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For a surface in the 3-sphere, by identifying the conformal round 3-sphere
as the projectivized positive light cone in Minkowski 5-spacetime, we use the
conformal Gauss map and the conformal transform to construct the asso-
ciate homogeneous 4-surface in Minkowski 5-spacetime. We then derive the
local fundamental theorem for a surface in the conformal round 3-sphere
from that of the associate 4-surface in Minkowski 5-spacetime. More im-
portantly, following an idea of Fefferman and Graham, we construct local
scalar invariants for a surface in the conformal round 3-sphere. One distinct
feature of our construction is to link the classic work of Blaschke to the work
of Bryant and Fefferman and Graham.

1. Introduction

It is well-known that all local scalar invariants of a (pseudo-)Riemannian metric
are Weyl invariants, based on Weyl’s classical invariant theory for the orthogonal
groups. A conformal structure on a manifold is described by an equivalent class
of conformal Riemannian metrics. Two metrics g; and g, on a manifold M are
conformal to each other if g; = A%g, for some positive smooth function A on M.
There are several ways to set the theory of local conformal invariants, but it is no
longer straightforward to account for local scalar conformal invariants because of
the lack of Weyl Theorem for the group of conformal transformations. To tackle
this problem, Fefferman and Graham, in a seminal paper [1985], described an
ingenious construction for a Ricci-flat homogeneous Lorentzian ambient spacetime
for a given conformal manifold, where the conformal manifold is represented by
the homogeneous null hypersurface in the ambient spacetime. Their construction
was motivated by the model case in which the conformal round sphere S”" is the
projectivized positive light cone N’ﬁl in Minkowski spacetime R""*!. Thus they
initiated the program of using local scalar (pseudo-)Riemannian invariants of the
ambient metrics at the homogeneous null hypersurface to fully account for local
scalar conformal invariants. Readers are referred to their recent expository paper
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[Fefferman and Graham 2012] to learn all the developments of this program, and
also to [Bailey et al. 1994; Gover 2001]. This program has lead to many significant
advances in the global theory of conformal geometry, particularly via conformally
invariant PDEs.

In this paper we build a model case for the study of local scalar invariants of sub-
manifolds in a conformal manifold, following Fefferman and Graham’s approach.
The model case for us is to study 2-surfaces x in the conformal round 3-sphere
(S3, [go]). As in [Fefferman and Graham 1985], the conformal round 3-sphere is
represented by the positive light cone Ni in Minkowski 5-spacetime R'#. Given
an immersed surface

M= S?
or equivalently
y=(1,%):M*—> Nj,

to incorporate all metrics in [gg] on the 3-sphere we consider the homogeneous
extension
N=al, %) Rt xM? > Ni c RM,

Then we will use the conformal Gauss map & of x to choose a canonical null vector
y* at each given point y € xN C Ni to extend x" further into a homogeneous
timelike 4-surface

F=ay+apy* :RY x Rt x M? - RV

We will also consider the associate ruled 3-surface
xt = %(ety—i—e_’y*) ‘RxM? > H*cR"™

where H* is the hyperboloid in Minkowski 5-spacetime. The main idea, inspired by
Fefferman and Graham’s work, is to use the geometry of the associate 4-surface x
in Minkowski spacetime R'# (the associate ruled 3-surface x* in the hyperboloid
H* and the spacelike surface as the image of the conformal Gauss map £ in the de
Sitter spacetime S*! in Minkowski spacetime R'*#) to study the geometry of the
surface X in the conformal round 3-sphere S3.

Our approach facilitates proofs of the local fundamental theorems (see Theorem
3.3.1 and [Wang 1992; 1998]) and produces local scalar invariants of surfaces in
the conformal round 3-sphere. It is more interesting to find scalar invariants and the
PDE problems similar to the study of Willmore surfaces [Blaschke 1929; Bryant
1984; Li and Yau 1982; Marques and Neves 2014].

We remark that the key to our construction of associate surfaces is the conformal
Gauss map & to a given surface X in the conformal round 3-sphere. Conformal
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Gauss maps have been introduced in several contexts [Blaschke 1929; Bryant 1984;
Rigoli 1987]. We are searching for a definition that fits into the context of ambient
spaces of Fefferman and Graham (Lemmas 2.3.1 and 2.3.2). It is fascinating to see
how Blaschke [1929] introduced the conformal Gauss map as the map representing
the family of mean curvature 2-spheres of the surface x and the conformal trans-
form x* (Definition 2.4.1) as the other envelope surface of the conformal Gauss
map. One technical assumption for the null vector y* to be well defined at each
point y € x" is to require that the conformal Gauss map of the surface % induces
a spacelike surface in the de Sitter spacetime S!-3, which is equivalent to require
the surface % is free of umbilical point in the conformal 3-sphere S°.

It is nice to know that in our construction the associate 4-surface x in Minkowski
spacetime R'-# is a minimal 4-surface (of vanishing mean curvature) if and only if
the 2-surface X is a Willmore surface with no umbilical pointin S* (Theorem 3.2.1).
The same statement also holds for the associate ruled 3-surface x* in the hyper-
boloid H* (Theorem 3.4.1) and the conformal Gauss map surface & in de Sitter
sapcetime S'? (Theorem 2.5.2).

Upon realizing that a different representative Azgo in the conformal class [go]
on S is equivalent to a different parametrization for the associate surface

(1.0.1) F=ay, +apyl :RT x RT x M? — R,

where y, = ):(1, x) and A = Ao % for a conformal factor A, the real issue is how
we use the geometry of the surface £ in the 3-sphere (S3, A%gg) to calculate the
geometry of the associate surface X. The solution is to use as the realization of
(S3, A%g0) the following 3-sphere Si in the positive light cone Ni:

(1.0.2) A(l,x):S* > N

For the convenience of readers we present the calculations of the geometry of
Si as a spacelike 3-surface in Minkowski spacetime in Appendix B. But it starts
with the observation that the conformal Gauss map

(1.0.3) £ = Hyy, +n; : M> > RM,

where H, is the mean curvature of £ in (S, kzgo) and n;, is the unit normal to y;
in Si c N4, is independent of the conformal metric A2 go (cf. Lemma 2.3.4).

Using the calculations in Appendix B, we are able to show in the proof of
Theorem 4.3.2 that the data {m, o*, Q;, Q7} that determine the first and second
fundamental forms of the associate surface X in Minkowski spacetime R!* can
all be expressed in terms of covariant derivatives of the curvature of the surface
% in (S3, A2 go) and the covariant derivatives of curvature of (S3, X2g0) (including
Oth order). In the exact same spirit as in [Fefferman and Graham 1985; 2012],
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our construction of associate surfaces X provides a way to capture local scalar
conformal invariants of a surface X . Namely, one can obtain local scalar con-
formal invariants of the surface x in the conformal round 3-sphere by computing
the local scalar (pseudo-)Riemannian invariants of the associate surface X at the
homogeneous surface x" in the light cone in Minkowski 5-spacetime. The first
nontrivial one is

(1.0.4)  AH|p—o =20 (A Hy + L1 Hy + (1) (R i3 — (RY)5, )

in a general parametrization (1.0.1), where (R*);3;3 and (R*)3; are the Riemann
curvature and Ricci curvature of the metric A2gy on S3. Due to the homogeneity
of X we automatically have

(1.0.5) H;. = Ay Hy + 112 Hy + (1) (RM)i3j3 — (RM)5] = 273 (AH + |11 H)

which is the curvature that vanishes if and only if the surface x is Willmore. Notice
that extra curvature terms do not show up when we work with either the round
metric gg or the Euclidean metric. Similar formulas have appeared in the literature
[Hu and Li 2004; Gover and Waldron 2015] and are also used by R. Graham and
N. Reichert (work in progress).

In (4.2.7) we obtain this conformal scalar invariant of higher order:

(1.0.6) |Vhl*pz0 = *(IVQI* + 8d H;|* + 2 Ric (15, VH;) +3HE Q|
+3K] 1% + 69 - Hess(H)),
where K AT is the sectional curvature of (S3, A2gg) at the tangent plane to the sur-
face x. Another higher-order invariant is
(1.0.7)  AAH|,—o = 8a (A3 Hy + 9| |*H; — 3Div(e™)H,,
—60™ (VH) — 6Ha [ | 721, - ),
where ot = (dy;, v and QF = —<dyj, d&) are parts of the data that determine

the geometry of the associate surface X; they are given in (3.1.3) and (4.3.6) as
invariants of the surface % in (S3, A%go).

