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LIwEI CHEN

We prove a weighted Sobolev estimate of the Bergman projection on the
Hartogs triangle, where the weight is some power of the distance to the
singularity at the boundary. This method also applies to the n-dimensional
generalization of the Hartogs triangle.

1. Introduction

Setup and background. Let Q2 be a domain in C". The set of square integrable holo-
morphic functions on 2, denoted by A%(2), forms a closed subspace of the Hilbert
space L?(£2). The Bergman projection associated to €2 is the orthogonal projection

B:L*(Q) — AX(Q),

which has an integral representation

(1-1) B(f)(2) =/QB(Z,§)f(§)d(C),

for all f € L?(2) and z € Q. Here the function B(z, ¢) defined on Q x € is the
Bergman kernel, and d(¢) = dV (¢) is the usual Euclidean volume form.

The regularity of the Bergman projection B associated to Q in L?(Q), WP (Q),
and Holder spaces are of particular interest. When €2 is bounded, smooth, and pseu-
doconvex with additional geometric condition on the boundary (e.g., strongly pseu-
doconvex), the regularity of B in these spaces has been intensively studied in the liter-
ature. See, for example, [Lanzani and Stein 2012] and references therein for details.

When €2 is nonsmooth, there are relatively few results in regard to the regularity
of the Bergman projection. Even in L?”(£2), we cannot expect the regularity to hold
for all p € (1, 00). If Q is a simply connected planar domain, then the interval
of p for B to be L”-bounded highly depends on the geometry of the boundary; see
[Lanzani and Stein 2004]. If Q is a nonsmooth worm domain, then the interval of p
depends on the winding of the domain; see [Krantz and Peloso 2008]. If €2 is an
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inflation of the unit disc by the norm square of a nonvanishing holomorphic function,
then the interval of p depends on the boundary behavior of the holomorphic function
on the unit disc; see [Zeytuncu 2013].

Results. In this article, we consider the Sobolev regularity of the Bergman projec-
tion B on the Hartogs triangle H, where the Hartogs triangle is defined as

H={(z1,22) € C*| |z1] < |z2| < 1}.

The Hartogs triangle is a classical nonsmooth domain in C2. It is well known
that the boundary at (0, 0) is not even Lipschitz, and the topological closure of H
does not possess a Stein neighborhood basis. In [Chen 2017a], the L? regularity
of B on H was studied: the Bergman projection B is L”-bounded if and only if
p € (3. 4). On the other hand, we have z, € W (H) for all nonnegative integers k
and all p €[1, o], but B(Z2) =c¢/z2 ¢ WP (H) for p > 2, where ¢ is some nonzero
constant. So we cannot expect to obtain regularity in the ordinary Sobolev spaces,
nor for all p € (1, 00).

A natural way to control the boundary behavior of singularities is the use of
weights which measure the distance from the points near the boundary to the
singularity at the boundary. Since on the Hartogs triangle we have |z»| < |z]| <
ﬁlzgl, where z = (21, z2) € H, it is reasonable to consider a weight of the form
|z2|%, for some s € R. On the other hand, based on the L” mapping property of the
Bergman projection on H (see [Chakrabarti and Zeytuncu 2016]) and the Sobolev
regularity of the weighted canonical solution operator of the d-equation on H (see
[Chakrabarti and Shaw 2013]), it is also reasonable to put a weight of the form |z, |°
on the target space. Therefore, we consider the following weighted Sobolev spaces:

Definition 1.1. On the Hartogs triangle H, for each k € ZT U {0}, s € R, and
p € (1, 0o), we define the weighted Sobolev space by

WEP(H, 8%) = {f € Lipo(H) | | fllx, p.s < 00},

where §(z) = |z2| & |z|, and the norm is defined as
‘ 1/p
1S s = (/ D IDE (N @Izl dz) :
" o <k
Here o = (¢, o2, a3, 4) is the multi-index running over all |¢| < k, and

glal

o
2,2 8Z?lazgzaz?3azgét'
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We also denote the usual norm in the (unweighted) Sobolev space W r (H) by

1/p
”f”k,p: (/H ZID?,Z(f)(Z)lde) .

loe| <k

With the definition above, we can state our main result:

Theorem 1.2. The Bergman projection B on the Hartogs triangle H maps continu-
ously from W*P (H) to WkP (H, 85P) for p € (% 4).

That is, for each k € Z U {0} and p € (%, 4), there exists a constant Cy ;, > 0,
such that

1B Nk pip < Cepll fllep forany fe WrP(H).

