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We consider a fractional Schrödinger–Poisson system in R3. Under certain
assumptions, we prove that the problem has infinitely many nonradial posi-
tive solutions.
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1. Introduction and main result

We consider the fractional Schrödinger–Poisson system

(1-1)
�
.��/suCuCV .jxj/ˆ.x/uD jujp�1u; x 2 R3;

.��/tˆD V .jxj/u2; x 2 R3;

where .��/˛ is the fractional Laplacian operator for ˛D s; t 2 .0; 1/, V .r/ (r Djxj)
is a positive bounded function, and

1< p < 2�.s/� 1D
3C 2s

3� 2s
:

We assume that V .r/ satisfies the following condition:

(V) There are constants a> 0, 3C2s

2.3C2sC1/
<m<

3C2s

2
and � > 0 such that

V .r/D
a

rm
CO

�
1

rmC�

�
as r !C1:
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In (1-1), the first equation is a nonlinear fractional Schrödinger equation in which
the potentialˆ satisfies a nonlinear fractional Poisson equation. The study of elliptic
equations involving fractional powers of the Laplacian appears to be important
in many areas, including physics, biological modeling, mathematical finance and
the study of standing wave solutions of certain nonlinear fractional Schrödinger
equations.

Giammetta [2014] studied the evolution equation associated with the one-dimen-
sional system

(1-2)
�
��uC�ˆ.x/uD g.u/; x 2 R;

.��/tˆD �u2; x 2 R:

Zhang, do Ó and Squassina [Zhang et al. 2016] established the existence of a radial
ground state solution to the following fractional Schrödinger–Poisson system with
a general subcritical or critical nonlinearity:

(1-3)
�
.��/suC�ˆ.x/uD g.u/; x 2 R3;

.��/tˆD �u2; x 2 R3:

Under the assumption that the nonlinearity does not satisfy the Ambrosetti–Rabino-
witz condition, Zhang [2015] used the fountain theorem to obtain the existence of
infinitely many large energy solutions to the system

(1-4)
�
.��/suCV .x/uCˆ.x/uD f .x;u/; x 2 R3;

.��/tˆD �u2; x 2 R3:

When sD t D 1, the system reduces to the classical Schrödinger–Poisson system.
In recent years, many publications have appeared on that system. Zhang [2014]
studied the existence and behavior of bound states of the system

(1-5)
�
�"2�uCV .x/uC�ˆ.x/uD f .u/; x 2 R3;

��ˆD u2; limjxj!1ˆ.x/D 0; x 2 R3;

for � > 0 and small " > 0. For f .u/D jujp�1u, p 2 .1; 5/, there are some results
in the literature. In the case of "D 1, V .x/� 1, the existence of radially symmetric
positive solutions of system (1-5) was obtained by D’Aprile and Mugnai [2004].
Azzollini and Pomponio [2008] established the existence of ground state solutions
for p 2 .2; 5/. Ruiz [2006] proved that (1-5) does not admit any nontrivial solution
for 1< p � 2 and possesses a positive radial solution for 2< p < 5. When �� 1,
Ianni and Vaira [2008] considered the existence of positive bound state solutions
that concentrate on the local minimum of the potential V . Furthermore, Ianni
and Vaira [Ianni and Vaira 2009; Ianni 2009] investigated the radially symmetric
solutions that concentrate on the spheres. Ruiz and Vaira [2011] constructed the
multibump solutions whose bumps concentrate around the local minimum of the
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potential V . The proofs explored in [Ruiz and Vaira 2011] are based on a singular
perturbation, essentially a Lyapunov–Schmidt reduction method. By using the
method of invariant sets of descending flow, Liu, Wang and Zhang [Liu et al. 2016]
showed that this system has infinitely many sign-changing solutions. For more
related results, one can refer to [Alves and Souto 2014; Chen and Wang 2014; He
and Zou 2012; Ianni and Vaira 2015; Kim and Seok 2012; Zhao et al. 2013].

In this paper, inspired by [Long et al. 2016] and [Li et al. 2010], we consider the
infinitely many nonradial positive solutions of the fractional Schrödinger–Poisson
system (1-1). In [Long et al. 2016], Long, Peng and Yang were concerned with
the existence of infinitely many nonradial positive solutions and sign-changing
solutions for the equation

.��/suCuDK.jxj/up; u> 0; u 2H s.RN /:

In [Li et al. 2010], Li, Peng and Yan obtained infinitely many nonradial positive
solutions for (1-1) with s D t D 1.

