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IN REIFENBERG FLAT DOMAINS

MURAT AKMAN

We study the set of absolute continuity of p-harmonic measure p associ-
ated to a positive weak solution to the p-Laplace equation with continuous
zero boundary values and (n — 1)-dimensional Hausdorff measure "1 on
locally flat domains in space. We prove that whenn > 2 and 2 < p < o0
and when n > 3 and 2 — » < p < 2 for some 5 > 0 there exist locally flat
domains 2 C R” with locally finite perimeter and Borel sets E C 92 such
that u(E) > 0 = H""1(E).

1. Introduction and statement of main results

A well-known result of F. and M. Riesz says that if €2 is a simply connected domain
whose boundary has finite length in the plane then harmonic measure and arclength
are mutually absolutely continuous. Makarov [1985] gives a sharp description of
the support of harmonic measure and shows that the function A given below is the
proper function to measure the size of the support of w. In particular, if 2 C R? is
a simply connected domain in the plane, then o < #*, where

Ar)i=r exp{C\/log % logloglog % }

for sufficiently large C. Here “<<” stands for absolute continuity of the measures, we
use “1” to denote measures are singular, and H* to denote the Hausdorff measure
with respect to the function A (see (1.4) for definition of #*). In [Makarov 1985], it
is also shown that this result is sharp in the following sense; there is an example of
a simply connected domain for which @ | H* whenever C is sufficiently small in
the definition of A. In higher dimensions, due to examples of Ziemer [1974] and Wu
[1986], neither H"|3o<< w nor w K H"|5q are true in general without imposing extra
topological or nontopological conditions on d2. David and Jerison [1990] prove
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that if Q2 is a nontangentially accessible (NTA for short; see Definition 2.1) domain
and 02 is Ahlfors—David regular (ADR for short; see Definition 2.5) then harmonic
measure is mutually absolutely continuous on 9€2 with respect to surface measure,
and in fact they are Ao .-equivalent (see [Azzam et al. 2014]). Badger [2012]
considers the same problem by relaxing the ADR property by H"~1(3Q) < oo
and proves that #"~! <« @ on 3. He also shows that <« H"~! « w on the set
A C 082, where

A= {x € 9Q: 11?3ng < oo}.
Here A(x,r) = B(x,r) No2. Badger also conjectures that when 2 is an NTA
domain then the same result holds not only on A C 92 but on the whole 92 (see
Conjecture 1.3 in [Badger 2012]). However, it turns out that this is not true in
general. In fact, Azzam, Mourgoglou, and Tolsa [Azzam et al. 2016] construct
an example of a Reifenberg flat domain (see Definition 2.3) 2 in R", n > 3, with
H"1(3R) < 0o and a Borel set E C 92 such that

w(E)>0=H"Y(E).

One can consider the same problem for the p-harmonic measure associated with a
positive weak solution to the p-Laplace equation for 1 < p # 2 < oco. To define
p-harmonic measure and the p-Laplace equation, we let 2 C R” be a domain and
let N be a neighborhood of Q2. Fix p, 1 < p < 00, and suppose that i is a positive
weak solution to the p-Laplace equation in Q N N. That is, i € WHP(Q N N) and

(1.1 /|Vﬁ|”_2<Vﬁ,V0)dx=0

whenever 6 € Wol’p (2N N). Equivalently, we say that it is p-harmonic in Q N N.
Observe that if & is smooth and Vii # 0 in QN N then

V- (|Val|P~2 Vi) =0

in the classical sense, where V - denotes divergence. We assume that u# has
zero boundary values on 92 N N in the Sobolev sense. More specifically, if
¢ e C°(RQNN), then it € Wol’p(QﬂN). Extend & to N by putting # =0 on N \ .
Then &i € W7 (N) and it follows from (1.1), as in [Heinonen et al. 1993, Chapter 21],
that there exists a finite positive Borel measure i on R” with support contained in
02 N N satisfying

(1.2) /lVﬁlp_z(Vﬁ,V¢)dx:—/¢dﬂ

whenever ¢ € C3°(N). Existence of @ follows from the maximum principle, basic
Caccioppoli inequalities for iz and the Riesz representation theorem for a positive
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linear functional. We note that if 92 is smooth enough and Vu # 0 in 2, then
die = [ValP~ dH" e

Remark 1.3. When p =21in (1.1), we have the usual Laplace’s equation. Moreover,
if u is the Green’s function for Laplace’s equation with pole at, say zg € €2, then the
measure in (1.2) corresponding to this harmonic function u is harmonic measure,
w, relative to zg. Note also that the p-Laplace equation in (1.1) is degenerate when
p > 2 and is singular when 1 < p < 2. The nonlinear structure of this PDE makes
it difficult to work with.