To end the introduction we remark that, for the sake of the production of local
scalar invariants, the assumption of having no umbilical point in our construction
is not an issue.

2. The associate surfaces in R4

In this section we introduce the associate surfaces in Minkowski space R!# for a
given surface £ : M?> — S3. We then show that such associate surface is canonical
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in doing conformal geometry for the surface x. The construction relies on the con-
formal Gauss map and the conformal transform of x. It is also very interesting to
see how Blaschke and Bryant came to the conformal Gauss map and the conformal
transform in very different perspectives [Blaschke 1929; Bryant 1984].

2.1. Surfaces in the 3-sphere. Suppose that
£:M? > S’ c R
is an immersed surface with isothermal coordinate (u', u?). Let
n:M?> - R

be the unit normal vector at each point on the surface. Then we obtain the first
fundamental form

(2.1.1) [ = <d%,d%y = E|du|?
and the second fundamental form
(2.1.2) Il = —{dX,dn) = e(du")* + 2 fdu'du® + g(du®)*.

Hence the mean curvature of the surface in the 3-sphere is

1

2.1.3 H=—
( ) E (e+g)
and the Gaussian curvature of the surface is

eg — f?
2.1.4) K = 7 + 1.
Notice that
(2.1.5) n, = —%)2,41 — %fuz, n,, = —%ful - %)zuz.

If one takes another conformal metric A2gy on the 3-sphere S°, where A is a
positive function on S3, then the first fundamental form for the surface % is

(2.1.6) L, =21,
where A = A o % and the second fundamental form is
(2.1.7) I, = M — hul,

where A,, = n()). Hence

A A L
(2.1.8) H, =5 (H _ 7”) and 1T, = AT,
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where 17 is the traceless part of the second fundamental form //. Here we see the
easy scalar conformal invariant |/ |2, which can be considered to be the counter
part of the square of the length of Weyl curvature on a conformal manifold.

2.2. Minkowski 5-spacetime. Let R'* be the Minkowski 5-spacetime, where we
use the notation

R ={(t,x):t € Rand x € R*}
with the Lorentz inner product
(t,x), (s, 9)) =—st+x-y.
Recall the positive light cone is given by
Ni ={(t,x) e R": —?+|x|* =0and t > 0};
the hyperboloid is given as
H* = {(t,x) eR": —> +|x|* = 1 and ¢ > O};
and the de Sitter 4-spacetime is given as
S ={(t,x) eR": —2 + x| =1}.
Given a surface £ : M? — S° C R?, we may consider the 2-surface
y=(,%):M - Nt cR"™
and the homogeneous extension
xN=Oty:[RJr x M? — Ni c RN

for « € R™. There does not seem to be a way of doing “geometry" of the homoge-
neous 3-surface x" in the positive light cone Ni.

To motivate our choice of the associate surface in R1# of £ we first introduce the
so-called homogeneous coordinate for R!# used in the ambient space construction
of [Fefferman and Graham 1985; 2012], that is,

(2.2.1) (t,x) =x°(1, &) +xOx®L (1, —%)
where
1
X0 = 5(1’ +1), x0x>® = (—r+1)
and r = |x| and x = rx. In this coordinate the Minkowski metric is

Go = —2x(dx)? — 2x%dx dx™® + (x*)*(1 — 1x®)? g0 (%).
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Hence, given a surface X : M> — S°, we are looking to construct an associate
homogeneous timelike 4-surface

(2.2.2) F=ay+apy* :R" x R" x M*> - R

if we can have canonically the null vector y* at a given null position y on x™V. It
is clear that the associate surface x is ruled by the positive quadrants of timelike
2-planes in Minkowski spacetime. One may consider the intersection of X with the
hyperboloid H*:

1
(2.2.3) xt = E(efy +e7'y") R x M? > H*,

which is called the associate ruled 3-surface since it is a 3-surface in hyperbolic
4-space ruled by geodesics lines. Recall that a geodesic line in the hyperboloid H*
is the intersection of the hyperboloid with a timelike 2-subspaces in Minkowski
spacetime. In the following we will introduce the canonical choice of such y*.

2.3. Conformal Gauss maps. Let us consider any unit spacelike normal vector
to the homogeneous null 3-surface x™ = oy in Ni C R'“*. That is to ask a unit
spacelike 5-vector & to satisfy

(2.3.1) &Ny =0, & x> =0, & X =0
which implies that
£ =ay+n,

where 11 = (0, n) is the unit normal to the surface X in the standard unit round
3-sphere in {1} x R* ¢ R"*. It turns out that there is a unique choice if we insist
that the map

£:M? > s c R
is (weakly) conformal. Namely we have

Lemma 2.3.1. Suppose that X : M> — S is an immersed surface. For a unit
normal vector & to the homogeneous null 3-surface xN = ay : Rt x M? — Ni C
R1’4,

<5u1’ $u2> =0

if and only if
E=Hy-+n

and

(2.3.2) (dg,dgy = YE|T?|dul?.
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Proof. 1t is simply a straightforward calculation. We know
& =a,(1,%X)+a0,x,)+ 0, n,).
Hence we have

1
<$u‘7"§u2> = _Zaf'i'f(fe'i_fg) =0,

which is equivalent to a = H. For the rest we calculate

1 e—o\?
G = G k> = = (12 +(558) ) E. O
Another way to identify a unique unit spacelike normal vector to the homoge-
neous null 3-surface xN = ay : R x M> — Ni is the following:

Lemma 2.3.2. Suppose that X : M> — S3 is an immersed surface. Then, for a unit
spacelike normal vector & to xN = ay : R x M? — Ni c RM4,

(2.3.3) E=Hy+n
if and only if
(2.3.4) (AE, y) =0.

Proof. We simply calculate, for & = a(1, x) + (0, n),
AoE =&+ &2, = (Npa)(T, X)+2Va(0, Vx) +a(0, Agx) + (0, Agn)

and
(AoE, (1,X)Y =—2aE +2HE.

Notice that A = E~ L A,. O

Before we give a formal definition of the conformal Gauss map we remark that
(2.3.4) is the integrability condition for the unit vector field £ to be the confor-
mal Gauss map (up to a sign) for the surface x. This turns out to be the easiest
way to see that X is Willmore if and only if the conformal Gauss map & of x is
also the conformal Gauss map (up to a sign) of the conformal transform X* (see
Definition 2.4.1).

Definition 2.3.3. Suppose that X : M> — S3 is a surface. Then we will call
(2.3.5) E=Hy+n:M>— S cr*
the conformal Gauss map according to Blaschke (cf. [Bryant 1984; Rigoli 1987]).

For a positive function A on the sphere S* we consider the conformal metric
A2go on the sphere S*, which can be realized as the 3-sphere S3: A(1,x) : S —
Ni c RY* in Minkowski spacetime. It is essential here that the surface % in the
3-sphere S? with the conformal metric kzgo is realized as the 2-surface )A\(l, x):
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M? — Ni C R'* inside the 3-sphere Si. It is helpful to see the calculations in
Appendix B about the geometry of the 3-sphere Si in Minkowski spacetime R'-4.

Lemma 2.3.4. If one works with a conformal metric A%gq in general, then
(2.3.6) £ =& = Hyy. +ny,
where i, = n + (log A), y is the unit normal to the surface

vi=a(l,%): M — S CNY.

Proof. 1t is easily seen that the normal direction to the surface y, inside Si is
Jn(1, £)4+A(0, n) and that (h (1, £)+4(0, 1), Ay (1, £)+14(0, )y =22, Therefore
the unit normal for the surface y;, in Si isn; =n+(logA),y. Hence (2.1.8) yields

H,\ykﬁ—ﬁA:Hy#—ﬁ. O
In light of (2.3.2), the conformal Gauss map gives rise a spacelike 2-surface
£:M*—> s c R

when the original surface X : M> — S? is free of umbilical points. We will have
more detailed discussions for the reasons to call £ the conformal Gauss map in
Section 2.7.

