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OF REGULARIZED MULTIPLE ZETA VALUES

ToMOYA MACHIDE

There are two types of regularized multiple zeta values: harmonic and shuf-
fle types. The first purpose of the present paper is to give identities involving
cyclic sums of regularized multiple zeta values of both types for depth less
than 5. Michael Hoffman, in “Quasi-symmetric functions and mod p mul-
tiple harmonic sums” (Kyushu Journal of Mathematics 69 (2015), 345-366)
proved an identity involving symmetric sums of regularized multiple zeta
values of harmonic type for arbitrary depth. The second purpose is to prove
Hoffman’s identity for shuffle type. We also give a connection between the
identities involving cyclic sums and symmetric sums, for depth less than 5.

1. Introduction and statement of results

Multiple zeta values (MZVs) are real numbers that are variations of special values of
the Riemann zeta function ¢; (s) =Y __, 1/m* with integer arguments. Regularized
multiple zeta values (RMZVs) are generalizations of MZVs, which are defined
in [Thara et al. 2006] as constant terms of certain polynomials. There are two
types of RMZVs: harmonic and shuffle types. It is known that these values satisfy
a great many relations over Q, including, for example, extended harmonic and
shuffle relations, Drinfeld associator relations, and Kawashima’s relations (e.g., see
[Drinfeld 1990; Ihara et al. 2006; Kawashima 2009]). New classes of relations are
being studied, but their exact structure is not yet fully understood.

The first purpose (Theorem 1.1) of the present paper is to give identities involving
cyclic sums of RMZVs of both types for depth less than 5. Hoffman [1992,
Theorem 2.2] proved an identity involving symmetric sums of MZVs for arbitrary
depth, and then, he extended it to RMZVs of harmonic type [Hoffman 2015,
Theorem 2.3]. The second purpose (Theorem 1.2) is to prove Hoffman’s identity
for shuffle type. We also show that Theorem 1.1 yields Theorem 1.2, for depth less
than 5 (see Corollary 1.3).
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We will begin by introducing the notation and terminology that will be used to
state our results. An MZV is a convergent series defined by

tuly) = Z ﬁ,

myp>-->my,>0 my ---mpy

where 1, = (I1, ..., ;) is an (ordered) index set of positive integers with /; > 2. In
other words, MZVs are images under the real-valued function ¢, with the domain
{(y,..., 1) e N"|]} > 2}, where N denotes the set of positive integers. We
call w,(1,) =1 +---+ 1, the weight, and d,,(1,) = n the depth. Thara, Kaneko,
and Zagier [lhara et al. 2006] extended MZVs to two types of RMZV (harmonic
and shuffle) with two different renormalization procedures for divergent series
¢n(1,) of Iy = 1. The former and latter types are denoted by ¢*(1,) and ¢;"(1,),
and they inherit the harmonic and shuffle relation structures, respectively. The
following are a few examples of these values: ¢ (1) = ¢ (1) = £, (1, 1) =0 and
¢y (1,1) = —£1(2)/2 # 0. In other words, RMZVs ¢, (1,) and ¢,"(l,) are images
under two different extension functions of ¢, to the domain N".

Let &, denote the symmetric group of degree n, and let e = ¢, denote its
unit element. Let €3 and €4 be the cyclic subgroups in G3 and G4 given by
E3=((123)) ={e, (123), (132)} and €4 = ((1234)) ={e, (1234), (13)(24), (1432)},
respectively. We set €, = ((12)) (or & = &3) for convenience. The group ring
Z7[6,] of G, over Z acts on a function f of n variables in a natural way by

(f | F)(X1, ey xn) = Zaif(xo—l(l), ey xo_](n))v

where I' =) “a,0; € Z[&,]. This is a right action, that is, f | (' T2) = (f|T'y) | 2.
For a subset H in &,,, we define the sum of all elements in H by

Y=Y 0 € Z[6,]
oeH

Thatis, (f | Zg)(x1, ..., X,) 18 ZaeH S (Xo=1(1ys + - +» Xg-1(y). In particular, if H
is a group, it is ZUGH f oy, ..y Xo(n)) because H = H~'. For positive integers
niy,...,nj,n with ny +---+n; = n, we define real-valued functions with the
domain N" by

------

LGP M TAN (AFETORIIY M PESY AN (AT INE RSN )

where T € {*, mr}. For example,

thy) =g ) and ¢, (3 = 5] (. g ).
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We define the characteristic functions y,; and " of the set N" by

0 ifn>1,L1=---=I,=1,

1-1 1) =1 and x,'(1,) =
-0 x, Uy and  x, (1) {1 otherwise,

respectively. We have defined ;" (1) to be not 0 but 1, though this definition will
not be used in Theorem 1.1. We will need it to hold consistency between Definitions
(1-1) and (1-7); to prove Theorem 1.2, (1-7) is required.

Theorem 1.1 is stated as follows.

Theorem 1.1. Letl, = (4, ..., 1,) be an index set in N", and let L,, = w, (1,) be
its weight. Then we have the following identities for RMZVs ¢, (1,) and ¢," (1,) of
n=2,3,and4:

(1:2) (& |1 Be) () =& () — x3 ()41 (La),

(1-3) (& 1Ze)U3) == 1 )0 + (¢ 1) | Te) () + x5 (3)81 (L),

(14) @ 1D =& 110 = €y | Be) ) + (o) | Ze) M),
+ QG | Ze) M) — xi A1 (La),

where T € (%, 1}, and €3 in (1-4) is the subset {e, (1234)} of €4.

We note that (1-2) can be easily obtained from the harmonic relations

NG ) =8, L)+, )+ ¢+ )

for RMZVs of harmonic type of depth 2; thus our main results are (1-3) and (1-4)
(see Section 5 for their straightforward expressions).
We now recall Hoffman’s identity. Let | P| be the number of elements of a set P.

For any partition I1 = {Py, ..., Py} of the set {1, ..., n}, we define an integer
cn(IT) by

m
(1-5) Ep(I) == (=" 1_[(|Pi| - D!

i=1

For f € {, m}, we define a real number ¢'(1,,; IT) by

(1-6) T =[x s P»(Z zp),

i=1 pGP,’
where

0 ift{=m,|P|>1,and/, =1forall p € P;,

1-7 "Uy; P) =
(1-7) 1 i F2) {1 otherwise.
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For example,
X2, 1, 1D:{2,3) =0 and x™((2, 1, D;{1,3h=x"(2,1,1); 3H=1

We note that x"(l,; P;) = X;(lp,, e dpy) it P, ={p1,...,p;}. For any index
l,=(,...,1,) in N*, Hoffman [2015, Theorem 2.3] proved the following identity
involving symmetric sums of RMZVs of harmonic type:

(1-8) @) 1 Ze,)1,) = > & (M ,; ),

partitions IT of {1,..., n}

where T = . In the case that /; > 1 for all i, he proved (1-8) in [Hoffman 1992,
Theorem 2.2]. (In this case, ¢,(1,) = ¢ (1) = ¢ 1,).)
Theorem 1.2 is stated as follows.

Theorem 1.2. Identity (1-8) for T = m holds.

Corollary 1.3 gives a connection between identities involving cyclic sums and
symmetric sums of RMZVs, for depth less than 5.

Corollary 1.3. Let T € {x, m}. Identity (1-2) yields (1-8) for n = 2, identities (1-2)
and (1-3) yield (1-8) for n = 3, and identities (1-2), (1-3), and (1-4) yield (1-8) for
n=4.

Remark 1.4. Hoffman proved (1-8) for f = * under a general algebraic setup, i.e.,
the harmonic algebra ! that will be introduced in Section 2. (To be more precise,
he used the algebra of quasisymmetric functions that is isomorphic to $1.) The
constant terms of the polynomials Z;‘;(T) defined in [Ihara et al. 2006] are RMZVs
¢¥(1,), and the polynomials Z;‘; (T) have the same harmonic relation structure as
RMZVs ¢¥(1,) (see Section 2 for details). Thus, (1-8) for ¥ = * also holds in the
case of Zl’; (T). This fact will be necessary to prove Theorem 1.2.

We now briefly explain how Theorem 1.1, Theorem 1.2, and Corollary 1.3 can
be proved. We first prove the identities in Theorem 1.1 for § = * from harmonic
relations of RMZVs ¢¥(1,,). Ihara et al. [2006, Theorem 1] gave a class of relations
over Q between RMZVs ¢ (1,,) and ¢," (1,), which we call renormalization relations.
Using renormalization relations, we derive the identities in Theorem 1.1 for § = m
from those for ¥ = *, and we complete the proof of Theorem 1.1. Similarly, we
prove Theorem 1.2 by combining the renormalization relations and (1-8) for ¥ = in
which ¢ (1,) are replaced by Zl’; (T). We show Corollary 1.3 by focusing on the fact
that &, is a subgroup of G,, i.e., ({,j | ¥¢,)(1,) is a partial sum of ({j | Zs,) ).

It is worth noting that Theorem 1.1 gives the following property, which is an
analog of the parity property [Borwein and Girgensohn 1996; Euler 1776; Ihara
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et al. 2006; Tsumura 2004]; any cyclic sum of RMZVs of depth less than 5, or

(1-9) G )W) =Y &i Wbyl 1)

j=1

forn =2, 3,4 and 1 € {x, m}, is a rational linear combination of the Riemann zeta
value ¢;(l; + - - - 4+ I,) and products of RMZVs of smaller depth and weight. It
appears that the existence of such a property for depth greater than 4 is an open
problem. (The case of symmetric sums of general depth easily follows from (1-8);
there is a stronger property from (1-8), such that any symmetric sum can be written
in terms of only Riemann zeta values.) It is also worth noting that Hoffman and
Ohno [2003] studied a class of relations involving

an(lj‘i‘l,ljJrl,---7ln,ll,---,lj71)7
j=1

whose form is quite similar to (1-9), but the first indices differ.

The paper is organized as follows. In Section 2, we review some facts of
RMZVs by referring to [Hoffman 1997; Ihara et al. 2006]. Sections 3 and 4
have two and three subsections, respectively. Sections 3.1 and 3.2 are devoted to
calculating harmonic relations for RMZVs ¢(1,) and renormalization relations
between RMZVs ¢(1,) and ¢," (1), respectively, for depth less than 5. We then
prove Theorem 1.1 in Section 4.1, Theorem 1.2 in Section 4.2, and Corollary 1.3 in
Section 4.3. We give some examples of Theorems 1.1 and 1.2 in Section 5.

Remark 1.5. (i) Although the ideas of the proofs are the same, the computational
complexity of proving (1-4) is much greater than that required to prove (1-2) and
(1-3). We recommend that, on first reading, those readers who are interested only
in the ideas skip over the statements relating to the proof of (1-4) (or statements in
the case of depth 4).

(i1) This paper is an expansion of Section 2.1 in [Machide 2012]. The remainder of
the results of that article has been amplified in [Machide 2015].

2. Preparation

Let 5 = Q(x, y) be the noncommutative polynomial algebra over Q in two inde-
terminates x and y, and let $° and $' be its subalgebras @ + x$Hy and Q + Hy,
respectively. These algebras satisfy the inclusion relations $° C ' C $. Let z;

denote x!~!

y for any integer / > 1. Every word w = wyy in the set {x, y} with
terminal letter y is expressed as w = z;, - - - z;, uniquely, and so ! is the free

algebra generated by z; (I = 1,2, 3, ...). We define the harmonic product * on $'
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inductively by

(2-1) lxw=w*xl = w,
(2-2)  zrwyxzpwr = Zg(wy * Zywo) + 27 (2w * wa) + Zegr (W * wr),

for any integers k,/ > 1 and words w, wi, w, € $', and then extend it by Q-
bilinearity. This product gives the subalgebras $° and ! structures of commutative
Q-algebras [Hoffman 1997], which we denote by $° and §)!, respectively; note that
$? is a subalgebra of $!. In a similar way, we can define the shuffle product mr on
$! and the commutative (Q-algebras ﬁom and ﬁfu (see [Thara et al. 2006; Reutenauer
1993] for details).

Let Z : §° — R be the Q-linear map (evaluation map) given by

(2-3) Zy ) =) (2 -z, € 9.

We know from [Hoffman 1997] that Z is homomorphic on both products * and 1z,
that is,

Z(wy*xwy) =Z(wy mwy) = Z(wi)Z(ws)

for wy, wy € H°. Let R[T] be the polynomial ring in a single indeterminate with real
coefficients. Through the isomorphisms ﬁi ~ jﬁg[y] and jﬁlln ~ )’)gl [y], which were
proved in [Hoffman 1997] and [Reutenauer 1993], respectively, Ihara et al. [2006,
Proposition 1] considered the algebra homomorphisms

Z*:9l 5 RIT] and Z™:9! — R[T],

respectively, which are uniquely characterized by the property that they extend the
evaluation map Z and send y to 7. For any word w = z;, - - - 7;, € $!, we denote
by Z;‘;(T) and Z"(T') the images under the maps Z* and Z™, respectively, of the
word w, that is,

(2-4) zZ

..........

(The notation Zl*n (T) and lef (T) will be used when we focus on the variable T
and the corresponding index set 1, of the word z;, - - - z;,.) Then the RMZVs ¢*(1,,)
and ¢™(1,) of the harmonic and shuffle types are defined as

25 U d)=2Zf ) and (..., L) = 2

.....

respectively. Obviously, ¢;(1,) = ¢," (1,) = ¢,(1,) if [; > 1. We have

Z 2y Ty * 20y 2) = 272y 2) 2 2y e )

m

for index sets (ki, ..., k) and (1, ..., 1,), since Z* is homomorphic, and so we
see from the first equations of (2-4) and (2-5) that the RMZVs ¢ (l,,) satisfy the
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harmonic relations. In Section 3.1, we will calculate these relations in detail for
depth less than 5. (We can also see that the RMZVs ¢ (1,) satisfy the shuffle
relations since Z™ is homomorphic, but we will not discuss this in the present
paper.)

Let A(u) =) 72, veu® be the Taylor expansion of e”“I"(1+u) near u =0, where
y is Euler’s constant and I'(x) is the gamma function. The renormalization map
p :R[T] — R[T]is an R-linear map defined by

(2-6) e’y = A(u)e™.

