhou 2010] H.-D. Cao and D. Zhou, “On complete gradient shrinking Ricci solitons”, J.
Differential Geom. 85:2 (2010), 175-185. MR Zbl

[Cao et al. 2012] H.-D. Cao, X. Sun, and Y. Zhang, “On the structure of gradient Yamabe solitons”,
Math. Res. Lett. 19:4 (2012), 767-774. MR Zbl

[Cao et al. 2014] H.-D. Cao, G. Catino, Q. Chen, C. Mantegazza, and L. Mazzieri, “Bach-flat gradient
steady Ricci solitons”, Calc. Var. Partial Differential Equations 49:1-2 (2014), 125-138. MR Zbl

[Case et al. 2011] J. Case, Y.-J. Shu, and G. Wei, “Rigidity of quasi-Einstein metrics”, Differential
Geom. Appl. 29:1 (2011), 93-100. MR Zbl

[Catino 2012] G. Catino, “Generalized quasi-Einstein manifolds with harmonic Weyl tensor”, Math.
Z. 271:3-4 (2012), 751-756. MR Zbl

[Catino and Mazzieri 2016] G. Catino and L. Mazzieri, “Gradient Einstein solitons”, Nonlinear Anal.
132 (2016), 66-94. MR Zbl

[Catino et al. 2012] G. Catino, C. Mantegazza, and L. Mazzieri, “On the global structure of conformal
gradient solitons with nonnegative Ricci tensor”, Commun. Contemp. Math. 14:6 (2012), art. id.
1250045. MR Zbl

[Catino et al. 2013] G. Catino, C. Mantegazza, L. Mazzieri, and M. Rimoldi, “Locally conformally
flat quasi-Einstein manifolds”, J. Reine Angew. Math. 675 (2013), 181-189. MR Zbl

[Catino et al. 2015] G. Catino, L. Mazzieri, and S. Mongodi, “Rigidity of gradient Einstein shrinkers”,
Commun. Contemp. Math. 17:6 (2015), art. id. 1550046. MR Zbl

[Daskalopoulos and Sesum 2013] P. Daskalopoulos and N. Sesum, “The classification of locally
conformally flat Yamabe solitons”, Adv. Math. 240 (2013), 346-369. MR Zbl

[Fischer-Colbrie and Schoen 1980] D. Fischer-Colbrie and R. Schoen, “The structure of complete
stable minimal surfaces in 3-manifolds of nonnegative scalar curvature”, Comm. Pure Appl. Math.
33:2(1980), 199-211. MR Zbl

[Gol’dshtein and Troyanov 1999] V. Gol’dshtein and M. Troyanov, “The Kelvin—Nevanlinna—Royden
criterion for p-parabolicity”, Math. Z. 232:4 (1999), 607-619. MR Zbl

[Hamilton 1988] R. S. Hamilton, “The Ricci flow on surfaces”, pp. 237-262 in Mathematics and
general relativity (Santa Cruz, 1986), edited by J. A. Isenberg, Contemp. Math. 71, Amer. Math.
Soc., Providence, RI, 1988. MR Zbl

[He et al. 2012] C. He, P. Petersen, and W. Wylie, “On the classification of warped product Einstein
metrics”, Comm. Anal. Geom. 20:2 (2012), 271-311. MR Zbl

[Huang and Li 2014] G. Huang and H. Li, “On a classification of the quasi Yamabe gradient solitons”,
Methods Appl. Anal. 21:3 (2014), 379-389. MR Zbl

[Jauregui and Wylie 2015] J. L. Jauregui and W. Wylie, “Conformal diffeomorphisms of gradient
Ricci solitons and generalized quasi-Einstein manifolds”, J. Geom. Anal. 25:1 (2015), 668-708. MR
Zbl

[Kim and Kim 2003] D.-S. Kim and Y. H. Kim, “Compact Einstein warped product spaces with
nonpositive scalar curvature”, Proc. Amer. Math. Soc. 131:8 (2003), 2573-2576. MR Zbl

[Moss and Piepenbrink 1978] W. F. Moss and J. Piepenbrink, “Positive solutions of elliptic equations”,
Pacific J. Math. 75:1 (1978), 219-226. MR Zbl

[Naber 2010] A. Naber, “Noncompact shrinking four solitons with nonnegative curvature”, J. Reine
Angew. Math. 645 (2010), 125-153. MR Zbl

[Ni and Wallach 2008] L. Ni and N. Wallach, “On a classification of gradient shrinking solitons”,
Math. Res. Lett. 15:5 (2008), 941-955. MR Zbl


http://projecteuclid.org/euclid.jdg/1287580963
http://msp.org/idx/mr/2732975
http://msp.org/idx/zbl/1246.53051
http://dx.doi.org/10.4310/MRL.2012.v19.n4.a3
http://msp.org/idx/mr/3008413
http://msp.org/idx/zbl/1267.53066
http://dx.doi.org/10.1007/s00526-012-0575-3
http://dx.doi.org/10.1007/s00526-012-0575-3
http://msp.org/idx/mr/3148109
http://msp.org/idx/zbl/1294.53042
http://dx.doi.org/10.1016/j.difgeo.2010.11.003
http://msp.org/idx/mr/2784291
http://msp.org/idx/zbl/1215.53033
http://dx.doi.org/10.1007/s00209-011-0888-5
http://msp.org/idx/mr/2945582
http://msp.org/idx/zbl/1246.53040
http://dx.doi.org/10.1016/j.na.2015.10.021
http://msp.org/idx/mr/3433954
http://msp.org/idx/zbl/1330.53055
http://dx.doi.org/10.1142/S0219199712500459
http://dx.doi.org/10.1142/S0219199712500459
http://msp.org/idx/mr/2989649
http://msp.org/idx/zbl/1253.53044
http://msp.org/idx/mr/3021450
http://msp.org/idx/zbl/1277.53039
http://dx.doi.org/10.1142/S0219199715500467
http://msp.org/idx/mr/3485875
http://msp.org/idx/zbl/1332.53057
http://dx.doi.org/10.1016/j.aim.2013.03.011
http://dx.doi.org/10.1016/j.aim.2013.03.011
http://msp.org/idx/mr/3046313
http://msp.org/idx/zbl/1290.35217
http://dx.doi.org/10.1002/cpa.3160330206
http://dx.doi.org/10.1002/cpa.3160330206
http://msp.org/idx/mr/562550
http://msp.org/idx/zbl/0439.53060
http://dx.doi.org/10.1007/PL00004775
http://dx.doi.org/10.1007/PL00004775
http://msp.org/idx/mr/1727544
http://msp.org/idx/zbl/0939.31011
http://dx.doi.org/10.1090/conm/071/954419
http://msp.org/idx/mr/954419
http://msp.org/idx/zbl/0663.53031
http://dx.doi.org/10.4310/CAG.2012.v20.n2.a3
http://dx.doi.org/10.4310/CAG.2012.v20.n2.a3
http://msp.org/idx/mr/2928714
http://msp.org/idx/zbl/1270.53075
http://dx.doi.org/10.4310/MAA.2014.v21.n3.a7
http://msp.org/idx/mr/3286442
http://msp.org/idx/zbl/1304.53033
http://dx.doi.org/10.1007/s12220-013-9442-5
http://dx.doi.org/10.1007/s12220-013-9442-5
http://msp.org/idx/mr/3299296
http://msp.org/idx/zbl/1312.53066
http://dx.doi.org/10.1090/S0002-9939-03-06878-3
http://dx.doi.org/10.1090/S0002-9939-03-06878-3
http://msp.org/idx/mr/1974657
http://msp.org/idx/zbl/1029.53027
http://projecteuclid.org/euclid.pjm/1102810159
http://msp.org/idx/mr/500041
http://msp.org/idx/zbl/0381.35026
http://dx.doi.org/10.1515/CRELLE.2010.062
http://msp.org/idx/mr/2673425
http://msp.org/idx/zbl/1196.53041
http://dx.doi.org/10.4310/MRL.2008.v15.n5.a9
http://msp.org/idx/mr/2443993
http://msp.org/idx/zbl/1158.53052

ON THE GEOMETRY OF GRADIENT EINSTEIN-TYPE MANIFOLDS 67

[Perelman 2002] G. Perelman, “The entropy formula for the Ricci flow and its geometric applications”,
preprint, 2002. Zbl arXiv

[Pigola et al. 2011] S. Pigola, M. Rigoli, M. Rimoldi, and A. G. Setti, “Ricci almost solitons”, Ann.
Sc. Norm. Super. Pisa Cl. Sci. (5) 10:4 (2011), 757-799. MR Zbl

[Tashiro 1965] Y. Tashiro, “Complete Riemannian manifolds and some vector fields”, Trans. Amer.
Math. Soc. 117 (1965), 251-275. MR Zbl

[Troyanov 1999] M. Troyanov, “Parabolicity of manifolds”, Siberian Adv. Math. 9:4 (1999), 125-150.
MR Zbl

[Wang 2013] L. F. Wang, “On noncompact quasi Yamabe gradient solitons”, Differential Geom. Appl.
31:3 (2013), 337-348. MR Zbl

Received February 17, 2016. Revised April 12, 2016.

GIOVANNI CATINO
DIPARTIMENTO DI MATEMATICA
POLITECNICO DI MILANO
1-20133 MILANO

ITALY

giovanni.catino@polimi.it

PAOLO MASTROLIA

DIPARTIMENTO DI MATEMATICA
UNIVERSITA DEGLI STUDI DI MILANO
1-20133 MILANO

ITALY

paolo.mastrolia@unimi.it

DARIO D. MONTICELLI
DIPARTIMENTO DI MATEMATICA
POLITECNICO DI MILANO
1-20133 MILANO

ITALY

dario.monticelli @polimi.it

MARCO RIGOLI

DIPARTIMENTO DI MATEMATICA
UNIVERSITA DEGLI STUDI DI MILANO
1-20133 MILANO

ITALY

marco.rigoli @unimi.it


http://msp.org/idx/zbl/1130.53001
http://msp.org/idx/arx/math/0211159v1
http://msp.org/idx/mr/2932893
http://msp.org/idx/zbl/1239.53057
http://dx.doi.org/10.2307/1994206
http://msp.org/idx/mr/0174022
http://msp.org/idx/zbl/0136.17701
http://msp.org/idx/mr/1749853
http://msp.org/idx/zbl/0991.31008
http://dx.doi.org/10.1016/j.difgeo.2013.03.005
http://msp.org/idx/mr/3049630
http://msp.org/idx/zbl/1279.53039
mailto:giovanni.catino@polimi.it
mailto:paolo.mastrolia@unimi.it
mailto:dario.monticelli@polimi.it
mailto:marco.rigoli@unimi.it




PACIFIC JOURNAL OF MATHEMATICS
Vol. 286, No. 1, 2017

dx.doi.org/10.2140/pjm.2017.286.69

ON THE FOURIER-JACOBI MODEL FOR SOME
ENDOSCOPIC ARTHUR PACKET OF U(3) x U(3):
THE NONGENERIC CASE

JAEHO HAAN

For a generic L-parameter of U (n) x U(n), it is conjectured that there is
a unique representation in their associated relevant Vogan L-packet which
produces the unique Fourier—Jacobi model. We investigated this conjecture
for some nongeneric L-parameters of U(3) x U(3) and discovered that it
is true for some nongeneric L-parameters and false for some nongeneric
L-parameters. In the case when it holds, we specified such representation
under the local Langlands correspondence for unitary groups.

1. Introduction

The local Gan—Gross—Prasad conjecture deals with certain restriction problems
between p-adic groups. In this paper, we shall investigate it for some nongeneric
case not treated before.

Let E/ F be a quadratic extension of number fields and G = U (3) be the quasisplit
unitary group of rank 3 relative to E/F. Then H = U(2) x U(1) is the unique
elliptic endoscopic group for G. Rogawski [1990] has defined a certain enlarged
class of L-packets, or A-packets, of G using endoscopic transfer of one-dimensional
characters of H to G. In more detail, let o = ®,0, be a one-dimensional automor-
phic character of H. The A-packet [1(p0) >~ ®I1(p,) is the transfer of o with respect
to functoriality for an embedding of L-groups & : “H — LG. Then for all places
v of F, the packet I1(p,) contains a certain nontempered representation 7" (g, )
and it contains an additional supercuspidal representation 7°(o,) precisely when v
remains prime in E. Gelbart and Rogawski [1991] showed that the representations
in this A-packet arise in the Weil representation of G. Our goal is to study the
branching rule of the representations in this A-packet.

For the branching problem, there is a fascinating conjecture, the so-called
Gan-Gross—Prasad (GGP) conjecture, which was first proposed by Gross and
Prasad [1992] for orthogonal groups and later they, together with Gan, extended it

MSC2010: 11F27, 11F70, 11F85.
Keywords: Gan—Gross—Prasad conjecture, Fourier—Jacobi model, nongeneric parameter, local theta
correspondence.
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to all classical groups in [Gan et al. 2012]. Since it concerns our main theorem, we
shall give a brief review on the GGP conjecture, especially for unitary groups.

Let E/F be a quadratic extension of nonarchimedean local fields of characteristic
zero. Let V1 be a hermitian space of dimension n + 1 over E and W,, a skew-
hermitian space of dimension n over E. Let V,, C V, 4| be a nondegenerate subspace
of codimension 1, so that if we set

Gp=UWVn) xU(Vaq1) or UW,) xU(W,)

and
Hn=U(Vn) or U(Wn)»

then we have a diagonal embedding
A:H, — G,.

Let  be an irreducible smooth representation of G,,. In the hermitian case, one
is interested in computing

dimc Homa g, (7, C).

We shall call this the Bessel case (B) of the GGP conjecture. For the GGP conjecture
in the skew-hermitian case, we need to introduce a certain Weil representation
Wy, w, of H,, where ¥ is a nontrivial additive character of F and x is a character
of E* whose restriction to F'* is the quadratic character wg,r associated to E/F
by local class field theory. (For the exact definition of wy , w,, please see page 77.)
In this case, one is interested in computing

dimec Homa g, (77, @y 4, w,)-

We shall call this the Fourier—Jacobi case (FJ) of the GGP conjecture. To treat both
cases using one notation, we shall let v equal C or wy, ,,w, in the respective cases.
By the results of [Aizenbud et al. 2010; Sun 2012], it is known that

dim¢ Homag, (77, v) <1,
and so the next step is to specify irreducible smooth representations 7 such that
Homap, (7, v) = 1.

(A nonzero element of Homa g, (77, v) is called a Bessel (Fourier—Jacobi) model of
7 in the hermitian (skew-hermitian) case.)

Gan, Gross and Prasad [2012] brought this problem into a more general setting
using the notion of relevant pure inner forms of G, and Vogan L-packets. A pure
inner form of G, is a group of the form

G,=UWV)xUWV,,,) or UW,)xUMW,
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where V,; C V', | are n and n+ 1 dimensional hermitian spaces over E, and W,,, W,/
are n-dimensional skew-hermitian spaces over E.
Furthermore, if

Void/ VaZ Vs /Vy or W, =W,

we say that G/, is a relevant pure inner form.
(Indeed, there are four pure inner forms of G, and among them, only two are
relevant.)

If G}, is relevant, we set

H =U(,)) or UW),
so that we have a diagonal embedding
A:H — G).

Now suppose that ¢ is an L-parameter for the group G,. Then the (relevant)
Vogan L-packet Iy associated to ¢ consists of certain irreducible smooth represen-
tations of G, and its (relevant) pure inner forms G, whose L-parameter is ¢. We
denote the relevant Vogan L-packet of ¢ by Hg.

With these notions, we can loosely state the result of Beuzart-Plessis [2014;
2012; 2015] for the Bessel case and Gan and Ichino [2016] for the Fourier—Jacobi
case as follows:

Theorem 1.1. For a tempered L-parameter ¢ of G, the following hold:

(1) Zn’eng dim¢ Homp gy (', v) = 1.

(i1) Using the local Langlands correspondence for unitary groups, we can pinpoint
the unique '’ € T1 (I; such that

dim¢ Homp g (7', v) = 1.

To emphasize its dependence on the number n, we denote the Fourier—Jacobi
and Bessel cases of Theorem 1.1 as (FJ),, and (B), respectively, and later we shall
elaborate more on this notation. The GGP conjecture predicts that this theorem
also holds for a generic L-parameter ¢ of G,,.

Our main theorem is to investigate (FJ)s for some L-parameter of G3 involving
a nongeneric L-parameter of U (W3). More precisely, we have:

Main Theorem. For an irreducible smooth representation mwy of U(W3), let 1 =
7" (0) ® m as a representation of G3. Then

(i) Homag, (7w, 0y, . wy) = 0 if w2 is not a theta lift from U (V3).
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(ii) Assume that my is the theta lift from U(V|) and let ¢ = ¢" @ ¢, be the
L-parameter of m. Then

> dime Homa g (', oy ws) = 1.
n/eﬂg
(iii) Using the local Langlands correspondence for unitary groups, we can explicitly
describe the representation ' € I"[g appearing in (ii) such that

dim¢ HomAHé(rr', Wy . wy) = 1.

Remark 1.2. As we shall see in Theorem 3.2, the L-parameter of 7" (o,) is not
only nontempered but also nongeneric. Thus if we choose the L-parameters of ¢,
in ¢ apart from those obtained by the theta lift from U (V;) to U(W3), then the
first part of the Main Theorem tells us that the GGP conjecture may not be true for
nongeneric L-parameters of G,,.

The proof of the Main Theorem is based on the following see-saw diagram:

U(W3) x U(W3) UV2)

ey

U (W) UV xU (V)

Since all elements in the A-packet [1(o) can be obtained by theta lift from U (V}),
we can write 7" (0) = Oy, , w;,v, (0) where o is an irreducible smooth character
of U(V}), and yr,x are some characters, which are needed to fix a relevant Weil
representation. Then by the see-saw identity, we have

Homy w;) (@ . w3, v, (0) ® @y, 1)) = Homy v,y (O vy w3 (1)), 0).

From this, we see that for having Homy (w;) (O, ., ws,v, (0) ® a)l’xwa 7)) #0, it
should be preceded by Oy, v, w, (712v ) # 0. This accounts for (i) in the Main The-
orem because

Homy (w3) (@ . w5, v, (0) @y, 15

>~ Homy (wy) (Oy, y,ws, v, (0) @ 2, @y 5 w3)-

If ®y y,vo,w; () 7 0, then by the local theta correspondence, 7,” should be
Oy, x, w3, v, (o), Where g is an irreducible representation of U (V). By applying
(B)1, we can pinpoint 7y and o in the framework of local Langlands correspon-
dence such that Homy (v,) (o, o) # 0. Next we shall use the precise local theta
correspondences for (U (Vy), U(W3)) and (U (Vy), U(Wy)) in order to transfer the
recipe for (B); to (FJ)s.
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The rest of the paper is organized as follows: In Section 2, we shall give a brief
sketch of the local Langlands correspondence for unitary groups. In Section 3, we
collect some results on the local theta correspondence for unitary groups which
we will use in the proof of our main results. In Section 4, we shall prove our
Main Theorem.

Notations. We fix some notations we shall use throughout this paper:

e E/F is a quadratic extension of nonarchimedean local fields of characteristic
Zero.

e ¢ is the nontrivial element of Gal(E/F).

« Fry is a Frobenius element of Gal(E/E).

e Denote by Trg,r and Ng,r the trace and norm maps from E to F.
e § is an element of E such that Trg,r(8) = 0.

e Let ¢ be an additive character of F' and define

YF(x) ;=9 (3 Trg/p(8x)) and 3 (x) := ¥ (Trg, p(8x)).

e Let x be a character of E* whose restriction to F'* is wg,r, which is the
quadratic character associated to E/F by local class field theory.

« For a linear algebraic group G, its F'-points will be denoted by G (F') or simply
by G.

2. Local Langlands correspondence for unitary groups

By the recent work of Mok [2015] and Kaletha, Minguez, Shin and White [2014],
the local Langlands correspondence is now known for unitary groups conditional on
the stabilization of the twisted trace formula and weighted fundamental lemma. The
twisted trace formula has now been stabilized in [Waldspurger 2014a; Waldspurger
2014b] and [Moeglin and Waldspurger 2014a; Moeglin and Waldspurger 2014b] and
the proof of the weighted fundamental lemma is an ongoing project of Chaudouard
and Laumon. Since our main results are expressed using the local Langlands
correspondence, we shall assume the local Langlands correspondence for unitary
groups. In this section, we list some of its properties which are used in this paper.
Indeed, much of this section is excerpts from Section 2 in [Gan and Ichino 2016].

Hermitian and skew-hermitian spaces. Fore==+1,let V be a finite n-dimensional
vector space over E equipped with a nondegenerate e-hermitian c-sesquilinear form
(-, )v:VxV — E. That means forv,we Vanda,b e E,

{av, bw)y = ab{v, w)y, (w,v)y =¢- (v, w)y.
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We define disc V = (—1)"~D"/2 . det V, so that

F*/Ng/r(E™) if e =41,

discV € .
8" - F*/Ng/p(E™) if e =—1,

and we can define (V) = 1 by

C()E/F(diSC V) if8:+l,

(2_1) G(V) = {C()E/F(a_n . disc V) ife=-—1.

By a theorem of Landherr, for a given positive integer n, there are exactly two
isomorphism classes of e-hermitian spaces of dimension n and they are distinguished
from each other by €(V). Let U (V) be the unitary group of V defined by

UV)={g eGL(V)|(gv, gw)v = (v, w)y forv,w e V}.
Then U (V) turns out to be the connected reductive algebraic group defined over F.

L-parameters and component groups. Let I be the inertia subgroup of Gal(F / F).
Let Wg = Ir x (Frr) be the Weil group of F and WDp = Wg x SL,(C) be the
Weil-Deligne group of F. For a homomorphism ¢ : WD — GL,, (C), we say that
it is a representation of WD if

(1) ¢ is continuous and ¢ (Frr) is semisimple,

(i1) the restriction of ¢ to SL,(C) is induced by a morphism of algebraic groups
SL, — GL,.

If, moreover, the image of Wy is bounded then we say that ¢ is tempered. Define
¢V by ¢V(w) ="¢(w)~" and call this the contragredient representation of ¢. If
E/F is a quadratic extension of local fields and ¢ is a representation of WDg,
fix s € Wr \ Wg and define a representation ¢¢ of WDg by ¢“(w) = d(sws™h).
The equivalence class of ¢¢ is independent of the choice of s. We say that ¢ is
conjugate self-dual if there is an isomorphism b : ¢ — (¢")°. Note that there
is a natural isomorphism (((¢"))¥)¢ >~ ¢ so that (b")¢ can be considered as an
isomorphism from ¢ onto (¢")°. For ¢ = £1, we say that ¢ is conjugate self-dual
with sign ¢ if there exists such a b satisfying the extra condition (b")¢ = ¢-b. Define
As(¢) : WDr — GL,2(C) by tensor induction of ¢ as follows:

d(w) ® (s~ ws) if w e WDg,

As@) ) = {Lo @G W @pws)  if we WDr\ WD,

where ¢ is the linear isomorphism of C* @ C" given by t(x @ y) = y ® x.
Then the equivalence class of As(¢) is also independent of the choice of 5. We
set AsT(¢p) = As(¢) and As™(¢) = As(x ® ).
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Let V be an n-dimensional e-hermitian space over E. An L-parameter for the
unitary group U (V) is a GL, (C)-conjugacy class of admissible homomorphisms

¢ :WDp — YU(V) = GL,(C) x Gal(E/F),

such that the composite of ¢ with the projection onto Gal(E/F) is the natural
projection of WDf to Gal(E/F).

The following proposition from [Gan et al. 2012, Section 8] enables us to remove
the cumbersome Gal(E / F)-factor in the definition of L-parameters of U (V).

Proposition 2.1. Restriction to the Weil-Deligne group WDg gives a bijection
between the set of L-parameters for U (V) and the set of equivalence classes of
conjugate self-dual representations

¢ : WDz — GL,(C)

of sign (—1)" 1.
With this proposition, by an L-parameter for U (V), we mean an n-dimensional
conjugate self-dual representation ¢ of WD of sign (—1)"~1.

Given an L-parameter ¢ of U (V), we say that ¢ is generic if its adjoint L-function
L(s, Ado¢) = L(s, As-D" (¢)) is holomorphic at s = 1. Write ¢ as a direct sum

¢ = @mi¢i

of pairwise inequivalent irreducible representations ¢; of WD with multiplici-
ties m;. We say that ¢ is square-integrable if it has no multiplicity (i.e., m; = 1 for
all i) and ¢; is conjugate self-dual with sign (—1)"~! for all i. Furthermore, we can
associate its component group Sy to ¢. As explained in [Gan et al. 2012, Section 8],
Sy is a finite 2-abelian group which can be described as

Sp = H(Z/ZZ)a i
J
with a canonical basis {a;}, where the product ranges over all j such that ¢; is
conjugate self-dual with sign (—1)"~!. If we denote the image of —1 € GL,,(C) in
Sy by z4, we have
29 = (mja)) € [ [@/22)a;.
J
Local Langlands correspondence for unitary groups. The aim of the local Lang-

lands correspondence for unitary groups is to classify the irreducible smooth repre-
sentations of unitary groups. To state it, we first introduce some notations.

o Let V* and V™~ be the n-dimensional e-hermitian spaces with e(V 1) = +1,
€(V™) = —1 respectively.
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e Let Irr(U (V7)) be the set of irreducible smooth representations of U (V*).

Then a form of the local Langlands correspondence enhanced by Vogan [1993],
says that for an L-parameter ¢ of U (V¥), there is the so-called Vogan L-packet Iy,
a finite set consisting of irreducible smooth representations of U (V ), such that

Irr(U (V) ulr(U (V7)) = || T,
¢

where ¢ on the right-hand side runs over all equivalence classes of L-parameters
for U(V¥). Then under the local Langlands correspondence, we may also decom-
pose I1y as

— U
My =TI, uTl,,

where for € = %1, the L-packet pr consists of the representations of U (V) in Iy.
Furthermore, as explained in [Gan et al. 2012, Section 12], there is a bijection

Jll’(cp) :y — Irr(Sy),

which is canonical when 7 is odd and depends on the choice of an additive character
of ¢ : F* — C when n is even. More precisely, such bijection is determined by
the Ng,r(E*)-orbit of nontrivial additive characters

vE:E/F - C* ife=+41,
v F— C~* ife=—1.

According to this choice, when n is even, we write

g [Jer ife=1
Iy ife=—1,

and even when 7 is odd, we retain the same notation JV (¢) for the canonical
bijection. Hereafter, if a nontrivial additive character ¢ : F — C* is fixed, we
define ¥ : E/F — C* by

¥’ (x) := v (5 Trer(8x)),
and using these two characters, we fix once and for all a bijection
JV($) : Ty — Trr(Sy),

as above.
With these fixed bijections, we can label all irreducible smooth representations
of U(V®) as (¢, n) for some unique L-parameter ¢ of U(V*)and n e Irr(Sy).
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Properties of the local Langlands correspondence. We briefly list some properties
of the local Langlands correspondence for unitary groups, which we will use in this
paper:

e (¢, n) is a representation of U (V<) if and only if n(zy) =e€.

e (¢, n) is tempered if and only if ¢ is tempered.

e (¢, n) is square-integrable if and only if ¢ is square-integrable.

e The component groups S4 and Ssv are canonically identified. Under this
canonical identification, if w = (¢, 1), then its contragredient representation

7Y is (¢, n-v) where
wp/r(—1)%m%if dime ¢ is even,
V)= {1 if dimg ¢ is odd.
(This property follows from a result of Kaletha [2013, Theorem 4.9].)

3. Local theta correspondence

In this section, we state the local theta correspondence of unitary groups for two
low rank cases. From now on, for € = £1, we shall denote by V, the n-dimensional
hermitian space with (V7)) =€ and by W the n-dimensional skew-hermitian space
with (W) =€, so that Ws =6 - V.

The Weil representation for unitary groups. In this subsection, we introduce the
Weil representation.
Let E/F be a quadratic extension of local fields and let (V,,, (, )y, ) be an

m-dimensional hermitian space and (W,,, (, )w,) an n-dimensional skew-hermitian
space over E. Define the symplectic space

Wy, .w, :==Resg/r V,, Qe W,

with the symplectic form

WRw, v ®@w)w,, y =13 Trer((v, )y, (w, why ).
We also consider the associated symplectic group Sp(Wy, w,) which preserves
(5 )wy,,w, and the metaplectic group Sp(Wy,, w,) which sits in a short exact
sequence:
1— CX — SP(WV,”,W,,) — Sp(me,Wm) — 1.

Let Xy,, w, be a Lagrangian subspace of Wy, w, and fix an additive character
Y : F — C*. Then we have a Schrodinger model of the Weil representation wy, of
Sp (W) on ¥(Xy, w,), where & is the Schwartz—Bruhat function space.

If we set
m n

XV, ‘=X and xw, :=x".,
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where x is a character of E* whose restriction to F'* is wg,r, which is the quadratic
character associated to E/F by local class field theory, then (xv,, xw,) gives a
splitting homomorphism

G e - U (Vi) X U(Wy) = Sp(Wy, w,),

and so by composing this with wy,, we have a Weil representation wy, oy, of
U(Vy) x U(W,) on SXy,, w,).

When the choice of ¥ and (xv,,, xw,) is fixed as above, we simply write

s XWp

DY W,V += WDy Olyy  xw, -

Throughout the rest of the paper, we shall denote the Weil representation of U (V,,,) x
U(W,) by wy, w,,v, with the choice of characters (xv, , xw,) understood as above.

Remark 3.1. When m = 1, the image of U(V}) in %(thwn) coincides with
the image of the center of U(W,), and so we regard the Weil representation of
U (V1) x U(W,) as a representation of U (W,). In this case, we denote the Weil
representation of U(W,,) as wy,w,. Furthermore, we can also use xy, = x ! for
the choice of splitting homomorphism ¢y, ,, instead of xv, = x. In this case, the
Weil representation of U (W,,) is wl’wn.

Local theta correspondence. Given a Weil representation wy, w, v, of U(V,,) x
U(W,) and an irreducible smooth representation 7= of U(W,), the maximal
m-isotypic quotient of wy v, w, is of the form

@w,vm,wn (71’) X

for some smooth representation ®y, v, w, () of U(V,,) of finite length. By Howe
dualityl, the maximal semisimple quotient 8y, v, w, (7r) of Oy v, w, (7r) is either
zero or irreducible.

In this paper, we consider two kinds of theta correspondences for (U (1) x U (3))
and (UQ2) x U(3)):

Case 1. First we shall consider the theta correspondence for U (V) x U (W;). The
following is a compound of Theorem 3.4 and Theorem 3.5 in [Haan 2016].

Theorem 3.2. Let ¢ be an L-parameter of U (Vli). Then:

(i) Forany ¢, e’ =+1 and any 7w € T1¢, we have ©

Ve () is nonzero and
irreducible.

VA

11t was first proved by Waldspurger [1990] for all residual characteristics except p = 2. Recently,
Gan and Takeda [2014; 2016] have made it available for all residual characteristics.
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i) ® () =
(i) O, e e ()

a nontempered representation ife(%, PR x 3, sz) =c-€,
a supercuspidal representation ife (%, P x 3, wf ) =—€-€,
where

Yy (x) = ¥ (Trgp(8x)).
(iii) The L-parameter 6(¢) of ®

W Ve () has the following form:
(B-1) 0(¢) =
r”@)=xh@®¢-[4®xhgz ife(l 9@ x> vE) =€,
D) =¢-x SRS, ife(5.0@ x> ¥fF) =—e-¢,

where S, is the standard 2-dimensional representation of SL,(C).
(iv) For €, €' such that 6(% R x 3, I/IZE) = € - €, the theta correspondence
T 6 e Ve (;r) gives a bijection
Iy <— Tlgn(y).
(v) For €, € such that e(%, b x 3, lﬁf) = —¢ - €, the theta correspondence
T 01//,W3€,V16/ (;r) gives an injection

Iy — Ilps(g).
Write
o Sy =(Z/22)ay,
* Sorig) = (Z)2D)ay ife(,p@x 2 yF)=¢-¢,
o Sosp) = (£/20)ay x (Z/20)ay ife(%, PR x 3, sz) —€-€,

where

Y3 (x) = Y (Tre)F(8x)).

(Note that 6°(¢) is a square-integrable L-parameter of U(W5) and the summand
(Z/272)ay of Sgs(¢) arises from the summand x XS, in 6°(¢).)

Since we are only dealing with odd dimensional spaces, there are three canonical
bijections:

o JV(¢): Ty < Trr(Sy),
o JV(0"(¢)): [gn(p) <—> Irr(Spn(g))s
L4 JW(95(¢)) . H93(¢) <> II'I'(S@S@)).
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Using these maps, the following bijections and inclusions

Irr(Sg) <— Irr(Spn(g))
n— 6",
II‘I‘(S¢) — II‘I‘(S@s(¢))
n = 6°(n),

induced by the theta correspondence can be explicated as follows:

(3-2)  0"(m)(a) =nlar) -€(3. 6@ x>, ¥r),
(33) O ma)=n@) €3, ¢@x¥5), @) =—L.

Remark 3.3. Note that 6" (¢) is a nongeneric L-parameter. Gan and Ichino [2016,
Proposition B.1 in Appendix] proved that an L-parameter is generic if and only if
its associated L-packet Iy contains a generic representation (i.e., one possessing a
Whittaker model). Together with Corollary 4.2.3 in [Gelbart and Rogawski 1990],
which asserts that all elements in I1gn4) have no Whittaker models, we see that
60" (¢) is a nongeneric L-parameter.

Case 2. Now we shall consider the theta correspondence for U (V;,) x U(W3).
The following summarizes some results of Gan and Ichino [2014; 2016], which are
specialized to this case.

Theorem 3.4. Let ¢ be an L-parameter for U (Vzi). Then:

(i) Suppose that ¢ does not contain x>.

(a) Forany w € Hj; and any € € {1}, we have ® () is nonzero and

91//’ We Ve () has L-parameter

VWLV

0(p)=(p@x x>

(b) For each € = +£1, the theta correspondence mw +— 6
bijection

e VE () gives a

[y «— 1'[5@).

(ii) Suppose that ¢ contains x>.
(a) Foranym € I, exactly one of ®
(b) If©

w,w;f,vf' () or ®W,W{,Vf/ (7r) is nonzero.

Ve (1) is nonzero, then 6
272

w,W§,Vf, () has L-parameter

ywE
0(p) =R x x>

(c) The theta correspondence w +— 6 Ve () gives a bijection
)

VA

[y «— Ig(g).
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(iii)) We have fixed a bijection
Jye(@) : Ty <—> Irr(Sp),
where
v' () = v (5 Trg/r(x))
and there is the bijection
TV (O(#)) : Mgy «— Irr(Sp(e))-
o If ¢ does not contain x>, we have
So(p) =S¢ x (Z/22)by,

where the extra copy of Z/2Z of Se(g) arises from the summand x2in
0(¢). Then for each €, using the above bijections J and Jx, one has a
canonical bijection

II’I‘(S¢) <> IITE(SQ((p)),
n <— 6(n),

induced by the theta correspondence, where Irt€ (Sy(4)) is the set of irre-
ducible characters n' of Sp () such that n'(ze(¢)) = € and the bijection is
determined by

o(mls, =n.
o If ¢ contains x>, then ¢ ® x ' contains x?, and so
So(p) = S¢-
Thus, one has a canonical bijection

Irr(Sg) <— Irr(Sp(g)),
n<—6(n),

induced by the theta correspondence and it is given by

0(n) = 1.

(v) If m is tempered and © W VE () is nonzero, then ® powe

Ve () is irre-
ducible and tempered. e
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4. Main Theorem

In this section, we prove our Main Theorem. To prove it, we first state the precise
result of Beuzart-Plessis which we shall use in the proof of Theorem 4.12.

Theorem (B),.. Let ¢ = ¢V x ¢™ be a tempered L-parameter OfU(Vnﬂil) X
U (V") and write Syos = [1;(Z/22)a; and Sy =[] ;(Z/22)b;. Let

A:UWVE) > UWVE) x UVE)

be the diagonal map. Then for t(n) € Hg

Irr(Syin) X Irr(Sym),

o H;ﬁnﬂ) X H;i,,), where n € Irr(Sy) =
Hom, (v, (T (), ©) = 1 & n=n*,

mhere na) = e(L 9" © o YL,

{ni(b,-) =e(}.o" V@ yE),

where YE,(x) = ¥ (— Tre; r (8x)).

Theorem 4.1. Let ¢V, @ be tempered L-parameters of U (Vli) and U (Vzi),
respectively and suppose that $® does not contain x 3. Let

=

1 _
0" @) =xl- 1@V P @xl- 15"
@) =9V x P @ xKS;
be the two L-parameters of U (W;E) appearing in (3-1) and let
0 =P @ ®x

be the L-parameters of U (W;E) appearing in Theorem 3.4 (ii), in which y is replaced
by x L.

Write

o Spr = Sgnpy = (£/24)ay,

° S@s(¢(1)) = S¢(1) X (Z/2Z)a2,

(Z)27)b, if @ is irreducible,
" See = {(Z/ZZ)b x (Z)27)b if 6@ = @ ® ¢? is reducible
1 2 h > )
* Sop) = Sp X (Z/2Z)cy,

where ¢; comes from the component x 2 of 8(¢p®). We use the fixed character v
to fix the local Langlands correspondence for ITye) <> Irr(Sye ).

2Recently, Gan and Ichino [2016] extended Beuzart-Plessis’s work to the generic case relating it
to the (FJ) case.
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For x =n, s, let
0% (01, 0@ = 6" (V) x 0(p?)

be an L-parameter of G3 = U(Wi) X U(Wi) and 7*(n) € nk
representation of a relevant pure inner form of G3. Then,

0} (0,9 D€
Homay ) (7" (0), @y we) #0 <> n =1,
where nl € Irr(Sgx 1, ¢@)) = Irr(Spr(gmy) X Irr(Spp)) 1s specified as follows:
(i) When ¢ is irreducible,

nn(al)—e( V@) S €5, 00 ®0P, yF),
1) =€(3. 60 ® 9@, ¥f),
)
)

mc) =€(3. 00 @ x 3 ¥f),
ni(a) =€(5. ¢V @ x3, ¥

T(612)——1

i (b)) =e€(3. 6V @¢P, vf),
ni(c)) =—€(3, ¢V @ x 3, ¥F).

(ii) When ¢@® = ¢(2) &) ¢(2) is reducible,

6(%’ ¢(1) ®¢(2), WZE)’

e(L, oM @¢?, yk),

’

mi@) =€(5.00 @ x 3, ¥f)-
nib) =e(1, 0V @7, vF)
i (b2) =€(4, <1>®¢>‘2) wz)
nic) =e(3 0V @ x 73, vE),

(3 y)-

n§<a1>—e PV @x 3 YF) (3. 0D @9, yF),
ni(ay) = —1,

nib) =€k, oM @0, ¥F),

i) =e(L, 0V @0, vE),

ni(c)) =—€(3, ¢V @ x 3, ¥F).

Furthermore,
dim¢ HomAU(W§>(ﬂx(nI), wy we) = 1.

Remark 4.2. When x =n or s, we have ni (Zgr(pmy) = n; (zg(p)) so that nl always
corresponds to a representation J'rx(nl') of a relevant pure inner form of G3.

Proof. For each x = n, s, we first prove the existence of some €, € {£1} and
*(n) € H@‘(¢(l) 5O such that

HomAU(Wf—*)(T[x (), Wy, e ) #0.
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Fora € F*, let L, be the 1-dimensional hermitian space with form a -Ng,r. Then
VSt v~ vy v~ L.
We consider the following see-saw diagram (¢, €’ will be determined soon):
U (W) x U(W5) Uvs)

=

U(W5) U(VEYx U(L-y)

(4-1)

In this diagram, we shall use three theta correspondences:
G) U (Vf/) x U (Wj) relative to the pair of characters ( %2 1),
(i) U (Vf/) x U (Wj) relative to the pair of characters (y, x3),
(iii)) U(L-1) x U(Wj) relative to the pair of characters ( x5 xd).
By (B)1, there is a unique €” € {1} and a unique pair of component characters
(2, m) € I (S(pnv) X I (S(pmn),

such that
HomAU(vf’)(”(m) ®m(m), C) #0.

Moreover, € = n1(a1) = €(5, ()Y ® (9P)Y, ¥E)) = €(3. ¢V @ 6@, ¥ F).
By Theorem 3.4 (i), (iv) and [Atobe and Gan 2016, Theorem 4.1],

®w’ Vf’,W; (®¢’ W;,V;, (7[(772)))

is nonzero for any € € {#+1}. Since
®1//,W3€,V2€/ ((n2)) X ®,‘/,’V2€/’W3€ (®1//,W3€,V26/ (n(772)))
is the maximal ® b WEVE (7 (n2))-isotypic quotient of wy, v, w, and we have that
2302 . . . .

®1p,W35,V2€/ (m(n2)) X () isa ®1//,W3€,V2€/ (7w (m2))-isotypic quotient of wy, v, w;, the
representation 7 (172) should be a quotient of @1// Ve we (@1// We ve (n(nz))). By
Proposition 5.4 in [Atobe and Gan 2016], P i

®w’ Vz€/~W3€ (®w’ W;,V;/ (77(772)))

is irreducible and thus we have ®¢,V2€/,W3€ (®¢’W3€’V;/ (n(nz))) =1(n).
Since
Hom,, e (T (m2), 7" () # 0,

by the see-saw identity and Remark 3.1, we have

Homaywe) (0, e e (T (M @@ e, O e e (T(12)) #0,
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andsince ® . (7w (n)) and w” . are admissible, we have
¥, W3, Vy v, W3

Homay i) (O, e ve (T M @O L | (T(02)). @y we) #0.
By Theorem 3.2 (i) and Theorem 3.4 (i), the L-parameter of ® e, ve (@Y () ®

M /(ﬂ(nz)) is

VAN

gn(d,(l)’ $@)  ife=e(L,pM@x 3, ¥E) e(L, 6V @D, yF),
{equ“% ¢?)  ife=—€(3.0V@x 7 ¥)) €(3. 6V @6, ¥,
and by Theorem 3.2 (v) and Theorem 3.4 (iii), we see that their associated component
characters are 1 and 5! in each case.

Next we shall prove that these are the unique representations which yield Fourier—
Jacobi models in each of the L-packets, ITgngm g2y and Igsgm 4.

Since 6°(¢p1, ¢?) is a tempered L-parameter, the uniqueness easily follows
from (FJ); in this case. Therefore, we shall only consider the nontempered
L-parameter 0" (¢, ¢@). Let my @ m; € nk = II¢ x T1¢ be
a representation satisfying

0r(60,90) = Monpny X W

HomAU(W_f)(”z 7y, wlp,w_f) #0,

and in turn

HomAu(WSE)(TFZ ®a)l\;’W§, 7_[,1\/) # 0.

(The existence of such m, ® w1 was insured by the previous step.) Then by

Theorem 3.2 (iv), we can write 1, = ®WW§’V]€/ (™) for some 7V e Hg/(l) where

€ =¢€-e3, oV @ x 3, vy).
Then by applying the see-saw duality in the see-saw diagram in (4-1), one has
v VY~ @ LM
HomAU(W;)(Jrz ®a)1//,W3e, ) HomU(vf’)(” , ) #£0,
where

2

Note that 7@ # 0 and so it has the tempered L-parameter (¢®)V. Then by (B)1,
(r®, D) is the unique pair in the L-packet [T(p@)v x o such that

and so (mp, 1) should be (® SWEVE (71(1)), ev ¢ e (r®)). This settles the
3071

uniqueness issue. R O
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Remark 4.3. When the L-parameter ¢» of U (Vzi) contains x ~3, we can write
¢® = ¢ @ x> for an L-parameter ¢ of U (V;F). Then, we set

— . _ _3
9(¢<2)):{3'X ’ ifdo=x"",
) . -3

bo- X D2 x if o # x7,

and
(Z2/22)b, if po=x"2,

S =
v {<Z/22>b1 x (2201 ifgo# x .

If one develops a similar argument in this case, one could also have a recipe as
in Theorem 4.4 for the nontempered case. However, we need some assumption

on the irreducibility of the theta lifts because we cannot apply Proposition 5.4 in
[Atobe and Gan 2016].

Theorem 4.4. Let the notations be as in Theorem 4.1 and assume this time that

(2) . -3 € . , . .
f’b ' conta.uns X °. Assume that for & € He((¢<2>)V)’ if ®¢,Vf W (;r) is nonzero, it
is irreducible.

Then,

HomAU(W;)(n"(n), ww,W;) #0—=n= 772»
where n;[ € Irr(Spn (g, @) = It (Spn(gy) X Irr(Syp@)) s specified as follows:
« When ¢ = x 2,
in,i(ao =e(3.90 @17 ¥5),
ni(b) =€(3. ¢V @ x 3, ¥ ).
 When ¢ # x 7,
ni(an) =€(3. 6" ® ¢o, ¥5),
ny(b1) = €(3. 6" ® g0, ¥5),
(e =¢€(5, 60 @ x 73, ¥f).
Proof. We first prove the existence of some € € {1} and 7" (n) € I1
that

R, e
0" (oM,

such
HomAU(Wf) (71'” (7]), a)w’Wf) ;é 0.
By (B)1, there is a unique €’ € {1} and a unique pair of component characters

(2, 1) € It (Segenv) x I (Sgyv),

such that
HomAU(vf’)(”(m) ®m(n),C) #0.

Moreover, n2(b1) = €((¢) ® (¢0)", ¥£) = €(%, ¢ ® ¢y, ¥¥) and
e =nia) =€t @) @ @), vE) =€e(2. 0V ®0?, yF).
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By Theorem 3.4 (ii) and (iv),
®w’ W3€,V2€, (”(772))

is a nonzero irreducible representation of U (W5) for some € € {1} and by Theo-
rem 4.1 in [Atqbe a.n(.1 Qan 20?6], ®1//,V2€/,Wf (®1//,W§,V;’ (7‘[(7}2))) is nonzero. So
by our assumption, it is irreducible and

O, v we (O e ye (F))) =7 ().

