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ALMOST EVERYWHERE CONVERGENCE
FOR MODIFIED BOCHNER-RIESZ MEANS
AT THE CRITICAL INDEX FOR p >2

MARCO ANNONI

Boundedness for a maximal modified Bochner—Riesz operator between
weighted L2 spaces is proved. As a consequence, we have sufficient con-
ditions for a.e. convergence of the modified Bochner-Riesz means at the
critical exponent p, =2n/(n—2A —1).
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1. Introduction

This paper contains the results proved in the author’s doctoral dissertation [Annoni
2010] and referenced by S. Lee and A. Seeger [2015], but yet unpublished in a
mathematical journal. For A, R > 0, let BI% denote the Bochner—Riesz operators
and m ), the Fourier multipliers introduced in [Bochner 1936]:

BR(f)(x) = /R ) f(é)mx('f,f')ez’”‘x dg. my() = (1-1)].

For p < 2, results related to almost everywhere convergence and maximal operators
have been proved by Tao [1998; 2002], Ashurov [1983], and Ahmedov, Ashurov,
and Mahmud [Ashurov et al. 2010]. For p > 2, partial results on almost everywhere
convergence of Blé (f) to f as R — oo have been achieved in [Carbery 1983;
Christ 1985]. Carbery, Rubio de Francia, and Vega [Carbery et al. 1988] obtained
a.e. convergence in the range 2 < p < p, and A > 0.

MSC2010: primary 42B15; secondary 42B10, 42B25.
Keywords: Bochner—-Riesz means, maximal Bochner—Riesz means, almost everywhere convergence,
weighted inequalities, radial multipliers.
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In this paper, the situation at the critical exponent p, =2n/(n—2A—1) is studied
by considering the modified Bochner—Riesz multipliers m, ,,

(1-)%
(1 —log(1—1¢2))7’
which were introduced by Seeger [1987]. Seeger [1996] showed that m ,, is an
LPx(R?) multiplier for y > 1/ p;, (where 1/p, + 1/p; = 1). His results easily
extend to dimensions n > 3 when A > (n — 1)/(2(n + 1)) and had already been
proven to be sharp in [Seeger 1987] when n = 2.

ml,y(t) =

In order to investigate for which values of y the means Bl'g’y defined viam,

converge a.e. for functions in L”x, we study the maximal operator B;} Y. The
following theorem is my main result.

Theorem 1.1. Let 1 <1421 <n and 0 < u < 2y —2. Then there is a constant
C =C(n,A,y, 1) such that

M /Rn|3i’y(f)(x)|2dxEC/Rn|f(x)|2dx
forall f € L*(R", dx) and
@ An'Bi’y(f)(xﬂzwhu(x) dx = C/Rn|f(x)|2w1,u(x) dx

forall f e L>(R", w1 (X) dx), where wy |, = w, ,(|x]) and

1 )
(3) W u(t) = |
ift > 1.
P (loglernr

For (21 + 1)/n < p, we also have LP* C L2 + Lz(wLM). Hence:
Corollary 1.2. If 1 <1424 <n, f € LPA(R"), and y > 1/p; + 1/2, we have

© Aim B (£)@) = f(x)

for almost every x € R™. If f € LP(R") for2 < p < p,, then the condition y > 0
suffices for (4) to hold.

When I first proved this result, it was natural to wonder whether the condition
y>1/ pi + 1/2 was sharp. Lee, Rogers, and Seeger [Lee et al. 2014] have since
proved among other things that, if

2(n+1)

>2
W] <pP<o0 nz2
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and m € B2

a,q» then the maximal operator

M (f) = supyo|(Fm(e|-)"|

is bounded from L?+4 to LP. This can be applied to m = m A,y to conclude that
the condition y > 1/p; +1/2 in Corollary 1.2 can be replaced by y > 1/p; , if we
further assume (n —1)/(2(n + 1)) < A.

Lee and Seeger [2015] have gone much further, proving that a.e. convergence of

Se(f) = (Fmayop(-)))”

to f (where p is an arbitrary homogeneous “distance” function, that is a homo-
geneous function that satisfies p(§) > 0 if £ € R” \ {0} and p(0) = 0) holds for
every f € LP»? when ¢ > 1 if and only if y > 1/¢/, forall 0 < A < (n —1)/2.
For g = p, and p(§) = |£/, this implies Corollary 1.2. In particular, they proved
that the condition y > 1/4’ is sharp.

The sufficiency of the condition y > 1/¢’ in [Lee and Seeger 2015] is presented
as a consequence of a boundedness estimate between appropriate homogeneous
Herz spaces — see [Baernstein and Sawyer 1985; Gilbert 1972] — of a maximal
operator defined via an arbitrary quasiradial multiplier 4 o p, provided that £ lies in
an appropriate Besov space. A particular case of the same theorem also implies
a characterization of boundedness for certain convolution operators on L2 spaces
that are weighted with power weights. In order to prove the sufficiency of the
condition on y, both of our papers use the approach of [Carbery et al. 1988], to
some extent. However, much of my work is necessary to deal with the weight w, ,,
that isn’t homogenous. The first choice of Lee and Seeger was to keep working
with a homogeneous weight, but to use the observation that, for p > 2, the space
LP-2 is embedded in L2(|x|™"(1=2/P) dx). By sharpening the analysis in [loc. cit.],
this idea would only have yielded their result for ¢ = 2. They solved the problem
for all g by using Herz spaces, embedding theorems, and innovations that were
needed to work with a more general “distance” function p and multiplier 4.

The necessity of the condition y > 1/4’ starts with the reminder that the operators
St (t > 0) are naturally defined on the Schwartz class S and extended on bigger
spaces by using density. So, they proved that each operator S; is continuous
from S — equipped with the L?+*? norm and topology —to S’ only if y > 1/4’.

This paper. The proof of Theorem 1.1 follows closely the idea developed in [Carbery
et al. 1988], but accounts for the necessity to work with nonhomogeneous weights.
In Section 2, Theorem 1.1 is reduced to Lemma 2.1, which is in turn reduced to
Lemma 5.2 in Section 5. Lemma 5.2 is proved in Section 6.
In Section 3, an upper bound is given for the Fourier transform of w )(kl,t)w which
is wy ,, smoothened in a neighborhood of the spherical surface ||x|| = 1. An



260 MARCO ANNONI

analytic continuation argument is needed to prove that the upper bound holds for
all 0 < A < (n—1)/2. This upper bound will be used to prove Lemma 5.2.

In Section 4, a new weight Wy, is exhibited that is comparable to 1/w) »
and that has an algebraic form needed in the computations of Section 5.

In Section 5, Lemma 2.1 is reduced to Lemma 5.2. Lemma 5.2 contains weighted
Fourier inequalities for the special weight used in this paper. It is crucial that the
“constants” appearing in both such inequalities have a certain functional form with
respect to the parameter 7. So, general results such as those in [Benedetto and
Heinig 2003] were not sufficient.

Section 6 contains the proofs of Lemma 5.2 and Corollary 1.2.

We shall refer to [Carbery et al. 1988] for every piece of the proof that doesn’t
differ significantly. Yet, the reader can find more details of the proof contained in
that reference in [Grafakos 2014, Subsection 10.5.2].

2. Reduction of Theorem 1.1 to Lemma 2.1

We will only need to show (2), as the proof of (1) is contained in [Grafakos 2014]
for the case y = 0 (which implies it for all y > 0). Let ¢, ¥ be smooth functions,
supported in [ 1 l] and [%, %] respectively, with values in [0, 1], that satisfy

202
o+ 3 (5 =
k=0

forallz €[0,1). Lete; =(1,0,...,0) e R". Wedefinemy ,, oo(t) =my , (te1) o(t)
and

1—1¢
(5) My k() = 2“mx,y(f€1)l/f(?), k=0,1,2,...
We define 7115,y k., (Sp,y,k)e» (Say,k)%> and G,k from m} ,, i, analogous to how
n~18, S;s, S,‘E, and G® were defined from m?% in [Carbery et al. 1988]. Similarly, we
also define (S . x)¢» (Sa,y,k)+, and G ,, x by using 711, ,, . instead of m ,, . For
m y,k We have the estimate

d( zkf
0k = Chye o

6
(©6) sup |

0<z<1

forall{ e Zt U {0}. As in [loc. cit.], these inequalities follow:

o0
A, _
7 1B 1 < (S p00)% ]+ D 2754 11(Sa )41
k=0

(8) ” (S/l,)/,k)*(f)Hiz(wLM) = 2k+1 HGA,)/,k(f)HL%wA’M) H’Gvk,y,k(f)wllz(w)hu)-

By reasoning as in [loc. cit.], one then shows without difficulty that the right-hand
side in (8) can be controlled by the left-hand side of the inequality in the result we
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are about to state:

Lemma 2.1. For k > 4 we have

2
[ 18000t (0O & 0,51 = o [ 1P, )

for all a > 0 and for all functions f in Lz(wx,ﬂ), with
2k(2A—l)

Cn,k,u,y,k = Cn,/\,ﬂ,y k2v—m

We need not to worry about k < 4 because it is easily verified that w) , is an A,
weight under the conditions of Theorem 1.1 and therefore

1S3 ()22, < 00

for every k. Inequality (8) and Lemma 2.1 then imply:

92ki \1/2
&) ”( )Ly,k) HLZ(wA =L w; )_C (n,A, V)(kzy M)

So, the right-hand side of (7) is finite if u < 2y — 2. Theorem 1.1 is now proved
modulo Lemma 2.1.

3. An upper bound for |w, , |

The main result of this section will be used in Section 6. Let 6 € C°°(R) satisfy

0<60<1, supp(G)C[10 10] 6 =1on [;g,%].Now define

(10) oi (1) = 0, () (1—0(1) + 6().

and w(l) w(X)= (1) w(|x]) for all x € R"\ {0}. Then w( ) ;1 is smooth on R" \ {0} and
wxlu A Wi s that is, w)f L(x) and wy , (x) are comparable with comparability
constant depending on A and p only. The goal of this section is to prove this result:

Theorem 3.1. Let w, ,, and w( ) be defined as above. Then for every A satisfying
T <A< T and every | > 0 there exists a constant Cy, , , such that

1
Cn A 2A—1 lf |§-| = lv
~ e n—2A—1(1p0 £ \*
(D) ()] < Qau(®) = g # log )
Cn,k,uW if 151> 1,

and, for all A satisfying 0 < A < T and [ as above, there exists a constant C' AL
such that

(12) @5, (&) < Cpyy R, ()
forall £ € R™\ {0}.
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Proof. We begin with the proof of (11) As w, , is radial, its Fourier transform is
given by

oo

Wa,u(§) = l;;/o wl,u(r)J%(2n|g|r)r%dr,

where J;, denotes the k-th Bessel function. It is well known — see [Watson 1944] —
1

that | J (r)| < Cy r* when r <27 and |Ji(r)| < Cxr~2 when r > 2. We control

| Wy M(§)| in two cases:

Case 1: ISI < 1. Then

5] n— n C 1 .
0@l =G [ i )+ ([ )
0 HER

0 —2A—1-1+12
—i——C;n_l (/ r—_ dr).
i€|"z \J1  (log(er))#

Case 2: % > 1. Then

1
185 (8)] < C ( / P g2 dr)
0

1

5 1 n—2 ., n
C T+§_ZA ld
- (/1 (log(erw ’

—1+2-2)-1
|g| (/ (10g(er))“r dr)'

€]

IfA> % and A < %, all integrals converge and (11) easily follows by using
calculus.
(1 ) and the proof is almost identical.
Then, an analytic continuation argument and the smoothness of w)(tI;)L can be used
to prove that (12) holds in the bigger range 0 < A < %5~ L. The argument involves
many details that we omit but that may be split in two pleces

In the first one, given any A’ € (0, "Zl ] we use more asymptotic estimates of
the Bessel functions — see [Watson 1944] — and iterated integration by parts to
rewrite the right-hand side of

(13) by (£) = 2/0 (1)(r)an(2n|$|r)r2dr

The same holds with w, , replaced by wy

in a way that also is well deﬁned when A ranges in a complex neighborhood O}/ of
the real interval ()U , ”—;1) We can call such extension 1y ,,(§), and show that

i3, ()] < Cpp 3 (6,
as in (12).
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In the second one, for the same value of A" and the same neighborhood O,/, we
use the dominated convergence theorem to prove that, for a given test function ¢
defined on R”, the right-hand side of

(14) | p©u@ds= [ 0@ e

rewritten after the first piece of the argument, is holomorphic, hence analytic, on
O,,. It can be proved easily that the left-hand side of (14) is also analytic on O}.
Since (14) holds when A € (%, ”;1 ) we conclude from the analytic continuation
theorem that (14) also holds when A € ()U, %) Then @;(leb = ily 4., since @ is
arbitrary. The arbitrariness of A’ concludes the proof. O

4. A useful weight comparable to 1/w, ,

In this section we show that 1/w, .1 1s comparable to another weight which can be
written in a more useful way for our purposes, a fact that will be used in the next
section. More precisely, let uy , and Wy, ,, be defined by:

(15) U (¥) = {'yrn_u_l(l"g B iflyl<t.
M T Yy if [y] = 1.
(16) Tvan ) = [ 1) = 1%, ) dy,

where N is a large enough integer independent of x.
The goal of this section is to prove that there exist constants Cy , 3 .y and
C2 02,0, such that

Cl,n,)L,,u,N ~

C2 n,A,u,N
SUWNAp(X) S ——7—
wk’u(x)

17
4" w)\,u(x)

for all x € R" \ {0}. Let us write Wy 1, = WN A, u,1 + WN,A, 2, Where

(18) Do () = / N 1N () dy.
yl<ty

(19) @N,A,M,z(X)=[| 1 |ei(x’y>—1|Nu,1,M(y)dy.
VI

Observe that in (18),
(20) Cil(e, ) = 1e"™¥ 1] < |x] |y|

for an absolute constant 0 < C7 < 1. Now, we estimate Wy, 4, 1-
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Case 1: ﬁ < 1. Given a positive constant C > 0, in view of (20),

By () = /

|YI<\X\

w
= e[ IV (tog )
Q(x) |¥]

W
1) 1N |y |72 (1og 5 ) dy

|Sn—1| [o’e)
| |sz’l_N (log s)* ds,
e|x

=C xy=Z 1
n,C,Nl | €2A+1_N

where Q(x) = {y ly| < T and C < |(|x|, |y|)}} In order for this integral to
converge, we need N > 21 + 1. Later we will also need N to be even. So, we set
N = Ny :=2[2A+1]. Iteasily follows that there exist constants C,, 3 n and Cy ,, n
such that Wy, p,1(x) = Cya v /W)y, (x) for all x € R satisfying |x| > Cy ; N-
An easier computation and (20) yield Wy 3 ,,1(x) < C,/,’ AN/ Wy, (x) in Case 1
for all x € R" satisfying |x| > Cy 4, n. So, on {x € R" : |x| > max{1,C; ,, n}}
we have

1) WN A u,1 XN /Wy,

Case 2: | > 1. Let us use the decomposition Wy 3 ,.1(x) = I + 11, where

= [ ey (log ) dy oy el
lyl<1 |yl

M= [ I Y [y dy ey PR
1<|yl<py

This proves that

1
+|X|ZA+1 2A+1 —

~p AN X
" w)l,p,(x)

~ N
(22) WAL, u,1(X) Xpa,u,N |X]

on {x € R" : |x| < 1}. If C; , y <1, then relations (21) and (22) immediately
imply that Wy A 4,1 ~na,u,N 1/w, , on R™ Otherwise, just observe that both
functions Wy, ;.1 and 1/w) . are positive and continuous on the compact annulus
1 < |x] = C; u,n- We still have to show that Wy A 1,0 ~na N 1/Wy - Letus
define

23) By pa) = /| a0
y>

Then

(24) By p () <2V W5, 5 (x).
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We will prove that the inverse inequality also holds (with a constant different from
2N, so that we have W) 0,2 ENApn Wp,A,u,2- Now, let us prove that

wk,u,z RN, A, 1/wl,u'

Case 1: == > 1. Then:

sl 1
| | | |2/\+1 An |X|2A+1 _

B2 (X) = 24 +1 B w)L’M(x)'

Case 2: ﬁ < 1. Then:
- |Sn— 1| elx| i
Wp u2(X)=Cpp+ — pEyES t**(log t)* dt
e
1
w/\,u(x)
This concludes the proof that Wy ,, , & ;.n 1/w, , on R" \ {0}. Now we need
to prove that there exists a constant Cy 5 , » such that the inequality

~an [ XA (log(elx])H =

W) 102 < CNApun WN A2

holds on R” \ {0}. Since both i A2 @nd Wy a4 o are radial, it will be enough to
prove that the functions 7 > Wy, 3, 2(fe1) and £ +— Wy, 5(fe1) are comparable on
R*, where e; = (1,0,....,0). Observe that [e/ *¢1:Y) —1| > \/2 on G* := i, GL,

h
where 4k + 1) (4k +3)7
2t 2t

G,é:z{yeR”:(el,y)e[

for all 1 > 0 and k € Z. Therefore u ,,(y) ~n |ef(ter.y) _ 1|Nu,1,u(y) on G In
particular, there exists a constant Cy such that

[ turdy < [ 1100 1M ) d.
G? G?
Ift >0and k € Z\ {0} we define

R,i:z{ye[R{”:(el,y)e[

(4k — )7 (4k + )7
2t 2t )}

and

- 1
RL:=1yeR":(e;,y)e|—, —] and ~1.
im{yem it e| 5 1) analy > !

[y = [ ds

k k—1

As

for all k € ZT, and
)y = [ 00 dy
k

k



266 MARCO ANNONI

for all k € Z—, we also have
[ w3 () dy < / 3,.() dy < Cy / eitern) 1Ny, () dy.
Uker o R G! G!

Since
. T _ At t
bsltennl> 2 =6'u U &
kez\{0}

we have
/ w3 () dy <2Cy / e 1Ny, () dy.
e, y)|> 2% lyI>7

Since uy ,, is radial, we can replace e; by e; in the inequality above for j =2,...,n.
Let |y]oo := supy<;<nl{€j, y)|- Then

(25) f ux,p,(y)dYSMCN/ lefter) 11Ny, (y) dy.
{yeR": [yloo>7; ly|>1

Ineqllality (25) and the Lemma 4.1 easily imply — see (19) and (23) for details —
that wy , »(te1) < Cya u,N - WN,Au2(f€1).

Lemma 4.1. Let uy ,, be as in (15). Then, for all n € 7T, A eR,and C > 1
there exists a constant D = D(n, A, C) € R such that uy, u( ) <Duy, ,(y) forall
y € R" \ {0}. We can choose D = C"T2A+1(1og(eC))X.

The proof of Lemma 4.1 is left to the reader. This completes the proof that
WN A 1,2 FnA,uN wA on R\ {0} and therefore the proof of (17), that is the
claim of this section.

5. Reduction of Lemma 2.1 to Lemma 5.2

By duality, the inequality in Lemma 2.1 can be expressed as

2
20 | [ Shpaartite, )0 &

<
- ¢ ”h(t’ X) ||L2(% w;‘{;(x))

2 d.
L (wMiC(x))

for all functions /4 (z, x) in the appropriate space, where

2k(2/\—1)
C= Cn,A,pc,y,k = Cn,k,,u,y k2r—u

. . 2 1
In view of the result of Section 4, for every f € L (R", W ),

Ny /2
(Z f(gjy(é))b)

CONN VAR (oee dv ds.
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gy (&) = (f - (%n_])y), bj = (—l)j (N)LJ-/Z),

Plancherel’s identity was used, and the implicit comparability constants depend
on A, i, n only. We can substitute the left-hand side of (26) by using (27) on the
function

where

2
10 = [ Snadan . ) 4.

For such a function we have

Ny /2 2
(28) ( > fy (S))bj)

j=0

Ny /2 2
- /1 (Z Rt 1.y (E)may k (@2, ©)Db) )
Since m , i is supported in [1 — 8?, 1— g 2k] the Cauchy—Schwarz inequality
in the ¢ variable allows us to control the right-hand side of (28) by
2|Na/2 2

(29) = / Z h(t, 8.y (E) -myy i@ty ENbs| S = Hy (0.8,
So, if we can show
60 [ [ 1) Hiay 8 dyd = C2 2 D s

for a constant C := C, , , ., then (26) is proved. But (30) follows from the
following pointwise (with respect to t) estimate:

22k

anuykzy B “ ”L2(

GO ISaye DO

if (31) holds for all ¢ > 0 rather than just ¢ € [1,2] (which allowed us to drop
the parameter a), and for all /& € LZ([R” dx/w,, (x)) In order to see that (31)
implies (30), just use (27) with £(x) = (A(- .y (t]-1)" () = (S 1)1 (h) (),
to rewrite the left-hand side of (31).

By duality, (31) is equivalent to

wxu X\ ) - wau(\x))

5 22kl 5
(32) ”(Sl%k)t(h)nm(wku) < Cn,A,M,yW—_M ||h||L2(wA’M)
for all h € L*(w ap(X)dx), t > 0. So, the latter also yields the inequality in
Lemma 2.1 for every f in the appropriate space and every a > 0. We now need to
prove (32).
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We denote by (K}, «),(x) the kernel of the operator (Sy 5, k)¢, i.€., the inverse
Fourier transform of the multiplier my ,, x(¢] - |). (K35 1), is radial on R", and it
is convenient to decompose it radially as

(Kayh)e = (Kjy, k)(o) + Z (K00,

=1
where =

(K000 () = (Kj_y1): (0) 02~ D /1),
(K i) () = (KLy ), (%) (07U 43 /1) — 027 624D x /1)),

for some radial smooth function 6 supported in the ball B(0,2) and equal to one
on B(0,1).
To prove estimate (32) we make use of the subsequent lemmas.

Lemma 5.1. For all M > 2n there is a constant Cy ,, o p = Cay k,m (1, 0) such
that forall j =0,1,2,...,

. —iM
(33) sup (K y.i0)” (©) < Coym =
EeRn

and also

— -(+hM
(34) |(Kayt) )] = Crymr ——
whenever ‘t €] — 1‘ > 21=k=3 qnd | > 4. Also,

e =i +k+3)M Y

(35) Ky )P (O] = Ca ot ———— (1 +1[E)

whenever |t £| < 8 or|t&| > 15

Proof. The proof for t =1 follows the lines of the proof of Lemma 10.5.5 in
[Grafakos 2014, p. 413]. Just observe that estimate (10.5.9) in p. 409 of that
reference is now replaced by (6), which explains why the factor 1/k? appears. The
general case (any ¢ > 0) is straightforward in view of the fact that

KD = (K, 0P 8). 0

Lemma 5.2. The inequalities

n 2 2
o [ MO Cuen0e | 170

an
_dx

2 2
N [ OP G G = Cranmonn© [ 110P

hold for all Schwartz functions f,t >0, M >2n,all 0 <& <2, A, and | as in
Theorem 1.1.

dx
wk,u(x)
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The proof of Lemma 5.2 is postponed to Section 6.

By reasoning as in [Grafakos 2014, p. 414] and using the estimates in Lemmas 5.1
and 5.2 instead of those in Lemma 10.5.5 in [op. cit., p. 413] and Lemma 10.5.6 in
[op. cit., p. 414], we can prove

(38) /Rn|((K)L,y,k)§])*f)(x)lzdx<C ’M(”/ /e Ad;m

for another constant C = C,, ; , y,pm- By duality, this is equivalent to
() 2 272/M 2
69 [ 10Ky 5 NP0y, () dv = C I sbon @) | 1100 .
Given a Schwartz function f, we write

Jo= fXQm.k.j.z),

where Q) (n.k.J:1) 5 a cube centered at the origin of side length C,, 2/ 7k+4¢ (note that

supp (K 5. ) € B(0, 27Tk +41)). Then for x € Q%) we have the inequality
x| < V/nCp2/ TR T4
hence, (39) implies

40 [ Ky 5 S0P 03,0 d

2—2iM wl,u(t)
2Kk W, (Y Cy 27 HhF4

= Cn,k,u,y,M

1) /Q‘”’k,/,nlfo (02 wy, ,(x) dx
0

because the function 1/w, ,, is increasing. A simple computation shows that

wj,ulat 1 wy ulat lo n
@y sl L D) (oxe/)
>0 Wpu(t) @t >0 @1 (1) a2+

if a > 1 and if a < 1, respectively. Therefore, for all j and k such that j +k > C,,
for a suitable purely dimensional constant C,,,

wy, M(Z) ” G+k)QA+1) -
42 su <C 2 Y R kM),
2 t>% W), ,u(«/_C 2/ tk+4r) nh v :

where we used the hypothesis on j and k and the fact that
(J+E" = Cu(G* +&M).
It follows from (42) and (40) that [y, | (K5, 1)8 % fo) (¥)2w;_, (x) dx is bounded

by

jQRA+1— 2M)2 " " 5
€2 k2 (] +k )/Q(gn.k.j.z)lf()(x)l wk’u(x)dx,
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for C = Cy 5 1u,y,m Provided that
(43) j+k=C,.

Now write R” \ Q(n k1) a5 a mesh of cubes Q(n eojit) 1ndexed by i € Z\ {0}, of
side lengths C,, 2/ 544 (the same side length of Q" i) ) and centers ¢, . By
using (33), reasoning as in [Grafakos 2014, p. 415] as well as simply noting that
22kA(jH 4 k1) > 1, we can find that the pieces

[R (K a0 % P, () d

are bounded by
Copam 2 Mk [ o O 0)

Ql(n,k,j,t)

whenever f; is supported in and, in turn, that

@) NKay ) * fllzw, )

i 2
r/;/,)t,u,y,M 2J(X+ —-M) (] 5 +k 5 ) ”fHLz(wx )

(in view of the argument in [Grafakos 2014]). Observe that condition (43) is satisfied
if we assume k > C,,, which we can as the convergence of (7) only depends on the
estimates we have for k big enough. So, for k > C,, by using (44) and summing
over j =0,1,2,..., we deduce (32) if we just choose M > n/2 (remember that
n > 2\ +1). In turn, (32) is equivalent to (31), which is equivalent to (26), which
is equivalent to the inequality in Lemma 2.1. Therefore, this completes the proof of
the lemma, modulo Lemma 5.2

6. Proof of Lemma 5.2

6.1. Proof of inequality (36). We reduce estimate (36) by duality to

@) [ OO dE = Coagonue [ JgwPas

||tx|—1 <e
for functions g supported in the annulus }|tx| — 1| < ¢. In Section 3 we observed
that
1
Wiu Xa,u )(L,/)/«
and proved in Theorem 3.1 that the function |y e ;1| is bounded by a scalar multiple
of €2, , (see (12)) in the whole range A € (0, (n —1)/2). Therefore, we can start
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to prove (45) as follows:

(46) /R [8@Pws ,(6) dE ~i / (88)" ) D11 (x) dx
= o] (81 18D Riyu(x) dx

= Con [y 11, JECONED Rl =) ey

|\tx|—l|§s

= Cn,A,uB(nv A’ M, €, t)”g”iz

where g(x) = g(—x) and

47) B, A, pu,et)= Qi’u(y—x) dy,

sup /
{x||x| 1|<e} /Iy —1=<e

where Qﬁ (x):=Qy ,(x / t). The last inequality of (46) is proved by interpolation
between the LY(S) — L(S) and L®(S) — L>®(S) estimates for the linear
operator

Ly re(g)(x) = /S £ (v —x) .
where

S={yeR":||tyl—1]| <&},
using the Cauchy—Schwarz inequality. It remains to establish that
(48) B, A, p,e,t) <Cpypuwpu(t)e.

Then we reason as in [Grafakos 2014, pp. 417, 418]: we apply a rotation and
a change of variable to the integrals in (47) to push the dependence on x to the
domain of integration, then control the supremum in (47) by integrating €2, , over
the bigger set

{y:|ly—eil—1] <2e},
finally we split this latter integral over the sets So, S¢, S« defined in [op. cit.] to be

So={yeR":||[y—ei|—1| <2e |y| <¢},
Se={yeR":|ly—ei|—1| <2e Le <|y| < (£ + e},
Se={yeR":|ly—ei|—1| <26 |y| = 1}.
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In the end, matters reduce to proving the estimates

(49) / QM dy =Cp 1wy, ()
O
[11+1
(50) Z / L0)dy = Cp 1" ey (1),
(51 /S Qa’u(y) dy < Chewy ,(1)1"

In proving the inequalities above, we can assume without loss of generality
that # > 2, because when ¢ < 2 the proof of Lemma 5.2 is an immediate consequence
of Lemma 10.5.6 in [op. cit., p. 414]. We can also assume that t > Cy, ., due to
the compactness of [2, C, 3 ,] and the continuity and positivity of the functions
involved. For a suitable constant C,, 3 ,, and > max{2, Cy 3 .}, (49) is proved by
using calculus (note that the integrand in (49) is radial and the domain of integration
is a sphere); (50) is proved by using the maximum of the integrand over each set Sy,
then by comparing the sum with an integral, finally by using calculus to estimate
the integral; (51) is proved by using the maximum of the integrand over Six. The
condition that > 2 > ¢ was used in both (49) and (50) and (41) was used in (51).

By combining estimates (49), (50), and (51), we obtain (48). This concludes the
proof of (45) and, therefore, of (36). O

6.2. Proof of inequality (37). Inequality (37) is already known for ¢ < 1; see
equation (10.5.22) in [Grafakos 2014, p. 414]. Indeed, if 0 <7 < I then wy ,, () =
1/ 122+1 and (37) follows by dilation from the case ¢ = 1, the one shown in [op. cit.].
For ¢ > 1 define:

={eer gl < 1), Ay =leeRr 1<t = 2+f}
p=lgem T g 2L g feemn 2 <)

We will prove (37) by proving that

dx
A;,L()

for each j = 1,2,3,4. For j = 1, first observe that 1/(1 + |[t§)™ ~pr 1 on Al
and then argue as in the proof of (36), at the beginning of this section. By duality,
we reduce (52) with j =1 to

(52) 1= / 1F @R dE < Cop ot 03 (0) / )

(1+| tEpM

63 [ 1OPw @ d = Cupyno [ 700 dx
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for all functions f supported in the ball A%. By proceeding as in (46), we can prove
that

|17 @Fw, @ ds = B0 w0l /1

for every f supported in A%, where B’(n, A, , 1), now, is defined by

(54) B'(n,A,pu,t)= sup / 1QA,M(y—x)dy
=7

{x:lx|< 1y Jly

1
=— sup QA,M(X)dy
" elxl<1y )y +xl<1 t

and all we still need to show is that

(55) B/(nsA'?/'Lat)ECH,A.,,UJ(I)A,M(I)'

Since |x| <1 and |x 4+ y| <1 we have |y| < 2. So, (55) is a consequence of

! y
56 1 o N gy = o N
w0 t" Jiy|<2 A’“<t> Y = Cuapn@n (1)

which can be proved similarly to (49).
When j = 2, we use

.
57) LY ot /IH L feras
£=0 T <

Next, we apply estimate (36) on each of the latter integrals. We are already assuming
that z > 1. Since wy, ,,(f) ~,,,,s 1 on any compact subinterval J of (0, 00), we
can in fact assume ¢ > 3. Now we control the right-hand side of (57) with

(58) ngﬁ—Lﬂm 2 £ on))F —E—
" ’Me:o Q2+ M HH\3 420 3+2e Rn w; (%)

2 dx

= G orn® [ |10 L

provided M > 2 + 1. This proves that (52) holds for j = 2.
If j =3 then (2+ 1)/t < ||, which implies that
1 - 1
A+ [eEDM — 3+ V)M
Then apply (36). Observe that, as long as ¢ > 1, we have that the quantity 7 that
now plays the role of ¢ in (36) is bounded above and below by absolute constants,

SO Wy 4 (1) ~;, 1. In addition, for ¢ in the same range, we have & < 1 (¢ being the
quantity that now plays the role of ¢ in (36)). These considerations imply that
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1 r 2
(59) hegre /ztmasz,ﬂ'f@)' d

’ 1 2 dx

C _ _ax
= “ﬂmm"‘/'ﬂx” ;. (%)
< Clapmonn® [ 11P et

last inequality holding for a suitable constant C” provided that M > 4A + 2.

n,A,uw,M’
It only remains to prove (52) with j = 4. We have
(60) L= Y f FOPr—L o de
- <2t (1+ 1))

Again, we apply (36) to the integral in the last term of (60), which is therefore
controlled by

1 2 x
n> 2 Z ¢ +€)M( 2t )2/1+1 (3+2£)/ |f( )| lu()

{=|t]+1 3+2¢

1 2 dx 1
= Cn,A,M,Mm/RJf(x” w, (0 (1 M2
which yields the desired inequality, provided that M > 21 + 1. By choosing any
M > 4)\ + 2 (as required after (59)), we conclude the proof of (37) and of the
claimed statement.

Proof of Corollary 1.2. The proof in [Carbery et al. 1988] can be used with m,
instead of m% to account for the case where y > 0 and 2 < p < p,. When p = p,
and y > 1/p; +1/2, values of y satisfying (24 +1)/n < u <2y —2 exist. For such
W, since 1 < 142X < n, we can use Theorem 1.1. Since (4) trivially holds for all
f €8, the boundedness of Bi " implies that it also holds for every f € L2(R", dx)
and every f € L%(R", w,, ). But then it must hold for every f € L? + Lz(wlyu).
Since (2A +1)/n < u we have LP* C L2 + Lz(wk’u), concluding the proof. O
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UNIQUENESS OF CONFORMAL RICCI FLOW
USING ENERGY METHODS

THOMAS BELL

We analyze an energy functional associated to conformal Ricci flow along
closed manifolds with constant negative scalar curvature. Given initial con-
ditions we use this functional to demonstrate the uniqueness of both the
metric and the pressure function along conformal Ricci flow.

1. Introduction

Uniqueness of Ricci flow on closed manifolds was originally proved by Hamil-
ton [1982]. Chen and Zhu [2006] subsequently proved uniqueness on complete
noncompact manifolds with bounded curvature. The method employed in [Chen
and Zhu 2006] utilizes DeTurck Ricci flow. Recently Kotschwar [2014] used
energy techniques to give another proof of the uniqueness on complete manifolds.
Kotschwar’s proof does not rely on DeTurck Ricci flow. A natural question is
whether similar techniques can be applied to demonstrate uniqueness of other
geometric flows. One such flow is conformal Ricci flow, introduced by Fischer
[2004]. Ricci flow preserves many important properties of metrics, but it generally
does not preserve the property of constant scalar curvature. Conformal Ricci flow is
a modification of Ricci flow which is intended for this purpose, and for this reason
it is restricted to the class of metrics of constant scalar curvature. Conformal Ricci
flow is, like Ricci flow, a weakly parabolic flow of the metric on manifolds, except
that conformal Ricci flow is coupled with an elliptic equation.

Let (M", g9) be a smooth n-dimensional Riemannian manifold with a metric gg
of constant scalar curvature sg. Conformal Ricci flow on M is defined as follows:
b 5= 2R 4220 20050

s(g(1)) = 50

Here g(t), t € [0, T], is a family of metrics on M with g(0) = go, s(g(t)) is

the scalar curvature of g(¢), and p(¢), t € [0, T], is a family of functions on M.

on M x [0, T].

MSC2010: primary 53C25, 53C44; secondary 35K65.
Keywords: conformal Ricci flow, Ricci flow.
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In [Fischer 2004; Lu et al. 2014] we see that (1) is equivalent to the following system:

98 _ _HRj 50 6() —
o 5, = ~2Ricgn +2-12(1) —2p(D)g (1)

((n = DA gy + 50 p(0) = ~(Ricg) =g (1), Ricgq) 2 (1)

Throughout we use V to denote the following symmetric 2-tensor:
3) V(1) =Ricg =~ '2(0) + p(g(0).

In this paper we use Kotschwar’s energy techniques to give a proof of the
uniqueness of conformal Ricci flow for closed manifolds with metrics of constant
negative scalar curvature. It is worth noting similarities to the study of certain
elliptic-hyperbolic systems done by Andersson and Moncrief [2011]. The existence
of solutions to conformal Ricci flow has been shown by Fischer [2004] and by Lu,
Qing, and Zheng [2014], the latter paper using DeTurck conformal Ricci flow. More
precisely we prove the following uniqueness theorem of conformal Ricci flow:

Theorem 1. Let (M", go) be a closed manifold with constant negative scalar curva-
ture 5. Suppose (g(t), p(t)) and (g(t), p(t)) are two solutions of (1) on M x [0, T]
with g(0) = g(0). Then (g(1), p(1)) = (g(t), p(t)) for0 <t <T.

2. The differences between g(¢) and g(¢)

Let g(¢) and g(¢) be as in Theorem 1. We treat g as our background metric and g
as our alternative metric. Let V and V be the Riemannian connections of g and g
respectively. Similarly, let R and R represent the full Riemannian curvature tensors
of g and g respectively.

Leth=g—g, and A=V—V. ]?xplicitly, A;k = Fj.k — f‘j.k wherfiFj.k and f‘j.k are
the Christoffel symbols of V and V respectively. Alsolet S=R—R and ¢ =p—p.

In this section we find bounds on %, A, S, g, Vg, and VVgq (see Propositions 3
and 5). Throughout this chapter we use the convention X * Y to denote any finite
sum of tensors of the form X - Y. We use C(X) to denote a finite sum of tensors of
the form X.

2.1. Preliminary calculations. First we calculate some useful expressions for quan-
tities which arise in the proofs of Propositions 3 and 5. We calculate

87— =g" (@ &) — 8" (" gre) = =" .

i.e.,

g =g '=g""xhn.
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If X is any tensor which is not a function we have
(V-V)X = AxX.
We check this when X is a (1, 1)-tensor. Calculating in local coordinates we see
(V; — V)X = 3, x% — T x5+ T X4 — ;x5 4+ T xh — T X
= A XS — A Xy =AxX.

If f is a function however, then we have the following:
(V' =V f =" =80, f =—8"&" hued; f = =g hie V' .

or in other words
(V=V)f=h*VFf.

We now calculate
Vil=wv-Vg'l=5"1xA.

The following calculation is also important.
Vihjr = Vigjk — Vigjt = —(Vi = V).
Thus we have
Vh=gxA.
Now we are able to calculate the following for a function f.
VIV=V)f=Vh*Vf)
=VhsVf4+hx«(V=V)Vf+hxVVf
=gxAxVf+h*xAxVf+hxVVFS.
Now let
€] fike = 8"V Rijke — 8PV Rijre
= g""(Vy — V) Rijke + (87 — ") Vi Rijie
=A*xR+3"xhxVR,
and we may calculate
Va(g""VoR — Vs R) = Vu(g*"VpR — §VyR) + g**VaVs(R — R)
=divU + AS.
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We summarize the above calculations in the following lemma:

Lemma 2. Using the notation defined at the beginning of this section,

) g ' =g =g xn,

(6) (V-V)X =AxX,

(7 (V=) f=h*V],

®) Vel=g""x4A,

) Vh=gxA,

(10) VIV-V)f=g%xAxVf+hxAxVf+hxVV],
(11) U=AxR+3 'shxVR,

(12) Vai(g’V,R — 3*°V,R) = divU + AS,

where U is defined in (4).

2.2. Bounds on time derivatives of h, A and S. In this subsection we derive
bounds on the time derivatives of /2, A and S. In particular we prove the following
proposition. Here, as well as throughout this chapter, we let C denote a constant
dependent only upon n while N denotes a constant with further dependencies.

Proposition 3. Let (g(¢), p(t)) and (g(t), p(t)) be two solutions of (1) on M x[0, T].
Using the notation defined at the beginning of this section, there exist constants Ny,
Ny and Ng such that

0
(13) || = Nall + 181+ 1qD,

0
(14) |2 A| = Na(hl+14D +C(VS| + [Va),
(15) | &s—AS—divU| < N5l + 141+ S| +1g) +CIV V],

where U is defined in (4).

Proof. We start with the time derivative of 4. By (1) we have

0 ~ ~ I
Ehij =—2(R;j — Rij) +2sn—0(gij —&ij) —2(p &gj—p&j
S ~ ~ ~
=285 + Z;Ohij —2[(p—p)gij + p(gij — &)1
= 255 +2;—0h,-j —2q 8ij —2p hij.

Hence
%h = C(S) 4 C(soh) + C(q) + p*h
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and

(16) h‘ = C(Usol +1pDIAI + S+ 1gD-

‘i
dt
This proves (13).

Recall the definition of V from (3):

(17) V(1) =Ricg) =-08(1) + p(1)g(0).
We may define V similarly using our alternate metric 3. Since V and V are
symmetric 2-tensors, then by [Chow et al. 2006, p. 108] we may calculate

P 1y o~ o~ ~ o~ ~ o~
(18) Al =g NViVie+V;Vie = VeVip) = " (ViVje + Y, Vie = Vi Vip).

We proceed to calculate
(19) g,V —gkvivy,
=g“(ViRj0) — " (ViRj0) + Vi(pgje0) — 8" Vi(pg o)
=@ —g")ViRj + g (Vi=Vi)Rj — " Vi(Sp ) + 85V — 84 Vip
=3 '%«h*VR+AxR+C(VS)+hxVp+C(Vyq),
where we have used (7) to get the last equality. Similarly we find
(20) gXV;Vig— g V;Vig=g""*h* VR+Ax R+ C(VS)+h*Vj+C(Vq).
Now we consider
@) =g VeVij + VeV
=& '«h*VR+AxR+C(VS)+ 85 Vip—g"gijVep
=& "% h*VR+A*R+C(VS) + (" — ¢")&;jVep
+ 8" (&) — &) Vep + 8" 8ij (Ve — Vo) p
+ 881 Ve(p — p)
=& '"%h*VR+A*R+C(VS)
+3 ' xh%xgxVp+hxVp+C(Vq).
Hence by (18), (19), (20) and (21),

%A:g—‘*hwzﬂA*15+C(VS)+h*6p‘+C(Vq)+g—‘*h*gwﬁ
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and
(22) ‘—A‘ <C (Ig_IIIVR|+|VP|+|g_1|Ig| IVPI)|h|+|R||A|+|VS|+|Vq|)

This proves (14).
By [Chow et al. 2006, equation (2.67)] we have

8Rg

(23) ot ijk =

8" (ViViVim = ViV Vit = ViViVig + V; Vi Vig)

— 8" (R Vem + R, Vig)
= 8" (=ViVkRjm + ViV Rji + V; Vi Riw — V; Vi, Rix)
+ 8" (—gjmViVip+8jx ViV p+8imV;Vip—8ikV; Vi )
+g™" (R,]erm - R,JmRm — 208" (Rl 8rm + Rij k)P

Following the calculations in [Chow et al. 2006, pp. 119—120] we have

(24)  AR[; =g VaVpR}y = g"(=VaViR'y — VaViRy,)
=g (=ViVa ijk+Raz]Rmbk+Rasz]mk+Rathjbm R, R bk
—VjVq szk+RajbRr€uk+Ra]szmk+RaJkaim Rﬁijbik)
= g" (=ViViRjm + ViV Rjx + V;ViRim — V; Vi Rix)
+ 8" (—Rir RS, — Rjr Ryyiy)
+ 8P (R Ry + RUGL RS

aij

¢
— Ry R + Ryj; Rjk

jbm aim

7 l
+Rnkalm R Rl’:ik)

ajm

Combining (23) and (24) we have

BRZ

(25) ot ijk —

ARé Jjk + gmr (R”’ijk + R]rRmzk)
7 L l
+ g ( Rantj Rmbk RtTthjbm + Ratijmbk
7 m e m
- Rc;ﬂ]l Rbmk Raijbim + Ru]mRbik)

+ 8" (—gjimViVip+8i ViV p+8im Vi Vi p—8ik Vi Vi )
+ 8" (R Ry + Ry Rir) = 08" (RYy 8o + Ry 81)

+ gem(Rijkgrm + Rijmgkr)p-
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Hence the evolution of S is

8 ~ o~
(26) =S = AR — AR,

ot
+ 8" (Rir Rjypg + Rjr RG) = 8" (Rir R + Ry Ryt
+ 8P (=R Ry — Rl RS, + Riyp RS, i Rk

jbm aim”*jbk — taji
- Rank Réim + RﬁijZIik)
- g (- ~Z1ij Ry — Ry Iéfbm + RS ~?1bk - R%ikﬁmk
- Rznjk kﬁzm + Rﬁjmél’z’k)

+ 8" (—gjmViVip + 8k ViVip + 8im Vi Vip = 8ik Vi Vin D)
— 8" (=& jmViViD + &k ViVm b + &imV;Vih — §ikV;Vin )
+ gem(R{ijrm + R Rir) — gem(jé{jkjérm + é,-rjmﬁkr)

— 208" (RE g + Ry i)+ 228" (R o + R r)
+ gem(Rirjkgrm + R} &) P — gem(ﬁirjkgrm + Rirjmgkr)ﬁ-

Looking at the individual components, we see

(27)  AR—AR=g"V,V,R—3"V,V,R
= Va(8“"VuR) — Va (@’ VuR) + (Va — V) (§“°ViR)
= Va(g"VsR —3"VyR) + 37 ' x Ax VR,

=g '«h*«R*R+g '"(R—R)R+g "(RR—RR)
=3 '«h«R*«R+S*R+S*R,
and
29) g 'gVVp—g'gVVi=(g' -5 HEVVi+5 (s -9 VVp
+8 'g(VVp—VVp)
=§_1*h*§*66ﬁ+h*ﬁﬁﬁ
+g'e(V=V)(Vp)+g 'g(VVp—VVp)
=3 ' %xhxgxVVp+h«VVp+AxVp
+87'gV(V=V)p+g 'gVV(p—p)
=3 ' whxgxVVp+hxVVp+AxVp
+hxAxVp+C(VVq),



284 THOMAS BELL

where in the last equality we used (10). We also have

30) g 'gR—-g 'gR=(¢"'-g HER+g " (g—-R+g 'g(R—R)
=3 "xhxg«xR+hxR+C(S),

and lastly

"= HaRp+57 (g~ DR
+¢ '8(R=R)p+g 'gR(p—p)
x«h*g*Rxp+hxRxp+S%p+Rxq.

Bl g 'gRp—2 'gRp=(g"
=g!
Now by (26), (27), (28), (29), (30) and (31) we see

dg_ Vi (g’VyR—3"V,R)+ 3 ' % AxVR+3 '«h* R« R

ot - .~ . .
+ SkR+S*R+Z ' sxhxgxVV p+hxVVp+AxVp
+hxAxV p+C(VVq)+& " xhxgxR+hxR+C(S)
+2 '%hxg«Rxp+h*«Rxp+Sxp+Rxq.

Hence by (12) we have

(2 |Ls—as—divU| = C((IF1IRE+1g 13119951+ 995
+ 127 1ZNRIHIRIH+1Z1ZNIRIIPI+IRI | BI) ||
+ (g IVRI+ V| + [V pDIA]
+ (IR + R+ 1+1DIS|+RIlg| + |V Vql).
This proves (15). U

Remark 4. Upon closer observation we notice the following dependencies:

Nh == Nh(nv SO? |ﬁ|)
Na = Na(n,so, 18,1871, IRI, [VR], |V p]).
Ns = Ns(n,so, 181,181, |nl, |RI, IR, IVRI, |pl, IV, IVV D).

M is closed, so M x [0, T] is compact. Thus, given two metrics g and g, all of
these quantities are bounded.

2.3. Bounds on q and its spatial derivatives. We turn our attention now to finding
bounds on the differences between our pressure functions p and p. We have the
following proposition:
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Proposition 5. Let (g(t), p(t)) and (g(t), p(t)) be two solutions of (1) on M x[0,T].
Then there exist constants N, and N, such that

(33) f |q|2duszvq/ (1R1* + AP +1SP) dp,
M M

(34) f |Vq|2duqu/ (h1* + AP +1S)) dp,
M M

35) / IVVqIZdMSIVq/(|h|2+|AI2+|SI2)du-
M M

Proof. We let f represent any smooth function or tensor on M. This is general,
but in this paper we represent f by the function ¢, the difference of the pressure
functions. Since M is compact we have

/((n—l)A+sO)(f)-fdu=sO/ Iflzdu—(n—l)/ (V£ V) du.
M M M

Since sg < 0, taking the absolute value gives

(36) ‘f ((n—l)A+SO)(f)-fdu‘=ISO|/ |f|2du+<n—1>/ V1P dp.
M M M

Now we deal specifically with p, p and g. By (2) we have the following equations
for the pressure functions p and p:

37) (n—1DA+s0)p= —<Ric —%0¢, Ric —2—°g>.
(38) ((n— 1)A+so)ﬁ:_<Ric—%g,Ric—%g>.
Now we calculate
(39) Ap—Ap=g"VVyp—g"VaVyp
= (g~ =g HVVi+g  (V=V)Vi+g 'V(V=V)p+A(p—p)
=3 '«hxVVp+AxVp+hxAxVp+ Aq.
We also compute
(40) Ric ngRlc ng+Rlc ngRlc P
= —(g" g/" Rij Ree — 8 8" Rij Ree) + 2sn—0(ginij )
=—(g'-g Dg'RR—g (¢ =2 HRR—¢ "¢ (R—R)R
—¢ "¢ TIRR=R)+272(s7 =g HR+20¢ 7 (R—R)
=5 "%z '«hxR«R+5 "«hxRxR
+S*R+S«R+3 " xhxR+C(S).
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Combining (37), (38), (39) and (40), we see that ¢ satisfies the following elliptic
equation at each time ¢ € [0, T']:

(41) Lg=(n—1DA+s0)(q)
=3 ' whxVVp+AxVp+hxAxVp+5 ' %5 '«hx«R*R
+5 '«h*R«R+S*R+S«R+5 "s«h*R+C(S).

Hence
(42) ILq| = |((n = DA +50)(q)| < N(Ih| +|A] +S]).
To find estimates for ¢ and V¢, we combine (36) and (42):
s [ laPdiern=1) [ VP dye= ‘f (1= A+50)(@) g du‘
M M M
< [ Nni+IALISDIgl i
M
< 800 [ g dpe N [ hPHAP+HSP) d
M M
Thus
Bl [ g =) [ [VaPdu =N [ (hP1AP ISP di
M M M
and we proved (33) and (34).
To find an appropriate bound for |[VVg| we use interior regularity theory for
elliptic PDEs. From (41) we see that Lg = f is an elliptic equation. We then have

the following estimate from [Rauch 1991, p. 229]:

191 m2wy < KLl 20y + 19|11 (1))
where W is any compactly supported open subset of M and K depends only upon

the coefficients of the operator L, the subset W and the manifold M. Since M is a
closed manifold we may in fact choose W = M. Thus we have

(43) g1 520y < K(Lq| 200y + 19 H1 (01)-

Upon squaring both sides we observe

(44) /vamzdusmﬁ,zw)sKZ(Al|Lq|2du+|q|zl(M)).
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Now (33) and (34) imply that
(45) B <N [ (B +1AF +15P) di.

Combining (42), (44) and (45) we have

/ |VVq|2dusN/ (h1* +A1* +1S1%) dp,
M M

and we have proved (35). [l

Remark 6. We observe the following dependencies:

N, = N,(n,s0, 187", 1], IR, IR, VI, IVV ).
N, =N, (n, 50,187, |kl |R|, IR, IV p|, IVV |, K),

where K is from (43).

3. Energy estimates

We now define the energy functional

(46) £t) =/ (hI2+ AP + 1S1) dp,
M

as well as the following:

47) H(t):/ |h|?du.
M

(48) A(t):/ |A1Zdp.
M

(49) 5() = f ISP du.
M

(50) D(t):/ IVS|Zdpu.
M

Note that £(t) = H () +.A(t)+S(¢). We now estimate the evolution of the energy
functional under conformal Ricci flow, £'(¢), by first estimating the evolutions of
H, Aand S.

3.1. Evolution of H(¢). Lu, Qing and Zheng [2014] give the evolution of the
volume element under conformal Ricci flow

0
(51) 3 dingry = —np(t) dig(r)-
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Hence by (13) and (47) we have

’H/(t)SN/ |h|2du+/ 2<%,h>du

5N7—£(t)+f 2|h|’%‘du
SNH(t)+N/ (IS||A]+ k1> + || |h]) du.
M
Now we know that N(|S||h| + |q||k]) < N(|h|*> +|S|> + |q|>). Hence
(52) Ht) < NH(@D+ N / (ISP +1q) du
M
sNH<z>+Nf (IS1> +|h1* + |A]?) du
M
<SNH@)+NS@)+NA@E) = NE().
3.2. Evolution of A(t). By (14), (48) and (51) we have
A’(t)gNA(t)+/ 2|A|‘%)du
" ot
5NA(¢)+/ (N|h||A|+ N|A> +C|VS||A|+ C|Vq||A]) du.
M
Now
N|h||A|+ C|VS||A|+C|Vq||A| < N|h|>+ N|A? + |VS]> + |Vq|>.
Hence we have that
(53) A< NA(r>+/ (N|h* + NIA]* +|VS]* + |Vq|») du
M
sNA<r>+NH<z)+D<r>+Nf (B2 + AP +1SP) du
M
<SNAG)+NH@)+NS@)+D(@)=NE()+D(t).

3.3. Evolution of S(t). By (15), (49) and (51) we have
S < N/ |S|2du+f 2<§, S> du

=< NS(I)-l-/ (2(AS+div V, S)+N(|Al+AI+IS|+IgDISIH+CIVVq|IS]) du
M

< NS(t)~|—/ (2(AS+div V, S)+N (kP +HAP+ISP+Ig*+IV Vg |®)) du.
M
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Now by (33) and (35) we have
S'(t1) < NS(t) + NH(1) + NA(t)
+/ (2(AS+divV, S) + N(AP* +[SI* +|h|P) du
M

< NS(t)+N’H(t)+NA(t)—I—/ 2(AS +divV, S)du.
M

Upon integrating by parts we get

S'(t) < NE(t) — 2/ (VS+V,VS)du
M

5NE(t)—2/ |VS|2du+/ 21V||IVS]|dpu.
M M
Now we know that

2IVIIVSI < |VSP+IVI < [VSP+N(hI” +1AP),
hence
(54) S'()<NEW+N fMth +1AP) du — fM VS| dp < NE@) = D).
3.4. Proof of main theorem. We are now ready to prove Theorem 1.
Proof. By (52), (53) and (54) we know that
H () <NE®R), A@) <NER)+D() and S'(t) < NE@F)—D(),

SO
E'(t) < NE@).

Our initial condition g(0) = g(0) tells us that at t =0 we have |h| =|A| =S| =0.
Therefore by the smoothness and integrability of our solutions we know

lim £(t) =0,
t—0t

so by Gronwall’s inequality we know that £ =0 on [0, T']. Thus for ¢ € [0, T] we
have that A =0 and g(¢) = g(¢). Also, £ =0 implies A =0 and S =0, so (33) forces
g =0. Thus p(r) = p(t). Therefore (g(7), p(1)) = (g(t), p(1)), 1 € [0, T]. U

4. Further research

The arguments in this paper are only valid for conformal Ricci flow on a compact
manifold with constant positive scalar curvature. In particular, if 5o > 0 we do not
have the equality (36). It is worth discovering whether or not there is some other way
to compute the bounds on ¢ and its derivatives, namely equations (33), (34) and (35).
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It is also interesting to consider complete noncompact manifolds of constant
scalar curvature. Previous results in Ricci flow and parabolic PDE suggest that in
this case we will not achieve uniqueness of conformal Ricci flow without some sort
of bound on the curvature of the manifold.

References

[Andersson and Moncrief 2011] L. Andersson and V. Moncrief, “Einstein spaces as attractors for the
Einstein flow”, J. Differential Geom. 89:1 (2011), 1-47. MR Zbl

[Chen and Zhu 2006] B.-L. Chen and X.-P. Zhu, “Uniqueness of the Ricci flow on complete noncom-
pact manifolds”, J. Differential Geom. 74:1 (2006), 119-154. MR Zbl

[Chow et al. 2006] B. Chow, P. Lu, and L. Ni, Hamilton’s Ricci flow, Graduate Studies in Mathematics
77, American Mathematical Society, Providence, RI, 2006. MR Zbl

[Fischer 2004] A. E. Fischer, “An introduction to conformal Ricci flow”, Classical Quantum Gravity
21:3 (2004), S171-S218. MR Zbl

[Hamilton 1982] R. S. Hamilton, “Three-manifolds with positive Ricci curvature”, J. Differential
Geom. 17:2 (1982), 255-306. MR Zbl

[Kotschwar 2014] B. Kotschwar, “An energy approach to the problem of uniqueness for the Ricci
flow”, Comm. Anal. Geom. 22:1 (2014), 149-176. MR Zbl

[Lu et al. 2014] P. Lu, J. Qing, and Y. Zheng, “A note on conformal Ricci flow”, Pacific J. Math.
268:2 (2014), 413-434. MR Zbl

[Rauch 1991] J. Rauch, Partial differential equations, Graduate Texts in Mathematics 128, Springer,
1991. MR Zbl

Received March 10, 2015. Revised April 1, 2016.

THOMAS BELL

DEPARTMENT OF MATHEMATICS
BRIGHAM YOUNG UNIVERSITY
275 TMCB

Provo, UT 84602

UNITED STATES

thomas @mathematics.byu.edu


http://projecteuclid.org/euclid.jdg/1324476750
http://projecteuclid.org/euclid.jdg/1324476750
http://msp.org/idx/mr/2863911
http://msp.org/idx/zbl/1256.53035
http://projecteuclid.org/euclid.jdg/1175266184
http://projecteuclid.org/euclid.jdg/1175266184
http://msp.org/idx/mr/2260930
http://msp.org/idx/zbl/1104.53032
http://dx.doi.org/10.1090/gsm/077
http://msp.org/idx/mr/2274812
http://msp.org/idx/zbl/1118.53001
http://dx.doi.org/10.1088/0264-9381/21/3/011
http://msp.org/idx/mr/2053005
http://msp.org/idx/zbl/1050.53029
http://projecteuclid.org/euclid.jdg/1214436922
http://msp.org/idx/mr/664497
http://msp.org/idx/zbl/0504.53034
http://dx.doi.org/10.4310/CAG.2014.v22.n1.a3
http://dx.doi.org/10.4310/CAG.2014.v22.n1.a3
http://msp.org/idx/mr/3194377
http://msp.org/idx/zbl/1303.53056
http://dx.doi.org/10.2140/pjm.2014.268.413
http://msp.org/idx/mr/3227441
http://msp.org/idx/zbl/1296.53132
http://dx.doi.org/10.1007/978-1-4612-0953-9
http://msp.org/idx/mr/1223093
http://msp.org/idx/zbl/0742.35001
mailto:thomas@mathematics.byu.edu

PACIFIC JOURNAL OF MATHEMATICS
Vol. 286, No. 2, 2017

dx.doi.org/10.2140/pjm.2017.286.291

A FUNCTIONAL CALCULUS AND
RESTRICTION THEOREM ON H-TYPE GROUPS

HEPING L1U AND MANLI SONG

Let L be the sublaplacian and 7 the partial laplacian with respect to central
variables on H-type groups. We investigate a class of invariant differen-
tial operators by the joint functional calculus of L and 7. We establish
Stein—Tomas type restriction theorems for these operators. In particular,
the asymptotic behaviors of restriction estimates are given.

1. Introduction

The restriction theorem for the Fourier transform plays an important role in harmonic
analysis as well as in the theory of partial differential equations. The original version
is credited to E. M. Stein and P. A. Tomas, and states that the transform of an L?-
function on R” has a well-defined restriction to the unit sphere S”~! which is
square integrable on S”~1. The result is listed as follows:

2n +2. Then the estimate
n+3

Theorem 1.1 [Stein 1993; Tomas 1975]. Let 1 < p <

(1-1) 1/ lz2gsn=1y < CILS Loy
holds for all functions f € LP(R").

A simple duality argument shows that the estimate (1-1) is equivalent to the
following estimate:

(1-2) LS *dorllyr < Coll f 11

for all Schwartz functions f on R", where 1/p +1/p’ =1 and do, is the surface
measure on the sphere with radius r.
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Moreover, according to the Knapp example [Stein 1993], the estimates (1-1) and
(1-2) fail if 2n +2)/(n+3) < p <2.

