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GEOMETRIC PROPERTIES OF LEVEL CURVES
OF HARMONIC FUNCTIONS AND MINIMAL GRAPHS

IN 2-DIMENSIONAL SPACE FORMS

JINJU XU AND WEI ZHANG

We study the geometric properties of level curves of harmonic functions and
minimal graphs in 2-dimensional space forms using the maximum principle.
More precisely, we find two auxiliary functions which consist of tangential
derivatives of the curvature of level curves and the norms of the gradient
of the solution functions. Then we prove that they satisfy certain elliptic
partial differential equations.

1. Introduction

The geometric properties of the level surfaces of solutions of elliptic partial differ-
ential equations have been studied for a long time. For instance, a book by Ahlfors
[1973] contains the well-known result that level curves of the Green function of a
2-dimensional convex domain are convex curves. Gergen [1931] proved the level
surfaces of the Green function of a 3-dimensional star-shaped domain are also
star-shaped. Shiffman [1956] studied the convexity of the level curves of immersed
minimal surfaces in R3. He proved that if two convex curves in parallel planes in
R3 bound a minimal surface S then the intersections of all other parallel planes
with S are also convex curves. In particular, he obtained that if the boundaries are
two circles then intermediate level curves are also circles. Gabriel [1957] proved
that the level surfaces of the Green function of a 3-dimensional convex domain
are strictly convex. Later, Lewis [1977] extended Gabriel’s results to p-harmonic
functions in high dimensions. For more related extensions and a survey on this
subject, see [Bianchini et al. 2009; Caffarelli and Spruck 1982; Kawohl 1985].

There is also a lot of literature on the quantitative curvature estimates of level
surfaces of solutions of elliptic partial differential equations. For 2-dimensional
harmonic functions, Talenti [1983] got the following result. Let�⊂R2 be a domain
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and u be a harmonic function with no critical points in�. Then the function κ/|∇u|
is harmonic in �. Here

κ =
2u1u2u12− u2

1u22− u2
2u11

|∇u|3

is the curvature of the level curves of u. Throughout the paper we use subscripts to
represent the derivatives with respect to any orthonormal frames. Similar results can
also be seen in [Ortel and Schneider 1983; Longinetti 1983]. Recently, Ma, Ou and
Zhang [Ma et al. 2010] generalized the above results to n-dimensional harmonic
functions (2≤ n <∞) and obtained the sharp Gaussian curvature estimates of the
level surfaces. See also [Chang et al. 2010; Ma and Zhang 2013; 2014; Wang and
Zhang 2012; Zhang and Zhang 2013].

More recently, Kong and Xu [2015] found that if u is a harmonic function of
two variables with no critical points, then the function (κ1u2− κ2u1)/|∇u|3 is also
harmonic. Using this fact, they proved that all the level curves of solutions of the
Laplace equation with homogeneous Dirichlet boundary conditions on an annulus
are circles. This result can be viewed as a generalization of Shiffman’s result on
minimal surfaces. In this paper, we extend Kong and Xu’s and Shiffman’s results
to harmonic functions and minimal graphs in 2-dimensional space forms. More
precisely, we obtain the following results.

Theorem 1.1. Suppose that M2(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let �⊂ M2(c) be a domain and u be a harmonic
function with no critical points in �. Let κ be the curvature of the level curves of u.
Then the function ϕ = (κ1u2− κ2u1)/|∇u|3 is also harmonic in �.

For minimal graphs, we have the following similar result.

Theorem 1.2. Suppose that M2(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let � ⊂ M2(c) be a domain and u satisfy the
minimal surface equation ∑

i j

ai j ui j = 0 in �,

where ai j = (1+ |∇u|2)δi j − ui u j . Furthermore, assume that there are no critical
points of u in �. Let κ be the curvature of the level curves of u. Set

ψ =
(1+ |∇u|2)3/2

|∇u|3
· (κ1u2− κ2u1).

Then the function ψ satisfies the differential equation∑
i j

ai jψi j +
∑

i

biψi = 0 in �.

Here the bi are bounded functions.
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Based on the above theorems, we have the following characterization of geodesic
circles.

Remark 1.3. Since (κ1u2−κ2u1)/|∇u| is the tangential derivative of the curvature
of the level curves, the auxiliary functions ϕ and ψ are independent of the choice
of orthonormal frames. Similar to the case of Euclidean space, by the maximum
principle, we know that all the level curves of solutions of the Laplace equation or
the minimal surface equation with homogeneous Dirichlet boundary conditions on
an annulus are geodesic circles.

Now we give the derivative commutation formulas in Riemannian geometry. Let
u be a smooth function and Ri jkl be coefficients of the Riemannian curvature tensor
under orthonormal frames. Here for 2-dimensional space forms M2(c), we adopt
R1212 = c. Then we have

ui j − u j i = 0,(1-1)

ui jk − uik j =
∑

m

um Rmi jk,(1-2)

ui jkl − ui jlk =
∑

m

umj Rmikl +
∑

m

uim Rmjkl .(1-3)

For more details, one can consult any book on Riemannian geometry, such as [Chern
et al. 1999].

In this paper, all the summation indices i , j , k, l and m run from 1 to 2. In
Section 2, we prove Theorem 1.1. In Section 3, we prove Theorem 1.2.

2. Level curves of harmonic functions

In this section, we focus on the calculation of harmonic functions in 2-dimensional
space forms.

Let �⊂ M2(c) be a domain and u be a harmonic function defined in � with no
critical points. Set

ϕ = f (|∇u|)(κ1u2− κ2u1),

where κ is the curvature of the level curves and f is a smooth function of one
variable defined on the interval (0,+∞) which will be determined later. For a
suitable choice of f , we will prove that ϕ is also a harmonic function in �, i.e., the
function ϕ satisfies

(2-1) 1ϕ = 0 in �.

In order to prove (2-1) at an arbitrary point x0 ∈�, we may choose the orthonor-
mal frames such that

u1(x0)= 0, u2(x0)= |∇u|(x0) > 0.
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From now on, all the calculations will be done at the fixed point x0 unless
otherwise specified.

By taking the first derivative of ϕ, we have

(2-2) ϕi = f ′(|∇u|)i · (κ1u2− κ2u1)+ f · (κ1i u2+ κ1u2i − κ2i u1− κ2u1i ).

Differentiating (2-2) once more, we have

ϕi i = f ′′(|∇u|)2i · κ1u2+ f ′(|∇u|)i i · κ1u2+ 2 f ′(|∇u|)i · (κ1i u2+ κ1u2i − κ2u1i )

+ f · (κ1i i u2+ 2κ1i u2i + κ1u2i i − 2κ2i u1i − κ2u1i i );

hence

(2-3) 1ϕ = u2 f
∑

i

k1i i +
[
2u2 f ′(|∇u|)1+ 2 f u12

]
· κ11

+
[
2u2 f ′(|∇u|)2+ 2 f u22− 2 f u11

]
· κ12+ [−2 f u12] · κ22

+

[
u2 f ′′

∑
i

(|∇u|)2i + u2 f ′
∑

i

(|∇u|)i i

+ 2 f ′
∑

i

(|∇u|)i u2i + f
∑

i

u2i i

]
· κ1

+

[
−2 f ′

∑
i

(|∇u|)i u1i − f
∑

i

u1i i

]
· κ2.