We next introduce the notion of the Hausdorff dimension of a measure. To this
end, let 7y > 0 be given, and let 0 < § < 7 be fixed. Let A : [0, 00) — [0, c0) be a
nondecreasing function with A(0) = 0. Let d(-) denote the diameter of a set. For a
given Borel set £ C R", we define (8, A)-Hausdorff content of E in the usual way:

HQ(E) = inf{Zk(d(Ui)) EC U U;, each U; is open with d(U;) < 8}.

Then the Hausdorff measure of E is defined by

(1.4) HME) = lim H;(E).

In case A(r) = r% we write H* for H*. The Hausdorff dimension of /i, denoted by
H — dim fi, is defined by

H—dima:= inf{a : there exists Borel E C 092
such that H*(E)=0 and A(R"\E)=0}.

We return to our study of singular sets of p-harmonic measure with respect to 7"~
measure. For arbitrary p, 1 < p # 2 < 0o, Bennewitz and Lewis [2005] observed
that the natural candidates, i.e., snowflake-type domains, which give sharpness in
the harmonic case shown by Makarov, do not provide sharpness. In the same paper
it was also shown that if 92 is the von Koch snowflake in the plane and 2 < p < 0o
then H —dim u < 1. In [Lewis et al. 2011], a weaker version of Makarov’s result
was obtained under the p-harmonic setting for 1 < p # 2 < oco. Finally, Lewis
[2015] proved a p-harmonic analogue of Makarov’s result; let 2 C R? be any
bounded simply connected domain and let u be the p-harmonic measure described
above. Let A(r) be as in Makarov’s result. Then the following are true.

(@) If 1 < p <2, there is A = A(p) > 1 such that u < H*.

(b) If 2 < p < 00, there is A = A(p) < —1 such that u is concentrated on a set of
o-finite H' measure.
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The nonlinearity and degeneracy of the p-Laplace equation makes it difficult to
study the Hausdorff dimension of this measure in R"”, n > 3. The tools developed
by Lewis, Nystrom, and Vogel [Lewis et al. 2013] for p-harmonic functions were
used to obtain that:

(1) If 9L is sufficiently flat in the sense of Reifenberg and p > n > 3, then u is
concentrated on a set of o-finite 4" ~! measure.

(2) If n =3 and 2 < p < n, there exist Wolff snowflakes such that H—dim u <n—1,
while if 1 < p < 2, there exist Wolff snowflakes such that H —dim u > n — 1.

(3) All examples produced by Wolff’s snowflake method have H —dimpu <n —1
when p > n.

(4) There is a Wolff snowflake for which the sign of (n — 1) — (4 — dim ) equals
the sign of (n—1) —(H—dim w), where u is the p-harmonic measure for p in an
open interval containing 2 and o is the harmonic measure with pole at infinity.

Lewis, Vogel, and the author [Akman et al. 2015] improved these results by proving
the following: let O C R" be any open set, Z € 90, and let p > 0. Let u be a
positive weak solution to (1.1) in O N B(Z, p). Assume also that u has continuous
zero boundary values on 0 N B(Z, p). Extend u to all B(Z, p) by defining 0 in
B(z, p)\ O. Let u be the measure associated to u as in (1.2). If p > n then u is
concentrated on the set

P= {x €d0NB(Z, p) :limsup —'u(lifllfl’ ), O}.
r—0
This set P has o-finite 4"~ measure. The same result holds when p = n, provided
that 30 N B(Z, p) is locally uniformly fat in the sense of n-capacity. Therefore,
H—dimu, <n-—1when p >n.

On the other hand, the result of David and Jerison described above for harmonic
measure is extended to the p-harmonic setting for 1 < p # 2 < oo by Lewis and
Nystrom [2012]. To state this result, we let 2 C R" be a bounded NTA domain with
constants M, ro whose boundary is ADR. Let u be p-harmonic in Q N B(w, 4r),
w € 3, 0 < r < rg, and continuous in 2 N B(w, 4r) with u = 0 on A(w, 4r).
Extend u to B(w, 4r) by defining u =0 on B(w, 4r)\ 2 and let ;& be the p-harmonic
measure as in (1.2) associated with u. Then it is shown in [Lewis and Nystrom
2012, Proposition 3.4] that i < H"~! « p on dLQ; in fact they are A.o-equivalent.
It also is proven in the same paper that Badger’s result holds under the p-harmonic
setting; if €2 is an NTA domain then p < H 1« uonthe set A”C A(w, 4r) C 92,
where

n—1 A ,
A =lxeamw. 4r) timing e BE LD 1
p_)o IOn—]
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The main result proved in this paper is that there are examples of domains for which
absolute continuity of p-harmonic measure and (n — 1)-dimensional Hausdorff
measure does not hold on the whole boundary when the domain is even locally flat
in the sense of Reifenberg.

