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GEOMETRIC PROPERTIES OF LEVEL CURVES
OF HARMONIC FUNCTIONS AND MINIMAL GRAPHS
IN 2-DIMENSIONAL SPACE FORMS

JINJU XU AND WEI ZHANG

We study the geometric properties of level curves of harmonic functions and
minimal graphs in 2-dimensional space forms using the maximum principle.
More precisely, we find two auxiliary functions which consist of tangential
derivatives of the curvature of level curves and the norms of the gradient
of the solution functions. Then we prove that they satisfy certain elliptic
partial differential equations.

1. Introduction

The geometric properties of the level surfaces of solutions of elliptic partial differ-
ential equations have been studied for a long time. For instance, a book by Ahlfors
[1973] contains the well-known result that level curves of the Green function of a
2-dimensional convex domain are convex curves. Gergen [1931] proved the level
surfaces of the Green function of a 3-dimensional star-shaped domain are also
star-shaped. Shiffman [1956] studied the convexity of the level curves of immersed
minimal surfaces in R3. He proved that if two convex curves in parallel planes in
R? bound a minimal surface S then the intersections of all other parallel planes
with S are also convex curves. In particular, he obtained that if the boundaries are
two circles then intermediate level curves are also circles. Gabriel [1957] proved
that the level surfaces of the Green function of a 3-dimensional convex domain
are strictly convex. Later, Lewis [1977] extended Gabriel’s results to p-harmonic
functions in high dimensions. For more related extensions and a survey on this
subject, see [Bianchini et al. 2009; Caffarelli and Spruck 1982; Kawohl 1985].
There is also a lot of literature on the quantitative curvature estimates of level
surfaces of solutions of elliptic partial differential equations. For 2-dimensional
harmonic functions, Talenti [1983] got the following result. Let  C R? be a domain
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and u be a harmonic function with no critical points in 2. Then the function «/|Vu|
is harmonic in Q2. Here

2 2
_ 2uqupuin —uiuon — ujUI|
|Vul3

is the curvature of the level curves of u. Throughout the paper we use subscripts to

represent the derivatives with respect to any orthonormal frames. Similar results can
also be seen in [Ortel and Schneider 1983; Longinetti 1983]. Recently, Ma, Ou and
Zhang [Ma et al. 2010] generalized the above results to n-dimensional harmonic
functions (2 < n < oo) and obtained the sharp Gaussian curvature estimates of the
level surfaces. See also [Chang et al. 2010; Ma and Zhang 2013; 2014; Wang and
Zhang 2012; Zhang and Zhang 2013].

More recently, Kong and Xu [2015] found that if « is a harmonic function of
two variables with no critical points, then the function (kjuy — kou1)/ |Vul? is also
harmonic. Using this fact, they proved that all the level curves of solutions of the
Laplace equation with homogeneous Dirichlet boundary conditions on an annulus
are circles. This result can be viewed as a generalization of Shiffman’s result on
minimal surfaces. In this paper, we extend Kong and Xu’s and Shiffman’s results
to harmonic functions and minimal graphs in 2-dimensional space forms. More
precisely, we obtain the following results.

Theorem 1.1. Suppose that M*(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let Q@ C M?(c) be a domain and u be a harmonic
function with no critical points in 2. Let k be the curvature of the level curves of u.
Then the function ¢ = (kjuy — K2M1)/|Vu|3 is also harmonic in 2.

For minimal graphs, we have the following similar result.

Theorem 1.2. Suppose that M*(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let Q@ C M?*(c) be a domain and u satisfy the
minimal surface equation

E a,'ju,'j:O il’lQ,
ij

where a;; = (1+ |Vu|2)8ij —u;uj. Furthermore, assume that there are no critical
points of u in Q2. Let k be the curvature of the level curves of u. Set

(14 |Vul?)*?
|Vu|3
Then the function \ satisfies the differential equation

> aiyii+ Y bii =0 inQ.
ij i

- (K1up — Kouy).

w:

Here the b; are bounded functions.
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Based on the above theorems, we have the following characterization of geodesic
circles.

Remark 1.3. Since (kjuy —kpu1)/|Vu| is the tangential derivative of the curvature
of the level curves, the auxiliary functions ¢ and ¥ are independent of the choice
of orthonormal frames. Similar to the case of Euclidean space, by the maximum
principle, we know that all the level curves of solutions of the Laplace equation or
the minimal surface equation with homogeneous Dirichlet boundary conditions on
an annulus are geodesic circles.