Direct calculation yields

(2-4)

(|∇u|)i =
1
|∇u|

∑
j

u j u j i ,

(|∇u|)i i =
1
|∇u|

∑
j

u2
j i +

1
|∇u|

∑
j

u j u j i i −
1
|∇u|3

∑
jk

u j u j i ukuki .

Then at the point x0,

(2-5) (|∇u|)i = u2i , (|∇u|)i i =
u2

1i

u2
+ u2i i .

By the commutation formulas (1-1)–(1-2), we have∑
i

u1i i =
∑

i

ui1i =
∑

i

[
ui i1+

∑
m

um Rmi1i

]
= 0,(2-6)

∑
i

u2i i =
∑

i

ui2i =
∑

i

[
ui i2+

∑
m

um Rmi2i

]
= u2 · c.(2-7)
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Putting (2-5)–(2-7) into (2-3), we obtain

(2-8) 1ϕ= u2 f
∑

i

κ1i i+(2u2 f ′+2 f )u12 ·κ11+(−2u2 f ′−4 f )u11 ·κ12

+(−2 f )u12 ·κ22+(u2 f ′′+3 f ′)(u2
11+u2

12)·κ1+(u2
2 f ′+u2 f )·κ1 ·c.

To compute the first term in (2-8), we should get the formula for 1κ at a general
point in advance. Recalling the curvature formula for the level curves, we have

(2-9) |∇u|3 · κ = 2u1u2u12− u2
1u22− u2

2u11.

By applying the Laplace operator on both sides of (2-9) and then using (2-4), we
obtain

(2-10) 1κ =
1
|∇u|3

∑
i

(2u1u2u12−u2
1u22−u2

2u11)i i−
6
|∇u|

∑
i

(|∇u|)i ·κi

−
6
|∇u|2

∑
i

(|∇u|)2i ·κ−
3
|∇u|

∑
i

(|∇u|)i i ·κ

=
1
|∇u|3

∑
i

(2u1u2u12−u2
1u22−u2

2u11)i i−
6
|∇u|2

(u1u11+u2u12)·κ1

−
6
|∇u|2

(u1u12−u2u11)·κ2−
1
|∇u|2

[
9(u2

11+u2
12)+3

∑
i j

u j u j i i

]
·κ.

Now the commutation formulas (1-1)–(1-2) yield

(2-11)
∑

i j

u j u j i i =
∑

i j

u j

[
ui i j +

∑
m

um Rmi ji

]
=

∑
i jm

u j um Rmi ji = |∇u|2 · c.

By inserting (2-11) into (2-10), we have

(2-12) 1κ =
1
|∇u|3

∑
i

(2u1u2u12−u2
1u22−u2

2u11)i i−
6
|∇u|2

(u1u11+u2u12) ·κ1

−
6
|∇u|2

(u1u12− u2u11) · κ2−
9
|∇u|2

(u2
11+ u2

12) · κ − 3κ · c.

Straightforward computation gives

(2-13)
∑

i

(2u1u2u12−u2
1u22−u2

2u11)i i

=

∑
i

[
2u1i i u2u12+2u1u2i i u12+2u1u2u12i i−2u1u1i i u22

−u2
1u22i i−2u2u2i i u11−u2

2u11i i+4u1i u2i u12+4u1i u2u12i

+4u1u2i u12i−2u2
1i u22−4u1u1i u22i−2u2

2i u11−4u2u2i u11i
]
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= 2(u2u12+u1u11)
∑

i

u1i i+2(u1u12−u2u11)
∑

i

u2i i

+2u1u2
∑

i

u12i i−u2
1

∑
i

u22i i−u2
2

∑
i

u11i i

+4
∑

i

(u2u1i+u1u2i )u12i+4
∑

i

(u1u1i−u2u2i )u11i

, I1+ I2+ I3,

where

I1 = 2(u2u12+ u1u11)
∑

i

u1i i + 2(u1u12− u2u11)
∑

i

u2i i ,

I2 = 2u1u2
∑

i

u12i i − u2
1

∑
i

u22i i − u2
2

∑
i

u11i i ,

I3 = 4
∑

i

(u2u1i + u1u2i )u12i + 4
∑

i

(u1u1i − u2u2i )u11i .

We deal with the terms I1, I2 and I3 consecutively. By (2-6)–(2-7), we have

(2-14) I1 = 2(u2u12+ u1u11)
∑
im

um Rmi1i + 2(u1u12− u2u11)
∑
im

um Rmi2i

= 2(u2u12+ u1u11) · u1 · c+ 2(u1u12− u2u11) · u2 · c

= 2|∇u|3 · κ · c.

By the commutation formulas (1-1)–(1-3), we have

u jki i = ui i jk +
∑

m

umk Rmi ji +
∑

m

umj Rmiki + 2
∑

m

umi Rmjki .

It follows that

(2-15) I2 = 2u1u2 ·

[∑
im

um2 Rmi1i +
∑
im

um1 Rmi2i + 2
∑
im

umi Rm12i

]
− u2

1 ·

[
2
∑
im

um2 Rmi2i + 2
∑
im

umi Rm22i

]
− u2

2 ·

[
2
∑
im

um1 Rmi1i + 2
∑
im

umi Rm11i

]
= 2u1u2 · 4u12 · c− u2

1 · (−4u11) · c− u2
2 · 4u11 · c

= (8u1u2u12+ 4u2
1u11− 4u2

2u11) · c.
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By the commutation formulas (1-1)–(1-2),

u121 = u112+
∑

m

um Rm121 = u112+ u2 · c,(2-16)

u122 = u221+
∑

m

um Rm212 =−u111+ u1 · c.(2-17)

Then we have

(2-18) I3 = 8(u1u11− u2u12)u111+ 8(u1u12+ u2u11)u112

+ (8u1u2u12+ 4u2
2u11− 4u2

1u11) · c.

Combining (2-13)–(2-15) and (2-18), we get

(2-19)
∑

i

(2u1u2u12− u2
1u22− u2

2u11)i i

= 8(u1u11− u2u12)u111+ 8(u1u12+ u2u11)u112

+ 2|∇u|3 · κ · c+ 16u1u2u12 · c.

Now let us explore the relations between u111, u112 and κ1, κ2. Taking the first
derivative on both sides of (2-9) and using (2-4), (2-16) and (2-17), we obtain

(u2
1− u2

2) · u111+ 2u1u2 · u112

= |∇u|3 · κ1+ 3|∇u|(u1u11+ u2u12) · κ − 2u1(u2
11+ u2

12)− 2u1u2
2 · c,

− 2u1u2 · u111+ (u2
1− u2

2) · u112

= |∇u|3 · κ2+ 3|∇u|(u1u12− u2u11) · κ − 2u2(u2
11+ u2

12)− 2u2
1u2 · c.