Many authors have worked on the topic and various new restriction theorems
have been proved. The study of restriction theorems has recently obtained more
and more attention. A survey of recent progress on restriction theorems can be
found in [Tao 2004]. To generalize the restriction theorem on the Heisenberg
group, D. Miiller [1990] established the boundedness of the restriction operator
with respect to the mixed L?-norm and also gave a counterexample to show that
the estimate between Lebesgue spaces for the restriction operator was necessarily
trivial, due to the fact that the center of the Heisenberg group was of dimension one.
Some extensions have been treated by S. Thangavelu [1991a; 1991b]. Restriction
theorems have been also studied in the case of the Heisenberg motion group by
P. K. Ratnakumar, R. Rawat and S. Thangavelu [Ratnakumar et al. 1997], where
groups with center with dimension higher than one were first considered.

On an H-type group, let T be the laplacian on the center and L the sublaplacian.
It is well known that L is positive and essentially self-adjoint. Let L = fooo AdE(L)
be the spectral decomposition of L. Then the restriction operator can be formally
written P f = 83 (L) f = lime— o0 X(A—e,A+¢) (L) f Which is well defined for a
Schwartz function f, where x(j—¢,1+4¢) is the characteristic function of the interval
(A—€,A +¢). Liu and Wang [2011] investigated the restriction theorem for the
sublaplacian L on H-type groups with center whose dimension was greater than
one. They gave the following result:

Theorem 1.2. Let G be an H-type group with the underlying manifold R*"+™,
where m > 1 is the dimension of the center. Suppose 1 < p < (2m +2)/(m + 3).
Then the following estimate

1_1
125 f I < €22t G0 £, 05 0
holds for all Schwartz functions f on G.

V. Casarino and P. Ciatti [2013a; 2013b] extended the results of Miiller, Liu and
Wang to Métivier groups. They proved the restriction theorem for the sublaplacian
and the full laplacian on Métivier groups. In fact, they also investigated the joint
functional calculus of L and T'. The invariant differential operators related to the
joint functional calculus of L and 7" on H-type groups do not have the homogeneous
properties in general. Thus the asymptotic behaviors of restriction estimates for these
operators are also interesting. Casarino and Ciatti [2013a; 2013b] did not discuss
the asymptotic behavior of the full laplacian. In this article we will show restriction
estimates for these operators on H-type groups. In particular, the asymptotic
behaviors of restriction estimates are given.
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The outline of the paper is as follows. In the second section, we provide the
necessary background for the H-type group. In the third section, by introducing
the joint functional calculus of L and T, the restriction operator can be computed
explicitly. In the fourth section, we prove the restriction theorem on H-type groups.
In the fifth section, we describe the restriction theorems for other operators with
the form of the joint functional calculus of L and 7'. Finally, in the last section, we
show that the range of p in the restriction theorem is sharp.

2. Preliminaries

Definition 2.1 (H-type group). Let g be a two step nilpotent Lie algebra endowed
with an inner product (-, -). Its center is denoted by 3. The algebra g is said to be
of H-type if 31, 1] = 3 and for every ¢ € 3, the map J; : 3= — 3 defined by

(Jou, w) := (1, [u, w]) for all u, w € 3+

is an orthogonal map whenever |¢| = 1.
An H-type group is a connected and simply connected Lie group G whose Lie
algebra is of H-type.

For a given 0 # a € 3, the dual of 3, we can define a skew-symmetric mapping
B(a) on 3+ by
(B(a)u,w) = a([u, w]) for all u,w € 3+.

We denote by z, the element of 3 determined by
(Blayu, w) = a(fu. w]) = (Jz,u. w).
Since B(a) is skew-symmetric and nondegenerate, the dimension of 3T is even, i.e.,

dim 3t = 2n.
For a given 0 # a € 3*, we can choose an orthonormal basis

{E1(a), E2(a), ..., En(a), E1(a), E2(a), ..., En(a)}

of 3 such that
B(a)Ei(a) = |Za|J%Ei(a) = la|E;(a)

and
B(a)E;(a) = —|a|Ei(a).

We set m = dim 3. Throughout this paper we assume that m > 1. We can choose
an orthonormal basis {€1, €2, ..., €} of 3 such that a(e;) = |a| and a(e;) = 0,
j =2,3,...,m. Then we can denote the elements of g by
n m
.0 =@y.0=Y GE+yE)+ ) 1.

i=1 Jj=1
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We identify G with its Lie algebra g via the exponential map. The group law on
H-type group G has the form

(2-1) .0E )=+ 0+ + 122,
where [z, z]; = (z, U/ ') for a suitable skew-symmetric matrix U/, j =1,2,...,m.

Theorem 2.2. G is an H-type group with underlying manifold R?"T™  with the

group law (2-1) and the matrix U/, j = 1,2, ..., m satisfies the following condi-
tions:
@) U/ isa?2nx2n skew-symmetric and orthogonal matrix, j = 1,2,...,m.

(i) U'U/ + U/ U =0, wherei, j =1,2,...,mwithi # j.
Proof. See [Bonfiglioli and Uguzzoni 2004]. O
Remark 2.3. In particular, (z, U'z’) = 27=1(x} yj — y]’.x]).

Remark 2.4. All the above expressions depend on a given 0 # a € 3*, but we will
suppress a from them for simplification.

Remark 2.5. It is well know that H-type algebras are closely related to Clifford
modules [Reimann 2001]. H-type algebras can be classified by the standard theory
of Clifford algebras. Especially, on the H-type group G, there is a relation between
the dimension of the center and its orthogonal complement space. Thatis m+1<2n
(see [Kaplan and Ricci 1983]).

The left invariant vector fields which agree respectively with d/0x;, d/dy; at
the origin are given by

R
Xj=gt EkX_:(Zlel/)Bt

where z; = x7, zj4p =y1, 1 =1,2,...,n.

The vector fields Ty = d/0dt;, k =1,2,...,m correspond to the center of G. In
terms of these vector fields, we introduce the sublaplacian L and full laplacian A
respectively

n m
22  L==Y (X?+Y})=-A+ 42T - (2. U*V) Ty,
j=1 k=1
(23) A=L+T,
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where

2n m

Z 02 Z 02 _(0d 0 a \!

— ]2 81‘13’ VZ_(aZI’aZZ"”’aZZn)'
3. The restriction operator

First we recall some results about the scaled special Hermite expansion. We refer the
reader to [Thangavelu 1993, 2004] for details. Letting A > 0, the twisted laplacian
(or the scaled special Hermite expansion) L is defined by

N LT =Y B
LA——AZ—FT—ZAZI(XJE—)/’]WJ.),
j:

where we identify z = x +iy € C* with z = (x, y) € R?".
For f,g € L'(C"), we define the A-twisted convolution by

frig= [ fE=wged e g
Cn
Set Laguerre function <p£(z) = Lz_l (%/\|z|2)e_%|z|2, k=0,1,2,..., where

L’,Z_l is the Laguerre polynomial of type (n — 1) and degree k.
For any Schwartz function f on C”, we have the scaled special Hermite expansion

e}
A n
(3-1) o= (52) X e,
k=0
which is an orthogonal form. We also have
A" > 2
2_ (A 2
(3-2) 1712 =(52) N xaefl.
k=0
Moreover, f X (pl’} is an eigenfunction of L with the eigenvalue (2k +n)A and
; n(5-3)-3,7(3-3) 6n+2
(33 If <agflla = @k +n)" W72 flp for 1< p< Sy

(see [Thangavelu 1991b]).
Now we turn to the expression for the restriction operator. We may identify 3*
with 3. Therefore, we will write (a, t) instead of a(¢) fora € 3* and ¢ € 3.

Lemma 3.1. Let 0 # a € 3*. If f(z,t) = e @) g(2), then
Lf(z,t)= e_i(“’t>L|a‘(p(Z).

Proof Because (a,t) = |alt; and (z, U'V,) = Z;;l(yj%—xj %), Lemma 3.1
is easily deduced from the expression (2-2). O
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Set ef(z,1) = e_i(“”)<p]La|(z). For f € .7(G), let

@ = [ rendenar

be the Fourier transform of f with respect to the central variable ¢. It is easy to
obtain

(3-4) fxep(z,t) = e_i(“’t)fa Xl go,‘cal(z).

Note that f * ef is an eigenfunction of 7 with the eigenvalue |a|?. Furthermore, it
follows from Lemma 3.1 that f * ef is an eigenfunction of L with the eigenvalue
(2k +n)la|. Thus f xef is a joint eigenfunction of the operators L and 7.

For a Schwartz function f on an H-type group, using the inversion formula for
the Fourier transform together with (3-1) and (3-4), we have

_ 1 o ey
S0 = G /R et da

— 1 |Cl|n - a la| —i{a,1)

-~ @om [Rm((zn)n kgf X|a| Pk (z))e “'da

L[ N, .

~ (myntm /Rm ];)f ex(z,0)|al” da

oo 1 00 B ) )
— . An-i-m 1 AG ’ J ) m
I ((2n)n+m 2 [, Irediendo@

The operators L and 7 extend to a pair of strongly commuting self-adjoint
operators. Therefore, they admit a joint spectral decomposition. By the spectral
theorem, we can define the joint functional calculus of L and T'. The joint functional
calculus of L and 7" was investigated in [Casarino and Ciatti 2013a]. As in that paper,
we define the operator §,,(h(L, T)) for a suitable function 7 : Ry x Ry — R as

h(L,T)f(z,t) =

> _1 = 2\1n+m—1 Aa - -~
/0 ((2]-[)”+m I;)h((zk-i-l’l))t,)t ))L /Sm—lf*ek ( ,t)do’(a)) i,

where we make the assumption on /4 that the expression on the right-hand side
is a well-defined distribution for all Schwartz functions f. We also suppose
h((2k +n)A, A?) is a strictly monotonic differentiable positive function of A on R,
with the domain (A, B) where 0 < A < B < 0o. Then for each u € (4, B), the
equation

h((2k +n)A,A2) = p
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may be solved for each k. We denote the solution by A = A, () and A;{ denotes
the derivative of A;. Replacing A with p in the integral, we obtain

h(L,T)f(z,t) =

B o)
1 n+m—1 / A () 5
Gy 2t A d d
/A “((2n>n+m ,;0 e Wik /Sm_lf AR CN) a(a)) .

which is the spectral decomposition of A(L, T).
Thus, given a Schwartz function f, the spectral decomposition with respect to
h(L,T)is

B © -
ren=| (W;Azm—l(um;w [, el oo dn.

=0

We can also use this equation to introduce the spectral resolution of #(L, T'), which
is defined by

G5)  PLSCO = 8L TS0 = M S pguepira(B(L. TS,

where f is a Schwartz function and y(,,—e i +¢) 1S the characteristic function of the
interval (u —e€, u + €). We easily find

PG = G LA 0 G0] [ etz doa)
0

n+m
(2myrtm =

Specifically, for the full laplacian A, h(£, ) = £41, so we have 1 = (2k +n)A+A2,
which yields

1 2k 1

Therefore,

PRS0 = G LM M) [ e ) doa)
k=0

4. The restriction theorem
Our main result is the following theorem.

Theorem 4.1. Let G be an H-type group with the underlying manifold R>"+™
where m > 1 is the dimension of the center. Let h(£,n) = £~ + P, a, B > 0. Then
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for1 < p <(@2m+2)/(m+ 3), we have for all Schwartz functions f:

2 o 1_1)\_
19l < cud OB G2 ey

ffo<2p 2 1_1
2 (p4 1_1)_4
195 £l < Cud @G, 0<p<t,
2 ey (L—1)—1
N 1 e i AN T R
2 a 1_1)\_
19 7l < cu M GR)T poc<,

=

. 2 _1)_
ifa=28{19h 7l < Cud D, 0<pc

First, we have the following abstract statement.

Proposition 4.2. The function h((2k + n)A,A?) is a strictly monotonic differen-
tiable positive function of A on R, with the domain (A, B) where 0 < A < B < oc.
Then for 1 < p < (2m+2)/(m + 3), the estimate

195 £l < Coull £l

holds, where
s 1 1) ;. 2m+m)(L1-1)-1

(4-1) CMSCZ(2k+n)2”(p 2)=1,2 m(p-2) IAM)
k=0

for all Schwartz functions [ and all positive u € (A, B).

The proof of Proposition 4.2 coincides essentially with Theorem 4.1 in [Casarino
and Ciatti 2013a] and we omit it. To obtain our Theorem 4.1, it suffices to show
the convergence of the series in (4-1). Next we will exploit the following estimates,
which can be easily proved by comparing the sums with the corresponding integrals:

Lemma 4.3. Fix v € R. There exists C, > 0 such that for A > 0 andn € 74,
we have

(4-2) > @m+n)’ <CAT v<-l;

meN
2m+n>A

(4-3) > @m+n)’ <CAT, vl
meN
2m+n<A

Now Theorem 4.1 follows from the result in the following lemma.

Lemma 4.4. Let h(€, 1) = €% + 0P, «, B > 0. The series in (4-1) has the estimate
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C, bl s

Iz
ifa <2
Cu=cpammG=3)-1 g <,
CM < CM/%(H-’-m)(%_%)_I’ n > 1’
if o >2p 2 (n+ 2L m)(L-1)-1
Cpy<Cp®v 2877%P 277 0<p<l,
lfOl—Z,B{ <C“a(n+m)(% %)_1, O<M<OO.

Proof. The function (£, 1) =% +nP, o, B >0,s0 u = (2k +n)*A% (1) +/\i’3 (n),
which yields

1
@k +m* A () +2847 7 ()

M) =

To study the convergence of this series, we need to distinguish three cases according
to the relation of & and 28: o < 28, o > 2f and « = 2. In order not to burden
the exposition, we only prove the case @ < 28, and the other cases are analogous.

If @ < 28, then when p < 1, it is easy to see that Az () ~ ;w /(2k 4+ n) and

A () ~ ué_l/(2k + n), so that the series
> 1_1)_y 2(+m)(L-1)-1
L <0 Y@k 453120 G2 )
k=0

/,LOl
2k +n

00 - 1 2m+m)(L-3)-1 14
§CZ(2k+n)2”(P_2)_l( K )
2

(4-4) k=0 ktn

o0

(n+m)(l l

<Cu« 5=3) Z ()5
k=0 2k +n)""\P 2

1

< CM%(”""")(%_%)_I

converges.

When p > 1, we split the sum into two parts, the sum over those k such that
(2k +n)*2% (1) = A% (1) and those such that (2k +n)*A% (1) < A?P (11). They
are denoted by I and II respectively.

For the first part, (2k +n)*A% () > A28 (1) implies

! ~ = 20,
2k+ A () n and 2k+n>p .

Ak (p) ~
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Then we control the first part I by

1, 20m(5-3)-

1<c Y @enGDTg G014

28—«
2k+n>u 208
1 2(n+m)(l—l)—l 1_4
on(Ll-1)_1 o D 2 o
<C > (@k+n) n(3-3) (lejm) /;k+n
2k+nzu2£°f_ﬁa
< cpdmm (-4 I
- 26-a (2k+n)2m(%—%)+1
2k+n>p 208
By (4-2), we have
2 o 1_1)_
(4-5) 1< Cpaetm(3=3)-1 I < 8 apm) (p-3)-1,

Y- <
T en(h D)
For the second part, (2k +n)*A¢(n) < A28 (1) implies

1 1 4 2B8—a
A() ~u2B . Ap(u)~wp?f ~, and 2k +n<p 208 .

Then we control the second part II by

1_1)_q.2m+m)(L-1)=1
n<c >y (2k+n)2n(P ) 1Akn m(5-3) ()4 ()]
2k+n<;;,22€¥7_f5a

2(n+m) 1_1 -1
=C Z (2k+n)2”(;_%)_1(ﬂﬁ3) (P 3) ,uﬁ_l

2B—a
2k+n<pu 208
1 1_1)_ 1_1
2k+n<;/¢22‘i¥7_ﬁa

Because 1 < p < (2m + 2)/(m + 3), we obtain 2n (% — %) — 1> —1. Hence, by
(4-3) we get

S ka2 L) Gpe-d)
2B8—a

2k+n<p 2a8

Thus, for the second part we also have
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Finally, the estimate for the case o < 28 follows from (4-4), (4-5) and (4-6).
This completes the proof of the first case.
Combining Proposition 4.2 and Lemma 4.4, Theorem 4.1 comes out easily. [

Especially, in the case A = L + T, h(§,n) = & + n, we obtain the restriction
theorem associated with the full laplacian on H-type groups.

Corollary 4.5. For 1 < p < (2m +2)/(m + 3), the estimates

1 1
192 £l < cu @G s 1
and
2 L 1)
192 £l < 2 G2 L 0 < <1

hold for all Schwartz functions f.

5. Examples

Similarly to what we have done so far in Theorem 4.1, we now discuss other
operators with the form of the joint functional calculus of L and 7. We obtain
the following results. We omit the arguments which are really similar to that of
Theorem 4.1.

Example 5.1. Let h(£,n) = (€2 +7f)™1, o, >0. For 1 < p < (2m+2)/(m+3),
we have for all Schwartz functions f:

o 1Pl = CunE G g,
19 £l < cu @G o<,

it 2p |10 I = Cu” G5 Gy, s,
192 £l < Cu @@ ™G r, o<p<t,
ifa =28 {19k £, < &G0 r1, 0 0<p<oo

Example 5.2. Let h(£, ) = (14+£)7!. For 1 < p <(2m+2)/(m+3), the estimates

||9) Slp = Cﬂ_z(ner)(%_%)_l I fllp, when pu— 07,
and
195 £l < €= 2B 1. when > 17,
hold for all Schwartz functions f.

More generally, we have:
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Example 5.3. Leth(&, n) = (E2+1P), a, B,y >0. For 1 < p < (2m+2)/(m+3),
we have for all Schwartz functions f:

2 - 1_1)_
198 £l < @ O BT by

4
if o <28 ) o
192 £y < Cu@r ™G r, 0 0<p<t,
1 1
E Mf||p/<cw(”+’" G2 s
e 3t 5m) (3-4)-1
198 £l < cu@ U B2 o o<,
o 2 gy (1—1)—
ifa =28 {2 rll, < Cu ™G, 0<p<oo

Example 5.4. Letting h(£,7) = (§% +n#)™7, «. B,y > 0, then for 1 < p <
(2m +2)/(m + 3), we have for all Schwartz functions f:

_2 (s 1
B L T s A P P
_2 4o 1_1
195 7l < cu @ S G2 e g s,
~& (n+5gm)(5-3)—1
if o >2,B ”@) f”P/ <C/~’L ”f”p, M > 1,
+m)(5-1)-1
195 £l < Cpm @ G2 0 o<,
. _2 1_1)_
ifa =28{2% £, < cpm G p, 0 0<p<o

Example 5.5. Let h(&,n) = (1 + 2 +18)™7, a,B,y > 0. Thenfor 1 < p <
(2m +2)/(m + 3), we have for all Schwartz functions f:

n+2
ifo<2p 1Pl <Cu #5527 ), when 1 — 0%,
- 1_1
||@ﬁf||p/SC(I—MV)“(n+m)(p 2) I fllp when yu — 17,
_2 1_1)_
3y |19 I = @ G2 when = 0%,
>

1 2 o 1_1)\_
195 £l < C1 -y MG p hen o 1-.

6. Sharpness of the range p

In this section we only give an example to show that the range of p in the restriction
theorem associated with the full laplacian A is sharp. The example is constructed
similarly to the counterexample of Miiller [1990], which shows that the estimates
between Lebesgue spaces for the operators @’ﬁ are necessarily trivial.

Let ¢ € C2°(R™) be aradial function such that ¢ (a) =¥ (|a|), where € CZ°(R),
with ¥ = 1 on a neighborhood of the point 7 and ¥ = 0 near 0. Let / be a Schwartz
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function on R™ and define
~ _lal, 2 .
fezy=| e@h@e 4 i@ qm da.
Rm
Denote

la| .
g(z.0) = / p@)e™ 412 =@ g dq
Rm
I 2

_lEs
B /M playe” lal M@0+ E2D gt da.

— _IEP
Hence g(£,a) = ¢(a)e lal | which shows that ¢ and consequently g are Schwartz

functions. On the other hand, we have f = h *; g, where *; denotes the involu-
tion about the central variable. By Lemma 3.1, we have A (e~ (@ Je~1lallz ‘2) =
(nA + A2)e~ilat Je~glallz?, Therefore, we write f by the integration with polar
coordinates as

fz,t) = /0 - (x”m—lw(x)e—ﬁ'”z /S m_lﬁ(xw)e—f“w’” do(w)) dx

Aa(w)

:/0 (*A(“)”“”‘WA(u)wmw»e— g2

/ R ks ()w)e 42000 do(w)) du
Sm—l

_ /Ooo P £z, 1) dp,

where
AA ) 2|2

PLF(z.1) = Aa()" "IN, (WY (Aa(p))e” 4
x/ h(Aa()w)e 220 go )y,
Sm—l

Vn2+4pu—n

2
Therefore, letting ;o = 212, we have Aa(2n2) =n, A/A(2n2) =1/(3n) and

Aa(p) =

nlz|?

Q)ZAnzf(Z, t)=3n"T""2eT 4 / h(nw)e 1) do (w)
Sm—1

1,n—1 _nlzP2 ey
3n" e 4 hxdoy(t).

From the restriction theorem associated the full laplacian on H-type groups, we
have the estimate ||9]>2An2f||L,,/(G) <ClfllLr@G)-
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Because of
(6-1) ”9)2An2f||Lp/(G) = C||h*d0n||Lp/(Rm)
and
(6-2) I fllLrG) < ||h||LP(RM)||g||L}L§’ < Allze @y

where the mixed Lebesgue norm is defined by

p
ey = ([, ([, 1reotar) az)”.

we have ||h x donpp @my < CllhllLr@m)-

From the sharpness of the Stein—Tomas theorem which is guaranteed by the
Knapp counterexample, this would imply p < (2m + 2)/(m + 3). Hence the range
of p can not be extended. With the same tricks we can prove the range of p for the
restriction theorem associated with the functional calculus is also sharp.

=
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IDENTITIES INVOLVING CYCLIC AND SYMMETRIC SUMS
OF REGULARIZED MULTIPLE ZETA VALUES

ToMOYA MACHIDE

There are two types of regularized multiple zeta values: harmonic and shuf-
fle types. The first purpose of the present paper is to give identities involving
cyclic sums of regularized multiple zeta values of both types for depth less
than 5. Michael Hoffman, in “Quasi-symmetric functions and mod p mul-
tiple harmonic sums” (Kyushu Journal of Mathematics 69 (2015), 345-366)
proved an identity involving symmetric sums of regularized multiple zeta
values of harmonic type for arbitrary depth. The second purpose is to prove
Hoffman’s identity for shuffle type. We also give a connection between the
identities involving cyclic sums and symmetric sums, for depth less than 5.

1. Introduction and statement of results

Multiple zeta values (MZVs) are real numbers that are variations of special values of
the Riemann zeta function ¢; (s) =Y __, 1/m* with integer arguments. Regularized
multiple zeta values (RMZVs) are generalizations of MZVs, which are defined
in [Thara et al. 2006] as constant terms of certain polynomials. There are two
types of RMZVs: harmonic and shuffle types. It is known that these values satisfy
a great many relations over Q, including, for example, extended harmonic and
shuffle relations, Drinfeld associator relations, and Kawashima’s relations (e.g., see
[Drinfeld 1990; Ihara et al. 2006; Kawashima 2009]). New classes of relations are
being studied, but their exact structure is not yet fully understood.

The first purpose (Theorem 1.1) of the present paper is to give identities involving
cyclic sums of RMZVs of both types for depth less than 5. Hoffman [1992,
Theorem 2.2] proved an identity involving symmetric sums of MZVs for arbitrary
depth, and then, he extended it to RMZVs of harmonic type [Hoffman 2015,
Theorem 2.3]. The second purpose (Theorem 1.2) is to prove Hoffman’s identity
for shuffle type. We also show that Theorem 1.1 yields Theorem 1.2, for depth less
than 5 (see Corollary 1.3).

MSC2010: primary 11M32; secondary 16534, 20C05.
Keywords: multiple zeta value, cyclic sum, symmetric sum, group ring of symmetric group.
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We will begin by introducing the notation and terminology that will be used to
state our results. An MZV is a convergent series defined by

Culy) = Z ﬁ,

my>->mp>0 M1 """ Mn

where 1, = (I1, ..., [,) is an (ordered) index set of positive integers with /; > 2. In
other words, MZVs are images under the real-valued function ¢, with the domain
{(y,..., 1) e N*|I} > 2}, where N denotes the set of positive integers. We
call w,(1,) =1 +---+ 1, the weight, and d,,(1,) = n the depth. Thara, Kaneko,
and Zagier [Ihara et al. 2006] extended MZVs to two types of RMZV (harmonic
and shuffle) with two different renormalization procedures for divergent series
¢n(1,) of [1 = 1. The former and latter types are denoted by ¢,(1,) and £;"(,),
and they inherit the harmonic and shuffle relation structures, respectively. The
following are a few examples of these values: ¢;(1) = ¢ (1) = ¢, (1, 1) =0 and
¢y (1,1) = =£1(2)/2 # 0. In other words, RMZVs ¢,(1,) and ¢ (l,) are images
under two different extension functions of ¢, to the domain N".

Let &, denote the symmetric group of degree n, and let e = ¢, denote its
unit element. Let €3 and €4 be the cyclic subgroups in &3 and &4 given by
C3=((123)) ={e, (123), (132)} and €4 = ((1234)) ={e, (1234), (13)(24), (1432)},
respectively. We set & = ((12)) (or €, = &,) for convenience. The group ring
Z7[6,] of G,, over Z acts on a function f of n variables in a natural way by

(f | F)(Xl, ey Xn) = Zaif(xg—l(l), ey xa_l(n))’

where I' =) “a,0; € Z[&,]. This is a right action, that is, f | (['1T2) = (f|T1) | 2.
For a subset H in &,,, we define the sum of all elements in H by

Y=Y 0 € Z[6,].
oeH

Thatis, (f | Zg)(xq, ..., X,) 18 ZaeH S (Xo=1(1ys + - +» Xg-1(y). In particular, if H
is a group, it is ZUGH f oy, ...\ Xo@n)) because H = H~!. For positive integers
ni,...,nj,n with ny +-.-+n; = n, we define real-valued functions with the
domain N" by

+
)
= é‘;«j'l (lls LR N ln1)§rz'2(ln1+la R ln1+n2) e é‘,j] (ln1+n2+~-+nj,1+la (RN ln)a

where | € {*, mr}. For example,

thy)=¢lanef ) and ¢l (3 =] (. g ).
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We define the characteristic functions y,; and " of the set N" by

0 ifn>1,L1=---=[,=1,

1-1 ;4) =1 and x,'(1,) =
- x, @) and x, (1) {1 otherwise,

respectively. We have defined ;" (1) to be not O but 1, though this definition will
not be used in Theorem 1.1. We will need it to hold consistency between Definitions
(1-1) and (1-7); to prove Theorem 1.2, (1-7) is required.

Theorem 1.1 is stated as follows.

Theorem 1.1. Letl, = (4, ..., 1,) be an index set in N", and let L,, = w, (1,) be
its weight. Then we have the following identities for RMZVs ¢, (1,) and ¢," (1,) of
n=2,3,and4:

(1:2) (& 1 Be) () =& () — x3 ()41 (La),

(1-3) @ 1Te)U) ==& 1 )0 + (&5 1) | Tey) () + x5 (3)81 (L),

(1-4) @1 D)) =& )M = Chyn | Be) M) + (o) | Ze) M),
+ QG | Ze) M) — x] A)E1(La),

where t € {x, 1}, and €3 in (1-4) is the subset {e, (1234)} of €4.

We note that (1-2) can be easily obtained from the harmonic relations

GrUNgi ) =8 )+ 5 (b, D+ 57+ D)

for RMZVs of harmonic type of depth 2; thus our main results are (1-3) and (1-4)
(see Section 5 for their straightforward expressions).
We now recall Hoffman’s identity. Let | P| be the number of elements of a set P.

For any partition [1 = {Py, ..., Py} of the set {1, ..., n}, we define an integer
¢n(TT) by

m
(1-5) cy(IT) := (=" H(|Pi| - DL

i=1
For f € {, m}, we define a real number ¢'(1,,; IT) by
m
(1-6) =] ]x" s P»(Z 1p>,
i=1 peP;

where

0 ift{=m,|P|>1,and[, =1forall p € P;,

1-7 "y P) =
(17 X i F2) {1 otherwise.
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For example,
x"((2,1,1:{2,3D) =0 and x™((2, 1, D;{1,3h) =x"(2,1,1);{3H=1

We note that x"(l,; P;) = X]T(lp,, .. .,lp/.) it P, ={p1,...,p;}. For any index
1, =, ...,1;) in N*, Hoffman [2015, Theorem 2.3] proved the following identity
involving symmetric sums of RMZVs of harmonic type:

(1-8) @) 1 Ze,)1,) = > & (M ,; ),

partitions IT of {1,..., n}

where T = *. In the case that /; > 1 for all i, he proved (1-8) in [Hoffman 1992,
Theorem 2.2]. (In this case, ¢,(1,) = ¢ (1,) =& 1,).)
Theorem 1.2 is stated as follows.

Theorem 1.2. Identity (1-8) for T = m holds.

Corollary 1.3 gives a connection between identities involving cyclic sums and
symmetric sums of RMZVs, for depth less than 5.

Corollary 1.3. Let T € {*, m}. Identity (1-2) yields (1-8) for n = 2, identities (1-2)
and (1-3) yield (1-8) for n = 3, and identities (1-2), (1-3), and (1-4) yield (1-8) for
n=4.

Remark 1.4. Hoffman proved (1-8) for T = % under a general algebraic setup, i.e.,
the harmonic algebra ! that will be introduced in Section 2. (To be more precise,
he used the algebra of quasisymmetric functions that is isomorphic to $..) The
constant terms of the polynomials th (T') defined in [Ihara et al. 2006] are RMZVs
¢ (1,), and the polynomials Z;; (T) have the same harmonic relation structure as
RMZVs ¢¥(1,) (see Section 2 for details). Thus, (1-8) for ¥ = * also holds in the
case of Zl’; (T). This fact will be necessary to prove Theorem 1.2.

We now briefly explain how Theorem 1.1, Theorem 1.2, and Corollary 1.3 can
be proved. We first prove the identities in Theorem 1.1 for § = * from harmonic
relations of RMZVs ¢¥(1,,). Ihara et al. [2006, Theorem 1] gave a class of relations
over Q between RMZVs ¢¥(1,,) and ¢," (1,), which we call renormalization relations.
Using renormalization relations, we derive the identities in Theorem 1.1 for ¥ = m
from those for ¥ = *, and we complete the proof of Theorem 1.1. Similarly, we
prove Theorem 1.2 by combining the renormalization relations and (1-8) for ¥ =* in
which ¢ (1,) are replaced by Zl’; (T). We show Corollary 1.3 by focusing on the fact
that &, is a subgroup of G,, i.e., (gj | ¥¢,)(1,) is a partial sum of (g“,'[ | Zs,) ).

It is worth noting that Theorem 1.1 gives the following property, which is an
analog of the parity property [Borwein and Girgensohn 1996; Euler 1776; Thara
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et al. 2006; Tsumura 2004]; any cyclic sum of RMZVs of depth less than 5, or

(1-9) G )W) =) &i bl 1)

j=1

forn =2, 3,4 and 1 € {x, m}, is a rational linear combination of the Riemann zeta
value ¢;(l; + - - -+ I,) and products of RMZVs of smaller depth and weight. It
appears that the existence of such a property for depth greater than 4 is an open
problem. (The case of symmetric sums of general depth easily follows from (1-8);
there is a stronger property from (1-8), such that any symmetric sum can be written
in terms of only Riemann zeta values.) It is also worth noting that Hoffman and
Ohno [2003] studied a class of relations involving

Z{n(lj-i-l,ljurl,...,ln,ll,...,ljfl),
j=1

whose form is quite similar to (1-9), but the first indices differ.

The paper is organized as follows. In Section 2, we review some facts of
RMZVs by referring to [Hoffman 1997; Ihara et al. 2006]. Sections 3 and 4
have two and three subsections, respectively. Sections 3.1 and 3.2 are devoted to
calculating harmonic relations for RMZVs ¢,*(1,) and renormalization relations
between RMZVs ¢x(1,) and ¢," (1), respectively, for depth less than 5. We then
prove Theorem 1.1 in Section 4.1, Theorem 1.2 in Section 4.2, and Corollary 1.3 in
Section 4.3. We give some examples of Theorems 1.1 and 1.2 in Section 5.

Remark 1.5. (i) Although the ideas of the proofs are the same, the computational
complexity of proving (1-4) is much greater than that required to prove (1-2) and
(1-3). We recommend that, on first reading, those readers who are interested only
in the ideas skip over the statements relating to the proof of (1-4) (or statements in
the case of depth 4).

(i1) This paper is an expansion of Section 2.1 in [Machide 2012]. The remainder of
the results of that article has been amplified in [Machide 2015].

2. Preparation

Let $ = Q(x, y) be the noncommutative polynomial algebra over @ in two inde-
terminates x and y, and let $° and $' be its subalgebras Q@ + x$Hy and Q + Hy,
respectively. These algebras satisfy the inclusion relations $° C ' C $. Let z;
denote x/~!
terminal letter y is expressed as w = zj, - - - z;, uniquely, and so $! is the free
algebra generated by z; (I = 1,2, 3, ...). We define the harmonic product % on $'

y for any integer / > 1. Every word w = wygy in the set {x, y} with
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inductively by

2-1) lxw =wx1 = w,
(2-2) zrwyxzpwr = Zr(wy * Zywo) + 27 (2w * w) + Zer (W * wa),

for any integers k,/ > 1 and words w, wi, w, € $', and then extend it by Q-
bilinearity. This product gives the subalgebras $° and £! structures of commutative
Q-algebras [Hoffman 1997], which we denote by $° and §)!, respectively; note that
$? is a subalgebra of $)!. In a similar way, we can define the shuffle product mr on
$! and the commutative (D-algebras Y)Om and ﬁfu (see [Ihara et al. 2006; Reutenauer
1993] for details).

Let Z : §° — R be the Q-linear map (evaluation map) given by

(2-3) Z@y ) =) (2 -z, €90,

We know from [Hoffman 1997] that Z is homomorphic on both products * and 1,
that is,

Z(wi*xwy) =Z(wy mwy) = Z(wi)Z(ws)

for wy, wy € H°. Let R[T] be the polynomial ring in a single indeterminate with real
coefficients. Through the isomorphisms ﬁi ~ )’)S[y] and ﬁllu ~ 5’)21 [y], which were
proved in [Hoffman 1997] and [Reutenauer 1993], respectively, Ihara et al. [2006,
Proposition 1] considered the algebra homomorphisms

Z*: 9l 5 R[T] and Z™:9! — R[T],

respectively, which are uniquely characterized by the property that they extend the
evaluation map Z and send y to 7. For any word w = z;, - - - 7;, € $!, we denote
by Zl*n (T) and Z}'(T) the images under the maps Z* and Z™, respectively, of the
word w, that is,

(2-4) Zi (M) =Z"y -z, and ZE  (T)=Z"(z, - u,).

.....

(The notation Z;’:l (T) and lef (T) will be used when we focus on the variable T
and the corresponding index set 1, of the word z;, - - - z;,.) Then the RMZVs ¢*(1,,)
and ¢™(1,,) of the harmonic and shuffle types are defined as

25 U ) =2ZF 0 and (... L) = 2R (0),

,,,,,

yeeey

respectively. Obviously, ¢ (1,) = ¢," (1,) = ¢,(1,) if [; > 1. We have

Z*(Zkl e Tk, k20 'Zl,,) — Z*(Zkl .. 'Zk,,,)Z*(le .. ’Zln)

m

for index sets (ki, ..., k) and (I1, ..., 1,), since Z* is homomorphic, and so we
see from the first equations of (2-4) and (2-5) that the RMZVs ¢ (1,,) satisfy the



CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 313

harmonic relations. In Section 3.1, we will calculate these relations in detail for
depth less than 5. (We can also see that the RMZVs ¢ (1,) satisfy the shuffle
relations since Z™ is homomorphic, but we will not discuss this in the present
paper.)

Let A(u) =) 72, yxuF be the Taylor expansion of e?*T"(1+u) near u = 0, where
y is Euler’s constant and I'(x) is the gamma function. The renormalization map
p :R[T] — R[T]is an R-linear map defined by

(2-6) e’y = Au)e™.

That is, images p(T™) are determined by comparing the coefficients of u™ on both
sides of (2-6), and expressed as

m—i

(m—i)!

(2-7) p(T™y=m!Y v m=0,1,2,...).
i=0

Then the renormalization formula proved by Ihara et al. [2006, Theorem 1] is
(2-8) p(Z; (T)) = Z;)(T).

Combining (2-5) and (2-8) with T = 0, we can obtain relations between RMZV's
¢¥(1,) and ¢;"(1,), or renormalization relations. In Section 3.2, we will calculate
these relations in detail for depth less than 5.

3. Relations

3.1. Harmonic relations. We begin by defining the notation that we will use to
state the harmonic relations of RMZVs ¢ (l,) of depth less than 5 in terms of
real-valued functions.

We first define analogs of the weight map w, : N” — N of depth n. For positive

integers ny, ...,nj,n withny; +---+n; =n, we define the map Wny,...nj) from
N to N/ by
(3_1) w(m,...,nj)(ln) = (wm (lls sy lnl)’ ey wl’lj (ln1+n2+---+nj_1+] PECICIIEY ln))

For example, w1y, l2, 13) = (1 +12, I3) and w1 2,1) (1, 12, 13, 14) = (L1, I2+13, 14).
We define a subset U3z in G3 as

(3-2) Us = {e3, (23), (123)},
and subsets Uy, Vf, Vy, Wf, W41, Wy, and X4 in &4 as
(3-3) Uy = {es, (34), (234), (1234)},

V) ={(23), (1243)},
(3-4) Vi = {eq, (13)(24), (123), (243)} U V2,
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Wy ={(23), 24)},
(3-5) Wj ={(34), (1234), (1243), (1324)} U Wf,
Wy = {eq, (13)(24), (123), (124), (234), (243)} U W4‘,

(3-6) X4 ={(14), (23)} U 4.

We have the inclusion relations Vf C V4 and Wf C W41 C W4. We denote by A3
and 2l4 the alternating groups of degree 3 and 4, respectively. Note that 23 = €5.
Functional composition o satisfies the distributive law, i.e.,

(Xijﬁ)o(;gj)zgjﬁogj,

where f; are real-valued functions with the domain N", and g; are vector-valued
functions with a same domain whose images are included in N". The notation
f og| o is unambiguous since (fog) |o = fo(g]|o).

Remark 3.1. For integers j,n with1 < j <n—1, let shﬁ.") be the shuffle elements
given in [lhara et al. 2006], which are elements in Z[S,,] and defined as

sh&") = Z o.
oeSy

o()<--<o(j)
o (j+1)<-<0 (n)

The elements Xy, Xy,, and Xy, are equal to sh, sh§4), and sh(24), respectively.
The element Xy, cannot be written in terms of only a shuffle element, but it is
equal to sh§4) 2((34)) = Xy, X((34)) as we will see in (3-36), below.

The harmonic relations we desire are listed below.

Proposition 3.2 (case of depth 2). We have

(3-7) §(*1,1) :Cz* | X, + {1 0ows.

Proposition 3.3 (case of depth 3). We have

(3-8) Loy =8 | Zuy + & o (wany | (123) +wa 2)),

(3-9) Caan =6 | Zey + & o(we iy +wa.2) | Bey + &1 ows.

Proposition 3.4 (case of depth 4). We have

(3-10) Chy =8 |1 By, + 85 o ((wany +wazn) | 234) +wai2),

(3-11) Cony =8 |1 By, + &5 o (wa iy +wazn +wai) | Zyo
+¢oweo | (23),

(3-12) é'(*2,1,1) = ff | ZW4

+¢50 (w(2,1,1) | EWJ . +waon | EWi +we,1,2) | Tyt

L(1234) 4,(1324)
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+ & o(wey | wa +wa,n | (24) +wa 3)),

G-13)  Chaan =8 | Be, +&3 o (werny +wazn +waio) | Za,
+ 8 o(wey | Tx, + (w1 +wa3) | Bey) +E1ows,
where W41ﬁ (o €{(34), (1234), (1324)}) in (3-12) mean the subsets WA} \ {o}.

We will show Lemmas 3.5, 3.6, and 3.7 to prove Propositions 3.2, 3.3, and 3.4,
respectively. These lemmas calculate the harmonic products of the generators z; of
9! for the corresponding depths.

Lemma 3.5 (case of depth 2). For positive integers 1, I, we have
(3-14) 2% 2y = 2,2 22, F U+l -
Lemma 3.6 (case of depth 3). For positive integers 11, [, I3, we have

(3-15) 20,2y ¥ 2y = 2, 2Ry + 20y 2320y T 2320 2y T 2y 41320 T+ 2y Zdnt 1y
(3-16) 201 % 20y % 20y = 201, 21,203 T 20,2320+ 2,20, 205 + 21,2032+ 20,20, 2,
+ 21320,21, F 2+, 25+ 2 +320 T 2432,
+ 20,2041+ 22+ F 22+, T 2 -

Lemma 3.7 (case of depth 4). For positive integers 11, l», I3, 14, we have

(3-17) 20,201,205 % 2y = 20y Zs 23204 T 20y 2Un 214 205 T+ 20,204 Z0n 205+ 214201 2n 2

+ 2 +1421 25 +z L +143l3 +z 223+l

(3-18) 2120y * 2320 = 2042520520, 20,2320, 20 20, 20520, 20,
+ 21321, 2,21, + 20320, 24 20y + 20320420, 2
+ 241320 2y 24132 T T 24132y

+ 20,20+, 20 F 20 202001 20320 2ol T 203 24

(B-19)  z1,21, * 213 * 2uy = 20,2y * T2y + 21 2y * 2205
+ 241,20 2 T 2 23412 T 2 225y
+ 20 +13+14.20 20 21341y

(3-20) Y KR 2y R 2k 2y = 202Uy ¥ 2y % 2y + 20,20 % 23 % 2y
R TRy A P a A TNV ATV A b AR A N 5 4 P A PV A R A
+ 2202+, F U2+t L+ sy 22
t 20+l +1320 t 2+ T T 22+ T 2T+

+ 2ty -

Proof of Lemma 3.5. 1dentity (3-14) follows from Equations (2-1) and (2-2) with
w; =wy = 1. O
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Proof of Lemma 3.6. We see from (2-1), (2-2), and (3-14) that
242 * 21 = 21 (2 * 23) + 252 2 * 1) + 2405 (2 % 1)

=2 (lezl3 + 21321, + le+l3) + 232, + 2 +13%1,

= 21,2,21, + 21,2152, + 20320, 2y F 241520 T+ 202Uyt
which proves (3-15). We see from (3-14) and (3-15) that

2y % 2y * 2y = (20,20 F 25,20+ 2+1) * s
=202 * Uy 2,2 % 2y 2 * DUy
= 21,2,3 T 21,2152, + 2132020, T 20 +1520 1 24 2415
+205,21, 21t 20,205,201 F 2320,20 F 241320 1 24

T2 4125t 252+, T 2+

which proves (3-16), and completes the proof.
Proof of Lemma 3.7. We see from (2-1), (2-2), and (3-15) that
220,20 % 21, = 21 (22 % 21) + 20, (2 22 % 1) + 2040, (22 % 1)
= 21(20,21,21, + 20,20, 205 + 20,20, 205 F 2p+1, 2+ 2n 2z +y)

+ZZ4Z11 2R3 + 2 +14R1Lh 3
= 20,21, 203 20y F 2y 2 214 20 2y 2Us 202U T+ 21420 20 28

T2 41,20 205 F 2y T+, 2 2 2 Ty
which proves (3-17). We see from (2-2), (3-14), and (3-15) that

2,2y * 2320y = 20 (20 * 20320,) + 203 (20,20 % 20y) + 20405 (20 % 20)
= 21, (21321320, + 2320, 2y + 2y 2324 + s+ 2y T 2 2Us+1)
+215 (21, 20,205 + 20, 20420+ 20,2020+ 211420+ 2 2y +)
+z1+15 2020+ 20,20+ 2+,)
= 21,21, 21,21, + 20, 21521, 21, + 20, 2520, 20, F 203204, 20,2,
215,21, 21,20y + 20521420, 2y F 241320020 F 24520420
20 2+1320 + 220+ 20t 20220+ T 232 s 2+ s

which proves (3-18). We see from (3-14) and (3-15) that

T2 2 2y = 20y 20 % (21,20, 204205+ 2Us 1)
= 21,2, % 2320, 20 Ty * 2120y 20 2y K T4y,
= 21,2y * 23 2y 201 2y ¥ 2y 2y
20y 2y Tz 1y T 2y Ly Ty T a1, Ty Dy 20yl Rl T 20y Lyl s
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which proves (3-19). We see from (3-14) and (3-16) that
¥ 2 * 2% 20y = (20,2 220+ 200 +1,) ¥ 2% 20,
=202 * 2% 2yt 220 K TR 2y 2 R 2 R 2
= 22X UK 2T 22U R 2K 2y
F20 4520520, 20 41,204 205t 20320 41 20y 204 20 410 2
220,20+, T 223 20+ 2y a1 2y 2 41 2 2+ 2
F20 41,2041, T 2.2 141y T 2024+ T 2 Al
which proves (3-20), and completes the proof. (I
We are now in a position to prove Propositions 3.2 and 3.3.

Proof of Proposition 3.2. Let I, = (11, I,) be an index set in N”>. Applying the map
Z* to both sides of (3-14) and substituting 7 = 0, we obtain

SN =8 (L )+ 8, )+ ¢+ 1)
= Z & Ug-11y lo12) + &1 (L + ).

UE@Z

We thus have

¢y = (5 | 2ey) () + ¢ owa(l),

which proves (3-7) because 1, is arbitrary and ¢; o wz(l2) = &1 o w2 (I2) by virtue of
wa(l) =0 +1 > 2. O

Proof of Proposition 3.3. Let Iz = (11, I, [3) be an index set in N3. Applying the
map Z* to both sides of (3-15) and substituting 7 = 0, we obtain

& (L, 1)g] (13)
=00, B+ UL B )+ L )+ o (L + 13, L)+ &5 (L, b +13)
= Z 23 Ug11ys lo-12)s Lo-13) + &5 U1y F -1 2y, Le-13) + 85 (11, L +-13),

oelUs

where T = (123). We thus have

Loy U3) = (&3 1 Zu)d3) + (&5 ocwe.ny | (123))(3) + &5 o wa 2y (1),
which proves (3-8). In a similar way, we obtain from (3-16) that
Caan®) = (&5 Zey) () + (&5 o (wa ) +wa o) | Bey)(3) + ¢ ows (),
which proves (3-9). O

We require another lemma for the proof of Proposition 3.4, since the proof is
more complicated than those of Propositions 3.2 and 3.3.
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Lemma 3.8. Let id = id4 mean the identity map on N*. We have the following
equations in maps with the domain N*:

€
(21w | (23)E (a4 =weo) | Ty,
(3-22)  wa ik | ZyoZae)

_Jwaa I By — G4 = (1324)) (G, j, k) € D),
Wk | By — @24 —(1234)) - (G, j, k) = (1,2, 1)),
(3-23) id | EV4E((34)) =id | EW4,

where I in (3-22) means the set {(2,1,1), (1,1, 2)}.

(i1)

(3-24) wa,y | CHE2) =wan | (Be, —e — (1234)),

(3-25) w(1,3) | i) = wa 3 | (Be, — (13)(24) — (1234)),
(3-26) w2 | By X)) =weo | (Bx, —e—(13)(24)),

(3-27) we | Byt B2y =wet,n | (B, —e—(12)(34)),

4,34)
(3-28) w21 | 21;;/41_(1234)2((12» = w21 | (B, — (123) — (134)),
(3-29) w,1,2) | E1;;/41,(1324)2((12» =w,1,2) | (B, — (13)(24) — (14)(23)),
(3-30) id| Sy, D2y =id | Te,.

We now prove Proposition 3.4. We will then discuss a proof of Lemma 3.8.

Proof of Proposition 3.4. Let 14 = (11, I, I3, I4) be an index set in N4, Applying the
map Z* to both sides of (3-17) and substituting 7 = 0, we obtain

g3y, b, 136 (1s)
=0 b, B )+ b, L )+ 85 (U Ly b, 1)+ 85 (s 1, D, 1)
+os(h+ s, b )+ 85 b+ 1, )+ 85 D, I3+ 1)

= Z Cf(la—l(l)vla—l(zyla—1(3)»lcr"(4))

oelUy
+83 U100y Hlom12)s Lem13)s Le-14)
+3 11y, L1y Flo-13)s Le-1ay) + 85 (T Do, I3 ),

where T = (234). We thus have

¢y Ma) = (&5 1 Zu) M) + &5 o (weiny +wazn) | (234) +wa.1.2) L),
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which proves (3-10). Similarly, we have by (3-18),

5(*2,2) () = (ff | 2:V4)(l4)
+(Z5 0 (wey Fwazn +wa12) | Zyo) ) + (&5 owe | (23) (),

which proves (3-11).
As we calculated above by using (3-17) and (3-18), we can deduce from (3-19)
and (3-20) that

(B-31) ¢o00) =80 | Zieay H&o(wenn | (1324) +wa oy | (24)
+wi,1,2) | B4+ o(wa | (24) +wa 3)

and

(3-32) &l =%0an | Z2y
+55 0 (wa.n | (e + (12)(34))
+wa 2, [((123)+(134) +wa,1.2) | (13)(24)+(14)(23)))
+¢5 0 (w2 | e+ (13)(24) + w1 | (e+ (1234))
+wa ) | ((13)24) + (1234)))
+£1 0wy,

respectively. Combining (3-11) and the equations of Lemma 3.8(i), we obtain

(3-33) Cha) | Zicay
=& | By, Z(aay)
+¢3 0 (w1 +wazn +wa ) | 2y X((34))
+83 owe.) | (23) XG4
=¢ | 2w,
+&fo((we i n+wa,i,2) | Sy

4,{(34),(1324)}

w 2wl
+ (1’2’1) | W4,((24),(]234)})

25 0w | Ty,
where W41 (0.7} denotes W41 \ {0, t}. A straightforward calculation shows that

25 o ((wein +wa,1,2) | Ty Fwazn | Ty

4.((34).(1324)) 4.((24).(1234);)

+ ¢35 o (we i,y | (1324) + w21y | 24) + w12 | (34)
=3 o (wey +wa 2 +wa ) | 2y,

—¢yo(wa,n | BG4 +wazn | (1234) 4w, 1,2 | (1324))

=g o(wary | Ty, twazn | By o Fwaay | Sy,

,(1234) 4,(1324))
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and so, substituting (3-33) into the right-hand side of (3-31) gives

toany =28 | Zw,
+efo ((warn +wai) | =
0w | Ty
+g3 0 (warn | (1324) + w2 | 24 +wa.1 | (34)
+¢5 0 (wa,ny | (24) +wq 3))
=& | 2w,
+&5 o (wen | Tyl T W2 | Sy

+wiazn | X

1 1
W4,[(34),(1324)] W4,((24),(1234)))

w pIT
,(1234)+ (1.1.2) | W4,(1324))

+¢5 0 (w2 | Tyo +wa,n | 24 +wa 3),

which proves (3-12). Similarly, combining (3-12) and the equations of Lemma 3.8(Gii),
we obtain

Lo | Zia2)
=5 | Ze,
+25 o (wa iy | (Za, —e— (12)(34) + wa o) | (Sa, — (123) — (134))
+w,) | (S, — (13)(24) — (14)(23)))
25 0 (weo | (Bx, —e—(13)(24) + wi,y | (Te, —e — (1234))
+w(3) | (Te, — (13)(24) — (1234))).

Substituting this into the right-hand side of (3-32) proves (3-13). O

We will show Lemma 3.8 for the completeness of the proof of Proposition 3.4.

For a subgroup H in &4, we define an equivalence relation = on &4 such that
o =1t mod H if and only if c7~! € H, and we denote by [c]y the equivalence
class of o. Note that [o]y is the right coset Ho of G4. Table 1 below gives
all the equivalence classes in &4 modulo certain subgroups, where we denote by
(o1, ..., 0;) the subgroup generated by permutations o1, ..., o;. (We have already
used (o) to denote a cyclic subgroup.) We extend the congruence relation = on
&4 to that on its group ring Z[G4], as follows. Let > i’ a;0; and ) _, b;; be
elements in Z[G4]. Without loss of generality, we may assume that o, # o} and
7, # 1p if @ # b. We then say that

m n

Zaiai = ijl’j mod H
i=1 j=1

if and only if m = n and there is a permutation p € &,, such that a; = b, ;) and

oi =T,y mod H (i =1,...,m). The equivalence classes in Table 1 will be

necessary when we prove some congruence equations in Z[G4].
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The following congruence equations in Z[G4] are useful for proving Lemma 3.8.
Lemma 3.9. The following congruence equations hold:
@
(3-34)  (23)X 34y = Ty mod ((12), (34)),

Ty — (34) — (1324) mod ((12)) or mod ((34)),

(3-35)  ZypXeay = {EWJ —(24)— (1234) mod ((23)).

(3-36) EV4E<(34)> = 2W4 mod (6)

(i)

(3-37) 24) T ((12) = Te, —e — (1234)  mod ((12), (123)),

(3-38) T2 = D, — (13)(24) — (1234)  mod ((23), (234)),
(3-39) Sy T2y = Ty, —e— (13)(24)  mod ((12), (34)),
(3-40) Sy, S = Sa, —e— (1234 mod ((12)),

(3-41) Wl oy B(02) = Zay = (123) = (134) mod ((23)),

(3-42) WL Zi12) = Za, — (13)24) — (14)(23) mod ((34)),
(3-43) Tw,Z(12) = e, mod (e).

Proof. Before proving the congruence equations, we introduce an identity in Z[S,,],
which immediately follows from the definition:

(3-44) YuTk =Xy Xk +- -+ Xy Xk,

where H and K are subsets in &, such that Hy, ..., H, are a partition of H (i.e.,
a set of subsets of H satisfying | J'_;H; = H and H; N H; = ¢ for i # j).

We first prove the congruence equations stated in (i). We obtain from X (34)), =
e + (34) that

(3-45) (23) (a4 = (23) + (234).

Since {(24), (124), (234), (1234)} is an equivalence class modulo ((12), (34)) as
we see in Table 1,

(234) = (24) mod ((12), (34)).
Thus, noting the definition of Wf in (3-5), we have

(23)Z (34 = (23) +(24) = EW‘? mod ((12), (34)),
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mod All equivalence classes

((12), (123)) | {e, (12), (13), (23), (123), (132)},

{(14), (14)(23), (142), (143), (1423), (1432)},
{(24), (13)(24), (124), (243), (1243), (1324)},
{(34), (12)(34), (134), (234), (1234), (1342)}.

((23),(234)) | fe, (23), (24), 34), (234), (243)},

{(12), (12)(34), (132), (142), (1342), (1432)},
{(13), (13)(24), (123), (143), (1243), (1423)},
{(14), (14)(23), (124), (134), (1234), (1324)}.

((12), 34)) | {e, (12), 34), 12)(34)}, {(13), (132), (143), (1432)},
{(14), (134), (142), (1342)}, {(23), (123), (243), (1243)},
{(24), (124), (234), (1234)}, {(13)(24), (14)(23), (1324), (1423)}.
((12)) {e, (12)}, {(13), (132)}, {(14), (142)}, {(23), (123)},
(@4, (A24)}, {4, (12)3H)},  {(13)(24), (1324)},  {(14)(23), (1423)},
{(134), (1342)}, {(143), (1432)}, {(234), (1234)}, {(243), (1243)}.
(23)) {e, (23)}, {(12), (132)}, {(13), (123)}, {(14), (14)(23)},
{(24), 243)},  {(34), 234)}, {(12)34), (1342)},  {(13)(24), (1243)},
{(124), (1324)},  {(134), (1234)}, {(142), (1432)}, {(143), (1423)}.
(B4) {e, 3H)}, {(12), A2)34)},  {(13), (143)}, {(4), (134)},
{(23), 243)},  {(24), (234)}, {(13)(24), (1423)},  {(14)(23), (1324)},
{(123), (1243)},  {(124), (1234)},  {(132), (1432)}, {(142), (1342)}.
(A3)24) | (e, (1324}, {(12),(1423)},  {(13), 2D}, {(14), (1243)},
{(23), (1342)},  {(34), (1324)},  {(12)(34), (14)(23)},  {(123), (142)},
{(124), (143)},  {(132),(234)},  {(134), (243)}, {(1234), (1432)}.

Table 1. All equivalence classes (or all right cosets Ho) in G4
modulo subgroups H.

which proves (3-34). A calculation shows that

(3-46) (1243) X (34)) = (1243) + (124),

and so we see from (3-44), (3-45), and (3-46) that

(3-47) 2@2«34)) = (23)X(34)) +(1243) X (34)) = (23) + (124) + (234) + (1243).

Using (3-47) and the equivalence classes modulo ((12)), ((23)), and ((34)) in
Table 1, we obtain
S o3 _ {(23) + (24) 4+ (1234) 4+ (1243) mod ((12)) or mod ((34)),
VPEOD =) (23) 4 (34) 4+ (1243) + (1324)  mod ((23)),
EW4‘ —(34) — (1324) mod {(12)) or mod ((34)),
- {EW; —(24) — (1234) mod ((23)),
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which proves (3-35). Direct calculations show that

(13)(24) X34y = (13)(24) + (1324),
(123) 34y = (123) + (1234),
(243) %34y, = (243) + (24),

which together with (3-47) yields

vy X((34)) = Tife,(13)(24),(123),(243)} Z((34)) T Ly9 X((34))
= e+ (34) + (13)(24) + (1324) + (123) + (1234) + (243) + (24)
+(23) + (124) + (234) + (1243).

We obtain (3-36) because the right-hand side of this equation is Xy,, by definition.
We next prove the congruence equations stated in (ii). We easily see that

(3'48) (24)E<(12)) = (24) + (142) and E<(12)> =e+ (12).

Using (3-48) and the equivalence classes modulo ((12), (123)) and ((23), (234)) in
Table 1, we obtain

QHZ 12y = (13)(24) + (1432) = Z¢, —e — (1234) mod ((12), (123)),
Tz =e+(1432) = Z¢, — (13)(24) — (1234)  mod ((23), (234)),

which prove (3-37) and (3-38), respectively. A direct calculation shows that
(3-49) (23)Z12)) = (23) + (132),

and so we see from (3-48) and (3-49) that

(3-50) EW£2((12)) = (23)212)) + 24 12y = (23) + (24) + (132) + (142).
Using (3-50) and the equivalence classes modulo ((12), (34)) in Table 1, we obtain

Eng«lz)) = (23) 4+ (1234) 4 (1432) + (14)
=Xy, —e—(13)(24) mod ((12), (34)),

which proves (3-39). Direct calculations show that
B4 Z12) = (34) + (12)(34),
(1234) 2 ((12)) = (1234) 4 (134),

(1243)2((12)) = (1243) + (143),
(1324)2«12)) = (1324) + (14)(23),

(3-51)
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and so we see from (3-50) and (3-51) that

Ly Z(12)) = Z{(34),(1234),(1243), (1324)} 2((12)) T 20 24((12))
= (34)+(12) (34)+ (1234) +(134)+(1243) 4+ (143)+(1324) + (14) (23)
+(23) + (24) + (132) 4- (142),

which can be restated as

(3-52) EWJ Y2y = 23)+ 24) + (34) + (12)(34) + (14)(23) + (132) + (134)
+(142) 4 (143) 4 (1234) 4 (1243) + (1324).

Equation (3-52) together with the first equation of (3-51) gives

2w}y Z(012) = Xy Z02)
= Xy X2y — D X2y
= (23)+ (24) + (14)(23)
+(132) + (134) + (142) + (143) + (1234) + (1243) + (1324).

