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RESTRICTED POISSON ALGEBRAS

YAN-HONG BAO, YU YE AND JAMES J. ZHANG

We reformulate Bezrukavnikov and Kaledin’s definition of a restricted Pois-
son algebra, provide some natural and interesting examples, and discuss
connections with other research topics.

Introduction

The Poisson bracket was introduced by Poisson [1809] as a tool for classical
dynamics. Poisson geometry has become an active research field during the past
50 years. The study of Poisson algebras over R or a field of characteristic zero
[Laurent-Gengoux et al. 2013] also has a long history, and is closely related to
noncommutative algebra, differential geometry, deformation quantization, number
theory, and other areas. The notion of a restricted Poisson algebra was introduced
about ten years ago in an important paper of Bezrukavnikov and Kaledin [2008] in
the study of deformation quantization in positive characteristic. The project in that
paper is a natural extension of the classical deformation quantization of symplectic
(or Poisson) manifolds.

Our first goal is to better understand Bezrukavnikov and Kaledin’s definition via
a Lie-algebraic approach. We reinterpret their definition in the following way.

Throughout the paper let K be a base field of characteristic p > 3. All vector
spaces and algebras are over K.

Definition 0.1. Let (A4, {—,—}) be a Poisson algebra over K.

(1) We call 4 a weakly restricted Poisson algebra if there is a p-map operation
x > x*P} such that (4, {—,—}, (—){?}) is a restricted Lie algebra.

(2) We call A a restricted Poisson algebra if A is a weakly restricted Poisson
algebra and the p-map (—)%?} satisfies

(EO0.1.1) (xHWP = 2xPxiP
for all x € A.

MSC2010: 17B50, 17B63.
Keywords: restricted Poisson algebra, deformation quantization, restricted Lie algebra, restricted
Lie-Rinehart algebra, restricted Poisson Hopf algebra.
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The formulation in (E0.1.1) is slightly simpler than the original definition. We
will show that Definition 0.1(2) is equivalent to [Bezrukavnikov and Kaledin 2008,
Definition 1.8] in Lemma 3.7. Generally it is not easy to prove basic properties for
restricted Poisson algebras. For example, it is not straightforward to show that the
tensor product preserves the restricted Poisson structure. Different formulations are
helpful in understanding and proving some elementary properties.

Since there are several structures on a restricted Poisson algebra, it is delicate to
verify all of the compatibility conditions. There are not many examples given in the
literature. Our second goal is to provide several canonical examples from different
research subjects. Restricted Poisson algebras can be viewed as a Poisson version of
restricted Lie algebras, so the first few examples come from restricted (or modular)
Lie theory. Let L be a restricted Lie algebra over K. Then the trivial extension
algebra kK @ L (with L2 = 0) is a restricted Poisson algebra. More naturally we
have the following.

Theorem 0.2 (Theorem 6.5). Let L be a restricted Lie algebra over K and let
s(L) be the p-truncated symmetric algebra. Then s(L) admits a natural restricted
Poisson structure induced by the restricted Lie structure of L.

To use ideas from Poisson geometry, it is a good idea to extend the restricted
Poisson structure to the symmetric algebra of a restricted Lie algebra (Example 6.2).
The following result is slightly more general and useful in other settings.

Theorem 0.3 (Theorem 6.1). Let T be an index set and A =K[x; |i € T] be a
polynomial Poisson algebra. If, for each i € T, there exists y(x;) € A such that
adfgi = ady(x,), then A admits a restricted Poisson structure (—)?: A — A such
that x\P = y(x;) foralli € T.

The next example comes from deformation theory, which is also considered in
[Bezrukavnikov and Kaledin 2008]. See (E7.0.1) for the definition of M7 ( f).

Proposition 0.4 (Proposition 7.1). Let (A, -,{—,—}) be a Poisson algebra over K
and let (A[t], *) be a deformation quantization of A. If MY (f) =0 for1 <n <
p—2and [P is central in At] for all f € A, then A admits a restricted Poisson
structure.

A Lie—Rinehart algebra is an algebraic counterpart of a Lie algebroid, and appears
naturally in the study of Gerstenhaber algebras, Batalin—Vilkovisky algebras and
Maurer—Cartan algebras [Huebschmann 1990; 2005]. In this paper, we also study
the relationship between restricted Poisson algebras and restricted Lie—Rinehart
algebras. To save space we refer to [Dokas 2012] for the definition and some
properties of restricted Lie—Rinehart algebras.

Theorem 0.5 (Theorem 8.2). Let (A,-,{—,—}, (—)?) be a (weakly) restricted
Poisson algebra. If the module of Kéhler differentials €2 4)y is free over A, then
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(A4, 24k, (—)PYy is a restricted Lie—Rinehart algebra, where the p-map of Q4 /K
is determined by

(x du)t?! = x? du'P} + (x du)? 1 (x) du
forall xdu € Q2 4k.

The category of restricted Poisson algebras is a symmetric monoidal category. In
particular, the tensor product of two restricted Poisson algebras is again a restricted
Poisson algebra (Proposition 9.2). Advances in algebra benefit tremendously from a
geometric viewpoint and methods and vice versa. Restricted Poisson algebras are, to
some extent, the algebraic counterpart of symplectic differential geometry in positive
characteristic. Following this idea, restricted Poisson—Lie groups should correspond
to restricted Poisson Hopf algebras which connect both Poisson geometry in positive
characteristic and quantum groups at the root of unity. Hence, it is meaningful to
introduce the notion of a restricted Poisson Hopf algebra; see Definition 9.3. One
natural example of such an algebra is given in Example 9.4.

The paper is organized as follows. Sections 1 and 2 contain basic definitions
about restricted Lie algebras and Poisson algebras. In Section 3, we reintroduce the
notion of a restricted Poisson algebra. In Sections 4 to 7, we give several natural
examples. In Section 8, we prove Theorem 0.5. The notion of a restricted Poisson
Hopf algebra is introduced in Section 9.

1. Restricted Lie algebras

We give a short review of restricted Lie algebras.

Lie algebras over a field of positive characteristic often admit an additional
structure involving a so-called p-map. The Lie algebra together with a p-map
is called a restricted Lie algebra, which was first introduced and systematically
studied by Jacobson [1941; 1962]. Let L := (L,[—,—]) be a Lie algebra over k. For
convenience, for each x € L we denote by ady: L — L the adjoint representation
given by ady (y) =[x, y] for all y € L. We recall the definition of a restricted Lie
algebra from [Jacobson 1941, Section 1]. As always, we assume that K is of positive
characteristic p > 3.

Definition 1.1 [Jacobson 1941]. A restricted Lie algebra (L, (—)P!) over K is a
Lie algebra L over K together with a p-map ()71 : x — x!P1 such that

(1) ad? = adp) forall x € L;

(2) (Ax)PY=xPx[Pl forall A e k and x € L;

(3) (x + PP = x4 1P 4 Ay (x, ), where Ap(x, ) = Y7 si(x, )/

for all x, y € L and s;(x, y) is the coefficient of #/~! in the formal expression

adfx_ﬁ y(x).
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For simplicity, we write all multiple Lie brackets with the notation

(Elll) [xla[xb---,[xn—l,xn]---]] =:[x1’x25---axn—laxn]
for xy,...,x, € L. Clearly,
ad’.(y) =[x,...,x, ]
i copies

for every i. With this notation, we have

(E1.1.2) si(x,y) = Z (X1, Xp—2,p, X],
Xp=Xxory
#klxr=x}=i—1

and hence
1
(E1.1.3) Ap(x,y) = X_Z %[xl,...,xp_l,xp].
Kk=Xxory
Xp—1=Y, Xp=X

Note that A, (x, y) is denoted by L(x, y) in [Bezrukavnikov and Kaledin 2008]
and denoted by o (x, y) in [Hochschild 1954]. Another way of understanding
Ap(x, y) is to use the universal enveloping algebra /(L) of the Lie algebra L. By
[Hochschild 1954, Condition (3) on p. 559],

forall x,y € L CU(L), where (—)? is the multiplicative p-th power in U/(L).
We give a well-known example which will be used later.

Example 1.2. Let A be an associative algebra over K. We denote by Ay, the induced
Lie algebra with the bracket given by [x, y] := xy — yx for all x, y € A. Then
(Ar, (—)?) is arestricted Lie algebra, where (—)? is the Frobenius map given by
X = xP.

Jacobson gave a necessary and sufficient condition in which an ordinary Lie
algebra over K is restricted:

Lemma 1.3 [Jacobson 1962, Theorem 11]. Let L be a Lie algebra with a K-basis
{xi}ier for some index set I. Suppose that there exists an element y(x;) € L for
eachi € I such that

ady, = ady (x;).-

Then there exists a unique restricted structure on L such that xl[p 1= y(x;) forall
iel.
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2. Poisson algebras and their enveloping algebras

In this section we recall some definitions. We begin with some basics concerning
Poisson algebras.

Definition 2.1 [Laurent-Gengoux et al. 2013, Definition 1.1]. Let A be a commuta-
tive algebra over K. A Poisson structure on A is a Lie bracket {—,—}: A® 4 —> A
such that the following Leibniz rule holds:

(E2.1.1) {xy,z} =x{y,z} + y{x,z} Vx,py,zeA.
The algebra A together with a Poisson structure is called a Poisson algebra.

The Lie bracket {—,—} (which replaces [—,—] in the previous section) is called the
Poisson bracket, and the associative multiplication of A4 is sometimes denoted by -.

Recall that the module of Kéhler differentials, denoted by €2 4/, of a commutative
algebra 4 over K is an 4-module generated by elements (or symbols) dx for all
x € A, and subject to the relations

dix+y)=dx+dy, d(xy)=xdy+ydx, diA=0,

where x, y € A and A e KC A. When (A4, {—,—}) is a Poisson algebra, the module
of Kihler differentials €2 4/ admits a Lie algebra structure with Lie bracket given by

[x du, ydv] = x{u, y}dv + y{x,v}du + xy d{u, v}

for all x du, y dv € Q2 4,. Moreover, 4 is also a Lie module over €2 4/ with the
action given by (x du).a = x{u, a} for all x du € Q2 4, and a € A. In fact, the pair
(A, 2 4/k) is a Lie-Rinehart algebra in the following sense.

Definition 2.2 [Dokas 2012, Definition 1.5]. A Lie—Rinehart algebra over A is a
pair (A4, L), where A is a commutative associative algebra over K and L is a Lie
algebra equipped with the structure of an A-module together with an anchor map

a: L — Derg(A)
which is both an 4-module and a Lie algebra homomorphism such that
(E2.2.1) [(X,aY]=alX,Y]+a(X)(a)Y
forallae Aand X,Y € L.

Note that, in the case of a Poisson algebra, the anchor map « : € 4,k — Der(A)
is given by

(E2.2.2) a(x du)(z) = x{u, z}

forall xdu € 24/ and z € A.
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Let (A4, L) be a Lie-Rinehart algebra. Rinehart [1963] introduced the notion
of the universal enveloping algebra U/(A, L) of (A4, L), which is an associative
k-algebra satisfying the appropriate universal property; see [Huebschmann 1990]
for more details. We recall the definition next.

Denote by A x L the semidirect product of the Lie algebra L and the L-module A.
More precisely, A x L is the direct sum of 4 and L as a vector space, and the Lie
bracket is given by

[(a, X), (b, Y)] = (X (D) = Y(a),[X, Y])

for all (@, X),(b,Y) € A x L. Let (U(A x L),t) be the universal enveloping
algebra of the Lie algebra A x L, where t: 4 x L — U(A x L) is the canonical
embedding. We consider the subalgebra I/ (A x L) (without unit) generated by
A x L. Moreover, A x L has the structure of an A-module via a(d’, X') = (ad’, aX)
forall a,a’ € A and X € L. The (universal) enveloping algebra i/ (A4, L) associated
to the Lie-Rinehart algebra (A, L) is defined to be the quotient

UT(AxL)
(t((@, 0))e((d, X)) —t(a(a’, X))

Note that (14, 0) becomes the algebra identity of /(A, L). There are two canonical
maps

UA, L) =

t1:A—=U(A, L), ar (a,0), and tr: L —-U(A,L), X+ (0,X).

Observe that ¢ is an algebra homomorphism and ¢5 is a Lie algebra homomorphism.
Moreover, we have the relations

(@) (X) =n@X) and [n(X). (@] =0 (X (@)

forallae Aand X € L.
As a consequence of [Rinehart 1963, Theorem 3.1], we have the following.

Lemma 2.3. Let (A, L) be a Lie-Rinehart algebra and U( A, L) the enveloping al-
gebra of (A, L). If L is a projective A-module, then the Lie algebra homomorphism
tr: L — U(A, L) is injective.

It is worth restating the above construction for Poisson algebras since it is needed
later. Denote by A x €2 4/ the semidirect product of A and €24/ with the Lie
bracket given by

[(a,xdu), (b, ydv)] = (x{u,b} —y{v,a}, x{u, y}dv + p{x, v}du + xy d{u, v})

for (a, x du), (b, y dv) € A x Q4. The Poisson enveloping algebra of A4, denoted
by P(A) (which is a new notation), is defined to be the enveloping algebra of the
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Lie-Rinehart algebra (A4, €2,4/i), which can be realized as an associated algebra
P(A) :=UA, Qap) =UT(AxQ4) /],

where U(A €2 4/i) is the universal enveloping algebra of the Lie algebra 4 €2 4y,
and J is the ideal generated by

(E2.3.1) (a,0)(b, xdu) — (ab, ax du)

forall a,b € A and x du € Q 4/ [Moerdijk and Mrcun 2010; Rinehart 1963]. Here
we have two maps

L11A—>A><IQA/|(—>'P(A), Ll(a)z(a,O),
and
12: Ry —> AXQyq—> P(A), 2(xdu) = (0, xdu).

Then ¢; and ¢, are homomorphisms of associative algebras and Lie algebras, re-
spectively. Moreover, we have

(E2.3.2) t({x, y}) = [t2(dx), 11 (P)],
(E2.3.3) 12(d(xy)) = 11 (x)t2(dy) + 11 (¥)e2(dx)

for all x, y € A.
If €24/ is a projective A-module, then the canonical map ¢5: 2 4k — P(A4) is
injective (Lemma 2.3). It follows that €2 4/ can be seen as a Lie subalgebra of P(4).
We now recall the definition of a free Poisson algebra; see [Shestakov 1993,
Section 3]. Let V' be k-vector space. Let Lie(V') be the free Lie algebra generated
by V. The free Poisson algebra generated by V, denoted by FP(V), is the symmetric
algebra over Lie(V'), namely

(E2.3.4) FP(V) = K[Lie(V)].

The following universal property is well known [Shestakov 1993, Lemma 1,
p. 312].

Lemma 2.4. Let A be a Poisson algebra and V be a vector space. Every K-linear
map g .V — A extends uniquely to a Poisson algebra morphism G : FP(V) — A
such that g factors through G.

Shestakov [1993, Section 3] defined the notion of a free Poisson algebra by
the universal property stated in Lemma 2.4, and then proved that the free Poisson
algebra can be constructed by using (E2.3.4) [Shestakov 1993, Lemma 1, p. 312].
In the same paper, Shestakov also considered the super (or Z,-graded) version of
Poisson algebras.
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For each associative commutative algebra A over a base field k of characteristic p,
let A? denote the subalgebra generated by { /7 | f € A}. The free Poisson algebras
have the following special property.

Lemma 2.5. Let A be a free Poisson algebra FP(V).

(1) Q4/k is a free module over A. As a consequence, the Lie algebra map
12: R4k — P(A) is injective.
(2) The kernel of d: A — Q 4k is AP

Proof. (1) Since A is a commutative polynomial ring, €24/ is free over A. (The
proof is omitted). The consequence follows from Lemma 2.3.

(2) Check directly. O

Let V be a k-vector space. There are two gradings that can naturally be assigned
to FP(V). The first one is determined by

deg;(x) =1 VO0#x eLie(V).

Since FP(V') is the symmetric algebra associated to Lie(}'), the above extends
to an N-grading on FP(V). Since the Lie bracket {—,—} has degree —1, the
Poisson bracket on FP(V') has degree —1. Note that the multiplication on FP(V') is
homogeneous with respect to deg;.

For the second grading, we assume that

deg,(x)=1 VO#xeV

and make the free Lie algebra Lie(V) N-graded (namely, [—,—] is homogeneous
of degree zero). Then we extend the N-grading to FP(V') so that both the Poisson
bracket and the multiplication are homogeneous of degree zero.

Let {v;};er be a k-basis of V and {x;};jes a K-basis of Lie(V). Let A be the
free Poisson algebra FP(V') and let A¢ be the 4”-submodule of A generated by

monomials xll1 coox, for xq,...,x, € Lie(V), which are not in A”.
Recall that

(E2.5.1) U fasooos Sy =0 U2 o AT =1 b -

for all f; € A.

Lemma 2.6. Let A be a free Poisson algebra FP(V).

(1) Let f1,..., fu be polynomials in v; (not x;). If p does not divide n — 1, then
{1, faseoo Juy € AS

(2) Let f, g be polynomials in v;. Then Ap(f, g) € A

(3) The following elements are in A€ for any polynomials in f, g, h in v;:
@ Ap(f.8), Ap(f2.8%), Ap(f?+2%.212).
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() Ap(fg.h). Ap((f8)*. 1), Ap((fg)* +h?.2fgh).
© Ap(fg. fh).

Proof. (1) By linearity, we may assume that all f; are monomials in {v;} C V.
Then deg; fy =deg, fs fors =1,...,n. Let F:={f1, f2,..., fu}. Then

degy F =—n+1+deg, F.

Since p does not divide n — 1, p cannot divide both deg; F and deg, F. This
implies that F' € A€.

(2) Note that A,(f, g) is a linear combination of terms of the form (E2.5.1) when
n=pand f; = f org. Bypart (1), Ap(f, g) € A"
(3) This is a special case of part (2) for different choices of f, g. O

3. Restricted Poisson algebras, definition

In this section we present a formulation of a restricted Poisson algebra that is
equivalent to [Bezrukavnikov and Kaledin 2008, Definition 1.8].

Inspired by the notion of a restricted Lie algebra, we first introduce the definition
of a weakly restricted Poisson structure over a field kK of characteristic p > 3.

Definition 3.1. Let (A4,-,{—,—}) be a Poisson algebra. If there exists a p-map
(—)'?}: 4 — A such that (A4, {—,—}, (—)?}) is a restricted Lie algebra, then 4 is
called a weakly restricted Poisson algebra.

This definition requires no compatibility condition between the p-map (—)¢?}
and the multiplication -. We will see that an additional requirement is very natural
from a Lie-algebraic point of view.

Lemma 3.2. Let (A,-,{—.,—}) be a Poisson algebra and let x, y € A.
(1) If there exist X and ¥ in A such that ad¥ = adz and ad} = ady, then
adﬁy = adxpj‘;_f_ypg_'_q)p(x’y),
where
(E3.2.1) ®p(x,y) = (x?+yP)Ap(x, ) =5 (Ap(x*, ¥+ Ap(x*+ 2, 2xp)).
In particular, adfzz =adyyry.
2) If (A,-,{—,—}) is a weakly restricted Poisson algebra, then
(E3.2.2) ad(yyytry = adyp 10} 4 Yo ipd £ B, (x,p)
In particular,

(E3.2.3) ad(xz){p} =ad,pytp.



10 YAN-HONG BAO, YU YE AND JAMES J. ZHANG

Proof. (1) We first prove the assertion when x = y. By the Leibniz rule, we have
ad(sg) = fadg +gadys for any f, g € A. Clearly,

adfz2 = (2x ady)? = (2x)P(ady)? = 2xP ad? = 2x? ady = ady,rx.

In the general case, considering the universal enveloping algebra of the Lie algebra
(A,{—,—}) and using (E1.1.4), we get adp ,(f,¢) = ad}’+g — ad}’ — adg for any
/., g € A. Therefore,

adxr54yrg+@(x,y) = adxl’j/'—i-ypk'—i-(xl’—i—yI’)Ap(x,y)—%(Ap(xz,yz)—i-Ap(xz—i-yz,ny))
=x? adJ{’ +y? ad? +(x? + yP)(ad?,  —ad? —adJI,’)

x+y
+ 5 (ad?, + ad‘yp2 +ad) - adfx+y)2)
= xPad} +y? adf +(x? + yp)(ad§+y —adf —adf)
+x”adf +yP ad)) +adf, —(x + y)P ady,
= adfc’y,
which completes the proof.
(2) This is an immediate consequence of (1). O

Concerning the notation ®,, in (E3.2.1), we also have the following characteriza-
tion by considering the Poisson enveloping algebra.

Proposition 3.3. Let A be a Poisson algebra and P(A) the Poisson enveloping
algebra of A. Then, forall x,y € A, we have

(E3.3.1) 12(d®py(x, y)) = (12(d(xp))? — 11 (xP)(e2(d))? = 11 (»P) (12 (dx))?.
Proof. By the definition of P(A), we have

(0,dx2)? =(0,2x dx)? = ((2x,0)(0,dx))? = (2x,0)?(0,dx)? =2(x?,0)(0,dx)?
and hence

(E33.2) (t2(dx?)P = 24 (xP) (2 (dx))P

for any x € A. It follows that (E3.3.1) holds when x = y.
Considering the Frobenius map of P(A), we have
(t2(d(x 4+ y))? = (0.d(x + ¥))? = ((0.dx) + (0,dy))”
= (0,dx)? 4 (0,dy)? + A, ((0,dx), (0,dy))
= (12(dx))? + (12(dy))? + 12(dAp (x, y))
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since ¢, is a homomorphism of Lie algebras. By the above computation and (E3.3.2),

(2(dCx + 27 = 20((x + 2)P) (2(d(x + ))?
=20 (x? + yP)((L2(dx)? + (12(dp))? + 12 (dAp(x, 1))

By a direct calculation and (E3.3.2),

(2(d(x +»)*)? = (i2(dx* +dy? +2d(xy)))”
= (.2(dx* +dy*)? + (122d(xp)))? + 12 (dA p (x* + 2. 2xy))
= (12(dx?))? + (12(dy?)? + 12(dAp (X2, y?))
+2(2(d(x))? + 12(dAp(x* + 2, 2xy))
=201 (xP)(12(dx))? + 201 (3P) (12(dp))? + 12(dAp (X2, ¥?))
+2(12(d(x)))? +12(dAp (x* + y*, 2x)).