Thus we have

(2-20) u111 =
u2

1− u2
2

|∇u|
· κ1−

2u1u2

|∇u|
· κ2+

3
|∇u|

(u1u11− u2u12) · κ

−
2u1(u2

1− 3u2
2)

|∇u|4
(u2

11+ u2
12)+

2u1u2
2

|∇u|2
· c,

and

(2-21) u112 =
2u1u2

|∇u|
· κ1+

u2
1− u2

2

|∇u|
· κ2+

3
|∇u|

(u2u11+ u1u12) · κ

−
2u2(3u2

1− u2
2)

|∇u|4
(u2

11+ u2
12)−

2u2
1u2

|∇u|2
· c.
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Hence the formula (2-19) reduces to

(2-22)
∑

i

(2u1u2u12− u2
1u22− u2

2u11)i i

= 8|∇u|(u1u11+ u2u12) · κ1+ 8|∇u|(u1u12− u2u11) · κ2

+ 8|∇u|(u2
11+ u2

12) · κ + 2|∇u|3 · κ · c.

By (2-12) and (2-22), we have

(2-23) 1κ =
2
|∇u|2

(u1u11+ u2u12) · κ1+
2
|∇u|2

(u1u12− u2u11) · κ2

−
1
|∇u|2

(u2
11+ u2

12) · κ − κ · c.

Then at the point x0, we take the first derivative of (2-23). With (2-5) and (2-16)
in hand, we obtain

(2-24) (1κ)1 =
2
u2

u12 · κ11−
2
u2

u11 · κ12+

[
2
u2

u112+
1
u2

2
u2

11−
3
u2

2
u2

12

]
· κ1

+

[
−

2
u2

u111+
4
u2

2
u11u12

]
· κ2

+

[
−

2
u2

2
(u11u111+ u12u112)+

2
u3

2

(u2
11+ u2

12)u12

]
· κ

+

[
κ1−

2
u2

u12 · κ

]
· c.

Now, the equations (2-20) and (2-21) are simplified as

u111 =−u2κ1+
3
u2

u11u12,(2-25)

u112 =−u2κ2−
1
u2

u2
11+

2
u2

u2
12.(2-26)

Putting (2-25)–(2-26) into (2-24), one achieves

(1κ)1 =
2
u2

u12 ·κ11−
2
u2

u11 ·κ12+

[
−

3
u2

2
u2

11+
1
u2

2
u2

12

]
·κ1+

[
−

4
u2

2
u11u12

]
·κ2

+

[
−

2
u3

2

(u2
11+ u2

12)u12

]
· κ +

[
κ1−

2
u2

u12 · κ

]
· c.
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Therefore, by the commutation formulas(1-1)–(1-2), we get

(2-27)
∑

i

κ1i i

=

∑
i

[
κi i1+

∑
m

κm Rmi1i

]
= (1κ)1+κ1 ·c

=
2
u2

u12 ·κ11−
2
u2

u11 ·κ12+

[
−

3
u2

2
u2

11+
1
u2

2
u2

12

]
·κ1

+

[
−

4
u2

2
u11u12

]
·κ2+

[
−

2
u3

2

(u2
11+u2

12)u12

]
·κ+

[
2κ1−

2
u2

u12 ·κ

]
·c.

Thanks to (2-27), the formula (2-8) reduces to

1ϕ =
[
(2u2 f ′+ 4 f )u12

]
· κ11+

[
(−2u2 f ′− 6 f )u11

]
· κ12+ [−2 f u12] · κ22

+

[(
u2 f ′′+ 3 f ′−

3 f
u2

)
u2

11+

(
u2 f ′′+ 3 f ′+

f
u2

)
u2

12

]
· κ1

+

[
−

4 f
u2

u11u12

]
· κ2+

[
−

2 f
u2

2
(u2

11+ u2
12)u12

]
· κ

+
[
(u2

2 f ′+ 3u2 f ) · κ1− 2 f u12 · κ
]
· c.

At the point x0, by (2-23), we have

κ22 =−κ11+
2
u2

u12 · κ1−
2
u2

u11 · κ2−
1
u2

2
(u2

11+ u2
12) · κ − κ · c.

Thus

(2-28) 1ϕ = (2u2 f ′+ 6 f )u12 · κ11+ (−2u2 f ′− 6 f )u11 · κ12

+

(
u2 f ′′+ 3 f ′−

3 f
u2

)
(u2

11+ u2
12) · κ1+ (u2

2 f ′+ 3u2 f ) · κ1 · c.

By (2-2), we have

κ11 =
1

u2 f

[
ϕ1− (u2 f ′+ f )u12 · κ1+ f u11 · κ2

]
,(2-29)

κ12 =
1

u2 f

[
ϕ2+ (u2 f ′+ f )u11 · κ1+ f u12 · κ2

]
.(2-30)
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Putting (2-29)–(2-30) into (2-28), we finally get

(2-31) 1ϕ =

(
2 f ′

f
+

6
u2

)
· (u12ϕ1− u11ϕ2)

+

(
u2 f ′′−

2u2 f ′2

f
−5 f ′−

9 f
u2

)
(u2

11+u2
12)·κ1+(u2

2 f ′+3u2 f )·κ1·c.

If we let
f (t)= t−3,

then all of the terms on the right-hand side of (2-31) vanish. This completes the
proof of Theorem 1.1. �

3. Level curves of minimal graphs

Along the same lines as in Section 2, in this section we deal with the minimal
graphs in 2-dimensional space forms.

Let � ⊂ M2(c) be a domain and u be a solution with no critical points of the
minimal surface equation

(3-1)
∑

i j

ai j ui j = 0 in �,

where
ai j = (1+ |∇u|2)δi j − ui u j .

Set
ψ = g(|∇u|)(κ1u2− κ2u1),

where κ is the curvature of the level curves and g is a smooth function of one
variable defined on the interval (0,+∞) to be determined later. For a suitable
choice of g, we will prove that the function ψ satisfies

(3-2)
∑

i j

ai jψi j +
∑

i

biψi = 0 in �.

Here the bi are bounded functions.
In order to prove (3-2) at an arbitrary point x0 ∈�, we may choose the orthonor-

mal frames such that
u1(x0)= 0,

u2(x0)= |∇u|(x0) > 0.

From now on, all the calculations will be done at the fixed point x0 unless
otherwise specified.
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By taking the derivative of ψ , we have

(3-3) ψi = g′(|∇u|)i · (κ1u2− κ2u1)+ g · (κ1i u2+ κ1u2i − κ2i u1− κ2u1i ).

Differentiating (3-3) once more, we have

ψi j = g′′(|∇u|) j (|∇u|)i ·κ1u2+g′(|∇u|)i j ·κ1u2+g′(|∇u|)i ·(κ1 j u2+κ1u2 j−κ2u1 j )

+ g′(|∇u|) j · (κ1i u2+ κ1u2i − κ2u1i )

+ g · (κ1i j u2+ κ1i u2 j + κ1 j u2i + κ1u2i j − κ2i u1 j − κ2 j u1i − κ2u1i j );

hence

(3-4)
∑

i j

ai jψi j = u2g
∑

i j

ai j k1i j +

[
2u2g′

∑
j

a1 j (|∇u|) j +2g
∑

j

a1 j u2 j

]
·κ11

+

[
2u2g′

∑
j

a2 j (|∇u|) j+2g
∑
2 j

a2 j u2 j−2g
∑

j

a1 j u1 j

]
·κ12

+

[
−2g

∑
j

a2 j u1 j

]
· κ22

+

[
u2g′′

∑
i j

ai j (|∇u|)i (|∇u|) j + u2g′
∑

i j

ai j (|∇u|)i j

+ 2g′
∑

i j

ai j (|∇u|) j u2i + g
∑

i j

ai j u2i j

]
· κ1

+

[
−2g′

∑
i j

ai j (|∇u|) j u1i − g
∑

i j

ai j u1i j

]
· κ2.

