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GAP THEOREMS FOR COMPLETE A-HYPERSURFACES

HUIJUAN WANG, HONGWEI XU AND ENTAO ZHAO

An n-dimensional A-hypersurface X : M — R"*! is the critical point of
the weighted area functional [, e~ 41X gy for weighted volume-preserving
variations, which is also a generalization of the self-shrinking solution of
the mean curvature flow. We first prove that if the L"-norm of the second
fundamental form of the A-hypersurface X : M — R* with n > 3 is less
than an explicit positive constant K (n, 1), then M is a hyperplane. Secondly,
we show that if the L"-norm of the trace-free second fundamental form of
M with n > 3 is less than an explicit positive constant D (n, 1) and the mean
curvature is suitably bounded, then M is a hyperplane. We also obtain
similar results for A-surfaces in R® under L*-curvature pinching conditions.

1. Introduction

Let X : M — R"*! be an n-dimensional immersed smooth hypersurface in the (n41)-
dimensional Euclidean space R"*!. We call the hypersurface a A-hypersurface if it
satisfies

H+3(X,N)=A,

where A is a constant, H is the mean curvature and N is the unit inward normal
vector of X : M — R

McGonagle and Ross [2015] studied A-hypersurfaces from the viewpoint of
variation. Let A, (M) be the functional defined by A, (M) = fM e~ 11X du. They
showed that the critical points of § A, (1) = 0 for u € Cg° satisfying

f e~ 1IXIy, du =0
M

are A-hypersurfaces. Cheng and Wei [2014a] also introduced A-hypersurfaces in a
different way by investigating the weighted volume-preserving mean curvature flow.
Obviously, when A = 0, a A-hypersurface is a self-shrinker of the mean curvature
flow. It is well known that self-shrinkers play an important role in the study of mean
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curvature flow because they describe the singularity models of the mean curvature
flow and they arise as tangent flows of mean curvature flow at singularities; see, for
example, [Colding and Minicozzi 2012; Huisken 1990; Ilmanen 1995; White 1997].

The rigidity phenomena of self-shrinkers has been studied extensively [Cheng and
Peng 2015; Cheng and Wei 2015; Colding et al. 2015; Colding and Minicozzi 2012;
Ding and Xin 2013; 2014; Huisken 1990; Le and Sesum 2011]. For example, Le and
Sesum [2011] proved that a smooth self-shrinker with polynomial volume growth
and satisfying |A|?> < % is a hyperplane. Here A denotes the second fundamental form
of the immersion. Cao and Li [2013] generalized this result to arbitrary codimension
and proved that any smooth complete self-shrinker with polynomial volume growth
and |A|? < % is a generalized cylinder. On the other hand, Ding and Xin [2014]
showed that a smooth complete self-shrinker satisfying (f,, |A|" du)!/" < C for a
certain positive constant C is a linear space. For more curvature pinching theorems
for self-shrinkers, see [Cao et al. 2014; Li and Wei 2014; Lin 2016].

The geometric properties of A-hypersurfaces were recently investigated by
Cheng, Wei, Ogata, Guang [Cheng and Wei 2014a; Cheng et al. 2016; Guang
2014]. As generalizations of self-shrinkers of the mean curvature flow, complete
A-hypersurfaces with polynomial area growth and H — A > 0 were classified by
Cheng and Wei [2014a]. They also defined an F-functional and studied F-stability
of A-hypersurfaces. Cheng, Ogata and Wei [Cheng et al. 2016] proved some gap
and rigidity theorems for complete A-hypersurfaces. See [Cheng and Wei 2014b;
Guang 2014; Ogata 2015] for more results on the rigidity of A-hypersurfaces.

We study the integral curvature pinching theorems for A-hypersurfaces. We first
prove the following L"-pinching theorem of the second fundamental form.

Theorem 1. Let X : M" — R"™! (n > 3) be an n-dimensional complete -
hypersurface in the Euclidean space R"*!. If

1/n
(/ |A|"dpa> < K(n, A,
M

where K (n, L) is an explicit positive constant depending only on n and A, then
|A| =0 and M is a hyperplane.

Remark. Itis easy to see from the expression of K (n, A) thatlim, o K (n, 1) =K,
for a positive constant K, depending only on n. Hence if A =0, Theorem 1 reduces
to the L"-pinching theorem for self-shrinkers due to Ding and Xin [2014].

