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GEOMETRIC PROPERTIES OF LEVEL CURVES
OF HARMONIC FUNCTIONS AND MINIMAL GRAPHS
IN 2-DIMENSIONAL SPACE FORMS

JINJU XU AND WEI ZHANG

We study the geometric properties of level curves of harmonic functions and
minimal graphs in 2-dimensional space forms using the maximum principle.
More precisely, we find two auxiliary functions which consist of tangential
derivatives of the curvature of level curves and the norms of the gradient
of the solution functions. Then we prove that they satisfy certain elliptic
partial differential equations.

1. Introduction

The geometric properties of the level surfaces of solutions of elliptic partial differ-
ential equations have been studied for a long time. For instance, a book by Ahlfors
[1973] contains the well-known result that level curves of the Green function of a
2-dimensional convex domain are convex curves. Gergen [1931] proved the level
surfaces of the Green function of a 3-dimensional star-shaped domain are also
star-shaped. Shiffman [1956] studied the convexity of the level curves of immersed
minimal surfaces in R3. He proved that if two convex curves in parallel planes in
R3 bound a minimal surface S then the intersections of all other parallel planes
with S are also convex curves. In particular, he obtained that if the boundaries are
two circles then intermediate level curves are also circles. Gabriel [1957] proved
that the level surfaces of the Green function of a 3-dimensional convex domain
are strictly convex. Later, Lewis [1977] extended Gabriel’s results to p-harmonic
functions in high dimensions. For more related extensions and a survey on this
subject, see [Bianchini et al. 2009; Caffarelli and Spruck 1982; Kawohl 1985].
There is also a lot of literature on the quantitative curvature estimates of level
surfaces of solutions of elliptic partial differential equations. For 2-dimensional
harmonic functions, Talenti [1983] got the following result. Let  C R2 be a domain
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and u be a harmonic function with no critical points in €2. Then the function « /|Vu/|

18 harmonic in 2. Here

2 2
_ 2uqupuin —uiu — UjUI|
|Vul?

is the curvature of the level curves of u. Throughout the paper we use subscripts to

represent the derivatives with respect to any orthonormal frames. Similar results can
also be seen in [Ortel and Schneider 1983; Longinetti 1983]. Recently, Ma, Ou and
Zhang [Ma et al. 2010] generalized the above results to n-dimensional harmonic
functions (2 < n < oo) and obtained the sharp Gaussian curvature estimates of the
level surfaces. See also [Chang et al. 2010; Ma and Zhang 2013; 2014; Wang and
Zhang 2012; Zhang and Zhang 2013].

More recently, Kong and Xu [2015] found that if « is a harmonic function of
two variables with no critical points, then the function (kjuy — K2u1)/|Vu|3 is also
harmonic. Using this fact, they proved that all the level curves of solutions of the
Laplace equation with homogeneous Dirichlet boundary conditions on an annulus
are circles. This result can be viewed as a generalization of Shiffman’s result on
minimal surfaces. In this paper, we extend Kong and Xu’s and Shiffman’s results
to harmonic functions and minimal graphs in 2-dimensional space forms. More
precisely, we obtain the following results.

Theorem 1.1. Suppose that M?(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let Q@ C M?(c) be a domain and u be a harmonic
Sfunction with no critical points in Q. Let k be the curvature of the level curves of u.
Then the function ¢ = (k1uy — /czul)/Wul3 is also harmonic in Q.
For minimal graphs, we have the following similar result.

Theorem 1.2. Suppose that M?(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let Q C M?(c) be a domain and u satisfy the
minimal surface equation

E aijuij =0 in Q,
ij

where a;j = (1 + |Vu|2)5,~‘,- —u;uj. Furthermore, assume that there are no critical
points of u in Q2. Let k be the curvature of the level curves of u. Set

(Va2
S Vup
Then the function \ satisfies the differential equation

D @i+ bivi =0 inQ.
i

ij

4

(k1up — Kkouy).

Here the b; are bounded functions.
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Based on the above theorems, we have the following characterization of geodesic
circles.

Remark 1.3. Since (kjuy —xpu1)/|Vu| is the tangential derivative of the curvature
of the level curves, the auxiliary functions ¢ and v are independent of the choice
of orthonormal frames. Similar to the case of Euclidean space, by the maximum
principle, we know that all the level curves of solutions of the Laplace equation or
the minimal surface equation with homogeneous Dirichlet boundary conditions on
an annulus are geodesic circles.

Now we give the derivative commutation formulas in Riemannian geometry. Let
u be a smooth function and R;jy; be coefficients of the Riemannian curvature tensor
under orthonormal frames. Here for 2-dimensional space forms M?(c), we adopt
Ri712 = c¢. Then we have

(1-1) uij—uji =0,

(1-2) Uijk — Wikj = Z Um Rijk,
m

(1-3) Ujjkl — Wijik = Zuijmikl +Zuimijk1.
m m

For more details, one can consult any book on Riemannian geometry, such as [Chern
et al. 1999].