Since
Hom,; e, (e (n2), w7 () #0,

by the see-saw identity and Remark 3.1, we have
\Y \%
Homayws) (0, e e T M) @@y e, O e e (T(12)) #0

. v ..
and since ®1//,W3€,Vf/(ﬂ(n2)) and a)w’W36 are admissible, we have
\ \
HomAU(W_gE)(@l/I’We’Ve’ (T () ® ®w,w§, o (T (m2)), wlp,wf) #0.
Let® we. Ve/(ﬂ(nZ)) = m(n3) for some 13 € He((¢<2>)v) If ¢o = x, then

n3 (Z@((¢(2))v ) =n3(3-b1) =n3(by) and if ¢ # x~ 3, then n3 (Ze((¢<2>)v ) =n3(by).
Thus in both cases, we have

€ =n3(zap))) = m3(b1) = ma(b)) = €(3, ¢V @ o, ¥3 ).

Since
¢ =e(} IO ¢(2),wE):E(%’¢(1)®¢O’wf),6(%’¢(1>®X—3’%E),

wehave e-¢’ =¢(1, pV®x 3, ¥F) and so by Theorem 3.2 (iii) and Theorem 3.4 (i),
the L-parameter of © we v (V) ® @V Lo (T (1)) s 0" (¢, p@).

Furthermore, by applying Theorem 32 (V) and Theorem 3.4 (iii), we see that the
associated component character of

O e ye (T M) ®OY o ()

73072

is exactly n! in each case and it proves the existence part. The proof of the
uniqueness part is essentially the same as the one in Theorem 4.1. O

Remark 4.5. It is remarkable that for the supercuspidal L-parameter 6° (¢, ¢2))
with 8(¢®) as above, the recipe, which is suggested in (FJ)3, does not occur with
the theta lift from U (Vli) and U (Vzi). This is quite similar to Proposition 4.6 in
[Haan 2016], which concerns the nongeneric aspect of Bessel cases of the GGP
conjecture.
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A KIRCHBERG-TYPE TENSOR THEOREM
FOR OPERATOR SYSTEMS

KYUNG HOON HAN

We construct operator systems €; that are universal in the sense that all
operator systems can be realized as their quotients. They satisfy the opera-
tor system lifting property. Without relying on the theorem by Kirchberg,
we prove the Kirchberg-type tensor theorem

€ @min B(H) = ®max B(H)-

Combining this with a result of Kavruk, we give a new operator system the-
oretic proof of Kirchberg’s theorem and show that Kirchberg’s conjecture
is equivalent to its operator system analogue

€ ®min €1 = ¢ ®c <.

It is natural to ask whether the universal operator systems €; are projec-
tive objects in the category of operator systems. We show that an operator
system from which all unital completely positive maps into operator system
quotients can be lifted is necessarily one-dimensional. Moreover, a finite-
dimensional operator system satisfying a perturbed lifting property can be
represented as the direct sum of matrix algebras. We give an operator sys-
tem theoretic approach to the Effros—Haagerup lifting theorem.

1. Introduction

Every Banach space can be realized as a quotient of ¢ (/) for a suitable choice of
index set /. Moreover, every linear map ¢ : £, (/) — E/F liftsto ¢ : £1(I) —> E
with [|@]| < (14 ¢&)[l¢||. On noncommutative sides, P, T, (respectively C*([F))
plays such a role in the category of operator spaces (respectively C*-algebras). The
purpose of this paper is to find operator systems that play such a role in the category
of operator systems.

We construct operator systems €; that are universal in the sense that all operator
systems can be realized as their quotients. The method of construction is motivated

This work was supported by the National Research Foundation of Korea Grant funded by the Korean
Government (NRF-2012R1A1A1012190).
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by [Blecher 1992, Proposition 3.1] and the coproduct of operator systems [Fritz
2014; Kerr and Li 2009]. The index set I is chosen to be sufficiently large that we
can index the set Shsl of positive contractive elements in an operator system S.
The operator system &; is realized as the infinite coproduct of {M; & Mj}ren
admitting copies of My @ M} up to the cardinality of /.

We prove that the operator systems €; satisfy the operator system lifting prop-
erty: for any unital C*-algebra A with its closed ideal Z and the quotient map
w: A— A/Z, every unital completely positive map ¢ : €; — A/Z lifts to a unital
completely positive map ¢ : €; — A. It is helpful to picture the situation using the
commutative diagram

6,7 l
/ T
Ve

¢ —2 AT

For a free group F and a Hilbert space H, Kirchberg [1994, Corollary 1.2] proved
that
C*(F) ®min B(H) = C*(F) ®max B(H).

The proof was later simplified in [Pisier 1996] and [Farenick and Paulsen 2012]
using operator space theory and operator system theory, respectively. Kirchberg’s
theorem is striking if we recall that C*(F) and B(H) are universal objects in the C*-
algebra category: every C*-algebra is a C*-quotient of C*(F) and a C*-subalgebra
of B(H) for suitable choices of F and H.

For suitable choices of I and H, every operator system is a subsystem of B(H)
by the Choi-Effros theorem [Choi and Effros 1977] and is a quotient of €; which
is proved in Section 3. We will prove a Kirchberg-type tensor theorem

Q:I ®min B(H) = Q:I ®max B(H)

in Section 4. The proof is independent of Kirchberg’s theorem. Combining this with
Kavruk’s idea [2012] we give a new operator system theoretic proof of Kirchberg’s
theorem.

We also prove that the operator system analogue

</ Bmin €1 =& Q&
of Kirchberg’s conjecture
C*(F) ®min C*(F) = C*(F) ®max C*(F)

is equivalent to Kirchberg’s conjecture itself.
In the final section, we consider several lifting problems of completely positive
maps. It is natural to ask whether the universal operator system €; is a projective
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object in the category of operator systems. In other words, for any operator system
S and its kernel 7, does every unital completely positive map ¢ : €; — S/ 7 lift to
a unital completely positive map ¢ : €; — S? The answer is negative in an extreme
manner. An operator system satisfying such a lifting property is necessarily one-
dimensional. This is essentially due to Archimedeanization of quotients [Paulsen
and Tomforde 2009]. Even though some perturbation is allowed, there is also
rigidity: for a finite-dimensional operator system E and a faithful state w, the
following are equivalent:

(i) Ife>0and ¢ : E— S/J is a completely positive map for an operator system
S and its kernel 7, then there exists a self-adjoint lifting ¢ : E — S of ¢ such
that ¢ 4+ ewls is completely positive.

(ii) E is unitally completely order isomorphic to the direct sum of matrix algebras.

In order to prove it, we give a characterization of nuclearity via the projectivity and
the minimal tensor product: an operator system S is nuclear if and only if

ds®@P:SQminT1 — S Omin T2

is a quotient map for any quotient map ® : 7; — 75.
Finally, we present an operator system theoretic approach to the Effros—Haagerup
lifting theorem [Effros and Haagerup 1985].

2. Preliminaries

Let S and 7 be operator systems. Following [Kavruk et al. 2011], henceforth
abbreviated [KPTT1], an operator system structure on S ® T is defined as a family
of cones M, (S ®, T)* satisfying

(T1) (S®T, (M, (S®.:T)"T}> , 1s®17) is an operator system denoted by S®, T,

n=1’
(T2) M,,(S) T @M, (T)" C My,(S®,; T)" forall m,n e N, and

(T3) if9p:S — M,, and ¥ : T — M, are unital completely positive maps, then
QY :S®,; T — My, is a unital completely positive map.

By an operator system tensor product, we mean a mapping 7 : O x O — O, such
that for every pair of operator systems S and 7, we have that (S, 7)) is an operator
system structure on S ® 7, and denote it by S ®; 7. We call an operator system
tensor product T functorial, if the following property is satisfied:

(T4) For any operator systems S, Sz, 71, 72 and unital completely positive maps
0:S1—> T, ¥v:8 —> Th,themap o @Y : S| @Sy — 71 ® T is unital
completely positive.
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Given a linear mapping ¢ : V — W between vector spaces, its n-th amplification
¢n i M, (V) — M, (W) is defined as ¢, ([x; ;1) = [¢(x;, j)]. For operator systems S
and 7, we put

XeM,(S : X) € M, for all unital

Mn(8®minT)+: n( ®T) ((p®W)n( ) nkl .

completely positive maps ¢ : S — My, ¥ : T — M;

Then the family {M,(S Qmnin 7')+};'l°:1 is an operator system structure on S ® 7T .
Moreover, if we let 15 : S — B(H) and ¢y : T — B(K) be any unital complete
order embeddings, then this is the operator system structure on S ® 7 arising from
the embedding (s Q@ t7: S® T — B(H ® K) [KPTT1, Theorem 4.4]. We call the
operator system (S ® T, {M(S ®min 7)), |, 1s ® 17) the minimal tensor product
of S and 7 and denote it by S Quin 7.

The mapping min : O x O — O sending (S,7) to S ®min 7 is an injective,
associative, symmetric and functorial operator system tensor product. The positive
cone of the minimal tensor product is the largest among all possible positive cones
of operator system tensor products at each matrix level [KPTT1, Theorem 4.6]. The
operator system minimal tensor product A ®min B of unital C*-algebras A and B is
a dense subsystem of C*-minimal tensor product A ® cxmin B [KPTT1, Corollary
4.10].

For operator systems S and 7, we put

DS, T)={a(P® Qa*: P e M (S)*, Qe M(T)", @ € My, k, 1 €NJ.

This is a matrix ordering on S®7 with order unit 1s®1+. Let {M,, (S max 7')+}fl°:1
be the Archimedeanization of the matrix ordering {D;**(S, 7)}72 ;. Then it can be
written as

Mn(8®maxﬂ+ ={XeM,(S®T):Ve>0, X+el,®1sQ@ 11 € Dyrlnax(sv T}

We call the operator system (S ® T, { M, (S Qmax 73+};’l°:1, 1s ® 11) the maximal
operator system tensor product of S and 7 and denote it by S Quax 7 -

The mapping max : O x O — O sending (S, T) to S ®max 7T is an associative,
symmetric and functorial operator system tensor product. The positive cone of the
maximal tensor product is the smallest among all possible positive cones of operator
system tensor products at each matrix level [KPTT1, Theorem 5.5]. The operator
system maximal tensor product A ®max 5 of unital C*-algebras A and B is a dense
subsystem of C*-maximal tensor product A ®c+max B [KPTT1, Theorem 5.12].

For completely positive maps ¢ : S — B(H) and ¥ : T — B(H),let ¢ - :
SQ®T — B(H) be the map given on simple tensors by (¢ - ¥ )(x ® ¥y) = @ (x)¥ (y).
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We put

Mn(S e 7-)+ =

XeM,(SQRT): (p-v¥),(X) > 0for all completely positive
maps ¢ : S — B(H), ¢ : T — B(H) with commuting ranges |°

Then the family {M,, (S &®. 73+}2‘;1 is an operator system structure on S ® 7. We
call the operator system (S® T, {M,,(S®. T)},2 |, 1s ® 17) the commuting tensor

product of S and 7 and denote it by S ®. 7. If A is a unital C*-algebra and S is
an operator system, then we have

A®CS:A®maXS

[KPTT1, Theorem 6.7]. Hence, the maximal tensor product and the commuting
tensor product are two different means of extending the C*-maximal tensor product
from the category of C*-algebras to operator systems.

For an inclusion S C B(H), we let S®,; 7 be the operator system with underlying
space S®7T whose matrix ordering is induced by the inclusion SQT C B(H) @max 7 -
We call the operator system S ®. T the enveloping left operator system tensor
product of S and 7. The mapping el : O x O — O sending (S, T) to S®¢ 7T is a left
injective functorial operator system tensor product. Here, S ®.; 7 is independent
of the choice of any injective operator system containing S instead of B(H).

Given an operator system S, we call J C S the kernel, provided that it is the
kernel of a unital completely positive map from S to another operator system. If
we define a family of positive cones M,,(S/J)" on M, (S/J) as

My S/ ={lxij+Tij: Ve>0,3ki j €T, e[,®@1s+[xi j+ki jli,j € Mu(S) T},

then (S/J, {M, (S/j)J“}flO:l, ls,7) satisfies all the conditions of an operator sys-
tem, from Proposition 3.4 in [Kavruk et al. 2013], henceforth abbreviated [KPTT?2].
We call this the quotient operator system. With this definition, the first isomorphism
theorem can be proved: if ¢ : S — T is a unital completely positive map with
J C kerg, then the map ¢ : S/J — T given by ¢(x + J) = ¢(x) is a unital

completely positive map from Proposition 3.6 in the same paper. In particular, when
My S/ ={lxij+ T Tkij € T, [xij+kijlij € Mu(S)™}

for all n € N, we call the kernel 7 completely order proximinal.

Since the kernel J in an operator system S is a closed subspace, the operator
space structure of S/J can be interpreted in two ways: first, as the operator space
quotient and second, as the operator space structure induced by the operator system
quotient. The two matrix norms can be different. For a specific example, see
[KPTT2, Example 4.4].
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For a unital completely positive surjection ¢ : S — T, wecallp: S — T a
complete order quotient map [Han 2011, Definition 3.1] if for any Q in M, (7)™
and ¢ > 0, we can take an element P in M, (S) so that it satisfies

P+el,@lseM,(S)™ and ¢,(P)=0Q,

or equivalently, if for any Q in M,(7T)" and ¢ > 0, we can take a positive element
P in M, (S) satisfying
on(P)=0+el, ®ls.

This definition is compatible with [Farenick et al. 2013, Proposition 3.2]: every
strictly positive element lifts to a strictly positive element. An element x € S is
called strictly positive if there exists § > 0 such that x > §1s. Themap ¢ : S — T
is a complete order quotient map if and only if the induced map ¢ : S/ kerp — T
is a unital complete order isomorphism. In other operator system references, this
is termed a complete quotient map. To avoid confusion with complete quotient
maps in operator space theory, we use the terminology of a complete order quotient
map throughout this paper. In this paper, we say that a linear map ® : V — W for
operator spaces V and W is a complete quotient map if ®, maps the open unit ball
of M, (V) onto the open unit ball of M, (W). When ¢ : S — T is a complete order
quotient map (respectively a complete order embedding), we will use the special
type arrow as ¢ : S — T (respectively ¢ : S < 7)) throughout the paper.

The normed space dual S* of an operator system S is matrix ordered by the
cones

M, (S*)T = {completely positive maps from S to M,,},

where we identify [¢; ;] € M, (S*) with the mapping x € S — [¢; j(x)] € M,,.
Unfortunately, duals of operator systems fail to be operator systems in general due
to the lack of matrix order unit. When S is finite-dimensional, there exists a state
wo on S such that (S*, {M,,(S*) " },en, wo) is an operator system [Choi and Effros
1977, Corollary 4.5]. In fact, we can show that every faithful state on S plays such
a role by the compactness of Sle =1

Let f (respectively g) be a state on M, (S) (respectively M, (7)). We identify a
subsystem M, ® Cls of M, (S) (respectively M, ® Cl+ of M, (7)) with M,,. We
call (f, g) a compatible pair whenever f|y, = g|um,. An operator system structure
is defined on the amalgamated direct sum S @ 7 /{(ls, —17)) identifying each
order unit. For s € M, (S) and t € M, (T), we define

1) (s+0)*=s"+17,
(2) s+t > 0if and only if f(s) + g(¢) > O for all compatible pairs (f, g).

This operator system is denoted by S @; 7 and called the coproduct of operator
systems S and 7. The canonical inclusion from S (respectively 7) into S &1 T
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is a complete order embedding. The coproducts of operator systems satisfy the
universal property: for unital completely positive maps ¢ : S — R and ¥ : T — R,
there is a unique unital completely positive map @ : S @; 7 — R that extends both
¢ and , i.e., such that the diagram

1\

ST -—----

]/

7-

commutes [Fritz 2014, Proposition 3.3]. The coproduct S @ 7 can be realized as a
quotient operator system. The map

s+HteSHITH—20s,)+{ls,—17)eS®T/{ls, —17)

is a unital complete order isomorphism [Kavruk 2014].
We refer to [KPTT1; KPTT2; Kavruk 2014; Fritz 2014] for general information
on tensor products, quotients, duals and coproducts of operator systems.

3. Universal operator systems ¢;

The coproduct of two operator systems can be generalized to any family of operator
systems in a way parallel to [Fritz 2014]. Suppose that {S,},c; is a family of
operator systems. We consider their algebraic direct sum €
finitely supported elements and its subspace

.1 S. consisting of

N =span{n, —n, € P S, : 11,12 €1},

el
where )
s, ife=to,
n, (L) = .
0 otherwise.

The algebraic quotient

(@Ss)/N

el

can be regarded as an amalgamated direct sum of {S,},c; identifying all order units
1s, over ¢ € I. We denote general elements in Mn((@[ el SL) /N ) in brief by

th, where x, € M,,(S,), F is a finite subset of 1.
el

Let w, be a state on M, (S,) for each t € F. We identify each subsystem M, ®Clsg,
of M, (S,) with M,,. Whenever w,, |y, = w,,|u, for each (1, 12 € F, we call the
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family {® },cr compatible. On M, ((D,c; S.)/N), we define the involution by
*
[SH
eF teF
and the positive cone as
Y xeM,(DS)/N) = Y wow=0
eF tel eF

for any compatible family {w,},cr of states. The triple
(@S)/N. (M, (@ S)/N) e 1)
Le Le

is denoted by €D{S, : ¢ € I} and called the coproduct of operator systems {S, }.c;.
The following is an immediate generalization of the results on the coproduct of two
operator systems studied in [Fritz 2014] to any family of operator systems.

Proposition 3.1. Suppose that {S,},c; (respectively { A },cr) is a family of operator
systems (respectively unital C*-algebras). Then:

(i) D,{S, : v € I} is an operator system.

(i1) For any subset J C I, the inclusion

B (Si:eeJ}CPiS el}
is completely order isomorphic.

(iii) For unital completely positive maps ¢, : S, — R, there exists a unique unital
completely positive map ® : @{S, : € I} — R which extends all ¢, i.e., such
that the diagram

S
1 [
@I{Stzzel}——d)————> R

commutes.
(iv) We have ), px, € M, (@1{& e I})Jr if and only if there exist a, € M,, for
t € F such that

Y =0 and x+o,®Ils €M(S) .
leF

(v) The coproduct @ {A, : ¢ € I} is an operator subsystem of the unital C*-algebra
free product *,c1 A,.
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The following is an immediate generalization of [Kavruk 2012, Proposition 4.7]
to any finite family of operator systems.

Proposition 3.2. Suppose that Sy, ..., S, are operator systems and
N =span{n; —n; €51®---®S,: 1 <i,j <n} (n;(j)=4d;ls).

Then, N is a kernel in S| @ - - - ® S,, and the map
D NESI®IBIS () +NESI D ®S,/N
i=1

is a unital complete order isomorphism.

Suppose that I is an index set and {/}xen is a sequence of index sets having the
same cardinality as I. Let M;(C([O, 1])),, denote the copy of M;(C ([0, 1])) for
each index ¢, € I;. We denote the copy of 1 € C([0, 1]) (respectively ¢ € C ([0, 1]))
in M (C([0, 1]),, by 1,, (respectively #,,). For each ¢; € I, we let €, be an operator
subsystem of My (C ([0, 1]),, generated by

leij®1,:1<i,j<k} and {e;;®¢t, :1=<i,j=<k}.
We define the operator system €; as the coproduct
D {€, keN,y e L}
The operator system €; depends only on the cardinality of the index set /.

Proposition 3.3. The operator system €; is unitally completely order isomorphic
to the coproduct

EBl{(Mk ® My),, ckeN,y el

Proof. 1t is sufficient to show that each €, is unitally completely order isomorphic
to the direct sum My & M;. For o, B € M, we have

a®l,+B®¢t, is positive in M,(€,,)

S a®l1+4+ Bt is positive in M, (M (C([0, 1])))

& Vrel0, 1], f)=a+1B € M;;Z (since M, (M (C ([0, 1]))) = C([0, 1], M)
Sa,a+pe M,j}< (because f is affine).

Hence, the mapping
a®1tk+ﬁ®tlkEc:lk'_)(a’a'i_ﬂ)GMk@Mk, a,ﬁGMk

is a unital complete order isomorphism. U
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A C*-cover (A, t) of an operator system S is a unital C*-algebra .4 with a unital
complete order embedding ¢ : S < A such that ¢ (S) generates A as a C*-algebra. The
enveloping C*-algebra C(S) is a C*-cover of S satisfying the universal minimal
property: for any C*-cover ¢ : S < A, there is a unique unital *-homomorphism

7:A— CHS)

such that 7 (¢(x)) = x for all x € S [Hamana 1979].
Let S be an operator subsystem of 7. We say that S is relatively weakly injective
in 7 if
SO R—=>TRR

for any operator system R. The following are equivalent [Bhattacharya 2014,
Theorem 4.1]:

(1) S is relatively weakly injective in 7.
(i) S ®c C*(Foo) = T Qc C*(Foo).

(iii) For any unital completely positive map ¢ : S — B(H), there exists a unital
completely positive map @ : T — ¢(S)” such that ®|s = ¢.

Theorem 3.4. Suppose that I is an index set and {I}xen is a sequence of index
sets having the same cardinality as 1. Then,

(i) the unital C*-algebra free product
kkeN, el Mic(C ([0, 1)),
is a C*-cover of &p;
(ii) the unital C*-algebra free product

*peN,yer, (M © My),,

is a C*-envelope of €y,

(iii) for a unital C*-algebra A, every unital completely positive map ¢ : & — A
has completely positive extensions

@ :kkeN,yer, M (C([0, 1)y, > A and W @ sxpen,yer, (M @ M), — A;
(iv) & is relatively weakly injective in both

*kEN,LkEIkMk(C([O’ 1]))lk and *kEN,lkEIk (Mk @ Mk)lk-
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Proof. (i) By Proposition 3.1(iv), (v), we have

Z Xy, € Mn(¢1)+

el

<~ 3o, eM,, > a,=0and x, +o,® 1€Lk € M,,(Clk)Jr

weF

<~ 3Jo, €M,, Y o, =0and x, +o, ® le, € M (Mi(C([O, 1),)"

weF

= Y x, € My (DM (CUO0, 1)) sk €N, gy € L)) T

LkEF

<: Z xtk € Mn(*kEN,lkEIkMk(C([()? 1]))Lk)+'

weF

Hence, €; is an operator subsystem of sxen ., er, Mk (C ([0, 1])),,. By the Weierstrass
approximation theorem, each €,, generates My (C ([0, 1])),, as a C*-algebra. Hence,
*reN, el Mk (C ([0, 1])),, is a C*-cover of €.

(ii) The proof is motivated by [Farenick and Paulsen 2012, Theorem 2.6]. Suppose
that

¢; CB(H) and  sien,yer (My® M), C B(K).

Let A be a C*-algebra generated by €; in B(H). By the Arveson extension
theorem, the canonical inclusion from €; = @, {(Mx & My),, : k € N, i € I;} into
*keN,yer, (My ® My),, extends to a unital completely positive map p : A — B(K).
Then letting p = V*7(-)V be a minimal Stinespring decomposmon of p for
a *-representation 7 : A — B(K ) and an isometry V : K — K, we have the
commutative diagram

B(K)

*peNyel, (M @ M), C B(K)

For a unitary matrix U in (My @ My),, (U need not be unitary in .4), we can write
(U) in the operator matrix form

n(U) = (lC] g) .

Since U is unitary in B(K) and

1=||U||5”<g [B)>H=nnw)u51,
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we have B = 0 = C by the C*-axiom. It follows that p is multiplicative on
U={UecUk)DUk)), :keN,y e ).

By the spectral theorem, every matrix can be written as a linear combination of
unitary matrices. It follows that the set I/ generates A as a C*-algebra. We can
regard o as a surjective x-homomorphism from A onto ke, er, (Mk © My),, .
Hence, sien, i, e1, (Mk @© My),, is the universal quotient of all C*-algebras generated
by Q:l.

(iii) Since each ¢, is unitally completely order isomorphic to M & M which is
injective, there exists a unital completely positive projection

Plk . Mk(c([oa 1]))Lk - €Lk-
By [Boca 1991, Theorem 3.1], the unital free products

*keN,yweh (@le, © Py) #keNuen, Mk (C ([0, 11), — A

and

*keN,yeh Ple,  *FreN,yer, (Mp @ My), — A

are completely positive extensions of ¢.

(iv) Let ¢ : € — B(H) be a unital completely positive map. The double commutant
@(8)” of its range is a C*-algebra. The relative weak injectivity follows from (iii)
and [Bhattacharya 2014, Theorem 4.1]. O

Theorem 3.5. Suppose that S is an operator system and S||+-\|§1 is indexed by a
set I. Then, S is an operator system quotient of €;. Furthermore, the kernel is
completely order proximinal and every positive element x € My (S) can be lifted to
a positive element X € My (Cp) with |X| < k?||x]|.

Proof. Let {I;}ren be a sequence of index sets with the same cardinality as 7.
Then each element in M, (S)ﬁfIISI can be indexed by I;. Suppose that S C B(H).
Then for each index € I, we define a unital completely positive map &, :
M (C([0, 1)y, — B(H) as

€]

<I>Lk(06®f)=%(e§ e,ﬂ)a®f(xlk)< : )=%Zai,jf(xzk)i,ja
ij

€k

where x,, € Mk(S)ﬁfllsl and each ¢; is a column vector. Let ¢, : €, — S be its
restriction on €,,. By Proposition 3.1(iii), there exists a unital completely positive
map P : €; — S which extends all ¢, over ¢, € Iy, k € N. Since Smfl is contained
in the range of ®, ® is surjective.
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Choose an element x,, € Mi(S)|_,. From
O (k[Eij @1, 1i,j) = [kP(E;; @1t,)]i,; =[x, G, Di,j =x,
and
€]
K[E;j®1,)i,; =k[Ejli,j®@t, =k| | (e} -+ ) ®1, € M2(C([0, 1)),
€n

we see that @ : €; — S is a complete order quotient map whose kernel is completely
order proximinal. Moreover, we have

Ik[E; ; @t 1i, il meccqo,11y) = IKLE; j1i |l

e

We define the operator system €; as the coproduct
@I{Mk @ My : k eN}.
Note that €; = €; when |/]| = 1.

Theorem 3.6. Suppose that an operator system S is a countable union of its finite-
dimensional subsystems. Then, S is an operator system quotient of €.

Proof. First, we show that every finite-dimensional operator system is an operator
system quotient of €y. Let E be a finite-dimensional operator system. We index a
countable dense subset Dy of My (E )m <1 by N. Define a unital completely positive
map @ : €y — E as in Theorem 3.5. Since the range of ® is a dense subspace of a
finite-dimensional space E, ® is surjective.

Choose ¢ >~0 and an element x in Mk(E)ﬁf” <1- Since E is finite-dimensional,
the inverse of @ : €y/ Ker ® — E is completely bounded. Let

|~ E — ¢/ Ker || < M.
Take y € Dy so that ||x — y|| < &/(2M). Since ||5>,:1(x — | < ¢&/2, we have
O (x—y)+ %1/« ® Loy Kerd € Mi(€n/ Ker @)F.
There exists a positive element z in My (€y) satisfying

z+ Ker &, = 5;1(x —y)+ el ® Loy /Ker ds
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which implies
Op(z) = Dr(z+Ker®) =x —y+ e @ 1.

As in the proof of Theorem 3.5, we can take a positive element y in My (C€y) such
that @, (y) = y. It follows that

Orz+ V) =(x—-y+e Qlp)+y=x+el; 1g.

Hence, E is an operator system quotient of €.
Next, we show that € is an operator system quotient of €;. We enumerate the
coproduct summands of €y as

My ®My)1, My ®My)2, (M2®M3),, (M ®M)3, (M2®M3)z, (M3®M3)y, ...

and denote them by M, @& M,,. Since k > ai, the identity map on M,, is factorized
as Qy o Ji for unital completely positive maps

Jo:AeMy — ADw(A)r—y € My (w:astate on M)

and
Ov: A€My [Aijlizij<a € M.

By the universal property of the coproduct, there exists a unital completely pos-
itive map J : €y — € (respectively O : €, — &) which extends all J; @ J; :

M, ® M, — My ® My (respectively Qr ® Ok : My & My — M, ® M,,). Then,
the identity map on €y is factorized as Q o J. Hence, €y is an operator system
quotient of ;.

Suppose that S = | J;-, Ex for finite dimensional subsystems Ej of S. We can
find complete order quotient maps Wy : & — Ej. By the universal property of the
coproduct, there exists a unital completely positive map W : €y — S which extends
all Wy. It is easy to check that W is a complete order quotient map. Since &y is an
operator system quotient of €;, S is an operator system quotient of €;. (]

Theorem 3.7. Suppose that A is a unital C*-algebra and T is a closed ideal in
it. Every unital completely positive map ¢ : €& — A/ lifts to a unital completely
positive map ¢ : & — A, i.e., such that the diagram

~ A
¢ l
%
-’
¢ — A/T

commutes.

Proof. Let z,, be the direct sum of two Choi matrices associated to the restrictions
of ¢|(meom,), on each two blocks My, that is,

2y = [@lanemy, (Eij @001 j © [@lmem, Ok ® Eij)]i ;-
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Then z,, belongs to the positive cone of My(A/I) @ My(A/I). Then let Z,, €
M (A) & My (A) be a positive lifting z,,. Its corresponding mapping

Py - (M ® M), —> A
is a completely positive lifting of @[, emy), - We let
@, (y)=1+h, h=ht—h~ (heZ, hT,h-eI")
and take a state w on (My @ My),, . Considering
@€ (My® M)y = (1+h) 72 (G, (@) +o@h ) (1+h) 77 € A

as in [KPTT2, Remark 8.3], we may assume that the lifting ¢,, is unital. By the
universal property of the coproduct, there exists a unital completely positive map
¢ : €; — S that extends all ¢, . U

The universal C*-algebra C}(S) is the C*-cover of S satisfying the universal
property: if ¢ : S — A is a unital completely positive map for a unital C*-algebra A,
then there exists a x-homomorphism 7 : C;;(S) — A such that 7 o1 = ¢ [Kirchberg
and Wassermann 1998]. For a unital completely positive map ¢ : S — 7 and a
complete order embedding ¢ : 7 — C;;(T), we denote the unique *-homomorphic
extension of tog : S — C;(T) by C;(¢). We can regard C;;(-) as a functor from
the category of operator systems to the category of C*-algebras.

Corollary 3.8. Let S be an operator system and Q : €1 — S be a complete order
quotient map. The following are equivalent:

(1) S has the operator system lifting property;

(i) C;(Q): Ci(€) — C;(S) has a unital x-homomorphic right inverse;
(iii) C;(Q) : Ci (&) — C;(S) has a unital completely positive right inverse.
Proof. (i) = (ii). The inclusion ¢ : § C C;i(S) lifts to a unital completely positive

map [ : S — C;(&;). Its x-homomorphic extension p : C;;(S) — C;;(&;) is the
right inverse of C;'(Q) : C (&) — Ci(S).

(i1) = (iii). Trivial.

(i) = (1). Suppose that ¢ : S — A/Z is a unital completely positive map for a
unital C*-algebra A and its closed ideal Z. By Theorem 3.7, ¢ o Q : €; — A/T lifts
to a unital completely positive map ¢ : €, — A. Let p : C;; (&) — A (respectively

o :C;(S) — A/I) be a unique *-homomorphic extension of ¥ (respectively ¢).
Suppose that r is a unital completely positive right inverse of C;;(Q). We thus have
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the diagram

Cx(€)) e A
ﬁ)
CH(S) x
& —2 w5 a1

Let us show that
@g:=porot:S— A

is a lifting of ¢. Since €; generates C;;(€;) as a C*-algebra, m oy = ¢ o Q implies
that
mrop=00C,(Q).

For x € S, we have

mo@g(x)=mopor(x)=00C;(Q)or(x)=p(x). O

4. A Kirchberg-type tensor theorem for operator systems

For a free group F and a Hilbert space H, Kirchberg [1994, Corollary 1.2] proved
that

C*(F) ®min B(H) = C*(F) ®max B(H).

Kirchberg’s theorem is striking if we recall that C*(F) and B(H) are universal
objects in the C*-algebra category: every C*-algebra is a C*-quotient of C*(F) and
a C*-subalgebra of B(H) for suitable choices of [ and H. Every operator system is
a quotient of €; and a subsystem of B(H) for suitable choices of / and H. Hence
we may say that

€1 Qmin B(H) = Q:l O max B(H)a

the proof of which will follow, is the Kirchberg-type theorem in the category of
operator systems.

If S has the operator system local lifting property, S ®min B(H) = S Qmax
B(H) [KPTT2, Theorem 8.6]. From this, Theorem 3.7 immediately yields that
€/ Qmin B(H) = €; @max B(H). The proof of [KPTT2, Theorem 8.6] depends on
Kirchberg’s theorem. We give a direct proof of €; @min B(H) = €; Qmax B(H)
that is independent of Kirchberg’s theorem. By combining this with [Kavruk
2012], we present a new operator system theoretic proof of Kirchberg’s theorem in
Corollary 4.4.
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Theorem 4.1. For an index set I and a Hilbert space H, we have
Q:I Qmin B(H) = Q:I O max B(H)

Proof. Let z be a positive element in €; @iy B(H). We write z = ZLk cpiy fora
finite subset F of | ;= Ik and z,, € €, ® B(H). By Proposition 3.1(ii) and the
injectivity of the minimal tensor product, we can regard z as a positive element in

DM@ M), ik € F} ®min B(H).

We apply Proposition 3.2 to EBl{(Mk ® My),, : i € F} to obtain the complete
order isomorphism

(D:thk G@[{(Mk@Mk)Lk € FY—> |F|(xtk)LkEF+N€ @ (Mk@Mk)Lk/Na

weF wekl

where | F| denotes the number of elements of the set F' and
N = span{n” —ny € @ M®M), iu.t, € F} (ny, (t/j) = 6%/]_ LDI).
weF
Let
0: P MM, - D MMy, /N

lkEF lkEF

be the canonical quotient map. By [Farenick and Paulsen 2012, Proposition 1.15],
its dual map

0" : (D My ® M), /N)" — (D (M & My),)"

weF weF

is a complete order embedding. The range of Q* is the annihilator

N+t = {ga € (@ (Mk@Mk)lk)* N C Ker(p}.

weF

The linear map y; : My — M, defined as

k
ye@(B) =Y e jBij=tr(ep’)

i,j=1

is a complete order isomorphism [Paulsen et al. 2011, Theorem 6.2]. Define a
complete order isomorphism

D @ (Me® Moy > @ (M & MO, > (B (M ® M)’
by
T, B =(((n @ 1) (52)): (Bu)) = X pptrCey).

weF
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Then, I' ! maps the annihilator N onto the operator subsystem

K = {(Oltk)e @(Mk@Mk)tk;M:%

7 for all Ll,L;nEF}
weF

of @lk e (M @ My),,. We have obtained complete order isomorphisms

(B {(My® M), :ueF}) ~ (D Mc®M),/N) ~N-~K.

uelF

Considering the duals of the above isomorphisms, we obtain a complete order
isomorphism

A {(Mc® M), u € F}— K*,
which maps each szeF By € B {(My ® My), : i € F} to a functional
@)ek Y Lip,a)ec
193 2k ey .
weF
In particular, A maps the order unit to the state w on K defined as
1
o((@,) =) 5rile,).
xeF

It enables us to make the identification
D {(Mcd M), stk € F} @min B(H) = K* Quin B(H),

where K* is an operator system with an order unit w. The linear map ¢ : K — B(H)
corresponding to z in a canonical way is completely positive [KPTT2, Lemma 8.5].
By the Arveson extension theorem, ¢ : K — B(H) extends to a completely positive
map ¢ : EszeF(Mk @ My),, — B(H). We have the commutative diagram

o100

@LAEF(M/( @ Mk)Lk @1 (M ® Mk)tk 1 € F}
Fl l/\
(@[keF(Mk @Mk)tk)* R K*

where R denotes the restriction. It follows that

(@ 'o0)®id: @ (M@ M), @min B(H) = @ {(Mk®My),, : th € F}@min B(H)

weF

is a complete order quotient map. Maximal tensor products of complete order
quotient maps are still complete order quotient maps [Han 2011, Theorem 3.4].
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Hence, we obtain
D, cr Mk ® M), @min B(H) =——= D, ¢ (Mi & Mi),, ®max B(H)
(<1>"0Q)®idl l(cp—'oQ)@id
D UM ® My),, : i € F} @min B(H) D UM ® My),, 2tk € F} Qmax B(H)

The element z is also positive in €; ®max B(H). The same arguments apply to all
matricial levels. U

The maximal tensor product and the commuting tensor product are two dif-
ferent means of extending the C*-maximal tensor product from the category of
C*-algebras to operator systems. For this reason, the weak expectation property of
C*-algebras bifurcates into the weak expectation property and the double commutant
expectation property of operator systems. We say that an operator system S has
the double commutant expectation property provided that for every completely
order isomorphic inclusion § C B(H), there exists a completely positive map
¢ : B(H) — S” that fixes S. For an operator system S, the following are equivalent
[KPTT2, Theorem 7.6; Kavruk 2012, Theorem 5.9]:

(i) S has the double commutant expectation property.
(i) S is (el, ¢)-nuclear.
(ii1) S ®min C*(Foo) =S @max C* (Foo).
(iv) S ®min (€2, ®1£3,) =S ®c (€2, @1 £3,).
Theorem 4.2. An operator system S has the double commutant expectation prop-
erty if and only if it satisfies
S ®min €1 = S @ ¢;.

Proof. =) Every operator system with the double commutant expectation property
is (el, c)-nuclear. Since the minimal tensor product is injective [KPTT1, Theorem
4.6], we have

B(H) Qmin ¢ ——= B(H) Qmax <
N Qmin CI S Rel=c Q:[.

<) Fix two indices ¢, € I; and ¢; € I3. Define a unital completely positive map
@02 @03, — ¢ by

®((a1, a2) + (b1, ba, b3)) = diag(ai, az, a1, az) +diag(by, ba, b3, b1, by, b3)
€ (My® My),, &1 (M3 @ M3)y, C .
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For each index ; # 1}, 5, we take a state w,, on (My @ My),, and define a unital
completely positive map

Yy s (M @ My),, — 02, @1 62,

as Y, (@) = w, (@) 12 g, 43, - For 5 and ¢ we also define unital completely positive
maps

Yyt (My® My)y — €2, @1 £, and Yy : (M3 @ M3),, — L2, @1 £,

by ¥, (@ & B) = (11, 222) and Y (@ & B) = (11, o022, @33). By the universal
property of the coproduct, there exists a unital completely positive map W : €; —
€2 @1 €3, that extends all v,,. The identity map on €2 @1 £2, is factorized through
unital completely positive maps as

ide%cealegc =Yoo d.
By the hypothesis, we have completely positive maps
S @umin (£ @1 £3) <% S @puin €1 = S @ € 15E% S @ (€3, @1 £3,).

Since the positive cone of the commuting tensor product is the subcone of that of
the minimal tensor product at each matrix level, we have

S ®min (L3, B1£3,) = S ®c (L3, ®1 £2,).

By [Kavruk 2012, Theorem 5.9], S has the double commutant expectation property.
O

Since the maximal tensor product and the commuting tensor product are two
different means of extending the C*-maximal tensor product from the category of
C*-algebras to operator systems, we can regard

€ Bmin € =€ Qmax € and & Qmin & =€ ®: ¢
as operator system analogues of Kirchberg’s conjecture
C*(F) ®min C*(F) = C*(F) ®max C*(F).
The former is not true and the latter is equivalent to Kirchberg’s conjecture itself.

Corollary 4.3. (i) €;®.C; = C; Qmax &;. In particular, €; Qumin € # €1 Qmax € ;.

(i1) The Kirchberg’s conjecture has an affirmative answer if and only if

¢ ®min €1 =¢€; ®: €.
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Proof. (i) Similarly to the proof of Theorem 4.2, we can show that the identity map
on €2, @ €2, is factorized as

1d£g0®lego =WVod

for unital completely positive maps ® : 2, @ £2, — €; and ¥ : €; — €2 @ £%..
Assume to the contrary that €; ®. €; = € ®max €;. Then, we have completely
positive maps

(2, @1 62) @, (12, @ £2) 2225 ¢, ®. ¢;
= ¢/ Qmax €1 —2L (02, @1 £2) Qumax (€2 @1 £%).

Since the positive cone of the maximal tensor product at each matrix level is the
subcone of that of the commuting tensor product, we have

(02, ®1 %) ®c (L2 @1 02) = (L2, ®1 £2,) Rmax (£2 @1 £2,).
This contradicts
NC(2) ® NC(2) # NC(2) ®max NC(2),

which was shown in [Farenick et al. 2014, Corollary 7.12]. Here, NC(n) is defined
as the operator subsystem span{l, A1, ..., h,} of the universal C*-algebra generated
by self-adjoint contractions %1, ..., h, as in Definition 6.1 of the same paper. It is
unitally completely order isomorphic to the coproduct (involving n terms)

(2 YRR Y

(i1) By [Kavruk 2012, Theorem 5.14], Kirchberg’s conjecture has an affirmative
answer if and only if £2_ @; £2_ has the double commutant expectation property.
By Theorem 4.2 this is equivalent to (¢2, ®1 £2) ®min €1 = (£2, D1 £3) ®. €. By
[Kavruk 2012, Theorem 5.9] this is equivalent to €; having the double commutant
expectation property, and another application of Theorem 4.2 gives the equivalence
with €; Qmin € = €; ®. ;. O

We say that an operator subsystem S of a unital C*-algebra A contains enough
unitaries if the unitaries in S generate A as a C*-algebra. If S C A contains enough
unitaries and S ®min B — A Qmax B completely order isomorphically for a unital
C*-algebra B, then we have A Qumin B = A Qmax B [KPTT2, Proposition 9.5].

Corollary 4.4 (Kirchberg). Let F be a free group on a countably infinite number
of generators and H be a Hilbert space. We have

C*(Foo) ®@min B(H) = C*(Foo) ®max B(H).
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Proof. Since the identity map on Ego D1 Ego is factorized through ¢; by unital
completely positive maps, Theorem 4.1 immediately implies that

(02, ®1£2.) @min B(H) = (L2, ®1 £2.) @max B(H).

Alternatively, applying the proof of Theorem 4.1 to commutative algebras instead
of matrix algebras, we obtain

fgo Qmin B(H) ———— Ego ®max B(H)
(Ego @D ﬂgo) Qmin B(H) (Ego PR Ego) ®max B(H)

For the remaining proof, we follow [Kavruk 2012]. Since
@ 02, CCH 2y 73)
contains enough unitaries [Kavruk 2012, Theorem 4.8], we have
C*(ZZ * Z3) Qmin B(H) = C*(ZZ * Z3) ®max B(H)

by [KPTT2, Proposition 9.5]. The free group F, embeds into the free product Z,*Z3
[de 1a Harpe 2000]. By [Pisier 2003, Proposition 8.8], C*(F,) is a C*-subalgebra
of C*(Z, % Z3) complemented by a unital completely positive map. U

A wide class of operator systems shares the properties of €;. Let M = { M }xen
be a sequence of direct sums of matrix algebras such that

lim sup s (k) = oo
k—00

when My =My @---® My, and s(k) =max{d, ..., d,}. Let M,, denote the copy
of My for each index ; € I. We define the operator system &; (M) (respectively
€1 (M)) as the coproduct

P {M,, 1k eN,y €} (respectively D {My :k € N}).
In particular, we have €; = €;(M) and €| = €, (M) when My = M & M.
Theorem 4.5. Suppose that S is an operator system.

a If Sm <1 is indexed by a set I, then S is an operator system quotient of €;(M).

(i) If S is a countable union of its finite dimensional subsystems, then S is an
operator system quotient of € (M).

(iii) €;(M) satisfies the operator system lifting property.
(iv) €1 (M) Qmin B(H) = €1 (M) Q@max B(H).
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(v) S has the double commutant expectation property if and only if SQmnin € (M) =
§ ®c €1 (M).

(vi) Kirchberg’s conjecture has an affirmative answer if and only if €; (M) Quin
(M) = (M) @ €1 (M).

Proof. (i) We take a subsequence {M,, }xen so that s(ng) > 2k and put Ny = M,,.
By Proposition 3.1(ii), €;(N) is an operator subsystem of &;(M). Take a state w;
on M for each | # nj. By the universal property of the coproduct, there exists a
unital completely positive map P : €;(M) — €;(N) such that

x if x € My,
wi(x)1  if x e My, 1 # ng.

Since P is a unital completely positive projection, €;(N) is an operator system
quotient of &;(M).

We may assume that s (k) > 2k for each k € N. We write My =M, &---®M,,
and d; > 2k. The identity map on My @ M is factorized as idy,gum, = Ok o Ji for
the unital completely positive maps

P(X)={

Jk : A e My ® My — (w(A) gy v...vq, ) D AD (@A) [(g)—206)+dy 1 ++dy) € Mi
(where w is a state on My @ M) and
O A1 @ Ap € My = [(ADijli<ij<k ® [(ADivk j+k]i1<i j<k € My © M.

Let J : €; — &€; (M) (respectively Q : €; (M) — €;) be the unital completely posi-
tive extension of J,, : (My & My),, — M,, (respectively Q,, : M,, — (M ® My),,)
over k € N, ¢ € I;. Then, the identity map on &; is factorized as idg, = Q o J.
Hence, ¢; is an operator system quotient of €;(M).

(i1) By Theorem 3.6, S is an operator system quotient of €;. The remaining proof
is similar to (i).

(iii), (iv) The proofs of Theorems 3.7 and 4.1 work generally for coproducts of
direct sums of matrix algebras.

