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Bavard proved a duality theorem between commutator length and quasi-
morphisms. Burago, Ivanov and Polterovich introduced the notion of a
conjugation-invariant norm which is a generalization of commutator length.
Entov and Polterovich proved Oh—-Schwarz spectral invariants are subset-
controlled quasimorphisms, which are generalizations of quasimorphisms.
We prove a Bavard-type duality theorem between subset-controlled quasi-
morphisms on stable groups and conjugation-invariant (pseudo)norms. We
also pose a generalization of our main theorem and prove “stably nondis-
placeable subsets of symplectic manifolds are heavy” in a rough sense if
that generalization holds.

1. Definitions and results
Definitions. Burago, Ivanov and Polterovich defined the notion of conjugation-

invariant (pseudo)norms on groups and they gave a number of its applications.

Definition 1.1 [Burago et al. 2008]. Let G be a group. A function v : G — R is
a conjugation-invariant norm on G if v satisfies the following axioms:

(1) v(1) =0;

2) v(f)=v(f") forevery f € G;

(3) v(fg) =v(f)+v(g) forevery f, g € G;
@) v(f)=v(gfg ") forevery f, g € G;
S) v(f) >0forevery f #1€G.

A function v : G — R is a conjugation-invariant pseudonorm on G if v satisfies
axioms (1), (2), (3) and (4) above.

For a conjugation-invariant pseudonorm v, let sv denote the stabilization of v,
i.e., sv(g) = lim,_  v(g")/n (this limit exists by Fekete’s Lemma).
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For a perfect group G, the commutator length cl on G is a conjugation-invariant
norm. Bavard [1991] proved the following famous theorem (see also [Calegari
2009)):

Theorem 1.2 (Corollary of Bavard’s [1991] duality theorem). Let g be an element
of a perfect group G. Then scl(g) > 0 if and only if there exists a homogeneous
quasimorphism ¢ such that ¢(g) > 0.

For interesting applications of Bavard’s duality theorem, see [Calegari et al. 2014],
[Endo and Kotschick 2001] and [Mimura 2010] for example. After Bavard’s work,
Calegari and Zhuang [2011] proved a Bavard-type duality theorem on W-length
which is also conjugation-invariant. In the present paper, we give a Bavard-type
duality theorem on general conjugation-invariant (pseudo)norms for some groups
which are stable in some sense.

To state our main theorem, we introduce the notion of subset-controlled quasi-
morphism (partial quasimorphism, prequasimorphism) which is a generalization of
quasimorphism:

Definition 1.3. Let G be a group and H a subgroup of G. We define the fragmen-
tation norm vy with respect to H for an element f of G, by
vy (f) = min{k : there exist g(,...,g+ € G, and hy,...,hy € H

such that f = g1higy "' - gxhig; ')-
If there is no such decomposition of f as above, we put vy (f) = oo.

Definition 1.4. Let H be a subgroup of a group G. A function ¢ : G — R is called
an H-quasimorphism if there exists a positive number C such that for any f, g € G,

lp(f8) —d(f) —d(®)] < Cminfvy(f), v (g)}

The infimum of such C is called the defect of ¢ and we denote it by D(¢). If
o (f") =ne(f) for any element f of G and any integer n, ¢ is called homogeneous.

Such generalizations of quasimorphisms appeared first in [Entov and Polterovich
2006]. They proved that Oh—Schwarz spectral invariants (for example, see [Schwarz
2000] and [Oh 2006]) are controlled quasimorphisms.

Remark 1.5. In [Kawasaki 2016], H-quasimorphism is called quasimorphism
relative to vy. Tomohiko Ishida and Tetsuya Ito pointed out that quasimorphism
relative to H usually means quasimorphism which vanishes on H. Thus we use a
different notation from that work.

Let K be a subset of a group G. For elements f, g of G, let fKg denote the
subset { fkg; k€ K} of G.
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Definition 1.6. Let H be a subgroup of a group G. If for any element g of G,
v (g) < 0o, G is said to be c-generated by H.

The author essentially proved the following proposition:

Proposition 1.7 [Kawasaki 2016]. Let G be a group c-generated by a perfect
subgroup H (in particular, G is also perfect). If there exists an H-quasimorphism ¢
with limy_, o0 ¢ (g%)/ k > 0 for some g, then there is a conjugation-invariant norm v
with sv(g) > 0 (such a norm is called stably unbounded [Burago et al. 2008)]).