In this paper, all the summation indices i, j, k, [ and m run from 1 to 2. In
Section 2, we prove Theorem 1.1. In Section 3, we prove Theorem 1.2.

2. Level curves of harmonic functions

In this section, we focus on the calculation of harmonic functions in 2-dimensional
space forms.

Let 2 C M?(c) be a domain and u be a harmonic function defined in € with no
critical points. Set

¢ = f(IVul)(kiuz — kou1),

where « is the curvature of the level curves and f is a smooth function of one
variable defined on the interval (0, 4+00) which will be determined later. For a
suitable choice of f, we will prove that ¢ is also a harmonic function in €2, i.e., the
function ¢ satisfies

2-1) Ap=0 inQ.

In order to prove (2-1) at an arbitrary point xg € €2, we may choose the orthonor-
mal frames such that

ui(xo) =0, uz(xp) =|Vul|(xo) > 0.
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From now on, all the calculations will be done at the fixed point xo unless
otherwise specified.
By taking the first derivative of ¢, we have

(2-2) @i = f'(IVul)i - (kiug — kouy) + f - (kg 4 Ko — kojuy — Kauty;).
Differentiating (2-2) once more, we have

gii = f(\VuD? - kcrua + f(\Vulii - kyun +2 £ (1Vul); - (c1un + kejun; — ko)

+ f - (kniua + 2k 1u0; + K1u2i;i — 260111 — Kol i);

hence
(2-3) A<p—uzf2kl,, [2u f'(1Vul)s +2fu12] - k11
[2u2f (IVul)z+2fun —2fun] ki +[—2ful - k2

+ [uzf” > (VuD} +uzf’ Z(Wuo,-i
+2f Z(Wunzuz, +quz”] :
[ 2f Zuwnluu quh,]-

Direct calculation yields

1
(IVul); = ﬁ;”j”ji,
1 , 1 1
(IVul)i; = vl Zuji + vl Z“j”jii T Zuj”ji”kuki-
J J Jjk

Then at the point x,

(2-4)

us.
(2-5) (IVuli =uz, (|Vul)i; = M—121+u2ﬁ.

By the commutation formulas (1-1)-(1-2), we have

(2-6) Zuliizzuili:Z[uul+Zum m111:|= ,
2-7 Zuzii = Z U = Z [Miiz + Z Up RmiZi] =up-c.

m
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Putting (2-5)—(2-7) into (2-3), we obtain

2-8) Ap=usf Y kit Quaf +2 ury-ki+(=2us f' =4 )un k12
i
+ (=2 ) urz-kn+ o f'+3 ) Wl +uiy) k14 W3 f 4us f) -k -c.
To compute the first term in (2-8), we should get the formula for Ak at a general
point in advance. Recalling the curvature formula for the level curves, we have

3 2 2
2-9) IVul|” -k =2uiusuinr —ujuzy — ujuig.

By applying the Laplace operator on both sides of (2-9) and then using (2-4), we
obtain

2-10) Ax=
(2-10) K Vul?

6
—WZ(IWI)?-K va |Zu u))ii K

6
Z(zuluzulz_M%MZZ_M%UH)H ~ Vil Z(qul)i “Ki
i i

6
2 2
= VP > (2u1u2u12—u1u22—u2u11)ﬁ—|vu|2(u1u11+u2u12)~/<1
i

1
(1411412_142“11)'/(2_|V E 9(M11+“12)+3Z”1“J” K-
ij

| Vul?

Now the commutation formulas (1-1)—(1-2) yield

(2-11) Zujujii = Zuj [”iij +ZumRmiji] = ZujumRmiji =|Vul*-c
ij

ij m ijm

By inserting (2-11) into (2-10), we have

(2-12) Ak =

6
2 2
Yl > (Zulu2u12_ulu22_u2ull)ii_|Vu|2(ulull+u2u12)‘/<l
-

2 2
(uruip —usuyy) k2 — (uy, +up,) -k =3k -c.

9
|Vul? [Vul?