Let A denote the trace-free second fundamental form, which is defined by
A=A-H /n)g with g denoting the induced metric on M. We prove an L"-
pinching theorem of the trace-free second fundamental form for A-hypersurfaces
provided that the mean curvature is suitably bounded.
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Theorem 2. Let X : M" — R (n > 3) be an n-dimensional complete -
hypersurface in the Euclidean space R"*'. Suppose the mean curvature satisfies

|H| </3n+12—|Al.
. 1/n
(/ AP du) < D2,
M

where D(n, \) is an explicit positive constant depending on n and A, then M is a

If

hyperplane.
For the case n = 2, we obtain the following results.

Theorem 3. Let X : M?> — R> be a 2-dimensional complete A-hypersurface in the

Euclidean space R>. If
12
([iaran) <&,
M

where K (L) is an explicit positive constant depending only on A, then |A| = 0 and
M is a hyperplane.

Theorem 4. Let X : M* — R? be a 2-dimensional complete A-hypersurface in the
Euclidean space R3. Suppose the mean curvature satisfies

|H| <\/3+22—Al.
] 12
(/ IAI4dM> <D,
M

where D()) is an explicit positive constant depending on A, then M is a hyperplane.

If

The rest of our paper is organized as follows. Some notation and several lemmas
are prepared in Section 2. In Section 3, we prove Theorems 1 and 2. Theorems 3
and 4 will be proved in Section 4.

2. Preliminaries

Let X : M" — R™*! be an n-dimensional connected hypersurface. Denote by g
and du the induced metric and the volume form on M, respectively. We shall make
use of the following convention on the range of indices:

1<A,B,C,...<n+1, 1<i,jk ...<n.

Choose local orthonormal frame fields {e4} in R"*! such that, restricted to M,
the e; are tangent to M. Let {w4} and {wap} be the dual frame fields and the
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connection 1-forms of R"*!, respectively. Then we have the following structure
equations:

dX:Za),-ei, dei=Zwijej+Zhijwjen+1,
i J J
and
d€n+1 :—Zhija)jei.
i,j

Restricting these forms to M, we have
Wnyli = Zhijwj, hij =hji,
J

where h;; denotes the components of the second fundamental form of M. H =
Zi h;; 1s the mean curvature and A = Zi’ j hijw; ® w; is the second fundamental
form of X : M" — R"*!. The trace-free second fundamental form is defined by
A=A—(H/n)yg.

Let hijx = Vihij, hijii = ViVih;j, where V is the Levi-Civita connection on M.
Gauss equations, Codazzi equations and Ricci formulas are given by

Rijii = hikhji —hithji,  hijr = hig,

n n
hijki — hijix = Z him Rmjr + Z hnj Riniki -

m=1 m=1

For A-hypersurfaces, an elliptic operator £ is given by
L=A-1X V() = e div(e ¥V (1)),

where A and div denote the Laplacian and divergence on the A-hypersurface,
respectively. The £ operator was introduced by Colding and Minicozzi [2012]
when they investigated self-shrinkers. They showed that £ is self-adjoint with
respect to the measure e aIXP? du. We set p = ¢~ 11X and the volume form du
might be omitted in the integrations for notational simplicity.

The following lemma, which was proved in [Cheng and Wei 2014a], is needed
in order to prove our results. For convenience, we also include the proof here.

Lemma 5. Let X : M — R"*! be a A-hypersurface satisfying H + %(X, N) =\
Then

1) ICH? =|VH|* + JH? + |A* (L, — H)H,
2) ILIAP = VAP + (3 — 1AP) A + Af5,

where f3 =73 i\ hijhjkhii.
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Proof. Since H + %(X, N) = A, one has

1
ViH = 3 Zhij<Xa ej),
J

and
1 1
VieVil =5 Zhijk(X» ej)+ yhix + Zhijhjk()\ - H).
J j
Hence,
1 1 2
AH = ZViViH =3 Zvimx, e)+3H + AL — H),

and

1 1 2
LH= AH—EZViH(X, ) =1H + AP\ — H).
1

Therefore, we obtain

1
IeH* =1AH? - 1 Y ViH*(X.e;)=|VH[+ JH*+|A* (. — H)H.
i

By using the Ricci formulas, the Gauss equations and the Codazzi equations, we have

1
Lhij = Ahij — 5 Z(X, ex)hiji
k

1
= Z hijie = 5 Z(X, ex)hijk
k k
= (% — |A|2)hij + A Zhikhkj-
k
Then it follows that

%L‘|A|2=%A(Zh ) %ZX ek) Vk(Zh )
ij
Zh +)\Zhlkhkj Jji

i,j.k i,j.k
= |VA* + (1 = 1A1%) A +/\f3,

where f3=73_; ;  hijh jihi. -

We need the following Sobolev inequality for submanifolds in the Euclidean
space.