Theorem 1.5. Whenn >2and?2 < p < oo and whenn >3 and2—n < p <2 for
some n > 0, there exist domains Q2 C R" and Borel sets E C 02 such that:

(1) Qisa (@, o0)-Reifenberg flat domain.
(2) o =H"""is Radon.

(3) up(E) > 0 = o (E), where i, is the p-harmonic measure associated to a

positive p-harmonic function in 2 with continuous zero boundary values
on 0€2.

As the plan of this paper, we first state the definition of nontangentially accessible
domains, Reifenberg flatness, and Ahlfors—David regularity, and we give some
lemmas concerning the regularity of p-harmonic function in NTA domains in
Section 2. We give the construction of Wolff snowflakes in Section 3. Following
[Azzam et al. 2016], we construct “an enlarged domain €2 from a certain domain
2 and, using some results from [Lewis et al. 2013] concerning the dimension of
p-harmonic measure, we give a proof of Theorem 1.5 in Section 4.

2. Definitions and preparatory lemmas

To proceed, some notation and definitions are in order. In the sequel, ¢ will denote
a positive constant > 1 (not necessarily the same at each occurrence), which may
depend only on p, n, unless otherwise stated. In general, c(ay, ..., a,) denotes a
positive constant > 1 which may depend only on p, n, ay, ..., a,, not necessarily
the same at each occurrence.

Letx =(x1, ..., x,) denote points in R" and let E =cl(E), intE, 0E,and E€be
the closure, interior, boundary, and the complement of the set E C R”", respectively.
Let diam(E) be the diameter of a set E. Let (-, -) be the usual inner product in R".
Let d(E, F) denote the usual distance between the sets E and F and let dy (E, F)
denote the Hausdorff distance between the sets E and F, which is defined by

dy(E, F) :=max(sup{d(E, y):y € F},sup{d(x, F) : x € E}).

Let B(x, r) be the usual open ball centered at x with radius r > 0 in R" and let dx
denote the Lebesgue n-measure in R”. Let A(w, r) =9QN B(w, r). For a given
number # > 0 and a cube Q, let /(Q) be the side length of Q and let ¢ Q denote the
cube whose side length is ¢#/(Q) with the same center as Q.

We state the notion of nontangentially accessible domain which was initially
introduced by Jerison and Kenig [1982].
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Definition 2.1 (NTA domain). A domain €2 is called a nontangentially accessible
(NTA) domain if there exist M > 2 and rg such that the following are fulfilled.

(1) Corkscrew condition: for any w € 92, 0 < r < ry, there exists a,(w) € Q
satisfying
M < la,(w) —w| <r and M~y < d(a,(w), 02).
(i) R™\ Q satisfies the corkscrew condition.

(iii) Uniform condition: if w € 0, 0 <r < ry, and wy, wy € B(w, r) N Q then
there exists a rectifiable curve y : [0, 1] = Q with y(0) = w; and y (1) = wp
such that

(@) H'(y) < Mlwy —wal,
(b) min{#H'(y ([0, 1)), H'([z, 11))} < Md(y (1), 02).

Remark 2.2. We use the definition of this notion given in [Lewis and Nystréom
2012]. Note that (iii) of Definition 2.1 is different but equivalent to the Harnack
chain condition given in [Jerison and Kenig 1982].

Next we give the definition of Reifenberg flatness from [Azzam et al. 2016].

Definition 2.3 ((8, ro)-Reifenberg flat domain). Let 2 be a domain and rg, § > 0
with 0 < § < % Then €2 is said to be (8, ro)-Reifenberg flat provided that the
following two conditions hold.

(i) For every w € 92 and every 0 < r < rg there exists a hyperplane P(w, r)
containing w such that

dy(A(w, r), P(w,r)NB(w, r)) <ér.

(ii) For every x € 92, one of the connected components of
B(x, ro) N{x € R"; d(x, P(x, ro)) > 23ro}
is contained in €2 and the other is contained in R" \ €2.

