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OF REGULARIZED MULTIPLE ZETA VALUES

ToMOYA MACHIDE

There are two types of regularized multiple zeta values: harmonic and shuf-
fle types. The first purpose of the present paper is to give identities involving
cyclic sums of regularized multiple zeta values of both types for depth less
than 5. Michael Hoffman, in “Quasi-symmetric functions and mod p mul-
tiple harmonic sums” (Kyushu Journal of Mathematics 69 (2015), 345-366)
proved an identity involving symmetric sums of regularized multiple zeta
values of harmonic type for arbitrary depth. The second purpose is to prove
Hoffman’s identity for shuffle type. We also give a connection between the
identities involving cyclic sums and symmetric sums, for depth less than 5.

1. Introduction and statement of results

Multiple zeta values (MZVs) are real numbers that are variations of special values of
the Riemann zeta function 1 (s) = Y ., 1/m* with integer arguments. Regularized
multiple zeta values (RMZVs) are generalizations of MZVs, which are defined
in [Ihara et al. 2006] as constant terms of certain polynomials. There are two
types of RMZVs: harmonic and shuffle types. It is known that these values satisfy
a great many relations over Q, including, for example, extended harmonic and
shuffle relations, Drinfeld associator relations, and Kawashima’s relations (e.g., see
[Drinfeld 1990; Ihara et al. 2006; Kawashima 2009]). New classes of relations are
being studied, but their exact structure is not yet fully understood.

The first purpose (Theorem 1.1) of the present paper is to give identities involving
cyclic sums of RMZVs of both types for depth less than 5. Hoffman [1992,
Theorem 2.2] proved an identity involving symmetric sums of MZVs for arbitrary
depth, and then, he extended it to RMZVs of harmonic type [Hoffman 2015,
Theorem 2.3]. The second purpose (Theorem 1.2) is to prove Hoffman’s identity
for shuffle type. We also show that Theorem 1.1 yields Theorem 1.2, for depth less
than 5 (see Corollary 1.3).
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We will begin by introducing the notation and terminology that will be used to
state our results. An MZV is a convergent series defined by

En(ly) := Z ﬁ,

my>-->m;>0 m,

where 1, = (I1, ..., [,) is an (ordered) index set of positive integers with /; > 2. In
other words, MZVs are images under the real-valued function ¢, with the domain
{Ui,.... 1) € N* |1} = 2}, where N denotes the set of positive integers. We
call w,(1,) =11 +-- -+ 1, the weight, and d,,(1,) = n the depth. Thara, Kaneko,
and Zagier [Ihara et al. 2006] extended MZVs to two types of RMZV (harmonic
and shuffle) with two different renormalization procedures for divergent series
¢n(1,) of Iy = 1. The former and latter types are denoted by ¢(l,) and ¢, (1,),
and they inherit the harmonic and shuffle relation structures, respectively. The
following are a few examples of these values: ¢;(1) = ¢" (1) =&, (1, 1) =0 and
¢y (1, 1) = —=£1(2)/2 # 0. In other words, RMZVs ¢y (1,) and ¢, (1,) are images
under two different extension functions of ¢, to the domain N",

Let &, denote the symmetric group of degree n, and let e = e, denote its
unit element. Let €3 and €4 be the cyclic subgroups in &3 and &4 given by
C3=((123)) ={e, (123), (132)} and €4 = ((1234)) = {e, (1234), (13)(24), (1432)},
respectively. We set €, = ((12)) (or & = G3) for convenience. The group ring
Z[6,] of G, over Z acts on a function f of n variables in a natural way by

(FIT)Grs s Xn) 2= 2000 f (o11)s - -0 Xom1(a)

where ' = ) "a;0; € Z[&,]. This is a right action, that is, f | (I'1[2) = (f|y) | Ta.
For a subset H in &,,, we define the sum of all elements in H by

Y=Y, 0 € Z[6,]
oeH

Thatis, (f | Za) (X1, ..., %) 18 ) ey S (Xo-1(1) -+ +» Xg-1(n))- In particular, if H
is a group, it is ZUGH fxo1y, -y Xo(n)) because H = H~!. For positive integers
ni,...,nj,n with ny +---+n; = n, we define real-valued functions with the
domain N" by

......

= {’Il (llv sy ln|)§yj—2(ll’l]+l y ooty lnH—nz) e ;;j (li’l]-i-l’lz-‘r"'-‘rn_,‘_]-‘rlv sy lrl)a

where 1 € {x, m}. For example,

thy)=¢lanef ) and ¢, () =] (1. g ().
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We define the characteristic functions y,; and x," of the set N" by

0O iftn>1,L1=---=[,=1,

1-1 ;1) =1 and x,'(I,) =
- x, 1) and X, (In) {1 otherwise,

respectively. We have defined ;" (1) to be not 0 but 1, though this definition will
not be used in Theorem 1.1. We will need it to hold consistency between Definitions
(1-1) and (1-7); to prove Theorem 1.2, (1-7) is required.

Theorem 1.1 is stated as follows.

Theorem 1.1. Letl, = (Iy, ..., 1,) be an index set in N", and let L,, = w, (1,) be
its weight. Then we have the following identities for RMZVs ¢y (1,) and " (1,) of
n=2,3,and 4:

(1-2) (4 | Te) ) = ¢ 1)) — x3 ()41 (L),

(1-3) @ 1Ze) ) ==& 1 1,0 + (€5 1) | Te) () + x5 13)81 (L),

(14) @1 D)) =& 110 = Chp | Be) M) + (o) | Ze) M),
+ (651 1 Be) M) — %] A1 (L),

where t € (x, m}, and €3 in (1-4) is the subset {e, (1234)} of €4.

We note that (1-2) can be easily obtained from the harmonic relations

gr e () =& )+ &5 (L, W)+ & (h + 1)

for RMZVs of harmonic type of depth 2; thus our main results are (1-3) and (1-4)
(see Section 5 for their straightforward expressions).
We now recall Hoffman’s identity. Let | P| be the number of elements of a set P.

For any partition I1 = {Py, ..., P,} of the set {1, ..., n}, we define an integer
cn(IT) by

m
(1-5) cn(I) := (=" 1_[(|Pi| - D

i=1
For f € {*, m}, we define a real number {T(ln; IT) by

>in),

peEP;

(1-6) RO l PA( P,»)(
i=1

where

0 if f=m,|P|>1,and[, =1forall pe P,

1-7 a P =
(1-7) X i i) {1 otherwise.
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For example,
x"((2,1,1D:{2,3) =0 and x™((2,1,1);{1,3) = x"(2, 1, D; {3) =1.

We note that x"(ly; P) = x| (lp,.....1p) if P, ={pi.....p;}. For any index
I, =, ...,1;) in N*, Hoffman [2015, Theorem 2.3] proved the following identity
involving symmetric sums of RMZVs of harmonic type:

(1-8) G = > &M,

partitions IT of {1,...,n}

where T = *. In the case that /; > 1 for all i, he proved (1-8) in [Hoffman 1992,
Theorem 2.2]. (In this case, ¢,(1,) = ¢ (1,) = ¢ 1,).)
Theorem 1.2 is stated as follows.

Theorem 1.2. Identity (1-8) for ¥ = m holds.

Corollary 1.3 gives a connection between identities involving cyclic sums and
symmetric sums of RMZVs, for depth less than 5.

Corollary 1.3. Let T € {x, m}. Identity (1-2) yields (1-8) for n = 2, identities (1-2)
and (1-3) yield (1-8) for n = 3, and identities (1-2), (1-3), and (1-4) yield (1-8) for
n=4.

Remark 1.4. Hoffman proved (1-8) for § = * under a general algebraic setup, i.e.,
the harmonic algebra $. that will be introduced in Section 2. (To be more precise,
he used the algebra of quasisymmetric functions that is isomorphic to $1.) The
constant terms of the polynomials Z (T') defined in [Ihara et al. 2006] are RMZV's
¢;(1,), and the polynomials Zl*n (T) have the same harmonic relation structure as
RMZVs ¢ (1,) (see Section 2 for details). Thus, (1-8) for § = * also holds in the
case of Zj' (T'). This fact will be necessary to prove Theorem 1.2.

We now briefly explain how Theorem 1.1, Theorem 1.2, and Corollary 1.3 can
be proved. We first prove the identities in Theorem 1.1 for ¥ = % from harmonic
relations of RMZVs ¢ (1,,). Thara et al. [2006, Theorem 1] gave a class of relations
over ) between RMZVs ¢*(1,) and ¢," (1,), which we call renormalization relations.
Using renormalization relations, we derive the identities in Theorem 1.1 for ¥ = m
from those for ¥ = *, and we complete the proof of Theorem 1.1. Similarly, we
prove Theorem 1.2 by combining the renormalization relations and (1-8) for ¥ = in
which ¢;(1,) are replaced by Zj (T'). We show Corollary 1.3 by focusing on the fact
that &€, is a subgroup of G,,, i.e., (;‘; | ¥¢,)(1,) is a partial sum of ({J | Za,) ).

It is worth noting that Theorem 1.1 gives the following property, which is an
analog of the parity property [Borwein and Girgensohn 1996; Euler 1776; Ihara
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et al. 2006; Tsumura 2004]; any cyclic sum of RMZVs of depth less than 5, or

(1-9) G Se )W) =D 6f Ul L)

j=1

forn =2, 3,4 and { € {*, m}, is a rational linear combination of the Riemann zeta
value ¢;(l; + - - - 4+ 1,) and products of RMZVs of smaller depth and weight. It
appears that the existence of such a property for depth greater than 4 is an open
problem. (The case of symmetric sums of general depth easily follows from (1-8);
there is a stronger property from (1-8), such that any symmetric sum can be written
in terms of only Riemann zeta values.) It is also worth noting that Hoffman and
Ohno [2003] studied a class of relations involving

n
DG+l l L),
j=1

whose form is quite similar to (1-9), but the first indices differ.

The paper is organized as follows. In Section 2, we review some facts of
RMZVs by referring to [Hoffman 1997; Thara et al. 2006]. Sections 3 and 4
have two and three subsections, respectively. Sections 3.1 and 3.2 are devoted to
calculating harmonic relations for RMZVs ¢(l,) and renormalization relations
between RMZVs ¢ (1,) and ¢," (1), respectively, for depth less than 5. We then
prove Theorem 1.1 in Section 4.1, Theorem 1.2 in Section 4.2, and Corollary 1.3 in
Section 4.3. We give some examples of Theorems 1.1 and 1.2 in Section 5.

Remark 1.5. (i) Although the ideas of the proofs are the same, the computational
complexity of proving (1-4) is much greater than that required to prove (1-2) and
(1-3). We recommend that, on first reading, those readers who are interested only
in the ideas skip over the statements relating to the proof of (1-4) (or statements in
the case of depth 4).

(i1) This paper is an expansion of Section 2.1 in [Machide 2012]. The remainder of
the results of that article has been amplified in [Machide 2015].

2. Preparation

Let $ = Q(x, y) be the noncommutative polynomial algebra over Q in two inde-
terminates x and y, and let $° and $)! be its subalgebras Q + x$y and Q + §y,
respectively. These algebras satisfy the inclusion relations $° C $' C §. Let z;
=1y for any integer [ > 1. Every word w = wqy in the set {x, y} with
terminal letter y is expressed as w = gz, - - - z;, uniquely, and so $! is the free
algebra generated by z; (I = 1,2, 3, ...). We define the harmonic product * on $'

denote x
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inductively by

2-1) lsw =w=x1 = w,
(2-2) zrwyxzpwy = Zg(wy * Zywo) + 27 (Zwy * wo) + Zegr (W * wo),

for any integers k,/ > 1 and words w, wy, wy € $!, and then extend it by Q-
bilinearity. This product gives the subalgebras $° and $' structures of commutative
(D-algebras [Hoffman 1997], which we denote by .62 and Y)i, respectively; note that
$? is a subalgebra of $.. In a similar way, we can define the shuffle product m on
$H! and the commutative @-algebras $H?, and $. (see [Thara et al. 2006; Reutenauer
1993] for details).

Let Z : §° — R be the Q-linear map (evaluation map) given by

(2-3) Z(, - a) =) (2, -z, €H%).

We know from [Hoffman 1997] that Z is homomorphic on both products * and 1,
that is,

Z(wy *wy) = Z(wy mwy) = Z(wi)Z(ws)

for wy, wo € H°. Let R[T] be the polynomial ring in a single indeterminate with real
coefficients. Through the isomorphisms ! ~ $[y] and ! ~ $° [y], which were
proved in [Hoffman 1997] and [Reutenauer 1993], respectively, Ihara et al. [2006,
Proposition 1] considered the algebra homomorphisms

Z*: 9. - R[T] and Z™:9} — R[T],

respectively, which are uniquely characterized by the property that they extend the
evaluation map Z and send y to T. For any word w =z, - - - 7;, € $', we denote
by Zj (T) and Z}"(T) the images under the maps Z* and Z™, respectively, of the
word w, that is,

Q4 Zi (D) =Z" -z and ZF (T)=Z"(z - 2,)-

Lseees

.....