I
=
S

=
_|_
NI’—‘

Lemma 6 [Xu and Gu 2007a; Hoffman and Spruck 1974]. Let M" (n > 3) be
an n-dimensional complete submanifold in the Euclidean space R"*P. Let f be a
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nonnegative C' function with compact support. Then we have

4(n — 1) (1 +5)
(n—2)?

1\ 1 2
(R EA—— D%n)[ IV£I3 + (1 + ;);H IHIfHQ}

where

D(n) =2"(1+n) "D/ 1) ot

and o, denotes the volume of the unit ball in R".

3. Gap theorems for A-hypersurfaces

Proof of Theorem 1. It follows from (2) and the inequality |[VA|? > |V|A| |2, which
is an easy consequence of the Schwartz inequality, that

LIAP =2|VAP? +2(3 — |A?)|A]* +2)f3
2
> 2|VIA||"+2(3 — 1AP)IA* —2|Al AP

Let n be a smooth function with compact support on M. Multiplying n*|A|" 2
on both sides of the inequality above and integrating by parts with respect to the
measure p du on M yields that for any 7 > 0

2 _

Ozzf VA" 1A 2n2p+/ |A|"n2p—2f |A]" 0% p
M M M
—2|A|/ |A|"“n2p—f PIAIpL AP

M M
2 _
=2/ |VIAI|" A" 2n2p+/ |A|"n2p—2f |AI"n?p
M M M
—2|A|/ |A|"+1n20+2/ PIAIVIAL- V(AP
M M
2 _
=2<n—1)/ viAlPIAL" 2n20+/ |A|"n2p—2/ A2
M M M
_sz |A|"+‘n2p+4/ (VIA]- V)| A" o
M M

2 _ n
zz<n—1>f Vil AP 2772/0+/ |A|"n2p—2/ AP 22p
M M M

T 1 _
Y —/ IAI”n2p+—/ A2 +4f (VIA]- VAP o,
2 M 2T M M
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By the Cauchy inequality, for any ¢ > 0, we have
A 2

& (Za2) [1ar2aoraue— [ amio+2 [ aronts
T M M & Jm

2 _
=200-1-0) [ |VIAIFIar s,
M
Set f = |A|"/?p'/?n. Integrating by parts, we obtain
2 1
@) /IVfI2=/ [VAAI" )| p+/ |A|”n2|Vp‘/2|2+§/V(|A|”n2>Vp
M M M M
2 1 1
= [ 1vaarenf o+ e [ 1ariixti- 3 [ 1ariap.
M M M
Since
AIX? =2|VX]*+2(X, AX) =2n+2H(X, N) =2n+2A(X, N) — | X" 2,
where XV is the normal part of X, we have
2
Ap == 3pAIX P+ 6o |VIXP = 1020+ 20X, N) = IXV]?) + oI XT?
= —3np — 3:p(X, N) + ol X .

From (4), we get
2 1 1
(5) /IVf|2=/ [VAA[" )] p‘E/ |A|"n2|XT|2p—§/ A" IXY P
M M M M
5 [1ario+ g [ 1areace .
M M

Combining the Sobolev inequality in Lemma 6 and (5), we have

n—2
2n \ n
(men—z)
201 4(”—1)2(1+S)/ 2 < l)i/ 2 2]
sD@)[ r el AL Ry R R
2 _1\2
_ 4D’ -1 <1+s>[/ |V(|A|n/zn)|zp_if APRIXT P
M 16 Jy

(n—2)?