Direct calculation yields

(3-5)

(|∇u|)i =
1
|∇u|

∑
k

ukuki ,

(|∇u|)i j =
1
|∇u|

∑
k

uk j uki +
1
|∇u|

∑
k

ukuki j −
1
|∇u|3

∑
kl

ulul j ukuki .

Then at the point x0,

(3-6)

(|∇u|)i = u2i ,

(|∇u|)i j =
u1 j u1i

u2
+ u2i j .
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By the commutation formulas (1-1)–(1-2), we obtain

(3-7)
∑

i j

ai j u1i j =
∑

i j

ai j ui1 j

=

∑
i j

ai j

[
ui j1+

∑
m

um Rmi1 j

]
=−

∑
i j

ai j,1ui j +
∑
i jm

ai j um Rmi1 j

=−2u1(u11u22− u2
12)+ u1(1+ |∇u|2) · c

and

(3-8)
∑

i j

ai j u2i j =
∑

i j

ai j ui2 j

=

∑
i j

ai j

[
ui j2+

∑
m

um Rmi2 j

]
=−

∑
i j

ai j,2ui j +
∑
i jm

ai j um Rmi2 j

=−2u2(u11u22− u2
12)+ u2(1+ |∇u|2) · c.

Hence at the point x0, we have∑
i j

ai j u1i j = 0,(3-9)

∑
i j

ai j u2i j =−2u2(u11u22− u2
12)+ u2(1+ u2

2) · c.(3-10)

On the other hand,

a11 = 1+ u2
2, a12 = 0, a21 = 0, a22 = 1,(3-11)

u22 =−(1+ u2
2)u11.(3-12)

Inserting (3-6), (3-9)–(3-12) into (3-4), we obtain

(3-13)
∑

i j

ai jψi j

= u2g
∑

i j

ai j k1i j +
[
2u2(1+ u2

2)g
′
+ 2(1+ u2

2)g
]
u12 · κ11

+
[
−2u2(1+ u2

2)g
′
− 4(1+ u2

2)g
]
u11 · κ12+ [−2g]u12 · κ22

+
[
u2(1+ u2

2)g
′′
+ (3+ 4u2

2)g
′
+ 2u2g

]
·
[
(1+ u2

2)u
2
11+ u2

12
]
· κ1

+
[
u2

2(1+ u2
2)g
′
+ u2(1+ u2

2)g
]
· κ1 · c.
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To compute the first term in (3-13), we should get the formula for
∑

i j ai jκi j at
a general point in advance. Recalling the curvature formula for the level curves, we
have

(3-14) |∇u|3 · κ = 2u1u2u12− u2
1u22− u2

2u11.

On both sides of (3-14), we take the second derivative with respect to i j , multiply
by ai j , and then sum with respect to i j . We obtain

(3-15)
∑

i j

ai jκi j =
1
|∇u|3

∑
i j

ai j (2u1u2u12− u2
1u22− u2

2u11)i j

−
6
|∇u|

∑
i j

ai j (|∇u|) j · κi −
6
|∇u|2

∑
i j

ai j (|∇u|)i (|∇u|) j · κ

−
3
|∇u|

∑
i j

ai j (|∇u|)i j · κ.

Recalling the minimal surface equation (3-1), we have

(3-16) a11 = 1+ u2
2, a12 =−u1u2, a21 =−u1u2, a22 = 1+ u2

1,

and

(3-17) u22 =
2u1u2u12− (1+ u2

2)u11

1+ u2
1

.

Inserting (3-5) and (3-16)–(3-17) into (3-15), we get

(3-18)
∑

i j

ai jκi j

=
1
|∇u|3

∑
i j

ai j (2u1u2u12− u2
1u22− u2

2u11)i j

−
6(1+ |∇u|2)
|∇u|2(1+ u2

1)

[
(1+ u2

2)u1u11+ (1− u2
1)u2u12

]
· κ1

−
6(1+ |∇u|2)
|∇u|2

(u1u12− u2u11) · κ2

−
1
|∇u|2

{
9+ 6|∇u|2

1+ u2
1

[
(1+u2

2)u
2
11−2u1u2u11u12+(1+u2

1)u
2
12
]

+3
∑
i jk

ai j ukuki j

}
·κ.
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Now the commutation formulas (1-1)–(1-2) and relations (3-16)–(3-17) yield

(3-19)
∑
i jk

ai j ukuki j =
∑
i jk

ai j ukui jk +
∑
i jkm

ai j ukum Rmik j

=−

∑
i jk

ai j,kukui j +
∑
i jkm

ai j ukum Rmik j

=
2|∇u|2

1+ u2
1

[
(1+ u2

2)u
2
11− 2u1u2u11u12+ (1+ u2

1)u
2
12
]

+ |∇u|2(1+ |∇u|2) · c.

Putting (3-19) into (3-18), we have

(3-20)
∑

i j

ai jκi j

=
1
|∇u|3

∑
i j

ai j (2u1u2u12− u2
1u22− u2

2u11)i j

−
6(1+ |∇u|2)
|∇u|2(1+ u2

1)

[
(1+ u2

2)u1u11+ (1− u2
1)u2u12

]
· κ1

−
6(1+ |∇u|2)
|∇u|2

(u1u12− u2u11) · κ2

−
9+ 12|∇u|2

|∇u|2(1+ u2
1)

[
(1+ u2

2)u
2
11− 2u1u2u11u12+ (1+ u2

1)u
2
12
]
· κ

− 3(1+ |∇u|2) · κ · c.

Straightforward computation gives

(3-21)
∑

i j

ai j (2u1u2u12− u2
1u22− u2

2u11)i j

= 2u1u2
∑

i j

ai j u12i j − u2
1

∑
i j

ai j u22i j − u2
2

∑
i j

ai j u11i j

+ 2(u2u12− u1u22)
∑

i j

ai j u1i j + 2(u1u12− u2u11)
∑

i j

ai j u2i j

− 4u2
∑

i j

ai j u2i u11 j − 4u1
∑

i j

ai j u1i u22 j + 4u2
∑

i j

ai j u1i u12 j

+ 4u1
∑

i j

ai j u2i u12 j + 4u12
∑

i j

ai j u1i u2 j

− 2u22
∑

i j

ai j u1i u1 j − 2u11
∑

i j

ai j u2i u2 j

, J1+ J2+ J3+ J4,
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where

J1 = 2u1u2
∑

i j

ai j u12i j − u2
1

∑
i j

ai j u22i j − u2
2

∑
i j

ai j u11i j ,

J2 = 2(u2u12− u1u22)
∑

i j

ai j u1i j + 2(u1u12− u2u11)
∑

i j

ai j u2i j ,

J3 =−4u2
∑

i j

ai j u2i u11 j − 4u1
∑

i j

ai j u1i u22 j

+ 4u2
∑

i j

ai j u1i u12 j + 4u1
∑

i j

ai j u2i u12 j ,

J4 = 4u12
∑

i j

ai j u1i u2 j − 2u22
∑

i j

ai j u1i u1 j − 2u11
∑

i j

ai j u2i u2 j .