(v), (vi) The proofs of Theorem 4.2 and Corollary 4.3 work generally for coproducts
of direct sums of matrix algebras which the identity map on £5° &1 £5° factorizes
through. U

5. Liftings of completely positive maps

It is natural to ask whether the universal operator system ¢; is a projective object in
the category of operator systems. In other words, for any operator system S and its
kernel 7, does every unital completely positive map ¢ : €; — S/ 7 lift to a unital
completely positive map ¢ : € — S? The answer is negative in an extreme manner.
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Proposition 5.1. An operator system S is one-dimensional if and only if for any op-
erator system T and its kernel J , every unital completely positivemap ¢ : S — T /T
lifts to a completely positive map ¢ : S — T.

Proof. Let V* be the cone in R generated by
(oy D =D +y <1,y =0}

and the origin. The triple V := (C3, v+, (,1,2)) is an Archimedean ordered
#-vector space. The positive cones of the operator system OMAX(V) introduced
in [Paulsen et al. 2011] are given as

M,(OMAX(V)T ={X e M,(V):Ve>0,X+el,®1y e M @ V*},
where m
M;®V+={Za,-®v,- EM, RV :meN,q; eM:,vieVJr}.
i=1
Let
P:(x,y,z) € OMAX(V) > (x,y) € €2,
be the projection. We take ¢ > 0 and an element
a1 ® (1,00 4+, ® 0, 1) e M,(E2) =M M

for nonzero «5. Since

1 (1,0 +a,®0,1)+el,®(1,1)

— 2 1
_(a1+2<n o ”>>®(1 O)+a2®(2” i 1)+81n®(2,1)

lifts to a positive element in M, (OMAX(V)), the projection P : OMAX(V) — E%O
is a complete order quotient map.

Suppose that dim S > 2. Let v be a positive element in S distinct from the scalar
multiple of the identity. Considering v — A/ for sufficiently large A > 0, we may
assume that the spectrum of v contains zero. Let w; and w, be states on S that
extend, respectively, the Dirac measures

80y : Al + pv e span{l, v} = A € C,
S(jvly : A1 4+ pv € span{l, v} = A + p|lv] € C.
The unital completely positive map ¢ : S — Ego defined by ¢ = (w1, wy) cannot be

lifted to a completely positive map, because the fiber of ¢(v) = (0, ||v]|) does not
intersect V. U

The absence of completely positive liftings in the above proof is essentially due
to Archimedeanization of quotients [Paulsen and Tomforde 2009]. In Corollary 5.5,
we will see that there is also rigidity, even though some perturbation is allowed.
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A linear map between normed spaces is called a quotient map if it maps the open
unit ball onto the open unit ball. Between Banach spaces, it suffices to show that
the image of the open unit ball is dense in the open unit ball in Lemma A.2.1 of
[Effros and Ruan 2000]. Suppose that T : E — F is a bounded linear surjection for
normed spaces E and F. Let E( be a dense subspace of E, and Q¢ : Eg — Q(E)p)
be the surjective restriction of Q on Eg. Then, Qg is a quotient map if and only
if ker Qg =ker Q and Q is a quotient map [Defant and Floret 1993, 7.4]. This is
called the quotient lemma.

Thanks to the quotient lemma, we can describe the 1-exactness of operator
systems by incomplete tensor products. For an operator system S and a unital
C*-algebra A with its closed ideal Z, we denote the completion of S iy A by
S®minA and the closure of S®Z in it by SQZ. When

ids ® 7 : S®minA = S®minA/L

is a complete order quotient map with its kernel S®Z for any C*-algebra A and its
closed ideal Z, S is called /-exact.

Proposition 5.2. Suppose that S is an operator system and A is a unital C*-algebra
with its closed ideal T. Then the map

ids ® 7 : S®minA — S®minA/Z
is a complete order quotient map with its kernel SRT if and only if the map
ids®7 : S ®min A —> S Qmin A/T

is a complete order quotient map. Hence, an operator system S is 1-exact if and
only ifids @ w : S Qmin A = S Qmin A/Z is a complete order quotient map for any
unital C*-algebra A and its closed ideal T.

Proof. The operator space quotient and the operator system quotient of S®min.A by
S®Z are completely isometric [KPTT2, Theorem 5.1]. Since S ® Z is the kernel
of ids @ : S Qmin A = S ®@min A/Z, we can also consider both the operator
space quotient and the operator system quotient of S ®in A by S ® Z. It is easy
to check that the operator space quotient (respectively operator system quotient)
(S ®minA)/(S®T) is an operator subspace (respectively operator subsystem) of the
operator space quotient (respectively operator system quotient) (S®minA)/(S®T).
If z e S® A and z + S®T is positive in the operator system quotient (S&minA)/
(S®T), then there exists x € S®Z such that

Z+ %15 ®l4+x € (SPminA)*.

Take xo € S ® I with |[x — xol| < &/2. Considering (xo + x;)/2, we may assume
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that xg is self-adjoint. We have
z+elsg® lA +xp € (S®min~/4)+»

which implies that z + S ® 7 is positive in (S QmuinA)/(S ® 7). Hence, [KPTT2,
Theorem 5.1] immediately implies that the operator space quotient and the operator
system quotient of S @min A by S ® Z are completely isometric.

A unital linear map between operator systems is completely order isomorphic if
and only if it is completely isometric, by [Effros and Ruan 2000, Corollary 5.1.2]. If
a linear map between Banach spaces maps the open unit ball into the open unit ball
densely, then it is a quotient map, from Lemma A.2.1 in the same paper. Combining
them with the quotient lemma, we have equivalences:

ids ® 7 : S®minA — S®minA/Z is a complete order quotient map with
its kernel S®7T
<> the operator system quotient (S®minA)/(S®Z) is completely order
isomorphic to S®minA/Z
<= the operator space quotient (S®mpin.A)/(S®T) is completely isometric to
S ®minA/I [KPTT2, Theorem 5.1; Effros and Ruan 2000, Corollary 5.1.2]
< the map ids ® 7 : S®minA — S®minA/Z is a complete quotient map with
its kernel S®Z
< the map ids ® 77 : S @min A = S Omin A/Z is a complete quotient map
(quotient lemma, [Effros and Ruan 2000, Lemma A.2.1])
<= the operator space quotient (S ®min A)/(S ® ) is completely isometric to
S Qmin A/ 7
<= the operator system quotient (S ®min A)/(S ® ) is completely order iso-
morphic to § Qmin A/Z [KPTT2, Theorem 5.1; Effros and Ruan 2000,
Corollary 5.1.2]

<— ids ® 7 : S Qmin A — S Qmin A/Z is a complete order quotient map. O
As pointed out in [KPTT2, Section 5], the framework of short exact sequences
0— S®I — S®min-'4 - Ség)min-’él/:Z -0

with complete tensor products is inappropriate if we replace ideals in C*-algebras
and C*-quotients by kernels in operator systems and operator system quotients.
Even a one-dimensional operator system does not satisfy such exactness. Instead
of short exact sequences with complete tensor products, we make a replacement in

ids @7 : S Qmin A — S ®min A/L

with incomplete tensor products.
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Theorem 5.3. Let S be an operator system. Then, the following are equivalent:
(1) S is nuclear.

(i) If ® : Ty — T» is a complete order quotient map for operator systems Ty and T,
then

ds®@ P :SQmin 71 = S @min T2

is a complete order quotient map.

(i) If ® : €; — T is a complete order quotient map for an operator system T, then
ids ®@ P : S Omin €1 —> S Bmin T
is a complete order quotient map.

(iv) If ® : T — E is a complete order quotient map for an operator system T and
a finite-dimensional operator system E, then

1d5®q> S ®minT = S Omin E
is a complete order quotient map.

Proof. (i) = (ii). Maximal tensor products of complete order quotient maps are
still complete order quotient maps [Han 2011, Theorem 3.4]. Combining this with
the hypothesis, we have a complete order quotient map

id8®q>38®minﬂ:S®max7ﬁlﬁ"8®max7ﬁ2:8®minlr2

(i1)) = (i). The proof is motivated by [Effros and Ruan 2000, Theorem 14.6.1].
Taking 7; as a unital C*-algebra and 7; as its C*-quotient, we see that S is a 1-exact
operator system by Proposition 5.2. We take a finite-dimensional operator subsystem
E of S and ¢ > 0. Then, E is a 1-exact operator system [KPTT2, Corollary 5.8], or
equivalently, a 1-exact operator space [KPTT2, Proposition 5.5]. Let E C B({;) and
P, : £ — £} be the projection given by P,((1;):2,) = (A1, ..., A,). For sufficiently
large n, the truncation mapping

p:xe€E— PxP,eM,

is injective with [|@ ™!, < 1+¢' for ¢’ =¢/(142dim E) by [Pisier 1995], [Effros
and Ruan 2000, Theorem 14.4.1]. Note that ¢ is unital completely positive and ¢~
is unital self-adjoint. By [Brown and Ozawa 2008, Corollary B.11], there exists
a unital completely positive map ¥ : (E) — S with [l¢™' — ¥||op < 2¢'dim E.
Though [Brown and Ozawa 2008, Corollary B.11] assumes that the range space
is a C*-algebra, its proof still works more generally when the range space is an
operator system.

By choosing a faithful state @ on M,, we can regard the dual space M, as an
operator system. Since w is faithful on any operator subsystem, (¢(E)*, |y (£))
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is also an operator system. The element z in @(E)* Qmuin S corresponding to
Y : 9(E) — S canonically is positive [KPTT2, Lemma 8.5]. Since the duals of
the complete order embeddings between finite-dimensional operator systems are
complete order quotient maps [Farenick and Paulsen 2012, Proposition 1.15], the
restriction R : M — ¢(E)* is a complete order quotient map. By the hypothesis,

R ®id8 : M: ®minS - ¢(E)* ®minS

is also a complete order quotient map. There exists a positive lifting Z € M, @minS
of z+¢&'wlyk) ® ls. The completely positive map ¥ : M,, — S corresponding to Z
satisfies

1Y =Vl ller < €.

By the Arveson extension theorem, ¢ : E — M, extends to a unital completely
positive map ¢ : S — M,,. We thus obtain a diagram

S

_ @(E)
¢

where the ¢ denote inclusions.
It follows that

1 0@ (x) —x|| < 1Y 0op(x) =¥ o) + [ 0 (x) ¢~ 0 p(x)]]
<é'llx|l +2¢ dim E|lx|
=¢llx|.
for all x € E. Considering the directed set

{(E, ¢): E is a finite-dimensional operator subsystem of S, & > 0}

with the standard partial order, we can take nets of unital completely positive maps
@) 1 S = M,, and completely positive maps v/; : M,, — S such that ¥{ o ¢,
converges to the map ids in the point-norm topology.

Since each ¢, is unital, ¥/, (I,,) converges to 1s. Let us choose a state w;, on
M, and set

1
Il

1

A) = -
vald) A

Vi) +on(A)(1s Vi)
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Then v, : M,,, — S is a unital completely positive map such that ¥, o ¢, converges
to the map ids in the point-norm topology. By Corollary 3.2 of [Han and Paulsen
2011], S is nuclear.

(i1) = (iii), (ii) = (iv). Trivial.
(iii) = (i1). Choose a positive element z in S @iy 72 and & > 0. By Theorem 3.5,
we can take a complete order quotient map W : €; — 7;. By the assumption, there

exists a positive element Z in S ®pin €; satisfying (ids @ ® o W) (Z) =z +¢1. Thus,
ids ® W (2) is a positive lifting of z 4 ¢1.

(iv) = (ii). Choose a positive element z =) ;| x; ® y; in S Qmin T2. Take E as a
finite-dimensional operator subsystem of 7, generated by {y; : 1 <i <n}and T
as ®71(E). 0

Remark 5.4. The equivalence of (i) and (ii) was already discovered by Kavruk
independently. The proof depends on Kavruk’s result that is not yet published.

Corollary 5.5. Suppose that E is a finite-dimensional operator system and w is a
faithful state on E. The following are equivalent:

() Ife >0and ¢ : E — S§/J is a completely positive map for an operator system
S and its kernel 7, then there exists a self-adjoint lifting ¢ : E — S of ¢ such
that ¢ + ewlg is completely positive.

(ii) E is unitally completely order isomorphic to the direct sum of matrix algebras.
Proof. (i) = (ii). Condition (i) can be rephrased to state that
idE* Q7 E* Omin S — E* ®min S/j

is a complete order quotient map for any operator system S and its kernel 7. Hence,
E* is a finite-dimensional nuclear operator system. Every finite-dimensional nuclear
operator system is unitally completely order isomorphic to the direct sum of matrix
algebras [Han and Paulsen 2011, Corollary 3.7]. Suppose that E* is completely
order isomorphic to @;_, My, for some n, k; € N. Taking their duals, we see that E
is completely order isomorphic to @;_, My,. Suppose that the isomorphism maps
the order unit of E to a matrix A in €'_,; My,. Then, A is positive definite. Let

n
A =U*diag(rAy, ..., Am)U, )»i>0,m=Zki
i=1

be a diagonalization of A. The mapping

aeéMkir—>U*diag(\/)T,...,\/E)adiag(\/)i...,\/E)UeéMk[
i=1 i=1

is a complete order isomorphism that maps the identity matrix to A.
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(i) = (i) We may assume that £ = @?:1 M;,. Let A be a density matrix of w and
A > 0 be its smallest eigenvalue. Suppose that z € @;_; My, (S/J) is the direct
sum of Choi matrices corresponding to the restrictions of ¢ on each blocks M. .
There exists a lifting Z € @@_; My, (S) of z such that Z+erl, ® ls (m =) __, k;)
is positive. Let ¢ : E — S be a self-adjoint map corresponding to Z. Then we have

pt+ewls=@+etr(- A)ls>cp ¢ +ehtr(-)1s >, 0. O

In the last statement of Proposition 5.2, an operator systems S is fixed, and a
C*-algebra A and its closed ideal Z are considered to be variables in

ds®m : S Qmin A —> S Qmin A/Z.

In the following, we switch their roles. As a result, we give an operator system
theoretic proof of the Effros—Haagerup lifting theorem [Effros and Haagerup 1985,
Theorem 3.2].

Theorem 5.6. Suppose that A is a unital C*-algebra and T is its closed ideal. The
following are equivalent:

1) ds® 7 : S Qmin A — S ®min A/Z is a complete order quotient map for any
operator system S.

(1) 1[dg @ 7 : B ®min A = B Qmin A/Z is a complete order quotient map for any
unital C*-algebra B.

(iii) idpH)y @ 7 : B(H) ®min A = B(H) ®@min A/Z is a complete order quotient
map for a separable Hilbert space H.

(iv) i[dg @7 : E Qmin A — E Qmin A/Z is a complete order quotient map for any
finite-dimensional operator system E.

(v) The sequence
0 — B®c*minZ = B®c*min A —> BRcmin A/LZ — 0

is exact for any C*-algebra B.
(vi) For any finite-dimensional operator system E, every completely positive map
¢ E— A/T lifts to a completely positive map ¢ : E — A.
(vii) For any finite-dimensional operator system E, every unital completely posi-
tive map ¢ : E — A/Z lifts to a unital completely positive map ¢ : E — A.
(viii) For any index set 1, every unital completely positive finite rank map ¢ :
¢; — A/Z lifts to a unital completely positive map ¢ : €; — A with Ker ¢ =
Ker ¢.
(ix) Every unital completely positive finite rank map ¢ : € — A/T lifts to a unital
completely positive map ¢ : €, — A with Ker ¢ = Ker ¢.
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Proof. (1) = (ii) = (iii) and (viii) = (ix) are trivial. (vi) = (vii) follows from
[KPTT2, Remark 8.3]. (ii) < (v) follows from Proposition 5.2. For (iii) = (iv)
and (iv) = (1), it is sufficient to consider the first matrix level.

(iii) = (iv). Let E C B(H) for a separable Hilbert space H. Take a strictly positive
element 7 in E Quin A/Z which is an operator subsystem of B(H) ®min A/Z. By
the assumption, there exists a positive lifting Z in B(H) Qmin A. Let {x; : 1 <i <k}
be a self-adjoint basis of £ and {%; : 1 <i < k} be its dual basis. Each functional x;
on E extends to a continuous self-adjoint functional on B(H) which we still denote
by X;. The map P := Zle Xi ® x; : B(H) — B(H) is a self-adjoint projection
onto E. Since

(idB(H) — P) ®7T(Z) =7 (P ®idA/I)(Z) = 0,

we have ] o
(ldB(H) —P)®idy(2) e B(H)®T.

We write
n
(idpy — P)®ida(@) =Y bi ®hi, b € B(H)sa, by € Ia.
i=1

Each h; is decomposed into h; = h;r —h; for h;r, h; € Z*. From

n n
0<i=(PRid)E+) bi®hf =) b®h;

i=1 i=1

< (POIAN@ + ) bl @hT + Y bl @k
i=1 i=1
and

n n
(idp(a) ® n)((P ®idA)@ + Y Ibill1@hF +> Il ®h;) =z,
i=1 i=1

we see that

n n
(PRId)E) + Y _ Ikl @k + Y b1 ®h; € E @min A
i=1 i=1

is a positive lifting of z.

(iv) = (i). Take a positive element z = ;_; x; ®y; in S ®minA/Z. Let E be a finite-
dimensional operator system generated by {x; : 1 <i <n}. Since E ®min A/Z is an
operator subsystem of S ®in A/Z, we have z also positive in E Qi A/Z. By the
hypothesis, there exists a positive element Z in £ ®min A such that (idg ® ) () = z.
This element is also positive in S ®m;n A.

(iv) < (vi). Suppose that E is a finite dimensional operator system and ¢ : E — A/Z
is a completely positive map. The element z in E* ®uin A/Z corresponding to ¢
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is positive. Since E is finite-dimensional, we have E* Quin A = E *®minA. The
kernel E* ® 7 of idg+ ® 7 is completely order proximinal in E* Qi A [KPTT2,
Corollary 5.1.5]. By the hypothesis, z lifts to a positive element Z in E* Qpin A.
The map ¢ : E — A corresponding to zZ is completely positive. The converse is
merely the reverse of the argument.

(vii) = (vi). The inclusion ¢ : ¢ (E) + C1 47 C A/T lifts to a unital completely
positive map ¢ : ¢ (E)+C1 47 — A. The map 1o ¢ is the completely positive lifting
of ¢.

(vii) = (viii). Let Q : €; — &;/ Ker ¢ be a quotient map. We have a factorization
p=1voQ fory:&;/Keryp — A/Z. By the hypothesis, ¥ lifts to a unital completely
positive map ¥ : €;/ Ker ¢ — A. Then v o Q is a unital completely positive lifting
of ¢ and their kernels coincide.

(ix) = (vii). By Theorem 3.6, there exists a complete order quotient map ®:¢; — E.
The map ¢ o ® : €, — A/7Z lifts to a unital completely positive map ¥ : €, — A
such that their kernels coincide. Since Ker & C Ker v, we get that v induces a map
¢ : E — A/T which is a unital completely positive lifting of ¢. (]

The following theorem can be regarded as an operator system version of the
quotient lemma.

Theorem 5.7. Suppose that ® : S — T is a unital completely positive surjection
for operator systems S and T. Let So be an operator subsystem that is dense in
S, To = D (So), and g = D|s, : So — To be the surjective restriction. Then, the
following are equivalent:

(1) ®:S8— T is a complete order quotient map and for any € > 0, k € N and a self-
adjoint element x € Ker @y, there exists a self-adjoint element xo € Ker(®o)x
such that xo+ €1 > x.

(i) Do :So — To is a complete order quotient map.
Proof. The following arguments apply to all matricial levels.

(i) = (ii). Choose ¢ > 0 and ®y(yg) € 76+ for a self-adjoint yg € Sg. By the
hypothesis, there exist self-adjoint x € Ker @ and xo € Ker ®( such that

yo+514+xe8t and x <xo+35l.

It follows that
yo+el+xo>yo+51+x>0.

(i1) = (i). Take ¢ > 0 and a self-adjoint element x in Ker ®. Since Sy is dense in
S, there exists a self-adjoint element yg in Sp such that

x—51<y<x+3l,
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which implies that
Po(—yo+ 5D =P(=yo+x+5DeT NTH=T;".
There exists an element xg in Ker ®( such that —y + %81 + xo > 0. From
x—£1 <y < 2el+xo,

it follows that x < el + xg.
Now let ®(y) € T for a self-adjoint y € S. There exists an element yg in Sy
such that

y—351<y=<y+31,

which implies that
®o(yo+ 1) = @ (y) > 0.

There exists an element xg € Ker ®( such that yg + x¢ + %81 > 0. It follows that

y+xo+el = yo+x0+ 3¢l >0. O
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REMARKS ON QUANTUM UNIPOTENT SUBGROUPS
AND THE DUAL CANONICAL BASIS

YOSHIYUKI KIMURA

We prove the tensor product decomposition of the half of the quantized uni-
versal enveloping algebra associated with a Weyl group element which was
conjectured by Berenstein and Greenstein (preprint, 2014, arXiv 1411.1391;
see Conjecture 5.5) using the theory of the dual canonical basis. In fact, based
on the compatibility between the decomposition and the dual canonical basis,
a weak multiplicity-free property between the factors is established.

1. Introduction

Let g be a symmetrizable Kac—-Moody Lie algebra and w be a Weyl group element.
In [Kimura 2012], we studied the compatibility of the dual canonical basis and the
quantum coordinate ring of the unipotent subgroup associated with a finite subset
AL NwA_, where A (resp. A_) is the set of positive (resp. negative) roots of g.
The purpose of this paper is to study the compatibility of the dual canonical basis
and the “quantum coordinate ring” of the pro-unipotent subgroup associated with a
cofinite subset Ay NwA 4.
Let U, (g) be the quantized enveloping algebra and

Uy(9) ~ U (9) @ U (9) ® U, (g)

be its triangular decomposition. Let quo(g) be the subalgebra generated by Uq+ (9)
and qu (9). Let Ty = T3, T;,--- T;, : Uy — Uy be Lusztig’s symmetry associated
with a Weyl group element w, where i = (iy, ..., i) is a reduced word of w. It is
known that T, € Aut(U,(g)) does not depend on the choice of reduced word.
Berenstein and Greenstein [2014, Conjecture 5.5] conjectured the following
tensor product decomposition of the half U, in general. We show the multiplicity-
free property of the multiplications of the dual canonical basis elements between the
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finite part and the cofinite part. We also prove the decomposition in the dual integral
form U, (g)uAp of the Lusztig integral form U, (g) 4 with respect to Kashiwara’s
nondegenerate bilinear form.

Theorem 1.1. (1) For a Weyl group element w € W, multiplication in U~ defines
an isomorphism of vector spaces over Q(q):

U, NTWwU)® (U, NT,U,) => Uy
(2) For a Weyl group element w € W, we set

(U, NTyUZY :=Us (9)%F NTwUS°
and
U, NTwU,)R :=U (93 NTwlU, .

Then multiplication in U, (g)uAp defines an isomorphism of free A-modules:
Uy NTwUZ)Y @4 (U, NTwU, )Y = Uy (9)F.

Remark 1.2. (1) Theorem 1.1(1) can be shown directly in finite-type cases using
the Poincaré—Birkhoff—Witt bases of Uq_ (see [Berenstein and Greenstein 2014,
Proposition 5.3]). Hence it is a new result only in infinite-type cases.

(2) For the proof of Theorem 1.1(1), we use the dual canonical bases and the
multiplication formula for them; in particular we will prove Theorem 1.1(2). After
finishing this work, the author was informed of a proof which does not involve the
theory of the dual canonical basis by Toshiyuki Tanisaki [2015, Proposition 2.10],
who also proved the tensor product decomposition in Lusztig form, De Concini—Kac
form and De Concini—Procesi form.

We note that the De Concini—Kac form (resp. De Concini—Procesi form) is related
to the dual integral form of Lusztig’s integral form with respect to the Kashiwara
(resp. Lusztig) nondegenerate bilinear form on U,". Since the multiplicative struc-
ture of the dual canonical basis does not depend on the choice of nondegenerate
bilinear form (and hence the definition of the dual canonical basis), our argument
yields results for the tensor product decompositions of the De Concini—Kac form
and the De Concini—Procesi form.

Remark 1.3. We note that the fact that Uq_ NTy UqZO has a Poincaré—Birkhoff—Witt
basis was shown by Beck, Chari and Pressley [Beck et al. 1999, Proposition 2.3] in
general. (Throughout that paper, it is assumed that the generalized Cartan matrix is
of symmetric affine type, but it should be noted that the assumption is not used in the
proof of [Beck et al. 1999, Proposition 2.3]. For more details, see Theorem 2.18).
The injectivity in Theorem 1.1 can be easily proved by the linear independence of
the Poincaré—Birkhoff—-Witt monomials (see [Lusztig 1993, Theorem 40.2.1(a)])



REMARKS ON QUANTUM UNIPOTENT SUBGROUPS AND DUAL CANONICAL BASIS 127

and the triangular decomposition of the quantized enveloping algebra (see [Lusztig
1993, Section 3.2]). Hence the nontrivial assertion is the surjectivity in Theorem 1.1.

Theorem 1.4. (1) For a Weyl group element w € W and for a reduced word
I =(i1,...,ig) of w, we have

U, NTwU, =U;, NT;,U; NT;, T,U; NN T, T3, Uy

iUy
(2) We have that U, N Ty, Uy~ is compatible with the dual canonical basis; that is,

B NU, NTywU, isa Q(q)-basis of U; N TyyU, . In fact, there exists a
subset (U, N TyU; ) C #(00) such that

U, NTwU,; = &y Q(q)G™(b).
bear(U; NTwU,)

Using the theory of crystal bases, we can obtain the characterization of the subset
#U,; NTyU, ). For w € W, we have the decomposition theorem of the crystal
basis #(00) of U, associated with a Weyl group element (and a reduced word)
and the corresponding multiplication formula. We consider the map £2,, associated
with a Weyl group element which was introduced by Saito [1994] (and Baumann,
Kamnitzer and Tingley [Baumann et al. 2014]):

Qu 1= (T<w. T>w) : B(00) > BWU,; NTLUZ") x BU; NT,U,),
where <y (b) and 7>, (b) are defined by crystal bases as follows:
L(b.i):= (61, (D). 61, (6] D). ... &, (6]_ - 6]D)) e 7Ly,
ble.i)i= T (fE) o Tiy o T (1) mod g.2(00) € B(c0),
17<;i(h) :=b(L(b,i),i) € B(c0),
i (b) := 0+ 0,6}y - 6]\ b € B(00).

The following is the multiplicity-free result of the multiplication of the dual
canonical basis elements in the finite part and the cofinite part.

Theorem 1.5. Let w be a Weyl group element and i = (iy,...,iy) be a reduced
word of w. For a crystal basis element b € B(c0), we have

G (1<i (b)) G (=i (b)) €GP (D) + Y qZ[q]G*™ ().
Lb,i)<L(b,i)

where L(b',i) < L(b, i) in the left lexicographic order on Zgo associated with a
reduced word i.

Using induction on the lexicographic order on each root space, we obtain the
surjectivity in Theorem 1.1(2). In particular, Theorem 1.1(1) can be shown.
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Since the subalgebras Uq_ N Ty UqZO and Uq_ N Ty Uq_ are compatible with the
dual canonical basis and since the dual bar-involution o which characterizes the
dual canonical basis is a (twisted) anti-involution, we obtain the tensor product
factorization in the opposite order.

Corollary 1.6. For a Weyl group element w € W, multiplication in U, defines an
isomorphism of vector spaces:

(U, NTwU;)® (U, NTyUZ%) => U,

2. Review of quantum unipotent subgroups and the dual canonical basis

2A. Quantum universal enveloping algebra. In this subsection, we give a brief
review of the definition of quantum universal enveloping algebra. The reader is
referred to [Kashiwara 1991; 1993a; 1993b] for more details.

2A1. Let I be a finite index set.
Definition 2.1. A root datum is a quintuple (A, P, I1, PV, I1Y) which consists of
(1) asquare matrix (@;;);, jer, called the symmetrizable generalized Cartan matrix,
that is, an /-indexed Z-valued matrix which satisfies
(@) ajj=2foriel,
(b) aijj € Z<o fori # j,
(c) there exists a diagonal matrix diag(d;);es such that (d;a;j); jer is sym-
metric and d; are positive integers;
(2) P: afree abelian group (the weight lattice);
(B) MM ={wa;|i el} C P: the set of simple roots such that IT C P ®z Q is
linearly independent;
(4) PY =Homyz(P,Z): the dual lattice (the coweight lattice) of P with perfect
pairing (-,-): PY ®z P — 7,
(5) Y ={h; |i e I} C PV: the set of simple coroots, satisfying
(@) ajj = (hi,a;) foralli, j €1,
(b) there exists {A;};e; C P, called the set of fundamental weights, satisfying
(hi, Aj) =6;j fori, jel.

We say A € P is dominant if (h;, A) > 0 for any i € I and denote by P4+ the
set of dominant integral weights. Let Q = €D, c; Za; C P be the root lattice. Let
Qr==%) ey 2500 Foré =3 &iai € O, weset [E] =3 ;) &
2A2. Let (A, P,TI, PY,I1Y) be a root datum. We set h := PV ®z C. A triple
(b, IT, ITV) is called a Cartan datum or a realization of a generalized Cartan ma-
trix A.

It is known that there exists a symmetric bilinear form (-,-) on h* satisfying
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(1) (@i, a;) = d;a;j,

(2) (hi, A) =2(aj, A)/(aj, ;) fori € I and A € h*

Definition 2.2. Let g be the symmetrizable Kac—Moody Lie algebra associated
with a realization (b, IT, ITY) of a symmetrizable generalized Cartan matrix 4 =
(aij)i,jer, thatis, a Lie algebra which is generated by {e;}ics U { fi}ier Ub with
the following relations:

(1) [h1,h2] =0 for hy, hy €1,

2) [h,ei]={h,a;)e; and [h, fil]=—(h,a;) fi forhebhandi € I,

(3) lei, fij]=6ija) fori, j e,

(4) ad(e;)!™9i(ej)=0and ad( f;)! 79/ ( f;) =0 fori # j, where ad(x)(y) =[x, y].

Let nt (resp. n—) be the Lie subalgebra which is generated by {e;};cs (resp.
{ fitier). We have the triangular decomposition and the root space decomposition

g=n-@henr=he P o
ach*\{0}

where go ={x €g|[h, x]=(h,a)x Vheh}. Theset A:={aeh*\{0}|gy #0}
is called the root system of g.

2A3. We fix a root datum (A4, P, IT, PV, ITV). We introduce an indeterminate ¢.

Fori € I, we set ¢; = q%. For £ = Y &a; € Q, we set qe = [lier qfi.
ForneZandi € I, we set

)y o= I

qz‘—qi_l

and [n];! = [n]i[n—1]; ---[1]; for n > 0 and [0]! = 1.

Definition 2.3. The quantized enveloping algebra U, (g) associated with a root da-
tum (A4, P, I1, PV, I1V) is the Q(g)-algebra which is generated by {e;}icr, { fi}icr
and {¢" | h € PV} with the following relations:

(1) ¢° =1 and g" " = ¢"4" tor h, ' € PV,
() g"eig™ = ¢\"ile; and ¢" fig™h = g=®) f; fori € I and h € PV,
(3) ei f; — fiei = 8ij(ki —k;1)/(gi —gq;7 '), where k; = g%ihi,

1—a;; 1—ajj
(1—-aij—k) k (1—a;;—k) k
@ D e = 3 D TR =0
k=0 k=0 (¢q-Serre relations),

where ¢ = e{‘/ [k];! and fi(k) = fik/[k],-! fori e Iand k € Z~y.

i
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2A4. Let qu be the subalgebra of U, (g) which is generated by { g" | he PV it
is isomorphic to the group algebra

Q@)IPY]:= P Qg)q"

hePv

over Q(q). For £ =) . & € O, we set

ke = [ [ ki =] q%5™

iel iel
Let UqJr be the Q(g)-subalgebra generated by {e;}ies, let U, be the Q(g)-

subalgebra generated by { f;}icr, let quo be the Q(q)-subalgebra generated by
qu and Uq+, and let Uq50 be the (g)-subalgebra generated by qu and U,

Theorem 2.4 [Lusztig 1993, Corollary 3.2.5]. The multiplication of Uy induces
the triangular decomposition of Uy (g) as vector spaces over Q(q):

(2-1) Uy9)=U, U U; =U; 9U,)QU,".

2AS5. For & € £0, we define qu(g)g by

(2-2) qu(g)g ={x € qu(g) | qhxq_h = q(h’S)x forh e PV},
Then we have a root space decomposition

+ +
U= P U e
§eQy
An element x € qu (g) is called homogeneous if x € qu (9)g for some £ € Q.
2A6. We define a (O(¢)-algebra anti-involution * : U, (g) — U, (g) by
(2-3) se)=e. *(D=fi. @) =q7"

We call this the star involution.
We define a Q-algebra automorphism ~ : Uy (g) — U, (g) by

x|

(2-4) G=ci, fi=fi, a=q 4 qht=q"

We call this the bar involution.
These two involutions preserve Uq+ (9) and U, (g), and we have ~ o % = x o

=q

2A7. In this article, we choose the following comultiplication A = A_ on Uy (g):

2-5) A@M=¢"®q" Al)=ei@ki' +1®ei. A(f))= [i®1+ki® f;.
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2A8. We define a Q(¢)-algebra structure on U,” ® U, by

(2-6) (X1 ® y1)(x2 ® ya) = ¢~ MEDMED 3y @ )y,

where x;, y; (i = 1,2) are homogeneous elements. Let r =r_: U, - U, QU
be the Q(g)-algebra homomorphism defined by

r(f)=fiel+1®fi (el).

We call this the twisted comultiplication. Then it is known that there exists a unique
Q(g)-valued nondegenerate symmetric bilinear form (-,-) : U, ® U, — Q(q)
with the following properties:

(LD =1, (fi, fj)=38ij, (r(x), y1®y2) =(x, y1y2), (X1®x2,7(y)) =(x1x2,y)
for homogeneous x, y1, y2 € U, where the form

(-®-,-®): (U, @U)® U, @U;) - 0)
is defined by (x; ® x2, y1 ® y2) = (X1, y1)(x2 ® y2) for x1,x2, y1, 2 €U,

2A9. For i € I, we define the unique Q(g)-linear map ;r : U, — U, (resp.
i Uq_ — Uq_) by

(ir(x),y) = (x, fiy),

(ri(x), y) = (x. y/i).

Lemma 2.5 [Lusztig 1993, Section 1.2.13]. For x,y € U;, we have q-boson

q 9
relations:
i (ep) =ir(0)y 4™ xir (),
ri(xp) = g™ (x)y + x 71 ().
Lemma 2.6 [Lusztig 1993, Proposition 3.1.6]. We have
ri()k; — k7 Vir(x
(2-7) [ei, x] = iCOki ki ir (x) JorxelU,.

qi —q; !
Using the g-boson relation, we obtain the following result.

Lemma 2.7 [Lusztig 1993, Lemma 38.1.2, Proposition 38.1.6]. For eachi € I,
any element x € U~ can be written uniquely as

X = Z fl.(c)xc with x. € Ker(;r).
c=0

2B. Canonical basis and dual canonical basis. We give a brief review of the
theory of the canonical basis and the dual canonical basis following Kashiwara.
Note that Kashiwara called them the lower global basis and the upper global basis.
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2B1. We define Q-subalgebras Ag, Ax and A of Q(g) by

Ao :={f€Q(q)]| f isregularat g =0},
Ao :={f €Q(q) | f isregular at ¢ = o0},
A= Q[gF"].

2B2. We introduce the crystal basis of U,". For more details, see [Kashiwara 1991,
Section 3]. We define the Kashiwara operators ¢; and f; on U, by

Gix = Z fi(c_l)xc

c=>1
Jox =" £ x,
c=0
and we set
(o)=Y Aofiyfil Uy,
{>0
i1ye00ig €1

B(0) == { fi, - fi,1 modq.Z(c0) | | = 0,i1,...,i¢ € 1} C L(00)/qZL(00).

Then .Z(o0) is an Ajp-lattice with Q(g) ® 4, £ (00) >~ U that is stable under
¢ and f,, and Z(o0) is a Q-basis of £ (00)/q.£(c0). We also have induced maps
f, PB(00) — B(00) and ¢; : B(c0) — B(00) U{0} with the property that f, eib=>b
for b € %(o00) with €;b # 0. We call (%B(c0), £ (c0)) the (lower) crystal basis of
U, and call .Z(co) the (lower) crystal lattice. We denote 1 mod ¢.#(00) by Uoo.

2B3. It is also known that the star involution * : Uq_ — Uq_ induces an Agp-
linear isomorphism * : .Z(00) — .Z(o0) and a bijection * : Z(0c0) — Z(00); see
[Kashiwara 1991, Proposition 5.2.4; 1993b, Theorem 2.1.1]. We set

f¥i=%0 fiox: B(c0) - B(c0),
el 1=x08&; 0% : %B(c0) > %(c0) U{0}.
2B4. Let £(00) = {X | x € £(0c0)}. Then the natural map
Z(00) N ZL(00) NU, (g) = £(00)/q £ (00)

is an isomorphism of Q-vector spaces. Let G'°% be the inverse of this isomorphism.
The image

B = {G"™(b) | b € B(c0)} C ZL(00) N Z(00) NU, (9)4

is an A-basis of U, (9) 4 and is called the canonical basis or the lower global basis
of U, .
q
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2BS. The important property of the canonical basis is the following compatibility
with the left and right ideals which are generated by Chevalley generators { f;}icy.

Theorem 2.8 [Lusztig 1993, Theorems 14.3.2 and 14.4.3; Kashiwara 1991, Theo-
rem 7). Fori € I andn =1, f"U; and U, f]" are compatible with the canonical
basis; that is, f;"U, NBY (resp. u, 1 NB°%) is a basis of f'Uy (resp. Uy f").
In fact, we have

U7 (@a= P AG™®),
be#B(00)
gi(b)y=m

Uy N0 @a= @ AG™®).

beB(c0)
gf (b)=m

2B6. Leto : U, — U, be the Q-linear map defined by

(@(x).y) = (x.¥)

for arbitrary x, y € U,". Let 0(Z(00)) := {o(x) | x € £(0c0)} and set the dual
integral form:

Uy ()% ={xeU; |(x,U;(g)a) C A}
U, (g)uAp has an A-subalgebra of U,". The natural map
Z(00) N (Z(00) NU, (9) — £(00)/q.Z(00)

is also an isomorphism of Q-vector spaces, so let G'P be the inverse of the above
isomorphism. Then

B"™ ={G"™(b) | b e B(c0)} C ZL(0) No(ZL(00))N Uq_(g)lj{3

is an A-basis of U~ (g)uAp and is called the dual canonical basis or the upper global
basis of U,

Proposition 2.9 [Kimura 2012, Proposition 4.26(1)]. Fori € I and ¢ > 1, let
fi{c} — fi(c)/ (fiw)’ fi(C))‘ Then we have

—-1)/2
fi{C}:qu(C )/ fic'

2B7. For the dual canonical basis, we have the following expansion of left and right
multiplication with respect to the Chevalley generators and their (shifted) powers.
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Theorem 2.10 [Kashiwara 2012, Proposition 2.2; Oya 2015, Proposition 4.14 (ii)].
Forb € #(00), i € I and ¢ > 1, we have

(2-8a) fl{C}Gup(b) _ ql—CSZ (b)Gup(]?icb) + Z {L[;}b/(q)GuP(b ),
&i (b)) <e; (b)+c

Gup(]?i*cb) + Z Z*IECI};,(Q)GUP(b )
gf (b')<ef (b)+c

(2—8b) Gup(b)f;{c} — 1—68;k(b)

where

FiSy @) = (F196™ 1), 6™ 1) = ¢ VG 1), ) G ()
g; P qz1q),
Flih @)= (G(0) 1.6V B) = g7 TG (B), (1) G (1))

—cet (b)
eq; 7 qZ1q).

S

2C. Braid group action and the (dual) canonical basis. In this subsection, we
recall the compatibility between Lusztig’s braid symmetry and the (dual) canonical
basis (for more details, see [Kimura 2012, Sections 4.4 and 4.6]).

2C1. Braid group action on quantized enveloping algebra. Let W be the Weyl
group and {s;};es be the set of simple reflections, and let £ : W — Z>( be the
length function.

Following Lusztig [1993, Section 37.1.3], we define the (2(g)-algebra automor-
phisms

T/ : Uyg(g) = Uy(g)
and

Tie 1 Ug(9) — Ug(9)

fori € I and € € {1} by the following formulae:

(2-9a) T/ (q") = ¢1®;
—kfe; for j =1,
/ —
@90 T =1y c1geee  forj i
r4+s=—(h;,a;)
—eik; € for j =1,
! i) — — . .
(2-9¢) Tl,e(fj) 3 (_1)rqi erfi(s)fj fi(i’) for j # i

r+s=—(h;,a;)
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and

-102) T/ (¢") =¢"®;

— fik; € for j =i,
7 _

G0 T S Cgped) o
r+s=—(h;,a;)

—kfei for j =i,

7 N — B o

(2-10c) Ti,—e(fj) 3 (—1)'g; erfi(r)fjfi(s) for j #1i.
r+s=—(h;,o;)

Itis known that {7} }ier and {7}’ };e; satisfy the braid relation.
Lemma 2.11 [Lusztig 1993, Proposition 37.1.2(d), Section 37.2.4].
(1) We have Tl’E o Tl"_e = Tl-’,’_E o Tl'E =id.

2) Wehave*oTl{eo*: Ti”’_efori €l ande € {1}

In the following, we write 7; = T/, and Tl-_1 = T/_, as in [Saito 1994, Propo-
sition 1.3.1].

2C2.
Proposition 2.12 [Lusztig 1993, Proposition 38.1.6, Lemma 38.1.5].
(1) Fori €1, we have
U, NT;U; ={xel, |ir(x) =0},
U NT;7 U7 ={xeU; |ri(x)=0}.

(2) For i € I, we have the following orthogonal decomposition with respect

to ( , .)_;
Uy =0, NTUD ® iUy =W, NT7'U) @ U f;.

Corollary 2.13. For i € I, the subalgebra U, N T;U, (resp. Uy N T;U,) is
compatible with the dual canonical basis; that is, we have

Uy NTU; NU; (9% = @ AG™®).

be#(0)
g; (b)=0
- —1y7— — (U u
Uy nT7'U; nU; (@ = €D AG™®).
beB(0)

gf (b)=0
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2C3.
Proposition 2.14 [Saito 1994, Proposition 3.4.7, Corollary 3.4.8].
(1) Letx € U, € L(00) N Tl._1 U, with b := x mod g.£(c0) € %(00). We have
Ti(x) € Z(c0) NT;U,
Ti(x) = fi*(pi (b)éfi ®ph mod qZ(00) € %(00).
(2) Let
0i :{b € #(c0) | &7 (b) = 0} — {b € #(c0) | £i(b) = 0}

be the map defined by o;(b) = f;.*(pi ®) e Ob. Then oy is bijective and its
inverse is given by

U;|< (b) = (xo0ajox)(b) = f,wi*(b)éf"sf(b)

1 1

b.

The bijections o; and o are called Saito crystal reflections. In [Saito 1994,
Corollary 3.4.8], o; and ai* are denoted by A; and Al._l. Following Baumann,
Kamnitzer and Tingley [Baumann et al. 2014, Section 5.5], for convenience, we
extend o; and 0" to %(c0) by setting

6i(b) := oi (e} ™™ (b)),
so we can consider 6; and 61.* as maps from Z(o0) to itself.
2C4. Let 'n : Uy — Uy NT;U,; (resp. 7' : Uy — Uy N T;7'U; ) be the
orthogonal projection whose kernel is f;U,~ (resp. U, f;) in Proposition 2.12(2).

We have the following relations among the braid group action and the (dual)
canonical basis.

Theorem 2.15 [Lusztig 1996, Theorem 1.2; Kimura 2012, Theorem 4.23].
(1) For b € %(oc0) with €} (b) = 0, we have
T;(x' G (b)) = "n(G™(0i(b))).
(1 =g WV, GYP (b) = G (0;b).
(2) For b € B(c0) with €;(b) = 0, we have
T (G (b)) = 7' (G (0] ().
(1 =g} WO TGP (b) = G (0] ).

We note that the constant term (1 — ql.z)(hi WD) depends on the choice of nonde-
generate bilinear form on U, (g).
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2D. Poincaré—Birkhoff-Witt bases. Let W = (s; | i € I) be the Weyl group of g,
where {s; | i € I} is the set of simple reflections associated with i € I, and let
{: W — Z>¢ be the length function. For a Weyl group element w, let

I(w) :=={(i1,i2,...,igw)) € 1t | iyt Sigayy = W}
be the set of reduced words of w.

2D1. Let A = A4+ U A_ be the root system of the Kac—-Moody Lie algebra g and
the decomposition into positive and negative roots.
For a Weyl group element w € W, we set

Ar(Zw):=AyNwA_={BeAi|wfeA_},
Ay(Gw):=ArNwAy ={BeAi|w 'BeAL}
It is well known that A4 (<w) and A (>w) are bracket closed; that is, for
o, BeAL(Zw) (resp.a, e Ay (>w)) witha+f e Ay, wehavea+ 8 € Ay (Zw)
(resp. € A+ (>w)).

For a reduced word i = (iy,i3,...,1g) € I(w), we define positive roots B; x
(1 £k <Y) by the formula

Bik = siy - Sip_y (i) (1 =k ={).

It is well known that Ay (<w) = {B;r}1<k<¢ and we put a total order on
A4 (Zw). We note that the convex total order on Ay (<w) is associated with a
reduced word i € I(w).

2D2. For a Weyl group element w € W and a reduced word i = (i1,i2,...,iz) €
I(w), we define the root vector f¢(B; x) associated with B; x € A (<w) and a
sign € € {£1} by

JeBir) == TETE - TE_ (fir),
and its divided power by

JeBip) @ = TETE T (i) for ¢ € Zso.
Theorem 2.16 [Lusztig 1993, Propositions 40.2.1 and 41.1.3].