Comparing the above two equations, we get

(2(dx))? + (2 (d(Ap (X2, ¥?) + Ap(x* + ¥, 2x)))))
= 11(x?)(12(dp)? + 11 (¥P)(12(dx)P + 11 (xP + pP)2(dAp(x, p))
=11 (x?)(2(dy)? + 11 (PP (2 (dx)P + 02 (A(x? + yP)Ap(x, »))).

Therefore,

L2(d®p(x, )
= 1 (d((x? + yP)Ap(x, p) — 3 (Ap(x% ¥%) + Ap(x? + ¥2,2x))))
= (2(d(x»))? =11 (xP)(12(dp))? — 11 (¥P) (12 (dx))”. 0
For a weakly restricted Poisson algebra, it is desirable to consider the compati-
bility between the p-map and the associative multiplication. By removing ad from
(E3.2.3) (which can be done in some cases), we obtain (E3.4.1) below. Similarly,
if we remove ad from (E3.2.2), we obtain (E3.5.1) below. Both Lemma 3.2 and

Proposition 3.3 suggest the following definition. Following Lemma 3.2(2), condition
(E3.4.1) is forced.

Definition 3.4. Let (4,-,{—,—}, (—)'?}) be a weakly restricted Poisson algebra
over K. We call A a restricted Poisson algebra if, for every x € A4,

(E3.4.1) (x)P = 2xPx 1Py,
In this case, the p-map (—)'?} is a restricted Poisson structure on A.

Next we give another description of condition (E3.4.1) which is convenient for
some computations.
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Proposition 3.5. Let A be a weakly restricted Poisson algebra.

(1) Suppose (E3.4.1) holds. Then (A1 4)'?} =0 forall A € k.

(2) Equation (E3.4.1) holds for all x € A if and only if every pair of elements
(x, y) in A satisfies

(E3.5.1) (xp) P = xPytPl 4 yPxtPh 4 @ (x, p).
Consequently, A is a restricted Poisson algebra if and only if (E3.5.1) holds.

(3) Suppose (E3.5.1) holds. Then

(E3.5.2) (x")P} = px (=P Lp}

for all n. As a consequence, (xP)?} =0 for all x € A.

@) If (14)'7* = 0, then (E3.5.1) holds for pairs (x, 14) and (M 4,x) for all
x e Aandall A €k

Proof. (1) Clearly, lf‘lp} =2- lﬁ 1;{41'} and hence 1;{41'} = 0. For every A € K,
(M) =221 = 0.

(2) The “if” part is trivial since ®,(x, x) = 0 for any x € 4. Next, we show the
“only if” part. By (E3.4.1) and Definition 1.1(3), we have

((x+ )P =2(x + P)P(x + )P =207 + pP) (P + 1P+ Ap(x, 7).
Since (A4, {—.,—}, (—)'?}) is a restricted Lie algebra, by Definition 1.1(2,3) we have
((x+ )37

= (x? 4+ y* 4+ 2xy)'P

= (x> + )P 2P (x)) P + Ap(x® + y%. 2xy)

= ()P + P+ Ap(x® y?) + 27 (xp) P+ Ap (X + 2. 2xy)

= 2xPx P 4 2pP p P A (2%, 7)) +2(x0) P + Ap(x7 4 y7. 2x ).
Comparing the above two equations and using 2 # 0, we obtain (E3.5.1).

(3) This follows by induction.

(4) First of all, (A14)'? = A21'7" = 0 for all A € k. The assertion follows by the
fact ®,(A14,x) = Pp(x,Aly) =0. |

Remark 3.6. Several remarks are collected below.

(1) As in [Bezrukavnikov and Kaledin 2008], we assume that p > 3. So the
polynomial ®,(x, y) in (E3.2.1) is well defined. When p = 3, we have

®3(x, p) = xX2p{y, ¥, X} + xp2x, x, ph+ xpix, pi

For p > 3, itis too long to write out all the terms as above.
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(2) Considering ®,(x, ) as an element in FP(V'), where V = kx @ ky, it is
homogeneous of degree p 4 1 with respect to deg, and homogeneous of degree 2 p
with respect to deg;.

(3) Bezrukavnikov and Kaledin [2008, Definition 1.8] defined a restricted Poisson
algebra as a weakly restricted Poisson algebra (4, {—,—}, (—)?}) such that the
p-map satisfies

(E3.6.1) (xy)tPh = xP ptPi 4 pPxiPh 4 P(x, y)

for all x, y € A. Here P(x, y) is a canonical quantized polynomial determined by
[Bezrukavnikov and Kaledin 2008, (1.3)]. We will show that (E3.6.1) is equivalent
to (E3.5.1).

(4) P(x,y) is defined implicitly, but it follows from [Bezrukavnikov and Kaledin
2008, (1.3)] that P(x, x) = 0. Therefore a restricted Poisson algebra in the sense
of [Bezrukavnikov and Kaledin 2008, Definition 1.8] is a restricted Poisson algebra
in the sense of Definition 3.4.

(5) There are other interpretations of ®,(x, y). Using

xy=glx+ 1> =x-»72

we obtain that
(E3.6.2) (xp)P = xPytP 4 yPxP 4 @ (x, p),
where

(B3.63) @, (x.y)=3A,((x+ )2 —(x—»)?)
+ 5 (P + yP)Ap(x, ¥) = (X7 = pP)Ap(x, = ).

One can show that ®,(x, y) = CID’p (x, y) in the free Poisson algebra generated by
x and y.
(6) The following are clear by definition.

@ Ap(x,y)=Ap(y,x)forall x,y € 4.

(b) If {x, y} =0, then A,(x,y) =0.

(c) ®p(x,y)=Pp(y,x) forall x,yc A.

(d) If {x, y} =0, then ®,(x,y) =0.

Lemma 3.7. The definitions of restricted Poisson algebras in Definition 3.4 and
[Bezrukavnikov and Kaledin 2008, Definition 1.8] are equivalent.

Proof. Let P(x, y) be the polynomial defined in [Bezrukavnikov and Kaledin 2008,
(1.3)]. By Proposition 3.5(2), it remains to show that P(x, y) = ®,(x, y). Let
Lie(V) be the free Lie algebra over a vector space V' and consider the tensor (free)
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algebra T'(V) as a universal enveloping algebra over Lie(V). Then we have a
Poincaré-Birkhoff—Witt filtration on 7'(V'). The free quantized algebra Q°*(V) is
the Rees algebra associated to this filtration. By definition, for each #,

Fui=FT(V)=k® L*(V)B (L (V) ®--- & (L (V)"

We are omitting the symbol /z which represents the natural embedding /2 : Fo — Fo 11
in the Rees ring. Taking V' = kx @ Ky, inside the Rees ring we have
P+ yP)2 4 (Ap (e, 1)) + Ap(x, )P + yP) + (3P + yP)Ap(x, p)
= (P + P+ Ap(x. 1))
=(x+ )%
= x>+ y*+xy+ yx)?
= (X2 +pH)2 + (xy + yx)? + Ap(x? + p?, xy + px)
= X224 p2P 4 Ap(x2, 9?) + (x0)? + (1X)? + Ap(xy, yx)
+Ap(x* + y%, xy 4 yx),
and hence
()P + (yx)? =xPyP — yPxP
= Ap(x, )P 4 pP) + (6P + yP)Ap(x, ¥) + (Ap(x, 1))
— Ap(x?, %) = Ap(xpy, yx) = Ap(x® + y?, xy + yx).
On the other hand,
[x. 017 = (xy = yx)? = (xp)P = (3x)P + Ap(xy, —px).

So we have
2P(x,y) = 2((xy)? —xP y?P)
= Ap(x, )P + P) + (6P + pP)Ap(x, 3) = Ap(x?, y?)
—Ap(x®+ 12, Xy + yx) + (Ap(x, y)* = Ap(xy, yx)
= Ap(xy, —yx) +[x, y]” = [xP, y*].
In fact, it is easily seen that (Ap(x, y))? € F,, [x, y]? € Fp. On the other hand,
[x?, y?] = ad? (y?) = —ad? ™" (ad? (x)) € F,

where adx () = [x, y]. By (E1.1.3), we have

Aplxy,yx) = Y

X=Xy Or yX

1
—  ad, ---ad , ,
#(xy) a X1 a Xp_z([yx xy])
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where #(x ) is the number of xy in the collection of possibly repeated elements
{X1,X2,...,Xp—2, yx, yx}. Since

yx,xy]=[yx, yx +[x, y]] = [yx,[x, y]] € Fa,

we have A,(xy, yx) € Fp. Similarly, A,(xy,—yx) € F,. By definition (see
[Bezrukavnikov and Kaledin 2008, (1.3)]), P(x, y) is homogeneous of degree
p + 1. Therefore, after removing lower-degree components,

2P(xa Y) = Ap(xv )’)(xp + yP) + (xP + yp)Ap(x» J’)
—Ap(x?, 1?) = Ap(x? + p%, xp + px).
Since the multiplication is commutative in a Poisson algebra, we have

P(x,p)=(P4+pP)Ap(x, )= 3 (Ap(x% D) +Ap (X242 2xp)) =®p(x, ). O

4. Elementary properties and examples
We start with something obvious.

Definition 4.1. Let (4, -, {—,—}, (—)!?}) be a restricted Poisson algebra. A Poisson
ideal I of A is said to be restricted if x'P} € I for any x € I.

The proofs of the following three assertions are easy and omitted.

Lemma 4.2. Let A be a restricted Poisson algebra. Suppose that I is a Poisson

ideal of A that is generated by {x; | i € S} as an ideal of the commutative ring A. If

xip}

; €l foranyi € S, then I is a restricted Poisson ideal.

Proposition 4.3. Let A be a restricted Poisson algebra and I a restricted Poisson
ideal of A. Then the quotient Poisson algebra A/ is a restricted Poisson algebra.

Clearly, we have the following fact.

Proposition 4.4. Let f: A — A’ be a homomorphism of restricted Poisson algebras.
Then Ker f is a restricted Poisson ideal of A.

Let A? be the subalgebra of A generated by { f? | f € A} —the image of the
Frobenius map.

Lemma 4.5. Let A be a Poisson algebra and f, g, h € A. Then the following hold.
(1) fPPp(g,h) —Pp(fg, h)+ Pp(f. gh) —hPPp(f,g) =0.
(2) If f is in the Poisson center of A, then fP®,(g,h) =P, (fg,h)=Dp(g, fh).
(3) ©p(f.8+h) —Pp(f.8) —Pp(f. 1) = Ap(fg, f1)— fPAp(g. D).
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Proof. 1t is clear that (2) is a consequence of (1). It suffices to show assertions
(1) and (3) for the free Poisson algebra FP(A4) since there is a surjective Poisson
algebra map FP(4) — A (Lemma 2.4). So the hypothesis becomes that f, g, i are
in a k-space V sitting inside a free Poisson algebra FP(V).

When A4 is a free Poisson algebra FP(V'), by Lemma 2.5(1), ¢, is injective. It
follows from Lemma 2.5(2) that

(a) the kernel of the map
A5 Q25 P(A)
is AP.

Let {v;}ics be a basis of the V. Let A€ be the A?-submodule of 4 = FP(V)
defined before Lemma 2.6. Then

(b) A°N AP ={0} and Ap(x,y) € A€ for all x, y € K[V] by Lemma 2.6(2).
Now we prove (1) and (3) under conditions (a) and (b).

(1) Forall f,u€ A, wehave d( fPu)= f? du and t,(d(fPu))=(f?,0)(0,du) €

P(A). By Proposition 3.3,

(P Pp(g.h)) = (/7.0)(0.d(gh))? —(/Pg”,0)(0,dh)? —(fPhP,0)(0,dg)”.
12(dD,(fg.h) =(0.d(fgh))? —((f£)?.0)(0.dh)? —(h?,0)(0.d(fg))”.
12(d®,(f,gh)) = (0.d(fgh)? —(f7,0)(0,d(gh))” —((gh)?.0)(0.df)?,

(d(hP D,(f.2))) = (h?,0)(0.d(fg))” —(h” f7,0)(0,dg)” — (hP gP,0)(0,d f)”

for all f, g, h € V. It follows that

(d(fPPp(g. h) = @p(f2. 1) + Pp(f. gh) — ®p(f. 8)h?)) = 0.

By condition (a), we get

X = fPop(g.h)—Dp(fg.h)+ Pp(f.gh) —hP Pp(f. g) € AP.

By definition, X is in the A?-submodule generated by A,(x, y) forall x, y € 4,
or in A€ as given in condition (b). But since A? N A¢ = {0} by condition (b), we
obtain that X' = 0 and that the desired identity holds.

(3) The proof is similar to that of (1) and is omitted. O
Proposition 4.6. Let A be a weakly restricted Poisson algebra.
(1) If (x, y) satisfies (E3.5.1), then so do (x,Ay) and (Ax, y) for all A € k.

(2) Let f,g,h € A. Suppose that (f, g) and (g, h) satisfy (E3.5.1). Then (fg,h)
satisfies (E3.5.1) if and only if (f, gh) does.

(3) If (f, g) and ([, h) satisfy (E3.5.1), then so does (f, g + h).
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(3" If (g, f) and (h, [) satisfy (E3.5.1), then so does (g + h, ).

(4) Fixan x € A and let Ry be the set of y € A such that (x, y) satisfies (E3.5.1).
Then Ry is a K-subspace of A.

(4) Fixan x € A and let Ly be the set of y € A such that (y, x) satisfies (E3.5.1).
Then Ly is a K-subspace of A.

Proof. (1) Assuming (E3.5.1) for (x, y), we have
(AP = (h(xp)) PP = 1P (xp)tP
- Ap(xpy{p} + ypx{p} + ®,(x, )
= xP ((Ay){P} + (Ay)Px{P} -|—)J’<I>p(x, y))
= xP ()P + ()PP 4 @p(x, 1)),
where the last equation is Lemma 4.5(2). So (x, Ay) satisfies (E3.5.1). Similarly
for (Ax, p).

(2) By symmetry, we only prove one implication and assume that ( fig, &) satisfies
(E3.5.1). We show next that ( f, gh) satisfies (E3.5.1):

(f(gM)? = ((fo)m)'? = (f)Ph'P + hP (f2)'P! + ©p(fg. h)
= (JO)P WP+ (f7g'P + g7 117+ @p(f. 9) + Bp(f2. )
— fpgph{p} + fphpg{p} + gphpf{p} + q)p(fg,h) + hquP(f, 2)
= fPgPhiP} 4 fPRPgiP} 4 gP]P (1P}
+ fP®,(g, h)+ Py(f, gh) by Lemma 4.5(1)
= [P(e"h'P + hPg' P! + Dy(g, b)) + (gh)? [P} + ©p(f. gh)
= [P(gh)'? + (gh)? [P + @y (f, gh).
(3) Assume (f, g) and (f, h) satisfy (E3.5.1). Then

(f(g+m)? = (fg+ [P
= (/" + (I + Ap(fg. [)
- fpg{p} + gpx{p} +®,(f,g) + xPpiry hpf{p}

+ @ (f. 1)+ Ap(fe. S h)
= fP(g" +hP 4 Aplg. ) + (g + )P 1P+ @p(f.g +h)
= fP(g + W)+ (g + WP [P+ @p(f.g +h).

where the second-to-last equality is deduced from Lemma 4.5(3). So (f, g + h)
satisfies (E3.5.1).
(3') is equivalent to (3).
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(4) Let
Ry ={y € A|(E3.5.1) holds for the pair (x, y)}.

By Proposition 4.6(1), we have

(i) if y € Ry, then so is Ay for all A € k.
By Proposition 4.6(3),

(ii) if g,h € Ry, thensois g + h.

By (i) and (ii) above, Ry is a k-subspace of A.
(4) This is true because Ly = R,. O

The following result will be used several times.

Theorem 4.7. Let A be a weakly restricted Poisson algebra. Let b := {b;};cs be
a k-basis of A. If (E3.5.1) holds for every pair (x,y) C b, then A is a restricted
Poisson algebra.

Proof. We need to show that (E3.5.1) holds for all x, y € A. First we fix any x € b
and let

R, ={y e A]| (E3.5.1) holds for the pair (x, y)}.

By Proposition 4.6(4), Ry is a k-subspace of A. By hypothesis, we see that b C R.
Since b is a basis of 4, Ry = A.
Next we fix y € A and consider

Ly, ={x € A|(E3.5.1) holds for the pairs (x, y)}.

Similarly, by Proposition 4.6(4), L, is a K-subspace. It contains b because Ry = A
for all x € b (see the first paragraph). Hence, Ly, = A. This means that (E3.5.1)
holds for all pairs (x, y) in A. Therefore A is a restricted Poisson algebra. O

One of the main goals of this paper is to provide some interesting examples of
restricted Poisson algebras. In the rest of this section we give some elementary (but
nontrivial) examples. We would like to give a gentle warning before the examples.
We have checked that all p-maps given below satisfy (E3.5.1); however, our proofs
are tedious computations and therefore omitted. On the other hand, since the
p-maps are explicitly expressed by partial derivatives, one can verify the assertions
with enough patience. More-sophisticated examples are given in later sections.

Example 4.8. Let A =K[x, y] be a polynomial algebra in two variables x, y, where
the (classical) Poisson bracket is given by

(E4.8.1) {f g} = fxgy— frex
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forall f, g € A, and fx and f) are the partial derivatives of f* with respect to the
variables x and y, respectively. (The bracket defined in (E4.8.1) was the original
Poisson bracket studied by many people including Poisson [1809] when k = R.)

(1) Let k be a base field of characteristic 3. For every f € A, we define

(E4.8.2) I3 = f2foy + [} fax + fefo frys

where fxx. fyy and fx, are the second order partial derivatives of f. Then
(4,-,{—.—}, (—){3}) is a restricted Poisson algebra.

(2) Let k be a base field of characteristic 5. For every f € A, define

E483) [ =1L foona+ 12 fofrooo+ fE 12 frie+ A5 fina+ £ fin
+ f12(f7 faza = [T o Sroa— 1 S5 iz + 15 finn)
— fi 2 fr2 =2 /1 fa Sz + f5 finn)
— (S5 fiiz =22 f1 fiza + S f222)
+2(/5 = f11 22T o2 =21 o fi2 + 12 1)

where f;,i,-i, denotes the k-th order partial derivative of f* with respect to the
variables x;,, X;i,, ..., X;j,. Then (4, -, {—,—}, (—){5}) is a restricted Poisson
algebra.

See Example 7.3 for general p. It would be interesting to understand the meaning
of (E4.8.2) and (E4.8.3) and to find its connection with other subjects.

The next two are slight generalizations of the previous example.

Example 4.9. Suppose chark = 3 and let 4 = K[x, y] be a polynomial Poisson
algebra in two variables x, y, where the Poisson bracket is given by

{8t =0(/xgy— fv&x).
and ¢ = Ax + uy +v, A, u,v € K. Forevery f € A, we define
E4.9.1) /P =hofe [ + 1ol fy
+ (Pz(fxzfyy + fyzfxx + fx Sy fxy) + )\2)7fy3 + szfx?’-
Then (4, -, {—,—}, (=)?) is a restricted Poisson algebra.

Example 4.10. Suppose chark = 3 and let A = K[x{, x5, ..., x,] be a Poisson
algebra, where the Lie bracket is given by {x;, x;} = 2¢;; € K with ¢;; +¢j; = 0 for

1 <i,j=n. Clearly, { f,8} =D 1<; j<n Cij(fig — [ &) for f, g € A, where f;
denotes the partial derivative of f with respect to the variable x; fori =1,2,...,n.
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Then A is a restricted Poisson algebra with the p-map given by
=" e fifi S
1<i,j,k,I<n

for any f € A, where f;; is the second partial derivative of f with respect to the
variables x; and x;.

5. Existence and uniqueness of restricted structures

By Lemma 3.2(2), a weakly restricted Poisson structure on a Poisson algebra is
very close to a restricted Poisson structure (up to a factor in the Poisson center). In
this section, we study the existence and uniqueness of (weakly) restricted Poisson
structures. First we consider the trivial extension.

Lemma 5.1. Let A be a Poisson algebra, and let A = K1 4 ®m be its decomposition
as a Lie algebra.

(1) If x — x'P} is a restriction p-map of the Lie algebra w, it can naturally
be extended to A by defining lilp Y'=0. Asa consequence, A is a weakly
restricted Poisson algebra.

(2) If, further, the p-map on m satisfies (E3.4.1), then so does the extended p-map
on A. In this case, A is a restricted Poisson algebra.

Proof. (1) This follows from Lemma 1.3. For all A € k and x € m, the p-map is
defined by (A14 + x)?} = x {73,

(2) We check (E3.4.1) for elements in A as follows:
(Mg +x)HP = (A1 4+ 20x + x2)P
= 2Ax + x2)P = 2ax)P  (xH)WP
= 2APxP} 4 2xPx'Pr = 2(A1 4 + x)Px'P}
=2(Ayg 4+ x)P (A4 + x)'P,
Therefore A is a restricted Poisson algebra. O

The following example is immediate.