It is interesting that Blaschke came across the conformal Gauss map from a
different perspective. He considered the family of mean curvature 2-spheres to the
surface X in S°. A round 2-sphere in 3-sphere can be thought of as the intersection
of a timelike hyperplane and the 3-sphere at time f = 1 in Minkowski spacetime
R'# and a timelike hyperplane in R!-* is described by a unit normal vector lying in
de Sitter 4-spacetime S'-3. Given a direction (H, H% +n) € S'3, the hyperplane
perpendicular to that in R'* is given by the first equation in (2.3.1):

(2.3.7) ((s,2),(H, HX +n)) =0,
which is
—sH+Hz- (£+%n) =0.
At the level s = 1 in the 3-sphere |z| = 1, we arrive at
-2 <x+%n> =0.
We may rewrite this as

A (s, NP

it ) =
which clearly is a round 2-sphere of mean curvature H when intersects with the
3-sphere S € R* at t = 1 in R'*. Hence the equations (2.3.1) exactly ask the

(2.3.8)
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surface y = (1, %) : M? = S3 C Ni C R'* to be an envelope surface of the family
of mean curvature 2-spheres described by the conformal Gauss map §.

It is known that a mean curvature sphere of a surface goes to the mean curvature
sphere of the image surface under conformal transformations.

2.4. Conformal transforms. Assume that the surface £ : M2 — S? is free of um-
bilical points. Then the conformal Gauss map induces a spacelike 2-surface in the
de Sitter 4-space S+

£:M> > S c RV,

One notices that the equations (2.3.1) imply that y = (1, X) is naturally a null
normal vector the surface £ in the de Sitter 4-spacetime S'3. Because

<y,5ui> = _<$9 yui> :0
Hence it is natural to take the other null normal vector y* such that

<y*vy>:_1: <y*’y*>:09 <y*v$>:07

24.1) ) )
<y ’$u1>=0 and y »Eu2>:0-

We may write
y' =t 0.

Definition 2.4.1. Suppose that # : M> — S3 is a surface with no umbilical point.
And suppose that

N N 4 1,4
yi=a"(1,x") :M" = N} CR
satisfies the equations (2.4.1) for y = (1, x). Then the surface
M= S3

is said to be the conformal transform of the surface X according to [Bryant 1984]
(cf. [Blaschke 1929]).

It is important that the conformal transform x* of a surface X is independent of
the conformal factor A. Notice that the equations in (2.4.1) remain the same except
the first one when replacing y by y,. It is again very interesting to recall how
Blaschke discovered the surface x*. From the above discussions it is now easy to
see that the surface x* is nothing but the other envelope surface of the family of
round 2-spheres described by the conformal Gauss map &, i.e., the family of the
mean curvature spheres of the surface X, since y* satisfies the last three equations
in (2.4.1).
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2.5. The geometry of the surface & in S3. Recall that the first fundamental form
for the surface £ in the de Sitter spacetime S!3 ¢ R is

2.5.1) I* = (dE,dgy = m|dul?,
where
(2.5.2) m = LE|*.

The first fundamental form 7% is usually called the Mobius metric on the surface
%. If one works with a conformal metric A?gq instead, then the Mobius metric
remains the same:

(2.5.3) m=m; = L E; L%
The second fundamental form for the surface £ in S'3 is given by
IIF = —(dg. dy)y — dE, dy*>y* = Qy + Qy* = Qi 2y, + Q5 A%y}
and
Qij = —C&uis Yui >, Q= —<&uir >,
()ij = — <&, OV > = A, ()ij = =i, O i> = 5»719}3-

In fact it is easy to calculate that

(2.5.4)

(2.5.5) Q=| 2 =11

Let us first calculate the mean curvature in the y* direction. We notice that

(Aok, y3> = ()11 + (£25)22)
while
(A0, yi> = ()11 + (£22)22) =0.
Based on the calculations
(Ao, &) =—2m,
(Do, &) = gm, = gm, =0,
Aok, £2) = —3m,z+3m,2 =0,
we obtain
(2.5.6) Aog = —((QD 11 + ()22 yn — 2mé
= (—=((QD 1+ (2})22) — 2mH;)y; — 2mn;.
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On the other hand, we directly calculate

(2.5.7) Aok = Ao(Hyy, + 1))
= (AoH) Y. + Hy Aoyy +2(Hy) 0 (0)t +2(Hy) 2 (03) 2 + Aol

It seems that the best way to calculate geometrically is to use the Lorentz orthogonal
frame

s vis Gty )2, 1),

where
(2.5.8)
OhLyo==1, Ly =0 0w = Ol e = G,y =0
We find that
1
(2.5.9) y;:—(%lVlogklzy—i—yT—VlogA),

where y' = 2(l —x) and V is the gradient on the standard round 3-sphere. We
will apply the inner product with the null vector yk to both (2.5.6) and (2.5.7).
To calculate Hy {Agy;, y,\> + (Aot yk> we rewrite

H; (Aoys., y3> = —Hu({()uts D> + <02y (01)i2)
and
(Aoiis, y1> = = (@)1, D> = <), ()2 — iiny (3 D
Meanwhile one may calculate

Gt = — 0t = L) = <G, 3D
(2.5.10) & *

(1), = —g—i(m)ul - %(yx)uz — (@320 Vi) Y1
Hence we have
(2.5.11)  H; (Aoyi, y; > + (Aoiis, y) >
= E; ()i <0t D> = B )i >
= —E; ' (I1)ij Rl ;3 + Ex(RM)s3; !

due to (B.6), (B.7), and (B.8). Now we obtain the mean curvature of the surface &
in the de Sitter spacetime S!3.

Lemma 2.5.1. Suppose that % :M?> — S3 is an immersed surface with no umbilical
point and that & : M> — S'3 is the conformal Gauss map. Then the surface £ is
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spacelike and its mean curvature is a null vector

£ _ )ALZ Hy, *

(2.5.12 o
) |Hk|2)’x

for any positive function A on the 3-sphere S*, where
(2.5.13) Hy. = Ay Hy + IL)P Hy + (1) (R i35 — (RY)3]

and (Rk)ijkl, (RA),-.,- are the Riemann curvature and Ricci curvature for the confor-
mal metric \*>gy on the 3-sphere S°.

Proof. We perform inner product to (2.5.6) and (2.5.7) by the null vector yI and
obtain that

(2.5.14) ()11 + ()22 = Ex (=AM Hy, — IL* Hy — (1) (R 33 + (R)3))

in the light of (2.5.11). Then one can easily calculate the mean curvature for £ in
st O

We remark that (2.5.12) actually shows that
(2.5.15) Hy =23 (=AH —|l1*H)

for a surface x in the conformal 3-sphere.
Most of the next theorem was known to Blaschke [1929] and Bryant [1984].

Theorem 2.5.2. Suppose that X : M> — S3 is an immersed surface with no umbil-
ical point. Then X is a Willmore surface in S® if and only if the conformal Gauss
map induces a minimal spacelike surface in the de Sitter spacetime S'3. Moreover
its conformal transform X* is a dual Willmore surface in S°.

Proof. Because Lemma 2.3.2 implies that £ is also the conformal Gauss map (up
to the sign) for £* when H® vanishes. The two dual Willmore surfaces are the
two envelope surfaces of the family of round 2-spheres described by the conformal
Gauss map &. O

Remark 2.5.3. It is also known to [Blaschke 1929] and [Bryant 1984] that if X is
a minimal surface in S, then £* = —&; and that % is a Willmore surface if and
only if x** = X. An interesting question then arises: is it possible to have ¥*** = %,
and if so what would that equality imply for the surface?

2.6. Finding y;. Let us now solve y} for y;, = A(1,%)=Ay, where A =Ao % and
X is a positive function on the sphere S*. At each point on the surface we set

A A

* T = wq w;
Yy, = KYa +K7yk +bnk + —(yk)ul + —(y)h)uz.

E; E;
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We get from (2.4.1)

ki =1,
2 A2
+
_2K+K7+b2+M:O,
A
(2.6.1) b= H,,

—( Q1107 — () 1205 = (Hy), Ey,
— ()21} — () 0nws = (H),2E>.

Lemma 2.6.1. Suppose that % :M?> — S? is an immersed surface with no umbilical
point. Then

(2.6.2) i =30 + H])ys + ) + Hydty, — (1) d H,
for any positive function A on the 3-sphere, where

N2 A2
P = @ a2y,

E; “m
In particular,
(2.6.3) v =1(wl* + HY)y + 3(1, =%) + H(0,n) — (0, (D)~ 'd H),
and
. . H 1 .