(1) Forw e W, i = (iy,....ig) € I(w), € € {x1}and ¢ € Z ;, we set
Je(Bi,)E fe(Bi2) D - fe(Big) O if e =+l1,
Je(Bi) O fe(Big—) €D - fe(Bi) ) if e =—1.

Then { fe(c,1)}e ezt is linearly independent.

fe(c,i)::{
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(2) The subspace of U, (g) spanned by { fe(c,i)}c ezt does not depend on the
choice of reduced word i € I(w). We denote this subspace by U, (Sw, €).
The basis { fe(c,1)}cezt,, of Uy (Sw, €) is called the Poincaré-Birkhoff-Witt
basis or the lower Poincaré—Birkhoff-Witt basis.

Definition 2.17. Fora Weyl group element w € W, areduced word i = (iy,...,iy) €
I(w)and ¢ = (cq,...,¢cp) € Zgo, we set

Ee.i)=— ) aPirec0-.
1<k=¢
We also have the following characterization of U, (=w, €).

Theorem 2.18 [Beck et al. 1999, Proposition 2.3]. For w € W, € € {£1} and
i =(i1,...,0p) € I(w), let

- € >0
U, NT,U;

_Jurn Ty T, U ={x e Uy | T - TN (x) € UF%) if e = +1,
Uq_ﬂTi:l---Y‘ileqzo ={xelU; | Ty Ti(x) € UqZO} ife =—1.

Then the Poincaré-Birkhoff-Witt basis { fe(c,i)}cezt , forms a Q(q)-basis of
U; NTEUZY% that is, Uy (Sw,€) = Uy NTEUZC.

For the convenience of readers checking the notation, we give a proof of the

above theorem.

Proof. Since the ¢ = —1 case can be proved from the € = +1 case by applying the
x-involution, it suffices for us to prove the claim for the ¢ = +1 case. For 1 <k <¢,
we have

Tt T e T (G0 = T T ()
= (—1)%* Tl.zl i (e(Ck)kic/f)'

Ig41 N i
Since (ig,...,ig) is areduced word, we have Tl.zl e Tl;lrl (elglf"')) € Uq+. Hence

Tl,zl ... Til_l Ti,- Ty, (fl_chk)) c quo‘

So the inclusion Uq_(fw, €)C Uq_ NT,. quo is shown, and it suffices to prove the
opposite inclusion, that is, that the Poincaré-Birkhoff-Witt basis { fe(c,i)}cezt
spans U, N TS UZ°.

Letx e U, NTy quo be a homogeneous element. We write it as the sum

X = Z figcl)xcl

1
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with x¢, € U, NT;, U, . Then we have TITI (x¢,) € Uy . So we write it as the sum
-1 c
Til (xe,) = Z f,g 2)xcl,cz-
2]

Repeating this process, we obtain elements x, ,....¢, € U; NT;, Uy for1 < k <{ and

—1 _ (Ck+1)
(xC], ack) Z ‘f;k-‘rl cly"'rcksck-‘rl

Cr+1
for 1 <k < £. Then we obtain
- -1
Tigl'”Til (x)
:ZT'IZI l] l(]rl(cl)) 'T'il_l(xcl)
€1

— Z]—vlzl]-vll—l(flga))']ﬂlzl 121(](;(02)) ""Ti;l(xcl,cj)
C1,C2

= Z leszTl(f(CI)) izl. lzl(fl(CZ)), lzl(fl(CZ))xcl,...,cz-
C1,€2,...5C¢

By the assumption x € U, N Ty Uz =0 the left-hand side is in U; =0 By the
triangular decomposmon and T;, L.. T; —1( fl(c")) eU, NTwU; =0 we have that
Xeynee € Uy NUZY = Q(q). Hence we obtain

C1,..05Cyp
SO Uq_ NTge quo C Uq_(fw, €). O

Remark 2.19. The stronger assertion for Lusztig’s integral form is proved in [Beck
et al. 1999, Proposition 2.3].

2D3. Poincaré—Birkhoff—Witt basis and crystal basis.
Theorem 2.20. Forw e W, i € (iy,...,ig) € I(w) and € € {£1}:
(1) We have fc(c,i) € £(c0) and

be(e,i) := fe(e,i) mod g.Z(c0) € B(0).

(2) The map Zezo — B(00) which is defined by ¢ +— b¢(c, 1) is injective. We denote
the image by B(w, €), and this does not depend on the choice of reduced word
i €l(w).
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2D4.
Proposition 2.21 [Kimura 2012, Proposition 4.26(2)]. Forc > land 1 <k <{, let

FEPBi) ' = feBip) Q) (fe(Bin) O fe(Bi ) ).
Then we have f®(Bi ) = ¢5“™V/? [ (Bi )¢ € B™.

lg
Definition 2.22 (dual Poincaré-Birkhoff-Witt basis). For w € W, i € I(w) and
c e Zéo, we set

Jele, D)
(fe(e,i), fe(e D))’

and {f:"(c.i)}e ezt is called the dual Poincaré-Birkhoff-Witt basis or upper
Poincaré-Birkhoff—Witt basis.

JP(e i) =

By the definition of the dual Poincaré-Birkhoff—Witt basis and the computation
of (fe(c,i), fe(e,i)), we have

(e,
_ {fe“"(ﬁ,-,l)Wﬁf’(ﬂ,-,z){cz}---ﬂ“"(ﬂi,nw} T
B0 P (Brgmn) e (B ) if e = —1

(1—g2 )i Ee=2=) g0 (g, Y TE (£ (B, 2) 12 o £ (i, 0)(0)

_ ife = +1,
(1—g2 )itz e (2P, )tk (2P (B;_, 2){2) £P(Byp) et}
ife=-—1,

where ¢>» = (¢3,...,¢¢) € ZZZBI, W>2 =S8iy -8, and i>y = (ia, ..., 0ig) € [(w>2).

Using the Levendorskii—Soibelman formula (see [Kimura 2012, Theorem 4.27])
and the definition of the dual canonical basis, we have the following result.

Theorem 2.23 [Kimura 2012, Theorems 4.25 and 4.29]. Let w € W and i € I(w).
The Poincaré—Birkhoff-Witt basis satisfies the following properties:

(1) The subalgebra U, (Sw, €) is compatible with the dual canonical basis; that
is, there exists a subset Z(=w, €) := Z(U, (sw, €)) C #(c0) such that

U (<sw.e)= @ Q@G ).
bez(<w,e)

(2) The transition matrix between the dual Poincaré—Birkhoff-Witt basis and the
dual canonical basis is triangular with 1’s on the diagonal with respect to the
(left) lexicographic order < on ZZZO. More precisely, we have

SEP(e.i) = GP(bele. D)) + Y di /()G (be (e, i)

c’'<c
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with
dl o (q) = (JEP(e.i). G™(be(c', 1)) € 4 Z1q).

Remark 2.24. In the symmetric case, we note that it can be shown that

dl .(q) = (f(c.i), G'(be(c', 1)) € qZ50[q],

by the positivity of the (twisted) comultiplication with respect to the canonical basis
and Proposition 2.21.

In particular, we obtain a proof of the positivity of the transition matrix from the
canonical basis into the lower Poincaré—Birkhoff—Witt basis in simply laced type
for an arbitrary reduced word of the longest element wg using the orthogonality of
the (lower) Poincaré—Birkhoff—Witt basis.

For “adapted” reduced words, it was proved by Lusztig [1990, Corollary 10.7].
For an arbitrary reduced word, it was proved by Kato [2014, Theorm 4.17] using
the categorification of the Poincaré—Birkhoff—-Witt basis via the Khovanov-Lauda—
Rouquier algebra. It was also proved by Oya [2015, Theorem 5.2].

3. Proof of the surjectivity

3A. Multiplication formula for U;” (<w, €). For a Weyl group element w, a re-
duced word i € I(w) and 0 < p < £, we consider a subalgebra which is generated by

(" Big)}p+1<k=e-

It can be shown that this subalgebra is also compatible with the dual canonical
basis. This can be proved using the transition matrix between the dual Poincaré—
Birkhoff—Witt basis and the dual canonical basis.

In this subsection, we give statements for the ¢ = +1 case. We can obtain the
corresponding claims for the € = —1 case by applying the x-involution. So we

denote fc*(Bix), fe' (e.i), be(c,i) by f*(Bix), f*(c,i), b(c,i), omitting €.

Proposition 3.1. Let w € W andi € I(w). Forc € Zézo and 0 < p < {, we set
T<p(c):=(c1,...,¢p,0,...,0) EZZZO,
T=p(e):=(0,...,0,¢cpq1,...,¢¢) € ZZZO.

Then we have

G“p(b(rsp(c)), i)GuP(b(‘L’>p(C), i)) € G“p(b(c, i)) + ZqZ[q]G“p(b(d, i)).

d<c



142 YOSHIYUKI KIMURA

Proof. By the transition from the dual canonical basis to the dual Poincaré—Birkhoff—
Witt basis, we have

G (b(t=p(e).i)) € fP(r=p(e).i)+ Y. qZlg)f*(d<p,i),

d<p<t<p(c)
G (b(t=p(e).0)) € f*P(t=p(e). i)+ Y. qZlgl /™ d>p.i).
d=p<t>p(c)

and note that we have d<, = 1<, (d <)) and d~ , = 7> 5 (d> ) by the Levendorskii—
Soibelman formula in the right-hand sides.
Hence in the product of the right-hand sides, we have four kinds of terms:

fP(e,i) = [P(r<ple). i) [P (t>p(e). i),
SP(<ple) +dsp.i) = [Pr<p(e).i) [P (d>p,0),
JPsple) +d<p i) = [Pd<p.i) [ (t>p(e). D),
fup(dSP +dsp.i) = fuP(dSP»i)fuP(d>p’i)-

We note that <, (¢) +d>p<c, 7>p(c)+d<p<candd<p, +ds, < c by the
construction. Hence, using the transition from the dual Poincaré-Birkhoff—Witt
basis to the dual canonical basis, we obtain the claim. O

3B. Compatibility of U, (>w, €). For a Weyl group element, we consider the
cofinite subset A+ NwA 4 and corresponding quantum coordinate ring U, (>w, €).

Definition 3.2. For w € W and € € {£1}, we set
- e € yr—
U, Gw,e)=U, NT,U, .
The following is the main result in this subsection.

Theorem 3.3. For w € W and € € {1}, U, (>w, €) is compatible with the dual
canonical basis; namely, B"(>w,€) := B N U, (>w,¢) is a Q(q)-basis of
U, Gw,e).

The proof of this theorem occupies the rest of this subsection, and we give the
characterization of the subset B"P(>w, €).

3B1. We provide an alternative description of U~ (>w, €) which is more convenient
for proving the compatibility of the dual canonical basis.

Proposition 3.4. Forw e W, i = (i1,...,iy) € I(w) and € € {x1}, we have

Uy (Gw.e) = Uy NTEU; ATETEU, NN T - TEU;

In fact, the right-hand side does not depend on the choice of reduced word
i € I(w). The above proposition can be shown by the following lemmas.
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Lemma 3.5. For a Weyl group element w € W, a reduced wordi = (iy,...,iy) €
I(w) and a homogeneous element x € U, there exists xc € Uy N T; ZU for
ce Zﬁo with

(3-1)
Tujl(x) = Z 7"1_21... i l(f;(cl)) le l(f;(cg 1)) l(f;(cl)) l(xc)
ceZgo
€ Z 7};1---7};1(81261)). (el(ecell)) (Cz)U
cezt,

Proof. Following the proof in [Beck et al. 1999, Proposition 2.3], we proceed by
induction on the length £(w). By Lemma 2.7, we have the decomposition

=3 £, withxe, €Uy NT;, U
So we have TITI (xe,) €Uy N Tl._1 Uq_l. Applying TZTI to X, we obtain
j'vi:l(x) Z i l(j(;(cl)) 1(xC1)’
c1=0

so we obtain the claim for £(w) = 1.
By induction on the length £, we assume that

z; 1 t11(x)_ Z te . 'Tl:l(ft(Cl)) T, 1(fl(CZ 1)) T, 1(xcl’ wee—1)

c€Z>

with 7.~ (xc1 ,,,,, co_1) € U N T U Since T 1 (xc1 _____ co_y) € Uq_, we have

le—1
the decomposition

(co) : - -
1@ 1(xc1, »Cp— 1) Z f; xcl,...,()e Wlth xL‘],...,C[@ € Uq N T'l'g Uq .
ce=0

So we obtain the following claim:

~1 —1
T T ()

Ly

= S 1T T T (T O T (e )

ceZﬁO

The second claim is clear from the definition of {7;} and the defining relations
of Uy. O

Lemma 3.6. If {(s;w) > £(w), we have U, N Ty, U, C U, NTU,

Proof. Let (i, ...,i¢) be areduced word of w such that (i,iy,...,i) is a reduced
word of s;w. For ahomogeneous element x € U, we decompose x =) _ .~ fi(c)xc
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with x. € Uq_ N Tqu_. So we have

Ti—lx — Z Ti_l (fl(C))Tl_l (xc) c Ze§C)UqSO

c=0 c=0
with Tl._1 (xe) €U, N Ti_1 U, Apply T, ! to both sides, we have

T, ' T x

=3 T AT ONTR T (xe)
c=0

_ — - - d — dy— d
c Z Tizl_._Till(elgc’))Tie1'_.Tizl(ei(11))._'Tizl(e§Z 1))€l~([£)Uq§0.

le—1

Supposle x € Uy NTs5wU; 1s a homogeneous element; that is, Tulei_lx €
U, n71;;,U; . Since

— — - — d — de— d
{]}e 1‘ . '711'1 l(ei(c))j"ie 1. ”7*1.2 l(elgl 1))‘ . .Y‘Vie l(ei(e_el 1))658 €)|(C, d19 o ,de)ezg-gl}

is linearly independent by the assumption £(s;w) > £(w), we have x, = 0 for ¢ > 0.
So we obtain x = xg € Uq_ N T,-Uq_. O

Proof of Proposition 3.4. We proceed by induction on the length £(w) of a Weyl
group element. When £(w) = 1, this is tautological, so we have the claim. By the
induction hypothesis, we can assume that

Uq_mTiqu_m...mTiz...Tiqu_ = Uq_mTiz"'Ti,qu_-
Then we have

u, NT,U; NT;, T;,U; N---NT; T, T3, Uy

=U, NnT;, U, NT;,---T;,U;)=U, nT;,U, NT; T;,---T;, U, .
By Lemma 3.6, we obtain the claim
v, n1,U, nT;, Ty,---T;,U; =U, NnT;, Ti,--- T3, U, |

3B2. Let w be a Weyl group element and i = (iy,...,iy) € I(w) be a reduced
word. Following Saito [1994, Lemma 4.1.3] and Baumann, Kamnitzer and Tingley
[Baumann et al. 2014, Proposition 5.24], we define the Lusztig datum of b € Z(00)
in direction i € I(w) and € € {£1} ((f, €)-Lusztig datum for short).

Definition 3.7 ((i, €)-Lusztig datum). For w € W, i € I(w) and € € {1}, define

(60, (b), £0,(87: D), ..., 61, (6] ---67 b)) €7, ife=+1,
(e] (B). 7 (Biyb), ... .67, (Giy_y - 61y b)) € 7%, ife=-1.

Le(b,i)={
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By construction in Theorem 2.20, we have
¢ =Le(be(e,i),i)

forc e Zgzo; that is, the map be (—,7): Zezo — 2(00) is a section of the (7, €)-Lusztig
datum L (—.i) : #(c0) —> Z&,.
3B3. The following gives a characterization of B"P(>w, €) in terms of the (, €)-
Lusztig datum.
Theorem 3.8. For w e W andi = (i1, ...,iy) € I(w), we set

B(>w,e) ={b e B(x) | Lc(b,i)=0}.

Then we have

Uy Gwe= @ QqG=®).

be#A(>w,e)
Proof. By Proposition 3.4, it suffices for us to prove the compatibility for the

; ; - €rr— €TEFT— € €rr—
intersection Uq ﬂTiqu ﬂTl.lTiqu ﬂ---ﬂTil-'-Tiqu.

Since € = —1 can be obtained by applying the *x-involution, we prove only the
€ = +1 case. We prove the claim by induction on the length £(w). For £(w) =1,
it is the claim in Corollary 2.13. We consider the intersection

— —1 — — —

u,nt; v, nT;,U; Nn---NTi,---T;, U, .
By the induction hypothesis, U,” N T;, U, N --- N T;, -+~ T;, U, is compatible
with the dual canonical basis, and U,” N Tll_1 U, is also compatible with the dual
canonical basis, so the intersection U™ N Tll_1 U, nt,U;, Nn---NThy---T;, Uy
is compatible with the dual canonical basis. Applying Theorem 2.15, we obtain the

claim for U, N7;, U, NnT;, T;,U; N---N T, --- T3, U, . Since

v, nt;u, n1;, T;,U, n---NT;---T;, U,

=U, NT;,(U; NT,U; N---NTy,--- T3, U, ),
we obtain the description of B"P(>w, +1). O

3C. Multiplication formula between B"P(<w, €) and B"P(>w, ¢).

3C1. We generalize the (special cases of the) formula in Theorem 2.10 using the
dual canonical basis B"P(>w, €).

Theorem 3.9. For b € Z(>w,¢€) and ¢ € Z>¢, we have

S )GP(B) € GP(VE (D) + Y qZIgIG™ (D) if e = +1,
Le(bi)<c

G(b) fP(e.i) €GP (Vi () + Y qZlglG®(B) ife=—1,
Le(bii)<c
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where

~ ~c _ ~c .
fiilail"' iez_1lo—i£—1fig[0ifo—i>z'”o';; (b) ffe=+1
~* "'* _ ~* .
Jotoh Syl o Sy o7 0i e 0i (B) i e =—1.

Vieb) =

Proof. We proceed by induction on the length £(w) of a Weyl group element. Since
€ = —1 can be obtained by applying the x-involution, it suffices for us to prove
the € = +1 case. Let w>y = sj,++-8;, € W and i>y = (i2,...,1p) € I(w>2). Let
b € B(c0) with L4 1(b,i) = 0; that is, we have

(8,'1 (b), &i, (Ui";b), e €y (ai’z e ai"; b)) =(0,...,0).

So let b5 1= 01."; b; then we have

Ly1(b>2,i>2) = (eiy(b22). ..., 61,(07; -+ 07,b>2))

= (i, (07D). ... &i (0}, - 0} 07 b)) = (0,....0) € 25!

by definition of the Lusztig datum.
By the induction hypothesis for w>, € W and i>, € I(w=3), we have

[P (e22,i22)G P (b22) —G™P(ViZ2 (bz2)) € Y qZ[q)G™(bL,)

i>2,€
;5
Le(b%,,i=2)<c=2

with ¢, = (¢2,...,¢0) € ZKZBI. Since U, N Til_qu_ is spanned by the dual
canonical basis { G"P(b) | 8;."1 (b) =0} and since fIP(e>2,i>2) € Uy N Tl«Tqu_
and G*P(b>2) e U, N Tl:l U, ", we obtain &, (fo;é(bzz)) =0and &, (bL,) =0.
We have -

S (e, )G (b)

=(1- (11_21)(/1,'1 ’s(czz’i22)+Wt(b22))fi£Cl}Til (feup(czz, izz)GuP(bzz))

e(1— inI)(hil ,E(szsizz)+wt(bzz))fi{lcl}

T (G™(V;Z2, (b Z[q)G"P (bt
X Ly ( ,'22,4_1( 22)) + Z qZ[q] ( >2

Ly (bl 5.i=2)<c=2
S (R /U PR St L)
Ly (bL,,iz2)<ex2
We note that
f,-f'ailv,-ciﬂ(bzz) = [0, [ 0ty [ 01, [0 00,07 -+ 0 (bs2)

ig—1
= V,'C,_H(b)
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and

S (04,9522 | (h22)) € GP(VEL, D+ Y qZIqlG ("),

i, (0")<cy

SRVGR (01, bL,) € G (S onbly) + > qZIgIGP(b").

i, () <y
By Theorem 2.10,
f{c‘}(G“p(an 2 )+ Y qZ[q]G“p(oilbgz))
Ly (bl 5.i=2)<c=2

can be written in the form

GV LN+ Y qZlgGP (o bl + Y qZIgIGR(B).

Ly (b ,siz2)<c=2 &iy (b")<cy
Since we have (c3, ..., c;) = L41(bL,,i>2) < ¢>2, we obtain
r~Cl / o\ / /
LJrl(fl.1 0ib>,,1) = (c1,¢5,...,¢p) <¢

and we have
Ly (0",i)=(ei,(0"),...) < Ly1(b,i) = (c1,¢2,...,¢p)
because ¢;, (b”) < ¢;. We obtain the claim. O

Using the transition in Theorem 2.23(2) from the Poincaré-Birkhoff—Witt basis
to the dual canonical basis, we obtain the following multiplicity-free result.

Theorem 3.10. Let w € W, i = (iy,....i¢) € I(w) and € € {*1}. Forc € 7
and b € B(>w, €), we have

G (be(e,i))G™(b) € G*®(VE (D) + Y qZ[q)G™(b) ife=+1,
Le(bi)<c

GP(b)G™(be(c,i)) € G®(Vi )+ Y qZ[g)G™ () ife=—
Le(bi)<c

3C2.

Definition 3.11. Let w € W, i = (iy,...,i¢) € [(w) and € € {*1}. We define
maps T<y,e : B(00) = B(Zw, €) and T>y ¢ : B(00) — B(>w, €) by

T<w,e(b) =be(Le(b,i),1),

o (b) = {

'A*-..A* 1 —_—
Oiy*++ 0§, 0;, ail(b) ife = +1,

*A' -.-A' 1 —_— —
(7” <07, 01, 0i,(b) ife=—1.
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Proposition 3.12. We have a bijection as sets:
Qy = (T<w,e, T>w,e) : B(00) > B(Zw, €) X B(>w, €).

We prove the multiplication property of the dual canonical basis elements between
U, (=w,€) and U, (>w, €).

Theorem 3.13. Letw € W, i = (iy,...,ig) € [(w) and € € {£1}. For b € 2(c0),

G (t<uw,e(0) G (2w, D) €GP DY+ Y qZ[gIG™ () if e=+1,
Le(bi)<Le(bii)

G (Tow e (0)GP(t<w e (D) €GPMBY+ > qZqlG™ D) if e=—1.
Lc(bi)<Le(bii)

Proof. Since € = —1 can be obtained by applying the *x-involution, it suffices for us
to prove the ¢ = +1 case. We proceed by induction on the length £(w).

First we have
{ei (D)}

1

_ei, (b)

GPb)— £,V G (e )

{ei, (b)}
i

u hi wi(G}* b up A U
=GP ()~ (1-g}) MO OV Gegrpye Y qZig)GR D).

eiy (b)<ei (B)
By Theorem 3.10, we only have to compute the product
(1= g7y G0N (EON T, G (6D) 3 G (T2, 41 (D)),
We note that
G (T2 11(b)) = (1 = g}) M1 =2 OV v (e, 57 0)),

where w>, = 54, 55,.
By the induction hypothesis for wx>, = si, -+ 5;, and i>2 = (i3, ..., ig) € [(w>2),

GUP(a-l,"; b)— G" (‘[Sw22 (5’: b))Gup (T>w22 (6’: b))
€ > qZ[q)G* (b").

L1 (b",i=2)<L+1(6; bsix2)

12 )(hil ,Wt(Uilb)) T'l_l , we obtain

Applying (1 —g;,
G™P(07,67b) — G (01, T<ws, (67 0)) G (01, T>w=, (67 b))

€ > q97[q)G* (01,b").

L1 (0"iz2)<L+41(67 bii=2)



REMARKS ON QUANTUM UNIPOTENT SUBGROUPS AND DUAL CANONICAL BASIS 149

We note that é; 1”( )

b = oj 16;’; b. Multiplying the second term on the left by
fl‘i% b} we have

iy (b u u
fiisl( e P(01) T<w=, (67,0)) G*P (01, T>w2, (67, 6))

u iy (b) u § : u
EG p(f ! 0117<w>2(011b))G p(011T>w>2(0 )) qZ[q]G p(b/)'
811 (b/)<8i1 (b)

Then we obtain

{ei, (B)} i; (B)
filgl (Gup( 5o b) G (o,lr<w>2(0 b))G“p(ollr>w>2(0 )))
~ei, (b)
€ ). qZ[qG™ () + > qZ[q)G*® (£, 0, b").
&i, (b")<ei (b) L1 (0"i22)<L41(67 bii=2)

By the construction, f:il( )U,1T<w>2 (6/0) = t<w(b) and 0}, T>w., (67 b) =

T>w(D); hence we obtain the claim.

3D. Application. We give a slight refinement of Lusztig’s result [ 1996, Proposition
8.3] in the dual canonical basis. The following can be shown in a similar manner
using the multiplicity-free property of the multiplications of a triple of the dual
canonical basis elements, so we only state the claims.

Theorem 3.14. Let w be a Weyl group element, i = (i1,...,ig) € I(w) and
p €10, 2] be an integer. We consider the intersection

U, NnT.

Sip 1751

— —1 - —
Uy NTg ., Uy = (U7 0T,

ip417"5ig

Uq_) N (Uq_ NnT, Sz,, q ).
(1) The subalgebra
— - _1 —
Uq N Tsip+1"'sie Uq N Tsil"'sip Uq

is compatible with the dual canonical basis; that is, there exists a subset

— —1 —
BU; N Ty T, Uy N T Up) C #(00)
such that
— — —1 —
Uq mTsip+1"'siz Uq mTSil"'SipUq - @ QG (®).
be(Uy NTy; | sy Uy NT s, U)
ip4+1"ig ip

(2) Multiplication in U, (g)uj defines an isomorphism of free A-modules:
— - -1 —\up
(Ug Gty 515 D)3 @4 Uy N Ty, ey, Ug NT s, Ug )4
AUy (sipe+s5iy. =D) 3 = Uy
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where

- - -1 —177—
U, 0Ty Ti U, nr, -1, )“AP

= Uq—(g)“AP NTippr- T Uy N Tl.;1 cee Til_qu_'
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SCALAR INVARIANTS OF SURFACES IN THE CONFORMAL
3-SPHERE VIA MINKOWSKI SPACETIME

JIE QING, CHANGPING WANG AND JINGYANG ZHONG

For a surface in the 3-sphere, by identifying the conformal round 3-sphere
as the projectivized positive light cone in Minkowski 5-spacetime, we use the
conformal Gauss map and the conformal transform to construct the asso-
ciate homogeneous 4-surface in Minkowski 5-spacetime. We then derive the
local fundamental theorem for a surface in the conformal round 3-sphere
from that of the associate 4-surface in Minkowski 5-spacetime. More im-
portantly, following an idea of Fefferman and Graham, we construct local
scalar invariants for a surface in the conformal round 3-sphere. One distinct
feature of our construction is to link the classic work of Blaschke to the work
of Bryant and Fefferman and Graham.

1. Introduction

It is well-known that all local scalar invariants of a (pseudo-)Riemannian metric
are Weyl invariants, based on Weyl’s classical invariant theory for the orthogonal
groups. A conformal structure on a manifold is described by an equivalent class
of conformal Riemannian metrics. Two metrics g; and g, on a manifold M are
conformal to each other if g; = 22 g» for some positive smooth function A on M.
There are several ways to set the theory of local conformal invariants, but it is no
longer straightforward to account for local scalar conformal invariants because of
the lack of Weyl Theorem for the group of conformal transformations. To tackle
this problem, Fefferman and Graham, in a seminal paper [1985], described an
ingenious construction for a Ricci-flat homogeneous Lorentzian ambient spacetime
for a given conformal manifold, where the conformal manifold is represented by
the homogeneous null hypersurface in the ambient spacetime. Their construction
was motivated by the model case in which the conformal round sphere S”" is the
projectivized positive light cone N'J’FH in Minkowski spacetime R'"*!. Thus they
initiated the program of using local scalar (pseudo-)Riemannian invariants of the
ambient metrics at the homogeneous null hypersurface to fully account for local
scalar conformal invariants. Readers are referred to their recent expository paper

MSC2010: 53A30, 53B25.
Keywords: scalar invariant, conformal geometry, conformal Gauss map, Willmore surface.
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[Fefferman and Graham 2012] to learn all the developments of this program, and
also to [Bailey et al. 1994; Gover 2001]. This program has lead to many significant
advances in the global theory of conformal geometry, particularly via conformally
invariant PDEs.

In this paper we build a model case for the study of local scalar invariants of sub-
manifolds in a conformal manifold, following Fefferman and Graham’s approach.
The model case for us is to study 2-surfaces x in the conformal round 3-sphere
(S?, [go]). As in [Fefferman and Graham 1985], the conformal round 3-sphere is
represented by the positive light cone Ni in Minkowski S-spacetime R'*. Given
an immersed surface

M =S
or equivalently
y=(1,%): M- N,

to incorporate all metrics in [gg] on the 3-sphere we consider the homogeneous
extension
N=a(l, ) RT x M* - Nt c R

Then we will use the conformal Gauss map & of x to choose a canonical null vector
y* at each given point y € xN C Ni to extend x" further into a homogeneous
timelike 4-surface

F=ay+apy* Rt x RY x M? - R,
We will also consider the associate ruled 3-surface

xt = %(e’y +e7 'y Rx M? > H* c R
where H* is the hyperboloid in Minkowski 5-spacetime. The main idea, inspired by
Fefferman and Graham’s work, is to use the geometry of the associate 4-surface x
in Minkowski spacetime R'* (the associate ruled 3-surface x* in the hyperboloid
H* and the spacelike surface as the image of the conformal Gauss map & in the de
Sitter spacetime S>! in Minkowski spacetime R'*#) to study the geometry of the
surface £ in the conformal round 3-sphere S°.

Our approach facilitates proofs of the local fundamental theorems (see Theorem
3.3.1 and [Wang 1992; 1998]) and produces local scalar invariants of surfaces in
the conformal round 3-sphere. It is more interesting to find scalar invariants and the
PDE problems similar to the study of Willmore surfaces [Blaschke 1929; Bryant
1984; Li and Yau 1982; Marques and Neves 2014].

We remark that the key to our construction of associate surfaces is the conformal
Gauss map £ to a given surface X in the conformal round 3-sphere. Conformal
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Gauss maps have been introduced in several contexts [Blaschke 1929; Bryant 1984;
Rigoli 1987]. We are searching for a definition that fits into the context of ambient
spaces of Fefferman and Graham (Lemmas 2.3.1 and 2.3.2). It is fascinating to see
how Blaschke [1929] introduced the conformal Gauss map as the map representing
the family of mean curvature 2-spheres of the surface x and the conformal trans-
form x* (Definition 2.4.1) as the other envelope surface of the conformal Gauss
map. One technical assumption for the null vector y* to be well defined at each
point y € x" is to require that the conformal Gauss map of the surface £ induces
a spacelike surface in the de Sitter spacetime S'-3, which is equivalent to require
the surface X is free of umbilical point in the conformal 3-sphere S°.

It is nice to know that in our construction the associate 4-surface X in Minkowski
spacetime R!** is a minimal 4-surface (of vanishing mean curvature) if and only if
the 2-surface % is a Willmore surface with no umbilical pointin S* (Theorem 3.2.1).
The same statement also holds for the associate ruled 3-surface x* in the hyper-
boloid H* (Theorem 3.4.1) and the conformal Gauss map surface £ in de Sitter
sapcetime S'3 (Theorem 2.5.2).

Upon realizing that a different representative A2go in the conformal class [go]
on S is equivalent to a different parametrization for the associate surface

(1.0.1) X =ay, +apyl :RT x RT x M? — R4,

where y, = ):(1, x) and A = Ao % for a conformal factor X, the real issue is how
we use the geometry of the surface X in the 3-sphere (S°, A2go) to calculate the
geometry of the associate surface X. The solution is to use as the realization of
(S3, A2go) the following 3-sphere Si in the positive light cone Ni:

(1.0.2) A(1,x):S*— N

For the convenience of readers we present the calculations of the geometry of
Si as a spacelike 3-surface in Minkowski spacetime in Appendix B. But it starts
with the observation that the conformal Gauss map

(1.0.3) £ =Hyy, +ii;, : M> > R,

where H, is the mean curvature of X in (S3, A2g¢) and #;, is the unit normal to y,
in Si c N4, s independent of the conformal metric A2 go (cf. Lemma 2.3.4).

Using the calculations in Appendix B, we are able to show in the proof of
Theorem 4.3.2 that the data {m, ", Q;, Q7} that determine the first and second
fundamental forms of the associate surface X in Minkowski spacetime R!* can
all be expressed in terms of covariant derivatives of the curvature of the surface
% in (S?, A%gp) and the covariant derivatives of curvature of (S, A%go) (including
Oth order). In the exact same spirit as in [Fefferman and Graham 1985; 2012],
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our construction of associate surfaces X provides a way to capture local scalar
conformal invariants of a surface ¥ . Namely, one can obtain local scalar con-
formal invariants of the surface X in the conformal round 3-sphere by computing
the local scalar (pseudo-)Riemannian invariants of the associate surface x at the
homogeneous surface x" in the light cone in Minkowski 5-spacetime. The first
nontrivial one is

(1.0.4)  AH|p—o =20 (A Hy + L1 Hy + (1) (R i35 — (R)5: )

in a general parametrization (1.0.1), where (R%);3 ;3 and (R*)3; are the Riemann
curvature and Ricci curvature of the metric A%gy on S3. Due to the homogeneity
of X we automatically have

(1.0.5) H; = Ay Hy + I 12 Hy, + (1) (RM)i33 — (RM)5) = 27 (AH + |11 H)

which is the curvature that vanishes if and only if the surface x is Willmore. Notice
that extra curvature terms do not show up when we work with either the round
metric go or the Euclidean metric. Similar formulas have appeared in the literature
[Hu and Li 2004; Gover and Waldron 2015] and are also used by R. Graham and
N. Reichert (work in progress).

In (4.2.7) we obtain this conformal scalar invariant of higher order:

(1.0.6) Vim0 = *(IVQUI* + 8d H;|* + 2 Ric (i1, VH;) +3HE Q|
+3K} |2 + 69 - Hess(H,)),
where K AT is the sectional curvature of (S3, A%go) at the tangent plane to the sur-
face x. Another higher-order invariant is
(1.0.7)  AAH|,—0 = 8a>(A3H; + 9| |*H; — 3Div(e™)H;,
—60" (VH,) — 6H L | 211, - ),
where w* = (dy;, y;»> and QF = —<{dy;, d&) are parts of the data that determine

the geometry of the associate surface x; they are given in (3.1.3) and (4.3.6) as
invariants of the surface % in (S3, A%go).

To end the introduction we remark that, for the sake of the production of local
scalar invariants, the assumption of having no umbilical point in our construction
is not an issue.

2. The associate surfaces in R4

In this section we introduce the associate surfaces in Minkowski space R!# for a
given surface £ : M?> — S3. We then show that such associate surface is canonical
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in doing conformal geometry for the surface x. The construction relies on the con-
formal Gauss map and the conformal transform of X. It is also very interesting to
see how Blaschke and Bryant came to the conformal Gauss map and the conformal
transform in very different perspectives [Blaschke 1929; Bryant 1984].

2.1. Surfaces in the 3-sphere. Suppose that
M > S cR?
is an immersed surface with isothermal coordinate (', u?). Let
n:M?> - R

be the unit normal vector at each point on the surface. Then we obtain the first
fundamental form

(2.1.1) [ = (dX,d%> = E|du)?
and the second fundamental form
(2.1.2) Il = —{dX,dny = e(du")* + 2 fdu'du® + g(du®)>.

Hence the mean curvature of the surface in the 3-sphere is

1
2.1.3 H=—
( ) B (e+2)
and the Gaussian curvature of the surface is
2

eg— f
(2.1.4) K = e +1.
Notice that
(2.1.5) n,= —Eﬁul - ifuz, n,, = —iful - ££u2.

E E E E

If one takes another conformal metric A%gy on the 3-sphere S, where A is a
positive function on S3, then the first fundamental form for the surface % is

(2.1.6) L =31,
where A = A o % and the second fundamental form is
(2.1.7) I, = M — )\, 1,

where A, = n()). Hence

A A s
(2.1.8) Hy = 3! (H - T”) and [T, = Al
R
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where 17 is the traceless part of the second fundamental form /7. Here we see the
easy scalar conformal invariant |I112, which can be considered to be the counter
part of the square of the length of Weyl curvature on a conformal manifold.

2.2. Minkowski 5-spacetime. Let R'* be the Minkowski 5-spacetime, where we
use the notation

R ={(t,x):t € Rand x € R*}
with the Lorentz inner product
(t,x), (s, y)) =—st+x-y.

Recall the positive light cone is given by

N ={(t, x) eR": —2 +|x|*=0and ¢ > O};
the hyperboloid is given as

H*={(r,x) e R"*: =+ |x|>*=—1 and t > O};
and the de Sitter 4-spacetime is given as

SV ={t,x) eR": =P+ xP =1}

Given a surface £ : M? — S C R*, we may consider the 2-surface
y=(1,%): M- N} cR"
and the homogeneous extension
)CN=Oly3R+ x M? - Ni c R

for @ € R, There does not seem to be a way of doing “geometry" of the homoge-
neous 3-surface x" in the positive light cone Ni.

To motivate our choice of the associate surface in R1# of & we first introduce the
so-called homogeneous coordinate for R!* used in the ambient space construction
of [Fefferman and Graham 1985; 2012], that is,

(2.2.1) (t, x) =x"(1, £) + x"x>1(1, —%)
where
1
X0 = E(r +1), x%®=(=r+1)
and r = |x| and x = rx. In this coordinate the Minkowski metric is

Go = —2x>°(dx")? = 2x°dx" dx> + (x0)2(1 — %xoo)zgo(ﬁ).
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Hence, given a surface £ : M> — S3, we are looking to construct an associate
homogeneous timelike 4-surface

(2.2.2) F=ay+apy* RT x Rt x M? - R

if we can have canonically the null vector y* at a given null position y on x™V. It
is clear that the associate surface x is ruled by the positive quadrants of timelike
2-planes in Minkowski spacetime. One may consider the intersection of X with the
hyperboloid H*:

1
(2.2.3) xt = E(e’y +e7'y*) : R x M? > H*,

which is called the associate ruled 3-surface since it is a 3-surface in hyperbolic
4-space ruled by geodesics lines. Recall that a geodesic line in the hyperboloid H*
is the intersection of the hyperboloid with a timelike 2-subspaces in Minkowski
spacetime. In the following we will introduce the canonical choice of such y*.

2.3. Conformal Gauss maps. Let us consider any unit spacelike normal vector
to the homogeneous null 3-surface xN = ay in Ni C RY*. That is to ask a unit
spacelike 5-vector & to satisfy

(2.3.1) & xMy =0, (& xly=0, & xh) =0,
which implies that
%_ =ay +ﬁ’

where 1 = (0, n) is the unit normal to the surface X in the standard unit round
3-sphere in {1} x R* ¢ R"*. It turns out that there is a unique choice if we insist
that the map

£:M? - S!S c R
is (weakly) conformal. Namely we have

Lemma 2.3.1. Suppose that X : M> — S3 is an immersed surface. For a unit

normal vector & to the homogeneous null 3-surface x™ = ay : Rt x M? — Ni -
R1’4,

<€u1’ €u2> =0

if and only if
E=Hy-+n

and

(2.3.2) (dg, dgy = SE|T*|dul?.
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Proof. 1t is simply a straightforward calculation. We know
&i=a,(1,x)+a,x,)+ 0, n,).
Hence we have

1
<§ul’§uz> =—2af + E(fe"i_fg) =0,

which is equivalent to a = H. For the rest we calculate

1 2 e—g\’
G b = G k> = = (124 (52) ) E: O
Another way to identify a unique unit spacelike normal vector to the homoge-
neous null 3-surface xN =y : R x M?> — Ni is the following:

Lemma 2.3.2. Suppose that X : M?> — S> is an immersed surface. Then, for a unit
spacelike normal vector & to xN = ay : Rt x M? — Ni c Rb4,

(2.3.3) E=Hy+n
if and only if
(2.3.4) (AE, y> =0.

Proof. We simply calculate, for & =a(1, X) + (0, n),
Aok =&, +Ep2,2 = (Aoa)(1, X)+2Va(0, Vx) +a(0, Aox) + (0, Apn)

and
(Ao, (1,%)) = —2aE +2HE.

Notice that A = E~! Ao. O

Before we give a formal definition of the conformal Gauss map we remark that
(2.3.4) is the integrability condition for the unit vector field £ to be the confor-
mal Gauss map (up to a sign) for the surface x. This turns out to be the easiest
way to see that x is Willmore if and only if the conformal Gauss map & of X is
also the conformal Gauss map (up to a sign) of the conformal transform x* (see
Definition 2.4.1).

Definition 2.3.3. Suppose that X : M?> — S is a surface. Then we will call
(2.3.5) E=Hy+n:M>— S"3 crl*
the conformal Gauss map according to Blaschke (cf. [Bryant 1984; Rigoli 1987]).

For a positive function A on the sphere S® we consider the conformal metric
12go on the sphere S°, which can be realized as the 3-sphere Si: A1,x): S —
Ni c R'* in Minkowski spacetime. It is essential here that the surface % in the
3-sphere S3 with the conformal metric A2gy is realized as the 2-surface )1(1, X):
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M? — N4 C R inside the 3-sphere S;. It is helpful to see the calculations in
Appendix B about the geometry of the 3-sphere Si in Minkowski spacetime R'-4.

Lemma 2.3.4. If one works with a conformal metric A*gq in general, then
(2.3.6) £ =§& = Hyy, +1,
where i, = n + (1og A), y is the unit normal to the surface

y=a(1,%) M* — S C N2

Proof. 1t is easily seen that the normal direction to the surface y, inside §i is
An(1, £)41(0, n) and that (1, (1, X)+A(0, n), A, (1, £)4+A(0, n)) = A>. Therefore
the unit normal for the surface y; in S3 is 71, =11+ (log 1),,y. Hence (2.1.8) yields

nyx+ﬁA:Hy+ﬁ. O
In light of (2.3.2), the conformal Gauss map gives rise a spacelike 2-surface
£:M? — s c R

when the original surface X : M> — S? is free of umbilical points. We will have
more detailed discussions for the reasons to call £ the conformal Gauss map in
Section 2.7.

It is interesting that Blaschke came across the conformal Gauss map from a
different perspective. He considered the family of mean curvature 2-spheres to the
surface % in S3. A round 2-sphere in 3-sphere can be thought of as the intersection
of a timelike hyperplane and the 3-sphere at time # = 1 in Minkowski spacetime
R!* and a timelike hyperplane in R"# is described by a unit normal vector lying in
de Sitter 4-spacetime S'3. Given a direction (H, HX +n) € S'3, the hyperplane
perpendicular to that in R'* is given by the first equation in (2.3.1):

(2.3.7) ((s,2),(H,HX +n)) =0,
which is
—sH+Hz- (x—i—%n) = 0.
At the level s = 1 in the 3-sphere |z| = 1, we arrive at
[ ()?—i-%n) ~0.
We may rewrite this as

(2.3.8) 2= (2+n) (2 _ L
H H?

which clearly is a round 2-sphere of mean curvature H when intersects with the

3-sphere S ¢ R* at + = 1 in R"*. Hence the equations (2.3.1) exactly ask the
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surface y = (1, %) : M? - S* C Ni C R'* to be an envelope surface of the family
of mean curvature 2-spheres described by the conformal Gauss map £.

It is known that a mean curvature sphere of a surface goes to the mean curvature
sphere of the image surface under conformal transformations.

2.4. Conformal transforms. Assume that the surface X : M?> — S? is free of um-
bilical points. Then the conformal Gauss map induces a spacelike 2-surface in the
de Sitter 4-space S'-3

& ‘M? = S'3 c RY4,

One notices that the equations (2.3.1) imply that y = (1, X) is naturally a null
normal vector the surface £ in the de Sitter 4-spacetime S'3. Because

<ya§ui> = —<§, Yui > =0.
Hence it is natural to take the other null normal vector y* such that

Oy =—1, 5 yH =0, " E =0,

(2.4.1) i )
&> =0 and <(y*, §.)=0.

We may write
yr =t 1.

Definition 2.4.1. Suppose that £ : M?> — S3 is a surface with no umbilical point.
And suppose that

y =041, 8% M —> N cRM
satisfies the equations (2.4.1) for y = (1, x). Then the surface
M2 S3

is said to be the conformal transform of the surface X according to [Bryant 1984]
(cf. [Blaschke 1929]).

It is important that the conformal transform x* of a surface x is independent of
the conformal factor A. Notice that the equations in (2.4.1) remain the same except
the first one when replacing y by y,. It is again very interesting to recall how
Blaschke discovered the surface x*. From the above discussions it is now easy to
see that the surface x* is nothing but the other envelope surface of the family of
round 2-spheres described by the conformal Gauss map &, i.e., the family of the
mean curvature spheres of the surface X, since y* satisfies the last three equations
in (2.4.1).
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2.5. The geometry of the surface & in S':3. Recall that the first fundamental form
for the surface & in the de Sitter spacetime S!3 ¢ R1# is

(2.5.1) I8 = (dE, dEy = m|du)?,
where
(2.5.2) m = SE|%.