Example 5.2. (1) Let L be a restricted Lie algebra and let A = k14 @ L, where the
associate product on L is 0. Then A4 is a Poisson algebra in the obvious way. Both
sides of (E3.4.1) are zero for elements in L (since L - L = 0). By Lemma 5.1(2),
A is a restricted Poisson algebra.

(2) Consider the special case when L = kx + Ky is a solvable Lie algebra with
[x,y] =x. For f =A{x+ A,y € L, we define the p-map by

P =287 x4 20).
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It is straightforward to check that (L, (—)'??) is a restricted Lie algebra. Let
A=Kl 4® L. Then, by part (1), A is a restricted Poisson algebra. As a commutative
algebra, A =K|[x, y]/(x2, xy, y?) with k-linear basis {1, x, y}. The Poisson bracket
is given by {x, y} = x.

Let L be a restricted Lie algebra. It is well known that the p-map of L is unique
up to a semilinear map from L to Z (L), where Z(L) is the center of L. Recall
that a map y: L — Z(L) being semilinear means that for any x, y € A and A € k,

y(x+y)=yx)+r0).
y(hx) = APy (x).
The following lemma is well known and easy to prove.
Lemma 5.3. Let (L, (—)P)) be a restricted Lie algebra.

(1) Let (—)'?} be another restricted Lie structure on L. Then there is a map
y 1 L — Z(L) such that ()7} = (=)lP1 4y,

(2) Let y be a map from L to Z(L). Then (—)'P) + y is a restricted Lie structure
on L if and only if y is a semilinear map from L to Z(L).

Let A be a Poisson algebra over k and Z(A) the center of A. Observe that Z(A)
is a left A-module with the action given by

AxZ(A)— Z(A), (a,z)—a’z.

A semilinear map ¥: A — Z(A) is called a Frobenius derivation of A with the values
in Z(A) provided that ¥ (ab) = a?y(b) + bPy(a) for any a, b € A. For example,
if Yo: A — A is a derivation, then ¥: A — Z(A), defined by ¥ (a) = (Yo(a))? for
all a € A, is a Frobenius derivation of A with the values in Z(A).

By Lemma 5.3(1), any two restricted Poisson structures on A differ by a semi-
linear map y which appears in the next proposition, which was mentioned in
[Bezrukavnikov and Kaledin 2008, p. 414].

Proposition 5.4. Let (A, -, {—.,—}, (—)?) be a restricted Poisson algebra and y a
map from A to itself. Then the map (—)'P} + y is a restricted Poisson structure if
and only if y is a Frobenius derivation of A with values in Z(A).

Proof. Let (—)?}1: 4 — A be another p-map such that (4, -, {—,—}, (—)?}1) is also
arestricted Poisson algebra. Since (—)#}1 and (—)!?} are restricted structures on Lie
algebra (4, {—,—}), ¥ = (=)P'1 — (=)} is a semilinear map from 4 to Z(A) by
Lemma 5.3. Moreover, forany x, y € A, (xy)?1 =x? ptPh4yPxiPhi4 @, (x, ),

and
y(xp) = (xy)P = (xp)?
— xp(y{P}l _y{P}) + yp(x{P}l _x{P})

=xPy(y) +yPy(x).
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It follows that y is a Frobenius derivation of A with values in Z(A).

Conversely, it follows from Lemma 5.3 that the map (—)*?} 4y is also a restricted
Lie structure on (A4, {—,—}), since y is a semilinear map from 4 to Z(A4) and (—)?}
is a p-map of Lie algebra (A4, {—,—}). Moreover, for any x, y € 4,

NP +y(xy) =xP P +y () + 2P (P 4y (x) + Pp(x, ).

It follows that the Poisson algebra A together with the map (—){?} +y is a restricted
structure. O

By Proposition 5.4, the p-map of a restricted Poisson algebra is unique up to
Frobenius derivations.

Remark 5.5. Let (4,-,{—.,—},(—)'?}) be a restricted Poisson algebra and let
y : A — Z(A) be a semilinear map. Suppose that y is not a Frobenius derivation
(which is possible for many A) and defines a new p-map (=)} = (—){?} + y.
Then by Proposition 5.4, (4, -, {—,—}, (—)"t?}) is not a restricted Poisson algebra,
but it is still a weakly restricted Poisson algebra by Lemma 5.3(2).

6. Restricted Poisson algebras from restricted Lie algebras

We start with a general result.

Theorem 6.1. Let A =K|[x; |i € T'| be a polynomial Poisson algebra with an index
set T. If for each i € T, there exists y(x;) € A such that adfzi = ad,(x,), then A
admits a restricted Poisson structure (—)?} such that xlip b= y(x;) foralli € T.

Proof. First we show that A has a weakly restricted Poisson structure, and then
verify that the weakly restricted Poisson structure satisfies (E3.5.1).

For the sake of simplicity, we assume that T"={1,2, ..., n}. To apply Lemma 1.3,
we choose a canonical monomial K-basis of A, which is

{xlllxlzz...x;ln |ll,12,,ln20}

We define (xi‘xéz -+ x!m){P} inductively on the degree i1 + ip + - - + iy, such that

p
P o =ad, i i
(X’ll xlzzmx,ﬁ” (xll x22-~-x,,"){1’}’

and therefore get the restricted Lie structure on (4, {—,—}) by Lemma 1.3. For
convenience, we write x/ =x\'x7 e xg and [I| =i+ -+ip for I = (i1, ..., in).
If |I| = 0, then x! = 1 and we define 1'7* = 0, and if |I| = 1, then x! = x;
}p} = y(x;) for each 1 <i < n. By hypothesis,
ad?, = ad(, ryep; for any I with [1| =0, 1.
We proceed by induction and assume that (x7){?} has been defined such that
adi’, = ad(,rytpy for any x! with |I| < m. For each monomial x! of degree

for some 1 <i <n. We define x
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m + 1, we assume that k is the smallest subscript such that iz > 1 in I, i.e.,
I1=(0,...,0,ig,...,in), and define
I ie—1_i - i1 _i in\p AP}
(E6.1.1) (xH)? = xp (xk X coxImyiPh g (CFANRE A e x)P P
F 1 i .
+®p (Xk. X! xkkjllw-x,’,").

By Lemma 3.2(1) for (x, y) = (xg, x,ik_lx;{":ll ---xf,") and the above definition,

we have adfz 1 = adrytp forany |I| =m + 1, which completes the induction. By
Lemma 1.3, 4 has a weakly restricted Poisson structure.

Now let b be the set of all monomials, which is a k-basis of 4. We prove that
(E3.5.1) holds for any pair of elements (x, y) in b by induction on deg x + deg y.
If x or y is 1, then (E3.5.1) holds trivially, which also takes care of the case when
m :=degx +deg y < 1. Suppose that the assertion holds for 7 and now assume
that degx +degy =m + 1. Let

Xy = x,i"'x;{’j":ll --~x£,", where i > 0.

By (E6.1.1), the pair (xk,x;;"_lx;(kjll .-+ xImy satisfies (E3.5.1). By symmetry,
we may assume that x = x;g. Then the above says that the pair (xg, gy) sat-
isfies (E3.5.1). By the induction hypothesis, the pairs (x;, g) and (g, y) satisfy
(E3.5.1). By Proposition 4.6(2), (x, y) = (xg, ) satisfies (E3.5.1). By induction,
(E3.5.1) holds for any two elements in b. Finally the main statement follows from

Theorem 4.7. O
As a consequence, we have the following.

Example 6.2. Let L be a restricted Lie algebra. We claim that the polynomial
Poisson algebra 4 := K[L] (also denoted by S(L)) is a restricted Poisson algebra.
Let {x;};cs be a basis of L. Then, for each i, there is an y(x;) := xl[p] € L such
that adfgi = ad, (x,) when restricted to L. Since 4 is a polynomial ring over L, both
ad,’c’,. and ad, (,) extend uniquely to derivations of A. Thus adfc’i = ad, (x;) holds
when applied to A. The claim follows from Theorem 6.1 and there is a unique

restricted structure (—)?} on 4 such that
xP=xPl vxelL.

Let V be a vector space. Then the free restricted Lie algebra RLie(1') can be
defined by using the universal property or by taking the restricted Lie subalgebra of
the free associative algebra generated by V' with the p-map being the p-powering
map. Now we can define the free restricted Poisson algebra generated by V.

Definition 6.3. Let V' be a k-space. The free restricted Poisson algebra generated
by V is defined to be
FRP(V) = k[RLie(V)].
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The following universal property is standard [Shestakov 1993, Lemma 1, p. 312].

Lemma 6.4. Let A be a restricted Poisson algebra and V' be a vector space. Every
K-linear map g : V — A extends uniquely to a restricted Poisson algebra morphism
G :FRP(V) — A such that g factors through G.

Continuing Example 6.2, when L is a restricted Lie algebra over k and S(L) :=
k[L] the symmetric algebra on L, then S(L) admits an induced restricted Poisson
structure. One natural setting in positive characteristic is to replace the symmetric
algebra S(L) by the truncated (or small) symmetric algebra s(L). By definition,
when L has a K-basis {x;};e7,

(E6.4.1) s(Ly=K[x; |i eI]/(x!, Yiel).

It is easily seen that s(L) admits a Poisson structure with the bracket

(g} = Z(%a—g - ia—g){xi,xj}
i,j

dx; 0x;  0x;j 0x;

for any f,g € s(L). Next we show that s(L) has a natural restricted Poisson
structure.

Theorem 6.5. Let L be a restricted Lie algebra over K of characteristic p and let
s(L) be the Poisson algebra with the bracket induced by L. Then s(L) admits a
natural restricted Poisson structure induced by the p-map of L.

Proof. By Example 6.2, S(L) has an induced restricted Poisson algebra structure.
By (E6.4.1),
s(L) = S(L)/J,

where J is the Poisson ideal generated by xf for all i € I. By Proposition 3.5(3),
(x7)tP} = 0. By Lemma 4.2, J is a restricted Poisson ideal as desired. O

7. Restricted Poisson algebras from deformation quantization

Bezrukavnikov and Kaledin [2008, Section 1.2] showed that a Frobenius-constant
quantization automatically gives a restricted Poisson algebra. In this section, we
consider a special deformation quantization of a Poisson algebra to produce more
examples under a weaker condition.

Let A be a commutative (associative) algebra. Let K[¢] be the formal power
series ring in one variable ¢t. A formal deformation of A means an associative
algebra A[t] over K[¢] with multiplication, denoted by m1;, satisfying

miya®b)y=axb=ab+m(a,b)t+---+my(a,b)t" +---

for all a,b € A C A[t]. We should view A[¢] as the power series ring in one
variable ¢ with coefficients in A where the associative multiplication m; (or the star
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product ) is induced by a family of k-bilinear maps {m;: A @ A — A};>¢ with
mo(a,b) = ab.

Define a bilinear map {—,—}: A® A — A by setting {a, b} =m(a,b)—m (b, a).
It is easy to check that A together with the bracket {—,—} is a Poisson algebra.
Then (A4, {—,—}) is called the classical limit of (A[t], m;), and (A[¢], m,) is called
a deformation quantization of the Poisson algebra (A4, {—,—}).

For every f € A, we write the p-power of f as

(B7.0.1)  f*P =" MP(/)" = fP+ M (/)i +MI(f)i*+--- € Al],

n=0
where MP (f) € Aforalli =0,1,2,....
Proposition 7.1. Let (A4,-,{—,—}) be a Poisson algebra over K and let (A[t]), *)

be a deformation quantization of A. If M (f) =0 for 1 <n < p—2and f? is
central in A[t] for all f € A, then A admits a restricted Poisson structure.

Proof. Recall that f g = Y 0> my,(f, g)t" € A[t] for all f,g € A, where
my(f, g) € A for all n. By the definition of the deformation quantization,

{f.g}=mi(f.8)—mi(g. [)
for all f, g € A. Considering the Frobenius map f + f*? in A[t], we get

(E7.1.1) [f*P, gl« = [LJ glx

D copies

forall f,g e A.
Since [/, gl« = { /. g}t (mod¢?) and [—,—]« is K[¢]-bilinear, we have

[fo-o fogle={/.... [ g}t? (modPHY).

N— — N——
D copies D copies

By assumption, M7 (f)=0for1 <n < p—2and f? is central in A[¢]. Using
the fact that (E7.1.1) or adr+»(g) = (ady)?(g), it follows that

(M2_(f).ght? =1{f..... [.ght? (mod P+
D copies
or

(E7.12) {M]_\(f).g}=mi(My_, (). )=mi(g. M_ (/N ={f-... [}
D copies

for all g € A. We define [P} = le_l (f) forany f € A, and prove that the map
f—>M 5 _1(f) gives rise to a restricted Poisson structure on A.
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Note that Definition 1.1(1) follows from (E7.1.2). Definition 1.1(2) follows from
the fact that (A f)*? = AP f*P. For the condition in Definition 1.1(3), we consider
the Frobenius map of A[¢], and get a restricted Lie structure of (A[¢], [—,—]«). It
follows from Example 1.2 that

(f+ )P — [P —g"P = A (f. 2).
Computing the coefficients of 77~! in the above equation, we get

(E7.1.3) (f + )P — 1P —glPh = A (f, g)

as desired.
Finally it remains to show (E3.4.1). By assumption, M} (f) =0forall 1 <n <
p — 2. We compute the coefficient of 77! in the expression of f*2? as follows:

f*,Zp — f*p*f*p
= (P +PT M ()4 ) x (PP ME () )

= f2P+2f”le’_1(f)tP_1 (mod 7).
Assume that f * f = f2 +tW, where
W =m(f, f)+ma(f. )1+

It follows that
S = () = (W)
= ([ P+ WP + N5 (f2 W)
= 2P+ M) (f*)P7! (mod ).

Therefore, for all £ € A, £27 =217 £(P} which is (E3.4.1). O
Before giving some explicit examples, we recall a result.

Lemma 7.2 [Bezrukavnikov and Kaledin 2008, Lemma 1.3]. Let B be an associa-
tive algebra over a base field k of characteristic p > 0, and let B, By = B,
By = [B, B(k—1)] be its central series with respect to the commutator. If B,y =0
and Bé) = 0, then the Frobenius map x + xP? preserves the addition and the mul-
tiplication.
Example 7.3. Let A := K[x, y] be a polynomial Poisson algebra over a field k of
characteristic p > 3 with the bracket given by {x, y} = 1.

By a direct calculation, the Poisson algebra A admits a deformation quantization
(A[z], *) with the star product given by

(E7.3.1) fre= Y mfon= Y S@N@e)

0<n=<p-1 0<n=<p-1
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for all f, g € A, where d; and d, are the partial derivatives of f with respect to
the variables x and y, respectively.

Clearly, f?xg = fPg =g fP forany f,g € A, whence f? is central in
A[t]. Moreover, for every f € A, we claim that

MP(f)=0 forl<n=<p-2.
In fact, for any f, g € A C A[t], we have
[/ glk=[fxg—gx*[e).

It follows that
[f. gl? € (1P),

and

[fises fole € P71

for all fi,..., fp € A[t]. Since ¢ is central, we can define the quotient algebra
B := A[t]/(t?~1). The above computation shows that B(py =0 and Bé) =0. By
Lemma 7.2, it follows that the Frobenius map b + b*? of B is additive and mul-
tiplicative. By (E7.3.1), an easy computation shows that x*? = x? and y*? = y?

in A[t]. For each f € A, let f be the corresponding element in B. Then
FP=freB

since the map f — f P preserves the addition and the multiplication in B. It
follows that f*? — f? ¢ (t?~1) and therefore MY = 0forany 1 <n < p—2.

By Proposition 7.1, 4 admits a restricted Poisson structure with the p-map
[P = le_l (f) forany f € A. The p-map agrees with (E4.8.2) when p = 3
and (E4.8.3) when p = 5.

The next example is a generalization of the previous one.

Example 7.4. Let 4 :=K[x, ..., X;] be a polynomial Poisson algebra with Pois-
son bracket determined by {x;,x;} =¢;j e kfor 1 <i < j <m. Let u denote
the associative product of A which is extended to the power series ring of 4. Let
0; 1= 0/0x; for all 1 <i < m. For each scalar ¢ € K, let exp(fcd; ® ;) be the
operator

> (cnl.)n 07 @97 : Alf]® Al1] - Al] ® 4[]
0<n<p—1

By a direct calculation, a deformation quantization (A[¢], *) of the Poisson algebra
A is given by

ree=n( TT waass)y ®g))

1<i<j<m
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for all f, g € A. Clearly, f? € A C A[¢] is central for any f € A. Being similar
to the proof of Example 7.3, we have M/ (f) =0 for 1 <n < p —2 and all
f € A. By Proposition 7.1, A admits a restricted Poisson structure with the p-map
i = le_l (f) forany f € A. When p = 3, the p-map is given in Example 4.10.

Example 7.5. Let By, =K|[x1,...,Xx2,]/I be the p-truncated polynomial Poisson
algebra in 27 variables over k, where the Poisson bracket is defined by

n

.8} =D (0:()n+i(2) = dn+1(/)0i(2))

i=1

for all f,g € B,,, and I is generated by xip, i =1,...,2n. Skryabin [2002]
introduced the notion of the normalized p-map on (B, {—,—}), say, 1'?} = 0 and
/P em? for all f € m?, where m is the maximal ideal of B,, as an associative
algebra.

We consider the Poisson algebra 4 = K[x1,..., X3,] in Example 7.4 with the
bracket given by c¢;j = 6;4n,; forall 1 <i < j < 2n. Clearly, xf is central and
I is a Poisson ideal of A. By Proposition 3.5(3), (x/)!?! = 0 for all i € /, and
by Lemma 4.2, I is a restricted Poisson ideal of A. Therefore, it follows from
Proposition 4.3 that the Poisson algebra B;;, admits a restricted Poisson structure.
Clearly, this p-map is normalized.

8. Connection with restricted Lie-Rinehart algebras

Some definitions concerning Lie—Rinehart algebras were given in Section 2. Let
A be a Poisson algebra and €2 4y its Kéhler differentials module. Then the pair
(A, 24k) is a Lie-Rinehart algebra over K, where the anchor map o : 4/ —
Der(A) is given in (E2.2.2). Dokas [2012] introduced the notion of a restricted
Lie—Rinehart algebra and studied its cohomology theory. The goal of this section is
to show that the Lie-Rinehart algebra (A, €2 4/) admits a natural restricted structure
if the Poisson algebra A is weakly restricted and €2 4/ is a free module over A.

Let (L, (=) and (L', (—)!?) be restricted Lie algebras. Amap f: (L, (—)?)) —
(L', (—)[P)) is called a restricted Lie homomorphism if f is a Lie algebra homo-
morphism and satisfies f(x!?!) = f(x)[?) for all x € L.

Definition 8.1 [Dokas 2012, Definition 1.7]. A restricted Lie—Rinehart algebra
(A, L, (—)!) over a commutative k-algebra 4 is a Lie-Rinehart algebra over A4
such that

(@) (L, (—)!)) is a restricted Lie algebra over K,

(b) the anchor map is a restricted Lie homomorphism, and
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(c) we have
(aX)[p] =aP x4 (aX)p_l (@)X
forallae Aand X € L.

We now prove Theorem 0.5.

Theorem 8.2. Let (A,-,{—,—}, (—)?}) be a weakly restricted Poisson algebra.
If the module of Kdhler differentials 2 4 is free, then the Lie—Rinehart algebra
(A4, 24k, ()P is restricted, where the p-map of Q24 /k s defined by

(x du)t?! = x? du'P} + (x du)? ! (x) du
Jorall x du € Q 4.

Proof. Since €24/ is a free A-module, €24/ can be embedded into the univer-
sal enveloping algebra U(A, €2 4/1) (Lemma 2.3). By the proof of [Dokas 2012,
Proposition 2.2], it suffices to show that

ad? 1, (v dv) = [x? dut?? + (x du)?~" (x) du, y dv]

for all x du and y dv €  4/k.
By Hochschild’s relation [1955, Lemma 1], we get in U/ (A4, L) the relation

(t2(x du))? = 13 (xP) (12(du))? + t2((x du) P~ (x) du)
for all x du € 2 4. Considering the Frobenius map of ¢/(A, L), we have

[(t2(dw)?, 11 ()] = [t2(du), . ..., 1a(du), 11 (¥)] = 11 ((ady) P (1)),
and hence
a(du)Piy(y) = 11 (¥)ea(du)? + 11 ((ady)? (1))

for all du € Q 4/ and y € A. Moreover, for x du, y dv € Q4 CU(A, L),

(11 (xP)(2(du))?, 12 (y dv)]
=11 (x?) (2 (du)) Py (¥)e2(dv) — 11 (¥)ea(dv)eg (xF) (2 (du))?
= 11 (xP) (11 () (12(dw)? + ¢1 ((adw)? (¥))) 2 (dv)
—11(1) (1 (xP)e2(dv) + 11 ({v. xP) (2 (du))?
=1 (x?p)[(2(du))?, 12(dv)] + 12 (xP (ady)? (¥) dv)
= 11(x? y)i2(adf, (dv)) + 12(x? (du)? () dv)
= 1 (xPy)2(d(ady (v) + t2(x? (ady)? (y) dv),
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and therefore,
12(ady ;, (v dv))
= [(2(xdu))?, 12(y dv)]
= [t1(x?) (t2(du))? + 2 ((x ady) P~ (x) du), 12 (y dv)]
= 11 (x?y)iz(d(adf (v))) + 12(x* (ady)? () dv) + 12 ([(v ady) P~ (x) du, y dv])
= a(x? yd(adf (v))) + 12(x? (ady)? (¥) dv) + 12 ([(x ady) P~ (x) du, y dv])
= 1, ([x? du'?’ 4 (x ad,)? "1 (x) du, ydv]),
and hence
ad? . (y dv) = [x? du'P} + (x ad,)? ! (x) du, y dv]
as desired. O

For Poisson algebras A in Examples 4.8—4.10, Example 6.2, Theorem 6.5, and
Examples 7.3-7.5, it is automatic that €2 4y is free over A.