Remark 1.3. It is clear that B doesn’t lose any derivatives away from the singular
point of the Hartogs triangle. If we put a suitable power of the weight § around
the singularity on the target space, then there is no loss of differentiability of 5B(f)
around the singular point (see also the result in [Chakrabarti and Shaw 2013]).

Remark 1.4. Note that we have B(22) = c/z2 ¢ W5P(H, 8*P) for p > 4, where ¢
is some nonzero constant. So we cannot obtain regularity for p > 4, unless we use
more weights on the target space. Conversely, we can only obtain regularity for
fewer values of p, if we use less weights on the target space.

Organization and outline. The idea of the proof of the main result is the following.
In Section 2, we start with an idea from [Chakrabarti and Shaw 2013] to transfer H to
the product model D x D*, as well as to transfer the differential operators D* to the
ones in new variables. From this, we focus on the integration over the punctured disc
D* in Section 3. We then use an idea from [Straube 1986] to convert D“ acting on
the Bergman kernel in the holomorphic component to the ones acting on the kernel
in the antiholomorphic part. The resulting differential operators can be written as
a combination of tangential operators, and therefore, integration by parts applies to
the smooth functions. Finally, in Section 4, we apply the weighted L? estimates in
[Chen 2017b] to our integral, and the resulting integral is majorized by the weighted
L? norm of D*(f). To complete the proof, we approximate the weighted Sobolev
functions by smooth functions and transfer the product model back to H.

2. Transfer to the product model

Transfer H to D x D* In view of Definition 1.1, we adopt the following notation.

Definition 2.1. Let 8 = (81, B2) be a multi-index, we use the notations below to
denote the differential operators

N
azf‘az§2

31!

DP = and b= for j=1,2.
z 2% B1 =B ’
9z; 0%;
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From the result in [Chen 2017a], we see that B(f) € AP (H) (the set of L?
functions that are holomorphic), whenever p € (%, 4) and f € LP(H). So we can
rewrite the weighted L? Sobolev norm of B(f) as

(2-1) BN pip = D /H |DE(B()) ()| 1221 dz,

|B1<k

where § and Df are as in Definition 2.1.
In order to transfer H to the product model, we first recall the transformation
formula for the Bergman kernels.

Proposition 2.2. Let Q; be a domain in C" and B; be its Bergman kernel on
Q; xQ;, j=1,2. Suppose ¥ : Q| — 2, is a biholomorphism, then for (w, n) €
Q1 x Q1 we have

det JeW (w) B2 (W (w), W(n)) det JeW (1) = Bi(w, ).
Proof. See, for example, [Krantz 1992, Proposition 1.4.12]. |
Now let us consider the biholomorphism ® : H — D x D* with its inverse
VD x D* — H, where

D(z1,20) = (%’ 22) and W(wi, wy) = (wiwy, wy).

A simple computation shows det JcW (w) = wy, for w = (wy, wy) € D x D*
Therefore, by the proposition above, we have

1 1
woiy (I—wi)? (1 — waip)?’
where B is the Bergman kernel on H x H as in (1-1) and (w, n) € D x D* x D x D*,

(2-2) B(W(w), ¥(n) =

Transfer the differential operators. We next need to transfer the differential oper-
ators Df to the ones in the new variable w. We need a lemma.
Lemma 2.3. Under the biholomorphism ®(z) = w, for each 8 let m = |B|. Then

Pab.p(W1) gath

m—>b a b’
W, dw{ow,

(2-3) D! =

a+b<m
where p, p g(w1) is a polynomial of degree at most m in variable w,. In addition,
if |B| < k for some k € Z U {0}, then |Pap,p(w1)| < Ci on D uniformly in B, a,
and b, for some constant Cy > 0 depending only on k.

Proof. We prove (2-3) by induction on m = |8|. The case m = 0 is trivial. When
m =1, a direct computation shows

d 1 0 d w; 0 d
o _ 1. 9 Jd L -1 9 . 9
071 wy Jdwq an 022 wy Jdwj + dws
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So both 9/9dz; and d/0z, are of the form in (2-3).