Now we give the derivative commutation formulas in Riemannian geometry. Let
u be a smooth function and R;jy; be coefficients of the Riemannian curvature tensor
under orthonormal frames. Here for 2-dimensional space forms M?(c), we adopt
Ri712 = c¢. Then we have

(1-1) uij —uji =0,

(1-2) Ujjk — Uikj = Z Um Rinijk»
m

(1-3) Wijkl — Ujjik = Z Umj Rmiki + Z Wim Rimjki.
m m

For more details, one can consult any book on Riemannian geometry, such as [Chern
et al. 1999].

In this paper, all the summation indices i, j, k, [ and m run from 1 to 2. In
Section 2, we prove Theorem 1.1. In Section 3, we prove Theorem 1.2.

2. Level curves of harmonic functions

In this section, we focus on the calculation of harmonic functions in 2-dimensional
space forms.

Let  C M?(c) be a domain and u be a harmonic function defined in € with no
critical points. Set

¢ = f(IVul)(k1uz — kouy),

where « is the curvature of the level curves and f is a smooth function of one
variable defined on the interval (0, +00) which will be determined later. For a
suitable choice of f, we will prove that ¢ is also a harmonic function in €2, i.e., the
function ¢ satisfies

(2-1) Ap=0 1in Q.

In order to prove (2-1) at an arbitrary point x( € €2, we may choose the orthonor-
mal frames such that

ui(xo) =0, wuz(xp) =[Vu|(xg) > 0.
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From now on, all the calculations will be done at the fixed point xo unless

otherwise specified.
By taking the first derivative of ¢, we have

(2-2) @i = f'(IVul)i - (kiuz — kouy) + f - (kijun + Kiuo; — kojtl] — Kau ;).
Differentiating (2-2) once more, we have

gii = f(\VuD? - kcrua + f(\Vul)i; - keyug + 2 (1Vul); - (ki + ki — k)

+ f - (kriiua + 2c1u0; + KU — 260011 — K2U )]

hence
(2-3) A(p_uszkl,, [2uz f'(IVuD1 +2 furz] - k11
[2M2f (IVul2 +2fuz —2fun]- k2 +[=2funl -«
+ [sz" >V} +usf’ Zuwnﬁ
+2f Z(Wul)luzl —I—quz”]-

|: 2f Z(Ivul)lull fzulu]‘

Direct calculation yields

1
(IVul); = ﬁ;um,

1 , 1 1
(1Vul)ii = Val Y uii+ vl D ujujii — VulP > ujujiugu.
J J Jjk

Then at the point x,

(2-4)

us.
(2-5) (IVul)i =uzi, (|Vul)i= u—12’+uzn~.

By the commutation formulas (1-1)-(1-2), we have

(2-6) Zulll_zulll_z[ulll+zum mlll:|: )
(2-7) Z Uzij = Z Uinj = Z [Miiz + Z MmRmizi] =up-c.
i i i m
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Putting (2-5)—(2-7) into (2-3), we obtain
28) Ap=urf Y kiii+Quaf +2  urz ki1 +(=2uz f —4fur -k

(=2 ura-kn+ o f+3 )W +udy) e+ s f Hus f) ke -c.

To compute the first term in (2-8), we should get the formula for Ax at a general
point in advance. Recalling the curvature formula for the level curves, we have

3 2 2
(2-9) [Vul|” -k =2ujusu1z —ujuz — usu1g.

By applying the Laplace operator on both sides of (2-9) and then using (2-4), we
obtain

1 6
2-10) Ak = 2 — iUz —uduy)ii — —— Vul); -k
(2-10) ST E Xi:( UIUQU1D —UTU —USUTL )i IVMIXZ,IO ul)i-Ki
- Zuvm)?-x—iZawow
Vul? & "Vl !

i

(uyur1+usun)- ki

o Y Qs i~ o
T =T} ULUU 12 —UTU2 —ULULL)ii — 75 5
Vul? £ : 2 vl

6 1
——— (U —ugu) kKy———
|VM|2( 1U12—U2U11) K2 Vul?

[9@&1+u%2)+3zujuj,-,.].,<.
ij
Now the commutation formulas (1-1)—(1-2) yield
(2-11) Z Ujlijii = Z Uuj [Miij + Z ”mRmiji:| = Z ujumRm,-j,- = |VM|2 -C.
ij ij m ijm

By inserting (2-11) into (2-10), we have

(uru11+usur2) -k

1 6
2-12) Ak =—— QUitsi 1y — Uty — Ui )i — ———
(2-12) Vul? Xi:( |UoU 2 — UTUDD — UL )i Vul?

u? +uly) -k — 3K -c.

9
- (Miu12 —ugu11) k2 — ——>
|Vul? |Vu|?