(The notation Zl*; (T) and Zl‘f (T) will be used when we focus on the variable T
and the corresponding index set 1, of the word z;, - - - z;,.) Then the RMZVs ¢*(1,)
and ¢™(1,) of the harmonic and shuffle types are defined as

25 e ) =2ZF 0 and (... L) =2 (0),

Toeees n

.....

respectively. Obviously, ¢, (1,) = ¢," (1,) = ¢, (1,) if [; > 1. We have
Z%(zky 2k 2y ) = 2 @ 2 2@y )

for index sets (ki, ..., k) and (I1, ..., 1,), since Z* is homomorphic, and so we
see from the first equations of (2-4) and (2-5) that the RMZVs ¢, (1,) satisfy the
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harmonic relations. In Section 3.1, we will calculate these relations in detail for
depth less than 5. (We can also see that the RMZVs ¢ (1,) satisfy the shuffle
relations since Z™ is homomorphic, but we will not discuss this in the present
paper.)

Let A(u) = Z:io ykuk be the Taylor expansion of e”*I"(1+u) near u =0, where
y is Euler’s constant and I'(x) is the gamma function. The renormalization map
0 :R[T] — R[T] is an R-linear map defined by

(2-6) ple’) = Awe".
That is, images p(T") are determined by comparing the coefficients of #™ on both

sides of (2-6), and expressed as

m

Tm—i
2-7) p(T")y=m!y
i=0

(m—1i)!

(m=0,1,2,...).

Then the renormalization formula proved by Ihara et al. [2006, Theorem 1] is
(2-8) p(Zy(T) = Z;)(T).

Combining (2-5) and (2-8) with T = 0, we can obtain relations between RMZV's
¢¥(l,) and ¢;" (1,), or renormalization relations. In Section 3.2, we will calculate
these relations in detail for depth less than 5.

3. Relations

3.1. Harmonic relations. We begin by defining the notation that we will use to
state the harmonic relations of RMZVs ¢(1,) of depth less than 5 in terms of
real-valued functions.

We first define analogs of the weight map w, : N* — N of depth n. For positive
integers ny, ..., nj,n withny +---+n; =n, we define the map we,,, .., from
N" to N/ by

(3_1) w(l’ll ..... n,)(ln) = (wnl(llv--wlnl):---7wnj(ln1+n2+--~+nj_1+l7--wln))-

For example, wo,1)(l1, [2, [3) = (l1+12, I3) and w1 2.1y (L1, I2, I3, 14) = (11, [ +13, 14).
We define a subset Uz in &3 as

(3-2) Us = {e3, (23), (123)},
and subsets Uy, Vf, Vyu, Wf, W41, Wy, and X4 in &4 as
(3-3) Uy = {eq, (34), (234), (1234)},

VY ={(23), (1243)},
(3-4) Vi = {esq, (13)(24), (123), (243)} U V40,
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Wy ={(23), 24)},
(3-5) W41 ={(34), (1234), (1243), (1324)} U Wf,
Wy = {es, (13)(24), (123), (124), (234), (243)} U W41,

(3-6) X4 ={(14), (23)} U 4.

We have the inclusion relations Vf C V4 and Wf C Wj C W4. We denote by 23
and 24 the alternating groups of degree 3 and 4, respectively. Note that 23 = &5.
Functional composition o satisfies the distributive law, i.e.,

(320 (320) =5 e

where f; are real-valued functions with the domain N", and g; are vector-valued
functions with a same domain whose images are included in N". The notation
f og|o is unambiguous since (fog) |o = fo(g]| o).

Remark 3.1. For integers j,n with1 < j <n—1, let shg.") be the shuffle elements
given in [Ihara et al. 2006], which are elements in Z[S,,] and defined as

sh;n) = Z .
oeGSy

( o()<--<a(j) )
o(j+1)<-<o(n)

The elements Xy,, Xy,, and Xy, are equal to sh(3), sh§4), and sh§4), respectively.
The element Xy, cannot be written in terms of only a shuffle element, but it is
equal to shg‘) (34)) = Xy, X(34)) as we will see in (3-36), below.

The harmonic relations we desire are listed below.

Proposition 3.2 (case of depth 2). We have

(3-7) iy =26 | B¢, +S1ows.

Proposition 3.3 (case of depth 3). We have

(3-83) Con =8 | Zu, + &5 o (way | (123) +wa 2),

(3-9) Cian =8 1 Ze; + 8 o (way +wa ) | Zey + &1 ows.

Proposition 3.4 (case of depth 4). We have

(3-10) Can =8 | 2y, + &5 o ((we .y +waan) | (234) +wa2),

(3-11) Choy =84 | 2y + &5 0wy +waan +wai2) | Evf
+ ¢ owpeo | (23),

(3-12) C(*Z,l,l) = C: | 2W4

+¢5o (w(z,l,l) | EW4164) +wazn | B +w,,2) | Xyt

1
W4‘(1234) 4,(1324)
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+&5 o (wey | Zyo+wen | 24+ wi,3))

(G-13)  Chaan =& | Ze, + &3 o (wein +wazn +waio) | Za,
+& o (we | x, + (wa,ny +waz) | Ze,) + 810wy,
where W41ﬁ (o € {(34), (1234), (1324)}) in (3-12) mean the subsets WA} \ {o}.

We will show Lemmas 3.5, 3.6, and 3.7 to prove Propositions 3.2, 3.3, and 3.4,
respectively. These lemmas calculate the harmonic products of the generators z; of
9! for the corresponding depths.

Lemma 3.5 (case of depth 2). For positive integers 11, I, we have
(3-14) 20, % 2, = 20,21, T 20,20 204 -
Lemma 3.6 (case of depth 3). For positive integers 11, [, I3, we have

(3-15) 22 * 2y = 2y 235 T 242120 23202t 22l Tt 2 2+
(3-16) 20, % 20, % 21, = 20, 20,205 + 20,2520, + 20,20, 20 + 220520+ 20,20, 20,
+ 21320520+ 241,20 T 2+ 20 242,

+ 20,2+t 22041+ 232040, 2 41+
Lemma 3.7 (case of depth 4). For positive integers 1, [, I3, l4, we have

(3-17) 20,2052 * 2y = 20,2y Z3 2y + 2020, 20,205 22y 2 20y 20,20, 20525

2 1420 2y 2y 2y s 20 2 23y

(3-18) 20,2y * 232y = 2y 22520y + 2y 2202+ 20, 2520420
+ 20320, 20, 20y F 2520, 214 20+ 20520420, 2y
+ 204132020 F 21520420 F 20 2452,

+ 20320142l T 2 2y 2320 2y T 24 2l

(3-19) 20,20y % 25 * 2y = 2y 2y * 32Uy 20y 2 *k 20425
+ 2054142020, 20, 2 +1420 22,254,

+ 213+, 2 F 2 234y

(3-20)  zj * 2, % 2% 21, = 20,20, % 2y ¥ 20y 20,20, % 2y ¥ 2,
+ 2041, 20321, F 20 41204205 F 2032040 20t 214204205
252020+ T 24252+ 2 b sy 22
BRI E T U 4 i o A TR R 4 Py o A VA R iy o A P A PR SR
+ 2+l -

Proof of Lemma 3.5. 1dentity (3-14) follows from Equations (2-1) and (2-2) with
w) =wy = 1. O
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Proof of Lemma 3.6. We see from (2-1), (2-2), and (3-14) that

22 * 2y = 2 (2 * 21) + 25 (232, % 1) + 20405 (21, % 1)
= 21, (225 + 2120 + Z2h+13) + 2032020+ 2452

= 21, 21,205 + 21, 20320 + 20320, 20y F 2041320 F 20y 2a s
which proves (3-15). We see from (3-14) and (3-15) that

20y % 21 % 2 = (2,2, + 220 + 20 +,) * 2s
= 21,2y * 2y + 2,20, * 25 21 R 2y
= 20 20,20 + 2121320 + 2320 20 21320 2 240
+21,21, 205 + 21,2152 F 2320,20 F 2 +3.20 i 24

F20 41,25+ 22+, F AUy 1+
which proves (3-16), and completes the proof. U
Proof of Lemma 3.7. We see from (2-1), (2-2), and (3-15) that

220620 % 2, = 20 (2R 2 * 21) + 2,20 2n2 % 1) + 2040, (22 % 1)
= 21(2n 2121+ 2242y + 242020 F 2h+1,20 + 2 2s+,)
+21,21, 20,25 + 21 11420, 25
= 21,21, 205 20y F 20, Z20n 21,205 T 20y 204200 205 T+ 204201 20 25

+Z11+l4zlzzl3 + le le+l4zl3 + Z11212Z13+l47
which proves (3-17). We see from (2-2), (3-14), and (3-15) that

21,2, * 220y = 20y (21, * 21521,) + 20 (20, 20, % 21,) + 204415 (20, % 21,)
=12 (le 22+ 2322y F 2232, L Uy T Uy Zl4+lz)
‘252 220, + 202020 + 20,20 20 F 2+ 20t 20 2 4)
‘2415 (220, + 20,20+ 2141,)
= 21, 21,205 20y F 21, 21520, 204 F 20, 20520420, + 2520, 20,20
+21,21, 20421, + 20321420, 2y + 204132020 F 20+ 20420,

20y 2y 132y T 22Uy, Ry T T R Lyl T 23 T Tyl T 2y 3 Tty s
which proves (3-18). We see from (3-14) and (3-15) that

LR, * ap * 2y = 22, * (Zl3 an + 21431 + Zl3+l4)
= 21,2 * 2320, T 20, 2, % 21y Ty T 20 Ty * 2z +y
= 20,2 * 2520y 2, 2y * 2y 2y

+Z[1 Z12Z13+l4 + Zl] Zl3+l4zlz + Zl3+l4zll le + le+13+l4zlz + Zl] le+l3+l4 )
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which proves (3-19). We see from (3-14) and (3-16) that
2y * 2k 2% 2y = (20 2+ 2020 F 2 +,) ¥ 2k 2,
= 2 2R 2R AU 22 R 2K 2 2 R 2K 2,
= 22U ¥ UK LUy 220 K 2 K 2Ly
T2 41,252y 2 12y 2 LU 241 Ty 2+ 3
21,21, 20 +1, F 20y T3 2y +y T 2o+ 2y T 2+ +H 2l T 23 +14 2+
T2+ s+, 220y o+ 22+ +13 T 2 A3+ s
which proves (3-20), and completes the proof. [l
We are now in a position to prove Propositions 3.2 and 3.3.

Proof of Proposition 3.2. Let , = (I1, I;) be an index set in N?. Applying the map
Z* to both sides of (3-14) and substituting 7 = 0, we obtain

rANe (L) =g, )+ & (b I+ &7 U+ 1)
= Z & e-101)s lo12) + & (L1 +1).

oely

We thus have

¢ay) = (&' | 2ey) () + ¢ owa(l),

which proves (3-7) because 1, is arbitrary and ¢;" o wa(l2) = ¢1 o wa(lp) by virtue of
wa(b) =11+ >2. O

Proof of Proposition 3.3. Let Iz = ({1, [, [3) be an index set in N3, Applying the
map Z* to both sides of (3-15) and substituting 7' = 0, we obtain

&y, L)ef d3)
=4, b B+ B )+ U L )+ 8 (L + 13, L)+ 65 (L b+ 13)
= Z &3 Us-11)s Lo-12)5 Lo—13)) + &5 U1y Fo-12y5 Lm13) + &5 (L1, b+ 13),

oelUs

where T = (123). We thus have

5o,y M3) = (651 2oy (d3) + (85 cweny | (123))(d3) + &5 o w2 (13),
which proves (3-8). In a similar way, we obtain from (3-16) that
Caan®) = (&3 Zey)(3) + (&5 o (e +wa o) | Zey)(3) + ¢ ows(ls),
which proves (3-9). ]

We require another lemma for the proof of Proposition 3.4, since the proof is
more complicated than those of Propositions 3.2 and 3.3.
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Lemma 3.8. Let id = id4 mean the identity map on N*. We have the following
equations in maps with the domain N*:

()
(G-21)  wao | (23)Zee) = wa) | By,
(3-22)  wajn | ZyoX(aay

wa ik | By — G4 = (1324)) (G, j, k) € D),
wa ik | By — 24 = (1234)) - (G, j, k) = (1,2, 1)),
(3-23)  id| Dy, (a4 = id | Ty,

where I in (3-22) means the set {(2,1, 1), (1, 1, 2)}.

(ii)

(3-24) w1y | CHZa2) =wa, | (Be, —e—(1234)),

(3-25) w3 | a2y = wa3) | (Be, — (13)(24) — (1234)),
(3-26) w2 | ByoZaz) =weo | (Xx, —e—(13)(24)),

(3-27) we,1,1) | EW; (34)2((12» =we,1,n | (B, —e—(12)(34)),
(3-28) w2 | = a2y =wazn | (B, — (123) — (134)),
(3-29) w(,1,2) | 4(1324)23((12)) =w(,1,2) | B, — (13)(24) — (14)(23)),

(3—30) id | EW4 ((12)) = id | 264-

4 (1234)

We now prove Proposition 3.4. We will then discuss a proof of Lemma 3.8.