Compared with the operator��, which is local, the operator .��/s with 0<s<1

on R3 is nonlocal. Unlike the local case s D 1, the leading order of the associated
reduced functional in a variational reduction procedure is of polynomial instead of
exponential order, due to the nonlocal effect. So we need to establish some new
necessary estimates for the Lyapunov–Schmidt reduction. Also, because of the
appearance of the Poisson potential ˆ, problem (1-1) is more complicated than the
problem in [Long et al. 2016] and [Li et al. 2010].

To the best of our knowledge, there are no results on the existence of infinitely
many nonradical positive solutions to the nonlinear fractional Schrödinger–Poisson
system (1-1). In this paper, we will present some results in this direction.

Now, we are able to state our main theorem.

Theorem 1.1. If V .r/ satisfies (V) and 2t C 4s � 3, then the problem (1-1) has
infinitely many nonradial positive solutions.

To prove Theorem 1.1, we will construct solutions with a large number of bumps
near infinity. Since V .r/!0 as r!C1, the solution of (1-1) can be approximated
by using the solution U of the problem

(1-6)
�
.��/suCuD up; u> 0 in R3;

u.0/Dmaxx2R3 u.x/:

It is well known that the unique solution U of (1-6) satisfies U.x/D U.jxj/ and
U 0 < 0 (see [Frank and Lenzmann 2013; Frank et al. 2016]).

Let

(1-7) Qj D

�
r cos

2.j � 1/�

k
; r sin

2.j � 1/�

k
; 0

�
WD .Q0j ; 0/; j D1; 2; : : : ; k;
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where r 2
�
r1k

3C2s
3C2s�2m ; r2k

3C2s
3C2s�2m

�
for some r2 > r1 > 0. Define

Es
D

�
u W u 2H s.R3/; u is even in xh; hD 2; 3;

u.r cos �; r sin �; x3/D u

�
r cos

�
� C

2�j

k

�
; r sin

�
� C

2�j

k

�
; x3

��
:

Let

(1-8) Ur .x/D

kX
jD1

UQj .x/;

where UQj . � /D U. � �Qj /, and Qj is defined in (1-7).
We will prove Theorem 1.1 by proving the following result.

Theorem 1.2. Suppose V .r/ satisfies (V) and 2tC4s � 3. Then there is an integer
k0 > 0 such that for any integer k � k0, (1-1) has a positive solution uk of the form

uk D Urk
.x/Cwk ;

where wk 2 Es, rk 2
�
r1k

3C2s
3C2s�2m ; r2k

3C2s
3C2s�2m

�
for some r2 > r1 > 0 and as

k!C1, kwkks! 0:

Remark 1.3. It follows from Theorems 1.1 and 1.2 that (1-1) has solutions with a
large number of bumps near infinity. Hence the energy of these solutions can be
very large.

This paper is organized as follows. In Section 2, we give some preliminaries.
Then we carry out Lyapunov–Schmidt reduction in Section 3. Finally, we prove
our main result in Section 4. Some technical estimates are left to the Appendix.

2. Some preliminaries

In this section, we outline the variational framework for problem (1-1) and give some
preliminary lemmas. Firstly, we recall some properties of the fractional Sobolev
space and some results which are important in our proof of the main theorem.

The nonlocal operator .��/s in R3 is defined on the Schwartz class through the
Fourier transform

1.��/sf .�/D j�j2s yf .�/;

or via the Riesz potential. Hereb is the Fourier transform. When f has sufficient
regularity, the fractional Laplacian of a function f W R3! R is expressed by the
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formula

(2-1) .��
�s
f .x/D C3;s P:V:

Z
R3

f .x/�f .y/

jx�yj3C2s
dy

D C3;s lim
"!0

Z
R3nB".x/

f .x/�f .y/

jx�yj3C2s
dy;

where C3;sD�
�.2sC3=2/�

�
3
2
Cs
�
=�.�s/. This integral makes sense directly when

s < 1
2

and f 2 C 0;
 .R3/ with 
 > 2s, or if f 2 C 1;
 .R3/ with 1C 
 > 2s.
When s 2 .0; 1/, the space H s.R3/DW s;2.R3/ is defined by