The first fundamental form ¢ is usually called the Mdbius metric on the surface
%. If one works with a conformal metric A?g, instead, then the Mobius metric
remains the same:

(2.5.3) m =m; = S E; | |%.
The second fundamental form for the surface £ in S!3 is given by
IIF = —(dg. dy)y — <dE, dy*>y* = Qy + Qy* = Qi 2y + QA%y;
and
Qjj = —<&is Yuivs Q= —<&i, vy,
(§2)ij = —<&ui, Y ui> = iQij, (20)ij ==& O)Duwi> = )A»_IQ}‘}-

In fact it is easy to calculate that

(2.54)

(2.5.5) Q=| 2 =11

Let us first calculate the mean curvature in the y* direction. We notice that

Aok, yi> = (D11 +(2)2)
while
(A0, yi> = ()11 + (22)22) =0.
Based on the calculations
(Aoé, §) =—2m,
(Aok, Ep) = gmu—3m =0,
(Aok, E2) =—gm,2+5m,n =0,
we obtain
(2.5.6) AoE = —((QD11 + () 2)yn — 2mé
= (=(( D11 + (2)22) — 2mHy)y; — 2mii;.
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On the other hand, we directly calculate
(2.5.7) A& = Ao(Hyys +1y)
= (AoH))ys + Hy Aoy 4+ 2(Hy) (V1) 4 2(Hi) 2 (V)2 + Aoty

It seems that the best way to calculate geometrically is to use the Lorentz orthogonal
frame

¥ -
{y)u Yo (y)»)u' ) (y}»)uzv nk},

where
(2.5.8)
Ol ==1, Ly =G0 O0wd = Gl e = Gl i)y =0.
We find that
1 ,
(2.5.9) yi:x(%WlogXlzy%—yT—Vlog)\),

where y' = %(1, —X) and V is the gradient on the standard round 3-sphere. We
will apply the inner product with the null vector yi to both (2.5.6) and (2.5.7).
To calculate Hy (Agys, ¥, + (Aofis, y. > we rewrite

H) {Agyy, yb =—H, ({1, (yi)m + <) u2s (yi)u2>)

and
Aoz, 3> = =@, D> = <@, D> = s D
Meanwhile one may calculate

(1)), = —%(YA)MI - ?(y)»)uz —{(1;),, ybyx
(2.5.10) * -

. fa 8 o
()2 = =)t = o )iz = (i), Y3 Vi
E; E;
Hence we have

(2.5.11)  Hy Doy, y,> + (Aofi, y. >
= E ML) <y D> = <y 0D
= —E, (1), Rgﬂ + EA(R*)%"

due to (B.6), (B.7), and (B.8). Now we obtain the mean curvature of the surface &
in the de Sitter spacetime S!3.

Lemma 2.5.1. Suppose that 3 :M? — S3 is an immersed surface with no umbilical
point and that & : M> — Sb3 is the conformal Gauss map. Then the surface & is
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spacelike and its mean curvature is a null vector

~ H
(2.5.12) HE =232 2 yx
|11,

for any positive function A on the 3-sphere S*, where
(2.5.13) Hy = Ay Hy + |12 Hy 4 (I5,)7 (R*) i35 — (Rk)3ii,,

and (R"); ikl (R%); ;j are the Riemann curvature and Ricci curvature for the confor-
mal metric \*gy on the 3-sphere S°.

Proof. We perform inner product to (2.5.6) and (2.5.7) by the null vector y;Lr and
obtain that

(2.5.14) ()11 + ()2 = Ex(—AxHy, — [IL1PHy, — (1) (RM)i3j3 + (RY)3))

in the light of (2.5.11). Then one can easily calculate the mean curvature for £ in
sth3, |

We remark that (2.5.12) actually shows that
(2.5.15) H, = A (—AH — |[1)*H)

for a surface X in the conformal 3-sphere.
Most of the next theorem was known to Blaschke [1929] and Bryant [1984].

Theorem 2.5.2. Suppose that X : M> — S3 is an immersed surface with no umbil-
ical point. Then % is a Willmore surface in S if and only if the conformal Gauss
map induces a minimal spacelike surface in the de Sitter spacetime S'3. Moreover
its conformal transform X* is a dual Willmore surface in S°.

Proof. Because Lemma 2.3.2 implies that £ is also the conformal Gauss map (up
to the sign) for £* when H® vanishes. The two dual Willmore surfaces are the
two envelope surfaces of the family of round 2-spheres described by the conformal
Gauss map &. (I

Remark 2.5.3. It is also known to [Blaschke 1929] and [Bryant 1984] that if X is
a minimal surface in S°, then £* = —x; and that % is a Willmore surface if and
only if x** = X. An interesting question then arises: is it possible to have x*** = x,
and if so what would that equality imply for the surface?

2.6. Finding yy. Let us now solve y; for y, = A1, %) = iy, where A = Ao % and
A is a positive function on the sphere S3. At each point on the surface we set

A A

* _ i 21 ®
Vi, =kyn Ky, by + —(y3) 0 + == ()2

E; E;
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We get from (2.4.1)

Ky =1,
A2 A2
A
2.6.1) ! b= H,.

—(Q) 110} — () 120) = (Hy), Es,
— ()20} — () 0wy = (H)),2 Ex.

Lemma 2.6.1. Suppose that 3 :M?> — S3 is an immersed surface with no umbilical
point. Then

(2.6.2) Vi =300+ HD)y, +y] + Hyiiy, — (ID); 'dHy
for any positive function X on the 3-sphere, where

A2 AN2
wrp= Q@ L e

E, T m

In particular,
(2.6.3) v = (ol + HY)y+ (1, %) + HO,n) — (0, (D~ 'dH),
and
(2.6.4) x*=ax+ n— (IDH~'dH,

1—a 1—a
where

2 H2 -1

(2.6.5) _ el +

TP+ H T

Proof. One simply solves (2.6.1) if det €2, # 0, which is equivalent to the fact that
the surface has no umbilical point. (]

2.7. Canonicity of y*. We next show that the choice of y* is canonical in terms
of doing conformal geometry for the surface £ in S. Two issues are involved;
the first concerns the symmetry of the conformal 3-sphere. To be precise, for a
conformal transformation
$:S°—>S?
and the transformed surface
d():M> > S,

18 it true that

P(F) =ap(y) +app(y*) : RT x RT x M* — R!*
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is the associate 4-surface of ¢ (%) in R"*, where ¢ is the corresponding Lorentz
transformation on R"* to ¢? The other issue is whether or not the associate surface
X is independent of metrics in the conformal class of the round 3-sphere. The first
easy and important fact is that the conformal Gauss map is independent of the
metrics in the conformal class.

Lemma 2.7.1. Suppose that % :M? — S3 is an immersed surface. Then the confor-
mal Gauss map & is independent of the metrics in the conformal class of the round
3-sphere S3. Meanwhile, the conformal Gauss map for the transformed surface
¢ (X) is exactly &(";‘ ), where q~5 is the Lorentz transformation on the Minkowski
spacetime R'“* corresponding to a conformal transformation ¢ on S°.

Proof. First of all, one needs to realize that, for any given metric in the conformal
class of the round 3-sphere, it simply amounts to consider the surface

v =a(l, %) :M* - N4

for some positive function A : §* — R* and A =oZX. But this might only alter the
parametrization of the homogeneous null 3-surface x = ai(l, 2): Rt xM2— Ni.
Hence it will not alter the conformal Gauss map. Of course we have already seen
this from Lemma 2.3.4.

Next we consider the transformed surface ¢ (x). Recall that, given a conformal
transformation ¢ of 3-sphere, we have a unique Lorentz transformation ¢ in the
time and orientation preserving component of the Lorentz group on the Minkowski
spacetime such that, for A(1, ) € R14,

(2.7.1) p(A(1, %)) = Au(l, ¢ (X))

for some positive number . By the definition, which requires that ¢ be a linear
map and that

(P, %)), B((s, D)) = L(t, %), (5, ),

we now easily see that ¢ (&) is the conformal Gauss map for the transformed surface
¢ (x). Since qS(S) is the unit normal vector field to the homogeneous null 3-surface
é(x) in Ni that is conformal map from M? to S'3. O

Consequently:

Proposition 2.7.2. Suppose that X : M> — S? is an immersed surface with no
umbilical point. Then the associate surface

X =ay, +apyl :RT x RT x M? — R,

for any y,. = A(1, %) and y* = »7'A*(1, £*) defined by the equations (2.4.1), is
independent of the metrics in conformal class of the round 3-sphere S°.
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Proof. 1t suffices to verify that
(2.7.2) Oy)* =2"1y"

Since it implies that the change of metrics in the conformal class will at most cause
a possible change of parametrization of the associate surface x. ([

Lemma 2.7.3. Suppose that % :M?> — S3 is an immersed surface with no umbilical
point. Let y, = A(1,x) € Ni and let ¢ be a conformal transformation of 3-sphere.
Then

(2.7.3) P)* = o).
Hence
(2.7.4) P(R*) = (p(X))*.

Proof. From Lemma 2.7.1 we know that the conformal Gauss map for the trans-
formed surface ¢ (X) is ¢(£). Then it is easy to verify (2.4.1) for ¢ (y*) to be ¢ (y)*.
Then the Equation (2.7.4) follows from (2.7.1) and (2.7.3):

PHL (@GN = ()" = d(y*) = L¥A*(1, p(5¥)). O
Therefore:

Proposition 2.7.4. Suppose that ¥ : M?> — S is an immersed surface with no
umbilical point. Let ¢ be a conformal transformation of 3-sphere. Then the as-
sociate 4-surface in RY* of the transformed surface ¢ (%) is exactly the 4-surface
(%) transformed from the associate 4-surface % of the original surface % under
the corresponding Lorentz transformation ) of ¢.

3. The geometry of the associate surfaces

In this section we calculate the first and second fundamental forms for the associate
homogeneous timelike 4-surfaces % in R'# as well as for the associate ruled surface
x7F in the hyperboloid H*, for a given immersed 2-surface % in S3.

3.1. The first fundamental form for % in R, To calculate the first fundamental
form for the surface in the parametrization

(3.1.1) X =ay,+apy;
associated with a conformal metric A%go on the 3-sphere S° , we first calculate

dx = (yn+pyD)datayidp+ (@) +op (¥, Ydu'+ (o () 2 +ap (y;")uz)duz.
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Hence the first fundamental form for the associate 4-surface X in the coordinates
(o, p, ul, uz) is
I¥ = (d%,d%y = —2pdada — 2adadp
+ 20 (3, ) ydpdu' +20° <35, ()2 > dpdu’
+ e Fap (), @)y +ap (33> (du')?
+ @) +ap (e, e +ap ()2 (du)?
+24a ()t Fap (YD, ()2 +ap (V)2 ydu' du’.

In fact one may calculate

Q Q
()t =~ ys — ( x)néul ( A)lzg__uz’
m
Q Q
() = —hys — ( ;1)21 £ ( x)zzsuz’
(3.1.2) Q) Q)"
(y;:)ul _ w’}y}': . A 11%_111 _ A2 Suz’
m m
Q) Q, )
(37 = byt — ( A)zlgul (825 £,
where
(3.1.3) o* = {dyz, ¥} = —L(Q; 'dH))

based on (2.6.1). Now let us write /* in matrix form:

-2p —« 0 0

_ 20 2 A
(3.1.4) A O I

0 o wj o2F

0 azw%
where

1

Fir=—(p* +4%) +2p(@}),

(3.1.5) Fio=1F = %q(p+r)+2pw%a)§,

1
Fy = E(qz +r?) +2p(wh)?,

and

P
[q r} =t P2
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It can be calculated that

b
(316) det[x:——z(pr_qz)z
m

6
o
= —W(Eﬂm + Q12— P2 ()11 + (2D)22)%)?

which can tell us where the associate surface x is degenerate. It is maybe a little
surprising that it is actually not difficult to calculate the inverse of I;. We present
the calculations in Appendix A since they are straightforward calculations.

3.2. The second fundamental form for X in R, It is clear from the definition
that the conformal Gauss map & is the unit normal vector for the associate 4-surface
% in R1*. Hence the second fundamental form for % in R1# is

(3.2.1) IFF = —{d%, d&y = (a(2)i; +ap(Q5);;)du' du’,
or in matrix form
Iz = [ 8 al; —ff)oe,oﬂj] ’
Therefore the mean curvature for the associate 4-surface in R'# is
HY =Tr(I;) " 'II;.

To calculate the mean curvature H* one only needs to know the low-right 2 x 2
block in the inverse of the matrix /;. According to the calculations in Appendix A,
particularly (A.3), (A.9) and (A.10), we therefore have

(32.2) H =— (@ +)p—20*(p+1)+ (P’ +¢>r)
a(pr—q°)
_ m(p+r)
S a(pr—q?)’
where

pr—q* =det Q; — p Tr 2,2} + p? det Q}
and
(3.2.3) p+r=p(QDn+ QD) =—pEH,
in the light of (2.5.14).

Theorem 3.2.1. Suppose that X : M?> — S3 is an immersed surface with no umbil-
ical point. Then X is a Willmore surface in' S® if and only if the associate 4-surface
% in RY* is minimal.
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Proof. Based on the above equations (3.2.3) and (3.2.2) we obtain

- o det 2, H,;,

X
— ) O
a(det 2, — p Tr 2, Q5 + p? det QF)

3.3. Local fundamental theorem for surfaces in conformal 3-sphere. In this sub-
section we state and prove a local fundamental theorem for surfaces in conformal
3-sphere. In the previous section we have introduced the associate surface X in
Minkowski spacetime R'* from a given surface X in S3. From the geometric
structure of the associate surface X one can tell that its intersection with the positive
light cone Ni is a homogeneous null 3-surface whose projectivization will recover
the original surface % in S°.

Given a surface £ in S3 with a isothermal coordinates («', u?) on the parameter
space M?, we have the first fundamental form / in matrix form

E O
=[5 2
and the second fundamental fundamental /7 form in matrix form

_|e/f
=4 1]

The local fundamental theorem for surfaces in Riemannian geometry states that,
up to isometries of the standard round sphere S?, locally the surface is uniquely
determined by the first fundamental form / and the second fundamental form I/
in the standard round sphere S3. Conversely, given a positive definite symmetric
2-form I and a symmetric 2-form /I in the parameter domain, which satisfy some
integrability conditions (Gauss-Codazzi equations), up to isometries, there is lo-
cally a unique surface £ in the standard round sphere S whose first and second
fundamental forms are I and /I. We are looking for the analogous local funda-
mental theorem for surfaces in conformal round 3-sphere S3. The core idea of
the local fundamental theorem in Riemannian geometry is to solve the structure
equations, which are the equations of motion of Frenet frames on the surface and
are determined from / and /1.

Our strategy here is to use the local fundamental theorem for the associate sur-
face X in the Minkowski spacetime R!+# to establish the local fundamental theorem
for a surface £ in the conformal sphere S3. Since the association introduced in
previous subsections requires that the surface X has no umbilical point, we will
always assume here that surfaces X have no umbilical point.

To summarize the previous discussions, given a surface £ in S3, we have I =
E|du|? and I = e(du")? + 2 fdu'du® + g(du®)>. We also have the so-called
Mobius metric 1§ = m|du|* = %E \I7|%|du|? induced from the Conformal Gauss
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map & of the surface X, where

is the traceless part of the second fundamental form /I. We then construct the
associate surface

T =ay, +apyl :RT x RT x M?: RM,
The first fundamental form /¥ for X in matrix form is, from (3.1.4),

—2p —« 0 0
A2 A

—a 0 azwl a‘wy

0 2w} L(p*+g)+2a2p(@))? Lq(p+r)+2a2palwl |

0 @0y Lg(ptr+2e?potos L (g +r2)+20%p(w))?
where

ot = a)lkdul +a)§‘du2 =—d log): —1(Q 'dR)) = dlog)t—i—w.

The second fundamental form II* for ¥ in R"* in matrix form is, from (3.2.1),

0 0
0 a2 +apQi |’

where €, = AQ and QF = A~ 'Q*. Notice that I* and II* are exactly determined
by the M6bius metric / § = m|du|?, the 1-form w, the traceless symmetric 2-tensor
 and the symmetric 2-tensor Q*, plus the conformal factor A.

Next we write the equations for the motion of the Frenet frames on the associate
surface ¥ according to I* and II*. We consider the Frenet frame

{y)n y;:’ ﬁgul’ ﬁg,ﬂ, S}

on the associate surface X, which are the orthonormal frames on X with respect to
the Minkowski metric Gy on R"*. We now write

(3.3.1)
Cow | [ —ed 0 —Z@)u —7z @) 0 ][ w ]

S| 0 of  —p@Du — @D 0 Y

T | e | = | @ @ 0 —mie =/ | | =g
Tk Tn @2 7 (@D gym,e 0 0 || 7&e
. & | L O 0 vm 0 0 1L & |



SCALAR INVARIANTS OF SURFACES IN THE CONFORMAL 3-SPHERE

173

and
(3.3.22 - _
i ~w) 0 —Z@)n —7z @2 0 i
¥ 0 @y @D = @Dn 0 yi
57 | b | = | @ m @ 0 —zema 0 || ZrEu
N Te @) Zo (@D gym, 0 —Vm|| b
L & ] i 0 0 0 Jm 0 | &
Remember we also have the two trivial equations
[ v ] [ ]
1y;\k 1y'T
— | =81 |=0 and — | =bu|=0.
da | " p |
\/_%5142 T,;é;ﬂ
. L &
To solve the ODE systems (3.3.1) and (3.3.2), the necessary integrable condition is
[ o] [ ]
* *
333 9 9 1)\5 L = 9 i}/\g 1
533 aulou? | P | Tt |
\/_ﬁéuz \/_mguz
L & L &

It turns out that (3.3.3) is equivalent to the following six equations on the variables:
the positive function m, the 1-form w”, the traceless symmetric matrix €2, and the
symmetric matrix 7,

(112 — () 12,1 = 0] ()12 — @5 (11,

(3.3.4) N .
(€20)12,2 — (23)22,1 = 0] (2222 — w5 (€212,
(3.3.5)
()11 + (252
(Q@D112 = QD121 = =0} (D12 + &5 ()1 + 53— TAE A (1),
(2911 + (252
QD122 — (D21 = =0} ()0 + 05 () + 53— TAE A (1),

1
(33.6) wi,—w), = —(@)1 - (2)22) (212 — (P11 — (2P 22) ()12),
and

1
(3.3.7) K-D=—=Tr Q,Q5,
m
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where K is the Gaussian curvature of the Mdbius metric 18 =m|du|?. Of course, as
one may verify, (3.3.4), (3.3.5), (3.3.6) and (3.3.7) are exactly the Gauss-Codazzi
equations for the surface £ in the de Sitter spacetime S!-3 induced by the conformal
Gauss map £ of the surface £ in conformal 3-sphere S°.

Now we are ready to state and prove the local fundamental theorem for surfaces
in conformal round 3-sphere S°.

Theorem 3.3.1. Suppose that, on a domain in D C R?, we are given

e a traceless symmetric 2-form Q,
—det Q2

E >

e a positive function m or equivalently E such that m =
e a l-form w,
o a symmetric 2-form Q*,

and that they satisfy the integrability conditions (3.3.4)—(3.3.7). Then, for a given
point pg in D, there exists an open neighborhood Dy of pg in D, a parametrized
surface % : Dy — S3 with no umbilical point, and a positive function A:Dy— RT
with )A\(po) =1, such that

o Q=AIl, where Il is the traceless part of the second fundamental form of X in
the standard round S? |

o m|du|? = (d&, d&) is the Mébius metric induced by the conformal Gauss map
§ofx,

e w=—I(UD""dH)) —d log A, where I is the first fundamental form and H
is the mean curvature of X in the standard round S3,

o QF = —A7IdE, dy*y, where y* = ﬁ(l,ﬁ*) and X* is the conformal
transform of X.

The surface X is unique up to a conformal transformation of S°.

Proof. We start by choosing starting values for y, y*, &,1,&,2, & at pg = (u(l), u%),
First we take a null vector

Y(ug, ug) = yo = (1, &)
for some %9 € S3 ¢ R*. Then we choose S(u(l), u%) = &) € R"* such that
(3.3.8) (Yo, 60> =0 and <&, &) = 1.
Next we choose &,1 (u}, u3) = & € R'* and &,2(u}, uj) = &} € R'** such that
&9, &> = <&, &5 = mug, ug),

(3.3.9)
L8> = (ko &> = (&0, &3> = (yo, &> = (0, €3> =0.
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Finally choose the unique null vector y*(u(l), u(z)) =y, such that

<y(>)k7 y0> = _17

(3310) * ok * ¥ &1 * g2
s Yor = V- 60> = g &9 = <y, 55> =0.

Notice that for any other choice of {y1, y7, 511, & 12, &1} satisfying the same orthonor-
mal properties in (3.3.8)—(3.3.10), there is a Lorentz transformation that takes one
to the other. With the integrability conditions assumed we may solve the sys-
tems (3.3.1) and (3.3.2) at least in an open neighborhood Dy of py in D. Using
the uniqueness of solutions to systems of linear ODE one sees that the solution
{y, ¥*, \/Lﬁéul, ﬁéuz, &} remains orthonormal in the Minkowski metric in Dy.

Now one should realize that the y = )t(l, X) here is with some positive A (not
necessarily identically 1 in Dy). It is then clear from all previous calculations that
the rest of the statements in the theorem can be easily verified. ([

3.4. The geometry of the associate ruled surface x* in hyperbolic space H*. In
this section we want to discuss the geometry of the associate ruled 3-surface x™
in H*, which is associated with a given surface X in the conformal 3-sphere. It’s
relation to the associate surface X is very much analogous to the one between
the ambient spacetime and the Poincaré-Einstein manifold of a given conformal
manifold in the work of Fefferman and Graham. It is evidently useful to understand
the geometry of the associate ruled 3-surface x+ in H*.

It is rather easy now to do calculations for xT after we have calculated the first
fundamental form for the associate 4-surface ¥ in Minkowski spacetime R!* in
Section 3.1. We first have

dxt =5 (e'ya—e Tyl di(e () e T O)) du' + (e (i) e te (37),2) du?

and, using (3.1.2),
' o2
= (dr)? - 2w} dt du' + (ﬁ((gk)il(ﬂ)\)‘/l + (£20)i2(£21) j2)

1
+ (wjwj + Z((QA)H(QK)ﬂ + (2)12(27) j2))
y

e . .
+ (@D D1+ @@ ) du
One can calculate the determinant
1
(341) det Ix+ = w(E;ﬂetQ)» +€_tQ;z|2 _ 6_2t((QI)11 + (91)22)2)2’

which can tell us where the associate ruled surface x* is degenerate.
To obtain the second fundamental form of the surface x™ it suffices to see that
the conformal Gauss map & is still the unit normal vector to the surface x* in the
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hyperboloid H*. Hence

1
(3.4.2) I = —dxt, dey = —2(e’szA +e Q).

V2

By the similar calculations as that in the previous section we have the mean
curvature of the associate ruled surface x* as follows:

V2 det Q. H,,
(det ) —e=2 Tr 2, Qf + e 4 det QF)

+

(3.4.3) HY =

Theorem 3.4.1. Suppose that x is an immersed surface in the conformal sphere
S3 with no umbilical point and that x™ is the associate ruled surface in the hyper-
boloid H*. Then % is a Willmore surface in the conformal sphere if and only if the
associate ruled 3-surface x in the hyperboloid is a minimal surface.

4. Scalar invariants of surfaces in conformal round 3-sphere

In this section we want to introduce scalar local invariants for surfaces in conformal
round 3-sphere S°. We will first recall what are scalar invariants for hypersurfaces
in (pseudo-)Riemannian geometry. Inspired by the work of Fefferman and Graham
on scalar local invariants in conformal geometry we are going to use the associate
surface X in the Minkowski R'*# of a given surface % in the 3-sphere S°, where one
considers the standard conformal 3-sphere as the projectivized positive light cone
of the Minkowski spacetime to construct scalar local invariant.

4.1. Scalar invariants of 4-surfaces in R**. For our purpose we will focus on
the discussion of scalar (pseudo-)Riemannian invariants of 4-surfaces X in the
Minkowski spacetime R'*. Suppose that

¢ =0 v} v* ) ACR - R

is a local parametrization of a surface ¥, where A is a domain in R*. Hence it
induces a local coordinate

<I3 = é(vl, Uz, v3, v4, vs) :BC(—€,6) x A— R4
for R!* such that
o2, v, v* 7)) =60, v2, 03, vt vd).

We will use the Capital Latin letters to stand for indices from 1 to 5 and Latin
letters to stand for the indices from 2 to 5. We will use v = (vl, v, .., v5) and
V= (vz, ..., v7). Hence the Minkowski metric in this coordinate is given as

Go=<d¢,do> = (Go)ry dv' dv’
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and the first fundamental form for ¥ in R!# is given as
I = (d¢, dpy = §i; dv' dv’ = (Go)ijl,1—odv' dv’.
To be more restrictive we will assume that the surface X is timelike and let
£:B—S!3

be a unit normal vector field on ¥ in R4, Then the second fundamental form for
X is given as

IFF = —{d¢,dE)y = h; dv' dv/,

and we have
£y = —hix 89 ¢,

Definition 4.1.1. Let i : M"~! — N” be an immersed hypersurface and let g be
a (pseudo)-Riemannian metric on the ambient manifold N". A scalar (pseudo-)
Riemannian invariant I1(i, N", g) for the hypersurface i in N" at a point pg on the
surface i is a polynomial in the variables that are the coordinate partial derivatives
of g;; of any order and the reciprocal of the determinant of g;; at the point pg such
that the value of I(i, N, g) at pg is independent of choices of local coordinates
¢ of N* which are induced from a parametrization ¢ of the surface i nearby the
given point pyg.

The well-known examples of scalar Riemannian invariants for ¥ in R"* are

« H= g‘]];lj ,

o |h?=g"*g/ hijhy and H* = g h;jhy

« AH =gMglhj ., DivDivh = g% g/ h; 10, HIR? = g%/ g hijhiihn,
Trg h3 = gingjk ~kmh' 'hklhmne and 1:13 = gij gh! ~mnh_ 'hklhmn )

° |Vh|2 = glpgqu hl_] khpq ro g pg]r th] khpq rs g pg]r thj khpq r
IVH? = g7 gP g  hij xhpq.r, IDIVAI> = §Pg7* g7 hyij khpg.r, DiVh-dH |

« AAH

Each scalar invariant has an order. To find the order of each scalar invariant one

simply scales the metric by a constant x and see what is the dimension of the scalar
invariant. For example, we can easily find that

H(k*Gol =k~ H[Go, A2 [k*Gol = k2| [Go),
AH[K*Gol =k > AH[Gol, VAP [K*Gol = k| VAI*[Gol,
AAH[k*Gyl =k >AAH[Gy].
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To understand what are scalar Riemannian invariants I(¥, R"*, Gy) we want to
use the so-called Fermi coordinates. A Fermi coordinate is one such that 1) on
the surface ¢ is a normal coordinate at a given point Xo; 2) the coordinate curves
¢~>(t, vZ 03 vt vd) is a geodesic perpendicular to the surface at ¢(v2, v3, vt 0d)
with unit speed (a line segment perpendicular to the surface in R!"#). Hence, for a
Fermi coordinate,

(4.1.1) S, ... )= (%, ..., v) +vlE.
The following facts are well known.

Lemma 4.1.2. Suppose that X is a timelike hypersurface in R%*. Suppose that é
is a Fermi coordinate at a given point Xy. Then

~ 1 0
bo = |:0 [gij]:|

Gij (W', 0) = gi; (D) — 2;; (D) v" + hix (DR j1 (D)X (D) (012,

and

where Ss
8ij(V) =mij — FRujiv' v + - -,

hij(©) = hij(0) + hijx O + - -

here Rijkl = ﬁikﬁjl — ﬁijﬁkl is the Riemann curvature tensor for X and n is the stan-
dard matrix of signature {—1, 1, 1, 1}. All the coefficients in the Taylor expansions
for G;j are polynomials of h;; and the covariant derivatives of h;; at Xo.

Therefore, in the light of Weyl’s theorem on the invariants of orthogonal groups,
we may conclude:

Proposition 4.1.3. All scalar invariants 1(%, RY*, Go) of a surface % in R'"* are
linear combinations of terms that are complete contractions of tensor product of
the second fundamental form h and the covariant derivatives of h.

Proof. From the above lemma it is easily that all scalar invariants of a surface X in
R'-# are polynomials of the first fundamental form g, the second fundamental form
h and covariant derivatives of the second fundamental form fz, if we evaluate them
in a Fermi coordinate for the surface. Then, by the Weyl theorem on the invariants
of orthogonal groups, we know they are linear combinations of full contractions of
h and covariant derivatives of /. (]

4.2. Scalar invariants of the homogeneous associate surface ¥ in R, Let us
work with the parametrization

A~ A~ 1
F=ah(l, ) +apr™ (1, ) = ay, +apy]
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and use the calculations given in Section 3.1 and Section 3.2. Now let us compute
some scalar invariants for our associate surface X on the light cone where p = 0.
Then the first fundamental form is
0 —o 0 0
Lilyoo = —a 0 ozza)]A oz2a)§‘
Flp=0 0 ozza)’l\ «?E, 0
0 ocza)’z\ 0 o?%E,

from (3.1.4), whose inverse is

|C()1 _05 OlE)L OtE)L
/o R 0 o0 o
i lo=0=1 o 0 L 0

OlE)l)L o?E; X

9 0

OIE)L O Ole)V

And the second fundamental form at p =0 is

0 O
Izlp=0= |:0 O(QA] '

So the simplest (pseudo-)Riemannian invariants is the mean curvature H, but it
is clear that

~ 1
Hl|p—0 = —— ()11 + (£2,)22) = 0.
O[E)L
The first nontrivial one is
(4.2.1) 11?1 p=0 = 88" hijhial p=o = ¢ 21,

which produces the first nontrivial invariant |I°I|2 for the surface X in the conformal
3-sphere(cf. see the definition for scalar invariant of surfaces in the conformal 3-
sphere in the next subsection). In fact the following nontrivial invariants without
taking any derivative are all easy to calculate

~k k. ok
Trl)"c h |p:() = Trl))f Q}»

for any k =2, 3, .... Obviously those are the ones that can been easily seen with
no difficulty at all.
Next we want to calculate |[VH|? and AH at p = 0. To do so, let us first recall
from Section 3.2 the mean curvature
o det Q,H,;
a(det 2, — p Tr Q2,25 + p? det Q)

H=

Hence H, = I:Iul = I:qu = 0 and |VI-~I|2 = 0 at p = 0, that is, |VI:I|2 gives no
invariant for the surface x. Let us set the convention to have a, b, ¢ stand for «, p;
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i, j, k stand for u', u?, and A, B, C stand for all four variables. We then calculate,
at p =0,

(422) AH= —aA(\/Eg BogH)

Vizl

—7 (0 (121379, H) +0,(+/1213°" 05 H) + 0, (v/ 12139, )

i ((VIRIZ7 ) + 9, (V1218”0 H) + /121(3,°)9, H)
=20"H,,

where one needs to use the fact that §””|,— = 0 and 9,3""|,—0 = % based on
calculations (A.8) in Appendix A. This confirms that #, is indeed a conformal
invariant of order 3 for a surface X in the 3-sphere in general conformal metric
)\.zgo.

The next invariant we want to calculate is AAH. To do so we observe, again
from (A.8), that

~ 2 2
Oplp=08"" = =—1&' I, Dplp=08” ==,
(4.2.3)
. 2 wh 8
opi _ _ = 0 PP — |2
a;o|,o=08 ) EA’ 8p8p|pzog = a2|a) I~

After a lengthy calculation we get

(42.4) AAH|)— = 8a‘5<A,\7-lx + 9| |*H; — 3Div(w™)H,,
3Tr(2,92)

A
— 60" (VH,) — 2

224
This tells us that the quantity in parentheses is a conformal invariant of order 5 for
the surface x in the 3-sphere.

We can also calculate the covariant derivatives of the second fundamental forms
for the associate surface. We first list the relevant Christoffel symbols for the
calculation

(4.2.5)

fﬁj 22 (@} = @)t + (@)1 s+ (@) ),

= (T}, — o 8ij.
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Then we calculate

hap,c =0,

h =0,

fz = — ()i,

flpj,k = _%<(Qk)ij((w?)u —(@})yi )+ () (2 )zl+(QA)zl(QA)kl)),
4.2.6) hija=—(Qij,

hij.p = (25
_% ((Q,\)U ((w?)ui —(wﬁ)uz)+%((m)kl Q)i+ ()i (QK)H)>

(@0 (@)= (@) (Qr (@i + ()i (i),
hijac = ()i ()1 o] Sik o (2)irw] 8 .

The easy ones are

I o
G =hajpd =0, ¢, =hyjsd" =M,
in the light of (2.5.14). At the same time
¢i =hip.c8®C =hij.c8’C +hipx8™ = hij k8" +hij w8’ +hig i
3 » 1 A 1 A
= E(Qk)ij,j + O{_E,)\(Q)L)ijwj - E(Qk)ija)j - a—EA(QA)zjw]

1 1 X
= a_E)L(Q}\)ij,j + E(Qk)ijwj =0

due to the integrability condition (3 3. 4) Thus |D1Vh| (= 0) does not give any
invariant on the surface x, nor does Divh-dH (=0), because g*”|,—0 = 0.

We want to calculate |V |? since we have all the covariant derivatives /i 4 B.c In
(4.2.6). The calculation is direct yet very long. We omit details here.

VAP = a_4(|V§2|2 +8|dH|? — 69 - QF
2 6
_E(Qk)ijwl)g(Rk)?aijk - F(Qx)ij(ﬂx)ki,jw/'}),
A 1
where the Codazzi equation for the surface X in (S3, A2 £0)

()ijk = )ik j + (RM3ijk + (H) i Exdix — (Hy) t E8ij
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has been used. At this point we like to write each term as local scalar invariant of
the surface % in (S3, kzgo). We first calculate
()i 0p (RM)3ijk
= ()i} (RM)3ij1 + ()i 05 (RM)31)2
= E, (107 (R")31 + (202107 (R)32 4 (21)2205 (RN 32 + () 1205 (RM)31)
= Ep(Q2)ij0}(RM)3; = —E; (Hy) i (R")3; = — Ric* (7, AH,).
Then we deal with the last term:
(21 ()i jop = ()i (ki) — (Qk)ij(gx)kiw]);j
= —E()ij (H))i j — 3 E 12’ Div(e"),

where N . .
Div(w") = E, ;= E, (@),

= E; (CAoyi 1) + <O0uis 0)ui>)

= H? — | P+ (RN 1212+ E~ )y 0D uid

Q-
B

Aoy, =2E,Hyn, + 2Exy; — (RM 12121,

= H?+2 +E,\_1(RA)1212,

and

Q-Q

1%

2
D ETH G, 0> =l +2

i=1

So we have obtained
(4.2.7) |Vh|*|p=0 = a *(IVQ|* + 8|d H; |* 4 2 Ric*(ity,, VH)) + 3H7 ||

+3KT1Q, 2 + 69, - Hess(H,)),
where

K] =E; " (RMn

is the sectional curvature of (S3, A2go) of the tangent plane to the surface X.
4.3. Scalar invariants for surfaces in the conformal round 3-sphere. Let us start
with the definition of scalar invariants for surfaces in conformal sphere.

Definition 4.3.1. Let i : M"~! : N” be an immersed hypersurface and let [g] be
a class of conformal metrics on the ambient manifold N|*. I.(i, N", g) is said to
be a scalar conformal invariant of the hypersurface i in the conformal manifold
(N", [g]) if it is a scalar Riemannian invariant and

(4.3.1) I.(i,N", A%g) = A FI.(i,N", g).
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for any positive function A on N”, where k is the order of the invariant I.(i, N", g).

Recall that, for an immersed surface £ in S°, we have
Iz, S* 22go) = MI(%, S, go).
Hence it is easy to observe that
112(R, %, A2g0) = A 2gik a2l ol = 27211112 (R, S°, g0)
and
Trye, IDF (R, S%, A2g0) = A Try, (I (&, S*, go) forall k =2,3, ...

On the other hand, it does not seem easy to directly verify that 7, is a conformal
invariant for a surface in the conformal 3-sphere, though this is a well-known one.
We have verified this in computing the mean curvature (cf. (2.5.12)) of the surface
£ in the de Sitter spacetime S'- as well as in the above calculation of AH (cf.
(4.2.2)) of the homogeneous associate surface x. In general it takes tremendous, if
not impossible, to verify whether an invariant I(£, S, A>go) is conformally invari-
ant, complicated by the six integrability conditions. The most important application
of the construction of associate homogeneous surfaces is the following:

Theorem 4.3.2. Suppose that X : M> — S3 is an immersed surface with no umbil-
ical point, and let

F=ay+apy* RT x Rt x M? - R

be the associate surface for x, where x* is the conformal transform of X. Then
any scalar (pseudo)-Riemannian invariant 1(x, RY“4, Go) evaluated at p = 0, if it
is nontrivial, is a scalar conformal invariant 1.(X, S3, A>go) multiplied with |II, |*"

for some integer n.

Proof. For any invariant I(x, R4, Gy), we know that it is a full contraction of
tensor product of the second fundamental form and the covariant derivatives. For a
choice of representative 12go on S3, in the corresponding parametrization (3.1.1),
we claim that

(4.3.2) 1%, RM, Go)lpmo =« F1(R, S%, A2 go) T, 1"

for a positive integer k and a nonnegative integer n, due to the homogeneity of the
associate surface. To see the right side of (4.3.2) is indeed a scalar Riemannian
invariant multiplied with factor \IT,.|>" for some integer n, we consider the tensors
that determines the first and second fundamental forms of the associate surface in
that parametrization. We recall from (2.5.5) that

Q, =11,
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is the traceless part of the second fundamental form for the surface X in the 3-sphere
with the conformal metric Azgo. We also know from (3.1.3) that

w* = —L(UL) N(dH;)) = ———I,(VH,),

1T, |2

which causes us to include the possibly negative n in the right side of (4.3.2). We
may also recall from (2.5.3) that

m = L E; |IT|%.

Next we want to show that Q7 is also a tensor product of covariant derivatives
of the 1-form w”, covariant derivatives of the second fundamental form 77, and
covariant derivatives of Riemann curvature tensor of the conformal metric A%go on
the 3-sphere(including Oth order). Recall the definition

(20)ij = <V Euini > -

We use the same idea in the calculation of the trace of Q* in Section 2.5. Hence
we write

(4.3.3) Euwi = —()ijyx — (ijyx + Tk —mdijE.
From (2.6.2) we know that

OF v = =50 + H).
Using & = H, y; + i, from Lemma 2.3.4 and (B.6), we have

Eyr 1> = —(Hp) e + (RM)31

and
(&, y)> = —H,.

Therefore we derive from (4.3.3) that
434) gyl

= ()i + 2P + HD (i) + (T (— Hye + (RM3) + Hmdj,

J

where

(Co)i; =T + 31172158 + Q12,0 — 1912:8i7)

represents the Christoffel symbols for the Mdbius metric m|du|?>. On the other
hand we have

i = (H) i Yo, + (H) i (V)i + (H) i V)i + Ho(v) i + 03 iy
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which implies
(43.5)  (Eyiyis yi>
= —(H)yiwi + Hy X uinis 30 + W) yiis ¥,
= —(H)uiws — Hi AOuis 01> = @iy 0 ui> = iy )i >
1 R
=~ (s + - (@il O D> = s D) i Y
1
= —(H) i — E—Aml)ikm*m + ((RM)3i)ui
by (B.7) and (B.6). Thus, comparing (4.3.4) and (4.3.5), we have
1
(4.3.6) (2))ij =—(Hy)yi i — Hyméij — E_A(Qk)ik(Rk)ﬂld + ((RM)3i) i
— 2™ + HD) ()i
+ 22028k + 112, 8k — 192 128:) (Hb) e — (RM)30).

The last factor that goes into the left side of Equation (4.3.2) is the reciprocal of
the determinant:

6 6
~ o o N
det glp=0 = —E(Pr —q*)?|p=0 = W(det Q)2 =a®Ef =l det ;.

due to (3.1.6), where I = (£)*(A2go) = E; |du/>.

To verify that the right side of (4.3.2) is actually a conformal invariant, for
a positive functions A on 3-sphere, we simply compare the right side of (4.3.2)
evaluated at o« = 1 with that evaluated at @ = A and A = 1. We then observe that

1%, S, 2%g0) = A7*1(%, S, g0).

Therefore it is a conformal scalar invariant for the surface X in the 3-sphere. [

Appendix A: The inverse of I* in general parametrizations
We consider the general parametrization
T =ay, +apyl :RT x RT x M? — R,
Then the first fundamental form in matrix form is

—2p —« 0 0

_ 2.9 2 A
(A1) I = (‘)" 0?2 Rt e
wi o’F

2
0 oo
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where
1 1
Fiy =Z(p2+q2)+2p(w?)2 F =Z(p2+q2)

] 1
(A2) { Fp=Fy = —q(p+r+ 2p0fwy and § Fly = Fy = —q(p+7)

1 1
Fp = Z(q2 +1%) +2p(w5)? F) = Z(q2 +7r?)

and

[p q:| = Q)+ pQ;.
qgr

It is easily seen that

(A3) (Fy~' = —= [r2+q2 _q(p“)}

T (pr—g®»? l—q(p+r) p*+4q?
and
10
F|p=0:F*|p=O:E|:O lj|'
Let

app app as a4
. ar| ay a a

(15! = 21 a2 az3 ax4

as| asp asz ass

a4 a4y a43 a44

Therefore, for example,

—2pay —aap =1,
—aai +O{2w1a13 +ot2a)2a14 =0,
(A4) ) ) )
a‘wiap +a Frai+a“Fas =0,
Ot2a)2a12 +012F]2(,l]3 +O{2F22a]4 =0.

Subtracting the first of these equations multiplied by « from the second equation
multiplied by 2, we get

(A5) a’ary + 202 pwiayz + 20’ pwsais = —a.

Subtracting (A.5) multiplied by w; from the third equation in (A.4) as well as
subtracting (A.5) multiplied by w, from the fourth equation in (A.4), we get

(A.6) o2 F* [a”] _ [““"]
ais aw)

Plugging back the values of a3 and a4 into (A.5) we have
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ap=a"! (—1 —2plwi, @] (F*)™! [“”D ,

)
(A.7) L
_tap _ wn—1 | @1
an = —2,0 = [w1, w2](F7) |:w2]

Similarly one gets

o) e[ e LT
az —2pw, az4 0 agy 1

which yield respectively

ay =o' (—1 ~2plor, @2)(F*)! [Z;D :
(A.8) 20

an=—3 <1 +2plwr, 0] (F*) ™! [2;]) ,

az = o oy, ] (F*)™! |:(1)i| ,
(A9) 2 |

asp = _E([wl’ w2l (F*)™! [O:| ,

a4l =Ol_l(F*)_1 |:(l):| )
(A.10) ,

an =" (1 +2plw1, w2](F5)™! [“”D :

o w)

Appendix B: The geometry of the 3-sphere Si in R4

Let us calculate the Gauss Theorem for the 3-sphere Si in Minkowski spacetime
R4, There is nothing new or difficult about the calculation, but this helps to
understand better about the geometry of the 3-sphere Si C Ni C R“*. Crucial
to our approach is that the induced metric on Si is exactly the conformal metric
12go. We consider the Fermi parametrization induced from a parametrization of
the surface £ : M?> — S such that

(B.1) i =AG@! u? ), 2wt u? u?)) M > S NG c R

with

(B.2) F, u?, 0) =%, u?) and (y3),3],5—0 = 1.

Notice that y, here is the extension of i(l, x) before. We use the two null normal
vectors {y;, y; } where

(B.3) Oy =1, G0, > = Ol > = O, > =0.
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The first fupdamental form is IS = Azgo = {dy,, dy, ), and the second is /] i =
—<dy;, dybyi — {dy;,dy, >y, . To find the curvature of the metric g, = kzgo
we calculate

(B.4) vgﬂ vgu,_ Ak — vgu,, vguj k= R*(B1, 0,1)0,6 = (RY) 5y [0,
First

(B.5) Vi O = ks — <O OO = s Gt ¥

then

0 V3 Ot = Okt = <OWuis Dk Y2 = <Ot )k i ¥y

— O uis D> Ot = <O iy Gk > 07
and

Vi Vi B =0,V 8,07
= 0T = O 6D Gt — <O > O

Hence
(RY)ii6' 8 = <O)urs 0> Odur + <Ot )Y ()i

— Oty D> G = <Oty ) > )

One notices that <(y1')uz, yb =0 and <(y;)ui, ya» = 0 and concludes that

0D = (@)™ <Oy G2 > 3t

Therefore
(RM), 1 0 = (COuis D8 + (82 k(@)™ <ty i

— Ot OGP >8] = (€0 (82)™ <D s (32)um )y
and
(RMiju = (R)L)ijkn(gk)nl

= COWuis D> (8)it + <O uts )t (83 i
— <Ot D> (€)1 = <Dty Ot (82

On the surface £, where u> = 0, we have

E, 00

[(g)ijl=| 0 E, O
0 01
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Therefore we have, for i, j € {1, 2},

— oW D> = O 0> Eadij = (RM)33,
=L )ui» (yz)u3>Ex5jl + <Ot » (y;[)u3>EA = (R")3jj1,
Ot O Er = CO)urs D> Ex = (RY)ijij.
We obtain, for i, j € {1, 2},

R 1
(B.6) G, (V)i > = = (RMijj3 = —(R")i3,
A
and fori # j,
<O (ybuf> =—(RMi3j3
(B.7) i D> = —(RM)i3i3 + L(RM)33 — (R 1212)

s D> = =2 (RM)33 = (R 1212)

Finally, for the induced Fermi coordinate from an isothermal coordinate, we can
easily see that

L ITE W W LR PR
(B.8)  (RY)3; ‘EA<§R)%,-‘EA ;«m )3i)u — (RM)3(T2)5)

2
S D ((Com
B -

Indeed, we have Y, (I';,)¥; = 0 for k = 1,2, where (I';)}; are the Christoffel
symbols for the conformal metric I, = E, |d u|? in isothermal coordinates.
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ACTION OF INTERTWINING OPERATORS
ON PSEUDOSPHERICAL K-TYPES

SHIANG TANG

We give a concrete description of the two-fold cover of a simply connected,
split real reductive group and its maximal compact subgroup as Chevalley
groups. We study the representations of the maximal compact subgroups
called pseudospherical representations, which appear with multiplicity one
in the principal series representation. We introduce a family of canonically
defined intertwining operators and compute their action on pseudospherical
K-types, obtaining explicit formulas of the Harish-Chandra c-function.