Our main theorem (Theorem 1.12) is a converse of the Proposition 1.7.

Remark 1.8. The author [Kawasaki 2016] proved that there exists such a Ham(B>")-
quasimorphism s x on Ham(R>"). Here, Ham(B>") and Ham(R>") are the group of
Hamiltonian diffeomorphisms with compact support of the ball and the Euclidean
space with the standard symplectic form, respectively. He also proved that g (g) >
0 for some commutator g. Thus, by Proposition 1.7, [Ham(R?"), Ham(R?")] admits
a stably unbounded norm.

Kimura [2016] proved a similar result on the infinite braid group B, = U,fil By
(the existence of a stably unbounded norm on [Bs,, Bso] is also proved by Bran-
denbursky and Kedra [2015]).

Definition 1.9. Let G be a group, H a subgroup of G and K a subset of G. We
define the set D’;,(K ) of maps displacing K far away by

DQ(K) ={hoe G: forall g1,..., g € G, there exists h € G such that
hhoh™' K (hhoh™")~" commutes with gy Hg; ' U---UgiHg; ')

Let v be a conjugation-invariant pseudonorm on a group G. For a subset K of G,
we define the far away displacement energy Ep ,(K) of K by

Ep,(K)= inf v(g).
g€D} (K)

Definition 1.10. Let G be a group and H a subgroup of G. The pair (G, H)
satisfies the property FM if G and H satisfy the following conditions.

(1) G is c-generated by H,
(2) For any elements &y, ..., hy of G, D}, (hi Hh{'U---UhyHhi') # @.

A group G satisfies the property FM if (G, H) satisfies the property FM for some
subgroup H.

For a group G, we define the set FM(G) by
FM(G) = {H < G; (G, H) satisfies the property FM}.

We give some examples satisfying the property FM.



160 MORIMICHI KAWASAKI

Proposition 1.11. (1) For any integer i, the pair (B, B;) satisfies the property
FM, and so does the pair ([ Bso, Bool, [Bi, Bil).
(2) We consider the Riemannian surface Yo = U/fi] Z,l where E,l is the Rie-
mannian surface which has genus k and 1 puncture. The pair of mapping class
groups MCG(X o), MCG(E})) satisfies the property FM for any integer i.

(3) The pair (Ham(R?"), Ham(B?")) satisfies the property FM, and so does the
pair ((Ham(R?"), Ham(R>*)], [Ham(B>"), Ham(B>")]).

Our main theorem is the following one.

Theorem 1.12. Let G be a group satisfying the property FM and v a conjugation-
invariant pseudonorm on G. Then,

(1) For any element g of G such that sv(g) > 0, there exists a function ¢ : G — R
which is a homogeneous H -quasimorphism for any element H of FM(G) such

that ¢(g) > 0.
(2) For any element g of the commutator subgroup (G, G] and any H € FM(G),

¢(g) - En,(H)
D(¢) ’

where sup is taken over the set of homogeneous H -quasimorphisms ¢ : G — R.

sv(g) < 8sup
¢

In Section 2, we construct the normed vector space A, and prove Theorem 1.12
by applying the Hahn—Banach theorem to A,,. In Section 3, we prove that A, is a
normed vector space. In Section 4, we prove Proposition 1.11. In Section 5, we pose
a generalization of Theorem 1.12 (Problem 5.6) and give its application to symplectic
geometry. There, we prove that “stably nondisplaceable subsets of symplectic man-
ifolds are heavy” in a very rough sense if the positive answer of Problem 5.6 holds.

2. Proof of main theorem

To construct controlled quasimorphisms by using the Hahn—Banach theorem, we
consider the normed vector space A, which we define here. The idea of our
construction comes from [Calegari and Zhuang 2011].

For a group G, we define the set Ag = ]_[,in(G x R)*. We denote elements of
Ag by g1 -+ - &', where g1, ..., g € G and s1, ..., s are real numbers.