Proof of Proposition 3.4. Let I3 = (I1, [2, I3, [4) be an index set in N4, Applying the
map Z* to both sides of (3-17) and substituting 7 = 0, we obtain

&3, b, 13)E) ()
=05 D, B )+ U B, L )+ 85y L, b 1)+ 85 (s 1 D, 1)
+o5 G+, b )+ b+ 1, )+ 85 b, I3+ 1)

= Z (4 (s 71(1)’ 1(2)’ o '(3)’1 *1(4))

oelUy
+§3*(lr—1(1) + lr_](Z)’ lr—1(3)’ lr‘](4))
5 U1y b T le1) L) + 65 by 15+ L),

where t = (234). We thus have

¢ayM) = (& 1 Zu)(e) + &3 0 (w11 +wazn) |(234) + wa 1.2) (),
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which proves (3-10). Similarly, we have by (3-18),

4'(*2,2) () = (Qf | z:V4)(14)
+(&3 o (w11 +wa 2,1 +wa,i,2) | 2y0) (L) + (& owppy | (23) (),
which proves (3-11).

As we calculated above by using (3-17) and (3-18), we can deduce from (3-19)
and (3-20) that

(B33 ¢oa0) =80 | Zieay +éo(wary | (1324) +wa oy | (24)
+wi 1,2 | BH) 4+ o(wi 1y | 24)+w( 3)
and

(3-32) Chn=Cau1n | By
+¢5 o (w11 | e+ (12)(34))
+wazn [ (123)+(134) +wa,1.2) [ ((13)(24)+(14)(23)))
+¢5 0 (wa | (e 4 (13)24) + w1 | (e + (1234))
w3 | ((13)(24) + (1234)))
+&1 0wy,

respectively. Combining (3-11) and the equations of Lemma 3.8(i), we obtain

(3-33)  $h0 | Ziaay
=& | By, Z(aay)
+63 o (e, +wa2n +wa1,2) | ZyeTias)
+25 0w | (23) X34y
=4 | 2w,
+¢3o((wan+wa,i2)| Ly,

+¢5ow) | o,

+wan | Zyn

(34),(1324)} 4,{(24),(1234)} )

where W41 (.7} denotes W41 \ {o, t}. A straightforward calculation shows that

*
o % P
3o (warn +wai2) | Zwy oo Fwaan | 2wy, )

+ 3 o (wea,i,n | (1324) + w1 | (24) +wei1,2) | (34))
=30 (we.rn +wazn +wai2) | Ty
—&io(we i | BG4 +wa2n | (1234) + w12 | (1324))

_ *
=g o(wary | Tl

ctwazy | 2y o wan | EWJ,am))

,(1234)
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and so, substituting (3-33) into the right-hand side of (3-31) gives

Conn =6 | 2w,
+¢3 o (w1 +wai2) | 2
+y cwe) | Ty
+&F o (wary | (1324) + w0y | 24) + w12 | (34))
+¢5 0 (w1 | 24) +wq 3)
=4 | 2w,

+55 o (warn | Ty, ay TWa2D | Xy

+wa2n | Ty

1
W4.((34).(1324)) 4,{(24),(1234)))

+wai | Ty

.(1234) 4,(1324))

+¢5 0 (w2, | Zyo +wa.n [ 24) +wa z),

which proves (3-12). Similarly, combining (3-12) and the equations of Lemma 3.8(ii),
we obtain

§(>k2,1,1) | 2(12)
=4 | Ze,
+&5 o (wany | (Sa, —e— (12)34) +wa o | (Sa, — (123) — (134))
+wa12) | (Sa, — (13)(24) — (14)(23)))
+85 o (waoy | (Tx, —e— (13)Q24) +wa,n | (Se, —e — (1234))
+w 3 | (Se, — (13)(24) — (1234))).

Substituting this into the right-hand side of (3-32) proves (3-13). U

We will show Lemma 3.8 for the completeness of the proof of Proposition 3.4.

For a subgroup H in G4, we define an equivalence relation = on &4 such that
o =1 mod H if and only if ot~ € H, and we denote by [0 ]y the equivalence
class of o. Note that [o]y is the right coset Ho of &4. Table 1 below gives
all the equivalence classes in &4 modulo certain subgroups, where we denote by
(o1, ..., 0;) the subgroup generated by permutations oy, ..., o;. (We have already
used (o) to denote a cyclic subgroup.) We extend the congruence relation = on
G4 to that on its group ring Z[S4], as follows. Let Y ., a;o0; and Z;Zl bjt; be
elements in Z[S4]. Without loss of generality, we may assume that o, # o} and
T, # Tp if @ # b. We then say that

m n

ZaiO'[Eij‘Ej mod H
i=1 j=1

if and only if m = n and there is a permutation p € &,, such that a; = b,(;) and

oi = T,gy mod H (i = 1,...,m). The equivalence classes in Table 1 will be

necessary when we prove some congruence equations in Z[G4].
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The following congruence equations in Z[&4] are useful for proving Lemma 3.8.
Lemma 3.9. The following congruence equations hold:
®
(3-34)  (23)Z 34y = wa mod ((12), (34)),

[Syr - G4 — (1324) mod {(12)) or mod ((34)).
(3-33)  ZypXa = {Ew; —(24)—(1234) mod ((23)),

(3—36) EV4Z<(34)> = ZW4 mod (6)

(i)

(3-37) Q4T (12 = B¢, —e — (1234)  mod ((12), (123)),

(3-38) S(12) = e, — (13)(24) — (1234)  mod ((23), (234)),
(3-39) Zyo a2y = Tx, —e — (13)(24)  mod ((12), (34)),
(3-40) Wl o i) = By —e— (12)(34) mod ((12)),

G-4D) Ty Ty =y - (123) - (134)  mod ((23)),

(-42) By Sz = e, — (13)24) - (149(23)  mod ((34),
(3-43) Sw, (1) = S, mod (e).

Proof. Before proving the congruence equations, we introduce an identity in Z[S,,],
which immediately follows from the definition:

(3-44) XXk =Xy Xk +- -+ Xn, Xk,

where H and K are subsets in G, such that Hy, ..., H, are a partition of H (i.e.,
a set of subsets of H satisfying | J!_;H; = H and H; N H; = ¢ for i # j).

We first prove the congruence equations stated in (i). We obtain from X (34)) =
e + (34) that

(3-45) (23) T34y = (23) + (234).

Since {(24), (124), (234), (1234)} is an equivalence class modulo ((12), (34)) as
we see in Table 1,

(234) = (24) mod ((12), (34)).
Thus, noting the definition of Wf in (3-5), we have

(23)Z(a4) = (23) + (24) = Ty mod ((12), (34)),
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mod All equivalence classes

((12), (123)) | {e, (12), (13), (23), (123), (132)},

{(14), (14)(23), (142), (143), (1423), (1432)},
{(24), (13)(24), (124), (243), (1243), (1324)},
{(34), (12)(34), (134), (234), (1234), (1342)}.

((23), (234)) | {e, (23), (24), (34), (234), (243)},

{(12), (12)(34), (132), (142), (1342), (1432)},
{(13), (13)(24), (123), (143), (1243), (1423)},
{(14), (14)(23), (124), (134), (1234), (1324)}.

((12), 34)) | {e, (12), 34), (12)(34)}, {(13), (132), (143), (1432)},
{(14), (134), (142), (1342)}, {(23), (123), (243), (1243)},
{(24), (124), (234), (1234)}, {(13)(24), (14)(23), (1324), (1423)}.
((12)) {e, (12)}, {(13), (132)}, {(14), (142)}, {(23), (123)},
{@H), (124)}, {34, 1234}, {(13)(24), (1324)},  {(14)(23), (1423)},
{(134), (1342)},  {(143), (1432)}, {(234), (1234)}, {(243), (1243)}.
(23)) {e, (23)}, {(12), (132)}, {(13), (123)}, {(14), (14)(23)},
{(24), 243)},  {(34), 234)}, {(12)(34), (1342)},  {(13)(24), (1243)},
{(124), (1324)},  {(134), (1234)}, {(142), (1432)}, {(143), (1423)}.
((34) {e, 3}, {(12), A2)34)},  {(13), (143)}, {(4), (134)},
{(23), 243)},  {(24), 234)}, {(13)(24), (1423)},  {(14)(23), (1324)},
{(123), (1243)}, {(124), (1234)}, {(132), (1432)}, {(142), (1342)}.
((13)24)) | fe, 1324}, {(12),(1423)},  {(13), 24}, {(14), (1243)},
{(23), (1342)},  {(34), (1324)},  {(12)(34), (14)(23)},  {(123), (142)},
{(124), (143)},  {(132), (234)},  {(134), (243)}, {(1234), (1432)}.

Table 1. All equivalence classes (or all right cosets Ho) in G4
modulo subgroups H.

which proves (3-34). A calculation shows that

(3-46) (1243) X (34)) = (1243) 4 (124),

and so we see from (3-44), (3-45), and (3-46) that

(3-47) va 234y = (23) X 34)) + (1243) X 34)) = (23) 4 (124) 4 (234) + (1243).

Using (3-47) and the equivalence classes modulo ((12)), ((23)), and ((34)) in
Table 1, we obtain
55 _ {(23) + (24) + (1234) + (1243)  mod ((12)) or mod ((34)),
ViSO ] (23) 4 (34) + (1243) + (1324)  mod ((23)),
EWJ —(34) — (1324) mod ((12)) or mod ((34)),
- {ZWJ —(24) — (1234) mod ((23)),
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which proves (3-35). Direct calculations show that

(13)(24) X (34)) = (13)(24) + (1324),
(123)2((34)) = (123) 4+ (1234),
(243) a4y = (243) + (24),

which together with (3-47) yields

vy X((34) = Lige,(13)(24),(123),(243)} 2((34)) + Zy0 Z((34))
= e+ (34) + (13)(24) 4 (1324) + (123) + (1234) + (243) + (24)
+(23) + (124) + (234) + (1243).

We obtain (3-36) because the right-hand side of this equation is Xy,, by definition.
We next prove the congruence equations stated in (ii). We easily see that

(3-48) QHZ 12y = 24) +(142) and T2y = e+ (12).

Using (3-48) and the equivalence classes modulo ((12), (123)) and {(23), (234)) in
Table 1, we obtain

24 Z 12y = (13)(24) + (1432) = X, —e—(1234) mod ((12), (123)),
Y2y =e+(1432) = Xg, — (13)(24) — (1234)  mod ((23), (234)),

which prove (3-37) and (3-38), respectively. A direct calculation shows that
(3-49) (23)X(12)) = (23) 4 (132),

and so we see from (3-48) and (3-49) that

(3-50) EW£E<(12)) = (23)Z(a2)) + 24 Z(12)) = (23) + (24) + (132) + (142).
Using (3-50) and the equivalence classes modulo ((12), (34)) in Table 1, we obtain

Ty X2y = (23) + (1234) + (1432) + (14)
=Xx, —e—(13)(24) mod ((12), (34)),

which proves (3-39). Direct calculations show that
B4 Z 12y = (34) + (12)(34),
(1234) 3 12)) = (1234) + (134),

(1243) %12 = (1243) + (143),
(1324) 2 (12)) = (1324) + (14)(23),

(3-51)
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and so we see from (3-50) and (3-51) that

Dy Z(12)) = X((34),(1234).(1243),(1324)) 2((12)) T 20 2((12))
= (34)+(12) (34)+ (1234) + (134) +(1243) +(143) +(1324) +(14) (23)
+(23) + (24) + (132) + (142),

which can be restated as

(3-52) EWJ Y2y =23)+24)+ (34) +(12)(34) + (14)(23) + (132) + (134)
+(142) + (143) + (1234) + (1243) + (1324).

Equation (3-52) together with the first equation of (3-51) gives

Ll by Z(02) = 2yl (34)) Z((12))
= Ty Zyaz) — BH )
= (23) 4 (24) + (14)(23)
+(132) 4 (134) + (142) + (143) + (1234) + (1243) + (1324).

Using this equation and the equivalence classes modulo ((12)) in Table 1, we obtain

(3-53) EWJ_(34) a2y = (123) 4+ (124) + (14)(23) + (132) 4+ (134) + (142) + (143)
+(234) + (243) 4+ (13)(24) mod ((12)).
Since (ijk) = (ik)(ij) is an even permutation for a tuple (i, j, k) of distinct integers

i, j, k, and since 24 consists of even permutations in &4 and |2{4] = 12, we can
express g, as

(3-54) Xg, =e+(12)(34) + (13)(24) + (14)(23)
+(123) + (124) 4+ (132) + (134) + (142) 4 (143) + (234) + (243).
Combining (3-53) and (3-54) proves (3-40). Similarly, (3-52) together with the

second equation of (3-51) and the equivalence classes modulo ((23)) in Table 1
yields

(3-55) By - Tiazy = (23)+24) + G4 + (12)(34) + (14)(23)
+ (132) + (142) + (143) + (1243) + (1324)
= e+ (243) + (234) + (12)(34) + (14)(23)
+(132) + (142) + (143) + (13)(24) + (124)
= T, — (123) — (134) mod ((23)),
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and (3-52) together with the fourth equation of (3-51) and the equivalence classes
modulo ((34)) in Table 1 yields

(3-56) EW;“SME((Q)) = (23)+(24) + (34) + (12)(34)
+ (132) + (134) + (142) + (143) + (1234) + (1243)
= (243) 4+ (234) + e+ (12)(34)
+ (132) + (134) 4+ (142) + (143) + (124) 4- (123)
= g, — (13)(24) — (14)(23) mod ((34)).
Equations (3-55) and (3-56) prove (3-41) and (3-42), respectively. Direct calcula-
tions show that
(13)(24) 212y = (13)(24) + (1423),
(123)212)) = (123) 4 (13),
(3-57) (124) 12y = (124) 4+ (14),
(234) 2 ((12)) = (234) 4 (1342),
(243)X(12)) = (243) + (1432),

and so we can see from (3-52) and (3-57) that

(3-58) 2w, X((12)) = e, (13)(24).(123),(124),(234),243)} 2(12)) T By} 2y(12))

= Xe,,
which proves (3-43), and completes the proof. (]

The following statement holds: the maps w3 1), w(1,3), W2,2), W2,1,1), W(1,2,1),
and w(,1,2) are invariant under the subgroups

((12), (123)), ((23), (234)), ((12), (34)), ((12)), ((23)), ((34)),

respectively. In fact, this statement immediately follows from (3-1) and the fact
that w,, is invariant under &,,, i.e., (w, | o)1) = w,(1,,) for any 0 € &,,. Note that
((12), (123)) and ((23), (234)) are equivalent to the symmetric groups on {1, 2, 3}
and {2, 3, 4}, respectively.