We deal with the terms J1, J2, J3 and J4 consecutively. If we differentiate the
minimal surface equation (3-1) twice, then we have∑

i j

ai j,kui j +
∑

i j

ai j ui jk = 0,(3-22)

∑
i j

ai j,klui j +
∑

i j

ai j,kui jl +
∑

i j

ai j,lui jk +
∑

i j

ai j ui jkl = 0.(3-23)

By the commutation formulas (1-1)–(1-3), we have

ukli j = ui jkl +
∑

m

umi Rmkl j +
∑

m

umj Rmkli +
∑

m

umk Rmil j +
∑

m

uml Rmik j .

It follows that

(3-24)
∑

i j

ai j ukli j =−

[∑
i j

ai j,klui j +
∑

i j

ai j,kui jl +
∑

i j

ai j,lui jk

]
+

∑
i jm

ai j umi Rmkl j +
∑
i jm

ai j umj Rmkli

+

∑
i jm

ai j umk Rmil j +
∑
i jm

ai j uml Rmik j .

Note that ai j = (1+ |∇u|2)δi j − ui u j . It is easy to get

ai j,k = 2
∑

m

umumkδi j − uiku j − ui u jk,

ai j,l = 2
∑

m

umumlδi j − uilu j − ui u jl,

ai j,kl = 2
∑

m

umlumkδi j + 2
∑

m

umumklδi j − uiklu j − uiku jl − uilu jk − ui u jkl .
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Thus we have∑
i j

ai j,klui j = 2(u1u22− u2u12)u1kl + 2(u2u11− u1u12)u2kl(3-25)

+ 2u1lu1ku22+ 2u2lu2ku11− 2u1ku2lu12− 2u2ku1lu12,∑
i j

ai j,kui jl = 2u2u2ku11l + 2u1u1ku22l − 2(u1u2k + u2u1k)u12l,(3-26)

∑
i j

ai j,lui jk = 2u2u2lu11k + 2u1u1lu22k − 2(u1u2l + u2u1l)u12k .(3-27)

Putting (3-25)–(3-27) into (3-24), we obtain

(3-28)
∑

i j

ai j ukli j =−
[
2(u1u22−u2u12)u1kl+2(u2u11−u1u12)u2kl+2u1lu1ku22

+ 2u2lu2ku11− 2u1ku2lu12− 2u2ku1lu12+ 2u2u2ku11l

+ 2u1u1ku22l − 2(u1u2k + u2u1k)u12l + 2u2u2lu11k

+ 2u1u1lu22k − 2(u1u2l + u2u1l)u12k
]

+

∑
i jm

ai j umi Rmkl j +
∑
i jm

ai j umj Rmkli

+

∑
i jm

ai j umk Rmil j +
∑
i jm

ai j uml Rmik j .

By the commutation formulas (1-1)–(1-2),

u121 = u112+
∑

m

um Rm121 = u112+ u2 · c,(3-29)

u122 = u221+
∑

m

um Rm212 = u221+ u1 · c.(3-30)

With (3-16) and (3-29)–(3-30) in hand, formula (3-28) is equivalent to∑
i j

ai j u12i j =−2u2u22u111+ 2u2u12u112+ 2u1u12u221

− 2u1u11u222− 2u12(u11u22− u2
12)

+
[
u1u2u11+ (4+ 5u2

1+ 5u2
2)u12+ u1u2u22

]
· c,∑

i j

ai j u22i j =−4u2u22u112+ 2(3u2u12+ u1u22)u221

− 2(u2u11+ u1u12)u222− 2u22(u11u22− u2
12)

+
[
−2(1+ u2

2)u11+ 10u1u2u12+ 2(1+ u2
1+ u2

2)u22
]
· c,∑

i j

ai j u11i j =−2(u2u12+ u1u22)u111+ 2(u2u11+ 3u1u12)u112

− 4u1u11u221− 2u11(u11u22− u2
12)

+
[
2(1+ u2

1+ u2
2)u11+ 10u1u2u12− 2(1+ u2

1)u22
]
· c.
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Therefore,

(3-31)

J1=
[
2u3

2u12−2u1u2
2u22

]
·u111+

[
−2u3

2u11−2u1u2
2u12+4u2

1u2u22
]
·u112

+
[
4u1u2

2u11−2u2
1u2u12−2u3

1u22
]
·u221+

[
−2u2

1u2u11+2u3
1u12

]
·u222

−2(u11u22−u2
12) ·(2u1u2u12−u2

1u22−u2
2u11)

+
[
2(u2

1−u2
2+u2

1u2
2−u4

2)u11+8u1u2u12+2(−u2
1+u2

2+u2
1u2

2−u4
1)u22

]
·c.

Let us handle the term J2. By (1-1)–(1-2), (3-16) and (3-22), we have∑
i j

ai j u1i j =
∑

i j

ai j ui j1+
∑
i jm

ai j um Rmi1 j

=−

∑
i j

ai j,1ui j +
∑
i jm

ai j um Rmi1 j

=−2u1(u11u22− u2
12)+ u1(1+ u2

1+ u2
2) · c

and ∑
i j

ai j u2i j =
∑

i j

ai j ui j2+
∑
i jm

ai j um Rmi2 j

=−

∑
i j

ai j,2ui j +
∑
i jm

ai j um Rmi2 j

=−2u2(u11u22− u2
12)+ u2(1+ u2

1+ u2
2) · c.

Thus

(3-32) J2 =−4(u11u22− u2
12) · (2u1u2u12− u2

1u22− u2
2u11)

+2(1+ u2
1+ u2

2) · (2u1u2u12− u2
1u22− u2

2u11) · c.

For the term J3, by (3-16) and (3-29)–(3-30), we have

(3-33) J3=
[
(−4u2− 4u3

2)u12+ 4u1u2
2u22

]
· u111

+
[
(4u2+ 4u3

2)u11+ (4u1+ 4u1u2
2)u12+ (−4u2− 8u2

1u2)u22
]
· u112

+
[
(−4u1−8u1u2

2)u11+ (4u2+4u2
1u2)u12+ (4u1+4u3

1)u22
]
·u221

+
[
4u2

1u2u11+ (−4u1− 4u3
1)u12

]
· u222

+
[
(4u2

2−4u2
1u2

2+4u4
2)u11+8u1u2u12+(4u2

1−4u2
1u2

2+4u4
1)u22

]
·c.

Moreover, straightforward computation yields

(3-34) J4 =−2(u11u22− u2
12)
[
(1+ u2

2)u11− 2u1u2u12+ (1+ u2
1)u22

]
= 0.
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Combining (3-21) and (3-31)–(3-34), we obtain

(3-35)
∑

i j

ai j (2u1u2u12− u2
1u22− u2

2u11)i j

=
[
(−4u2− 2u3

2)u12+ 2u1u2
2u22

]
· u111

+
[
(4u2+2u3

2)u11+(4u1+2u1u2
2)u12+(−4u2−4u2

1u2)u22
]
·u112

+
[
(−4u1−4u1u2

2)u11+(4u2+2u2
1u2)u12+(4u1+2u3

1)u22
]
·u221

+
[
2u2

1u2u11+ (−4u1− 2u3
1)u12

]
· u222

− 6(u11u22− u2
12) · (2u1u2u12− u2

1u22− u2
2u11)

+
[
(2u2

1− 4u2
1u2

2)u11+ (20u1u2+ 4u1u3
2+ 4u3

1u2)u12

+ (2u2
2− 4u2

1u2
2)u22

]
· c.