H s.R3/D

�
u 2L2.R3/ W

ju.x/�u.y/j

jx�yj
3
2
Cs
2L2.R3

�R3/

�
D

�
u 2L2.R3/ W

Z
R3

.1Cj�j2s/jyu.�/j2 d� <1

�
and the norm is

kuks WD kukH s.R3/ D

�Z
R3

Z
R3

ju.x/�u.y/j2

jx�yj3C2s
dx dyC

Z
R3

juj2 dx

�1
2

;

which is induced by the inner product

hu; viH s.R3/ D hu; visChu; viL2.R3/

D

Z
R3

Z
R3

.u.x/�u.y//.v.x/� v.y//

jx�yj3C2s
dx dyC

Z
R3

u.x/v.x/ dx:

Here the term

Œu�H s.R3/ WD

�Z
R3

Z
R3

ju.x/�u.y/j2

jx�yj3C2s
dx dy

�1
2

is the so-called Gagliardo (semi-)norm of u. The following identity yields the
relation between the fractional Laplacian operator .��/s and the fractional Sobolev
space H s.R3/:

Œu�H s.R3/ D C

�Z
R3

j�j2s
jyu.�/j2 d�

�1
2

D Ck.��/
s
2 ukL2.R3/

for a suitable positive constant C depending only on s.
The homogeneous Sobolev space Dt;2.R3/ is defined by

Dt;2.R3/D

�
u 2L2�.t/.R3/ W

Z
R3

j�j2s
jyu.�/j2 d� <1

�
;
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which is the completion of C1
0
.R3/ under the norm

kukDt;2 D

�Z
R3

j�j2t
jyu.�/j2 d�

�1
2

D k.��/
t
2 ukL2.R3/

and the inner product

.u; v/Dt;2 D

Z
R3

.��/
t
2 u.��/

t
2 v dx; u; v 2Dt;2.R3/:

We have the following Sobolev embedding results.

Lemma 2.1 [Di Nezza et al. 2012]. H s.R3/ is continuously embedded into Lq.R3/

for q 2
�
2; 6

3�2s

�
, and locally compact whenever q 2

�
2; 6

3�2s

�
.

Lemma 2.2 [Di Nezza et al. 2012]. For any t 2 .0; 1/, Dt;2.R3/ is continuously
embedded into L2�.t/.R3/; i.e., there exists St > 0 such that�Z

R3

juj2
�.t/ dx

�2=2�.t/

� St

Z
R3

j.��/
t
2 uj2 dx; u 2Dt;2.R3/:

Now, we recall some known results for the limit equation (1-6). In a celebrated
paper, Frank and Lenzmann [2013] proved the uniqueness of the ground state
solution U.x/D U.jxj/� 0 for N D 1, 0< s < 1, 1< p < .N C 2s/=.N � 2s/.
Very recently, Frank, Lenzmann and Silvestre [Frank et al. 2016] obtained the
nondegeneracy of ground state solutions for (1-6) in arbitrary dimension N � 1

and any admissible exponent 1< p < .N C 2s/=.N � 2s/.
For convenience, we summarize the properties of the ground state U of (1-6),

which can be found in [Frank and Lenzmann 2013; Frank et al. 2016].

Lemma 2.3. Let s 2 .0; 1/ and 1<p< .3C2s/=.3�2s/. Then the following hold:

(1) Uniqueness: The ground state solution U 2H s.R3/ for (1-6) is unique up to
translations.

(2) Symmetry, regularity and decay: U.x/ is radial, positive and strictly decreasing
in jxj. Moreover, the function U belongs to H 2sC1.R3/\C1.R3/ and satisfies

C1

1Cjxj3C2s
� U.x/�

C2

1Cjxj3C2s
; x 2 R3;

with some constants C2 � C1 > 0.

(3) Nondegeneracy: The linearized operator L0D .��/
sC1�pjU jp�1 is nonde-

generate, i.e., its kernel is given by

ker L0 D spanf@x1
U; @x2

U; @x3
U g:
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By [Frank et al. 2016, Lemma C.2], @xjU has the following decay estimate for
j D 1; 2; 3:

j@xjU j �
C

1Cjxj3C2s
:

By Lemma 2.1, if 2tC4s� 3, H s.R3/ ,!L12=.3C2t/.R3/. Then, for u2H s.R3/,Z
R3

u2v � kuk212=.3C2t/kvk2�.t/ � Ckuk2s kvkDt;2 :

Hence there exists a unique ˆt
u such that .��/tˆt

u D V .x/u2 and the t-Riesz
potential satisfies

ˆt
u.x/D C.t/

Z
R3

V .y/u2.y/

jx�yj3�2t
dy;

where

C.t/D
�
�

3
2
� 2t

�
�

3
2 22t�.t/

:

Substituting ˆt
u in (1-1), we are lead to the equation

(2-2) .��/suCuCV .jxj/ˆt
u.x/uD juj

p�1u:

Let us summarize some properties of ˆt
u.x/ which will be useful throughout the

paper.