Straightforward computation gives
2 2
2-13) ) " Quyuguiy —ujun — uzun)ii
i
= Z (20152110 +2u i + 2u jupu i — 2wy
' 2 2
—uu;i — 2uauiiu 1y — Uyl i +A4u Ui +4uriusi;

2 2
+duyuniuri — 2utuzy — duyugiun — 2us;uny — dusuiugy; ]
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=2(our2+uruir) E w1 +2Wu12 —usuny) E Ui
i i
> ) 2 B
+2ujun U12ii — U Ui — Uy U11ii
i i i
+4E (M2uli+u1u2i)u12i+4g (uru1; —uouo;)uy;

l l

21 +1L+1;,

where

Li = 2(uau1z + uruyy) Z wiii +2(uiui2 — usugy) Z”Ziia

i
L=2 = i —u .
2 =zl U12ii — U Ui — Uy U1liis
i i i

I; = 42(”2”1;’ +Uiu U1 +4Z(M1M1i — Ul )U11;.

l ]

1

We deal with the terms I;, I, and I3 consecutively. By (2-6)—(2-7), we have

(2-14)  Ti =2(uou1p +uguy) ZumRmili +2(uiu12 —usuny) ZumRmiZi
im im
=2(upup +uiuyy) -uy -+ 2y —uzlyy) - Uz - C

=2|Vul]® -k -c.

By the commutation formulas (1-1)-(1-3), we have
Wjkii = Wijjk + Z Umk Rmiji + Z Umj Rmiki +2 Z Ui R jki-
m m m
It follows that

(2-15) L =2uju, - [Z U2 Ri1i + Z Um1 Rioi +2 Z umilezi]

im im

im
— I/t% . [2 Z Um2 Rini + 2 Z u;niRm22i]
im im
- u% . |:2 Z U1 Riiti +2 Z “mileli:|

im im
=2u1u2-4u12-c—u%-(—4u11)-c—u%-4u11 - C

2 2
= Buiuguz +4ujui —4usuyy) - c.
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By the commutation formulas (1-1)—(1-2),

(2-16) U121 :u112+zumRm121 =ujpp+ur-c,
m

(2-17) u122=M221+ZumRm212=—M111+M1 -C.
m

Then we have

(2-18) I3 =8wiu11 —uzui2)uiy +8(uiuin +usur)ui12
+ (8u1u2u12+4u%u11 —4u%u11)-c.

Combining (2-13)—(2-15) and (2-18), we get

(2-19) > " Quyuoury — uiuz — uiuryii

=8(uiuyy —ugur)urrr +8wiur2 +usuir)uiin
+2|Vu|3 -k -c+ 16uquruqs - .

Now let us explore the relations between w111, u112 and «1, k». Taking the first
derivative on both sides of (2-9) and using (2-4), (2-16) and (2-17), we obtain

2 2
(i —u3) -uip +2uguz - upn2

= |Vu|3 k1 4+ 3| Vul|(uiuy +uyuin) -k — 2u1(u%1 —i—u%z) — 2u1u% -c,

2 2
—2uuy-uy + Wy —uy) Ui

= |Vu|3-K2+3|Vu|(u1u12 —Uurl11) - K —2u2(u%1 +u%2) —ZM%MQ'C.

Thus we have

2 2

uT—u 2uqur 3
2-20) wuyq = — 2.k — Ky + —— —Upu1y) - K
( ) Ui Yl 1 Vul 2 lvul(ulun uzl12)
2u1(u% — 3u§) 2 2 2u1u%
—W(u“+u12)+ Vul? .c,
and
(2-21) 2uitz I 3 i )
- Ui = K K Uy uiu) - K
112 Yl 1 Yl 2 Yl 2U1] 112
2u2(3u% — u%) ) ) 2u%u2
_W(”u"‘”lz)—w‘c-
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Hence the formula (2-19) reduces to

(2-22) 2(21411421412 — uuyy — usuy)i;

=8|Vul(uiuir +usui2) - k1 +8|Vul(uiuiy —usuiy) - k2

+ 8|Vu|(ul, +uy) -k +2|Vul® -k -c.

By (2-12) and (2-22), we have

(2-23) Ak =

(uiuyy +uzu2) - k1 + (uru12 — u2u11) - K2

2 2
|Vul? Vul?