We are now able to prove Lemma 3.8.

Proof of Lemma 3.8. We can obtain (3-21) by using (3-34) because of the invariance
of w2 under ((12), (34)). Similarly, we can obtain the equations from (3-22)
through (3-30) by using the congruence equations from (3-35) through (3-43),
respectively. (]
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3.2. Renormalization relations. For any real-valued functions fi, ..., f; of n vari-
ables, we define the product f - - - f; of the functions by using the multiplication
in the real number field such that

(fl...fj)(xl,.”’xn);:fl(xl,...,xn)X"'ij(xl,--wxn)-

For real-valued functions g, ..., 8n; such that each g, has n; variables, we define
the function g,, ® - -- ® g»; of n =ny +--- +n; variables by

8n ®8n, @ ®gn; (X1,...,X) 1=
gnl(xla s ,xnl) Xgnz(xnl—i-l, e 7xn1+n2) Xoeee Xgn/- (xn1+n2+~-~+nj,1+1» R xn)-

Note that f(tll,nz,...,n,) = {,L ® {,L ®--® ;“,fj. We define a characteristic function
Xt of the set N” by

1 ifh=-=1l,=1,

3-59 X" (1,) =
(3-39) Ko () {0 otherwise.

For example, X" - {1 o w; is the two-variable function such that

X2 Ciowa(l) = X" (L, ) x Srowa(li, b)) = x3" (L, L) (L + 1),

and (x," - {1 owp) ® ¢[" is the three-variable function such that

(X2 - Clow) ® ") = x5 - Crowa(b) x &"(3) = X3 (1, 1) ¢ (L + 1) 8" (13).

The renormalization relations for depth less than 5 are written in terms of real-
valued functions, as follows.

Proposition 3.10. We have

(3-60) ¢ =¢",

(3-61) & =¢" — 34" - Crow,

(3-62) & =¢3" = 308" frow) ® " + 445" - i ows,

(3-63) &= — 3 Cow) @+ F(XI - L1 ows) ® LM+ T X4 - Ly owy.
We require two lemmas to prove Proposition 3.10.

Lemma 3.11. Let P(T) = Z'}:O aj T/ be a polynomial whose degree n is less than
5. Then the constant term of p(P(T)) — P(T) is

0 (n<2),

2 =2),

G-64)  p(P(TY) |~ PO) = 1P =2
@:01(2) = 2301 (3) (n=3),

a01(2) —2a3513) + Faat1(4)  (n=4).
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Lemma 3.12. Let n be an integer with 1 <n <4, and let 1, = (I, ...,1,) € N
Then
(3-65)  Z{(T) =0,

(3-66)  Zy(T)~ x5 () T?,

(B-67)  Z{ (D)~ i @ ¢ M) T+ Li )T,

(3-68)  Z{ (D)~ 315" ®GUT? + x5 @ ¢ AT + g xi A0 T,

where =~ means the congruence relation on R[T] modulo RT + R, i.e., P(T) =
Q(T) if and only if deg(P(T) — Q(T)) < 2.

We will now prove Proposition 3.10. We will then discuss proofs of Lemmas
3.11 and 3.12.

Proof of Proposition 3.10. We first introduce an identity for proving (3-60), (3-61),
(3-62), and (3-63): for any index setl, = ({1, ..., [,) in N" with n > 2,

(3-69) Xn A)1(n) = (X" - S own) (),

which can be rewritten in terms of real-valued functions with the domain N" as

S Xy = X - C1ow,.

Identity (3-69) is obtained by the fact that x," (1,) =0 unless [y =--- =1, =1, and
the fact that ¢y (n) = &1 (i +- - -+ 1) = S1(wa () = Srow, () if h=---=1,=1
and n > 2.

It follows from (3-64) and (3-65) that
P(Zy (1)) | r=0 — Z;,(0) = 0.
Using (2-5) and (2-8) with T = 0, we can restate this identity as
¢t —¢i ) =0,
which proves (3-60). Similarly, we obtain from (3-64) and (3-66) that
5" )= 55 () = 3 X3 )61 (2),
which proves (3-61) since x;" (12)¢1(2) = x3" - {1 o wa(lp) by (3-69). We can obtain
from (3-64) and (3-67) that
G 3) - &5 (3) = 335" @ ¢ () - 11(2) — $ 44" (1381 (3),
which proves (3-62) since x3" (13)¢1(3) = x3" - £1 o w3(I3) and

X2 ®¢ ) -41(2) = (X" (1, )¢ (3)61(2) = (X3 (1, 2)61(2)¢1 (1)
(3-60)
(3-69)

= (X3 - Growa(ly, )¢ (3) = (X3" - ¢1owz) @ ¢ (13).
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We can obtain from (3-64) and (3-68) that
(3-70) &4 (a) — &5 (L)
=135 QG W) 42 — XX ® L) - 61 (3) + X5 141 (4).
The first term on the right-hand side of (3-70) can be calculated as
G-71) KRG M) -0 =3X" ® 45" M) - 01(2) — 3X4" M) 0 (D).

In fact, we see from (3-61) and (3-69) that ¢ (I3, l4) = §)" (I3, l4)— %)@H (3, 11)81(2),
and so

PG W) - 11(2) = 3 X3 (1, )¢y (13,141 (2)
= 131, )" (13, 1) 61 (2) — X5, D) 33 (L, 1) 61 (2)*
=1 @ 1) - c1(2) — L e (2)%,

where we note that, by definition, x;"(l4) = x;" (1, 1) X" (I3, l4). This equality
proves (3-71) because

(3-72) (2% =304,
which follows from Euler’s results ¢1(2) = 72 /6and {1 (4) = 2 /90. Since
X3 ®s) = X3 ®¢" (L)
by (3-60), combining (3-70) and (3-71) gives
(3-73) " () — ¢4 (1e)
=10 @5 (1) - 01D — $ X3 © " M) - 513) — 5 i A (4).

By (3-69), the right-hand side of (3-73) can be rewritten as
(3-74) (RHS of (3-73))

=3 @%) @5 1) = 363X ® & () — 16 4" 1)1 (4)

= 503" - Crow2) @43 () — 5 (X3" - Crow3) @1 () — g X5" - S o wa(ly).
Equating (3-73) and (3-74), we obtain (3-63). [l

We will now show Lemmas 3.11 and 3.12 for the completeness of the proof of
Proposition 3.10.

Proof of Lemma 3.11. Let O denote the Landau symbol. By definition,

(3-75) Aw =Yyt = exp(z (—l)lfl(m)um)
k=0

m=2
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near u = 0. Thus,

2
A(u)=1+(§1(2)u2—§1(3) 3 §1(4) 4+0( 5)> (Cl(z) 2+0( 3))

2 3 4 2
612 5 @) 3 @ a@*\ 4 5
+ U 3u+(4 + g )u+0(u),
and so
TP <Tc) BN TC)
vw=1 »n=0, »n= > V3= 3
20 +a@? 904
N 8 16

where we have used (3-72) for the last equality. Therefore, we see from (2-7) that

1 (j=0),
T (=1,
p(TH)={T?+¢Q2) (j=2),
T3+30()T —241(3) (J=3).
T*+60QT?—80 3T +E (@) (j=49),

andso p(1) [ 7—o=1, p(T) | 720=0, p(T?) | 720=01(2), p(T?) | 7o0=—21(3),
and p(T*) | 7o =27¢1(4)/2. Since

n

p(P(T)) | 729— PO) =) _a;p(T7)|7_9—a,
j=0

we obtain (3-64). [l

Proof of Lemma 3.12. We first recall a result in [Ihara et al. 2006] that will be
required to prove Lemma 3.12. Let regf : f)i(: Jﬁg[y]) — 332[T] be the algebra
homomorphism defined in [Ihara et al. 2006, Section 3], which is characterized by
the property that it is the identity on $° and sends y to T. Let reg, : ! — $° be
the algebra homomorphism obtained by specializing reg! to 7 = 0. It immediately
follows that

Z(reg, (zk, -+ 2k,)) = Z"(2ky - 2k,) L r=0 = & Ckr, oo k)

for positive integers ki, ..., k,, since Z* : ﬁi — R[T] is the homomorphism
characterized by the property that it extends the evaluation map Z : 5 — R and
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sends y to 7. Ihara et al. [2006, Corollary 5] showed that

m

1 . ,
(3-76) w= " —reg,(y" /wo)xy*/,
— j!
j=0
for w € H', wy € H°, and m > 0 with w = Y™ w.

Wesetw=z,---z, € ! for the given index set 1,. The element wg can be
written as wo = zy,,, - - - 21,» Where [, 11 > 2. (Wesetwg=1ifl; =--- =1, =1.)
Let {1}¥ denote k repetitions of 1. Applying Z* to both sides of (3-76) gives

* < Tj * m—j
(3-77) Z; (T) 227%—;“1} gt ),
j=0
where we define {;(¢) = 1 for the case that j = m = n. For an integer j with
0<j<m,we see from (3-59) and [} =--- =1, =1 that )V(;.H(ll,...,lj) =1, and
o)

(3-78) G A" sty e b)) = 6 Uit D bt D)
=)V(;H(ll,...,lj)é':_j(lj_,_],...,ln)
=X ® &),

where we define x;"(¢) = 1 and %" ® ¢, (1,) = ¢;(1,). Combining (3-77) and
(3-78), we obtain

m

Tj ¥ I *
(3-79) Z(=>y A @),
j=0

Since [;,+1 > 2, it follows from (3-59) that )Ejm (l1,...,l})=0if m < j <n. Thus,
(3-79) can be rewritten as

%k - Tj ~ I k
(3-80) Zi(T) = ZO T H e M),
Identities (3-65), (3-66), (3-67), ancf f3—68) are obtained from (3-80) forn =1, 2, 3,
and 4, respectively. ([

4. Proofs

4.1. Proof of Theorem 1.1. Before proving Theorem 1.1 we introduce the follow-
ing identity, which can be easily obtained by definitions (1-1) and (3-59): For
n>?2,

(4-1) Xo +Xn =1In,
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where 7, is the constant function whose value is 1. Identity (4-1) dose not hold
when n = 1, but we will not need this case.
We now prove (1-2) and (1-3) in Theorem 1.1.

Proof of (1-2). By (3-7), we easily obtain
(4-2) 52* | 262 = 5(*1,1) —{1owy,

which proves (1-2) for = x.
We can deduce the following identities from (3-60) and (3-61):

(4-3) C(*1,1) = f(L;I,l) and &2, =8 | e, — X2 - G1owy,

where we have used in the second identity the property that x," - {1 o w, is invariant
under &, or 3" -{1owy | B, =2x5" - 1 o wy. Substituting (4-3) into (4-2) gives

&' | e, — X2 - Growr =&y — Giown.
By (4-1) with n = 2, we can write this identity as
(4-4) &' 1 X, =¢0 1y —x2 -8 own,
which proves (1-2) for ¥ = m. U

Proof of (1-3). Since €3 = {e, (123), (132)} and U; = {e, (23), (123)}, direct
calculations give the following equations in Z[S3]:

(123)2@3 = EQ, 2U3 EQ = 263 + 2@3-
We thus see from (3-8) that
(4-5) Loy | By =8 | (Zes + Bey) + & o (way +wa o) | Ze;-

Subtracting (4-5) from (3-9), we obtain §(>k1,1,1) - 5(*2,1) | Zoy = =5 | ey +E1ows.
This identity is equivalent to

(4-6) (3* | X, = _§(>k1,1,1) +§(*2,1) | Xy +S10ws,

which proves (1-3) for = x.
We can deduce the following identities from (3-60), (3-61), and (3-62):

4-7 S =S011)
@-8) o | Be =51 | Bey — 33" Crown) ® L™ | e,
(4-9) G2, =0 | Ze, — 30" - Crow) @ ¢ | Ty + X5 - L1 ows,

where we have used in the third identity the property that x3" - ({1 o w3) is invariant
under G3. By (4-1) with n = 3, substituting (4-7), (4-8), and (4-9) into (4-6) yields

(4-10) 53 1 Zes ==y Héan | By + 53" - S1ows.
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Identity (4-10) proves (1-3) for ¥ = m, and we complete the proof. (|

We now prepare two lemmas before proving (1-4), because the proof of (1-4) is
more complicated than those of (1-2) and (1-3). The identities of Lemma 4.1 (resp.
Lemma 4.2) correspond to (4-5) (resp. (4-7), (4-8), and (4-9) ) in the proof of (1-3).