(2.6.4) xt=ax+ n——— ()" dH,

1—a 1—a
where

24+ H>—1

(2.6.5) _ el

TRt H 1
Proof. One simply solves (2.6.1) if det 2, # 0, which is equivalent to the fact that
the surface has no umbilical point. ([

2.7. Canonicity of y*. We next show that the choice of y* is canonical in terms
of doing conformal geometry for the surface X in S°. Two issues are involved;
the first concerns the symmetry of the conformal 3-sphere. To be precise, for a
conformal transformation
$:S°—>S°
and the transformed surface
d(R):M?> - S°,

18 it true that

P(F) = ad(y) +apd(y*) : R x RT x M? — R
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is the associate 4-surface of ¢ (%) in R"*, where ¢ is the corresponding Lorentz
transformation on R'# to ¢? The other issue is whether or not the associate surface
X is independent of metrics in the conformal class of the round 3-sphere. The first
easy and important fact is that the conformal Gauss map is independent of the
metrics in the conformal class.

Lemma 2.7.1. Suppose that & :M? — S3 is an immersed surface. Then the confor-
mal Gauss map & is independent of the metrics in the conformal class of the round
3-sphere S>. Meanwhile, the conformal Gauss map for the transformed surface
¢ (X) is exactly b (&), where ¢ is the Lorentz transformation on the Minkowski
spacetime R'“* corresponding to a conformal transformation ¢ on S>.

Proof. First of all, one needs to realize that, for any given metric in the conformal
class of the round 3-sphere, it simply amounts to consider the surface

v =A%) M? - N4

for some positive function A : S* — R* and A =2ox. But this might only alter the
parametrization of the homogeneous null 3-surface xV = @i (1, £) : R xM? — N4..
Hence it will not alter the conformal Gauss map. Of course we have already seen
this from Lemma 2.3.4.

Next we consider the transformed surface ¢ (x). Recall that, given a conformal
transformation ¢ of 3-sphere, we have a unique Lorentz transformation ¢ in the
time and orientation preserving component of the Lorentz group on the Minkowski
spacetime such that, for A(1, X) € R4,

(2.7.1) (A1, 0) = An(l, ¢ (X))

for some positive number . By the definition, which requires that ¢ be a linear
map and that

(P((t, ), p((s, $))> = (1, ), (5, 9),

we now easily see that ¢(£) is the conformal Gauss map for the transformed surface
¢ (X). Since ¢ (&) is the unit normal vector field to the homogeneous null 3-surface
¢(x) in Ni that is conformal map from M? to S'3. U

Consequently:

Proposition 2.7.2. Suppose that X : M> — S is an immersed surface with no
umbilical point. Then the associate surface

¥ =ay, +apyl : RT x RT x M? — R,

for any v, = A(1, %) and y* = A~'2*(1, £*) defined by the equations (2.4.1), is
independent of the metrics in conformal class of the round 3-sphere S°.



168 JIE QING, CHANGPING WANG AND JINGYANG ZHONG

Proof. It suffices to verify that
(2.7.2) Oy)* =a"1y"

Since it implies that the change of metrics in the conformal class will at most cause
a possible change of parametrization of the associate surface X. U

Lemma 2.7.3. Suppose that % :M?> — S3 is an immersed surface with no umbilical
point. Let y;, = A(1,X) € Ni and let ¢ be a conformal transformation of 3-sphere.
Then

(2.7.3) P =d0)).
Hence
(2.7.4) P(R*) = (p(X))*.

Proof. From Lemma 2.7.1 we know that the conformal Gauss map for the trans-
formed surface ¢ (x) is (1;(5). Then it is easy to verify (2.4.1) for qg(y*) to be (Z)(y)*.
Then the Equation (2.7.4) follows from (2.7.1) and (2.7.3):

PR, (@GENY) = d(0)F = d(y*) = AFA (1, p(£9)). 0
Therefore:

Proposition 2.7.4. Suppose that X : M> — S? is an immersed surface with no
umbilical point. Let ¢ be a conformal transformation of 3-sphere. Then the as-
sociate 4-surface in R'“* of the transformed surface ¢ (%) is exactly the 4-surface

¢ (X) transformed from the associate 4-surface X of the original surface X under
the corresponding Lorentz transformation ¢ of ¢.

3. The geometry of the associate surfaces

In this section we calculate the first and second fundamental forms for the associate
homogeneous timelike 4-surfaces ¥ in R'# as well as for the associate ruled surface
x7 in the hyperboloid H*, for a given immersed 2-surface % in S°.

3.1. The first fundamental form for % in R4, To calculate the first fundamental
form for the surface in the parametrization

(.1.1) X =y +apy;
associated with a conformal metric A%g( on the 3-sphere S , we first calculate

di = (y+py))da+ayidp+(a (), +ap () du' + (@) +ap (v ) du?.
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Hence the first fundamental form for the associate 4-surface X in the coordinates
(o, p, u', u?) is
I¥ = d%,diy = —2pdada — 2adadp
+20 (05, ) ddpdu’ +20° Cyf, (1), dpdu®
@)y +ap (s @) +ap (V) > (du')?
+ @O +ap (), e +ap (30,2 (du®)?
+ 24t +@p (3)ut, @) +ap (37,2 ddu' du?.

In fact one may calculate

QI Qo

(y}\)ul = _a)i\yk - m Su' m $u2’
(§2,)21 (§2,)22
(Y;\)Lﬂ = _wéy}» - m Su' - m 5142’
G-12) (27 (2,7
(y;\k)u] :w?y;’:_ ]lgul - 125_-“2’
(€2,)3 (€2,)3
(y;)uzzw%y:_ m21‘§u1_ m22§u2,
where
(3.13) ot =y, y5> = —L(Q 'dH))
based on (2.6.1). Now let us write /* in matrix form:
—2p —« 0 0
_ 2.0 2
(3.1.4) L=| 7@ O e ate)
0 o wj 2F
0 aza)é
where
1
Fi= %(1!72 +q%) +2p(0})?,
1
(3.1.5) Fio = Fy =ECI(P+”)+2P‘0/1X“’%’

1
Fy = n—q(cﬁ + 1) +2p(wh)?,

and

[” q} = + oS
q r



170 JIE QING, CHANGPING WANG AND JINGYANG ZHONG

It can be calculated that

7 af 242
(3.1.6) detI* = ——(pr—q°)
m

6
o
= —W(Eﬂm + Q12— P2 ()11 + (2)22)%)?

which can tell us where the associate surface x is degenerate. It is maybe a little
surprising that it is actually not difficult to calculate the inverse of /3. We present
the calculations in Appendix A since they are straightforward calculations.

3.2. The second fundamental form for X in R, Tt is clear from the definition
that the conformal Gauss map £ is the unit normal vector for the associate 4-surface
% in R4, Hence the second fundamental form for % in R# is

(3.2.1) IF = —(d%, d&y = (a(2)i; +ap(Q);;)du' du’,
or in matrix form
0 0
Iz = |: 0 a2y +ozp§2}i:| '
Therefore the mean curvature for the associate 4-surface in R'"# is
H* =Tr(I;)"I;.

To calculate the mean curvature H* one only needs to know the low-right 2 x 2
block in the inverse of the matrix /z. According to the calculations in Appendix A,
particularly (A.3), (A.9) and (A.10), we therefore have

3 m 2., .2 2 2 2
(3.2.2) H = ———=(q"+r)p—=29"(p+r)+(p~+47)r)
a(pr—q°)
_ m(p+r)
~alpr—q?)’
where

pr—q® =det Q2 — p Tr 2, Q% + p? det QF
and
(3.2.3) p4r=p((Q2)11+ (2})20) = —pEH,
in the light of (2.5.14).

Theorem 3.2.1. Suppose that X : M> — S3 is an immersed surface with no umbil-
ical point. Then % is a Willmore surface in S® if and only if the associate 4-surface
% in R“* is minimal.
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Proof. Based on the above equations (3.2.3) and (3.2.2) we obtain

- pdet 2, H,;,

X
= . U
a(det 2, — p Tr 2,Q5 + p? det QF)

3.3. Local fundamental theorem for surfaces in conformal 3-sphere. In this sub-
section we state and prove a local fundamental theorem for surfaces in conformal
3-sphere. In the previous section we have introduced the associate surface X in
Minkowski spacetime R'** from a given surface X in S?. From the geometric
structure of the associate surface X one can tell that its intersection with the positive
light cone Ni is a homogeneous null 3-surface whose projectivization will recover
the original surface X in S°.