2 2
—W(”11+”12)"‘_K‘C~

Then at the point xo, we take the first derivative of (2-23). With (2-5) and (2-16)
in hand, we obtain

2 2 2 1, 3,
2-24) (Ak)1 = —uyp- k11— —upp Ko+ | —uiz+ U~ U | KL
us un un Lt2 M2

2 4
| ———uin + U | K2
us us

2 2, 5
+ | =z @nuin +unuie) + =@y Hupun |-«
Uz Uz

=]
+ |kt ——up-k|-c.
uz

Now, the equations (2-20) and (2-21) are simplified as

3
(2-25) Ui = —U2K| + —UT U2,
us
1 2 2 2
(2-26) Ullp = —Upky — — U+ —Ui;.
Us Us

Putting (2-25)—(2-26) into (2-24), one achieves

2 2 3, 1, 4
(AK)1 = —u1p-k1 — —ui K+ | ——uy +—up | ki + | ——unun | k2
uy ) us us u3

2, ’ 2
+ —_3(u11+1/l12)u12 K+ |K1——upp-k|-c.
) uy
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Therefore, by the commutation formulas(1-1)—(1-2), we get
@-27) Y ki
i

= Z[Kiil +ZKmRmili]
i m

= (AK)1+k;-C
2 2 3, 1,
= —U12-K1]1— U K2 F | =5 Uy T U | K]
uz us us us
4 2, ) 2
+|—unun|-ko+|—— Wy Fupun |-k + |2k ——uip-k|-c.
us Uy uz

Thanks to (2-27), the formula (2-8) reduces to

Ap =[Quaf +4f una] ki1 + [(“2uz f' = 6 fHunt] - k12 + [=2fu2] - k2
+ [(sz"+3f/ - %)”%1 + (bizf”-ir3f/+ / )“%2:| K1

us

4 2
+ [——fuuulz] K2+ [——{(M%l +M%2)M12] K
uz us

+[@3f +3urf) w1 =2 furz k] e,
At the point xo, by (2-23), we have

2 2 ) )
K22 = —K11 + —u1p ki — —up k2 — — WUy +up) -k —k-c.
uz us us

Thus

(2-28) Ap = Quaf' +6f ) uiz-k11+ (2usf —6Hurr - k12

3
+<M2f//+3f/_u_f)(u%1 +uty) -k s f 4 3us f) e -
2

By (2-2), we have

1
(2-29) ki =—=[@1 — (o f + Hu -1+ fuir k2],
ur f
1
(2-30) K12 = —[@2 4 (o f'+ furr -1+ fuiz- k2]

us f
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Putting (2-29)—(2-30) into (2-28), we finally get

2 f 6
2-31) Ap= (i + —) (1201 — 11192)
f u

2uy f? 9
+(M2f”—2Tf—5f/—u—f)(”%1+”%z)'l<1+(u§f/+3u2f)'/<1-C-
2
If we let
fo =17,
then all of the terms on the right-hand side of (2-31) vanish. This completes the
proof of Theorem 1.1. (]

3. Level curves of minimal graphs

Along the same lines as in Section 2, in this section we deal with the minimal
graphs in 2-dimensional space forms.

Let © C M?(c) be a domain and u be a solution with no critical points of the
minimal surface equation

(3’1) Zaiju,-j =0 in Q,
ij

where
2
ajj = (1 + IVul )81']' —Ujl;.
Set
¥ = g(IVu|) (k1uz — kouy),
where « is the curvature of the level curves and g is a smooth function of one

variable defined on the interval (0, +00) to be determined later. For a suitable
choice of g, we will prove that the function v satisfies

(3-2) > aivii+ > b =0 inQ.
ij i

Here the b; are bounded functions.
In order to prove (3-2) at an arbitrary point xg € €2, we may choose the orthonor-
mal frames such that
uy(xo) =0,

uz(xo) = [Vu|(xp) > 0.

From now on, all the calculations will be done at the fixed point xo unless
otherwise specified.
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By taking the derivative of i, we have
(3-3) i =8'(IVul)i - (kiuz — kouy) + & - (Kijua + Kuoi — Kojity — Katty;).
Differentiating (3-3) once more, we have

Vi =8"(IVul) j(IVul)i-k1uz+8 (IVul)ij-kiuz+g (IVul)i- (k1 juz+riuzj—rouy j)
+&'(IVul)j - (kijuz + kiuz — koui;)

+ g (Kyjjua +Kyunj + Ky jug + Ko — Kol j — K2jU1; — Kol 1ij);

hence
(3-4) Zaljl//l] —MZgZaljklt] |:2u28/Zalj(lvu|)j+2gzalju2ji| K11
ij J J
[2M2g Y a(IVul)j+2g Y arjuzj— 2gZal,ul,] K1
J 2j J

+ [—ZgZagjulj} * K22
J

+ |:M2g” > @ (\Vuli((Vul); +uzg" Y aij(1Vul);;

ij ij
+2¢' ) aij(|Vul) juy +g2aij142iji| K1
ij ij
+ [—28/ Zaij(|vu|)juli -8 Zaijulij] k2.
ij ij

Direct calculation yields

1
AVubi = o Zukuki,
(3-5) 1
(IVul)ij = Va |Zukj ki + Va lZ KUkij — Va |3Zululjukukt-

Then at the point xy,
(IVul); = ua;,

(3-6) Uiy
(IVu])ij = —

+ u2ij.
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By the commutation formulas (1-1)—(1-2), we obtain

(3-7) E aijulij:E aijUilj
ij ij
=E aij|:”ij1+§ MmRmilj:|
ij m
:—E aij,luij‘i‘g ajjum R
ij

ijm
= —2uy (uyyuzn —ui) +ur(1+|Vul?) ¢

and

(3-8) Zaijuzij = Zaijuizj
ij ij
= Zaij |:uij2 + ZumRmi2ji|
ij m
=— Zaij,Zuij + ZaijumRmiZj
ij ijm
= —2u(uy Uz — uty) + us (1 +[Vul?) -c.