We say that 2 is (§, oo)-Reifenberg flat if it is (8, rp)-Reifenberg flat for every
ro > 0.

Remark 2.4. An equivalent definition of Reifenberg flatness is given in [Lewis and
Nystrom 2012], and it is remarked that these two definitions are equivalent (see
observation after their Definition 1.2).

Definition 2.5 (Ahlfors—David regular set). We say that 92 is n-dimensional
Ahlfors—David regular (ADR) if there is some uniform constant C such that

C " <H"(A(x,r)) <Cr" forall r e (0, diam(R2)), x € L.
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We next give some estimates from when n > 3 [Lewis et al. 2013, Lemmas
3.2-3.6] and when n = 2 given under the p-harmonic settings [Bennewitz and
Lewis 2005, Lemmas 2.6, 2.7, 2.13, 2.14]. For Lemmas 2.6-2.8, let p be fixed with
l<p#2<oo.

Lemma 2.6. Let u be a positive p-harmonic function in B(w, 2r) CR", n>3. Then

p
rP" / [Vul? dx < c(max u)
B(w,r)
B(w,r/2)

and

max u <c¢ min u.
B(w,r) B(w,r)

Moreover, there exists B = B(p,n) € (0, 1) such that if x, y € B(w, r) then

(|x—y|>ﬂ
lu(x) —u(y)| <c max u.
r

For Lemmas 2.7 and 2.8 let 2 be an NTA domainin R” andletw € 02, 0 <r < ry.

Lemma 2.7. Suppose that u is a nonnegative continuous p-harmonic function in
QN B(w, 4r) and u =0 on A(w, 4r). Extend u to B(w, 4r) by defining u =0 on
B(w, 4r) \ Q. Then u has a representative in WP (B(w, 4r)) with Hélder continu-
ous partial derivatives in QN B(w, 4r). In particular, there exists 0 = o (p,n) €
(0, 1] such that if x,y € B(W, 37), where B(, 47) C QN B(w, 4r) then

1 lx =y’ c(lx=yI\
—|Vulx) —Vu(y)| < — max |Vu| < < — max u.
Cc r w,F) r r B(w,2F)

If Vu(w) # 0 then u is real analytic in a neighborhood of W.

The next lemma gives a relation between a p-harmonic function and its corre-
sponding measure.

Lemma 2.8. Suppose that u is a nonnegative continuous p-harmonic function in
QN B(w,2r) andu =0 on A(w, 2r). Extend u to B(w, 2r) by defining u =0 on
B(w, 2r) \ Q. As in (1.2), there exists a unique locally finite positive Borel measure
u on R™ with support in A(w, 2r) such that

[|Vu|p2(Vu, Vo) dx = —f 6du

whenever 6 € C3°(B(w, 2r)). Moreover, there exists c =c(p,n, M) € [1, 00) such
that if ¥ =r/c then

cIrP (AW, P) < (ular))? < er’ M u(A(w, 57)),

where az(w) is as in Definition 2.1.
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3. Construction of Wolff snowflakes

In this section, following [Lewis et al. 2013] when n > 3 and [Bennewitz and Lewis
2005] when n = 2, we describe the construction of Wolff snowflakes in R” which
was originally introduced in [Wolff 1995]. To this end, let

Qo={(x",xy) :x' eR", x, >0} CR".

Set
1

Q) ={x"eR"":—Ir <|x;| < 3r for 1 <i <n—1}.
Then Q(r) is an (n — 1)-dimensional cube with side length r and centered at 0. Let
¢ :R""! — R be a piecewise linear function with support contained in {x’ Hx') < %}
satisfying

(3.1 IVolleo < 6.

For fixed large N, define ¥ (x') = N ~1¢(Nx'). Let b > 0 be a small constant and
let Q be an (n — 1)-dimensional cube with center ap and length /(Q) contained in
some hyperplane. Let cch(E) denote the closed convex hull. Let e be a unit normal
to Q and define

Py =cch(QU{ag +bl(Q)e}) and Py =intcch(QU{ap —bl(Q)e}).
We set e = —e,, for Q(1). We also define
A:={x e Ppi)UPoqy, Xy =¥ (x)} and d:={xeR", x' € Q(1), x, =¥ ()}
We assume that N = N (b, M) is so large that

d(d\ 3820, [ Poy U Po]) = 155
From the construction, it can be easily seen that d C Q(1) x [—%, %] consists of a
finite number of (n — 1)-dimensional faces. We fix a Whitney decomposition of
each face; we divide each face of d into an (n — 1)-dimensional cube Q, with side
lengths 8%, k=1,2, ..., and 8 ¥ & to their distance from the edges of the face
they lie on. We next choose a distinguished (n — 2)-dimensional “side” for each
(n — 1)-dimensional cube.