Using this equation and the equivalence classes modulo ((12)) in Table 1, we obtain

(3-53) EW41 0 a2y =(123)4+(124)+ (14)(23) + (132) + (134) +-(142) 4 (143)
+(234) + (243) + (13)(24) mod ((12)).
Since (i jk) = (ik)(ij) is an even permutation for a tuple (i, j, k) of distinct integers

i, J, k, and since 2l4 consists of even permutations in &4 and |24 = 12, we can
express g, as

(3-54) Xg, =e+(12)(34) 4+ (13)(24) + (14)(23)
+(123) + (124) + (132) 4+ (134) + (142) 4+ (143) 4+ (234) + (243).
Combining (3-53) and (3-54) proves (3-40). Similarly, (3-52) together with the

second equation of (3-51) and the equivalence classes modulo ((23)) in Table 1
yields

(3-55) Si12) = (23) 4 (24) + (34) + (12)(34) + (14)(23)
+(132) + (142) + (143) + (1243) + (1324)

= e+ (243) + (234) 4 (12)(34) + (14)(23)
+(132) + (142) + (143) + (13)(24) + (124)

= Yy, — (123) — (134) mod ((23)),

1
Wy (1234)



CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 325

and (3-52) together with the fourth equation of (3-51) and the equivalence classes
modulo ((34)) in Table 1 yields

(3-56) EWJ’(BM X2y = (23) + (24) + (34) + (12)(34)
+ (132) + (134) + (142) + (143) + (1234) 4 (1243)
= (243) 4+ (234) + e+ (12)(34)
4+ (132) + (134) + (142) 4+ (143) + (124) + (123)
= g, — (13)(24) — (14)(23) mod ((34)).
Equations (3-55) and (3-56) prove (3-41) and (3-42), respectively. Direct calcula-
tions show that
(13)24) E((12y) = (13)(24) + (1423),
(123)X(12)) = (123) + (13),
(3-57) (124)2(12)) = (124) 4+ (14),
(234)X(12)) = (234) + (1342),
(243) 2 ((12)) = (243) 4 (1432),

and so we can see from (3-52) and (3-57) that

(3-38)  ZwaX(12) = Bie,(13)(24),(123),(124),(234),243)) Z((12)) + ) T(12))

= X,
which proves (3-43), and completes the proof. U

The following statement holds: the maps w3, 1y, W,3), W2,2), W2,1,1)> W(,2,1),
and w(1,1,2) are invariant under the subgroups

((12), (123)), ((23), (234)), ((12), (34)), ((12)), ((23)), ((34)),

respectively. In fact, this statement immediately follows from (3-1) and the fact
that wy, is invariant under G,,, i.e., (w, | 0)(1,) = w,(1,) for any o € G,,. Note that
((12), (123)) and ((23), (234)) are equivalent to the symmetric groups on {1, 2, 3}
and {2, 3, 4}, respectively.

We are now able to prove Lemma 3.8.

Proof of Lemma 3.8. We can obtain (3-21) by using (3-34) because of the invariance
of w(2,2) under ((12), (34)). Similarly, we can obtain the equations from (3-22)
through (3-30) by using the congruence equations from (3-35) through (3-43),
respectively. U
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3.2. Renormalization relations. For any real-valued functions f, ..., f; of n vari-
ables, we define the product fi --- f; of the functions by using the multiplication
in the real number field such that

(Sre-- [, x0) = fr(Xr, oo, X0) X oo X fi (X1, .00, Xp).

For real-valued functions g, ..., 8n; such that each g, has n; variables, we define
the function g,, ® --- ® 8n; of n =ny +---+n; variables by

8n ®8ny, @ ®gn; (X1, ..., X) 1=

8ny (x1,..., xnl) Xgnz(xnl—',-la cee xnl—i-nz) X X 8n; (xn1+n2+~~~+nj,1+ly ceey Xn).

NOte that é‘(n] n2,...,
X of the set N" by

={ ,,Tl ® {,fz R ® {j e We define a characteristic function

. 1 iflj=---
3-59 1, =
(3-59) X () {O otherwise.

For example, )V(éﬂ - {1 o wy is the two-variable function such that

X3 - Ciowa(l) = X3 (L, b)) x Growa(ly, ) = x5 (L, o (h + 1),

and (X" - {1 owy) ® & is the three-variable function such that

(X2 - Crow) ® L") = x5 - Crowa(h) x &' (13) = X3 (1, 1) &1 (L + 1) ¢ " (13).

The renormalization relations for depth less than 5 are written in terms of real-
valued functions, as follows.

Proposition 3.10. We have

(3-60) ¢ =¢",

(3-61) &=4"—3X%" crow,

(3-62) F=¢" =3 Grow) @ + x5 ¢y ows,

(3-63) & =4 — 30" Clow) @ + 3 (X5 C1ows) @ L™ + 16 X8 - {1 ows.
We require two lemmas to prove Proposition 3.10.

Lemma 3.11. Let P(T) = Z;f:o aj T/ be a polynomial whose degree n is less than
5. Then the constant term of p(P(T)) — P(T) is

0 (n <2),
@ (n=2).

G64) p(P(T) 7o~ PO = { "
a281(2) —2a35,1(3) (n=23),

axt1(2) — 26134“1(3)+ a4 (n=4).
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Lemma 3.12. Let n be an integer with 1 <n <4, and let 1, = (I1,...,1,) € N".
Then
(3-65)  Z{(T) =0,

(3-60)  Zi(T)~ 545" )T,

(3-67)  Zp(T)~ 33" @& )T + £ X5 )T,

(3-68)  Zi(D) ~ 34 @ ANT> + : 35 @ ¢ AT’ + 4 X4 ) T,

where =~ means the congruence relation on R[T] modulo RT + R, i.e., P(T) ~
Q(T) if and only if deg(P(T) — Q(T)) < 2.

We will now prove Proposition 3.10. We will then discuss proofs of Lemmas
3.11 and 3.12.

Proof of Proposition 3.10. We first introduce an identity for proving (3-60), (3-61),
(3-62), and (3-63): for any index setl, = (/1, ..., [,) in N" withn > 2,

(3-69) Xn d)s1(n) = (X, - S0 wn) (),

which can be rewritten in terms of real-valued functions with the domain N" as

S Xy = X - C1owy,.

Identity (3-69) is obtained by the fact that x," (1,) =Ounless [ =--- =1, =1, and
the fact that &1 (n) = &1 (i +- - +1) = S(wa (1) = Grow, () if lh=---=1,=1
and n > 2.

It follows from (3-64) and (3-65) that
p(Z3 (1) | 1—p— Z};(0) =O0.
Using (2-5) and (2-8) with T = 0, we can restate this identity as
¢t —¢id) =0,
which proves (3-60). Similarly, we obtain from (3-64) and (3-66) that
5" ()= & h) = 37" )5 (Q2),

which proves (3-61) since x;" (12)¢1(2) = x" - {1 o wa(lp) by (3-69). We can obtain
from (3-64) and (3-67) that
53" (5) = &5 (8) = 373" ® & () - 51(2) — 343" 1351 B3),
which proves (3-62) since )@“ (13)¢1(3) = )@H -¢1ows(l3) and
X ®¢i )& (2)(:0) (X" (1, ) 13))61(2) = (X" (L, )61 ()¢ ()

(3-69)

= (X" -Crowa(ly, 1) - ¢ (13) = (X3 - Crow2) ® L (13).
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We can obtain from (3-64) and (3-68) that
(3-70) & (a)— &5 (y)

=3 ®GW) 62— X ® M) - 4 (3) + " MG ().
The first term on the right-hand side of (3-70) can be calculated as
G733 ®G W) -0 =30 ® 4" M) - 61(2) — 34" M) (4).

In fact, we see from (3-61) and (3-69) that ¢ (I3, l4) = £)" (I3, l4)— %)@“ (I3, 1)1 (2),
and so

@G W) - t1(2) = X3 (1, )¢E U3, 1)1 (2)
= 100, )G (13, 161 (2) — 205 U, ) X3 (3, 1) 81 (2)?
=1 @0 W) - 012 — 1A 6 ()%,

where we note that, by definition, x;"(l4) = x;" (1, 12) X" (I3, l4). This equality
proves (3-71) because

(3-72) 012 =30,
which follows from Euler’s results ¢1(2) = 72/6 and ¢;(4) = 72/90. Since
X ®¢ ) =x3" ®¢1"(ly)
by (3-60), combining (3-70) and (3-71) gives
(3-73) & () —¢5(y)
=1 @0 W) 0 — A @ M) - 61(3) — X AT (D).

By (3-69), the right-hand side of (3-73) can be rewritten as
(3-74) (RHS of (3-73))

=3@@X") @& M) — 33X ® ¢ () — 76 X4 M) ¢1 (4)

=35 Lrow) ® " () — (X3 - Crow) ® ™ () — 1 Xd" - §1 o wa(la).
Equating (3-73) and (3-74), we obtain (3-63). U

We will now show Lemmas 3.11 and 3.12 for the completeness of the proof of
Proposition 3.10.

Proof of Lemma 3.11. Let O denote the Landau symbol. By definition,

(3-75) Aw ="yt = exp(z (=D"g (m)um)
k=0

m
m=2
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near u = 0. Thus,

2
A(u):1+(§1(2)u2_5‘(3)u3+5‘(4)u4+0(u5))+1(Mu%ouﬁ)) o

2 3 4 2 2
_ fl(z) 2_51(3) 3 {1(4) {1(2)2 4 5
=1+ 5 u 3 u+( 2 + g u"+ 0w,
and so

R 1) a0
Yo=1, yY1i=V, W= > V3= 3

24 @ +42)? _9014)

va= 8 ~ 16

where we have used (3-72) for the last equality. Therefore, we see from (2-7) that

1 (j=0),
T (=D,
p(T) =3 T2 +6(2) (Jj=2),
T3+30Q)T —2¢1(3) (j=3).
T*+60(DT* 80T + 304 (j=4),

andso p(1) [ 7—o=1, p(T) | 720=0, p(T?) | 720=201(2), p(T?) | ro0=—2L1(3),
and p(T*) | 7o =27¢1(4)/2. Since

p(P(T)) | 7_g—P©) =) a;p(T’) | r_o—ao,
j=0

we obtain (3-64). O

Proof of Lemma 3.12. We first recall a result in [Thara et al. 2006] that will be
required to prove Lemma 3.12. Let reg? : $§1(~ $H2[y]) — HO[T] be the algebra
homomorphism defined in [Ihara et al. 2006, Section 3], which is characterized by
the property that it is the identity on $° and sends y to T. Let reg, : ! — $? be
the algebra homomorphism obtained by specializing reg! to T = 0. It immediately
follows that

Z(reg*(zkl o 'an)) = Z*(Zkl o 'an) | T=0 — ;:(klv DRI kn)

for positive integers ki, ..., k,, since Z* : ﬁ}k — R[T] is the homomorphism
characterized by the property that it extends the evaluation map Z : $5° — R and
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sends y to 7. Ihara et al. [2006, Corollary 5] showed that

m

1 . .
(3-76) w= E —reg, " we)x ¥y,
; J:
j=0

for w e $H', wg € H°, and m > 0 with w = y" wy.

Wesetw=1z;,---z, € ! for the given index set 1,. The element wq can be
written as wo = zy,,,, - - - 21,, where [, 11 > 2. (Wesetwo=11iflj =--- =1, =1.)
Let {1}* denote k repetitions of 1. Applying Z* to both sides of (3-76) gives

m

TJ .
(3-77) Zi(T) = ZF A gt ),
j=0
where we define {;(¢) = 1 for the case that j = m = n. For an integer j with
0<j<m,weseefrom (3-59) and [} =--- =1, =1 that )V(;H(ll,...,lj) =1, and
o)

(3_78) g;:_J({l}m_j’ lm—i—], Tt l”) = §:_j(lj+lv ey lma lm—i—l’ ey ln)
= 6 GO ) il (S TSI 4
=X ®5 ),

where we define X" (¢) = 1 and %' ® ¢, (,) = ¢, (1,). Combining (3-77) and
(3-78), we obtain

morij

(3-79) Zi (M=) %x}ﬂ ® ().
j=0
Since /41 > 2, it follows from (3-59) that )V(}n (ly,...,1j))=0if m < j <n. Thus,
(3-79) can be rewritten as
%k . TJ > I *

(3-80) Zi(T) = Z A @ ).
Identities (3-65), (3-66), (3-67), and?§—68) are obtained from (3-80) forn =1, 2, 3,
and 4, respectively. (]

4. Proofs

4.1. Proof of Theorem 1.1. Before proving Theorem 1.1 we introduce the follow-
ing identity, which can be easily obtained by definitions (1-1) and (3-59): For
n>2,

(4-1) Xn Ko =1In,
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where [, is the constant function whose value is 1. Identity (4-1) dose not hold
when n = 1, but we will not need this case.
We now prove (1-2) and (1-3) in Theorem 1.1.

Proof of (1-2). By (3-7), we easily obtain
4-2) 52* | X, = C(*l,l) — 10wy,

which proves (1-2) for T = x.
We can deduce the following identities from (3-60) and (3-61):

@4-3) iy =¢iy  and G Ze =5"Ze,— X" Siows,

where we have used in the second identity the property that x," - {1 o w; is invariant
under &y, or 3" -g1ows | X, =2X5" - {1 owy. Substituting (4-3) into (4-2) gives

& | Ze, — X2 Srowa =i 1y —{1ows.
By (4-1) with n = 2, we can write this identity as
(4-4) & | Ze, :fal,l)_)(;l'flmowzv
which proves (1-2) for = mr. [l

Proof of (1-3). Since €3 = {e, (123), (132)} and U; = {e, (23), (123)}, direct
calculations give the following equations in Z[G3]:

(123) 3¢, = X¢;, Xy Ze, = 26, + 2.
We thus see from (3-8) that
(4-5) Eoy | By =85 1 (Bey + Xey) + 85 o (wany +wa o) | Zes-
Subtracting (4-5) from (3-9), we obtain 7 | 1) =51y | Bey = =83 | ey +S1ows.
This identity is equivalent to
(4-6) & | Sey = —Ei10) T 85y | Zes +Lows,

which proves (1-3) for T = x.
We can deduce the following identities from (3-60), (3-61), and (3-62):

(4-7) S =801
(4-8) 4(962,1) | 2¢3 = é‘(LS,l) | 2¢3 — %()GH e owz)®§1m | 2@3,
(4-9) & 1 Ze, =63" | Bey — 300" - srow) ® 4" | Tey + 43" - L1 o ws,

where we have used in the third identity the property that x3" - (¢ o w3) is invariant
under G3. By (4-1) with n = 3, substituting (4-7), (4-8), and (4-9) into (4-6) yields

(4-10) 0 | ey = _5(1111,1,1) + 55,1) | Zey + x3° - {1 0ws.
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Identity (4-10) proves (1-3) for § = m, and we complete the proof. O

We now prepare two lemmas before proving (1-4), because the proof of (1-4) is
more complicated than those of (1-2) and (1-3). The identities of Lemma 4.1 (resp.
Lemma 4.2) correspond to (4-5) (resp. (4-7), (4-8), and (4-9) ) in the proof of (1-3).

Lemma 4.1. We have
4-11) G5 | Zey =85 | Q2 +(12)Xe, +(34) Xe,)
+g5o(we i n+wazn+wa, ) | (B, —(13)2e, —(23)Z¢,),

(4-12)  Ho) | Egg = | (B, +(14)Ee, +(23)Z¢,)
+&5o(we iy +wazn+wa,i) | 23) e,
+¢) owe) | (23)53@2,

(4-13) ¢54 | Ze, =8 | QEs, +Ze, —(13)Z¢,)
+oio(we i ny+wazn+waiy) | 2By, —(13)2e,)
+&o(wey | (E¢4+2(23)Z¢g)~|—(w(3,1>+w(1,3)) | Xe,)-

Lemma 4.2. We have

(4-14) ¢ty =%
4-15) ¢h0 | Bes =510 | Be, — 500" - Crow) ® L) | Se,
@-16) (o) | B =80 | Eeo = 53" - C1ow2) @ & | Ty + 3 X5 - G1owa,
@-17) &5 Be, =050 | Ze, — 30" - Crown) ® Ly | Te,
+1GA crow) ® L | Ze,
@18) &1 Ze, =5 | Ze, — 505" - Lrow) ®5" | e,
+ 53 Ciows) @™ | Te, + X4+ S1 0wy
We now prove (1-4). We will then discuss proofs of Lemmas 4.1 and 4.2.
Proof of identity (1-4). Direct calculations show that
Y, = e+ (13)(24) + (1234) 4- (1432),
(12)Xe, = (12) 4+ (143) + (234) + (1324),
(13)Z¢, = (13) +(24) + (12)(34) + (14)(23),
(14)2¢, = (14) + (123) + (243) 4 (1342),
(23) X, = (23) + (134) + (142) + (1243),
B4 Ze, = (34) + (124) + (132) + (1423),

(4-19)
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from which we see that
(4-20) Y, =(e+(12)+ (13) + (14) + (23) + (34)) Z¢,,

ie., {€4, (12)&y, (13)C4, (14)&y, (23)&,4, (34)C4} gives a left €4-coset decomposi-
tion of G4. By (4-20), the sum of (4-11) and (4-12) yields

thn | Be 850 | T = 47 | (Te, +2Ze, — (13)Zey)
+&5 o (we iy +wazn +wai) | (Za, — (13)Ze,)
+4 owe) | (23)Z 0.

Subtracting (4-13) from this identity, we obtain
(4-21) {(*3,1) | Ye, +§(*2,2) | Ecg - é'(*z,l,l) | e,
=—-¢ | (Bs, — Z¢,)
—&o(wa iy +wazn+waiz) | Sa,
— & o(we | e, + (23)Xg0) + (w1 +wa 3) | Ze,)-

We see from (3-6) and the equivalence classes modulo ((12), (34)) in Table 1 that
Yx,=(14)+23)+Xe, =23)+ 134+ Z¢, = (23)2@ +X¢, mod ((12), (34)),
and so

we) | Xx, = we | (Zey +(23)Zg).
Thus the sum of (3-13) and (4-21) yields
830y | Bes +800) 1 B0 = 8o | Ze + 40y =8 | e +Oowa,
which is equivalent to
4-22) 31 Zes =L —Loan | Ba+ 800 | B +85,0) | By — S0 ws.
Identity (4-22) proves (1-4) for | = .
Combining (4-14)—(4-17) (or considering (4-14) — (4-15) + (4-16) + (4-17),
roughly speaking), we can restate the right-hand side of (4-22) as
(4-23)  (RHS of (4-22)) =i 111y =S | Be +4a0) | B + 850y | ey
— 36" Clow) ® 5" | Ze,
+ 1 Clows) ® L™ | Te,
+ X —14) - (L1 owy).
Equating (4-18), (4-22), and (4-23), we obtain

54]111 | E¢4 24(1111,1’1,1)_4‘(]12{1,1) | 2€4+§(]le,2) | Z€2+§(I:’[§I,1) | E€4+()V(iﬂ_14)‘(§10w4),
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which, together with (4-1) of n =4, proves (1-4) for § = m, and we complete the
proof. (]

We will show Lemmas 4.1 and 4.2 for the completeness of the proof of (1-4).
We first prove Lemma 4.2.

Proof of Lemma 4.2. We easily see from (3-60) that 5(71}") = C(Ifl}n), which with
n = 4 proves (4-14). Multiplying both sides of (3-61) by ¢ |, = ¢ ;) from the
right, in the sense of the operator ®, gives

1 v
5(*2,1,1) = 5(15,1,1) - §(X§H “L1owy) ® 5(1?,1)-

Applying X¢, to both sides of this equation, we obtain (4-15). We can similarly
obtain (4-17), by using (3-62) and ¢ = ;" instead of (3-61) and ;‘(*]’1) = {(ﬁl’l),
respectively. We also obtain (4-18) by applying 3¢, to both sides of (3-63), since
X4 - (&1 0 wy) is invariant under &4.

We prove (4-16). We easily see that f ® g | (13)(24) = g® f for any functions f

and g of two variables, and so we obtain from (3-61) and éu(*z,z) =4 ®8 (= ;2*®2)

that
(4-24) ¢ = (&' = 3% Low) ® (" — 113" - Crown)
=50 =75 - Crow) @ | (e+(13)24) + 3 (13" - ¢rown)®.

We see from (3-69), (3-72), and X" ®2 — X, that

(X3 - crow)® =0° " = Ja @i = 3X" - Grows,
by which we can restate (4-24) as
(4-25) ¢50 =080 — s Clow) ® G | Tiazyeey + 3 X4 - C1ows.
Since Qig ={e, (1234)} C €4 = {e, (1234), (13)(24), (1432)},
(4-26) Z(13)24) T = T

Applying Zeg to both sides of (4-25), we obtain (4-16), and this completes the
proof. U

We now prove Lemma 4.1.

Proof of Lemma 4.1. Let o € {(12), (23), (34)}. By the equivalence classes modulo
(o) in Table 1 and straightforward calculations, (3-54) yields

4-27) 2¥g, =Yg, mod (o),
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and (4-19) yields

Yo, =(12)Ee,, (13X, =BDEe,, (4H)Eeg, =(23)Ee, mod ((12)),
(4-28) Xg,=23)3g,, (12)Xe, =(CBHXe,, (13)Ze, =(14)Xg, mod ((23)),

Yo, =G4 e, (12)Ze, =(13)Z¢,, (14X, =(23)Zg, mod ((34)).
Thus, we deduce from (4-20) that
(4-29) Yo, =aXe, + B¢, +yZe, mod (o),
where (o, B, y) is a 3-tuple of {e, (12), (13), (14), (23), (34)} such that

a €fe, (12)}, p€{(13), B34}, y €{(14), 23)} (o =(12)),

(4-30) a €fe, (23)}, pe{(12), B34}, y € {(13), (1)} (0 =(23)),
a € fe, 34}, pe{(12),(13)}, y € {(14), 23)} (0 =(34)).

We now prove (4-11). Since either g€4 =h¢€4 or g€4sNh€s=¢ forany g, h € Gy,
we can see from the first and second equations of (4-19) that

(1234)X¢, = X, and (234)%¢, = (12)X¢,,
respectively. By (3-3) and (3-44), we obtain
Yu, e, = e, + 3¢, + (234) ¢, + (1234) ¢, =2%¢, + (12) g, + (34) Z¢g,
Thus, applying Z¢, to both sides of (3-10) yields
@31) ¢y | Be, =& | Qe + (12)Ze, + (34 Se,)
+25 o (we i, +wazn) | 12)Ze, + w12 | Ze,)-
We know from (4-29) and (4-30) that

(12)X¢, mod ((12)) or mod ((23)),

Yo, =(13)X 23)%
Ay ( ) €4+( ) €4+{E¢4 m0d<(34)>

Since w2, 1,1), W1,2,1), and w(y,1,2) are invariant under ((12)), ((23)), and ((34)),
respectively, we have

W, jk | (B, — (13) e, — (23) Xe,)

{w(i,j,k) | (12)Ze, (G, j k) =(2,1,1),(1,2, 1)),
Wik | Zey (G, j, k) =(1,1,2)),

and so

(4-32) &3 o(we,i,ny +wazn +wai,2) | (B, —(13)e, — (23)Z¢,)
=i o((wein+wazn) | 12)Ze, + w12 | Ze,)-
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Combining (4-31) and (4-32), we obtain (4-11).
We can easily see that

Tyo = (23)XZ(az)ee) and Xy, = (e+(123) +(23)) X(a3)24)),
which together with (4-26) give
EV‘? ZQ? = (23)X¢, and EV4E¢2 = Xg, + (14) X, + (23) Z¢,,

respectively, where we note that (123)X¢, = (14) ¢, by the fourth equation of
(4-19). Thus, applying EQQ to both sides of (3-11), we obtain (4-12).
Lastly, we prove (4-13). We can obtain the following identity by applying ¢,
to both sides of (3-12):
(4-33) ¢oq) | e, =8 | Q2s, + Ze, — (13)2¢,)
+¢3 o (w1, +wa 2 +wa,i,2) | QXy, +(23)Ze, — (14)Z¢,)
—¢3 o (w1 | BHZe, +wa oz | Be, +w 2 | (12)2e,)
+¢5 0 (weo) | (Be, +2@23) X)) + (Wi +was) | Be,)-

(We will prove (4-33) in Lemma 4.3 below because the proof is not short.) We can
also obtain by (4-28)

(BHTe,  mod ((12)),
(23) 3¢, + (13) T, = (14) T, + { Ze, mod ((23)),
(12)Ze,  mod ((34)).

Thus, (we,1,1) +wa,2,1) +wa,1,2) | (13)Xe, can be expressed as

(we.1,ntwazn +wai) | (13)Ze,
= (we.1ntwazn +wai) | (—23)Zeg, + (14)Ze,)
+we,i,n | GHEe, +waz | Be, w12 | (12)Xe,).
Adding —(we,1,1) +wa.2,1) +wa.1,2) | (22g,) to both sides of this equation, and
then multiplying both sides by —1, we obtain
(4-34) &o(wein+wazn+wai) | Xy, —(13)Ze,)
= o(we iy +wazn Fwa2) | Xy, +(23)Ze, — (14)Ze,)

=3 o(wa iy | GHZe, +wazn | Te, w12 | (12)Z¢,).
Combining (4-33) and (4-34) proves (4-13). O
Lemma 4.3. (i) Let o € {(12), (23), (34)}. The following congruence equations

hold:

(4-35) Ty Te, = T, +2(23) T mod ((12), (34)),
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(4-36) Ty T, = 2%, + (23)2¢, — (14)Z¢, mod (o),
(4-37) Xw, e, =2%g, + X, — (13)Z¢, mod (e).
(1) Identity (4-33) holds.
Proof. We first prove the assertion (i). We see from (3-5) and (3-44) that
Ty e, = (23)Xe, + (24 e,
and from the third equation of (4-19), we see that
(24)Z¢, = (13) Xg,.
We thus obtain
(4-38) TyoZe, = (13)Z¢, + (23) g,
Equation (4-38) proves (4-35), since
(13)X¢, = (1432) + (1234) + e+ (13)(24) = Z¢, mod ((12), (34)),
(23) X, =2((23) + (134)) = 2(23)Xg  mod ((12), (34)),

which can be seen from the equivalence classes modulo ((12), (34)) in Table 1. By

virtue of (4-20), calculations similar to (4-38) show that

(4-39) Xy T, = 2((34).1234),(1243). (1324)) ey + 20 2iey
=(B4)Xe, +Ze, +(23) ¢, +(12) Zg, )+ ((13) Ze, +(23) Z¢,)
=2¢,+(12) ¢, +(13) ¢, +2(23) X, +(34) ¢,
=Xg,+(23)Z¢,—(14) X¢,,

and

(4-40)  Zw, Yy = Xiey,(13)(24),(123),(124),(234), (243)) Zey + Zyy1 Xy
=g+ 3¢, + (1) Ze, + BH g, + (12)Xe, + (14) Z¢,)
+ (s, + (23)Z¢, — (14) X2¢,)
=2Xg, +23¢, + (12)Z¢, + (14) X, + (23) Zg, + (34) ¢,
=25, + Ze, — (13) e,

Then we obtain (4-36) by (4-27) and (4-39), and obtain (4-37) by (4-40).
We now prove the assertion (ii), or (4-33). We can deduce from (4-35), (4-36),
and (4-37) that

(4-41)  Goway | TyoXe, =8 owey | (Be, +2(23)Z),
(4-42)  ZZowqju | Ty Te, =83 0wk | 2Ty + (23) T, — (14) Zey),
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(4-43) & | Zwy e, =85 | REs, + Ze, — (13)Z¢y),

respectively, where (7, j, k) € {(2, 1, 1), (1,2, 1), (1, 1, 2)}. Applying X¢, to both
sides of (3-12) and substituting (4-41), (4-42), and (4-43) into it, we obtain
@-44) ¢ 11| Ze, =8 | 28s, + Se, — (13)Ze,)
+43 o (w1, + w21 +wa, ) | Ry, +(23)Ze, — (14)Z¢,)
—¢3o(we, 11y | B4 Te, +wa 2,1 | (1234) e, +wr,1,2) | (1324) Ze,)
+¢5 0 (W) | (Ze, +223) ) +wi | 24 Xe, +wa ) | Zey)-
We see from the third equation of (4-19) and the equivalence classes modulo
((12), (123)) in Table 1 that
24 Xe, = (13)+ (24) + (12)(34) + (14)(23)
=e+ (13)(24) + (1234) + (1432) = ¢, mod ((12), (123)),

and so
(4-45) Zowa | 2N e, =& owa,ny | Ty
We also have

(4-46) Z3owa o | (1234)Ee, =3 ow 2.1 | ey,
(4-47) g3 owe 1) | (1324)Ee, =3 owi,1,2) | (12)Xg,,

since (1234) ¢, = ¢, and (1324) ¢, = (12) X¢, by the first and second equations
of (4-19), respectively. Combining (4-44), (4-45), (4-46), and (4-47), we obtain
(4-33). U

4.2. Proof of Theorem 1.2. We denote by P(A) the set of partitions of a set A; if
A is the empty set ¢, we set P(¢p) = {¢}. We denote by N,, the subset {1, 2, ..., n}
in the set N.

For{e{*, m},l,=(y,...,[,)eN", and [1={Py, ..., P,} e P(N,), we define
a polynomial le . (T) with real coefficients by

(4-48) Z) o) =[x POz, (D),
i=1

where [p, =) l,,. For example,

T
Z(2,1,1);{{1,2,3}}(T) = 2+1+1(T) =0 “4)

PEP;

and
Zoi ey = Z;r](T)Z]T(T) =0T,
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where note that x7((2,1,1); {1,2,3) =x"(2, 1, D; {1,2) = xT((2, 1, 1); {3}) =1
by the definition (1-7). Since Z;(T) = ;f(k) for k > 2, we can see from (1-6)
and (4-48) that the difference between Z;; ;H(T) and ¢¥(l,; TT) depends on only the
difference between Z I(T) =T and g“l'l'(l) =0, and so

Z) (1) |y =2 Ay TD).

By the correspondence between §)! and the algebra of quasisymmetric functions,
which is given by

i I, ..
2y ez, <— Mg, 1) = Z tl.l‘ 1" € proj LimZ[ty, ..., 1],
i1<--<ip p
we can restate [Hoffman 2015, Theorem 2.3] as
(4-49) Z sy """ LUgny = Z En(n)zlpl koK Zp,
o6, M={P,.....,P,}eP(N,)

We see from (1-7) that x*(l,; P) =1 for any 1, € N" and P C N,,. Thus, applying
Z* to both sides of (4-49) yields the following identity (4-50). Since 6;1 =G,
(4-50) with T = 0 proves (1-8) for { = .

Theorem 4.4 (see [Hoffman 2015, Theorem 2.3]). For any index setl, =, ...,1[,)
in N",
(4-50) D7 M= > &ZE L (T).
o€, MeP(N,)
We may show (4-51) in order to prove (1-8) for ¥ = m, or Theorem 1.2.
Proposition 4.5. For any index setl, = (I1,...,1,) in N*,
(4-51) p( > En(n)z;:;nm) = ), &(Zin(T).
MeP(N,) MeP(N,)
In fact, we can easily prove Theorem 1.2, as follows.
Proof of Theorem 1.2. We see from (2-8) that

(4-52) '0( Z Z;;m ----- la<n>(T)> = Z lefm ----- la<n>(T)‘

oel, 0e6,

By (4-51) and (4-52), applying p to both sides of (4-50) yields

(4-53) Y2t M= D E(MZE (T

oed, MeP(N,)

which with T = 0 proves (1-8) for = m. [l
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For subsets A and B in N,,, we define a subset Pg(A) in P(A) by
Pp(A) :={l1={Py,..., Pn} € P(A)| P; £ B for all i}.
For example, if A = {1, 2,3} and B = {3, 4}, then
Pe(A) = {{{1}, {2, 3}), {2}, {1, 3}}, ({1, 2,3},

where

P(A) = {1}, {2}, 33, ({1} {2, 33, (123 {1, 300, {13}, {1, 23, {{1, 2, 313}

We note that Pg(A) = ¢ if A =¢ (or P(A) = {¢}), because the empty set ¢ is a
subset of any set, i.e., ¢ C B. We denote by A“» = A€ the complement of A in N,,,
and by U the disjoint union.

We will show (4-51) for the completeness of the proof of Theorem 1.2. For this,
we will require Lemmas 4.7, 4.8, and 4.9.

Remark 4.6. The condition B # N, in Lemma 4.7 is necessary for taking an
element in Pg(A€). In fact, if B =N, then P C B for any subset P in A¢, and so
Pp(A°) = ¢. That is, (4-54) in Lemma 4.7 does not hold in the case that B = N,,.

Lemma 4.7. For any subset B C N,, with B # N,,, we have

(4-54) LI{EUA|(E,A) e P(A) x Pg(A9)} =P(N,),
ACB

where the disjoint union | |, ranges over all subsets in B, which include the
empty set ¢.

We require some notation to state Lemma 4.8. Let A be a subset in N,;, and let
E={Py,..., Pg} be a partition in P(A). We can define a partition in P(N;) that
is induced from A and E, as follows. Let a; < - - - < ay be the increasing sequence
of integers such that A = {ay, ..., as;}. Let o4 be the permutation of G,, that is
uniquely determined by

ol =ai(i=1,....5) and o;'Gs+1)<---<o;'(n);

by the definition, o (A) = {oa(ay),...,o0a(as)} ={1, ..., s} =N;. We then define
the partition induced from A and E as

oA(E) :={0a(P1), ..., 04(Pg)} € P(Ny).
We define 04 (E) =@ if A=E =

Lemmad4.8. Let A, B, and (E, A) be as in Lemma 4.7, i.e., let A and B be subsets
with A C B # N, and let (B, A) be an element in P(A) x Pp(A°). We define
¢ =0 and &o(§) = Z,,(T) = 1.
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(1) We have

(4-55) Cr(BUA) = ja1(E)Ciac(A).

(i) Let + € {%,m)}, and let 1, = (I1,...,1,) € N" with 1, # ({1}"). If B =
{j €N, |1; =1}, then

(4-56) 2, ,HUA(T) = (l_[ filg,) ) NINEAERE

where Q1, ..., Qn mean the parts of A (i.e., A={Q1,..., On}).

Lemma 4.9. For a positive integer n, we have

(4-57) > &G Zy (D) =p~ (T,
MeP(N,)

(4-58) Y &GDZE.n(T) =
MeP(N,)

We now prove Proposition 4.5. We will then discuss proofs of Lemmas 4.7-4.9.
Proof of Proposition 4.5. Let B={j € N, |l; =1} C N,,. We suppose that B =N,,.
Then, 1, = ({1}"), and so, we can see from Lemma 4.9 that

~ @-57) _
(4-59) p ( > cnm)za}n;nm) p(p~N(T") = T"

MeP(N,) 458
VN Gz ().
MeP(N,)

which proves (4-51) for B = N,,.
We suppose that B # N,,. Let A be a subset in B. Then we have

(4-60) {oa(B)|E € P(A)}={E'| E € P(Njap},

because the restriction of the permutation o4 to the subset A is a bijection from A
to Nj4;. From the definition (1-5) we easily see that ¢|4|(E) = ¢|a|(04(E)). Thus,

Y &(MZ n(T)

meP(N,)
(Lemma 4.7) ~
= E E Cn(DUA)Zf:;EUA(T)
ACB EeP(A)
AEPR(AC)

(Lemma 4.8) Z Z ClA((A)<Hgl(lQ, ) Z B Z il 2y (T)

ACB A€Pg(AC) EeP(A)
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LD C|A‘|(A)(l_[§1(lQ,> Y GuENZ g (T)

ACB AePp(A©) E'eP(Njap

(457)2 Z C|A‘|(A)(H§1(1Q,> BVASDY

ACB A€Pg(A°)
where Q1, ..., O, mean the parts of A. Therefore,

(4-61) p( > 5n(H>Zf;;n(T))

MeP(N,)

=> > CIA‘I(A)(HQ'I(IQ‘)(p_l(T|A|))

ACB AePg(A°)

=2 > CIALl(A)(Hg‘](lQl)TIAI

ACB AePp(A°)

By using Lemma 4.7, Lemma 4.8, and (4-60), and by using (4-58) instead of (4-57),
we can similarly prove

4-62) Y EG(MZigM =Y > cm(A)(]_[;l(lQ))T'A'

MeP(N,) ACB A€Pg(A°)
Equating (4-61) and (4-62), we obtain (4-51) for B #N,,. O
We prove Lemmas 4.7 and 4.8.

Proof of Lemma 4.7. Let A be a subset in B, and let (E, A) be an element in
P(A) x Pg(A°). It follows from Pp(A¢) C P(A€) that (E, A) € P(A) x P(A°),
which together with A LU A€ =N, yields E U A € P(N,). Thus, the left-hand side
of (4-54) is included in the right-hand side.

Let [1={P,..., Py} be apartition in P(N,;). We can reorder Py, ..., P, such
that

(4-63) PiCcB(j=1,...,8) and P;¢ZB(j=g+1,...,m).
We define
E:={P,.... P}, A:={Pgyy,....,P,} and A := P U---UP,,

where A and E mean the empty set ¢ if g = 0. By definition, it is obvious that
ACB,II=EUA, E€P(A),and A € P(A®). We assume that A ¢ Pg(A°).
Then, either Pg(A°) = ¢, or there is an integer i such that g <i <m and P; C B.
We can see from (4-63) that the latter case does not occur, and so Pg(A°) = ¢.
Thus, the simplest partition {A€} of A° does not belong to Pg(A°), which yields
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that A C B. Since A C B, we have N,, = AU A¢ C B, i.e., B =N, which is
a contradiction to the condition B # N,. Therefore, A € Pg(A°), and we can
conclude that

ACB, TI=EUA and (E,A)eP(A)x Pp(A°).

This fact proves that the right-hand side of (4-54) is included in the left-hand side,
since I1 is arbitrary.

We should show the disjointness of the left-hand side of (4-54) in order to finish
the proof. Assume that there are subsets Ay, A, C B with A| # A, such that

(4-64) ¢ A{E1UA|(Er, Ar) € P(A1) x Pp(A])}
N{E2U Az [ (B2, Ar) € P(A2) X Pp(AY}.

We can take elements (E;, Aj) € P(A;) x Pp (Aj.) (j =1, 2) such that
(4-65) EIUA = Ey A,

Let P, € E;. We easily see that Py C B, since E; € P(A;) and A; C B. By
(4-65), there is a subset P, € &, LI Ap such that P; = P,. If P, € Ay, then P, ¢ B,
which contradicts P; C B. We thus have P = P, € &», and so &1 C &, since
P, is arbitrary. Similarly, we can prove &, C E1, and we conclude that E| = E».
Since E; is a partition of A; for each j = 1,2, we can obtain A| = A;, which
contradicts the assumption A; # A,. Therefore, there are no subsets A;, A, C B
with A| # A, such as (4-64), which proves that the left-hand side of (4-54) satisfies

the disjointness. U
Proof of Lemma 4.8. Let Py, ..., Py be the parts of &, and let Q1, ..., Q) be those
of A. Since n = |A|+ |A°|and EUA ={Py, ..., Py, O1, ..., O}, we see from
(1-5) that

8 h
C(EUA) = (—1>"—<g+h><]'[<|P,-| - 1)!) (1‘[(|Qi| — 1)!)
i=1 i=1
8 h
= (—1)'A—g(1"[(|P,-| - 1)!)(—1>'A"'—h(]"[(|Q,-| - 1)!)
i=1 i=1

= C1A|(E)Clac|(A),

which proves (4-55). We next prove (4-56). By A € Pp(A°), any part Q in
A satisfies O ¢ B = {j € N, |[; = 1}, which yields that x"(,; 0) =1 and
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Z;'Q(T) = {1(lg). Thus, we can see from (4-48) that

8 h
4-66)  Z| o A (T) = (H XM PZ), (T)) (]"[ X' 007, (T))
i=1

i=1
h g '

= (1‘[ & (lQ,.>) (1‘[ X POZ], (T)).
i=1 i=1

For any part P ={p, ..., ps}in E, every index lpq is1,since AC Band E e P(A).
By this fact, we obtain

X W Py = xS prs -0 1) = xd (A1 = X T{IY; 0 (P))
and
t oy — 7t — 7t oy = 7t
le (T) = ZZpePlP(T) = Z\P|(T) = ZIGA(P)I(T)'
Therefore,
g g i
(4-67) [Tx7 s Pyz), (1) =[] x "0 0a(P)Z],, () (D)
i=1 i=1
ot
_Z{l}‘A‘;{UA(Pl) ~~~~~ UA(Pg)}(T)'
Combining (4-66) and (4-67) proves (4-56). U

From Theorems 7.12 and 7.13 in [Stanley 2013], we can obtain the following
identity in formal power series:

u? ul
(4-68) exp(ulu +uz7 +u3? 4. >

00 i1 0>

In

u u .--u
=1+Eu” E —— A
103112205! -« - nhi,!

n=1 i1.i9,0esin >0
(1ij+2-ip+-+n-in=n)

where u, uy, us, ... are variables. (We can also prove (4-68) by a direct calculation
of the Taylor expansion of the exponential function e*.)
We require the following identity (4-69) to prove Lemma 4.9.

Lemma 4.10. We have
(4-69) Y & Z . (T) = niP(T).
MeP(N,)
where we define
- (_1)i1+i2+---+in o c(a) ia
_ e (1) i
(4-70) ()= (-D" Y e [1(=-)-

i1.004enin =0 a=2
(Liy42-ip+-+n-in=n)
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Proof of Lemma 4.10. For a partition IT = {Py, ..., P} in P(N,) and a positive
integer a, we denote by N, (IT) the number of the parts P; whose cardinalities
equal a, i.e.,

No(ID) :={j €{l,..., g}|IPj| =a}l
For example, N{(IT) =2, No(IT) =1 and N3(IT) = N4(IT) =0 if

IT={{1}, {2}, {3, 4}} € P(Ny).
We note that

g=NID)+---+N,(IT) and n=1-N(Il)+---+n-N,(II)
and that

8 n
1021 = 1127 () = [ t@ — D1z (@) N,

i=1 a=1

Noting x *({1}*; P;) = 1, we obtain from (1-5) and (4-48) that

8
& (M Z{y,n(T) = (1" [[UPI = DIZ5, (T)

i=1
n
= (_1)n*(N1(H)+~-~+Nn(H)) l_[((a _ 1)'Z*(T))Na(n)
1z, .
a=1

Thus,

(4-71) > > & Zfn(T)

i seensin >0 MeP(Np)
(Liq+-+n-ip=n) (Na(I)=iq(Ya))

= > (—1)"—<i1+"'+in><ﬁ((a—1)!Z;(T))"a) oL
a=1

MNeP(Nyp)
(Leiy+-+n-in=n) (Na(M)=ig (Ya))

Let m be an integer with ai, < m. We can choose i, disjoint subsets

O1,...,0i, CNy,,
with [Qi|=---=|Qj,|=ain
(o) (7))
ai, a a a) iq!
ways, as follows. First, we choose ai, integers N = {ki, ..., k4, } from N, in (a';’n)

ways. Then we select a integers Q| from N, select a integers Q, from N \ Oy,
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and so on: these combinations are

(a;u) (aiaa— a) o (Z)-

Finally, we divide it by i,! to ignore the order of Qj, ..., Q;,, and we reach the
desired result. Any partition in

{IT e P(N,) | N,(IT) = i, (for all a)}
can be uniquely obtained by choosing i disjoint subsets
0".....0{" with Q"] =1 (forall j)
from the set N,;, choosing i, disjoint subsets

07.....07 with |QP| =2 (forall j)

15}
from the set N, \ (le) U---u Q;ll)), and repeating it. Thus,

H{IT e P(N,) | N,(IT) =i, (for all a)}|

_li[ n—l-il—---—(a—l)-ia_1> (aia (aia—a) (a 1
_ ( - . a) ) a).l_a_!

a=1

n . .
=H("_1'”_"'._(”_1)"“‘1>(aia>! L
ol ai, (al)lai,!
g —lii——(@—1)ig)! 1

_a_l n—1-iy—--—a-iy)!  (a)iaig!

n
1
ol (al)ai,!

which is equivalent to

n
1
2 1=n!al:[1 (@i !’

MeP(Np)
(Na(M=iq (Ya))

Therefore, (4-71) can be rewritten as

(4-72) > > &Mz (1)

in=0 MePNp)
(111+ +n-ip=n) (Na (I=iq (Va)) n

, ‘ 1 (ZXT)\'™
=nl(=1)" Z (—1)ittin 1‘[ = (#)

i1,0in >0 a=1
(1-iy++n-ip=n)
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By (3-80), Z(T) equals T if a =1 and ¢ (a) if a > 1, and so combining (4-70)
and (4-72) yields

(4-73) S Y (D Zyn () = n'Fi(T).
i1 seenin >0 MeP(Ny)
(1-i1+---+n-in:)z) (Na (M)=ig (Ya))

It is obvious that P(N,,) can be divided into disjoint subsets as follows:

4-74) PN, = L {(TePNL) |N,AD) =iy (@a=1,...,n)}.

i smin>0
(1-iy4++n-in=n)

Thus, the left-hand sides of (4-69) and (4-73) are equal, and we obtain (4-69). [
We now prove Lemma 4.9.

Proof of Lemma 4.9. By (3-75) we have

1 Tu B — (=D"z1(m) ,\ 14
Au) ‘e _exp( mXZ:Z—m u )e

X ym+1
:eXp((—l)zTLH—Z—( D mgl(m)um),
m=2

which, together with (4-68) for u; = (—D?T and u,, = (—1)’”“{1 (m) (m > 2),
yields

o0 _ 1\ttt 1 iq
Aw e =1+ Y w ey Y S TH]‘[G(Q“)) |
n=1

ilig! -y il

i5i9smrin =0
(Lig+2-ig4-+n-in=n)

Thus, by Lemma 4.10,

X n
—1,Tu _ u ~
4-75) Aw) et =1+ E ; E Cn(l_I)Z?]}n;H(T)
n=1""" TePN,)

Since the renormalization map p is an R-linear map from R[7'] to R[T], we can
see from (2-6) that the inverse p~' is determined by
[e.0] u”
@76) Y —p (T =p7" (") = p7 (AT p(e™) = A Tle™™.
n=0 "
Equating (4-75) and (4-76), and comparing the coefficients of u" (n > 1), we obtain
(4-57).
Let iy, ..., i, be nonnegative integers with 1 -i; + ---+n -i, = n, and let
I[T={Py,..., Py} be apartition in P(N,,) with g =iy +---+i, and N,(I1) =i,
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(a € N,). Noting (1-7) for = 11, we can obtain

g
e (M Zyn (M) = (1" [JAPI = D™ (1)s PYZJ5 (T)
i=1
_ {(_1)”—8 [15.,T (P|=1foralli),
0 (i suchthat |P;| > 1),

and so

T A= {{1},..., {1}},

(I Z . n(T) = n
0  otherwise.

Thus, by (4-74),
Y &MZinM= > Y EMZE (1)

MmeP(N,) i]sesin=0 MeP(Np)
(1iiy+4nin=n) (Na(M=ia(¥a))

=&MZn@ [y, )

n

=T"
which proves (4-58). O

4.3. Proof of Corollary 1.3. Let P, be the set of partitions of {1, ..., n},i.e., P, =
P(N,). Let P,.,,, be the subset of P, which consists of partitions IT={Fy, ..., Py}
such that the number of the parts is m. Note that P, = |_|?:an; j» In what follows,
we identify a partition

1 1
H:{{ng),...,nfll) ,...,{nﬁm),...,n((l’z)}}
with

n(ll) . .ngll)| . |n(1m) . nflf,f)
For example,
{{1,2,3}} =123, {{1,2}, {3}} =12|3, and {{1}, {2}, {3}} = 1]2/3.

Let n and n’ be positive integers with n < n’. For convenience, we embed &,, into
G,y in the following way: a permutation

(1 n) of &,
Jl --- Jn

is identified with the permutation

1...nn+1...0 of &
Jl oo jun+1...0 "



CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 349

which fixes integers between n + 1 and n’.

To prove Corollary 1.3, we require the following three lemmas, which state that
certain sums of values C(-Ll,...,n,)(ln) can be written in terms of values ¢ (1,,; IT), for
depths 2, 3, and 4. We assume thatl,, = (/1,...,[;) € N" and { € {*, m} in the
lemmas.

Lemma 4.11 (case of depth 2).

(4-77) thnt) =Y 'y,
MePs.r

(4-78) (- frow)d) = Y ¢y D).
MePs.y

Lemma 4.12 (case of depth 3).

(4-79) €y Ze)W) =2 Y (5 1),
MMePs;3

480) (b 1T Te)M) =3 Y U — Y a5,
MMePs.3 MePs.n

4-81)  (x] - fiows|Be)Ua) =2 > ¢ (s D).
MePs,y

Lemma 4.13 (case of depth 4).
(4-82) (45,1,1,1) |Xe;)(s) =6 Z ¢TI,

[T€Py.4
(4-83)
ChinlZe,Ze) M) =12 Y faim =2 > ¢ 1),
MMePy.4 MePy.3

(4-84) (thy)|ZeTe)W) =3 Y A= Y '+ Y ¢ eI,

TePy.4 MePy.3 ]'[ePi_zéz)

485 (¢5|Ze,Tey) M) =4 > ' —2 > ¢'i+2 > ¢'ls),
[ePy.4 MePy.3 l'lepfil)

(4-86)
(X4 - Crows| Te)) =6 Y ¢ (I ),

ePy;y
where Pféz) and Pi?él) in (4-84) and (4-85) are subsets in Pa., defined by
Piy = {12134, 13124, 14123} and Py5" = (1234, 1243, 134]2, 234]1},

respectively. Note that Py.o = 774&_2&2) U 734%1).
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We will prove Corollary 1.3 before discussing proofs of Lemmas 4.11, 4.12, and
4.13. We will divide the proof of Corollary 1.3 into three for the cases of n = 2, 3,
and 4.

Proof of Corollary 1.3 for n = 2. Substituting (4-77) and (4-78) into the right-hand
side of (1-2) yields
@G 1 Ze)M) = Y = Y ¢ (I,
HGPz;z HGPz;l

since ¢, = G, and

Xy ()01 (L) = xd W&l + 1) = x4 () - & owa(l) = (x4 - &1 owa) ().
We have by definition (see (1-5))

1 (H € 7)2;2)7

o= {—1 (IT e P2.1),

and thus we obtain by P, = U,2n:1772;m

@ 1 Be) ) = > & (M (i I,

MeP,
which proves (1-8) for n = 2. O
Proof of Corollary 1.3 for n = 3. Applying Xg, to both sides of (1-3), we obtain

(4-87) (53 | Be,)(13)
==l 11| Te) ) + (€5 1) | T, Te,) U3) + (x4 - ¢ o ws | Tes,) (1),
where we have used Xg, = ¢, g, on the left-hand side of (4-87). Substituting
(4-79), (4-80), and (4-81) into the right-hand side of (4-87) yields
@G 1T = Y fam- > faxm+2 Y fapm,
MePs.3 [P, MePs;

which proves (1-8) for n = 3, since

I (IT € P3;3),
(I =1-1 (I € P3,),
2 (ITePs),
and P3 = |} Psm- O

Proof of Corollary 1.3 for n = 4. We can see from the fourth and sixth equations
in (4-19) that (14)X¢, = (123)X¢, and (34) X¢, = (132) Z¢,, respectively, and so
it follows from (4-20) that g, = Xg, X¢,. Taking the inverses of both sides of
this equation gives Xg, = X¢, Xs,. Thus, applying Xg, to both sides of (1-4)



CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 351

and combining the identities in Lemma 4.13 (or considering (4-82) — (4-83) +
(4-84) + (4-85) — (4-86)), we can obtain

(&) | Ze,)(1a)
=D = ) M+ Y flam+2 Y ¢flam

MePyy MePy3 nep? nepry;”

—6 Y ¢y T,
ePy:q

which proves (1-8) for n =4, since

1 (IT € Pya),
—1 (IT € Py3),
GM=1{ 1 MePH),

3.1

2 (ITePgs),

—6  (IT€ Py1),

Pap = 774(1;2&2) U Pfil) and Py = U3121734;m- 0
We see from (1-1) that Xi{- (k) =1 for any positive integer k, and so

x g k) =/ (k).

Note that ¢ (k) = gf (k) for k > 2. These facts will be used repeatedly below.
We now give proofs of Lemmas 4.11, 4.12, and 4.13.

Proof of Lemma 4.11. We have P,.2 = {1|2} and P,.; = {12} by definition. Thus,
YT I = 1 (g U (g () = ¢ g ) = ¢ M),
MePs;,

Y ) = ) (1, )] (1) = x3 (h, )G U+ 1) = (x3 - ¢ owa) (),
ePs.y

which prove (4-77) and (4-78), respectively. O
Proof of Lemma 4.12. We have
P33 ={1123}, P32 ={123,13]2,23[1}, P31 ={123},

by definition. In particular, P35 is expressed as (J, e, {0~ (Do~ (2)|o 71 (3)},
and so

Z ¢T3 ) = Z X;‘(lafla), 10*1(2))411.1‘(10*‘(1) +10*1(2))X1T(la*1(3))(1.1‘(10*1(3))
IMePs. oels
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= Z X;(lrl(l), lo-12) 61 U101y + 1071(2))4“1'}'(1071(3)).

oely

Thus, we can obtain

(4-88) > sy =¢ M),
IMePs.3

(4-89) Y s = (0 - frow) ®¢ | Tey) (),
HEP}:Z

(4-90) > 05 ) = (- 1o ws) ().
IMePs.

Since §(T1,1,1) is invariant under G3, we have ({&171) | Xg,)(3) = 2;“(;[1’1’1)(13),
which together with (4-88) proves (4-79). Similarly, we have ( X3T ‘Ljows | Le,)(3) =
2 X; - £1 o w3 (13), which together with (4-90) proves (4-81). We know from (1-2)
that

(4-91) Al D S CRYSER T
and so
thy 1 Ze, =0 @4 | T,
= (4 | Ze,) ® 1]
= (¢l —x3 frow) ®¢f
=¢l11y = 0G Grow)®].
Since €36, = 6,3, we have
thy | e, Te, = €l ) | Tey)| e
= (¢l — 00 - trow) ®¢]) | Te,
=3¢0 11— 0F -trow) ® ¢ | Be,.
which together with (4-88) and (4-89) proves (4-80). This completes the proof. [
Proof of Lemma 4.13. Let 2[2 be the subset of 24 given by

ng = {e, (13)(24), (123), (132), (142), (234)} = ((13)(24))C3.

Note that g, = 2«12)(34))29‘2. From the definitions of Py.,, and PX‘ZD and some
straightforward calculations, we can see that

Pusa = (1121314},
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Paz= U (o' (Do ') B3)o ™ @)},

0
o€y

P = U o (Do ' @le 7' B @),

oels

P = U o (o ' @0 ' B)lo ' @),

(76@4
Py1 = {1234},

Thus, we can obtain

(4-92) Yo m=gf 0,
[T€Py;4

(4-93) Y A = (G - frow) ® & | Tge)(la),
T€Py;3

(4-94) T ) = ((x3 - ¢ ow2)®? | Tey) (o),
Hepff)

(4-95) s ) = ((x] - ¢rows) @] | Te,) (),
nepry;”

(4-96) D T ) = (x - ¢ o wa) ().
MePy;

Since g(Tl,l,l,l) and XZ - {1 o wq are invariant under G4, we have

€l e @) =620 | ;Us) and (x;-C1ows| Be,) M) =6x Lrows(ly),

which together with (4-92) and (4-96) prove (4-82) and (4-86), respectively.
We now prove (4-83). A direct calculation shows that YX¢, ¥Xg, = X, = Zs, 29,
and so, by (4-91),

(4-97) thiy 1 BeTe; =l | Zey) S,
= (&) | Be,) ® L 1) B,
= =00 Clow) @ 1) | Sa
=126 11— 04 Glow) ®¢] ) | Tay

Since Lo, = (1234 Tgg and (x3 - {1 0w2) ® () 1 is invariant under ((12)(34)),

498) (- Gow)®¢f ) | Tay =200 - Crown) ® & ) | D
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Combining (4-97) and (4-98), we obtain
{(2,1’1) | 2@4263 = ]25(11,1,1,1) - Z(X; {10 wy) ®§(T1,1) | 2912’

which, together with (4-92) and (4-93), proves (4-83).
We now prove (4-84). For this, we require the identity

(4-99) Lo | ZevTes = (@) | iz ®&; | Ziaa)|Ze,
which can be verified as follows. A direct calculation shows that
2((12),34)) Zey, = (e + (12) + (34) + (12)(34)) (e + (123) 4 (132))
=e+(12) +(13) + (23) + (34) + (12)(34)
+ (123) + (132) + (143) + (243) + (1243) + (1432).

From this equation and the equivalence classes modulo ((13)(24)) in Table 1, we
see that

264 = 22((12)’(34))2:@3 mod ((13)(24))

We also see from Xg, = X¢, g, and (4-26) that g, = 22@2263 mod ((13)(24)),
and so

EQQ 263 = E((lg)’(34))2¢3 mod ((13)(24))
Since §(T2’2) is invariant under ((13)(24)) and since X(12),34)) = X((12)) Z((34))>

+ < +
$oo | 2y Xe; = C(Wz,z) | Z(12),64) Ze; = (& | Ziazy ®§; | Z(ay)| Zes,

which verifies (4-99). Then, by (4-91), the right-hand side of (4-99) can be calculated
as

(RHS of (4-99))
= (¢} =X Lrow) @ (& 1) — X3 - E1ow))| D,
= (¢ 10— 00 Crow) @ 1y =& 1, ® (3 -¢rown) + (4] - ¢1own)®?} | Be,
= 35&1,1’1) —(x3 ¢ 0w2)®§(T1,1) | B34 Ze; +(xa - ¢rown)®? | T,

It holds that X ((13)4)) X¢; = Emg’ and so (4-99) can be restated as

;&,2) | 2@263 = 3§(T1,171,1) - (X;r “Clown) ® E(’l,l) I Emg + (XQJr {10 w2)®2 | 263»

which, together with (4-92), (4-93), and (4-94), proves (4-84).
We lastly prove (4-85) in a similar way to (4-84). We require the identity

(4-100) ¢l )1 e, Dy

. -4 . . . .
=4ci 8l =206 8 ow) @ 1) | Tae+2(x3 -frows) @ | Ze,
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which can be verified as follows. Identity (1-8) for n = 3 can be restated as
(4-101) &) | Doy =¢( 11— OF ¢ ow2) ® ] | By +2x3 - 10w,
because of (4-88), (4-89), and (4-90). A direct calculation shows that

Yo, e, = e+ (14) + (34) + (13)(24) + (123) + (124) 4+ (132) 4 (243)
+ (1234) + (1342) + (1423) + (1432),

and so we see from the equivalence classes modulo {(12), (34)) in Table 1 that
Yo, Xe, = 2232[2 mod ((12), (34)).
Since X¢, X, = X, Z¢,, we thus have

§(T3,1) | Xey X,

= 0 |Te,Ze, = (6156, 7] | Te,

@-101) _+ S ; ; ;
= 4(11,1’1,1) | 264_()(; ‘;l' Ow2)®§(ll,1) | 263264 ‘|‘2(X3I -{'10U)3)®§1 | Xe,
= 45(%1,],1,1)_2(X2T'§2T°w2)®§§1,1) | ng+2(X;'§1°w3)®§1T | e,

which verifies (4-100). Then, combining (4-92), (4-93), (4-95), and (4-100), we
obtain (4-85), which completes the proof. ([

Remark 4.14. We can find that (1-2) and (1-3) are used to show Lemma 4.12; this
lemma is required for the proof of (1-8) for n = 3. Thus, not only (1-3) but also
(1-2) are necessary to prove (1-8) for n = 3. Similarly, we can find that (1-2), (1-3),
and (1-4) are used to show Lemma 4.13, and thus not only (1-4) but also (1-2) and
(1-3) are necessary to prove (1-8) for n = 4.

5. Examples
We list examples of (1-3) and (1-4) in Table 2 and Table 4, respectively. We also
list examples of (1-8) for n = 3 and n = 4 in Table 3 and Table 5, respectively, for
comparison. The examples treat the case of weight less than 7. We omit examples
of (1-2) and (1-8) for n = 2 because they are essentially the harmonic relations.