Hence at the point xo, we have

(3-9) Zaijulij =0,
ij
(3-10) > aijunij = —2ur(uniuz — uty) + us(1+ud) - c.
ij
On the other hand,
(3-11) an=1+u3, ap=0, ay=0, an=1I,
(3-12) up = —(1+ud)uy;.

Inserting (3-6), (3-9)-(3-12) into (3-4), we obtain
G-13) Y aij
ij
=uzg Y _ ajjkij + [2us(1+ud)g’ +2(1 +u3)glura -1y
ij
+[—2ux(1 +u3)g —4(1+ u%)g]ull k12 +[—2gJuin - k2

+ [ua(L+u3)g" + B +4u3)g +2urg] - [(1 +udui, +uis] K1
+ [u3(1+u3)g’ +ur(1 +u3)g] -1 - c.
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To compute the first term in (3-13), we should get the formula for }_;; a;;k;; at
a general point in advance. Recalling the curvature formula for the level curves, we
have

(3-14) |Vu|3-lc=2u1u2u12—u%u22—u§u11.

On both sides of (3-14), we take the second derivative with respect to ij, multiply
by a;;, and then sum with respect to ij. We obtain

1
(3-15) Zaij’(ij— Yl Zau(2u1uzulz—uluzz—uzuu)u

ij
6
- ﬁ;amvmn K — |v TulP Zal,uwn (IVul)j -
3
~ w7 2 i (Vuby -
ij
Recalling the minimal surface equation (3-1), we have
(3-16) an=1+4ul, ap=-uuy, ayn=—uus, an=1+u,

and

2uiusury — (14 u3)uy

3-17 Uy =
( ) 2 T

Inserting (3-5) and (3-16)—(3-17) into (3-15), we get

(3-18) Y aijk;j

ij

2 2
= a;jQuiuauy — uju — usU11)jj
3 Z 2 1 2 ij
|Vul T

6(1+|Vul?)
Va4 ud)
6(1 +|Vul?)
O |Vup
1 9+6|vu|2
_|W|2{ 1+u

[+ uDuruns + (A —uDugur] - k1

(uru12 — u2u11) - K2

[(A4uz)ut —2uiupu i+ (1+u)ui,]

+3 Zaijukuk,-j}«.

ijk
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Now the commutation formulas (1-1)—(1-2) and relations (3-16)—(3-17) yield

(3-19) Zaijukukij = Zaijukuijk + Z ajjuitm Rk

ijk ijk ijkm
=— E ajj Ugltij + Z ajjutm Ripikj
ijk ijkm
2|Vul?

R [+ u3)uf) = 2uruquriuny + (1+ ui)ui, |
1
+ [ VulP (1 +VuP) -c.
Putting (3-19) into (3-18), we have
(3-20) Y aijK;j

ij

2 2
=— E a;jCuiuauip — ujury — usu11)ij
|VM|3 L 1 2 tj
j

6(1+|Vul?)
— m[(l +ud)uqu + (1 — u%)uzulz] ‘K1
1
6(1+|Vul?)
— ———— (w12 —usuyy) - k2
|Vul|?

9+ 12|Vu|?
|Vul2(1+u?)

—3(1+4|Vul?) -« -c.

Straightforward computation gives

2 2
(3-21) Eaij(2”1u2u12_u1’/l22_Mzull)ij
ij
2 2
=2M1u2§ ajju12ij — Uy E aiju22ij_MQE ajjullij
ij i ij

+ 2(uau1z — uyu2) Zaijulij +2(uyu12 — uzuyy) Zaijuzij

[+ udyudy — 2uiusuyyurs + (1 +ubud,] «

ij ij
—4uy E aij”Ziullj_4ulZaijuliu22j+4“2 E ajjuiiu;
i ij i
+4u, E ajjuziugnj +4uyn E ajjuliug;
ij ij
—2un) E ajjuriugj —2uyy ZaijMZiMZj
i ij

20+ T +J3 414,
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where

J, =2 U ime s — 12 e 2 .