Lemma 2.4 [Zhang et al. 2016]. If t; s 2 .0; 1/ and 2t C 4s � 3, then for any
u 2H s.R3/, we have

(1) u 7! ˆt
u W H

s.R3/ 7! Dt;2.R3/ is continuous and maps bounded sets into
bounded sets;

(2) ˆt
u.x/� 0, x 2 R3, and

R
R3 ˆ

t
uu2 dx � Ckuk4s for some C > 0.

3. Finite-dimensional reduction

In this section, we prove Theorem 1.1 by proving Theorem 1.2.
We assume

(3-1) ƒk WD

"�
.3C 2s/B4

2mB5

�˛

� 1
3C2s�2m

k
3C2s

3C2s�2m ;�
.3C 2s/B4

2mB5

C˛

� 1
3C2s�2m

k
3C2s

3C2s�2m

#
;

where ˛ > 0 is a small constant, and where B4 and B5 are defined in Lemma A.5.
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Let r 2ƒk . We define

ED

�
u W u 2Es;

kX
jD1

Z
R3

@UQj

@r
U

p�1
Qj

uD 0

�
:

Define

I.u/D
1

2
hu;uisC

1

2

Z
R3

u2
C

1

4

Z
R3

V .jxj/ˆt
uu2
�

1

pC1

Z
R3

jujpC1
8u 2 E:

It is easy to check that

hu1;u2isC

Z
R3

u1u2�p

Z
R3

U p�1
r u1u2C

Z
R3

V .jxj/ˆt
Ur

u1u2

C 2

Z
R3

V .jxj/

�Z
R3

V .jyj/

jx�yj3�2t
Ur u1 dy

�
Ur u2; u1u2 2 E;

is a bounded bilinear functional in E. Hence, by the Lax–Milgram theorem there is
a bounded linear operator L from E to E such that

hLu1;u2i D hu1;u2isC

Z
R3

u1u2�p

Z
R3

U p�1
r u1u2C

Z
R3

V .jxj/ˆt
Ur

u1u2

C 2

Z
R3

V .jxj/

�Z
R3

V .jyj/

jx�yj3�2t
Ur u1 dy

�
Ur u2; u1u2 2 E:

The following result implies that L is invertible in E.

Lemma 3.1. There exists a positive constant C , independent of k, such that for
any r 2ƒk ,

kLuks � Ckuks; u 2 E:

Proof. We prove the lemma by contradiction. Suppose that there exist k!C1,
rk 2ƒk and uk 2 E with

kLukks D o.1/kukks:

Then we have

(3-2) hLuk ; 'i D o.1/kukksk'ks 8' 2 E:

We may assume that kukk
2
s D k.

Denote

�j D

�
x D .x0;x3/ 2 R2

�R W

�
x0

jx0j
;

Q0j

jQ0j j

�
� cos

�

k

�
; j D 1; 2; : : : ; k:
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By symmetry, we have

(3-3)
Z
�1

Z
R3

.uk.x/�uk.y//.'.x/�'.y//

jx�yj3C2s
dx dy

C

Z
�1

uk' �p

Z
�1

U p�1
rk

uk'C

Z
�1

V .jxj/ˆt
Urk

uk'

C 2

Z
�1

V .jxj/

�Z
R3

V .jyj/

jx�yj3�2t
Urk

uk dy

�
Urk

'

D
1

k
hLuk ; 'i D o.1/

1
p

k
k'ks 8' 2 E:

Particularly, choosing ' D uk we get

(3-4)
Z
�1

Z
R3

juk.x/�uk.y/j
2

jx�yj3C2s
dx dyC

Z
�1

juk j
2
�p

Z
�1

U p�1
rk
juk j

2

C

Z
�1

V .jxj/ˆt
Urk
juk j

2
C 2

Z
�1

V .jxj/

�Z
R3

V .jyj/

jx�yj3�2t
Urk

uk dy

�
Urk

uk

D o.1/

and

(3-5)
Z
�1

Z
R3

juk.x/�uk.y/j
2

jx�yj3C2s
dx dyC

Z
�1

juk j
2
D 1:

Let Quk.x/D uk.x�Q1/. It is easy to check that for any R> 0, we can choose
k large enough such that BR.Q1/��1. Consequently, (3-5) yields thatZ

BR.0/

Z
R3

j Quk.x/� Quk.y/j
2

jx�yj3C2s
dx dyC

Z
BR.0/

j Quk j
2
� 1:

Thus we may assume the existence of u 2H s.R3/ such that as k!C1,

Quk * u weakly in H s.R3/

and
Quk ! u strongly in L2

loc.R
3/:

Noting that Quk is even in xh, hD 2; 3, we have that u is even in xh, hD 2; 3. On
the other hand, from Z

R3

@UQ1

@r
U

p�1
Q1

uk D 0;

we obtain Z
R3

@U

@Q1

U p�1
Quk D 0:



448 WEIMING LIU

So u satisfies

(3-6)
Z

R3

@U

@Q1

U p�1uD 0:

Now we prove that u satisfies

.��/suCu�pU p�1uD 0 in R3:

Define

zED

�
' W ' 2H s.R3/;

Z
R3

@U

@Q1

U p�1' D 0

�
:

For any R > 0, let ' belong to C1
0
.BR.0//\ zE and be even in xh, h D 2; 3.

Then

'1.x/ WD '.x�Q1/ 2 C10 .BR.0//:

We may identify '1.x/ as an element in E by redefining the values outside �1

using symmetry. Using (3-4) and Lemma A.1, we deduce that

(3-7)
Z

R3

Z
R3

.u.x/�u.y//.'.x/�'.y//

jx�yj3C2s
dx dyC

Z
R3

u'�p

Z
R3

U p�1u'D 0:

Furthermore, since u is even in xh, h D 2; 3, (3-7) is true for any function
' 2 C1

0
.R3/ which is odd in xh, h D 2; 3. Therefore, (3-7) holds for any

' 2 C1
0
.BR.0//\ zE. By the density of C1

0
.R3/ in H s.R3/, we see

(3-8)Z
R3

Z
R3

.u.x/�u.y//.'.x/�'.y//

jx�yj3C2s
dx dyC

Z
R3

u'�p

Z
R3

U p�1u'D0 8'2 zE:

But (3-8) is true for ' D @U=@Q1. Thus (3-8) holds for any ' 2H s.R3/, and
hence uD c.@U=@Q1/ because u is even in xh, hD 2; 3. By (3-6), we find uD 0:

Consequently, Z
BR.Q1/

u2
k D o.1/ 8R> 0:

Moreover, Lemma A.1 implies that for any 1 < � � 3C 2s, there is a positive
constant C such that

(3-9) UQk
.x/�

C

.1Cjx�Q1j/3C2s��
; x 2�1:
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Thus, by (3-9) and (V), we have

o.1/D

Z
�1

Z
R3

juk.x/�uk.y/j
2

jx�yj3C2s
dx dyC

Z
�1

juk j
2
�p

Z
�1

U p�1
rk
juk j

2

C

Z
�1

V .jxj/ˆt
Urk
juk j

2
C 2

Z
�1

V .jxj/

�Z
R3

V .jyj/

jx�yj3�2t
Urk

uk dy

�
Urk

uk

�

Z
�1

Z
R3

juk.x/�uk.y/j
2

jx�yj3C2s
dx dyC

Z
�1

juk j
2

CC

�Z
BR

2

.Q1/

C

Z
�1nBR

2

.Q1/

1

.1Cjx�Q1j/3C2s��
u2

n

�
C o.1/

�
1

2
C o.1/COR.1/;

which is impossible for large R. �

Proposition 3.2. There is an integer k0 > 0 such that for each k � k0, there exists
a C 1 map with respect to r from ƒk to Es: ' D '.r/, satisfying ' 2Es, and�

@J.'/

@'
; v

�
D 0 8v 2Es:

Moreover, there is a small � > 0 such that

(3-10) k'ks �
C

r2m
k

1
2 CC k

1
2

�
k

r

�3C2s
2
C�

:

Proof. Write

J.'/D I.Ur C'/; ' 2Es:

By direct computation, we have

J.'/D I.Ur C'/

D
1

2
hUr C';Ur C'isC

1

2

Z
R3

.Ur C'/
2

C
1

4

Z
R3

V .jxj/ˆt
UrC'

.Ur C'/
2
�

1

pC1

Z
R3

jUr C'j
pC1

D
1

2
hUr ;Ur isChUr ; 'isC

1

2
h'; 'isC

1

2

Z
R3

U 2
r C

1

2

Z
R3

'2
C

Z
R3

Ur'