The following straightforward expressions of (1-3) and (1-4) are convenient for
calculating the examples in Table 2 and Table 4:

5-1) &5 (1, b )+ 84 (o I3, 1)+ ¢4 (13, 1, 1)
=—¢ (D¢ g (1)
+ 4 1)E U3 + &) (b, 13)g] 1) + & (3, 1)E) (1)
+xil, b e +h+ 1),
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Index set Linear relation
(LLD 34,1, ) =xl,1,1)003) (d3-1)
(LL2) | &L L2)+e (1,2, D462 1L, D =41, DG @)+ @) (d3-2)

(LL3) | &1L 1L,3)+4 (1,3, D4+6G. LD =40, DaB3)+a()  (d3-3)
(122) | &(1,2,24602,2, D+52,1,2) = -6Q2)aB) +4(5)  (d3-4)
(LLA) |4, L9+ 1,4, D456, 1, D=0, DO +4(6)  (d3-5)
(123) | 4(1,2,3)+82,3, )+53,1,2)

=4(1,203)+6G, D& (2)+£1(6) (d3-6)
(1,32) | ¢{(1,3,2)453,2, D+5(2,1,3)

=4(1,3)0(2)+62, D& (3)+£1(6) (d3-7)
(2,22) | 343(2,2,2) = —=41(2°+30(2,2)81(2)+£1(6) (d3-8)

Table 2. Examples of (1-3) (or (5-1)).

(52) & (b3, )+ ¢ (o, Iy L 1)+ ) (U, 1a, 1, D)+ 6 (e, 1, 1, 1)
S ADAINBIN

— & (U1, )E 1) () — &5 (. ) (g ()
— & (3. W e ) = & W, 1)g ()g] (1)
+ 0 (11, ) (U3 L)+ &) (1, 13)3 (L, 1)

+4 (b, B )+ ¢4 (. 3, 1) (1)

+ & (3 L, 18] )+ & (s 11, D) (1)

— X4 (U1, by 3, 1) G (L + Do + 1+ ).

We have used ;f(l) =0 for all equations in the tables, and ;;(1, k) + g“; (k,1)=

—¢1(k+1) (k> 1) for (d3-4), (d4-2), and (d4-3).
As was mentioned in Section 1, it holds that

(5-3) ', =0 and (1, 1) = —50(2),

which follows from (3-14) with /; =1, =1, or 2z1z; = 21 *z1 — 2. In fact, applying
Z* to both sides of this equation, we obtain 2Z T,I(T) = T? —¢1(2), which together
with (2-8) and (3-64) gives (5-3). Lastly, we derive the following equations from
(d3-1) and (d4-1) as applications of examples:

(5_4) 4‘31)]1(1’171) = Cf(17171’1)=07

(5-5) G, 1L, 1) =300),

(5-6) 1L 1L 1) = 5601(4).
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Index set Linear relation
(LLD | 6211, 1, 1) =2x] (1,1, D£i(3) (d3'-1)
(L12) |2 (1, 1,20 +¢ (1,2, )+ 52,1, 1))
=—x (1, D122 +2¢1(4) (d3-2)
(L1,3) |26 (1,1,3) +¢4 (1,3, D) +53, 1, 1)
= —x (1, DGR 3) +261(5) (d3'-3)
(122) | 2(4(1,2,2)+ 52,2, D +53(2,1,2))
=—=202)51(3) +281(5) (d3'-4)
(1,1,4) 2(5;(1,1,4)+§§(1,4,1)+§3(4,1,1))
=% (1, Da@a @ +26(6) (d3'-5)
(123) | &4(1,2,3)+4/(1,3,2)+ 52, 1,3) + (2,3, 1)
+33(3,1,2) +¢3(3,2, 1)
= =010 @) +01(3)H) +241(6) (d3'-6)
(2,2.2) | 643(2,2,2) =£1(2)° = 301(2)¢1(4) +2£1(6) (d3'-7)
Table 3. Examples of (1-8) for n = 3.
Index set Linear relation
(LLLD [ 441, 1,1, D) =221, D2 = x, (1,1, 1, )¢ (4) (d4-1)
(LLL2) [ ¢fa, 1, 1,2 +¢4/(1, 1,2, 1)+;j(1,2, LD+&@,1,1,1)
=-4, DOB)+4 1,1, D5 (2) =45 (d4-2)
(LLL3) [ &/, 11,3+, 1,3, D+¢/(1,3, 1, D+ 4G, 1,1, 1)
=& (1, Do @) +& (1, 1, Der(3) — ¢1(6) (d4-3)
(1,122) [ ¢/(1,1,2,2) +4(1,2,2, D +¢/(2,2,1, )+ 2/ (2, 1,1,2)
=—5 (1, Da@?* 46 (1, D02, 2) + 45 (1,252, 1)
+(& (1, 1,2) + &2, 1, 1)1 (2) — £ (6) (d4-4)
(12,1,2) | 2(¢](1,2,1,2) + 242, 1,2, 1))
=4 (1,22 + 52, D? 424 (1,2, D&1(2) — ¢1(6) (d4-5)

Table 4. Examples of (1-4) (or (5-2)).

We can easily obtain (5-4) from (d3-1) and (d4-1) for = m1, since

x3 (L1, 1) =x,(1,1,1,1)=0 and &"(1,1)=0.

357

We can also obtain (5-5) from (d3-1) for ¥ = %, since x3(1,1,1) = 1. Since
x;(1,1,1,1)=1and ¢F(1, 1) = —¢1(2)/2, we obtain from (d4-1) for ¥ = * that

AL L LD =201 D - 0@ = 1a@? - a@),

which together with (3-72) proves (5-6).
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Index set Linear relation
(LLLD | 242](1, 1,1, 1) =3, (1, D& (2)? = 6x (1, 1, 1, D1 (4) (d4’-1)

(LL,L2) | 606 (1,1,1,2)+4/(1, 1,2, )42, (1,2, 1, D + 242, 1,1, 1))
= 3X§(1, D& (26 (3) +2x§(1, L, D& (2)51(3) —64,(5)  (d4'-2)

(LLL3) | 6051, 1,1,3) 4+ (1,1,3, ) 4+¢/(1,3,1, D +2&(3, 1,1, 1))
=3x, (1, D& Q2)51@) +2x4 (1, 1, D (3)? = 641 (6) (d4'-3)
(1,1,22) | 4] (1,1,2,2) + 44(1,2, 1,2+ 44(1,2,2, D) + ¢/ (2,1, 1,2)
+4/2,1,2, ) +£/(2,2,1,1)
=—x3 (L DG@3+ (3 (1, D+ D51 ()51 (4)
+21(3)* — 6£1(6) (d4’-4)

Table 5. Examples of (1-8) for n = 4.
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CONFORMALLY KAHLER RICCI SOLITONS AND
BASE METRICS FOR WARPED PRODUCT RICCI SOLITONS

GIDEON MASCHLER

We investigate Kiihler metrics conformal to gradient Ricci solitons, and base
metrics of warped product gradient Ricci solitons. A slight generalization
of the latter we name quasi-solitons. A main assumption that is employed is
functional dependence of the soliton potential, with the conformal factor in
the first case, and with the warping function in the second. The main result
in the first case is a partial classification in dimension n > 4. In the second
case, Kihler quasi-soliton metrics satisfying the above main assumption
are shown to be, under an additional genericity hypothesis, necessarily Rie-
mannian products. Another theorem concerns quasi-soliton metrics satisfy-
ing the above main assumption, which are also conformally Kihler. With
some additional assumptions it is shown that such metrics are necessarily
base metrics of Einstein warped products, that is, quasi-Einstein.

1. Introduction

The study of the Ricci flow [Hamilton 1982] has inspired the introduction of a metric
type generalizing the Einstein condition. A gradient Ricci soliton is a Riemannian
metric satisfying

Ric+ Vdf =Ag, A constant.

The function f is called the soliton potential. Such solitons are further referred to
as shrinking, steady or expanding, depending on the sign of A.

We consider Ricci solitons in two settings: the case where they are conformal to
Kihler metrics, and the case where they are warped products. Conformal classes of
Ricci solitons have been studied recently in [Jauregui and Wylie 2015; Catino et al.
2016; Maschler 2015]. Kihler metrics in such a conformal class, with nontrivial
conformal factor, have been examined in [Maschler 2008; Derdziniski 2012]. Warped
product Ricci solitons, on the other hand, have been studied extensively when the
base of the warped product is one-dimensional; see for instance [Chow et al. 2007].
The cigar soliton and the Bryant soliton are examples in this category.

MSC2010: primary 53C25; secondary 53C55, 53B35.
Keywords: Ricci soliton, quasi-soliton, quasi-Einstein, Kéhler, conformal, warped product.
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In each case we focus on an auxiliary metric which at least partially determines
the soliton. In the first case that would be the associated Kéhler metric in the
conformal class, and in the second case it is the induced metric on the base of the
warped product. The latter metric is a special case of what we call a (gradient Ricci)
quasi-soliton, in analogy with how base metrics of Einstein warped products are
often called quasi-Einstein metrics. We consider only quasi-soliton metrics which
are Kihler, or conformally Kéhler.

A common thread for these two cases of auxiliary metrics is the appearance
of two Hessians in their defining equations. One is the Hessian of the soliton
potential f, while the other Hessian depends on the case: it is that of the conformal
factor t in the first case, and that of the warping function ¢ in the second.

These equations are, of course, more complex than the original Ricci soliton
equation, and handling them in full generality still appears beyond reach. Our
strategy is thus to consider mainly the case where functional dependence of the
above two functions holds, in either setting. In other words, we require

(1-11)) dt Adf =0 for the associated Kéhler metric,
(1-1ii)) de¢Adf =0 forthe induced metric on the base of the warped product.

In the latter case we call the metric a special quasi-soliton.

An example where condition (1-11) occurs in the Kéhler conformally soliton case
is when the conformal factor 7 is additionally a potential for a Killing vector field of
the Kihler metric (a Killing potential). The latter condition was studied in [Maschler
2008] and plays a role in Theorem 7.4. It turns out that the condition (1-1i) also
implies, generically, the existence of a Killing potential which, however, is of a more
general kind, being only functionally dependent on t, rather than being 7 itself. An
instance of this more general setting was first considered in [Derdzinski 2012].

Another metric type that plays an important role in all our main theorems is the
SKR metric, i.e., a metric that admits a so-called special Kidhler—Ricci potential.
This notion was introduced by Derdzinski and Maschler [2003; 2006] for the purpose
of classifying conformally K&hler Einstein metrics. In all our main theorems the
proofs involve a Ricci—Hessian equation of the form

aVdt +Ric=yg,

for functions « and y. The theory of SKR metrics which is then applied is closely
tied to such equations.

The main results in this article are Theorems 6.2, 7.3 and 7.4. The first of these
gives a partial classification of Kihler metrics conformal to gradient Ricci solitons
in dimension n > 4 satisfying condition (1-1i). Theorem 7.3 presents a reducibility
result for special quasi-soliton metrics which are Kihler. The conclusion of this
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theorem, that the metric is locally a Riemannian product, is analogous to a similar
result for quasi-Einstein metrics [Case et al. 2011]. Theorem 7.4 mixes the two main
themes of this paper, as it involves special quasi-soliton metrics that are conformal
to an irreducible Kihler metric. With some additional assumptions, the conclusion
of the theorem is that the metric must in fact be quasi-Einstein. This is in contrast
with the existence of conformally Kihler quasi-Einstein metrics [Maschler 2011;
Batat et al. 2015], and it remains to be seen whether this difference holds in general,
or else is the result of the added assumptions.

Examples of metrics satisfying the conditions of Theorem 6.2 appear in [Maschler
2008; Derdziriski 2012]. In one of the possible outcomes of the theorem, occurring
in dimension four, the Ricci soliton must be non-Einstein and steady (A = 0). There
are at this time many known examples of non-Einstein steady Ricci solitons in all
dimensions. Recent examples were given by Buzano, Dancer and Wang [Buzano
et al. 2015] and Stolarski [2015]. A discussion of their potential relevance to this
theorem is given at the end of Section 6.

The structure of the paper is as follows. After some preliminaries in Section 2, we
give several forms for the conformally soliton equation in Section 3. We then deter-
mine in Section 4, in the context of the first metric type considered, certain implica-
tions of the assumption that vector fields that occur in the conformally soliton equa-
tion are of one of several well-known classical types. One such assumption which
does not occur in nontrivial cases has, nonetheless, an interesting classification,
which we give in the Appendix. In Section 5 we recall the salient features of SKR
metric theory. The main theorem in the conformally Kéhler case is given in Section 6,
and the two main theorems for special quasi-soliton metrics appear in Section 7.

2. Preliminaries

Let (M, g) be a Riemannian manifold of dimension n, and 7 : M — R a C*®

function. We write metrics conformally related to g in the form § = 7 2g.

We recall a few conformal change formulas. The covariant derivative is
(2-1) /V\wu = Vyu — (dylogt)u — (d, log t)w + (w, u)Vlog t,

where d,, denotes the directional derivative of a vector field « and the angle brackets
stand for g. It follows that the g-Hessian and g-Laplacian of a C? function f are
given by

(2-2i) Vdf =Vdf +t '[2dt ©df — g(Vt, VF)gl,

(2-2ii) Af=12Af —(n—2)1g(Vr, Vf),

where dt O df = %(d T ®df +df ®dr). Finally, the well-known formula for the
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Ricci tensor of ¢ is given by
(2-3) Ric = Ric+ (n —2)t "' Vdr + [t 7' At — (n — D3| Ve g,

where A denotes the Laplacian and the norm | - | is with respect to g.
Recall that a (real) vector field w on a complex manifold (M, J) is holomorphic
if the Lie derivative £,,J vanishes.

Proposition 2.1. Let V be a torsion-free connection on a complex manifold (M, J).
For any vector field w,
Ew.] == VwJ + [Jv VU)],

where the square brackets denote the commutator.

In fact, write (£, J)u = L£,(Ju) — JL,u and replace each Lie derivative by
the Lie brackets, and each of these by the torsion-free condition for V, giving
VpJu — Vi, w — JVyu+ JV,w. The first and third terms together give (V,,J)(u),
while the second and fourth terms give [J, Vw](u).

Proposition 2.2. Let (M, J) be a complex manifold with a Hermitian metric g.
Given a C? function g on M, set w = Vq. Then Vdq is J-invariant if and only if
[J, Vw]=0.

In fact, Vdg(Ja, b) =g(Ja, Vyw) = —g(a, IVyw) = —g(a, J(Vw) (b)), while
—Vdgq(a, Jb) = —g(a, Viyw) = —g(a, (Vw)(Jb)).

In the following well-known proposition 7, denotes interior multiplication by a
vector field, while & denotes the divergence operator.

Proposition 2.3. Let o be a smooth function on a Kdhler manifold such that v=Vo
is a holomorphic gradient vector field. Then 21,Ric = —dY and 26Vdo = dY
forY = Ao.

For a proof, see [Derdzinski and Maschler 2003, (5.4) and (2.9)(c)].

3. Various forms of the conformally soliton equation

Let g be a Riemannian metric and t a smooth function on a given manifold, for
which g = g/7? is a gradient Ricci soliton with soliton potential f. The soliton
equation for g, together with its associated scalar equation, are

(3-1i) Ric + Vd f =g, with A constant,
(3-1ii) ’A\f—§(§f,/v\f)+2kf=a, for a constant a.

To obtain this in terms of g, we apply equations (2-3) and (2-2i) to (3-1i). The
result is

(3-2) Ric+ (n —2)t~'Vdt + Vdf +2t7'dt 0 df = yg.
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for
(3-3) y =12 [A+m— DIVt -t [AT — g(VT, V)],

with |V7|? = g(Vr, V7).
We will now rewrite (3-2) in a different form. Specifically, for the vector fields
v =Vt and w = 12V/, equation (3-2) is equivalent to

(3-4) Ric+al,g+BLyg=vE,

with o = %(n -2, p=@r>) 7 and £ denoting the Lie derivative. To show
this, recall that for any vector fields a, b,

(3-5) (Lwg)(a,b) =g(Vow, b) +g(a, Vyw),

or L,g =[Vw+ (Vw)*],, where * denotes the adjoint and b is the isomorphism
associated with lowering an index. Now clearly £, g = Lv,g =2Vdt. To compute
the Lie derivative term for w, write w = hVf. Then

Lyg =2hVdf +2dh Odf.
Setting & = v and dividing by 272 gives
Vdf +2t7'dv ©df = 2t ' Loayrg = BLug.

Another form for equation (3-2) is obtained as follows. It is natural to combine
the two Hessian terms into one. For this, set

uw=logr, O=f+m—2)logz, ¥ =20—(n—-2)pu.
Then (3-2), (3-3) and (3-1ii) read
(3-6i) Ric+VdO +du0dy =yg, y=hre *—Au+g(Vo, V),
(3-6ii) EPHAf —g(VO, V)4 2A0f =a.
To derive (3-6ii) one uses (2-2ii), which, in terms of u, reads

eHAf = Af — (n—2)g(Vpu, V).

4. The Kihler condition and distinguished vector fields

Let g be a metric which is K&hler with respect to a complex structure J on a
manifold M, and conformal to a gradient Ricci soliton. Equation (3-4) then holds,
and the J-invariance of g and its Ricci curvature implies that

4-1) aLlyg + BLyg is J-invariant.
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Applying (3-5) to the relation £,g(J-,-) = —L,g(-, J-), for both x = v and

x = w, and recalling that J* = —J, we see that (4-1) is equivalent to the vanishing
of a commutator: [@(Vv+ (Vv)*) + 8(Vw + (Vw)*), J]1 =0, or
(4-2) [ (Log) + B(Lwg)*, J1=0,

where  denotes the isomorphism acting by raising an index.
The most obvious case where (4-2) holds is when both summands vanish sepa-
rately, so that, w, for example, satisfies

(4-3) [(Lyg)*, J1=0.

We wish to study relations between these two vanishing conditions for v and w.
We first note that (4-3) includes as special cases the following three classical types
of vector fields (the first being, of course, a special case of the second):

« a Killing vector field (£, g = 0),
« a conformal vector field ((£,,g)* = h1, for a function & and I the identity),
 a holomorphic vector field ([Vw, J] = 0 on a Kéhler manifold).

This last type is holomorphic by Proposition 2.1 in the Kéhler case, and it is indeed
a special case since [Vw, J]* = [(Vw)*, J] and [Vw + (Vw)*, J] = 0, the latter
equality being equivalent to (4-3).

We will see in the next theorem that the Killing case does not lead to important
Kihler conformally soliton metrics. However, Kdhler metrics with a Killing field
of the form w = 2V can be classified, as we show in the Appendix.

To state the next result, we continue to assume g is Kéhler and conformal to a
gradient Ricci soliton g, but now on a manifold of dimension n > 2. With notation
as above for 7, f, v and w we have:

Theorem 4.1. The following conclusions hold for the vector fields v and w:
(1) If w is a conformal vector field, then g is Einstein.

(2) If w is a holomorphic vector field and either v is holomorphic as well, or vd f
is J-invariant, then spanc{v} = spanc{w} away from the zero sets of v and w.

Proof. The key to both parts is that w = 7>V is also the g-gradient of f,i.e., w= v f.
Therefore £,,§ = Lg78 = 2Vd f. As the condition that a vector field be conformal is
conformally invariant, it follows that when w is conformal, the Ricci soliton equation
(3-11) reduces, using Schur’s lemma, to the Einstein equation. This proves (1).

To prove (2), note first that the combination of Propositions 2.1 and 2.2 for a
Kihler metric yields the result that the vector field v = V1 is holomorphic exactly
when Vdt is J-invariant. This in turn is equivalent, by (2-3) and the fact that the
metric g and its Ricci curvature are J-invariant, to Ric being J-invariant. Finally,
the latter condition is equivalent to vd f being J-invariant, by the soliton equation
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(3-1i). The combination, again, of Propositions 2.1 and 2.2, but this time for a
Hermitian metric, yields equivalence of the latter condition with £g,J = Vg, J, or

(4-4) Lod =V,
Now from (2-1), for any vector field u,

(VpDu = Vy(Ju) — IVyu
=V, (Ju) — 1t dpt)Ju —t N djut)w + (w, Ju)t v
— [V ) — 1 (dpt)Ju — 1 dyT)Jw + (w, u)t = Jv]

=t N (=, Ju)w + (w, Ju)v+ (v, u) Jw — (w, u)Jv)
=t ' ((Jv, w)w — (Jw, u)v+ (v, u)Jw — (w, u) Jv),

where we used the fact that V,,J = 0, and the angle brackets denote g. Combining
this with (4-4) we see that as w is holomorphic, the last expression vanishes for
every vector field u. Substituting first u = v and then u = Jv shows that away from
the zeros of v, the vector fields w and Jw are pointwise in span{v, Jv}. As this
reasoning is symmetric for v and w, the result follows. O

In the examples of [Maschler 2008] the manifolds on which g and g reside
are locally total spaces of holomorphic line bundles over manifolds admitting a
Kihler-Einstein metric, and g is an SKR metric (see Section 5), while the conformal
factor 7 is a Killing potential. For these examples f is an affine function in 7~! (see
[Maschler 2008, Proposition 3.1]), so that, in that case, v and w are holomorphic
and in fact spang v = spang w, away from the zeros of these vector fields.

5. SKR metrics

We recall here some facts from [Derdzinski and Maschler 2003] and [Maschler 2008]
on the notion of an SKR metric, i.e., a Kidhler metric g admitting a special Kihler—
Ricci potential o. For the definition, recall that a smooth function o on a Kihler
manifold (M, J, g) is called a Killing potential if J Vo is a Killing vector field. The
definition of a special Kéhler—Ricci potential consists then of the requirement that o
is a Killing potential and, at each noncritical point of it, all nonzero tangent vectors
orthogonal to the complex span of Vo are eigenvectors of both the Ricci tensor and
the Hessian of o, considered as operators. This rather technical definition implies
that a Ricci—-Hessian equation holds for o on a suitable open set (see [Derdzinski
and Maschler 2003, Remark 7.4]), namely

5-D Ric+aVdo =yg,

for some functions «, y which are functionally dependent on o.
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We say that equation (5-1) is a standard Ricci—-Hessian equation if ado # 0
whenever do # 0. This condition will appear in all our main theorems. However,
even if it does not hold over the entire set where do #~ 0, these theorems will hold,
with the same proofs, on any open subset of {do 7# 0} where ada # 0. We have:

Proposition 5.1. A Kdhler metric on a manifold of dimension at least four is an
SKR metric, provided it satisfies a standard Ricci—-Hessian equation of the form
S-1) withda ANdo =dyndo =0.

This result appears in [Maschler 2008, Proposition 3.5] with proof referenced
from [Derdzinski and Maschler 2003], a proof that has to be interpreted with the
aid of [Maschler 2008, Remark 3.6]. Note also that in dimension greater than four,
if the Ricci—Hessian equation of a Kihler metric satisfies do A do = 0 then it
automatically also satisfies dy A do = 0 (see [Maschler 2008, Proposition 3.3]).

If an SKR metric is locally irreducible, the theory of such metrics (see §4 of
[Maschler 2008]) implies that a pair of equations holds on the open set where the
Ricci—Hessian equation (5-1) holds:

(0 —0)*¢ "+ (0 —c)[m— (o —)alp' —m¢p = K,

(5-2)
—(0—0)¢" +la(c—c)—(m+D]p' +ap=1y.

Here ¢ is defined pointwise as the eigenvalue of the Hessian of o, considered
as an operator, corresponding to the eigendistribution [spang Vo]t, and c is a
constant. This eigenvalue and o are functionally dependent, so that the primes
represent differentiations with respect to o. Furthermore, K is a constant whose
exact expression in terms of SKR data will not concern us, while m = % dim(M).
We further have the following relations between ¢, Ao and Q := g(Vo, Vo):

(5-3) Ao =2mep+2(t —c)p', QO =2(t —c)p.

Note that for an irreducible SKR metric, the function ¢ is nowhere zero on the open
dense set where do # 0.

In analyzing equations such as (5-2) we will repeatedly use in Section 7 the
following elementary lemma, taken from [Maschler 2008].

Lemma 5.2. For a system
A¢”" +B¢p'+Cop =D,
¢'+pp=gq,

with rational coefficients, either A(p* — p') — Bp + C = 0 holds identically, or else
the solution is given by ¢ = (D — A(q¢' — pq) — Bq)/(A(p2 —p)Y—Bp+0C).

(5-4)

We now state the local classification of SKR metrics (Theorem 18.1 in [Derdzinski
and Maschler 2003]).
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Theorem 5.3. Let (M, g, 0) be a manifold with an SKR metric and a special
Kdhler—Ricci potential. Then every point for which do # 0 has a neighborhood
where g is, up to a biholomorphic isometry, given explicitly on an open set in the
following local model.

Here is the model metric, which is obtained as a special case of the Calabi ansatz.
For simplicity we only give it in the irreducible case. Letw : (L, (-, -)) — (N, h) be
a Hermitian holomorphic line bundle over a Kihler manifold which is also Einstein
if n > 4, where n — 2 is the (real) dimension of N. Assume that the curvature of the
Chern connection associated to (-, - ) is a multiple of the K#hler form of 4. (Note
that, if n > 4, N is compact and 4 is not Ricci flat, this implies that L is smoothly
isomorphic to a rational power of the anticanonical bundle of N.) Consider, on the
total space of L excluding the zero section, the metric g given by

Q0) »

(5-5) g|H=2|o—c|n*h, gh):W €

( * bl ° )7
where:
— V and H are the vertical and horizontal distributions of L, assumed to be

g-orthogonal to each other and the latter being determined via the Chern
connection of (-, - ).

— ¢, a # 0 are constants.
— r is the norm induced by (-, - ).

— o is a function on L \ 0, obtained by composing with the norm r another
function, denoted via abuse of notation by o (r), and obtained as follows:
one fixes an open interval / and a positive C* function Q(o) on I, solves
the differential equation (a/Q)do = d(logr) to obtain a diffeomorphism
r(o): 1 — (0, 00), and defines o (r) as the inverse of this diffeomorphism.

The metric g is the model SKR metric, with special Kdhler—Ricci potential o = o (r),
and |Vo |3 = Q(a (r)).

SKR metrics on compact manifolds also admit a global classification (Theorem
16.3 of [Derdzinski and Maschler 2006]), which shows they reside only on CP!-
bundles P(L & C) over manifolds N as above, or on complex projective spaces.

6. Functional dependence
Recall equation (3-6i):
(6-1) Ric+Vdo +duody =yg, y=»xre " —Au+g(Vo, Vi),

with u =logt, 6 = f+(m —2)logt and {y = 260 — (n — 2)u. This was one of
the forms of equation (3-2) characterizing a metric g conformal to a gradient Ricci
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soliton. If g is also Kihler on a manifold (M, J) of real dimension at least four,
constancy of 6 implies that g is in fact Kdhler—Einstein. This follows since, in this
case, the above relation defining v shows that the term du © d is just a constant
multiple of du ® du, and the latter vanishes, as it is the only term in (6-1) that is
not J-invariant.

Note that f cannot be constant on a nonempty open subset of M without being
constant everywhere in M, by a real-analyticity argument stemming from [Ivey
1996]. Hence the same holds for 6, because we see from the previous paragraph
that constancy of 6 on a nonempty open set implies the same for f.

Proposition 6.1. Assume g is Kdhler and conformal to a gradient Ricci soliton in
dimension n > 4 with 6 nonconstant. If

df Adt =0

(equivalently, du N d6 = 0), then g satisfies on an open dense set a Ricci—Hessian
equation of the form

(6-2) aVdo +Ric=vyg,
for appropriate functionally dependent functions o and o.

In fact, in the set where d6 # 0, choose any function ¢ of 8 with dt # 0, so that 8
and u become functions of ¢, on some interval of the variable ¢. For the moment, ¢
is not further specified. Denoting the derivative with respect to ¢ by ( ), we have

(6-3) VdO +du ©dy =0Vdt+[6 +246 — (n—2)*dt O dt.
Next, we choose a function o of ¢ such that & > 0 and
(6-4) 5/6 =16 +2/16 — (n—2)i2/6

on the open dense set where 6 # 0. The right-hand side of this equation is given,
so that this stipulation amounts to the requirement that an (easily solvable) ODE
holds for o.

We now fix t = . For this choice, (6-4) becomes

(6-5) 6+206 —(n—2)p% =0,

which holds on the image under o of an open dense set, namely the intersection of
the noncritical set of o, with points where 6 #£ 0. It follows from (6-5) and (6-3)
that Vd6 +du © dyy = aVdo, with o = 6. This translates the first of equations
(6-1) into a Ricci—Hessian equation.

We now record some relations that will be used in the next theorem, with

assumptions as in Proposition 6.1. Let Q = g(Vo, Vo), Y = Ao and s be the
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scalar curvature of g. First, from (6-1),
(6-6) y =he P — 1Y + (af — D) Q,

as Au=nY + Q0 and g(VO, Vi) = a1 Q. Next, we have

(6-71) aY +s=ny,
(6-7ii) adY +Yado +ds =ndy,
(6-7iii) adY +adQ +ds =2dy,
(6-71v) adQ —dY =2ydo.

These equations are obtained in succession by taking the g-trace of (6-2); forming the
d-image of (6-7i); finally, applying twice the divergence operator 2§ and, separately,
interior multiplication by Vo, i.e., 21y, to (6-2) and using Proposition 2.3 and the
Bianchi relation 2§ Ric = dss.

Further relations are obtained by subtracting (6-7iii) from (6-7ii), then applying
-+ Ado to (6-81), d to (6-7iv) and d followed by - - - Ado to (6-6), which yield

(6-8i) Yoado —adQ =(n-2)dy,

(6-8ii) adoANdQ =n—-2)dyrdo,
(6-8iii) ado NdQ =2dyAndo,

(6-8iv) dyndo = (ap— i) dQ ANdo — pdY ANdo.

We can now state the following partial classification theorem.

Theorem 6.2. Let g be a Kihler metric conformal to a gradient Ricci soliton g
on a manifold M of dimension n > 4, so that equations (3-2) and (6-1) hold. If
df Adt = 0 (equivalently, du N d6 = 0), then one of the following must occur:

(1) g is a Kdhler—Ricci soliton.
(ii) g satisfies a Ricci—Hessian equation, and if it is standard, g is an SKR metric.
(iii) n =4 and g is an Einstein metric.
(iv) n =4 and g is a non-Einstein steady gradient Ricci soliton (A = 0).
The Ricci—Hessian equation in (ii) holds on an open dense set.
After proving this theorem, we address its relation to various known examples.

Proof. 1f 6 is constant, we have seen g is Kédhler—Finstein, a special case of (i).
Assume from now on that 6 is nonconstant. Then by Proposition 6.1, g satisfies the
Ricci—Hessian equation (6-2) on an open dense set.

When « is constant, so is y, by (6-8i) and thus (6-2) gives (i). Next, we assume
in the rest of this proof that « is nonconstant.
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If n >4 (or, dQ Ado =0 everywhere), then dyAdo =0, as verified by subtracting
(6-8iii) from (6-8ii) (or, using (6-8iii)). If the Ricci—Hessian equation is standard,
taking into consideration that da A do = 0 because o = 6, Proposition 5.1 implies
that (i1) holds.

So assume n =4 and dQ Ado # 0 somewhere in M (and, consequently, almost
everywhere, by an argument involving real-analyticity, valid in dimension four). By
(6-7iv), (6-8iii) and (6-8iv),

(6-9) (6 + 20t —2ji)dQ —2/1dY and 24(dY — adQ)

are both functional multiples of do. Adding these two relations, we conclude that
(¢ —2ii)dQ Ando =0, so that (6-5) with n =4 gives & = 2ji and

(6-101) a=2(r+p),
(6-10ii) 20 +a? =4p?,
(6-10iii) dlap —ji) = Ga +2p)(a —2p),

for a constant p, where (6-10i) is obtained by integration, (6-10ii) using (6-101)
and (6-5) with n = 4, while (6-10iii) follows from (6-10i) and (6-10ii) by algebraic
manipulations that use again & = 2ji. Also, as = «,

(6-11) f=2p.

(6-11ii) ple** (Y —a Q) + 210 = constant.

In fact, differentiating the relation 6 = f + (n — 2)u with n = 4 and (6-101) give
(6-111). Thus, f equals 2po plus a constant. Hence Af = 2pY, and (6-11ii)
follows from (3-6ii) and (6-10i). If p =0 then f is constant, and this, by the soliton
equation (3-1i), implies (iii).

Suppose, finally, that p # 0 while n = 4 and dQ A do # 0 somewhere. As a
consequence of (6-8i) and (6-10ii),

(6-12) 4dy = (4p* —a®)(Ydo — dQ).
On the other hand, (6-6), (6-10i) and (6-10iii) give
(6-13) 4y =4re M + (@ —2p)[(@+2p) 0 +2(@Q — Y)].

Since p # 0, (6-11ii) yields ¢ Q — Y = e~ (210 — b) for some constant b, so that
(6-13) and (6-12) become

(6-141) 4y = e M [4r + 2ho — D)o —4p)] + (2> —4pH 0,
(6-14ii) 4dy = (4p* —a®)[aQdo — e (210 — b)do — dQ).
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Thus (4p? — a?)[aQdo — e (210 — b)do] equals the sum of Qd(a? —4p?)
and d[e (41 + 2ro — b)Qu — 4 p))], since both expressions coincide with
4dy +(4 pz—az) dQ, which for the former is clear from (6-14ii), and for the latter fol-
lows if one applies d to (6-141). This equation yields 4e 2 (2r0 —b)(2 p—a)a =0,
as seen by evaluating these expressions via the first two parts of (6-10), and sub-
tracting the former expression from the latter. As we are assuming « is not constant,
it follows necessarily that A (and b) must be zero. This gives (iv), completing the
proof. U

We remark on the relation of the four possible outcomes in this theorem to known
examples. Many examples of Ricci solitons that are Kéhler have been described in
the literature (see for instance [Koiso 1990; Cao 1996; Pedersen et al. 1999; Wang
and Zhu 2004; Dancer and Wang 2011]), and they are all examples of outcome
(i), with constant conformal factor t. A glance at the proof of Theorem 6.2 shows
that the door is left open for another possibility. Namely, when 6 is nonconstant
but o = 6 is constant, equation (6-5) yields that either 1 = log T is constant or j is
constant, so that 7 is an exponential in an expression affine in o. We do not know if
there exists a corresponding example of a gradient Kdhler—Ricci soliton nontrivially
conformal to a gradient Ricci soliton. The case of Einstein metrics conformal
to other Einstein metrics is classical. On non-Einstein gradient Ricci solitons
conformal to other such solitons, see [Jauregui and Wylie 2015; Maschler 2015].

Concerning the SKR metric option in possibility (ii), there are known examples
of SKR metrics nontrivially conformal to Ricci solitons. Such metrics include, up to
biholomorphic isometry, all Kéhler conformally Einstein ones in dimension n > 4
[Derdzinski and Maschler 2003; 2006; 2005]. Regarding SKR metrics conformal
to non-Einstein gradient Ricci solitons, examples were constructed in [Maschler
2008] and [Derdzinski 2012]. The former examples are special among those of the
latter, as for them the conformal factor 7, rather than some function o of it, is a
Killing potential, and, more importantly, the soliton is itself Kédhler with respect to
another complex structure.

Note that the characteristics of the spaces that admit SKR metrics are fairly
restrictive, in that they are quite specific holomorphic line bundles (if the base is not
Ricci flat) over a base that is Kihler—FEinstein (if n > 4, see Section 5). Thus many of
the later examples of Ricci solitons, Kéhler or not, such as the cohomogeneity one
metrics on vector bundles over a product of Fano Kéhler—Einstein manifolds [Dancer
and Wang 2011; 2009], are not SKR or conformal to SKR metrics. On the other
hand, the recent examples of Stolarski [2015] live on exactly the right type of space,
and it is an interesting question whether his metrics are conformal to SKR metrics.

Note that the examples in [Maschler 2008], are of a type first considered by
Koiso [1990] and Cao [1996]. They, along with those in [Derdzinski 2012], are
also irreducible. Although the development of reducible SKR metrics runs in
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parallel to that of the irreducible ones, with somewhat simpler formulas, and a
simpler classification of conformally Einstein such metrics, the theory of reducible
SKR metrics conformal to non-Einstein Ricci solitons is currently underdeveloped,
compared with the irreducible case, perhaps because the eigenfunction ¢ of the
Hessian in the Ricci—Hessian equation is then identically zero, and so equations
(5-2) do not hold. But see also Remark 7.2.

A Kihler conformally Einstein metric of the type given in possibility (iii) is not an
SKR metric, since the latter must satisfy dQ Ado =0, a relation that, as the proof of
Theorem 6.2 shows, does not hold in this case. Instead, one has a relevant example
on the two-point blowup of CP?, namely the Chen-LeBrun—Weber metric [2008].

Possibility (iv) is perhaps the least expected. We do not know if there are metrics
of this type, and this constitutes an interesting question. The stipulation that the
soliton g is steady brings to mind the four-dimensional version of the examples in
[Buzano et al. 2015], which was already considered in [Ivey 1994]. However, the
condition dQ A do # 0 that must be satisfied points more towards a metric like
that of (iii) rather than to a bundle-like metric. But unlike case (iii), such a metric
cannot occur on a compact manifold, as it is well known that compact manifolds
do not admit non-Einstein steady gradient Ricci solitons (see [Ivey 1993]).

7. Quasi-solitons

Many of the original examples of gradient Ricci solitons arise as warped products
over a one-dimensional base (see for instance [Chow et al. 2007]). We consider
here the case of an arbitrary base.

Let g be a warped product (gradient Ricci) soliton metric on a manifold M = B x F,
so that

(7-1) g=gp+0gr =g+ ¢ Ric+Vdf=ig,

where £ is (the pullback of) a function on the base B and A is constant. When g
is Einstein, the base metric g = g is often called quasi-Einstein. In the setting of
(7-1), g will be a special case of what we call a quasi-soliton metric. The latter is
defined as a metric g satisfying (7-2i) below, for some functions f and £ and some
constant A. There, and in what follows, we drop the subscript B in the notation for
g p-dependent quantities.

Proposition 7.1. With notation as above, the soliton equation for g (see (7-1)) is
equivalent to the system

(7-21) Ric — %Vd€+Vdf =ig, k=dim(F),

(7-2ii) Ricr = vgp,
(7-2iil) where v = —Ldypl + 026 + 1%, for €% = 7V AL+ (k— 1) Ve
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In particular the fiber metric is Einstein if dim(F) > 2, and f turns out to be a
function with vanishing fiber covariant derivative (see below), so that we regard it
as a function on B. Unlike the quasi-Einstein case [Kim and Kim 2003], the scalar
equation on the left in (7-2iii), with v a constant, does not follow from (7-2i).

Proof. To derive the equations, we need the well-known Ricci curvature formulas
for warped products (see [O’Neill 1983]), and additionally, similar equations for
the Hessian of f. For the latter we use the covariant derivative formulas for warped
products, together with the known fact that for a C! function defined on the base,
the gradient of its pullback equals the pullback of its base gradient.

Let, x, y denote lifts of vector fields on B, and u, v lifts of vector fields on F.
Then

V.y is the lift of V,y on B,
Vv =V,x =d, log(£)v,

73 [V,w] is the lift of VFw on F,
[V,w]® = —g(v, w)Viog¥.
Hence,
Vdf(x,y) =g(Vs(VHEy) +&(V (VN y)
=g(Ve (VA5 y) +8(di log (VAT y) = g(V(VNHE y).
Vdf (x,v) = g(Ve(VAHE ) + 5(Ve (V)L v) = tdilg - (V) 0),
Vdf (v,w) =g(Vy(VHEw) +2(Vo(VH  w)

=d s (log ) (v,w) +2(VS (V) w) —g(v, (V/)T)z(Viege, w)
= td g Ogr(v,w) + ¢ (V) (VN w).

We combine these with the Ricci curvature formulas

Ric(x, y) = Rch(x ) — (k>Vd13(x v,
(7-4) Ric(x, v) =
Ric(v, w) = Ricr (v, w) — ¥ g(v, w).

We now notice that the soliton equation applied to x and v implies that (Vf)F =0
so that f can be regarded as the pullback of a function on B. This readily gives
equations (7-2). U

Remark 7.2. The structure (7-1) above can at times give an example of a Ricci
soliton which is conformally Kihler. Namely, g = £~2g is clearly a product metric,
and if, for example, dim B = 2, so that the quasi-Einstein metric g, is Kéhler with
respect to some complex structure on B, while g is chosen to be Kihler-Einstein
on F, then g is Kihler, reducible and conformal to a Ricci soliton.
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In analogy with the previous section, we will be considering quasi-soliton metrics
for which f and ¢ are functionally dependent, that is,

(7-5) dfndt=0.

We call such metrics special quasi-soliton metrics.

It is known that Kéhler quasi-Einstein metrics which are not Einstein do not
exist on a compact manifold, and in general must be certain Riemannian product
metrics [Case et al. 2011]. Similarly we show:

Theorem 7.3. Let g be a Kdihler special quasi-soliton metric on a manifold M of
dimension at least four. Then g satisfies a Ricci—Hessian equation on an open set.
If this equation is standard, then g is a Riemannian product there. If the dimension
is greater than four, then one of the factors in this product is a Kdhler—Einstein
manifold of codimension two.

Proof. As the quasi-soliton metric is special, we have Vdf = f'Vd{ + f"d{ ® dX,
where the prime denotes differentiation with respect to £. Then (7-2i) becomes

(7-6) Ric+ (f' - %)we + Al ®de = Ag.

In analogy with Proposition 6.1, we introduce a function o with d¢ Ado =0
and rewrite the special quasi-Einstein equation (7-6) as

(7-7) Ric +&¢'Vdo + @t + f"¢*) do @ do = Ag,

for @ = f'(£) — k /£, with the convention that primes on £ represent differentiations
with respect to o, while primes on f still represent differentiations with respect
to £. The restriction on the open set where an ODE analogous to (6-4) holds is
o =@l # 0 (corresponding to 6 # 0 in Proposition 6.1). On that set, equation
(7-7) becomes a Ricci—Hessian equation of the form

Ric+aVdo =g, a=al,
provided we choose o so that the differential equation
(7-8) &E// + f//E/Z =0

also holds.

Assuming the Ricci—Hessian equation is standard, Proposition 5.1 now shows
that g is an SKR metric on the open set described above. If g is irreducible, the
theory of SKR metrics gives the two equations (5-2), which now take the form

(7-91) (0 —¢)*¢" + (0 —)[m— (0 —c)alp' —mp = K,
(7-9ii) —(0 —0)¢" +[a(c —c)—(m+1D]p +ap = A,
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where ¢ is defined pointwise as the eigenvalue of the Hessian of o, mentioned in
Section 5.

Divide (7-91) by o — ¢, add to (7-9ii) and multiply both sides of the resulting
equality by —1, to obtain

K

o—c’

(7-10) ¢’+(i—a)¢:—x—

o—c¢C

We will apply Lemma 5.2 to the system consisting of (7-91) (whose coefficients
we now call A, B, C, D) and (7-10) (with the obvious p and ¢). According to the
lemma, the solution ¢ is the ratio (D — A(¢' — pq) — Bq)/(A(p>— p’)— Bp+C), if
the denominator is nonzero. But one easily computes that D — A(¢’ — pq) — Bg =0.
However, as mentioned in Section 5, the function ¢ is nowhere zero on the set where
do #0 when g is irreducible. Hence the only possibility is that A(p>—p’)—Bp+C
vanishes identically. But it is easily seen from the definitions of A, B, C, p that

A(p*=p)—Bp+C=d'(c —c)’.

We conclude that « is constant, so g is additionally a gradient Ricci soliton. Writing
this condition explicitly we get, with primes now denoting solely differentiation
with respect to o,

El
(foli)/—k7 =b,
where b is constant. But equation (7-8) can also be written as
E//
(foZ)”—kT =0.

Differentiating the first of these two equations and combining it with the second
shows that £ is constant, hence g is Einstein. But this means o = 0, contradicting
that the Ricci—Hessian equation for g is standard. Hence g must be reducible. The
structure of the Riemannian product constituting g follows from SKR theory. [J

Next we consider the problem of whether quasi-soliton metrics can be confor-
mally Kihler. This is certainly possible for quasi-Einstein metrics (see [Maschler
2011; Batat et al. 2015]). We have the following result, analogous in form and in
proof to the previous one, though it requires more assumptions and is computation-
ally more difficult.

Theorem 7.4. Let M be a manifold of dimension n = 2m > 4 and g an irreducible
Kéihler metric on M conformal to a special quasi-soliton § = g/t* having warping
function £, potential f and appropriate constants k and ). Assume t is a Killing
potential for g and d¢ Adt = 0. Then g satisfies a Ricci—-Hessian equation. If the
latter is standard, then g is quasi-Einstein.
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Proof. Being a special quasi-soliton, g satisfies equation (7-6), i.e.,
(7-11) Ric + uVdl + xdt @dt = A3,

forpu= f'({) —k/€ and x = [ ().
Using (2-3) and (2-2i), we see that g satisfies
(7-12) Ric+m—2)1"'Vdr+ (@ 'At—(n— D1 2Q)g
+u(Vde+2t ' dt 0 dt — 17 'g(Vr, VO g) + xdl @ dl = at " 2g,
with Q = g(Vt, V). Since d¢ Adt =0, writing d¢ = ¢/(t)dt and rearranging
terms, we rewrite this equation as
(7-13) Ric+ aVdr + (' +2t7'¢)+ () *x)dt @ dt
=t 2=t At+ @+t Hr'Q)g fora=m—2)t7 4+ put.

As g is Kihler and 7 is a Killing potential, the term with dt ® dt is the only
one which is not J-invariant. Hence its coefficient must vanish:

(7-14) w +2t7 )+ () x =0.
As a result, equation (7-13) is Ricci—Hessian:
(7-15) Ric+aVdt =yg, wherey = it AT+ (a + r_l)r_lQ.

Since clearly doe Adt =0, and n > 4, as mentioned in Section 5, we also have
dy A dt = 0. Under the assumption that the Ricci—-Hessian equation is standard,
we conclude from Proposition 5.1 that (g, 7) is an SKR metric with t the special
Kihler—Ricci potential. As in the previous theorem, irreducibility of g again implies
that two ODEs hold for the horizontal Hessian eigenvalue function ¢. They are

(7-161) (t —¢)’¢" + (t —c)[m — (r — )] —m¢p = K,
(7-16i1)) —(t—c)¢p" + (a(t —¢c)—(m+1)p'+agp =y
=r 72—t 'Cmep+2(t — o))+ + 1 HT2(r — 0)9,

where K, ¢ are constants, and we have used formulas (5-3) giving At and Q in
terms of ¢.

Simplifying the second equation, we then replace it by a first-order equation as
in the previous theorem, to obtain the equivalent system

(7-171) (t—0)¢"+(t—o)lm—(t —c)alp —mp =K,

... (t—o)(t—2c) ,, (t—c)(t—2c) 2(t—c)?>—mt(t—2c¢)
(7-17ii) . ¢ — ( - o+ 72 )¢
_ Kl Hat—Ac
==
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Naming the coefficients A, B, C, D, p, q as before, we now apply Lemma 5.2 to the
system (7-17). This time the computation of the two quantities used in the lemma
is quite laborious, though still elementary. A symbolic computational program
simplifies the result to the following.

(t—c)*((t—2¢)ta’ +2(t —c)a+2—2m)

A" = p) = Bp+C= 7(t1—20)

D—A(q' - pq) —Bq =0.

(7-18)

By the lemma and the fact that ¢ is nowhere zero, solutions are only possible if the
first expression vanishes identically, so that o solves

(t —20)ta’ +2(t —c)a +2—2m = 0.

The solutions of this equation take the form

n—2 C
(7-19) “=77 T(t—2c)’
where C is a constant. As (7-15) and (7-16ii) imply that the form of o determines
that of y, we have the following outcome. If ¢ = 0, the metric g is conformal to
a gradient Ricci soliton [Maschler 2008, Proposition 2.4], while if ¢ # O then g
is conformal to a quasi-Einstein metric [Maschler 2011]'. (The case C =0 is a
special case of both these types, where g is conformally Einstein [Derdzinski and
Maschler 2003].)

To rule out the case that g is a nontrivial gradient Ricci soliton, we note first that
the expression defining « in (7-13), when compared to that in (7-19), results in

/ v C
(f o) —kp = s,
Additionally, equation (7-14) can also be written as
V4 %
(fol)' k% +2((f o) —kz)fl _o.

Substituting the first of these equations in the last term of the second, and com-
bining the result with the derivative of the first equation gives, after eliminating
(f o) —ke" /¢ and rearranging terms,

L ac +( C >/__ 2cC
27 t2(t=2c) \t(t—2c)) = 12(r-20)%
Hence the Ricci soliton case ¢ = 0 implies that £ is constant, so that comparing
the two expressions for « again yields C =0, i.e., that g is Einstein, which is, of
course, a special case of the quasi-Einstein condition. U

ISee (2.3) in that paper, where the quasi-Einstein case is given by o = (n —2) /7t +a/(v (1 + k1)),
where a is a constant and k = —%. This corresponds to formula (7-19) with C = —2ac.
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We comment here on the assumption in this theorem that 7 is a Killing potential,
which is the same assumption that singles out the examples in [Maschler 2008]
among those of [Derdzifiski 2012]. In analogy with the previous theorems, it is
possible instead to replace equation (7-13) by a similar equation involving Vdo and
do ®@do, for a function ¢ of t that will serve, after choosing it appropriately, as the
special Kihler—Ricci potential instead of t. One can obtain then two differential
equations analogous to (7-16) and (7-17) with independent variable o. However,
these equations will involve 7 and its derivatives with respect to o, and this unknown
dependency hinders the determination of solutions and the corresponding ««. Even
if one knew this « as a function of o, this will not easily shed light on what metric g
is conformal to (with conformal factor 7). Finally, without the Killing assumption
on T, it is not clear that a similar result should be expected, as existence of more
general conformally K#hler quasi-solitons may occur. This is in analogy with the
fact mentioned above, that there do exist conformally Kéhler quasi-Einstein metrics.

Appendix: Killing vector fields of the form w = t2Vf

We consider here the classification problem for Killing fields of the form w = t>Vf,
a form that played an important role in Section 4. In the following t and f will
denote smooth functions on a given manifold.

Proposition A.1. On a compact manifold, a Killing field of the form w = 1>V f
must be trivial.

Proof. First, on a compact manifold Vf has zeros, hence so does w. Let p be a
zero of w = t2Vf. Since Vw =2tdt @ Vf +12Vdf, and at a zero either T =0 or
Vf =0, we see that at a zero Vw equals either zero or t>Vdf. But in the latter case
Vw is symmetric, yet it is also skew-symmetric as w is a Killing field, hence Vw
must be zero in this case as well. However, a Killing field w is uniquely determined
by the values of w and Vw at one point. As those values are zero at p, we see
that w must be the zero vector field. O

Without compactness, we have the following classification for such vector fields.

Theorem A.2. A Riemannian metric g with a Killing vector field of the form
w = T2Vf is, near generic points, a warped product with a one-dimensional fiber.
If g is also Kdhler, it is, near such points, a Riemannian product of a Kéhler metric
with a surface metric admitting a nontrivial Killing vector field.

We note here that a surface with a nontrivial Killing vector field can be presented
as a warped product with a one-dimensional fiber and base.

Proof. First, the orthogonal complement 7 to span(w) is generically [V ]+, which
is obviously integrable. Next, # is totally geodesic. This follows immediately since
g(x, w) is constant for any geodesic x(¢) and Killing field w.
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By a result going back to [Hiepko 1979] and [Ponge and Reckziegel 1993] (see
especially Theorem 3.1 in the survey [Zeghib 2011]), a metric is a warped product
if and only if it admits two orthogonal foliations, one totally geodesic and the other
spherical. In our case we have just shown the foliation orthogonal to w is totally
geodesic. The fibers tangent to span(w), on the other hand, are certainly totally
umbilic, as they are one-dimensional. This is part of the definition of spherical. The
other part is that the mean curvature vector is parallel with respect to the normal
connection. We now check this.

Let w" = w/|w| be a unit vector parallel to w, defined away from its zeros. The
mean curvature vector to the fibers is then, by definition, n = V,,,w’, which takes
values in H. The requirement that span(w) be spherical amounts to showing that
for any x € H, we have g(Vyn, x) =0. The flow of w certainly preserves itself (as
[w, w] =0) and also g and V (as w is Killing). Therefore the flow also preserves
w' = w/+/g(w, w) and thus also n = V,,yw’. Hence [w, n] = 0, so that

2g(Vyn, x) =2g(Vyw, x) = g(Vyw, x) — g(n, Vyw)
=—g(w, V,x) + g(w, Vin)
=g(w, [x,n]) =0,

as H is integrable. This concludes the first part of the proof.

What remains is to classify Kidhler warped products with a one-dimensional fiber.
Suppose the manifold is given by M = B x F, with F' the fiber (an interval). Since
the base foliation corresponding to B is totally geodesic, parallel transport along
one of its leaves with respect to g is the same as parallel transport with respect to
the induced metric on this leaf, and therefore it preserves the tangent spaces to these
leaves. It is well known that it also preserves the normal spaces to the leaves; for
completeness, we show explicitly that the unit vector field w’ perpendicular to the
leaves is preserved. If x and y are, as usual, vector fields tangent to the leaves, then
gw', y)=0,500=dg(w’, y) =g(Viw', y) +gw’, Vry) = g(V,w’, y) because
the leaves are totally geodesic, and similarly 0 = d, g(w’, w’) =2g(V,w’, w’). So
V,w’, being orthogonal to a basis, is zero, i.e., w’ is parallel in directions tangent
to the leaves.

As g is Kihler, the complex structure J commutes with any V,, so that Jw’
is also parallel in leaf directions. But Jw’ is itself tangent to leaves of the base
foliation. Therefore, by the local de Rham theorem, the induced metric on any
leaf splits locally into a Riemannian product so that B = N x I, where the one-
dimensional factor [ is tangent to Jw’, and N is J-invariant, hence has holomorphic
(and totally geodesic) leaves in M.

Armed with this information it remains to show that, near generic points,

g is a product of a Kdhler metric on N and a local metric of revolution on I x F.
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For this we turn to a computation that is based on the formulas (see for example
[O’Neill 1983]) for the connection of the warped product metric g = g, + g P
where the function [ is a (lift of) a function on B. Let ¢ be a nontrivial vector field
tangent to F which is projectable onto F. Let s = Jt, a vector field tangent to /.
Then standard formulas for warped products give

(A-1) Vit = (V)2 + (Vin)f = — 1)V ogl) + ct,

with ¢ some function, and the last term takes that form because the fiber is one-
dimensional. Next, as s is tangent to /, there is some function 2 on M such that the
vector field As is projectable onto I. Therefore, again by warped product formulas,

(A-2) Vi(hs) = hs(logl)t.

But V,(hs) = (d;h)s + hV;s = (d;h)s + hJ Vit = (d;h)s — h|t|>JV (logl) + hcs,
by (A-1). Equating this expression with the right-hand side of (A-2) and taking
components tangent to N gives A|t|>[JV (log1)]¥ =0, so that, away from the zeros
of h and ¢, [JV(ogl)]¥ = 0. Now each tangent space T,N is J-invariant, so J
commutes with the projection to N. Hence V(log/)" =0 and so V(log!) is parallel
to s, which means that the warping function / is constant on the leaves of N, and
only changes along the fibers associated with I. Thus g is a Riemannian product of
the type claimed above. (]
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CALCULATING GREENE’S FUNCTION
VIA ROOT POLYTOPES AND SUBDIVISION ALGEBRAS

KAROLA MESZAROS

Greene’s rational function ¥p(x) is a sum of certain rational functions in
x = (x1,...,X,) over the linear extensions of the poset P (which has n
elements), which he introduced in his study of the Murnaghan-Nakayama
formula for the characters of the symmetric group. In recent work Boussi-
cault, Féray, Lascoux and Reiner showed that ¥ » (x) equals a valuation on a
cone and calculated ¥ p (x) for several posets this way. In this paper we give
an expression for Wp(x) for any poset P. We obtain such a formula using
dissections of root polytopes. Moreover, we use the subdivision algebra of
root polytopes to show that in certain instances ¥p(x) can be expressed
as a product formula, thus giving a compact alternative proof of Greene’s
original result and its generalizations.

1. Introduction

Given a poset P on the set [n]={1, ..., n}, Greene’s rational function is defined by

1
(1-1) p(x)= w( )

weZlP) (x1 —x2)(xp —x3) -+ - (Xp—1 — Xp)

where L£(P) denotes the set of linear extensions of P and for w € £(P) and a
function f(x1, ..., x,) we have that w(f(x1,...,x,)) = f(Xw@), -+ Xwm)- It
was introduced by Greene [1992] in his work on the Murnaghan—Nakayama formula.
Boussicault, Féray, Lascoux and Reiner [Boussicault et al. 2012] showed that

(1-2) Wp(x) =s(Kp*; x),
where
(1-3) K" =Ryfei—ej i <p jl=Rifei—ej i <pj}

The author was partially supported by a National Science Foundation grant (DMS 1501059).
MSC2010: 05E10.
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and
(1-4) S(K;x):=/e_SpanRJr(x’v)dv’
K

for K a polyhedral cone in a Euclidean space V' with inner product spang (-, -).

Next we explain two important results about calculating Wp (x). Further work
on Wp(x) appeared in [Boussicault 2007; 2009; Boussicault and Féray 2009; Ilyuta
2009].

Greene’s theorem. Let P be a strongly planar poset, meaning that the Hasse
diagram of P U {6, i} has a planar embedding with all edges directed upward in the
plane. For a strongly planar poset P the edges of the Hasse diagram of P dissect
the plane into bounded regions p such that the set of vertices of P in the boundary
of p are two chains starting and ending at the same two elements, min(p) and
max(p), respectively. Denote by b(P) the set of bounded regions into which the
Hasse diagram of P dissects the plane.

Greene’s theorem [Greene 1992]. For any strongly planar poset P,

l_[peb(P) (Xmin(p) — Xmax(p))
Hi<pj(xi = X;j)

Boussicault’s, Féray’s, Lascoux’s and Reiner’s theorem. A beautiful theorem ap-
pearing in [Boussicault et al. 2012] gives an expression for Wp (x) for some posets P
whose Hasse diagrams are bipartite graphs in terms of certain lattice paths. The
setup is as follows. Let D be a skew Ferrers diagram in English notation, and let
us labels its rows from top to bottom by 1, 2, ..., r and its columns from right to
left by 1,2, ..., c. See the left of Figure 1. With this labeling the northeasternmost
point of D is (1, 1) and the southwesternmost is (7, ¢). The bipartite poset Pp is a

(1-5) Wp(x) =

poset on the set {xy, ..., X;, y1, ..., Y.} with order relations x; <p y; if and only
if (i, j) € D.
BFLR theorem [Boussicault et al. 2012]. For any skew diagram D,
1
(1-6) Yp (x) = )
0 ; [ ppex i =)

where the sum runs over all lattice paths  from (1, 1) to (r, ¢) inside D that take
steps either one unit south or one unit west.

Roadmap of the paper. The objective of this paper is to (1) give a combinatorial
expression of Wp(x) for any poset P, (2) give an alternative proof of the BFLR
theorem and (3) generalize Greene’s theorem. We accomplish (1) and (2) in
Section 2, while we do (3) in Sections 3 and 4. In Sections 3 and 4 we also study
the integer point transform of the root cone, which can be seen as a more refined
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invariant of the cone than Greene’s function. The integer point transform of the root
cone and generalizations of Greene’s theorem were also investigated in [Boussicault
et al. 2012]. Our tools will be root polytopes and their subdivision algebras, the
latter of which were introduced in [Mészaros 2011] and put to use in [Escobar and
Mészaros 2015a; 2015b; Mészaros 2015a; 2015b; 2016a; 2016b; Mészaros and
Morales 2015].