Let v be a conjugation-invariant pseudonorm on G. We define the R>¢-valued
function | - ||, : A = Rx¢ by

g+ git o = Tim Lougelr) gl

where [ - ] denotes the integer part. For the trivial element 1 € (G x R)? of Ag, we
define ||1]|, =0.
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Proposition 2.1. Let v be a conjugation-invariant pseudonorm on a group G
satisfying the property FM. Then for any element g‘lq1 e g,ik of Ag, the above
limit || g}" - - - g |l exists. Thus || - ||, is well defined.

We prove Proposition 2.1 in Section 3. First, we define some operations on Ag.
For elements g = g}' -+~ g}, h=h'"---h} of Ag and a real number %, we define
g-h, gand g® by

-5

K - - ASk
gh:g;lgl‘ikhtllh;l, g:gksk...gl S]"

Aﬂw
and g()t)zglsl gk
By the definition of conjugation-invariant pseudonorms, we can confirm that the
function || - ||, : A — R satisfies the following properties easily. For any g,h € Ag,

lg-nllv <ligly+IRllv, Ih-g-hllv=lgl, and gl = lgl.

We define the equivalence relation ~ by g ~ h if and only if ||g-h||, = 0. We denote
the set Ag/ ~ by A, and the function || - ||, : A¢ — R on Ag induces the function
l-llv:A, — Ron A,.

In the present paper, we want to consider A, as an R-vector space with the norm
I - |l,. We define a sum operation, an inverse operation and an R-action on A,,. For
elements g = [g], h = [h] of A, and a real number XA, we define g+ h and Ag by

g+h=[g-h] and Ag= [g(k)].

Proposition 2.2. Assume that G satisfies the property FM. Then the above opera-
tions are well defined.

To use the Hahn—Banach theorem, we prove that A, is a normed vector space.

Proposition 2.3. Assume that G satisfies the property FM. Then (A, || - |lv) is a
normed vector space with respect to the above operations.

We prove Proposition 2.2 and 2.3 in Section 3.

Let G be a group and v a conjugation-invariant pseudonorm on G. Let L(G, v)
denote the set of Lipschitz continuous (linear) homomorphisms from A, to R. By
the Hahn—Banach theorem, Proposition 2.3 implies the following proposition.

Proposition 2.4. Assume that G satisfies the property FM. Then for any g € A,,

lgl, = sup 9@
deL G L(®)

where | ((/3) is the optimal Lipschitz constant of (/3
For an element ¢3 of L(G, v), we define the map ¢ : G — R by ¢(g) = ¢A>([g1]).

Proposition 2.5. Let H be an element of FM(G). For any element ) of L(G,v), ¢
is a homogeneous H-quasimorphism. Moreover, D(¢) < 8l(¢) - En,,(H).
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To prove Proposition 2.5, we use the following lemmas:

Lemma 2.6. Let G be a group and H, K subgroups of G. Assume (G, H) satisfies
the property FM. Then for any g € G and any element f € K, v([g, f]) <4En,(K).

Proof. Let f, g and h be elements of K, G and DQ(K ), respectively. Since G is
c-generated by H and the set { f, g} is a finite set, there exist elements A1, ..., A
of G such that f, g € (hiHh{', ..., hy Hhi").

Then, by the definition of D{,;(K ), there exists an element 4 of G such that
(hhoh™")K (hhoh™")~' commutes with (hHh', ..., hyHh;"'). Since f € K
and f, g € (W Hh{', ... b HhpY), (hhoh™") f (hhoh™")~" commutes with both
of f and g and thus [g, f1=I[g, [f, hhoh~']] holds.

Since v is a conjugation-invariant pseudonorm,

v([g. £ < v(glf, hhoh™"1g™") + v(Lf, hhoh™"17") = 2v([f, hhoh™'])
<2(w(f (hhoh™") f~1 4+ v((hhoh™")™")
= 4v(hhoh™") = 4v(hy).
By taking the infimum, v([g, f]) <4Eg ,(K). U

Lemma 2.7 [Entov and Polterovich 2006],[Kimura 2016]. Let G be a group, H
a subgroup of G and C a positive real number. Assume that a map ¢ : G — R

satisfies | (f) +¢(g) — d(fg)| < C for any elements f, g of G withvg(f) = 1.
Then ¢ is an H-quasimorphism. Moreover, D(¢) < 2C.