That is, images p(T™) are determined by comparing the coefficients of u” on both
sides of (2-6), and expressed as
Tm

(m—i)!

(2-7) p(T™y=m!Y v m=0,1,2,...).
i=0

Then the renormalization formula proved by Ihara et al. [2006, Theorem 1] is
(2-8) p(Z; (1) = Z;)(T).

Combining (2-5) and (2-8) with T = 0, we can obtain relations between RMZV's
¢ (1,) and ¢;"(1,), or renormalization relations. In Section 3.2, we will calculate
these relations in detail for depth less than 5.

3. Relations

3.1. Harmonic relations. We begin by defining the notation that we will use to
state the harmonic relations of RMZVs ¢ (l,) of depth less than 5 in terms of
real-valued functions.

We first define analogs of the weight map w, : N” — N of depth n. For positive

integers ny, ...,nj,n withny +---+n; =n, we define the map w,, .., n;) from
N to N/ by
(3_1) w(m,...,nj)(ln) = (wnl (ll’ DRI ln|)v sy wl’lj (ln1+l’l2+"'+l’lj_]+1v ey ln))

For example, w2,1)(I1, 2, I3) = (l1+12, I3) and w1 2,1) (1, I2, I3, 14) = (11, [2+13, Iy).
We define a subset U3 in &3 as

(3-2) Us = {e3, (23), (123)},
and subsets Uy, Vf, Va, Wf, W41, Wy, and X4 in &4 as
(3-3) Uy = {es, (34), (234), (1234)},

V) =1{(23), (1243)},
(3-4) Vi = {eq, (13)(24), (123), (243)} U V2,
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Wy ={(23), 24)},
(3-5) Wj ={(34), (1234), (1243), (1324)} U Wf,
Wy = {es, (13)(24), (123), (124), (234), (243)} U W4‘,

(3-6) X4 ={(14), (23)} U 4.

We have the inclusion relations Vf C V4 and Wf C WAf C W4. We denote by 23
and 24 the alternating groups of degree 3 and 4, respectively. Note that 23 = &5.
Functional composition o satisfies the distributive law, i.e.,

(Zijﬁ)o(;gj)zgﬁogj,

where f; are real-valued functions with the domain N", and g; are vector-valued
functions with a same domain whose images are included in N". The notation
f og | o is unambiguous since (fog) |o = fo(g]| o).

Remark 3.1. For integers j,n with1 < j <n—1, let shi.") be the shuffle elements
given in [lhara et al. 2006], which are elements in Z[S,,] and defined as

shgn) = Z o.
oeGy

o(l)<-<o(j)
o(j+1)<--<o(n)

The elements Xy, Xy,, and Xy, are equal to sh® s sh§4), and shg‘), respectively.
The element Xy, cannot be written in terms of only a shuffle element, but it is
equal to sh§4) X((34)) = 2y, X((34)) as we will see in (3-36), below.

The harmonic relations we desire are listed below.

Proposition 3.2 (case of depth 2). We have

3-7) 5(*1,1) :Cz* | 2¢2+§10w2-

Proposition 3.3 (case of depth 3). We have

(3-8) Cony =6 | Zu, + & 0wy | (123) +wq 2),

(3-9) Caan =6 | Be; + & 0wy +wa.2) | Bey + ¢ ows.

Proposition 3.4 (case of depth 4). We have

(3-10) Cany =8 | 2y, + &5 o ((warny +wazn) | (234) +wa i),

(3-11) Cony =8 | By, + &3 o(wa iy +waan +wai) | Zyo
+¢ 0w | (23),

(3-12) C(*z,l,l) = Qk | EW4

+¢5 o (wean I By, Fwaan | Sy o+ wais | Dy

€ ,(1234) 4,(1324)
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+¢5 o (wey | o +we | 24) + w1 3)).

G-13)  Chaan =8 1 Be, +&3 o (werny +wazn +waio) | Za,
+ 8 o(we | Tx, + (W) +waz) | Bey) + 810 ws,
where W41ﬁ (o €{(34), (1234), (1324)}) in (3-12) mean the subsets W41 \ {o}.

We will show Lemmas 3.5, 3.6, and 3.7 to prove Propositions 3.2, 3.3, and 3.4,
respectively. These lemmas calculate the harmonic products of the generators z; of
9! for the corresponding depths.

Lemma 3.5 (case of depth 2). For positive integers 1, I, we have
(3-14) 21 % 2y = 21,21, + 2,20 2yt -
Lemma 3.6 (case of depth 3). For positive integers 11, [, I3, we have

(3-15) 20,20, % 2y = 20, 20,20+ 2, 233y T 2320, 20+ 241520, F 2y 2+ »
(3-16) 21 % 2 % 2y = 20 21,20 + 20,232+ 2,20, 20 + 21,2032+ 20,20, 2,
+ 21320,21, F 2+, 25+ 24320 F 24132,
+ 20 2yt + 20,20+ T s T+, T 2+

Lemma 3.7 (case of depth 4). For positive integers 1y, l3, I3, 14, we have

(3-17) 20,2205 * 2y = 20120, 20520y 20, 20,204 20 T 20, 20420, 20 T 20,20, 20, 28

+ 2z +1421 25 + 2 L +14213 + 2 223+

(3-18) 2120y * 2320y = 2042520520, £ 20,2320, 20t 20, 20520, 20,
+ 20321, 2,21, + 20320, 24 20y + 20320420, 2
+ 241320 2yt 2432 T T 24132y

+ 20520 +1a 20 F 20 2520+l T 2320 2y 2+ 2+

(3-19) 24,21y * 213 % 21y = 20,2y * 232y F 20y 2y * 225
+ 20341, 20, 20 + 20 25+ 20 T+ 202 254y
t 2 ++1.20 1 2 2o+ +Hs

(3-20) 2y, % 21y * Zu3 * Ty = Ty Ty * Ty ¥ Ty + 220y ¥ T K 2y
+ 20, 4+1, 20521, 2+, 2420 T 232+t 20,20+ 2s
+ 22020+, T U2+t 2+ sy 22
+ 2+l +3 20 U+l 2 T 22+ T UL

+ 2+l +Hy -

Proof of Lemma 3.5. 1dentity (3-14) follows from Equations (2-1) and (2-2) with
w; =wy = 1. O
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Proof of Lemma 3.6. We see from (2-1), (2-2), and (3-14) that
242 * 21 = 21 (2 * 23) + 232 2 * 1) + 2405 (2 % 1)

= 21, (20,21, + 20320+ Zs413) F 20320, 2+ 2041520

= 2L 11 + 21 R13%1, + 2132111, + 2 +13%1, + 2R+ s
which proves (3-15). We see from (3-14) and (3-15) that

2y % 2y * 2y = (20,20 F 25,20+ 2+1) * 2s
=202k 2y 22, % 2y 2 * DUy
= 21,2,35 T 21,2152, + 2132020 T 2 +1320 1 2 2415
+201,20, 21t 20, 205,21 F 20320,20 F 241320 i 24

+Zl| +1 33 + LR+ + Ll +lr+3

which proves (3-16), and completes the proof.
Proof of Lemma 3.7. We see from (2-1), (2-2), and (3-15) that
220,20 % 21, = 20 (22 * 21) + 20, (20 2n2 % 1) + 2040, (22 % 1)
= 21(20,21,21, + 20,20, 205 + 20,205,205 F 2y+1, 2+ 2n 2z +y)

+ZZ4Z11 2R3 + 2 +14R1, 3
= 20,21, 213 20y F 2, 2 204 20 T 2y 2Us 20205 T+ 2420 2 208

T2 +1,20 2+ 2y Uy 41,23 F 2, 2 Ty »
which proves (3-17). We see from (2-2), (3-14), and (3-15) that

242y * 2320y = 20, (2 * 20320,) + 203 (20,20 % 20y) + 20405 (20 % 20)
= 21, (21321320, + 23202y + 22032045 T+ s+ 20y T 23 2Us41)
+21,(21, 20,20, + 20, 20,20, + 20,20, 20y F 201,20, 20, 20+y)
+z1+15 (2R 20+ 20,20+ 2n+1,)
= 21,201,213 20, + 20, 215.21, 21, + 20, 20520, 20 F 20320, 20,2,
21520, 21,20, F 20321420, 20, + 2y +120, 20, 2132020
2 2+1520 + 220+ 20t 202520+ T 22 2+ 2+

which proves (3-18). We see from (3-14) and (3-15) that

2k T K 2y = 2y 2% (2020, 2y 20+ 2 4)
= 21,2y * 2320, F 20 Ty ¥ 220y 2 Ty K T4y
= 21,2y * 2y 2y T 213 2p ¥ 2Uy 2y
20y 2y Rz 1y 2y L34 Ty T 214 20 Dy 20yl 2l T 20y Lyt s
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which proves (3-19). We see from (3-14) and (3-16) that
U X2 2% 20y = (20,2 F 205,20 F 2 +1,) ¥ 2% 20,
= 22y * 2 2y 22 K T 2y 2 KR 22U
= 22X UKk 2T 22U K 2R 2
F20 41520520, 20 41,204 20t 20320 41 20 204 20 410 2
T2 2020+ 2y 020+ T 2 A1+ 2y T+ 2 24 2+
2041, 2041, T 2.2+ 41y 22 441 T 2 Al
which proves (3-20), and completes the proof. ([
We are now in a position to prove Propositions 3.2 and 3.3.

Proof of Proposition 3.2. Let 1, = (11, I;) be an index set in N?. Applying the map
Z* to both sides of (3-14) and substituting 7' = 0, we obtain

S =8 L )+ 8, )+ ¢+ 1)
= Z & Ug-11y lo12) + &1 (L + ).

O'EQ:2

We thus have

¢iny ) = (& | Bey) () + ¢ owz(h),

which proves (3-7) because 1, is arbitrary and ¢} o wy(l2) = &1 o w2 (l2) by virtue of
wa(b) =L+ >2. O

Proof of Proposition 3.3. Let Iz = (11, I, [3) be an index set in N3. Applying the
map Z* to both sides of (3-15) and substituting 7 = 0, we obtain

& (L, 1)E] (1)
=00, B+ UL B )+ U3 L )+ o (L + 13, L)+ 865, b+ 13)
= Z 23 Us11ys lo-12)s Lo-13) + &5 U1y F -1 2y, Le-13) + 85 (L1, L+ 13),

oelUs

where T = (123). We thus have
Co.nyI3) = (&3 | Zu)@3) + (&5 ocwe.ny | (123))(3) + &5 o wa 2y (13),
which proves (3-8). In a similar way, we obtain from (3-16) that
¢y ) = (5 1 Ze;) () + (&5 o (wa,1y +wa ) | Bey)(d3) + ¢ o ws(l3),
which proves (3-9). U

We require another lemma for the proof of Proposition 3.4, since the proof is
more complicated than those of Propositions 3.2 and 3.3.
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Lemma 3.8. Let id = id4 mean the identity map on N*. We have the following
equations in maps with the domain N*:

(1)
(321w | (23)E (a4 =weo) | Ty,
(3-22)  wa ik | ZyoZice)

_Jwaa 1 By — G4 = (1324)) (G, j, k) € D),
W,k | By — @24 = (1234)) - (G, j, k) = (1,2, 1)),
(3-23) id | EV4E((34)) =id | ZW4,

where I in (3-22) means the set {(2,1,1), (1,1, 2)}.

(i)

(3-24) wan | CHE2) =way | (Be, —e—(1234)),

(3-25) w(1,3) | a2y = wa 3 | (Be, — (13)(24) — (1234)),
(3-26) w2 | By X)) =weo | (Bx, —e—(13)(24)),

(3-27) we i | 2yt Baoy =weln | (B, —e—(12)(34)),

4,(34)
(3-28) w(i,2,1) | z3‘;;/41,(1234)23((12)) =wao | (B, — (123) — (134)),
(3-29) w(1,1,2) | z3w41,(1324)2((12)> =wa,1,2) | (B, — (13)(24) — (14)(23)),
(3-30) id| Sy, Sz =id | Te,.

We now prove Proposition 3.4. We will then discuss a proof of Lemma 3.8.

Proof of Proposition 3.4. Let 14 = (11, I, I3, l4) be an index set in N4, Applying the
map Z* to both sides of (3-17) and substituting 7 = 0, we obtain

g3, b, 13)e) (s)
= D, B )+ by L )+ 85y L, b 1)+ 85 (s 1, D, 1)
+o5(h+ 1, b )+ 85 b+ 1, )+ 85 D, I3+ 1)

=2 Gy o1y o1y Lotay)

oelUy
+§3*(lrl(1) + lrl(Z)a lr*1(3)’ lr*1(4))
85 Gy L) F o) b)) 857 o, I+ L),

where T = (234). We thus have

¢y Ma) = (&5 | Zu) M) + 85 o (wa iy +wazn) | (234) +wa1.2) L),
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which proves (3-10). Similarly, we have by (3-18),

¢ Ma) = (&5 | Zv,) ()
+(&5 o (we, i,y +wa2n +wa,,2) | 2y0) (L) + (&5 owp | (23) ),

which proves (3-11).
As we calculated above by using (3-17) and (3-18), we can deduce from (3-19)
and (3-20) that

(B3 ¢o10) =80 | Zieay H&o(wary | (1324) +wa oy | (24)
twa,12) | BH)+&yo(wa | 24 +wa 3)

and

(3-32) hn =Caun | iy
+23 0 (wa,1m | (e+ (12)(34))
+wa 2. [((123)+(134) +wa1.2) [ (13)(24)+(14)(23)))
+85 0 (W) | (e 4 (13)(24) +w@ ) | (e 4 (1234))
+wa ) | ((13)24) + (1234)))
+&1 0w,

respectively. Combining (3-11) and the equations of Lemma 3.8(i), we obtain

(3-33) &) | Ziaay
=& | By, Z(Gay)
23 0 (we iy +wazn Fwa2) | ZyoXas
+83 ow.) | (23) (a4
=¢ | 2w,

+&fo((we i n+wa.i,2) | Sy

4,{(34),(1324)}

w by
+ (1’2’1) | W41,{(24),(]234)})

25 0w | Ty,
where W41 (0.7} denotes W41 \ {o, t}. A straightforward calculation shows that

g5 o ((wen +wa,1,2) | Ty Fwazn |

4.((34).(1324)) 4.<<24>.<1234>>)
+¢5o(we i, | (1324) + w21y | 24) + w2 | (34)
=3 o (wey + w2 +wa i) | 2y,
—¢yo(wenn | BG4 +wazn | (1234) 4w, 1,2 | (1324))

= o(wa | Tyl Twazn I 2y ot wan) | By

L(1234) 4,(1324>)
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and so, substituting (3-33) into the right-hand side of (3-31) gives

o =% | Zw,
+¢5 0 (wei, 1y +wa,1,2) | Ty

4,{(34),(1324)}

w >
+ (1’2’1> | WJ<((24)4(1234)))

+3 owaa | Ty
¢35 0 (w1, | (1324) +wa 2y | 24) +wa,12) | (34)
+¢y o (w1 | 24) +wa 3)

=4 | 2w,

+3 o (wary | Sy, Hwazn | Sy o Fwaa | Sy,

,(1234) 4,(1324))

+¢5 0 (w2, | Tyo +wa,n [ 24 +wa 3),

which proves (3-12). Similarly, combining (3-12) and the equations of Lemma 3.8(ii),
we obtain

Saan | Ziazy
=5 | Ze,
+25 o (wa i | (Za, —e— (12)(34) + wa o) | (Sa, — (123) — (134))
Fw,12) | (S, — (13)(24) — (14)(23)))
425 0 (weo | (Bx, —e—(13)(24) + wiay | (Te, —e — (1234))
+wa3) | (Te, — (13)(24) — (1234))).