9. Restricted Poisson Hopf algebras

We first recall the definition of Poisson Hopf algebras. The notion of a Poisson
Hopf algebra was probably first introduced by Drinfel’d [1985; 1987]; see also
[Doebner et al. 1990].

Definition 9.1. Let 4 be a Poisson algebra. We say that 4 is a Poisson Hopf
algebra if

(1) A is a Hopf algebra with the usual operations A, €, S’;

2) A:A— A® A and € : A — K are Poisson algebra morphisms and S : 4 — A
is a Poisson algebra antiautomorphism.

To define restricted Poisson Hopf algebras, we first need to show that the tensor
product of two restricted Poisson algebras is again a restricted Poisson algebra.

Proposition 9.2. Let A and B be two restricted Poisson algebras. Then there is a
unique restricted Poisson structure on A ® B such that

(E9.2.1) (a®b)'P =a'? QbP +a? @ bV

forallae A andb € B.

Proof. First of all, it is well known that 4 ® B is a Poisson algebra with bracket
defined by

{a1 ®b1,a, @by} ={ay, a2} @b1by +ayar @ by, by}

forall a;,a, € A and by, b, € B.
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Let {a;};er (respectively, {b;};cs) be a K-basis of A (respectively, B) and
assume that 14 € {a;}icyr and 1p € {bj};es. Then {a; ® bj};c1,jes is a K-basis of
A® B.

Foranya € A and b € B, ad5®b is a derivation. For any c ® d € A ® B, we have

ad? (c®d)=(1®d)adl, (c® D)+ (c®ad’,, (1®d)
= (1®d)(adf(c) ®b?) + (c ® 1)(a? ®ady (d))
= (1 ®d)(adyir (c) @ bP) + (¢ ® 1)(a? @ adyipi (d))
= (1 ®d)(adgingpr(c® 1) + (c ®1)(adypgpin: (1 ®d))
= (1®d)(ad ipgpr(c ® 1)) + (¢ @ 1)(ad,ip gpr (1 @ d))
+(1®d)(ad,pgpiri(c ® 1)) + (¢ ® 1)(adyprgpir: (1 @ d))
=ad i gpr(c ®@d) +adpgpir (c @ d)
= ad,tr@prrargpir (€ ® d).
In particular,

ad?

a; @b =ad

(@{" @b +al ®b!"")
forall i and j. Since {a; ® bj}icy,jes is a K-basis of A ® B, by Lemma 1.3, there
is a unique weak restricted Poisson structure on A ® B such that

(E9.2.2) (ai ®b))" =alP’ @bP +af @b

for all i, j, which agrees with (E9.2.1). It remains to show that this weak restricted
Poisson structure on A® B is indeed a restricted Poisson structure and (E9.2.1) holds.

We first prove (E9.2.1). By (E9.2.2), (a; ® 1){?} = al{.p} ® 1. It follows from
Definition 1.1 that

(E9.2.3) (@@ )P =4 g1

for all @ € A. By symmetry, (1 ® b)) = 1 ® b'?} for all b € B. Since
{a;®1,1®b;} =0, (E9.2.2) implies that the pair (¢; ® 1, 1 ® b;) satisfies (E3.5.1).
By Proposition 4.6(4), R, @1 is a K-vector space, and by assumption, {b;} is a
k-basis of B, so we have that R, g1 2 B. Or, for any b € B, the pair (¢; ® 1, 1®b)
satisfies (E3.5.1). By switching a and b and applying the same argument, one sees
that any pair (¢ ® 1, 1 ® b) satisfies (E3.5.1). This means that

@®bh)'” =@ )P (1b)? +@x)?(18h)7 +d,a®1,1®b)
=@® 1){17}(1 ®b)P +@® 1)17(1 ®b){P}
— a{P} ® bP + al’ ® b{P}'
So we proved (E9.2.1).
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For the rest, we claim that for any pair of elements (a; ® b;, a; ® b;), (E3.5.1)
holds. By using (E9.2.3), (E3.5.1) holds for all pairs of the form (¢ ® 1,4’ ® 1).
By symmetry, (E3.5.1) holds for all pairs of the form (1 ® b, 1 ® b’). By (E9.2.1),
(E3.5.1) holds for pairs of the form (¢ ® 1,1 ®b). Set f =a®1,g=ad ®1
and h = 1 ® b for any a,a’ € A and b € B. Then (f,g), (g.h) and (fg,h)
satisfy (E3.5.1). By Proposition 4.6(2), ( f, gh) satisfies (E3.5.1). Or equivalently,
(a®1,d ®b) satisfies (E3.5.1). By symmetry, (1 ®b,a ®b’), (a®b,a’ ® 1) and
(@a®b,1 QD) satisfy (E3.5.1). Recycle the letters and let f =a®b, g =d' Q1
and 7 = 1 ® b’. We have that (f, g), (g.h) and (fg,h) all satisfy (E3.5.1). By
Proposition 4.6(2), ( f, gh) satisfies (E3.5.1). By choosing special a,a’, b, b’ we
have that (a; ® bj, ax ® by) satisfies (E3.5.1) as desired. This says that every pair of
elements from the K-basis {a; ® b; }ier, jes satisfies (E3.5.1). By Theorem 4.7, the
weak restricted Poisson structure on A ® B is actually a restricted Poisson structure.

The above proof shows that there is a unique restricted Poisson structure on
A ® B satisfying (E9.2.2). Since (E9.2.1) is a consequence of (E3.5.1), the assertion
follows. O

Now it is reasonable to define a restricted Poisson Hopf algebra.

Definition 9.3. A restricted Poisson algebra H is called a restricted Poisson Hopf
algebra if there are restricted Poisson algebramaps A: H > H® H ande : H - K
and a restricted Poisson algebra antiautomorphism S : H — H such that H together
with (A, €, S) becomes a Hopf algebra.

One canonical example is the following.

Example 9.4. Let L be a restricted Lie algebra. Then s(L) (given in Theorem 6.5)
is a restricted Poisson Hopf algebra with the structure maps determined by
A:x—=>x1+1®ux,
€:x—0,
S:ix—>—x
for all x € L. Tt is straightforward to check that s(L) is a restricted Poisson Hopf

algebra. Similarly, S(L) (given in Example 6.2) is a restricted Poisson Hopf algebra
with structure maps determined as above.
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REMARKS ON GJMS OPERATOR OF ORDER SIX

XUEZHANG CHEN AND FE1 Hou

We study analysis aspects of the sixth-order GJMS operator Pg6. Under
conformal normal coordinates around a point, we present the expansions
of Green’s function of Pg6 with pole at this point. As a starting point of
the study of Pgﬁ, we manage to give some existence results of the prescribed
Q-curvature problem on Einstein manifolds. One among them is that for
n>10,let (M", g) be a closed Einstein manifold of positive scalar curvature
and f a smooth positive function in M. If the Weyl tensor is nonzero at a
maximum point of f and f satisfies a vanishing order condition at this
maximum point, then there exists a conformal metric g of g such that its
Q-curvature Qg equals f.

1. Introduction

Recently, some remarkable developments have been achieved in the existence theory
of the positive constant Q-curvature problem associated to the Paneitz—Branson
operator. One key ingredient in such works is that a strong maximum principle
for the fourth-order Paneitz—Branson operator is discovered under a hypothesis
on the positivity of some conformal invariants or Q-curvature of the background
metric. The readers are referred to [Gursky et al. 2016; Gursky and Malchiodi
2015; Hang and Yang 2016; Li and Xiong 2015] and the references therein. This
naturally stimulates us to study the GJIMS operator of order six and its associated Q-
curvature problem, the analogue to the Yamabe problem and Q-curvature problem
for the Paneitz—Branson operator. Except for the aforementioned cases, due to
the lack of a maximum principle for higher order elliptic equations in general, the
existence theory of such problems needs to be developed. Until an analogue of
Aubin’s result [1976] for the Yamabe problem is verified in Proposition 3.2 below,
by adapting some ideas for the Paneitz—Branson operator from [Esposito and Robert
2002; Djadli et al. 2000], we establish some existence results of the prescribed
Q-curvature problem on Einstein manifolds, in which case the sixth-order GIMS
operator has constant coefficients.

MSC2010: primary 53A30, 53C21, 58J05; secondary 35B50, 35J08, 35J35.
Keywords: sixth-order GIMS operator, prescribed Q-curvature problem, Green’s function, mountain
pass critical points.
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The conformally covariant GIMS operators with principle part (—A g)k, keN
were discovered by Graham, Jenne, Mason and Sparling [Graham et al. 1992]. In
particular, the GIMS operator of order six and the associated Q-curvature are given
as follows (see [Juhl 2013; Wiinsch 1986]): on manifolds (M", g) of dimension
n >3 and n # 4, denote by oy (A,) the k-th elementary symmetric function of the

Schouten tensor
1

Ry
Ay == (R =3 2(n 1)g”>

Denote by
Cijk = ViAy — ViAie,  Bij = AgAyj — V*Vj Aje — AWy = V*Cijp — AN Wiy

the Cotton tensor and Bach tensor, respectively. Let

_ 8 . n?—4n+12 ,

=(n—2)01(Ag)g —8A, = n—ZRlcg+2(n—1)(n—2)Rgg’
3n2—12n—4
T4=_nTnal(Ag)2g+4(n—4)|A|§g—i—8(n—2)01(Ag)Ag
16

—I—(n—6)Ag01(Ag)g—48A§—T‘lBg;

Vo = — 203(Ag) — = (B, A)

0T TR T 4 (n—a) T e

Then, the Q-curvature QS, is defined by
(1) Q8 =-312%u— T2, (01(47) +44,1472
—838(Agdo1(Ag)) + A2 g01(Ag) — al(Ag)A o1(Ag)
—4(1—6)0n (Ag>|A|g + =00 5, (4,3
and the GJMS operator of sixth-order P6 is given by!

(1-2) =PY=A}+ A 8Tod+8Tod A, +Z2A ¢ (01(A)Ay)

’

2

where —8d = A,. The operator Pg6 is conformally covariant in the sense that if
g=u*""9g 0<ueC®M)withn>3andn #4,6,

n+6 6 6
(1-3) un=6 Pro = P (ug),
and in dimension 6,
P6 . —6u P6
eZu (p =e€ g (p

I The definition of %,6 differs from the formula (10.15) in [Juhl 2013] by a minus sign.
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for all p € C°(M). When (M, g) is Einstein, Pg6 has constant coefficients; explicitly,

6 n*—20n>+64 3

Qs = 32n2(n—1)3 ¢
_ pb__ A3 —3n24+6n+32 )
Fr=A+ 4n(n—1) ReAy
3n*—12n3 =520+ 1281n+192 5 n—6 ¢
+ 16n2(n—1)>2 Rebg =570y

Obviously, when n > 7, Qg is a positive constant whenever the scalar curvature R,
is positive. Through a direct computation, the GIMS operator Pg6 has the following
factorization:
—6)(n+4) (n—4)(n+2) n—2

I S TEC I P YN ES TR i T
(1-4) 8 gt dn(n—1) ¢ gt dn(n—1) ¢ g+4(n—1) §

In general, as shown in [Fefferman and Graham 2012] and [Gover 2006], on
Einstein manifolds the GIMS operator of order 2k for all positive integers k satisfies
the above property as

>~

% _ Ry . .
Pg = H(—Ag + =D n+2i—2)(n— 21)).

i=1

In particular, choose M" = S§", g = gs», then

06, — n(n* —20n +64)
st 32 ’
—3n24+6n+32 3n*—12n3—52n24+128n+192 -6
Pgn ES _Ag'n _%Aén - n " 1r6l + n+ AS" +n2 an
_{_ (n—6)(n+4)) _ (n—4)(n+2) (_ n(n—Z))
_( AS"+—4 ( AS"+—4 ) AS"+—4 .

From now on, we set P, = F:gﬁ and O, = Qg unless stated otherwise. Then, for any
¢ e H¥(M, g), we get

f ¢ Fepdig
M
-2 —6
= [ (VAvR 27030 "0 () By P TV 50+ 5 0,0 dit.
M

As a starting point of the study on the sixth-order GJIMS operator, we obtain
some existence results of conformal metrics with positive Q-curvature candidates
on closed Einstein manifolds under some additional natural assumptions.

Theorem 1.1. Suppose (M", g) is a closed Einstein manifold of dimension n > 10
and has positive scalar curvature. Let f be a smooth positive function on M.
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Assume the Weyl tensor Wy is nonzero at a maximum point p of f and f satisfies
the vanishing order condition at p:

Agf(p)=0 ifn =10,
VEfF(p) =0, k=2,3,4 ifn=>11.

Then there exists a smooth solution to the Q-curvature equation

(1-5) {

n+6
Pou= fur=6, u>0 in M.

We remark that the condition (1-5) imposed on the Q-curvature candidates f is
conformally invariant. The condition that (M, g) is Einstein is only used to seek a
positive solution. Theorem 1.1 is a special case of a generalized Theorem 3.3.

This paper is organized as follows. In Section 2, the expansions of Green’s
function for P, when n > 7 are presented under conformal normal coordinates
around a point. The technique used here is basically inspired by Lee and Parker
[1987]; see also [Hang and Yang 2016]. The complicated computations of the term
P, (r6~") are left to the Appendix, where r is the geodesic distance from this point.
In Section 3, we prove an analogue (cf., Proposition 3.2) of Aubin’s result for any
closed manifold of dimension n > 10, which is not locally conformally flat. Based on
this result, using the mountain pass lemma we state in Theorem 3.3 some results of
the prescribed Q-curvature problem associated to the sixth-order GIMS operator on
Einstein manifolds. Then our main Theorem 1.1 directly follows from Theorem 3.3.

2. Expansion of Green’s function of P,

Based on the survey paper by Lee and Parker [1987] on the Yamabe problem, the
method of deriving expansions of Green’s function of F, is more or less standard
except for careful computations on some lower-order terms involved in F,. One may
also refer to [Hang and Yang 2016] for the Paneitz—Branson operator case. Green’s
functions of conformally covariant operators play an important role in the solvability
of the constant curvature problems, for instance, the Yamabe problem (see [Lee and
Parker 1987] etc.) and the constant Q-curvature problem for the Paneitz—Branson
operator (see [Djadli et al. 2000; Esposito and Robert 2002; Gursky et al. 2016;
Hang and Yang 2016], etc.). In particular, F. Hang and P. Yang [2016] set up a dual
variational method of the minimization for the Paneitz—Branson functional to seek
a positive maximizer of the dual functional; such a scheme heavily relies on the
positivity and expansion of its Green’s function. We expect that the expansion of
Green’s function for f{’; will be useful to some possible future applications.

Throughout, we use the following notation: 2% = 2n/(n — 6), w, = vol(S", gs»)
and whenn > 6, ¢, =1/8(n—-2)(n —4)(n —6)w,,—1). Form € Z, let

P := {homogeneous polynomials in R" of degree m}
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and

H,, := {harmonic polynomials in R" of degree m}.
Then P, has the following decomposition (see [Stein 1970], p. 68-70):

[m/2]
P = @(VZka—Zk)-

k=0

Proposition 2.1. Assume n > 6 and ker P, = 0. Let G,(x) be the Green’s function
of the sixth-order GIMS operator at the pole p € M" with the property that P, G, =
cn0p in the sense of distributions. Then, under the conformal normal coordinates
around p with conformal metric g, G,(x) has the following expansions:

(a) If n is odd, then

GAU:W*Q+§:W)+A+0®,

k=1
where A is a constant and {ry € Py.

(b) If n is even, then

n n n
Gp(x) =r®" <1 + Z Wk) + r6"< Z <pk) logr + r6"( Z (p,i) log? r
k=1 k=n—4 k=n—4

n

+ r(’_”( Z <p,/</) log® r + i log*r +A+0(),
k=n—2

where A is a constant and Yy, gi, ¢;., @1, @) € Pr.
Moreover, we may restate some of the above results in another way.
() Ifn="17,8,9 or M is conformally flat near p, then
Gy(x) = A+ O(r),
where A is a constant.

(d) If n =10, then

Gp(x) =cr ™ |W(p)|*logr + O(1).

1
+ 17280
(e) If n > 11, then

Gp() = cur®™" +yur®™ + 01T,
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where ry € Py and

. . 2 .
Ya) = D (Watay (') = = 3 (Wi )+ Wrks (P’
k.l ks

1%@-@[

2 4-
T hmry VWPl |

. 3 ]
rz[z«w,-kzs(p)+Wl~zks<p>)x’>2— —IW(p)I*r?
k,l,s =

_ 5n%—66n+224 rz[al(A),ij(p)x,-ijr W(p)I? 2]
120(n —8)(n —4) 2n(n—1)
3n*—16n° — 164n> +400n +2432
576(n+4)(n+2)n(n—1)
Before starting to derive the expansion of Green’s function of F,, we first need
to introduce some notation. For o € R, set

4 3n—-20
270(n+4)(n—4)(n—18)

IW(p)*rt.

Ay = r2A0 +2ard, +a(@+n—2), Ayg= rzAg 4+ 2ard, + a(ox +n—2),

where A( denotes the Euclidean Laplacian, and

Ba=iAO,=2r8,+2a+n—2.
o

For k € Z, a straightforward computation yields (also see [Hang and Yang 2016,
Lemma 2.4])
Ao(plogkr) = Agplogh r + kByplogt=! r +k(k — 1) log" 2 r.
From this, for «, 8, y € R we get
(2-1) A, ApAq(plogtr)
= A, ApgAqploghr + k(ByAgAy+A,BgAg+A,ApBy)plogt'r
+k(k—1)(AgAo+B,BgAa+B,AgBut A, BsBy+A, Ayt A, Ag)plog2r
+k(k—1)(k —2)

(BgAq+ ApBy+ B,Ao+ B,BgB,+ B,Ag+ A,B,+ A, Bp)glog" r
+k(k—1)(k—2)(k —3)(Ag+ Ag+ A, + B,Bg+ B, By + B By )plog" ~*r
+k(k — 1) (k —2)(k — 3)(k — 4)(By + Bs + B )plogtr
+kk — 1)k —2)(k — 3)(k — 4)(k — 5)plog"=°r.

A direct computation yields
Ao(rp) =r*?Aqp, A @)= Mo(r* T Agp) = r* " Ay_2Aup,
AY(re) =r* %Ay 4Au 2400
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In particular,
AYr®"0) =1 7" Ay pAs—nAsng.
Define
-2

My i= Ag8Tad +8T2d Mg + "57 Ag(01(A)Ag) +8Tud,

then rewrite (1-2) as —F, = (Ag)3 + Mg — (n—6)/20Q,. Notice that
Agg =Aq +12(Ag — Ng) = Ag +10; (g7 — 87)3)),
—P,(r*¢) =r""%(Aq—sAa—2Au + Ka®),
where

(22) Ko =1 (Ag— N)Ay2A0p + Aq_a(rP(Ag — Ag)) Ay

- —6
+ Au—aAaa (P (Dg = R0)@ + 70 My (r9) — 521 Q.

We first state the expression of Rg,(r6_”) and leave the complicated computations
to the Appendix.

Lemma 2.2. Under conformal normal coordinates around p with metric g, we
have

~B(r®™")

64(n—4)

=—Cubp+ (n— 6)r"{ 9

i r? i 3
[%}wiklj(mx XJ)Q—ml;((Wkls(P)-l-Wilkx(P))X )HMW@N%“}
AG= S [’;((szs(}?) + Wi (p)x')? = %|W(p>|2r2]

— 4(5n% — 66n +224)r2[01 (A).ij (p)x'x’ + %FZ]

3n*—16n3 —164n%4+400n+2432
3(n+4)(n+2)n(n—-1)

|W(p)|2r4} + 0™,

where Wy, is the Weyl tensor of metric g and each term in square brackets on the
right-hand side of the identity is a harmonic polynomial.
Consequently, we rewrite the above equation in Lemma 2.2 as
RO = cadp+r7"

with f = O(@r%).
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Observe that fori =0, 1, ..., [m/2],
Aglrriy, ,, = (@+20)2m —2i+a+n—12)

and
Byly2iyy, , =2m+2a+n—2.

Then
(2-3) ArnAsnAsnliain, .,
=6—n+20)4—n+20))2—n+2)Cm+4—-2i)2m+2—2i)2m —2i).

We start to find a formal asymptotic solution like G, (x) =r®~"(1+Y"}_; ¥)+¢
with Y € Px. If we can find ¥ = Y ;_, ¥ such that

2-4) Ay nAs_nAs n¥ + Ko + f = 00",
6,0

the regularity theory for elliptic equations gives that there exists a solution ¢ € C,’.

foranyO <a <1to
Pg((p) = —rfn(Ag_nA4_nA6_n1ﬁ + K6—nl/_f +f)e Cl(f)c'

Thus it only remains to seek v satisfying (2-4) via induction. For any nonnegative
integer k, it is not hard to see from the definition (2-2) of K¢_, that K¢_,¢ € Pry2
when ¢ € Pr. We first set Y| = Y, = Y3 = 0 by (2-4) and define

fi=f=00Y.
Case 1. n is odd.
If we have found v, ..., ¥y for 3 <k <n —1 with ¥ € P; and

k k
Je=ArnAs_nAg—n <Z Wi) + K6—n (Z Wi) + fi=bpy + O D,
i=1 i=1

then it follows from (2-3) that Ay_,; A4—, Ag—, is invertible on Py for0 <k <n—1.
Thus there exists a unique Y41 € P+ such that

Ar—nAs—nA6—nVi+1+ b1 =0.