1 = <UiUz ajju12ij — Uy ajjuij — Uy ajjullij,
ij ij ij

12=2(u2u12—u1u22)2 aijulij+2(ulu12—142u11)§ a;jjuij,

ij L
J3=—4u E ajjuriurrj —4uy E aijuliu;
ij i
+4uzzaijuliulzj+4ul E ajjuili;,
ij ij
Ja=4up E ajjuiiu; —2un E ajjuiuyj —2un E ajjuiu;.
ij ij ij

We deal with the terms Jy, J,, J3 and J4 consecutively. If we differentiate the
minimal surface equation (3-1) twice, then we have

(3-22) > i+ aijuir =0,
ij ij

1

(3-23) Z ajj kUi + Z ajjkuiji + Z aijiuijk + Z ajjujjk = 0.
ij ij ij
By the commutation formulas (1-1)-(1-3), we have

Uilij = Uijki + Z Umi Rikij + Z Umj Rinkii + Z Umk Rmitj + Z Wi Rnikj -

m m m m

It follows that

(3-24) Zaijuklij = —[Z a;j atij + Zaij,kuijl + Zaij,luijki|
ij ij ij ij
+ ZaijumiRmklj + Z a;jjUmj R
ijm ijm

+ Z ajjumi Riirj + Z a;jjUmi Rk -

ijm ijm

Note that a;; = (1 + |Vu|2)8,-j —u;u;j. It is easy to get

Ajjk =2 E U Uk Sij — Wiklj — UiUjk,
m

ajj1=2 E U U Oij — Wil — WUy,
m

Ajjrl =2 E UmiUmiSij + 2 E WUkl 8 — Wik Uj — Wiklhj] — WiUjk — Ui Ujk].
m m
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Thus we have

(3-25) Z Qjj i = 2(u oy — upu ) uig + 2(uau ) — uile2)usy

ij
+ 2uyugun + 2uyuury — 2u oty — 2uku U,

(3-26) Z ajjruijl = 2uauopuyy + 2uruixuzy — 2ok + usuig) U,
ij
(3-27) Z ajjuijx = 2upuzuy ik + 2uquuog — 2(uiuo + upuey)ug 2.
ij
Putting (3-25)—(3-27) into (3-24), we obtain
(3-28) Zaijuklij = —[2@uiun —usu2) w42 Wat ) —uu12) g +2u U2
Y + 2upuouny — 2wy Uy — 2ugpuyiey2 + 2unuppl
+ 2wy — 2(uuop + uau )y + 2uouoii i
+ 2uyuyuao — 2(u w4 uau )i 12|
+ Z @i jUmi Rkrj + Z ajjUmj Rkl
ijm ijm
+ Z ajjumk Rmitj + Z aijumi Rimik;-
ijm ijm

By the commutation formulas (1-1)—(1-2),

(3-29) U121 =M112+ZumRm121 =ujp+us-c,
m

(3-30) U122 = Ui+ Z Um Rim212 = U1 +uy - c.
m

With (3-16) and (3-29)—(3-30) in hand, formula (3-28) is equivalent to

Zaijulzij = —2usunuiin + 2uuiuriz +2uruiaun:
g — 2y uz — 2upp (Ui, — uty)
+ [u1u2u11 + (4+5u% +5u%)u12 +u1u2u22] -c,
ZaijMZZij = —dusuruiin +2Q@uruiz +uiu)uni
Y — 2(ununy + uru12)uzn — 2uxn (iU — uty)
+[=2(1 + ud)urs + 10ujusury +2(1 +ui + u3)ux] -,
Zaijullij = —2(uour2 +urun)uir +2(uoury +3uiu2)uin
g — duquyuaag — 2uyy (uruan — ui,)

+ [2(1 + u% + u%)u“ + 10w upuin —2(1 + u%)uzz] - C.
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Therefore,
(3-31)
Ih= [2@” 12— 2M1M§u22] Uy + [—2ugu11 —2ujuzurn +4u%uzu22] Ui
+ [414114%1411 — 21/[%1/{21/!12 — 214?1422] ‘U1 + [—ZM%uzu“ +2u?u12] “U2DD
—2(uruxn —uty) - Quinaury — Uitz — usu)

+ (207 — w3+ uius — uz)uny + 8uyugury +2(—ui 4 us +utus —uuz)-c.

Let us handle the term J,. By (1-1)—(1-2), (3-16) and (3-22), we have

E al]ullj_E al]ul]1+§ al]um milj

ijm

__E at]1141]+§ at]”m milj

ijm

= —2M1(M11M22 —ut) +ur(l+ui +u3)-c

and
ZaZJMth—Zal]”l]2+Zatj”m mi2j
ijm
Zal]ﬂ'tl] +Zaljum mi2j
ijm
2
:—2u2(u11u22—u12)+u2(1—|—u1—|—u2)-c.