Substituting this into the right-hand side of (3-32) proves (3-13). O

We will show Lemma 3.8 for the completeness of the proof of Proposition 3.4.

For a subgroup H in &4, we define an equivalence relation = on &4 such that
o =1t mod H if and only if c7~! € H, and we denote by [c]y the equivalence
class of o. Note that [o]y is the right coset Ho of &4. Table 1 below gives
all the equivalence classes in &4 modulo certain subgroups, where we denote by
(o1, ..., 0;) the subgroup generated by permutations oy, ..., o;. (We have already
used (o) to denote a cyclic subgroup.) We extend the congruence relation = on
&4 to that on its group ring Z[S4], as follows. Let i’ a;o; and ) _, b;; be
elements in Z[S4]. Without loss of generality, we may assume that o, # o} and
7, # 1p if @ # b. We then say that

iaioi = ibjfj mod H
i=1

j=1

if and only if m = n and there is a permutation p € &,, such that a; = b, ;) and
oi =T,gy mod H (i =1,...,m). The equivalence classes in Table 1 will be
necessary when we prove some congruence equations in Z[G4].
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The following congruence equations in Z[G4] are useful for proving Lemma 3.8.
Lemma 3.9. The following congruence equations hold:
@)
(3-34)  (23)X 34y = Zyo mod ((12), (34)),

Ty — (34) — (1324) mod ((12)) or mod ((34)),

(-39 Byp Xy = {EWJ — (24) - (1234) mod ((23)),

(3-36) EV4E<(34)) = EW4 mod (6)

(i)

(3-37) 24T ((12) = Ze, —e — (1234)  mod ((12), (123)),

(3-38) Y12 = Ze, — (13)(24) — (1234)  mod ((23), (234)),
(3-39) Zyo iy = By, —e — (13)(24)  mod ((12), (34)),
(3-40) Sy, S = Sa, —e— (12)(34) mod ((12)),

(3-41) Wl oy Bt02) = Zay — (123) = (134) mod ((23)),

(3-42) W) g 24(12)) = Dty — (13)(24) — (14)(23) mod ((34)),
(3-43) Tw,Z(12) = e, mod (e).

Proof. Before proving the congruence equations, we introduce an identity in Z[S,,],
which immediately follows from the definition:

(3-44) YuTk =Xy Xk + -+ Xy, Xk,

where H and K are subsets in &, such that Hy, ..., H, are a partition of H (i.e.,
a set of subsets of H satisfying | J'_;H; = H and H; N H; = ¢ for i # j).

We first prove the congruence equations stated in (i). We obtain from X (34)), =
e + (34) that

(3-45) (23) a4y = (23) + (234).

Since {(24), (124), (234), (1234)} is an equivalence class modulo ((12), (34)) as
we see in Table 1,

(234) = (24) mod ((12), (34)).
Thus, noting the definition of Wf in (3-5), we have

(23)Z (34 = (23) +(24) = wa mod ((12), (34)),
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mod All equivalence classes

((12), (123)) | {e, (12), (13), (23), (123), (132)},

{(14), (14)(23), (142), (143), (1423), (1432)},
{(24), (13)(24), (124), (243), (1243), (1324)},
{(34), (12)(34), (134), (234), (1234), (1342)}.

((23),(234)) | fe, (23), (24), 34), (234), (243)},

{(12), (12)(34), (132), (142), (1342), (1432)},
{(13), (13)(24), (123), (143), (1243), (1423)},
{(14), (14)(23), (124), (134), (1234), (1324)}.

((12), 34) | {e, (12), 34), (12)(34)}, {(13), (132), (143), (1432)},
{(14), (134), (142), (1342)}, {(23), (123), (243), (1243)},
{(24), (124), (234), (1234)}, {(13)(24), (14)(23), (1324), (1423)}.
((12)) {e, (12)}, {(13), (132)}, {(14), (142)}, {(23), (123)},
(@), A24)}, (G4, (12)3H)},  {(13)(24), (1324)},  {(14)(23), (1423)},
{(134), (1342)}, {(143), (1432)}, {(234), (1234)}, {(243), (1243)}.
(23)) {e, (23)}, {(12), (132)}, {(13), (123)}, {(14), (14)(23)},
{(24), 243)},  {(34), 234)}, {(12)34), (1342)},  {(13)(24), (1243)},
{(124), (1324)},  {(134), (1234)}, {(142), (1432)}, {(143), (1423)}.
(B4) {e, 34}, {(12), (12)34)},  {(13), (143)}, {(4), (134)},
{(23),243)}, {24, 234)}, {(13)(24), (1423)},  {(14)(23), (1324)},
{(123), (1243)},  {(124), (1234)},  {(132), (1432)}, {(142), (1342)}.
(13)24)) | fe, 12D}, {(12),(1423)},  {(13), 24}, {(14), (1243)},
{(23), (1342)},  {(34), (1324)},  {(12)(34), (14)(23)},  {(123), (142)},
{(124), (143)},  {(132), (234)},  {(134), (243)}, {(1234), (1432)}.

Table 1. All equivalence classes (or all right cosets Ho) in G4
modulo subgroups H.

which proves (3-34). A calculation shows that

(3-46) (1243) X ((34)) = (1243) + (124),

and so we see from (3-44), (3-45), and (3-46) that

(3-47) EV;}E<(34)> = (23) X (34)) + (1243) X34y = (23) + (124) + (234) + (1243).

Using (3-47) and the equivalence classes modulo ((12)), ((23)), and ((34)) in
Table 1, we obtain

(23) + (24) + (1234) + (1243)  mod ((12)) or mod ((34)),
(23) + (34) + (1243) + (1324)  mod ((23)),

Ty — (34)— (1324) mod ((12)) or mod ((34)),

- {EWJ —(24) — (1234) mod ((23)),

PIVRACIES {
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which proves (3-35). Direct calculations show that

(13)(24) X34y = (13)(24) + (1324),
(123) 34y = (123) + (1234),
(243)2((34)) = (243) + (24),

which together with (3-47) yields

v, Z(34) = Zfe,(13)(24),(123), 43)} Z(34) T Zyo ((34))
= e+ (34) + (13)(24) + (1324) + (123) 4 (1234) + (243) + (24)
+(23) + (124) + (234) + (1243).

We obtain (3-36) because the right-hand side of this equation is Xy,, by definition.
We next prove the congruence equations stated in (ii). We easily see that

(3-48) CHZ12) =24 +(142) and T(q2)y = e+ (12).

Using (3-48) and the equivalence classes modulo ((12), (123)) and ((23), (234)) in
Table 1, we obtain

QHZ 12y = (13)(24) + (1432) = Z¢, —e — (1234) mod ((12), (123)),
T2y =e+(1432) = Z¢, — (13)(24) — (1234)  mod ((23), (234)),

which prove (3-37) and (3-38), respectively. A direct calculation shows that
(3-49) (23)Z12)) = (23) + (132),

and so we see from (3-48) and (3-49) that

(3-50) ZW£Z<(12)) = (23)212)) + 24 Z(12)) = (23) + (24) + (132) + (142).
Using (3-50) and the equivalence classes modulo ((12), (34)) in Table 1, we obtain

EW£E<(12)> = (23) +(1234) + (1432) + (14)
=Xy, —e—(13)(24) mod ((12), (34)),

which proves (3-39). Direct calculations show that
B4 E12) = (34) + (12)(34),
(1234) 2 (12)) = (1234) 4 (134),

(1243) (1) = (1243) 4 (143),
(1324) (12 = (1324) 4 (14)(23),

(3-51)
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and so we see from (3-50) and (3-51) that

) Z(12)) = Z((34),(1234),(1243), (1324)} 2((12)) T 20 24((12))
= (34)+(12) (34)+(1234) +(134)+(1243) 4+ (143)+(1324) + (14) (23)
+(23) + (24) + (132) 4 (142),

which can be restated as

(3-52) EWJ Y2y = 23)+ 24) + (34) + (12)(34) + (14)(23) + (132) + (134)
+(142) 4 (143) 4 (1234) 4 (1243) + (1324).

Equation (3-52) together with the first equation of (3-51) gives

2w} 5y T2 = D) Z4012)
= Ty X(a2) — BGH X))
= (23) + (24) + (14)(23)
+(132) + (134) + (142) + (143) + (1234) + (1243) + (1324).

Using this equation and the equivalence classes modulo ((12)) in Table 1, we obtain

(3-53) EWJ " a2y =123)4+(124)+ (14)(23) + (132) + (134) 4+ (142) 4 (143)
+(234) + (243) 4+ (13)(24) mod ((12)).
Since (i jk) = (ik)(ij) is an even permutation for a tuple (i, j, k) of distinct integers

i, J, k, and since 2l4 consists of even permutations in &4 and |204| = 12, we can
express Xy, as

(3-54) Xg, =e+(12)(34) 4+ (13)(24) 4+ (14)(23)
+(123) + (124) + (132) 4+ (134) + (142) 4+ (143) 4 (234) + (243).
Combining (3-53) and (3-54) proves (3-40). Similarly, (3-52) together with the

second equation of (3-51) and the equivalence classes modulo ((23)) in Table 1
yields

(3-55) Sy

4,(1234)

T2y = (23) + (24) + (34) + (12)(34) + (14)(23)
+(132) + (142) + (143) + (1243) + (1324)
= e+ (243) + (234) 4 (12)(34) + (14)(23)
+(132) 4 (142) + (143) + (13)(24) + (124)
= Tq, — (123) — (134) mod ((23)),
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and (3-52) together with the fourth equation of (3-51) and the equivalence classes
modulo ((34)) in Table 1 yields

(3-56) EWJ,(1324>E<(12)) =(23)+(24)+ (34) + (12)(34)
+ (132) + (134) + (142) + (143) + (1234) + (1243)
= (243) 4+ (234) + e+ (12)(34)
+ (132) + (134) 4+ (142) + (143) + (124) 4 (123)
= g, — (13)(24) — (14)(23) mod ((34)).
Equations (3-55) and (3-56) prove (3-41) and (3-42), respectively. Direct calcula-
tions show that
(13)24) E (1) = (13)(24) + (1423),
(123)X(12)) = (123) + (13),
(3-57) (124)2(12)) = (124) 4+ (14),
(234) X (12)) = (234) + (1342),
(243) 2 ((12)) = (243) 4 (1432),

and so we can see from (3-52) and (3-57) that

(3-38) iws Z((12)) = e, (13)(24),(123),(124),(234),243)} 2((12)) + By} By12))

=Yg,
which proves (3-43), and completes the proof. U

The following statement holds: the maps W3, 1), W(1,3), W(2,2), W2,1,1), W(1,2,1),
and w(;,1,2) are invariant under the subgroups

((12), (123)), ((23), (234)), ((12), (34)), ((12)), ((23)), ((34)),

respectively. In fact, this statement immediately follows from (3-1) and the fact
that wy, is invariant under G,,, i.e., (w, | 0)(1,) = w,(1,) for any o € &,,. Note that
((12), (123)) and ((23), (234)) are equivalent to the symmetric groups on {1, 2, 3}
and {2, 3, 4}, respectively.

We are now able to prove Lemma 3.8.

Proof of Lemma 3.8. We can obtain (3-21) by using (3-34) because of the invariance
of w(,2) under ((12), (34)). Similarly, we can obtain the equations from (3-22)
through (3-30) by using the congruence equations from (3-35) through (3-43),
respectively. U
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3.2. Renormalization relations. For any real-valued functions f, ..., f; of n vari-
ables, we define the product f - -- f; of the functions by using the multiplication
in the real number field such that

(fr--- [, x0) = filxr, oo, x0) X oo x fj (X, .00, X0).

For real-valued functions g, ..., 8n; such that each g, has n; variables, we define
the function g,, ® --- ® 8n; of n =ny +---+n; variables by

8n ®8n, @ ®gn; (X1,...,X) 1=
8ny (X1, .- xnl) X gnz(xnl—',-la ey xnﬁ—ng) XX 8n; (xn1+n2+-~~+nj,1+l, cey Xp).

Note that K(Tnl,nz,...,n,) = g“,j] ® {,L Q- ® {,fj. We define a characteristic function
X of the set N” by

1 iflh==l=1,

3-59 ) =
(3-59) X () {0 otherwise.

For example, )Zé” - {1 o wy is the two-variable function such that

X3 - Ciowa(l) = X3 (L, b)) x Growa(l, ) = x5 (L, )a (L + 1),

and (X" - {1 owy) ® ¢[" is the three-variable function such that

(X2 - Crow) ® &[T (3) = x5 - Crowa(h) x &"(3) = x5 (1, 1) ¢ (L + 1) " (13).

The renormalization relations for depth less than 5 are written in terms of real-
valued functions, as follows.