2. Greene’s function for an arbitrary poset

The purpose of this section is twofold. First we show how to express Wp(x) for
any poset P in terms of Wp(x) for posets P whose Hasse diagrams are alternating
graphs. Then we give an expression for Wp (x) for posets whose Hasse diagrams
are alternating graphs, thereby also obtaining an expression for Wp(x) for any
poset P. Finally, we show that for certain posets P whose Hasse diagrams are
bipartite graphs we can write Wp(x) as a nice summation formula. The latter
result originally appeared in the work of Boussicault, Féray, Lascoux and Reiner
[Boussicault et al. 2012], who used triangulations of order polytopes in their proof.
We phrase our proof in terms of root polytopes. The point of view of this paper is
that (dissections of) root polytopes (and the root cone) are the unifying approach to
the calculation of Wp(x).

A root polytope (of type A,_1) is the convex hull of the origin and some of the
points ¢; —e; for 1 <i < j <n. Given a graph G on the vertex set [n] we associate
to it the root polytope

(2-1) Q¢ = ConvHull(0, ¢; —¢; | (i, j) € E(G), i < j).

It can be seen that O is a simplex if and only if G is acyclic and to emphasize this
we sometimes denote Q¢ for acyclic graphs G by Ag. In the proof of Lemma 4.2
we will also use the notation

(2-2) Ap = ConvHull(e; —¢; | (i, j) € E(F), i < j)

for a forest F.

The posets P we work with in this section are on the set [#] and they are labeled
naturally; that is to say that if i <p j then i < j in the order of natural numbers.
Note that this does not pose a restriction on the results, it only makes them easier to
state. Denote by #H(P) the graph of the Hasse diagram of P. The directed transitive
closure of a graph H is denoted by H, and it is the graph on vertex set V (G) with
edges (i, j) € H if there is an increasing path from i to j in H.

Wp(x) in terms of alternating posets. This subsection explains how to reduce the
computation of Wp(x) to the computation of Wp(x) for posets P whose Hasse
diagram is an alternating graph. A graph G on the vertex set [n] is called alternating
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if there are no edges (7, j) and (j, k) in it with i < j < k. We call a poset on [n] an
alternating poset if its Hasse diagram is an alternating graph.

Proposition 2.1. For any naturally labeled poset P on [n] we can write

(2-3) Wp(x) =Y Wp, ,(x),
L,R

where the summation runs over all L, R such that L U R = [n], and
Grr= (Il {G, ) €EG)|ieL, jeR,i<j)

is a connected graph, where G = H(P). Furthermore, H(Pr r) = G g for a
naturally labeled alternating poset Py, g.

Proof. Recall that Wp(x) = s(Kp*; x). If KP*' = U .1 K; for interior disjoint
cones K; with i € [[] then s(K3°; x) = Zl 1s(K,, x). If K; = K“)"t for some
posets P; with i € [[] then Wp(x) = Zl | ¥p,(x). Therefore, to prove (2-3), it
suffices to show that K = J; » K5, where the union runs over all L, R such
that LUR =1[n], GL grisa connected graph (G = H(P)) and H(Pr r) = Gr g for
a naturally labeled poset Pr g.

Since Kp* = Ry{e; —ej | i <p j}, if O = U QGLR (the QGL . are interior
disjoint), Where the union runs over all L, R such that L U R = [n], and G g
is a connected graph, then we also obtain that Kp* = | J; » K7 r°°t for interior
disjoint cones K5 . The equation 06 =U Q¢ » follows from [Postmkov 2009,
Proposition 13. 3] together with the observation that G = G for our choice of G. [J

We note that the cones K, r°°t are generally not simplicial. One way to compute
Wp, . (x) would be to trrangulate Kp r°°t into simplicial cones with rays of the form
e; —e;, since for such a cone the followmg simple lemma gives the value of Greene’s
function.

Lemma 2.2 [Boussicault et al. 2012]. The cone K3 is simplicial if and only if the
Hasse diagram of P contains no cycles. In this case it is also unimodular and
1
Hi<pj(xi —x;)
We remark that a proof of Lemma 2.2 different from that given in [Boussicault

et al. 2012] follows immediately using the subdivision algebra of root polytopes
defined in [Mészaros 2011].

Yp(x) =

Calculating Vp (x) for an alternating poset P. In light of Proposition 2.1, if we
can calculate Wp (x) for an alternating poset P, then we can in turn calculate Wp (x)
for any poset P. In this section we accomplish the former, building on the results of
Li and Postnikov [2015]. The next paragraph follows the exposition of that paper.
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Given an alternating graph G on the vertex set [n], pick a linear order O on the
edges of G. Let T be a spanning tree of G, and let e be an edge that does not belong
to T. Let C be the unique cycle contained in the graph ([n], E(T) U {e}). Let e*
be the maximal edge in the cycle C in the linear ordering O of the edges. We say
that an edge e is externally semiactive if either e = e* or there is an odd number
of edges in C between e and e* (Since G is alternating, all cycles in G have an
even length.) Let extg(T) be the number of externally semiactive edges of G with
respect to a spanning tree 7.

Theorem 2.3 [Li and Postnikov 2015]. Given an alternating graph G and a linear
ordering O of its edges, let TGO be the set of spanning trees T with ext(g(T) =0.
Then

(2-4) Oc= | Ar,

T ETGO

where the simplices Ap are interior disjoint.

Corollary 2.4. For any naturally labeled poset P on [n] we can write

(2-5) b=y ) 1 :
L,R

5, i per.icjOi—x)
TGTGL 2

where the summation runs over all L, R such that L U R = [n], and
Grr=(n.{G, ) €EG)|i €L, jeR,i<j)

is a connected graph, where G = H(P). Furthermore, Oy g is an arbitrary linear
order of the edges of Gr, g.

Proof. The proof follows from Proposition 2.1, Lemma 2.2 and Theorem 2.3. [J

We remark that we obtained Corollary 2.4 from a particular dissection of the
root polytope ConvHull(0, e; —e; | e; <p e;) into simplices. Such a dissection then
induced a dissection of K f;’m =R, {e;—ej | e; <p e;} into simplicial cones. Since we
know that K" = R, {e; —e; | e; <p ¢;}, instead of ConvHull(0, ¢; —¢; | e; <p €;)
one could also dissect ConvHull(0, e; —¢; | e; <p ¢;) into simplices and obtain an
expression with fewer terms for Wp (x). However, since such a dissection also would
not in general yield significantly fewer terms, we find the expression presented
in Corollary 2.4 a fine representative of what a general formula for Wp (x) for an
arbitrary poset P can look like. We devote the next section to particularly nice
formulas for Wp (x) for special posets P, also demonstrating that in certain instances
we can expect the formula presented in Corollary 2.4 to be far better than the formula
given in (1-1), although this is not always the case.
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An alternative proof of the BFLR theorem. Let Pp be the poset of a connected
skew diagram D as in the BFLR theorem. Let Gp be the graph H(Pp) drawn on a

line with vertices from left to right, x,, ..., x1, y1, ..., Y., and with edges as arcs
above this line. Note that the condition that Gp comes from Pp can be translated
into the conditions that Gp is bipartite on parts {x, ..., x,} and {y1, ..., y.} and

for each i € [r], x; is connected to y; for j € [a;, b;],i € [r], where a; <--- < a,
and by <--- <b, and [1, c] =J;_,[ai. bi].

Given a drawing of a graph G such that its vertices vy, ..., v, are arranged in
this order on a horizontal line and its edges are drawn above this line, we say that G
is noncrossing if it has no edges (v;, v¢) and (vj, v;) withi < j <k <I. A vertex v;
of G is said to be nonalternating if it has both an incoming and an outgoing edge;
it is called alternating otherwise. The graph G is alternating if all its vertices are
alternating.

Lemma 2.5. The root polytope QGD decomposes into QGD =Ur A7, where the
union runs over all noncrossing alternating trees of Gp and the simplices At are
interior disjoint.

Since noncrossing depends on the drawing of the graph it is essential that we
remember that we drew Gp with vertices from left to right: x,, ..., x1, y1, ..., Ye.

Proof of Lemma 2.5. Consider the following ordering O on the edges of Gp. The
edges incident to y; precede the edges incident to y; in the ordering Oif 1 <i < j <c.
Moreover, if edges (x,, yx) and (xp, yx) are incident to y; for some k € [c] with
1 <a <b<r,then (x4, yr) precedes (xp, yx) in the ordering ©O. We claim that then
the spanning trees T of Gp with exth = 0 are exactly the noncrossing alternating
trees of Gp and then the lemma follows from Theorem 2.3. Indeed, note that
given any noncrossing alternating tree T of Gp and an edge e € E(Gp) — E(T),
in the unique cycle C of the graph T with the edge e adjoined, the edge e is
always 0 edges away from the largest edge of C in the ordering O. Thus, for any
noncrossing alternating tree 7 of Gp we have exth = 0. On the other hand, given
a crossing alternating spanning tree 7’ of Gp (note that all spanning trees of Gp
are alternating) let the edges (x;, y;) and (xi, y;) cross with k > i and [ < j. Since
D is a connected skew diagram, both of the edges (xx, y;) or (x;, y;) are contained
in Gp. Since T’ is a spanning tree of Gp, it follows that exactly one of the edges
from {(xx, y;), (x;, y;)} is in it. Adjoining the other edge as edge e we see that it is
an externally semiactive edge for 7', concluding the proof. (]

Lemma 2.6. The noncrossing alternating spanning trees of Gp are in bijection
with the lattice paths w from (1, 1) to (r, ¢) inside D that take steps either one unit
south or one unit west.
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Y6 Y5 Y4 Y3 Y2 )1

X1
X2
X3 s
X4

X5 Xs X4 X3 X2 X1 Y1 Y2 Y3 Y4 Vs Yo

Figure 1. The correspondence between noncrossing alternating
spanning trees of Gp and lattice paths from (1, 1) to (r, ¢) inside D
that take steps either one unit south or one unit west.

Proof. The bijection is given by the map that takes a noncrossing alternating
spanning tree T = ({xr, e X Ve Ve 1, yi) LG ) € S(T)}) of Gp to the
path 7w = S(T). See Figure 1. O

Given a graph G on the vertex set [n] such that if (i, j) € E(G) then the only
increasing path from i to j in G is the edge (i, j) itself, we can define the naturally la-
beled poset P to be one on the set [n] with Hasse diagram given by (the edges of) G.

Corollary 2.7 (BFLR theorem). For any skew diagram D,

1
(2-6) U () =)
b4 (i, )er

;i —yj)’
where the sum runs over all lattice paths  from (1, 1) to (r, ¢) inside D that take

steps either one unit south or one unit west.

Proof. By Lemma 2.5 we have that the cone K }";‘ is triangulated into simplicial
cones K ;"T"‘, where the 7’s run over all noncrossing alternating spanning trees
of Gp. By Lemma 2.6 the latter trees are in bijection with lattice paths 7 from
(1, 1) to (r, ¢) inside D that take steps either one unit south or one unit west, and
thus by Lemma 2.2 we obtain the corollary. O

Our proof for Corollary 2.7 is a special case of the proof of Corollary 2.4. We
note that the formula for Wp, (x) given in Corollary 2.7 is substantially different
from the expression given in (1-1). We can see this for example by looking at the
number of terms that can appear in each. When D is a diagram in the shape of
an r X c rectangle, then in (1-1) we are summing over all linear extensions of the
poset Pp yielding r!c! terms. In comparison, in Corollary 2.7 we have (r f:z)
terms corresponding to the lattice paths from (1, 1) to (r, ¢) inside D. The latter
in general can be larger than the former. However, if instead we take D to be the
skew shape D=(n,n—1,..., 1)\ (n—2,n—3, ..., 1), then in Corollary 2.7 we
have a single term and in (1-1) we are summing over all linear extensions of the
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zigzag poset Pp. In this case the number of terms in (1-1) is larger than n!(n — 1)!,
which is many more than the one term in Corollary 2.7.

3. Lifting Greene’s theorem to the subdivision algebra

The objective of this section is to generalize Greene’s theorem to a relation in the
subdivision algebra of root polytopes. Subdivision algebras of root polytopes were
introduced and studied in [Mészaros 2011], where they were used for triangulating
root polytopes. Subdivision algebras were also utilized for subword complexes and
flow polytopes in [Escobar and Mészaros 2015a; Mészaros 2015a; 2015b; 2016a;
2016b; Mészaros and Morales 2015]. We will see in this section that both Greene’s
theorem and an analogous one for the integer point transform of the root cone are
special cases of a relation in the subdivision algebra.

We begin by explaining how to use subdivision algebras to subdivide root
cones K »°. Since Greene’s function of a poset P is a valuation on a root cone K"
and we know its expression for unimodular root cones, if we triangulate K 3" into
unimodular root cones, then we obtain a way to calculate Greene’s function of P.

Root cones C(G) and their subdivisions. We establish a simpler notation for root
cones here. For an arbitrary loopless graph G, define the roof cone

(3-1) C(G) := spang (e; —¢; | (i, j) € E(G), i < j).

In order for C(G) and C(H) to be distinct for distinct graphs G and H, we will
mostly consider good graphs G, which are loopless graphs such that if there is an
increasing path from vertex i to vertex j in G, which is not the edge (i, j), then the
edge (i, j) is not present in G. (In particular, G contains no multiple edges.) Given
a graph H let g(H) be the unique good graph on the vertex set V(H) such that
C(H) =C(g(H)). The graph g(H) can be obtained from H by repeated removal
of edges (i, j) for which there is an increasing path between i and j other than the
edge (i, j). In particular, all multiple edges are removed in order to obtain g(H).
An important property of root cones is given in the cone reduction lemma below,
which can be expressed through reduction rules on graphs, as we now explain.

The reduction rule for graphs: given a graph Gy on the vertex set [n] and
@, j), (j, k) € E(Gg) for some i < j <k, let G1, Gy, G3 be graphs on the vertex
set [n] with edge sets

E(G1) = E(Go) \ {(j, H)} UL, k)},
(3-2) E(Gy) = E(Go) \{(, NIU{G b},
E(G3) = E(Go) \{(, ), (J, )} UL, k)}.

We say that G reduces to G, G, and G3 under the reduction rules defined by
equations (3-2).
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For a good graph G we define two edges (i, j), (j, k) € E(G), i < j <k, tobe
a good pair of edges of G if they belong to a common cycle in G, or if neither of
them belongs to any cycle in G.

Lemma 3.1 (cone reduction lemma; cf. [Mészéaros 2011]). Given a good graph G
let (i, j), (j, k) € E(Go) be a good pair of edges of Gg for some i < j < k and
G1, G, as described by equations (3-2). Then

(3-3) C(Go) =C(G1)UC(Gr)
and
(3-4) C(G3) =C(G1)NC(Gr),

where the cones C(Gy), C(G1), C(Gy) are of the same dimension and C(G3) is a
facet of both C(G1) and C(G»).

For convenience we include a proof of Lemma 3.1 here. It is an adaptation of
the proof from [Mészaros 2011], where it was written for acyclic graphs.

Proof. Let the edges of Gg be f1=(, j), 2=, k), f3,..., fx. Let v(f1), v(f2),
v(f3), ..., v(fr) denote the vectors that the edges of G correspond to under the
correspondence v : (i, j) — e; —e;, where i < j. By equations (3-2),

C(Go) = spang (V(f1), V(f2), V(f3), ..., V(fi)),

C(G1) = spang (V(f1), V(D) +V(f2), V(f3), ..., v(fi)),
C(G2) = spang (V(f1) +V(f2), v(f2), V(f3), ... v(fi)),
C(G3) = spang, (V(f1) +V(f2), V(f3), - -, V([fK))-

Thus, if C(Gg) is d-dimensional, so are the cones C(G;) and C(G,), while cone
C(G3) is at least (d—1)-dimensional (and at most d-dimensional). We note that
dim(C(G3)) # d because Gy is a good graph and f] and f; are a good pair of edges.

Clearly, C(G1)UC(G3) C C(Gy). Given an expression of a vector v € C(Gg) as a
nonnegative linear combination of the vectors v(f1), v(f2), v(f3), ..., v(fr) it sat-
isfies either that the coefficient of v( f1) in such an expression is greater than or equal
to the coefficient of v(f;) in the expression, or it is not. In the former case we see
that v € C(G1) and in the latter case v € C(G,). Therefore, C(Go) =C(G1)UC(G»).

Clearly, C(G3) C C(G1) NC(G>). Given an expression of a vector v € C(G1) as
a nonnegative linear combination of the vectors v( f1), v(f2), v(f3), ..., v(fx), the
coefficient of v(f1) is greater than or equal to the coefficient of v(f,). Similarly,
given an expression of a vector v € C(G») as a nonnegative linear combination of
the vectors v(f1), v(f2), v(f3), ..., v(fx), the coefficient of v(f}) is less than or
equal to the coefficient of v( f2). Thus, there is an expression of v € C(G1) NC(G»)
as a nonnegative linear combination of the vectors v(f1), v(f2), v(f3), ..., v(fx)
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such that the coefficient of v(f]) is equal to the coefficient of v( f;). Therefore,
C(G1)NC(Gy) C C(G3), leading to C(G1) NC(G7) = C(G3). O

The subdivision algebra, Greene’s theorem and the integer point transform of a
root cone. In this subsection we explain the subdivision algebra and show how it
yields a slick proof for Greene’s theorem and its generalization.

A graph G can be encoded by the monomial m[G] = ]_[(i’j)eE(G)’kj x;j and the
reduction rule going from G to G, G and G3 can be encoded by the equation
XijXjk = Xik (x;j +xjx + B). We define the subdivision algebra S, of root polytopes
as the commutative algebra generated by the variables x;;, 1 <i < j <n, subject
to the relations x;;xjx = xjx(x;j +xjx +pB) for 1 <i < j <k <n.

Let us explain the connection of the subdivision algebra to Greene’s function.
If we set B = 0, then the relation x;;xjx = xjx(x;; + xjx) of S, is satisfied by
x;j :=1/(x; — x;j), which are the kind of terms appearing in Greene’s function. If
instead, we set 8 = —1, then the relation x;;xjx = x;x (x;j +xx — 1) of S, is satisfied
by x;; :==1/(1 —x;/x;). The latter will play a part in calculating the integer point
transform o ko (x) of the root cone K 100t ¢ 74 defined as

(3-5) O’K;;)ot (x) = Z x™.

meK¥'nzd

The function O koot (x) can be seen as a finer invariant of the cone than Wp(x), as
explained in [Boussicault et al. 2012, Section 2.4]. We note that in that paper the
integer point transform Ok oot (x) is denoted as H(K5°'; X) and is referred to as
the Hilbert series of the affine semigroup ring of the root cone. We chose to follow
the more geometric name and notation of [Beck and Robins 2007, Section 3.2].

We are now ready to prove the following generalization of Greene’s theorem via
the subdivision algebra, which first appeared in [Boussicault et al. 2012]:

Theorem 3.2 [Boussicault et al. 2012, Corollary 8.10]. For any (connected) strongly
planar poset P on [n] we have

l_[,oeb(P) (1 = Xmin(p) /Xmax(p))

(3'6) O grroot (x) =

o 1_[,-<Pj(l—x,~/xj)
and
(3-7) Wp(x) = npeb(i’)(xmin(p) — Xmax(p))

Hi<pj(xi —Xj)
where p runs through all bounded regions of the Hasse diagram.

Proof. Since P is a connected strongly planar poset, it follows that its Hasse
diagram is a good graph on the vertex set [r] such that for every cycle C of G
the only alternating vertices of C (considered within C), that is vertices that have
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Figure 2. In reducing an increasing path we always pick the top-
most leftmost edges in the path and its offsprings to do reductions
on. For a graph Gy the arrow to the left points to G, the middle
arrow to G3, and the right arrow to G, as in equations (3-2).

only incoming or only outgoing edges, are its minimal and maximal vertices. Thus
we have that K»° = C(G) for a good graph G. Note that a root cone C(H) is
unimodular if and only if g(H) is acyclic. We will use the cone reduction lemma
to write C(G) as a union of unimodular cones. Note that the cone reduction lemma
applies to good graphs, and thus if we want to repeatedly apply it to the outcome
cones C(Gj), i € [3], we need to apply it to g(G;), i € [3].

We claim that we can apply the cone reduction lemma repeatedly in such a
fashion that at the end we have trees 71, ..., Ty (with n — 1 edges), and forests
F]_,,2<i<n-—1, j€l,_; (for some index sets I,_;), with n —i edges, where
C(Ty), ..., C(Ty) are unimodular cones triangulating C(G) and the C (Fnj_l.) are their
intersections.

We now prove the above claim. When G has no cycles, the claim is obvious.
Suppose that G has m > 0 linearly independent cycles. Fix a strongly planar
drawing of P. In it there are m bounded regions, and the boundaries of these regions
are m linearly independent cycles in G. Let C be one of these cycles, such that
it bounds a region in the drawing of P which is adjacent to the infinite region.
The cycle C consists of two increasing paths p and p’ from i to j for some i < j.
Let p = (i =iy — iy = i —> --- — i; = j) be the path bordering the infinite
region in the drawing of P. We can perform consecutive reductions on the edges
of the path p and its offsprings, ultimately obtaining all noncrossing alternating
forests on the vertices {ig, i1, ..., {;} containing the edge (ig, i;). We do this by
picking the topmost leftmost edges that we can do a reduction on in p and its
offsprings in the reduction process. See Figure 2 for an illustration. (A proof of the
previous claim can be obtained by induction on the length of the path and is given
in detail in [Mészdros 2011].) Until we arrive at the aforementioned noncrossing
alternating forests on the vertices {ig, i1, ..., {;} containing the edge (ig, i;) all
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6l

1 2 3 4 5 6

L]
2 3 4 5 6

1 1 2 3 4 5 6
G, G3 G,
I 2 3 45 61 23125 %7 2%%5%
g(Gy) g(G3) g(G»)

Figure 3. Top left shows a strongly planar drawing of our poset, with
the cycle C in bold. The path pis (1—>3—4)and p'is (1 > 2— 4).
Top right shows the graph G. Below are the graphs G, G3, G»
obtained by applying the reduction on the topmost leftmost edges of p,
which are (1, 3), (3,4). The last row shows g(G), g(G3), g(G»)
(which are G, G3, G, with the edge (1, 4) removed since there is
an increasing path 1 — 2 — 4), on which we can keep applying the
cone reduction lemma as in the proof of Theorem 3.2.

graphs obtained in this fashion from G are good graphs. We can see that once we
obtain the noncrossing alternating forests on the vertices {ig, i, . .., i;} containing
the edge (io, i;) the offspring of G is not good anymore, as there is still p’ in it,
which is an increasing path between the vertices iy and i;. We need to now remove
the edge (ip, i;) = (i, j) from all the aforementioned offsprings in order to obtain
good graphs and be able to apply the cone reduction lemma further. However, once
we remove the edge (i, j) from all these offsprings we will have good graphs with
the number of bounded regions one less than it was for G. We can now repeat the
same process we just described for each of these graphs and their offsprings until
they are all acyclic. We demonstrate the basic idea of this argument in Figure 3.
If we inspect what edges we had to drop in the process to make sure we always
apply the cone reduction lemma to good graphs and obtain the acyclic graphs
described in the previous paragraph, we find the following relation in the subdivision
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algebra:
(3-8) m[G] = l_[ Xmin(p),max(p) (Z m[T;]+ Z ,Bi_lm[F,{_i]> .
peb(P) T; Fl
Note that

(3-9) oo (X) = (Zm[Ti] +> (=D m[F l])
g Fl

and

(3-10) Wp(x) =) mlT;]
T;

x[/zl/(l—x,'Xj*I)

xij=1/(x; _xj).

Equations (3-8), (3-9) and (3-10) together with the observations that x;; =
1/(1 — xin_l) satisfies XijXjk = xik(xij + Xjr — 1) and that Xij = 1/(x; — xj)
satisfies x;;x;x = x;x(x;; + xjx) immediately yield equations (3-6) and (3-7). [

We can see (3-8) is the main theorem of this section, so we bestow it with that title:

Theorem 3.3. Let G = H(P) for a naturally labeled connected strongly planar
poset P. Then, using the notation of the proof of Theorem 3.2, we have that

m[G l—[ xmm(p) max(p)(Zm[T +Zﬁl lm )

pEb(P)

Izt

holds in the subdivision algebra.

Both statements of Theorem 3.2 are special cases of Theorem 3.3 as shown in
the proof of Theorem 3.2.

4. Generalizing Greene’s theorem beyond strongly planar posets

In this section we will examine a special family of posets for which Greene’s
function factors linearly. These posets were first identified by Boussicault, Féray,
Lascoux and Reiner [Boussicault et al. 2012], who proved the aforementioned
result by studying the affine semigroup ring of the root cone. We will give a short
alternative proof via root polytopes.

We give some definitions following the exposition of [Boussicault et al. 2012].
In a finite poset P, say that a triple of elements (a, b, c) forms a notch of Vv shape
(dually, a notch of A shape) if a < p b, ¢ (dually, b, ¢ <p a), and in addition, b, c lie
in different connected components of the poset P \ P<, (dually, P\ P>,). When
(a, b, ¢) forms a notch of either shape in a poset P, say that the quotient poset P :=
P /{b=c}, having one fewer element and one fewer Hasse diagram edge, is obtained
from P by closing the notch, and that P is obtained from P by opening a notch.
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Theorem 4.1. Let P be a connected poset in which (a, b, c) forms a notch, and let
P := P/{b = c}. We assume without loss of generality that P and P are naturally
labeled. Then the root polytope QH( p) has a triangulation with top-dimensional
szmpllces ATI, .. ATk, and QH( P) has a triangulation with top-dimensional sim-
plices AT{ AT/ where (a,b) € T}, ', (a,b), (a,c) €T, i € [k], and moreover
Tilp=c =T/ (we ignore multiple edges).

To prove Theorem 4.1 we use the following criterion.

Lemma 4.2 (cf. [Postnikov 2009, Lemma 12.6]). For two trees T and T’ on the
vertex set [n], the intersection A N Ap: is a common face of the simplices At and
A7 if and only if the directed graph

U, T) = (In], {G, ) | G, ) € E(T), i < UG D) 1 G ) € E(T, i < j})
has no directed cycles of length at least 3.

The following proof of Lemma 4.2 is a straightforward adaptation of the proof
of [Postnikov 2009, Lemma 12.6] to our more general setting. We include the proof
here for convenience.

Proof of Lemma 4.2. Suppose that U(T, T') has a directed cycle C of length at
least 3. Let E be the set of edges of 7 in C and E’ be the set of edges of T’ in C.
Then Z([’j)eE(e,- —ej) = Z(l-,j)eE,(e,- —ej). Let k = max(|E|, |E’|). Then

Z (ei_ej):% Z (ei—ej)eATﬂAT/.

(i.))eE @, j)eE’

However, the minimal face of the simplex Ar containing x is A([n] p) ifk =|E]|
and A (k) if k > |E|. Similarly, the minimal face of the simplex A7 containing
X is Ay, ey if k= |E'| and A (), 57y if k > | E’ | In any case, the minimal faces of
AT and AT/ containing x are not equal. Thus, AT N AT/ is not their common face.

Next, assume that U(T, T') has no directed cycles of length at least 3. Let
F = ([n], E(T) N E(T")). Since U(T, T') has no directed cycles of length at
least 3 we can find a function % : [n] — R such that (1) & is constant on connected
components of F; and (2) for any directed edge (a, b) € U(T, T') that joins two
different components of F we have h(a) < h(b). Thus, if (a, b) is the edge (i < j)
of T then h(i) < h(j), and if (a, b) is the edge (i < j) of T then h(i) > h(j).
The function & defines a linear form fj; on the space R"” with the coordinates
h(1), ..., h(n) in the standard basis. The above conditions imply (1) for any vertex
in the common face A g of AT and AT/ we have f;(x) = 0; (2) for any vertex
X € AT \ AF we have fj,(x) < 0; and (3) for any vertex x € AT/ \ AF we have
fn(x) > 0. Thus, the hyperplane f,(x) = 0 intersects A7 and A7 at their common
face A F as desired. O
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Proof of Theorem 4.1. The criterion of Lemma 4.2 is sufficient to establish the above
theorem, since we also have that Q;, ) has a triangulation with top-dimensional
simplices AT{’ e, ATk” where (a, b) € Tl/, as e, — ep 18 a vertex of QH(?)' ]

When we calculate ok, (¥) and W (x) using triangulations of the root cones
as implied by Theorem 4.1, we immediately get:

Corollary 4.3 [Boussicault et al. 2012, Theorem 8.6]. When P is obtained from P
by closing a V-shaped notch (a, b, c), then

OK proot (x)=(1 _xaxb_l)O'Kpmot (x)l)cbzxC and lIJp(x) = (xg —xp)¥p (x)|xb=xc-

A consequence of Theorem 4.1 is the following generalization of Greene’s
theorem pertaining to posets P to which we can repeatedly apply the opening notch
operation and obtain a poset whose Hasse diagram has only cycles as biconnected
components. Such posets P we call admissible. We now recall the definition
of biconnected components following [Boussicault et al. 2012]. Given a graph
G = (V, E) we say that two edges of it are cycle-equivalent if there is a cycle
which contains both edges. Let E; be the equivalence classes of this relation. Let
Vi be the set of vertices which are the endpoint of at least one edge in E;. Then the
biconnected components of G are the graphs G; = (V;, E;).

Theorem 4.4. Let P be an admissible planar poset. Then, we have

~1
Hpeb(P)(l - niemin(p) Xi Hjemax(p) X )
]_[i<Pj(1 —xix;~ 1)

ngyﬂl(x) =

and
Hpeb(P) (Ziemin(p) Xmin(i) — Zjemax(p) xj)
Hi<pj(xi_xj) ’

where p runs through all bounded regions of the Hasse diagram of P.

Wp(x) =

Proof. This theorem can be deduced from Corollary 4.3 together with Corollaries
8.2 and 8.3 in [Boussicault et al. 2012]. We note that the latter corollaries also have
simple proofs using the root polytope considerations of this paper, and we leave
such alternative proofs as an exercise for the interested reader. U
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CLASSIFYING RESOLVING SUBCATEGORIES

WILLIAM SANDERS

We use the theory of Auslander-Buchweitz approximations to classify certain
resolving subcategories containing a semidualizing or a dualizing module. In
particular, we show that if the ring has a dualizing module, then the resolving
subcategories containing maximal Cohen—-Macaulay modules are in bijection
with grade consistent functions and thus are the precisely the dominant re-
solving subcategories.
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1. Introduction

Classifying various types of subcategories of mod(R) and D(R) for a commutative
ring R has been the subject of much recent research. These classifications are
intrinsically connected to spec R or some other topological space. For instance, the
Hopkins—Neeman theorem [Hopkins 1987; Neeman 1992] and Gabriel’s theorem
[1962] give a bijection between the Serre subcategories of mod(R), the thick
subcategories of perfect complexes, and the specialization closed subsets of spec R.
Another example is the work regarding the classification of thick subcategories of
mod(R) such as in [Takahashi 2010; Stevenson 2014b].

Recently, much attention has been given to classifying the resolving subcate-
gories of mod(R). The study of resolving subcategories began with Auslander and
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Bridger’s influential work [1969] where they define the category of Gorenstein
dimension zero modules, which we denote by GDZ. Also, they generalize the notion
of projective dimension by defining Gorenstein dimension through approximations
of Gorenstein dimension zero modules. In their paper, they also prove that GDZ
has certain homological closure properties which cause Gorenstein dimension
to behave similarly to projective dimension. They then take these homological
closure properties of GDZ as the definition of resolving subcategories. We can
take dimension with respect to a resolving subcategory, and, as in the case of GDZ,
these homological closure properties force this dimension function to also behave
similarly to projective dimension. See Section 2 for further exposition.

The classification of resolving subcategories was advanced by Dao and Takahashi
in [2015], where they give a bijection between the set of resolving subcategories of
the category of finite projective dimension modules and the set of grade consistent
functions. A function f:spec R — N is called grade consistent if it is increasing (as a
morphism of posets) and f(p) < grade(p) for all p € spec(R). This result motivated
the author to find other situations where a similar bijection exists, furthering the use
of grade consistent functions in classifying resolving subcategories. Before the work
of Dao and Takahashi, Takahashi [2013] classified, over Cohen—Macaulay rings, re-
solving subcategories closed under tensor products and Auslander transposes, and in
[2011] he classified the contravariantly finite resolving subcategories of a Henselian
local Gorenstein ring. Takahashi [2009] also studied resolving subcategories which
are free on the punctured spectrum. Auslander and Reiten [1991] discovered a
connection between resolving subcategories and tilting theory, and they classified
all the contravariantly finite resolving subcategories using cotilting bundles. After
the work of Dao and Takahashi, the resolving subcategories of the category of finite
projective dimension modules were also classified in [Angeleri Hiigel et al. 2014] in
terms of descending sequences of specialization closed subsets of spec R, and were
also classified in [Angeleri Hiigel and Saorin 2014] in terms of certain t-structures.

In this paper, we assume that R is commutative and Noetherian, and we consider
only finitely generated modules. Let P denote the category of projective modules
and I" the set of grade consistent functions. For categories M, X C mod(R)
and f €I, we define

Apm(f) ={X € mod(R) | add M,-dim X, < f(p) for all p € spec R}
and
D (X) :spec R —> N,
p > sup {add M,-dim X, | X € X},
where add M, is the smallest subcategory of mod(R,) closed under direct sums

and summands and containing M,, for every M € M, and where add M,-dim X, is
the smallest resolution of X, by objects in add M,,. Let R denote the collection of
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resolving subcategories of mod(R). Set A(M) = {X € mod(R) | M-dim X < oo}
for any M C mod(R), and let $R(M) be the collection of resolving subcategories X
such that M € X € A(M). Using our new notation, we can restate Dao and
Takahashi’s result [2015].

Theorem 1.1. When R is Noetherian,

Ap
R(P) —=T
op

is a bijection, where Ap and ®p are inverses of each other.

Our first main result is Theorem 4.2, which is the following. Note that throughout
this paper, all thick subcategories contain R.

Theorem A. Let W be a set of increasing functions from spec R to N. Suppose
AC M such that A cogenerates M and add A, is thick in add M, for all p € spec R.
Define n' : R(A) — R(M) by n{(X) =res(X UM) and p3! : R(M) — R(A)
by setting pj\" (X)=AA)NX. If Dy and A4 are inverses of each other giving a
bijection between R(A) and V, then we have the commutative diagram

R(M)

D
Ve \ 7

5

R(A)
where ®, is bijective with An, its inverse. Moreover, ,Oj‘w is the inverse of nﬁ/t.

This result allows us to extend the bijection from [Dao and Takahashi 2015] to a
plethora of categories. We use it to prove the following result which is essentially
Theorem 8.5. Note that G¢ is the category of totally C-reflexive modules where C
is a semidualizing module: see Definition 3.1 and Definition 3.4. Define, ,0/\/\/{ and
n//\\/tf similarly to pﬁ" and nﬁ/‘.

Theorem B. For any thick subcategory M of Gc containing C, Ay and Ppq give
a bijection between (M) and I'. Furthermore, let G denote the collection of thick
subcategories of Gc containing C. The following is a bijection:

A:GSxT — U%(M)gfﬁ.
Me6S
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For any M, N € & with M C N, then the following diagram commutes:

RW)

%
N

v r

o

R(M)
. N N . .
In particular, pyy and ny, are inverse functions.

These theorems show that the classification of resolving subcategories is in-
trinsically linked to the classification of thick subcategories of totally C-reflexive
modules and hence to the classification of thick subcategories of mod(R), a topic
of current research. See, for instance, [Takahashi 2010; Neeman 1992]. Applying
these results in the Gorenstein case yields Theorem 9.1 which, letting MCM denote
the category of maximal Cohen—Macaulay modules, states

Theorem C. If R is Gorenstein, then we have the following commutative diagram
of bijections:

{Thick subcategories of MCM} x I

S

Ap {Z € R| ZNMCM is thick in MCM}

{Thick subcategories of MCM} x R(P)
where B(M, X) =res(MUX).

Of independent interest, using semidualizing modules, we generalize the famed
Auslander transpose. This generalization is similar to but different from the gener-
alizations in [Geng 2013; Huang 1999].

This paper is organized as follows: Section 2 gives general information about
resolving subcategories, and Section 3 gives pertinent background regarding semi-
dualizing modules. We prove Theorem A in Section 4. In Section 5, we generalize
the Auslander transpose, which we use in Section 6 to classify resolving subcate-
gories which are locally maximal Cohen—Macaulay. In Section 7 we prove a special
case of Theorem B. We prove Theorem B in full generality in Section 8 by examining
the thick subcategories of maximal Cohen—Macaulay modules containing C. In the
last section, these results are applied to the Gorenstein case. Here, Theorem C and
several other results are proven.
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2. Resolving preliminaries

We proceed with an overview of resolving subcategories. All subcategories con-
sidered are full and closed under isomorphisms. For any collection M € mod(R),
let add(M) be the smallest subcategory of mod(R) containing M which is closed
under direct sums and summands.

Definition 2.1. Given a ring R, a full subcategory M C mod(R) is resolving if the
following hold:

(1) Risin M.

(2) M @ N is in M if any only if M and N are in M.

3) f0—-M — N — L— Oisexactand L € M, then N € M if and only if M € M.
By [Yoshino 2005, Lemma 3.2], this is equivalent to saying these conditions hold:
(1) All projectives are in M.

(2) If M € M, then add(M) € M.

(3) M is closed under extensions.

(4) M is closed under syzygies.

For a subset M € mod(R), we denote by res(M) the smallest resolving subcategory
containing M. Also, add M will be the smallest subcategory containing M which is
closed under direct sums and summands. Let P be the category of finitely generated
projective R-modules.

Example 2.2. The following categories are easily seen to be resolving.

1) P,

(2) mod(R),

(3) the set of Gorenstein dimension zero modules,

(4) for any B C Mod(R) and any n > 0, {M | Ext™" (M, B) =0 for all B € B},
(5) for any B C Mod(R) and any n > 0, {M | Tor™"(M, B) =0 for all B € 13},
(6) when R is Cohen—Macaulay, the set of maximal Cohen—Macaulay modules.

A special class of resolving subcategories are thick subcategories.

Definition 2.3. Let ' € mod(R). A resolving subcategory M C N is a thick
subcategory of N (or M is thick in N) if for any exact sequence 0 - L — M —
N — Owith L, M € M, if N is in NV, then N is in M too. A thick subcategory
refers to a thick subcategory of mod(R).

For any M € mod(R), let Thick(M) be the smallest thick subcategory of mod(R)
containing M.
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Example 2.4. The following categories are easily seen to be thick subcategories
(moreover, each example is the thick closure of a resolving subcategory from
Example 2.2):

(1) the set of modules with finite projective dimension,

(2) mod(R),

(3) the set of modules with finite Gorenstein dimension,

(4) for any B € Mod(R) and any n > 0, {M | Ext>*°(M, B) =0 for all B € B},
(5) for any B S Mod(R) and any n > 0, {M | Tor>*(M, B) =0 for all B € B}.

Resolving subcategories are studied in part because dimension with respect to a
resolving subcategory has nice properties. For a subset M € mod(R) and a module
X € mod(R), we say that M-dim X =n if n € N is the smallest number such that
there is an exact sequence

O—-M,— - - —>My—X—0

with My, ..., M, € M. Projective dimension and Gorenstein dimension are dimen-
sions with respect to resolving subcategories of projective modules and Gorenstein
dimension zero modules respectively. The following proposition (see [Auslander
and Buchweitz 1989, Proposition 3.3]) causes nice properties to hold for dimension
with respect to a resolving subcategory.

Proposition 2.5. If M is resolving and M-dim(X) <n, then for any exact sequence
O—-L—>M,_1—>---—>My—X—->0
with each M; € M, L is in M.
This proposition allows us to prove the following results.
Corollary 2.6. If M is resolving, then M-dim(X) = inf{n | "X € M}.
Proof. If Q"X € M, then we have
0—-Q'X—>F,_1—---—>F—>X—0

with each F; projective. This shows that M-dim X <n. If M-dim X < n, the same
sequence and Corollary 2.6 show that Q" X is in M. (]

Lemma 2.7. If M is resolving, then M-dim X & Y = max{M-dim X, M-dim Y}.

Proof. We have Q"(X @ Y) = Q"X @ Q'Y for a suitable choice of syzygies. Since
QX @Y)isin M if and only if Q"X and Q2"Y are in M, the result follows from
Corollary 2.6. Parts (1) and (2) are essentially proved in [Masek 1999, Theorem 18].

O
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Lemma 2.8. If M is a resolving subcategory, and 0 - X — Y — Z — 0 is exact,
then the following inequalities hold.

(1) M-dim X < max{M-dimY, M-dim Z — 1},
(2) M-dimY < max{M-dim X, M-dim Z},
(3) M-dim Z < max{M-dim X, M-dimY}+ 1.
Proof. For suitable choices of syzygies, we have the following.

0> QX >y - Qkz—0

If k£ = max{M-dim X, M-dim Z}, then, by Corollary 2.6, QFX and Q*Z are in M,
and thus, so is QFY, giving us (2). If £ = max{M-dim X, M-dim Y}, then, again by
Corollary 2.6, QFX and QFY is in M. Therefore M-dim Q%Z < 1, and so QK17
is in M. Thus by Corollary 2.6, M-dim Z < k 4 1, proving (3).

Now take k = max{M-dim Y, M-dim Z — 1}. Then QY and Q¥*'Z are in M.
We take the pushout diagram

0 0
Qktly — Qk+ly
0 Qkx T F 0
0 Qkx QkY Qkz 0
0 0

with F free and hence in M. Since, by Corollary 2.6, QFt17Z and QFY are in M,
sois T. Since F € M, QFX has to also be in M. Hence M-dim X < k, and we
have (1). U

For a subset M € mod(R), let A(M) denote the category of modules X such
that M-dim X is finite. If M is resolving, then by Corollary 2.6, A(M) ={X €
mod(R) | %X € M}. The next result easily follows from the previous lemma.

Corollary 2.9. Let M be resolving. For any n, the set { X e mod(R) | M-dim X <n}
is resolving. Furthermore, A(M) is thick, and Thick(M) = A(M).

Through these results, we may construct many resolving and thick subcategories.
It is easy to show that the intersection of a collection of resolving subcategories
and the intersection of a collection of thick subcategories are resolving and thick
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respectively. The following lemma allows us to construct even more resolving
subcategories. For M C mod(R), we say M, ={M, | M € M}.

Lemma 2.10. Let R and S be rings and F : mod(R) — mod(S) be an exact functor
with F(R) = S. Then for any resolving subcategory M C mod(S), F~' (M) is a
resolving subcategory of mod(R).

The proof is elementary and is left to the reader. Applying this lemma to the
localization functor, for any V C spec R, the category of all M € mod(R) with
M, free for all p € V is also resolving. The following lemmas give insight into
the behavior of resolving categories under localization. The first lemma is from

[Takahashi 2010, Lemma 4.8; Dao and Takahashi 2014, Lemma 3.2(1)], and the
second is from [Dao and Takahashi 2015, Proposition 3.3].

Lemma 2.11. If M is a resolving subcategory, then so is add M, for all p € spec R.

Lemma 2.12. The following are equivalent for a resolving subcategory M and a
module M € mod(R):

(1) M e M,
(2) M, € add M,, forall p € spec R,
3) My, € add My, for all maximal ideals m.

Recall the definition of A and I' from the introduction. These lemmas show that
if M is resolving, then for all f € I', Ap((f) is a resolving subcategory.

Corollary 2.13. Set
Apm(f) ={M € mod(R) | add M,-dim M, < f(p) for all p € spec R}.
If M is resolving, then for all f € ', Ap(f) is a resolving subcategory.

Let MCM denote the category of maximal Cohen—Macaulay modules. As noted
earlier, when R is Cohen—Macaulay, MCM is resolving. Furthermore, letting
d =dim R, Q¢ M is in MCM for every M € mod(R). Hence, A(MCM) = mod(R).
The following shows that dimension with respect to MCM is very computable.

Lemma 2.14. Suppose M C N are resolving subcategories. Then M is thick in
N if and only if for every module X € A(M), we have M-dim X = N-dim X.
Furthermore, if R is Cohen—Macaulay, M is a thick subcategory of MCM if and
only if dimension with respect to M satisfies the Auslander—Buchsbaum formula,
i.e., forall X € A(M) we have

M-dim X + depth X = depth R.

Proof. Suppose M is thick in N and X € A(M). Then we may write 0 - M; —
«ov—> My — X — 0 with M; € M and d = M-dim X. Since each M; is also in N,
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we have A-dim X < d. Setting e = N/-dim X < d, by Corollary 2.6, there exists a
N € N such that

O-My—»-++—>M,->N—-0 and O->N—->M,_1—>---—>My— X—>0

are exact. However, since M is thick in A, N is also in M, which implies that
e =d, proving the only if part of the statement.

Now suppose that M-dim X = N-dim X for all X € A(M). Now suppose
0—>L—>M-—> N-—0Oisexactwith L, M € M and N € N. Then N € A(M)
and M-dim N = A/-dim N = 0. Therefore N € M, and so M is thick in N.

Assume R is Cohen—Macaulay. Let M be a resolving subcategory whose
dimension satisfies the Auslander—-Buchsbaum formula. Then for any module
M € A(M)NMCM, we have

depth R = M-dim M + depth M = M-dim M + depth R.

Thus M-dim M = 0 forcing M to be in M. Hence M is contained in MCM.

By what we have proved so far, it suffices to show that dimension with re-
spect to MCM satisfies the Auslander—Buchsbaum formula. But this follows from
Corollary 2.6. U

Recall the definition of ® and I" from the introduction. If dimension with respect
to add M, satisfies the Auslander-Buchsbaum formula for all p € spec R, then for
all ¥ € A(M), &((X) is in I'. Before proceeding, we need one more definition
and a result.

Definition 2.15. Let A € M. We say A cogenerates M, if for every M € M, there
exists an exact sequence 0 > M — A — M’ — 0 with M' € M and A € A.

The following is an important theorem from [Auslander and Buchweitz 1989,
Theorem 1.1].

Theorem 2.16. Suppose A and M are resolving with A C M. If A cogenerates
M, then for every X € A(M) with M-dim X = n, there exists an A € A(A) and
M € M such that A-dmA =nand 00— X - A - M — 0 is exact.

3. Preliminaries: semidualizing modules

We fix a module C € mod(R) and write M" = Hom(M, C).

Definition 3.1. A finitely generated module X is totally C-reflexive if it satisfies
the following:

(1) Ext*%(X, C) =0,
(2) Ext*%(x", ) =0,
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(3) The natural homothety map nx : X — X' defined by it — (¢ — @()) is an
isomorphism.

Let G¢ denote the category of totally C-reflexive modules.

The set G¢ is essentially the subcategory over which ' is a dualizing functor. The
notion of totally C-reflexivity generalizes Gorenstein dimension zero. In fact, when
C =R, Gp is simply the category of Gorenstein dimension zero modules, which are
also known as totally reflexive modules. See [Masek 1999] for further information
on the subject. The following proposition shows us that G¢ is almost resolving.

Lemma 3.2. The set G¢ is closed under direct sums, summands, and extensions.

Proof. It is easy to show that G¢ is closed under direct sums and direct summands.
Suppose we have
0O X—->Y—=>Z7Z—->0

with X, Z € G¢. It is easy to check that Y satisfies condition (1) of Definition 3.1.
We have

072" >v"5x"-0 and 0> X"y = ZT 0.

From the first exact sequence, it is easy to see that Y satisfies condition (2) of
Definition 3.1. We can then use the five lemma to show that Y satisfies condition (3)
of Definition 3.1. U

In general, G¢ is not resolving. For example, if C = R/x R for a regular element
X €R, Extl(R/xR, R/xR)=R/xR #0. So R cannot be in Gg /g, and thus Gr/xr
cannot be resolving. It is clear from the definition that R € G¢ is a necessary
condition for G¢ to be resolving. In fact, this condition is sufficient.

Proposition 3.3. The subcategory Gc is resolving if and only if G¢ contains R.

Proof. If G¢ is resolving, by definition it contains R, so we prove the converse.
So suppose R is in G¢. In light of the last lemma, we need only to prove that if
0> X—>Y—>Z—0isexact with Y, Z € G¢, then X is in G¢ as well. Since Y
and Z satisfy condition (1) of Definition 3.1, it is easy to show that X does too.
Also, since Ext! (Z,C) =0, we have

0—-2Z"-v - x">o.
Hence, we have the following commutative diagram with exact rows.
0 X Y Z 0

0 xtt Yy Al Ext'(XT, C) ——=0
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Since ny and nz are isomorphisms, the five lemma shows that 5 is too, and that
Ext' (X", C) = 0. Thus X satisfies condition (3) of Definition 3.1. It is easy to
check using the first exact sequence that Ext™! (X", C) =0, showing that X satisfies
condition (2) of Definition 3.1. O

Motivated by this proposition, we say that a module, C, is semidualizing if R
is in G¢. This is easily seen to be equivalent to the following definition which is
standard in the literature.

Definition 3.4. A module C is called semidualizing if both Ext>°(C, C) = 0 and
R =Hom(C, C) via the map r +— (¢ — rc).

For the remainder of the paper, we let C denote a semidualizing module. Semi-
dualizing modules were first discovered by Foxby [1972] and were later rediscovered
in different guises by various authors, including Vasconcoles [1974], who called
them spherical modules, and Golod, who called them suitable modules. For an
excellent treatment of the general theory of semidualizing modules, see [Sather-
Wagstaff 2009]. Examples of semidualizing modules include R and dualizing
modules. If R is Cohen—Macaulay and D is a dualizing module, then Gp is simply
MCM. Dimension with respect to G¢ is often called Gorenstein C-dimension, or
Gc-dimension for short, since it is a generalization of Gorenstein dimension. We
would expect G¢ and Gorenstein dimension to have similar properties. Thus we
have the following lemma, which is an easy exercise, and proposition, which is
from [Gerko 2001, Theorem 1.22].

Lemma 3.5. If X € A(Gc¢), then Ge -dim X = min{n | Ext™" (X, C) = 0}.

Proposition 3.6. For any semidualizing module C, G¢-dimension satisfies the
Auslander—Buchsbaum formula, i.e., for any module X € A(G¢), we have

Gc -dim X + depth X = depth R.

In light of Lemma 2.14, when R is Cohen—Macaulay this means that G¢ is a thick
subcategory of MCM. Interest in understanding G¢-dimension and the structure
of G¢ is not new. The following conjecture by Gerko [2001, Conjecture 1.23] is
equivalent to saying that Gg is a thick subcategory of G¢.

Conjecture 3.7. If C is semidualizing, then for any module X, G -dim X <
Ggr-dim X, and equality holds when both are finite.

We give one more construction in this section. Take any X € G¢. Then we have
0— QX" > R" - X" — 0is exact. Since RT = C, applying  yields the exact
sequence

0—>X—C"— (QXHT - 0.
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Hence G¢ is cogenerated by add C. Furthermore, if F, is a projective resolution
of X" with X € Gc, then F/ is an add C coresolution of X. Splicing this together
with a free resolution G, of X, we get what is called a complete P Pc or a complete
Pc-resolution of X. See [White 2010; Sather-Wagstaff 2009] for more on the
matter.

Before proceeding, we summarize the notations of this paper.

(1) R is a commutative noetherian ring.

(2) P is the subcategory of projective R-modules.

(3) T is the set of grade consistent functions.

(4) M-dim X is the dimension of X with respect to the category M C mod(R).

(5) add M is the smallest category closed under direct sums and summands con-
taining M C mod(R).

(6) Apm(f) ={X € mod(R) | add M,,-dim X, < f(p) for all p € spec R} with
fel.

(7) ®m(X)(p) = supf{add M,-dim X, | X € X'} with M, X € mod(R) subcate-
gories.

B) A(M) ={X e mod(R) | M-dim X < oo} with M C mod(R) a category.
9) RAM) ={X¥ Cmod(R) | M C X C A(M)X is resolving}.
(10) R the collection of resolving subcategories.

(11) Thicky (M) the smallest thick subcategory of N containing M with M C
N C mod(R) subcategories.

(12) C is a semidualizing module .
(13) Gc the collection of totally C-reflexive modules.
(14) X" =Hom(X, C).

(15) For a resolving subcategory A and a module M € mod(R), set resgyM =
res(AU{M}).

4. Comparing resolving subcategories

For the entirety of this section, let A, M, and N be resolving subcategories. Recall
that $R(.A) is the collection of resolving subcategories X such that A C X C A(A).
In this section, we compare R(A) and R(M) when A is contained in M. If A C M,
we may define nﬁ/‘ R(A) > RM) by X > res(XYUM) and ,oj‘v‘ R(M) = R(A)
by X — XN A(A). Note that if A C M C N, then nﬁ/ = nﬂnﬁ/‘ and ,ojlv = pjl"l,oﬂ.

Proposition 4.1. If A cogenerates M, then the map pf{‘/t is injective.
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Proof. Suppose that p1'(X) = p (V) for X, € RM), i.e., YNA(A) = YNA(A).
Take any X € X. Since X € A(M) and A cogenerates M, by Theorem 2.16,
there exists A € A(A) and M € M such that 0 - X —- A - M — 0 is exact.
Since M ¢ M C X and X € X, we know that A is also in X. But then A is in
XNA(A) =YNA(A) and thus also in ). Since M € M C Y, we know that X
must also be in ). Hence & C ), and, by symmetry, we have equality. Therefore,
pj\/‘ is injective. U

In certain circumstances, this map is a bijection. The following is Theorem A
from the introduction.

Theorem 4.2. Let UV be a set of increasing functions from spec R to N. Suppose,
AC M such that A cogenerates M and add A, is thick in add M, for all p € spec R.
If ®4 and A4 are inverse functions giving a bijection between R(A) and WV, then
the following diagram commutes:

R(M)

%

it N

—ar

R(A)

Furthermore, Ay and pj"l are the respective inverses of ®pq and nﬁ/‘.
The proof of this result will be given after this brief lemma.

Lemma 4.3. If X and Y are subcategories and M is resolving, then
Ppq(res(X UY)) = O (X) V P (Y).

Proof. Since every element in res(X U))) is obtained by taking extensions, syzygies,
and direct summands a finite number of times, and since these operations never
increase the M dimension, we have @y (res(X'UY)) < Oy (X)V Pry(Y). However,
since X, Y Cres(X U)), we actually have equality. (I

Proof of Theorem 4.2. First, we show that ,ojl\/‘ and nﬁ/‘ are inverse functions and are
thus both bijections. Proposition 4.1 shows that pj‘\/‘ is injective. Fix X € R(A) and
let Z = pj‘\/‘ nj“’t (X) =res(XY UM) N A(A). It suffices to show that Z = X" Setting
f = ®4(X), this is equivalent to showing that ®4(Z) = f, since ®4 and A 4 are
inverse functions. Since X C Z, we know that ®4(Z) > f. From Lemma 4.3,

D (res(X UM)) = D (X) V Ppy(M) = Opy(X).

Furthermore, since add A, is thick in add M, for all p € spec R, Lemma 2.14
implies that add A,,-dim A and add M,-dim A are the same for all p € spec R and
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A € A(A). Hence 4 (X) = Op(X) and Py (Z) = Ppr((Z). Therefore,
f = Pa(2) = Pp(2) = Pp(res(X UM)) = Py (X) = Pa(X) = f

and so, ®4(Z) = f. Hence, pj\/‘ and nﬁ/l are inverse functions. Also, this argument
shows that ®4(X) = Opq(res(X U M)) = Oy (nj‘“ (X)), showing that the diagram
commutes and that ®,, is also a bijection.

It remains to show that Ay = ®y, "L For any f € ¥, nﬁ" (A4(f)) is contained
in Ap(f). Because ®u is an increasing function and both ®4 and A 4 are inverse
functions, we have

f=Paha(f) = Py (Aa(f) < QuAM(f) < f.
Thus we have @\ Apr((f) = f, and we are done. ([

For a resolving subcategory A, let G(A) be the collection of resolving sub-
categories M such that M and A satisfy the hypotheses of Theorem 4.2, i.e., A
cogenerates M and add Ay, is thick in add M,, for all p € spec R. The following
theorem shows that we can patch together the bijections in Theorem 4.2.

Theorem 4.4. Let A be a resolving subcategory and WV be a set of increasing
Sfunctions from spec R to N. If ®4 and A4 are inverse functions giving a bijection
between R(A) and V, then

A:SAHx¥— ] RM) SR
MeBG(A)

is a bijection. Furthermore, for any M, N € &(A) with M C N, the map ,0//\\4/ is
the inverse of ’7/\/\//1 , and the following diagram commutes:

RN)

M T o
(1) RM) —24 g

nﬁ”T %

R(A)

Before we proceed with the proof of Theorem 4.4, we need a lemma.

Lemma 4.5. The set G(A) is closed under intersections.

Proof. Let M, N € G(A). Take any p € spec R. Suppose 0 > A} — Ay — A3 — 0
is an exact sequence of R,-modules with A, A, € add A, and A3 € add(MNN),,.
Then Aj is in add M,,. Therefore, since add A, is thick in add M), by assumption,
Aj is in add A,. Since add A, is resolving and contained in add(M NN),, add A,
is thick in add(M NN) .
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It remains to show that A cogenerates M NN. Take X € M NN. We have
0> X—>A—>M—->0 and 0> X—> A - N -0,

with M € M, N € N, and A, A" € A. Consider the following pushout diagram.

0 0
0 X A M 0
|
0 A T M 0
N=—=—=N
0 0

It is easy to see T € M NN. We also have the exact sequence
0>X—>ApA - T—0.
Since A @ A’ € A, this completes the proof. (Il

Proof of Theorem 4.4. Suppose M, N € G with M C N. From Theorem 4.2, the
following diagrams commute:

RM) 2 g R) 2w
" T A o T A
R(A) R(A)

From here, it is easy to show that diagram (1) commutes and ®,s and n/@[/ are
bijections with (n) ! = p3.

Also, Theorem 4.2 shows that Im(A) = Mea R(M). It remains to show that A
is injective. Suppose X = Apr(f) = An(g). Then M, N C X; hence, MNN C X.
For any X € X and any n greater than M-dim X and N-dim X, Q"X is in M NN
by Corollary 2.6. Therefore, X is contained in A(MNN) and thus X € R(MNN).
By the previous lemma, M N A is in &(A), so Aprn : ¥ —> RMNN) is a
bijection, by Theorem 4.2. So there exists an 4 € W such that A ynn(h) = Z2 =
A (f) = Apr(g). Therefore, we may assume that M is contained in .
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Since X € R(M) and X € R(WN), we have N C X C A(M). Thus, because
ACMCN,

N =NNAM) = piN) = 02" o2 o V) = 13" o2 W) = 2 (A) = M.
Since Ap is injective, we then also have f = g. [l

As mentioned earlier, it is shown in [Dao and Takahashi 2015] that we have Ap
is a bijection from I to YA(P). In Sections 8 and 9 we apply Theorem 4.4 when
A =P, and show that G(P) contains the collection of thick subcategories of Gg.
The following results gives an alternative way of viewing Theorem 4.4.

Proposition 4.6. In the situation of Theorem 4.4, if W =T" and P is thick in M,
then the following diagram commutes:

S(A) xT

~

S(A) x R(P)

R

idg) xAp

where B(M, X') =res(M U X). Furthermore, ids4) X Ap is bijective and 2 is
injective.

Proof. Since Ap is bijective, idg(4) X Ap is too. It suffices to show that for any
M, ) e 6(A) xT" we have E(M, Ap(f)) = Am(f). Set Z=E(M, Ap(f)).
First note that Z is in 2R(M). Since P is thick in M and hence in M, by Lemma 4.3,

P (2) = P (res(MUAp(f))) = (M) V Pu(Ap(f)) = Pp(AP)(f) = f

and thus Ax(f) = Z, proving the claim. U

S. A generalization of the Auslander transpose

Let C be a semidualizing module, and set —" = Hom(—, C). For the entirety of
this section, A denotes a thick subcategory of G¢ that is closed under . Recall-
ing Proposition 3.6, A-dim satisfies the Auslander—Buchsbaum formula. We set
resyM =res({M}U A).

The Auslander transpose has been an invaluable tool in both representation theory
and commutative algebra. In this section, we generalize the notion of the Auslander
transpose using semidualizing modules and list some properties which we will use.
The Auslander transpose has previously been generalized in [Geng 2013; Huang
1999], but the construction here is different.