1. Introduction

Assume that G is the split real form of a simply connected complex algebraic group.
It turns out that G admits a unique nontrivial two-fold cover (or double cover) G,
which is the nonlinear group we wish to study. Such coverings are well-studied.
There are several general results about coverings of algebraic groups in [Steinberg
1968]. We are interested in pseudospherical principal series representations, that
is, principal series representations that contain a pseudospherical K-type. These
representations are defined for G and are related to a conjectural Shimura correspon-
dence for split real groups; see [Adams et al. 2007]. Pseudospherical representation
can refer to three definitions: Let G = PK be an Iwasawa decomposition with
P = MAN a minimal parabolic subgroup. We have pseudospherical representations
of M, pseudospherical representations of K and pseudospherical representations
of G; see the definition at the beginning of Section 3.

The intertwining operators between two principal series representations, when
considered as integral operators, reveal many properties of the principal series repre-
sentations, such as reducibility points. The intertwining operators play an important
role in the general Plancherel formula for semisimple Lie groups developed by
Harish-Chandra. They are also related to the theory of Eisenstein series. A nice
discussion of the formalism can be found in [Schiffmann 1971]. In this paper,
we normalize the intertwining operators between two pseudospherical principal

MSC2010: 20G05, 22E50.
Keywords: pseudospherical representation, Shimura representation, intertwining operator, nonlinear
real group, Gindikin—Karpelevich formula, Kubota cocycle, Chevalley groups, central extension.
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series, in a way that it is independent of the choice of representative in Nk (A)
of we W = Ng(A)/Zg(A), and obtain a canonical definition. We are interested
in the action of intertwining operators on pseudospherical K-types. We compute
explicitly the Harish-Chandra c-function associated to this action, which is our
main result (Theorem 6.5). There is an analogous result in the p-adic case obtained
by H. Y. Loke and G. Savin [2010].

The structure of this paper is arranged as follows: In Section 2, we recall
some basic facts on Chevalley groups and their covering groups. We define the
maximal compact subgroup K of the covering group G using Steinberg symbols.
We calculate the structure of §I:(2, R), the nontrivial two-fold cover of SL(2, R),
making a comparison between Kubota cocycles and Steinberg symbols and writing
down the exponential map from the Lie algebra to the cover. In Section 3, we
define the pseudospherical representation following [Adams et al. 2007] and list
some properties regarding the action of W on it. In Section 4, we define a family
of canonical intertwining operators among pseudospherical principal series. In
Section 5 we compute the intertwining operators of §i(2, R), which are important
for the general groups. Finally, we calculate the action of intertwining operators on
pseudospherical K-types and obtain our main result in Section 6.

2. Chevalley groups and their covering groups

In Section 2A, we recall the well-known construction of the Chevalley groups. In
Section 2B, we state a number of results for the covering group of a Chevalley
group that we will need in later sections. In particular, we give the generators and
relations of the double cover in terms of the Hilbert symbol. We define the minimal
parabolic subgroup P = NAM and the maximal compact subgroup K in terms
of the Steinberg symbol; see Proposition 2.6. In Section 2C, we specialize our
discussion in Section 2B to the case ﬁ(Z, R) and make a comparison between the
definition based on Kubota symbols and the definition based on Steinberg symbols;
see Proposition 2.8. We also compute explicitly an exponential map from the Lie
algebra to the cover; see Proposition 2.11.

2A. Construction of a Chevalley group. In this section, we recall the construction
of Chevalley groups following [Steinberg 1968]. Let g be a semisimple Lie algebra
over C, and f a Cartan subalgebra of g, and ® the corresponding root system. We
use «, B, v, ... to denote the roots. Let B be the Killing form on g. Since it is
nondegenerate, there exists H, € b such that B(H, H)) = a(H) for all H € b.
Define («, 8) = B(H,,, Hf;) for all &, B € ®. The Cartan integer (o, 8) is defined to
be 2(«, B)/(B, B). The root system @ is invariant under all reflections w, (¢ € P),
where wy, is the reflection across the hyperplane orthogonal to ««. These reflections
generate the Weyl group W.



ACTION OF INTERTWINING OPERATORS ON PSEUDOSPHERICAL K-TYPES 193

For each «, define H, =2H,/(«, @) and H; = H,;, where A = {aq, ..., o} is
a set of simple roots. By [Steinberg 1968], one can choose X, € g, such that

* [Hp, Xo] = (, B) Xu>
e [ Xy, X_q] = H, is an integer linear combination of the H;, and

o [Xo, Xgl = NogXatp, Where Nyg is an integer which is O if o + B is not a
root.

The collection of H; and X, is called a Chevalley basis of the complex semisimple
Lie algebra g. It is important that the integer span, gz, of the basis elements is
stable under the Lie bracket.

Let Ly be the root lattice, i.e, the integer span of all roots in ®, and let L,
be the weight lattice, which is the set of all u € h* such that w(H,) € Z for all
roots «. Assume (g, V) is a complex finite-dimensional representation of g. One
can show that its weight lattice Ly is contained between Lo and L. To construct
the Chevalley group based on the representation (g, V'), choose a full-rank lattice M
in V which is invariant under the set

{X,/n!:neZsy, acd}

where we are thinking of X/n! as a member of End(V). One can show (see
[Steinberg 1968]) that such a lattice exists. For any field k, set V* to be the vector
space M ®z k on which X /n! acts in a natural way. Since the representation V
has a finite number of weights, there is some n for each « such that X7, € End(V¥)
is zero. Therefore, for r € k and o € D,

(tXq)? N (tXq)?

k
o 3 + ... e GL(V")

Xo(t) =exp(tXy) =14+1tXy +

is a finite sum and hence is well-defined.

Define the Chevalley group to be the subgroup G (k) of GL(V*) generated by
Xq(t), with t € k, « € ®. We say G is simply connected if Ly = L. Note that
this definition is different from simply-connectedness in the topological sense. We
assume all Chevalley groups are simply connected for the rest of this paper.

Define

wa(t):xa(t)x_a(—t_l)xa(t) and  hy(t) = we (H)wy(—1) for t € k*.

Let T (the Cartan subgroup, or maximal torus) be the subgroup of G generated by
ho(t), with t € k*, o € ®. By [Steinberg 1968, Lemma 28], h, (¢) is multiplica-
tive as a function of 7, and simply-connectedness implies that any element of T’
can be written uniquely as & (t))h2(t2) - - - hy(f;) for some 11, ..., € k*, where
hi(t;) = he, (1;)-
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Now let us describe the generators and relations of a simply connected Chevalley
group G over k:

(A) X (1)Xe () = Xq (1 + 1),
B) (@), xp@) =[] iarjplcir’u)),

i,j>0
ia+jped

(B') we (1) xq () we (—1) = X_q(—1"2u),
(C) ho(D)ho(u) = he(tu).

Here the ¢;; are integers depending on o, 8 and the chosen ordering, but not on
t or u. By [Steinberg 1968, Theorem 8], if ® is not of type A1, then (A), (B), (C)
form a complete set of relations for G constructed from ® and k; if ® is of type Ay,
then (A), (B), (C) form a complete set of relations. By [Steinberg 1968, Lemma 37],
(B’) is also true when @ is not of type Aj, and it implies that

wa(t)=w—a(_t_l)a wa(l)ha(t)wa(_l)zha(t_l)»

which we will use later.

2B. Covering groups. To study the covering group of a simply connected Cheval-
ley group, we need some preparations. First, a central extension of a group G is
a couple (1, G'), where G’ is a group, and 7 is a homomorphism of G" onto G
such that Ker is a subset of the center of G’. A central extension (7, E) of a
group G is universal if for any central extension (7', E’) of G there exists a unique
homomorphism ¢ : E — E’ such that 7" o¢ = 7. It is easy to see that if a universal
central extension exists, it is unique up to isomorphism.

Theorem 2.1 [Steinberg 1968, Theorem 10]. Let ® be an irreducible root system
and k a field such that |k| > 4 and if rank ® = 1, then |k| > 9. Let G be the
corresponding simply connected Chevalley group abstractly defined by the relations
(A), (B), (B'), (C), let E be the group defined by the relations (A), (B), (B") (we
use (B') only if rank ® = 1), and let 7t be the natural homomorphism from E to G.
Then (w, E) is a universal central extension of G.

From now on, we use x,(7), wy(t), hy(t) to denote the elements in the central
extension of G, and x,(¢), wy (%), he(2) to denote the elements in G.
The next theorem gives a complete description of C = Ker :

Theorem 2.2 [Steinberg 1968, Theorem 12]. Keep the assumptions in the previous
theorem. C = Ker 1 is isomorphic to the abstract group A generated by the symbols
f(t,u) (t,u € k*) subject to the relations

@ f@,uf@u,v)=f~t,uv)fwm,v), [f(u=f(ul=1,
) ft,u)ft,—u==f(t, -1,
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© flt,w)=fw ', n,
() f(t,u)=f(r, (1 —0n)u).

In the case when ® is not of type C, (n > 1) the relations above may be replaced by

@) ft,w)ft',u)y=f@t' u), ft, u)f(t,u)= f(t, uu),
) ft,u)=fu,n™",

d) f@,-n=1,

©) f(t,1—1)=1.

The isomorphism is given by

¢ f(t,u) > ho(t)he (W (tu) ™",

where « is a fixed long root. One can write

ha()he(u) = f(t, u)he (tu)
if we identify C = Ker w with A via ¢.

Remark. Because all long roots are conjugate by W, the isomorphism ¢ does not
depend on the choice of a long root «.

Remark. These relations are satisfied by the norm residue symbol in class field
theory.

For the application to real groups, we specialize our result to the case when k =R,
and consider the double cover. First, recall the real Hilbert quadratic symbol (, )g.
It is a map from R* x R* to uy = {£1}. For ¢, u € R* (¢,u) = 1 if and only if
x2 —1y? —uz? has a nontrivial solution (x, y, z) € R3. Itis easy to see that (¢, u) =1
unless both of ¢ and u are negative. Assume G’ is a double cover of G, more
precisely, a central extension (p, G’) of G such that Ker p is of order 2 and such
that it does not split, i.e, there is no homomorphism i : G — G’ such that poi =idg.
Since (r, E) is the universal central extension of G, there exists a homomorphism
q : E — G’ such that pog = 7. Any such ¢ maps C onto Ker p, that is, Ker p is a
quotient of C = A. Passing to quotient, we use f (¢, u) € i, to denote the image
of f(t,u) € A. Since the f(t, u) satisfy (a), (b), (¢), (d), (¢), G’ is unique up to
isomorphism. On the other hand, the Hilbert symbol (¢, u) satisfies the relations
that f(t, u) satisfies, hence f(t, u) = (t, u). Thus we have:

Corollary 2.3. Assume G is a simply connected Chevalley group over R. Then
there exists a unique (up to isomorphism) double cover (p, G') of G. Moreover, an
isomorphism ¢ : uy — Ker p is given by

(t, u) > ho () he(U)hg (tu) ™,
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where « is a fixed long root and (t, u) is the real Hilbert quadratic symbol. One can
write

ha(D)he(u) = (t, u)he(tu)

by identifying Ker p and . via ¢. Combining with (A), (B), (B'), we get a complete
set of relations for G'.
In the universal cover E, let T be the subgroup generated by A, (¢), € ®, t €k™.

It is called the metaplectic torus of E. We also refer to the image of 7" in any cover
of G as the metaplectic torus. The proposition below lists some relations in 7.

Proposition 2.4. Keep the assumptions in Theorems 2.1 and 2.2. Assume further-
more that ® is not of type C,. Then

ho()ho(u) = f(t, u)he(tu) if a is long;
ho@hem) = f(t, u)"hy(tu) if o is short,
(ha (1), hg()) = f (2, u)!*P) ifa, B are long;
(ho (1), hg(u)) = f(z, u) (P if a is long, B is short;
(ha(t), hg(u)) = f(t, u) P if a is short, B is long;
(ha(t), hg(u)) = f(t, u)"> P if a, B are short.

Here n, = maxy geo (a, ) /(B, B) and we identify f(t, u) with its image in C via ¢.
Proof. By [Steinberg 1968, Lemma 37],

(ha(t), hg(u)) = hg(t P u)hg (1) hg (u) ™!

for any «, B. If B is long, the right-hand side is f (u, t/#*)~!, which is equal to
f(t, u)B since @ is not of type C,. Taking the inverse on both sides, we get
(hg(u), he(t)) = f(u, 1)#-®) Now assume 8 is short, « is long. Then

hﬂ(u)hﬁ(l(ﬂ""))hﬁ(t(ﬂ’“)u)_l — (hg(u), ha(1) = fu, s
= flu, 1By = f(u,t““h% = flu, 1By,

Because (B8, o) = £1, /%% runs through all the elements in k*. Finally, if both of
o, B are short,

(ha (1), hg()) = (hg gt PN g 0Py =H) ™!
= fu, 1PN = f (1, uyre P, O
Remark. Assume G is a real group and G’ is its double cover. The relations above
are still true if we replace f (¢, u) by (¢, u). Because the Hilbert symbol (z, u) is

bimultiplicative, by the proof of Proposition 2.4, one can remove the assumption
that @ is not of type C,.
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Proposition 2.5 [Steinberg 1968, Lemma 37]. Let c =c(«, ) = %1 be independent
of t and u. Then

he (1) x5 (Whe ()™ = x5t P u),
we (Dhg () we (—1) = hyp(cthy,p(c) "

The next proposition gives a description of maximal compact subgroups in the
setting of Chevalley groups:

Proposition 2.6. Assume k = C or R. Then there exists an automorphism o of E
such that ox,(t) = x_y(—t) for any a € ©, and an automorphism o of G such that
0xo(t) =x_o(—1) for any a € . We have o hy (1) = ha(t_l)’ ohy(t) = ha(t_l)-
Moreover, the group K of fixed points of o is a subgroup of E containing C =
Ker i, the group K of fixed points of o is a maximal compact subgroup of G, and
K =7~ (K).

Proof. This is basically [Steinberg 1968, Theorem 16], which proves the existence
of o0 and K for G. In particular, x4 (#) — x_o(—1), for all @ € @, preserves the
relations (A) and (B). Hence o can be lifted to an automorphism of E, which we
denote by o, such that ox,(t) = x_,(—t) for any o € ®. By the definition of wy, (¢),
owy(t) = w_g(—1). So

0he (1) = ocwe(Nwe(—1) = ocwy (H)owe(—1) = w_o(—Hw_u(1).

Since wg (f) = w_qo(—t~1) for any o € @, € k*, the last term is wy (t Hwe(—1) =
ho(t™"). Thus ohy(t) = he(t~1) as in the linear case. Next, with the notation of
Theorem 2.2, C is generated by f (¢, u), t,u € k™, if we identify the groups A, C
via ¢. We have hy (t)hy (1) = f(t, u)hy(tu). Let o act on both sides. Then one has
he(t ™ Dhe(u™") =0 f(t, u)he(t~'u~"), which implies that o f (¢, u) = f(t =", u™").
By relation (c) in Theorem 2.2, f(t~',u™") = f(u,t™") = f(t, u) and hence &
fixes C. [l

For the rest of this paper, we use G to denote a simply connected Chevalley
group over R, and G to denote the double cover of G. For any subgroup H of G,
let H be the image of H under the covering projection p : G — G. Define the real
metaplectic torus 7' to be the subgroup of G generated by hy(¢), with « € ® and
t € R* Let A = (R*)! be the subgroup of T generated by A (¢), with @ € ®, ¢ > 0.
Here [ is the rank of ®. By the remark on page 196, p|4 : A — A is an isomorphism,
and hence for simplicity we just use A to denote this group. Let M be the subgroup
of T generated by h,(—1), with € ®. It is easy to see that A is in the center
of T, and T is the direct product of A and M. Note that M is a central extension
of M = (7/27)! by y = {£1}. Let A be a set of simple roots, and let ®* be the
corresponding set of positive roots. Let N be the group generated by x(¢), with
a € 1, t € R. Then p|y : N — N is an isomorphism, and hence for simplicity
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we just use N to denote this group. Define P to be subgroup of G generated by
N and T, which we call a minimal parabolic subgroup (or Borel subgroup). We
have the Langlands decomposition P = NAM. By Proposition 2.6, there exists an
automorphism o of G such that ox,(t) = x_o(—t) for all « € ®. Similarly for G.
The group K of fixed points of ¢ is a maximal compact subgroup of G which is the
double cover of K. It is easy to see that M (resp. M) is a subgroup of K (resp. K).
One has Zg (A) = M, which implies that Zx (A) = M. Define the Weyl group W
to be Ng(A)/Zk(A) = Ng(A)/M. Then W is isomorphic to Nx (A)/M.

Lemma 2.7. The w, (1) lie in Nx (A), for any o € ®, and their images in Ng (A)/ M
generate W.

Proof. Since o wy (1) =w_q(—1) = wy (1), we have wy (1) € K. Also, by the second
relation in Proposition 2.5, w, (1) normalizes A. Each w, (1) corresponds to the
reflection s, through the hyperplane determined by «, which gives an isomorphism
between W = Nk (A)/Zk (A) and the Weyl group W defined in the abstract root
system setting. In particular, the wy (1), for o € @, generate W. (]

2C. The group SL(2, R) and its double cover S~L(2, R). In this section, we recall
some basic facts about SL(2, R) and its double cover SL(2, R), which are important
for the study of representation theory of general covering groups.

G =1$Ia(2, R) may be described in Steinberg symbols: Let X = (§4), ¥ = (°0),
H = (0 _1) be the s, triple. For ¢ € R, define

zc(z)=exp<rX>=(1 t)’ 'i)(’):f(’)ﬂ"_lm’):(—o t>’

01 =0
yo=epen=(; ). 10 =vouwen=(g %)

Let N be the subgroup generated by x(¢), ¢ € R, and let A be the subgroup generated
by 2(#), £ >0. Then K =SO(2) consists of ry = (5 ~2n%), ¢ € R, and G = NAK.
Let M = {h(£1)} € K. Then the subgroup P of upper-triangular matrices has the
Langlands decomposition P = NAM.

By Corollary 2.3, there exists a unique nontrivial double cover G = §I:(2, R)
of G = SL(2, R), that is, a central extension of G by u, = {£1}. We use p to
denote the covering map. It is generated by the symbols x(¢), y(¢) satisfying
the same relations as that of G, except that aA(t)h(u) = (¢, u)h(tu), where (,)
is the real Hilbert quadratic symbol. The map ¢ : N — §I:(2, R), x(¢) — x(1),
t € R, is a group homomorphism; ¥ : A — §f,(2, R), h(t) — h(t), t > 0, is
also a group homomorphism. Moreover, ¢ is the only homomorphism from N to
§I:(2, R) satisfying p o ¢ = Idy. Assume ¢’ is another one. Consider f : N — uo,
n > ¢(n)¢'(n)~". Then we have f(x(1)) = f(x(t/2)*) = f(x(t/2))*=1. So f

is trivial, whence ¢ = ¢'. A similar fact holds for ¥». We still denote the images
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of ¢, ¥ by N, A. Let K be the subgroup fixed by the automorphism o of G, where
o sends x(¢) to y(—t), y(¢) to x(—¢). Then K is a double cover of SO(2). We have
the Iwasawa decomposition G = NAK. Let M = {+h(%1)} C K. It is isomorphic
to Cy, the cyclic group of order four, and it is an extension of M by u,. The group
P = NAM is an extension of P by u».

We may also describe the group structure of Si(2, R) using Kubota cocycles.
The only reason we introduce this is that Kubota cocycles make some calculations
involving K more explicit. They will be used in Section 5. As a set, §i(2, R) =
SL(2, R) x uy. The group law is given by

(g.e)(g" &) = (gg', e€’c(g, &)
Here c, called the Kubota cocycle, is given by the formula

c(g, 8 = (x(8), x(gN(—x()x(g"), x(g8"),

((a b))_{c if c £0,
“We d)) Tla ife=o.

and (, ) is the quadratic Hilbert symbol. The map x (¢) — (x(¢), 1), y(t) — (@), 1
gives an isomorphism between the two definitions. Direct calculation using the
Kubota cocycle shows that w(t) — (w(¢), 1) and h(¢) — (h(¢), sgn(¢)). Thus:

where

Proposition 2.8. We may write
x()=x@), D, yO=@,D, wt=w0),D), Ak =(Gh{),sgn@)).
The exponential map
exp : sl(2, R) — SL(2, R)
is given by the exponents of matrices. In particular,
eXp(X) =x(1), exp(tH)=h(e"), exp(—1Z)=r,
where Z =X —Y.

Proposition 2.9. Let e : R — SO(2) be the homomorphism sending ¢ to ry. Then
there exists a unique homomorphism e : R — K such that p oe = e. It is given by
e(p) = (ry, €(9/2)), where € : R/2n Z — %1 is defined by € () = sgn(sin 6 sin 20)
when0 #0, /2, w,31/2, €0) =1, e(r/2) =—1, e(wr) =—1, eBr/2) = 1.

Proof. 1t is clear that e is of the form appearing in the proposition for some
€:R/2n7Z — +1. By working out exp(#) exp(f) = exp(20), one sees that

€(0) = (x(ro), x(re))(—1, x(r29)) = (=1, x(re)x (r29)) = sgn(x(rg)x(r29)).
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Direct calculations show that x(rg)x (ry9) = sin6 sin20 when 6 # 0, & /2, 7, 37 /2,
0<0 <2m,and€(0) =1, e(7/2)=—1, e(wr)=—1, €eBn/2) =1. U

Corollary 2.10. For any integer n, the map 0,2 : K — st (rg, €(@/2)) — ein®/2
is a character of K. In particular, o = o,2|y is a character of M satisfying
o, )=1,0(-1,—-1D)=i", o(I,—1)=(—D", o(—1,1) = (—i)"

There exists a unique exponential map
exp : sl(2, R) - SL(2, R)

such that p oexp = exp. For any X € s[(2, R), let y () be the unique one-parameter
subgroup of G whose tangent vector at the identity is equal to X. Since p is a
covering map, t — Y (t) can be partially lifted to a continnous map y : I - G
such that it pushes forward to y|; for some neighborhood /I C R around 0 and
y(0) =1 € G. Since y is a continuous homomorphism, one can extend y to a
homomorphism from R to G which lifts y. We define exp(X) to be y (X).

Proposition 2.11. We have
exp(tX) = (x(), 1), exp(tH)=(h(e"), 1), exp(—tZ)=(r;,€(t/2)).
Proof. The first two are obvious and the third follows from Proposition 2.9. ]

2D. Connections between S~L(2, R) and general covering groups. Let G be the
unique nontrivial two-fold cover of a split real group G. For each root «,

®,:SL2,R) > G

is defined to be the homomorphism sending x(¢) to x,(¢), y(t) to x_,(¢), and
h(t) to hy(1).
We now state a definition from [Adams et al. 2007], which will be used later:

Definition. A root« is said to be metaplectic if @, does not factor through SL(2, R).
The next proposition follows from the first two equations in Proposition 2.4:

Proposition 2.12. If G is not of type G», then « is metaplectic if and only if it is
long. If G is of type G, then all roots are metaplectic.

3. Pseudospherical Representations

For each @ € @, let my = hy(—1) € G and Z, = X, — X_, € g. Then we have
exp(—m Z,) = my by Propositions 2.8 and 2.11. The following definition is from
Definition 4.9 and Lemma 4.11 of [Adams et al. 2007]:

Definition (pseudospherical representations). An irreducible representation o of M
is pseudospherical if the eigenvalues of o (m) belong to {£i} when « is a metaplec-
tic root, and {1} otherwise. An irreducible representation u of K is pseudospherical
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if the eigenvalues of d (i Z,,) belong to {j:%} when « is a metaplectic root, and {0}
otherwise. A representation of G is pseudospherical if it contains a pseudospherical
K-type.

Remark. When G = §i(n, R), the double cover of SL(n, R), the Spinor represen-
tation of K = Spin(n) is pseudospherical.

Remark. If G is simply laced or of type G», then every irreducible genuine rep-
resentation of M is pseudospherical. In fact, all roots are metaplectic in this case,
and s0 m2 = hy(—1he(—1) = —1 €y C Z(G). So 0(my)? =0 (—1) = —1I and
hence its eigenvalues are i with multiplicities.

Also notice that eigenvalues in the pseudospherical conditions for M and K are
compatible: log(1) =2wiZ, log(+i) = +in/2 4+ 2nwiZ.

Example. In the case §I:(2, R), the representation pu = o073 is a pseudospherical
representation of K =SO(2) whose restriction 0 =o7,2|y to M is a pseudospherical
representation of M. In fact,

p(exp(1Z,)) — 1
t .

du(Zy) = lim
t—0

But p(exp(tZy)) = 01/2(r—¢, €(—1/2)) = e~/ so the limit is

. eTit2 i
lim —— = ——~.
t—0 t 2

Thus d (i Z,) = 5 and
7 (me) = 0 (ha(=1)) =0 (rz, €(n/2)) = €7/* =1
Below is a fundamental fact on pseudospherical representations:

Theorem 3.1 [Adams et al. 2007, Proposition 5.2]. Let o be a pseudospherical
representation of M. There is a unique pseudospherical representation u, of K such
that |Lo |y = o and this defines a bijection between pseudospherical representations
of M and K.

Now we want to define an action of W on irreducible representations (o, V)
of M that do not factor through M (or equivalently, o(—1) # 1). We call such
representations genuine representations. We use I, (M) to denote the set of isomor-
phism classes of genuine representations of M. We will show that W fixes every
isomorphism class of irreducible genuine pseudospherical representations of M.
This is proved in [Adams et al. 2007, Lemma 4.11(3)]. We repeat the argument
below for completeness.

Proposition 3.2. Let Z(M) D (1, be the center of M, and let T14(Z(M)) be the set
of genuine characters of Z(M), that is, those characters x satisfying x(—1) = —1.
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For every x € I14(Z(M)), there is a unique representation o (x) of M such that
o(X)zwmy = x - 1. The map x +— o (x) defines a bijection I1,(Z(M)) — T1,(M).
The dimension of o (x) is |M/Z(M)|"/* and Ind},,;, (x) = M/ Z(M)|"?0 (x).

Proof. The key point of the proof in [Adams et al. 2007] is that if ¢ is a genuine
representation of M, then the character tr o is supported on Z(M). Suppose m does
not belong to Z(M). Choose h € M such that hmh™' # m. Since M is abelian,
p(hmh=") = p(h)p(m)p(h)~' = p(m), so hmh™' = —m. Taking the trace on
both sides, we have tro (m) = x(—1) tro(m). Since y is genuine, y(—1) = —1,
sotro(m)=0.

Therefore, every irreducible genuine representation of M is uniquely determined
by its central character. Fix x € [1g(Z(M)). Let I(x) = Indg’(M)(X). This has
central character x, so it is a multiple of the irreducible representation o () of M
with central character y. Put I (x) = no (x). By Frobenius reciprocity,

Homy (1 (x), I(x)) = Homzu (I (X1 zmys X)s
which has dimension |M/Z(M)|. On the other hand, by Schur’s lemma,

Homy, (1 (x), I(x)) =Homy (no(x),no(x)),

which has dimension 1% Therefore n = |M/Z(M)|'/? and the dimension of & ())
is |[M/Z(M)|'/2 O

Since Nk (A) acts on M by conjugation, it also acts on its center Z (M), which
factors down to W = Nk (A)/M. Thus we have an action of W on I, (Z(M)). By the
proposition above, this gives rise to an action of W on I'l, (M). More precisely, pick a
representative w € Nx (A) of w € W. Then o (m) = o (W~ 'm) is a representation
of M. Up to isomorphism, it is independent of the choice of a representative
of w because different representatives w give the same central character, hence
isomorphic representations. Therefore one can denote this representation by wo,
as an isomorphism class in ITg (M).

Proposition 3.3. The action of the Weyl group W on the isomorphism classes of
irreducible genuine representations of M fixes each isomorphism class of pseudo-
spherical representations.

Proof. Assume (o, V) is a genuine representation of M. For all w € W, choose a rep-
resentative w of w in Nx (A). By Theorem 3.1, there is a unique pseudospherical rep-
resentation (4, V) of K such that p, |y =0. Let¢:V — V, vi> e (W~ v. Then

¢ (1o ()0) = 1o (D™ Ho (v = 1o (D™ kD)o (™ Hv = (Do) (K (v)
for any k € K. Thus ¢ is a K-isomorphism, and restricting it to M, we get

0 = (Who)ly = wo. O
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4. Principal series representations and intertwining operators

In this section, let G be the double cover of a split real group. We define the
principal series representation of G and the intertwining operator. Most of the
results are well-known in the linear group case; see [Schiffmann 1971]. The
discussion for covering groups is almost identical to the linear case. The highlight
is that the intertwining maps can be defined in a canonical way using the theory of
pseudospherical representations.

Let x be a character of A, and let § be the modular character of A such that

/f(a—lna)dn=5(a)f f(n)dn
N N

for any a € A and any compact supported function f on N. Here we fix a Haar
measure on N, which is topologically isomorphic to RI®*1. Since § depends on N,
we will write § instead of § when needed. The character § is equal to the product
of the roots in ®*, considered as multiplicative characters of A. Let (o, V) be a
pseudospherical representation of M.

Definition. Let / (P, o, x), the space of principal series, be the space of smooth
functions f : G — V such that

f(namx) = 8(a)"*x (a)o (m) f (x)

forallm e N, ae A, m € M, and x € G. Then G acts on I (P, o, x) by right
translation: p(g)f(x) = f(xg). This defines a representation of G called the
principal series representation, or induced representation, of G. For simplicity, we
denote this representation by / (o, x) or I (x) when there is no confusion.

Assume  is a character of A. Forall w € Nk (A), wy (a) = x (w™'aw) is another
character of A. This action factors down to W. Note that w(w;x) = (wiws) x.
In other words, we have an action of the Weyl group W on I1(A) = the set of
characters of A.

By Theorem 3.1, there is an irreducible representation (., V) of K such that
Uolm=o0.Forany f €l(P,o, x)and any w € W, pick a representative w € Nk (A)
of w, and define a function

MW, o, ) f)=ps) [ f@ nx)dn.
NNONw—\N

Note that n — f (@~ 'nx) is left (N N N w~")-invariant, so the integral makes
sense. Also it is well-defined, i.e, independent of the choice of a representative
of w in Nk (A) due to the normalizing factor . For simplicity, we write w in
place of w when there is no confusion. Let us remark that N,,, which is equal to
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NNwNw~!\ N, corresponds to those positive roots that are sent to negative by
w~!, and it has one-to-one correspondence with B\ Bw ™' N.

Let S(w) be the set of x such that the above integral is absolutely convergent
for any x € G, f € I(P, 0, x). We are going to show that M(w, o, x) maps
I(P,o, x)into I (P, o, wy) for x € S(w). This map is called the intertwining map.
For simplicity, we sometimes denote this map by M (w, x) or M (w).

Lemma 4.1. Let w be an element in W, and let 5., be a character of A such that

/ f(a_lna)dnzéw(a)/ f(n)dn
N, N,

w w

for any a € A and any integrable function f on N. Then (w8)'/%8,, = §'/2

Proof. For a simple reflection w, take 0 = PU Pw~'P and let L, U be its Levi
factor and unipotent radical. Note that U = NNwN w~ L. We have 8y =8y dn U and
Sunw-1 =8UdyNw-1 - But 8y ny-1 =wdy and 8, yy-1/y = 51:,}(]. The conclusion
now follows from simple algebraic manipulations. U

Proposition 4.2. If x € S(w), then M(w, o, x) maps (P, o, x) into [ (P, o, wx).
Proof. M(w, o, x) f(nx) = M(w, g, x) f(x) is obvious. Next we have

M(w, o, x) f(ax) = s (w) f f(w™'nax) dn
Ny
— 1o (w) / £ awyw (@ 'na)x) dn
Ny
— 1o (W)wS (@ Pwy (@) f Fw @ na)x) dn
Ny

=t (w)wd(a) wx (@), (a) / fw'nx)dn
Ny

=8 Pwx@Mw, o, x) f(x).

Similarly,
M(w, o, x) f(mx) = [y (w) f f(w™'nmx) dn
Ny

=ue) [ f((w ' mw)w " (m™'nm)x) dn
Ny

= ,u(,(w)o*(w_lmw)/ f(w_l(m_lnm)x) dn
Ny

=0 (m) e (w) / fw ™ 'nx)dn
Ny

=o(m)M(w, o, x)f(x). O



ACTION OF INTERTWINING OPERATORS ON PSEUDOSPHERICAL K-TYPES 205

Assume that the Haar measures on the N,, are normalized so that, when [ (ww;) =
[(wy) +1(w2),

/ f(n)dn=/ Fwmaw ' n) dny dn
N,

Ny wsy wy X Nuy

for any integrable function f on N,,,,. Under this assumption, the following
proposition holds:

Proposition 4.3. Assume wi, wy € W such that [(wyw;) = I[(wy) + [(wy). Then
S(wiw) = S(wz) Nwy ' S(wy),
and for x € S(w) regular (only fixed by the trivial element in W),
M(wi, 0, wax) o M(w2, 0, x) = M(wiws, 0, X).

Proof. Since yx is regular, the dimension of Homg (1 (x), I (wy)) is one for any
w € W, by Frobenius reciprocity. So it suffices to show that (M (w1)oM (w;) f)(1) =

M (wywy) f(1):

(M (wy) o M(w2) (1) = po (wy) i (M (w2) f)(wy ') dny

— o () (w2) / dn, / Fws naw ) dna
Nw1 Nw2

-1, ~1 ~1
= Ma(wlwz)/ dn / fwy, w; -winawy ny)dns.
Nu, Nu,
By the assumption on the Haar measures, the last expression is equal to

[ (Wi w2) fwy 'win)dn = M(wywy) £(1). 0

Nw]wz

5. Representations of §I-:(2, R)

We carry out the detailed study of principal series and intertwining maps in the SL;
case first, since it is the fundamental building block of the general case. The results
in Section 5A are well-known, but we list them here for the purpose of making a
comparison with the nonlinear case.

5A. Linear case. Let G =SL(2, R), and let P be the standard parabolic subgroup
with Langlands decomposition P = NAM. Then M has only two characters. Let o
be any of them. For any complex number s, define a character x of A by x(a) =a°,
where a = diag(a, a~!). The modular character §(a) of A is a>. So the space
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I(P, o, x) of principal series in this case is the collection of functions f such that

f(namx) = a** o (m) f (x).

For simplicity, we denote itby I (o, s). Let K =SO(2). ForanyneZ, 1,(ry) = eine
is a character of K. Define f;' such that

[l (nak) = a* 'z, (k).

Then f]' € I(ty|m, s). When n is even, 1, is trivial, denoted by op. When 7 is
odd, t,|u is nontrivial, denoted by o1. We say f/" is of K-type n.

The Weyl group W is of order two. Let w be its nontrivial element. Now we
define the intertwining map M (o, s) : I (0, s) — I (o, —s). For f € I (o, 5),

M(o,s)f(x)= / f(wnx)dn when o = oy,
N

M(o,s) f(x) = rl(w)_lf f(wnx)dn when o =oj.
N

It does not depend on the choice of a representative element of w in Nx (A). We have
Mo, s) f]! = cu(s) fI; for some constant ¢, (s) = (M (o, s) f;')(1). The following
proposition is well-known. We will give a proof of a more general proposition in
the next subsection.
rGries)
S—n

l—w(s-i-g-i-l)l—w(

Proposition 5.1. cn(s) =/

)
5B. Nonlinear case. Let G = §L(2, R), and let P = NAM be its standard parabolic
subgroup which is the double cover of P. Let K be the double cover of K = SO(2).
We are going to study the principal series of G and calculate the intertwining map
using the Kubota cocycle. Let o be a character of M, and define a character x
of A by

x(a)=a’,

where s € C, a = (diag(a,a™"), 1) € A. Since §y(a) = a® and Syla) = a?,

I(P, o0, x), which we denote by I (o, s) for simplicity, consists of functions f such
that

f(namx) = a** o (m) f (x).

1 (f_’, o, x), which we denote by I (o, s) for simplicity, consists of functions f such
that

f(namx) = a*"'o(m) f (x).
For any n € Z, define f."/* such that
f12(nak) = a* 0,5 k),
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where 0,5 is a character of K defined in Proposition 2.9. Then fs"/ = (on2lm, 8).
We say fsn/ % is of K-type n/2. Similarly, define f ?/ ? such that

1% (nak) = a* o, n (k).

Then f2/% € (002l 5).
There are four different characters o of M: ooy, 01/2|m» 01|pm» 032 M- Define
the intertwining map M (o, s) : I (o, s) = I (o, —s) by

M(a,s)f(x):a,-/z(w)—‘/ fwnx)dn, o =o0;plu, i=0,1,2,3.
N

This definition is canonical. Define T : I (o,5) > I(0, —s) by
Tf(x)=0ipw)"' f(wx), o=o0ipnlu, i=0,1,2,3.

Also define intertwining maps A(o, s) : [ (0, s) — (o, s) such that
A(o,s)f(x) = f f(nx)dn
N
and A(o, s) : I (o, s) — I (o, s) such that

A(o, ) f(x) =/ f(nx)dn.
N

Then we have
M(o,s) =T o A(o, s).

M (o, s) sends fsn/ % to Cny2(s) fféz for some constant ¢, > (s). It is sometimes called

the Harish-Chandra c-function. It is easy to see that ¢, 2(s) = A(a, 5) fi'>(1). For

simplicity, we sometimes use / (s) in place of I (o, s) and A(s) in place of A(o, s).
Define a pairing (, ) : I (s) x I(—5) — C by

(frg)= fK F 0 dk.

There is also a pairing (, ) : I(s) x I(—=5) — C defined using the same formula.
The following lemma follows from formal calculations:

Lemma 5.2. For f € I(s) and g € 1(—5), we have (A(s) f, g) = (f, A(—5)g).

Proposition 5.3. For those s € iR such that 1(s) is irreducible, A(s) o A(s) is a
nonnegative constant.

Proof. By Schur’s lemma, A(s) o A(s) is a constant, say A(s). When s € iR,
s = —5, so by Lemma 5.2 (A(s) f, g) = (f, A(s)g). Taking g = A(s) f, we get
(A f, As) ) =(f, A(s) o A@s)f) = A(s)(f, f), hence A(s) is nonnegative. [l

Below is a nice property of the c-function:
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Proposition 5.4. ¢, /2(s) = c_,2(s).
Proof. Let d = diag(1, —1) € GL;. The conjugation action of d on SL, satisfies
drgd~' = r_4. This action lifts to the covering group and it gives an inverse on K.
Hence the conjugation of functions by d gives an intertwining map I (o, s) —
I(c~!, s) which we denote by d(s). We have

M@, s)od(s) =d(—s) o M(o,s).

In fact, for any f € I (o, s),
Mo~ 5)0d(s)f () = 0pa(w)~! / ((s) f)(wnx) dn
N
=a_n/2(w)1/ f(dwnxd™")dn
N

= crn/z(w)/ f(w_ldnxa’_l) dn.
N

1

Since w™' = mw for some m € M, the last expression is

o2 (W) (m) /N f(wdnxd™"ydn =0,pw™h) /N f(wdnxd™")dn.
On the other hand,
d(=s) o M(0,5) f (x) = 0up(w) ™! /N f(wndxd ™"y dn
= oupp(w)”! /N f(wdnxd™")dn,

hence the two operators are equal.
Now take f = f'/% Then

Mo, 5)od(s) f1* = C—n/z(s)f__sn/z»
d(=s) o M(c., s) f1% = cppa(s) f%

Thus ¢, /2(s) = c_,2(5). U

Now we calculate ¢, />(s):

Proposition 5.5. cnja(s) =/ =
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Proof. We have ¢, j2(s) = [ f2/*() di. Forii=('9) e N,

i1
_ 1 x\ [(y'/? 0)
n= _ (rg, 1)
(01) (o L)

_(y'Pcosp+xy 2sing —y'/?sing +xy~1/?cos
o y~12sin¢g y~ 12 cos ¢ '
Then
_ i t 4 | 4y
n-i= = 1=x L,
ti+1  ?+1 241 Y

soa(t)=y = t-+1, tang =1t, ¢ = ¢(t) = arctant. en
)=y =1/V12+1 (1) Th

o= [ 2" Nar= [ L o arp. Vs
i) = R t 1 = Ju (21 D)FD2TMe0: :

Since ¢(t) € (—m /2, w/2), we have €(¢(t)/2) = sgn(sin(¢(¢)/2) sin(¢p (1)) =1,
hence 0,,2(rg), 1) = e/"9/2_ Finally, by substituting those expressions into the
last integral, we get

1 - 1—it n/2
_ in(arctant)/2 __
Cn/z(S) = \/I; —([2 n 1)(S+1)/2 e / (t2 + 1)(&‘-}-1)/2 < /—+ 1) dt.

Now the proposition follows from the lemma below. O

Lemma 5.6. Foranyn € Z,
/ 1 ( 1—it )””dt_ﬁ rres)
r @02\ Jagr) YR (s gy

Proof. The integral is absolutely convergent for Re(s) > 0. The integrand is equal to

(1 4 it)(—ZS—n—Z)/4(1 _ l-t)(—25+n—2)/4’
which we denote by f (). By Lebesgue’s dominated convergence theorem,
lim [ f(t)e " dr = / f(t)dt.
=0 JR R
Let 2u = §(25 +n+2), 2v = 1(25 —n +2). By [Erdélyi et al. 1954],

£ =f f@0e ™ dt =2727" T Q) Y Wy 10-0-u ()
R

for y > 0. Here W is the Whittaker function
'(—20) I'2o)

— My () ——M, _+(2),
FE—o—p) " Th4a—p) "7

W,o,(r (z) =
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where
Mpo(2) =27 F (3 +0 —p.20 +1.2).
a@+1)---(a+k—1)zF
F(a,b,7)=1 <
@.5.2) +;b(b+1)---(b+k—1)k!
So

'(—1+2u+2v)
I'Cu)

Wo—u1/2—v—u(2y) = Q) T4 VeV F(1 = 20,2 — 2u — 20, 2y)

I'(l—2u—2v) _
————————(2y)" e F (2u, 2u + 2v, 2y).
T = 20) 2y)* e F(Q2u, 2u +2v, 2y)

Thus
I'(=1+42u+2v) Hl—u—v

T'2u)

yu+v—1 Wv—u, 1/2—v—u (2Y) —

as y — 0. It follows that

op gyt D220
T (u)

/ f()dt = lim f(y) =272~
R y—0

By the double formula,
I'(s) = L23*1F<£)r<ﬂ)’

JT 2 2
hence () (+1)
LT (L
dt = 2 2 O
S ON T )

Now we consider a slightly more general situation, which will be used in the
next section. Let (o, V) be a finite-dimensional representation of M which is the
restriction of a representation (u, V) of K. Let I (o, s) be the space of functions
f:G — V such that f(namg) =a**'o(m)f(g). For f € I(o,s), define

M(s) f(x) = pu(w)™! f [ (wnx) dn.
N
By Proposition 4.2, M (s) maps I (o, s) into I (o, —s). For v € V, define
1y (nak) = a* v,

Then v — f? is an embedding of (i, V) into I (o, 5), as a K-subrepresentation.

Proposition 5.7. Assume (i, V) is a direct sum of o+y2 for a fixed integer n. Then

(M(s) f) (1) = cpa(s)v.
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Proof. If v belongs to one of those summands, then by the definition of M (s) and
Proposition 5.5, (M (s) f')(1) = cn2(s)v. Because ¢, /2(s) = c_,2(s), this is valid
forany v € V. U

6. Action of intertwining operators on pseudospherical K-types

This section contains the main result of this paper. Let G be the unique nontrivial
two-fold cover of a split real group G. Assume o is a pseudospherical representation
of M and . is the pseudospherical representation of K corresponding to . We
note that the multiplicity of u, in I (P, o, x) is one and then calculate the action of
the intertwining operator on it, obtaining explicit formulas of the Harish-Chandra
c-function.

The following lemma is fairly simple; see Definition 5.5 of [Adams et al. 2007].

Lemma 6.1. As a K-representation, the multiplicity of uy in I (P, o, x) is 1.

Proof. 1t is easy to see that, as a K-representation, I (P, o, x) is isomorphic to
Indﬁ (o). By Frobenius reciprocity, Homg (., Ind,‘Kl (0)) = Homy, (o0, o), which
is isomorphic to C by Schur’s lemma. U

Let ¢ be the unique element in Homg (s, I (P, o, x)) such that (¢pv)(1) = v
for all v € V, and let ¢ be the unique element in Homg (1, I (P, o, wy)) such
that (yyv)(1) = v for all v € V. Then M (w, o, x)(¢v) = ¢ - (Yv) for some nonzero
constant ¢ € C which does not depend on v.

Lets = (s1,...,s) € C' and take x = x, to be the character of A such that

xs(hi(t) ---(@) =1;"---5", 1 >0.
We write I (P, o, s) instead of I(P, o, x). Let ws € C' be such that wy, = xuws.
We write M (w, s) for the intertwining map instead of M (w, o, xs).

Lemma 6.2. Define a function fp , G — V such that

I, s(nak) = xs(@)dn (@) g (k).
Then f,'?’ L5 is well-defined and lies in I (P, o, s).
Proof. For simplicity, we write f{ in place of fp , = when there is no confusion.
Since the Iwasawa decomposition is unique (this is not true in the p-adic case), f;’ is
well-defined. It is evident that f"(nx) = f,”(x). For any a € A, we have f!(ax) =
fl(an(x)a(x)k(x)). Since T normalizes N, it is equal to xs(a)dy(a)'/? £V (x).
Finally, since T normalizes N and A is contained in the center of T,

[ (mx) = £ (mn(x)a(x)k(x)) = f{ (n'(x)ma(x)k(x))

= f{ (' (x)a(x)mk(x)) = o (m) f’ (x).

Thus f’ € I(P,o0,s). |
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Lemma 6.3. Define ¢ : i — I(P, 0,5), vi—> fl. Then ¢ is a K-intertwining map.