Straightforward computation gives
(2-13) Z(2M1 Ut 1y — utuy —usu)i;

= E [2u1iiupur +2u iy +2u uouni; — 2uuiug
i 2 2
—uju2; — 2uuz;iur —usu 1 +4uriuziuiy +4urusun;

2 2
+duyuniuri — 2utuzn — Auyuiun — 2usuny — 4ususiu ;|
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=2(uour2+uiuir) Zulii +2(uru12 —uuny) Zuzii
+2uqur Zulzu —uj ZMZZH —u; Z”llu
+4 Z(Mzul, +M1M2,)M12, +4 Z(Mlulz — Ul )U11;

214+ +15,

where

It =2(uou12 +uruiy) Zulu +2Wiu12 — usu11) Zuzm

12—2M1M22 U12ij — Mlg Ui — UQE Uilii,

I;=4 Z(Mzuu +uiuzi)u +4 Z(ululi — UpU2;)u11;-
i i

We deal with the terms I, I, and I3 consecutively. By (2-6)—(2-7), we have

Q-14) Ty =2(ugurz+urun) Y thm Roiri +2(uru1z —gun1) Y th R
im im
=2(uaurp +urury) -uy-c+2wuin —uguyy) -uz - ¢
=2|Vul® «k-c

By the commutation formulas (1-1)—(1-3), we have
Ujkii = UWiijk + Z Umk Rmiji + Z Umj Riki +2 Z Umi Ry jii-
m m m
It follows that

(2-15) I, =2uqu; - [Z Um2 Rimiti + Z Um1 Rmini +2 ZumiRmIZi]

im im im
2
—uy- [2 Z Um2 Rizi +2 Z umiRm22i]
im im

—u2 [ Zum]lell—i_zZuml mlll}

im
:2u1u2-4u12-c—u1 -(—4u11)-c—u2~4u11 -c

2 2
= (Buiuguiy +4ujui —4usuyy) - c.
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By the commutation formulas (1-1)—(1-2),

(2-16) u121=u112+zumRm121=M112+M2-C,
m

(2-17) 14122=u221+ZMmRm212=—M111+u1'C-
m

Then we have

(2-18) I3 =8(uiury —uzui)uyry +8(uiuin +usui)uii2
+ (Buiuzuis +4u%u11 —4u%u11) - C.

Combining (2-13)—(2-15) and (2-18), we get

(2-19) Z(Zuluzulz —uluy — udun)ii
i
=8(uurr —uoui)urnn + 8(uiuiz +uzu1)uii2

+ 2|Vu|3 -k -c+ 16uurus - c.
Now let us explore the relations between u 111, u112 and «1, k». Taking the first
derivative on both sides of (2-9) and using (2-4), (2-16) and (2-17), we obtain
(u} —u3) - uyny +2uus - upp
= |Vul® k1 +3|Vu|(uiur +urup) -k — 2u1(u%1 +u%2) - 2u1u% -c,
—2uyuy -y + Wi —u3) - uin

= |Vu|3 k2 4+ 3| Vu|(uiuyy —uruiy) -k — 2u2(u%1 —i—u%z) — 2u%u2 -C.

Thus we have

2 2

u;—u 2uiuy 3
2-20) wuyyg = — 2.k — Ky + —— WUy —usrup) - K
( ) Ui Val 1 Vul 2 |VM|( 1111 — U2U12)
2u1(u%—3u%) 2 2 2u1u§
L T2 k) + e,
and
2uquy u%—u%
2-21) wujpp = K sk +——(upuir +ujuyn) - K
( ) Ui Vul 1 Val 2 |VM|( 2UT1 1412)
2ur(Bu? — u? 2uu
_Belui—m) oy, 2
|Vul# |Vul|?
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Hence the formula (2-19) reduces to

(2-22) > Quyuoury — uiuzy — uiuy)ii
i
= 8|Vul(uiuyr +uzui2) - k1 +8|Vul(uiuiz —uzuiy) - k2

+8|Vu|(ul, +uy) -k +2|Vul® -k ¢

By (2-12) and (2-22), we have

2
(2-23) Ak = —— (uiuyy +usurz) - k1 +

(uru12 — uzu11) - K2
[Vu|?

2
|Vul?

2 2
_W(un"rulz)'/(—/(‘c.

Then at the point xg, we take the first derivative of (2-23). With (2-5) and (2-16)
in hand, we obtain

2 2 2 1, 3,
(2-24) (Ak)1 = —uiz ki — —ui-ki2+ | —uiz+ —uy — —up | K
uz uz us us us

2 4
T —uin t+ U | K2
uz us

2 2, )
+ | = i +upun) + — @y Fupui |«
Uy us

e
+ |k ——upp-k|-c.
us

Now, the equations (2-20) and (2-21) are simplified as

3
(2-25) Ui = —u2ky + —ugui2,
17%)
1 2 2
(2-26) U1 = —Urky — —ull + —uj,.
U, U,

Putting (2-25)—(2-26) into (2-24), one achieves
2 2 3 1, 4
(Ak)1=—u1p k11— —up Ko+ | — M11+ SUy | K1+ | ——unu | K2
u» uj u2 2 u2