C
1

4

Z
R3

V .jxj/ˆt
UrC'

.Ur C'/
2
�

1

pC1

Z
R3

jUr C'j
pC1
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D
1

2
hUr ;Ur isC

1

2

Z
R3

U 2
r C

1

4

Z
R3
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Hence,
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It is not difficult to verify that f .'/ is a bounded linear functional in Es, so there
exists an fk 2Es such that

f .'/D hfk ; 'i:

Thus, to find a critical point for J.'/, we only need to solve
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From Lemma 3.1 we know L is invertible. Therefore, (3-12) can be rewritten as

' DA.'/DW �L�1fk �L�1R0.'/:

Set

N D
�
' W ' 2Es; k'ks �

1

r2m��
k

1
2 C k

1
2

�
k

r

�3C2sC�
2

�
;

where � > 0 is small.
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When 1< p � 2, we can verify that
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Hence Lemma 3.3 below implies
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:

Thus, A maps N into N when 1< p � 2.
Meanwhile, when 1< p � 2, we see
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where " 2 .0; 1/.
Thus, we have proved that when 1< p � 2, A is a contraction map.
When p > 2, by Remark A.2, the Hölder inequality, the Sobolev inequality, and
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Hence, we deduce that
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For the estimate of kR00.'/ks , we have
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Thus, we can conclude that
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where " 2 .0; 1/. Hence, A is also a contraction map from N to N .
Now applying the contraction mapping theorem, we can find a unique ' such

that (3-12) holds. Moreover, it follows from (3-13) and (3-14) that (3-10) holds. �
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where � > 0 is a small constant and � 2
�
0; 3C2s

2

�
.

On the other hand, by Lemma A.4 and Remark A.2, we have
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Inserting (3-16) and (3-17) into (3-15), we can complete the proof. �

4. Proof of the main result

Proof of Theorem 1.2. Let '.r/ be the map obtained in Proposition 3.2. Define

F.r/D I.Ur C'.r// 8r 2ƒk :

It is well known that if r is a critical point of F.r/, then Ur C'.r/ is a solution of
(1-1) (see [Cao and Tang 2006]). As a consequence, in order to complete the proof
of the proposition, we only need to prove that F.r/ has a critical point in ƒk .

Hence, by Proposition 3.2 and Lemma A.5, we have

F.r/D I.Ur /Cf .'/C
1
2
hL'; 'iCR.'/

D I.Ur /CO
�
kfkksk'ksCk'k

2
s

�
D kB3� kB4

�
k

r

�3C2s

C k
B5

r2m
C

1

4

ka2

r2m

kX
jD2

K.Qj �Q1/

Z
R3

U 2

C kO

�
1

r2mC�

�
CO

�
1

r2m
k

1
2 C k

1
2

�
k

r

�3C2s
2
C��2

D kB3� kB4

�
k

r

�3C2s

C k
B5

r2m

C
1

4

ka2

r2m

kX
jD2

K.Qj �Q1/

Z
R3

U 2
C kO

�
1

r2mC�

�
;

where B3;B4 and B5 are defined in Lemma A.5.
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We consider its maximum with respect to r :
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This is a contradiction to (4-2).
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Hence we can check that (4-1) is achieved by some rk which is in the interior ofƒk .
As a result, rk is a critical point of F.r/. Therefore

Urk
C'.rk/

is a solution of (1-1). �

Appendix: Some technical estimates

In this section, we give some estimates of the energy expansion for the approximate
solutions. Firstly, we recall
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where ˆt
u is the solution of .��/tˆt

u D V .jxj/u2.
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Recall that U is the unique solution of�
.��/suCuD up; u> 0 in R3;

u.0/Dmaxx2R3 u.x/:
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Then K is radial, and r3�2tK.r/!K0 > 0 as r !C1.
To begin, we give the following lemmas.
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Remark A.2. It follows from Lemma A.1 that Ur is bounded.

Lemma A.3 [Wei and Zhao 2013, Lemma 13.1]. Assume that 0 < m < 3 and
n>m. Then
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By Lemmas A.1 and A.3, we are led to
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Lemma A.5. We have
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By direct computation, we obtain
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By the result in [Long et al. 2016], we know that
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where B1 is a positive constant and � > 0 is small enough. We also obtain
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Using (A-3) and Lemma A.4, we see that
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Above all, we deduce that
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