Proposition 3.10. We have

(3-60) & =¢",

(3-61) &=4"— 3" crow,

(3-62) ¢F=¢F — LGB Glow) @ + A X - ¢y ows,

(3-63) &f =" — 3K - Crow) @G + 5" Crows) @ + g X" - Lo wa.
We require two lemmas to prove Proposition 3.10.

Lemma 3.11. Let P(T) = Z;LO a; T/ be a polynomial whose degree n is less than
5. Then the constant term of p(P(T)) — P(T) is

0 (n <2),
@ (n=2).

664 p(P(T) o9~ PO = { "
a281(2) —2a35,(3) (n=23),

a01(2) —2a3513) + Hast1 (@) (n=4).
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Lemma 3.12. Let n be an integer with 1 <n <4, and let1, = (I1,...,1,) € N".
Then
(3-65)  Z{(T) =0,

(3-60)  Zi(T)~ 545" )T,

(3-67)  Z{(T)~ 353" @& AT + L35 )T,

(3-68)  Z\(T)~ 33" @ &G T + 643" @ ¢ AT + g x5 A T,

where =~ means the congruence relation on R[T] modulo RT + R, i.e., P(T) ~
Q(T) if and only if deg(P(T) — Q(T)) < 2.

We will now prove Proposition 3.10. We will then discuss proofs of Lemmas
3.11 and 3.12.

Proof of Proposition 3.10. We first introduce an identity for proving (3-60), (3-61),
(3-62), and (3-63): for any index setl, = ({1, ..., [,) in N" withn > 2,

which can be rewritten in terms of real-valued functions with the domain N” as

Cl(n))v(,?l = )v(yI,H -1 0 wy.

Identity (3-69) is obtained by the fact that x," (1,) =Ounless [y =--- =1, =1, and
the fact that {1 (n) = &1 (li+- - +1) = G(wa () = Grow, () if h=--- =1, =1
and n > 2.

It follows from (3-64) and (3-65) that
p(Z3 (D) | 1—o— Z;;(0) =O0.
Using (2-5) and (2-8) with T = 0, we can restate this identity as
et D — ¢ () =0,
which proves (3-60). Similarly, we obtain from (3-64) and (3-66) that
5" ()= &5 h) = 37" )5 (Q2),
which proves (3-61) since x;" (12)¢1(2) = x3" - {1 o wa(lp) by (3-69). We can obtain
from (3-64) and (3-67) that
53" (5) = &5 () = 373" ® & () - 512 — 343" 1351 B3).
which proves (3-62) since )@“ (13)¢:1(3) = )V@H -¢1ows(l3) and

X2 ®¢1 () -41(2) = (X" (11, 1) 3)1(2) = (X3 (11, 1)1 ()¢ (1)
(3-60)
(3-69)

= (Xy -Ciowa(l1, ) - ¢ (13) = (X3 - ¢1owz) ® L (13).
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We can obtain from (3-64) and (3-68) that
(3-70) & (g) — &5 (y)

=1 ®GM) 0@ - I @) - 613) + A DG ().
The first term on the right-hand side of (3-70) can be calculated as
G733 ®G W) -0 =30"© 4" M) - 61(2) — 3% M) (4).

In fact, we see from (3-61) and (3-69) that ¢ (I3, l4) = £)" (I3, 14)— %)@“ (I3, 11)¢1(2),
and so

@G W)  t1(2) = X3 (1, )¢k (3, 1) 61(2)
= 13050, )" (13, 1) 61 (2) — 205 U, ) X3 (3, 1) 81 (2)?
=1 @0 W) - 012 — 1R A6 ()%,

where we note that, by definition, x;"(l4) = x;" (1, 1) X" (I3, l4). This equality
proves (3-71) because

(3-72) 01(2° =304),
which follows from Euler’s results ¢;(2) = 72/6 and ¢;(4) = 72/90. Since
X ®¢ ) =x3" ®¢" (L)
by (3-60), combining (3-70) and (3-71) gives
(3-73) & () — &5 (y)
=1 @G 1) 012 — 3P @ ) - 113) — H X )1 (4).

By (3-69), the right-hand side of (3-73) can be rewritten as
(3-74) (RHS of (3-73))

=3@@X) @& M) — 53X ® ¢ () — 16 X4 M) ¢1 (4)

= 300" Clow) ® " () — (X5 Crow) @™ (la) — 6 Xi™ - 1 o wa(la).
Equating (3-73) and (3-74), we obtain (3-63). ]

We will now show Lemmas 3.11 and 3.12 for the completeness of the proof of
Proposition 3.10.

Proof of Lemma 3.11. Let O denote the Landau symbol. By definition,

(3-75) Aw =Yyt = GXP(Z (=D"& (’")um)
k=0

m
m=2
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near u = 0. Thus,

2
A(u):H(;](z)uz_;1(3)u3+51(4)u4+0w5)>+1(@uzw(ug)) L

2 3 4 2 2
_ §1(2) 2_51(3) 3 51(4) 41(2)2 4 5
_1+—2 Ut — = u+( 2 +—8 u"+ 0w,
and so

RN 1) i)
Yo=1, 1=V, Y= 7 V3= 3

24 @ +41(2)? 904

vi= 8 ~ 16

where we have used (3-72) for the last equality. Therefore, we see from (2-7) that

1 (j=0),
T (=D,
p(T) =T +¢(2) (Jj=2),
T3 +30(2)T —241(3) (j=3).
T*+60(DT* 80T +F ) (j=4),

andso p(1) [ 7—o=1, p(T) | 720=0, p(T?) | 720=201(2), p(T?) | ro0=—2L1(3),
and p(T*) | 7o =27¢1(4)/2. Since

p(P(T)) | 7—g—P©) =) a;p(T’) | r_o—ao,
j=0

we obtain (3-64). O

Proof of Lemma 3.12. We first recall a result in [Thara et al. 2006] that will be
required to prove Lemma 3.12. Let reg? : §L(=~ H2[y]) — HY[T] be the algebra
homomorphism defined in [Ihara et al. 2006, Section 3], which is characterized by
the property that it is the identity on $° and sends y to T. Let reg, : ! — $? be
the algebra homomorphism obtained by specializing reg! to T = 0. It immediately
follows that

Z(reg*(zkl te an)) = Z*(Zkl o 'an) | T=0 — é‘:(kl’ DRI kn)

for positive integers ki, ..., k,, since Z* : ﬁi — R[T] is the homomorphism
characterized by the property that it extends the evaluation map Z : $5° — R and
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sends y to 7. Ihara et al. [2006, Corollary 5] showed that

m

1 . .
(3-76) w= E —_'reg*(y’"_fwo) xy*™
- ]
j=0

for w e H', wo € H°, and m > 0 with w = y" wy.

Wesetw=z,---z, € $H' for the given index set 1,. The element wg can be
written as wo = zy,,,, - - 21,, where [, 11 > 2. (Wesetwo=1iflj =--- =1, =1,
Let {1}* denote k repetitions of 1. Applying Z* to both sides of (3-76) gives

m

TJ .
(3-77) Zﬁ(T)=:§:-;T A gt ),
j=0
where we define {;(¢) = 1 for the case that j = m = n. For an integer j with
0<j<m,weseefrom (3-59) and [} =---=1,, =1 that )V(;.H(ll,...,lj) =1, and
o)

(3-78) g;:_J({l}m_J’ lm—i—], Tt l”) = é-l;k_J (lj+17 ey lma lm—i—l’ ey ln)
=3 5 GO 5 Tl (S TSI )
=X ®5 W),

where we define X" (¢) = 1 and %' ® ¢, (1,) = ¢, (1,). Combining (3-77) and
(3-78), we obtain
m _]
(3-79) Z(=>" 7)2}11 Ry ().
j=0
Since [, 41 > 2, it follows from (3-59) that )E}n (ly,...,1j)=0if m < j <n. Thus,
(3-79) can be rewritten as

n .
T/
(3-80) qm=27ﬁ®¢wy
i=0
Identities (3-65), (3-66), (3-67), and (3-68) are obtained from (3-80) forn =1, 2, 3,
and 4, respectively. (]
4. Proofs

4.1. Proof of Theorem 1.1. Before proving Theorem 1.1 we introduce the follow-
ing identity, which can be easily obtained by definitions (1-1) and (3-59): For
n>2,

(4-1) Xn +Xn =1In,
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where [, is the constant function whose value is 1. Identity (4-1) dose not hold
when n = 1, but we will not need this case.
We now prove (1-2) and (1-3) in Theorem 1.1.

Proof of (1-2). By (3-7), we easily obtain
(4-2) & | Ze, = f(*1,1) —f1ows,

which proves (1-2) for T = x.
We can deduce the following identities from (3-60) and (3-61):

@-3) iy =¢iy  and G Ze =5"Ze,— X" fiows,

where we have used in the second identity the property that x," - {1 o w; is invariant
under &, or 3" -{1ows | X, =2X5" - {1 owy. Substituting (4-3) into (4-2) gives

& | Ze, — X2 Srowa =i 1y — {1ows.
By (4-1) with n = 2, we can write this identity as
(4-4) &' | Ze, :fal,])_)(én'glmowz,
which proves (1-2) for = mr. [l

Proof of (1-3). Since €3 = {e, (123), (132)} and U; = {e, (23), (123)}, direct
calculations give the following equations in Z[G3]:

(123)2@3 =g, Xyde = X5, T+ ;.
We thus see from (3-8) that
(4-5) Eoy | Bey =83 1 (Bey + Zey) + 8 o (way +wa o) | Zes-

Subtracting (4-5) from (3-9), we obtain () | 1) =551y | Bey = =83 | ey +10ows.
This identity is equivalent to

(4-6) 3 1 Xy = =011 o | Ze +iows,

which proves (1-3) for T = x.
We can deduce the following identities from (3-60), (3-61), and (3-62):

(4‘7) f(*1,1,1) = §(Hll,1,1),
4-8) o T =¢85 Ze — (0" - Clown) ® " | Bey,
(4-9) 01 Be, =" | Ze, — 5" - Crown) @ ¢ | Ty + X5 - L1 ows,

where we have used in the third identity the property that x3" - (¢ o w3) is invariant
under G3. By (4-1) with n = 3, substituting (4-7), (4-8), and (4-9) into (4-6) yields

(4-10) & | ey = _§(I]11,1,1) + f(llzl,]) | Zey + x3" - {1 0ws.
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Identity (4-10) proves (1-3) for § = m, and we complete the proof. O

We now prepare two lemmas before proving (1-4), because the proof of (1-4) is
more complicated than those of (1-2) and (1-3). The identities of Lemma 4.1 (resp.
Lemma 4.2) correspond to (4-5) (resp. (4-7), (4-8), and (4-9) ) in the proof of (1-3).

Lemma 4.1. We have
(4-11) {5y | Zey =81 | Q2 +(12)Xe, + (34 Xe,)
+&5o(we i ny+wazn+wa, ) | (B, —(13)2e, —(23)Z¢,),

(4-12)  Ho) | Egg = | (B, +(14) Ze, +(23)2¢,)
+&5o(we iy +wazny+waie) | 23) e,
+owe ) | (23)E¢2,

(4-13) ¢54 | Ze, =8 | QEe, +Ze, —(13)Z¢,)
+gio(we iy +wazn+wa ) | 2By, —(13)Ze,)
+¢yo(wey) | (E¢4—|—2(23)E¢2)~|—(w(3,1)+w(1,3)) | Xe,)-

Lemma 4.2. We have

(4-14) Sty =S
4-15) ¢h0 | Bes =510 | Be, — 53" - frown) @y | Se,s
@-16) B0y | B =80 | Beg = 3" - G10w2) @G | B, + X5 - C1 0 wa,
@17 &5 Be =050 | Ze, — 30" - crown) ® Ly | Be,
1A trow) ® L | B,
418) &1 Ze, =" | Ze, — 3(X" - Liown) 4" | Ze,
+ 33 fiows) @ LT | Te, + 3 X4 S1 0wy
We now prove (1-4). We will then discuss proofs of Lemmas 4.1 and 4.2.
Proof of identity (1-4). Direct calculations show that
Y, = e+ (13)(24) + (1234) 4- (1432),
(12)Xe, = (12) 4+ (143) + (234) + (1324),
(13)Z¢, = (13) +(24) + (12)(34) + (14)(23),
(14)2¢, = (14) + (123) + (243) + (1342),
(23)2¢, = (23) + (134) + (142) 4 (1243),
(B4 Ze, = (34) + (124) + (132) + (1423),

(4-19)
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from which we see that
(4-20) Y, =(e+(12)4+(13) 4+ (14) + (23) + (34)) Z¢,,

ie., {€4, (12)&4, (13)Cy, (14)&y, (23)&,4, (34)C4} gives a left €4-coset decomposi-
tion of &4. By (4-20), the sum of (4-11) and (4-12) yields

G | Zey 850 | e =8 | (Be, +28¢, — (13)2e,)
+¢3 0 (w1 +wazn +wa,2) | (B, — (13)2¢,)
+&y owe,) | (23)Z 0.
Subtracting (4-13) from this identity, we obtain
@-21) 4(*3,1) | Ze, +§(*2,2) | ZQQ - 5(*2,1,1) | Xe,
=4 | (Zs, — Z¢y)
— 3o (we iy +wazn+wa) | S,
— o (wey | Te + (23 Te) + (wan +wa ) | Se,).

We see from (3-6) and the equivalence classes modulo ((12), (34)) in Table 1 that
Yx,=(14)+23)+ X6, =23)+ 134+ Z¢, = (23)2@ +X¢, mod ((12), (34)),
and so

we) | Xx, = we | (X +(23)Zg).
Thus the sum of (3-13) and (4-21) yields
8oy | e+ 800 | Ee‘g = 8o | Bes T80 =8 | Ze, + 81 0ows,
which is equivalent to
(4-22) 31 Zes =C0000) —Loan | Ba+ 800 | B +85,0) | ey — S0 ws.
Identity (4-22) proves (1-4) for § = .
Combining (4-14)—(4-17) (or considering (4-14) — (4-15) + (4-16) + (4-17),
roughly speaking), we can restate the right-hand side of (4-22) as
(4-23)  (RHS of (4-22)) =i 111y =S | Be +4a0) | B + 860y | e
—3(X" - Liown) @5 | Ze,
+ 35 Clown) ® " | Te,
+ X —14) - (L1 owy).
Equating (4-18), (4-22), and (4-23), we obtain

Q]ln | e, :C(H]I,l,l,n_é‘(uz{l,]) | E€4+§(Hzl,2) | E@Q"‘{gl) | 2€4+()V(}1H_14)‘(§10w4)’
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which, together with (4-1) of n =4, proves (1-4) for § = m, and we complete the
proof. (]

We will show Lemmas 4.1 and 4.2 for the completeness of the proof of (1-4).
We first prove Lemma 4.2.