2, ) 2
+ | Wi tuipun |-k + (k1 ——up-k|-c.
us us
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Therefore, by the commutation formulas(1-1)—(1-2), we get

227) > ki
i
= Z[Km + ZKmRmili]
i m

= (AKk)1+kK1-C
2 2 3, 1,

= —uip-kKi1— —ui K+ | ——up +—up K1
uz Uz us us

4 2 5, 5 2
+|—Zunun | kot | —— Wy Fupdun |k + |2k — —upn-k|-c.
u5 uy uz

Thanks to (2-27), the formula (2-8) reduces to

Ap =[Quaf +4 ) ua] -k +[(—2uzf — 6 Hun] - k2 + [—2fuizl - k2
+|:(u2f//+3f/—i—f) %1+<u2f//+3f/+ f>u%2i|-/<1
2

Uz

4 2
+ [——funulz] K2+ [——J;(u%l +u%2)u12] K
un M2

+[(u%f/+3u2f)-/q —2fu12-/c] -C.
At the point xg, by (2-23), we have

2 2 1, )
K2 = —Kil + —u1p k1 — —ui k2 — — WUy +ujp) -k —k-c.
us us us

Thus

(2-28) A@p = Quaf' +6f ) uiz-ki1+ (—2usf —6Hurr - k12

3
+ (sz//+3f/— u—f>(”%1 +uty) k1 + Wi f +3uaf) ki -
2

By (2-2), we have

1 !/
(2-29) K11=E[<ﬂ1—(u2f + Furz k1 + fury k2],

1
(2-30) K12 = ——[@2+ (o f'+ flun k1 + fura- k2]

us f
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Putting (2-29)—(2-30) into (2-28), we finally get

2 6
(2-31) Ap= —+M—2 (U121 —u1192)

f
2uy f? 9
+(uzf”—sz—5f’—u—f) (3, ) 1+ f 43 )y
2
If we let
foy=17,
then all of the terms on the right-hand side of (2-31) vanish. This completes the
proof of Theorem 1.1. O

3. Level curves of minimal graphs

Along the same lines as in Section 2, in this section we deal with the minimal
graphs in 2-dimensional space forms.

Let © C M?(c) be a domain and u be a solution with no critical points of the
minimal surface equation

(3-1) > aijuij=0 ingQ,
ij

where
aij = (1+|Vul»)8;; — uu;.
Set
¥ =g(IVul)(kiuz — kouy),
where « is the curvature of the level curves and g is a smooth function of one

variable defined on the interval (0, +00) to be determined later. For a suitable
choice of g, we will prove that the function v satisfies

(3-2) D aiipi+ Y b =0 inQ.
ij i

Here the b; are bounded functions.
In order to prove (3-2) at an arbitrary point xo € 2, we may choose the orthonor-

mal frames such that
ui(xo) =0,

uz(xo) = |Vu|(xo) > 0.

From now on, all the calculations will be done at the fixed point xo unless
otherwise specified.
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By taking the derivative of ¥, we have
(3-3) i =g (IVul)i - (kjua — kouy) 4 g - (K1iuz 4 K112; — Koy — Kauy;).
Differentiating (3-3) once more, we have

Vi =8"(IVul) j(|Vul)i-kiur+g (|IVul)ij-kiur+g (IVul)i- (k1 jus+r1usj—kouy )
+ &' (IVul)j - (kijus + ks — kouy;)

+ g - (kjjua + K1) + K juo; + K1Ugij — Kojl1j — Ko jU1; — K2l 1j);

hence

3-4 Zdijlﬁij =urg Zaijklij + |:2uzg/ Zalj(Wul)j +2¢g Zaleij| K11
J J

ij ij
+|:2”2g/ZQZj(|v”|)j+2gZGZjMZj_ZgZaljulj]"(lz
J 2j J
+ [—257 Zdzﬂtl]} K22
J

+ [uzg”Zaiqum)iuwnj +uag' Y aij(|Vul)i

ij ij
+2¢' Y a;j (| Vul) juz; +gzaij“2ij:| K1
ij ij
+ [—28/ Zaij(lvubjuli -8 Zaijulij] k2.
ij ij
Direct calculation yields
1
(IVuli = == ) ukui,

V|
(3-5) ¢

1 1 1
Vu --=—Eu~u~+—§uu--——guu~uu-.
(| |)lj |VM| - kjWki |VM| - kWkij |VM|3 — [W]jUKUE]
Then at the point x,
(IVul)i = ua;,

(3-6) Uil
(|Vul)i; = —2—

+I/l2,'j‘
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By the commutation formulas (1-1)—(1-2), we obtain

(3-7 Zaijulij :Zaijuilj
ij ij
:Zaij |:uij1 +ZumRmi1ji|
= - Zalj 1Uij +Zauum milj

ijm
= —2u1(u11u22 —ud) +ur(1+|Vul?) -c

and

(3-8) ZaijMZij = ZaijuiZj
ij ij
= Zaij |:Mij2 + ZumRmiZj:|
Zalj 2Ujj +Zatjum mi2j

ijm
= —2u2(u11u22 —u?) Fur(1+|Vul?) -c.