Given a surface £ in S with a isothermal coordinates (u', u?) on the parameter
space M?, we have the first fundamental form 7 in matrix form

i

and the second fundamental fundamental /7 form in matrix form

_lef
11_[fg]

The local fundamental theorem for surfaces in Riemannian geometry states that,
up to isometries of the standard round sphere S°, locally the surface is uniquely
determined by the first fundamental form / and the second fundamental form I/
in the standard round sphere S*. Conversely, given a positive definite symmetric
2-form I and a symmetric 2-form /I in the parameter domain, which satisfy some
integrability conditions (Gauss-Codazzi equations), up to isometries, there is lo-
cally a unique surface % in the standard round sphere S® whose first and second
fundamental forms are / and /I. We are looking for the analogous local funda-
mental theorem for surfaces in conformal round 3-sphere S3. The core idea of
the local fundamental theorem in Riemannian geometry is to solve the structure
equations, which are the equations of motion of Frenet frames on the surface and
are determined from [ and /1.

Our strategy here is to use the local fundamental theorem for the associate sur-
face X in the Minkowski spacetime R!+* to establish the local fundamental theorem
for a surface % in the conformal sphere S3. Since the association introduced in
previous subsections requires that the surface X has no umbilical point, we will
always assume here that surfaces X have no umbilical point.

To summarize the previous discussions, given a surface £ in S, we have I =
Eldu|? and II = e(du')® + 2fdu'du® + g(du?)*>. We also have the so-called
MGobius metric 15 = m|du|* = %E |I°I|2|du|2 induced from the Conformal Gauss
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map & of the surface x, where

is the traceless part of the second fundamental form /I. We then construct the
associate surface

¥ =ay, +apy R x R x M2 : R4,

The first fundamental form I¥ for X in matrix form is, from (3.1.4),

—2p —a 0 0
—a 0 aza){\ aza)%

2
0 o’} L(pP+gD)+202p(@)? Lq(ptr)+2e?pole) |
0 @) Lg(pt+r+2e’potol L2 +r2)+20%p(w))?

where
" = wtdu' + whdu? = —dlogh — 1(Q7'(dH)) =dlog A + .

The second fundamental form I7I* for % in R"* in matrix form is, from (3.2.1),

0 0
0 a2 +apQi |’

where €, = A and QF = A~1Q*. Notice that 1% and II* are exactly determined
by the Mobius metric 16 = m|du|?, the 1-form w, the traceless symmetric 2-tensor
Q and the symmetric 2-tensor 2*, plus the conformal factor A

Next we write the equations for the motion of the Frenet frames on the associate
surface ¥ according to I* and II*. We consider the Frenet frame

{y)w y}iﬁ’ ﬁéul’ ﬁaﬂv S}

on the associate surface X, which are the orthonormal frames on X with respect to
the Minkowski metric Gy on R4, We now write

(3.3.1)_ ~ ) ] ]
Ya —of 0 —L(Qx)u —L(Qx)u 0 v,
Vi 0 w? ——(Q )i (Q )12 0 i
ut | Tt | = | @I Zm @D 0 —ﬁmuz —Jm | | =
ﬁéuz ﬁ(Qx)n ﬁ(&?j)gl szuz 0 0 \/Lﬁéuz
- ‘i: _ L 0 0 ﬁ O 0 1L S i
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0

— i
0

173

and
(3.3.22 -
Vi —wh 0 —ﬁ(ﬂ)\)zl —ﬁ(ﬂx)zz
Vi 0 w} —L@Da == (2D
53 | e | = | @ H @D 0 — gy
ﬁéuz ﬁ(Qx)zz ﬁ(Qi)zz ST, 0
e | L o 0 0 Jm
Remember we also have the two trivial equations
[ o] [ v ]
1yik 1y;<
— | 75 | =0 and — | 5w | =0.
da | " I v
\/_njg:uz J_ﬁ%'uz
R L &
To solve the ODE systems (3.3.1) and (3.3.2), the necessary integrable condition is
[ o] [ v ]
* *
. B0 |y |0 0 | i,
o dul du? ‘/ﬁ 1T au? aul */1% ‘
\/—ﬁéjuZ ﬁguz
R L &

It turns out that (3.3.3) is equivalent to the following six equations on the variables:
the positive function m, the 1-form w*, the traceless symmetric matrix €2, and the

symmetric matrix Q7,

Q112 — () 12,1 = 0} ()12 — W5 ()11,
() 122 — ()21 = 0} ()22 — @5 ()12,

(3.3.4)

(3.3.5)

QD112 — (D121 =~ ()12 + 05 ()11 + 3
QD122 — (21 = —0} (0 + &5 ()12 + 3

1
(33.6) wf,—w}, = Z((Qx)n — (2)22) (212 — ()11 — (£25)22) (1) 12),

and

(3.3.7)

L QD11+ (D)2

12,12
L QD11+ (2D

1
K—1)=— TrQ,Q;,
( ) m2 r ARGy

12,12

(12192,

(121925
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where K is the Gaussian curvature of the Mébius metric 7§ =m|du|?. Of course, as
one may verify, (3.3.4), (3.3.5), (3.3.6) and (3.3.7) are exactly the Gauss-Codazzi
equations for the surface & in the de Sitter spacetime S'+* induced by the conformal
Gauss map £ of the surface X in conformal 3-sphere S°.

Now we are ready to state and prove the local fundamental theorem for surfaces
in conformal round 3-sphere S°.

Theorem 3.3.1. Suppose that, on a domain in D C R?, we are given

e a traceless symmetric 2-form 2,
— det Q2

e a positive function m or equivalently E such that m =
e al-form w,
o a symmetric 2-form Q¥

and that they satisfy the integrability conditions (3.3.4)—(3.3.7). Then, for a given
point pg in D, there exists an open neighborhood Dy of pg in D, a pammemzed
surface % : Dy — S® with no umbilical point, and a positive function A:Dy— Rt
with A(po) =1, such that

o Q= M1, where IT is the traceless part of the second fundamental form of X in
the standard round S° |

o mldu|>=(d&, d&) is the Mébius metric induced by the conformal Gauss map
§of %,

cw= —I((IOI)_1 (dH)) —dlog )A\, where 1 is the first fundamental form and H
is the mean curvature of X in the standard round S*

« Q= —i” Ydg, dy*y, where y* ;”2 -(1,x*) and x* is the conformal
transform of x.

The surface X is unique up to a conformal transformation of S°.

Proof. We start by choosing starting values for y, y*, &1, &,2, & at pg = (u(l), u%),
First we take a null vector

Y(ug, ug) = yo = (1, o)
for some £y € S* € R*. Then we choose 5(14(1), u(z)) = &) € R"* such that
(3.3.8) {y0, 60> =0 and (&, &> =1.
Next we choose &, (u(l), u(z)) = 5(} e R"* and Suz(u(l), u(z)) = 55 € R'* such that
. €0> = <. &3> = m(ug, up),

(3.3.9)
LDy = (&, E> = (&0, E2) = (0, &0 = 0, &8> =0.
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Finally choose the unique null vector y*(u(l), u(z)) =y, such that
<y(>;< ) y0> - - 1 9

(3310) * Lk * * sl * 52
{os Yor = <y0750> = <Y(),§o> = <y0,$0> =0.

Notice that for any other choice of {y1, y{, éll , 512, &1} satisfying the same orthonor-
mal properties in (3.3.8)—(3.3.10), there is a Lorentz transformation that takes one
to the other. With the integrability conditions assumed we may solve the sys-
tems (3.3.1) and (3.3.2) at least in an open neighborhood Dy of py in D. Using
the uniqueness of solutions to systems of linear ODE one sees that the solution
{y, y*, ﬁéul, ﬁéuz, &} remains orthonormal in the Minkowski metric in Dy.

Now one should realize that the y = )A»(l, X) here is with some positive A (not
necessarily identically 1 in Dy). It is then clear from all previous calculations that
the rest of the statements in the theorem can be easily verified. (|

3.4. The geometry of the associate ruled surface x* in hyperbolic space H*. In
this section we want to discuss the geometry of the associate ruled 3-surface x™
in H*, which is associated with a given surface % in the conformal 3-sphere. It’s
relation to the associate surface X is very much analogous to the one between
the ambient spacetime and the Poincaré-Einstein manifold of a given conformal
manifold in the work of Fefferman and Graham. It is evidently useful to understand
the geometry of the associate ruled 3-surface x* in H*.