Proof of Lemma 4.2. We easily see from (3-60) that 5(71}’0 = ¢({1yn)> Which with
n = 4 proves (4-14). Multiplying both sides of (3-61) by 5(*1,1) = ¢,y from the
right, in the sense of the operator ®, gives

1 v
5(*2,1,1) = ((1121,1,1) - Q(Xén L1 owy) ®§(Ii1)-

Applying X¢, to both sides of this equation, we obtain (4-15). We can similarly
obtain (4-17), by using (3-62) and ¢ = " instead of (3-61) and 5(*1,1) = g(ﬂl{l),
respectively. We also obtain (4-18) by applying X¢, to both sides of (3-63), since
X4 - (&1 o wy) is invariant under &4.

We prove (4-16). We easily see that f ® g | (13)(24) = g ® f for any functions f

and g of two variables, and so we obtain from (3-61) and g“(*m) =0 ® (= {2*‘3’2)

that
4-24) ¢l =@ = 3X  Ciown) ® (83" — §X3" - Crown)
=8 — 28" Clow) @ | (e+(13)(24)) + F (X3 ¢ own) &2

We see from (3-69), (3-72), and x)" ®2 — x4 that

(G- Grow)® =0(° 45" = S0 @ = 53X - crows,
by which we can restate (4-24) as
(4-25) ¢h0 =080 — 3G - Clow) ® G | Biazyeey + 3 X4 - {1 ows.
Since €9 = {e, (1234)} C €4 = {e, (1234), (13)(24), (1432)},
(4-26) Zmea e = S

Applying Ecg to both sides of (4-25), we obtain (4-16), and this completes the
proof. U

We now prove Lemma 4.1.

Proof of Lemma 4.1. Let o € {(12), (23), (34)}. By the equivalence classes modulo
(o) in Table 1 and straightforward calculations, (3-54) yields

4-27) 2¥g, =Yg, mod (o),
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and (4-19) yields

Yo, =(12)Xe,, (13)Ee, =GN Eg,, (I4HEg, =(23)Eg, mod ((12)),
(4-28) Xg, =23)Xg,, (2)Ze, =(CBHXe,, (13)Ze, =(14)Xg, mod ((23)),

Yo, =G4 Ee,, (12)Ze,=(13)Z¢,, ((HZe, =(23)Zg, mod ((34)).
Thus, we deduce from (4-20) that
(4-29) Y, =aXe, + B¢, +yZe, mod (o),
where (o, B, y) is a 3-tuple of {e, (12), (13), (14), (23), (34)} such that

a €fe, (12)}, p€{(13), B}, y €{(14), 23)} (0 =(12)),

(4-30) a €fe, (23)}, pe{(12), 34}, y € {(13), (14} (0 =(23)),
a € fe, 34}, pe{(12),(13)}, y € {(14), 23)} (0 =(34)).

We now prove (4-11). Since either g€4 =h¢&4 or g€4sNh€s=¢ forany g, h € Gy,
we can see from the first and second equations of (4-19) that

(1234)X¢, = Xg, and (234)X¢, = (12)X¢,,
respectively. By (3-3) and (3-44), we obtain
Yu,Le, = e, + 3D e, + (234) ¢, + (1234) e, =2%¢, + (12) ¢, + (34) Z¢g,
Thus, applying Z¢, to both sides of (3-10) yields
@31) ¢y | Be, =& | Qe + (12)Ze, + (34 Se,)
+25 o (wei,n +wazn) | 12)Ze, + w12 | Ze,)-
We know from (4-29) and (4-30) that

(12)Xg, mod ((12)) or mod ((23)),

Yo, = (13) 3¢ 23)%
2, = (13)Xe, +(23) €4+{2¢4 mod ((34)).

Since w2, 1,1), W1,2,1), and w1 ,1,2) are invariant under ((12)), ((23)), and ((34)),
respectively, we have
W, jk | (B — (13) X, — (23) Xey)
_ {w(i,j,k) | (12)Ze, (G, J, k) =(2,1,1),(1,2, 1)),
W, jk | Xy (0, j, k) =(1,1,2)),

and so

(4-32) &3 o(weiny +wazn+wai2) | (B, —(13)e, — (23)Z¢,)
=i o((wein+wazn | 12)Ze, + w12 | Ze,)-
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Combining (4-31) and (4-32), we obtain (4-11).
We can easily see that

Tyo = (23)Z(azee) and Xy, = (e+(123) +(23)) X(a3)24)),
which together with (4-26) give
Evf EQ? = (23)X¢, and EV4Z¢2 = Xg, + (14) X, + (23) Z¢,,

respectively, where we note that (123)X¢, = (14)Z¢, by the fourth equation of
(4-19). Thus, applying Egg to both sides of (3-11), we obtain (4-12).
Lastly, we prove (4-13). We can obtain the following identity by applying ¢,
to both sides of (3-12):
(4-33) ¢oa) | e, =8 | Q2s, + Ze, — (13)2¢,)
+¢3 o (w1, +wa 2 +wa,i2) | @y, +(23)Ze, — (14)X¢,)
—&3o(wen | GHEe, +waz | Ze, +wan | (12)2e,)
45 0 (W | (B +223)Zg0) + (w1 + wa3) | Zey)-

(We will prove (4-33) in Lemma 4.3 below because the proof is not short.) We can
also obtain by (4-28)

(34)%g, mod ((12)),
(23) X, +(13) g, = (14) Z¢, + | Ze, mod ((23)),
(12)Xg, mod ((34)).

Thus, (we,1,1) +wa,2,1) +wa,1,2) | (13)Xe, can be expressed as

(we,1,y twazn +wa) | (13) 2,
= (we.1ntwazn +twai) | (—23)Ze, + (14)Ze,)
+we,i,n | GHEe, +waz | Ze, +wa,i2) | (12)Xe,).
Adding —(we, 1,1 +wa.2,1) +wa.1,2) | (22g,) to both sides of this equation, and
then multiplying both sides by —1, we obtain
(4-34) &o(wein+wazn+wai) | 2By, —(13)Ze,)
= o(we iy +wazn +wa2) | Ty, +(23)Ze, — (14)Ze,)

=3 o(warn | GH e, +wann | Te, +wa,12) | (12)2¢,).
Combining (4-33) and (4-34) proves (4-13). O
Lemma 4.3. (i) Let o € {(12), (23), (34)}. The following congruence equations

hold:

(4-35) Ty e, = T, +2(23) T mod ((12), (34)),
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(4-36) Ty T, = 2%y, + (23)2¢, — (14)Z¢, mod (o),
(4-37) Xw, e, =2%g, + X, — (13)Z¢, mod (e).
(i) Identity (4-33) holds.
Proof. We first prove the assertion (i). We see from (3-5) and (3-44) that
Ty e, = (23) Xe, + (24 e,
and from the third equation of (4-19), we see that
(24)Ze, = (13) Xg,.
We thus obtain
(4-38) TyoZe, = (13)Z¢, + (23) Xg,.
Equation (4-38) proves (4-35), since
(13)X¢, = (1432) + (1234) + e+ (13)(24) = Z¢, mod ((12), (34)),
(23)X¢, =2((23) + (134)) = 2(23)Xg  mod ((12), (34)),

which can be seen from the equivalence classes modulo ((12), (34)) in Table 1. By

virtue of (4-20), calculations similar to (4-38) show that

(4-39) Xy X, = 2((34).(1234).(1243), (1324)) ey + 20 2iey
=(B4)Xe, +Ze, +(23) ¢, +(12) Zg, )+ ((13) Ze, +(23) Z¢,)
=2¢,+(12) ¢, +(13)Z¢, +2(23) X, +(34) X¢,
=Xg,+(23)Z¢, —(14) X¢,,

and

(4-40)  Zw, T, = Loy, (13)(24),(123),(124),(234), (243)) Zey + Lyt Xy
=g+ 3¢, + (1) 2, + BH g, + (12) X, + (14) Z¢,)
+ (s, + (23)Z¢, — (14) X¢,)
=2Xg, +23¢, + (12)Z¢, + (14) X¢, + (23) Zg, + (34) ¢,
=2%g, + ¢, — (13)Zg,.

Then we obtain (4-36) by (4-27) and (4-39), and obtain (4-37) by (4-40).
We now prove the assertion (ii), or (4-33). We can deduce from (4-35), (4-36),
and (4-37) that

(4-41)  Goway | TyoXe, = owey | (Be, +2(23)Z).
(4-42)  Zowqju | Ty e, =83 0wk | 2T, + (23) T, — (14) Xy,
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(4-43) 8 | ZwyZe, = 85 | QEs, + Ze, — (13)Zey),

respectively, where (7, j, k) € {(2, 1, 1), (1,2, 1), (1, 1, 2)}. Applying X¢, to both
sides of (3-12) and substituting (4-41), (4-42), and (4-43) into it, we obtain
@44) ¢ 1)) Ze, =8 | 28s, + B¢, — (13)Ze,)
+¢3 o (w1, + w21 +wa, ) | Ry, +(23)Ze, — (14)Z¢,)
—¢3o(we, 11y | B4 Te, +wa 2, | (1234) B, +wr,1,2) | (1324) Ze,)
+¢5 0 (W) | (Ze, +223) X)) +we | 24 Be, +wa ) | Xey)-
We see from the third equation of (4-19) and the equivalence classes modulo
((12), (123)) in Table 1 that
24 Ee, = (13) + (24) + (12)(34) + (14)(23)
=e+ (13)(24) 4+ (1234) + (1432) = ¥¢, mod ((12), (123)),

and so
(4-45) Zowa | 2D Xe, =& owa,ny | Ty
We also have

(4-46) Z3owan | (1234)Ee, =3 owq 21 | Ze,,
(4-47) g3 owe, 1) | (1324)E¢, = 3 owi,1,2) | (12)Xg,,

since (1234) ¢, = ¢, and (1324) ¢, = (12) X¢, by the first and second equations
of (4-19), respectively. Combining (4-44), (4-45), (4-46), and (4-47), we obtain
(4-33). U

4.2. Proof of Theorem 1.2. We denote by P(A) the set of partitions of a set A; if
A is the empty set ¢, we set P(¢) = {¢}. We denote by N,, the subset {1, 2, ..., n}
in the set N.

For{e{*, m},l,=(y,...,L[,)eN", and [1={Py, ..., P,} e P(N,), we define
a polynomial Zl: . (T) with real coefficients by

m

(4-48) 2} o) =[x Pz, (D),

i=1
where [p, =) pep; Lp- For example,
T T
ZoaypamT =2y, (T)=0(4)
and
, + .
222’1’1);{{1’2},{3}}(7") = ZQ_H (T)ZI(T) = (3)T,
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where note that x (2, 1, 1); {1,2,3}) = x"((2, 1, ): {1,2) = x T (2, 1, D; {3)) =1
by the definition (1-7). Since Z;(T) = ;f(k) for k > 2, we can see from (1-6)
and (4-48) that the difference between Z;L ;H(T) and ¢¥(1,; TT) depends on only the
difference between ZIL(T) =T and ;“1'1'(1) =0, and so
Z) (1) | pepy = Ay TD).

By the correspondence between §)! and the algebra of quasisymmetric functions,

which is given by
2y 2, <— Mg, = Z tlll1 ---tl.l;’ € projlimZ[ty, ..., 1,],
1 <-<ip p

we can restate [Hoffman 2015, Theorem 2.3] as
(4_49) Z Zln(l) e Zl(f(rl) = Z En(H)ZlPl Kok Zle :

o€, O={P,..., P }eP(Ny)

We see from (1-7) that x*(l,; P) =1 for any 1, € N" and P C N,,. Thus, applying
Z* to both sides of (4-49) yields the following identity (4-50). Since 6;1 =G,
(4-50) with T = 0 proves (1-8) for { = .

Theorem 4.4 (see [Hoffman 2015, Theorem 2.3]). For any index setl, =y, ...,1[,)
in N",
(4-50) Y7 M= > &ZE L (T).
o€, MeP(N,)
We may show (4-51) in order to prove (1-8) for ¥ = 1, or Theorem 1.2.
Proposition 4.5. For any index setl, = (I1, ...,1,) in N?,
(4-51) p( > 5n<n>z;1;n<T>) = > &GDZELD).
MeP(N,) eP(Ny)
In fact, we can easily prove Theorem 1.2, as follows.

Proof of Theorem 1.2. We see from (2-8) that

(4-52) '0( Z Z;;m ----- la<n>(T)) = Z lefm ----- la<n>(T)‘

oel, 0e6,

By (4-51) and (4-52), applying p to both sides of (4-50) yields

(4-53) Y2t = D E(MZE (T

oe6, MeP(N,)

which with 7' = 0 proves (1-8) for = mr. U
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For subsets A and B in N,,, we define a subset Pg(A) in P(A) by
Pp(A) :={l1={Py,..., Pn} € P(A)| P; £ B for all i}.
For example, if A = {1, 2,3} and B = {3, 4}, then
Pe(A) = {{{1}, 2,3}, {{2}, {1, 3}}, ({1, 2, 3}}},

where

P(A) = {1}, {2}, 33, ({13 {2, 33, (120 {1, 300, {13}, {1, 23, {{1, 2, 313}

We note that Pg(A) = ¢ if A =¢ (or P(A) = {¢}), because the empty set ¢ is a
subset of any set, i.e., ¢ C B. We denote by A“» = A€ the complement of A in N,,,
and by LI the disjoint union.

We will show (4-51) for the completeness of the proof of Theorem 1.2. For this,
we will require Lemmas 4.7, 4.8, and 4.9.