Suppose €2 is a domain and Q C 92 is an (n — 1)-dimensional cube with
distinguished side y. Let e be a unit normal to d€2 on Q and assume that PpNQ2 =&
and P C 2. We form a new domain  as follows. Let 7 be the conformal affine map,
i.e., composition of a translation, dilation, and rotation, with 7(Q(1)) = Q which
fixes dilation, 7(0) = ap which fixes translation, T({x €dQ() :x; = l}) and

2
T (—ey) in the direction of e which fixes rotation. Let Ag =7 (A) and 99 = T (9).
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Then we define €2 through the relations
QN(PpUP) and Q\(PpUP) =R\ (PoU Pp).

Note that dp inherits from 0 a natural subdivision into Whitney cubes with distin-
guished sides. This process is called “adding a blip to Q2 along Q™.

To use the process of “adding a blip” to construct a Wolff snowflake 2, starting
from ¢, we first add a blip to ¢ along Q(1) obtaining a new domain 2;. We then
inherit a subdivision of 921 N (Py(1)N ISQ(l)) into Whitney cubes with distinguished
sides, together with a finite set of edges E (the edges of the faces of the graph are
not in the Whitney cubes). Let G| be the set of all Whitney cubes in the subdivision.
Then €2, is obtained from €2; by adding a blip along each Q € G;. From this
process, we inherit a family of cubes G, C 9€2; (each with a distinguished side)
and a set of edges E, C 02, of o-finite H"~2 measure. Continuing by induction
we get (£2,,)%° (G and (E,,)% where

m=n—1° m=n—1° m=n—1°

082, N (PQ(]) N ﬁQ(])) =FE,U U QO form=>=n-—1.
0eGp

If N=N(b, M) is large enough, then 2,, - Q2 in the Hausdorff distance sense.
We call Q. a Wolff snowflake. We state a result which says that Wolff snowflakes
are locally flat in the sense of Reifenberg.

Lemma 3.2 [Lewis et al. 2013, Lemma 7.1]. If 69, N—! are small enough, depend-
ing only n, then the Wolff snowflake domain Q0 is (c6y, 00)-Reifenberg flat, where
c=c(n).

4. Proof of Theorem 1.5

In this section we give a proof of Theorem 1.5 using some results from [Lewis et al.
2013; Azzam et al. 2016]. To this end, let 25, be a Wolff snowflake with constants
6o, N as described in Section 3. For fixed p, 1 < p #2 < 00, let u be the unique
positive p-harmonic function in 2., with continuous boundary value zero on 024,
and |x, — Uco(x)| = 0 uniformly as |x| — oo. Let oo be the p-harmonic measure
associated with u, as in (1.2). A proof of existence and uniqueness of u, can
be found in [Lewis et al. 2013, Lemma 6.1]. Let Q7 be the restriction of Q2 to
Q(1) x [—1, 1] and let pu/, be the restriction of jis to (Q(1) x [—1, 1]) N 0.
The following lemma can be easily deduced by combining Lemma 7.4 and
Proposition 7.6 from [Lewis et al. 2013] when n > 3 and combining Lemma 3.23 and
Theorem 1 from [Bennewitz and Lewis 2005] when n =2. Moreover, when n > 3 and
2—n < p <2 it follows from Theorem 4 in [Lewis et al. 2013]. We first state a lemma.

Lemma 4.1. When n > 3 let p be fixed, 2 < p < 00, and when n > 2 let p be fixed
with2 —n < p <2 for some > 0. Let Q. and ., be described as above. Then
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for some d > O we have

lim log ui (A(x, 1))

lim og r <d<n-—1 forall x € dQ\A,

where A C 02, with u. (A) = 0. Moreover, H—dimpu.  <d <n — 1.