Lemma 4.1. We have
(4-11) LG5y | Zey =85 | QE¢, +(12)Ze, +(34) Xe,)
+&io(we i ny+wazntwa) | (Za,—(13)Ee, —(23)Ze,),

(4-12) g5y | Zgg = | (e, +(14)Z¢, +(23)X¢,)
+&5o(we iy +wazn+wa, ) | (23)2e,
+&y 0w | (23)2@7

(4_13) C(*Z,l,l) | E€4 = é‘: | (2264+E€4_(13)E€4)
+g5o(we i ny+wazn+wa,iy) | By, —13)2e,)
+&0(weo) | (e, +2@23) Egg) + (Wi nt+wa ) | Zey)-

Lemma 4.2. We have

(4-14) Sy =011
@15) o | Ze =8a0) | Zes = 300" Grow) ® ¢y | Bey
(4-16) 5o | e =00 | X = TG Clow) @4 | T, 43X - §1 o wa,
@17 Z5 1 Bes =850 | Ze, — 300" - Crown) @y | Te,
+1G trown) ®L" | Ze,
@18) &1 Ze =5 | Ze, — 505" - Liow) ®5" | e,
+3GE Clows) ® L | T, + 1 X S1ows.
We now prove (1-4). We will then discuss proofs of Lemmas 4.1 and 4.2.
Proof of identity (1-4). Direct calculations show that
Yo, = e+ (13)(24) + (1234) 4 (1432),
(12)Z¢, = (12) 4 (143) + (234) + (1324),
(13)Xe, = (13) + 24) + (12)(34) + (14)(23),
(14) ¢, = (14) + (123) + (243) + (1342),
(23) ¢, = (23) 4+ (134) + (142) + (1243),
(B4)Ze, = (34) + (124) + (132) + (1423),

(4-19)
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from which we see that
(4-20) Ye, =(e+(12) + (13) 4+ (14) + (23) + (34)) Z¢,,

ie., {€4, (12)€4, (13)C4, (14)&4, (23)&4, (34)C4} gives a left €4-coset decomposi-
tion of G4. By (4-20), the sum of (4-11) and (4-12) yields

¢any | Bey +¢00) | Yo = & | (Ze, +2Z¢, — (13)X¢,)
+¢35 0 (we iy +Fwazny Fwa) | (B, — (13)2e,)
+¢) owp) | (23) g0

Subtracting (4-13) from this identity, we obtain
(42D &G0 | e+ 800 | 2o =00 | Ze
= _gf | (264 - z:€4)
— 3 o(we i,y +wazn +wa) | S
— & o (wa | Bey + (23)Zg0) + (w1 + wa3) | Tey)

We see from (3-6) and the equivalence classes modulo ((12), (34)) in Table 1 that
Ex,=14)+23)+Xe, =(23)+(134) + X¢, = (23)23@3 +X¢, mod ((12), (34)),
and so

we | Xx, = we | (Be, +(23)Zg).
Thus the sum of (3-13) and (4-21) yields
¢G5 | Zey +85,) | e — Son | Bey +8G 11 =84 | Zey +E1owa,
which is equivalent to
(4-22) 51 Ze, =800 — o | Ba+ 800 | B + 850 | ey — S0 wa.
Identity (4-22) proves (1-4) for T = .
Combining (4-14)—(4-17) (or considering (4-14) — (4-15) + (4-16) + (4-17),
roughly speaking), we can restate the right-hand side of (4-22) as
(4-23)  (RHS of (4-22)) = f(lil,l,l,l) — ;g,u) | e, + §(I§,2) | 2@2 + E(%I,l) | Ze,
— 1 tiow) ®E" | B,
+3E Qowy) ® L | Ze,
+ G~ 19) - Crows).
Equating (4-18), (4-22), and (4-23), we obtain

QH | Xe, =§(L;I,1,1,1)_§(I§,1,1) | E¢4+€§§,2) | E€2+§(I.£al,1) | E€4+()an—14)'(§10w4),
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which, together with (4-1) of n =4, proves (1-4) for ¥ = m, and we complete the
proof. U

We will show Lemmas 4.1 and 4.2 for the completeness of the proof of (1-4).
We first prove Lemma 4.2.

Proof of Lemma 4.2. We easily see from (3-60) that {(ﬂil}") = g“(lfl},,), which with
n = 4 proves (4-14). Multiplying both sides of (3-61) by 5(*1,1) = {(].y) from the
right, in the sense of the operator ®, gives

f(*2,1,1) = C(LS,M) - %()V(éu “f1own) ® f(LiI,U-

Applying Z¢, to both sides of this equation, we obtain (4-15). We can similarly
obtain (4-17), by using (3-62) and ¢;" = ¢{" instead of (3-61) and g(*l,l) =Ly
respectively. We also obtain (4-18) by applying X¢, to both sides of (3-63), since
X4" - (L1 0 wy) is invariant under Gg.

We prove (4-16). We easily see that f ® g | (13)(24) = g® f for any functions f
and g of two variables, and so we obtain from (3-61) and §(2 2= = R(= §*®2)
that

@-24) G = (" =313 - Clow) ® (6" — 343" - rowd)
= 55— 305" Grow) ® 4" | (e+(13)(24) + 3 (15" - crown)®.

We see from (3-69), (3-72), and x}*®? = 3 that

(5" - Grow)® =045 = 30X = 33X - Crows,
by which we can restate (4-24) as
(4-25) 150 =080 — 5 Qlow) ® L | Tazyeey + 3 X4 - {1 ows.
Since Qﬁg ={e, (1234)} C €4 = {e, (1234), (13)(24), (1432)},
(4-26) T34 By = Ty

Applying ch to both sides of (4-25), we obtain (4-16), and this completes the
proof. (]

We now prove Lemma 4.1.

Proof of Lemma 4.1. Let o € {(12), (23), (34)}. By the equivalence classes modulo
(o) in Table 1 and straightforward calculations, (3-54) yields

(4-27) 25y, =S, mod (o),
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and (4-19) yields
Ye,=(1)Xe,, (U)X, =0BDEe,, (DX, =(23)Ee, mod ((12)),
(4-28) e, =(23)Xe,, (12)Xe, =(B4Xe,, (13)Ze, =(14)Xe, mod ((23)),
Yo, =B Ee,, (12)Ze, =(13)Z¢,, (14X, =(23)Zg, mod ((34)).
Thus, we deduce from (4-20) that
(4-29) Yo, =aXe, +BLe, +y e, mod (o),
where («, B, y) is a 3-tuple of {e, (12), (13), (14), (23), (34)} such that
aele, (12)}, p€{(13), B}, y €{(14), (23)} (0 =(12)),

(4-30) a €fe, (23)}, p€{(12), B}, y €{(13), (14} (0 =(23)),
a e€fe, 34}, pe{(12),(13)}, y € {(14), (23)} (0 =(34).

We now prove (4-11). Since either g€4 =h¢&4 or g€4Nh€y=¢ forany g, h € Gy,
we can see from the first and second equations of (4-19) that

(1234)%¢, = ¢, and (234)X¢, = (12)X¢,,
respectively. By (3-3) and (3-44), we obtain
Yy, Xe, = Ze, + B4 X, + (234) ¢, + (1234) ¢, = 2X¢, + (12) Zg, + (34) ¢,
Thus, applying Z¢, to both sides of (3-10) yields
(4-31) g(’gyl) | X, =¢84 | 2%, + (12) e, + (34) Z¢,)
+¢5 o (wei,n +wazn) | 12)Ze, + w12 | Zey)-
We know from (4-29) and (4-30) that

(12)2¢, mod ((12)) or mod ((23)),

Yo, = (13)T 23)%
2 = (13)Te, +(23) @4+{E¢4 mod ((34)).

Since w(,1,1), w(1,2,1), and w(i,1,2) are invariant under ((12)), ((23)), and ((34)),
respectively, we have
wi, ik | (B, — (13)Xe, — (23)Z¢,)
_ {w(,-,j,k) | (12)Ze, (G, 7, k)=(2,1,1),(1,2,1)),
Wi, jk | Xy (G, j, k)y=(1,1,2)),

and so

(4-32) &3 o(we,ny+wazn +wai2) | (B — (13)Ze, — (23)Zg,)
=¢fo((wein+wazn) | 12)Ze, + w12 | Ze,)-
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Combining (4-31) and (4-32), we obtain (4-11).
We can easily see that

Dyo = (23)Z(azee) and Xy, = (e+(123) +(23)) X(a3)24)),
which together with (4-26) give
S = @)%e, and Ty,Se = Se, + (14T, +(23)Se,.

respectively, where we note that (123)2¢, = (14)Z¢, by the fourth equation of
(4-19). Thus, applying Eq) to both sides of (3-11), we obtain (4-12).
Lastly, we prove (4-13). We can obtain the following identity by applying X,
to both sides of (3-12):
@33) ¢b1y | Se, =2 | 25, + Ze, — (13)Ze,)
+¢3 o (w1, + w2 +wa,2) | Ry, +(23)Ze, — (14)X¢,)
&3 o (w1 | GH e, +wa oz | ey, +wa12) | (12)Ze,)
45 0 (W) | (Be +2(23)Ze0) + (wi,ny +wa3) | Zey).

(We will prove (4-33) in Lemma 4.3 below because the proof is not short.) We can
also obtain by (4-28)

(34) Xe, mod ((12)),
(23)Z¢, + (13) ¢, = (14) B¢, + { Te, mod ((23)),
(12)Se,  mod ((34)).

Thus, (W@ 1,1 +wa 2,1 +wa,1,2) | (13)Xe, can be expressed as

(we.rytwa2n+wa) | (13) X,
= (we,1,n +wazn+wa,) | (=23)Ze, + (14)Xe,)
+weiny | GHEe, +wazy | Bey, + w12 | (12)Xe,).
Adding —(w,1,1) +wa,2,1) +w,1,2) | (2Xg,) to both sides of this equation, and
then multiplying both sides by —1, we obtain
(4-34) &o(wein+wazn+wai) | QB —(13)2e,)
=3 o(werny +wazn +wa) | QB +(23) e, — (14)Z¢,)

=3 o(wain | BHTe, +wann | Be, + w12 | (12)Ze,).
Combining (4-33) and (4-34) proves (4-13). U
Lemma 4.3. (i) Let o € {(12), (23), (34)}. The following congruence equations

hold:

(4-35) Tyo e, = T, +2(23) T mod ((12), (34)),
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(4-36) EWJ Y, =22, + (23)Xg, — (14)Z¢, mod (o),
(4-37) Yw, X, =23¢, + Zeg, — (13)X¢, mod (e).
(ii) Identity (4-33) holds.
Proof. We first prove the assertion (i). We see from (3-5) and (3-44) that
EW}f Yo, = (23)Z¢, + (24) X¢,
and from the third equation of (4-19), we see that
(24) X, = (13)Zg, .
We thus obtain
(4-38) EWf Y, = (13)Xg, +(23) Zg,.
Equation (4-38) proves (4-35), since
(13)Xg, = (1432) 4+ (1234) + e+ (13)(24) = Z¢, mod ((12), (34)),
(23)X¢, =2((23) +(134)) = 2(23)2@ mod ((12), (34)),

which can be seen from the equivalence classes modulo ((12), (34)) in Table 1. By
virtue of (4-20), calculations similar to (4-38) show that
(4-39) Xy Xe, = X((34).(1234).(1243). (1324)) Xty + Zyp0 Ty
=(B4)Xe, +Z¢, +(23) ¢, +(12) Xg, )+ ((13) Ze, +(23) Z¢,)
= 2¢,+(12) ¢, +(13) Zg, +2(23) X, +(34) X¢,
=2g,+(23) 2, —(14) Z¢,,

and

(4-40) 2w, X, = Loy, (13)(24),(123),(124),(234), (243)) 2y + Zyy1 Xy
=(Ze, +Xe, + (14) Zg, + B4 X, + (12) ¢, + (14) X¢,)
+ (X, + (23) ¢, — (14)X¢,)
=Yg, +23¢, + (12)Xg, + (14) Z¢, + (23) X¢, + (34) X,
=236, + B¢, — (13) e,

Then we obtain (4-36) by (4-27) and (4-39), and obtain (4-37) by (4-40).
We now prove the assertion (ii), or (4-33). We can deduce from (4-35), (4-36),
and (4-37) that

(4-41) 5y owwy) | Yo e, = & owen | (Ze, +2(23)Z0),
(4-42) 3 owg jk | Yy X, = L3 owg jp | 28, +(23)Xe, — (14)Z¢,),
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(4-43) & | 2w, e, =8 | R, + e, — (13)Zey),

respectively, where (i, j, k) € {(2, 1, 1), (1, 2, 1), (1, 1, 2)}. Applying X¢, to both
sides of (3-12) and substituting (4-41), (4-42), and (4-43) into it, we obtain
4-44) ¢o40) | e, =8 | Q2 + Ze, — (13)2¢,)
+¢3 o (w1, +wa 2 +wa, i) | @y, +(23)Ze, — (14)X¢,)
—¢30(we,n | B4 Ze,+wazn | (1234)Ze, +wi,1,2) | (1324)Z¢,)
8 0w | (B +2(23)Zg0) +wa,n | 24 Ze, +wa 3 | Zey)-
We see from the third equation of (4-19) and the equivalence classes modulo
{((12), (123)) in Table 1 that
24 Xe, = (13) + (24) + (12)(34) + (14)(23)
=e+ (13)(24) + (1234) + (1432) = X¢, mod ((12), (123)),

and so
(4-45) Lyowa | CHEg, =8 owa iy | Xe,y-
We also have

(4-46) g3 owan | (1234)Ee, =3 ow 21 | ey,
(4-47) g3 owe, 1) | (1324)Eg, =3 owi,1,2) | (12)Xg,,

since (1234)X¢, = X¢, and (1324)X¢, = (12) X¢, by the first and second equations
of (4-19), respectively. Combining (4-44), (4-45), (4-46), and (4-47), we obtain
(4-33). 0

4.2. Proof of Theorem 1.2. We denote by P(A) the set of partitions of a set A; if
A is the empty set ¢, we set P(¢) = {¢}. We denote by N,, the subset {1, 2, ..., n}
in the set N.