Definition 5.1. An A-presentation of X is an exact sequence A AR Ag— X —0
with Ay, Ag € A. Set Try X = coker (pT.
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When C = R, we get the usual Auslander transpose of X which we denote by Tr X.
The “functor” Tr4 is not well defined up to isomorphism or even stable isomorphism,
motivating a new equivalence relation. Finding the correct equivalence relation is
actually a subtle affair. The equivalence relation must make Try X be well defined,
but it must also detect resolving subcategories. For modules X and Y, we write
X ~"Y and Y ~' X if there exists an A € Asuch that0 > X - Y - A — O is
exact. Let A-equivalence, denoted by ~, be the transitive closure of the relation ~'.
Since ~' is symmetric and reflexive, ~ is an equivalence relation. Stable equivalence
implies A-equivalence, and when .4 =P, they are the same. We will see in a moment
that Try4 X has the desired properties.

Remark 5.2. We would like to think of Try as a functor. However, mod(R)
modulo A-equivalence does not form a sensible category. However, a very similar
construction is functorial. Let P Q0 — X — 0 be a projective presentation. Set
Trc X = cokerg’. A similar construction is given in [Geng 2013; Huang 1999].
We will briefly show that Tr¢ : mod(R)/A — mod(R)/A is a functor. We thank
the referee for bringing the following construction to our attention.

We give some definitions first.

(1) X/Y is the category whose objects are X, and whose morphisms are
Homy,y (X, X2) := Homx (X, X2)/Fy (X1, X2),

where X1, X» € & and Fy (X1, X3) is the subgroup of morphisms in & which
factor through an object in ).

(2) Morph X is the category whose objects are morphisms f : X; — X». A
morphism (g, g2) between objects f : X; — X5 and f’: X| — X, in Morph X
is a pair of morphisms gy : X — X’ and g5 : Y — Y’ such that the following
diagram commutes:

81
X, —= X

b

82 ,
X2 XZ

(3) For f, f' € Morph X, a morphism (g1, g2) : f — f’ is homotopically trivial
if there exists an 4 : X, — X/ such that f'hf =g f = f'g1. Let Hx(f, f")
denote the subgroup of homotopically trivial maps.

(4) H-Morph X is the category whose objects are the same as Morph X’ but whose
morphisms are

Hompg-morph x (f> f) = Homytorph 1 (f, f)/Hx (f, f1).
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We now mimic the construction of the Auslander transpose [1971, Chapter 3,
Section 1]. Set C = add C. The functor T restricts to a functor ¥ : P — C which
induces a contravariant functor

T : Morph P — Morph,
f

It is easy to check that the group homomorphism

e HomMorphP(fs f/) - HomMorphC(f/Ts fT)’

(g1,82) — (g5, g,

maps the subgroup Hp(f, f') to He(f' T, f7). Therefore, " induces a functor
H-Morph P — H-MorphC. Furthermore, it is easy to check that the map

coker : H-MorphC — mod(R)/C,
f +— coker f,

is a well defined functor. The discussion in [loc. cit.] indicates that there is a functor
p :mod(R)/P — H-Morph P which sends a module to a projective presentation.
We summarize these discussions with the following commutative diagram:

Morph P —— > MorphC

ot

mod(R) /P —’—> H-Morph P — > H-MorphC <> mod(R)/C

The composition of the bottom row is Tr¢. Since A is closed under ™ and is thick
in MCM, Tr¢ fixes A. Thus, since P, C C A, it follows that Tr¢ induces a functor
mod(R)/A — mod(R)/A, as desired.

This approach has two deficiencies. First of all, we cannot compute Tr¢ using
A-resolutions. We will use A-resolutions, for example in Lemma 5.4(4), to show
that Try Trg X ~ X. Second of all, if X and Y are isomorphic in mod(R)/ A, it is
not clear if res4 X =res Y. Because of these issues, Tr¢ cannot take the place of
Try in this work.

We proceed to show that A-equivalence is sufficient for our purposes.
Proposition 5.3. For a module X, the module Tt 4 X is unique up to A-equivalence.

Proof. Let m be the projective presentation P; — Py — X — 0, and let p be the
A-presentation A} — Ag — X — 0. Suppose there is an epimorphism 7 — p.
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Then there exists the commutative diagram

0 0
0 B, B By 0
2) Py Py X 0
|
Ay Ap X 0
0 0

whose columns are exact, with By, By, B in A. Applying T to the diagram yields

0 0 0
0 Xt A} Al Trh X 0
|
0 bl P P Tr X 0
0 B] B] B] 0
0 0 0

where Trj{X and Tr} X denote Tr, X computed using p and 7, respectively. Since
the rows are exact, and the middle two columns are exact, the snake lemma shows
the last column is exact. Since 82T € A, we see that TrﬁX ~Trj X.

Consider any two A-presentations, p and p’. It is easy to construct projective
presentations ¥ and v/’ with epimorphisms ¥ — p and ¥’ — p’. In the proof of
[Masek 1999, Proposition 4], it is shown that there is a projective presentation of
7 and epimorphisms 7 — v and 7 — ¥'. Using our work so far, we know that
Trh X ~ Tk X ~ Trf. O
Lemma 5.4. For any X,Y € mod(R) such that X ~ Y, the following are true:

(1) resy X =res Y,
2) QX ~ QY,
3) Try X ~TryY,
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(4) TrgTra X ~ X.

Proof. 1t suffices to assume that 0 > X — ¥ — A — 0 with A € A. Proving (1) is
trivial. For suitable choices of syzygies, we have 0 - QX — QY — QA — 0. Since
QA is in A, and since syzygies are unique up to stable, and hence .4-equivalence,
this proves (2).

Now we show (3). Consider the diagram with exact rows

P, P Y 0
0 QA 0 A 0

with Q, Py, P; projective and surjective vertical arrows. Using the snake lemma,
we can extend this to the diagram

0 0 0

B By X 0

P, Py Y 0
0 QA 0 A 0

0 0 0

such that By, By are in .A. Applying ' to this diagram gives the following:

0 0
0 At ot (QA)" —=Ext!(A,C) —=0
0 vt P P Tr, Y 0
0 bl B) B] Tr, X 0
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Since Ext! (A, C) =0, applying the snake lemma to the middle two columns yields
Try X = Tra Y. This proves (3).
To see (4), consider the projective presentation

Pi— Py— X—0.
Then
POT—>P1T—>TrAX—>0

is an A-presentation, which we use to compute Try Tr4 X, giving the result. U

We close this section with an example of a property shared by Tr4 and Tr.

Lemma 5.5. Let 0 > X — Y — Z — 0 be an exact sequence in mod(R). For
suitable choices of Ty, we have the exact sequence

0> 2" 5 Y 5 XTS5 Ty Z - TraY > Trg X — 0.
Furthermore, if Exti(X, C) =0, then
0> TisQZ - Tra QY > Tra QX — 0.
Proof. Let 6 denote the map from Y to Z. We have the short exact sequence
0> x>y 2oz o

for all i > 0. We can construct the following short exact sequence of A presentations.

0 0 0

AY AY QX 0

Al A} QY 0
Qo

A} A} Qz 0

0 0 0

Applying ™ and also the snake lemma yields
0 (@2 Z2 oy 5 QixT 5 T Z 5 Ty QY — Trg QX — 0.

Setting i = O at this stage gives us the first claim. The short exact sequence
0— QX — QY — Q'Z — 0 gives the following long exact sequence of Ext



422 WILLIAM SANDERS

modules:

Ext! (2/6,C)
_

. i\t . . . .
0— @ 2) L% oiy X QixT % Ext (@ Z, ©) Ext!(QY,C)— - - -.

We also have

Ext't1(6,0)
—_—

.- — Ext' (X, C) - Extt1(Z, C) Ext (Y, C)— .

Since Ext' (X, C) =0 by assumption, Ext'*1(6, C) and Ext! (Q6, C) are injective,
forcing § to be zero. Thus A is surjective. Then the first long exact sequence shows
that ¢ is zero, and so 7 is injective, giving the desired result. U

6. Resolving subcategories which are maximal Cohen-Macaulay on the
punctured spectrum

We keep the same conventions used in the previous section, except we also assume
that (R, m, k) is a Noetherian local ring. Recall that since 4 is a thick subcategory
of G¢, according to Proposition 3.6, dimension with respect to A satisfies the
Auslander—Buchsbaum formula. Set

resyM =res({M}U A),
A(A)g={M e A(A) | M, € add A, for all p € spec R\m},
A ={M € A(A) | A-dim M < i}.

This section is devoted to proving the following:

Theorem 6.1. If (R, m, k) is a local ring with dim R = d, the filtration
A=A)C AU C - C AN = AA),

is a complete list of the resolving subcategories of A(A)y containing A.

This theorem and its proof is a generalization of [Dao and Takahashi 2015,
Theorem 2.1]. We now use results from the previous section to make the building
blocks of the proof of Theorem 6.1.

Lemma 6.2. For any module X € mod(R) and for suitable choices of Try X and
QTry QX,
0— Ext'(X,C) > Tia X — QTry QX — 0.

Proof. With Fy, Fy, F, projective, consider the sequence

BRLF S F > X—>o0.
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We have coker g* = Try X. By the universal property of kernel and cokernel, we
have the following commutative diagram.

0 Img’ F/ Tra X 0

ol

0 ——>ker ff —— F ——=1Im fT ——=0

The snake lemma yields the exact sequence
0— kert - 0 — kere — Extl(X, C) — 0— cokere — 0.
Thus ¢ is surjective and ker ¢ = Ext! (X, C), giving the exact sequence
0— Ext'(X,C) > Tra X — Im £ — 0.

It remains to show that Im £ ~ Q Try QX.
We have the short exact sequence 0 — Im f — F2T — Try QX — 0. Consider
the pushout diagram

0 0
Q Ty QX —— QTry QX
0—Im fi T G 0
|
0 Im f7 F) Trg QX —0
0 0
with G projective. We have Im 7 ~ T ~ Q Ty QX, as desired. O

Lemma 6.3. If X € A(A)o, for all 0 <i < depth C, for suitable choices of Tt4,
the following is exact:

0— Trg Q7 Trg QX — Tra Q@ Trg Q' X — Tra Q@ Ext (X, €) — 0.
Proof. Using Lemma 6.2, we have
0 ExtTI(X,0) > T QX > QTra Q7' X — 0.

Since X € A(A)g, we have Ext'T1(X, C) » = 0 for every nonmaximal prime p.
Thus Ext'T!1(X, C) has finite length, and so

Ext (Ext (X, C),C) =0
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for all 0 <i < depth C. Thus, we can apply Lemma 5.5. U
Lemma 6.4. Let X € A(A)g and 0 <n <depth C. Then

resa (X, Tra Ext' (X, C), Tra QExt*(X, C), -+, Tra Q"' Ext" (X, C))
= res(Tra Q" Trq "X, Tra Ext' (X, ©),
Tra QExt(X, C), -+, Tra Q"' Ext"(X, C))

Proof. The previous lemma tells us that

resA(TrA Try X, Try Ext! (X, C))

= resa(Tra Q Tra QX, Tra Ext' (X, ©)),
resA(TrA QT QX, Ty Q2 Extz(X, C))

= res 4 (Tra Q7 Tra Q°X, Tra QExt*(X, ),

resA(TrA Q" Ty QX Trg Q"' Ext(X, C))
= res(Tra Q" Tra "X, Tra Q"' Ext*(X, ).
Since Trg Trg X ~ X, the result is now clear. U

Lemma 6.5. Let 0 <n <depth R and L a nonzero finite length module. There exists
an A-resolution (G, 3%") of Try Q"L such that G; =0 foralli > n+ 1 and

ker /" =Ty Q" 'L

forall 1 <i < n. In particular, Tty QL e resq(Toy Q"L) for all 0 <i < n,
A-dim(Trg Q"L) =n+ 1, and Tra Q"L € A(A)T.

Proof. Let (F,, d) be a free resolution of L. Then we have

Fpi1— F,—> Q'L —0
and

0—> Q'L—F, 1—> —>F1—>F0—>L—>O.

Because L has finite length, and since depth C = depth R by Proposition 3.6, we
have Ext (L,C)=0forall 0 <i <n, and so we have the exact sequence

a L o
0—>LT—>FT—>F' Lo 2L E S (@D 0.

Note that LT = 0 since L has finite length. Thus, splicing this exact sequence with

T
0— (L) - FI o Fl = T Q'L — 0,
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we create an A-resolution of Try Q"L. So we set G; = }';,11—1' forO<i<n+1
and G; =0 fori >n+1. Set8f’"=8;+27i forl<i<n+1and BZ.L’"=Of0r
all i > n+ 1. Using our previous arguments for values less that n, we see that
ker 8iL’" =Ty Q"L for0<i <n. Showing the first two claims.

It is now apparent that A-dim Try Q"L <n+ 1. If ker 35" = Try L is in A, then
sois L since Try Trq L ~ L. However, this is impossible since LT=Ext°(L, C)=0.
Therefore we have A-dim Try Q"L =n+ 1. O

Lemma 6.6. For all 0 < n < depth R and all nonzero finite length modules L,
resq Trg Q"L =resy Try Q k.

Proof. Let A denote the length function for modules. If L # 0O, then we can
write 0 > L' — L — k — 0 with A(L") < A(L). Since by Proposition 3.6
n < depth R = depth C, we have Ext"(L’, C) =0, and so from Lemma 5.5,

0— Try Q"k — Try Q"L — Try Q"L — 0.

Thus, by induction, res4 Trq Q"L C resy Tryq Q"k.

Now we wish to show that Try 2"k € resy Try Q"L. We proceed by double
induction, first on A(L) and then on n. The case L = k is trivial, so suppose
A(L) > 1. Write 0 - L' — L — k — 0 again. Since L’ has depth zero, we can
use Lemma 6.5 to get the resolution (G,, BL/). Thus we have the exact sequence

0— keralL/’" — Go— Ty Q"L — 0.

Taking the pullback diagram with our last exact sequence yields the following:

0 0
ker BLL/’" ker BIL/’”
0—— Ty Q"% T Gy 0

0 — Try Qk — Tra Q"L — Try Q"L —= 0

0 0
It is now easy to see that it suffices to show that ker BIL " is in res A Trg QL.
When n =0, (G, 3%°") is the resolution

8L’,o
0—> G, —> Gog— Tyl — 0,
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and we are done since ker 81L,’0 =G € ACresyTrgL. So suppose n > 0. We
have ker 8" = Try "~'L’, by Lemma 6.5. By induction, res4 Try "~ 'L and
resq Try Q'L are the same as res4 Trq Q" 'k. So we have

ker BIL,’" eress Trg Q" 'L Cresy Trg Q'L,
where the inclusion follows from Lemma 6.5, and we are done. O

These next proofs are similar to those in [Dao and Takahashi 2015] with the
appropriate changes. They are included here for the sake of completeness.

Proposition 6.7. For every 0 < n < depth R, we have A(A)j = resg Try QL
for every nonzero finite length module L.

Proof. By Lemma 6.6, we may assume that L = k. By Lemma 6.5, we know
that A-dim(Tr Q" 'k) = n. Since localization commutes with cokernels, duals
and syzygies, we have Tr Q"k is in A(A)o and hence in A(A)j. Suppose now
that X € A(A)y. Then Q"X € A, and so Try Q" Try Q"X € A. Furthermore, for
each i > 0, the module Ext'*! (X, C) has finite length. Hence, Lemma 6.6 implies
that Trq Q7 Ext (X, C) is in res 4 Trq 'k C res 4 Trq Q" 'k, where the inclusion
follows from Lemma 6.5. By Lemma 6.4, we therefore have

X eresa(Tra Q" Tra Q"X, Tra Ext' (X, O),
Tra QEx(X, C), -+, Tra Q" ' Ext"(X, C)) Cresa Tra Q" 'k

which concludes the proof. ([

We now prove the main result of this section.

Proof of Theorem 6.1. We clearly have the chain
A=AA)Y S A S -+ S A = A(A),,.

Take X € A(A)y\ A(A)g_l ford > n > 1. We need to show that res4 X = A(A)g,
and we have resy X C€ A(A);. We proceed by induction. When n = 0, the statement
is trivial. So assume that n > 0 and res4 QX = A(A)g_l. Since Ext" (X, C) has
finite length, it suffices to show Try Q" 1Ext"(X, C) eress X, by Proposition 6.7.

Since "X € A, the short exact sequence 0 — Q"X — P — Qlx — 0,
with P projective, is an A presentation of Q"~!X. Using this presentation to
compute Try, we see that Try Q"' X ~ Ext' (Q"~!X, C) ZExt"(X, C). Therefore,
Trg Q' Trg Q71X ~ Try Q"' Ext"(X, C) by Lemma 5.4. Thus, it suffices to
show that Try Q"' Try Q"~!X e resy X, again by Lemma 5.4.

Let 0 <i <n — 1. Since Ext' (X, C) has finite length, Lemma 6.5 implies

Tra Q7' Ext' (X, C) € A(A)) S A(A)L" =ress QX CresaX.
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Therefore, Lemma 6.4 implies that
Tra Q"' Tra Q"7 'X eresa(X, Tra Ext'(X, C), Tra QExt(X, O),
s, Tra QU2 Ext (X, €) = resa(X)

as claimed. ]
The following corollary is immediate from Theorem 6.1

Corollary 6.8. If X € A(A)]\ A(.A)’S_l, then res X = A(A)f.

7. Resolving subcategories and semidualizing modules

In this section, we keep the same notations and conventions as the previous sections,
except we do not assume that R is local. In this section, we classify the resolving
subcategories of A(A) which contain A. Note that it is easy to check that C), is a
semidualizing R,-module for all p € spec R. In Corollary 8.2, we will see that for
all p € spec R, add A,, is a thick subcategory of G¢, closed under Homg, (—, Cp).
The following is a modified version of [Dao and Takahashi 2014, Lemma 4.6],
which is a generalization of [Takahashi 2009, Proposition 4.2]. For a module X, let
NA(X)={pespecR | X, ¢ add A,}.

Proposition 7.1. Suppose X € A(A). For every p € NA(X), thereisa Y € resy X
such that NA(Y) = V(p) and add A, -dim Y, = add A, -dim X, for all m € V (p).

Proof. If NA(X) = V(p) we are done. So fix a g € NA(X)\V(p). As in the proof
of [Dao and Takahashi 2014, Lemma 4.6], choose an x € p\g and consider the
following pushout diagram.

0 QX F X 0
0 QX Y X 0

with F projective. Immediately, we have Y € res4 X. Furthermore, Y, € res X/
for all ¢’ € spec R. Therefore, we have NA(Y) € NA(X). The proof of [Dao and
Takahashi 2014, Lemma 4.6] tells us that

depth(Y;) = min{depth(X), depth(R,)}

for all = € V(p). Thus, by Proposition 3.6, add A, -dim Y, = add A,-dim X, for
all m € V(p). In particular, this shows that V (p) is contained in NA(Y).
Localizing at g yields the following:

0 QX, F, X, 0
0 QX, Y, X, 0
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Note x is a unitin R,;. Thus, by the five lemma, ¥, is isomorphic to F), and therefore
is projective. So we have ¢ ¢ NA(Y) and hence NA(Y) C NA(X).

If NA(Y) # V(p), then we may repeat this process and construct a Y’ that, like Y,
satisfies all the desired properties except V(p) S NA(Y') C NA(Y) C NA(X). Since
spec R is Noetherian, this process must stabilize after some iteration, producing the
desired module. O

Lemma 7.2. Let V be a nonempty finite subset of spec R. Let M be a module and
X a resolving subcategory such that M), € add X, for some p € spec R. Then there
exist exact sequences

0>K—>X>M—>0 and 0>L—>MpKdR —-X—0
with X € X, NA(L) CNAM), and NA(L)NV = @.

Proof. The result is essentially contained in the proof of [Takahashi 2010, Propo-
sition 4.7]. It shows the existence of the exact sequences and shows that V is
contained in the free locus of L and thus NA(L) NV = &. Furthermore, the last
exact sequence in the proof shows that for any p € spec R, L, is in res M),. Hence,
if L, is not in a resolving subcategory, then M), cannot be in that category either,
giving us NA(L) € NA(M). O

These lemmas help to prove the following proposition which is a key component
of the proof of Theorem 7.4. This next result is also where we use Corollary 6.8 of
the last section.

Proposition 7.3. Consider a module M € mod(R) and a resolving subcategory
X € R(A). If for every p € spec R, there exists an X € X such that

add Ap-dim M), < add A,-dim X,
then M is in X.

Proof. Because of Lemma 2.12, we may assume (R, m, k) is local. We proceed
by induction on dim NA(M). If dim NA(M) = —oo, then M is in A and we are
done. Suppose dimNA(M) = 0. Then M is in A(A)f) where t = A-dim X. By
Proposition 7.1, there exists a ¥ € resy X € X with A-dimY =t and Y € A(A)o,
and thus ¥ € A(A);\ A(.A)f)_l. By Corollary 6.8, res4 Y = A(A), and thus
M eresy(Y) C X.

The rest of the proof uses Lemma 7.2 and is identical to [Dao and Takahashi
2015, Theorem 3.5], except one replaces the nonfree locus of M by NA(M) and
replaces projective dimension by A-dim. O

We come to the main theorem of this section. Recall that I' is the set of grade
consistent functions.
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Theorem 7.4. Assume R is Noetherian. If A is a thick subcategory of G¢ which is
closed under ¥, then A 4 and ® 4 are inverse functions giving a bijection between I’
and R(A).

Proof. The previous proposition shows that A 4®4 is the identity on P3(A). Let
f €T and p € spec R. Since add A,-dim X, < f(p) for every X € As(f), we
have ®4(A4(f))(p) < f(p). However, by [Dao and Takahashi 2015, Lemma 5.1]
there is an M € A(P) € A(A) such that depMp = f(p) and dequ < f(q) for
all ¢ € spec R. Since for all g € spec R pd, M, = add Ay-dim My, M is in Aa(f),
and we have ®4(A4(f))(p) = f(p). Thus ®4A 4 is the identity on I O

8. Resolving subcategories that are closed under *

We wish to expand upon Theorem 7.4 using the results in Section 4. However, to use
Theorem 7.4, we need to understand which thick subcategories of G¢ containing C
are closed under duals. In this section, C is a semidualizing module. Since G¢ is
cogenerated by add C, as seen at the end of Section 3, it stands to reason that the
results of Section 4 are applicable.

Lemma 8.1. Suppose M C G is resolving with C € M. Then M is thick in G¢ if
and only if for every M € M, (QM™)" is in M. In particular, M is thick in Gc if
any only if it is cogenerated by add C.

Since syzygies are unique up to projective summands, (M ") is unique up to
add C summands. Thus, for our purposes, our choice of syzygy is inconsequential.
When R = C, (2M")7 is the classical cosyzygy of a Gorenstein dimension zero
module M. Thus in this case, the lemma is equivalent to saying that a resolving
subcategory M of Gg is thick if and only if it is closed under cosyzygies.

Proof. Assume M is thick, and let M € M. We have the following exact sequence.
0> QM" > R"> M -0

Applying T yields
0>M—C"— (QMH" = 0.

Since C € M, if M is thick in G¢, (QM™)T is in M.

Conversely, suppose for every M € M, (M )" is in M. We wish to show that
M is thick in Ge. Since M is resolving, it suffices to check that M is also resolving,
since T is a duality on Gc. It is also clear that M is extension closed. Since C € M,
we have R € M. Therefore it suffices to check that M is closed under syzygies.
Take Z = M" € M". Then since (QM")" is in M, (QMHT" = QMT = QZ is
in M7, as desired. O

The following corollary, although intuitive, is not obvious, and it is not clear if it
holds for other subcategories besides G¢.
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Corollary 8.2. If M is thick in Gc, then add M,, is thick in Gc, for all p € spec R.

Proof. Take p € spec R. From Lemma 2.11, we know that add M, is resolving.
By the previous lemma, it suffices to show that for all M € add M,,, (Qg,M")" =
Hom(2g, Hom(M, C,), Cp) is in add M,,. For every M € add M,, there exists
an N such that M @ N = L, for some L € M. Consider the following:
(QL")", = Hom(Qg Hom(L, C), C),

= Hom(£2g, Hom(L,, Cp), Cp)

= Hom($2g, Hom(M @ N, Cp), C))

= Hom(Q2g, Hom(M, Cp), C,) ® Hom(2g, Hom(N, C},), Cp)

By the previous lemma, (2L%)" is in M, and so (2, M")" is in add M,,. a

Proposition 8.3. Let A be the smallest thick subcategory of G¢ containing C. Then
A is closed under ™.

Since the intersection of thick subcategories of G¢ is thick, it is clear that .4 exists.

Proof. First, let W be the set of modules obtained by applying " and Q to R
successive times. Suppose for a moment that res YW = A. Let A € A. We will show
that AT € A by inducting on the number of steps needed to construct A from W.
See [Takahashi 2009] for a precise definition of the notion of steps with regards to a
resolving subcategory. If A takes O steps to construct, then A is either R or in W, and
the claim is clear. Suppose A is constructed in n > 0 steps. Then there exists B, and
Bo which can be constructed in n— 1 steps and satisfy one of the following situations.

() 0—>A— By— B —~0

(2) 0— Bo—>A—>Bl—>O

(3) Bo=A@® B
Therefore one of the following is true:

(a) 0— B - Bj - A" -0

(b) 0> Bl - A" = Bl -0

() Bj=A"@ B/
By induction, Bg and BlT are in A. Since A is thick, each of these situations implies
that AT is in A.

Therefore, it suffices to show that res YW = A. First, we show that res )V is a thick

subcategory containing C. In light of Lemma 8.1, it suffices to show that for every
A eres W, we have (QAT)" € res W. We work as we did in the previous paragraph,

and we proceed by induction on the number of steps needed to construct A from W.
When it takes O steps, then A is either R or in W, in which case the claim is clear.
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Suppose A needs n > 0 steps to be constructed. Working as we did in the previous
paragraph, there exists modules B; and By which can be constructed in n — 1 steps
and satisfy one of (1), (2), or (3) above. Therefore, one of the following is true:

(@) 0— (QANHT - @B)H" — @B -0
(b) 0 — (2B} — (@ahH" - @B -0
© (@B)H =@ah e @B

By induction (QBg)T and (SZBIT)Jf are in res Y. Since W is resolving, then so
is (QAT)" as desired.

It suffices now to show that res W C A. To do this, we show that each W € W
is in A. We induct on ¢(W), the smallest number of times it takes to apply € and
to R to obtain W. If ¢(W) =0, then W = R, and we are done. If ¢(W) =1, then
W is either O or C which are both in .A. Therefore, we may assume that c(W) > 1.
Then one of the following situations must occur.

(1) A=Q°B
(2) A= BT
(3) A=Q(B")
4) A=(QB)'

where c(B) = c(A) —2. By induction, B is in A. In cases (1) and (2), it is clear that
A is in A too. We have ¢(BY) <¢(B)+1 < ¢(A), and so BT is in A by induction.
Now in case (3), the result is clear. So we assume that we are in case (4). By
Lemma 8.1, (Q(B'")" = (2B)" = A must be in A. O

For the rest of this section, .A will continue to be the smallest thick subcategory
of G¢ containing C. It is immediate that A satisfies the assumptions of Theorem 7.4.
We wish to apply the results from the beginning of the paper. Using the notation of
Section 4, set S(C) =S (A), i.e., let S(C) be the collection resolving subcategories
M € mod(R) such that A cogenerates M and add A, is thick in add M, for
every p € spec R.

Lemma 8.4. Every thick subcategory of Gc which contains C is in G(C). Further-
more, when R is Cohen—Macaulay, every element in &(C) is contained in MCM.
In particular, when C = D is a dualizing module, G(D) is the collection of thick
subcategories of MCM containing D.

Proof. Let M be a thick subcategory G¢ containing C. It is clear from the definition
of A that M contains .A. By Lemma 8.1, M is cogenerated by add C, thus also by .A.
By Corollary 8.2, add M), and add A, are thick in G¢, for all primes p € spec R.
Therefore, dimension with respect to each of these subcategories satisfies the
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Auslander-Buchsbaum formula. It follows from Lemma 2.14 that add A,, is thick
in add M,

Now suppose that R is Cohen—Macaulay and X € G(C). Since .4 cogenerates X,
for any X € X there exists 0 > X — A9 —> ---— Ay — X’ — O witheach A; € A
and d = depth R. Since A € MCM, X is in MCM. The last statement is now clear,
since in that case Gp = MCM. O

We now come to the main results of the paper.

Theorem 8.5. Let A denote the smallest thick subcategory of Gc containing C. For
any M € G(C) (e.g., M is a thick subcategory of G¢ containing C), Ay and Ppy
give a bijection between R(M) and T.

Furthermore, the following is a bijection:

A:S(C)xT — U R(M) C R
MeS&(C)

For any M, N € &(C) with M C N, the following diagram commutes:

m T -
RM) 12T

v T o
R(A)

In particular, p/j\\,l/ and n/\A//[ are inverse functions.

Proof. Proposition 8.3 states that A is a thick subcategory of G¢ which contains C
and is closed under . Therefore, by Theorem 7.4, A4 and &4 give a bijection
between R(A) and I'. The first statement is an application of Theorem 4.2 and
Lemma 8.4. The rest follows from Theorem 4.4. U

A resolving subcategory X is dominant if for every p € spec R, there isann € N
such that Q% R,/pR, € add X,,.
P

Corollary 8.6. Suppose R is Cohen—Macaulay and has a dualizing module. Then
there is a bijection between resolving subcategories containing MCM and grade
consistent functions. Furthermore, the following are equivalent for a resolving
subcategory X.

(1) X is dominant
Q) MCM C X
(3) A(X) =mod(R)
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Proof. Letting D be the dualizing module of R, MCM is the same as Gp. Hence,
by the previous theorem, Aycm : I' = SR(MCM) is a bijection, showing the first
statement. From [Dao and Takahashi 2015, Theorem 1.3], the following is a
bijection:
& : ' — {Dominant resolving subcategories of mod(R)}
f = {X emod(R) | depth Xp > htp — f(p)}

It is clear that £(0) = MCM; hence, every dominant subcategory contains MCM.
Furthermore, we have mod(R) = A(MCM), and hence every dominant resolving
subcategory is an element of )R(MCM). Then for any f €T,

§(f) ={X € mod(R) | depth X, > htp — f(p)}
= {X € mod(R) | add MCM, -dim X, < £(p)} = Amcm(f)-

Thus & equals Ancm, showing the equivalence of (1) and (2).

It is clear that (2) implies (3). Now assume (3) and take a p € spec R. Then
X-dim R/p < oo, and this implies that Q"R/p € X for some n. Therefore,
erlep R,/PR, € add X}, so X is dominant. O

9. Gorenstein rings and vanishing of Ext

In this section, (R, m, k) is a local Gorenstein ring. In this case, MCM is the
same as Gg, and Lemma 8.4 implies that G(R) is merely the collection of thick
subcategories of MCM. This gives us the following which recovers [Dao and
Takahashi 2015, Theorem 7.4].

Theorem 9.1. If R is Gorenstein, then we have the following commutative diagram
of bijections:

{Thick subcategories of MCM} x I
A

Ap {Z € || 2N MCM is thick in MCM}

{Thick subcategories of MCM} x SR(P)
where 8(M, X) =res(M U X).

Proof. Let 3 be the collection of resolving subcategories whose intersection with
MCM is thick in MCM. As observed before the Theorem, G(R) is simply the thick
subcategories of MCM. Since for any M € G(R), A(M) NMCM is M, the image
of A lies in 3. Furthermore, for any Z € 3, Z is in R(Z N MCM), thus the result
follows from Proposition 4.6 and Theorem 8.5. ]
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It is natural to ask when the image A is all of fR. This happens precisely
when every resolving subcategory of MCM is thick. This occurs, by [op. cit.,
Theorem 6.4], when R is a complete intersection. We will give a necessary condition
for Im A = R by examining the resolving subcategories of the form

Mp={M € mod(R) | Ext>0(M, B) =0 for all B € B}

where B € mod(R). Dimension with respect to this category can be calculated in
the following manner.

Lemma 9.2. For all B C mod(R),

Mpg-dim M = inf{n | Ext™" (M, B) =0 for all B € B}
Proof. Let M € mod(R). For alli > 0 and j > 0 and each B € B, we have
Ext*/(M, B) = Ext' (Q/M, B). So Ext ™ (M, B) =0 for all i > 0 if and only if
Q"M is in Mp. O
Lemma 9.3. For any B C mod(R), we have Mg N A(P) =P.

Proof. To prove this, it suffices to show that if pd(X) =n > 0, then Ext" (X, B) # 0.
Take a minimal free resolution

0= F, % F | — > Fy— X — 0.
Note that Im(d) € mF,_;. We then get the complex
0 - Hom(X, B) - Hom(Fy, B) — --- — Hom(F,,_;, B) d—*> Hom(F,, B) — 0.

Now Im(d*) still lies in m Hom(F,, B), and thus by Nakayama, d* cannot be
surjective. Hence we have Ext" (X, B) = cokerd* # 0. O

Araya [2012] defined AB dimension by AB-dim M = max{by;, Gg-dim M},
where ) 0
by =min{n | Ext>"(M, B) =0 = Ext™"(M, B) =0}.
Note that AB dimension satisfies the Auslander—-Buchsbaum formula. Also, a ring
is AB if and only if every module has finite AB dimension.

Lemma 9.4. Taking B € mod(R), if AB-dimM < oo for all M € A(Mp), then
Mp is a thick subcategory of MCM.

Proof. Suppose AB-dim A(Mp) < oo. First, we show that Mp is contained in
MCM. Take any M € Mp. There is an exact sequence 0 > M —-Y - X — 0
with pd(Y) < oo and X € MCM. We claim that X has AB dimension zero.
Suppose Ext>?(X, Z) = 0. Then Ext>’(¥, Z) = 0 and since pd Y = AB-dim Y,
Ext™P4Y (Y, Z) is zero. Then we have Ext>*(M, Z) =0 and thus Ext™** (M, Z) =0.
Therefore Ext' (X, Z) =0 for all i > max{pd(Y), by} + 1. Since R is Gorenstein,
that means that X has finite Gg dimension, and thus X has finite AB dimension.



CLASSIFYING RESOLVING SUBCATEGORIES 435

But since AB dimension satisfies the Auslander Buchsbaum formula, AB-dim X
must be zero.

Since Y € A(Mp), we have X € A(Mp). So Ext>*(X, B) =0 for all B € B,
and we have Ext”°(X, B) = 0 for all B € B. Hence X is in Mp. Therefore, Y is
also in Mp, which, by Lemma 9.3, means that Y is projective and hence in MCM,
forcing M to be in MCM as well.

Now to show that M is thick in MCM, it suffices to show that M is closed
under cokernels of surjections in MCM. So take 0 - L — M — N — 0 with
L,M,N e€MCM and L, M € Mg. Then N € A(Mp) and so Ext>*(N, B) =0
for all B € B. But then N has finite AB dimension by assumption. Since AB
dimension satisfies the Auslander—Buchsbaum formula, AB-dim N is zero. So we
have Ext™*(N, B) = 0 for all B € B, and hence, N is in Mp. O

Now let d = dim R.
Theorem 9.5. If R is Gorenstein, then the following are equivalent.

(1) Ris AB.
(2) Mg is a thick subcategory of MCM for all B C mod(R).
(3) MCM N Mg is thick in MCM for every B € mod(R).
(4) Ay gives a bijection between R(Mp) and T" for every B C mod(R).
(5) Forall B< mod(R) and M € Mg, I' contains the function f : spec R — N
defined by
f(p) =min{n | Ext™"(M,, B,) =0 for all B € B}.

Proof. The previous lemma shows that (1) implies (2), and (2) implies (3) is trivial.
Assuming (3), we will show (1). Suppose Ext>(M, B) =0. Then M is in A(M3p).
Letting dim R = d, we have QM € A(Mp) NMCM. For some n > d we have
Q*"M € Mg NMCM. But then we have

0> QM—>F,_|— - — F;— QM — 0,

where each F; is projective. By (3), Q9 M is in Mg. So we have Mp-dimM <d,
and so Ext™¢(M, B) = 0.

Theorem 4.2 shows that (2) implies (4). Lemma 9.2 shows that (4) implies (5).
Since R is local, evaluating f at the maximal ideal shows that (5) implies (1). [J

Corollary 9.6. Set r = d — depth M. If R is AB and Ext>°(M, B) = 0, then
Ext" (M, B) # 0. Furthermore, if Ext' (M, B) =0 or Ext'/(M, B) #0 fori > r,
then Ext/ (M, B) # 0 for arbitrarily large .
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Proof. Suppose R is AB. Then (2) holds and so M p -dim satisfies the Auslander—
Buchsbaum formula. If Ext>°(M, B) = 0 then

r = Mp-dim M = max{n | Ext"(M, B) # 0}.
The second statement is just the contrapositive of the first statement. U

Corollary 9.7. If R is Gorenstein and every resolving subcategory of MCM is thick,
then R is AB.

Proof. The assumption implies (2) in Theorem 9.5. U

Thus if A in Theorem 8.5 is a bijection from G(R) x I to R, then R is AB.
Stevenson [2014a] shows that when R is a complete intersection, every resolving
subcategory of MCM is closed under duals. The following gives a necessary
condition for this property.

Corollary 9.8. If R is Gorenstein and every resolving subcategory of MCM is
closed under duals, then R is AB.

Proof. Suppose every resolving subcategory of MCM is closed under duals. Let
M C MCM be resolving. Let —* = Hom(—, R). Then for every M € X, (QM*)*
isin M. By Lemma 8.1, M is thick. The result follows from the previous corollary.

O
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THE SYMPLECTIC PLACTIC MONOID,
CRYSTALS, AND MV CYCLES

JACINTA TORRES

We study cells in generalized Bott—-Samelson varieties for type C,. These
cells are parametrized by certain galleries in the affine building. We define
a set of readable galleries — we show that the closure in the affine Grassman-
nian of the image of the cell associated to a gallery in this set is an MV cycle.
This then defines a map from the set of readable galleries to the set of MV
cycles, which we show to be a morphism of crystals. We further compute
the fibers of this map in terms of the Littelmann path model.

1. Introduction

This paper is part of a project started by Gaussent and Littelmann [2005] the aim
of which is to establish an explicit relationship between the path model and the set
of MV cycles used by Mirkovi¢ and Vilonen for the Geometric Satake equivalence
proven in [Mirkovi¢ and Vilonen 2007].

1A. We consider a complex connected reductive algebraic group G and its affine
Grassmannian ¥ = G(C((¢)))/G(C[[z]). We fix a maximal torus T C G. The
coweight lattice XY = Hom(C*, T) can be seen as a subset of 4. For a coweight A,
which we may assume dominant with respect to some choice of Borel subgroup
containing T, the closure X, of the G(C[[¢]))-orbit of X in ¢ is an algebraic variety
which is usually singular. The Geometric Satake equivalence identifies the complex
irreducible highest weight module L()) for the Langlands dual group G¥ with
the intersection cohomology of X, a basis of which is given by the classes of
certain subvarieties of X, called MV cycles. The set of these subvarieties is denoted
by 2 (A). The Geometric Satake equivalence implies that the elements of 2 ()
are in one to one correspondence with the vertices of the crystal B(}). Braverman
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and Gaitsgory [2001], endow the set 2 (1) with a crystal structure and show the
existence of a crystal isomorphism ¢ : B(A) => Z°(1).

1B. Gaussent and Littelmann [2005] define a set I'(y,)™® of LS galleries, which
are galleries in the affine building _# aff associated to G, and they endow this set
with a crystal structure and an isomorphism of crystals B(1) => I'(y,)"5. They
view the latter as a subset of the T-fixed points in a desingularization X,, 7> Xj.
To each of these particular fixed points § € I'(y;)™S corresponds a Biatynicki-Birula
cell C5 C X,,. Gaussent and Littelmann [2005] show that the closure 7(Cs) is an
MYV cycle, and Baumann and Gaussent [2008] show that the map

Ty — 20, 8 7(Cs)

is a crystal isomorphism with respect to the crystal structure on Z°(1) described by
Braverman and Gaitsgory [2001]. It is natural to ask whether the closures 7 (Cs)
are still MV cycles for a more general choice of fixed point é.

1C. Gaussent and Littelmann [2012] consider one skeleton galleries, which are
piecewise linear paths in XY ®7 R. Such galleries can be interpreted in terms of
Young tableaux for types A, B and C. For G¥ = SL(n, C), Gaussent et al. [2013]
show that for any fixed point § € Z;, the closure 7 (Cs) is in fact an MV cycle.
They achieve this using combinatorics of Young tableaux such as word reading and
the well known Knuth relations, and by relating them to the Chevalley relations
for root subgroups which hold in the affine Grassmannian 4. In [Torres 2016] it
is observed that word reading is a crystal morphism, and this allows one to prove
that in this case, the map from all galleries to MV cycles is in fact a morphism
of crystals. It was conjectured in [Gaussent et al. 2013] that generalizations of
their results hold for arbitrary complex semisimple algebraic groups, in terms of
the plactic algebra defined by Littelmann [1996]. It is with this in mind that we
formulate and state our results.

1D. Results. We work with G¥ = Sp(2n, C). We define a set I'(y,)R D T'(y)® of
readable galleries, which have an explicit formulation in terms of Young tableaux.
These galleries correspond to all galleries in type A. They are called keys in
[Gaussent et al. 2013]. Type C combinatorics related to LS galleries has been
developed by De Concini [1979], Kashiwara and Nakashima [1994], King [1976],
Lakshmibai [1987] (in the context of standard monomial theory), Proctor [1990],
Sheats [1999] and Lecouvey [2002], among others. We use the description of LS
galleries of fundamental type given by Lakshmibai in [1987; 1986]. We use the
formulation given by Lecouvey [2002]. There is a certain word reading described
in [Lecouvey 2002] which we show to be a crystal morphism when restricted to
readable galleries. We obtain results similar to those obtained in [Gaussent et al.
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2013] concerning the defining relations of the symplectic plactic monoid, described
explicitly by Lecouvey [2002], as well as words of readable galleries. These results
together with the work of Gaussent and Littelmann [2005; 2012], and Baumann
and Gaussent [2008] allow us to show in Theorem 6.2 that given a readable gallery
S e F(yA)R there is an associated dominant coweight vs < A such that:

(1) The closure 7 (Cs) is an MV cycle in X,,.
(2) The map

(p —
TR 2 Z(us+), 8> 1(Cs)
Sel(y)R/~

is a morphism of crystals.

Here F(yA)R /~ is some set of representatives for a certain equivalence relation
on the set of readable galleries. We compute the fibers of this map in terms of
the Littelmann path model. Moreover, this map induces an isomorphism when
restricted to each connected component. We then provide some examples of galleries
8 € ) —T'(y)" for which 7(Cs) is not an MV cycle in 2 (vs).

1E. This paper is organized as follows. In Section 2 we introduce our notation and
recall several general facts about affine Grassmannians, MV cycles, galleries in the
affine building, generalized Bott—Samelson varieties, and concrete descriptions of
the cells C; in them. In Section 3 we introduce the crystal structure on combinatorial
galleries, motivating our results with the Littelmann path model, and define readable
galleries as concatenations of LS galleries of fundamental type and “zero lumps.
From Section 4 on we work with GV = Sp(2n, C), where we recall some type C
combinatorics and build up to our main result, which we state and prove in Section 6.
However, the main ingredients of the proof, stated in Section 5, are proven in
Section 7. In Section 8 we exhibit some examples in special cases where the image
of a certain cell cannot be an MV cycle. In the Appendix we show a technical result
that we need.

’

2. Preliminaries

2A. Notation. Throughout this section, we consider G to be a complex connected
reductive algebraic group associated to a root datum (X, XV, ®, &), and we denote
its Langlands dual by G. Let T C G be a maximal torus of G with character group
X =Hom(T, C*) and cocharacter group X" = Hom(C*, T). We will call elements
of X weights, and elements of X coweights. We identify the Weyl group W with
the quotient Ng(T)/T, where Ng(T) denotes the normalizer of T in G. We will
abuse notation by denoting a representative in Ng(T) of an element w € W in the
Weyl group by the same symbol, w, that we use to denote the element itself. We fix
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a choice of positive roots ® (this determines a set ®¥-T of positive coroots), and
denote the dominance order on X and X" determined by this choice by <. We will
denote the corresponding set of dominant weights and coweights by X* C X and
XY+t C XY respectively. Let A = {ay, ..., a,} C ®* be the basis or set of simple
roots of ® that is determined by ®*. The number 7 is called the rank of the root
datum. Then the set A" of all coroots ozl.v of elements «; € A forms a basis of the
root system ®V. Let (—,—) be the nondegenerate pairing between X and X", and
denote the half sum of positive roots and coroots by p and p" respectively. Note
thatif A =) e, respectively A =) v v, is a sum of positive roots
then (A, p¥) =), c ala> TESPeECtively (p, 1) =D v aviia)-

Let B C G be the Borel subgroup of G containing T that is determined by the
choice of positive roots ®, and let U C B be its unipotent radical. The group U is
generated by the elements Uy, (b) for b € C, a € &+, where for each root «, Uy is
the one-parameter group it determines. For each coweight A € X" and each nonzero
complex number a € C*, we denote its image A(a) € T by a’.

The following identities hold in G (See [Steinberg 1968, §6]):

e Forany A € XV, a e C*,beC, and x € ,
(1) a*Ugy(b) = Uy (a'“Mb)a*.

* (Chevalley’s commutator formula) Given linearly independent roots «, B € @,
there exist numbers cgfﬁ € {£1, £2, 43} such that, for all a, b € C,

) Ua(@'Us(0) " Ua@Up(0) = [ Uiarsp(clly(~a)v?).

i, jeN>0

The product is taken in some fixed order. The c;JB are integers which apart
from depending on i and j depend also on «, 8 and on the chosen order in the
product.

2B. Affine Grassmannians. Let ¢ = C[t] denote the ring of complex formal
power series and let #° = C((¢)) denote its field of fractions; it is the field of
complex Laurent power series. For any C-algebra %, we denote the set of %Z-valued
points of G by G(#). The set

9 =G(x)/G(0)

is called the affine Grassmannian associated to G. We will denote the class in ¢
of an element g € G(.#) by [g]. A coweight A : C* — T C G determines a
point t* € G(.#) and hence a class [t*] € 4. This map is injective, and we may
therefore consider XV as a subset of 4.
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G(0)-orbits in ¢4 are determined by the Cartan decomposition

G = |_| G(O)[t"].

rexXV-t

Each G(&)-orbit has the structure of an algebraic variety induced from the progroup
structure of G(¢) and for a dominant coweight A € X" T,

GOt = || Gl

nexvt
KA

We call the closure G(0)[1*] a generalized Schubert variety and we denote it by X;.
This variety is usually singular. We will review certain resolutions of singularities
of it in Section 2E. The U(.%¥")-orbits in ¢ are given by the Iwasawa decomposition

@ = |_| U)[H].

rexv

These orbits are indvarieties, and their closures can be described by

U= J uenit
H=A

for any A € X (see Proposition 3.1(a) of [Mirkovi¢ and Vilonen 2007]).

2C. MV cycles and crystals. Let . € XV'" and u € XV be a dominant integral
coweight and any coweight, respectively. Let L(1) be the irreducible representation
of GY of highest weight A. Then by Theorem 3.2 in [Mirkovi¢ and Vilonen 2007], the
intersection U(#)[t*]1NG(0)[t*] is nonempty if and only if y is a weight of L(}),
and in that case its closure is pure dimensional of dimension (p, A 4+ ) and has the
same number of irreducible components as the dimension of the p-weight space
L(%),, [Mirkovi¢ and Vilonen 2007, Corollary 7.4]. Moreover, X =Hom(T", C*),
where T is the Langlands dual of T, which is a maximal torus of GV (see [Mirkovi¢
and Vilonen 2007, §7] ).

We denote the set of all irreducible components of a given topological space Y
by Irr(Y). Consider the sets

ZMW), =Ir(UEOH[t*ING(O)[*]) and Z (1) = |_| Z(My-
nexv

Elements of these sets are called MV cycles. Braverman and Gaitsgory [2001, §3.3]
have endowed the set 2°(A) with a crystal structure and have shown the existence
of an isomorphism of crystals B(A) = Z(1). We do not use the definition of
this crystal structure, but we denote by fa,- (respectively e,,) the corresponding
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root operators for i € {1, ..., n}, where n is the rank of the root system ®. See
Section 3A below for the definition of a crystal.

2D. Galleries in the affine building. Let 7 aff be the affine building associated
to G and 7. It is a union of simplicial complexes called apartments, each of which
is isomorphic to the Coxeter complex of the same type as the extended Dynkin
diagram associated to G. We refer the reader to [Ronan 2009] for a thorough
account of building theory. The affine Grassmannian ¢ can be G(.#")-equivariantly
embedded into the building ¢ aff " which also carries a G(.#") action. Denote by
®T the set of real affine roots associated to ®; we identify it with the set ® x Z.

Let A = XY ®7 R. For each («, m) € ®*, consider the associated hyperplane
and the positive and negative half spaces:

H(a,m) = {x EA : (a’x> :m}v

Hz;’m) ={xeA:{(a, x)>m},
H(_mm) ={xeA:{a,x) <m}.

The affine Weyl group WT is generated by all the affine reflections S(a,m) With
respect to the affine hyperplanes Hyy, ). We have an embedding W < Wil given
by sq > 5(«,0), Where s, € W is the simple reflection associated to o € ®. (The Weyl
group W is minimally generated by the set {so, : i € {1, ..., n}}.) The dominant
Weyl chamber is the set

Ct={xeA:(a,x) >0forall @ € A},
and the fundamental alcove is in turn

Al={xeCt:(a,x) <lforalaecdF).

There is a unique apartment in the affine building _#*T that contains the image

of the set of coweights XV C ¢ under the embedding & — _# aff This apartment
is isomorphic to the affine Coxeter complex associated to WT; its faces are given
by all possible intersections of the hyperplanes H, ) and their associated (closed)
positive and negative half-spaces Ham). It is called the standard ,apartment in
the affine building _#*T. The action on the affine building _#*T by W4 coincides,
when restricted to the standard apartment, with the one induced by the natural action
of W3 on A. The fundamental alcove is a fundamental domain for this action.

To each real affine root (o, m) € ®* is attached the one-parameter additive
root subgroup U g, ) of G(¥') defined by b > U, (bt™) for b € C. Let A € XV
and b € C. Identity (1) implies that

) Ut (O] = [Ug (™)) = [ Ug (1™~ @)1,
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and [t* U, (bt™~(*2))] = [¢*] if and only if U, (bt~ @4  G(0), or, equivalently,
(e, &) < m. Hence, the root subgroup Uy, stabilizes the point [t*] € 4 — g3l if
and only if » e H, . For each face F in the standard apartment, denote by Pr, Ur
and Wf‘:ff its stabilizer in G(.¢), U(#) and W respectively. These subgroups
are generated by the torus T, and respectively by the root subgroups U, ) such
that F C H(_a,m , the root subgroups Uy, ) C Pr such that « € @™, and those affine
reflections s, m) € W such that F C Hy,m) [Gaussent and Littelmann 2005, §3.3,
Example 3; Baumann and Gaussent 2008, Proposition 5.1].

Example 2.1. Let GY = Sp(4, C), then ®1 = {ay, ap, a1 + a2, o] + 2a3}. In the
picture below the shaded region is the upper half-space H:;Z,O). Let F be the face in
the standard apartment that joins the vertices — (o1 + o) and —c. This is depicted
here.

The subgroup Pr is generated by the root subgroups associated to the following
real roots:

(@r,m)m=>—1,
(a2, m)m>1,

(a1 t+az,m)m=>—1,
(a1 +2az,m) m >0,
(—ay,m)ym =2,
(=, m) m =0,
(—(a1+az),m)m=1,

(= (a1 +2a2),m) m > 1.

The stabilizer Up is generated by the root subgroups associated to those previously
stated roots (e, m) such that & € ®7 is a positive root, and W = {54, 105, ~1), 1}.

A gallery is a sequence of faces in the affine building ¢ aff,
C)) Yy =No=0,Eo, Vi,..., Ex, Vit1),

satisfying these conditions:
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1. Foreachi e {l,...,k}, V; CE; D V4.

2. Each face labeled V; has dimension zero (is a vertex) and each face labeled E;
has dimension one (is an edge). In particular, each face in the sequence y is
contained in the one-skeleton of the standard apartment.

3. The last vertex Vi is a special vertex: its stabilizer in the affine Weyl
group W is isomorphic to the finite Weyl group W associated to G.

We denote the set of all galleries in the affine building by X. If, in addition, each face
in the sequence belongs to the standard apartment, then y is called a combinatorial
gallery. We will denote the set of all combinatorial galleries in the affine building
by I'. In this case, the third condition is equivalent to requiring the last vertex Vi,
to be a coweight. From now on, if y is a combinatorial gallery we will denote the
coweight corresponding to its final vertex by ., in order to distinguish it from the
vertex.

Remark 2.2. The galleries we defined are actually called one-skeleton galleries in
the literature. The word “gallery” was originally used to describe a more general
class of face sequences but since we only work with one-skeleton galleries in this
paper, we have left the word “one-skeleton” out.

2E. Bott-Samelson varieties. Let y be a combinatorial gallery (as above). The
following lemma can be obtained from [Gaussent and Littelmann 2012, Lemma 4.8
and Definition 4.6].

Lemma 2.3. There exist a unique combinatorial gallery,
y! =BV VLD,

with each one of its faces contained in the fundamental alcove, and elements
w; € W‘{f§ for each j € {1,...,k} such that wo---wr_lVf =V, for each
rel0,...)k+1}and wy- - w,El =E, foreachr €0, ..., k).

If two galleries ¥ and 7 have the same associated gallery v = y/ =5/ we say
that the two galleries have the same type. We will denote the set of combinatorial
galleries that have the same type as a given combinatorial gallery y by I'(y). The
map

(5) WY s x Wi — I'(y),

(6) (wo, ..., wk) = (Vo, woEo, wo Vi, wowiEq, ..., wo - wiViygr),

induces a bijection between the set []._, Wi,f’f/W%flf and I'(y); it is in particular
finite. For a proof see [Gaussent and Littelmann 2012, Lemma 4.8].
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Definition 2.4. The Bott—Samelson variety of type y/ is the quotient of
G(ﬁ)XPV{ X-~-XPVI{
by the following right action of Ps X - - - X Pps:
0 k

(90s -+ k) - (POs P1s - s PK) = (Q0P0s Py ' q1P1s -+ -+ P 1k PE)-

We will denote this quotient by %, ;. The progroup structure of the groups P,
and Py, assures that ¥, s is in fact a smooth variety. To each point (go, - . ., g) in
G(0) x PVf X o+ X Pvf one can associate a gallery

1 k

(N (V{;, goE{;, goV{, goglV{, e, 80" -ng,{H)-

This induces a well defined injective map i : ¥, ; <> X. With respect to this
identification, the T-fixed points in X, s are in natural bijection with the set r'(y/)
of combinatorial galleries of type y/.

Let w € A be a fundamental coweight. We define a particular combinatorial
gallery, which starts at 0 and ends at w. Let V{, ..., V{ be the vertices in the
standard apartment that lie on the open line segment joining O and w, numbered
such that Vi’ | lies on the open line segment joining V{’ and w. Let further E{’
denote the face contained in A that contains the vertices V’ and Vi’ ;. The gallery

_ _U® RO Yo Re o0 o o _
Vw—(O—V, 0> 1> 192> k?Vk+1_a))

is called a fundamental gallery. Galleries of the same type as a fundamental gallery
v Will be called galleries of fundamental type w.

Now let A € XVt be a dominant integral coweight and let y;, be a gallery with
endpoint A and expressible as a concatenation of fundamental galleries, where
concatenation of two combinatorial galleries y; * y» is defined by translating y» to
the endpoint of y;. (Note that it follows from the definition of type that if y, v are
two galleries of the same type as é and 5 respectively, then y x v has the same type
as §*n. Actually, if y =y *%---xy,. then ['(y) = {51 %-- - %8, : §; € ['(y;)}.) Then
the map

(8) nyf 25X, [g0s.... 81— g0 gt ]
is a resolution of singularities of the generalized Schubert variety X,.

Remark 2.5. That the above map is in fact a resolution of singularities is due to
the fact that the gallery y, is minimal (see [Gaussent and Littelmann 2012, §5
and §4.3, Proposition 5]). This resembles the condition for usual Bott—Samelson
varieties associated to a reduced expression. See [Gaussent and Littelmann 2005,
§9, Proposition 7].
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Remark 2.6. The map (8) makes sense for any combinatorial gallery y. In this
generality one has a map ¥, > ¢ sending [go, ..., g&-] 10 go, . . ., g-[t"], which
is not necessarily a resolution of singularities. From now on we will write (2,7, 7)
to refer to the Bott—Samelson variety together with its map X, ; =~ ¢ to the affine
Grassmannian.

2F. Cells and positive crossings. Let ro, : 7 — A be the retraction at infinity
(see [Gaussent and Littelmann 2005, Definition 8]). It extends to a map

rys X, — INGZAY

To a combinatorial gallery § € I'(y/) is associated the cell Cs5 = ry_f1 (8) which
was explicitly described in [Gaussent and Littelmann 2005; 2012; Baumann and
Gaussent 2008]. In this subsection we recollect their results; we will need them
later. They are originally formulated in terms of galleries of the same type as y;;
we formulate them for any combinatorial gallery. The proofs remain the same,
and therefore we do not provide them all, but refer the reader to [Gaussent and
Littelmann 2005; 2012].

First consider the subgroup U(.#") of G(.¢'). It is generated by the elements of
the root subgroups U, ) for @ € @ a positive root and n € Z. Let V C E be a
vertex and an edge (respectively) in the standard apartment, the vertex contained in
the edge. Consider the subset of affine roots

O p =1 n) € d:aecd", VeHun EZH,,}

and let Uy gy denote the subgroup of U(.%#") generated by Uy, ,) for all (o, n) €
dDEQ,’E). The following proposition will be very useful in Section 7. It is stated and
proven in [Baumann and Gaussent 2008, Proposition 5.1].

Proposition 2.7. Let V C E be a vertex and an edge in the standard apartment as
above. Then Uy g is a set of representatives for the right cosets of Ug in Uy. For
any total order on the set CDR, E)> the map

@p)pear,, = |1 Uslap)
ﬂedﬁ,,E)

N
is a bijection from c'®vel onro Ucv,g). The order in the product is the same as the
one on the set CIDR,’E).

Now let y be a combinatorial gallery with notation as in (4). Foreachi € {1, ..., k},
let [U’{,i = Uv, k). For later use we fix the notation ! = CDZ:G,E,-)'

Example 2.8. Let G¥ = Sp(4,C) as in Example 2.1, and y,,, be as in Definition 2.4.
Then U{,": is generated by the root subgroups associated to the real roots («q, 0),
(o1 + a2, 0), and (o + 22, 0). Let § be the gallery with one edge and endpoint o;.
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Then [UQ,O is generated by the groups associated to (a», 0), (o] + 2a2, 0), as seen
here.

H(Otl/,o) H(Oll-l-az,O) H(;Jt1+20t2,0)

Now write § = (Vo, Eo, ..., Eg, Vk+1) € F(yf) interms of (7) as § =[&p, .. ., k]
This means §; € Waﬁc and 8- -+ 9; E = E;. A beautiful exposition of the following
description (Theorem 2.9) of the cell Cs can be found in [Gaussent and Littelmann
2012, Proposition 4.19]. We provide an outline of the proof for the benefit of the
reader and in order to state Corollary 2.10, which is actually a corollary to its proof.

Theorem 2.9. The map ¢ : U> =15, x U3, x - x U}, — X,r given by

(0, - .-, vk) > [v080, 85 ' V18081, -+, (8o -+ Sk—1) ' wkdo - - - ]
is injective and has image Cs.

Proof. Let U= Uy, x --- x Uy, /Ug, x - -- x Ug, where
-1 -1
(€0, .- &) (vo, ..., vk) = (voeo, €y Vi€, ..., € Vkek).