Proof of Proposition 2.5. Let qAﬁ be an element of L(G, v) and f, g elements of G
with vy (f) = 1. Since H is a subgroup, vH(fi) = 1 for any nonzero integer i.
Since v is a conjugation-invariant pseudonorm, by Lemma 2.6,

16(g) +o(f) —d(fe)l
= 14" D +(f' D) — dU(f2)' D

= 16(g 1+ 1/ T+ DI D]
<1(§)-limm™"-v(g" " (g™ F7H™)
=1(@) - limm ™" - v((g" (8. /Mg ™" (" g, £ g T (8018, £187)

m—1

<1(@)-liminfm ™" - Y "v(lg, /1)

i=1

<1(¢) -liminfm ™" - (m — 1) -4Ep ,(H)

= 4(p) - Ey.o(H).
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Thus, by Lemma 2.7, ¢ is an H-quasimorphism and D(¢) < 81((13) - Eg(H).
Since ¢ is a homomorphism, ¢ : G — R is a homogeneous H-quasimorphism. [

Proof of Theorem 1.12. Note that || [gl] |l, =sv(g) for any element g of G. Then (1)
follows from Proposition 2.4 and 2.5. To prove (2), it is sufficient to prove it for an
element g of [G, G] with sv(g) > 0. Then, by Proposition 2.4 and ILg" 1l =sv(g),
there exists an element qg of L(G, v) satisfying ¢ (g) =q§([g1]) #0. Since g €[G, G],
D(¢) > 0. Thus Proposition 2.5 implies 81(¢A>)_1 <D(p) " Ey.(H). Therefore
Proposition 2.4 implies

¢(g) - En,(H)

sv(g) < 8s1;p Do)

3. Proof of being a normed vector space

Definition 3.1. Let H be a subgroup of a group G and v a conjugation-invariant
pseudonorm on G. For elements gy, ..., gx of G, we define the far away displace-
ment energy Ep ,[g1,..., 8] of (g1,..., 8k) by

Enylgi, ..., gl =inf Ey (i HRT, ... iyHR'Y),

where inf is taken over iy, ..., h; such that g1, ..., gx € (thhfl, ...,h;thl).
If (G, H) satisfies the property FM, Ey ,[g1, ..., gk] <oo forany gi,..., gr €G.

To prove Proposition 2.1, 2.2 and 2.3, we use the following lemma:

Lemma 3.2 [Calegari and Zhuang 2011]. Let v a conjugation-invariant pseudonorm
on a group G. For any elements g1, . .., g of G and integers sy, ..., Sk, t1, ..., tg,

k
(et g T e gt ) < D It —sil - v(gi).
i=1

Proof. By using a graphical calculus argument (for example, see 2.2.4 of [Calegari
2009]), there exist elements Ay, ..., h; of (g1, -, g¢) such that

(g g et gy =k g - by g T
Since v is a conjugation-invariant pseudonorm,

k k
(g} g T el gE) = Y vk g T ) < [t —sil - v(g). O
i=1

i=1

Proof of Proposition 2.1. Fix an element g=[g;" - - - g,f" ]of A,. Define a function F :
Z.o— Rby F(m)=v(g"™ ... g’ By Fekete’s Lemma, it is sufficient to prove
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that there exists a positive real number C such that F(m +n) < F(m)+ F(n)+C
for any positive integers m, n. By Lemma 3.2,

F(m+n) = v(gln "l glietmtmly

<v(g[S1m]+[S1n] ) gIESkMJ+[Skn])

(g gl <1 gl gl

k
< v(g[slm]+[51n] . g/[cskm]-l‘[sk’l]) 4 Z v(gi).
i=1

By using a graphical calculus argument, there exists an integer /(k) which depends
only on k and elements fi, ..., fix, fi,---, fl/(k) of (g1, ..., gk) such that

(g[‘lm] km]) (g[‘lf’l] k"]) (g[‘lm]+[bln] g][cskm]‘i‘[skn]) — [fl: f]/] . [ﬁ(k) , f}/(k)]
Fix an element H of FM(G). Then Eg (g1, ..., 8] < oo. Thus, by Lemma 2.6,
Fm+n)— F(m)— F(n) ‘
< v(g[S1m]+[s1n] gl [sxm +[5kn])+z v(gi)— v(g[sun] . Skm]) v(g[sm] g][csw])
i=1
k
< v((g[ﬁm] km]) (g[sm] gl[csw])—l(ggmm]ﬂsm] . 'gl[cSka[sw]))‘i'Z v(g;)

k i=1
<v(lfi. £1- - Ui FiD + Y v(gi)

1(k) i=1

< Zv([f,, f]>+2v<gl

<4k Enylgr, ..., &l+ Z v(gi)-
i=1

Thus we can apply Fekete’s Lemma. ([
To prove Proposition 2.2 and 2.3, we use the following lemmas.