Forte{*, m},l,=(y,...,[,)eN, and [1={Py, ..., P,} € P(N,), we define
a polynomial th;n (T) with real coefficients by

(4-48) ) n(1) =[x POZ], (D),
i=1

where [p, =) _p [,. For example,

T T
ZoaypamT) =2y (T) =8(4)

PEP;

and
. ¥ +
Zzgyl,l);{{l,g},{g,}}(T) = Zz_,.](T)Zl' (T) =& (3)T,
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where note that x (2, 1, 1);: {1,2,3)=xT((2, 1, D; {1,2) =xT((2, 1, 1); {3 =1
by the definition (1-7). Since Z;(T) = {f(k) for k > 2, we can see from (1-6)
and (4-48) that the difference between Z:n ;H(T) and ¢7(1,; 1) depends on only the
difference between Z T(T) =T and g“lT (1) =0, and so

th,;l'I(T) | T=0 éj(ln; IT).

By the correspondence between $)! and the algebra of quasisymmetric functions,
which is given by

In

1 ..
2y, <— Mg, = Z ti ot € projlimZin, ... tp],
<<y p
we can restate [Hoffman 2015, Theorem 2.3] as
(4-49) Z LUsty " Ry = Z En(n)zlpl ¥ X Zp, -

0e6, n={r,..., PueP(N,)

We see from (1-7) that x*(l,,; P) =1 for any 1, € N" and P C N,,. Thus, applying
Z* to both sides of (4-49) yields the following identity (4-50). Since &, =3,
(4-50) with T = 0 proves (1-8) for { = .

Theorem 4.4 (see [Hoffman 2015, Theorem 2.3]). For any index setl,=(ly, ..., 1)

in N,

(4-50) Zz;;m o (T) = Z e (I Z; . (T).

.....

ce6, MeP(N,)
We may show (4-51) in order to prove (1-8) for § = m, or Theorem 1.2.
Proposition 4.5. For any index setl, = (I1, ...,1,) in N,
(4-51) p( > En(mz:;;ﬂn) = Y &ZELM).
MeP(N,) MeP(N,)
In fact, we can easily prove Theorem 1.2, as follows.

Proof of Theorem 1.2. We see from (2-8) that

(4-52) '0( Z Z;;m ----- l(r(n)(T)) = Z leaum ----- lrr<n>(T)'

oe®, 0e6,
By (4-51) and (4-52), applying p to both sides of (4-50) yields
(4-53) Yzt = Y EG(MZE(T)
ceG, HeP(Ny)

which with T = 0 proves (1-8) for ¥ = m. O
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For subsets A and B in N,;, we define a subset Pg(A) in P(A) by
Pp(A) :={I1={P1,..., Pn} € P(A)| P ¢ B for all i}.
For example, if A ={1, 2, 3} and B = {3, 4}, then
Pp(A) = {{{1), {2,3}), ({2}, {1, 3}}, ({1, 2, 3}}},

where

P(A) = {1}, 12}, 33, ({13, 42, 31, (123, {1, 30, {43), {1, 23, {{1, 2, 313}

We note that Pg(A) = ¢ if A = ¢ (or P(A) = {¢}), because the empty set ¢ is a
subset of any set, i.e., ¢ C B. We denote by A“» = A€ the complement of A in N,,,
and by U the disjoint union.

We will show (4-51) for the completeness of the proof of Theorem 1.2. For this,
we will require Lemmas 4.7, 4.8, and 4.9.

Remark 4.6. The condition B # N, in Lemma 4.7 is necessary for taking an
element in Pg(A€). In fact, if B =N, then P C B for any subset P in A€, and so
Pp(A€) = ¢. That is, (4-54) in Lemma 4.7 does not hold in the case that B = N,,.

Lemma 4.7. For any subset B C N, with B # N,,, we have

(4-54) A|_| {EUAT(E, A) € P(A) x Pg(A9)} =P(Ny),
CB

where the disjoint union | |, 5 ranges over all subsets in B, which include the

empty set ¢.

We require some notation to state Lemma 4.8. Let A be a subset in N,;, and let
E={Py,..., P} be a partition in P(A). We can define a partition in P(N;) that
is induced from A and E, as follows. Let a; < - - - < a4 be the increasing sequence
of integers such that A = {ay, ..., as;}. Let o4 be the permutation of G, that is
uniquely determined by

o' )=a;ii=1,...,5) and o;'(s+1)<--- <o, ()

by the definition, o (A) = {oa(ay),...,04(as)} ={1, ..., s} =N,. We then define
the partition induced from A and E as

oaA(E) :=={oa(P1),...,04(Pg)} € P(Ny).
We define 04 (E) =¢ if A = E = ¢.

Lemma4.8. Let A, B, and (E, A) be as in Lemma 4.7, i.e., let A and B be subsets
with A C B # N, and let (B, A) be an element in P(A) x Pg(A®). We define
¢ =0 and &o(p) = Z,,.,(T) = 1.
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(i) We have

(4-55) G (BUA) = &a (B)éjac (D).

(ii) Let + € (%, m), and let 1, = (1, ...,1,) € N* with 1, # ({1}"). If B =
{j €N, |1 =1}, then

(4-56) Zyizua ) = (1‘[;1 1)) Zi oy

where Q1, ..., Qn mean the parts of A (i.e., A={Q1,..., On}).

Lemma 4.9. For a positive integer n, we have

(4-57) Y G(MZypn(T)=p (T,
NeP(N,)

(4-58) > G(MZE.n(T) =
MMeP(N,)

We now prove Proposition 4.5. We will then discuss proofs of Lemmas 4.7-4.9.
Proof of Proposition 4.5. Let B={j e N, |l; =1} C N,,. We suppose that B =N,,.
Then, 1, = ({1}"), and so, we can see from Lemma 4.9 that

~ (4-57) _
(4-59) p ( > cnm)za}n;nm) = o7 = T

meP(N,) B
2N &Mz (T,
MmeP(N,)

which proves (4-51) for B = N,,.
We suppose that B # N,,. Let A be a subset in B. Then we have

(4-60) {oa(E) | E€P(A)}=(E"| E" € P(Nap},

because the restriction of the permutation o4 to the subset A is a bijection from A
to N|4|. From the definition (1-5) we easily see that ¢|4|(E) = ¢|a(04(E)). Thus,

> &(MzZi.n(T)

MeP(N,)
(Lemma 4.7) ~ -
2NN G(EBUAZL gua(T)
ACB Ee€P(4)
A€PR(AC)

(Lemma48) Z Z C|AC (A)(l_[ é‘l(lQ, ) Z 5\A|(E)Z?<1}IA\;JA(E)(T)

ACB AePp(A°) ZeP(A)
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OO G (A)(HQ(@)) > AunENZfye (D

ACB A€ePp(A°) 8’ eP(Nja))

(457)2 > C|A‘|(A)(H§1(ZQ, ),0 LAy,

ACB AePg(A°)

where Q1, ..., O, mean the parts of A. Therefore,

(4-61) p( > 6n<n>Z;;;n<T>)

MeP(N,)

=2 2 CIA‘I(A)<1_[§1(1Q,>(P LT

ACB AePg(A°)

_Z Z C|AC|(A)<H;1(1Q ))TlAI

ACB AePp(A°)

By using Lemma 4.7, Lemma 4.8, and (4-60), and by using (4-58) instead of (4-57),
we can similarly prove

4-62) Y &GIDZ (M=) > CAE(A)<]_[;1(1Q)>T'A

MeP(N,) ACB A€Pp(A)
Equating (4-61) and (4-62), we obtain (4-51) for B #N,,. U
We prove Lemmas 4.7 and 4.8.

Proof of Lemma 4.7. Let A be a subset in B, and let (E, A) be an element in
P(A) x Pg(A°). It follows from Pg(A°) C P(A°) that (&, A) € P(A) x P(A°),
which together with AL A° =N, yields EU A € P(N,,). Thus, the left-hand side
of (4-54) is included in the right-hand side.

Let[T={P,..., Py} be apartition in P(N,;). We can reorder Py, ..., P, such
that

(4-63) PiCcB(j=1,...,8) and P;¢ZB(j=g+1,...,m).
We define
E:={P,....,P}, A:={Pey1,...,Py} and A := PiU---UPg,

where A and E mean the empty set ¢ if g = 0. By definition, it is obvious that
ACB, II=EUA, E€P(A),and A € P(A°). We assume that A ¢ Pg(A°).
Then, either Pg(A°) = ¢, or there is an integer i such that g <i <m and P; C B.
We can see from (4-63) that the latter case does not occur, and so Pg(A€) = ¢.
Thus, the simplest partition {A“} of A does not belong to Pp(A°), which yields
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that A° C B. Since A C B, we have N,, = AU A C B, i.e., B =N, which is
a contradiction to the condition B # N,,. Therefore, A € Pg(A°), and we can
conclude that

ACB, TI=EUA and (E,A)eP(A)x Pg(A°).

This fact proves that the right-hand side of (4-54) is included in the left-hand side,
since I1 is arbitrary.

We should show the disjointness of the left-hand side of (4-54) in order to finish
the proof. Assume that there are subsets A;, A, C B with A # A, such that

(4-64) ¢ #{E1UA|(Er, A1) € P(A1) x Pp(A])}
N{E2U A2 | (B2, Az) € P(A2) X Pp(A3)}.

We can take elements (E;, Aj) € P(A;) x PB(A;) (j =1, 2) such that
(4-65) EIUA = Ep L As.

Let P, € E;. We easily see that P; C B, since E; € P(A;) and A; C B. By
(4-65), there is a subset P, € E, LI Aj such that Py = P,. If P, € Ay, then P, ¢ B,
which contradicts P; C B. We thus have P; = P, € E,, and so 21 C &, since
P) is arbitrary. Similarly, we can prove E, C Ej, and we conclude that E; = E,.
Since E; is a partition of A; for each j = 1,2, we can obtain A} = A;, which
contradicts the assumption A| # A,. Therefore, there are no subsets Ay, A» C B
with A| # A, such as (4-64), which proves that the left-hand side of (4-54) satisfies
the disjointness. U

Proof of Lemma 4.8. Let Py, ..., Py be the parts of &, and let Oy, ..., Q) be those
of A. Since n = |A|+|A°land EUA ={Py, ..., Py, O1, ..., O}, we see from
(1-5) that

g h
E(EUA) = (—1)"—<g+”>(1_[(|Pi| - 1)!) (1‘[(|Ql-| - 1)!)
i=1

i=1

8 h
= <—1>'A'—g<1_[<|P,~| - 1)!>(—1)AC'_’1<]_[(IQ,'I - 1)!)
i=1 i=1

= C|a|(E)Caci(A),

which proves (4-55). We next prove (4-56). By A € Pp(A€), any part Q in
A satisfies O ¢ B = {j € N, |l; = 1}, which yields that x'(,; Q) =1 and
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ZITQ (T) =¢1(lp). Thus, we can see from (4-48) that
8 h
(4-60)  Z) gua(T) = (H K PHZ], (T)) (]‘[ X' 007, (T))
i=l i=1

h g
= <H cl(lQ,)) (1'[ s PHZ], (T)).
i=1 i=1

For any part P ={pi, ..., pa} in E, every index [}, is I, since A C B and E € P(A).
By this fact, we obtain

XU PY=xip, .. 1) = x] A = x (1) 04 (P))

and
T _ 77 _ 7T _ 7T
ZIP(T) = ZZPEPZP(T) = Z\P|(T) = ZIUA(P)I(T)'
Therefore,
g g
(4-67) [T Pz, () =TT xTA0 s 0a(P)Z], (5 (T
i=1 i=1
=z (T)
{45 {oa(P1),....04 (Pg)} ’
Combining (4-66) and (4-67) proves (4-56). O

From Theorems 7.12 and 7.13 in [Stanley 2013], we can obtain the following
identity in formal power series:

u? u?
(4-68) exp(ulu +u2? —|—u3? 4. )

oo i1, 02 in

U Uy - Uy
=1+ u" > T
11312205! -« - pleg,!

n=1 i1,i9,00sin >0
(Liy42-ip+-+n-in=n)

where u, uy, uy, ... are variables. (We can also prove (4-68) by a direct calculation
of the Taylor expansion of the exponential function e*.)
We require the following identity (4-69) to prove Lemma 4.9.