The map (v, ..., vx) — [v1, ..., vr] defines a bijection ¢ : U — U Indeed, by
[Gaussent and Littelmann 2012, Proposition 4.17], Uy, is a set of representatives
for right cosets of Ug; in Uy;, and hence for [ag, ..., ar] € U there is a unique
(vg, ..., vr) € U such that (for some ej € UEj) voep = ap, and vjej = ej_14j,
ie., ¢((vo,...,v)) = lao,...,ar]. We use this bijection and consider instead
the map @ := ¢ 0 ¢~'. Fix [vo, ..., vx] € U. The map @ is well defined because
(80 8j—1)"'vij(80 - -~ 8;) €Pv/, and if ¢ € Ug; then (8 - - - ;)¢ (8o - - - 6;) € Ug/.
Since by [Gaussent and Littelmann 2005, Proposition 1] the fibers of 7, are U(.%")-
orbits, an element p = [po, ..., pr] € £, s belongs to Cs if and only if there exist
elements uo, ..., u; € U(J) such that

(1) po---ijf =u;E; and

(2) uj_le = Lthj.

Define ug = vo and u; = vg - - - v;. Then conditions (1) and (2) above hold for
pi= - 8j-D""vj(---3)).

Hence the image of the map is contained in the cell Cs. For the other inclusion,
define v; = u]__ll u; (see [Gaussent and Littelmann 2012, Proposition 4.19]). To show



450 JACINTA TORRES
injectivity assume ¢([v, ..., vk]) = ¢([vy, ..., v;]). Then there exist elements
ej € Ug; such that vo - - - v; = vy, - - v}e;, this implies injectivity. O

The following corollary can be found in [Gaussent et al. 2013, Corollary 3]
for G¥ = SL(n, C). Note that in particular it implies that uw (Cs) = 7 (Cj) for all
ue UVO‘

Corollary 2.10.  7(Cs) =1, --- LS, [1#] = Uy, - - - Uy, [1*].
Proof. By the arguments in the proof of Theorem 2.9 the image of the map
UVOX"'XUVk—>Eyf
(00, - - Uk) > [V080, 85 018081, -+, 80+ -8 vkdo - - 8]

is contained in and is surjective onto the cell Cs. In particular conditions (1) and (2)
above are satisfied for p; = (o --- 9 j_l)_l V(8o - - - §;). The corollary follows since
80 8jtbyr = [hs- O

3. Crystal structure on combinatorial galleries, the Littelmann path model,
and Lakshmibai-Seshadri galleries

Let A € X*Y be a dominant integral coweight and let L()) be the corresponding
simple module of G¥. To L(A) is associated a certain graph B(A) that is its “combi-
natorial model”. It is a connected highest weight crystal, which means that there
exists by € B(A) such that ey, (b)) =0 foralli € {1,..., n}, where n is the rank of
the corresponding root datum. The crystal B()) also has the characterizing property
that

dim(L(1),) = #{b € B(A) : wi(b) = p}.

See below for definitions. After recalling the notion of a crystal we review the
crystal structure on the set I of combinatorial galleries.

3A. Crystals. A crystal is a set B together with maps

ew;» Jo; : B—>BU{0} (the root operators),
wt:B — XY (the weight function),

fori e{l, ..., n}, such that for every b, b’ € B; b’ =e,, (b) if and only if b= f,, (b'),
and, in this case, setting

gi(b") =max{n : ey (b") #0} and ¢;(b") =max{n: f; (b") # 0}
for any b” € B, we have

wt(b') =wt(b) + o and ¢;(b) = &; (D) + (o, wt(D)).
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A crystal is in particular a graph, which we may decompose into the disjoint union of
its connected components. Each element b € B lies in a unique connected component
which we will denote by Conn(b). A crystal morphism is a map F: B — B’ between
the underlying sets of crystals B and B’ such that wt(F(b)) = wt(b) and such
that it commutes with the action of the root operators. A crystal morphism is an
isomorphism if it is bijective.

3B. Crystal structure on combinatorial galleries.

Definition 3.1. For each i € {1, ..., n} and each simple root «;, we recall the
definition of the root operators fy, and ey, on the set of combinatorial galleries I"
and endow this set with a crystal structure. We follow [Gaussent and Littelmann
2005, §6; Braverman and Gaitsgory 2001, §1], and refer the reader to [Kashiwara
1995] for a detailed account of the theory of crystals.

Let y = (Vo, Eg, V1, E1, ..., Et, Viy1) be a combinatorial gallery. Define a
weight function by wt(y) = u,,. Let my, =m € Z be minimal such that V, € H, )
for some p € {0, ..., k+ 1}. Note that m <0.

Definition of f,,. Suppose (c;, u,,) > m + 1. Let j be maximal such that V; €
H;.m) and let j <r <k + 1 be minimal such that V, € Hy, m+1). Let

E, if p<j,
E/p = s(oz,-,m)(Ep) lf] =p<r,
—qv(Ep) if r < p.

Define V(; =0, and for 1 < p <k, set V;, = E;_ | ﬂE’p, and let V} | be the extreme
point of the line segment E}_that is not V. Define

fu ) = (Vo. Eg, VI Ef, o B Vi),
and if (o, u,) <m+1, then f,, (y) =0.

Definition of ¢,,. Suppose m < —1. Let r be minimal such that the V, € H, m)
and let 0 < j < r be maximal such that V; € Hy, n11). Let

E, if p<j,
Elp = S(a,-,m-i—l)(Ep) ifj<p<r,
tozl.v (Ep) ifr <p,

define V;, as above and define
ey, (y) = (Vg, E6, Vi, E}, ..., E, V;(H).
If m =0 then ey, (y) =0.

Remark 3.2. It follows from the definitions that the maps e,,, fo, and wt define a
crystal structure on I". Note as well that if y is a combinatorial gallery then fy, (y)
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and ey, (y) are combinatorial galleries of the same type as y (as long as they are
not zero). We say that the root operators are type preserving. See also [Gaussent
and Littelmann 2005, Lemma 6].

3C. The Littelmann path model and Lakshmibai—Seshadri galleries; readable
galleries. Let y be a combinatorial gallery that has each one of its faces contained
in the fundamental chamber. We call such galleries dominant and denote the set of
all dominant combinatorial galleries by '%®™, By [Littelmann 1995, Theorem 7.1]
the crystal of galleries P(y) generated by y is isomorphic to the crystal B(u, )
associated to the irreducible highest weight representation L(u,) of GY. In its
original context [Littelmann 1995] it is known as a Littelmann path model for the
representation L(u,, ). We say that a combinatorial gallery y is a Littelmann gallery
if there exist indices iy, ..., i, such that Ca;  Ca, (y) =y is a dominant gallery.
If wy+ = Ws+, €q - ea, (V) = y* and eq, " a;, (8) = 8T for two Littelmann
galleries y and §, we say that they are equivalent. This defines an equivalence
relation on the set of Littelmann galleries.

Let A € X¥'* be a dominant integral coweight and y; a gallery that is a con-
catenation of fundamental galleries and that has endpoint A (as above). We denote
by I'(y)™® the set of combinatorial LS galleries of the same type as y,. (LS is
short for Lakshmibai—Seshadri. All LS galleries are Littelmann — see [Littelmann
1995, §4] —and Littelmann galleries generalize LS galleries enormously.) The
set I'(y,)™® is stable under the root operators and has the structure of a crystal
isomorphic to B(A). It was proven by Gaussent and Littelmann [2005] that the
resolution in (8) induces a bijection I'(y)YS = 2()). This bijection was shown to
be a crystal isomorphism by Baumann and Gaussent [2008]. We use this heavily in
the proof of Theorem 6.2. In [Gaussent and Littelmann 2005] see Definition 18
for a geometric definition of LS galleries, and Definition 23 for an equivalent
combinatorial characterization that for one skeleton galleries agrees with the original
definition by Lakshmibai, Musili and Seshadri (see [Lakshmibai et al. 1998], for
example) in the context of standard monomial theory. We will give a combinatorial
characterization of LS galleries of fundamental type in the case G = Sp(2n, C),
omitting therefore the most general definitions.

We finish this section with a question. Let y be a dominant gallery (see
Section 3C). Consider the map ¥, ; — ¢ defined by [go, ..., & 1> go- - & [#"7]
(see Remark 2.6).

Question. Does this map induce a crystal isomorphism P(y) = 2/ (u,)?

This question was answered positively in [Gaussent et al. 2013; Torres 2016]
for G¥ = SL(n, C). In the rest of this paper we do so as well for G¥ = Sp(2n, C)
and y a readable gallery. For G¥ = SL(n, C) all galleries are readable. This is due
to the well known fact that in this case fundamental coweights are all minuscule. In
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the next sections we will describe readable galleries explicitly for G¥ = Sp(2n, C)
and show that they are Littelmann galleries. Moreover, we will see there exist
readable galleries that are not of the same type as any concatenation of fundamental
galleries y, (see Remark 4.9).

Definition 3.3. A readable gallery is a concatenation of its parts. Its parts are either
LS galleries of fundamental type or galleries of the form (Vq, Eg, V1, E1, V3) (we
call them zero lumps) such that both edges Ey and E; are contained in the dominant
chamber and such that the endpoint V; is equal to zero. We denote the set of all
readable galleries by I'R, and if a combinatorial gallery y is fixed, by I'(y)R, the
set of all readable galleries of same type as y.

Remark 3.4. It follows from [Gaussent and Littelmann 2005, Lemma 8] that
readable galleries are stable under root operators.

4. “Type C”’ combinatorics

4A. Weights and coweights. Consider R"” with canonical basis {¢1, ..., &,} and
standard inner product (—,—). In particular (g;, ;) = §;;. From now on we consider
the root datum (X, ®, XV, ®Y) defined by
O ={te;, e tejlijefl,. )
2a .
(I)v:{O{VZﬁ.Oleq)},
X=WweR":(v,a")eZ),
X'=WweR": (a,v) €Z)}.
Indeed the sets X and X" are free abelian groups which form a root datum together

with the pairing (—,—) between them and the subsets ® C X and ®" C XV. We
choose a basis A C & given by

A={aj=¢ —¢gp1:i€f{l,...,n=1}}U{a, =¢&,},
hence the set
A ={a) =¢i—¢eip1:i€{l,....n—1}}U{a,) =2¢,}

is a basis for the root system ®Y. Then X" has a Z-basis given by the set of
corresponding fundamental coweights {w; }ic(1

.....

wi=¢&+---+¢&1<i<n.

Then G = SO(2n + 1, C) and G¥ = Sp(2n, C). For later use we introduce the
notation &; = —e¢;.
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4B. Symplectic keys and words. Let p € 7> be an integer, greater than or equal
to 1. To it we associate a sequence of positive integers p as follows:

_ {(1) if p=1,

- lp,p ifp=2
Given two sequences of integers a = (ay, ..., a,) and b= (by, ..., bs) we denote
the associated merged listby axb = (ay, ..., a,, b1, ..., bs). A symplectic shape d

is a sequence of natural numbers of the form d = py *---* p;, where p; € Z>1. An
arrangement of boxes of symplectic shape d is an _arrangemént of as many columns
of boxes as elements in the sequence d such that column j (read from right to left)
has p; boxes.

Example 4.1. An arrangement of boxes of symplectic shape 1% 1 %2 1.

| [ |

Consider the ordered alphabet 6, ={l <2 <---<n—-l<n<n< n—l<---< I}.
A symplectic key of (symplectic) shape d = p*- - - p; is a filling of an arrangement
of boxes of symplectic shape d with letters of the zﬁphabet %, in such a way that
the entries are strictly increasing along each column and such that p; < n for
je{l,... 1}

Example 4.2. A symplectic key, for n > 5, of symplectic shape 1«2 1.

1|1]2]3
512

We denote the word monoid on 6, by #4,. To a word w = wy - - - wi in #, we
associate a symplectic key .7, that consists of only one row of length &, and with
the boxes filled in from right to left with the letters of w read in turn from left to
right. For example, the word 12 corresponds to the key .

4C. Readable keys: symplectic keys associated to readable galleries. The aim of
this section is to assign a symplectic key to every readable gallery. For a subset

Y C %, we denote the corresponding subset of barred elements by Y ={y : y € Y},
where, for i unbarred, i = .

Definition 4.3. Let % be a symplectic key. We call & an LS block if it is of shape p
for p € Z>; and such that if p > 2 (which means that % consists of two columns
of size p) there exist positive integers k, r, s with 2k +r 4+ s < n and disjoint sets
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of positive integers

A={g:1<i<r,a <---<a},
B={b:1<i<s,by<---<by},
Z={Zi21§i§k,zl<--'<zk},

T:{tiilfifk,l‘1<---<tk},

such that the right column of £ (respectively the left one) is the column with
entries the ordered elements of the set T UZ U A UB (respectively ZUT U A UB),
Z = @ if and only if T = &, and such that if Z # & the elements of T are uniquely
characterized by the properties

9) tr=max{t €%, :t <z, t ¢ ZUAUB},
(10) tj-1=max{t € 6, :t <min(z;_1,t;),t ¢ ZUAUB} for j <k.

We say that # is a zero block if it is of shape k for k € Z-; and such that its
right column is filled in with the ordered letters 1 < - - - < k and its left one, with
k <---<1. A symplectic key is called a readable block if it is either an LS block or
a zero block. Note that a readable block has symplectic shape p, where p € Z>;. A
readable key is a concatenation of readable blocks. Now assume that d=pi*---*p;
is such that p; <--- < p;. A symplectic key of shape d is called an LS_symplect_ic
key if its entries are weakly increasing in rows and if it is a concatenation of LS
blocks. We denote the set of LS symplectic keys of shape d by I'(d)"5.

Example 4.4. The symplectic key

1|2
313
515
4|4
211

is an LS block of shape 5 = (5, 5), with A= {3,4}, B={4},Z={2} and T = {1}.
The first symplectic key immediately below is not an LS block; the second is a zero
block.

1
2

1
2

et BSL
—1 NI

Remark 4.5. A pair of columns that form an LS block is sometimes called a pair
of admissible columns. The original definition of admissible columns was given
by De Concini [1979], using a slightly different convention than Kashiwara and
Nakashima’s, which is the one we use here. The map that translates the two can be
found in [Lecouvey 2002, §2.2].
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To a readable block # we assign a gallery y,, as follows. If # consists of
only one box filled in with the letter / € %, then we define V' =0, VY = ¢,
E/ ={tV{:1 €0, 1]}, and

ve = V5, EJ. VD).
If the readable block £ has at least two boxes, then its columns are filled in with

the letters [ 11 <. < l(}, (right column) and 112 <. < le (left column) respectively.
We then define

VY =0,
2 _ 1

Vi = 5(8111 +--- +81}1)’

E/ ={(tV{ :t€[0, 11},

VY =g e Fep e,

Ef = {V{ +3t(ep+---+ep) 11 €10, 11},

o= (VE BT BL VD).
Note that (9) implies that V'? + %(sllz 4+ 4 812) = Vf and therefore that Ef? is
the line segment joining V‘? and V’f .

Example 4.6. Letn=2and y =(Vy,Eg, V1,E;, V) where Vo =0, V| = %(81 +&7),
V, = &1 + & and the edges are the line segments joining the vertices in order. See
below for a picture of the gallery y,, associated to the symplectic key 4.

Ve = O BV B VT
To a readable key ¢ = %, - - - B we associate the concatenation

Vo =Vp X *Vgp

of the galleries of each of the readable blocks %;, for j € {1, ..., k}, thatitis a
concatenation of (from right to left). To a symplectic shape d = p; *- - - * p; such
that p; <n for j € {1, ...,1} (once n is fixed, we will only consider such ghapes)
we associate the dominant coweight Ay = w,, + - -+ + wp,. For example, to the
shape (2, 2) is associated the coweight w,. We will denote the set of all readable
keys of shape d by I'(d)R.
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Remark 4.7. The set T'(d)R is nonempty: since pj < n, there is a natural readable
key of symplectic shape d whose columns are filled in with consecutive integers,
starting with 1 at the top. For example, if d =3 = (3, 3) and n > 3, this is the key

1)1
2121,
313

It is an LS block, with A ={1,2,3}and B=7Z=T = @.

The following proposition follows directly from [Gaussent and Littelmann 2012,
Lemma 2].

Proposition 4.8. The map

U T@*->TR xey,
d=p1--pi
pj=n
is well defined and is a bijection. Moreover, if p; < --- < p; then this map induces
a bijection
T(d)" < T, % * Vo, )"
Remark 4.9. Zero lumps are not necessarily of fundamental type: this follows
from [Gaussent and Littelmann 2012, Lemma 2] for a zero lump with odd k in the
above description. This is why readable galleries are not necessarily of the same
type as a concatenation of fundamental galleries. This also means that there can be
two readable keys of the same shape but such that their associated galleries are not
of the same type! For example, take n > 3, and consider the keys

T = and ¥ =

W[ |
W[ | =

NI —
W[ 0|

3

The first is LS and y.; is of fundamental type ws. The second key is a zero block.
Its associated gallery, y,,, is not of fundamental type.

5. The word of a readable gallery

To a readable key .7 we assign a word w(.#"). The first aim of this section is to
state Proposition 5.5, which says that the closure in the affine Grassmannian of the
image 7 (C,_ ) C ¢ considered in Section 2F depends only on the word w(.%").

Definition 5.1. The word of a readable block, % = C; Cg (Cy. is the left column,
CR the right), is obtained by reading first the unbarred entries in Cr and then the
barred entries in Cr.. We denote it by w(#) € #4,.
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Remark 5.2. For an LS block this is the word of the associated single admissible
column defined by Kashiwara and Nakashima [Lecouvey 2002, Example 2.2.6].

Definition 5.3. Let y,, be the readable gallery associated to the key .#". As before,
we may write % as a concatenation of blocks J#" = % - - - . The word of y,,
(or of ) is w(Hy) - - - w(#1). We denote it by w(y,,) (or w(x)).

Example 5.4. Let

@12 ; ?, %22, and t%/zt@p%)z: — T

Then w(%;) =22, w(%,) = 1, and w(¥) = 122.

We have the following result about words of readable galleries, which we prove
in Section 7. We will use it in Theorem 6.2. It is in this sense that such galleries
are called readable.

Proposition 5.5. Let y and v be combinatorial galleries and ¥ be a readable
key. Consider the combinatorial galleries y * yyx) * v and y * v, xv. Let
(Z sy f s T) and (Z(y*yx*v)f, 7') be the Bott—Samelson varieties together
with their maps to the affine Grassmannian ¢4 (as in Remark 2.6). Then

T (Cyayynrin) =T (Cpayx0)-

5A. Word galleries. We associate a (readable!) gallery y,, of the same type as the
m-fold product y,, *- - - * ¥, to a word w € #4;, of length m — it is the gallery v,
associated to the readable key .7;,. We denote the set of word galleries in this
case by 'y, . Below we recall the crystal structure on the set #;, as described
by Kashiwara and Nakashima [1994, Proposition 2.1.1]. The set of words %%,
just like the set #;,, is in one-to-one correspondence with the set of vertices of the
crystal of the representation @leLOVf’l, where V,, is the natural representation
L(w1) and hence inherits its crystal structure. Proposition 5.7 says that this structure
is compatible with the crystal structure defined on galleries in Section 3.

Definition 5.6. Let w = wy---w; € 6, be a word and i € {1,...,n}. Define
wt(w) = Zﬁzl ¢;. To apply the root operators e,, and fy, to w one first obtains a
word consisting of letters in the alphabet {4, —, @}. The word will be obtained
from w by replacing every occurrence of i or i+1 by “4”, every occurrence of i+1
or i by “— and all other letters by “@”. This word, which we denote by s; (w) is
sometimes called the i-signature of w. To proceed, erase all symbols & and then all
subwords of the form “+—"". Repeat this process until the i-signature s; (w) of w
has been reduced to a word of the form

si(w) = (=) (+)".
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To apply f,, (respectively e,,) to w, change the letter whose tag corresponds to the
leftmost “+” (respectively to the rightmost “—") from i to i+1 and from i+1 to i
(respectively from i+1 to i and from i to i+1). If s = 0, respectively r = 0, then
Jo; (w) =0, respectively e, (w) = 0.

Proposition 5.7. The crystal structure on words from Definition 5.6 coincides with
the one induced from Definition 3.1.

For a proof, see [Littelmann 1996, §13]. It also follows directly from the
definitions.

Example 5.8. Let n = 2 and w = 11212. We first consider i = 1, for which
si(w) = ++ — + +, and therefore 5| (w) = ++ +. Hence f,, (w) = 21212 and
eq, (w) =0. For i =2 we have s,(w) = 9 4 &—. Therefore sé is the empty word
and fo,(w) = ey, (w) = 0. Now consider the readable gallery Y, associated to w.
Explicitly we write it as

Vw - (V()v EOa Vla E17 V2, EZ’ V3v E3v V4’ E47 VS)v

where Vo =0, Vi =¢, Vo =2¢1, V3 =2¢1+ &2, V4 =361 + &2, Vs =3¢ and Ej
is the line segment joining V; to V;; for j € {0, ..., 4}. We have m,, =0, so
by Definition 3.1, ey, (yw) = 0. We have s, 0)(Eo) = {te2 : 1 € [0, 1]}, see below.
Then j =1 (Definition 3.1) and hence

fOl| (yw)=(V67E65V/15E/19V/29 E/27 g7E/3’VZL’ E:lﬁv/j)a

where V, =0, V| =&, V, =&y +¢1, V; =2e24¢1, V), =262+ 2¢1, Vi =63+ 26
and E’; is the line segment joining V', and V', | for j € {0, ..., 4}. Fori =2 we
have m,, =0, which implies that ey, (y,,) =0. We also have 1,,, =3¢, and therefore
(a2, py,) =0 <mg, +1=1, so that f,(y,) =0 as well. Then f,, (yy) = Y fuy (w)>

€, (yw) = )/e(,, (w)» faz(yw) = Vfaz(w) and eaz(yw) = Veaz(w)-

~ - -~ - T T T
‘\ // \\ \\ //
fﬁ#l(}’w) s AN

7z N N 7/ N !
& i ’
)
S

N K
N RN P ’
N N NI
| A A Yw
A N
’ N o N
0 & I

e
&1

5B. Word reading is a crystal morphism. This subsection is the “symplectic” ver-
sion of [Torres 2016, Proposition 2.5]. Since the root operators are type preserving
(see Definition 3.1), the set of words #4 is naturally endowed with a crystal
structure. The following proposition will be useful in Theorem 6.2. This result was
shown for LS blocks by Kashiwara and Nakashima [1994, Proposition 4.3.2]. They
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show that word reading induces an isomorphism of crystals from B(wy) onto the

subcrystal of | |, ez, Bl@ 1)® generated by the tensor product |  |®--- ® . We
show that for readable galleries the proof is reduced to this case.

Proposition 5.9. The map
% Ty Ve = Vo)
is a crystal morphism.

Proof. First note that the map is weight preserving. This follows from the definitions
and from the fact that in the definition of a readable block, the sets Z and T do not
contribute to the endpoint of the associated gallery. Let y be a readable gallery and
let

yﬂz(VO’EO’V 7E17V2)

be one of its parts, associated to some readable block #. We write

If
w(f%’)zgl...gsﬁk...ﬁh
for g; and h; unbarred, then Vk;{{“ D = 0 and ij@% = {:1 ey, for1 < j<s+r,

where x; = g; for 1 <i <s and x;4; =h; for 1 <i <k. Let
h() = (@ V]) and H(j) =@ V),
for 1 < j <k+s+ 1. Then there exist d;, d» with d; < s < d» <s+k and such that

h(0) for0<j<d,
R (j)=1h(1) ford <j<do,
h(2) fordy<j<k+s+1.

From this we conclude that it is enough to consider readable blocks. As mentioned
previously, this was shown in [Kashiwara and Nakashima 1994] for LS blocks.
Hence let .Z be a zero lump —it has word w(¥) =1--- kk ---1—and let o; bea
simple root. Then, since the galleries associated to . and w(.Z’) are both dominant,
fozi(g):ea;(g):fai(w(g)):ea;(w(g))zo- U

Example 5.10. Let n = 2 and 4 be the readable block ——. Then w(%) = 22.

To calculate fy, (), first consider the gallery,

y,% = (VO’ EOv Vla Ela V2)a
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where Vo =0, V| = %(82 —¢1), Vo = 0 and E; is the line segment joining V;
and V;4; fori € {0, 1}. Note that m,, = —1, j = 1, and r = 2 (see Definition 3.1).
Therefore

fO{] (y@) = (V69 E67 /17 /I’V,Z)’

where V=0, Ey =Eq, V| =V, E| =5(,,—1)(E1) and V}, =5, —1(V2) = €2 —¢1.
Then fo, (V) = v, Where

B =
anak

Similarly, fy, (W(B)) =21 = w(fu, (V,))-
5C. Readable galleries are Littelmann galleries. We begin with a lemma.

Lemma 5.11. Let y,, be the readable gallery associated to a readable key J¢ .
Then y,, is dominant if and only if y,,(x) is dominant.

Proof. Since the entries in the columns of symplectic keys are strictly increasing, it
follows from the definition of word reading (Definition 5.1 and Definition 5.3) that
if y is a dominant readable gallery then y,,(,) is also dominant. Now let y be a
nondominant readable gallery. Then there is a readable block % = C.Cr such that
Y =11 * Y, * 2 with 71 dominant and 7, * y,, not dominant. This block can’t be a
zero lump (they are dominant) — so it must be LS. Let A, B, Z and T be the sets
from Definition 4.3 that define the LS block #: The entries of its right column Cr
are the letters in AUZUBUT and the entries its left column Cy are the letters in
AUTUBUZ. NoW, [iy,+y,, may or may not be dominant. If it is not, then, since
Iy vy = My the word gallery yu(,y,,) is not dominant, and this implies
that y,, () is not dominant either. Now assume that the coweight

Honixyg = Mo + Zga - Zﬁ‘b
acA beB

is dominant, but that the gallery n; * y,, is not. The last three vertices of this gallery
are

(11) Vioi =y, €CT,
1
(12) Vz=um+§<Zea+Zez—Zeb—Zst>¢c+,
acA zeZ beB teT
(13) Vigr =ty + Y ea— Y epeCh,
acA beB

for some d > 1. Letd; < --- < d,44 be the ordered elements of AUZ and let
f1 <--- < fs4« be the ordered elements of B UZ. We have

w(B) =dy - dr sy fsix - fi.
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We claim that the weight

r+k

Moy +Z‘9di = K +Z‘ga+281’
i=1

acA z€Z

which is the endpoint of 7y * yy4,...q,,, and therefore a vertex of 1 * y,, (%), is not
dominant. To see this, assume otherwise:

Mm+Z£a+Zez€C+.

acA z€Z

Since the dominant Weyl chamber C* is convex, this means that the line segment
that joins i, and ,, + Y, ca €a + Y,z € is contained in C*, in particular the
point

(14) I, +%(Z aﬁZsZ) eCt

acA z€Z

belongs to the dominant Weyl chamber. We will now show

Vi=puy + %(Zea +ZEZ —Zsb— Ze,) eCt.
acA Z€Z beB teT
This would contradict (12) and therefore complete the proof.

Set y, =Y i qi&. Recall thata; < --- <ay, by <--- <bg, 21 <-++ < Zk,
and | < --- < f; are the ordered elements of the sets A, B, Z and T, respectively.
The dominant Weyl chamber has, in this case, the following description in the
coordinates &1, ..., &,:

n
(15) C+={Zpi8iil9i€R>oandP12~--ZPn}-
i=1
This description allows us to make the following conclusions. For every ie{1,- - -, r},
we have t; < z; < j forevery j € {1, ..., n} such that#; < j. It follows from (15)
and (14) that
(16) 4 <4z + 3 =

which implies, since ¢;, q,, g;; € Z, that
4 <qj+5=<q5+3 <4y~ 5

Now let b € B, and let j € {1, ..., n} such that b < j. By (13),

Vit1 = Un —f—ZSu—Zeb eC™ .

acA beB
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Together with (15) this implies

4 <qj+35<q—3
particularly so if j € (ZUT)C. If j € ZUT then, as before, by (16) we may assume

that j =t € T. But this means ¢, < g, therefore ¢, — % <qp— % All of these
arguments, together with (15), imply

o, +%<Z£a+28z—28b—281) eCt,

acA €2 beB teT
which contradicts (12). U

Lemma 5.12. A readable gallery v is dominant if and only if ey, (v) = 0 for all
ief{l,...,n}.

Proof. First notice that it follows directly from Definition 5.6 that for a word w € #4,
and o; a simple root, ey, (w) = 0 if and only if y,, is dominant. Lemma 5.12 then
follows from Lemma 5.11 and Proposition 5.9. ([l

Proposition 5.13. Every readable gallery is a Littelmann gallery.

Proof. Let V, be the vector representation of Sp(2n, C). Then the crystal of
words #4, is isomorphic to the crystal associated to T(V,) = @1€Z>0 V?f’l , see
for example [Lecouvey 2002, §2.1]. Now let y be any readable gallery. Then
there exist indices iy, ..., i, such that ey, - - ‘eq; (Yw(y)) 1s a highest weight vertex,
hence dominant by Lemma 5.12. Since word reading is a morphism of crystals by
Proposition 5.9, Vi(eq,:eq; (1) = €t " €y (Yw(y))- It follows from Lemma 5.11

that e, - - eq; (y) is dominant. O

Definition 5.14. The symplectic plactic monoid P, is the quotient of the word
monoid %4, by the ideal generated by the following relations:

R1. For z # x:
yxz=yzx forx<y<g,

xzy=zxy forx<y<z.
R2. Forl <x <mandx <y < x:
yx—lx—l=yxx,
x—lx—1ly=xxy.
R3. For a;,b; € {1,...,n},i € {1,..., max{s, r}} such that a; < --- < a, and

by < --- < by, and such that the left-hand side of the next expression is not the
word of an LS block:

aj---a, 7 7bg---by=ay---a, by---by.
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If two words wi, wy € #4, are representatives of the same class in %4, we say
they are symplectic plactic equivalent.

Example 5.15. We have the following equivalences of words:

121=11=o,
112 = 121.

Remark 5.16. Relations R1 are the Knuth relations in type A, while relation
R3 may be understood as the general relation that specializes to 11 = @&. Note
that the gallery y,, associated to w = 11 is a zero lump. This definition of the
symplectic plactic monoid is the same as [Lecouvey 2002, Definition 3.1.1] except
for relation R3. The equivalence between the relation R3 above and the one in
[Lecouvey 2002] is given in the Appendix.

The following Theorem is proven in [Lecouvey 2002].

Theorem 5.17. Two words wy, wa € W4, are symplectic plactic equivalent if and
only if their associated galleries y,,, and y,,, are equivalent.

Together with the results we have recollected in this section, Theorem 5.17
implies the following proposition.

Proposition 5.18. Two readable galleries y and v are equivalent if and only if the
words w(y) and w(v) are symplectic plactic equivalent.

Proof. Two readable galleries y and v are equivalent if and only if, by definition,
there exist indices iy, ..., i, such that the galleries Ca; Ca, (y) and €a; * €a, v)
are both dominant and have the same endpoint, i.e., Wew;ea, (v) = Hegea, ()
By Lemma 5.11 and Proposition 5.9 this is true if and only if Viw(ew;ea;, (1)) and
Vi (eq; +ea;, (v)) ATE also both dominant with the same endpoint. By Proposition 5.9,
we have w(eal.l- eg; (8) = Ca;y Ca, (w(ys)) for any readable gallery 6. This
means that the previous sequence of equivalences is also equivalent to yy,() ™~ Yw ()
which by Theorem 5.17 is equivalent to w(y) = w(v). U

The following theorem is originally due to Kashiwara and Nakashima (see
[Kashiwara and Nakashima 1994]). For this particular formulation, see [Lecouvey
2002, Proposition 3.1.2].

Theorem 5.19. For each word w in W4, there exists a unique symplectic LS key T
such that w = w(7).

The following proposition will be proven in Section 7. Along with Proposition 5.5
it will play a fundamental role in the proof of Theorem 6.2.

Proposition 5.20. Let y and v be combinatorial galleries and let wi, wy € W4, be
two plactic equivalent words. Consider the combinatorial galleries y * y,, * v and
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Y * Y, %V as well as their associated Bott—Samelson varieties (Z(y*ywl )/ 7T) and
(E(V*sz*,,) 7, ') together with their maps to the affine Grassmannian 4. Then

T[(CV*VWI *U) = ”/(Cy*}’wz*v)-

6. Readable galleries and MV cycles

The following result holds in greater generality than is stated here: part (a) is an
instance of [Gaussent and Littelmann 2005, Theorem C], and part (b) is an instance
of [Baumann and Gaussent 2008, Theorem 5.8].

Theorem 6.1. Let d = p; *- - - * p; be a symplectic shape such that py < --- < p;
and consider the desingularization 7w : g — X,

@) If § € T(d)'S is a symplectic LS key, the closure w(Cs) is an MV cycle in
% (Ag). This induces a bijection T (d)*S 25 2 (1,).
(b) The bijection @4 is an isomorphism of crystals.

To formulate our main result we need the following additional notation. Given a
readable gallery y and a dominant coweight A € XV, let

n;f =#v e N w, =2},

and let
X;jﬁ ={reX"Vt: n;f #£0}.

Further, let T'(y /)R / ~ be a set of representatives of the classes for the equivalence
relation on Littelmann galleries (and hence on readable galleries by Remark 3.4
and Proposition 5.13) defined in Section 3C.

Theorem 6.2. Let § € I'(y /)R be a readable gallery. Consider the corresponding
Bott-Samelson variety (X, s, 1) together with its map 7 to the affine Grassmannian
as in Remark 2.6. Let 8T be the gallery that is the highest weight vertex in Conn(d).
(This gallery is dominant and readable by Lemma 5.12 and Remark 3.4, respectively.)
Then:

(@) The closed set w(Cs) is an MV cycle in Z (jus+) -

(b) The map
roy/ R @ 2. 8+ (s
vel (y/)R/~
is a surjective morphism of crystals. The direct sum on the right-hand side is a

direct sum of abstract crystals.

(¢) IfC is a connected component of T'(y /)R, then ¢|c is an isomorphism onto its
image.
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(d) The number of connected components C of I'R(y /) such that @, 1 (C) = Z(A)
is equal to n)k/f.

(e) Givenan MV cycle Z € Z(X),, the fiber (p;} (Z) is given by

0 D=0l ip @O =2 =Ty ~ vz
where ylf’z is the unique LS key which exists by Theorem 6.1.

Proof. Let § be a readable gallery. Then by Theorem 5.19 there exists a (unique) LS
key v such that § ~ v. By Proposition 5.18, the words w(§) and w(v) are plactic
equivalent. Propositions 5.20 and 5.5 together with Theorem 5.17 then imply that

7 (Cs) =m(C,),

which, by Theorem 6.1 implies that 7(Cs) is an MV cycle in Z(ps+) ;. The
map ¢, s in (b) is surjective by Theorems 5.19 and 6.1 above. Now let r be a root
operator, and let 7 be the corresponding root operator that acts on the set of MV
cycles. Then by Propositions 5.5, 5.9, 5.20, and Theorem 6.1 we have

”(Cr(y)) = ”(Cyw(r(y))) = T[(Cyw(r(v))) = ”(Cr(v)) = f(JT (Cv)) = ’7(77 (Cy))

This completes the proof of (b). Part (c) follows immediately, since every connected
component C is crystal isomorphic to the corresponding component consisting of
the LS galleries equivalent to those in C. Parts (d) and (e) follow from [Littelmann
1995, Theorem 7.1] (see Section 3C). O

7. Counting positive crossings

We provide proofs of Propositions 5.5 and 5.20. We begin by analyzing the fail of
a gallery in Section 7A. In Example 7.3 we calculate an example in which it can be
seen how to use this proposition. Then in Section 7B we prove Proposition 5.5 and
in Section 7C we prove Proposition 5.20. We also wish to establish some notation
that we will use throughout. Reca.ll. our convention &; =—¢ for [ € 6, unbarred.
Forl,s,d, m € €, we will write c;‘;{ um for the constant ¢’ . .. in Chevalley’s
commutator formula (2). Additionally we will write c;:fim, and respectively c;;{ 4
for clslj eg+e, > and cé’lﬂr% ¢, (Each time we use such notation a total order will be
fixed on the set of positive roots.) If Y € %, and y € ¢, then we will write Y=Y
(respectively Y=Y, Y=Y, Y>7) for the subset of elements x € Y such that x < y

(respectively x <y, x >y, x > y).

7A. Truncated images and tails. Let y be a combinatorial gallery with notation
as in (4) with endpoint the coweight u, and let 1 <r <k + 1 such that V, is a
special vertex; we denote it by u, € X¥. By Corollary 2.10 we know that the image
(C,) is stable under Uy.
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Proposition 7.1. The r-truncated image of y,

> o 1Y Y orp
T =0y, Uy,
is Uy, -stable, i.e., for any u € Uy, it follows that uT5" =T=".

Proof. By (3) we know that t# Ugt~# = U, . We consider the r-truncated gallery
Y= =V, By, Vilgn),

which is the combinatorial gallery obtained from the sequence
(Vi Ers Vit oo Bk, Vi),

by translating it to the origin. Since V, is a special vertex, ¢*" U_J{,: tTH = U_J{,Hr.
This gallery has endpoint 1, — 1, and is in turn a T-fixed point of a Bott—Samelson
variety (X, ). Letu € Uy, and u’ = t~#rut"r € Uy. Then
> _ ¥ Y Y o[pb
uT" = ”[UVr[UVm' Uy, 7]
Y Al PY I
=1"u'Uy, - Uy, [1577]

— [U}\’/; . [U{//;r [tﬂy—ﬂr] — T;r.

Where the final equality follows from Corollary 2.10. (I

For later use let us fix the notation

T, =Ug, - Uy

r—1"
so that
7(C)) = T;’Tf’.

Remark 7.2. This Proposition is proven for SL(n, C) in [Gaussent et al. 2013,
Proposition 3]. The proof we have provided is exactly the same, except for the
restriction of only being able to truncate at special vertices.

Example 7.3. Let n = 2. Consider the symplectic keys

Jiﬂ:lli‘and Jiﬁ:’z{%,
202 211

and their words
w() =112 and w(H) =222.

Note that ¥y, * Yw, ™~ Ve, * Yu,» since both vy, * ¥, and y,, * ¥, are contained in
the fundamental chamber and have the same endpoint w; + w;. One checks that

fmfazfal(ya)]*ywz):y]ﬁ and fa1fa2f(¥1(yw2*yw1):yj(2’
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Therefore Y ~ Yoz Lemma 5.11 and Proposition 5.9 imply that y,,x) ~ Yw(s)
(it can also be checked directly using Relation R2 in Theorem 5.17 with y = x =2).
Now consider combinatorial galleries y and v. The galleries y *y,. *v and y *y , v
are T-fixed points in the Bott-Samelson varieties (X%, g 20 ), respectively
(Z(V*V%*U) r,"). The galleries yy,(x;) and yy () that correspond to their words
are T-fixed points in (X xy, sy, sy, #v) 7""). We show that

N(Cy*yxl*v) = n//(cy*y,‘)(x])*v) = n/(cy*yw(xz)*v)-

We use the same notation as in (4) for y. Since for any combinatorial gallery 7,
(a,n) € <I>k+1 if and only if (@, n — (o, uy)) € CI>2)’, we may assume that y = @
Since ¥y, Y50 Yw(ri) and yu(z,) have the same endpoint &7, this also implies that

>2_22_z3 _—T>3 e A NN}
Ti’x o Ti’xz*” =T o = Ty By Proposition 2.7, for a’, b’, ¢, d’ € C,

7(Cy.) = Uter, (@)U 165, -1y (BN Ue,0) (VU (e, 16,0y (d’ )Ty)g s

By Chevalley’s commutator formula (2) and an application of Proposition 7.1 to
U —ey,—1y(e) € Ug,, we obtain
n//(CVw(Xl)*v)
= U, —1)(@) - Uge 465, —1) (D) * U g5, 1) (€) * U(e,0)(€) - Ug) +£,,0) (d)Tf,fw])*v
=Ue,.—1 (a + C}’Q{Z(_e)c) U 4e2.—1) (b + C}’il’z(—e)cz)
U0 Uter16,0(@)  Ueyer, -1y (T2
= U, ,1)(61 + C]z 2( e)c) “Uler e, *U(b +Cizlz( e)c )
Uier0(©) Uger e, 0T,
- n(Cy%l*v),
fora,b,c,d,e € C. Choosinga =da’,b=">b",c=c',d=d', and e =0, we have
m(C, ) - n”(Cyw(% ). Hence, in this case 7 (C, ) = JT//(CVW(%, }). Similarly, for
a// b// c// d// e c C

T[H(Cyw(fz)*V)
=U,,0(a")- U(€1+82 00" Uge,—e,, ,1)(e ) Uer,0)(€") - Ugey 60,00 (@) T, yw(%)*v

2

—U(g| _])( 11 ( e//)C//) U(81+€2 _])( 12 ( //) 1 )
U(g2 0)(61 +C ) U(£|+az 0)(b//+d//)Tyw(%)*v
C(Cyy,.,)-

Hence the open subset of 7 (C,, ) givenby a #0,b #0, c #0, d # 0 is contained

in JT”(C},“,(%Z)*U).
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7B. Proof of Proposition 5.5. 1Itis enough to show that if y and v are combinatorial
galleries and 7" is a readable block, then

17) E(Cy*yx*v) = 7" (Cayuirysr)»

where (E(y*yx*v)f, ) and (X, uy, o)/ 7’) are the Bott—Samelson varieties
associated to the galleries y x y,, % v and y * y,,(») * v respectively.

Proof. We assume y = &; we may do so by the argument given at the beginning of
Example 7.3. Let 2# be an LS block and let A = {ay, ..., a,}, B={by, ..., bs},
Z={z1,...,zxyand T={z1, ..., tx} be the subsets of {1, . .., n} from Definition 4.3
that determine 7. We will use the notation d; < - - - < d,44 to denote the ordered
elements of ZUA and f; < --- < fi1 the ordered elements of B UZ. We also
write

Y» = (Vo,Eo, V1, E, V2).

The proof is divided into Lemmas 7.4 and 7.5 below.

Lemma 7.4. Let v be a combinatorial gallery and % be a readable block. Then

n/(cyw(gg/)*v) - n(cyx*v)-

Proof. We first show that

/ " 1 > 2k+r+s
(18) T (C)’w(l}t/)*V) C U()I]:D]Fk+A o |]:Dfl Tyw(%;*vyv
where
19 P/ =[] Ue-ao®s) [] Ve-e0ts) [ Ueonka,
1¢ZUAUBUT 1eT=b acA<b
I<b
(20) P = 1_[ Ue—e.,—1) (kiz) 1_[ U, —e,,—1) (kiz) H Uey—e,,—1) (kpz),
I#ZUAUBUT; teT== beB=:
<z

for b € B, z € Z and k;; € C. Indeed, the points of JT/(C),W(J,)*V) are of the form

@1 Pay Py P, PRI
where
Py =Ue,,0)(8a) l_[U(adfel,O)(gdl_) l_[ U ey46,,0) (8ar) ]_[ Ulegter.n (&)
d<l<n [¢(ZUA)<d le(ZUA)<d
P;=S;PY withS;= [] Ug,—e,0(@5) [] Ueoer(8lp) €Uo and
b'eB=<b zeZ=<b

[p;';v: 1_[ U —e,.0)(815) 1_[ Ute,—e,.0)(&15) l_[ Utey—ep.1)(&4i)

[¢ZUAUBUT teT<b acA<b
I<b
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and finally
Pz:.]gpév with Jzz l_[ U(ga_8170)(gaz) l—[ U(gz/_gz’o)(gZ/Z)EUO and
aeA=z [ YA
Pr=J: [] Ue-e-0@2 [] Uee-n@ [] Uer-en-1)(go2),
lgéZUlAUBUT teT=z beB=*
<z

ford e AUZ,z€Z,beB, and g;; € C. All terms in J; commute with [P’?,’ for 7 € 27+
and with IP“’ for b € B7*. All terms in S; commute with IPi v for b’ € B>". For
7 >bit commutes with all terms of IP’ except for the term U(gb —e,.—1)(8pz). But
commuting S; with this term (using Chevalley s commutator formula (2)) produces
terms U, —e, 0 (x) and U, — -y —1y(*), of these terms, U, -y ,0)(*¥) commutes
with [P’“’ for 7/ € Z7% and with [FD”’ for b € B7%, and U, — —e,,—1)(*) is a term of the
form of those appearing in IP‘”

Since the terms that appear in I]j’iB” and IP? are the same as those in [P’;; and IP;
respectively, this justifies (18), concluding the first step in the proof of Lemma 7.4.
The second step is this:

Claim. There is a dense subset of [P”f’-’ o P TZ2K4S contained in the subset

s fi 7 Yw()*RY
(22) PraP oy ;- Py j T2 C7(Cy ),
where

Pre= [] Ue-eo@d ] Uke.0@s €Uy,

I¢ZUAUBUT I¢ZUAUBUT
teT,l<t beB,l<b
Pys= l_[ Ue,—65,0) (V) l_[ Ue,—e5.1) (V45) € Uy,
beB acA<b
teT<b
= 1_[ Ug,—e.,—1)(V12) 1_[ Uey—s.,—1)(0pz) € Uy,
teT<z beB~z

forv;j € C, b € B and z € Z. (The inclusion in (22) holds by Corollary 2.10.)

To prove this we start by noting that T22*7+s = T22  and that

yu,(%)*v )/ kv
(23) u=[] Ue-e0@d €Uy,
1¢ZUAUBUT
teT,l<t

We have the equalities

(24) pT,BPJ{(, P ij// £T22k+r+s — P . I]J’// >2 — |]3) L PLT >2

sJs T Vw(H )RV fs )/ *V f y *P

where we have introduced symbols analogous to those of (19) and (20); namely,
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forzeZ and b € B,

Pl= [] Ye-o06d [[Ve-o0o@Es []Ue-onEsm.

1¢ZUAUBUT teT<b acA<b
I<b
P/= [[ Uwe-0GE2 [[VeenE []Uee.nE2)
l§éZUlA%BUT teT=<z beB<z
<

with &:; = vz, &p; = vps, Stl; = Vsps

- - 1,1 —1),= -
§ip = vip + Z €t 5T UD Vs

I<b<b
teT
§z = piz + Z 7, Z’z( Pz V77 + Z . b'( &p)vpz  for
7’eZ I<b<z

beB
1,1
pz= ) ¢ p(—upuz (for z € 2).

I<t<z
teT

To complete the proof of the Claim we must set open conditions on the parameters
kij such that the system of equations defined by v;; = &;; has a solution in the
variables v;;. Setting v,z := k;z and vy := kp; this is reduced to setting conditions
on the k;; so that the following system can be solved:

(25) kp=vp+ ) ¢ s (—uidk,
I<t<b
teT
(26) klZ = :OIZ - Z lb bz (Ulb + Z Cll‘ lb( Ult)ktb)kb17
I<b<z I<t<b
beB teT
27) pz= Y ¢ (—vpkez.
I<t<z
teT

Lines (25) and (26) define a linear system of as many equations as variables. The
variables are {v;;};¢auBut,beB>! UlUir}i¢auBuzZUT, reT>1 there is one equation for each
Ib such that [ ¢ AUBUT and b € B>/, and one for each /7 such that/ ¢ AUBUT and
z € Z7!. Note that by definition of an LS block the sets {IZ,/ ¢ AUBUT,; z € Z*}
and {7, s ¢ AUBUT; b € B>!} have the same cardinality (#; is the maximal element
of theset {{ ¢ AUBUT, s <t;;1,5 < z;}). Therefore the system has a solution as
long as the matrix of coefficients has nonzero determinant, which imposes open
conditions on the k/ s. Hence the Claim is proven.
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To finish the proof of Lemma 7.4, note that if the k; ;S satisfy the open conditions
established by the Claim, then

/11 " p>2k—4r+s
P PR S (Cy ),

and therefore Proposition 7.1 implies that

1 " >2k+ +
Uo [FD o [P’ i ET[(CV%*V),

}’u (K)*V

which implies Lemma 7.4. (]
Lemma 7.5. Let v be a combinatorial gallery and ¢ be an LS block. Then

(28) T[(CVX*U) - ﬂ/(cyw()g)*v)-

Proof. Recall that

Vo ¥V yx*v >2
7 (Cy ) = U U2

Notice that U}\/,f ™ C Uy and that all generators of [U}\’ff ™ also belong to Uy except
for those of the form Uy, . _1)(U,Z) or Ug,te,,—1)(vyy) fort, ¢ € T, z € 27, and

vz, vy € C. Hence, since T; . T;z(k;)’ﬁ all elements of 7(C,,__.,) belong to
>2k+r+
(29) Uo [ Utereen@2) [] Ugerteyny i) T;2507350
teT t,t'e€T
z€Z2”!

Now consider

>2k+r+s
| |U(ez+81/,0)(kzt’) | | Ute—e,. -0 ki) T3 0000
teT teTzeZ>!
zeZ

which is a subset of 7(C,, . +) by virtue of Proposition 7.1 and because

[]Ueteokea) €Uo and [ Uy k) T5250 5 € 2 (Cyy )

z€Z teT
teT 7€Z”!
We have
2k X
B0 [[Utrer o) []Uer—ery i) T35 ES
t'eT teT
z€Z zeZ7!
G = [[Yerer—nE) [[Ue-ecyiz) [ | Uterte, 0 ke T2 ES
t,t'eT teT t'eT
t#£t zeZ”! 2€Z
2k X
32 = []VerenE) [ [V T,
t,t'eT teT

t£t' zeZ>!
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where

(33) G =Y ch(—kadkez+ D el 2~k iz,

zez>" zeZ>!

The equality between (30) and (31) is due to Chevalley’s commutator formula (2)
and the equality between (31) and (32) is obtained by using Proposition 7.1 and
Ute.+e,,0)(kzr) € U,%g. Now fix an element in (29). Setting k;; = v;; defines the
linear equations

Uy = Z CZttZ( kzt)vtz+ Z Czt tZ( kZI/)th’

Z€Z>'/ z€Z>!

in the variables k;;, for z € Z and t € T. There are more variables than equations.
For each equation indexed by a nonordered pair (;, t;) there are the variables v,
and vy,; for z > ¢’ and 7’ > ¢ (which always exist by definition of an LS block),
hence the system has solutions as long as the matrix of coefficients has nonzero
determinants. This imposes an open condition on the parameters v;z. Hence for
such vz, vy, kiz = v4z, and solutions k;;, for the latter equations we have

[TUe-e.v@2) [ [Ure, @) T2 kS

teT t,t'eT
7€Z7!

2 X
= l_[ U(sz+e,/,0) (kzt/) 1_[U(s,fsz,fl)(ktZ)T§w<g)r$g C ”/(Cyu,(%)*v)-

t'eT teT
z€Z zeZ7!

Proposition 7.1 then implies,

Uo [ [ U-een@) [T Uterre - @) TE2 o, C 7' (Cppprysn)-

teTt t,t'eT
7€Z”

This completes the proof of Lemma 7.5 and hence of (17) for .# an LS block. [J

Now let .#" be a zero lump. This means there exists k > 1 such that the right
(respectlvely left) column of ¢ has as entries the mtegers 1 <--- <k (respectively
k <---<1),its word is therefore w(#) =1---kk - -- 1. This means, in particular,
that the truncated images T2 = Ti/*v are stabilized by Uy, by Proposition 7.1.

)/ (:)g)*l)
We have

[UVU(;(L%’)*V UVUJ(J{’)*V >2k

/ —
4 (CVw(,)ﬁ)*U) - Vo1 Yuw (A )*V?

C Ugp, for 1 <[ < k.
For 0 < j <k — 1, the generators of U{’,“}ifj‘/)*v are all of the form U, g, n,_ ;)
for [ < k — j. In particular the gallery Voo k= =1 has crossed the hyperplanes

by Theorem 2.9. Clearly all of the subgroups UJ’{,’;’W i
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He,—e,_;.m) once positively at m = 0 and once negatively at m = 1, which means
that n;_; =0, and Ue, e (@) = Uge,—g,_;.0)(@) € U, for all a € C. Hence

[U{/u(;(%)*v . [Uyw(%)*v >2k _ =2k — TZZ

/ —
T (C}’w(%’)*‘)) - Vok-1 Yw(A)*V T T Vu(H)*Y Yo *V°

In
_ )/X*I) )/X*I) 22
JT(C),%*V) = [UVO [UV1 TVx*U

we have [U{,’f ™ = {1d) and [U(;f ™ C Uy, therefore

— T2 _ T2
n(ny*U) - VQL/*U - yw(x)*vv

SINCe Ly, = Iy, - This finishes the proof of (17) and that of Proposition 5.5. [

7C. Proof of Proposition 5.20. The remainder of this section, through page 494,
is devoted to the proof of Proposition 5.20. Let v be a combinatorial gallery.

Relation R1. For 7 # x:
yxz=yzx forx<y<gz,
xzy=zxy forx<y<z.
Lemma 7.6. Letwi=yxz,wo=yzx,w3=x2zy,and wy=7Xx Yy forz # X.
(@) w(Cy, w) =7(Cp 50)-
() 7(Cy, ) =7(Cy,,50)-

Proof. Recall the notation ¢; = —¢, and ; =i foranyi € {1, ..., n}. Note that the
T23  all coincide for i € {1, 2,3, 4}; we will denote them by T*. We divide the

Yy ¥V
proof of Lemma 7.6 into three cases.

Case 1: x <y < z. Weclaim that if z £ y and y # x, the following equalities hold:
L 7(Cy, ) = UoUge,—e,,—1) (Ux5) T".
il 7w(Cy, ) = UoU(e,—s,,—1) (Vx3) Uge, -, -1y (0x2) TY.
iii. 7(Cy, ) = UoUge,—¢.. 1) (0,2) T".
iv. 7(Cy, 5) = UoUe,—e.,—1) (0x2)U(e, ., —1) (0y2) T".

Before proving this we remark that, regardless of whether x, y, and z are barred
or unbarred, the roots £, —¢;, &, — &, and &, — &, are positive. Now we recall the
notation from Theorem 2.9:

— y'll)l‘ *V Vw,- *V Vwi *V w
T(Cy, ) = UG UG LG T

Assume that z # y and y # Xx.
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Ywq * 1

. We have U, ¢, —1)(vy5) € U " for any v,y € C, hence

UOU(sx—ay,—l)(Uly)Tw c n(Cywl*v)-

Out of all generators of [Uyw' ™ for i € {0, 1,2}, the only one that does not belong
to Uy is of the form U, ¢, —1)(vy5) € [Uyw1 " and the ones from [Uywl*v that do
not commute with it are those of the form U(8V+S 1) (a), but in that case Chevalley S
commutator formula produces a term Ug, 1¢_ ) (ny y . (—vxy)a) € Up. This implies
the other inclusion, together with Proposition 2.7, which allows us to write down
the generators of each [Ur,fl*v in any order.

ii. The only generators of [Uyw2

those of the form Uge,—ey. ,1)(vxy) € [U or the form U, . —1)(vyz) € Uy
The equality follows by Proposrtron 2. 7 Theorem 2.9, and Proposition 7.1.

for i e {0, 1, 2}, that do not belong to Uy are

Vuz*V

iii. All the generators of [U " and [Ui/,"f*u belong to Uy, and the only generators
of [Uy"” that do not are U(gy_gz,_l). Thus iii follows by Proposition 7.1 and
Theorem 2.9.

iv. As in the previous cases, we have

_ )/u4*1) Ywg ¥V Vwy ¥V w
7T(Cyw4*p) - VO [UVI [UV2 T

and [Uyw“ c Uy. All generators of [U v, ’ and [Uy N respectively, belong to Uy
except for Ug,—e,,—1)(a) € [U +*" and Ue,—e. _1)(b) € [U , respectively, for
{a, b} C C. To prove iv we observe that U, ¢ —1)(a) commutes with all generators
of [Uyw“*v except for U, +ey, 1(d), with d € C. However, commuting the latter two

terms produces elements Ue,+e,.0) (cxZ Z)( a)d) € Uy. Therefore

T (CV11J4*V) g UOU(E,\'_@zs_l) (UXZ)U(é‘y—é‘z,—l) (UyE)Tw ’
and the other inclusion is clear by Proposition 7.1 and the above discussion. This
finishes the proof of our claim.

Now we use this to prove Lemma 7.6, assuming z # y and y # x. For both
conclusions (a) and (b) of the lemma, our equalities i—iv immediately imply

n(cywl*v) - n(cywz*v) and n(cyw3>kv) - n(cyw4*v)-

Next we will show that

”(Cywz*v) - ”(Cywl wv)-



476 JACINTA TORRES

For this, let vyz € C and vyy € C with vy5 #0. Then since U, —¢. 0)(vyz) € Uy, NUo
for any v,; € C Chevalley’s commutator formula, and Proposition 7.1 imply
7(Cy, 50) D Uie,—.,0)(0y2)U e, e, —1) (0x5) T”
= Ufey—e.. - (€33 45 (032050 Uge, e, 1) (0a) Ue, —e..,0) (0y2) T
= U(sx—sz,—l)(C;’gl,v;(—vyz)vxy)U(sx—s,,—l)(vxy)Tw-
Therefore

U(fx_gyv_l) (UXy)U(Sx_Ezy_l) (UxZ)Tw - n(Cywl *V)’

L1 5(—vyz)vy5 = vyz has a solution in vy;.

as long as v,5 # 0, since in that case Cy% vy

Hence Proposition 7.1 implies
UOU(ex—ey,—l)(ny)U(sx—sz,—l)(UxZ)Tw C W(Cyw] )

Equalities i and ii then imply that a dense subset of 7(C,, ) is contained in
7T(Cyw1 «v), which implies Lemma 7.6(a). To finish the proof of Lemma 7.6(b), let
v,y € C and vy; € C with vyz # 0. Then, just as for (a),

(34) 7(Cy,50) D Ue,—e,,0) Wx i) Uey—e,,—1) (vy2) T
(35) =Ug,—e..—-1) (C)lc’y—.{yz(—ny)vyz)U(s_‘.—sz,—l)(Uyz)U(ax—ay,O)(Uyz)Tw
(36) = Ufe,—e..— 0 (€52 (x50, Ue, e, 1) (0y2) T

Therefore the elements of the set

Uge,—e..— 1) (0x2)Ue,—e., 1) (0y2) T

such that vy; # 0 are contained in (36). By items iii and iv and Proposition 7.1
there is a dense subset of

7(Cy,,+0) = UoU(s,—e.,—1) (Wx2)U e, —e.,—1) (0y2) T
that is contained in 77(C,,_ ).

The cases z =y and y = x are missing so far. (Note that z 7~ x is not allowed.
Also note that if y = x then x must be unbarred and if z = y then y must be
unbarred.)

Now assume z = y. To prove Lemma 7.6(a) in this case, we first show that

(37) n(Cywl w) € N(C}/wz*v)-

All of the generators of ﬂJ)\/,wl*v*Vbelong to Up except for Ug,—e, —1)(vy5), for
vy € C. The generators of [UV”T] are U, ¢, —1)(vy) for [ # x and vj5 € C, and
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Ue,—e,.0)(vx3) for vy € C. This last term commutes with U, —¢, —1)(vy5). There-
fore, by parallel arguments to those given in the proof of equalities i—iv on page 474,

7(Cyy ) = UoUey—ey 1y @x5) [ [ Uer—eyo—1y (o) T
I<y
l#x
All terms in the product

Ue,—e,.—1) (Vx3) 1_[ Ug—e,.—1) (v13)
I<y
I#x
are at the same time generators of U)\/,"f as well. Therefore, by Proposition 7.1,

n(cywl*v) - n(cwa*v),

as wanted. Next we would like to show

(38) n(cwa*v) c n(cywl *v)-

To do so we will make use of Proposition 5.5. Let

x| x|y X

JN = and =

yly y -1

T
L

Y

Then we have w; =y x y = w(#]) and wy =y y x = w(J%). By Proposition 5.5
it then suffices to show

7"(Cy,) S 7(Cy )

First assume y — 1 # x. In this case U_JyI " is generated by terms U, ¢, —1)(@)
* >i<
witha € C, and all generators of U_J and U_J belong to Uy. Out of these, the
*
only ones in [U that do not commute w1th U, —e,.—1)(a) are U, 1¢,.0)(D)

and Ue,—¢,1.0) (d) Then for every element in 7 (C, *U) there is a u € Uy such
that it belongs to

uUge, —¢,—1y(@u'T" =uu'Ug,_ 1e,. “n(el! v ly wy(—a)b)

“Ue,—e,, —1)( 15 xﬁ( a)d)U,  —¢,,—1)(@)T",
where u' = U, 1,0 (P)U(e,—¢,_,.0)(d).