It is rather easy now to do calculations for x* after we have calculated the first
fundamental form for the associate 4-surface ¥ in Minkowski spacetime R!* in
Section 3.1. We first have

dx* = (e ya—e !y di+(e (v +e” (D) du' (' ()2 e (77),2) du?

and, using (3.1.2),
_ o2
I = (dn)? - 20! dt du' + (%((Qk)il (23) 1+ (20)i2(£21) j2)

1
+ (wiwj + —((2,)i1(27) j1 + (22)i2(27) j2))
o2 mn
+ 2m

(@) ()1 + ()i (S ,-2)) du du
One can calculate the determinant

1 —_ —
G4 detl = S (Efle' @+ Q1P — e (@Du + (@D

which can tell us where the associate ruled surface x* is degenerate.
To obtain the second fundamental form of the surface x ™ it suffices to see that
the conformal Gauss map & is still the unit normal vector to the surface x in the
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hyperboloid H*. Hence

1
(3.4.2) I = —¢dxt, dey = —Z(efszk +e7'QY).

5

By the similar calculations as that in the previous section we have the mean
curvature of the associate ruled surface x* as follows:

V2 det Q1
(det 2 — e 2 TrQ; Q5 +e~# det 23)

+

(3.4.3) HY =¢

Theorem 3.4.1. Suppose that X is an immersed surface in the conformal sphere
S with no umbilical point and that x* is the associate ruled surface in the hyper-
boloid H*. Then % is a Willmore surface in the conformal sphere if and only if the
associate ruled 3-surface x™ in the hyperboloid is a minimal surface.

4. Scalar invariants of surfaces in conformal round 3-sphere

In this section we want to introduce scalar local invariants for surfaces in conformal
round 3-sphere S3. We will first recall what are scalar invariants for hypersurfaces
in (pseudo-)Riemannian geometry. Inspired by the work of Fefferman and Graham
on scalar local invariants in conformal geometry we are going to use the associate
surface X in the Minkowski R'*# of a given surface % in the 3-sphere S°, where one
considers the standard conformal 3-sphere as the projectivized positive light cone
of the Minkowski spacetime to construct scalar local invariant.

4.1. Scalar invariants of 4-surfaces in R**. For our purpose we will focus on
the discussion of scalar (pseudo-)Riemannian invariants of 4-surfaces X in the
Minkowski spacetime R'*. Suppose that

b =d, 03, v} %) A C R — R

is a local parametrization of a surface ¥, where A is a domain in R*. Hence it
induces a local coordinate

¢~> =<ZN5(U1, Uz, v3, v4, v5) :BC(—€,6) x A— R4
for R4 such that
d)(vz, v, vt v5) = (13(0, V2,03, vt v5).

We will use the Capital Latin letters to stand for indices from 1 to 5 and Latin
letters to stand for the indices from 2 to 5. We will use v = (v', v2, ..., v°) and
b= (v%, ..., v7). Hence the Minkowski metric in this coordinate is given as

Go = <d¢, dd> = (Go)1y dv' dv’
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and the first fundamental form for X in R"# is given as
IF = d, dp) = gij dv' dv) = (Go)ijlyi—odv' dv.
To be more restrictive we will assume that the surface x is timelike and let
£:B—>S!3

be a unit normal vector field on ¥ in R4, Then the second fundamental form for
X is given as

IF = —(d¢, dEy = h;; dv' dv/,

and we have
‘é::vi = _ilikgkj¢v-f'

Definition 4.1.1. Let i : M"~! — N” be an immersed hypersurface and let g be
a (pseudo)-Riemannian metric on the ambient manifold N". A scalar (pseudo-)
Riemannian invariant I(i, N", g) for the hypersurface i in N" at a point pg on the
surface i is a polynomial in the variables that are the coordinate partial derivatives
of g;; of any order and the reciprocal of the determinant of g;; at the point pg such
that the value of I(i, N", g) at pg is independent of choices of local coordinates
é of N" which are induced from a parametrization ¢ of the surface i nearby the
given point pyg.

The well-known examples of scalar Riemannian invariants for ¥ in R"* are

C =gy

o |h|? = §%g/ h;jhy and H? = g g5 h;hy

o AH =gNglih;j 14, DivDivh = g% g/ hyj a, HIR? = %87 g™ hyjhia hnn,
TI'* h3 — gingjk ~kmhijhklhmn’ and H3 — gijgklgmnh_ 'hklhmn ,

® |Vh|2 = glpg” hu khpq T glpg” thl khpq o g’pgﬂ th] khpq r
IVH? =g grg" hijihpgrr IDWVA? = g% 39 hij ihpg.,r, Divi-dH ,

« AAH

Each scalar invariant has an order. To find the order of each scalar invariant one

simply scales the metric by a constant k¥ and see what is the dimension of the scalar
invariant. For example, we can easily find that

H(k*Gol = k" H[Go), 11> Gol = k2| (G0,
AH[k*Gol =k AH[Gol, |VA*[k*Gol = k4 |VAI*[Gol,

AAH[k*Gol =k S AAH[Go).
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To understand what are scalar Riemannian invariants (¥, R4, Qo) we want to
use the so-called Fermi coordinates. A Fermi coordinate is one such that 1) on
the surface ¢ is a normal coordinate at a given point Xo; 2) the coordinate curves
&(t, v2 03 vt ) is a geodesic perpendicular to the surface at d(v2, V3, 04 0d)
with unit speed (a line segment perpendicular to the surface in R'#). Hence, for a
Fermi coordinate,

4.1.1) ', ... )=, ..., v)) +vlE.
The following facts are well known.

Lemma 4.1.2. Suppose that % is a timelike hypersurface in RV*. Suppose that ¢
is a Fermi coordinate at a given point Xy. Then

~ 1 0
Go = [0 [g,-,-]}

Gii (0!, D) = 81 (D) — 2h;; (D)0 4+ A (DA ;1 (D) X (D) (v1)?,

and

where
gl](v) =Nij — le]lv U +-

hij(U) :hz](O) +hij,k(0)v +---;

here Ié,-jkl = fz,-kﬁjl — fz,-jflk[ is the Riemann curvature tensor for X and n is the stan-
dard matrix of signature {—1, 1, 1, 1}. All the coefficients in the Taylor expansions
for G;; are polynomials of hi; j and the covariant derivatives of hi; ; at Xo.

Therefore, in the light of Weyl’s theorem on the invariants of orthogonal groups,
we may conclude:

Proposition 4.1.3. All scalar invariants 1(x, R4, Go) of a surface X in R4 ¢
linear combinations of terms that are complete contractions of tensor product of
the second fundamental form h and the covariant derivatives of h.

Proof. From the above lemma it is easily that all scalar invariants of a surface x in
R!# are polynomials of the first fundamental form g, the second fundamental form
h and covariant derivatives of the second fundamental form fz, if we evaluate them
in a Fermi coordinate for the surface. Then, by the Weyl theorem on the invariants
of orthogonal groups, we know they are linear combinations of full contractions of
h and covariant derivatives of /. U

4.2. Scalar invariants of the homogeneous associate surface ¥ in R, Let us
work with the parametrization

P, | .
F=ar(l, %) +aph lm(l,x*)=ayx+apy;‘
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and use the calculations given in Section 3.1 and Section 3.2. Now let us compute
some scalar invariants for our associate surface X on the light cone where p = 0.
Then the first fundamental form is
0 —« 0 0
Lilyeo = —a 0 ozza)? aza)%
xlp=0 0 aza)lk o«?E, 0
0 aza)% 0 o%E,

from (3.1.4), whose inverse is

M2 1 of @)
|a) ll @ aF, aF;
[ | e 0 o0 o
i |,0=0— w? 0 1 0
()tE)L)L ()tzE)L 1

22 0
CZE)L O CIZEK

And the second fundamental form at p =0 is

0 O
1]y = [0 am]'

So the simplest (pseudo-)Riemannian invariants is the mean curvature H, but it
is clear that

~ 1
H|,—o= — ({2 Q =0.
[ p=0 aE,\(( W11+ (22)22)
The first nontrivial one is
4.2.1) 1121 p=0 = 88" hijhitl pmo = 2112,

which produces the first nontrivial invariant |/7]? for the surface £ in the conformal
3-sphere(cf. see the definition for scalar invariant of surfaces in the conformal 3-
sphere in the next subsection). In fact the following nontrivial invariants without
taking any derivative are all easy to calculate

Trys 7| pmo = o™ Trje

for any k =2, 3, .... Obviously those are the ones that can been easily seen with
no difficulty at all.