Lemma 4.10. We have

(4-69) > & Z}yn(T) = n'9(T),
MeP(N,)

where we define

~ )ittty iy
@70 G =Dty U—”T,ll—[(aa))

irligl - ipy! a

i122eenin =0 a=2

(Liy+2-ip+-+n-in=n)
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Proof of Lemma 4.10. For a partition IT = {Py, ..., Pg} in P(N,) and a positive
integer a, we denote by N,(I1) the number of the parts P; whose cardinalities
equal a, i.e.,

N, (I :={j €{l,..., g}||P;j| =all.
For example, Ni(IT) =2, No(IT) =1 and N3(IT) = N4(IT) =0 if

IT={{1}, {2}, {3, 4}} € P(Ny).
We note that
g=NiI)+---+N,(I) and n=1-Ni(II)+---+n-N,(II)
and that

8 n
[Tar1 =01z, (1) = [tt@ = D1zZ; N,
i=1

a=1

Noting x*({1}"; P;) = 1, we obtain from (1-5) and (4-48) that

8
En (I Zyn () = (=D T TP = DIZi (T)

i=1

= (_1)n_(N|(n)+'“+Nn(H)) l_[((a _ 1)12*(T))Na(n)
a=1
Thus,
(4-71) > Y & Zyn(T)

i]senin=0 MeP(Np)
(Liy+-tnin=n) (Na(D=ia(Va))

= ) (—1)"—<f1+"'+f"><ﬁ<<a-1>zz;:<T)>"a> YL

i]seens in>0 a=1 MeP(Ny)
(1-i1+---+n-in:tl) (Na(IM=iq (Ya))

Let m be an integer with ai, < m. We can choose i, disjoint subsets

Q17"'9 Qiu CNm,

with [Q]=---=10Q;,|=ain
m aig\ (ai, —a a 1
ai, a a al i,!
ways, as follows. First, we choose ai, integers N = {ki, ..., kq;,} from N, in (a”: )

ways. Then we select a integers Q| from N, select a integers O, from N \ Oy,
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and so on: these combinations are

(aﬁ?) <aiaa— a) o (Z)-

Finally, we divide it by i,! to ignore the order of Q1, ..., Q;,, and we reach the
desired result. Any partition in

{IT e P(N,) | N, (IT) =i, (for all a)}
can be uniquely obtained by choosing i disjoint subsets
o"..... 0 with |0 =1 (forall j)
from the set N,;, choosing i> disjoint subsets
07.....07 with |QP| =2 (forall j)
from the set N, \ (le) u-.-u Ql(ll)), and repeating it. Thus,

{IT € P(N,) | N,(IT) = i, (for all a)}|

H(n_l ih——(a—1) i, 1) (aia)(aia—a> (a) 1
o ai, a a T \a 'iu!
e n—lii— = @=D i), 1

-11( i ) G

_li[(n—l-il—---—(a—l)-ia_l)! 1

M—1-i1——a-ig)!  (aDiaiy!

a=1
2 1
) g —
ol (al)ai,!

which is equivalent to

n
1
2 1:”!}:[1 (@i’

MeP(Np)
(Ng (IMM=iq (Va))

Therefore, (4-71) can be rewritten as

(4-72) Z > & Zn(T)

in=0 MeP(Ny)
(1,]+ rin=n) (Na(M=iq(Va)

T 1 (ZED)\
=" Y (_1)u+---+znl—lﬁ( ac(l )>

i1senin=0 a=1
(Liy+-+n-in=n)
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By (3-80), Z(T) equals T if a =1 and ¢;(a) if a > 1, and so combining (4-70)
and (4-72) yields

(4-73) > > & Zye.n(T) =n'§(T).
in=0 MeP(Np)
(111+ Anip=n) (Na(M=ia(Va))

It is obvious that P(N,,) can be divided into disjoint subsets as follows:

@74 PNy)= || {MTeP®N)|NAD)=iz@a=1,...,n)}

i],0in >0
(l-il+~~~+n~in=n)

Thus, the left-hand sides of (4-69) and (4-73) are equal, and we obtain (4-69). [
We now prove Lemma 4.9.

Proof of Lemma 4.9. By (3-75) we have

—1 Tu _ . = (=D"&1(m) m\ , Tu
Alw) e —exp( Z—m u )e

m=2

o 1ym+l
— eXp<(—1)2Tu 4+ Z (l)—é“l(m)um)
m=2

m

which, together with (4-68) for u; = (—D2T and u,, = (—D)"Flz1(m) (m > 2),
yields

o0 i1ia iy " la
—1 Tu __ § : n n § : (_1) i C(a)
=1 i1509,m0in > =2
" (I-il+l2-i22+~~+n~in=n) ¢

Thus, by Lemma 4.10,

(4-75) AT =143 5 3 G Z (T

n=1 n: MeP(N,)

Since the renormalization map p is an R-linear map from R[7'] to R[T], we can
see from (2-6) that the inverse p~! is determined by

x
(4-76) Z—p—l(T") =p7" (™) = p7" (AW p(e™) = A",

n=0
Equating (4-75) and (4-76), and comparing the coefficients of u" (n > 1), we obtain
(4-57).

Let iy, ..., i, be nonnegative integers with 1 -i; +---+n -i, = n, and let

IT={Py,..., P} be apartition in P(N,) with g =i; +---+i, and N,(IT) =i,



348 TOMOYA MACHIDE

(a € N,,). Noting (1-7) for ¥ = m, we can obtain

& (T Z 0. (T) = (1)~ g]_[(IPI—l)'x A1y PYZ, (T)
i=1

_ =D [_, T (IP]=1foralli),
0 (3i suchthat |P;|>1),
and so
™ if T ={{1},..., {1},
Cn(H)Z{]}n r[(T) = n
0 otherwise.
Thus, by (4-74),
Y EG(MZ{. (1) = Y &MZE. (T

HEP(Nn) ..... in>0 MePNy)
(111+ Aneig=n) (Na(M=ia(Ya))

=& (M Z8n (D) | {0 (1)

=T"
which proves (4-58). U
4.3. Proof of Corollary 1.3. Let P, be the set of partitions of {1, ..., n},i.e., P, =
P(Ny). Let P,.,, be the subset of P,, which consists of partitions [T={Py, ..., Py}

such that the number of the parts is m. Note that P, = |_|'}= 1 Pn: j» In what follows,

we identify a partition
1 1
M=, oDy, ™, ey
with
nl (1)| .n im)ngr'n’)

For example,
{{1,2,3}} =123, {{1,2},{3}} =12|3, and {{1}, {2}, {3}} = 1]2]3.

Let n and n’ be positive integers with n < n’. For convenience, we embed &,, into
G,y in the following way: a permutation

(1 n) of &,
JU -« Jn

is identified with the permutation

1...nn+1...7 of &
Jleewjun+1...0 "
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which fixes integers between n + 1 and n'.
To prove Corollary 1.3, we require the following three lemmas, which state that

.....

depths 2, 3, and 4. We assunjle thatl, = (l1,...,1,) € N" and § € {*, m} in the
lemmas.

Lemma 4.11 (case of depth 2).

(4-77) thnt) =Y ',
MePs;,

(4-78) OG- frow)() = Y ¢l D).
MePs,y

Lemma 4.12 (case of depth 3).

(4-79) Chn | Ze)U) =2 Y ¢ I,
MePs.3

4-80) (| ZeZe)Ua) =3 > ' — > s I,
MePs.3 MePs;,

4-81) (x4 -¢rows| Be,)U) =2 Y ¢ (5 D).
IMePs;y

Lemma 4.13 (case of depth 4).
(4-82) (&1 Be)W) =6 Y (D),

1_[6774;4
(4-83)
CoanlZe,Ze) M) =12 Y ¢'UiT—2 Y ¢l 1D,
[1€Py.4 MePy.3
(4-84) (5o |ZeTe)W) =3 Y T~ Y '+ Y ¢'dsTD,
HEP4;4 HE'P4;3 Heps?éz)
4-85) ()|, Tey) M) =4 Y ' -2 Y Tdsm+2 > 1),
MePyy MePy3 I'lepfél)
(4-86)
(- crows| Zey) () =6 Y ¢y 1),
MePyy

where Pi;ziz) and szil) in (4-84) and (4-85) are subsets in Pa.» defined by

Py = {12[34, 13124, 14123} and  Py5" = (123]4, 124]3, 13412, 234]1},

respectively. Note that Py, = 735.252) U Pffil).
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We will prove Corollary 1.3 before discussing proofs of Lemmas 4.11, 4.12, and
4.13. We will divide the proof of Corollary 1.3 into three for the cases of n =2, 3,
and 4.

Proof of Corollary 1.3 for n = 2. Substituting (4-77) and (4-78) into the right-hand
side of (1-2) yields

@ 1Ze)U) = Y flim— > ¢,

ePs;r MMePr.y

since ¢, = G, and

X )21 (Lo) = xa &1l +h) = x) () - L owa(b) = (x4 - &1 0 wa) ().
We have by definition (see (1-5))

1 (IT € P2;2),

(= {—1 (IT € P».1),

and thus we obtain by P, = U,Zn:17)2;m

&) | Ze)M) = Y &M (p: ),
IMeP;

which proves (1-8) for n = 2. U
Proof of Corollary 1.3 for n = 3. Applying Xg, to both sides of (1-3), we obtain

4-87) (& | Ze,)(hs)
= =011 Ze) W) + (5 1) | Ze, Tey) 03) + (43 - ¢ ows | Te,) (1),
where we have used Xg, = X¢, X, on the left-hand side of (4-87). Substituting
(4-79), (4-80), and (4-81) into the right-hand side of (4-87) yields
@G 1Ze)U) = Y fdum— > cflsm+2 Y s,
MePs;3 MePs;, MePs;y

which proves (1-8) for n = 3, since

I (IT € P3;3),
caa(M={-1 {Ile P3.2),
and 7)3 = U?n:]P3;m' O

Proof of Corollary 1.3 for n = 4. We can see from the fourth and sixth equations
in (4-19) that (14)X¢, = (123)X¢, and (34) ¢, = (132) Z¢,, respectively, and so
it follows from (4-20) that ¥s, = Xg, X¢,. Taking the inverses of both sides of
this equation gives Xg, = X¢, X,. Thus, applying Xg, to both sides of (1-4)
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and combining the identities in Lemma 4.13 (or considering (4-82) — (4-83) +
(4-84) + (4-85) — (4-86)), we can obtain

@ | e, (a)
=Y dam- Y dasm+ Y dam+2 Y s m
T1€Ps4 T1E€Py:3 nery;” nepry;”
—6 Y ¢,
MePy)
which proves (1-8) for n = 4, since
I (IT € Py4),
=1 (IT € Pa;3),
G=1{ 1 MePyH),
2 (MePd,
—6  (IT € Pay1),

Paz = 7)4(;2i2) U Pﬁ(jil) and Py = Ufn:lp4;m~ ([
We see from (1-1) that )(1T (k) =1 for any positive integer k, and so

X ¢! k) = ¢ (k).

Note that ¢ (k) = g“f' (k) for k > 2. These facts will be used repeatedly below.
We now give proofs of Lemmas 4.11, 4.12, and 4.13.

Proof of Lemma 4.11. We have P,.o = {1|2} and P,,; = {12} by definition. Thus,
YT T = 5 g W] )¢ () = ¢ (D] ) = ¢ M),
MeP;.n

D Ty T = x] (h, e (h+1) = x3 ()G +h) = (x5 - £ o wa) (),
MMePs,y

which prove (4-77) and (4-78), respectively. U
Proof of Lemma 4.12. We have
P33 = {11213}, P32 ={12|3, 13]2,23[1}, P35, = {123},

by definition. In particular, P3., is expressed as UUE¢3{0_1(1)0_1(2)|a_1(3)},
and so

Z ¢T3 ) = Z X3 U1y L1081 U1y + o100 11 Uo-13))8] Uo-13))
MePs. o€els
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= Z X;(lo—l(l)’ lo-12) 61101y +la—1(2))§1-r(lo'—'(3))-

UE€3

Thus, we can obtain

(4-88) Y s =g, M),
HEP3:3

(4-89) Y s = (00 - frow) ®¢] | Zey) (),
MePs;

(4-90) Y s T = (- 21 o ws) ().
MePs;

Since g(Tl,l,l) is invariant under &3, we have (;{LM) | ¥e,)(13) = 2{:1’1’1)(13),
which together with (4-88) proves (4-79). Similarly, we have ( X; Lrows | Be,)(3) =
2x1 - ¢1 o w3(13), which together with (4-90) proves (4-81). We know from (1-2)
that

(4-91) & | Be, =01y — X3 Grown,
and so
thy | Be, =4 @4 | B,
= (5 | Be,) ® 1]
=y —x3 Qow)®¢f
=¢ly— (6 Gow) @,
Since €36, = 6,3, we have
th) 1 e, e, = €l ) | Tey)|Ze
=l =5 Gow)®E) | e
=3¢0 11— (3 - Crown) ®¢ | T,
which together with (4-88) and (4-89) proves (4-80). This completes the proof. [
Proof of Lemma 4.13. Let 2 be the subset of 24 given by

A9 = {e, (13)(24), (123), (132), (142), (234)} = ((13)(24))¢53.