Lemma 3.3. Let G be a group satisfying the property FM and v any conjugation-
invariant pseudonorm on G. Then for any g € Ag and any real numbers \y, A,

A1+22) | (1) _g()»z) I, =0.

g ‘8

Proof. Assume that g is represented by g|'¢y* - -- &' € Ag. For any integer n,
by using a graphical calculus argument, there exist elements f, 1, ..., fu..ix) and

f,isl, el fn’,l(k) of {g1, ..., gk) such that

(ggn)»lSl]+[n)»251]ggnMSzH[ﬂ)\zSz] B 'gl[chSkH[nMSk])_l

A A Msk A A A
gihilghiinl. | glihisdy (gl glviasal oSy — [ 1L fr i1 Ui S, 1)
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Fix H e FM(G). Then Ey ,[g1, - - -, 8k] <oo. Thus, by Lemma 3.2 and Lemma 2.6,

—(A1+A A A
”g( 1+ 2),g( D, (2)”
1 [nAs-i—nAc] [nA1sp+niasp]y—1
1 - 151 281 . 15k 25k
= Jim v & )
(ggn)nﬂ] . [n)»m])( [na2s1] | gl[chSk]))
.1 [nA1si]+nrasi] [nhisel+Inkase]y —1
<1 1. 151 251l 15k 25k
= Jim (”“81 Sk :

(g[nMSl] [nklsk])(g[”)%sl] [nkzsk])) + Z v(gi) )
i=1

k
= lim . (V([fn,la Joal - Unawys fraoD + Z V(é’i))
i=1

n—-oo n
1 1(k)
< lim —. (Zlvqf,”, iy )+Zv<g, )
J
.1
< lim - <4l(k)EH,U[g1, i +2;v(gi>)
=0. O
Lemma 3.4. Let G be a group satisfying the property FM and v a conjugation-
invariant pseudonorm on G. For g1, ..., g € G and real numbers A, sy, ..., S,
lim l v(g[)wln] . g][(}mkn]) Al hm 1 l)(g[Yln] g][(Skn])-

n—-oon

Proof. We first prove for the case when A is a positive rational number, i.e., A=¢q/p
where p, g are positive integers. By the existence of the limits (Proposition 2.1),
since the limit of any subsequence equals that of the original sequence,

lim = sin] - GDsenly i lgsin] lgsin]
ningon l)(g gk ) nLn’olo pn V(g gk )
— lim L. v(g[“"] ) gIE.vkn])
n—oo pn
=2 Lim = - (gl gl
o (g * 8k )

We prove for the case A = —1.

Let g denote the element g' g5 - -- g,* of Ag. By Lemma 3.3, [ . g] =
[g@]=[1]. Recall that 1 € (G x R)" is the trivial element of Ag. Thus [g(~D] =
[g""-g-gl =[1-g] =gl Therefore |(—Dgll, = |&ll, = llgll, and we have
completed the proof for the case when A is a rational number.

Since Lemma 3.2 implies that the function R — R, A — lim,_,(1/n) -

(g gy is continuous, we have completed the proof. O
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Proof of Proposition 2.2. Assume that elements £, £,, g, g» of Ag satisfy [f] =
[£2] and [g1] = [g2]. Then
I(£1-g1) - (£2-82) v = I £1-81- 82 £2ll,
<Ifi-gi-&-fillv +I1£1- £l
= llgi - &2llv + lI£1 - £21l, = 0.

Thus [£1 - g1] = [£2- g2].