This implies that

k1 k1
fir1 =A2_ A4 As_y (Z 1/&') + K6—n (Z Wi) +f

i=1 i=1
=fi +Ar—nAs_nAc—nVi+1 + Ke—n¥it1
=0(r*t?).

This finishes the induction and assertion (a) follows.
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Case 2. n is even and not less than 10.

Since Ay, Aq—p Ag—y 1s invertible on Py, for 0 <k <n—7, by the same induction
in Case 1, we may find ¥, ..., ¥,—7 such that

n—17 n—17

for= Az_nA4_nA6_n(Zwk)+K6_H<Zm) +f=00""0) =bys+ 0" ).
k=1 k=1

Let % =a'” () + 8 (x) log r, where & (x) € P,_6\r""OH and B (x) €

r”_67-£o, then it follows from (2-1) that

Ar_p A4—nA6—nw,f(i)6
=A2 nA4n A6—na,§0_)6+(32—n A4 nAe-ntArz_nBs_nAe-ntAz_nAsy B6—n),3,5(i)6 .

Notice that for 0 <i < (n — 8)/2, we have
A2—nA4—nA6—n|r2i’Hm_2,~ #0
by (2-3) and

(By—nAs4—nAg—n+A2-nBsnAs—n+Ary A4—nBé—n)|r"*67-L0 =8n—2)(n—4)(n—6)
£0.

Hence there exists a unique ‘P,EO_)6 € Pn—6 + Pn—g logr such that
ArnAs_nAe @ +b,_6=0
—n4—nA6-nY,;, ¢ n—6 .
This indicates that

Jn—6=Jn-7+ A2 nA4_nA¢-n 1#,50_)6 + K67nw,(10_)6
=0(" ) + (Ke—nB") logr
=bp_s+ 0" Hlogr+ 0" ™).

Let ‘pr(z(i)s = O‘r(gs + ,3,(95 log r, where a,(lOES € Pu_s \r”_6H1 and ﬂgs € r"o%,.
Then we have

A2—n A4—n A6—n lﬂ,fg)s
= A2—n A4—n A6—n O[,(,O,)5+(32—n A4—n A6—n+A2—nB4—n A6—n+A2—n A4—nB6—n)ﬂ,£(i)5 .

By similar arguments, there exists a unique ‘ﬁr(,o_)s € Pu_s+r""%%; logr such that

Ar Ay _nAe_n ‘ﬁ,go_)5 +b,-5=0.



44 XUEZHANG CHEN AND FEI HOU

This implies that

faes =fa6+ AronAs—nAg—n Vs + Koot
=0(" Hlogr+ 00"
=b'", logr + 0" ™) + 0 (") logr.
Choose W75£)4 = “51134 logr + ﬁ,(,134 log? r € Py_glogr+ (r"OHa +r"*Ho) log? r.
Then (2-1) gives
Ay nA4 nA6 nwﬂ)
= [A2-nA4—nAs—nty,
+2(B6 nA4 nAZ n+A6 nBa— nA2 n+A6 nA4 nBa— n),B IOg}"
+ Ay pAgnAsnB log?r + 0(r”’4).

Since

(B6—nA4-—nAz-n+As-nBsnAzn+As—nAs—nBry) |r"*67-[,2 =8(n+2)n(n—2)
#0;
(Bo—nAs—nAz—n+A¢—nBs—nAz_pn+ As—nAs—nBrp) |r”‘47-[0 = —4n(n—2)(n—4)
#0
and Ay, A4_nA6-nly2igy, , ,, 70 for0<i < (n—8)/2, there exists a unique W,El_)4
such that
Ay pAs_pAc- na( )
+ 2(B6an4an27n +A6-nBsnAzn+ Ag—nAs_y Ban)ﬂ,(ll_)4 + b,(ll_)4 =0
and
()] (1 (1)
fn —fn 5+ A nAs_nAe- n‘/’ 4+K6 nd’
=0(" )+ 0" ) logr + 0(r" ) log’ r
=0, + 0" ) logr + 0" ) + 0" %) log* .

Choose w( )4 € Pu—s + (r" My +r"Ho) log r to remove the term b( )4 and set

fn(O)4—fn(])4+A2 nA4 nA6 n¢,§0)4+K —nw(O)
=0@0" ) logr+ 0" )+ 0@" ) log*r.
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By similar arguments and (2-1), we get

w(l_) € Py_3logr + (r" S5 + ")) log2 r;

n—3

YO e Py a4 "M+ ) log s

v e Py alog r 4+ (" OHy + "My + 1" P Ho) log t r, fori =0, 1,2;

0 e Puilog r+ (FTOMs + " Hy 4+ 2 logt s, fori =0, 1,2
n—1

W,Ei) e Pulog r + (X" Mg + r" T Hy + r" M) logt T fori =0, 1,2, 3.

Now we set

0 0 0 1 0 1
Y=V Vs =0 Vua=v"+ 0" v =y +y,

and
2 . 2 ] 3
Vaa=Y U0 V=) U0 Yw=) ¥\
i=0 i=0 i=0

Eventually, we obtain

n n
Jn=A2nA4_nAg—p (Z Wk) + K6—n (Z Wk) +f
k=1 k=1
= 0" (log’ r +log’ r +logr + 1)+ O (r" %) log* .

Hence, r " f,, € C* for any O < o < 1. This finishes the induction and we obtain
assertion (b) as desired.

Case 3. n =38.

Notice that
P(Gp(x) —car =00 eL?,

for some % < p < 2. Then it follows from the regularity theory of elliptic equations
that G, (x) — c,r 2 € CL*'”. From this, we have G,(x) = c,r 2+ A+ O(r).

loc

Case 4. M is locally conformally flat.

One may choose g flat near p and F, = —Ag. Hence, P, (G(x) — cr®™M =0
and then G, (x) — ¢, is smooth near p.

Therefore, the assertion (c) follows from cases 1,3,4. In some special cases,
the leading term ¥4 can be computed with the help of Lemma 2.2. The proof of
Proposition 2.1 is complete.
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3. n > 10 and not locally conformally flat
Similar to the Yamabe constant, for n > 3 and n # 4, 6, we define
Syt Peu disg
mn n—6 "
Jyyun=6 dl"s’)

T
It follows from (1-3) that Y6+ (M, g) is a conformal invariant. However, due to the
lack of a maximum principle for higher order elliptic equations in general, we first
study another conformally invariant quantity,

Y (M,g)=  inf
O<ucH3(M,g) <

P
2n_
Sy lu176 dp )

In particular, we have Ys(S") = Y6+(S”) =(n-— 6)/2Q5nw2/". For w € C°(R"),
let

Yo(M,g)= inf
ue H3 (M, )\{0} (

n—6"

n

lwlipsz =Y 1D wll 2@ ~ I VAW 2g0),
|B1=3

and let D>2(R") denote the completion of C2°(R") under this norm. The equiv-
alence of the above last two norms can be easily deduced by the formula (3-4)
below. We first recall an optimal Euclidean Sobolev inequality (see [Lions 1985,
p.154-165], [Lieb 1983]).

Lemma 3.1. For n > 7, the following sharp Sobolev embedding inequality holds:

n 2 " 2 3.2 /mon
Ye(S™) |lw|n—6dy < |IVAw|“dy forall weD”=(R").
R R

The equality holds if and only if w(y) = (2/(1 + |y|?)"=9/2 up to any nonzero
constant multiple, as well as all translations and dilations.

Proposition 3.2. On a closed Riemannian manifold (M", g) of dimension n > 10,
if there exists p € M" such that the Weyl tensor Wy (p) # 0, then Yo(M") < Ye(S").

Proof. Recall the definition of F,:

n—=6

P = A+ Ao +5Tad Ay + 52 A1 () A ) +8Tid — 500,
Then for all ¢ € H3(M, 2,

-2
[ orwdin= [ (va0Ran -2 [ B0 Ad-"5 [ o) sePdn,
M M M M

—6
—/ T4(V¢,V<p)dug+n7/ Q¢ du,.
M M
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Fix p > 0 small and choose test functions

n—6
00 =), we@=(Z75m) t . €0

where r = |x| =d,(x, p) and
meC, 0<n,<1, mp=1 in B, and 17,=0 in Bj,.

It is known from Lee and Parker [1987] that up to a conformal factor, under
conformal normal coordinates around p with metric g, for all N > 5, we have

W(p)l2

(A (P) =0, a1(Ag)i(p)=0. A1(Ag)(p)=—170 1

and v/detg =14+ 0(@N).
Our purpose is to estimate [, ¢ Py djig and [, 9*"/=% dpu,. A direct computa-
tion shows
2 2
;o r v e—m—95r
u, =—n—6)uc - u, =—(n—06)uc —(62 )2
and

Aoute = —(n —6) (ne +4r2)

<+—z>z

(Aoue) = (n—6)(n —4)———=[(n+2)e” +4r7].

( 2 2)3

We start with [, |[VA@|? du, and divide its integral into two parts: f,, = Js, + g,
Compute

| 1980E dn,

B,

= / g7 (Ap) i(Ap). jdug

B,

= / 7+ 00 (Aop+ 0N N9 i (Aop+ 00N e ;(1+0N)) dx
B,

_ / (VA0 dx + / (Do) (OGN ) + 00N )"y dx
B, B,

and

2 2 2 uZ’,Z
/ﬂ\pl( )0‘P| ( ) (n ) /n\ ( 2)6 [(n+ )E +4r ]

o0
< c/ > "do = 0(e"°).

/e
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Similarly, we estimate [, 5 |VA@; dug = O(e"°). Thus, we obtain

/IVAfplﬁdug =f |VAoue[*dx + O ("7°).
M Rn

Secondly, we compute

/B o1 (A) (D) dyig

= / (%m (A).j(p)x'x! + 0(r3))(A0<P +0" " He) (14 0¢™)) dx
Bﬂ

u2

1
=| —Aoi(A 2(Aop)d /03—6 2+ 4rh?d
/BPZH AP Bop? d + [ 00 e 447
__m=6nWP /p<ne2+4r2)2u3rn+1 dr+ / Owdug
24n(n —1) o (e2+r2)* B, (€2 +12)?

and for some large enough N

/ _01(A)(Ap)? duy, < Cf Ao+ 0N e (1 + 0 N)) dx
B1,\B, B1,\B,

<c / [(A09)® + 02N D)o/ P dx
B>)\B,

= C/ 7(”6A0np+2vue‘v’7p+UpAOMe)Z dx+0(€n76)
B>)\B,

2 (ne? 4 4r?)?
<C " dr+ 0t
- /,; (e2+rH* ¢ €

=r/ 2p/e I’l+40’2 2n—1
o=r ECEZ/ ( )
P

< d 0 n—6
= e Ty 0TOED

8—n
< c&(?) + 0" % =0(@E"%.

Observe that

O (€% if n = 10,
r3u2
3-1 —— < _ax=10 ifn=11,
(3-D /3(62+r2)2 x (eslogel) i
4 0(ed) if n>12.
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Hence,

-2
2 / 01 (A)(Ag) dyig
M

_ (n—6*(n=2)|W(p)? /p (ne?+4r2? 5 41
- 48n(n — 1) " @t e
O (e if n =10,
+ 1 0(|loge|) ifn=11,
0(ed) ifn>12.

Thirdly, we compute [,, T>(Ve, VA@) dji,.
/ I (Vy, VAp) dpg = / [(n —2)01(A)(Ve, VAp) —8Aj¢,i(Ap),jldu,.
B, B,
Observe that u.; = (x'/r)ul and (Ague) ; = (x'/r)(Aoue). Then we get

(n—2) /B 01(A)(Ve, VAQ) dju,
1 o
=(n—2) / (501 (A);; (p)x‘x/+ 0(,»3)) o r(Ap); dpg
Bﬂ

1 L.
=(n—2) / (50—1 (A) ;i (p)x'x/+ 0(r3)) "4+ 0 pr(Bop + 0N N dug
BP

n—2 1 2 3 / /
== /;AJI(A)(p)|x| <p,l~(A0<p),,-dx+/BO(r e l1(Aop)'| dx

B,

. (n_2)|W(P)|2 2 u€2r4 2 2
__W/B{_(n—@ (n—4)—(€2+r2)4[(n+2)6 tar ]}dx

0

O(r?)u?
+ /Bp—(éz e dx
_(n=2)(n—4)(n—
- 24n(n —1)

19) 3y,,2
—i—/ —2(r )ZGZ dx,
B, (€= +17)

6)* 2 rt 2 2 2
WP [ il + 2 4%
B,
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and

—8/ Aijp,i(Ap), jdug

B,

1 _
=8 f (A,-,-,k<p)x" + EAU,H(mxkxl + 0(r3)>§0,i(A0§0 + 0NN du,
Bp

= —4/ A (p)x*x'x'x/ [—(” —4)(n—06)
B

0

(zj_—z)z‘[(n +2)e2+4r ]] dx

4 fB 019/ l|(Bog)| dx

= 2 2 1 - i i 01(A) G (p)xixir?
=4(n—4)(n—06) pr[_§ﬁ%:(Wlli(1’)x X — - ]

2 3y,,2
u; o )u
x—( Sy [(n+2)e* +4r*] dx + Bp—(€2+’”2)€2 X

8(n—4)(n—6)>2

2
_— 7 J
7" / p;(Wkl](P)Wsklt(P)xx )

4(n—4)(n—6)? Aal(A)(p)r O (r)u?
 n(n=2) /B (€2 +r2)4 LD +4r) dx + B, (€2 +12)? *

(n=4Hn—-6)* Pyl O (r)u?
"Dt M )|/ 2)4[('”2)6 +ari]drt (242 0

[(n42)e>+4r*] dx

where the last identity follows from

2

(6”—2)4[(n+2)e +4r2) dx

ZWklj(P)V‘Gth(P)/ xixlxtx!
k.l By
2

m[(n—l—Z)e +4r?] dr

. P
:kalj(p)Mklt(p)L _,5’5’5%’61#@11/0;»"“

P n+3 2
ZWli (P)Wikis (p)[atj8st+81s61t+6tt5]s]/ 2)4 [(n+2)€ +4r ldr

Wp—1
n(n+2)

2

2+ 2)4

we)| +Wk,,<p>W,k1,<p>]f (422 +4r2] dr

n(n +2)

_2 o ()I/ M 42y +420d
2n(n—|—2) 2+ e n € r<ldr.
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Then we have

—2/ T, (Vo, VA@) dug
By

B (n*>—28)(n —4)(n —6)?
12n(n —1)(n+2)

2

@+

[(n+2)6 +4r%)dr

+/ 02(r3)1:622 dx
Bp(é +I")

P
W(p) P f prtd
0

By a similar argument, one has

f TQ(Vga,VAgo)sCf |Vl |VAg| dpsg
B>y \B By \B

< Cf u/[[(Aue)| dx + O(e"~%) = 0" ™).
Boy\B,
Fourthly, we compute [, T4(Ve, Vo) dii,.
(n—6)| Aci(A)Vel; dug = (n—6)[ (Aci(A)(p) + O (¢'|* + OG?)|gl*) dx
B, B,

— —(n—6)} W(p)I* ulr? p fO(r—3)u§
B 12(n—1)Jp (€24 r2)? B, (€24+712)2

Using (A-5), we get

16
— BpBij(P,i(P,j diig

16 2, 2 B,]x x/

16(n — 6)?

2
=—— /Bp [—5— Z[(Wkls(l?) + Waks (p))x' 1*

+ 1 |W(p)|*r? — 80(A> (p)x'x! +0@?) —2
Rn—2n—1) P AP @12

_ _16(m—=6°1 2 1 Tn—8
- n—4 [ 3n(—2) " 12(1—2)(n— l)+12(n —2)(n— l)n]

O (r¥)u?
W)l /( N +/Bp(e2 2y

19) 3y,,2
- [ e
B, (€7 +717)
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where the second identity follows from

D Waaas(p) + Wiars () = 2AW(P)P +2 D Waaas (p) Wars (p) = 3IW(p) 2,
i,k,l,s i,k,l,s

in view of
0 = Wits(Wiks +Wiksi+Wisix) = WiktsWirks+Wits Wiksi + WiktsWisik = 2WirtsWiaks — [W)?

at p. Also we have

/ Tu(Ve, Vo) du, < C/ B |V¢|§ dug = O (" °).
By \B, By \B,

Hence, collecting the above terms together with (3-1), we obtain

— / T4(Vo,Vo) du,
M
6 _
:—(n—6)/ Aal(A)|V(p|§d,ug—|—m/B,-j(p,,-(p,j d//Lg—f-O(e" 6)
B, —4JB,
0 (e* if n =10,
W [ a2 () i

=(n—6)°

dx+{ 0(loge|) ifn=11
12(n —1 24 72)2 ’
(n=1)J5, (€417 0(&) ifn > 12.

Finally, we compute ((n — 6)/2) fM Qggo2 dug. By the definition (1-1) of Qg,
integration by parts gives

n—

O (r)u?

6 2 n—>6 2 2 -6
diu, =—— A A)p~d ——d O ("

> /MQgsD e =— /M o1(A)e ug+Bp(€2+r2)2 x+ 0"

n—~6 O (r¥)u? _

= Aoi(A)Ag?d ——=d 0"

2‘& AN dg + | (o det OE)

(n—6)*|W(p)| Pz
B VIC I ”‘1/0 (€21 r2)?
0 (e*) if n =10,

+ 1 0(|loge|) ifn=11,

0(e) ifn>12,

[(n —10)r* — ne*ldr
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by (3-1), where the last identity follows from

-6
[ aoaragtan,
By

n

—6
=—— | (Ao + 0(1))(Ag@® + 0N (9?)) dx
B,

n—=6 ) O (ryu?
=——A01(A)(p) | 2plop+|Velp)dx+ | ———dx
2 B, B, €e“+r
(n—6)*W(p)| P! o / O (ryu?
S LA L —  [(n—10)r* —ne*ld dx
Re—1 "y @ep IOl e

and the first identity follows from

/ Qg p*dpg
B,\B,

Therefore collecting all the above terms together, we obtain

< C/ Culdx = 0("0).
By,\B

/ @Ppduy = / VAU dx + A p.e|W(p) 2wyt + O (€™M =630,
M Rn

where A, , ¢ is a constant given by
48n(n—1)Jy (€2 -|—r2)4 € 12(n—1) Jy (€2 +r2)2
2 n—1
12(n —-DJo (62 2)2
(n> —28)(n —4) wiy Ul
JR— r e —
12n(n—1D(n+2) Jo (€2 +r2)*

2 € 252
—pn—6 (n—106) 64 -2 /,0/ (n+407) a +O_2)—(n—6)o-n+l do
20—0 \Uan J, (d+o2

1O)r2 —nedr

[(n+2)e> +4r7] dr)

p/e 1
—6 J 1 2\—(n—6) I’l+1d
+(n )/0 (1+02)2( +0°) o o

ple 1 —(n— 6) n— 1

(n*>—28)(n —
B n(n+?2)

4) ple n 2\—(n—6 2
f i+e 2)4<1+a)‘"—>[<n+2>+4o]do>,
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where r = eo. When n = 10, we claim that the leading term of the constant in the
parentheses on the right-hand side of the above identity:

1 [*/“(4024+10)2 i ple i
5] Tarenr U d 1 462 +10)0° d
5/0 (1+02)4 (I+o ) o+ , (I+o 2)2( +‘7) (U + )G o

18

o 1+03) %4 12)03d
_?0 (1+2)4(+0) (0+ )0 (o

is a negative constant multiple of [log €|. To see this, notice it is obviously true for
the third term, and the first two terms equal

p/e
%/ (0%[(40%+10)>— 1802 (402 +12)]+5(40>+10)(1+02)*}(1+0>) 36 do
0

p/e

= % / (—360° — 460 + 22002 + 50)(1 + 0) 80° do,
0

whose leading term is also a negative constant multiple of |loge|. For n > 11, let

t = o2 The limit of the coefficient of |W(p)|2a)n_1 ase — 01is

-7 (1=6) 4 { - ¥ (40?1
nJo

120—1) (g2 24

RO | n “(m—=10)t—n

-6 — 21— | /20

o )/o e N
2 00 n

_ (n?=28)(n—9) (n+2)+4tt2+1dt}.