1 n. 2 vN|2 n n.2

~3 |A["n7| X Ip+Z [Al"n"p
M M

1 n, 2
+— | [AI"n"A(X, N)p
4 Ju

1\ 1
+ Dz(n)(l + ;) ' /M|A|"n2(,\ - 3(X, N))Zp.
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We choose
(n—2)?
=— " Rt
ST —1)
such that
4(n — D*(1 1 1 1
(n—D7A+s) 1 _1 AN
(n —2)2 8 4 s) n?
Hence

(fM|f|f—"2)n"_2

2 _9\2 20, _1)\2
_ 2D’ —=2)°+2n°(n — 1) ][/MWUAWZ’?)\ZP

- n2(n—2)>2
n n. 2 1 n.2
+—/ A" p+—f APR2ALX, N)p
) i)y

2 72 20, __1)\2
+D Mm[(n—=2)"+2n"(n—1) ][/ A2|A|n772/)—/ |A|"n2K(X, N),O:|-
M M

n%(n—2)>2

Now we put

_2D*()[(n —2)* +2n*(n — 1)?]
= n(n—2)? '

It follows from the inequality above that

) n=2
(©) xl(/ |f|n—2)
M
n/2. |2 n n. 2 1 n.2
< [ |V(A"*n)| ptg [ 1A o+ 7 | IA"°A(X, N)p
M M M
l 2 n 2 n 2
+2 AA" n"p [A]"n"A(X, N)p
M M

) n+ 222 1
=f V(A" )| p+( 7 )f IAI”nzp—Z/ |AI"* A (X, N)p
M M M

2
n 2 — —
=f (Z|V|AI| A0 + Al 1nV|A|-Vn+|A|"|Vn|2)p
M

n+ 2% 1
( : )/ IAI"nzp—Z/IAI”nzk(X,Nm
M M
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On the other hand, for any 6 > 0, we have
1
) ——/ AP RPALX, N>p=—/ AP PAG — H)p
2 Jum M
—f |A|"n2x2p+f |AI"n*AHp
M M
2 n,2 n, 2 0 2 1
<—A IAI n p+IAl IAI n —H +— P
)L
| 16 2.2
< ——Az)/ IAI”n2p+— A" n%p.
(29 M 2 Ju

Combining (6) and (7), we get

n=2
1 2n_\ 1
K </ IfI"—z)
M
n2 2
5/ <Z}V|A|} |AI"*n* +n| A" 'nVIAl- Vi + |A]" IVﬂl)
M

|)»| ”9|)»|
( | n 2 1 |A|n+2772,0-
M

Combining the Cauchy inequality, (3) and (8), we have for any § > 0

n—2
1 2n_\ n
K ([ IfI"—z)
M
n* 20 n=2.2 1 n 2
<1+8— [ [VIAI[IAI" " n’p+( 1+ < A" [Vnl©p
4 Ju 5)Jm
Al n / 5 n@l)»l/ 2 9
Lt - Al’l o AYH—
+(49+4> ||17/0+4 A" n"p
1+8)n? A
< ( + )n |:(| |+2> |A|n+27]2,0

“8(n—1—¢)
+(|>»|r—1)/ Alp+ 2 f|A| Vil p}

+<1+ )f A" V] p+< )f| "n*p %fMW“nzp.

2(IAl +n)(n — 1+ &)
§ = —1>0,
(1— [A|T)on2

Put
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where €, 0, T are positive constants such that |A|t — 1 < 0. Then

6+ |x A —1 O|r
Lll u+2 n +8+n | | /|A|n+2n2p
400 — o) \z n—1—¢ 4 |J,

nd+|x n-—1+4¢ lf 2
4= | [ 14V
[298(1—|x|r)n—1—s+ Ty ), AT IVare

(n@ + MDA +21) +r102(A = AD) A n—14¢
470(1 — |A|T) ‘n—1-—¢

() (fomrems)?

no + A n—1+4e¢ / )
: 1+ ) [ 1A 1V Pp.
+<298(1—|)\.|‘L’) n—1—s +5> ATVl

Set

Knr0.7)— 476(1 — |Al7)
U N [0 + DAL+ 27) +nTo2(1 — AT A e

By a direct computation, K (n, A, 6, ) achieves its maximum

e )

K(n,\)=
(nl)»|+2\/ﬁ|)»|+n«/)\2+2)/c
when
L 5 . A + 21 _ 2 _ 1
T=5(VA*+2—1A|), 6= = = )
el ) nt—nlAMt®  /u(VAZ+2—|r) it
Since