Suppose for all 8 with || = m, the Dﬁ are of the form in (2 3). We now check
the case |8'| = m + 1. Note that D = (3/8z1) o D? or DY = (3/925) o D for
some . By the inductive assumption, we have

O pp_ L. 9 Z Pappwi) 3
9z wy dwy v o o Jwiowh
Pappwi) — gatb Pabp(W1) gathtl
:aém w1 'awfawg w1 3w1+13w2
Pabpwy) 3P
:a+b§m+1 wg”l - .8'”?8“)127’
and
ioDﬁ:<—ﬂ-i ) 3 Pappwy) P
dza  °© wy Jwy - Jwp/ A= whe b qwiow?
—WiPgppwi) 9t —WiPabp(W1) gathtl
=a;m W Gt ul e I I P
L &=mpaspr) 0t"  papp(w) 9ttt
wht=b 8w§‘8w§’ wi ™t uwtwst!
Papp(wy) 94
"L e

We see that p, , g(w1) is a polynomial of degree at most m + 1 and Df " has the
form in (2-3).

When |B| < k, all the possible combinations of derivatives in Df are finite. So
there are finitely many different coefficients in all of the p, , g(w1). Since |wi| <1
on D and a, b <m <k, we obtain |p, p g(w1)| < C; on D as desired. O

Now we can transfer H to the product model D x D* by the biholomorphism .
Combining (2-2) and (2-3), we see that the right hand side of (2-1) becomes

(2-4) Z/

1Bl<k DxD*

p
S [ Kantwn i di a2 du,
a+b<|p| I D*P"

where

Kapp(w,n) Papp(wi) 9° ( 1 ) b ( 1 1 )
,b, ) = — * — . — — .
“bp wlf™ dwi N A —win)?/) owl \wainz (1 —waif2)?




312 LIWEI CHEN

3. Convert the differential operators on D*

Convert to the antiholomorphic part. Since D* is a Reinhardt domain, by using
the idea in [Straube 1986], we can convert the differential operators as follows.

Lemma 3.1. As in (2-4), for the last factor in K, » g(w, 1), we have

b (1 1 LAV 1
G-D b 5o a2 ) T b g5h o 732 )
dwy \ w22 (I —wan2) wy 0y \wan2 (1 —wap2)
Proof. The kernel in (3-1) is the weighted Bergman kernel associated to D* with
the weight |z|2; see [Chen 2017b]. It has the expansion

1 1

waly (1 —waip2)?

=) G+ D),
j=0

which converges uniformly on every compact subset K x K C D* x D* Differentiate
the series term by term, and we see that

, 0° 1 i1
Wy — Z(J—i-l)wz b(wznz)

dwy \ wai (1—1027)2)2

—Z(J+1)772 o (wznz)J !

L, 0" (1 1
= né’ < — - — 2). O
any \way (1 —wain)
Integration by parts. Now we focus on the integration over D* in (2-4). We first
define a “tangential” operator.

Definition 3.2. Let S, = w(d/dw) be the complex normal differential operator on
a neighborhood of dD. We define the tangential operator by

~ 1 0 _ 0
T =) = z—i(“’m _“’ﬁ)'

Remark 3.3. Indeed, T;, is well defined on a neighborhood of D. Moreover, for
any disc D, = {|w| < p} of radius p < 1 with defining function r,(w) = lw|*> — p2,
we have

(3-2) Ty (r,) =0
on dD,. That is, T,, is tangential on 0D, for all p < 1.

In order to make use of integration by parts, we need the following lemma:
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Lemma 3.4. Let T,, be as above. For b € Z+ U {0}, we have

A d
(3-3) Twzzcjwfﬁ <m d—)

Jw
j=0

where the c; are constants, ¢, # 0, and Tul)’ is the composition of b copies of T,,.

Proof. We prove (3-3) by induction on b. The case b = 0 is trivial. When b =1, it

is easy to see that
_ 1_29 d
T (modgy)

Suppose (3-3) holds for some b. Then we see that

for some operator A. So for the case b + 1, we have

b .
R A Y 5
Twoly = ("’aw_waw)o(;c’w 2w T4 5w
J:

_ 9/ T i1 971 0
E: w2 iYLy Y b o | o
( GO Bw A A T VA A ale) TuoAo ow

b+1 j
= Zc/ 17)] o’ s +Ao 9
w’
for some constants ¢; with ¢, | = —(1/2i)c; # 0 and some operator A". Therefore,
(3-3) holds for T2+1, O

Combine (3-1) and (3-3). Since the kernel in (3-1) is antiholomorphic in 7;, the
inside integration over D* with regard to variable 7, in (2-4) denoted by / becomes

I_f ab( — )f(lv( Dinl?d
o awé7 waily (1 —wnaifp)? n)inzi-anz

modt (1 1
- W _b< _ )f<w<n>>|nz|2dnz

~whoons \waiy (1 —waip)?