Proof. We need to show ¢ (o (k)v) = R(k)¢ (v). For x € G, let x =n(x)a(x)k(x)
be the Iwasawa decomposition of x. Then

P (o (k)v)(x) = f7O(x) = x5 (a(x))dn (a(x))?o (k(x))o (k).
On the other hand,

R(k)p (v)(x) = fL(xk) = xs(a(x))8n (a(x)) 2o (k(x)k)v
= xs(a(x)8n(a(x)"?o (k(x))o (k)v,
which proves the identity. (]

Proposition 6.4. Assume o is a genuine pseudospherical representation of M.
Then i |k, = mao1 2 ®m'o_y s for some integers m, m' when o is metaplectic, and
Wo |k, =m -1 for some integer m when o is not metaplectic. Here K, = ®,(SO(2)).

Proof. For each a, K, is generated by exp(tZ,), t € R. By the definition at the
beginning of Section 3, the eigenvalues of 1 (exp(tZy)) are e*!/? with multiplicities
for o metaplectic, and 1 otherwise. On the other hand, foreachn €Z, 0,2 : Ko — S,
exp(tZy) e~"/2 ig a character of K,, and K, = S' has no other characters.
Thus s |k, is a direct sum of 041/ when « is metaplectic and 1 otherwise.  [J

Let G, = @a(ﬁ(Z, R)) C G. Then G, = §L(2, R) when « is metaplectic, and
G, = SL(2, R) when « is not metaplectic. Let T, be the image of the metaplectic
torus of §I:(2, R), and let N, be the image of the unipotent radical of the standard
parabolic subgroup of §f,(2, R). Consider Q = PUPwy P, where P=NT = NAM
is a minimal parabolic subgroup of G. Then U = N Nw,Nw, ! is the unipotent
radical of Q. We have §y (1) =8y (1)dn,u (¢) for t € T. In particular, taking ¢ € T,
we get 8y (1) =1, hence §y (1) =dn/u (1) = n, (t). Thus Sy (¢) =6y, (2) fort € T,.

Now we get to the main result of this paper; a similar result on double covers of
p-adic groups can be found in [Loke and Savin 2010].

Theorem 6.5 (action of intertwining operators on pseudospherical K-types). Let
M(w,s):I(P,o,s)— I(P, o, ws) be the intertwining map. Then M (w, s) f’ =
c(w, s) fp, for some constant c(w, s). Moreover, let A = {ay, ..., a;} be the set
of simple roots, and let w; = wy,. Then in the case when ® is simply laced or of
type Ga,

c(w;, s) =cio(s;) forall i.

Otherwise,
c(wi, s) =co(s;)  when a; is short,

c(w;, s) =ci2(s;) when a; is long.
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Here, for v € C,

r(e r(3)r(=
co(v) 1= ﬁl"(g)’ cip() = «/EF(E _(:; [S(i+l)
1 2T \aTg

Proof. The idea is reduction to the SL, case.

The multiplicities of (us, V) in I(P, o, s) and I (P, o, ws) are both 1, hence
M(w,s) f =c(w,s) f,, for some constant c(w, s). Evaluating at g = 1 on both
sides, we get M (w, s) f' (1) =c(w, s)v. For w = w;, there is a map from I (P, o, s)
to I (o, 5;) given by restricting functions on G to G,, where I (o, s;) is the space
of functions f : G,, — V such that f(namx) = a* o (m) f(x) (here a stands
for hy, (a)). Since Ny, = NN w,'Nwi_1 \ N = Ny, M(w;, s) induces a map from
I(0,s;) to I(o,—s;), and f!|g, satisfies f(nak) = a**'u, (k)v for n € Ny,
ac Ay, kek,,.

By Proposition 2.12, when @ is simply laced or of type G, all roots are meta-
plectic By Proposition 6.4,

Iolk, =mo1p@m'o_ip
for some positive integers m, m’. Applying Proposition 5.7, we see that c(w;, s) =
c12(si).

Now assume @ is of type B,, C,, or Fy4. If @; is long, then it is metaplectic, by
the same argument as the paragraph above, and we have c(w;, s) = c1,2(s;); if o;
is short, then it is not metaplectic by Proposition 2.12. Hence by Proposition 6.4,

Mo |Kai =m-1
for some positive integer m. Applying Proposition 5.7 again, c(w;, s) = co(s;). [
Remark. We may write any w € W as a reduced product of simple reflections:
w = wjw; - - - w,. Then by Proposition 4.3,
M(w,s) = M(wi, wy -+ wys) M (w2, w3 -+ - Wys) - - - M(Wy—1, W) M (wy, 5),
which implies
c(w,s) =c(wr, wy -+ wys)c(Wa, W3-+ Wys) -+ - C(Wp—1, WpS)C(Wh, §).

Define Y

M(w,s) = —(w, $) .
c(w,s)
Then

Mww',s) = Mw, w's)o MW, s)

for any w, w’ € W. These are called normalized intertwining operators and their
composition law behaves like the Weyl group.
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LOCAL SYMMETRIC SQUARE L-FACTORS
OF REPRESENTATIONS OF GENERAL LINEAR GROUPS
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This paper develops a theory of local symmetric square L-factors of repre-
sentations of general linear groups. We will prove a certain characterization
of a pole of symmetric square L -factors of square-integrable representations,
the uniqueness of certain trilinear forms and the nonexistence of Whittaker
models of higher exceptional representations.
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Introduction

The purpose of this paper is to elaborate on the Rankin—Selberg construction of the
twisted symmetric square L-functions of general linear groups, developed in [Bump
and Ginzburg 1992; Takeda 2014]. We will mainly focus on the local aspects here.

Fix an integer n > 2. The setup involves an exceptional representation 6 of an
appropriate double cover G of a general linear group G = G, = GL,(F) over
a nonarchimedean local field F of characteristic zero. This rather mysterious
representation, which is the smallest genuine representation of this covering group
in many senses, was first constructed in generality by Kazhdan and Patterson [1984].

We can associate to each representation ¢ of the Weil-Deligne group WDp
of F the local L-factor L(s, ¢) of Artin type. Let sym? and A? be the symmetric
and exterior square representations of GL, (C). Given an irreducible admissible
representation w of G, we can define its local symmetric and exterior square
L-factors as L(s,sym? o ¢()) and L(s, A% o ¢(r)), where ¢ stands for the local
Langlands correspondence between irreducible admissible representations of G and
n-dimensional representations of WDp.
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The factorization

(0-1) L(s, ¢ () ® ¢ (1)) = L(s, A*> o ¢ () L(s. sym* o $())

is an easy consequence of the Langlands formalism. Assume that 7 is an irreducible
square-integrable self-dual representation of G. Then L(s,¢(7) ® ¢(r)) has a
simple pole at s = 0, and hence exactly one of the symmetric or exterior square
L-factors of 7 has a pole at s = 0.

It is known that L(s, A% o ¢(r)) has a pole at s = 0 only if n is even. Let ¥ be
a nontrivial additive character of F. When 7 is even, the L-factor L(s, A? o ¢ (1))
has a pole at s = 0 if and only if 7 admits a nonzero linear form A on & which

satisfies
A (n ( [g h}f(] ) v) =Y (tr(X))A(v)

forallven, h € Gyy and X € M2 (F) (see [Kewat and Raghunathan 2012;
Kewat 2011; Lapid and Mao 2017]). A linear form with this property is called
a Shalika functional. As is well known, the space of Shalika functionals on any
irreducible admissible representation is at most one-dimensional (see [Jacquet and
Rallis 1996]).

We will prove analogous results for symmetric square L-factors. We call &
distinguished if there is a nonzero G-invariant linear functional on 7 ® 6 ® 6.
The following theorem, which is a special case of Theorem 3.19, indicates that this
notion of distinction is closely connected with the symmetric square L-factor.

Theorem A. Let  be an irreducible admissible square-integrable representation
of G with central character wy. Then L(s,sym? o ¢ (1)) has a pole at s = 0 if and
only if wfr =1 and m Q wy is distinguished.

It should be noted that if n is even, m is distinguished and X2 =1, then a)jzr =1
and w ® x is distinguished (see Lemma 1.12). Thus in the case of even n the
L-factor L(s,sym? o ¢()) has a pole at s = 0 if and only if 7 is distinguished.
Notice that L(s,sym? o ¢ (7 ® x)) = L(s,sym? o ¢(1)).

As with many L-factors, the symmetric square L-factor may currently be defined
not only by the local Langlands correspondence, but also via integral representations
or through analysis of Fourier coefficients of Eisenstein series. Henniart [2010]
has shown that the first and third definitions agree. We will define the symmetric
square L-factor of irreducible admissible generic representations via the integral
representation (see Definitions 3.10 and 3.12) and show that this approach gives the
same L-factor at least for square-integrable representations (see Theorem 3.18).

Now the following corollary can trivially be deduced from Theorem A and the
relevant result for L(s, A% o ¢(r)), alluded to above.
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Corollary A. Let w be an irreducible square-integrable representation of G with
central character wy.

(1) Assume that n is odd. Then  is distinguished if and only if wy is trivial and
7 is self-dual.

(2) Assume that n is even and wy is nontrivial. Then 1 is distinguished if and only
if m is self-dual.

(3) Assume that n is even and wy is trivial. Then 7 is self-dual if and only if either
a nonzero G-invariant linear functional on 1 ® 0 ® 6" or a nonzero Shalika
functional on 1 exists. Moreover, if one of the two functionals exists, then the
other does not.

The following theorem is included in Theorem 2.14.

Theorem B. If 7 is an irreducible admissible unitary representation of G, then the
space of G-invariant linear functionals on T ® 6 ® 6 is at most one-dimensional.

The unitarity assumption is expected to be unnecessary. Sun [2012] proved
uniqueness of another trilinear form. Our proof of Theorem B is a refinement of
the proof of the generic uniqueness in [Kable 2001, Theorem 6.1], combined with
the same idea as in the proof of [Matringe 2014, Proposition 2.3]. Though the
hypothesis is essential to this method, we can prove a somewhat stronger uniqueness,
which is entirely analogous to the well-known theorem of Bernstein [1984] and its
twisted analogue [Ok 1997] (cf. Remark 2.15(1) and [Anandavardhanan et al. 2004;
Matringe 2014]).

Since G has a subgroup N, which is isomorphic to the group of upper unitri-
angular matrices of G, we can consider Jacquet modules, Whittaker models and
derivatives of representations of G.

Theorem C. If n > 3, then the exceptional representations of G carry no Whittaker
functionals.

This result has been proved by Kazhdan and Patterson for nonarchimedean local
fields of odd residual characteristic (see Theorem 1.3.5 of [Kazhdan and Patterson
1984]). When n = 3, this is Lemma 6 of [Flicker et al. 1990]. We will give a different
proof which covers the dyadic case. Eyal Kaplan indicated another proof, which
uses Lemma 6 of [Flicker et al. 1990] together with induction. It is noteworthy that
our proof covers the twisted case as well.

Theorem C completes the computation of derivatives of the exceptional represen-
tations. For all nonarchimedean local fields of characteristic zero, the first derivative
has been computed by Kable [2001], and the second derivative has been considered
by Bump and Ginzburg [1992]. Theorem C combined with the periodicity (see
Theorem 5.1 of [Kable 2001]) implies that the third and higher derivatives of the
exceptional representations are zero.
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Our proof of Theorem A uses a local functional equation, which is a direct
consequence of the generic uniqueness, and a stronger uniqueness result given in
Theorem 2.14(2). The proofs of these uniqueness results rely upon the knowledge
of derivatives of the exceptional representations. The local functional equation and
uniqueness principle have not been previously discussed in the dyadic case because
of a gap in this knowledge for the exceptional representations over dyadic fields.
One of the contributions of this paper is to remove this restriction.

Takeda [2014] has recently constructed twisted exceptional representations and
generalized the Rankin—Selberg integral to represent the twisted symmetric square
L-functions. In the case of even # the results described so far except for Corollary A
will be proved for twisted symmetric square L-factors and twisted exceptional
representations (cf. Remark 3.20). When r is odd, we will discuss the symmetric
square L-factors without twisting. In order to deal with the twisted case, we
only have to analyze the representation of G induced from a twisted exceptional
representation of G,_;. Though this analysis is not very difficult, if somewhat
involved, we think that our formulation keeps our exposition a reasonable length
and sufficient for future applications (cf. Theorem 3.19).

1. Exceptional representations

In this section we aim to review those properties of the exceptional representations
that will be required below. Since the proper home for the exceptional representation
is not really GL, (F), but rather its covering group, we begin this section by recalling
some relevant facts from the theory of the covering groups.

1A. Notation. The notation introduced here will be used constantly in later sec-
tions. Throughout, F will be a local field of characteristic 0. We write |x| for the
normalized absolute value of an element x of F. There is a quadratic Hilbert symbol
(,)on F*x F* which takes values in o = {z£1}. This symbol is symmetric and
bimultiplicative, and its left kernel is the subgroup F*? of squares in F*. In the
nonarchimedean case the symbols o and g will denote, respectively, the ring of
integers of F and the cardinality of the residue field of F.

By a character of a locally compact group H we mean any continuous homo-
morphism of H into C*

Definition 1.1. A character x of F* is said to be unitary (resp. quadratic, even,
odd) if x(a) is a complex number of modulus 1 for every a € F* (resp. x> = 1,
x(=1) =1, x(=1) = —1). When a € F*, we define a quadratic character y, of
F* by xqa(b) = (a,b) for b € F*

For each positive integer r, we denote by G, = GL, (F') the group of invertible
matrices of size r, by T} its subgroup of diagonal matrices, by B, its subgroup
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of upper triangular matrices, by N, its subgroup of upper triangular matrices with
unit diagonal, by Z, its subgroup of scalar matrices, by &2, its subgroup consisting
of matrices whose last row is (0,0,...,0,1) € F" and by %; the unipotent radical
of Z,. Put P, = Z, - #,. We denote the group of permutation matrices in G, by
W, and identify it with the Weyl group of G,. For a representation = of G, we
will denote its central character, if it exists, by w, unless otherwise mentioned.

We fix a maximal compact subgroup K, of G,. Let K, = GL,(0) in the p-adic
case. When m < r, we shall systematically regard G, as a subgroup of G, via the
embedding into the upper left corner. We here allow the specific case m = 0 so that
Gy is the identity group. For a parabolic subgroup P of G, we denote by §p the
modulus function of P and extend it to the right K, -invariant function on G,.

By a standard parabolic subgroup of G, we shall mean a parabolic subgroup
of G, which contains B,. A composition of r is an ordered partition of . To
such a composition ¥ = (rq,...,ry) of r, we associate the standard parabolic
subgroup Py = M, U, of G,, where U, is the unipotent radical of P, and the
group M, = G, x---x Gy, , regarded as embedded in the natural way as a block-
diagonal subgroup of G,, is a Levi subgroup of P;.

We define the subgroup GF of G, by

GY ={ge€G, |detg e F*?}.
Further we define the subgroup M, ,D of M, by

M,EI = {diag[ml,...,mk]eM, | m; GGE fori = 1,2,...,k}.
Put
% =1{z*" |z ez},

where e(r) is 1 or 2 according to whether r is odd or even. Set
Tr={t €Ty [t,_y;41l; 5ipp € F* P fori =1,2,... . [5]}.

writing a diagonal matrix ¢ € T, in the form diag[t;, t,, . .., #,]. We define the two
compositions of r by

e(r)=2,2,2,...,2,2), o(r)=(,2,2,...,2,1)
if r is even, and by
e(r)=(1,2,2,...,2,2), o(r)=(2,2,2,...,2,1)

if r is odd. Lastly, we define the subgroup .# of M, by .4, = Z, -MeE('r).
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1B. The double covers of general linear groups. A central double covering p, :
G, — G, corresponds in the usual way to a class in the cohomology group
H?*(G,, it3), where G, acts trivially on the coefficients /i, and choosing a cocycle
to represent this class is equivalent to choosing a section s, : G, — G, of the map p,-.
We shall choose s, in such a way that the resulting cocycle o, agrees with the one
constructed by Banks, Levy and Sepanski in [Banks et al. 1999, Section 3]. Let
{7 inject into the center of G,. Then we can write typical elements of G, uniquely
in the form s, (g) for g € G, and ¢ € ;. The composition rule is given by

¢sr(g)-¢'sr(g) =¢t0r(g.8)s,(g8) (8.8 €Gr. .8 € ).

The 2-cocycles {o,}22 | are well behaved with respect to restriction and satisfy a
nice block formula on all standard Levi subgroups, i.e., if r =7y +--- + r; and
8.8, €Gy, fori =1,2,... k, then
g g k / /
Or ) =ngl(gl,gl)l—l(detg],detgl)
/ . .
g k g k i=1 j<l

The 2-cocycle o is trivial and o, is the Kubota 2-cocycle on G.

For any subgroup H of G, we write H for its preimage p, ! (H). An irreducible
admissible representation of H is said to be genuine if it does not descend to a
representation of H. Since the restriction of o, to any copy of G, embedded along
the diagonal in G, agrees with the 2-cocycle o,,, we can naturally identify G,
with G,,. The block-compatibility of o, guarantees that the map

C18r(€1)s -GS (81)) > (G- Gic)s r (diaglgn, .. gk])
is a surjective group homomorphism 5'r:1' X eee X @,El! — MF, which gives the
decomposition
(A-1) M7~ G x G x-xGE [{. 6o G G € s §180 -G =1}
Remark 1.2. (1) The center of G, is Z,.
(2) The center of T, » s D@A’;T ,D.
(3) The preimage J, is a maximal abelian subgroup of T,.

(4) It is known that
or(ugu’,g'u"y=0,(g,u'g") (g.2' €G,, u,u’,u” € N,).

In particular, the restriction of s, to N, is a group homomorphism, by which we
view subgroups of N, as those of G,. If P is a standard parabolic subgroup of G,
with unipotent radical U, then

Psr@)p~" =5, (pr(Pupr(H)~") weU. jeP).
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If F is nonarchimedean, then there are an open subgroup K, of K, and a map
kr . Ky — o such that k — «;(k)s, (k) is a group homomorphism from i,
to G, by Proposition 0.1.2 of [Kazhdan and Patterson 1984]. The topology of
G, as a locally compact group is determined by this embedding. If the residual
characteristic of F is odd, then we can take K, = K. The splitting K, — é, is
not unique. We shall fix what Kazhdan and Patterson refer to as the canonical lift
of K, to G, (see [Kazhdan and Patterson 1984, Proposition 0.1.3]).

1C. Lifts of the main involution. When ¢ is an automorphism of G,, a lift of ¢
to G, is an automorphism @ of G, such that ¢(¢) = ¢ and p,(3(8)) = ¢(p,(8))
for all ¢ € 1, and & € G,. The lift of any topological automorphism of G, to G,
is a topological automorphism by Corollary 1 of [Kable 1999]. We consider a lift
of the automorphism g > ‘g of G, defined by ‘g = w{” g~ wg", where ‘g is the
transpose of the matrix g and wg ) € W, is the longest element.

Proposition 1.3 [Kable 1999]. There exists a lift g — ‘g of the automorphism
g ‘g to G, satisfying

s () =s,(0 @), F=2" (D=g ‘srw) =s-(u)
i>j
forallt =diag[ty,....t;]€T;, Z € Z,, ge G, andu € N,. All lifts are of the form
g+ o(det p,(g))'g, where o is an arbitrary quadratic character of F*. Moreover,

if the residual characteristic of F is odd and f : K, — G, is a homomorphism,

then f(‘k) ="‘f(k) forallk € K,.

Proof. Kable has determined the lifts of the main involution and proved their
basic properties. However, we need to keep track of his computations, using the
cocycle defined in [Banks et al. 1999]. To that end, we recall how our cocycle o,
is constructed. Put G; = SLj (F) and define the embedding of G, into G, by
7r(g) = diag[g, (det g)~!]. There is a double cover Gy of Gy by a theorem of
Matsumoto [1969]. Banks, Levy and Sepanski [Banks et al. 1999] defined an explicit
cocycle Ty, that represents the cohomology class of this cover and defined o, by

(1-2) 0r(g.8") = tr+10r(2). Jr(g'))(det g, det g").
The cocycle 7,41 satisfies
Gty = (etr.dett’)y [ G.ep= T[] @)= T[] @.u)
1<i<j=<r r=i=j>1 r+1=zi>j>1

for t = diagt,....4 ] and ¢’ = diag[z], ..., t;] by the block-compatibility of o,.
Here we write

u=j(t) =diagluy, ..., up41],
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and similarly for u’ = j,(¢"). Kable chooses a cocycle on G, ;1 which agrees with
741 on the torus (see [Kable 1999, (3)]) and defines his cocycle on G, by the
relation [Kable 1999, (4)]. When m = 0 and A = ., it is the same as (1-2). Since
he does not impose any other condition on his cocycle, we can apply all of his
results to our cocycle.

Finally, we prove the last statement. We can define a quadratic character
00 : Ky — s by 0o(k) = £ (k) f(*k)~! for k € K,. Since SL,(0) is a perfect
group, there is a quadratic character g : 0™ — u such that go(k) = o1 (detk)
for all k € K,. Similarly, there is a quadratic character g, : 0 — , such that
f(k) = o0x(detk)k,(k)s, (k) for all k € K,. If k € K, N T}, then k,(k) = 1 by
(1.6) of [Takeda 2014], and

01(detk) =0o(k) = (02(detk)s - (k)) (02 (det ‘k)s, (k) ™" = "5, (k)s, (k)" =1
Therefore o1 must be trivial and hence gy is trivial. O

Let 7 be a representation of H. _Taking a preimage gofgeG,in (_}r, we define
the representation &x of ¢H = gHg I by gn(h) =m(g~ 1hg) for h € ¢H, where
conJugatlon is 1ndependent of the choice of g. We define a subgroup ‘H of G, by
H = {‘h | heH } and define a representation ‘7 of ‘H on the same space by
t(h) = m(‘h). If f is a function on H, then we define a function ‘f on ‘H by
Y (h) = f(‘h) for h € ‘H. If H is a subgroup of M, containing M, where r is
a composition of r, then H normalizes U, in view of Remark 1.2(4) and we can
construct, out of its pull-back to HU,, the induced representation Ind% ’U 7. Here
the induction is normalized in order that IndG’ _7 is unitarizable whenever 7 is
unitarizable. Observe that ‘6p, = d.p, and ‘P, = P« where ¥ = (Fg, 'k—1 .-+ F1).
Note that f — ‘f gives a G,-equivariant isomorphism

L G, ~ Gy L
(1-3) (IndﬁUrn) ~Indjz ‘7
1D. The Weil representations of 62E' The Weil representation of G, can be iden-
tified as the original example of the exceptional representation. Fix a nontrivial addi-
tive character Y of F. Put py (a) =y (Vq)/y (¥) for a € F*, where ¥4(x) = ¥ (ax)
and y () is the Weil constant associated to . Recall that

fy (ab) = py @)y (bY@, b),  py(ab®) = py(a)

fora,b e F*

We will denote the space of Schwartz functions in k variables by .7 (F¥). For
x € FK we define the C-linear functional e, on .7 (F¥) by ex(®) = ®(x). The Weil
representation 2 associated to ¥ is a genuine representation of the metaplectic
double cover of SL,(F) realized on the space ./(F). The explicit action of the
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Borel subgroup of SL,(F) is given by

(14 2[s(5 )] Jew = ny@ia 2o

(1-5) 9¢F2K3?H]¢w>=wwx%¢u)

for ® € /(F), a € F* and b, x € F. It is well known that 2V is reducible and
written as the direct sum 2V = .QI// ® .Qfl , where .Q;/f (resp. .Qfl) is an irreducible
representation realized in the space of even (resp. odd) Schwartz functions in
one variable. For a character o of F* one can extend S2 _py o an irreducible
representation .Qw of G[:| by setting

(1-6) 23 (s2(a12)) = e(@)py (a)
for a € F*. When g is trivial, we will sometimes write oV = .{22,” . Fora e F* we
put d(a) = diag[a, 1] € G,.
Proposition 1.4. Let o be a character of F*.
(1) If a € FX then 4@ QY ~ Q¥

(2) The representation Indgé .ng is irreducible and its equivalence class is inde-
pendent of . >

B Ifoe IndG2 QW and e1(P(p)) = 0 forall p € P, then ® = 0.

Proof. We will prove only the last part, for the other results are recalled or derived
in Section 2.2 of [Takeda 2014]. By (1-4), (1-6) and the assumption on @,

0= e1(D(s2(d(a®)) p))
= ¢1(R2Y (s2(d (@) (p))
= (@.~Do(@)pty (@)*|a|ea(@(5))
for all « € F* and j € 22,. Therefore e,(®(p)) = 0 for all @ € F*, and so in view
of continuity, eq(®(p)) = 0 for all ¢ € F. Bear in mind that @ is a .%(F)-valued

function on G,. We conclude that ®(5) = 0 for all j € &,. Since G, = G - P,
we conclude that @ = 0. O

1E. Exceptional representations. We can define a genuine character é;p of Z, by

[r/2]-1
g 6r0)= [] myltra™
i=0
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The exceptional representation Qrw is the unique irreducible subrepresentation of
G, —1/4
gV = nd% £ ®6y

(see Theorem 1.2.9 of [Kazhdan and Patterson 1984]). Next we recall Takeda’s
construction [2014] of the twisted exceptional representations.

Definition 1.5. Fix a positive integer r and a character y of F*. In light of (1-1)
and Remark 1.2(1) we can define the genuine representation T,’,p x of My 1o be the
tensor product

Trl{,x:(;”Z,)&Qf |X--~IXI.Q$ or T;’”Xzﬂ;{’lg...gg;gfl
according to whether r is odd or even. Put

w _ G, W 1/4
IY, =Ind”Z Y Ue(r)T Q6L Potry’
By the Langlands theorem [Ban and Jantzen 2013] the representatlon v r.x has
a unique irreducible subrepresentation, which we denote by 9, x- Exceptional
representations of G, are twists of these representations 9, 'y by characters of F*.

Remark 1.6. Proposition 1.4(2) implies that the equivalence class of Gr, x 1s inde-
pendent of ¥y whenever r is even. We will sometimes suppress the superscript ¥
and write 6, , = 9;? x When r is even.

Remark 1.7. Whenever r is odd, the representation 9}{/ x 18 defined independently
of x contrary to what one might guess from the notation. If y is trivial, then by
(1-4), (1-5), (1-6) and the invariant distribution theorem, the map @ > eg @ gives
a G,-intertwining embedding I ,w x = ﬂrw and hence 9,'/’ ~ 9,'? - We may therefore
omit the subscript y from the notation either if r is odd or if y is trivial. In view
of Remark 1.6 we may write 6, when r is even and y is trivial. We trust this will
cause no confusion.

A little more generally, we assume that y is even. Then we can define a character o
of F*2 by o(a®) = x(a) for a € F* We extend g to a character of F* and denote
it also by o. If r is even, then since the map @ > eq - ® gives a G,-intertwining
embedding Ixx — f,'/’ ® o, we conclude 6, ~ 6, , ® o~ L.

The notion of principal series representations of G, is introduced in Section 1.1
of [Kazhdan and Patterson 1984]. The following result is an easy consequence of
an analogue of the Stone—von Neumann theorem, which states that the genuine
irreducible representations of the two-step nilpotent group T, are parametrized by
the genuine characters of its center Z.T ,D (cf. [Kazhdan and Patterson 1984; Bump
and Ginzburg 1992, Proposition 1.1]).
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Lemma 1.8. Ler 7; and T; be maximal abelian subgroups of Ty. Let & be a
genuine character of ;. If the restrictions of &1 and &, to %T TO coincide, then
Ind%’Nré 1 Indﬁ’Nr &.

1F. Distinction by pairs of exceptional representations.

Lemma 1.9. Let x and i be characters of F*.

W) @)Y =6

) If ris odd and a € F*, then 07 ~ 0¥ @ x¢~D/2

) If r is even, then 0,y @ 1 =~ 9,}XM2.
VoV
@) 0 =0 .
—1
Proof. We have (5}/’ )yl = S;/’ simply because -1 = MJI. Assertion (1)

therefore follows from Theorem 5.1(5) of [Kable 2001].
Note that iy, = xa - fty. The restrictions of £, and é;'/f (Xa o det)"=1/2 to
.,@”, T agree when r 1s odd. Assertion (2) follows from Lemma 1.8.
Since .Q QU .QXM by definition, assertion (3) readily follows.
Flnally, we will prove (4). First assume that yx is trivial. Since the restrictions of
‘Sr and & to %T T'D coincide, we see that
wa ~ Inle;N Lé_-;ﬂ® 81_;:/4 ~ jrlﬁ_l

by (1-3) and Lemma 1.8, from which assertion (4) follows.
Next assume that r is even. Since

L (1 0\ (1 oY

£=\o -1)%\0 =1
for g € SL,(F), Proposition 1.3 shows that

(1 0\ .(1 oY

£= o -1)%\o -1

for all elements & € G, suc_h that det p2(g) = 1. Proposition 1.4(1) tells us that
¥ ~ 2V and so ‘.Qw ~ .QX 1. If g = diag[gy,....g,2] € M, e(r), then

‘e=w, ~1diag['g,...., gr/z]wr, where the matrix w, is defined in (2-1), and hence
1 1
py, o T;/’X_l ~ T"’ .

(cf. Proposition 2.9 of [Takeda 2015]). O

We define the notion of distinction in our current setup. No subgroup of G,
appears, but the exceptional representations play the role of “restriction to the
subgroup”.
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Definition 1.10. We assume x to be trivial whenever r is odd. Let & be an admis-
sible representation of G,. We say that 1s x-distinguished if there is a nonzero
G ,-invariant linear form on 77 ® 9 x® Gw_ We say that 7 is distinguished if there
is a nonzero G,-invariant linear form onmz® 9‘/’ ® 81/’

Remark 1.11. This notion of distinction is independent of the choice of i on
account of Lemma 1.9(1)—(2) and Remark 1.6.

Lemma 1.12. Let w be an irreducible admissible representation of G,. Let x be a
character of F*

(1) If r is odd and 1 is distinguished, then the central character wy of w is trivial
and V' is distinguished.

(2) If r is even and m is x-distinguished, then (‘)721 X' is trivial, 7V is x7'-

distinguished and 7 ® i is ™ 2-distinguished for all characters ji of F*

Remark 1.13. By Theorem 3.19, if 7 is square-integrable and x-distinguished,
then 7 ~ 7V ® x~L It is expected that all irreducible admissible x-distinguished
representations 7 satisfy 7 ~ 7V ® x ! (cf. [Flicker 1991, Proposition 12; Jacquet
and Rallis 1996, Theorem 1.1, Proposition 6.1]).

Proof. For m to be x-distinguished, the product of the three central characters must
be trivial on F*¢(") ag 9?, is the center of G,. This gives the stated conditions on w,
(see Lemma 1.9(1) and (1-6)). We can easily deduce the remaining parts from the
relevant properties of exceptional representations stated in Lemma 1.9(3)-(4). O

1G. The intertwining operator. We will fix, once and for all, a positive integer
n>2and write G = G, and G' = G,_;. Put { = [%] We embed G’ into G via
the map / — (h 1). We omit the subscript # and adapt the same notation adding a
prime ’ for G’; that is,

‘@:‘@ﬂv ‘7:%7 g:fé’;‘l’ NZN”? B/:Bl’l—l»
T'=T,y. Z'=2%_. &= o/=0/. 0o/=0)
and so on.

For each character o of F* we define a genuine character ¢, g’ of # by
& (s(z1n) = 0(2) " 1y (2)°

for z € F*¢(™), Then we can extend 91/’ to the representatlon 91/’ X Z o of the
semidirect product (G’ x 7 )X % by lettlng % act by C o and lettlng @ act trivially.
For s € C we consider the induced representation

Iy(s.0) =Ind% 507 =Yy @65
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We define the intertwining operator

M(S’ Q) : Il/f(s’ Q) - JW(_S7 Q)
for fs > 0 by the integrals

M0 fO@ = [ rOE0)

and by meromorphic continuation otherwise, where

1
) Jyls.0) =Id%, ;67 ®e)) @8, 5:(1,,_1 )

The operator M (s, o) is holomorphic at s = 1 due to the analysis in Sections 4.5
and 4.6 of [Takeda 2015] (see Lemma 3.2).

Lemma 1.14. If T’ is a maximal abelian subgroup of T', then T' % is a maximal
abelian subgroup of T.

Proof. Suppose that 7 € T commutes with all elements in Z7". We can write
f=s(z1,)-7' (z€ FX, ' € T'). If nis odd, then & = Z and hence 7’ commutes
with all elements in 77, so that 7/ € T”. If n is even, then since 7’ contains 2’ = Z’,
we have

! /
(2. 2/)=D/2 = 0|:zl,,, |:z 1, 1]] _ 0[[2 1,—1 1:|’ zln:| = (z. )2

for all z/ € F*, so that z must be a square, and hence 7’ € 7. O

Lemma 1.15. Let o be a quadratic character of F*. The representatlon Iy,(1,0)
has a unique irreducible quotient, which is isomorphic to W' 0. Moreover, the
quotient map

Iy(l.o) > 0¥ '®0

is realized as the intertwining operator M (1, o).

Proof. Let W and W’ denote the Weyl groups of G and G’, respectively. Let
wo € W and w6 € W' be the longest elements. Since 9:1/’_1 is a quotient of the
principal series representation

nd% _  wogV @5y
WG 5 N 1
by Theorem 1.2.9 of [Kazhdan and Patterson 1984], the representation [y, (1,0) is a

quotient of

ind§, _ _ ("0&)  ®eY) @8y = (naf, - eV 05)%) @

where we use Lemma 1.8 and the assumption on g, observing that the inducing
characters agree on Z T, Therefore the first part follows. Similarly, Jy(=1,0) is
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a submodule of #¥~' ® 0, and hence W' 0 is a submodule of Jy, (—1,0). We
have an injective C-linear map from Homg (1 (1, 0), Jy (=1, 0)) to

Homg ((Ind$, >\ "°¢" " @85 *) ®0.77 ®0).

Since the latter space is one-dimensional by Proposition 1.2.2 of [Kazhdan and
Patterson 1984],

dim¢ Homg (14 (1,0), Jy (=1,0)) = 1.

Since Homg (1 (1, 0), V' ® 0) is a subspace of Homg (1 (1,0), Jy (=1, 0))
and since dim¢ Homg (1 (1, 0), W' 0) > 1, these spaces are equal. Because
M(1,0) gives a nonzero element in Homg (1 (1, 0), Jy(—1,0)), it is propor-
tional to the basis vector in Homg (1 (1, 0), v ' ® 0). |

2. Derivatives of exceptional representations

Throughout this section we suppose that F is a nonarchimedean local field of
characteristic 0.

2A. Whittaker models of exceptional representations. For an /- group G, its closed
subgroup H and a smooth representation p of H we define ind$ 7 P to be the space
of all functions f : G — p such that f(hg) = p(h) f(g) for all h €ceHandgeg
and such that f is right invariant under some compact open subgroup of G. Define
c- 1ndg p to be the subspace of ind$ 77 » which consists of functions with compact
support modulo H. The group G acts on both of these by right translation.

Definition 2.1. If U is a closed subgroup of G, ¥ a character of U and 7 a smooth
representation of G, then we call the quotient space g = 7/ (U, ¥) the Jacquet
module of & with respect to U and ¥, where (U, ¥) is the space spanned by
the vectors of the form 7 (u)v — ¥ (u)v for v € 7 and u € U. When G = G, and
U = N,, a ¥-Whittaker functional on 7 is a complex linear functional A on 7
which satisfies A(w(1#)v) = ¥(u)A(v) for all v € w and u € N,. The space of
¥-Whittaker functionals on 7 can be identified with the space of complex linear
functionals on 7y, .

We say that a character ¥ of N, is generic if it is nontrivial on U, for all
compositions r of r. We define, as usual, a generic character vy, of N, by

Vr(u) =V (Ui +usz+--+u,_1,), u€N,.

Remark 2.2. (1) The space Indg'r‘ ¥ consists of all smooth functions W on G,
satisfying W(ug) = W (u)W(g) for all u € N, and g € G,. The group G, acts
on this space by right translation, and a nontrivial intertwining map = — Indg: v
is called the ¥-Whittaker model of 7. Note that = has a nonzero ¥-Whittaker
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functional A if and only if 7 has a ¥-Whittaker model A. To obtain a model from
a functional, set A(g,v) = A(;r(g)v), and to obtain a functional from a model, set
A(v) = A(e, v), where ¢ denotes the identity element of G,.

(2) The group T, acts transitively on the set of generic characters of N, thanks
to Remark 1.2(4). For 7 € T, the C-linear map v + 7(Z)v is an isomorphism of
N, w and Ty, g

(3) The vector space my, w can be identified with ‘my, .

(4) For a € F* we define a character ¥4 of N3 by ¥a[( )] = ¥ (ax). Recall that
1 ifae F*2,
0 ifae F*X\F*?

(Proposition 2.16 of [Takeda 2014]). When a € F*, the complex linear maps
on (.Q;é’ ) Nayr o are scalar multiples of e, in view of (1-5).

dime(2Y ) nyp, = {

We define a matrix w, € G, by

1 1,
1,
(2_1) Wy = . or Wy = .t
1 1,

according to whether r is even or odd. Put k = [%] and

v o G, Wy A~ 1/4 v o_ G, s 1/4
J, =1Ind U T”X®5P;—(,—)’ J,’X—Ind//temT,’X ®5Pe(r)‘

Lemma 2.3. If ¥ is generic, then the space (J, rw x) N, ,w is one-dimensional.

Remark 2.4. Kazhdan and Patterson [1984] studied Whittaker functionals on the
principal series representations of G,. Its space of Whittaker functionals is not
one-dimensional:

dime (S )N, w = [F7: F*2
(see Lemma 1.3.2 of that paper).

Proof. From Remark 2.2(2) we may assume that ¥ = .. We will apply Theorem
5.2 of [Bernstein and Zelevinsky 1977] to J,]/f x With

G=G,, M="'4, U=Uss, 0=1, N={e}, V=N,
If we set

P=MU = LL%Z,-U;—U—), Q =NV = Nr, V/ = Mﬂw_lV, w/ = w_lwrh//
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for w € G, then the space (J,"”X)Nr,q, is glued from w((wa,',ﬁX)V/’W), where w P
runs through the Q-orbits on G/P such that ¥ is trivial on YU N V. Fix a set ¥ of
representatives of F*2\ F* The Q-orbits satisfying this condition are of the form
sr(tr(@w; )P fora = (ay,... a;) € S, where

tr(a) = diagld(ay),...,d(ag)] or y(a) =diagld(ay),...,d(ay),1]
according to whether r is even or odd. If w = r(a)wr_l, then
—1 —1
wy. V’=Me(r)ﬂNr :Nek w;, W/=l/fa1@waz@"'@wak'
In light of Remark 2.2(4) the space (wa, v, W’ is zero unless —a; € F*? for
alli =1,2,...,k, and when this is the case, (*r Y, X)V’ - 1s one-dimensional. [
Lemma 2.5. Fix a preimage W, of w, in G,. The integral
A(@)= [ ex(@; ' u)) ¥ (u)du
Uer)
converges absolutely for all D € jripx, x € Fk and characters W of Ny.
Proof. We may assume x to be unitary. Define a function fy on G, by

1/4
Ir— 21+1 /

fo(8) =8p,,(8)** 1‘[

fr—2i+2

1 if r is even,

_ 1/2 i R i
=4p,(2) / 1_[ |ty —2i+1]” |tr—21+2|ﬂ X {ltll(r_l)/4 if r is odd.

i=1
writing g in the form utk with ¢ = diag[ty,....¢,]€ T;, u € N, and k € K,, where
o =i— —(r +3)and B; =i — —(r +1). In view of (1-4) we can find a positive
constant ¢ such that |ex(®(g))| < cfo(p,r(8)) forall § € G,. Since

T =1 = Br > > Pro1 > ag—y > > B1 >y,

the integral
fowy u) du
U
e(r)

is convergent by applying Proposition IV.2.1 of [Waldspurger 2003] with P = B,
and P’ = w, 'B,w,. O
Lemma 2.6. If @ € erx, b e (Fx)®k ¥ is a generic character of N, and
)&”(j, " (D)®) =0 forall j € P, then ® = 0.

Proof. The proof proceeds as in that of Proposition 3.2 of [Jacquet and Shalika
1983], where an analogous result was proved for standard modules of general linear
groups. There is no harm in assuming that ¥ = ¥, in view of Remark 2.2(3).
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The case r =1 is trivial. Proposition 1.4(3) proves the case r = 2. We suppose
that » > 2, assuming the result up to » — 2. Take a preimage W, _, of w,_; in G,.
Put ¥ = W,_,w, ! and b’ = (by,...,bx_y) € (F*)®*~1 We define the C-linear
map ej, : S (Fk) — #(F) by the relation

ex(ep (@) = O(by, ..., bx_1.x)

for x € F. For each g € G, we define the map on jr',px by
D> W*E, @)= / ey (@, ,u@))y, (u)du € (F).
e(r—2)

Observe that

(T (2)®) = / b, (W* (Dug. ®)) P, ) du.

Uz.r—2)

Hence the integrals are absolutely convergent in view of Lemma 2.5.
Suppose that kg’(j;,ﬁx (p)®) =0 for all p € &2,. If we replace p by s,(g)p,
then a simple computation yields

[ (@ st o[ ¥ ]]5.0] )y o —o
M y—2(F) r—2

for all g € GH, where

00---00
&= (1 0 -0 0) € Ma,r—2(F).

Replacing g by diag[b,:zaz, 1]g, we obtain

[ el semw || |® 50 ] )patsenma—o
M —>(F) r—2

for all @ € F*, and so by continuity, this holds for all a € F.
For x € M3 ,_»(F) we define 7, € .7 (F) by

Fx(») =ey(W*|:u")sr|:|:12 lx ]:|ﬁ,¢:|)¢(tr(tsgx)), y € F.

r—2
Since the integral

/Mz,r—z(F)‘ey (Q;{_l (s2(8)7)| dx
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is convergent uniformly in y,

’= / /Mz r—2(F) ey(g;(p_l(s2(g))fx)m dxdy

- /M . [F ey (20" (52(2)) F)B() dy dx

= 1 -
/MZr 2(F)/FFX(y)ey(Q)_(_l (s2(2))”"' @) dy dx

= fF ey (21 (52(2))7' @) /qur_z(F)fxm dx dy

for all ® € .7(F), where ¥ is defined by ¥(a) = x(a) for a € F*. We get

/ Fx(y)dx =0
M > (F)

forall g € GZD, p € P, and y € F. Since this integral is absolutely convergent, we
may apply the Fourier inversion to conclude that for all p € &,

/ ey(W*[uvs,[ 12 0 x} ﬁ,@] dx) =0.
M r—3(F) | L]

We can prove that for any j with 1 < j <r —2 the relation

el -
M > j(F) L L]

for all p € &, implies the same relation with j replaced by j + 1 by arguing exactly
as on p. 118 of [Jacquet and Shalika 1983]. We ultimately get W*(w p, @) = 0 for
all p e P,.

Substltutlng s,(dlag[lz p')p for p, we see that W*(s,(p" ) p, CD) = 0 for
all p' € #,_, and p € P,. The induction hypothe51s applied to j glves
W*(s,(g"hwp,®) =0 for all g €G,_pand p € #,. But then W* (uwp, 45) =0
forallu € Uy, —5 2y and p € P(z,r 2), and so by continuity, W*(g, @) = 0 for all
g € G,. We obtain @ = 0 by induction on r. |

Lemma 2.7. When r > 2, the representation er x s reducible.

Proof. The periodicity of 8, , stated in [Kazhdan and Patterson 1984, Theorem
1.2.9(e)] or [Takeda 2014, Proposition 2.36] shows that (9, WD Ue(rys1 £ (Jr WD Uery. 15
which completes our proof. O

Proposition 2.8. If r > 2, then (Qrwx)N, wr =0.

Proof. Take a subrepresentation Vj of v r.x such that 9, X = X / Vo. There are
be (F¥)%F and a generlc character ¥ such that Ay(®) = )\.W(L¢) gives a V-
Whittaker functional on J,” r.x- Suppose that 9, x admits a nonzero V/,-Whittaker
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functional A. We can view A as a linear form on J ,'/’ x Which vanishes on VO Since
A is a scalar multiple of Ay by the umqueness of the Whittaker model of J,” rx (see
Lemma 2.3), if @ € Vj, then Ay(J, X(g)CD) =0 for all § € G,, and hence ® = 0
by Lemma 2.6. Thus Vy = 0, which contradicts Lemma 2.7. O

2B. The restriction to the group . Define the character v, of G, by v,(§) =
|det p,(&)| for § € G,. We denote its restriction to &7, by the same symbol. The
five functors ®*, U and o+ play an important role in the theory of representa-
tions of &,. These functors are the exact analogues of the functors described in
[Zelevinsky 1980]. Although the theory is stated for G, the same principle works
in the setting of the double covers G, (see [Bump and Ginzburg 1992; Kable 2001]).
Given a smooth representation 7 of G, we write Wt for the representation of
gzrﬂ on the same space such that % ;| acts trivially and G, acts by 7 ® v,l/ 2
For a smooth representation t of P, put

®+(r)—c1nd@fj;/1 ‘L’®U1/ X (Yrt1lzpq0)s <I>_(r)=r%,,/,r|@,r,

2 . D, 1/2 _
r) =ind 7t t@v P RWrilgg). V(@) =Ta

The actions of the groups #,_; and G,_; on ® () and W~ (7) are normalized
respectively in order that the following results hold (see Propositions 4.2 and 4.3 of
[Kable 2001]):

Lemma 2.9. If p, T and k are smooth representations of G ,_, P and P,_4,
respectively, then

Hom ; (z, wt(p)) = Homg (T (1),0), YT (p)Y ~v, ¥t (pY),
Hom 5 (&% (k).7) =Homy _ (k. @7 (1), @1 () =v;'®@ dT (v, ®«Y),
Hom 3 (1, ®T (k) =Homj; _(®7(1).,x). @ (1)V = (V).