Now let us explore the relations between u111, u112, u221, u222 and κ1, κ2. If we
take the first derivative on both sides of (3-14) and (3-1), respectively, then using
(3-5), (3-29)–(3-30) and (3-16), we obtain

−u2
2 · u111+ 2u1u2u12 · u112− u2

1 · u221− |∇u|3 · κ1

− 3|∇u|(u1u11+ u2u12) · κ − 2u1(u11u22− u2
12)+ 2u1u2

2 · c = 0,

−u2
2 · u112+ 2u1u2u12 · u221− u2

1 · u222− |∇u|3 · κ2

− 3|∇u|(u1u12+ u2u22) · κ − 2u2(u11u22− u2
12)+ 2u2

1u2 · c = 0,

and

(1+u2
2) ·u111−2u1u2 ·u112+ (1+u2

1) ·u221+2u1(u11u22−u2
12)−2u1u2

2 · c= 0,

(1+ u2
2) · u112− 2u1u2 · u221+ (1+ u2

1) · u222+ 2u2(u11u22− u2
12)− 2u2

1u2 · c= 0.

Thus we have

(3-36) u111= (−u2
2+u2

1+3u2
1u2

2+u4
1)|∇u|−1

·κ1+(−2u1u2−2u3
1u2)|∇u|−1

·κ2

+ 3|∇u|−3[(−u1u2
2+ u3

1+ 3u3
1u2

2+ u5
1)u11

+ (−u3
2− u2

1u2+ 3u2
1u3

2− u4
1u2)u12

+ (−2u1u2
2− 2u3

1u2
2)u22

]
· κ

+ (−6u1u2
2+ 2u3

1)|∇u|−4
· (u11u22− u2

12)+ 2u1u2
2|∇u|−2

· c,

(3-37) u112 = (2u1u2+ 2u1u3
2)|∇u|−1

· κ1+ (−u2
2+ u2

1− u2
1u2

2+ u4
1)|∇u|−1

· κ2

+ 3|∇u|−3[(2u2
1u2+ 2u2

1u3
2)u11

+ (u1u2
2+ u3

1+ 2u1u4
2− u3

1u2
2+ u5

1)u12

+ (−u3
2+ u2

1u2− u2
1u3

2+ u4
1u2)u22

]
· κ

+ (−2u3
2+ 6u2

1u2)|∇u|−4
· (u11u22− u2

12)− 2u2
1u2|∇u|−2

· c,
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and

(3-38) u221 = (u2
2+ u4

2− u2
1− u2

1u2
2)|∇u|−1

· κ1+ (2u1u2+ 2u3
1u2)|∇u|−1

· κ2

+ 3|∇u|−3[(u1u2
2+ u1u4

2− u3
1− u3

1u2
2)u11

+ (u3
2+ u5

2+ u2
1u2− u2

1u3
2+ 2u4

1u2)u12

+ (2u1u2
2+ 2u3

1u2
2)u22

]
· κ

+ (6u1u2
2− 2u3

1)|∇u|−4
· (u11u22− u2

12)− 2u1u2
2|∇u|−2

· c,

(3-39) u222 = (−2u1u2−2u1u3
2)|∇u|−1

·κ1+ (u2
2+u4

2−u2
1+3u2

1u2
2)|∇u|−1

·κ2

+ 3|∇u|−3[(−2u2
1u2− 2u2

1u3
2)u11

+ (−u1u2
2− u1u4

2− u3
1+ 3u3

1u2
2)u12

+ (u3
2+ u5

2− u2
1u2+ 3u2

1u3
2)u22

]
· κ

+ (2u3
2− 6u2

1u2)|∇u|−4
· (u11u22− u2

12)+ 2u2
1u2|∇u|−2

· c.

Inserting (3-36)–(3-39) and (3-17) into (3-35), after some tedious calculation, we get

(3-40)
∑

i j

ai j (2u1u2u12− u2
1u22− u2

2u11)i j

=
2|∇u|(4+ 3|∇u|2)

1+ u2
1

[
(1+ u2

2)u1u11+ (1− u2
1)u2u12

]
· κ1

+ 2|∇u|(4+ 3|∇u|2)(u1u12− u2u11) · κ2

+
4|∇u|(2+ 3|∇u|2)

1+ u2
1

[
(1+u2

2)u
2
11−2u1u2u11u12+(1+u2

1)u
2
12
]
·κ

+ 2|∇u|3(1+ |∇u|2) · κ · c.

By (3-20) and (3-40), we have

(3-41)
∑

i j

ai jκi j =
2

|∇u|2(1+ u2
1)

[
(1+ u2

2)u1u11+ (1− u2
1)u2u12

]
· κ1

+
2
|∇u|2

(u1u12− u2u11) · κ2

−
1

|∇u|2(1+ u2
1)

[
(1+u2

2)u
2
11−2u1u2u11u12+(1+u2

1)u
2
12
]
·κ

− (1+ |∇u|2)κ · c.

Then at the point x0, we take the first derivative of (3-41). Note that

κ(x0)=−
u11

u2
.
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With (3-6), (3-16) and (3-29) in hand, we obtain

(3-42)
∑

i j

ai jκi j1 =
2(1− u2

2)

u2
u12 · κ11−

2(1− u2
2)

u2
u11 · κ12

+

[
2
u2

u112+
1+ u2

2

u2
2

u2
11−

3
u2

2
u2

12

]
· κ1

+

[
−

2
u2

u111+
4
u2

2
u11u12

]
· κ2+

2(1+ u2
2)

u3
2

u2
11u111

+
2
u3

2

u11u12u112−
2(1+ u2

2)

u4
2

u3
11u12−

2
u4

2
u11u3

12

+

[
(1− u2

2) · κ1+
2(1+ u2

2)

u2
2

u11u12

]
· c.

Now, the equations (3-36) and (3-37) are simplified as

u111 =−u2κ1+
3
u2

u11u12,(3-43)

u112 =−u2κ2−
1+ u2

2

u2
u2

11+
2
u2

u2
12.(3-44)

Putting (3-43)–(3-44) into (3-42), one obtains∑
i j

ai jκi j1=
2(1− u2

2)

u2
u12 ·κ11−

2(1− u2
2)

u2
u11 ·κ12+

[
−

3(1+ u2
2)

u2
2

u2
11+

1
u2

2
u2

12

]
·κ1

−
4
u2

2
u11u12 · κ2+

2(1+ u2
2)

u4
2

u3
11u12+

2
u4

2
u11u3

12

+

[
(1− u2

2) · κ1+
2(1+ u2

2)

u2
2

u11u12

]
· c.