Thus
3-32) J,=—4 —ul)- (2 — uduy — u’
(3-32) Jo = —4(uiuzn —uyy) - Quyuzup — ujuy — usuyy)

+2(1+ u% + u%) - Quyuouiy — M%uzg — u%ull) .C.
For the term J3, by (3-16) and (3-29)—(3-30), we have
(3-33) J3=[(—4up — 4u3)uo +4ujusun)] uin
+ [@uz + 4ud)ury + (duy + duruz)urs + (—4us — 8uiuz)un ] - uii
+ [(—4uy — Suyu3)u1y + (4us +dufuz)urn + (4uy +4u)urn] - uxn

+ [4uTuzuyy + (—duy — 4uurn] - uzn

+ [(4u%—4u%u%+4u§)u11 —|—8u1u2u12+(4u% —4u%u%+4u?)u22] -C.

Moreover, straightforward computation yields

(3-34)  Ja=—2(unun —ul)[(1 +udurr — 2urusur + (1 +uf)usn] =0.
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Combining (3-21) and (3-31)—(3-34), we obtain

(3-35) Zaij Quiugury — uuzy — udur)ij

Y 3 2
= [(—4us — 2u3)urz + 2uruzun] - uin

+ [(4u2+2M§)M11 + (Auy +2uqu3)ury+ (—4u, —4u%u2)u22]-u112
+[(—4u, —duyud)uyy 4 (Guy+2utur)urn+ (duy +2M?)M22] ‘U]
+ [2u%u2u11 + (—4u; — 214?)”12] “UD
— 6(uriu —uly) - Quiusury — uiuzy — udury)
+ [(2u% — 4u%u%)u11 + (20w uy —|—4u1ug —|—4u?u2)u12
+ (2u% — 4u%u%)u22] -C.
Now let us explore the relations between w111, U112, U221, U222 and k1, k. If we
take the first derivative on both sides of (3-14) and (3-1), respectively, then using
(3-5), (3-29)—(3-30) and (3-16), we obtain
—u - uyyy A+ 2uquuy - ugy — ui - umng — [Vul? -k
— 3|Vu|(u1u11 + M2M12) K — 2u1(u11u22 — u%z) + 2u1u% cC = 0,
—u3 - uyia + 2ugusun - upg — ui - usm — | Vul? ko
— 3| V| (uy12 + tau) - k — 2us i1z — uty) + 2uius - ¢ =0,
and
(L+u3) - urny —2uqus - urnn + (14ud) - ung +2u1 (uriuan — uiy) — 2ugu3 -¢ =0,
(L+u3) - urna —2uguz - uzg + (1 4+ut) - uaon +2us (uy1uz — uiy) — 2uius - ¢ = 0.

Thus we have

(3-36)  ui11 = (—ud+ud+3ufud+u)) | Vu| ™ wey + (= 2uus — 2udun) [ Vu| ™ i
+ 3|Vu|_3[(—u1u% +u3 4 3uius + uduyy
+ (—u% — u%uz + 314%14% — u?ug)ulg
+ (—2u1u% — 2u?u%)u22] K

+ (—6u1u§ +2u?)|Vu|_4 -(Uiup — u%z) +2u1u%|Vu|_2 -c,

(3-37) wui12 = Quyuy —|—2u1u§)|Vu|_1 K1+ (—u% +u% — u%u% —i—u?)|Vu|_1 )
+3|Vu| 7 [Quius + 2utu3)uyy
+ (ulu% + u? —|—2u1u‘2‘ - u?u% + u?)ulz
+ (—u% + u%ug — u%u% + u‘l‘uz)uzz] K

+ (=2u3 + 6utur) V| ™ - (uyyuny — uiy) = 2uiun|Vul 2 - c,
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and

(3-38) upxp = (u% + ug — u% — u%u%)|Vu|_l 1+ Quiuy + 2u?142)|Vu|_1 - K3
+ 3|Vu|_3[(u1u% + ulu;t — u? — u?u%)un
+ (3 + 15 + ufuy — utus 4+ 2utur)urs
+ (2u1u§ + 2u?u%)u22] K

+ (6uu3 —2u3) [ Vul ™ - (uy1uzn — uly) — 2ugu3|Vu| 2 -c,

(3-39)  u = (—2uquy —2uu3)|Vu| ™' -k + W+ uy —u? +3uiu3) | Vul 7! ko
+3|Vu| 7 [(—2uus — 2utu3)uy;
+ (—um% — ulzfz1 — u? + 3u?u%)u12
+ (u% + ug — u%uz + 3u%u§)u22] K

+ (Zug — 6u%u2)|Vu|_4 ~(upiup — u%z) + 2u%u2|w|—2 -C.