Fix u,a, b, and d such that abd # 0. Such elements form a dense subset
of n”(CV%*V). We will show that

U(ey_1+sx,—1)( ve 1yxy( a)b)Ue, e, 1)( — (= a)d)Ug,_ —¢,,—1)(@)T"

y=1y,x
is contained in 7’ (&% 7/1 «v). If this is true, then (38) is implied by Proposition 7.1
applied t0 uUe, +¢,.0)(D)U(e, —e,_,.0)(d) € Up.
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First note that for any {a,j, ay_15,ayy—1} C C, both Uge,_—e,.—1)(@y-1y) and

Ue, —e,.—1)(axy) belong to [nyl *V sand v=Uge 1¢,_,.0)(ayy—1) € U, NUj stabilizes
the truncated image T as Well as the whole image 7'(C,, *v) Therefore all
elements of

U_IU(SX—S).,—I)(axy)U(sy,l—sy,—l)(ay—l)?)UTw =
1,1
Uerte,1.-1 (€551 (—ax5)ayy—DUe,—e,,—1) @x3) U, e, 1) (@y—15) T
belong to (C *v) and, since abd # 0, we may find a3, ay_15, and a,,_; such

that

11 1,1 o
ax;—cy 155 1( a)d, Cogryy— (—ax5)ayy—1 = y 1) xy( a)b, ay,_15=a.

This concludes the proof if y 2 x — 1. Now assume that y = x — 1. In this case all
generators of nyz*v commute with U(gy_1 —ey.—1) (ay—15), and therefore all elements
in7"(C,, *U) belong to

uUce, —¢,.—1y(@)T",

for some u € Up anda € C—but U, ¢, —1)(a) € U_J:})]g‘ *V, which implies (38) by
applying Proposition 7.1 to u € Uy.

Next we prove Lemma 7.6(b), still assuming z = y. We now have
wi=xyy=w(A3) and ws=yxy=w(r),

where

y|x|x xxy‘

95/32’ and % =

<1
<1

We want to show

77 (Cyppe) =77 (Cypy ),

. Yoy *V Yoy ¥V Yoy *V
First Uy ® and Uy ~°  are both contained in Up. The generators of Uy,  that
do not belong to Uy are U(gy,_l)(ozy), U(gyﬁ,,_l)(ﬁy[), and U(g),_gs,_l)(yyg) for
{ay, By, vys) CCandl <n,l #x,y <s <n. All of these are also generators

of [Ui/,‘)lg4 *v, hence by Proposition 7.1 and Theorem 2.9 we have
n///(cy%@*v) C ﬂ////(cyx4*v)-

The discussion above also implies the equality

(39) n”/(Cy%*u) =UoUg,.—1)(ery) HU(S),Jrsl,fl)(,Byl) l_[U(gyfeS,fl)(yyf)Tw-
I<n y<s=<n

I#x

. Vo, kY .
There is one more generator of Uy *  not mentioned above, U, te,,—1)(dxy)-
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Since all generators of [U (which are U, 1¢,.0)(d") € U for d’ € C) commute
o )
with those of [U , We have by Proposition 7.1,
n////(CKWA*U) —
UoU(sx+s,,71)(dxy)U(ey,fl)(fly)l_[U(e,m,fl)(byl)l_[U(s,fgS,fl)(Cy5)Tw-
I<n s<n
I#x s>y

We now would like to show

7"(Cyy0) CTT(Cy w0

To do this we will see that for complex numbers a,, by, ¢ys, and dy,,, with a, # 0,

(40)  Ugeyte,1)(dey)Uge,,—1y(@y) [ [ Uteyrern—1y By [ ] Ute, e 1y (cy) T

I<n s<n

I#x s>y C n///(ny *U).
3

By (39) we conclude that for any complex numbers cy, By, ¥ys, and § the following
set is contained in 7"’ (Cy%*v):

@D v Ui, e, 1O Uge, 0 @)] U e By [ [Uey—er -1 () T

I<n s<n
I#x 5>y
= 0""0U¢, 46, 1) (0x3) Ugey -1 (@) ] Uty ver. -1y By [ [Uey—e0n—1y 1) T,
I<n s<n
I#x s>y
where
1,1 1,1 1,1
v :U(Sx,o) (ny,y(_‘S)O‘y)HU(strSz,O) (ny,yl(_S)ﬂyl)l_[U(ex*EmO) (ny,yf(_é)yyf)
I<n s<n
I#x s>y

and p,, = ny y( 6)0{ and where the equality in (41) is obtained by applying
Chevalley’s commutator formula (2) and Proposition 7.1 to U, ¢, 1)(8), which
stabilizes the truncated image T*. We will have shown our claim in (40) if we find
complex numbers ay, By, ¥y, and § such that

xyy( 8)05 = xy oy =dy, IByl:byls
which we may obtain since a, # 0. This concludes the proof in case z = y.

Lastly assume y = x. This means that x is necessarily unbarred and therefore
z = b for some b < x.

To prove Lemma 7.6(a) in this case, as before, we use Proposition 5.5. We have

wi=Xxb=w(#) and wy=Xbx=w(H5),
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where
X|x|x X | x
=1 d = 1
A=5T and A2 b5
First we show
42) '(C, *v)CJT”(C )
To do this, we claim that
43) 7' (Cppy ) = UoUge, —1y(@x) [ ] Utees, -1 (@) T,
s#b
&y teg edt

Indeed U(g —n(ax)and U yp —1)(axs) for s € %y such that s # b are the generators
of U_J that do not belong to Uy, and U_J is the identity, because &,—¢&;, is not a
posulve root. Therefore (43) follows b Prop0s1t10n 7.1. The aforementioned terms
are also generators (but not all!) of [U ; therefore (42) follows. Now we show

(44) 7" (Cyp) ST(Cyyy ).

To do this, let us first analyze the image

Vot ¥V Yoy ¥V Vo ¥V

n//(cy(%/ *U) = VO UVI UJVZ Tw.

* *
In this case [UV C Up and [UV is the identity, because — (&, + €p) is not

*U
a positive root. The generators of [U are U, —1)(0ty), U, e, —1)(0txs) and
Ue,+¢,,—2)(axp) for s € €, such that s ;é b and complex numbers o, ¢y, and op.
Therefore

@5)  (Cy ) =UoUce, (@) [ ] Uteree,—1) @) Utey ey, —2) (@) T
s#b

&y teedT

Let us fix complex numbers oy, o5, and oy, such that o, # 0. We will show, as
for (43), that

(46) U(ex,—l)(ax) 1_[ U(sx-i-ss,—l)(les)U(sx—t-eb,—Z) (axb)Tw C T[,(CVJ{Q )
s#b

exte,edt
To do this we will use Corollary 2.10, which says, in particular, that if we write

y;l/l = (VOv EOa Vla Elv V27 Ezv V3)9

then
v (C ) B UVOUVIUVZ
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Therefore, since u = U, ¢, 0)(a) € Uy, NUp for all a € C, and since U, _1)(ay)
and U, ¢, —1)(axs), for s € €, and s # b, are the generators of [U}l/x‘*U C Uy,, by
using Proposition 7.1 applied to u € Ug and v € Uy, (V3 stabilizes the truncated
image T, see below for a definition of v), we have the following. For any complex
numbers a,y and a,,

7' (Cpp ) Du” U, (@) [ Ugten—n (@x)uT”

b
sxﬁsfedﬁ

- 2.1

=u"" U0, 162 (€5 @DB)Uge, 1y (@x) [ Ute,per—1)(@rs)vT”
b
sx—l—sgfecb*'
2,1
= Ute,1ey.-2) (¢ e (@Db)Uge, 1y (ax) 1_[ U, +e,,—1) (@xs) T,
s#b
er+e,edT

where

1,1 1,1
v=Ug,—1(c;ps(—a0)b) [] Utepre—1(cyp(—ax)b) € Uy,.
s#b
extesedt
In order to show (46) it suffices to find complex numbers ay, a,, and b such that
2.1
Cp@Db =0y, Ay =0y, Gy =,
and we may do this, since o, 7# 0.
For (b), we again use Proposition 5.5. We have

=xbi=w() and wi=bx i=w(A),

where

S

X | x| x x—1| x
H3 = — and = —

b | b

x—1

=1

By Proposition 5.5 it is enough to show

47) ﬂ’//(cyx ww) = JT"”(C;(%, ) -
We analyze both i 1mages 71/ " (C *U) and 71/ " (C *,,) separately and then show (47).
First we observe that [U - UO and [U is the identity (this is because &, — &,
is not a positive root). Hence
(48) ﬂ///(Cy%*u) = Up 1_[ Uer—er,— 1) (@15)U(gy—e,,—2) (apz) T".

1%

Yo, ¥V . Yoy
Now, [UV2 is generated by elements U, ¢ —1)(0tx—1x) for a1, € C, and [UVl
is generated by U, _, —1)(0a;=) for o= € C, by U, ¢, 0)(0;;=) for
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I < x—1 and a;;= € C (this last element stabilizes the truncated image T"),
and by other elements of Uy. Therefore

(49) 7"(Cy )

(50) =Up 1_[U(€1—€X_| 0@ =) Uey—ee 1, 1)@ ;=1 Uer 16, — 1) (@x—15) TY

I<x

1#b

GhH  =Uop l_[ Uge—ee, -1y U e,y -, —1) (@x—18)Ue, —e,,—2) (§p) T,
I<x,l#b

I#x—1
where

1,1
bx—1,x—1x

1,1

S =c (C0iTia, ) 815 =€ (T, )

and where the equality between (50) and (51) arises by using (2) and Proposition 7.1
applied to

Uer—ea1.0@=)Utep e -0 @p=y) € Up, -

The sets displayed in (48) and (51) are equal as long as all the parameters are nonzero.

Case2: x =y <zand z # x.In this case we have w; =y y zandwy; =y z y. We
want to look at

Yw*V o Yw ¥V Yw ¥V
7(Cy, ) = [UVO' [lel [UV2‘ T,
Vun ¥V Vun ¥V Yy ¥V
7(Cy,, ) = Uy, Uy? Uy TY.
. Yw) ¥V Yy ¥V .
In this case all generators of Uy, ' and of Uy *  belong to Uy for i € {1, 2, 3}.
Therefore Proposition 7.1 implies in this case that

n(Cywl w) = UOTw = n(cwa*v)-

Case 3: x <y =z and z # x. Here it will be convenient to use Proposition 5.5. Let

%:’yi and Jiﬁ:xy‘.

It is then enough to show (by Proposition 5.5) that

n/(cyxl*v) = n//(cyﬂ,z*v),
since

wi=xyy=w(#) and wr=yxy=w(*).
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However th1s case is now the same as the previous one: all generators of [U

and [U belong to Uy, therefore, as before,
JT/(CVJKI *v) = UOTw = n//(cyxz*v)
With this case we conclude the proof of Lemma 7.6. O

Relation R2. For1 <x <nandx <y <ux:

Lemma 7.7. Let

wi :ylex—l, Wy =YyXxX, wgzxflx—ly, Wp=XxXY,
then
(@) 7(Cy, ) =7(Cy, 00,
(0) T(Cypa) = 7(Cypr0)-

Proof. As usual, the proof is divided in some cases. We first consider the case
where y ¢ {x, x} and then we analyze y = x and y = X separately.

Case 1: y ¢ {x, x}.
Note that

wi=yx—lx—1=w ’x_ly Y , Wry=yXxXxX=w i I y‘.
x—1|x—1 x—1

Hence by Proposition 5.5, to show (a) it is enough to show that

/(C *v) =’ (ny )5

=1

where

x—1| x |y x—1 y |y
— and 7 = .

x—1 x—1{x—1

S =

=1

First we check that

77(Cy ) € 7 (Crpy )

Clearly [U N C Up. The only generators of [U A that do not belong to Uy are

those of the form Ue,—e,.—1)(a), fora € C, and those in [U ™ are U, | —¢..—1)(D),
for b € C. This means that every element in 7”(C,, *U) belongs to

uUce,—e,,—1)(@Ue,_—¢,.—1)(D)T",
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for some u € Up. Both U, ¢, —1)(a) and U¢e, ¢, —1)(D) belong to U ¢, and
this implies the contention by Proposition 7.1 and Corollary 2.10. Now we want to
show

n/(cyxl*v) - ﬂ//(cyxz*v)'
By Theorem 2.9, all elements of 7'(C,, *V) belong to the set

(52) uUg, -, —2)(Vx—15)U¢e, ;. —1)(Vx—1)
J Ve i—a—n @) [T U0 (01T,

I>x SFEY
I#y

.. Vo ¥V Vor ¥V .
for u € Ug and v,_;; € C. This is because both [UV0 and [UV1 are contained
in Up. Fix such an element such that v,_;z 7 0. We know that

Vo, ¥V
Uge, y—e.,—n(vx—12) € Uy,*

and that for any a,5 € C, U(g,—¢,,—1)(ax5) € Ue,. This means that these elements
stabilize both the truncated images Tfjg + and T;ZL v+ Hence the elements in
2 2

(53) Ue,—e,— 1) (Ua—12)Ug, e, —1) (Ux) T
11
= U, —e,.— 1) (Ux5) U, —e,.-2) (Cx_b;’xy(_vx—li)axj/)

U, —er,—1) (Ux—12) T

all belong to 7" (C,, *v) More they belong to precisely to [U i Tw T>l -
/ﬁ’

hence by Proposmon 7.1, we may multiply the right side of equatlon (53) by

U(e,—e,.—1)(—vx3) on the left and the product still belongs to 7" (C, xz*”)’ hence

1,1
U(ex,lfsyﬁZ) (Cx_lg,xy(_Uxfli)axy)U(ex,]7ex,71)(vx71i)Tw C n//(cyxz*v)-
Now consider the product
1 =Ue, te,.1)(@)U0¢e,.0) (@) [ [ Ue,—e.0(@,0) [ | Ute,.0)(@s) € Ue, NG
I>x SFEY
I#y
Proposition 7.1 then implies that

_ 11
7(Cy ) Dt e, 16,2 (€ L1505 (00 10)a3) Uge, e, 1y (0 1)uT”
=Ue, 1460 —1) (Px—10)Ue, 1, —1) (Px =D U, —e,.—2) (Px—1y)
. l_[ U(sx,l—sl,—l)(px—ll)

I>x

I#y

: 1_[ Ute, 4o, 1) (Px—19)Uge, - —e,,— 1) (0x—10) TY,
SFEY
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with

1,2 2 1,1 1,1 N -
Px—1x = Cx_l);,x(_vx—li)ax - Cx_ly,yxcx_u,x)‘,(vx—lx)axyayxs

Px—1j :Ci’,luyxj(_vx—lfc)axjj #Fy,J€ {l_ I>x}U{s:ex—1+e5€ CD+},

1,1
Px—1= Cx_lg’x(_vx—li)ax-

The system of equations defined by vy = px—1 and v,_;; = p,_1; does have
solutions (the variables are a,, ay,, a,j, and ayy) since v,_  # 0. This means that
for such solutions we have (see (52))

Ue, 1—ey.—2) (Vx—15)U e,y —1)(Vx—1)
TV —emty @) [T Uterstermy 1) T

[zx s#£y
I#y

= Ue, 1460 — 1) (Px—1)Ue, 1, 1) (Px =D Ue,_ —e.—2) (Px—1y)

: l_[ U, 1—e,— 1 (0x—11) 1_[ Ule, 146, - 1) (Px—15) * Ugg,_ 1 —s0,—1) (Vx—18) T

I>x KEY
I#y

C T[(CVJKZ*V)’

and so by Proposition 7.1 we get that all elements in (52) belong to 7" (C,, %2*,,).
All such elements of 7’ (C, o «v) form a dense open subset. This finishes the proof
in this case.

We turn to (b). Let

x—1{x—1]{x—1 y |x—1| x

J5 = and 7 =
y |1y

x—1

=1

Then w3 =x—1x -1y = w(3) and wy = x x y = w(#). As in (a), by
Proposition 5.5, it is enough to show that

”///(nyz*v) = ”////(nyz‘*v)-

To show

n////(cl{;@l*”) C nm(C},%*U),
Y sgr ¥V )
note first that the only generator of [Uv‘j(4 that does not belong to Uy is
Yo KV
U, 1—e,,—1)(a) € [UV“?‘ , fora e C.

Of [U}\/,f“*v, the only generators that do not commute with U, . _1)(a) are
Ule,te,.0 (D), with b € C. Then Chevalley’s commutator formula (2) implies that
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all elements of 7" (C,,. *V) belong to the set
(54) UoUge,_, +e,, “n(el! s oy (D) U, e, 1y (@)T".

Since both U, 1, —1(c y(—a)b) and U, ¢, —1y(a) belong to [U ,
the desired contention follows by Proposition 7.1. Now we show

(55) n///(nyg) C JT/”’(C],%).

The proof is similar to that of (a), but there are some subtle dlffe*rl?nces First we
look at the image 7"(C,, *U) Out of all the generators of [U , the only ones

that do not belong to Uy belong to [U s U1, —-1)(0x), Uge, g, —1)(Vx—15), and
U, 14e,—1)(Vx—17) for [ ;é X~ 1,s > x, s # v, and complex numbers vy_1, Vy_1s,
and v,_y;. The group [U has as generators the terms U 4¢,.0)(a) (only),
and these commute with all the latter terms. Therefore all elements of 77" (Cy z@*V)
belong to

56)  uUp,_, -1 [] Ueri—eron@xote) [ Uteror ety e T,

s>x—1 I#x—1
SFY

for some u € Up. Fix such a u, and assume v,_1;z # 0 and v,_1, # 0. Such elements
as (56) form a dense open subset of JTW(CV%}*V). Now, for all complex numbers
a, dyy, and axy We have U(gx_l_gx’_l)(a) € U_ﬁl{%ﬁ*v, U(ax-i-ay,O) (axy) € [U)f%ﬁ*v, and
Ule, —e,.0)(ax5) € Up, which stabilizes the truncated image T;j/ «- Therefore, setting
¢ = U(e, +¢,.0) (axy)U(gx_sy,o) (axy) € U, all elements in o

¢ MW, y—er—1(@)cT” = Ue, 1401 (0x—12)U(e,_ 2, - 1) (Px—1y)
Ute ey (1415 (—@)ax5) Uge, e, 1) (@T"
= U, 146~ D(Ox—1IU e, +ey. 1) (Ox—1)U e, —, . —1) (@)
‘U(ax-u—sy,—l)(Ciflx,xy(_a)aW)Tw
=Uc, 46— 1) (Px—10)U (e, +e,.— 1) (Px—1y)
‘U, .- (@)T"
belong to n””(CVM*U), where
1.1 1.1

Px— lx_cx lyxycx lxxyaaXya)Cy’

RN
Px—1y = Cx_lj’xy(_a)axy,

and where the last equality holds because U(gxfl,ey’,l)(ci’_llx xy(—a)ax;) e U,
and all elements of the latter stabilize the truncated image T" by Proposition 7.1.
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Now let

= U(sx,O) (ax) l_[ U(exfs,,O) (axs) 1_[ U(sXJrsl,O) (ax) € Usy N Uy,
§>X Ix—1

S#Y I#y
for ay, a5, and a,; complex numbers; by Proposition 7.1 this element stabilizes
the truncated image T* and the image 7"(C, _ ). Therefore the following are
Ky
: : "
contained in 7" (C, M),

C/_lU(ex_l-i-sx,—l) (px—lx)U(ax_1+g_‘,.,—l) (px—ly)U(ex_l —&,,—1) (a)c/Tw
(57) = U(gx,l,fl)(px)

[ Ver—en—(Pr19U¢, e, -1 (@Ue, e -1y (04 1)
s>x—1
SFEY
SFEX
(58) : l_[ U, e, -1 (px—10) TY,
I¢{x—1,x}

where

11
Px—1 = ¢, (—a)ay,

/ 1,2 2
on—lx = /Ox—lx + CX71x,x(_a)a)C’

L
Px—11 = €1z q(—a)axi,

- — L1 _
Px—15 = Cx_l);’xg(_a)axs-

We want to show that

U1, —1) (Ux—1) l_[ Ute,i—gy,—1) (Vx—15) l_[ Ute, e, -1 (x—1)TY
s>x—1 I#x—1
S#Y
is equal to the product in the last lines (57) and (58) above (see (56)), for some
ay, ayl, and a,s. This determines a system of equations:

Ux—l)? = aa

_ 11 1,1 S 1,2 (_ ) 2
Ux—1x _foly,xycxflf,xyaax)’ax)’ folx,x aay,

1,1
Ux—1= Cx_lx,x(_a)ax,

1,1

Ux—15 = Cx,b;,xg(_a)axia
1,1

Vi1 =€, 1z y(—a)ax,

1,1
Ux—1y = Cx—li,xy(_a)a)@"
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which can always be solved since vy_1, # 0 and v, ;= # 0. This completes the
proof of (b) in this case. (]
Casel. y =x.

Proof. As in Case 1, we will make use of Proposition 5.5. Let

’x—lx X and %zx—lix‘

x—1Ix—1 X x—1

=

Then
wi=xx—1x—1=w(#) and wr=xx x =w( ).

By Proposition 5.5 it is enough to show

n/(cyj,l w) = ”//(nyz*v)-
First we show

(59) 77(Cy o) €7 (Cpy )

. Vo ¥V .
Since [UV):2 is generated by elements of the form U, ¢ —2)(a), for a € C, and

the generators of [U:,f_gz*v belong to Uy, for i € {1, 2}, all elements of =" (C,, %2*,,)
are of the form
uUg, —e,,—2)(@)T"

for some u € Up. Since Uy, ¢, —2)(a) € [U:f; *v, (59) follows by applying
Proposition 7.1 to u. To finish the proof in this case it remains to show

(60) Tl'/(c}/)i,1 w) C n//(cyxz*v)-

Y *V
The generators of [UV“:?1 belong to Uy, for i € {0, 1}, and the generators that do not
are Ugg,_;,—1)(Vx)s Ue,j—e,—1)(Vy_17)> Ue, e, —1)(V—15), and Uge, ¢ —2)(Vx—15),
forn>1>x,s ¢ {x,x — 1}, and complex numbers vy, v,_j, Vx—15, and vy_x.
Therefore all elements of 7'(C,, » «v) belong to
“1
uUe, 1) (W)U, e, — 1) (V1D U ey ey~ 1) (Wx—19) Uge, —ep,—2) (V- 12) T
Fix such u € Uy and vy, v,_;7, vx—1s, and vy_1z complex numbers such that

Yo kU
Vy—1zx 7 0. We know for any a € C, that U, ,_, _2)(a) € [UVJ:Z Let

q= U(ax,1)(ax)l_[U(ax—ss,1)(ax§)l_[U(sX+€1,l)(axl) € U,,n NUg

§>X I#x

for any complex numbers ay, a5, and a,;. Then by Proposition 7.1,

(61) 47" Ugero e, -2 (@q T C 7"y w0).
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As in the previous cases, we want to find a, a,, a5, and a,; such that

tU e~ W)Uy —er ) W1 D Uy ey~ 1) (W 15) Uer g —e,—2) (Vx— 1) T
equals (61), for some ¢ € Uy. But

g U, —er,—2)(@)qT"
=1V, 1) (0 Ve, 11 (05 1)Uty e~ 1) (0219 Ue, y—,—2) (@) T,

where
7 = U, 4e, .00 (0215 (—a)az € U,
Px = C)lcy_ll);,x(_a)ax,
Px—1i = ciflg’x[(_a)axl_’
Px—1s = Ci’_ll);,xs(_a)axs-
The system
Ux—1x = 4,
Uy 1] = Px—1p>
Ux—1s = Px—1s
always has a solution since v,_1;z 7 0. This concludes the proof of Case 2. (|
Let
s = —1x—1xT1‘ and Sy = X X_li.
x| x x x—1
Then

wy=x—1x—1x=w(3) and wsg=xxx=w(H4,).

By Proposition 5.5 it is enough to show

ﬂ///(cyxg*v) = n////(cyx4*v)-

To do this we will describe a common dense subset of 7" (CV;@ «) and """ (C,,%*v).
Vo, *V [nys *V

X Vo ¥V Yo ¥V
Consider first 7"(Cy, w) = Uy> Uy” Uy,* T We have Uy*  C Uo
and also [U:,Jf*v C Uy, since it is generated by the terms U, 4. 0)(d), for d €
C. These commute with all generators of [U:Zg3 *U, out of which U | —1)(vx—1),
U, 14e,—1)(Vx—15),and U —¢, —1)(v,_7), (fors <m,s #x—1,1>x, and vy_1,
Ux—1s and v, _ ;7 complex numbers) do not belong to Uy. Therefore 7" (oM %/3*1,)
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coincides with

(62) UoUg,_,,—1y(vx—1) 1_[ Uce,_i4e,,—1) (Vx—15) 1_[ Uge,1—er,—1y (v, DTY,
s<n x<l<n

s#Ex—1

for complex numbers v,_1, vy_15 and v, _;;. Now we look at elements of
Vo ¥V Vo ¥V Vog ¥V
ua 4 4 4 w
T (C,,%*U) = [UVO [UVl [UV2 .

V,)&’ kv )/')g kv . . )/')é, kv .
Both Uy * and Uy * are contained in Uy, and Uy * is generated by the
elements U, ¢ —1)(d), which belong to U, and therefore stabilize the truncated
image T% by Proposition 7.1. Now, by Proposition 2.7, we may write any element
k of [UV‘};/“ as

k=Ue,.0)(ke) [T Ues—er.0 i) [ [ Uterter.0) (k) € Ug
x<lIl<n s<n

SFEX

for some complex numbers &, k

7> and kyg. Theorem 2.9 and Proposition 7.1 imply
that

63) 7"(Cy,, x0) =UoUge, s, —1) ()kT"

=UokU, |, —1)(0x—1) U, 146, —1) (0x—1x)
) l_[ Uge,i—er. -1 (0,17

x<lIl<n

JT Ve 6.0 (@19 Ue, -1y (T
s<n

SFEX

Vo, ¥V
forkeUy,* andd €C, where

Ox—-1= Cx 1%, x( d)an
Ox—1x = Cx 1%, x( d)k
Ox—11 = x lx xl( d)kXI’

Ox—1s = Cx 1%, xs( d)kys.
The set (63) is clearly contained in (62). Moreover, the system
Ux—l = Gx—l k)
Uy—1x = Ox—1x»

Uy 1] =01l

Ux—1s = Ox—1s,
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has solutions for d, ky, k,j, and ks as long as {vy_1, Vx—1x, V,_j, Vx—15s} C C*.
Proposition 7.1 then implies that a dense subset of n”’(nyg*v) is contained in
JTW(CVM*”)’ which finishes the proof of Case 1. ‘

Case2. y =x.

Proof. Let

=1
=
=1

K =LY_1 and % = x_li

r—1x—1|

r—1]

=1

Then
wi=xx—1x—1=w(#) and wr=xxx =w( ).

By Proposition 5.5 it is enough to show

ﬂ/(c){%,l *v) = n//(cyxz*v)-

. Vo ¥V Yo ¥V ..
In this case we have U, =1="Uy," . Proposition 2.7 and Theorem 2.9 then

say,
(64) T[/(CVJKI*V) = U(sx,lfsx,O)(Uxflx)U(sx,l,fl)(Uxfl)U(eqursx,fZ)(Uxflx)
: 1_[ U(sx_l—sl,—l)(vx—ll) l_[ U(SX_I—',-SAV)(UX—ls)va

x<l<n s<n
s#Ex—1
XF#X

for complex numbers vy_1x, Vx—1, Ux—1x, Ux—1/, and }jxf*lg- Fix }s;ucilv complex
numbers. Now we look at n”(Csz). We have that [vaz and [UVJ:2 are both
contained in Uy, and the latter is generated by elements U, 0)(a), for a € C.

*
Out of the generators of [Ui/,K1 2 V, the ones that do not belong to Ug are U, _1y(ax),

Ue,+e,,—1)(axs), and U, ¢, —1y(a,j). Therefore, if
A=Ue, (@)U, 1e,,—1)(@xs)Ue,—¢,—1)(a,)) € Ug,

we conclude that
n//(cyxz*v) = UOAU(sx,lfex,O) (a)Tw

=UoUe,_—£,.00 (@ U, —1)Ex—1)U(e,_ 6, —2) (Ex—1x)
T Verai—en1GEe-10) T ] Uteyoiren) (Exo15) AT

x<l<n s<n

s#Ex—1
SFEX
(65) =UoU(e,_ 1, - ) Ev— DU,y 160, —2) Ex 1)
T Vera—en—0GE-1) T ] ey Exo1) T,
x<Il<n s<n
s#Ex—1

SFEX
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where

1,1
§x—1= Cx,x_lj(_ax)a,

2,1 2
Ex—1x = nyx_lg(ax)aa
1,1

xl_,x—li

1,1
‘éx—ls = styx,b;(_axs)a-

Ex—ll_ = (_axl_)a’

Therefore it follows directly that in fact

n//(c){x,z*v) - 7T/(Cyl%,l wv)-

Now, the system of equations

Ux—1 =&x—1,
Ux—1x = Ex—1x»
V17 = Eifs
Ux—1s = Ex—1s>

has solutions as long as {vy—_1, Vx—1x, v,_ 7, Vx—15} C C*. For such a set of solutions
we conclude

Uty -1 (W=D U(e,_ 46, -2) (Vx—1x)
. HU(ax_l—g,,—l)(Ux—u) l_[ Ute,y+e) (Ux—15)

x<Il<n s=<n
s#Ex—1
SFEX

=Ug,_;, - Ex—1DU, e, —2)Ex—1x)
Ve —enn E—) [ Uterten Gt

x<l<n s<n
s#EX—q
SFEX
and therefore we conclude by Proposition 7.1 (applied to U, ¢ 0)(Vx—1x) in (64))
that a dense subset of n/(C){ «) is contained in 7" (C,, 2W) (see (64), (65)). O

3 gz
Proof. To prove (b) let

1 _1ﬁ‘ X =1 x

B = and ﬂ:’

=1
=1
=1

—1

then

wiy=x—lx—1x=w(l%) and wsg=xx x =w(*4).

By Proposition 5.5 it is enough to show

7.[/// (C:y%/3 ) — n//// (C)/)L/4 ) .
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First we claim

7" (Cyye) € (Copy )

V4 *V
Note that the terms U, ,—¢,,—1)(b), for b € C, generate both [UV‘T“ and are
. . }{n *V . Y *V
contained in [Uv'lKS . Also, the terms U, ), which generate [UV);/4 , commute

with U, ¢ . —1)(b). Therefore
7"(Cy) = UoUpe, e,y (OT" S7"(Cy ),

where the last contention follows by Proposition 7.1. Now we will show

”,H(Cy%3*v) - n////(cyxﬁ*v)'
We claim that
(66) "(Cypym)

=UoUe,_,— 1) (e — DU, —e,,— 1) (Ux—13) 1_[ U, 4o, —1) (-1 TY,
SFEX

sg+e,_1€dT

for complex numbers v,_j, vy_13, and v,_y5. Let us fix such complex numbers.
Let

D = U, 0)(ax) 1_[ Ue,+e,,—1) (ax—15) € U,
SFEX

Es+ex—1 E¢‘+

then by the usual arguments (note that Uy stabilizes both the image 7”(C,, ) and
. 2 4
the truncated image T)%%*U),

D 'U¢, ,—e,._1)(b) DTV C 7""(Cyp)s
and

D 'U¢, -6, —1y(D)DTY =U(e,_, —1y(px-1)Ute,_,—e,.—1)(b)

- TT Uerarter—n0r-15) UG, 1) (Pxx-1)
SFEX

Estex+1 Eq>+

where

1,1
Px—1= Cx_]j’x(_b)a)h
2,1 2
Px—1x = Cx—li,x(_b)ax’

1,1
Px—1s = Cx,b;’m(_b)axs-
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As usual by requiring that vy_1, Vx—1%, Ux—1x, and py_1s be nonzero we may find
suitable complex numbers b, a,, a,s such that

Ute, 1y DU,y —ep -y We18) [ ] Uty (0-1s)
SFEX

gs+er_1€dT

=D U, , e, _1)(b)DTY,

Therefore Proposition 7.1 (see (66)) implies that a dense open subset of 7" (C,, 1, )
is contained in 7" (C,, %4*”)' This completes the proof of Lemma 7.7. |

Relation R3.

Lemma 7.8. Let w € #4, be a word and let w be a word that is not of an LS block,
and such that it has the form wy =ay - - - a,zZbs - - - by, and let wp =ay - - - a,bs - - - by
withay <---ar <z>by>--->by. Then(Cy, ) =7'(C,, ).

Proof. Let A={ay,...,a,}. We have
7(Cy, ) =Py -+ Py, PP:P; - PZ;IT;:;‘Y”,
where
P, = U(eZ,O)(UZ)HU(efs,,O)(UZ[)HU(sZJre,,O)(Uzl) l_[ Ute,+6,,,1) (Vza,)s
I>z I¢A ai€A
Pz = [ [ Uty —e.0(ai2),

a[GA

and note that iy, = Wy,, =D ic1 €a; — D je1, €b;- The terms that appear in P all
stabilize 1,,, and commute with [P’,;j, while the terms in P; all appear in PP, and
commute with Py, for / > i. This concludes the proof of Lemma 7.8 with the usual
arguments, and therefore of Proposition 5.20. ([

8. Nonexamples for nonreadable galleries

Letn=2and A =¢| + &, and (¥,,, ) the corresponding Bott—Samelson variety,
as in (8). Let y be the gallery corresponding to the block

‘r—tl [ )]

1
2]
Then points in 77 (C,,) are of the form

Ui, -1 (D)),

for b € C, hence form an affine set of dimension 1. We claim that the set Z =7 (C,)
cannot be an MV cycle in £ (u) for any dominant coweight p. First note that for
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any u € U(¥") a necessary condition for ut? to lie in the closure U(# )t N G (O) 1+
is that 0 < v, since it would in particular imply that ur® € U(#)¢". Also note that
it is necessary for v < u in order for the set 2°(u), not to be empty. Any MV cycle
in #(u), has dimension (p, n + v), and the only possibility for the latter to be
equal to 1 (since p + v is a sum of positive coroots) is for either u =0 and v = oziv ,
or v=0and u =, for some i € I, and both options are impossible: the first
contradicts v < u, and the second contradicts the dominance of ©. Note that y is
not a Littelmann gallery.

Appendix

Here we show that relation R3 in Theorem 5.17 is equivalent to relation R3 in
[Lecouvey 2002, Definition 3.1]. For a word w € #4, and m < n define N(w, m) =
[{x € w:x <m or m < x}|. Lecouvey’s relation Rj3 is: “Let w be a word that is not
the word of an LS block and such that each strict subword is. Let z be the lowest
unbarred letter such that the pair (z, z) occurs in w and N(w, z) = z+ 1. Then
w = w', where w’ is the subword obtained by erasing the pair (z, z) in w.” The
following Lemma is a translation between R3 and R3.

Lemma 8.1. Let w be a word that is not the word of an LS block and such that each
strict subword is. Then w=ay - - - a,2Zbs - - - by for a;, b; unbarred and a| < - - - < a,.,
by <---<b.

Proof. By [Lecouvey 2002, Remark 2.2.2], w is the word of an LS block if and only
if N(w, m) <m for all m < n. Let w be as in the statement of Lemma 8.1. Then
there exists in w a pair (z, z) such that N(w, z) > z. Let z be minimal with this
property. In particular N(w, z) = z + 1 since if w” is the word obtained from w by
erasing z, then z > N(w”, z) = N(w, z) — 1. We claim that z is the largest unbarred
letter to appear in w. If there was a larger letter y then N(w”’, z) = N(w, z) =z+1
where w”’ denotes the word obtained from w by deleting y. This is impossible
since by assumption w””’ is the word of an LS block. Likewise Z is the smallest
unbarred letter to appear in w. The a/s and bs are then those from Definition 4.3
for the word obtained from w by deleting z, Z from it. O
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A NOTE ON TORUS ACTIONS AND THE WITTEN GENUS

MICHAEL WIEMELER

We show that the Witten genus of a string manifold M vanishes if there is an
effective action of a torus T on M such that dim 7' > b,(M). We apply this
result to study group actions on M x G/ T, where G is a compact connected
Lie group and 7' a maximal torus of G.

Moreover, we use the methods which are needed to prove these results to
the study of torus manifolds. We show that up to diffeomorphism there are
only finitely many quasitoric manifolds M with the same cohomology ring
as #i_, £ CP" with k < n.

1. Introduction

In this note we prove a vanishing result for the Witten genus of a string manifold
on which a high dimensional torus acts effectively. Concerning the Witten genus
of string manifolds on which a compact connected Lie group acts the following is
known:

« It has been shown by Liu [1995, discussion after Theorem 4, page 370] that
the Witten genus of a string manifold M with b, (M) = O vanishes if there is a
nontrivial action of S! on M.

e Dessai [1999] showed that the Witten genus of a string manifold M vanishes
if there is an almost effective action of SU(2) on M.

Moreover we showed in [Wiemeler 2013] the following stabilizing result: if
there is an effective action of a semisimple compact connected Lie group G with
rank G > rank H on M x H/T, where H is a semisimple compact connected Lie
group with maximal torus 7', then the Witten genus of M vanishes.

In this note we generalize the first statement in the following way:

Theorem 3.2. Let M be a spin manifold such that p1(M) is torsion. If there is an
almost effective action of a torus T with rank T > by(M) on M then the Witten
genus of M vanishes.

Part of the research for this article was supported by DFG Grant HA 3160/6-1.

MSC2010: 57S15, 58]26.
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The main new ingredient to prove this theorem is a spectral sequence argument
for actions of tori 7 on manifolds M with b,(M) < rank T (see Lemma 3.1).

If b1 (M) = 0, this theorem allows the following generalization, which is also a
generalization of the third statement from above.

Theorem 3.3. Let M be a spin manifold such that py (M) is torsion and by (M) = 0.
Moreover, let M’ be a 2n-dimensional spin® manifold, n > 0, with by(M") = 0 such
that there are xy, . .., x, € H*(M'; Z) with

(1) Y7, xi = ¢§(M") modulo torsion,
) Z?zl x,~2 = p1(M") modulo torsion,
(3) ([T xi, [M1) #0.

If there is an almost effective action of a torus T on M x M’ such that rank T
is greater than by(M x M'), then the Witten genus of M vanishes. Here c¢{(M")
denotes the first Chern class of the line bundle associated to the spin® structure
on M’

To deduce Theorem 3.2 from Theorem 3.3 in the case that by (M) =0, let M’
be S? and x| be the Euler class of M’. Then M’ satisfies all the assumptions from
Theorem 3.3. Moreover there is an almost effective action of 7 x S' on M x M’
which is induced from the T-action on M and the S'-action on M’ given by rotation.
Hence, the Witten genus of M vanishes, because

rank(7 x Sl) =rank T +1>b(M)+1=by(M x M").

If H is a semisimple compact connected Lie group with maximal torus 7, then
the tangent bundle of H /T’ splits as a sum of complex line bundles and H/T’ has
positive Euler characteristic. Therefore H/ T’ satisfies the assumptions on M’ in
the above theorem. Hence, we get:

Corollary 4.1. Let M be a spin manifold with py(M) =0 and by(M) =0and H a
semisimple compact connected Lie group with maximal torus T' and dim H > 0. If
there is an almost effective action of a torus T on M x H/T’ such that rank T is
greater than rank H + by(M), then the Witten genus of M vanishes.

A torus manifold is a 2n-dimensional orientable manifold M with an effective
action of an n-dimensional torus T such that M7 # @. A torus manifold M is
called locally standard, if each orbit in M has an invariant neighborhood which is
weakly equivariantly diffeomorphic to an open invariant subset of C". Here C" is
equipped with the action of T = (S')" given by componentwise multiplication. If
this condition is satisfied, the orbit space of M is naturally a manifold with corners.

A quasitoric manifold is a locally standard torus manifold whose orbit space
M /T is face-preserving homeomorphic to a simple convex polytope P. Quasitoric
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manifolds were introduced by Davis and Januszkiewicz [1991]. Torus manifolds
were introduced by Masuda [1999] and Masuda and Hattori [2003].

By combining our results with results of Dessai [1999, 2000] and a recent result
of the author [Wiemeler 2015a] on the rigidity of certain torus manifolds, we also
get the following finiteness result for simply connected torus manifolds:

Theorem 5.1. Up to homeomorphism (diffeomorphism, respectively) there are
only finitely many simply connected torus manifolds M (quasitoric manifolds,
respectively) such that H*(M; 7) = H*(#f:l +CP"; Z) with k < n.

For an application of our methods to the study of torus actions on complete inter-
sections and homotopy complex projective spaces, see [Dessai and Wiemeler 2016].

This article is structured as follows. In Section 2 we describe background
material on vanishing results for indices of certain twisted Dirac operators on Spin®
manifolds. In Section 3 we prove Theorems 3.2 and 3.3. Then in Section 4 we
deduce Corollary 4.1 and give some applications to computations of the degree of
symmetry of certain manifolds. In Section 5 we prove Theorem 5.1.

2. Preliminaries

In this section we recall some properties of 2n-dimensional spin® manifolds and
certain twisted Dirac operators defined on them. For more details on this subject
see [Atiyah et al. 1964; Petrie 1972; Hattori 1978; Dessai 1999; 2000].

A spin® manifold M is an orientable manifold such that the second Stiefel—
Whitney class w, (M) is the reduction of an integral class ¢ € H>(M; Z). If this is the
case then the tangent bundle of M admits a reduction of structure group to the group
Spin®(2n). We call such a reduction a spin® structure on M. Associated to a spin®
structure there is a complex line bundle. We denote by c¢{(M) the first Chern class
of this line bundle. Its reduction modulo 2 is w,(M). For each class ¢ € H*(M; 7)
with ¢ = wy (M) mod 2, there is a spin® structure on M with ¢{ (M) = c.

Now let M be a 2n-dimensional Spin® manifold. We assume that S! acts on M
and that the S'-action lifts into the spin® structure. This is the case if and only if
the S'-action lifts into the line bundle associated to the spin¢ structure [Wiemeler
2013, Lemma 2.1].

Then we have an S'-equivariant spin® Dirac operator 9. Its S'-equivariant index
is an element of the representation ring of S! and is defined as

indgi (8.) = ker 3. — coker 8. € R(S).

We will discuss certain indices of twisted Dirac operators which are related to
generalized elliptic genera. Generalized elliptic genera of the type which we discuss
here were first studied by Witten [1988].
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Let V be an S'-equivariant complex vector bundle over M and W an even-
dimensional S'-equivariant spin vector bundle over M. From these bundles we
construct a power series R € K¢ (M)[[¢q] defined by

o o o
Q) S (MM @)A1 (VHOR) At (VRRC)Q AMW) @ (X) Ayt (W @R O).
k=1 k=1 k=1

Here g is a formal variable, E denotes the reduced vector bundle E — dim E , A(W)
is the full complex spinor bundle associated to the spin vector bundle W, and
A; (resp. S;) denotes the exterior (resp. symmetric) power operation. The tensor
products are, if not indicated otherwise, taken over the complex numbers.

We extend indg: to power series. Then we can define:

Definition 2.1. Let ¢“(M; V, W)¢: be the Sl-equivariant index of the spin¢ Dirac
operator twisted with R:

@o“(M; V, W) =indgi (3. ® R) € R(S")[¢].
We denote by ¢“(M; V, W) the nonequivariant version of this index:
¢“(M; V,W)=ind(d. ® R) € Z[[q].

With the Atiyah—Singer index theorem [1968], we can calculate p(M; V, W)
from cohomological data:

o (M; V, W) = (172 ch(R)A(M), [M]).
Here the Chern character of R is a product,

ch(R) = Q1(TM) Q2(V) Q3(W),

with

S = (1-4"7
TM) = ch S (TM ®rC)) = :
Qi) =c (g o (TM e )) lz—[l!:[l (1 —eXigh) (1 —eigk)

02(V) = ch(A_l(V*) ®Q)A_(Ver C))
k=1
—v; k)

_ Ui Lk
_H(l_e—v,)l_[(l e'q )(1k)2 q i

03(W) = ch(A(W) ® ® Ay (W g @))

k=1

’

oo . .
. —w; (14e"ig" )1 +e"igh)
— ew,/2+e w; /2
[ ) S e



A NOTE ON TORUS ACTIONS AND THE WITTEN GENUS 503

where £x; (resp. v; and +w;) denote the formal roots of TM (resp. V and W). If
c{(M) coincides with c¢1(V), then we have

(1—evigh(1—evigh) ,
=e(V)Q5(V).
e

120y (V) =

Note that if M is a spin manifold, then there is a canonical spin® structure on M.
With respect to this spin® structure the twisted index ¢°(M; 0, TM) is equal to the
elliptic genus of M. Moreover, our definition of ¢“(M; 0, 0) coincides with the
index-theoretic definition of the Witten genus of M.

To prove our results we need the following theorem. It was proven first by Liu
[1995] for certain twisted elliptic genera of spin manifolds and almost complex
manifolds. Later the more general version for spin® manifolds has been proven
by Dessai.

Theorem 2.2 [Dessal 2000, Theorem 3.2, p. 243]. Assume that the equivariant
Pontrjagin class p3 | (V + W — TM) restricted to M S'is equal to 7, (I x2) modulo
torsion, where g1 : BS' x MS' — BS! is the projection on the first factor, x €
H*(BS':7Z)isa generator and I is an integer. Assume, moreover, that ¢{(M) and
c1(V) are equal modulo torsion. If I < 0, then ¢“(M; V, W) 1 vanishes identically.

3. Torus actions and the Witten genus

In this section we prove Theorems 3.2 and 3.3. Our methods here are similar to
those which were used in Section 4 of [Wiemeler 2013]. We start with a lemma.

Lemma 3.1. Let M be a T-manifold withrank T > by(M) and a € H}1 (M; Q) such
that *a = 0 € H*(M; Q). Then there is a nontrivial homomorphism p : S' — T
such that p*a € 7§, H*(BS'; Q).

Proof. From the Serre spectral sequence for the fibration M — M7y — BT we have
the following direct sum decomposition of the ()-vector space H; (M; ),

HiM; Q)= E% @ EX? g EXO.
Moreover, we have
EY' C HY(M:Q), EX*C Ey%/dy(EYY), EX =n; H*(BT; Q).

Let ag 4, a2, a4, be the components of a according to this decomposition. Then
ap.4 = 0 by assumption. Moreover, there is an a; > € E% 2 uch that ar = a2l

Now it is sufficient to find a nontrivial homomorphism p : S' — T such that
p*a» = 0. We have isomorphisms

Ey* = H*(BT; Q) ® HX(M; Q) = (H*(BT; Q))"™,
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Since rank T > b»(M), we can find a nontrivial homomorphism ¢ : H>(BT; Q) —
H?*(BS'; @) = Q such that all components of a,, according to the above de-
composition of Eg,z are mapped to zero by ¢. After scaling, we may assume
that ¢ is induced by a surjective homomorphism H?(BT; Z) — H*(BS'; 7). By
dualizing we get a homomorphism qAb : Hy(BS'; Z) — H»(BT; Z). Since for any
torus, H>(BT; Z) is naturally isomorphic to the integer lattice in the Lie algebra
LT of T, ¢ defines the desired homomorphism. U

By combining this lemma with the above result of Liu and Dessai (Theorem 2.2),
we get the following theorem.

Theorem 3.2. Let M be a spin manifold such that p;(M) is torsion. If there is an
almost effective action of a torus T with rank T > by(M) on M then the Witten
genus (M 0, 0) of M vanishes.
Proof. First note that, by replacing the T-action by the action of a double covering
group of 7', we may assume that the 7-action lifts into the spin structure of M.
Therefore, by Theorem 2.2, it is sufficient to show that there is a homomorphism
p: S! < T such that p*plT(—TM) = ax?, where x € H*(BS';7) is a generator
anda € Z, a < 0. By Lemma 3.1, there is a homomorphism p : §' — T such that

Pigl(—TM) =p*pl(=TM) = ax* with a € Z.
Moreover, we have
1
ax® = p} (=TM)|, ==Y v},

where y € MT is a T fixed point and the v; € H*(BS'; Z) are the weights of the
Sl-representation T, M. We may assume that such a fixed point y exists because
otherwise the Witten genus of M vanishes by an application of the Lefschetz fixed
point formula.

Not all of the v; vanish because the T-action on M is almost effective, which
implies that the S'-action on M is nontrivial. Therefore the theorem is proved. O

We can also deduce the following partial generalization of the above result. Its
proof is similar to the proof of Theorems 4.1 and 4.4 in [Wiemeler 2013]. These
theorems are concerned with actions of semisimple and simple compact connected
Lie groups, whereas the theorem which we present here deals with torus actions.

Theorem 3.3. Let M be a spin manifold such that py (M) is torsion and by (M) = 0.
Moreover, let M' be a 2n-dimensional spin® manifold, n > 0, with by(M") = 0 such
that there are xy, . .., x, € H*(M'; Z) with

(1) Y7, xi = c$(M") modulo torsion,
(2) Y, x? = p1(M') modulo torsion,
3) ([T, xi, M) #0.
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If there is an almost effective action of a torus T on M x M’ such that rank T is
greater than by(M x M), then the Witten genus ¢“(M; 0, 0) of M vanishes.

Proof. Let L;,i =1, ..., n, be the line bundle over M’ with c¢;(L;) = x;. Because
bi(M x M'") = 0, the natural map ¢* : H%(M x M':7) — H*(M x M';Z) is
surjective.

Therefore by Corollary 1.2 of [Hattori and Yoshida 1976, page 13] the T-action
on M x M’ lifts into p™*(L;),i =1, ...,n. Here p’: M x M’ — M’ is the projection.
We can choose these lifts in such a way that the torus action on the fibers of p™*(L;),
i=1,...,n,overa fixed point y € (M x M’ )T are trivial. Moreover, by the above
cited corollary and Lemma 2.1 of [Wiemeler 2013], the action of every S' C T
lifts into the spin structure on M x M’ induced by the spin structure on M and the
spin® structure on M’.

By Lemma 3.1 of [Wiemeler 2013], we have

n n
¢ (M < M'; @ p*Li. 0) = ¢“(M; 0, 0)¢° (M’; PL. 0>.
i=1

i=1

By condition (3), we have
¢ (M/; PL. 0) = <Q1(TM’) []x Q’2<@ L,-)A<M’>, [M’]>
i=1 i=1 i=1
= <l_[xi, [M/]> #0.

i=1
Hence, ¢“(M; 0, 0) vanishes if and only if ¢° (M xM'; B, p*Li, 0) vanishes.
By Theorem 2.2, it is sufficient to show that there is a homomorphism p : S' < T
such that p*plT(EB?:l p*L; — T(M x M’)) = ax?, where x € H*(BS';7) is a
generator and a € Z, a < 0. By Lemma 3.1, there is a homomorphism p : S' — T
such that

n n
i (EB PLi—T(M x M’)) =p"pf (QB P*Li—T(M x M/)> = ax?,
i=1 i=1

witha € Z.
Moreover, we have

n
ax’ = plsl <@ p*L; — T (M x M’))

i=1

n
_ 2 2
—E :ai _§ :Ui’
y i=1

where the a; € H*(BS'; Z),i=1,...,n, are the weights of the Sl—representations
p*Lilyandthe v; H?*(BS'; 7) are the weights of the Sl—representation T,(MxM').
By our choice of the lifted actions the @; vanish. Not all of the v; vanish because
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the T-action on M is effective, which implies that the S'-action on M is nontrivial.
Therefore the theorem is proved. U

Examples of manifolds M’ to which the above theorem applies are manifolds
whose tangent bundles split as Whitney sums of complex line bundles and which
have nonzero Euler characteristic. In particular, if H is a semisimple compact
connected Lie group with maximal torus 7’ and dim H > 0, then M’ = H/T’
satisfies these assumptions. We deal with this case in the following section.

4. Torus actions and stabilizing with G/ T

In this section we deal with applications of Theorem 3.3 to the particular case where
M’ is a homogeneous space H/T’ with H a semisimple compact connected Lie
group and 7’ a maximal torus of H and dim H > 0.

It has already been noted that the tangent bundle of H /T’ splits as a sum of
complex line bundles. Therefore H/T’ satisfies all the assumptions on M’ from
Theorem 3.3. Hence we immediately get the following corollary.

Corollary 4.1. Let M be a spin manifold with p1(M) =0 and by(M) =0and H a
semisimple compact connected Lie group with maximal torus T’ and dim H > 0. If
there is an almost effective action of a torus T on M x H/T’ such that rank T is
greater than rank H 4 by (M), then the Witten genus of M vanishes.

The degree of symmetry N (M) of a manifold M is the maximum of the dimen-
sions of compact connected Lie groups G which act smoothly and almost effectively
on M. By combining the above corollary with Corollary 4.2 of [Wiemeler 2013] we
get the following bounds for the degree of symmetry of the manifolds M x H/T".
To state our result we have to introduce some notation. For [ > 1 let
dim G
rank G
The values of the «; are listed in Table 1.

Corollary 4.2. Let M be a spin manifold with py(M) = 0 and by (M) = 0, such

that the Witten-genus of M does not vanish and let Hy, . .., Hy be simple compact
connected Lie groups with maximal tori Ty, . .., Ty. Then we have

o = max{ | G a simple compact Lie group with rank G </ }

k k k
> dim H; < N(M X HH,-/T,) <o Y rank H; +by(M),
i=1

i=1 i=1
where | = max{rank H; |i =1, ..., k} and oy is defined as above.
Proof. Let G be a compact connected Lie group which acts almost effectively on

M x ]_[f.;1 H;/T;. We may assume that G = G x Z with a semisimple Lie group
G and a torus Z.
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l o G

1 3 Spin(3)

2 7 Go

3 7 Spin(7), Sp(3)

4 13 Fy

5 13 none

6 13 | Eg, Spin(13), Sp(6)

7 19 E;

8 31 Eg
9<i<14 31 none

[>15 21+ 1| Spin(2I + 1), Sp()

Table 1. The values of «; and the simply connected compact simple
Lie groups G; of rank [/ with dimG; =« - [.

By Corollary 4.1, rank G is bounded from above by Zf: rank H; + by(M). By
Corollary 4.2 of [Wiemeler 2013], rank G is bounded from above by Zle rank H;.
Moreover, by the proof of Corollary 4.6 of [Wiemeler 2013] the dimension of G
is bounded from above by «; rank G;. Since o; > 1, it follows that

dim G = dim G + dim Z = dim G + rank G — rank G
k
< (@ — 1) rank Gy + Y _ rank H; + by(M)

i=1

k
< Zrank H; +by(M).

i=1
This proves the second inequality. The first inequality is trivial. (Il

Note that if in the situation of Corollary 4.2 the groups H; are all equal to one of
the groups listed in Table 1 and are all isomorphic and b,(M) = 0, then the left and
right hand sides of the inequality in Corollary 4.2 are equal. Therefore in this case
the degree of symmetry of M x ]_[f;l H;/T is equal to dim ]_[f: | H;. This leads to
the following corollary.

Corollary 4.3. Let G be Spin(2] + 1), Sp(l) with | > 15, or an exceptional simple
compact connected Lie group with maximal torus T. Moreover, let M be a two-
connected manifold with p; (M) = 0 and nonzero Witten genus. Then we have

k
N(Mx HG/T) =kdimG.

i=l
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5. An application to torus manifolds

In this section we prove the following theorem.

Theorem 5.1. Up to homeomorphism (diffeomorphism, respectively) there are
only finitely many simply connected torus manifolds M (quasitoric manifolds,
respectively) such that H*(M; 7) = H*(#'l’-;1 +CP"; Z) with k < n.

Note that if dim M < 6 then this theorem follows directly from the classification
of simply connected torus manifolds of dimension four given by Orlik and Raymond
[1970] and the fact that the sphere is the only two-dimensional torus manifold.

In higher dimensions the proof of the theorem is subdivided into two lemmas.

Lemma 5.2. Let M be a simply connected torus manifold (a quasitoric manifold,
respectively) with H*(M; 7) = H"‘(#;{:1 +CP"; Z), keN,n>3. Then up to
finite ambiguity the homeomorphism type (diffeomorphism type, respectively) is
determined by the first Pontrjagin class of M.

Proof. By Theorem 1.1 of [Wiemeler 2015a], Theorem 2.2 of [Wiemeler 2012]
and Theorem 3.6 of [Wiemeler 2015b], it is sufficient to prove that the Poincaré
duals of the characteristic submanifolds of M are determined up to finite ambiguity
by p1(M). The characteristic submanifolds of M are codimension two submanifolds
which are fixed by circle subgroups of the torus which acts on M. Let

k
UL, ... U eH2<# iCP”;Z)

i=1

be their Poincaré duals. Moreover, we have

k
H* := H*(# +CP", Z) =Z[vi, ..., vel/(ivj, v £Vj [ 1 <i < j<k)
i=1
with degv;, =2 fori =1,...,k.
Therefore there are «;; € Z such that u; = Zl;:1 Qjjv;.
Since M is equivariantly formal, it follows from localization in equivariant
cohomology that

m k m
i)=Y = Z(Za,?j)vf.
i=1 j=1 Ni=1

Because the vjz. form a basis of H* it follows that for fixed p;(M) there are only
finitely many possibilities for the o;;. Therefore the u; are contained in a finite set
which only depends on p;(M). This proves the lemma. U

Lemma 5.3. Let M be a torus manifold such that H*(M; 7) = H* (#5;1 +CP"; Z),
with k < n and n > 3. Then with the notation from the proof of the previous lemma
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we have
k

pi(M)=>"Bivi, with0<pi <n+1.
i=1
Proof. The inequality 0 < g; follows from the formula for p; (M) given in the proof
of the previous lemma. Therefore we only have to show that for all i, 8; <n+ 1.

Assume the contrary, i.e., 8;, > n+1 for some ip € {1, ..., k}. Since the natural
map H2(M; Z) — H*(M; Z») is surjective, M is a Spin® manifold. Let o; € {0, 1},
i=1,...,ksuch that w,(M) = Zle o;v; mod 2.

Then there are two cases, aj, =n + 1 mod 2 and «;, =n mod 2.

We first deal with the first case. Choose a Spin® structure on M such that
(M) = (n+ D, + Zi#io «;v;. Because b1 (M) = 0 every Sl-action on M lifts
into this spin® structure and into all line bundles over M. We can choose these
lifts in such a way that the actions on the fiber of a line bundle over a given fixed
point y € MS' is trivial. By the relation w»(M)2? = p;(M) mod 2, we know that
Bi = aiz mod 2. Therefore we have 8;, > n+ 3. Now for x € H*(M; Z) let L(x)
be the line bundle over M with first Chern class x.

Moreover, let

V=LQu)®L <v,-0 +y aiv,-) ® (n —2)L(vy,),
isig
W =EPBi — ) L(v;) ® (Biy —n — 3)L(vy,).
i#ig
Then we have ¢ (V) =c¢{(M), p1(V® W ©TM) =0 and W is a spin bundle.
Therefore, as in the proof of Theorem 3.3, it follows from Theorem 2.2 and

Lemma 3.1, that p“(M; V, W) = 0 if k < n. This gives a contradiction since a
direct computation shows that

e M; V, W)= (e(V),[M])=+£2#0.

The case where «;, = n mod 2 is similar. In this case one has to choose a spin®
structure on M such that ¢{(M) = nv;, + > iy i Vi Moreover one has to consider
the bundles

V= L<v,'0 + Zaivi) @ (n—1)L(vj),

i#ip
W =EPB; — i) L(vi) ® (Biy — ) L(viy).
iig
The details are left to the reader. |

Now Theorem 5.1 follows directly from Lemmas 5.2 and 5.3.
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