1 i 1 1
wgf*;)c, m(w - - )f( ()l dn

22 (1 —waipp)?

1 1 1
=— Y ¢ lim /D . T,,fz( — . — )f(‘ll(n))lnzlzdnz-
j —We

waily (1 —waif2)?
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Let us assume in addition for a moment that f(\W (7)) belongs to C>®(D—{0})
in variable 1,. Then by (3-2) we obtain

(3-4) I= chJ lim j( 1 ! )f(w(n)>|nz|2dn2

e~0tJp_p, P\ w2tz (1—waij)?

b

1
= LS (1) tim 1 TGP din

wh e—0t Jp_pwaily  (1—wai2)? G

,,Z( e / ! . BT )il din.

w2 = waily (1=wail

where the last line follows from the fact that 75, (| ml?) =0.

Definition 3.5. We use the following notation:

Fi(m=T](f(¥®))n and Bl,a(g)(wl):/ 8aa((1 L )g(m)dm,

pdwf \ (1—wi71)?
for any g whenever the integral is well defined, and
h(n2)
Ba(h)(w2) = / EEERY]
pe (1 —waijp)?

for any h whenever the integral is well defined.

n2,

By (3-4) and the notation above (Definition 3.5), we see that (2-4) becomes

a5 Y [

|Bl<k DxD*

i p
%Z<—l>’cj81,a(zs’z(ﬂ>)<w> s [F742 o,

+b<|ﬂ| W j=0

4. Proof of the main theorem

L? boundedness. To finish the proof, we first need two lemmas.

Lemma 4.1. The operator B, defined as in Definition 3.5 is bounded from
WP (D) to LP (D) for p € (1, 00).

Proof. This follows from the well-known result that the Bergman projection on D
is bounded from W*?(D) to itself for p € (1, 0o) and all k € Z+ U {0}. ([l
Lemma 4.2. The integral operator B, defined as in Definition 3.5 is bounded from
LP([DJ*, |w|2_p) to itself for p € (% 4), where LP([D*, |w|2_1’) is the weighted LP
space with w € D

Proof. This is equivalent to the statement that the weighted Bergman projection
associated to D* with the weight |w|? is bounded from L?” ([D*, |w|2) to itself for
pE (%, 4). For a proof, see [Chen 2017b]. O
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Proof under the additional assumption. With Lemma 4.1 and Lemma 4.2, we can
prove Theorem 1.2 under the additional assumption f(¥(n)) € C (D — {0}) in
variable n,.

Proof of Theorem 1.2 under the additional assumption. By (2-1), (2-4), (3-5) and
Lemma 2.3, we obtain

b
B jip <D Y ch,p/ 1B1.a (Ba (F)) (w) | [wa [F+2~PIBID gy
|BI=<k a+b=|Bl j=0 DD

<Ckp Z / |1B1,a(Ba(Fp)) W) |” w7 duw.

a+b<k VDxD*

By Lemma 4.1, for p € (1, co) we have

IBCHIE pap < Cop D /[D* (/D > |D5,,,w,(Bz(Fb))(w)lpdm)Iwzlz_” dw,

a+b<k |Bl<a
<Cp Y / ( *|Bz(D:f,l,w1(Fb>><w>|f’|wz|2—f’dwz)dwl.
Bl+b<k ?D D

Similarly, by Lemma 4.2, for p € (‘31, 4) we have

A1 1B 0 <Cp Y /D ( /D *\Dil,wg&)(w)!’ﬂwzf—ﬂdwz>dwl

|Bl+b=k

= C,p Z / |Df)l,mT£2(f(‘I’(w)))'w2|p|w2|2_pdw
|Bl+b<k Y DxD*

100, T (W @) waf dw

wi, Wi W2

<Cep Y. IDE o DE (@ @))| |wal? dw,
18I+ <k ¥ D*D"

where the last line follows from T, = (1/2i)(w2(9/0w2) — w2(d/0w2)), |wa| <1
for w, € D* and a similar equation as (3-3).
By the biholomorphism W (w) = z defined in Section 2, we have

00 g D oD
dw; ‘oz ow; 29z
and also
EINAL NORE TR IS I )

dwo 9z s 71 2
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Again, since (w1, wp) € D x D* we have |w;]|, |lwz| < 1. Therefore, by (4-1) and
transferring D x D* back to H, we finally arrive at

1B sy = Cop - [ 1D d O

loe| <k

Remove the additional assumption. To remove the additional assumption that
f(¥(n) € C*°(D —{0}) in variable 1,, we need the following lemma.