Hence at the point xy, we have

(3-9) > aijuj =0,
ij
(3-10) Zaiju2ij = —2u(u11un — ujy) + ur(l 4 u3) - c.
ij
On the other hand,
3-11) ann=14u3, ap=0, ay=0, an=1,
(3-12) Uz =—1+uz)u.

Inserting (3-6), (3-9)—(3-12) into (3-4), we obtain
G-13) Y ayyy

ij
=usrg Zaukll] [2u2(1 +u3)g +2(1 +u2)g]u12 K11

[—2M2(1 +u3)g' — 41 +u3)gury - k2 + [—281ur2 - k2

+ [ua(1 +ud)g” + B +4ud)g +2urg] - [(1 +ud)ui, +u?y] -«

+ [M%(l + u%)g’ +uy(1+ u%)g] K- C.
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To compute the first term in (3-13), we should get the formula for ) j aijkij at
a general point in advance. Recalling the curvature formula for the level curves, we
have

(3-14) |Vu|3-/c=2u1u2u12—u%u22—u%u11.

On both sides of (3-14), we take the second derivative with respect to ij, multiply
by a;;, and then sum with respect to ij. We obtain

2 2
E ajjQuiuguy — ujuzy — usu1y);j
ij

6 6
— (VU -k — —— (VuD: (1Vul ; -
|W|%jau(| ul)j - ki TP Eij aij (IVu));i(|Vul); -«

(B-15) > aijkij =

— |Vu|?
ij

3
= Val Zaij(Wul)ij K.
ij
Recalling the minimal surface equation (3-1), we have

2 2
(3-16) ajp =14u3, ap=-—-uuy, ay=-—uuy, ap=1+uj,

and

2uiuzury — (1+ud)uy

3-17 Uy =
( ) 2 T

Inserting (3-5) and (3-16)~(3-17) into (3-15), we get
G-18) Y aijk;j
ij

= —= E ajij 2M uru _I/lzu —u2M )
V 3 lj( 142012 1422 2U411 1]

6(1+ |Vul?)
VulP(1 4 ud)
6(1+|Vul?)
O [Vup?
1 [946|Vul?
_|W|2{ 14 u?

[a +ud)uury + (1 — u%)uzulz] ‘K1

(uru12 —uzu11) - K2

[(H—u%)u%l —2u1u2u11u12+(1+u%)u%2]

+3 Zaijukuk,-j}-/c.

ijk
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Now the commutation formulas (1-1)—(1-2) and relations (3-16)—(3-17) yield
(3-19) Z QjjUgUiij = Zaijukuijk + Z ajjugly Rk

ijk ijk ijkm
=- E aijkukUij + E ajjuitm Rpikj
ijk ijkm
_ 2|Vul?

= —— [ +udui) = 2urugunuy + (1 +ui)ui, ]
1+u?

+Vul? (1 +|Vul?) -c.
Putting (3-19) into (3-18), we have
(3-20) Za,’jKij
ij

E a;jQuinatty — ufuzy — u3u11)ij

|V |Vul?
6(1—|—|Vu|2)
- |Vu|2(—1+142)[(1 +u%)u1u11 +(1 - u%)uzulz] K1
1
6(14|Vul?)
— W(ulun —Usl11) - K2
9+ 12|Vu|?

_ m[(l +ud)uty — 2uyupuy s+ (1 —i—ul)ulz] K
1

—3(14+|Vul®) -k -c.

Straightforward computation gives

2 2
(3-21) Eaij(2ull/l2u12_u1u22_Mzull)ij
ij
2 2
=2M1M2§ ajjui2ij — uj E aiju22ij_u25 ajjuitij
ij ij ij

+ 2(uau12 — uyunr) Zaijulij +2(uiui2 —uuiy) ZaijMZij

ij ij
—duy Y ajjusiury; —4uy ) ajjuiuzn; +4uz Y ajjuii;
j j j j j j
ij ij ij
+4uy E ajjuziuynj +4uy E aijjuliugj
ij ij
—2un) E ajjuriugj —2uyy E ajjuriuy;
ij ij

21 4+J2+13+14,



GEOMETRIC PROPERTIES OF LEVEL CURVES 231

where

J, =2 U — 2 Ui — U2 i U1:

1 = 2Uiuy aijju12ij up aijjun;j Uy aijuilij,
ij ij ij

Jo =2(uzu12 —uyun) Zaijulij +2(uru12 — usuyy) Zaijuzij,

ij ij
J3=—4u E ajjuiurrj —4u E ajjuliun;
ij ij
+4uy E ajjuiiurzj +4u; E ajjuiugn;,
ij ij
Ja=4u E ajjuiiugj —2un E ajjuiuyj —2uy E @jjuiu;.
ij ij ij

We deal with the terms Jy, J,, J3 and J4 consecutively. If we differentiate the
minimal surface equation (3-1) twice, then we have

(3-22) Za,-j,kuij + Za,‘ju,'jk =0,
ij ij

(3-23) Z aijkitij + Z ajjkuiji + Z aij,iuijik + Z ajjuijkr = 0.
ij ij ij ij
By the commutation formulas (1-1)—(1-3), we have
Upij = Ujjk + Z Ui Rinktj + Z Upmj Rnkii + Z Uk Rimilj + Z Wit Rinikj -
m m m m

It follows that

(3-24) Zaij”klij = —[Z ajj kit + Zaij,kuijl + Zaij,luijk:|
ij i ij

ij
+ E aijumiRmklj+Zaijuijmkli
ijm

ijm

+ Z aijumkRmilj + Z aijumlRmikj-

ijm ijm

Note that a;; = (1 + |Vu|2)8[‘,~ —u;u;. It is easy to get

ajjk=2 E U Uk Oij — Wiklj — UilUjL,
m

ajj; =2 E U U Oij — Wiglkj — Wil
m

ajjk =2 E Ui UmkOij + 2 E U Ukl 8 — Wikt Uj — Wiklhj] — WiUjk — Ui Ujk].
m m
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Thus we have

(3-25) Z ajjjauij = 2(uu — w12k + 2ok — u112) Uy

ij
+ 2wy ucun + 2u oy — 2u o2 — 2upkit U2,

(3-26) Z jjkuij = 2upuopueyy + 2uyuuy — 2o + usup)ury,
ij
(B27) Y aijatiji = 2uauoruyi + 2wy — 2wz + uau)y ok
ij
Putting (3-25)—(3-27) into (3-24), we obtain
(3-28) Z ajjuigi; = —[2@iumn —uauin)uig+2Won s — i) usg +2uu g
Y + 2upuoguny — 2unguuy — 2uppuyiyn + 2unupplt
+ 2uquiuny — 2ok + usuig)uy + 2uau Uik
+ 2uyuyugon — 2(u g 4 uau )12 |
+ Z Qi jUmi Rinkij + Z @ jUmj Rkl
ijm ijm
+ Z a;jjUmk Rmirj + Z Qi jUmi Rk -
ijm ijm

By the commutation formulas (1-1)—(1-2),

(3-29) Wi =un2+ Y UnRmat =12 +uz-c,
m

(3-30) Ui = uxn + Z Um Rin212 = uzy +up - c.
m

With (3-16) and (3-29)—(3-30) in hand, formula (3-28) is equivalent to

Zaijulzij = —2upuuy + 2uupuri2 + 2w u2u2)
Y — 2wy uznn — 2ura(urU — ul,)
+ [wruaury + (4 + Su +5ud)uix + uyuaun | - c,
Z ajjuij = —4usupnuiz +2Quzuir +uiun)ung
ol — 2(uautyy + uu2)u — 2uxn (Ui — uly)
+ [ =20+ ud)ury + 10u ugury +2(1 + uf + ud)uz) - c,
Z ajjuttij = —2(uau12 +uyun)uiry +2(uoury + 3urun)u2
g — duquruaar — 2uyy (U — ui,)

+ [2(1 + uf + ud)urs + 10uruoury — 2(1 + uj)uz] - c.
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Therefore,
(3-31)
J] = [214%1412 — 21/!11/!%1/!22] ‘Ui + [—2u%u11 - 2u1u%u12+4u%u2u22] ‘U112
+ [4u1u§u11 —2utuuyy — 2u?u22] ‘Ui + [—Zu%ldzuu +2u3u 12] U2
—2(uyu —M%z) ~Cuyiuauyn —Mfuzz —M%Mn)

+[2@uT —u3 +uius —u3)urs +8urusury +2(—ui +u3 +ujus —uuzn]-c

Let us handle the term J,. By (1-1)—(1-2), (3-16) and (3-22), we have

E al]ull]_E al]uljl+§ al}“m milj

ijm

_E az]l“l]""E auum milj

ijm

= —2M1(M11M22 —upy) +ur(l+ui+u3)-c

and
ZaIJMZI]_Zal]ul]2+Zal]um mi2j
ijm
__Za1j2”1/ +Zazjum mi2j
ijm
2

=—2142(u11bt22—u12)+142(1+141+uz)'C'