Next we want to calculate |VI:I |> and AH at o = 0. To do so, let us first recall
from Section 3.2 the mean curvature
o det 2, H,;.

H= .
o (det 2, — p Tr Q2,25 + p? det 23)

Hence FIa = I:Iul = I:IMz = 0 and |V1L~I|2 =0 at p = 0, that is, |VI-~I|2 gives no
invariant for the surface x. Let us set the convention to have a, b, ¢ stand for «, p;
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i, j, k stand for u', u?, and A, B, C stand for all four variables. We then calculate,
at p =0,

(4.2.2) AH = —aA(\/E ABY e H)

I-5-

= — 2 (012189, ) +0,(//1218° 0 1) + 8 (/1218 0, 1))
1 ~
= — 5 (0(V1213 0, ) + 8, (/1818”0 H) + V121 (0,2°)0, H)

= 201_37-[)”

where one needs to use the fact that g*”|,—0 = 0 and 9,8”°|,—0 = % based on
calculations (A.8) in Appendix A. This confirms that #, is indeed a conformal
invariant of order 3 for a surface X in the 3-sphere in general conformal metric
e 80.

The next invariant we want to calculate is AAH. To do so we observe, again
from (A.8), that

N 2 2
dplp=08"* = —a|af|2, Oplp=08"" = —,
4.2.3) . x s
~pl __ 1 ~ _
8p|p=0gp __EE_)L’ 3p8p|p=ngp—¥|w I~

After a lengthy calculation we get

424) AAH|,_o= 8a_5<AA’HA + 9" 2H; — 3Div(w*)H,
3TH(.Q))

— 6w (V _
" (VH;) 2

12245,
This tells us that the quantity in parentheses is a conformal invariant of order 5 for
the surface X in the 3-sphere.
We can also calculate the covariant derivatives of the second fundamental forms
for the associate surface. We first list the relevant Christoffel symbols for the
calculation
Pk, =k =% =0,
= a1y,

4.2.5) <1 1 N 1 . .
rpj = 5E ((w,gw (@)t + ()1 @ + (@ ().

(FA) A lj
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Then we calculate

hab.c =0,

haip =0,

hajk = —(Q) jk,

hori = =55 (@1 (@] = @)+ (@ @i+ @)
4.2.6) hija=—(Q)i),

hij.p = a(2})i)
(@ (@ — (@ (R XD+ (@i ()
2 (@0 (@)= @D+ () (@i + ()i (i),
Rij k= ()i k+o ()1 0] Sik+a (211078 k.

The easy ones are

.~ - 1
ba =hajig* =0, ¢p=hpg"" = SH
in the light of (2.5.14). At the same time
i = fliB,CgBC = flij,cgjc + ilib,kgbk = ilij,kgjk + ilij,ozgja + iliot,kgak
1 3 N 1 N 1 N
= aT(QA)ij,j + _(Qk)ijw' - _}L(Qk)ija)j - a—&(ﬂx)uw]

(Qk)l] j (Q)»)l]w =0

due to the integrability condition (3 3. 4) Thus |D1vh| (= 0) does not give any
invariant on the surface x, nor does Divi-dH (=0), because g°°|,—0 = 0.

We want to calculate |Vh |2 since we have all the covariant derivatives g B.c in
(4.2.6). The calculation is direct yet very long. We omit details here.

Vi = a*4(|vsz|2 1 8|dH? — 69 QF
2 6
~ 5 Q)0 (RN = 5 (2 (@} ).
A A
where the Codazzi equation for the surface x in (S3, A2 g0)

(0)ijx = )ik j + (R)3ijx + (H) i Exdix — (H) i E38ij
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has been used. At this point we like to write each term as local scalar invariant of
the surface % in (S, A%gg). We first calculate

()i (RM)3ijk
= ()i @} (RM)3ij1 + ()05 (R)31/2
= E, () 110} (RM31 + (2107 (RM)32 4 ()2205 (RN 32 + () 1205 (RM)31)
= Ex()ij} (R")3 = —E;(Hy),i (R*)3; = —Ric* (1, AHy).
Then we deal with the last term:
()i (ki jo = ()i (Qkig).j — ()ij (i}
= —E3(Q)ij (H)ij — 3 E; |19 *Div(e?),

where
Div(w") = E; 'w}; = E;  (0])
= E; (CAoya, ¥ + <Oty )i >)
= H? — 0"+ (RM 1212+ E7 i, OF)ui
Q- QF
12,12
Aoy, =2E; Hyn; + ZEA)’; — (RM 1212y,

=H}+2 +E (R 122,

and
Q) - QF

2
-1 . kYN 22
Y ETHG) ) =P 42 N

i=1

So we have obtained
(4.2.7) |Vh|*|p=0 =« *(IVQ|* + 8|d H; |* + 2 Ric* (s, VH)) + 3H7 ||

+ 3K, |92:]* + 69y - Hess(Hy)),
where

K] =E; " (RMnn

is the sectional curvature of (S3, A2g¢) of the tangent plane to the surface X.
4.3. Scalar invariants for surfaces in the conformal round 3-sphere. Let us start
with the definition of scalar invariants for surfaces in conformal sphere.

Definition 4.3.1. Let i : M"~! : N" be an immersed hypersurface and let [g] be
a class of conformal metrics on the ambient manifold N|". I.(i, N", g) is said to
be a scalar conformal invariant of the hypersurface i in the conformal manifold
(N", [g]) if it is a scalar Riemannian invariant and

(4.3.1) I.(i,N", A2g) = A FI.(i,N", g).
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for any positive function A on N”, where k is the order of the invariant I.(i, N, g).

Recall that, for an immersed surface £ in S3, we have
(&, S?, 22g0) = MI(%, S?, o).
Hence it is easy to observe that
112, %, 22g0) = A 2gik a2l oty = 27211112 (R, S°, g0)
and
okin @3 12 N q—k ka3 _
Try20,(ID" (X, S7, A7g0) = A~ " Trg,(IN"(X, S, go) forall k =2, 3, ....

On the other hand, it does not seem easy to directly verify that 7, is a conformal
invariant for a surface in the conformal 3-sphere, though this is a well-known one.
We have verified this in computing the mean curvature (cf. (2.5.12)) of the surface
£ in the de Sitter spacetime S'3 as well as in the above calculation of AH (cf.
(4.2.2)) of the homogeneous associate surface x. In general it takes tremendous, if
not impossible, to verify whether an invariant I(X, S, A2go) is conformally invari-
ant, complicated by the six integrability conditions. The most important application
of the construction of associate homogeneous surfaces is the following:

Theorem 4.3.2. Suppose that X : M> — S3 is an immersed surface with no umbil-
ical point, and let

F=ay+apy* Rt x RY x M? - R

be the associate surface for x, where X* is the conformal transform of X. Then
any scalar (pseudo)-Riemannian invariant 1(x, R4, Go) evaluated at po=0,ifit
is nontrivial, is a scalar conformal invariant 1.(x, S3, A2 go) multiplied with |I°IA |2
for some integer n.

Proof. For any invariant I(X, R4 GO), we know that it is a full contraction of
tensor product of the second fundamental form and the covariant derivatives. For a
choice of representative A>gg on S?, in the corresponding parametrization (3.1.1),
we claim that

(4.3.2) 1%, RM, Go)l pmo = & IR, S*, A% go) |15

for a positive integer k and a nonnegative integer n, due to the homogeneity of the
associate surface. To see the right side of (4.3.2) is indeed a scalar Riemannian
invariant multiplied with factor |17, |*" for some integer n, we consider the tensors
that determines the first and second fundamental forms of the associate surface in
that parametrization. We recall from (2.5.5) that

Q, =11,
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is the traceless part of the second fundamental form for the surface X in the 3-sphere
with the conformal metric A2 go- We also know from (3.1.3) that

" = —L(UL) " (dHy)) = — I1,(VH,),

|11, |2

which causes us to include the possibly negative n in the right side of (4.3.2). We
may also recall from (2.5.3) that

n = %E}L|I°I)\|2.