1
127 dt

n(n+2) o (14+p)n—2
With the help of the Beta function:

o el _T@r@
fo (g ayed X =B =105

for Re(a) > 0, Re(B) > 0, we have
n—2 (n+41)% n
t2dt
4n /0 (14-1)n—2

—2/o°(n—4)2+8(n 4)(1+t)+16(1+t)2
(1+41)n-2

dt

[( —4)23( +1, 5—3)+8(n—4)B( 2—4)+163(’%+1,%—5)],

R |
— —7 =
(n=6)| gyt = 6)3( +1,2 - 5),
o0
_f m=10t—n 51, nn_
N f = — 10)3( +1.2- 5)+nB(2,2 4),
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and

_(2=28)(n—4) [C(n+2)+4r 14
n(n+2) 0 (1+t)n_2 127 dt

nn+2) 0 (141)n—2
_ 4(n?—28)(n—4) n no g\ (n2—=28)(n—4)(n—6) n n
= n(n+2) B(z +1.3 5) n(n+2) B(z +1.3 4)
(n*>—28)(n—4)(n—2) ,(n n_
+ n(n+2) B<§+1’ 2 3)'

Hence, the above limit of the coefficient of |W(p)|?w,—; is rewritten as

_4)

p7 (n—=6)*
G2 27T e {nB(

NS

n
27

(n*=28)(n—4)(n — 2)]

+B(Z+1 "—3) "2 a2y
(5 277 T n(n+2)

n 2 —2)(n—4) m*—28)(n—4)(n—6)
+B(§+1’2 4>_ n B n(n+2) ]

n n ~4(n —2) 4(n*—28)(n—4)
+B(§+1,5—5>_ P ] ]}

:2”—7MB(E+ 1’% _5)

12(n—1) \2
(n—=2)(3 =G -5)

4 2
~ 10 5n% — 20 — 120
€ {(” T Y I )
n_s
2 3 2
2 (P80 428 — 176
+n(n+2)( n>+8n“ +28n )

3 2
— 6 30n —116) ¢,
+n(n+2)( n>+6n°+30n )}

where we have used some elementary identities

non N TGHOIG=3 G-9G-5.m  n_
B(z“’z 3)‘ I'(n—2) _(n—3)(n—4)B<2 1’2 5>’
n n _ 175, n_
B(§+1,5—>— —BGH1.5-5),
nn _ F(%)F(%—4) _n—lO n n
B(35-4)= “Ta-4 " n B(3+1.5-9)



56 XUEZHANG CHEN AND FEI HOU

The constant in the last brace of (3-2) whenn > 11 is
1
T lonm+2)(n=3)

+8(n —3)[(n — 10)(—n> + 8n® +28n — 176) + 8(—n> + 6n> + 30n — 116)]}
1

. a5 4 3 2 _
=n—10+ 16n(n—|—2)(n—3)[ 3n° +2n" +228n° — 264n 1760n — 768]

_ —3n°+18n*+52n° —200n° —800n —768 _
o 16n(n+2)(n—>3)

On the other hand, we have

2n_ 2n 2n 2n
/gon—ﬁ dung ul ¢ dug—k/ _pn—6 d,ung ul % dx + 0 ().
M B n

B, 20\Bp

n—10 {(n —2)(n — 8)(n — 10)(5n* — 2n — 120)

0.

Therefore, putting these facts together, we conclude by Lemma 3.1 that

[ oPdn O (e if n =10,
8 zng S =Y6(S") + AnpcW(p)Pwn—1 + { O(E¥lloge])  ifn =11,
(fM¢m dﬂg> g 0(€) ifn>12,
[ Ye(S™) = CulW(p)|*e*lloge| + O(e*)  if n =10,
T Y6 (8™ — CalW(p)|2e* + 0(e?) ifn>11,

for some positive constant C,, > 0. Consequently, choosing € sufficiently small, we
obtain Yg(M") < Ys(S"). This finishes the proof. U

Given a smooth positive function f on M", we define a “free” energy functional
by

1 1 #
Ef[u]:z/ﬂ;uli,udug—ﬁ/Mﬂmz diig.

Let u ; or V;u denote the covariant derivatives of # with respect to the metric g and
Rfj . be the Riemannian curvature tensor of metric g. Notice that

ViViViu =V, V;Viu + R Viu = V;V'Viu — R\

We have

(3-3) / \VAul; dug = / | AV;u — RYVul; dys.
M M

Under g-normal coordinates around a point, one gets

S0 Viul}

= |Vul} + (VAViu, VV'u)g +u jj (R i + Riu i + Ry s + Rl i)
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Integrating the above identity over M gives

(3-4) / | AV Ul dyug
M
:/M|v3u|§dug+fMo(|Rm||v2u|g+|VRm||Vu|g)|v2u|gdug.

From (3-3) and (3-4), it yields that the following two norms are equivalent:

1/2
Izl :=(/M<|VAu|§dug +IV2ulg + | Vulg +u?) dug)

1/2
%(/(|V3u|§,d,ug+|V2u|§,+|Vu|§,+u2)d,ug> ., ueHM,yg).
M

Let || - ||, denote the norm of L? (M, g) for 1 < p < co.

A sequence {uy} in H 3(M, g) is called a Palais—Smale (P-S)g sequence for E
if Ef[ux] — B € Rand DEf[uy] — 0 as k — oo. The energy E satisfies the
(P-S)g condition if any Palais—Smale sequence of E has a strongly convergent
subsequence. We call F, is coercive if there exists a constant 1 (g) > 0 such that

fwf:gwdugzu(g)/ YPdug, forall ¢ e H(M,g).
M M

Remark. If (M, g) is Einstein and of positive constant scalar curvature, from the
factorization (1-4) of F,, the coercivity of F, is automatically satisfied.

As an application, we adapt some arguments in Esposito and Robert [2002] to
show some existence results of the prescribed Q-curvature equation, whose solution
may change signs due to the lack of maximum principles (in general).

Theorem 3.3. Let (M", g) be a smooth closed manifold of dimension n > 10 and
f be a smooth positive function in M". Suppose the Weyl tensor W, is nonzero at
a maximum point of f and f satisfies the vanishing order condition (1-5) at this
maximum point. If P, is coercive, then there exists a nontrivial C brO<p<1)
solution to

(3-5) Pou = f|u|2u_2u in M.

In addition, if (M, g) is Einstein and of positive scalar curvature, then there exists a
smooth solution to the Q-curvature equation

n+6
(3-6) Pou= fun=6,u>0 in M.
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Proof. By the assumptions, there exists p € M such that f(p) = max,cpm f(x),

W, (p) # 0 and the vanishing order condition (1-5) of f is true at p. Let
%
Ye) =t ——F—,
‘ Lf Y%l

where ¢ = n,u. is the test function chosen in Proposition 3.2. By choosing 7, large
enough, we get E[y.(fp)] <O. Let

= C([0. 10]. H3(M. 2)): v (0) =0, - ——f——}
{VU)G (10, 0], H*(M, 8)); v (0) =0, y (t0) m”fuﬂwhn

From the coercivity of F, and the Sobolev embedding theorem, we have

f[ ¢ }_1fM¢Pg¢dug_l>1 1
LIl

= —C——.
2 1fFely 2720 2
It suffices to only estimate the term:

2n_
/ Son—6du, =f
M B,

P

4
|:f(p)+Z%3,‘l...ikf(p)xil...xik+O(|x|5)i|u€2udx+0(€n)
k=2

2n 4 :
= O™ ifn=10,
n—6
= d
f@)w% x+{md) ifn>11,

where the second equality follows from the vanishing order condition (1-5) of f at p.
From this and some existing estimates in the proof of Proposition 3.2, we conclude
that there exist some sufficiently small € > 0 and a constant C;, > 0 such that

supEglye)] =Ey[ye(t™)]

t>0

tt g_
3 (Luprodsy 2
NTEEE

3 6—n . , 2 4 4 .
r_l(mﬁf}xf) 6 Ys(5")6 — C,|W(p)|-€”|loge| + O(e™) if n = 10,

IA

3 b-n 2 / 2.4 4 .
,;(mﬁxf) 6 Ys(8")6 — C,IW(p)|-€™ +o(e”) if n>11,

4 g_
where t* = (waffggo d,ug/llfl/z'gollgm)l/(2 ® Then it follows from the mountain
pass lemma (see [Ambrosetti and Rabinowitz 1973] or [Esposito and Robert 2002,
Proposition 1]) that

p=inf. sup Erly ()] = sup Erly. (0] < %Ye,(S")%(mAgx N
>

relo<t<n

is a critical value of Ey and there exists a (P-S)g sequence {u;} of Ef in H 3(M, g).
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Next we claim that E; satisfies the (P-S)g condition. For the above (P-S)g
sequence {u} satisfying E¢[uy] — B and DE¢[ui] — 0 as k — oo, we have

2B +o(lukllgs) =2E¢[ur] — (DEs[ug], uy) /flukl dig.
Together with the coercivity of F,, one has
(@ llurllgs <2Ep[ur] + % /Mfluklzrj dpg = C+o(llull g3)-
From this, we get {uy} is bounded in H3(M, g). Then up to a subsequence, as
k — 00, uy — u in H3(M, g)and uy — uin LP(M, g) for 1 < p < 2% Ttis easy

to verify that u is a weak solution to (3-5), that is, for all ¢ € H3(M, 2,

t_
[ R = [l du
M M

Choosing ¥ = u, one has
ot
[upadie,= [ s a,
M M

Ef[u /f|”| dﬂg>0

whence

Applying the Brezis—Lieb lemma to
/|VAuk|§,dug=/|VAu|§dug+/|VA<u—uk)|§dug+o(1>,
M M M

/f|uk|2“dug=/f|u|2” dug+ff|u—uk|2j djig + (1),
M M M
we have
1 2 1 2f
Eflug]l — Ef[ul = 5 | IVA@ —up)|, — LY Sflu—u|™ dug +o(1)
= Er[u —ur]+o(1).
Since DEf[ux] — 0 in (H*(M, g)), we have

o(1) =(ux —u, DE¢[ui])
=(ux —u, DE¢[ug] — DE¢[ul])

=/ |VA<u—uk>|§dug—/flu—uk|2: dpig +o(1).
M M
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Thus, we obtain
%/MWA(u —up)l} dpg +o(1) = Epfug — u]
= Eflug] — Ef[ul+0(1) < Ef[ur] +o0(1) — B,
as k — oo, which yields
(3-7) /M VA = u)l; dpg < 58+ o0(D).

Mimicking a cut-and-paste argument as in [Djadli et al. 2000], we obtain that given
€ > 0, there exists a constant B, > O such that

2/2°
( /M |w|2“dug) s<1+e>Y6<S">1/M <|VAw|§+|v2w|§+|w|§)dug+BefM v dpg,

for all v € H3(M, g). Choosing ¥ = ux — u and k sufficiently large, we get

2/2¢
(/ u— ugl* dug> s(1+e>Y6(S">—1/|VA(u—uk)|§dug+o<1>.
M M
Hence we have

f
o) = [ 198G =l dug — [ flu = d
M M

z/ VA —ur) [} dpug
M

oo )\
[1—(mﬁgxf)<1+e>2Y6<S"> 2</M|VA<u—uk>|gdug> ]

From (3-7) and B < (3/n)Ys(S™)"/%(maxy, f)©/6, choosing € sufficiently small,
we get

o(1) = cf VA — )2 dpg.
M

Combining the above inequality and the coercivity of F, to show that u;y — u
in H3(M, g). Using the regularity result in Lemma 3.4 below, we know that
u € CO*(M) for any 0 < u < 1.

In addition, assume (M, g) is Einstein and has positive constant scalar curvature.
We define the modified energy in H>(M, g) by

1 ] 1 2
Ef [u]_i Mulfgudug—ﬁ Mfmr dug,

where 1 = max{u, 0}. Using the above similar arguments associated with the
mountain pass lemma and mimicking what we did in Lemma 3.4 below for E,
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we get that there exists a nontrivial C®-solution u to

n+6
(3-8) Pu=fu° in M.

Since F, is coercive by the remark on page 57, testing equation (3-8) with
— = min{u, 0} we conclude that u > 0 in M. Together with R, being a positive
constant and the factorization (1-4) of GJMS operator:

(P Pty ) (Fae P ) (e gy e =

and u# # 0 in M, we employ the maximum principle twice and strong maximum
principle once for elliptic equations of second-order to show that u is a positive
solution to the equation (3-6). From this and Schauder estimates for elliptic equa-
tions, we conclude that u € C°°(M). This completes the proof. ]

We are now concerned with the regularity of mountain pass critical points for E.

Lemma 3.4. Let (M, g) be a smooth closed Riemannian manifold of dimension
n>17. Assume u € H>(M, g) is a weak solution of equation (3-5). Then u € COH(M)
forany Q0 < pu < 1.

Proof. Rewrite P, = (—Ag)* — Mg+ (n —6)/2Q, by (1-2). Let u € H3(M, g) be
a weak solution of equation (3-5) and rewrite this equation as

(—Ag + 1%u =Mou+372u —3A 0+ (1 - 500 )u + flul* u
(3-9) =b+ flul* 2
where b € H~'(M, g). By the Sobolev embedding theorem we have u € Lz:(M, g)
and |u|* 2 € L"/%(M, g). Given € > 0, there exist a K. > 0 and a decomposition

of f|u|2 2 = he 4 ne with ||he ln/6 <€, lInelloc < K. Inspired by the arguments
in [Esposito and Robert 2002, Proposition 3], for s > 1 we define an operator

He:ve LY (M, g) — (—Ag+ 1) (hev) € LY(M, g).

Indeed, from the Sobolev embedding theorem, the standard W2 ?-regularity theory
of the elliptic operator —Ag + 1 and Holder’s inequality, we have

IHevlls < Cll(—Ag + D7 (hev)| W6 s <Cllhev]| _ns_
n+6s n+6s

=Cllhellzllvlis = Celivlls,

where the constant C is independent of u. If we choose € > 0 small enough, then
the norm of H, on the space L*(M, g) satisfies

IHellLs 15 < Ce < 5.
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With the help of the operator H,, we rewrite equation (3-9) as
(Id —Hou = (=Ag + 1) (b +neu),

then it is easy to show Id —H, : L* — L* is bounded and invertible. We intend to
prove u € HO(M, g). To see this, notice that (—Ag + D73(b + neu) € H (M, g)
since b+n.u € H~ (M, g). In the following, we first show u € H*(M, g). Apply the
Sobolev embedding theorem and the L*-boundedness of the operator (Id —H,)~! to
show thatifn <10, u e L?(M, g) forall p > 1,andifn > 10, u € L2/ =10 pp g)-
In the latter case we have |u|2u_2u e L2n=6)/((n+6)(n=10) (A1 o). From equation
(3-9), we get

(—Ag + 1)21/[ = (—Ag + 1)_1b+ (_Ag + 1)_1(f|1/l|2n_2u),

From (—A, + D)7 (Ju|? "2u) € W220=0/(+0e-10) (71 o) < L2(M, g) and
(=Ag + D7'b € L>(M, g), we have u € H*(M, g) in both cases. Repeat the
above step with u € H 4(M, g) and b € L*>(M, g) in this situation. Notice that
(=Ag +1)73(b+neu) € H(M, g), similar arguments in the above step show that
ifn <12, ue LP(M, g) forall p > 1 andifn > 12, u € L*/"~12(M, g). In the
latter case, we get |u|¥ ~2u € L2(M, g) due to 2n(n — 6)/((n + 6)(n — 12)) > 2.
Hence we obtain u € H%(M, g).

Finally we start with the classical bootstrap. We now construct a nondecreasing
sequence s; € RU {400} such that u WOk (M, g) for all k e N. Set 59 =2, and
find k > O such that u € WO (M, g). Next we will define s;4 by induction. The
Sobolev embedding theorem yields

nsg
beLn2x(M,g),

with the convention that nsg/(n — 2s;) = +o0 if s > n/2, and
nsi(n—6)

|u|2ﬁ_2u c LW(M’ g)’

with the convention that ns;/(n — 6s;) = 400 if sy > n/6. In view of equation
(3-9), we have

nsk nsy(n —6) }

ew6,5k+l M, ith = mi { ,
" (M. g) with ser = miny o s e 1 6)

If 53 € R for all k € N, it must hold that s; — +00. Then we have u € WO (M, g)
forall 1 < p < 4o0. If 5y = 400 for all k > ko + 1, then si, > n/6, whence
be L"*(M,g) and |u|*~2u € LY(M, g) for all 1 < g < +o00. The equation (3-9)
leads to u € WO/4(M). Repeating the argument twice, we obtain u € Wor(M, g)
for all 1 < p < 4+o00. From this and the Sobolev embedding theorem, we have
u € C>¥(M) for all 0 < v < 1. By the regularity theory for the classical solution
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of the elliptic operator —Ag + 1, we get u € C%"*(M) for some 0 < 1 < 1. This
completes the proof. (I

Appendix: proof of Lemma 2.2

As in Proposition 3.2, one may employ all computations under conformal normal
coordinates of the metric g around a point in M. From Lee and Parker [1987] that
up to a conformal factor, under g-conformal normal coordinates around this point,
for all N > 5 we have

2
W

Ul(Ag):O’ Ol(Ag),i =0, Agal(Ag):_m

at this point and v/detg = 1+ O (r"V) near this point.
To simplify the notation, we will omit the subscript g. Notice that

n

—P,(r*™M) =[A3 + ASTrd + 8TrdA + "2;2A(m(A)A) +8Tad —

6

::ZIk.

k=1

220t

Next, we begin to estimate all terms /;—/¢.
For I, let u = u(r) be a radial function. We have

Au(r) =Aou(r) + 0" Hu's
Au(r) =Ag(Dour) + 0Ny + 0V (Agu(r) + 0N Hu'y
=AJu()+ 0N Hu" + 0N "+ 0N s
Au(r) =A5ur) + 0" Hu® + 0N Hu® + o N
+ 0N "+ 0N ).

Hence we obtain
L=N0"" =—¢,8,+00 ™).

To estimate I, notice that
L=A8Tod(r™") =—A[(T2);j (r*™") j1i = — ALy (X" j+(T2)i (r®™") jil.
Using
) ;= (6 —n)r*"x/,
(A-1) ) ji = (@4 —n)(6 —n)r*"x'x) + (6 —n)r* "8 + 0(r®™"),
one has

(T2)ij.: (r®™) j = (n — 10)01(A) ; (6 — n)r*"x! = (n — 10)(6 — n)o1 (A) jx/r*™"
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and
(T2)ij (r®™™) i = [(n—2)01(A)gi; —8A;1(6 — ) [(4 —n)r> "xix/ 41418, + O (r®)]
= (6—n)[4(n —Ho1(A)r*™" =84 —m) Ayx'x/r* "+ 007 ™).

Hence, we obtain

L=—(6—n)A[(n—10)01(A) jx/r* " +d(n—4) o1 (A)r* " —8(4—n) A;x x/r*™"]

= (n— 6){(n — 10)[4(4 — n)o1 (A) jx/r*™" +2(4 — n)oy (A) jpxd xFr?"
+01(A) juxx/r? " 42801 (A)r* "+ 0P
+4(n — H[Ac (A)r*™" 4+ 2(4 — n)o (A) 1 x*r* 7" +2(4 — n)oy (A)r*™"]

+8(n — )42 —n)Ayx'xIr T+ AA X X2
+401(A) ix' r? ™" +201(A)r* "1}
= (n—6){—4(n —4H)(3n —26)01(A) ;x/r* " +6(n — 6) Acy (A)r*™"
—2(n —10)(n — 4)o1(A)_jgx!x*r?™

+ (1 —10)01(A) juxr* ™" + 0 (™) — 8(n — 6)(n — 4)o1 (A)r* ™"
—32(n—4)(n — Z)Aijxixjr_” +8(n — 4)AAijxixjr2_”}

= (1= 6)|~401 = 931 — 26001 (4) (P’ ¥/ 7" — 2?,1__61) W(p)Pr

—2(n—10)(n —4)o1(A) ; (p)x'xIr?™"
—4(n—6)(n—4)01(A) ;5 (p)x'x/r* ™"
—16(n —4)(n —2) Ajj (p)x'xd xFxlr
+8(n — 4)AAijxixjr2_”} + 0™

n—=6
2( -1

= (1= 6){~201 = )91 — 7401 (4) ()’ ¥/ 7" = W(p)Prt
—16(n — 4)(n — 2) Ajj i (p)x'x/ xFx'r
+81 = H A A x4 0G5,
To estimate
L=8T,d A(r®™) =—[(T2)ij (Ar®™") j1i=—(T)i.i (Ar®™") j—(T2)y (Ar°™) ji.
Recall that T, = (n — 2)01(A)g — 8A. Then
(1y)ij,i = (n —10)o1(A) ;.
Observe that
AreT" =46 —m)r* " + O (rN T,
(Ar®™™) ;=46 —n)@ —m)x/r* " + 0V,
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and
(Ar®™) ;i =46 =) —m)[2 —m)x'x/r " + 7814+ 0 ().
Then we have
(T)ij (Ar°™") ji
=4(n —6)(n —H[(n —2)01(A)gij — 8A; Q2 —m)x'x/r "+ 1278 + 0(r*™)]
=4(n—6)(n —4)[—(n — 2’01 (A)r* "+ n(n —2)o1 (A)r* ™"
+8(n —2)r "Ajx'x! —8a1 (A "+ 0T
= 4(n —6)(n — D[2(n — 6)o1 (A)r* "+ 8(n —2)r "Ayix'x 1+ 0>
=4(n — 6)(n — H[(n — 6)a1(A) 1 (P)x'x/r* "+ 4(n — 2)r " (Aju (p)x'x/x"x")]

+0@™).
Hence, we obtain
Iy ==4(n = 6)(n = H[(n = 6)01(A) i (P)x'x/r* "+ 4(n = 2)r =" (A s (p)x'x x"x")]
—4(n—6)(n—4)(n—10)r*"o1(A),;x' + O™
=—8(n—28)(n—6)(n —4)01(A) ;;(p)x'x/r*™"
—16(n—6)(n—4)(n —=2)r " (Aju(p)x'x/xxy + 0 (™).
We now compute

n—2
2
=2(n—2)(6— n)A(O'](A);A*”) + O(rN+4fn)

=2(n—2)(6 —n)r* "[Ac1(A)r? +2(4 —n)o1(A) ix' 4+ 2(4 — n)o1(A)]
+ 0(rN+2fn)

A1 (A)AF™)

I =

1
12(n—1)

=2(1-2)(n - 6)r*"| W) 431 = 4 (A) i (p)x' x|

+0@>™).
For I5, from (A-1) we have
Is =8T4d (%)
=—((T)yr®™" j).i
=— (T (r®"); — Ty (r®™™) i
=(n = O)[r* " (Ty)yix! — (n = Hr* " (T)yx' ! + 47" w(Ty)]
= — 61> + 1Y + 1],
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Also from [Lee and Parker 1987], we have
Sym(Ry1.ij + & Rukim Ruijm)(p) =0 and  R;i(p) =0

then

I _ l

Ruz.ij(p)x'xd xFx EWokim (P) Whijm ()" 37 x¥ x

Thus we have

a1(A) i (p)x'x/r?

n—2

2 1 o
(A2) A (p)x'x/xtal = =5 % (Wi (p)x'x/)?
k.l

To estimate 13(5). From the definition of 74, one gets

3n3 —12n%—36n+64
4

IW(p)*+ O(r).

tr(Ty) = — a1(A)+4(n* —4n — 12)|AP+n(n — 6) Aoy (A)

_ n(n—6)
C 12(n—1)

Thus one obtains

5) _ _n(n—0) 2 4-n 5-n
I 12( 1)|W(p)|r + 00",

For the term [ 1(5), it is easy to see
5 — i -
11( — "(14),-j,,-x] = O(r5 ™).