Lemma 4.3. The subspace C®(D—{0}) N Wkr(D* |lw|?) is dense in WoP(D* |lw|?)
with regard to the weighted norm in W*P(D* |w|?).

Proof. The argument is based on [Evans 1998, §5.3 Theorem 2 and Theorem 3].
Given any g € whkr(D* |w|?), fixe >0.0n Vy=D— I]T/z, the weighted norm

Wkr (v, lw]?) is equivalent to the unweighted norm wkr (V). Arguing as in the

proof of [Evans 1998, §5.3 Theorem 3], we see that there is a gg € C*(V,) such that

lgo — gllwrr vy, jwp) <&

Define U; =D,_1/; — [[T/J for some 1 > p > % and for j € Z* (U = @). Let

Vi = Ujy3 — Uj4, then we see U;)OZlVJ = D, — {0}. Arguing as in the proof of
[Evans 1998, §5.3 Theorem 2], we can find a smooth partition of unity {wj};";l
subordinate to {Vj}?o:p so that Z;’il Y; =1 on D, —{0}. Moreover, for each j,
the support of v/; g liesin V; (so |w| > 1/(j +3)), and hence v/; g € W"’P(I]])p —{0}).
Therefore, we can find a smooth function g; with support in U4 — I7J such that

&
lgj — Vigllwerm, 0 = 2

see [Evans 1998, §5.3 Theorem 2] for details. Write gg = Z?OZ] gj- Itis easy to
see that go € C*°(D, — {0}) and
180 — gllwrr @, 01, 1wp) < 180 — gllwer@,—(0) =< &

since |w| < 1 on D, — {0}.

Let V; be an open set such that 9D C Vj and V(D = Vj, then Vj{JD,
cover D. Take a smooth partition of unity {1/71, 1/72} on D subordinate to {V/, D,}.
Then h = lﬁlgo + &zgo belongs to C*®(D — {0}), and

1h = glwer e wpy < C (180 = glwervowpy + 180 = gllwer@,—10).1wp)) <2Ce
as desired O

Now we are ready to remove the extra assumption and prove our main result.

Proof of Theorem 1.2.
For any f € WkP(H), we have f (¥ (w)) € WEP(D*, |w;|?) in variable w,. Then
by Lemma 4.3, we can find a sequence {A;(w)} C C>®(D—{0}) tending to f (¥ (w))
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in variable wy with regard to the norm in WhP(D*, |w,|?). We have already seen
that (4-1) holds for each h;(w) replacing f(W(w)). Indeed, if we focus on the
integration over D*, by comparing with (2-4), we see that (4-1) is just the following:
foreachb=0,1,...,k

4-2) /
D*

where Bs is the weighted Bergman projection associated to D* with the weight |w,|%

Now letting j — o0, in view of the boundedness of B3 (Lemma 4.2), we see that
wh(3” /dw5) (B3 (h;)) indeed tends to w5 (3°/dw5)(Bs(f (¥))) in LP (D [ws|?) for
eachh=0, 1, ..., k. Therefore, (4-2) is valid for general f (¥ (w)) € W5P(D* |w»|?),
which completes the proof for any general f € WP(H). O

8b
wj— (B3 (h)))
Wy

p
2
lw2|” dwa < Cr p 11 | wir e juw, 2 »

Remark 4.4. The method also applies to the n-dimensional generalization of the
Hartogs triangle, see [Chen 2017a]. To be precise, for j =1,...,1, let 2; be a
bounded smooth domain in C"/ with a biholomorphic mapping ¢; : 2; — B"
between €2; and the unit ball B"/ in C™/. We use the notation Z; to denote the j-th
mj-tuple in z € C™ Tt thatis, z = (Z1,...,%). Letn =my+---+m; +n/,
n—n'>1,and n’ > 1, we define the n-dimensional Hartogs triangle by

5 ={@ ) e g max |65 < 12| <laal < < eyl < 1}
=)=

Following the same idea, we see that the Bergman projection 5 on lH]g is bounded
from Wk P(I]-[I” ) to WkP(I]-I]" Izllk”) for pe 2n/(n+1),2n/(n — 1)). However,
the weight |z1 | is no longer comparable to |(z, Z)|, the distance from points near
the boundary to the singularity at the boundary.
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