Remark 4.6. The condition B # N, in Lemma 4.7 is necessary for taking an
element in Pg(A€). In fact, if B =N, then P C B for any subset P in A¢, and so
Pp(A°) = ¢. That is, (4-54) in Lemma 4.7 does not hold in the case that B = N,,.

Lemma 4.7. For any subset B C N,, with B # N,,, we have

(4-54) LI{EUA|(E, A) e P(A) x Pg(A9)} =P(N,),
ACB

where the disjoint union | |, ranges over all subsets in B, which include the
empty set ¢.

We require some notation to state Lemma 4.8. Let A be a subset in N,;, and let
E={P1,..., P} be a partition in P(A). We can define a partition in P(N;) that
is induced from A and E, as follows. Let a; < - - - < ay be the increasing sequence
of integers such that A = {ay, ..., as;}. Let o4 be the permutation of G,, that is
uniquely determined by

ol =ai(i=1,....5) and o;'Gs+1)<---<o;'(n);
by the definition, o (A) = {oa(ay),...,0a(as)} ={1, ..., s} =N;. We then define
the partition induced from A and E as
04(8) :={0a(P1), ..., 04(Pg)} € P(Ny).
We define 04(E) =@ if A=E =

Lemma4.8. Let A, B, and (E, A) be as in Lemma 4.7, i.e., let A and B be subsets
with A C B # N, and let (B, A) be an element in P(A) x Pp(A°). We define
¢ =0 and &o(§) = Z,,(T) = 1.
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(i) We have

(4-55) Cr(BUA) =14 1(E)Ciac (D).

(ii) Let + € (%, m), and let 1, = (1, ...,1,) € N* with 1, # ({1)"). If B =
{j €N, |1; =1}, then

(4-56) ARIRGE (]_[Cl(lg, ) Wiko, @ (T

where Q1, ..., Qn mean the parts of A (i.e., A={Q1,..., On}).

Lemma 4.9. For a positive integer n, we have

(4-57) Y &M Zpn(T)=p (T,
MeP(N,)

(4-58) Y &GZY (D) =T"
MeP(N,)

We now prove Proposition 4.5. We will then discuss proofs of Lemmas 4.7-4.9.

Proof of Proposition 4.5. Let B={j € N, |l; =1} C N,,. We suppose that B =N,,.
Then, 1, = ({1}"), and so, we can see from Lemma 4.9 that

Doty = T

> &ZE. (D),

MeP(N,)

(4-59) p( > &MZ H(T))

MeP(N,) (4-58)

which proves (4-51) for B =N,,.
We suppose that B # N,,. Let A be a subset in B. Then we have

(4-60) {oa(B)|E € P(A)} ={E'| E" € P(Njap},

because the restriction of the permutation o4 to the subset A is a bijection from A
to Nj4;. From the definition (1-5) we easily see that ¢|4|(E) = ¢ja|(04(E)). Thus,

> &ZE (1)

neP(N,)
L 4.7 ~
DN N G (BUAZL g (T)

ACB EeP(4)
A€PR(AC)

(Lemma 4.8) Z Z C|A1(A)<l_[ tilo,) ) Z E\A|(E)Z?1}'A‘;GA(E)(T)

ACB A€Pg(AC) EeP(A)
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LD C|A‘|(A)(H§1(1Q,> Y GaENZ 5 (T)

ACB AePp(A©) E'eP(Njap

(457)2 Z C|A‘|(A)(1_[§1(ZQ,) BVASDY

ACB AePp(A°)

where Q1, ..., O, mean the parts of A. Therefore,
(4-61) p( > 5n(n>zl’;;n(T))
MeP(N,)

=> > CIA‘I(A)(Hé'l(lQ,)(,O_I(TW))

ACB AePg(A°)

=2 > C|A1|(A)(H§1(1Q1>T|A|

ACB AePp(A°)

By using Lemma 4.7, Lemma 4.8, and (4-60), and by using (4-58) instead of (4-57),
we can similarly prove

4-62) Y a(ZigM =Y > ch(A)(]_[m(lQ))T'A

MeP(N,) ACB A€Pg(A°)
Equating (4-61) and (4-62), we obtain (4-51) for B #N,,. O
We prove Lemmas 4.7 and 4.8.

Proof of Lemma 4.7. Let A be a subset in B, and let (E, A) be an element in
P(A) x Pg(A°). It follows from Pgp(A°) C P(A€) that (E, A) € P(A) x P(A°),
which together with A U A€ =N, yields E U A € P(N,). Thus, the left-hand side
of (4-54) is included in the right-hand side.

Let [1={P,..., Py} be apartition in P(N,;). We can reorder Py, ..., P, such
that

(4-63) PiCcB(j=1,...,8) and P;¢ZB(j=g+1,...,m).
We define
E:={P,....,P}, A:={Pgyy,....,P,} and A := P U---UPg,

where A and E mean the empty set ¢ if g = 0. By definition, it is obvious that
ACB,II=EUA, E€P(A),and A € P(A®). We assume that A ¢ Pg(A°).
Then, either Pg(A°) = ¢, or there is an integer i such that g <i <m and P; C B.
We can see from (4-63) that the latter case does not occur, and so Pg(A°) = ¢.
Thus, the simplest partition {A€} of A° does not belong to Pg(A°), which yields
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that A° C B. Since A C B, we have N,, = AU A C B, i.e., B =N, which is
a contradiction to the condition B # N,. Therefore, A € Pp(A°), and we can
conclude that

ACB, TI=EUA and (E,A)eP(A)x Pp(A°).

This fact proves that the right-hand side of (4-54) is included in the left-hand side,
since I1 is arbitrary.

We should show the disjointness of the left-hand side of (4-54) in order to finish
the proof. Assume that there are subsets Ay, A, C B with A; # A, such that

(4-64) ¢ #{E1UA|(E1, A1) € P(A) x Pp(A])}
N{E2U A2 [ (B2, Ar) € P(A2) X Pp(AY)}.

We can take elements (E;, Aj) € P(A;) x PB(A;) (j =1, 2) such that
(4-65) E1UA = Ep A,

Let P, € E;. We easily see that Py C B, since E; € P(A}) and A; C B. By
(4-65), there is a subset P, € &, LI Aj such that P; = P,. If P, € Ay, then P, ¢ B,
which contradicts P; C B. We thus have P = P, € &», and so & C E; since
P, is arbitrary. Similarly, we can prove &, C E1, and we conclude that E| = E».
Since E; is a partition of A; for each j = 1,2, we can obtain A; = A;, which
contradicts the assumption A; # A,. Therefore, there are no subsets A;, A, C B
with A; # A; such as (4-64), which proves that the left-hand side of (4-54) satisfies

the disjointness. U
Proof of Lemma 4.8. Let Py, ..., Py be the parts of &, and let Qy, ..., Q) be those
of A. Since n = |A|+|A°land EUA ={Py, ..., Py, Q1, ..., O}, we see from
(1-5) that

8 h
G(EUA) = (—1>"—<g+h><]'[<|P,-| - 1)!) (1‘[(|Q,-| - 1)!)
i=1 i=1
g h
= (—1)'A'—g(1"[(|P,-| - 1)!)(—1>A‘"—”(]"[<|Qi| - 1)!)
i=1 i=1

= C1a|(E)Clac|(A),

which proves (4-55). We next prove (4-56). By A € Pp(A°€), any part Q in
A satisfies O ¢ B = {j € N, |[; = 1}, which yields that x'(,; Q) =1 and
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Z;'Q(T) = {1(lp). Thus, we can see from (4-48) that

8 h
4-66) 7| o A (T) = (1‘[ XM PZ), (T)) (]"[ X0 00Z), (T))
i=1

i=1
h g '

= (H & (lQ,.)) (H X POZ], (T)).
i=1 i=1

For any part P ={p;, ..., p,}in E, every index lpq is1,since AC Band E e P(A).
By this fact, we obtain

X W PY= x4y 1) = xI AL = x T(1A 04 (P))
and
il _ 7t _ 7t _ 7t
le(T) = ZZ,,eplp(T) = Z\P|(T) = ZlUA(P)l(T).
Therefore,
8 8 )
(4-67) [Tx7 s PyzZ), (1) =[] X" oa(P)Z],, ) (D)
i=1 i=1
_ 7T
_Z{l}‘A‘;{GA(Pl) ,,,,, UA(Pg)}(T)'
Combining (4-66) and (4-67) proves (4-56). U

From Theorems 7.12 and 7.13 in [Stanley 2013], we can obtain the following
identity in formal power series:

u? ul
(4-68) exp(ulu +uZ7 +u3? 4. )

o0 i1 02

in

u u ..-u
:1+Eu” E —— A
10 120245! -« ning,!

n=1 i1,09,00,in =0
(1-iy42-ip+-+n-ip=n)

where u, uy, us, ... are variables. (We can also prove (4-68) by a direct calculation
of the Taylor expansion of the exponential function e*.)
We require the following identity (4-69) to prove Lemma 4.9.

Lemma 4.10. We have

(4-69) > &M Zn(T) =n'Pu(T),
MeP(N,)

where we define

N _)itiatetn N ia
70 RO=cn Y %T"]‘[(“m)_

a

i].00senin =0 a=2
(Liy+2-ip+-+n-in=n)
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Proof of Lemma 4.10. For a partition IT = {Py, ..., P} in P(N,) and a positive
integer a, we denote by N, (IT) the number of the parts P; whose cardinalities
equal a, i.e.,

No(ID) :=[{j €e{l,..., g}|IPj| =a}l.
For example, N{(IT) =2, N>(IT) =1 and N3(IT) = N4(IT) =0 if

IT={{1}, {2}, {3, 4}} € P(Ny).
We note that

g=NID)+---+N,(IT) and n=1-N(Il)+---+n-N,(II)
and that

8 n
1021 = 10125 () = [ (t@ — D1z @)™,

i=1 a=1

Noting x *({1}*; P;) = 1, we obtain from (1-5) and (4-48) that

8
&M Zfpn.n (T) = (=" [ [P = D2}, (T)

i=1
= (_1)"*(N1(H)+~~~+Nn(n)) l_[((a _ 1)|Z*(T))Na(n)
Z, .
a=1

Thus,

4-71) > > &M Zn(T)

i seensin >0 MeP(Np)
(Liq+-+n-ip=n) (Nag(M)=iq(Ya))

= > (—D"‘“l*"'*"“(ﬁ((a—1>!Z;‘:<T>)"“) oL
a=1

MeP(Ny)
(Vi +ooin=n) (Na(My=iq (Va))

Let m be an integer with ai, < m. We can choose i, disjoint subsets

O1,...,0i, CNy,
with [Qi|=---=|Qj,|=ain
(o) (7))
ai, a a a) iq!
ways, as follows. First, we choose ai, integers N = {ki, ..., kq;,} from N, in (a';’a)

ways. Then we select a integers Q| from N, select a integers Q, from N \ Oy,
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and so on: these combinations are

(aia> (aia — a) - <a)
a a a
Finally, we divide it by i,! to ignore the order of Oy, ..., Q;,, and we reach the
desired result. Any partition in

{IT e P(N,) | No(IT) = i, (for all a)}
can be uniquely obtained by choosing i; disjoint subsets

V... 08 with QY] =1 (forall j)
from the set N,;, choosing i, disjoint subsets

07..... 07 with |QP| =2 (forall j)

from the set N, \ (le) U---u Q;ll)), and repeating it. Thus,

{IT € P(N,) | No(IT) = iq (for all a)}|

_li[(n—l-il—---—(a—l)-ia_1> (aia>(aia—a) (a 1
_ - () (@ a).ia_!

a=1

n . .
:1—[(n—1-11—---.—(a—l)-la_1>(aia)! 1
ol aiy (al)tai,!
o —lii——(@—1ig)! 1
_a_l n—1-iy—--—a-ip)!  (a)iaiy!

n
1
i (al)ai,!

which is equivalent to

. 1
Yooi=a]]
MeP®Ny) a=1 (al)eiq!
(Na(ID=ig (Va))
Therefore, (4-71) can be rewritten as
@72 > Y. &MZ.n(T)
i1senin>0 eP(Np)
(Liy+-+nip=n) (Na(D=ia(Va)) n 1 Z*(T) iq
a1\ 1\t | Zar "/
— nl(—1) AZO =D r[]ia!< a )
senin= a=

(Liy+-+n-in=n)
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By (3-80), Z(T) equals T if a =1 and ¢ (a) if a > 1, and so combining (4-70)
and (4-72) yields

(4-73) > Y &G Z.n(T) =n'§(T).
i]0ennin=0 MeP(Np)
(Lig+-4n-in=n) (Na (M)=ig (Ya))

It is obvious that P(N,,) can be divided into disjoint subsets as follows:

4-74) PN, = L {(TePNL) N, () =i (a=1,...,n)}.

i15esin=0
(l-i|+»~+n»in=n)

Thus, the left-hand sides of (4-69) and (4-73) are equal, and we obtain (4-69). [
We now prove Lemma 4.9.

Proof of Lemma 4.9. By (3-75) we have

1 Tu B — (=D"z1(m) ,\ 74
Au) e _exp( m;—m u )e

X ym+1
:exp((—l)zTu—{—Z—( D mgl(m)um)
m=2

which, together with (4-68) for u; = (=1)>T and u,, = (=1)"*'¢ (m) (m > 2),
yields

ad )ittty " iq
e (Ch
n=1

ilig! -y il

i15isemmin =0
(Liy+2-ig+-+n-in=n)

Thus, by Lemma 4.10,

X n
—1,Tu _ u ~
(4-75) Aw) et =1+ E ; E cn(H)Z{*l}n;l—[(T)
n=1"" TePN,)

Since the renormalization map p is an R-linear map from R[7'] to R[T], we can
see from (2-6) that the inverse p~' is determined by
X n
476) ) %p‘%T") =p7 (™) = p7H (AW pE™) = A e
n=0
Equating (4-75) and (4-76), and comparing the coefficients of u" (n > 1), we obtain
4-57).
Let iy, ..., i, be nonnegative integers with 1 -i; + ---+n -i, = n, and let
[T={Py,..., P} be apartition in P(N,,) with g =iy +---+i, and N,(I1) =i,
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(a € N,,). Noting (1-7) for = 11, we can obtain

(M Z . n(T) = (D" gl_[(IPI— DIX™ (LY P)Zjp, (T)
i=1

B {(—1)"—8 [, T (IP]=1foralli),
0 (Fi suchthat |P;| > 1),
and so
T if = {{1},...,{1}},
cn(IDZ{yn(T) = —
0 otherwise.
Thus, by (4-74),
> EMZ (D) = Z S azE,(T)
MeP(Ny) win=0 MeP(Np)

(]l]+ n-ip=n) Na(D)=ia(Ya))

= &M 2™ | o), . )

=T"
which proves (4-58). O

4.3. Proof of Corollary 1.3. Let P, be the set of partitions of {1, ..., n},i.e., P, =
P(N,). Let P,.,,, be the subset of P, which consists of partitions I[1={Fy, ..., Py}
such that the number of the parts is m. Note that P, = |_|;’: 1Pu; j» In what follows,
we identify a partition

= {0\, e

“ee v May,

with
O e e,

For example,
{{1,2,3}} =123, {{1,2}, {3}}=12|3, and {{1}, {2}, {3}} =1|2]3.