1/n
</ |A|”du> < K@, 1),
M

we have from (9) that there exists 0 < g9 < 1 such that

n—2 n—2
_ 2n N\ p—14e 1—g 2n_\ 7
K 1(/ |f|”—2> <— </ |f|"‘2> +C(8,)»)/ A" [V,
M n—1—e¢ K M M

namely,

n—2
(10) (”_”8)80_28(/ |f|fﬁ”2) scw,x)f AP V0P,
(n—1-¢)x M M
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Let n(X) =n,(X) =¢ (| X|/r) for any r > 0, where ¢ is a nonnegative function on
[0, 4-00) satisfying

(1 ifxe0. 1),
¢(x)_{o if x € [2, 4+00),

and |¢’| < C for some absolute constant. Let ¢ = %80. Since [ o [Al" du is bounded,
the right-hand side of (10) approaches zero as r — 400, which implies |A| = 0.
Hence M is a hyperplane of R"*!. This completes the proof of Theorem 1. (]

SettmgA Z h,,w,@w],we have h,]—h,]—(H/n)g,J Choose {e;} such
that h;; = X;6;; atapomtp Then h;; = %,6;j, where X; = A; — H/n, and

. HY 3. 1
f3=2)‘1‘3=z<)‘i+;> =BS+;H|A|2+;H3,
i i
where [A?=3"; A2 =|A>~H?/nand By =Y, 3. Thus, from (1) and (2) we have

2
Lp A2 1 2 _1p.(H
LCIAR = LeiaP - 32 (20)
1 H? H
= VAP = ZIVH > + (3 = |1AP)|AP + A f3 — 5~ — |AP G — H) —
n 2n n
: : o 1 0 2 0
= VAP + (3 = |AP)IAP — —H?|AP +2.B5 + 3 H| A"

By using an algebraic inequality in [Okumura 1974], we have

n—2 3
|B3| < ——AP,

~ W/nm—1)
and the equality holds if and only if at least n — 1 of the Xi are equal. Then we get

(11)
1 e o | PN 1 2. 20 n—2 2
LLIAP = VAP + (3 = 1AP)IAP? — —HY AP — M| ———= A + AH|A|
n nn—1)
) o o 1 2. o
> [VIA]| +(%—|A|2)|A|2—;(x—%<x, N)) A
n—2 o 2 o
M — AP+ A (= Lx, M)A
A n(n_1)| P+~ (A= 3(X, N))|A|

o 2 1 )\,2 ° 1 o n—2 ° o
= |VIA||" + (—+—)|A|2— —APIXN? — A —=|A - |A|".
2 n 4n nn—1)
By using (11), we give the proof of Theorem 2 as follows.

Proof of Theorem 2. Let n be a smooth function with compact support on M.
Multiplying |fi|"_2n2 on both sides of the inequality (11) above and integrating by
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parts with respect to the measure p di on M yields
o 12 2)\2 o 1 o
022f IVIA||P 1A 2n2p+(1+—>/ |A|”n2p——f A" XN Pn%p
s [ 1Areio =2 [ 1Areo = [ 1Ar-ircdrs
:2[ IVIA||P 1A 2n2p+(1+—>/ Ifil"nzp——f A" XN 12020
M n M 2n M

n—2 o o
_2|)\‘|—/ |A|n+l 2 _2/ |A|n+2 2
=D n-p y n-p
+2f plAIVIA|- V(A" 0%
M

>2(n—1)/ V1A 1A 2n2p+[(1+2—’\2)—|xlci}/ |A"n?p
> ; Jnn=0 ] u
Al n— / Ar+2n2p / N2
—(2+ A" x
(8 i) 4 A
+4/ (VIAL-VD)IAP np
M

with constant ¢ > 0.
From the assumption |H| < ,/ %n + 22 —|A| & C, we have

/|A|"|XN|2n2p=4/ |A|"<A—H>2n2ps4(x2+c2+26|x|>/ Al'ip
M M M
This implies

o 2 o
Ozz(n—l)/ IVIAIPIAP 2P0
M

222 -2 2 5 o, A
+{ (1425 - e A= - 202+ 2201 /IAInp

_(2 Al n=2 )f A2y zp+4/ (VIAI- VIl
¢ Jnn—=T1)