Assume g1, g2 € Ag satisfy [g1] = [g2]. For any A € R, Lemma 3.4 implies
lgt” - &2l = (&1 -8l = 1Al - &1 - g2)lly = 0. Thus [g{” 1= [gf"]. O
Lemma 3.5. Let G be a group satisfying the property FM and v a conjugation-
invariant pseudonorm on G. Then for any elements f, g of A,,

f+g=g+f.
Proof. Assume f, g are represented by [£]=[£" f,>--- f*1, [gl = g} g3 - - - &',
respectively. Fix an element H of FM(G). Then Ey ,[g1, ...,gl] < 00. Since
g%”"]g“z"J . g[”"] €(g1,...,g) for any n, Lemma 2.6 implies

IIf-g-(g-f)I|v=IIf-g gl
= Lm = ((fl[sm]f[sw] f[Skn])(g[tln] [r2n] “gl[tzn])
n—)oon
(fl[sm] [s2n] fk[Skn])— (g[tln] [tan] gl[tzn])—l)

= lim = ([f[sm]f[Szn] f[Skn]’ [t1n]g[tzn] ) gl[tzn]])

n»oon
1
= lim —-4Eg,[g1,...,81=0
n—oo n
Thus f+g=[f-g]l=[g-fl=g+f. u

Proof of Proposition 2.3. By Lemma 3.3, 3.4 and 3.5, for any elements f, g of A,
and real numbers Ay, Ay,

(A +2)g=rig+A2g, lriglly=Ir1-lglly, and f+g=g+f.

We can confirm the other axioms of a normed vector space easily. Thus we complete
the proof of Proposition 2.3. U

4. Proof that examples satisfy the property FM

In the present section, we prove that (Ham(R%"), Ham(B?")) satisfies the property
FM. We can prove other parts of Proposition 1.11 similarly.

We use the following notations. For a diffeomorphism g on a manifold M, let
Supp(g) denote the support of g. For a point p of R?" and a positive real number
R, let B¥'(p, R) denote a subset {x € R*"; ||x — p|| < R} of R*".
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Proof. For simplicity, let B denote the subgroup Ham(B?") and po denote the point
(3,0,...,0) of R*".

Let fo be a Hamiltonian diffeomorphism on R>*such that fy(B*") = B*'(po, 1).
Fix Hamiltonian diffeomorphisms g1, ..., gx on R*". Then there exists a pos-
itive real number R such that Supp(g;) U --- U Supp(gx) C B>*(0, R). Since
fo(B>) = B*'(po, 1) and B*(py, 1) NB>* = @, we can take a Hamiltonian dif-
feomorphism f such that f(B*") = B* and ffy(B**) N B> (0, R) = @. Since
(ffofHB(ffof ="~ =Ham(ffof~'(B*")) = Ham(f fo(B*")) and

giBgr U UgiBg ' = Ham(g (B*)U- - - U g (B*")) C Ham(B**(0, R)),

ffo(B¥) N B0, R) = @ implies that (ffof~HB(ffof~H ™' commutes with
giBgr' U---UgiBgi ! Thus fy € DL(B).
Note that Banyaga’s [1978] fragmentation lemma states that for any Hamiltonian

diffeomorphism g, there exist Hamiltonian diffeomorphisms fi, ..., fi such that
g€ (lef]_l, e, kafk_l). Thus Ham(R?") is c-generated by B and the proof is
complete. ([

5. Are stably nondisplaceable subsets heavy?
Bavard’s duality in Hofer’s geometry

We have considered subgroups which are displaceable far away. We now pose a
problem on displaceable subgroups and give its application to symplectic geometry.
On notions related to symplectic geometry, we follow [Entov 2014].

Definition 5.1. Let G be a group, H a subgroup of G and u : G — R an H-
quasimorphismon G. If ;(g") =nu(g) for any element g of G and any nonnegative
integer n, w is called semihomogeneous.

Let (M, w) be a 2m-dimensional closed symplectic manifold. A subset X of
(M, w) is called displaceable if X N ¢,1: (X) = @ for some Hamiltonian function
F :S' x M — R where ¢ is the Hamiltonian diffeomorphism generated by F and
X is the topological closure of X. Otherwise, X is nondisplaceable. Let DO(M)
denote the set of displaceable open subsets of (M, w). A subset X of a symplectic
manifold M is stably displaceable if X x S' is displaceable in M x T*S'. Otherwise,
X is stably nondisplaceable.