Let n and n’ be positive integers with n < n’. For convenience, we embed &,, into
G,y in the following way: a permutation

(1 n) of &,
Jl --- Jn

is identified with the permutation

1...nn+1...0
f S,
(jl...jnn+1...n’) oF B



CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 349

which fixes integers between n + 1 and n’.

To prove Corollary 1.3, we require the following three lemmas, which state that
certain sums of values g“('Llwnj)(ln) can be written in terms of values ¢ (l,,; IT), for
depths 2, 3, and 4. We assume thatl,, = (/1,...,[;,) € N" and { € {, m} in the
lemmas.

Lemma 4.11 (case of depth 2).

(4-77) thp)y= > ',
MePs;,

(4-78) (- frow)) = Y ¢ (p: TD).
MePs,y

Lemma 4.12 (case of depth 3).

(4-79) €y Ze)W) =2 Y @5 1),
MePs;3

480)  (¢hy 1T Te)M) =3 Y fUim— Y s,
MePs.3 [ePs;2

4-81)  (x] - fiows|Ze)Ua) =2 > ¢ (s ).
MePs;y

Lemma 4.13 (case of depth 4).
(4-82) (;:1,1,1,1”2:63)(14) =6 Z ¢T (g TD),

MePy.4
(4-83)
Chin| e, Te) M) =12 Y ¢ =2 Y ¢y,
[MePy.4 MePy;3

(4-84) (G ZegBe) M) =3 Y 'l — Y T+ Yo ¢TI,

MePy.4 MePy.3 HEPA(‘_Ziz)

485 (¢5|ZeTe) M) =4 > ' -2 > 'i+2 > ¢'0 ),
HE'P4;4 HE'P4;3 nepfil)

(4-86)
(X4 - Crows| Te)U) =6 Y ¢ (I T,

MePy;y
where Pi?éz) and Pi?él) in (4-84) and (4-85) are subsets in Pa., defined by
Piy = {12]34, 13124, 14123} and Py5" = (1234, 124]3, 134]2, 234]1},

respectively. Note that Ps.o = 734%2) U Pfil).
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We will prove Corollary 1.3 before discussing proofs of Lemmas 4.11, 4.12, and
4.13. We will divide the proof of Corollary 1.3 into three for the cases of n = 2, 3,
and 4.

Proof of Corollary 1.3 for n = 2. Substituting (4-77) and (4-78) into the right-hand
side of (1-2) yields
@ 1 Ze)M) = Y = Y ¢ (I,
ePa;n ePa:

since ¢, = G, and

Xy ()01 (L) = xd W& + 1) = xi () - &1 o wa(l) = (x4 - &1 owa) ().
We have by definition (see (1-5))

1L (IT € Pap),

o= {—1 (I € Pay),

and thus we obtain by P, = U;iz 1P2.m
(@) 1 Ze) () = Y &M Iy ),

MeP,
which proves (1-8) for n = 2. (]
Proof of Corollary 1.3 for n = 3. Applying Xg, to both sides of (1-3), we obtain

(4-87) (53 | Se)(13)
==l 11| Te) ) + (5 1) | T, Tey) U3) + (x4 - ¢ o ws | Te,) (1),
where we have used Xg, = ¢, g, on the left-hand side of (4-87). Substituting
(4-79), (4-80), and (4-81) into the right-hand side of (4-87) yields
@ 1Tt = Y fam— > faxm+2 Y fapm,
MMePs.3 MMePs; MePs;

which proves (1-8) for n = 3, since

I (IT € P3;3),
(I =1-1 (I € P3,),
2 (ITePsy),
and P3 = U} _ 1 Psm- O

Proof of Corollary 1.3 for n = 4. We can see from the fourth and sixth equations
in (4-19) that (14)X¢, = (123)X¢, and (34) X¢, = (132) Z¢,, respectively, and so
it follows from (4-20) that ¥s, = Xg, X¢,. Taking the inverses of both sides of
this equation gives Xg, = X¢, Xs,. Thus, applying Xg, to both sides of (1-4)
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and combining the identities in Lemma 4.13 (or considering (4-82) — (4-83) +
(4-84) + (4-85) — (4-86)), we can obtain

(&) | Ze,)(0a)
=Y dam- Y dasm+ Y Flm+2 Y s m
TPy MePs.s nep®? nep;"
—6 Y ¢y T,
MePy, s

which proves (1-8) for n =4, since

I (IT € Py4),
=1 (IT € Py;3),
GZM=3 1 MePH?),

2 MePdM,
—6  (IT € Py1),

Pasp = Pfiz) U PSQI) and Py = U3121P4;m- 0
We see from (1-1) that x 1‘ (k) =1 for any positive integer k, and so
x| ¢ (k) = ¢f ().

Note that (k) = ;‘IT (k) for k > 2. These facts will be used repeatedly below.
We now give proofs of Lemmas 4.11, 4.12, and 4.13.

Proof of Lemma 4.11. We have P».o = {1|2} and P».; = {12} by definition. Thus,

Y et I = 1 (g U (g () = ¢ e ) = ¢ M),

MePs;,
Y M ) = ) (1, g (1) = x3 (1, )G U + 1) = (x3 - &1 owa) (),
MePs.y
which prove (4-77) and (4-78), respectively. O

Proof of Lemma 4.12. We have
Ps.3 = {11213}, P30 ={12]3,13]2,23|1}, P31 = {123},

by definition. In particular, P35 is expressed as (J, e, {0~ (Do~ (2)|o 1 (3)},
and so

Z ¢T3 ) = Z X;(lgfla), la*‘(Z))é‘lT(la*l(l) +la*‘(2))X;‘(la*1(3));1.1‘(10*1(3))
ePs.n oely
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= Z X;(la’l(l)a lo-12) 61 U101y + 10*1(2))411-(10*1(3))-

O'€€3

Thus, we can obtain

(4-88) o s =¢ M),
MePs.3

(4-89) Y s = (05 - frow) ®¢ | Tey) (),
HEP}:Z

(4-90) > 5 ) = (g - o ws) ).
MePs;

Since ;“(le]’]) is invariant under &3, we have (;gl’]’l) | 262')(13) = 2{5’1y1)(l3),
which together with (4-88) proves (4-79). Similarly, we have ( X3T ‘Ljows | Le,)(3) =
2 X3T - ¢1 o ws(13), which together with (4-90) proves (4-81). We know from (1-2)
that

(4-91) A D S CRY SRR
and so
thy 1 Ze, =8 @4 | Be,
=) | Ze) ®¢)
==X Grow) @/
=l =00 Glow)®¢.
Since €36, = 6,¢3, we have
thy | e, T, = €l ) | Zey)| e
=1y = 0G Crow)®1)) | Be,
=3¢/ 11— 04 Crow) ®1] | Bes.,
which together with (4-88) and (4-89) proves (4-80). This completes the proof. [
Proof of Lemma 4.13. Let ng be the subset of 24 given by

A9 = {e, (13)(24), (123), (132), (142), (234)} = ((13)(24))C3.

Note that g, = 2«12)(34»2912. From the definitions of Py.,, and PX’ZD and some
straightforward calculations, we can see that

Pusa = (1121314},



CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 353
-1 —1 —1 —1
Pyz= U o7 (Do Do B)lo™ (D},
o*e%lg

Py = Uo7 (Do @lo ™' B)o ' @),

oels

P = U e (o' @0 ' B)lo @),

(76@4
Py1 = {1234},

Thus, we can obtain

(4-92) Dty =g,
MePy.4

(4-93) Y U = (G - frow) ® &y | Tgg)(la),
[ePy;3

(4-94) T ) = ((x3 - ¢ ow2)®? | Tey) (L),
HGP&Z)

(4-95) s ) = ((x] - ¢rows) @] | Te,) (),
nepy;”

(4-96) D T T = (xf - 210 wa) ().
MePyy

Since ;5’1’1’1) and X; - {1 o wy are invariant under G4, we have

€l e M) =68} | 1)Us) and (x;-crows| Be,) M) =6x] -Lrows(ly),

which together with (4-92) and (4-96) prove (4-82) and (4-86), respectively.
We now prove (4-83). A direct calculation shows that YX¢, ¥Xg, = Xe, = Zs, 2,
and so, by (4-91),

(4-97) thiy 1 Ze e =) | Te)) Za,
= (&) | Be,) ® L 1) B,
== 0a Clow) @ 1) | Za,
=126 11— 04 Glow) ®¢] ) | Tay

Since To, = (1234 Tog and (X3 -1 0w2) ® () ) is invariant under ((12)(34)),

498) (X3 -c1ow) @) | By =2(x3 - Lrown) ® & ) | To-
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Combining (4-97) and (4-98), we obtain
K(Tz,l,l) | 264263 = 12;}11,1,1) - 2()(;r {1 0wy) ®§(T1,1) | EQ(Q,

which, together with (4-92) and (4-93), proves (4-83).
We now prove (4-84). For this, we require the identity

(4-99) Lo | TevTes = (@) | a2y ®&; | Ziaa)|Ze,
which can be verified as follows. A direct calculation shows that
X((12),34) Ze; = (e + (12) + (34) + (12)(34)) (e + (123) 4 (132))
=e+(12) + (13) + (23) + (34) + (12)(34)
+ (123) + (132) + (143) + (243) + (1243) + (1432).

From this equation and the equivalence classes modulo ((13)(24)) in Table 1, we
see that

264 = 22((12),(34»2@3 mod ((13)(24))

We also see from Xg, = X¢, e, and (4-26) that Xg, = 223@2 Y, mod ((13)(24)),
and so

ECS 263 = E((]z)’(34)>2¢3 mod ((13)(24))
Since {&2) is invariant under ((13)(24)) and since X(12),34)) = X((12)) Z((34))>

C(Tz,z) | g0 Xy = ;(1‘2’2) | Z(12),34)) Zey = (4“2T | 2(12)) ®§“2T | 2(34))) | e,

which verifies (4-99). Then, by (4-91), the right-hand side of (4-99) can be calculated
as

(RHS of (4-99))
= (¢} =X Lrow) @ (L) 1) = X3 - 1ow))| D,
= (¢} 11— 00 Crow) @ 1y =& 1, ® (X3 - Crown) + (4] - L1 own)®?} | Be,
= 34(2,1,1,1)—()(;'(1 0w2)®§(ﬁ,1) | B3 Ze; +(xa - ¢rown)®? | T,

It holds that ¥ ((13)4)) X¢; = Emg’ and so (4-99) can be restated as

é'(Tz,z) | Z¢2263 = 34:1,1,1,1) - (XQJr “f1owr) ® g(TL]) | 22{2 + (X; {10 w2)®2 | 2¢3»

which, together with (4-92), (4-93), and (4-94), proves (4-84).
We lastly prove (4-85) in a similar way to (4-84). We require the identity

(4-100) ¢l 1)1 Ze, Ty

. + Q4 . .
:4{(11,1,1,1)@‘1I _Z(X; le °w2)®§(11,1) | 22@4—2()(;-{10103)@(; | Ze,,
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which can be verified as follows. Identity (1-8) for n = 3 can be restated as
4-101) & | Bey=¢( 11— OF ¢ own) ® 8] | By +2x3 - L1 0w,
because of (4-88), (4-89), and (4-90). A direct calculation shows that

Y, e, = e+ (14) + (34) + (13)(24) + (123) + (124) 4+ (132) 4 (243)
+ (1234) + (1342) + (1423) 4 (1432),

and so we see from the equivalence classes modulo {(12), (34)) in Table 1 that
Yo, Xe, = 229@ mod ((12), (34)).
Since X¢, X, = X, Ze,, we thus have

§(T3,1) | Xey X,

= ¢ %6,%¢, = l1Te,)®¢] | Ze,

(4-101) _+ + ot + + !
=0l | Be— 0 ¢ ow) @2, ) | By ey +2(x] - trows) @4/ | Be,

= 4((-2,1,1,1)_2()(2%‘;;0“)2)@;:1,1) | EQ[2+2(X3T'§IOW3)®§1T | e,

which verifies (4-100). Then, combining (4-92), (4-93), (4-95), and (4-100), we
obtain (4-85), which completes the proof. ([

Remark 4.14. We can find that (1-2) and (1-3) are used to show Lemma 4.12; this
lemma is required for the proof of (1-8) for n = 3. Thus, not only (1-3) but also
(1-2) are necessary to prove (1-8) for n = 3. Similarly, we can find that (1-2), (1-3),
and (1-4) are used to show Lemma 4.13, and thus not only (1-4) but also (1-2) and
(1-3) are necessary to prove (1-8) for n = 4.