By using the Cauchy inequality, for any ¢ > 0 we obtain

|)‘| n—2 >f n+2 2
12 A
(12) ( ¢ Ji=D |Al

[| Me—t=2 4 —(cz+2C|A|>—1]/ |/i|"n2p+2f AP V0 Po
NIEDEE v o )
o 12 o
=20~ 1-)f [VIAIPIAP 22,
M
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Set [ = Ifil"/ 2p!/2y. Using the same argument as in the proof of Theorem 1, for
any 6 > 0 we get

n—2
as ([ 107)
M

2
n o 12 o . 1 o
=+, f |VIA|["JA]" 2n2p+(1+§)f |AI"[Vn[*p
M M

n+2)L2 o 1 o
+— /IAI”nzp—Z/ |AI"n* 1 (X, N)p.
M M
It is easy to see that
(14) —f A nax, N>p=—2/ APPAG = H)p
M M

=—2/ |fi|"n2x2p+2/ A" n2 A Hp
M M
§2<C|A|—A2)/ |AI"n?p.

M

Combining (12), (13) and (14), we have

n—2
2n n
-1 n—2

n? o 12 o 1 0
s<1+5)7/ IVIA| IAI”_2n2p+<1+g)/ A" V20
M M

n+2C|A o
+—"/ Al
4 M

(A+&n* [(IA n=2 P02 2
58(n—1—e>{(;F(n—l)”)/M'A' e

+[|A|;”—_2+%(C2+2C|x|>—1” |AI"n%p
Jnn—1) n M

2 . 1 . n+2C|Al .
+—f|A|"|Vn|2p +(1++ f|A|"|Vn|2p+—[ |AI"n?p.
e Ju 8/)Jm 4 M

n—2

Jnn—1)

Let

2
IAlC +2(C*+2CIA) -1 <0,
n

1.e.,

[n—2(C*+2C|AD]vnn =T1)

0<¢<
n(n—2)|A|
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Putting

5 — 2(n+2C|IADvVn—1-(n—1+¢) 10
B n[nvn—1—(n—2)/n|x¢ —2+/n—1(C*+2C|A))]

for some ¢ > 0 to be defined later, we have

n—2
(15) Kl(f |f|nz"2) "
M

<{ Vn(n42CIAD[(n —2)|A[+2¢/n(n—T1)] }
~ dcinvn—1—(m—2)Vnlrlc —2v/n— L(C2+2C|A])]

n_1+8/| |n+2772,0

n—1—e

+{ nn+2CIADVn—1-(n—1+¢) 1+1}
2e[ny/n—1—(n—2)/n|A|¢ —24/n—1(C2+2C|A])] )

xf |AI" V|20
M

<{ Vn(n+2CIAD[(n —=2)|A[+2¢/n(n—T1)] }
~ dcinvn—1—(n—2)Vnlrlg —2v/n— L(C2+2C|A])]

1+ 2 n—2
n— & o n n o n n
x (/ |A|22) (f (|A|"n2p>n—2>
n—1—¢ M M

+5<e,x,n,;,C>f |AI" [V?p.
M

Set

D(n. 1. . C) = 4¢[nv/n =1 —(n—=2)y/n|rlg —2+/n —1(C? +2C|1A))]
o= Vo +2CID[(n = DA+ 20 /al = D) [«

We choose

\/(n —2)22242(n—1)[n —2(C*+2C|AD] — (n = 2)|A|
; =

2/n(n—1)
such that D(n, A, ¢, C) achieves its maximum D(n, A) with

\/(n —2)2242(n — 1)[n —2(C2 +2C|AD] — (n — 2)|A|
D(n, ») =
Jrnn—1D)(n+2C[ADk
\/(n — 22224 2n(n— 1) — (n = 2)|3

\/n(n _ 1)(n + 20l 422 - 2x2)x
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Combining the assumption

. 1/n
(/ A" d,u) <D, L)
M
and (15) implies that there exists 0 < &g < 1 such that
n=2
1 2n \ 1
K | fn=2
M

n—2
n—14¢e 1—¢ 2n \n 0
< : 0(/ |f|"‘2) +C(8,?»,n)/ |AI"|Vn|?p,
M M

n—1—e¢ K

namely,

n—2
1 -2 2n o\~ i
(n—14¢)ey 8(/ |f|n—n2) SC(E,)»,H)/ A" [Vnl*p.
o M

(n—1—¢e)x

Let e = %80 and choose 7 as in the proof of Theorem 1. Since f M |fi|" du is
bounded, by using a similar argument we obtain A = 0. Therefore, M is totally
umbilical, i.e., M is S"(v/A2+2n — 1) or R". Since we have assumed that