Therefore, by commutation formulas (1-1)–(1-2), we get
(3-45)∑

i j

ai jκ1i j =
∑

i j

ai j

[
κi j1+

∑
m

κm Rmi1 j

]
=

∑
i j

ai jκi j1+κ1 ·c

=
2(1−u2

2)

u2
u12 ·κ11−

2(1−u2
2)

u2
u11 ·κ12

+

[
−

3(1+u2
2)

u2
2

u2
11+

1
u2

2
u2

12

]
·κ1−

4
u2

2
u11u12 ·κ2+

2(1+u2
2)

u4
2

u3
11u12

+
2
u4

2
u11u3

12+

[
(2−u2

2) ·κ1+
2(1+u2

2)

u2
2

u11u12

]
·c.
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Thanks to (3-45), the formula (3-13) reduces to

(3-46)
∑

i j

ai jψi j

=
[
2u2(1+ u2

2)g
′
+ 4g

]
u12 · κ11

−
[
2u2(1+ u2

2)g
′
+ (6+ 2u2

2)g
]
u11 · κ12− 2gu12 · κ22

+

{[
u2(1+u2

2)
2g′′+(3+4u2

2)(1+u2
2)g
′
−
(3− 2u2

2)(1+ u2
2)

u2
g
]

u2
11

+

[
u2(1+ u2

2)g
′′
+ (3+ 4u2

2)g
′
+

1+ 2u2
2

u2
g
]

u2
12

}
· κ1

−
4g
u2

u11u12 · κ2+
2g
u3

2

[
(1+ u2

2)u
2
11+ u2

12
]
u11u12

+

{[
u2

2(1+ u2
2)g
′
+ 3u2g

]
· κ1+

2(1+ u2
2)g

u2
u11u12

}
· c.

By (3-3) and (3-41), we have

κ11 =
1

u2g

[
ψ1− (u2g′+ g)u12 · κ1+ gu11 · κ2

]
,(3-47)

κ12 =
1

u2g

[
ψ2+ (u2g′+ g)(1+ u2

2)u11 · κ1+ gu12 · κ2
]
,(3-48)

and

(3-49) κ22 =
1

u2g

{
−(1+ u2

2)ψ1+
[
u2(1+ u2

2)g
′
+ (3+ u2

2)g
]
u12 · κ1

− (3+ u2
2)gu11 · κ2+

g
u2

2
u11
[
(1+ u2

2)u
2
11+ u2

12
]

+ (1+ u2
2)gu11 · c

}
.

Putting (3-47)–(3-49) into (3-46), we finally get

(3-50)
∑

i j

ai jψi j

=

[
2(1+ u2

2)g
′

g
+

6+ 2u2
2

u2

]
· (u12ψ1− u11ψ2)

+

[
u2(1+u2

2)g
′′
−

2u2(1+ u2
2)g
′2

g
−5g′−

9g
u2

]
·
[
(1+u2

2)u
2
11+u2

12
]
·κ1

+
[
u2

2(1+ u2
2)g
′
+ 3u2g

]
· κ1 · c.
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If we let

g(t)=
(1+ t2)3/2

t3 ,

then the last two terms on the right-hand side of (3-50) vanish. Namely,∑
i j

ai jψi j = 2u2 · (u12ψ1− u11ψ2).

This completes the proof of Theorem 1.2. �

Acknowledgement

The authors would like to thank Professor Xi-nan Ma for suggesting this problem
to them and for some helpful discussions.

References

[Ahlfors 1973] L. V. Ahlfors, Conformal invariants: topics in geometric function theory, McGraw-
Hill, New York, 1973. MR Zbl

[Bianchini et al. 2009] C. Bianchini, M. Longinetti, and P. Salani, “Quasiconcave solutions to elliptic
problems in convex rings”, Indiana Univ. Math. J. 58:4 (2009), 1565–1589. MR Zbl

[Caffarelli and Spruck 1982] L. A. Caffarelli and J. Spruck, “Convexity properties of solutions to
some classical variational problems”, Comm. Partial Differential Equations 7:11 (1982), 1337–1379.
MR Zbl

[Chang et al. 2010] S.-Y. A. Chang, X.-N. Ma, and P. Yang, “Principal curvature estimates for
the convex level sets of semilinear elliptic equations”, Discrete Contin. Dyn. Syst. 28:3 (2010),
1151–1164. MR Zbl

[Chern et al. 1999] S. S. Chern, W. H. Chen, and K. S. Lam, Lectures on differential geometry, Series
on University Mathematics 1, World Scientific, River Edge, NJ, 1999. MR Zbl

[Gabriel 1957] R. M. Gabriel, “A result concerning convex level surfaces of 3-dimensional harmonic
functions”, J. London Math. Soc. 32 (1957), 286–294. MR Zbl

[Gergen 1931] J. J. Gergen, “Note on the green function of a star-shaped three dimensional region”,
Amer. J. Math. 53:4 (1931), 746–752. MR Zbl

[Kawohl 1985] B. Kawohl, Rearrangements and convexity of level sets in PDE, Lecture Notes in
Mathematics 1150, Springer, 1985. MR Zbl

[Kong and Xu 2015] S. Kong and J. Xu, “A remark on the level sets of the graph of harmonic
functions bounded by two circles in parallel planes”, J. Partial Differ. Equ. 28:3 (2015), 197–207.
MR Zbl

[Lewis 1977] J. L. Lewis, “Capacitary functions in convex rings”, Arch. Rational Mech. Anal. 66:3
(1977), 201–224. MR Zbl

[Longinetti 1983] M. Longinetti, “Convexity of the level lines of harmonic functions”, Boll. Un. Mat.
Ital. A (6) 2:1 (1983), 71–75. In Italian. MR Zbl

[Ma and Zhang 2013] X.-N. Ma and W. Zhang, “The concavity of the Gaussian curvature of the
convex level sets of p-harmonic functions with respect to the height”, Commun. Math. Stat. 1:4
(2013), 465–489. MR Zbl

http://msp.org/idx/mr/0357743
http://msp.org/idx/zbl/0272.30012
http://dx.doi.org/10.1512/iumj.2009.58.3539
http://dx.doi.org/10.1512/iumj.2009.58.3539
http://msp.org/idx/mr/2542973
http://msp.org/idx/zbl/1179.35103
http://dx.doi.org/10.1080/03605308208820254
http://dx.doi.org/10.1080/03605308208820254
http://msp.org/idx/mr/678504
http://msp.org/idx/zbl/0508.49013
http://dx.doi.org/10.3934/dcds.2010.28.1151
http://dx.doi.org/10.3934/dcds.2010.28.1151
http://msp.org/idx/mr/2644784
http://msp.org/idx/zbl/1193.35017
http://dx.doi.org/10.1142/3812
http://msp.org/idx/mr/1735502
http://msp.org/idx/zbl/0940.53001
http://dx.doi.org/10.1112/jlms/s1-32.3.286
http://dx.doi.org/10.1112/jlms/s1-32.3.286
http://msp.org/idx/mr/0090662
http://msp.org/idx/zbl/0087.09702
http://dx.doi.org/10.2307/2371223
http://msp.org/idx/mr/1506851
http://msp.org/idx/zbl/0003.00802
http://dx.doi.org/10.1007/BFb0075060
http://msp.org/idx/mr/810619
http://msp.org/idx/zbl/0593.35002
http://dx.doi.org/10.4208/jpde.v28.n3.1
http://dx.doi.org/10.4208/jpde.v28.n3.1
http://msp.org/idx/mr/3444407
http://msp.org/idx/zbl/06611776
http://dx.doi.org/10.1007/BF00250671
http://msp.org/idx/mr/0477094
http://msp.org/idx/zbl/0393.46028
http://msp.org/idx/mr/694746
http://msp.org/idx/zbl/0525.35013
http://dx.doi.org/10.1007/s40304-014-0025-y
http://dx.doi.org/10.1007/s40304-014-0025-y
http://msp.org/idx/mr/3191242
http://msp.org/idx/zbl/1317.35098