Note that g, = 3((12)(34)) X0 From the definitions of P, and P4(f’2j ) and some
straightforward calculations, we can see that

Pusa = (1121314},
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Paz= U (o' (o' @) 3) o™ 4},

0
oeAy

P = U o (o' @le ' 3o @),

U€€3
Py = J e (Do @ 3o @),
Py = {1234).
Thus, we can obtain
(4-92) D ety =¢ M),
[€Ps;s
(4-93) Yo U = (G frow) ®& ) | Tge) (),
MePy.3
(4-94) D T ) = ((x3 - ¢ ow2)®? | Tey) (o),
nep”
(4-95) T T = ((x] - ¢rows) @] | Te,) (),
nerf
(4-96) > T I = (o - 21 o wa) ().
MePy:y

Since 5(3,1,1,1) and XZ - {1 o wy are invariant under G4, we have

Cin | Be)M) =62 | M) and (] ¢1ows | Te,)(As) =6x; -Crows(ly),

which together with (4-92) and (4-96) prove (4-82) and (4-86), respectively.
We now prove (4-83). A direct calculation shows that X¢, ¥g, = Xg, = Zs, Zai,,
and so, by (4-91),

(4-97) thiy | Ze e = €1y | Ze,)|Ba,
= (&) | Be,) ® L 1) Za,
= =03 Clow) @] ) | Za
=126 11— 04 - Grow) ®¢ ) | Tay,

Since g, = E<(12)(34)>EQ{2 and ()(2T -L1owy) ®§'(T1’1) is invariant under ((12)(34)),

4-98) (g fiow) @y | By =20x5 - frown) @y, | Ty
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Combining (4-97) and (4-98), we obtain

T ¥
f(g,l,l) | 264263 = 12{(1,1,1,1) _2(X2 ~¢1owy) ®§(T1’1) | 22(2’

which, together with (4-92) and (4-93), proves (4-83).
We now prove (4-84). For this, we require the identity

(4-99) Lo | ZenZes = (&) | Dz @) | Tiaa)| Zes,
which can be verified as follows. A direct calculation shows that
X((12),34) Ly = (e + (12) + (34) + (12)(34)) (e + (123) + (132))
=e+ (12) + (13) + (23) + (34) + (12)(34)
+ (123) 4+ (132) 4 (143) + (243) + (1243) + (1432).

From this equation and the equivalence classes modulo ((13)(24)) in Table 1, we
see that

264 = 22((12),(34)>2¢3 mod ((13)(24)).

We also see from X, = X¢, X, and (4-26) that Xg, = 22]@2 Y, mod ((13)(24)),
and so

262263 = E((lg),(34)>2¢3 mod ((13)(24))
Since ;:2’2) is invariant under ((13)(24)) and since Z((IZ),(34)) = 2((12»2((34)),

C(Tg,z) | ZgoXe; = C(Tz,z) | Sa2.600Ze; = (& | a2y @& | Tiaay) | e,

which verifies (4-99). Then, by (4-91), the right-hand side of (4-99) can be calculated
as

(RHS of (4-99))
= (é“(T],])—XzT'é“l0w2)®(C(T1,1)—Xg’ilowz)lzcg
= (¢} 11— 00 Crow) ®¢ 1y =& 1, ® (X3 -row) + (4] 1 own)®?) | Te,
= 34“:1,1,1,1)—()(;-4“1 0w2)®§(71,1) | S e + (O &1 ow2)®? | Be,.

It holds that 3 ((13)(24)) Xy = B9, and 50 (4-99) can be restated as

Lo | B Zes =380 110 — (3 - Clow) ® & ) | By + (1 - ¢rown)® | B,

which, together with (4-92), (4-93), and (4-94), proves (4-84).
We lastly prove (4-85) in a similar way to (4-84). We require the identity

(4-100) ¢} | B¢, Be,

®4
:44‘(}1,1,])(; _2(X2T'§2TOW2)®§(T1,1) | 2%{2"‘2()(;'{1011)3)@;: | 2¢4,
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which can be verified as follows. Identity (1-8) for n = 3 can be restated as
(4-101) &) | Be, =4/ 11— O ¢ own) ®] | Bey +2x3 - L1 o w3,
because of (4-88), (4-89), and (4-90). A direct calculation shows that

Ye,Te, = e+ (14) + (34) + (13)(24) + (123) + (124) + (132) + (243)
+ (1234) + (1342) + (1423) + (1432),

and so we see from the equivalence classes modulo ((12), (34)) in Table 1 that
Yo, X, = 22)2191 mod ((12), (34)).
Since X¢, X, = X, Ze,, We thus have

4(2,1) | Xg, 263

= 40 1565 = (156 ®¢] | e,

(4-101) +
=" ¢l | Ze—0g ¢ ow) ®& 1) | By Be, +2(x3 - Ciows) ®¢] | Be,

480110 =203 -6 ow) @] ) | T +20x3 - Crow) @4 | T,

which verifies (4-100). Then, combining (4-92), (4-93), (4-95), and (4-100), we
obtain (4-85), which completes the proof. (]

Remark 4.14. We can find that (1-2) and (1-3) are used to show Lemma 4.12; this
lemma is required for the proof of (1-8) for n = 3. Thus, not only (1-3) but also
(1-2) are necessary to prove (1-8) for n = 3. Similarly, we can find that (1-2), (1-3),
and (1-4) are used to show Lemma 4.13, and thus not only (1-4) but also (1-2) and
(1-3) are necessary to prove (1-8) for n = 4.

5. Examples
We list examples of (1-3) and (1-4) in Table 2 and Table 4, respectively. We also
list examples of (1-8) for n =3 and n =4 in Table 3 and Table 5, respectively, for
comparison. The examples treat the case of weight less than 7. We omit examples
of (1-2) and (1-8) for n = 2 because they are essentially the harmonic relations.

The following straightforward expressions of (1-3) and (1-4) are convenient for
calculating the examples in Table 2 and Table 4:

(5-1) &l b, 1)+ & (b, b, )+ 85 (s, 1, b)
=~/ ()¢ e 1)

o (U, ) )+ 8, Y W) + ¢ (3, 1) (1)
+ X;(Zl’ b, 13)¢1 (I + 1 + 13),
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Index set Linear relation
(LLD) |34, 1, 1) =x] (1,1, D& (3) (d3-1)
(LL2) | &, 1,248 (1,2, D452, 1, D =41, DG Q) +4 @) (d3-2)
(L13) | & (1L L)+E13, D466 LD =51 DaG)+4(5)  (d3-3)
(122) | 41,2,24602,2, )+602,1,2) = -aQ2)aG) +a((5)  (d3-4)
(LLA |4, L+ 1,4, D+56@, 1, D) =41, DO @) +6(6)  (d3-5)
(12.3) | ¢/(1,2,3)46:(2,3, D+5G,1,2)
=5 (1,203)+63, D6 (2)+£1(6) (d3-6)
(132) | 4,3, 2)+53(3,2, D+£5(2,1,3)
=5 (1,3)02)+ 62, D& (3)+£i(6) (d3-7)
(222) |36(2,2,2) = —£1(2° +35(2, 2)81(2) +81(6) (d3-8)

Table 2. Examples of (1-3) (or (5-1)).

(5-2) &l b, b3, )+ 2 (o, B, Ly 1)+ s, Las Ly b))+ 84 (s 1y, Do, 1)

We have used {f (1) = 0 for all equations in the tables, and {; 1, k)+ ;'ZT k,1)=

= ¢ U] el )] )

— o (U, ) U)e () — ¢ (b, 13)¢ W] ()
— & Us, L) (U)E] () — &) U, 1)E ()g] (1)

+8 () Us, 1)+ ¢ U, 1308 U, 1)
+ 4 (1, B 138 UD)+ ¢ (b, I3, 1)g (1)
+ & U L 1D () + ¢ s 1, ) (13)
— Xa U1, by B3, S (U + b+ I3+ L),

—¢1(k+1) (k> 1) for (d3-4), (d4-2), and (d4-3).
As was mentioned in Section 1, it holds that

(5-3)

which follows from (3-14) with [} =1, =1, or 27121 = 71 * 21 — 2». In fact, applying
Z* to both sides of this equation, we obtain 2Z T’I(T) = T? —¢1(2), which together
with (2-8) and (3-64) gives (5-3). Lastly, we derive the following equations from

gL, =0 and (A, D = -1,

(d3-1) and (d4-1) as applications of examples:

(5-4)
(5-5)
(5-6)

&G, 1) =41, 1,1, 1) =0,
(1,1, 1) =3003),
G111, 1) = 501 (4).
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Index set Linear relation
(LLD) |64 (1, 1, 1) =2x] (1,1, )& (3) (d3'-1)
(1,12) |2, 1,2 44/ (1,2, 1) + 232, 1, 1))
= —x3 (1, D& (2)> 4241 (4) (d3'-2)
(1,1,3) |21, 1,3)+4 (1,3, D+ 561, 1)
= —x (1, DG4 (3) +2¢1(5) (d3'-3)
(122) | 2(6(1,2,2)+ 52,2, 1)+ 452, 1,2)
=-25(2)1(3) +2£1(5) (d3'-4)
(LLA) |24 (L 1L, 4 +4 (1,4, ) +54,1,1)
= —Xg(l, D¢ (2)51(4) +2£4,(6) (d3'-5)
(1,23) | ¢/ (1L,2,3)+4(1,3,2)+ 62, 1,3) + (2,3, 1)
+43(3,1,2)+ 83,2, 1)
= —(01(2)1 (@) + 61 (3)H) +2¢1(6) (d3-6)
(2,2.2) | 643(2,2,2) =1(2)° =301 (2)51(4) + 241 (6) (d3’-7)
Table 3. Examples of (1-8) for n = 3.
Index set Linear relation
(LLLY) [ 441, 1,1, 1) =26/ (1, D2 = ¢l (1, 1,1, 1) (4) (d4-1)

(LL12) [ &, 1, 1,244, 1,2, D +¢0 (1,2, 1, )+ 42, 1,1, 1)

=4 (L DB +¢& (1, 1, D& (2) — 41 (5) (d4-2)
(LLL3) [ &/, 1,1,3) 4471, 1,3, D+, (1,3, 1, )+ 43, 1,1, 1)
== (1L, DG @)+ (1 1, DE (3) — £1(6) (d4-3)
(1,122) | ¢/ (1,1,2,2) +44(1,2,2, D42/ (2,2, 1, )+ ¢/(2,1,1,2)
=4 (1, D& @2 +4 (1L, D&2,2) + ¢, (1,262, 1)
+@& (1L, 1,2+ 52, 1, D)6 (2) — £1(6) (d4-4)
(1,2,1,2) 2(;;(1, 2,1,2)+¢4(2,1,2,1))
=4/ (1,22+ 02, D> +2¢] (1,2, D&(2) — £1(6) (d4-5)

We can easily obtain (5-4) from (d3-1) and (d4-1) for = m, since
x3 (L L) =x"(1,1,1,1)=0

Table 4. Examples of (1-4) (or (5-2)).

and ¢"(1,1)=0.

357

We can also obtain (5-5) from (d3-1) for ¥ = %, since x3(1,1,1) = 1. Since
x4 (1,1, 1,1)=1and ¢S (1, 1) = —¢1(2)/2, we obtain from (d4-1) for ¥ = * that

4cr(1,1,1, ) =2¢5(1, D> = 51(4) = 30> — 01 (4,
which together with (3-72) proves (5-6).
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Index set Linear relation
(LLLD) | 248] (1, 1,1, 1) =3x3 (1, D& (22 = 6x4 (1, 1, 1, 1)1 (4) (d4'-1)

(1L,1,1,2) | 6(2/(1,1,1,2)+¢/(1,1,2,1) +l;j(1, 2,1, 1) +4(2,1,1,1)
=3 (1, DO @G B) + 2x3 (1, 1, D126 (3) —6¢1(5)  (d4'-2)

(1,1,1,3) 6(4:(1, 1, 1,3)+§Z(1, 1,3, 1)+{I(1,3, 1,1)+¢@3,1,1, 1))
=3x1 (1, D& ()5 (@) +2x3 (1, 1, D1 (3)? — 641 (6) (d4'-3)
(1,1,2,2) 4(§j(1, 1,2,2)+¢4(1,2,1,2) + ¢4(1, 2, 2, 1)—{—{1(2, 1,1,2)

+002, 1,2, ) 4+202,2,1, 1)
= —x3 (1, D&+ Oy (1, D+ (2)¢1(4)

+2£1(3)2 - 661 (6) (d4'-4)

Table 5. Examples of (1-8) for n = 4.
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