H <\ /in+22— 12,
the first case is excluded. This completes the proof of Theorem 2. U

Remark. In fact, we can prove that if sup,, |H| < ,/ %n + A% —|A| and if

1/n
</ |A|"d,u> < D(n, A, supy, |HJ),
M

then M is a hyperplane. Here D(n, A, sup,, |H|) is a positive constant depending
on n, A and sup,, |H]|.

Remark. In particular, if A = 0, Theorem 2 reduces to the rigidity result for self-
shrinkers in [Lin 2016]. For the higher codimension case, Cao, Xu and Zhao [Cao
et al. 2014] proved some L"-pinching theorems of A for self-shrinkers.

4. Gap theorems in dimension 2

We need another Sobolev-type inequality in dimension 2, which was proved by Xu
and Gu [2007b]:

1/2
(16) 5—‘(/f4du) < %/IVflzdu+t/f2du+%/IHlfzdu

for all f € C2°(M) and for all € RT, where ¢ = 124/37 /7.
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Proof of Theorem 3. As in the proof of Theorem 1, for any 0 < ¢ < 1, we have
|A] 2
(17) (—+2 [1atworuir = [ 1482042 [ 1aP19aP
T M M €Jm
2
> 20— [ [14I .
M
Setting f = |A|np'/?, we get
2 1 1
(18) /IVfI2=/ [VaAlm| p—ﬁ/ |A|2n2|XT|2p——/ AP IXY P p
M M M
1
+3 [ 1APEp -+ [ AR N,
M

Combining the Sobolev-type inequality (16) and (18), we have

12
“1(/ |f|4>
<1 _ 2 25T P2
<3 [ Ivaamls - g [ 1ariire,
1
_§/ APn? | X2 p+§f ] n2p+1/ AP0 A, N>p}
M M M
1
wo [ 1aPRo+ g [1HIARE
M
1 2 1 A2
5;[/ |V(An)| p+—/ |A|2n2p+§/ |A|2n2p]
M M
wi [ 14t [imiars.
M

By the Cauchy inequality, for any 6 > 0, we get

(19) 5‘1(/lel4)1/2 [[ VA o+ 2 /|A| Pot /IAIZUZP}
w1 [ AP0+ /( H2+219)|A|2n2p
[[ V(A Fo+ /|A| o+ /IAlznzp}
w1 [ AP0+ /(9|A| n )|A|
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1
= fM(|V|A||2n2 —|—2|A|nV|A| -V +|AP V) p

+ t+—+ + /l |np+€/|Al4nzp
8t 2
1
5;[(1+8)/ IVIAI|2n2p+<1+—>f IAIZIanzp}
M
+ t+—+ + fl Inp+€/|Al4n2p
8t 2

Combining (17) and (19), we have

172
5-1(/ A4y 2)

: [( +2)/ |A|4n2p+(lf\|f—1)/ 1A%y
2(1—¢) 2
= IAIZIVHIZ/O}

1 1
—(1+= Al*|Vn|? t /A /A
+t<+8>/M| | n|p+(+4e+2t+8t> APn?o+= [ 1AYy

Put

1
< ;(14‘3)

(40 +21 + 80t +612)(1 + ¢)
8= —1>0,
46(1 — |A|7)

where ¢, 6, 1, t are positive constants such that |A|t — 1 < 0. Then

1/2
(20) 5-1(/ |AI4 2)

<[1 (14¢8) (40 + 2t + 8012 +06A2) (|x| ) }/A
=1t 20—¢) 46(1 — A7) ' Al

[ (1+8) 1 o
r[s(l—e>+(l+6)M4'A' Val'p

_ @0+ + 8012 +O1H)(JA| +21) +460%tt(1 — |A|t) 1+¢
- 80tt(1 — |A|T) 1—¢

12 12
M

1T (146) i L

?[s<1—e>+(1+3)”ﬁ4“" IVale.
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Set