GEOMETRIC PROPERTIES OF LEVEL CURVES 239

[Ma and Zhang 2014] X.-N. Ma and Y. Zhang, “The convexity and the Gaussian curvature estimates
for the level sets of harmonic functions on convex rings in space forms”, J. Geom. Anal. 24:1 (2014),
337–374. MR Zbl

[Ma et al. 2010] X.-N. Ma, Q. Ou, and W. Zhang, “Gaussian curvature estimates for the convex level
sets of p-harmonic functions”, Comm. Pure Appl. Math. 63:7 (2010), 935–971. MR Zbl

[Ortel and Schneider 1983] M. Ortel and W. Schneider, “Curvature of level curves of harmonic
functions”, Canad. Math. Bull. 26:4 (1983), 399–405. MR Zbl

[Shiffman 1956] M. Shiffman, “On surfaces of stationary area bounded by two circles, or convex
curves, in parallel planes”, Ann. of Math. (2) 63 (1956), 77–90. MR Zbl

[Talenti 1983] G. Talenti, “On functions, whose lines of steepest descent bend proportionally to level
lines”, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 10:4 (1983), 587–605. MR Zbl

[Wang and Zhang 2012] P. Wang and W. Zhang, “Gaussian curvature estimates for the convex level
sets of solutions for some nonlinear elliptic partial differential equations”, J. Partial Differ. Equ. 25:3
(2012), 239–275. MR Zbl

[Zhang and Zhang 2013] T. Zhang and W. Zhang, “On convexity of level sets of p-harmonic
functions”, J. Differential Equations 255:7 (2013), 2065–2081. MR Zbl

Received May 25, 2016. Revised September 24, 2016.

JINJU XU

DEPARTMENT OF MATHEMATICS

SHANGHAI NORMAL UNIVERSITY

SHANGHAI 200234
CHINA

jjxujane@shu.edu.cn

WEI ZHANG

SCHOOL OF MATHEMATICS & STATISTICS

LANZHOU UNIVERSITY

GANSU 730000
CHINA

zhangw@lzu.edu.cn

http://dx.doi.org/10.1007/s12220-012-9339-8
http://dx.doi.org/10.1007/s12220-012-9339-8
http://msp.org/idx/mr/3145927
http://msp.org/idx/zbl/1327.35078
http://dx.doi.org/10.1002/cpa.20318
http://dx.doi.org/10.1002/cpa.20318
http://msp.org/idx/mr/2662428
http://msp.org/idx/zbl/1193.35031
http://dx.doi.org/10.4153/CMB-1983-066-4
http://dx.doi.org/10.4153/CMB-1983-066-4
http://msp.org/idx/mr/716578
http://msp.org/idx/zbl/0489.30020
http://dx.doi.org/10.2307/1969991
http://dx.doi.org/10.2307/1969991
http://msp.org/idx/mr/0074695
http://msp.org/idx/zbl/0070.16803
http://www.numdam.org/item?id=ASNSP_1983_4_10_4_587_0
http://www.numdam.org/item?id=ASNSP_1983_4_10_4_587_0
http://msp.org/idx/mr/753157
http://msp.org/idx/zbl/0542.35007
http://www.global-sci.org/jpde/readabs.php?vol=25&no=3&page=239&year=2012&ppage=275
http://www.global-sci.org/jpde/readabs.php?vol=25&no=3&page=239&year=2012&ppage=275
http://msp.org/idx/mr/2987367
http://msp.org/idx/zbl/1274.35153
http://dx.doi.org/10.1016/j.jde.2013.06.004
http://dx.doi.org/10.1016/j.jde.2013.06.004
http://msp.org/idx/mr/3072681
http://msp.org/idx/zbl/1326.35164
mailto:jjxujane@shu.edu.cn
mailto:zhangw@lzu.edu.cn


PACIFIC JOURNAL OF MATHEMATICS
Founded in 1951 by E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

blasius@math.ucla.edu

Paul Balmer
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

balmer@math.ucla.edu

Robert Finn
Department of Mathematics

Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Kefeng Liu
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu

Igor Pak
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

pak.pjm@gmail.com

Paul Yang
Department of Mathematics

Princeton University
Princeton NJ 08544-1000
yang@math.princeton.edu

Daryl Cooper
Department of Mathematics

University of California
Santa Barbara, CA 93106-3080

cooper@math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics

The University of Hong Kong
Pokfulam Rd., Hong Kong

jhlu@maths.hku.hk

Jie Qing
Department of Mathematics

University of California
Santa Cruz, CA 95064

qing@cats.ucsc.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY

INST. DE MATEMÁTICA PURA E APLICADA

KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

STANFORD UNIVERSITY

UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

UNIV. OF CALIFORNIA, LOS ANGELES

UNIV. OF CALIFORNIA, RIVERSIDE

UNIV. OF CALIFORNIA, SAN DIEGO

UNIV. OF CALIF., SANTA BARBARA

UNIV. OF CALIF., SANTA CRUZ

UNIV. OF MONTANA

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA

UNIV. OF UTAH

UNIV. OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2017 is US $450/year for the electronic version, and $625/year for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2017 Mathematical Sciences Publishers

http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:pak.pjm@gmail.com
mailto:yang@math.princeton.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/


PACIFIC JOURNAL OF MATHEMATICS

Volume 288 No. 1 May 2017

1C1-umbilics with arbitrarily high indices
NAOYA ANDO, TOSHIFUMI FUJIYAMA and MASAAKI UMEHARA

27Well-posedness of second-order degenerate differential equations with finite
delay in vector-valued function spaces

SHANGQUAN BU and GANG CAI

47On cusp solutions to a prescribed mean curvature equation
ALEXANDRA K. ECHART and KIRK E. LANCASTER

55Radial limits of capillary surfaces at corners
MOZHGAN (NORA) ENTEKHABI and KIRK E. LANCASTER

69A new bicommutant theorem
ILIJAS FARAH

87Noncompact manifolds that are inward tame
CRAIG R. GUILBAULT and FREDERICK C. TINSLEY

129p-adic variation of unit root L-functions
C. DOUGLAS HAESSIG and STEVEN SPERBER

157Bavard’s duality theorem on conjugation-invariant norms
MORIMICHI KAWASAKI

171Parabolic minimal surfaces in M2
× R

VANDERSON LIMA

189Regularity conditions for suitable weak solutions of the Navier–Stokes system
from its rotation form

CHANGXING MIAO and YANQING WANG

217Geometric properties of level curves of harmonic functions and minimal
graphs in 2-dimensional space forms

JINJU XU and WEI ZHANG

241Eigenvalue resolution of self-adjoint matrices
XUWEN ZHU

Pacific
JournalofM

athem
atics

2017
Vol.288,N

o.1


	1. Introduction
	2. Level curves of harmonic functions
	3. Level curves of minimal graphs
	Acknowledgement
	References
	
	