5. Examples
We list examples of (1-3) and (1-4) in Table 2 and Table 4, respectively. We also
list examples of (1-8) for n = 3 and n = 4 in Table 3 and Table 5, respectively, for
comparison. The examples treat the case of weight less than 7. We omit examples
of (1-2) and (1-8) for n = 2 because they are essentially the harmonic relations.
The following straightforward expressions of (1-3) and (1-4) are convenient for
calculating the examples in Table 2 and Table 4:
5-1) ¢ (b, b, 1)+ 8] (b, I3, 1)+ 8] (3, 1, 1)
= —¢ )¢ B¢ t3)
+43 (1, )¢ )+ ¢ (b, 1) 1)+ 85 (U, 10E] ()
+ U by D6+ b+ 1),
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Index set Linear relation
(LLD 34,1, ) =xI,1,1)003) (d3-1)
(LL2) | &L L2)+e (1,2, D462 L, D =461, DO @)+ @) (d3-2)

(LL3) | &/ (1L 1,3+ (1,3, D4+6G. LD =40, Da3)+a()  (d3-3)
(122) | &(1,2,2)482,2, D+52,1,2) = -6Q2)aB)+a(5)  (d3-4)
(LLA) |4, L9+ 1,4, D456, 1, D=0, Da@®+4(6)  (d3-5)
(123) |4 (1,2,3)+82,3, )+53,1,2)

=4(1,203)+6G, D& (2)+£1(6) (d3-6)
(1,32) | 4{(1,3,2)453,2, D+52,1,3)

=4 (1,3)0(2)+ 62, D& (3)+£1(6) (d3-7)
(2,22) | 383(2,2,2) = —41(2°+30(2,2)51(2)+£1(6) (d3-8)

Table 2. Examples of (1-3) (or (5-1)).

(52) & (b l3, )+ ¢ (o, I, Ly 1)+ ¢ (U, 1a 1, D)+ 6 (e, 1, 1, 1)
S AD AN BIN

— & (U1, )E 1) ) — &5 () U] ()
— & (3. W D ) = & U, 1)g ()g] (1)
+ 45 U1, )G (3, 1)+ &5 (o, 138, (a, 1)

+ & (e b B U+ ¢ (. I3, 1) (1)

+ 84 (U3, L 1)E () + 64 (s, 11, 1)E, (1)

— X4 (U1, by 3, 1) G (L + D+ 1+ ).

We have used g“]T(l) =0 for all equations in the tables, and {J(l, k) + g“ZT (k,1)=

—¢1(k+1) (k> 1) for (d3-4), (d4-2), and (d4-3).
As was mentioned in Section 1, it holds that

(5-3) ', =0 and (1, 1) = —50(2),

which follows from (3-14) with /; =1, =1, or 2z1z; = 21 *z1 — 2. In fact, applying
Z* to both sides of this equation, we obtain 2Z i“’l(T) = T? —¢1(2), which together
with (2-8) and (3-64) gives (5-3). Lastly, we derive the following equations from
(d3-1) and (d4-1) as applications of examples:

(5-4) (L1, 1) = ¢ (1, 1,1, 1) =0,

(5-5) G, 1L, 1) =300),

(5-6) 111 = 5601 (4).
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Index set Linear relation

(LY | 62i(1, 1, 1) =2x(1, 1, )& (3) (d3'-1)
(L12) | 2] (1, 1,2) +¢{(1,2, ) + &2, 1, 1))

= —x1(1, D2 +2¢,(4) (d3'-2)
(LL3) | 2251, 1,3) 44/ (1,3, )+ 53,1, 1)

= —x3 (1, D& )8 (3) +261(5) (d3-3)
(1,22) | 202 (1,2,2) + 32,2, 1) + &2, 1,2))

=—-221(2)51(3) +221(5) (d3'-4)
(1,1,4) 2(§3T(1,1,4)+§§(1,4,1)+§3(4,1,1))

= —x1 (1, D& ()21 (4) +2£,(6) (d3'-5)
(123) |4 (1,2,3)+4/(1,3,2+ 62, 1,3) + 52,3, 1)

+833,1,2)+ 433, 2, 1)

= (51814 +1(3)?) +2¢1(6) (d3'-6)

(2,2,2) | 623(2,2,2) = 1(2)° = 351(2)1(4) +2£1(6) (d3’-7)

Table 3. Examples of (1-8) for n = 3.

Index set Linear relation
(LLLD [427, 1,1, D =221, D2 = x (1,1, 1, )¢ (4) (d4-1)
(LLL2) [ /(L 1,1, +4 (1, 1,2, D) +4/ (1,2, 1, 1)+ 242, 1,1, 1)

= —CZT(I, DB +¢,(1, 1, D52 —41(5) (d4-2)
(LLL3) [ &/, 1,1,3) 4471, 1,3, D+ (1,3, 1, )+ 4G, 1,1, 1)

= —;‘;(1, D& +¢,1, 1, 1D)85(3) — 61(6) (d4-3)

(1,122) | 2/(1,1,2,2) +¢4(1,2,2, D422, 2,1, D +¢/ (2,1, 1,2)
=4 (1, D22+ 4, (1, D6(2,2) +¢5 (1,262, 1)

+ 1, 1,2+ 52, 1, 1)E1(2) — 61(6) (d4-4)
(1,2,1,2) | 2(2/(1,2,1,2) + 24(2, 1,2, 1))
=4 (1,22 + 52, D +2¢{ (1,2, D& (2) — 61(6) (d4-5)

Table 4. Examples of (1-4) (or (5-2)).

We can easily obtain (5-4) from (d3-1) and (d4-1) for § = 1, since
x3 (L1, 1) =x,"(1,1,1,1)=0 and &"(1,1)=0.

We can also obtain (5-5) from (d3-1) for ¥ = %, since x3(1,1,1) = 1. Since
xs(1,1,1,1)=1and ¢(1, 1) = —¢1(2)/2, we obtain from (d4-1) for T = * that

A45(L L LD =281, D —a@ = 1a@? - a@),
which together with (3-72) proves (5-6).
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Index set Linear relation
(LLLD) | 242](1, 1,1, 1) =3y, (1, D& (2)? = 6x (1, 1, 1, D1 (4) (d4’-1)

1,1,1,2) 6(;4*(1,1,1,2)+;j(1,1,2,1)+.;j(1,2,1,1)+;4(2,1,1,1))
= 3X2T(1, D@ B) +2x;(1, 1, DG )G (B) —641(5)  (d4-2)

(LL,L3) | 605 (1,1, 1,3+ (1,1,3, ) 4+¢,(1,3,1, D+ (3, 1,1, 1))
=3x, (1, D& Q)54 +2x5 (1, 1, D (3)? = 641 (6) (d4'-3)
(1,12.2) | 42)(1,1,2,2) +¢4(1,2,1,2) +£4(1,2,2, 1)+ 2/ (2,1, 1,2)
+4/2,1,2, D) +4/(2,2,1, 1)
=—x (1, DG3 + (3 (1, D) + 951 ()21 (4)
+21(3)* — 6£1(6) (d4'-4)

Table 5. Examples of (1-8) for n = 4.
Acknowledgements

The author would like to thank the referee for suggestions (e.g., the modification of
the definition (1-7)), which enabled the author to prove Theorem 1.2 for all depths
n, and to streamline the notation in the present paper.

References

[Borwein and Girgensohn 1996] J. M. Borwein and R. Girgensohn, “Evaluation of triple Euler sums”,
Electron. J. Combin. 3:1 (1996), #R23. MR Zbl

[Drinfeld 1990] V. G. Drinfeld, “O xBa3uTpeyroJbHbIX KBa3UXON(OBLIX aarebpax u OmHOUI
rpymme, TecHo cpsasanuon ¢ Gal(Q/Q)”, Algebra i Analiz 2:4 (1990), 149—181. Translated as
“On quasitriangular quasi-Hopf algebras and on a group that is closely connected with Gal(Q/Q)” in
Leningrad Math. J. 2:4 (1991), 829-860. MR Zbl

[Euler 1776] L. Euler, “Meditationes circa singulare serierum genus”, Novi Comm. Acad. Sci. Petropol.
20 (1776), 140-186. Reprinted in Opera Omnia Ser. 115 (1911), 217-267. JFM

[Hoffman 1992] M. E. Hoffman, “Multiple harmonic series”, Pacific J. Math. 152:2 (1992), 275-290.
MR Zbl

[Hoffman 1997] M. E. Hoffman, “The algebra of multiple harmonic series”, J. Algebra 194:2 (1997),
477-495. MR Zbl

[Hoffman 2015] M. E. Hoffman, “Quasi-symmetric functions and mod p multiple harmonic sums”,
Kyushu J. Math. 69:2 (2015), 345-366. Zbl

[Hoffman and Ohno 2003] M. E. Hoffman and Y. Ohno, “Relations of multiple zeta values and their
algebraic expression”, J. Algebra 262:2 (2003), 332-347. MR Zbl

[Ihara et al. 2006] K. Ihara, M. Kaneko, and D. Zagier, “Derivation and double shuffle relations for
multiple zeta values”, Compos. Math. 142:2 (2006), 307-338. MR Zbl

[Kawashima 2009] G. Kawashima, “A class of relations among multiple zeta values”, J. Number
Theory 129:4 (2009), 755-788. MR Zbl

[Machide 2012] T. Machide, “A parameterized generalization of the sum formula for quadruple zeta
values”, preprint, 2012. arXiv


http://www.combinatorics.org/Volume_3/Abstracts/v3i1r23.html
http://msp.org/idx/mr/1401442
http://msp.org/idx/zbl/0884.40005
http://mi.mathnet.ru/rus/aa/v2/i4/p149
http://mi.mathnet.ru/rus/aa/v2/i4/p149
http://msp.org/idx/mr/1080203
http://msp.org/idx/zbl/0718.16034
http://eulerarchive.maa.org/pages/E477.html
http://msp.org/idx/jfm/53.0020.03
http://dx.doi.org/10.2140/pjm.1992.152.275
http://msp.org/idx/mr/1141796
http://msp.org/idx/zbl/0763.11037
http://dx.doi.org/10.1006/jabr.1997.7127
http://msp.org/idx/mr/1467164
http://msp.org/idx/zbl/0881.11067
http://dx.doi.org/10.2206/kyushujm.69.345
http://msp.org/idx/zbl/06519983
http://dx.doi.org/10.1016/S0021-8693(03)00016-4
http://dx.doi.org/10.1016/S0021-8693(03)00016-4
http://msp.org/idx/mr/1971042
http://msp.org/idx/zbl/1139.11322
http://dx.doi.org/10.1112/S0010437X0500182X
http://dx.doi.org/10.1112/S0010437X0500182X
http://msp.org/idx/mr/2218898
http://msp.org/idx/zbl/1186.11053
http://dx.doi.org/10.1016/j.jnt.2008.11.002
http://msp.org/idx/mr/2499404
http://msp.org/idx/zbl/1220.11103
http://msp.org/idx/arx/1210.8005

CONGRUENCE IDENTITIES OF REGULARIZED MULTIPLE ZETA VALUES 359

[Machide 2015] T. Machide, “Use of the generating function to generalize the sum formula for
quadruple zeta values”, preprint, 2015. arXiv

[Reutenauer 1993] C. Reutenauer, Free Lie algebras, London Mathematical Society Monographs
(N.S.) 7, Oxford University Press, New York, NY, 1993. MR Zbl

[Stanley 2013] R. P. Stanley, Algebraic combinatorics: walks, trees, tableaux, and more, Springer,
New York, NY, 2013. MR Zbl

[Tsumura 2004] H. Tsumura, “Combinatorial relations for Euler—Zagier sums”, Acta Arith. 111:1
(2004), 27-42. MR Zbl

Received December 15, 2014. Revised December 17, 2015.

ToOMOYA MACHIDE

JST, ERATO, KAWARABAYASHI LARGE GRAPH PROJECT
GLOBAL RESEARCH CENTER FOR BIG DATA MATHEMATICS
NATIONAL INSTITUTE OF INFORMATICS

2-1-2 HITOTSUBASHI

CHIYODA-KU

Tokyo 101-8430

JAPAN

machide @nii.ac.jp


http://msp.org/idx/arx/1503.01194
http://msp.org/idx/mr/1231799
http://msp.org/idx/zbl/0798.17001
http://dx.doi.org/10.1007/978-1-4614-6998-8
http://msp.org/idx/mr/3097651
http://msp.org/idx/zbl/1278.05002
http://dx.doi.org/10.4064/aa111-1-3
http://msp.org/idx/mr/2038060
http://msp.org/idx/zbl/1153.11327
mailto:machide@nii.ac.jp




PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Silvio Levy, Scientific Editor, production@msp.org

ACADEMIA SINICA, TAIPEI
CALIFORNIA INST. OF TECHNOLOGY

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Igor Pak
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pak.pjm@gmail.com

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY
UNIV. OF BRITISH COLUMBIA

INST. DE MATEMATICA PURA E APLICADA UNIV.
UNIV.
MATH. SCIENCES RESEARCH INSTITUTE UNIV.
UNIV.
UNIV.
UNIV.

KEIO UNIVERSITY

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

OF CALIFORNIA, BERKELEY
OF CALIFORNIA, DAVIS

OF CALIFORNIA, LOS ANGELES
OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

Daryl Cooper

Department of Mathematics
University of California
Santa Barbara, CA 93106-3080

coop!

er @math.ucsb.edu

Jiang-Hua Lu

Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Jie Qing

Department of Mathematics
University of California

Sant;
qin,

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

a Cruz, CA 95064
g@cats.ucsc.edu

OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2017 is US $450/year for the electronic version, and $625/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

nonprofit scientific publishing

http://msp.org/

© 2017 Mathematical Sciences Publishers

:l mathematical sciences publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:pak.pjm@gmail.com
mailto:yang@math.princeton.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

TOMOYA MACHIDE

Conformally Kéhler Ricci solitons and base metrics for warped
product Ricci solitons

GIDEON MASCHLER
Calculating Greene’s function via root polytopes and subdivision
algebras

KAROLA MESZAROS

Classifying resolving subcategories
WILLIAM SANDERS

The symplectic plactic monoid, crystals, and MV cycles
JACINTA TORRES

A note on torus actions and the Witten genus
MICHAEL WIEMELER

361

385

401

439

499

0030-8730(201702)286:2;1-X



	1. Introduction and statement of results
	2. Preparation
	3. Relations
	3.1. Harmonic relations
	3.2. Renormalization relations

	4. Proofs
	4.1. Proof of 0=theorem.31=Theorem 1.1
	4.2. Proof of 0=theorem.111=Theorem 1.2
	4.3. Proof of 0=theorem.121=Corollary 1.3

	5. Examples
	Acknowledgements
	References
	
	