It remains to estimate the term 12(5). One has

(A-3) (T’ = (1= 6) Aoy (A)r? — L Byxixd + 0.

Notice that
Bijx'x! = [Cijik — Ara Wiji]x'x7 = [(Aij — Aik j) & — Art Wegja1x' x7
= [AAy = A jx + O(Nx'x!
and
A(Ayx x7) = (Ayax'x? + Ay (X 8jx +x78:1))
= (AANX X+ 24, k(X 8j5 +x7 1) +201(A) + O ()
= (AAX X! +401(A) ix" +201(A) + O ().
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By (A-2), one gets
(AAxx) = A(Ajjx'xT) — 401 (A) ;1 x" — 201(A)+O(r?)

=A 1Alj,k1 (p)x‘cixfx+ 0(r5)} — 4[o1(A) ;i (P)x'x I+ 0 ()]

| 2
—01(A) ;; (Px'x/+ 0 (r?)
BN N -z_GI(A),ij(P)xixjr2
—A_—Q—n_zgwkl,(p)xxf) —S0-3 ]

—501(A) ;i (Px'xT+ 0 ()

2 1 .
=—— [(Witas(p) + Wirs(p))x'T?
9n—2/§;
1 20 -1 i j 3
(A-4) +m|W(l’)| r —6m01(A),ij(P)x x/+0(r),

where the last identity follows from the following two estimates:

A(o1(A) ;i (p)x'xIr?)
= A(01(A) ;; (P)x xD)r? 42V (01 (A) ;i (P)x X)) Ver® + (01(A) ;i (p)x'xT) Ar?

=2A01(A)(p)r? +801(A) ;i (p)x'x) +2na1(A) ;i (p)x'x! + 0 @?)

= _6(1’11—1) |W(p)|2r2 +2(n +4)01(A),1](p)x1x] + 0(},3)

and

A Wi (p)x'x?)? =2 (Wi (p)(x'8js+278; )17 =2 [(Wikas(p) +Wirks(p))x' T
k,l k,l,s k,l,s

which follows from

A[Z(vv,-ku (p)x"xff} =2 “[(Waatj (P)x" %)) AWats (p)x*x") +| VWit (p)x'x )]
k,l k,l

and AWy (p)x*x") = Wyt (p)(x*8ir 4+ x"8i5)).i = 2Winii (p)8sr = 0. Using
Ak, jk = Ajkkj + RfjkAlk + R]l{jkAil =01(A),ij + Ryjjk Aix + Ry Ajy, one has

A,-k,jkxixj = al(A),,-jx"xj + R[,‘jkAlkxin + leAilxixj
= (01(A),(p) + O()x'x’

+ (Wi (p) + O ) (A m ()™ + O(r*)) x'x 7 + O (r)
= 01(A) ;j (p)x'x! + 0(r?).
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Thus, one obtains
.
12(n—=2)(n—1)

Tn—8 i
T 01(A) (D + 0 (),

(A-5) Byx'x/= ———Z[(th(pwwmy(p))x] + W(p)I*r?

k,l,s

Inserting the above equations into (A-3), one gets

iyl =1 32 i
(T4)ijx _XJ = — 12( )|W(p)|2 2 m;[(Wkls(P)‘f‘Wlks(p))x ]2
4 2.2
T30=He-—m—D "I
16(7n—8 o
Dy P 00,
whence
(5) _ 2-n (n—6)(n—4) 20
b [ﬁw Wr
4 20 16(7n—38) R .,
a2 "I _ﬁal(f\),g(p)xxf}+0(r ).

Combining all the terms together, one has

n“—8n-+8

I 2 4 n
15_[ —3(n_1)( ! )|W(p>|

9m—2) Z((Wkls(l?) + Winks (p))x)?r> "

B 16(7n—8)
n

—5 - 01(A) i (p)x'x Tt ni|(”—6)+0(r5_").

Finally, from the definition of Q, in (1-1), it is not difficult to show that
Io=—(n—16)/2Q,r5" = 0@°™).

Therefore, collecting all the terms I1—/g together with (A-2) and (A-4), we
conclude that

16 .
—PB,(r™") = —ca8p + (n = 6) [—;Z«Wim(m + Was(p)x')2r? ™"
k,l,s
B 2(n —8)
3(n—1)

_,  64(n—4) .
\W(p)|2r" 4 ——— E (Wiktj(p)x'x?)2r
? k.l

— 4(5n* — 66n +224)01 (A) ; (p)x'x’ rz_":| +03>™)
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64(n —4 .
=—cpbp+(m—6)r" { % [Z(‘/Viklj(P)xlxj)z
1l

2
n+4

D (Watas(p) + Wiaks (p)x')?

k,l,s

2.4
s hmry WPl }

: 3
D (Wiaas(p) + Waks (p)x")* — —|W<p)|2r2}
n

16(3n — 20) 2[
r
k,l,s

9(n+4)

o W(n)|?
—4(5n2—66n+224)r2[01 () (pind + P rz]

12n(n—1)
3n* — 16n° — 164n* + 400n + 2432
3n+4)(n+2)n(n—1)
where each term in square brackets on the right-hand side of the last identity is a
harmonic polynomial. This finishes the proof of Lemma 2.2.

|W<p>|2r“} + 0™,
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ON THE ASYMPTOTIC BEHAVIOR OF BERGMAN KERNELS
FOR POSITIVE LINE BUNDLES

TIEN-CUONG DINH, XIAONAN MA AND VIET-ANH NGUYEN

Let L be a positive line bundle on a projective complex manifold. We study
the asymptotic behavior of Bergman kernels associated with the tensor pow-
ers L? of L as p tends to infinity. The emphasis is the dependence of the uni-
form estimates on the positivity of the Chern form of the metric on L. This
situation appears naturally when we approximate a semipositive singular
metric by smooth positively curved metrics.

1. Introduction

Let L be an ample holomorphic line bundle over a projective manifold X of
dimension n. Fix a (reference) smooth Hermitian metric 4y on L whose first
Chern form wy is a Kihler form. Recall that wy = (+/—1/27) R, where Ré is the
curvature of the Chern connection on (L, hg).

Let i’ be a semipositive singular metric on L. For various applications, one
needs to understand the asymptotic behavior of the Bergman kernel associated
with L? and h’ when p tends to infinity. A natural approach is to approximate the
considered metric by smooth positively curved metrics, and therefore, it is necessary
to understand the dependence of the Bergman kernels in terms of the positivity of
the curvature of the metric. See [Btocki and Kotodziej 2007; Demailly 1992; Dinh
et al. 2015] for the regularization of metrics. This method was already used in our
previous work on the speed of convergence of Fekete points, see [Berman et al.
2011; Dinh et al. 2015]. In §2.3 of the latter, inspired by [Berndtsson 2003], an
L'-estimate for Bergman kernels was obtained. Here, we investigate the uniform
estimate which can be useful for applications in geometry.

Fix a smooth Kihler form 6 on X (one can take 8 = wg). Consider a metric
h=e"2%hyon L with weight ¢ of class C"*° whose first Chern form w :=dd‘¢p+wy
(here d¢ := (v/—1/2m)(d — 9)) satisfies

(1-1) w>¢0 for some constant 0 < ¢ < 1.

MSC2010: primary 32U15; secondary 32L05.
Keywords: Bergman kernel, Dirac operator, Laplacian operator.
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Consider the natural metric on the space of smooth sections of L?, induced by the
metric 2 on L and the volume form 6" /n! on X, which is defined by

(12) 1122 = / 152,07 /!
X

Here, |5(x)| g stands for the norm of s(x) with respect to the metric 2%” on L?. Let
(-, ) pe be the associated Hermitian product on C*°(X, L?), the space of smooth
sections of L”. Let P, be the orthogonal projection from (C*°(X, L), (-, -) ) onto
the subspace of holomorphic sections H%(X, L?). The Bergman kernel associated
with the above data is the kernel associated with the last projection where we use the
volume form 6" /n! to integrate functions on X. This kernel is denoted by P, (x, x'),
with x, x’ € X. It is a section of the line bundle over X x X which is the tensor
product of two line bundles: the first one is the pullback to X x X of the line bundle
L? over the first factor, and the second one is the pullback of the dual line bundle
(L*)P of L over the second factor. In particular, its restriction to the diagonal of
X x X, i.e., P,(x, x), can be identified to a positive-valued function on X. See
[Ma and Marinescu 2007] for details. In fact, if {s;}; is an orthonormal basis of
(H°(X, LP), (-, -)), then

(1-3) Pp(r) = Isj 012 =suplls )2y, s€ HAX.LP)  with [[s]2(pgy =1)-
J

Here is the main result in this paper which gives us a uniform estimate of the
Bergman kernel in terms of ¢, w, p and ¢. This is a version of Tian’s theorem
[1990]. See [Berndtsson 2003; Boutet de Monvel and Sjostrand 1976; Catlin 1999;
Coman and Marinescu 2016; Dai et al. 2006; Hsiao and Marinescu 2014; Ma and
Marinescu 2015; Xu 2012; Zelditch 1998] for various generalizations. We also
refer to [Ma and Marinescu 2007] for a comprehensive study of several analytic
and geometric aspects of Bergman kernels. The last reference is inspired by the
analytic localization technique in [Bismut and Lebeau 1991].

Theorem 1.1. Under the above assumptions, there exist § > 0, ¢ > 0 satisfying the
following condition: for any | € N*, there is a constant ¢; > 0 such that for p € N*,
p¢ > 6, and x € X, we have

_ w(x)" o
(1-4)  |pT"Ppx,x) — < cldg| 2wl 0 dg 2 220!

9()6)" n+5 n+2
2n42 —1\6n4+6+431 _—I
+erlol," 2 (ldplag —H O p
Note that | - | stands for 1 + || - ||cx. As a direct consequence, we infer the

following result by taking / = 1.
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Corollary 1.2. There exist § > 0, ¢ > 0 such that for any 0 < ¢ < 1, any weight ¢
of class "0 with dd°¢ + wy > ¢0, and any p € N* with ¢p > 8, we have

w(x)" —6n—9 81430 —1
ooy | =B

(1-5) p " Py(x, x)—

If ¢ € C"T2+6 we can adapt easily the proof of Theorem 1.1 to get the estimate
for Ck-norm of the left-hand side of (1-4). Cf., Remark 3.9.

The article is organized as follows. In Section 2, we reduce the problem to
the local setting. In Section 3, we establish Theorem 1.1. We need an approach
different from previous ones which use the normal coordinates and the extension of
connections on L; see [Dai et al. 2006, §4.2] and [Ma and Marinescu 2007, §4.1.3].
Note that throughout the paper, the constants ¢, ¢/, ¢;, ... may change from line to
line.

2. Localization of the problem

Recall that the complex structure on X is given by a smooth section J of the vector
bundle End(7X) such that —J? is the identity section. Here, TX denotes the real
tangent bundle of X. Denote also by 79 X and TV X the holomorphic and
antiholomorphic tangent bundles of X. They are complex vector subbundles of
TX ®g C. The Kihler form 6 induces a Riemannian metric g7* on X defined by
g™ =0(-,J-).

Let 3% be the d-operator acting on L” and 3~ its dual operator with respect
to the metric h = e~??hg on L and the Kihler form 6. Consider the Dirac and
Laplacian-type operators

Q2-1)  Dp:=~2(3"+38"*) and O,:=1D2=3""3""*+5" 5"

They act on Q%*(X, LP), the space of the forms of bidegree (0, - ) with values in L.
Let VL be the Chern connection on (L, h =e2?hg) and RL = (VE)? its curvature

which is related to the first Chern form w by

(22) vl

w=—~——REL.
21

Let VTX be the Levi-Civita connection on (T'X, gTX ). It preserves TAOx 7OD Y
and its restriction to 719X is the Chern connection V7" X. Let VA™ be the
connection on A(T*®DX) induced by VI'""X | and VA**®L’ the connection on
A(T*ODX) ® LP induced by VA" and VL. Foru e T X and v e TOD X, let
u* € T*OD X be the metric dual of u with respect to g7, define the operator c( - )
depending linearly on a vector in T X @ T©-D X by setting

(2-3) cu):=v2u* A and c(v) :=2i,,
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where i denotes, as usual, the contraction operator. Then by [Ma and Marinescu
2007, p.31], for {e;} an orthonormal frame of (TX, g7¥), we have

0,0
Dy =) c(epVier.

J

(2-4)

Denote by K the anticanonical bundle of X. The curvature of K% with respect
to the above Riemannian metric is denoted by R¥x. Then +/—1RXX is the Ricci
curvature of (X, g7%). Let {w; j }" be a local orthonormal frame of 79 X with
dual frame {w/ }” . Set

(2-5) wg ==Y _ R (wy, W) 0" Ay,

I,m
Recall that (v/—1/27)RY = w > ¢6. Then wy is a section of End(A (T**V X))
and RL acts as the derivative w; on A(T*0-DX). By [Ma and Marinescu 2007,

(1.4.63)] and using that (AOes, ) pgp = 0, where AP isa holomorphic Kodaira type
Laplacian, we obtain for s € Q% (X, L) that

(2-6) D5 172(pg) = 2(0p5. 9) ps

= _2p<a)ds’ S>p¢ +2 Z(RK;(U)[, wm)wm A iﬁ)/s’ S)[)¢'

I,m

Now by (1-1), (2-2), (2-5) and some standard arguments (see the proof of [Ma and
Marinescu 2007, Theorem 1.5.5]) there exists § > 0, depending only on the Ricci
curvature RXX, such that if p > 8, then the spectrum of Dl% satisfies

(2-7) Spec(D;) C {0} U[27¢p, +ool.

Let ax denote the injectivity radius of (X,6). For0 <€g <ax /4, let fo,:R—[0,1]
be a smooth even function such that

for

lv| < eo/2,
for |v|>e€

0-

1
(2-8) feo(v) = {0

Set

+00 -1 p4oo
(2-9) Fey(a) 2=( feo(v)dv> / e fo, (v) dv

+00 —_1 oo
=( feo@—lv)dv) / ¢ £ (¢ v) .

Then F¢,(a) lies in Schwartz space S(R) and F,(0) = 1.
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Proposition 2.1. Let § > O satisfy (2-7). Then, foralll e N, 0 < €9 < ax/4 and
F,, as above, there exists ¢ > 0 such that for p > 1, §/p <¢ <1, x,x' e X

(2-10) | Fey (D) (x, X') — Py(xt, X) || L (pgy < clew| 22 =6n=3=6 p=1

Proof. For a € R, set

(2-11) dp(a) =1 s7p 4oor(lal) Fe ().
By (2-7) and (2-11), for ¢p > §, we get
(2-12) Fey(Dp) — By = ¢ (Dp).

By (2-9), for any m € N there exists ¢ > 0 such that for all ¢ € ]0, 1,
(2-13) sup |a|™|Fe,(@)] < c¢™™.
acR

Thus, for any m € N and {p > §, we have

D,)"Fe,(D
10" Feo(D)sll 2y _

(2-14) (D)™ Fey(D)||*0 := <cg.

S€Q0+ (X, LP)\(0) IsllL2(pg)

As X is compact, there exists a finite set of points a;, 1 <i < r, such that the
family of balls U; := B*(a;, €9) of center a; and radius €, is a covering of X.
We identify the ball BT4%(0, €y) in the tangent space of X at a; with the ball
BX(a;, €y) using the exponential map. We then identify (7X)z, AT*OD XYy, L’%
for Z € BT X (0, €0) with 7, X, A(T*O-Dx ai» Lﬁi by parallel transport with respect
to the connections V7X, VAO", \ along the curve yz : [0, 1] > u — expifi (uz).
Then (L, h)|y, is identified as the trivial bundle (L, hg,).

Let {e;}; be an orthonormal basis of T, X =~ R?". Let ¢j(Z) be the parallel
transport of e; with respect to V7X along the above curve. Let T'L, TA™ be the
corresponding connection forms of V% and VA™ with respect to any fixed frame
for L and A (7*©D X) which is parallel along the curve y; under the trivialization
on U;. Denote by V, the ordinary differentiation operator on 7,, X in the direction v.
As we are working in the Kéhler case, by [Ma and Marinescu 2007, Proposition
1.2.6, Theorem 1.4.5, Remark 1.4.8], we can write on U;

(2-15) D= c@) (Vs + pt@) +T2"@)).

J

In fact, the last identity is a consequence of (2-4). Consider the radial vector field
R = Zj Zjej. By [Ma and Marinescu 2007, (1.2.32)], the Lie derivative LrTLis

equal to ig RE. Therefore, we get the identity

1
(2-16) r;= / (ir R")izdt,
0
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which allows us to bound I'%.
Let {¢;} be a partition of unity subordinate to {U;}. For m € N, we define a
Sobolev norm on the m-th Sobolev space H” (X, A(T**DX) ® LP) by

r m

(2-17) Is 3 = Z Z Vi, -+ Ve, (919172

Note that here we trivialize the line bundle L using a unitary section; so the section s
above is identified with a function. Therefore, we drop the subscript p¢ since this
weight is already taken into account.

By (2-15), (2-16) and [Ma and Marinescu 2007, (1.6.9)], for P a differential
operator of order m € N with scalar principal symbol and with compact support in
U;, we get

(2-18) I1Ps ]l < (1D, Psliz2 + plololl Pl 2)
m

c/<||PD,,s||Lz +p) |w|k||s||Hm-k),
k=0

for some constants ¢, ¢’ > 0. From (2-18), we get by induction for (other) suitable
constants ¢, ¢’ > 0

m+1
(2-19) Isllgna <Y p" M HIDSsl: J] lol,
k=0 > (ke +1)=m—k+1
m+1
fc me-‘r] k”DkS”L |w|m k+1.
k=0

Note that for k =m + 1 we set ||~} k1.

Let Q be a differential operator of order m’ € N with scalar principal symbol and
with compact support in U;. We deduce from (2-19) with suitable sections instead
of s that

m’

(2-20)  [Q*¢p(D, >D"s||Lz<chm DK ¢ (D) DEs 2ol 75
k'=0

m
=c Y p"FIDEF g, (Dp)slaloln Tl
k'=0

Note that the operators, considered in the last two lines, commute. Thanks to (2-7),
(2-11), (2-12) and then (2-14),if 0 < ¢ <1 and ¢p > 6, for any g € N, the main
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factor in the last line can be bounded using
1D ¢, (Dp)sll 2 < (cp) ™4/ | D H9 ¢, (Dy)sll 2
< c(gp) PR 5 o

Take any / > 0 and choose ¢ :=2(m +m’ —k — k' +1) in (2-21). Using the
identity

(2-21)

(DEgp(Dp) 05, 5) = s, Q*,(Dp) DES'),
then by (2-19)-(2-21), there exists ¢; > 0 such that for 0 < ¢ <1, ¢p > §, we have

(2-22) ||P¢p(Dy)Qslly2

m m
+m'—k—k' —q/2 »—k—q—Kk —k '~k
<cy o prtm (&p) 1P R wmE wl™ Rl
k=0 k’'=0

—3m—3m'=31 ~I '
<at " p T ol ol sl

Finally, on U; x U}, by using the standard Sobolev’s inequality and (2-12), we get
(2-10). Proposition 2.1 follows. [l

Remark 2.2. By (2-9) and the finite propagation speed of solutions of hyperbolic
equations [Ma and Marinescu 2007, Theorem D.2.1], F¢,(D,)(x, x") only depends
on the restriction of D, to BX(x, €y¢), and

(2-23) Fey(Dp)(x,x") =0 when dist(x, x") > €.

To get the uniform estimate of the Bergman kernels in terms of ¢, p, we need
an approach different from the use of the normal coordinates and the extension of
connections on L in [Dai et al. 2006, §4.2] and [Ma and Marinescu 2007, §4.1.3].
Let ¢ : X DU — V C C" be a holomorphic local chart such that 0 € V and V is
convex (by abuse of notation, we sometimes identify U with V and x with ¥ (x)).
Then, for any x € %V :={y e C":2y € V}, we will use the holomorphic coordinates
induced by i and let 0 < €g < 1 be such that B(x, 4¢p) C V for any x € %V. We
choose €p smaller than ay /4 in order to use the estimates given in the proof of
Proposition 2.1. Consider the holomorphic family of holomorphic local coordinates
Yy s N (B(x, 4€y)) — B(0, 4¢p) for x € %V given by ¥, (y) := ¥ (y) — x.