Thus

(3-32) Jo = —d(uiuxn —uiy) - Quinsuin — ujuzy — usu)

+2(1 +ut +u3) - Quinoury — utuy — udun) - c.
For the term J3, by (3-16) and (3-29)—(3-30), we have
(3-33) J3=[(—4uy — 4u3)uiz +4uyuiun] uin
+ [@uz + 4ud)ury + (4uy + duruz)urs + (—4us — 8utuz)un ] - uii
+ [(—4uy — 8uyud)ury + (4us +dujur)ury + (4uy +4ui)uz] - usn

+ [4uTuzuyy + (—4uy — 4u)urz] - uom
[(4u2 dutus+-4us)uyy +8uusuiy+(4ut— 1u2+4u1)u22]

Moreover, straightforward computation yields

(3-34) T = —2(unuzn —uh)[(1+udui — 2ujuzurs + (1 +ud)uxn] = 0.
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Combining (3-21) and (3-31)—(3-34), we obtain

(3-35) Zaij Quitaury — uuzy — udury)ij
ij 3 2
= [(—4uz — 2u3)uiz + 2urusun| - uin
+ [ @uz +2u3)ury + Guy +2u1u3)uis + (—4us — dujuz)unn | - uinn
+[(—dur —durudyurs +@Euz+2udun)urn +@Gur +2u3)uz | -us
+ [2uTuzury + (—4uy —2u)urz] - uzzn
— 6(ui1u — ui,) - (Quiusuiy — utuz — usury)
+ [(214% — 4u%u%)u11 + (20w us +4u1u% +4u?u2)u12
+ (2u% — 4u%u%)u22] .C
Now let us explore the relations between w11, U112, U221, U222 and k1, k. If we
take the first derivative on both sides of (3-14) and (3-1), respectively, then using
(3-5), (3-29)—(3-30) and (3-16), we obtain
—u3 - upny + 2uuounn w2 — ug - umg — |Vul® -k
— 3| Vu|(uiury +usut12) -k — 2wy (uygn — uty) +2ugu3 -c =0,
—u3 - uppn 4 2uguuy - uan — ud - uxm — [Vul® -1
—3|Vul(uiuiz + usuz) - k — 2ux(uyiuzs — ui,) +2uiur - ¢ =0,

and
(1 +u3) iy —2uquy - urna+ (1 4+ud) -uang +2u1 (uygun — uty) — 2uyu3 ¢ =0,
(L+u3) - urnn — 2uruy - uzoy + (1 4+ud) - uaoy +2us (g 1uz — uly) — 2uiuy -¢ = 0.
Thus we have
(3-36) wuj=(— u2+u1+3u1u2+u1)|Vu|_ K1+ (— 2u1u2—2u1u2)|Vu|
+3|Vu|~ 3[(—u1u2+u1+3u1u2+u1)u11
+ (= uz—u1u2+3u1u2 uluz)ulz
+ (= 2u1u2 2u1u2)u22]
+ (—6uqus 4+ 2u3) [Vu| ™ - (uy1uay — u?y) + 2uu3|Vu| >

(3-37) u112=(2u1u2+2u1u§)|Vu| K1+ (— u2+u1—u1u2+u1)|Vu|
+3|Vu|_3[(2u%u2—|—2u1u2)u11
2, .3 4 3.2 5
+ (uyuy +uy + 2uguy — ujus +uy)ur
+ (—u3 +uluy — u1u2+u1u2)u22]
+ (=203 + 6uiun) [Vu| ™ - (uiiuzy — uty) — 2uius| Vu|



GEOMETRIC PROPERTIES OF LEVEL CURVES 235
and

(3-38)  uxy = (3 +uj —u? —udud)|Vu| ™" ky + Quyus 4 2udun) | Vu |7 ke
+ 3|Vu|_3[(u1u% + 14114‘21 — u? - u?u%)un
+ (3 + U3 + ujus — uiuy + 2utur)ur
+ (2u1u§ + 2u?u%)u22] K

+ (614114% — 214%)|Vu|_4 -(uyiup — u%z) — 2u1u%|Vu|_2 -c,

(3-39)  up = (—2uquy —2u1u3)|Vu| ™' iy + W+ us —ud +3utu3) | Vul i
+ 3|Vu|_3[(—2u%u2 — 2u%u§)u11
+ (—ulu% — ulu‘zl — u% + 3u%u%)u12
+ 3+ u5 — uduy + 3u%u%)u22] K

+ (2ug — 6u%u2)|Vu|_4 ~(upiuy — u%2) + 2u%u2|Vu|_2 -C.

Inserting (3-36)—(3-39) and (3-17) into (3-35), after some tedious calculation, we get

(3-40) Zaij Quiugury — uugy — udury)ij
ij

2| Vul(443|Vul?)