Inserting (3-36)—(3-39) and (3-17) into (3-35), after some tedious calculation, we get

(3-40) > a;jQuyuauyy — ujuz — uzui);;
ij

2| Vul(443|Vul?)

N 1+u%
+2|Vul(4+3IVul®) uiurz — uzury) - k2
4|Vu|(2+3|Vul?)

+ 2

l—i—u1

+2|VulP(1 +|Vul?) -« - c.

[(1 +u%)u1u11 + (1 - u%)uzulz] cK1

[(A+ud)uf, —2uiuzuyyurn+(1+utui, ] -«

By (3-20) and (3-40), we have

2

|Vu|2(—l+uz)[(1 +M%)M1M11 +(1— M%)Mzulz] K1
1

(3-41) Zaijlcij =
ij
2
+W(M]M12_M2M11) K2

o [0 2t o (s
1

— A+ |VuPk -c.
Then at the point xg, we take the first derivative of (3-41). Note that

uii
K()C()) = _u_2
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With (3-6), (3-16) and (3-29) in hand, we obtain

2(1 —u?) 2(1 —u?)
(3-42) Zainijl = u—zzulz-Kn - u—22u11 K12
ij
2 14+u 3
+[—M112+—22”%1 2”%2]"‘1
12%) us us
2 4 2(1 +u2)
| ———uin + U 2+—3u11M111
uz uj us
2(1 4+ u?) 2
+—3u11u12u112——42u?1u12 4M11M?2
u; U, iy
2(1 +u)
+ |:(1 —ud) K1+ (—unulz -c.
“2
Now, the equations (3-36) and (3-37) are simplified as
3
(3-43) Ui = —Uzki + LR
2

14 u? 2
(3-44) Ui = —Ugky — zu% + —u%z.
up uy

Putting (3-43)—(3-44) into (3-42), one obtains

2(1 — u?) 2(1 —u?) 3(14u)
Zaljkljl_—zulz K11——2u11 K1 +|: —2M11+u u%z]
2

2
T, uy uj l/t2
4 2(14u3) 2
— U2 K2+ —42u?1u12 + 4u11u?2
us Uy Uy
2(1 4 u?)
|:(1 — uz) K1+ —21411“12] - C
“2
Therefore, by commutation formulas (1-1)—-(1-2), we get
(3-45)
Zaijlflij = Zaij |:Kij1 +ZKmRmilj:| = Zainiﬂ +Ki-c
ij ij m ij
2(1—u3) 2(1—u3)
= UK ——— U1 K12
us uz
3(1+u?) 4 2(14u3 ) 3
+[ —Zzu% + zu%2i| K1 ——2u11M12-K2+—42 Uy iz
us us s Uy

2 2(1+ud)
+ Ui, + |:(2—M§) K1+ U |
Uy U3
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Thanks to (3-45), the formula (3-13) reduces to
(3-46) Y aijvij
ij
= [2u2(1 + u%)g’ + 4g]u12 K11
— [2u2(1 +ud)g' + (6 + 2u3)gJur - k12 — 2gu12 - 22
(3 —2u3)(1+u3) } 5
8 (U1

U

+{ [uza+u§)2g”+(3+4u§)(1+u§)g’— -
2

1—{—2142
+ [Mz(l +ud)g” + (3+4ul)g + - zg]u%z} K|
2

4 2
— B o+ —f[(l +ud)uty +ui, Juriui
uz uy
2(1 4+ u?)
+ {[”%(1 +u3)g +3urg] k1 + T 2 gunulz} -c.
By (3-3) and (3-41), we have
1 !/
(3-47) K11 = E[% — (u28' + Qura k1 + guiy k2],
2
(3-48) K12 = E[Wz + (u2g' + @) (1 +uz)ury - k1 + gua - k2],
2
and

1
(3-49) Ky = ﬁ{—(l +u3) Y+ [us(1+u3)g' + B+ u3)gur - ki
2

g
— (34ud)guis -k + el [(1+udyu?, +udy]
2

+(1+ u%)gun . C}.
Putting (3-47)—(3-49) into (3-46), we finally get

(3-50) Y aij
ij
B [2(1 +u3)g’ L6+ 2’
a 8 uz
, 2un(l+u3)g”

] “(upy —u1y2)

9
+[u2(1+u§)g 5g'——g} [A+ud)ut,+ui,] k1

us
+ [ug(l +ud)g + 3usg] -k -c.
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If we let 232
(1419
g =—73—",

then the last two terms on the right-hand side of (3-50) vanish. Namely,

Zaiﬂ/fij =2uy - (w21 —unyn).
ij

This completes the proof of Theorem 1.2. (]
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