Definition 2.10. Let 7 be an admissible representation of G, Fori=1,2,....,r
the i-th derivative of a smooth representation 7 of G, is a representation of G,_;
defined by 7@ = W~ (d7)i~ 1(71| 5.)- If 7™ £ 0and 7)) =0 for all j > h, then
we call the number / the depth of 7 and call 7™ the highest derivative of m. It is
convenient to introduce the shifted derivatives 7/l = 70 @ vl/ 2

If 7 is irreducible, then so is its highest derivative by Theorem 8.1 of [Zelevinsky
1980].

We identify the multiplicative group F* with the center Z, of the group G,
for r > 0. When x is an irreducible admissible representation of G,, its central
exponent is the real number e(rr) defined by |wx ()| = |z|¢™ for z € F* In
the next subsection we will use the following consequence of the unitarizability
criterion given in Section 7.3 of [Bernstein 1984].
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Proposition 2.11 (Bernstein). Let w be an irreducible unitary representation of G,
of depth h. Then 7 is an irreducible unitary representation of G,_j and all the

central exponents of irreducible subquotients of 7® 1 are strictly positive for all
k=1,2,....,h—1

Thanks to Proposition 2.8, we have the following generalization of Theorem 5.4
of [Kable 2001] to the dyadic and twisted cases. The exceptional representations
are very small in the following sense:

Theorem 2.12. If 3 < k <, then the k-th derivatives of the exceptional represen-
tations of G, are zero.

2C. Uniqueness of invariant trilinear forms.

Proposition 2.13 (Kable). (1) (6 )2~V .
Q) If r is odd, then (67)D @v!/* ~6,_,.
) If r is even, then
1/4
Vv~ P 0, ® )
a€F>*2\F*
(4) If r is even and ¥ is odd, then 9,(,1)? =0.

Proof. After Bump and Ginzburg [1992] showed that the second derivative of an
exceptional representation must again be exceptional, Kable identified it precisely
[2001, Theorem 5.3]. Although they discussed only the case when y is trivial,
one can similarly prove the twisted case. The second and third assertions are
Theorem 5.2 of [Kable 2001]. The last assertion is obvious as .(2;{’ is supercuspidal
if x is odd. O

Here and throughout the rest of this paper we will retain the notation from
Section 1G.

Theorem 2.14. Let o be a character of F*, w an irreducible admissible represen-
tation of G and ¥ an exceptional representation of G.

(1) For all but finitely many values of ¢—* we have
dim¢ Homg (7 ® ¥ ® Iy (s, 0), C) < dim¢ ™.
(2) Assume that x is trivial if n is odd. If @ and y are unitary, then
dim¢ Homg (7 ® 9;{’ ® 9‘/’_1, C) <1,
dim¢ Homg (7 ® 6 ® Iy, (1,0).C) < 1.
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Remark 2.15. (1) One can view the second inequality of (2) as an analogue of
Bernstein’s theorem that dime Hom s (r ® 7V, C) = 1 for all irreducible admissible
representations w of G, in view of

Homg(mr @ ¥ ® Indg 5713/ 2, C) ~ Homg(m @ ", Indg 5;1/ 2)
~ Homp(wr ® 77, C)

~ Homy(n ® 7, C).

(2) Matringe [2014, Proposition 2.3] proved that if E is a quadratic extension of F
and if 7 is an irreducible admissible unitary representation of GL,(E), then the
space of Z-invariant linear functionals on 7 is at most one-dimensional (cf. Theo-
rem 1.1 of [Anandavardhanan et al. 2004]). This is an analogue of the second part
in the context of Asai L-factors.

(3) When y is trivial and F is not dyadic, Kable [2001, Theorem 6.1] proved
the first part by modifying the proof of [Bump and Ginzburg 1992, Theorem 5.1],
and moreover, if 7 is generic and unitary, then his result implies the second part.
Actually, our proof combines his argument and the idea of [Matringe 2014]. Since
the restriction to nondyadic F entered only through the lack of Theorem 2.12, his
computation is now applicable to the dyadic case, and even to the twisted case.

Proof. Since Z is the center of G, the space Homg (7 @ ¥ @ I v (4s,0),C) is zero
unless the product of the three central characters is trivial on F*¢(), Assume that
this is the case. Then the space is isomorphic to

—1
Homg (r ® ¥, I,;,—1(—4s, o H) ~ Hom ;(7|» ® ¥ 5, eV ® v%)

n—1

~ Homy(7|» @ 9|5 @ WHoY | v!™%)

n—1°’

by the Frobenius reciprocity and Lemma 2.9. Recall that
—1
CAD ML A

For 1 < k < n and exceptional representations 6 of G and 6’ of G_; we shall
consider the space

Hi 0,60 (. 5) = Hom s, (07)" (1| ) ® 0] 5, @ WHO' v, ™).
Assume that k¥ > 2. Since there is a short exact sequence

0= D™ (0]5,)—>0l5; > YU (0]5)—0
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as recorded in Section 3 of [Bernstein and Zelevinsky 1977], we have an exact
sequence

0 — Hom, (®7)" ¥ (x]») @ Wt W™ (0] 5 ) ® ¥+6' v} ~*)
—> Hp 9,0 (70, 5)
— Homy, (07)" ¥ (7|») @ T~ (0] 5) @ U+ vi ™).
Lemma 2.9 shows that
(2:2) Homg, (®7)" X (n]») @ W= (0] 5) @ WHe' vi~)
~ Hom 5, ((®7)" ¥ (n]») @ W6/, wH (W= (8] 5)") ® v*)
~Homg _ (¥ (@) *(|») @ UF0'). (0] 5,)" @ vit,)
~ Homg, _, (7" ¥t g6 @ oW, Vel
Lemma 2.9 again shows that
Hom z, (®7)" ™ (x|») ® ®F (0] 5,) @ WH6',v,7)
~ Homz, ((®7)" ¥ (x|») @ U0, &1 (@7 (0] )" ® vk—1) ® 1)
~Homg,_ (O ((@7)" ¥ (n]») @ U 0'). ®~ (0] 5)" ® vy _5)
~ Homg, _, (@) (x| @ (@' 5,_, ®v;2) ®®7(8] 5).vi23).

Now we use Theorem 2.12. It implies that ®™ (6| 5, ) ~ W@ (see [Kable
2001, (6.8)]). The last space is isomorphic to Hy_; g/ gr21(7, s) and

dime Hg,g,¢7 (7, )
<dim¢ Hy_y g/ g1 (, s) + dimg HomGk_l(n[”_k"'l] R0V (0 |<,}-;k), v,:fl).
We can see by comparing the central characters that the latter dimension must be
zero except for finitely many ¢ 5. From this point onwards the exceptional repre-
sentations with respect to which the spaces Hy g,¢/(7, s) are formed will not play a
significant role and we shall allow ourselves to omit them from the notation. Then
dime Homg (7 ® ¥ ® I, (45, 0), C) < dim¢ Hy (7, 5)

< dim¢ H, (7, 5) = dime 7™

for all but finitely many ¢ —° by descending induction.
Next we prove (2). Since we obtain the injective map

(23)  Homg(r ®0®6Y®6% ', C) > Homg(n ®6Y ® Iy, (1,0).C)
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by composition with the quotient map in Lemma 1.15, we get the first inequality
from the second. The proof of the second inequality is a variation on the proof
of Proposition 2.2 of [Matringe 2014]. Let /4 denote the depth of . Note that
(@) (7] ») = 0 and hence H,_,(r,s) = 0. If 6 is a unitary exceptional rep-
resentation, then 81 ® v,i_41 is zero or a unitary exceptional representation or a
sum of such by Proposition 2.13. Thus the space (2-2) must vanish at s = % for
k=n,n—1,...,n—h+2 as the central characters do not match by Proposition 2.11.
We conclude that

dim¢ Homg (7 ® ¥ ® I (1, 0), C) < dim¢ Homg,,_, (n[h] X CAN vn__lz‘t)

for some unitary exceptional representations 6 of G,_j and 6’ of G n—h+1-

Our task is to prove that the right-hand side is at most one. Without loss of
generality we may suppose that 6’ = 9’;/’_}’ 4 by replacing 6 by 6 ® n for some
unitary character n of F* in view of Proposition 2.13(4) and Remark 1.7. Then
the space is zero by Proposition 2.13 unless the product of the central characters
of 7! and ¥ is quadratic. By comparing the central characters, one can find a

nonzero element a¢ in F such that

Homg,_, (n[h] R0 (9/)(1), Un_—ll/z4) ~ Homg,,_, (n[h] RO Qf_h, Xao)-

Notice that the central characters of 9;”_ 7L ® Xa (ae F ><2\F ) are mutually different
if n — h is odd. Now our proof is complete by induction. O

3. Twisted symmetric square L-factors

One of the most significant uses of exceptional representations in number theory
so far is as an ingredient in the Rankin—Selberg integral for the symmetric square
L-function of an irreducible cuspidal automorphic representation of a general linear
group found by Bump and Ginzburg [1992]. Let F for the moment be a local field
of characteristic zero.

3A. A normalization of the intertwining operator.

Definition 3.1. A normalized intertwining operator is defined by

b(— , —1

M(s. 0).
where

a(s,o) = L(%n(s —1)+1, Qz), b(s,0) = L(%n(s +1), QZ).
Lemma 3.2. The operator M * (s, 0) = a(s,0) "' M (s, o) is entire.

Proof. This is proved in Sections 4.5 and 4.6 of [Takeda 2015]. O
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Lemma 3.3. Ifwe put M = M,_1 1), then
M ~ w8 W
(Ind}G/ v Ry ~ Ind =, 0, g_l,
where the matrix § is defined in (1-7).

Proof. Recall the longest element w6 of the Weyl group of G’. The automorphism
g~ wj ‘g~ wy of G stabilizes the subgroup G. Its restriction to G’ is the main
involution ¢’ of G'. Since g > §1'g§ is a lift of this automorphism, its restriction
to G’ differs from the lift of ¢’ only by twisting by a quadratic character 1 of F*

on account of Proposition 1.3. It follows from Lemma 1.9(4) that

1
0};& 1 _Ler;/fl :[(891//1)@’7
Thus ‘6 591/’ , ® 1. Since ‘é‘gj = é‘w | » We obtain

(Inle, v lmg)ﬂndﬁc’,,(‘se"’l@n)m

by (1-3). If  is odd, then 30" ' @y ~ 86" by Lemma 1.9(3).

Suppose that 7 is even. Take a genuine character é’ of *7” in such a way that

‘M8 1/f
Ind 7~ 0, &;

is the unique irreducible subrepresentation of

oY I e
Indﬂgt(y/N/)é X gg—l

(cf. Lemma 1.14). Since the restrictions of £ and £ - (n-det) to ZTH = TU

coincide,

L —1
ndf s & B = Ind S e (neden BEY

by Lemma 1.8, which concludes our proof. O

Lemma 3.3 gives an important isomorphism,

];’”Q DTy (s,0) = Ty (s, o).
The isomorphism depends on s in a fairly trivial way.

Definition 3.4. We call a right K-finite function (5.8) > [®@E)onCxG a
holomorphic section of Iy (s, o) if f () (&) is holomorphic in s for each § € G and
f®er v (s, 0) for each s € C. A holomorphic section f () js a standard section if
its restriction to C x K does not depend on 5. We call a function f®) on Cx G a
meromorphic section of Iy (s, o) if there is a nonzero entire function 8 such that
B(s) /' is a holomorphic section.
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We call 4 a meromorphic section of Jy (s, 0) if ];’0 Q(‘h(s)) is. We define a
C-linear map

N(s.0) = Ny(s.0): Iy(5.0) = Iy—1(=s.0")
by N(5,0) f® = ;% o(‘N(s,0) f©), where
['N(s,0) /1@ = [N(s,0) fD1(‘g).

We can define a meromorphic function ay, (s, 0) by

1%,_1 (—s, Q_l)]\Afw (5,0) = ay(s,0)-1d.
Lemma 3.5. The function a., (s, 0) has neither pole nor zero.
Proof. We can view Iy (s,0) as a subrepresentatlon of Ind% % Ms, Where [Lg is an
extension to .7 of the genuine character of % 7T defined by

-1 n—1

(s (1)) = 0(t) ™ |t "I T sy (tymai) T 1tj1 779/
i=0 j=1

for t = diag[t;, ..., t,] € ZT". Theorem 1.2.6 of [Kazhdan and Patterson 1984]
shows that

a(s,0)a(—s, 0™ ")
b(s,0)b(-s, Q_l)
L(j+ ln(s— 1).0%)L(j + %n(—l —5).07%)
Nl_[ _ 11— -2
L(j+3ns—1)+1,02)L(j +3n(-1—s5)+1,072)
- L(l +An(s=1),0%) L(1+ in(~1—5),07?)
B L(%n(s+ 1),Q2)L(%n(1—s),g_2)
_ a(s,0)a(—s,0™")
b(SvQ)b(_S’Q_l)’

where &~ denotes equality up to multiplication by invertible functions. O

ay(s.0)

3B. Semi-Whittaker functions. When r > 2, the exceptional representations of
G, fail to possess Whittaker models with respect to generic characters of N, but
they have models with respect to certain degenerate characters of N,. We define
the degenerate characters of N, by

Ver(w)=vWi2+uss+---+u,_1,),
Vo r(u) =Y usz+uss+---+up_3,1)
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when r is even. When r is odd, we define the degenerate characters by

Ve, r(u) =V (uz3+uas~+--+ur—1,),
Vo, r(u) =Y (u12+usa+--+ur—2,-1).
It is important to note that ¥, = Ve , - Yo and ¥, 1 = Yo - Yo .

Recall that y is assumed to be trivial whenever r is odd. We define the C-linear
functional €; on . (F/) by

6 (®) =d(1.1,....1)

for ® € ./ (F7). The functional @ > €4 (P(¢)) gives a WT,,-Whittaker functional
on [ }[I x by (1-5), where k = [%] The ¥, ,-Whittaker functional corresponds to a
G ,-intertwining map

G 7
Q0 =0V, : IV, > Indy Ve,

(see Remark 2.2(1)). One can see from the proof of Proposition 1.4(3) that Q is
injective. Note that

I ——T7 L
O(sr(zu)g.0) = Ve r () ——10(£.0)
My (2)

with z € F*e) 4 ¢ Ny, g€ G, and © € I;{/X. When r = n, we will suppress the
subscript 7.

For f € I(s,0) we define a v,-Whittaker function R(f) = R;p’g(f) by
R(g, ) =€y (f(2)) for g € G, where £/ = [”_1]. Note that

2
R(s(zwE. ) =e@) 'y @ VeRE. ) (ze F™ ueN, geG).
Lemma 3.6.
(1) There is a G-intertwining embedding Q = er/,x : QXX — Indf,: “Ye r.
(2) There is a G-intertwining embedding R= IAQ;/CQ Sy (s,0) — Indg “YWo.r.

Proof. Lemma 1.9(4) gives an isomorphism l;f X ‘9% x =~ 9;”;1. We obtain a
“We.r-Whittaker model of 9;{’ x and ‘¥, ,-Whittaker model of Jy, (s, o) by setting

~ " -1 A " -1
00,(2.0) =0V _,(2.10,(0), RY &) =RV (‘2 13,(‘h)

for g € G, @e@fx and h € Jy (s, 0). O
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3C. The local zeta integrals. Let  be an irreducible admissible generic represen-
tation of G and WY (i) its v,-Whittaker model. For W e WY (x), © € 9;{ and
a meromorphic section /') of Ly (s, xtwy) the integral

ZW.0, fO) = /j @0t OR(E. ) ag

makes sense at least formally. For a meromorphic section h®) of Jy (s, Xe W) We
define the integral Z(W, ®, 1)) by

Z(W.0.1h®) = / W(©)0(s. )Rz, 1) de.

7

We will use the following estimate for Whittaker functions.

Proposition 3.7 [Jacquet and Shalika 1990, Proposition 3, p. 177]. If & is an irre-
ducible admissible unitary generic representation of G, then foreach 1 < j <n—1
there is a finite set Cj of characters of F* with positive real parts, and for each
X € Cj, an integer ny with the following property: Let X be the set of functions of
the form y(a)(log |a])* with 0 < k < ny and X the functions on (F*)®"~1 which
are products of functions in the Xj. Then for each W € WY (1) there are Schwartz
functions ¢g € S(F" ! x K) such that for g =tk

t ty— t ty—
Wig) = (1)1 (—k _)
(&) =852 > e o Tk B o

EeX

In the following proposition by “local Euler factor” in the p-adic case we mean a
function of the form P (¢ %)™, where P is a polynomial satisfying P(0) = 1, and in
the archimedean case we mean a product of functions of the form 7 —5/2I" (% (s +b))
for constants b € C.

Proposition 3.8 (cf. [Bump and Ginzburg 1992; Takeda 2014]). Let F be a (not nec-
essarily nonarchimedean) local field of characteristic zero. Let w be an irreducible
admissible generic representation of G. We assume x to be trivial if n is odd.

(1) There is B € R such that the integrals Z(W, ©, f®)) converge absolutely in
the right half-plane Rs > B for all W e W¥ (1), ® € 0;(# and holomorphic
sections ) of Ly (s, xtor).

() Z(W,0, f©)) possesses a meromorphic continuation to C. If F is nonar-
chimedean and f ) js a standard section, then it represents a rational function

of g—5/4,
(3) There is a local Euler factor L(s) such that Z(W, ®, f(zs_l))/L(%) is entire
forall W e WY (), ® € 9;{ and holomorphic sections f of Ly (s, xtor).
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(4) For each point sy € C there are W € W¥ (), ©® e 9;(” and a holomorphic
section f©) of Ly (s, xtwr) such that ZW, 0, £ ) does not have a zero at
s =99.

(5) If 7 and x are unitary, then Z(W, ©, f©)) converges absolutely for the closed
right half-plane Ns > 1.

(6) Suppose that F is nonarchimedean, x is unitary and 7 is square-integrable.
Then Z(W, ©, f®)) converges absolutely for Rs > —1.

Proof. The paper [Bump and Ginzburg 1992] deals with some basic local theory,
and Proposition 5.5 of [Takeda 2014] discusses the twisted case. Strictly speaking,
our zeta integrals are slightly different from those treated in [Bump and Ginzburg
1992] and [Takeda 2014] when 7 is even. However, the arguments can easily be
modified to deal with our integrals.

Assertions (2) and (4) are in Proposition 5.2 and Theorem 7.2 of [Bump and
Ginzburg 1992], respectively. It is easy to see from the proof of [Bump and Ginzburg
1992, Proposition 5.2] that the integral Z(W, ©, f)) is a finite sum of products of
entire functions and Tate integrals. The exponents of the quasicharacters occurring
in the Tate integrals are finite in number and are independent of the choice of W,
QO and f(s), which verifies (1) and (3).

Finally, we assume x to be unitary and prove (5) and (6). Since Z2 and 7'
have finite indices in Z and T, it suffices to prove the convergence of the integral

[T/D|W(t’t)Q(t/t,@)R(t/t,f(s))|53(l/)_1 de’

for s > —1 and all 1 € 7. We may assume that ¢ = 1, taking Proposition 1.4(1)
into account. From (1-4) there are positive constants ¢ and ¢’ such that

10, 0)| <84 (@), |R(F, W) < /85 ()sp(@) T4

for all 7/ € T'5. Therefore all that is required is to show that if 77 is unitary generic
or square-integrable, then the integral

is convergent for Rs > 1 or Ns > —1, respectively. Note that §g(¢') = S/ (¢t')ép(¢')
for t' € T'. Since the integrals

k
| Jal loglal [ |o@)] da

are convergent for all 0 < § € R, 0 < k € Z and ® € .¥(F), Proposition 3.7
proves (5). The proof of (6) proceeds exactly as in that of Lemma 2 of [Kable
2004]. |
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Corollary 3.9. Assume that F is nonarchimedean. Let w be an irreducible generic
unitary representation of G and x a unitary character of F*. Assume that x is
trivial if n is odd. Put o = Xea)n. If 0% = 1, then the following conditions are
equivalent:

(a) m ® o is x-distinguished,
(b) Homg (7 ® 0 ® %' ® 0,C) = Homg (r ® 8) ® I,,(1, 0), C);
(c) the functional W @ ® @ f +— Z(W, 0, f) factors through the quotient

@0 ®1,(1.0) > 10626V ®o.

Proof. Proposition 3.8(4)—(5) combined with Theorem 2.14(2) shows that the
functional W O ® f +— Z(W, 0, f) gives a basis vector in the one-dimensional
vector space Homg (7 ® 9;([’ ® I, (1,0),C). Since Homg (7 ® 9;(/' ®0V'® 0,0)
is its subspace, the equivalence of the three conditions is evident. O

3D. Good sections.

Definition 3.10. Assume that g is unitary. Let so € C and /) be a meromorphic
section of Iy, (s, 0). When Nsg > —1, we say that /) is good at s = sq if it is
holomorphic at s = so. When Rso < 0, we say that f©) is good at s = s¢ if
N (s.0) ) is holomorphic at s = 5. We call f©) a good section if it is good at
every point so € C.

The following result can be proved in the same way as in the proof of Proposi-
tion 3.1 of [Yamana 2014] by utilizing Lemmas 3.2 and 3.5.

Proposition 3.11. (1) Holomorphic sections are good sections.
Q) If £ is a good section of Iy (s, 0), then b(s, 0)~ 19 is a holomorphic
section.

B Iff ) jsa meromorphic section which is good at s = s, then there is a good
section F©) such that ) — F©) has a zero of any prescribed order at s = s,.

(4) Given a meromorphic section ) of I v (5, 0) the following conditions are
equivalent:
o /) s a good section of I, (s, 0);
o h®) = N(=s,0) /% is a good section of Iy—1(s, o by;
e there exist holomorphic sections fl(s) of I, (s, 0) and fz(_s) of Iy—1(s, o1
such that
f(S) — fl(s) 4+ NW_I (_S,Q_l)fz(_S)-

Definition 3.10 coincides in the strip —1 < Mg < 0 by Proposition 3.11(2).
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3E. The twisted symmetric square L-factors. In Sections 3E-3G we will assume
F to be nonarchimedean. Let 7r be an irreducible admissible generic representation
of G. Suppose that  is trivial if n is odd. Proposition 3.8(2) tells us that if £ is
a standard section of I (s, x‘w,) multiplied by an element of Clg—*/4 ¢*/#] or a
section obtained by applying the normalized intertwining operator to such a section
of Iy—1(—s, X_ea);l), then Z(W, ®, f25=1) is a rational function of ¢ /2. Let
Z(m, ) be the subspace of C(¢™%/?) spanned by these local integrals. One can see
from Propositions 3.8(2) and 3.11(2) that each such rational function can be written
with a common denominator. That is, Z(r, x) is a fractional C[g /2, ¢5/?]-ideal.
Proposition 3.8(4) shows that it contains 1. It is not difficult to see that Z (s, x) is
independent of the choice of ¥. With these properties of Z (s, x) in hand, we can
now define the twisted symmetric square L-factor.

Definition 3.12. The ideal Z(7, x) has a unique generator of the form Q  ,(¢~* /2y=1
where the polynomial QO , satisfies Oz ,(0) = 1. We will define the twisted
symmetric L-factor by L(s, 7, sym? ® x) = Q,,,X(q_s/z)_l.

We expect that O (g /2) is a polynomial of ¢ 5. It may be worth noting the
simple fact that §p(¢)* is a power of ¢ =% for t € 7.

In other words, L(s,, sym? ® x) is the minimal factor such that the ratios
Z(W,0, f@5=D)/L(s, n,sym? ® x) are entire for all W e WY (r), © € 9;(/’ and
good sections f () of I v (5, Xga)n), simply because any holomorphic section can
be expressed as a linear combination of standard sections with coefficients entire
functions of s.

Remark 3.13. Recall that vj is the character of Gy defined by vy (g) = |det g|.
Since Iy (s,0) @ vV = Iy, (s + 4y, Qvl_”y),

L(s,7@v”,sym* ® x) = L(s + 2y, 7, sym> @ x)
for all y € C. If n is even and p is a character of F, then Lemma 1.9(3) implies
L(s, 7w ®u,sym> Q x) = L(s, 7, sym? ® xu?).

3F. Local functional equations. The need for normalizing M (s, x‘w,) and the
need for including sections of the second type are clear from the following result:

Proposition 3.14. Suppose that F is nonarchimedean. Let w be an irreducible
admissible generic representation of G. We assume x to be trivial if n is odd. Then
there is a nowhere-vanishing entire function E(s, 7, x, V) such that

Z(W,0,N(s, xtwg) ) Z(W,0, f©)
L(%(I—S),JTV, sym2®x—1) (%(1+s),7r, sym2®x)

=E&(3(+5), 7 1, w)L

for W e W¥ (), © € 9;{ and meromorphic sections f® of Ly (s, xtor).
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Proof. The generic uniqueness in Theorem 2.14(1) produces the functional equation
above. It is well known that the contragredient representation ¥ of 7 is isomorphic
to ‘7z, and we shall allow ourselves to confuse the two. The image of WY (ir) under
the map W — ‘W is precisely the space W‘”_I(nv). If 1) is a meromorphic
section of Jy (s, xtwy), then

Z(W,0,h9) = /m W(9)0Y (g @)RY , (‘5.h)dg
= [ W@ @ ONRY, L, (e, (B dg
ZN\G
= Z(Waf (©). 1) e, (h)

by the proof of Lemma 3.6. This combined with Proposition 3.11(4) shows that the
ratios on both sides of the functional equation are holomorphic and nonzero every-
where on C, and hence so is its factor of proportionality £ (%(1 +5), 7T, X, W).

3G. Poles of the symmetric square L-factor and distinction. We will continue to
assume F' to be nonarchimedean.

Lemma 3.15. Let 7w be an irreducible square-integrable representation of G and x
a unitary character of F*. Assume that x is trivial when n is odd.

(1) L(s,m,sym? ® x) is holomorphic for Rs > 0.

() If L(s,7,sym? ® x) has a pole at s = 0, then x" w2 is trivial.

(3) L(s,m,sym? ® x) has at most a simple pole on Rs = 0.

Proof. Recall that L(s, 7, sym? ® x) has the same poles as the family of local inte-
grals Z(W, ®, £ 25=1) for good sections. Therefore the poles of L(s, 7, sym2® x)
in fs > 0 are contained in the poles of good sections of I, (251, Xﬁa)n) with mul-

tiplicity by Proposition 3.8(6). Our assertions now amount to the relevant analytic
properties of b(2s—1, x‘wz) = L(ns, x"®2) in view of Proposition 3.11(2). O

Lemma 3.16. (We keep the notation of Lemma 3.15.) Assume that x" a)jzr =1. Then
there are W e WY (1), ® € 9;6// and a good section ) of Ly (s, xtwy) such that

My (1, xtor) fD =0, lim Z(W.©, N (s, xwr) ) #0.

Proof. Proposition 3.8(4) enables us to choose W € WW (r),®€ 91// and a holomor-
pth sectlon h®) of I w108, X twy) so that Z(‘W, Ly (@) D) 7é 0. Put 9 =
N,/, 1 (s, xtwr)h®). Then /) is a good section in view of Proposition 3.11(1)
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and (4). Lemma 3.5 shows that
lim1 My (s, Xea)n)f(s) = lim My (-s, Xewn)ﬁw_l (s, Xéa),,)h(s)
Nad

s—>—1
L
. a(—s, X" o) ¥ —1,7.(s)
=1 1 (s, { t G
im o 108, x w”)—b(s,xea)n) ((]s,xfwn) (h*))
=0
and ‘
lim Z(W, ©, Ny (s, x‘wr) f©)
s—1
= sgn—ll Z(W, ©, Ny (-s, Xewn)ﬁwfl (s, Xea),,)h(s))
= 1im ay—1 (s, (o) Z(W, 0,407, )71 (h)))
o1 v ) T ) ) S,X@wn
=ay-1 (-1, ‘o) Z(W.1 Y (©), 1)
#£0
(see the proof of Proposition 3.14). O

Theorem 3.17. Let w be an irreducible square-integrable representation of G
and x a unitary character of F™.

(1) Assume that n is even. Then L(s, ,sym? ® x) has a pole at s = 0 if and only
if wis x-distinguished.

(2) Assume that n is odd. Then L(s, 7, sym?) has a pole at s = 0 if and only if
Wy Is quadratic and w ® w5 is distinguished.

Proof. First we shall prove the “only if” part, which, in view of Lemma 1.12, is
equivalent to showing that 7 is x-distinguished if L (s, 7V, sym? ® x~!) has a pole
at s = 0. Then x"w2 is trivial by Lemma 3.15(2). In the case of odd n we may
assume that wy is trivial at the cost of replacing w by 7w ® w5 if necessary. If n is
even, then 0;{’@ xlog ~ 9;(” by Lemma 1.9(3). We get

ZW. 0, My (1, x'0r) f V) = cZW. 0, /1)
by evaluating the functional equation stated in Proposition 3.14 at s = 1, where

¢ = L onEQm x Y)Resymo Lis. mYosym? @ x 7D
L(1,7,sym? ® x) Resy—_1 b(s, x‘wx) '

Since the zeta integral is convergent by Proposition 3.8(6), the functional

WRO® [+ Z(W,0, My, x'wr) f)
factors through the quotient

big ®9;(/’®I,p(l,xea)n) — T ®9;(/’®9‘/’_1
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by Lemma 1.15, and hence so does W @ ©® ® f +— Z(W, ®, f). Therefore r is
x-distinguished by Corollary 3.9.

Next suppose that L(s, 77, sym? ® x) is holomorphic at s = 0 and that x"w2 is
trivial. If we take W e WY (), ® € 0;{’ and a good section f©) of Iy (s, xtor)
as in Lemma 3.16, then the functional equation in Proposition 3.14 shows that
Z(W, 0, f(D) =£0. Thus the functional W @ ®® [+ Z(W, ©, f) fails to factor
through the quotient, and hence 7 cannot be x-distinguished by Corollary 3.9. O

3H. Shahidi’s symmetric square L-factor. Let w be an irreducible admissible
generic representation of G and x a character of F*. We can define the twisted
symmetric square L-factor by the Langlands—Shahidi method. We refer to [Shahidi
1990] for its precise definition. Henniart [2010] showed that this L-factor coincides
with the Artin L-factor L(s, sym?o¢ () ® x), where ¢ denotes the local Langlands
correspondence.

If F is a nonarchimedean local field of odd residual characteristic, & and x are
unramified and the order of ¥ is 0, then there are a K-fixed Whittaker function
WO e WY (n), a K-fixed semi-Whittaker function ®° € 9;{’ and a K-fixed good
section fo(s) of Iy (s, xtwy) such that

(3-1) Z(W,0°, £V = L(s,sym? 0 () ® x),
Z(WO, 0% N2s—1, x'wr) V) = L(1—s,sym? 0 p(xV) @ x ")

by Theorem 4.1 and Proposition 5.6 of [Bump and Ginzburg 1992] (cf. [Takeda
2014]). Though our zeta integral is slightly different if  is even, one can easily see
that the unramified computation of our integral is reduced to their computation.

Thus L(s, 7, sym? ® x)~! is divisible by L(s,sym? o ¢ () ® x)~! if = and x
are unramified. However, the coincidence of the two L-factors still remains open
even in the unramified case. Nevertheless, we can prove that the two L-factors
agree in the square-integrable case.

Theorem 3.18. Suppose that F is nonarchimedean. Let w be an irreducible square-
integrable representation of G and x a character of F*. Suppose that x is the
trivial character if n is odd. Then

L(s, m,sym?> ® x) = L(s,sym? o ¢ () ® ).

Proof. We may assume that yx is unitary, taking Remark 3.13 into account. The
proof is similar to those of [Kewat and Raghunathan 2012, Theorem 1.1] and [Kable
2004, Theorem 6]. Although the statement is purely local, its proof uses the global
functional equations for both Shahidi’s L-function and the Rankin—Selberg integrals.

Let po be the residual characteristic of F' and ¢ the cardinality of the residue
field of F. We can find a number field F which has a unique place vg lying over pq
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and such that the completion [y, of [ at vg is isomorphic to F. By Lemma 6.5 of
Chapter 1 of [Arthur and Clozel 1989] there is an irreducible cuspidal automorphic
representation I7 of G(A) such that the local component IT,,, of IT at vy is isomor-
phic to 7r, where A denotes the adele ring of . Take a nontrivial additive character
¥ :F\A — C* and a Hecke character X’ of A* such that ¥,,, = ¥ and X, = x. We
define the completed twisted symmetric square L-function by the infinite product

L(s, I, X, sym?) = 1_[ L(s,sym? o p(ITy) @ Xy).
v

The L-function L(s, I1, X', sym?) admits a meromorphic continuation to the entire
complex plane and satisfies a functional equation

L(s, 11, X, symz) =e(s, 1, X, symz)L(l—s, mv,x=1 symz)

by Theorem 7.7 of [Shahidi 1990], where the function &(s, IT, X', sym?) is entire
and nonvanishing. The double cover G of G(A) and its global exceptional rep-
resentation 9}? are constructed in [Kazhdan and Patterson 1984; Takeda 2014].
Note that G » is split over G(F) and 9;’ is an automorphic representation of G,
which is isomorphic to the restricted tensor product ®’v 0;:}”. Let Soo be the set
of archimedean places of F and S, the set of finite places v for which IT, or ¥,
or 0;2“ is ramified. We set S = Soo U S5

We form the global induced representation and global intertwining operator.
They have decompositions

Iy(s, X on) =~ @) Iy, (s. Xwm,), M, X on) =Q), M(s, Xfon,).
The global functional equation of the completed Hecke L-function yields
(320 M Xom) =e(ints—1)+1,X"0%) Q) N(s, Xfon,).

For any holomorphic section f ) of I'y(s, X*w) we form the associated Eisen-
stein series E(f©)) on G(F)\Ga by

EG fO= Y > Y6y,

yeP(F)\G(F) € 2\Z(F)

where 2 = {z¢(™ | z € Z(F)}. The series converges absolutely for fs sufficiently
large. By the theory of Eisenstein series, it can be continued to a meromorphic
function on all of C satisfying the functional equation

E(f©)= EM(s, X om) f©).
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Foroell, ® € 9;? and a meromorphic section £ of Iy (s, X wg) we can
consider the global zeta integral defined by

2(0.0.59) = [ 0()0(2)E(g. ) dg.
2,G(F)\G(A)
where 24 = {z¢® | z € Z(A)}. This integral converges absolutely for all s away
from the poles of the Eisenstein series and defines a meromorphic function in s
satisfying
Z(p.©.f) = Z(p.0 M. X on) f V).

The v,,-Whittaker coefficient of ¢ and the semi-Whittaker coefficients of @ and
£ are defined by

WYV (g.0) = / o(ug)y (u) du,
N(F)\NA)
0" (3.0) = f O (s(1)&) Ve () dut.
N(F)\NA)
RV(G. f©) = / £ (s(03) Vo () dut.
N(F)\NA)

In the case of even n the Rankin—Selberg integral differs slightly from those con-
sidered by Bump and Ginzburg [1992] or by Takeda [2014], but it can be unfolded
to an adelic integral of the product of WY (¢), Q¥ (®) and RY (f®)) in the same
manner as in [Bump and Ginzburg 1992]. If WV () = Ry W, ® =), O, and
9=, fv(s) are factorizable, then

Z(9.0. fO) =T ZWy. 0y, £,
v
Z(9.©. M(s. X'on) f©) = [ Z(Ws. 0u. M(s. Xy0m,) /).
v

The first factorization was proved by the author and Eyal Kaplan [Kaplan and
Yamana 2016]. We here prove the second one. Put A% = M (s, X*wp) f©.
Unfolding the Eisenstein series, we have

2008 = [ (2O (g) dg
20 2(F)\G(A)

0(‘2)0('9)h 9 (‘g) dg.

/»%AQQZ(F)\G(A)
Substituting the Fourier expansion

-1
el ="e@)= > WV @a'oo= Y. WY('go.
yeN(P\#(F) yeN (PN (F)
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we get
2.0, 1) = [ WY (. 0)0()h () dg.
ZAN(F)\G(A)

where our formal manipulations can be justified by the absolute convergence
of this integral for s « 0, which can be checked by a gauge estimate. For
i=12,...,n—1we put

v = {(1"0—" z) ‘b € Mp—i,i, U € N,-}.

Proposition 1.3 enables us to lift the main involution of G(A) to Ga. Fori =
1,2,...,n—1 we define

0i(3) = / (s )@) e () du,
O (F)\w D (A)

Ri(3.—s) = / R (5 (0)3) Vo @) du,
%(t)(F)\al(l)(A)

Zi(p.©. k™) = / | W (g.0)0i(¢) Ri(g —s) dg.
ZAN(F) D (A))\GA)

Let .4 be the subgroup of NV consisting of matrices whose only nonzero off-diagonal
elements are in the (n—i)-th column. When i is odd, Propositions 2.4 and 2.5 of
[Bump and Ginzburg 1992] and Lemma 3.11 of [Takeda 2014] state that Q; (s (1)g)
is independent of u € .4;(A) and equal to Q;+1(g), and hence

Zi(9.0,h)) = / , WY¥(g,0)0i+1(g)
ZuN(F)(A)2 i+ D (AN\G(A)

<[ Ri(s (1) g. —5) ) du dg
RACPAAGY
= Zit1(9.0.547).
When i is even, Propositions 2.4 and 2.5 of [Bump and Ginzburg 1992] and Lemma
3.11 of [Takeda 2014] again imply that Z; (¢, ©, h) = Z; 1 (¢, ©, h(™9). Con-
sequently,

Z(@, 0,8 = Z,(9,0, 8" = ... = Z,_1(9,0,hY)
- / W¥(g,0)0Y (‘g ' ®RY (g, 'h?) dg.
ZANA\G(A)

Since the semi-Whittaker function of © is the Whittaker function of the M, ,)-part
of the constant term of ® along P, (), one can verify that it is factorizable, and
similarly for h=%), which gives rise to the factorization we want.
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There are W; e WY (x), ©; € 0;{ and good sections f;.(s) such that
Z Z(W;, 0, f;.(zs_l)) = L(s,,sym* ® ).

i
On substituting each of these triplets into the functional equation in Proposition 3.14
and summing the results, we find that

(3-3) > Z(Wi. 0 N2s—1. x'wr) ,77)
l =&(s,m, 0, Y)L(1—s, ¥, sym? @ x 7 1).

For v e S\ {vo} we choose W, e WY (IT,), O, € GX“ and standard sections ]’(S)
such that Z(W,, ©®,, fv ) is not identically zero. Put

wi=wie( ® W)e(® W)

veS\{vo} véS
0, =0;® ( g@{vo}@v) ® e cHE

f(S) f(S) ( ® v(s)) ®(%f;(ys0))‘

veS\{vo}

Further set

A(s) = L(s. [T X.sym®) ™' Y " Z(Wi. 0, £ 70) = a(s)a(s)a(s. . x).

i

where
a(s. 7, x) = L(s. 7, sym® ® x)/L(s, sym* 0 () ® X)
and (25-1)
Z(Wy, 0y, /57
a(s) = l_[ L(ss;zol:p(ﬂ)@)/l’)’
veS \fuoy Y v) &
(2s—1)
Z(Wy, ©y,
a(s) — l_[ ( v v fU )

L(s, sym2 0p(Ily) ® Xv)'

vESco
Similarly, we put
B(s) = L(s, T, x~ ! sym?)™! Z Z (Wi ©; M(1-2s, Xewr[)fi(l_zs))-

i
Note that

B(s) = e(1—ns, X "o j)E(1=s, 7. x. V)b (s)B(s)a(s. ¥, x ')
by (3-2) and (3-3), where b(s) (resp. S(s)) is a product of the ratios
Z(Wy, Oy, N(1=25, Xl w,) f1729)/ L(s, sym? 0 p(IT)) ® X, ")
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over v € S, \ {vg} (resp. v € Seo). Plugging the functional equation of Shahidi’s
L-function into the functional equation of the global zeta integral, we are led to

(s, I1, X, sym?) A(s) = B(1 —ys),
that is,

(3-4) e(s, IT, x,sym®)a(s)a(s)a(s, ., x)
=E&(s,m, x, ¥v)e(n(s—1)+1, X”wlzj)b(l —s)p(1—=s)a(l—s, Y, X_l).
To prove Theorem 3.18, it is enough to prove that a(s, 7, x) is entire and nowhere
vanishing. First suppose that a(s, 7, x) has a zero at s = s¢. This means that
a(s, 7, x) has zeros at so + k(27 ~/—1)/ log g for all k € Z. We claim that all but
finitely many of these zeros must also be zeros of A(s). This fails to happen only
if all but finitely many zeros are canceled by the poles of a(s)a(s). The function
a(s) can contribute only finitely many poles on any line with real part constant by
Proposition 3.8(3), and this set of poles is independent of the choice of W, ®, and
S at the archimedean places. Hence a(s) must have infinitely many poles of this
form. Since the poles of a(s) are of the form s; + m(4x V—=1)/logqy formeZ
with v € S, \ {vo}, there are a place v and 5; € C and two integers n1; # m, such that

2w/ —1 dmA/—1 2/ —1 4 /-1
=Sj + m S0+k2 =95j +my logq
v

logqy logq
for some k1, k, € Z (in fact, there are infinitely many distinct integers with this
property). Then log ¢,/ log g is rational, which contradicts (¢, ¢) = 1. Thus the
points s¢ + k(2 +/—1)/log g are zeros of A(s) for all but finitely many k.

Since L(s,symo ¢ () ® x) is holomorphic in the region s > 0 by Proposi-
tion 7.2 of [Shahidi 1990], the function a(s, 7, x) is nonvanishing in the region
Ns > 0. Thus Rsy < 0. From (3-4) we see that all but finitely many of the points
1 — 5o + k(2w ~/—1)/ log g are zeros of the function B(s). Since a(s, 7V, x~!) is
nonzero for s > 0, these zeros have to be the zeros of b(s)B(s). Arguing as above,
these cannot be zeros of b(s) for infinitely many k. Since the poles of

[1 LGs,symogp(T)) ® ;)

VESoo

So + k1

logg

lie along horizontal lines, this product can contribute only finitely many poles on
any vertical line. Thus these must be common zeros of functions

l_[ Z(Wv, Oy, N(1-2s, Xfwnv)f;,(l_zs))

VESoo

for all Wy, ®, and fv(s). This contradicts Proposition 3.8(4) in view of the proof
of Proposition 3.14.
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Suppose that a(s, 7, x) has a pole at s = s9. Since L(s,w,sym? ® ¥) is
holomorphic in the region fs > 0 by Lemma 3.15(1), we obtain Hsy < 0. By
Proposition 3.8(5) the product a(s)a(s) is holomorphic in is > 1 and the function
b(1 —s)B(1 — s) is holomorphic in s < 0. Therefore A(s) is holomorphic in
Jis > 1 and Ns < 0 by (3-4), so that the pole of a(s, 7, x) must be canceled by
the zeros of a(s)a(s). Arguing as above, we can see that so + k(47 +/—1)/logg
cannot be zeros of a(s) for infinitely many integers k. Since the poles of

[1 LG sym? 0 (ITy) © 23)

VESoo

lie along horizontal lines, this product can contribute only finitely many poles on
any vertical line. Thus these must be common zeros of functions

[] zW. 0, £257D)

VESo
for all W,,, ®, and fv(s), which contradicts Proposition 3.8(4). O

31. Proof of Theorem A and Corollary A.

Theorem 3.19. Let w be an irreducible square-integrable representation of G
and y a unitary character of F*

(1) Assume that n is even. Then L(s,sym? o ¢ () ® x) has a pole at s = 0 if and
only if 7w is x-distinguished.

(2) Assume that n is odd. Then L(s,sym? o ¢ () ® x) has a pole at s = 0 if and
only if w2 = x™" and 7 ® (w;! x~=D/2) is distinguished.

Proof. Theorems 3.17 and 3.18 prove the first part. The factorization (0-1) is
extended to the twisted case as follows:

L(s,¢(m) ® (1) @ x) = L(s, A* 0 () ® x) L(s,sym’ 0 $(7) ® x).

It is a consequence of Proposition 8.1 and Theorem 8.2 of [Jacquet et al. 1983] that

L(s,¢(7) ® ¢ () ® x) has a simple pole at s = 0 exactly when 7 ~ 7V ® x~ L
Suppose that 7 is odd. If L(s,sym? o ¢() ® x) has a pole at s = 0, then

7m~a¥® x ! and hence w2 = x™". Put u = e XV 2 and ' = @ u~\ If

w2 = 7" then u? = x~!

, O = 0r b =y x® /271 = 1 and
L(s,sym® 0 ¢ () ® x) = L(s,sym® o ¢(x")) = L(s, 7', sym?).
The equivalence now amounts to a combination of Theorems 3.17 and 3.18. [

When 7 >~ 7V, one of the L-factors on the right-hand side of the factorization
(0-1) must have a pole at s = 0, and the other does not.
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If n is odd or w is nontrivial, then L(s, A>o¢(rr)) cannot have a pole at s = 0 by
Theorems 4.3 and 6.1 of [Kewat and Raghunathan 2012], so that & ~ 7 if and only
if L(s,sym?o¢ (7)) has a pole at s = 0. Thus Lemma 1.12(1) and Theorem 3.17(2)
prove Corollary A(1). Theorem 3.19(1) proves Corollary A(2).

Assume that 7 is even and o is trivial. Then L(s, A? o ¢ (7)) has a pole at s = 0
if and only if 7 admits a nontrivial Shalika model by Proposition 3.4 of [Lapid and
Mao 2017]. This combined with Theorem 3.19(1) proves Corollary A(3).

Remark 3.20. In the proof of Corollary A we limit ourselves to the nontwisted case
even when 7 is even, because of the lack of knowledge of suitable generalizations
of the results for the twisted exterior square L-factors.
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