Next we want to show that QF is also a tensor product of covariant derivatives
of the 1-form w”, covariant derivatives of the second fundamental form 17, and
covariant derivatives of Riemann curvature tensor of the conformal metric A%go on
the 3-sphere(including Oth order). Recall the definition

(20)ij = <Yy Euini>-

We use the same idea in the calculation of the trace of Q* in Section 2.5. Hence
we write

(4.33) Euw = —(QDijyi — ()i y; + ()& — mbijE.
From (2.6.2) we know that

.y = =5 P+ HY).
Using & = H, y, +n; from Lemma 2.3.4 and (B.6), we have

B vy = —(Hy) e + (RN

and
&,y =—H,.
Therefore we derive from (4.3.3) that
43.4) v
= (2)ij + 5 (P + HD(Q)ij + o)y (—Hy + (R*)3) + Hméj,
where
(Ta)t =T + 51178k + 1412, 81k — 1941281

represents the Christoffel symbols for the Mdbius metric m|du|?>. On the other
hand we have

i = (H3)yii Yo+ (H) i )i + (H3) i (V)i + Hu (0 i + (1) i i
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which implies
(4.35) gy

= —(Hwini + Hy X utui» Y1 > + )i s i

= —(H i — Hi O ui» ODwi> = <) uis )i > = s 0D Y

1 R
= = (s + - ()i (02 D> = s D) i Y
1
= —(H)yii — E—A<szx>ik<Rk),-3k3 + ((RM)3i)ui
by (B.7) and (B.6). Thus, comparing (4.3.4) and (4.3.5), we have

1
(4.3.6) (QD)ij = —(Hy)yi yi — Hims;j — E—A(m)imk) 33+ ((RM)30) i
— 3l ? + HY) ()i
+ 228k + 1@ 12, 8k — 1922 128:) (Hb) e — (RM)30).

The last factor that goes into the left side of Equation (4.3.2) is the reciprocal of
the determinant:

6 6
~ o o o
det §|,—0 = —W(pr — %) p=0 = W(det Q) =aE2 =aldet ;.

due to (3.1.6), where I = (£)*(A2go) = Ey|dul>.

To verify that the right side of (4.3.2) is actually a conformal invariant, for
a positive functions A on 3-sphere, we simply compare the right side of (4.3.2)
evaluated at o = 1 with that evaluated at @ = A and A = 1. We then observe that

1%, S, A%g0) = A1k, S, g0).

Therefore it is a conformal scalar invariant for the surface x in the 3-sphere.  [J

Appendix A: The inverse of I* in general parametrizations
We consider the general parametrization
T =ay, +apyl : RT x RT x M?> — R,
Then the first fundamental form in matrix form is

-2p —« 0 0

_ 2. A 2 A
(A1) I = (‘;‘ 0 woaw
o (,L)}L Ole

2
0 a‘wy
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where

1 1
Fiy = ;(”2 +¢%) +2p(w})? Fy = Z(pz +4%)

1 1
(A2) | Fo=F)= ;q(p+r)+2pw%w§ and 1 Ffy =P = —q(p+r)

1 1
Fy = ;(qz + %) +2p(wh)? Fy = ;(q2 +7r?)

and

[1’ ‘1} = Q) + oS4,
q r

It is easily seen that

(A3) (FHy = — [r2+q2 _q(p”)}

T (pr—g»? —q(p+r) p*+4q?
and
10
F|p=o=F"<|,,=o=E[O 1].
Let

ai; app a1z a4
(1)1 = a1 axp axs axy
asz| azy asz az
a41 Q42 G43 Q44
Therefore, for example,
—2pay; —aap =1,
2 2
—aan +a wiaiz +a wais =0,
(A4 5 ) )
a‘wiap +a Fria; +a”Fras =0,
a’wnan +a* Fpars + o Fyayy = 0.

Subtracting the first of these equations multiplied by « from the second equation
multiplied by 2, we get

(A5) a2a12 + 20[2/00)16113 + 2a2pa)2a14 = —a.

Subtracting (A.5) multiplied by w; from the third equation in (A.4) as well as
subtracting (A.5) multiplied by w, from the fourth equation in (A.4), we get

(A.6) o2 F* [“‘3] _ [“‘”1]
a4 aw)

Plugging back the values of a3 and a4 into (A.5) we have
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ap=a"! (—1 —2plwy, w] (F*)™! [“"D

w2
(A7) 41
__aan _ w—1 [ w1
ap = T (w1, @2](F7) [“’2i| .

Similarly one gets

a4 —2pw; asq 0 agy 1

which yield respectively

ay =o' (—1 = 2plor, @] (F)™! [gj) :
(A.8) 2

an=-_3 (1 +2plw1, 0] (F*) ™! [Z;]) ,

az1 =a w1, ] (F*)™! |:(1):| ,
(A.9) 3 2 .

az = —?([wl, w](F*)™! [0] ,

aq :a_l(F*)_l |:(l):| s
(A.10) )

agp = _/2) (1 +2p[wy, wr](F*)™! |:wl]> .

o w?

Appendix B: The geometry of the 3-sphere Si in RL4

Let us calculate the Gauss Theorem for the 3-sphere Si in Minkowski spacetime
R4, There is nothing new or difficult about the calculation, but this helps to
understand better about the geometry of the 3-sphere Si C Ni C R“*. Crucial
to our approach is that the induced metric on Si is exactly the conformal metric
12g0. We consider the Fermi parametrization induced from a parametrization of
the surface £ : M> — S? such that

(B.1) v =AE@, u?, ) A, 2@ u?, u?)) M — Si C Ni c Rb4
with
(B.2) ' u?,0)= 2", u?) and (33) 3,30 = s

Notice that y, here is the extension of i(l, x) before. We use the two null normal
vectors {y;, y; } where

(B.3) Oy =1, Gl w> = OF > = OFL ) =0.
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The first fundamental form is IS = Azgo = {dyy, dy, >, and the second is II St =
—<{dyy, dyby;r — (dy;., dy;>y, . To find the curvature of the metric g, = A%go
we calculate

(B.4) vguj vgu,_ Ak — vgui vguj By = R (i, 0,0) 0,6 = (R 10,0
First

(B.5) Vguj Oy = (V) ukui — <) ui» (yz)wyx — L )uis (yx)uk>yi;
then
03t = 0wt = <Oty O3 = Oty Oy,
— Ot D> G = COuis Gk > )
and
Vi, Vit = 0V 8,07

3
SA

= (yA)Zk — L )uis (y;)uk>(y)\)ui = <LO)uis (y)»)uk>(y)-r)ui

Hence
(Rk)ijkl Oyt = (Y )uis (y;;)uk > Vadui L) uis (V) uk? (y;;)ui
- <(y)»)ui ’ (y;;)uk > (y)»)uf - <(y)»)ui ’ (y)»)uk > (y;)u/ .

One notices that <(y;)ui, yI} =0 and <(yz)u,-, v;,»> = 0 and concludes that

O = (@)™ <ODuts G2)um> (2 -

Therefore
(RY) i 8 = (COWuis w8+ (82) 11 (8™ <V » (2 )um

— CODuis D8] = (801 (€)™ <D s (32)un )y
and
(RMijir = (R);;" (81 )ni

= COWuis D> @i+ <O iy Gt (81 ji
— CODuts D> (8 j1 = <ODuis G (81

On the surface %, where u> = 0, we have

E, 00

[(g)ijl=| 0 E; O
0O 01
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Therefore we have, for i, j € {1, 2},

—{uis D> = <Oy 0> Exdij = (RM)i3 3,
—L)ui » (y;)u3>EA(Sjl + <)t (y;t)u3>EA = (R")3jj1,
— O uts D> Ex = <O uis )i > Ex = (RN
We obtain, for i, j € {1, 2},

R 1
(B.6) (i, (V)i > = E—(R*),-j,-s = —(RM),
A
and fori # j,
)i s ()’I)u/> = _(R)\)i3j3
(B.7) (Ot D> = —(RMizi3 + (RM33 — (R 1212)

s D> = =2 ((RM)33 — (RM)1212)

Finally, for the induced Fermi coordinate from an isothermal coordinate, we can
easily see that

1S 1
B8)  (RMy = —(Z Rk) -5 D ((RM3)u = (RM3(T))
3i,i

E
A Nio i=1

2
S (LT
Ek P tu

Indeed, we have Zle(rk)ﬁ. = 0 for k = 1, 2, where (F,\)f.‘j are the Christoffel
symbols for the conformal metric I, = E, |d u|? in isothermal coordinates.
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