Proof. We first show that there exist Wolff snowflakes for which H —dimu <n—1
in all cases stated in Lemma 4.1. To this end, as we discussed in Section 1, when
n >3 and 2 < p < oo there exist Wolff snowflakes such that H—dim u <n—1 (see
Theorems 2 and 3 in [Lewis et al. 2013]). When n = 2, it follows from [Bennewitz
and Lewis 2005, Theorem 1] that there is a Wolff snowflake for which H—dim p < 1
whenever p is fixed with 2 < p < 0o. Next, there exist Wolff snowflakes for which
H —dimw < n — 1, which is a well-known result of Wolff [1995] when n > 3. On
the other hand, it is observed in [Lewis et al. 2013, Proposition 6.4] that there exists
a Wolff snowflake such that the sign of (n — 1) — (H — dim w) equals the sign of
(n—1)— (H—dimpu) for p € (2 —n, 2). Therefore, combining these two results,
we first conclude that there exists a Wolff snowflake for which H —dimw <n — 1
when 2 —n < p < 2 for some 1 > 0. Using these observations and Lemma 7.4 in
[Lewis et al. 2013] we finish the proof of lemma. |

We are now ready to prove Theorem 1.5. Under the p-harmonic setting, we
closely follow the arguments given in [Azzam et al. 2016] after Theorem 4.3. We first
observe from Lemma 4.1, more specifically from the fact X —dimu,, <d <n—1,
and the definition of Hausdorff dimension of p-harmonic measure, that there is
a Borel set E C 9, such that u/ (R"\ E) = 0 and H4(E) = 0. From this
observation and once again from Lemma 4.1 we also have

4.2) lim 108 Hoo(B(x, 1)) <d

<n—1 forall xe€E.
r—0 logr

Note that Q is the restriction of Q24 to Q(1) x [—1, 1]; therefore,
Q0o \ {(x', xy) € R" 1 x,, =0} C IQL,.
For ease of notation we let
R = (), x,) eR":x' e R"™ and x, =0).

From (4.2) it follows that for o, 0 <« <n — 1 —d, one can find small enough p
such that u__(E;) > 0, where

log i (B(x, r))
logr

Elzixe(EHBQOO)\%"_I: <n—1—af0rallre(0,,o]}.

We next fix a point ¢y € E;. By the regularity of p-harmonic measure we can
find pg € (0, p] and a compact set K C E; N B(&y, po) such that for all x € K and
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r € (0, po) the following property holds:
o (K)>0 and pul (B(x,r))>r""17

The construction yields that K C Q. N3 and cl(2,) C cl(Qo). Then using
the fact that the support of p/ is contained in (Q(1) x [—1, 1]) N 92 we have

4.3) Hoo(K) >0 and fteo(B(x,r) N0Qs) > pn—l-a

for all x € K and r € (0, pp).

For a given number ¢, 4 < ¢, and given open set O C R"~! we use W;(0)
to denote the set of maximal dyadic cubes Q C O satisfying tQ N K = &. Let
O<e< 0 and let Z be the family of cubes Q € W, (K°) such that

oNE) x[=1, 1D NN # 2.
Note that

1(Q) %ezdist(Q, K) forall QeZ and BQQO\K C UQ.
Q€T

For each Q €7, fix some point zp € QNJ2.,. We then define a new domain ' by

=Q (U BQ> where Bp = B(zg, edist(zg, K)).
Qel

It is observed in [Azzam et al. 2016, Lemma 2.2] that if 6, € in the construction of
the Wolff snowflake in Section 3 are small enough then " is (ce!/2, rg)-Reifenberg
flat and K C BQ:r, provided that the original domain 2, is (8, rp)-Reifenberg flat.
Note that from Lemma 3.2 we have that Wolff snowflake domain Q2 is (c8, ro)-
Reifenberg flat, where ro = co. Therefore if we choose 6 and € small enough and
use Lemma 2.2 from [Azzam et al. 2016] then Qj is a (ce'/?, oo)-Reifenberg flat
domain satisfying

(4.4) K CcoQ Nt and cl(Qu) Ccl(2)).

Let u be a positive p-harmonic function in 2} with continuous boundary value
zero on Q2. Let u} be the p-harmonic measure associated with u as in (1.2).
From the construction of QF we have u} > u_ on 9Q/_. Then it follows from
the maximum principle for positive p-harmonic functions and (4.4) that u > u/
in Q. This observation, Lemmas 2.6-2.8 and (4.3) yield

4.5) (K) >0 and /J,JF(B(x r)) >r" 1=« forall xe K, re (0, pg).

As uj is a Radon measure which follows from Lemma 2.8 and satisfies (4.5) and Qj
18 (3 , 70)-Reifenberg flat domain, it follows from [Azzam et al. 2016, Lemma 3.1]
that "~! laq+ 18 locally finite. Let 2 := Qj be the (8, 7y)-Reifenberg flat domain
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with locally finite surface measure and let u := ™ be the p-harmonic measure as
above. From (4.5) we conclude that Theorem 1.5 is true. O
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