80t7(1—|A|7)
[(46 + 21 + 8012 + 0A2) (|| +27) + 46217 (1 — |A|D)]¢

K@, 2,0,7)=

where ¢ = 12+/37 /7. By a direct computation, K (¢, A, 6, T) achieves its maximum

V202 +1-V22+20)

K\ =
(2VA+224+ V22 +2—]A))¢
when
N N _1 5 _ A + 2T . 1
= /i@ +22), =L(/a242-11]), 6= = .
s@+2%), T=5(Va2+2-1al) V2r(d—nn)  Vac
Since

12
(/ |A|“) <K,
M

we have from (20) that there exists 0 < gy < 1 such that

1 4421/2 8 80 4421/2 2 2
- (f Al ) = (f Al ) +C<s,x>/ ARV Pp.
M

Lete = %eo. Since |, wlA |* du is bounded, we choose 7 as in the proof of Theorem 1
and a similar argument implies |A| = 0. (]

Using a similar argument, we give the proof of Theorem 4.
Proof of Theorem 4. For n = 2, we have
1+A2 .
1A |A2

2

° ) ° o
LLIA? = |VIA|]" + — SIAP XN — AL,

and
@1 2/ |fi|“n2p+<c2+20|x|—1>/ APio+ 2 /|A| VnPo
M M
o 12
=20 - [ [VIAI
M

with 0 < ¢ < 1.
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Set f =|A|p'/?n. By (16) and the hypothesis |H| < ,/%—I—Az—lkl £ C, we have

1 AR P | ,
(22) ¢ [ f] <- \V(IAln)|p+— IAInp+ IAI
M tLJm 2 /u
. 1 ,
+t/ |A|2n2p+§/|H||A|2n2p
M
1 . , \ ,
s;/ (IVIAl| n* +2|AInVIA]- Vi + |A*|Vn]*)p
M
(iS4l +Az /|A|2 2
2 "2 e )), P
Combining the Cauchy inequality, (21) and (22), we have for any é§ > 0
- AR 012 o 1 ° 2o 2
- (/ |f|> 5—[(1+8)/ VIA| np+<1+—)/lA| vl p}
M t M 8)Ju
cC 1 a2 .
f4— 4 — Al*n?
+( +2+2t+8t)/| "n"p
146
<— [ /|A|4n2p+(C2+2C|A|—1)/ AR

t 2(1—8)
+—f |A|2|Vn|2p]
& Jm

L /|A|2|v 1’0+ z+C+1+Az /|,ai|22
s )/, e 22 s )], TR

@48+ 4O +e)
41— (C242C)AD]

Put

Then we get

12
@) ( /M |f|4)

1 4422482 +41C 1+¢ /lfil“
t 41— (C242CIAD] 1—¢

1T 146 [ cne
= i ARV
+t[8(1_8)+ +3NM| 21valp
1 A48+ 4C 14 /|f|4 1/2 /Ifil“ 1/2
1 A1—(Cr42CA] 1—¢ \Jy M

I 1+6 L
- 14+ — Al“ |V .
+t[8(1_8)+ +5NM| 21VnPo

IA
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Set
4t[1 — (C?*+2C|A])]

D, C,t) = -
( ) 4+ 22+ 8t2+41C)¢

We choose ¢ =,/ %(4 + A2) such that D(A, C, t) achieves its maximum
1

3(«/8+2A2+,/% FA2— |A|>6

12
(/ W) <D,
M

we have from (23) that there exists 0 < gy < 1 such that

5 1/2 1+e 1—¢g 1/2 o
cl(/ |f|4) TRRLIE (/ |f|4) +C(e,x>/ AP Ve,
M — € c M M

Lete = %eo. Since |’ M |f§ |* du is bounded, we choose 7 as above and a similar argu-
ment implies A=0. Therefore, M is totally umbilical, i.e., M is 82(«/ AZ4+4—2)
or R2. Since we have assumed that

|H| < \/3+22— 2,

the first case is excluded. This completes the proof of Theorem 4. ([

D) =

Since

Remark. Similarly, it is seen from the proof of Theorem 4 that we can prove that
if supy, |H| < ~/T+42 — || and if (f,, |A|*dp)"/? < D(x, supy, |H|), then M
is a hyperplane. Here D (A, sup,, |H|) is a positive constant depending on A and
supy, |H|.
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