- 1+u%
+2|Vul(4+3|Vul?) uyurz — usury) - 2
4|Vu|(2+3|Vul?)

+ 2

l—i—u1
+2IVulP(1 + |Vul?) -« -c.

[(1 —|—u%)u1u11 +(1— M%)Mzulz] K1

[(1+u§)u%1 —2u1M2M11u12+(1+u%)’4%2] K

By (3-20) and (3-40), we have

(3-41) a;jiki; = ———|(1 —|—u2)u1u11 +(1— uz)uzulz K]
; v |Vu|2(1+u§)[ 2 : ]

+ ——uiu12 —usu11) - k2
|Vu|?

— m[(l+ug)u%1 —2u1u2u11u12+(1+u%)u%2] -K
1

— (14 |VulPxk - c.
Then at the point xg, we take the first derivative of (3-41). Note that

Uil
/c(xo)z—u—.



236 JINJU XU AND WEI ZHANG

With (3-6), (3-16) and (3-29) in hand, we obtain
2(1—u3) 2(1 —u3)

(3-42) E AijKiji = —————U12 K1l — ————UI1 K12
— us uz
ij
2 l+us , 3,
+| —u2+—5=uy — U | K
Uy u3 us

2 4 2(1+ud) ,
+ —M—M111+—2u111412 K2+u—u1114111
2

u; 2
2 2(1 4+ u?) 2
+—3u11u12u112——42u?1u12 41411”?2
u; U, U
2(1 +u3)
|:(1—M2) K1+—u11u12 c
”2

Now, the equations (3-36) and (3-37) are simplified as
3

(3-43) Uil =—u2K1+—u11M12,
us

l—i-u2 2 2,

(3-44) U1 = —UIK) — Uiy + —ui,.
up

Putting (3-43)—(3-44) into (3-42), one obtains

2(1 —u?) 2(1 —u?) +u)
ZaUK:]l——Zulz Kl — Uy K+ | - %1+ 2“%2 K1
T un us u;

2

4

2

4 20 +ud) ,
— unup Kt Uiy +
u; Uy

2(1 4 u3)
|:(1 —ud) Kk + —21/!11”12] -C.
”2

3
— U1y,

Therefore, by commutation formulas (1-1)-(1-2), we get

(3-45)
Zainlij = Zaij |:Kij1 +ZKmRmi1j] = Zaijl(ijl +Ky-c
ij ij m ij

2(1—u) 2(1—u)

= ———Up K1 ——— U1 "K12
Uy Uy
3(14u?) 4 2(14u3)
+[ —22 4 M12:| K1 — —2M11M12-K2+—42M?1u12
) 2 u; )

2 2(1+u?)
+—4M11M?2+ |:(2—M%)-K1 +—22M11M12 -C.
iy u;
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Thanks to (3-45), the formula (3-13) reduces to
(3-46) ) aijj
ij
= [2u2(1 +u3)g’ +4gJura - i1y
—[2u2(1+u3)g' + (6 +2u3)gurs - k12 — 2gu12 - k22
(B —2ud)(1+ u%)g:| 5

+{ [uz<1+u§>2g”+<3+4u%)(Hu%)g’— Uiy

us

1+ 2u?
+ [uz(l +u3)g" + (3 +4ud)g + - Zg]ufz} K
2

48 28
— unuy -k + S [(L+u3)ufy + iy Juriun
us Uy
2(1+u3
+ {[u%(l +u%)g/+3u2g] “K1+ %unulz} +C.
2
By (3-3) and (3-41), we have
1 !/
(3-47) Kllzﬁ[‘//l_('@g + Qurz - k1 + guiy k2],
2
1
(3-48) K12 = E[WH (28’ + @) (1 +ud)us k1 + guiz - k2,
2
and

1 /
(3-49) Ky = E{_(l +u3) Y + [u2(1 +u3)g' + B +u3)gluiz -«
— B +u3)gui k2 + %uu[(l +u3)uty +uj, |

2
+(1 +u%)gu11 -c}.

Putting (3-47)—(3-49) into (3-46), we finally get

(3-50) Y aiji;

ij

2(1+u)g 64 2u?
:|: . 28 + " 2]'(ldlzl/fl—btm/fz)

y 2un(l+ug”?

9
+ [uz(l +id)g 5¢'—=2 } [0y ety ]y
2

+ [u%(l +u%)g’ + 3u2g] K[ -C.
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If we let 232
(1417
gt =—73—:

then the last two terms on the right-hand side of (3-50) vanish. Namely,

Zaijlﬁij =2uy - (u2¥ry —unvn).

ij

This completes the proof of Theorem 1.2. (]
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