Entov and Polterovich [2006] defined for an idempotent a of the quantum ho-
mology Q H,(M, w), the asymptotic spectral invariant p,, : H/ZI-I/I](M ) — R on the
universal covering H/;m(M ) of the group Ham(M) of Hamiltonian diffeomorphisms
in terms of Oh—Schwarz spectral invariants and proved that p, is a semihomoge-
neous H?lfnu (M)-quasimorphism for any element U of DO(M). Here Hﬂa\l/mu (M)
is the set of elements of Hz;n(M ) which are generated by Hamiltonian functions
with support in S! x U.
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A Hamiltonian function F : S' x M — R is normalized if f v Fro™ =0 for any
tesh

Definition 5.2 [Entov and Polterovich 2009]. Let (M, w) be a closed symplectic
manifold and a an idempotent of Q H,(M, w). A compact subset X of (M, w) is
a-heavy if for any normalized Hamiltonian function F : S! x M — R,

—pa(PpF) = vol(M) - inf F,
Six X

where vol(M) = [,, ™.
In particular, if X is a-heavy, u,(¢r) < 0 for any normalized Hamiltonian

function F with Flgi,x > 0.

Remark 5.3. The above definition of heaviness is different from the one of [Entov
and Polterovich 2009] and [Entov 2014] (in their definition, they consider only
autonomous Hamiltonian functions). However, as remarked in [Seyfaddini 2014],
the above definition is known to be equivalent.

Entov and Polterovich [2009] also proved that heavy subsets are stably nondis-
placeable. In the present section, we consider the converse problem, “are stably
nondisplaceable subsets heavy?”

Definition 5.4. Let G be a group, H a subgroup of G and K a subset of G. We
define the set Dy (K) of maps displacing K by

Dy (K) = {ho € G; hoK (ho)~" commutes with H}.
Definition 5.5. Let G be a group and H a subgroup of G. The pair (G, H) satisfies
the property FD if G and H satisfy the following conditions:
(1) G is c-generated by H,
(2) Du(H) # .

A group G satisfies the property FD if (G, H) satisfies the property FD for some
subgroup H.

For a group G which satisfies the property FD, we define the set FD(G) by
FD(G) ={H < G; (G, H) satisfies the property FD}.
We pose the following problem.

Problem 5.6. Let G be a group satisfying the property FD, H an element of FD(G)
and v a conjugation-invariant pseudonorm on G. Prove that for any element g of G
such that sv(g) > 0, there exists a function i : G — R which is a semihomogeneous
H -quasimorphism for any element H of FD(G) such that u(g) > 0.

Here, we give an application of Problem 5.6 to symplectic geometry.
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Proposition 5.7. Assume that the positive answer of Problem 5.6 holds.

Let X be a stably nondisplaceable compact subset of a closed symplectic manifold
(M, w). For any normalzzedHamlltomanfunctlon F:S8'x M — Rwith F|S| x>0,
there exists a function L : Ham(M ) — R which is a semihomogeneous HamU (M)-
quasimorphism for any element U of DO(M) such that g (¢r) <O.

Proposition 5.7 states that “stably nondisplaceable subsets are heavy” in a very
rough sense if the positive answer of Problem 5.6 holds.
To prove Proposition 5.7, we use the following theorem, due to Polterovich:

Theorem 5.8 [Polterovich 1998, 2001]. Let X be a stably nondisplaceable subset
of a closed symplectic manifold (M, w). For any normalized Hamiltonian function
F:S'x M — Rwith F|gx > p for some positive number p, ||¢r| g > p. Here
-1l g e H/;m(M) — R is the Hofer norm which is known to be a conjugation-invariant
pseudonorm.

Proof of Proposition 5.7. Since X is compact, there exists some positive number p
with F|g1,x > p. For any positive integer n, we define a Hamiltonian function
F®:S'x M — Rby F™(t,x) =n- F(nt, x). Note that ¢rm = (¢r)". Then,
by F®|g1,x > np and Theorem 5.8, ||(¢r)" ||z > np for any positive integer 7.
Since H;me (M) € FD(H?m(M )) for any element U of DO(M), by the positive
answer of Problem 5.6, there exists a function p, : H?m(M ) — R which is a
semihomogeneous Hamy (M)-quasimorphism for any element U of DO(M) such
that ) (¢F) > 0. Then setting ur = —u', completes the proof. O
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