Let o be a holomorphic frame of L on U and define the function ¢(Z) on U by
|o Ié (Z) =: 7299 Consider the holomorphic family of holomorphic trivializations
of L associated with the coordinates ¥, and the frame o. These trivializations are
given by W, @ L|y-1(g(x.4¢0)) —> B(0,4€0) x C with W, (y, v) := (¥x(y), v/o(¥))
for v a vector in the fiber of L over the point y.

Consider a point xo € %V. Denote by ¢y, := ¢ o ¢ ! the function ¢ in local
coordinates ¥,. Denote also by ¢l!l and ¢[2] the first and second order Taylor
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expansions of ¢y, i.e.,

n

0 a _
W)=Y (22 0z + - (0% ),
P 0z 0z
(2-24) 2 y
o2(2) —ReZ(a e G0

J.k=

(XO)ZjZk)
where we write z = (z1, ..., z,) the complex coordinates of Z.

Let p : R — [0, 1] be a smooth even function such that
(2-25) po®)=1 if |t|<2; p@)=0 if |t| > 4.

We denote in the sequel Xo = R?" >~ T, X and equip X, with the metric g7*0(Z) :=
gTX(,o(eO_1|Z|)Z). Now let 0 < € < €y and define

(226) 9c(Z) :=p(e ' 1ZDexy (Z) + (1= p(e"1ZD) (0 (x0) + @1/ (2) +0L1(2)).
Let heLO be the metric on Ly = X x C defined by

(2-27) 1122, (2) = 7202,

Here, as above, subscript € implies the use of the weight ¢.. Let VX0 be the Chern
connection on (Lo, #£0) and RE be the curvature of V0.

Then there exists a constant A with c|d¢|, ' < A <1 for ¢ > 0 such that when
€ < At, the following estimate holds for every xg € U:

(228)  inf{V/=TR.(u, Ju)/lul’ry, su € TzXo and  Z € Xo} > 3¢

because there exists C > 0 such that for |Z]| <4e, 0 < j <2, we have

(2-29) |040(2) = (9(x0) + 03/ (D) + 91 (D) | s =< Cldgla|ZP .
From now on, we take

(2-30) € 1= €Al.

Let Sy, be the unitary section of (Lo, h£0) which is parallel with respect to V0
along the curve [0, 1] 5 u — uZ for any Z € Xo. We can write it as Sy, = e 1
with t(xg) = ¢(xo), then

(2-31) VIS, =iz (—dT —20¢) Sy, =0,

and hence the function t is given by

1
(2-32) °(Z) = p(x0) = 2 f (2090 zdt.
0
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Let

(2-33) DX = V2(3% + 3, o)

be the Dolbeault operator on X associated with the above data, i.e., d p;, is the
adjoint of §£0 with respect to the metrics g7%° and 0. Over the ball B(xo, 2¢), D,

is just the restriction of D, X0 Now by [Ma and Marinescu 2007, Theorem 1.4.7], and
the observation that the tensors associated with g7*0 do not depend on ¢ and e, as
in (2-7), we get from (2-28) the existence of a constant § > 0 such that for ¢p > &,

(2-34) Spec(D;)* C {0} U[Zp, 400l

Using S,,, we get an isometry L) ~ C. Let PO be the orthogonal projection
from C% (X, L) ~ C®(Xo, C) on Ker(D,"). Let Po(x x") be the smooth kernel
of P{ with respect to the volume form dvy, (x") 1nduced by the metric g7*0. We
have the following result:

Proposition 2.3. Foralll €N, there exists ¢ > 0 such that for tp > 8, x,x’' € B(xg, €),

(2-35) 1B = Pp)(x, x) o < c(ldgply ' )= p~ ool 2

Proof. First, we replace f¢,(v) in (2-8) by f¢,(v/A). By Remark 2.2 and (2-30), for
x,x" € B(xo, €), we have Fc(D,)(x, x") = FG(DS)(x, x"). Now we have a version
of Proposition 2.1 for P with A instead of ¢. Estimate (2-35) follows. O

3. Uniform estimate of the Bergman kernels

We continue to use the notations introduced at the end of the last section. By
Proposition 2.3, in order to study the kernel P,, it suffices to study the kernel P0
For this purpose, we will rescale the operator (D), 0)2 Let dvry be the Rlemanman
volume form of (7, X, g %X}, Let x(Z) be the smooth positive function defined
by the equation

(3-1) dvx (Z) = k(Z)dvrx(Z),

with x(0) = 1.

Let {e j}2 be an oriented orthonormal basis of 7y, X, and let {e/ }2 be its dual
basis. They allow us to identify Xy = C" with R and we write Z = (Z Ly oevs Zog).
If « = (ay, ..., ar,) is a multi-index, set Z% := Zl . e Z(zx;"- Denote by Vi the
ordinary differentiation operator on T, X in the direction U, and set d; :=V,,. Set
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t:=p~ Y2 For s € C*(R*", C) and Z € R*", define

(S:5)(Z) :=s(Z/1), V, =187 P12,

(3-2) 1,2 1/2,nXo\2,.—1/2
& =8 i (DY),

Once we have done the trivialization of Ly on X, (3-2) is well defined for any
peER, p>1.

The notations (-, -)g and || - ||o mean respectively the inner product and the
L?-norm on C*(Xy, C) induced by g7*°. For s € C{°(Xo, C), set

IsiEo=lsi = [ 5P dure @)
[R n

(3’3) m 2n
IsI7, =" D Ve, Vae,sl7
t,m * t,ejl Lej t,0°
1=0 ji,+, ji=1

We then, for convenience, denote by (s, s'); o the inner product on C*(Xj, Lf(’)p )
corresponding to the norm || - ||; 0. Let H;" be the Sobolev space of order m with
norm || -||;,,. Let H,_1 be the Sobolev space of order —1 and let || - ||, —; be the norm
on H,~' defined by [|s|l;, 1 := supg_ycp 145, ") ol /I8 1. I B - H — HM is
a bounded linear operator for m, m’ € Z, denote by || B ||;"’m/ the norm of B with
respect to the norms || - ||;,, and || - ||; -

Theorems 3.1, 3.2, 3.4 and Proposition 3.3 below are the analogues of [Ma
and Marinescu 2007, Theorem 4.1.9-4.1.14] (cf., also [Dai et al. 2006, Theorem
4.7-4.10]). The emphasis here is the precise dependence of the involved constants

on the curvature form w.

Theorem 3.1. There exist ¢y, ¢z, c3 > 0 such that for t € 10, 1], ¢ €10, 1], and
s, 5" € C (R, ©),

(L5, 8)10
(s, s )0l

2 2
cilisly y — cz2lwlollsllz o
(3_4) [7 E)

AN\

cslolollsle,ills Il

Proof. By using the Lichnerowicz formula [Ma and Marinescu 2007, (4.1.33)], the
same arguments as in (4.1.38)—(4.1.39) of the same work give the result. (]

Let &, be the counterclockwise oriented circle in C of center 0 and radius ¢ /2.

Theorem 3.2. There exists § > 0 such that the resolvent (A — %)~ exists for all
A€d; andt €10, /¢ /3. There exists ¢ > 0 such that for all t € 10, \/ /3], A € 8¢,

we have

(3-5) =) NP0 <2¢7, =277 <clw3e !
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Proof. By (2-34) and (3-2), we have
(3-6) Spec(Z) C {0} U[¢, +ool.

Thus, the resolvent (A — %)~ ! exists for A € d¢ and 1 € 10, /¢ /8], and we get the
first inequality of (3-5).
By (3-4), (Ao — %)~V exists for A9 € R, Lo < —2c2|w|o. Moreover, as

2
cillsliyy = —=(o—Z)s, s)0 < 1o — ZDslle—1lls]le1,
we have

1a— 1
(3-7) o — 2071 “<a-

On the other hand, we have

38 =L ==L =0 —h)A =) o -
Therefore, for A € §,, from the first estimate in (3-5) and (3-8), we get

(3-9) 10 =207 170 = 2+ 20— 20l 7.

In (3-8), we can interchange the last two factors. Then, applying (3-7) and (3-9)
gives

1 A=A
1. 2oI
a o«

(G-100 -7 "M < (142[2 =20l ™Y < clwld

The theorem follows. |

Proposition 3.3. Take m € N*, There is a ¢ > 0 such that fort €10,1], Q1,...,0Om€
(Vi ZiY3L) and s, s" € C5°(Xo, ©),

G-1D) (01,102, ... [Qm. £1.. Q5. 5'), o| < cldglir™™ lIsllellsll..1-

Proof. By [Ma and Marinescu 2007, (1.6.31)] and as in the proof of Proposition
1.6.9 of the same work, we know that [Q1, [Q2,...[On,-Z]...]] has the same
structure as .%; for ¢ € [0, 1]. More precisely, it has the form

(3-12) D it t2) Ve Vie, + D di(t. tZ)Vse +C(t 1 Z),

iJ J
where a;; (7, Z) and its derivatives in Z are uniformly bounded, d; (¢, Z), c(¢, Z) and
their first derivatives in Z are bounded by c|d¢|mm(2’m) for Ze R* and 1 € [0, 1]

m—+1
and a constant ¢ > 0. We then get estimate (3-11). U
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Theorem 3.4. For Qy,..., QO € {V,,ej, Zj}?;], there exists ¢ > 0 such that we

have fort € 10, /¢ /8], A € §; and s € Cg°(Xo, C),

(B-13) 1Q1-+ O — L) slle1
<cd o >0 el (elie Y Qg - Qs
k=0 1<ji<--<jx<m

Proof. For Q1,...,0n € {V,,ej, Zj}?l:p we can express Q1+ On(A — %) as
the sum of (A—.%)"'Q; --- Q,, with a linear combination of operators of the type

(3_14) [Qj17 [sz’ cee [Q,ml ) ()\' _0%)_1] . ']]Q.im1+l e Q[ma

with ji < j2-- < jm,> Jm,+1 <--- < jm- The coefficients of this combination are
bounded when m is bounded. Let S; be the family of operators

[0, [Q),...[Q),&].. 1=~[0,,,.[Q),...[Qj, A—ZA]...]].
Note that
[0.0~2) " N=~(—2) [0, 4= L1G0—L) " = (h—2) [0, LI —2) "
thus by the recurrence on m; we know that every commutator
[0 [Qjas - [Q),» =27 ']..]]
is a linear combination of operators of the form
(3-15) A=L)7'810. = L) S Sy 0 = 2!

with S, ..., Sy, € S and my < m;. The coefficients of this combination are
bounded when m; is bounded.

From Proposition 3.3 we deduce that the || - ||,1 ! norms of the operators
[0,,[Q),,...1Qj,, Z]...]] are uniformly bounded from above by a constant
times |d¢|f+1. Hence, by Theorem 3.2, the || - ||?’1 norm of the operator (3-15) is
bounded by a constant times

my
—my—1, [2my+2 lj
¢ Mol 30 [Tidel

Il+--v+lm2=m1 j:]
/l,...,lmzz]

The theorem follows. O

Let 7 : (C*(Xo, ©), || - llo) — Ker(.%) be the orthogonal projection correspond-
ing to the norm | - ||;,o given in (3-3). Let P,(Z, Z'), (with Z, Z' € X() be the
smooth kernel of P; with respect to dvrx (Z'). Note that .%; is a family of differential
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operators on 7y, X with coefficients in C. Let 7 : TX xx TX — X be the natural
projection from the fiberwise product of TX with itself on X. We can view P;(Z, Z')
as smooth functions over TX x x TX by identifying a section F € C*°(TX xx TX, C)
with the family (Fy,)x,ex, where Fyy := F|;-1(,,). In the following result we adapt
[Ma and Marinescu 2007, Theorem 4.1.24] to the present situation.

Theorem 3.5. Foranyr € N, o > 0, there exists ¢ > 0, such that for t € 10, /¢ /3]
and Z,7' € Ty, X with |Z|,1Z'| < o,

=2 1 Ar42 8r+dntd) 1, 12042
%) Leg™ |d¢|2:+nﬁ_1|w|0r " |d¢|nrj_2 .

Proof. By (3-6), for every k € N¥

(3-16) “8877%(2 Z')

1 k—1 —k
3-17 P = A A=) " dA.
( ) t 2]_[\/_—1 5( ( t)
Form € N, let Q™ be the set of operators V; ¢, ---V,,e,.j with j < m. We apply
Theorem 3.4 to m — 1 operators Q», ..., Q,, instead of m operators. We deduce

that for I, m € N* with/ >m, and Q = Q1 --- Q,, € Q™, there are ¢, ¢’ > 0 such
that for ¢ € 10, \/¢ /8], ¢ €0, 1], s € C5°(Xo, C) and A € &,

(3-18) Q10— Z) slli0
<clQaQmh—2) sl

m—1
<Y Y el ol I - Qi 0= L) T sl

k=0 1<ij<--<ir<m

Then, by induction and using (3-5), we get
(3-19) 101 O — L) sllio < e FHde ™ w2 sl o-

As . is symmetric, we can consider the adjoint of the operator in (3-19) and get

for 0'=Q}--- Q,, €Q",
(3-20) I =)0, - Qlyslieo < 7™ 7 dgI™ = 2™ (151 0-

Note that for m =0 and [ € N we also have || (A —.f,)"sllt,o <c¢™! ls ;0. Thus,
for Q € 9", Q' € Q"™ with m, m’ > 0, by taking k = m +m’, we get

1 _ —m—m’
(3-21) ||Q7>,Q/||?’°<§/ QG — 2™ Q'R dA
8

—1,12 1y, 2 —2m—2m+2 ‘
<cldplyn ™ wlg" (deln, ™ |wlg™ g —m2mT2gmm

—1,2 "1y 2 —m—m'+2
= cldgly, wlg"|dely, " wlg™ ¢ 7"
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By [Ma and Marinescu 2007, Lemma 1.2.4], (2-31), (2-32) and (3-2), on
BT0X(0,¢/1),
(3-22) Vielz = Ve, +ARE(Z, )+ O Z1))|d>.

2 xo
Let | - |(o),n denote the usual Sobolev norm on C*°(B X (0, 0 + 1), C) induced
by the volume form dvrx(Z) as in (3-3). Observe that by (3-3), (3-22), for m > 0,
there exists ¢ > 0 such that for s € C*°(Xg, C) with supp(s) C B(0,0 + 1),

(3-23) I8 lt.m < I8l (oyom < cld i IS ]lem-

C|d¢|m+1

Now, we want to estimate Q7 Q" P, (Z, Z') using the standard Sobolev’s in-
equality for Q € Q" and Q' € Q™. If we define S := QP Q' then we have for
|Z],1Z'| <o

glel 3|a lg
aZOl Z/Ol

(3-24) 1020, P(Z. 7)) < csup| Iz =1,

(o),n+1’

supp(s) € B0, o + 1), |al, o] <n+ 1}.

Hence, by (3-23), applied twice to n + 1 instead of m, and also (3-21), applied to
m+n+1,m' +n+ 1 instead of m, m’, we get

(3-25)  sup |Qz0%P(Z,Z)
1211Z/|<o

+ 2m+2n+2 "+ 2m’+2n+2 2n+2 o —m—m'—2
ldply ol T de T |l T el ST T T

By (3-22) and (3-25) for m = m’ = 0, estimate (3-16) holds for r = 0.
Consider now r > 1. Set

J J

(3-26) Ik,.—{ac P ={ gt D ki =k+j, D ori=r, ki,rieN*}.
i=0 i=1

Then there exist a¥ € R such that

k0" L - 0"1.%
AL = = L) RS — )T S

h—%)F= Z ak Ak, ).

(ksr)EIk.r

— 27,
(3-27) o
ot”

Set g;;(Z) := (3/3Z;,3/3Z;)z, and (g"/) the inverse matrix of (g;;). Note that
(3" /0t") (g (tZ)), (0"/0t")(Vi,e; — (l/t)FeL0 (tZ)) are functions which do not de-
pend on ¢, and (E)“/at“)ReL0 (t2), (8”/8t”)F€L° (tZ) are functions of type dt2)ZP,
and Ve, ---V,, d'(tZ) is uniformly controlled by |d@|;1u-+1.
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We handle now the operator A’;(A, 1)Q’. We will move first all the terms Z#
in d’'(tZ)Z" (defined above) to the right-hand side of this operator. To do so,
we always use the commutator trick as in the proof of [Ma and Marinescu 2007,
Theorem 1.6.10], i.e., each time, we perform only the commutation with Z; (not
directly with Z# with |8| > 1). Then Ak(k 1) Q' is as the form Z\ﬁ|<2r ZLp, ,Q
and Q” is obtained from Q’ and its commutation with Z#. Observe that [Zl, ft]
is a ﬁrst order differential operator and [Z;,, [Z},, Z]] = g/172(¢tZ) is a bounded
function. Therefore, .#3 ; is a linear combination of operators of the form

(3-28) A=) RS A —L)7hSy - Sy — L) 7H,

with S; € {a(tZ)V,,ej1 Vies,» dj, (tZ2)Vie), d’(tZ)} and the number of Vie,, in all
{S;}iislessthan ), r; +2j =r+2j. Ask > 2(r + 1) +m + m’, we can split the
above operator into two parts as in [Ma and Marinescu 2007, (4.1.51)] and use the
fact that the term Vi (A — %)~ will contribute {‘ll. Similarly to (3-18), we get
that AK(%, 1) is well defined and for m,m’' € N, k > 2(r + 1) +m +m’, Q € Q",
Q' € Q™ there exists ¢ > 0 such that for A € 8, and €10, \/Z /51,

(3-29) QAKX HO'sllo

J
=Y ki—m—m'=3r

+2r—1, [2m+4 "42r—1, . 2m'+4 —
<cldgly 5 olg"  ldgln 15 elg™" e = > 11ZPsllro
IBI<2r
+2r—1| 2m+4 "42r—1y, 2m'+4r . —k—m—m'—4
<cldplp 3 wlg" M il 3 wlg” TR A Y " ZPs .
|B1<2r

By (3-17), (3-27) and (3-29), as in (3-21), form,r e N, Q € Q" and Q' € o
there exists ¢ > 0 such that for ¢ € ]0, /¢ /5] and s € C;°(Xo, ©),

3-30 H
( ) Qatr £,0
2r—1 "42r =1, 2m+2m' +8r » —m—m'—4
< cldgn 3 dg 3 oolg P2 S A N 2P s .

|Bl<2r

Finally, equations (3-23) and (3-30) together with Sobolev’s inequalities imply
for |Z],1Z'| <o

9" 2n4+2+4 _on—dr—
791‘(2 Z) c|d¢|2n+4r | |0( n++r)|d¢|2n+2§. 2n—4r 2'

(3-31) sup 2r+n+1 n+2

1Z1.12/|<0 ) 01"

This ends the proof of the theorem. ]
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Note that by (3-22), the operator .%; has a limit when t — 0 which we denote
by 4. For k big enough, set

1
3-32 FRi=——
( ) 2w/ —1r! /a{

Let F,(Z,Z') € C*(TX xx TX, C) be the smooth kernel of F, with respect
to dvrx (Z)).

Theorem 3.6. Forall j € N, o > 0, there exists ¢ > 0 such that for t € ]0, /¢ /4]
and Z, 7' € Ty, X, |Z|,1Z'| < o, we have

j
(3-33) “(P,—Zm’)(z,z’)
r=0

ML aF AR 0)da.
(kvr)EIk,r

coX)

2Qj+n+2), 2(4j+2n+6 4 —2n—6.
< c|d¢|2§4{::; )|a)|0( j+2n+ )|d¢|:21’r;2§ 4j=2n—6,j+1
Proof. By [Ma and Marinescu 2007, (4.1.69)], we have
10"
(39 riar s =

Recall that the Taylor expansion with integral rest of a function G € C/*1([0, 1]) is
J t i
193G 1 G
339 60-3 LEC0r = [ -/ SCwan, e,

rl o
r=0

Theorem 3.5 and (3-34) show estimate (3-16) holds if we replace (1/r!)(3" /0t")P;
with F,.. Using this new estimate together with (3-35) and (3-16), we get (3-33). U

Let P be the orthogonal projection from L*(Xo, C) onto Ker(.%), and let
P(Z, Z') be the smooth kernel of P with respect to dvrx (Z'). Then P(Z, Z') is the
Bergman kernel of 4. By [Ma and Marinescu 2007, (4.1.84)], if we choose {w ;} to
be an orthonormal basis of Tx(o1 9 X such that R)f =diag(ay,...,an) € End(Tx(Ol 0 x )
with (REW,Y) = RE(W, Y) for W, Y € T{"” X, then

n

i 1 / -/
(3-36) Pz.z)=]] 2“—71 eXp(—Z > ai(lzil* + 121> - 2Ziz,~)>-

1=

The following result was established in [Ma and Marinescu 2007, Theorem 4.1.21]:
Theorem 3.7. There exist polynomials J,(Z, Z") in Z, Z' with the same parity as r
and deg J.(Z, Z') < 3r, whose coefficients are polynomials in R™X (resp. R') and

their derivatives of order < r —2 (resp. < r), and reciprocals of linear combinations
of eigenvalues of R* at x, such that

(3-37) F(Z,Z=J.(Z,Z"YP(Z,Z).
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Moreover, we have
(3-38) Jo=1 and Fy="P.

Owing to (3-1), (3-2), as in [Ma and Marinescu 2007, (4.1.96)], we have
(3-39) PXZ.Z) =1« VAZ)P(Z/1.Z)/)k"VA(Z'),  forall Z,Z e R*

From Theorems 3.6 and 3.7 and (3-39), we get the following near-diagonal
expansion of the Bergman kernels. Recall that we are working with t = p~1/2,

Theorem 3.8. For every j € N, there exists ¢ > 0 such that the estimate

(3-40) ‘( PXZ,.Z) - ZF(IZ PZe V22V (Zp -r/z)
r=0

2(2j+n+2) 2(2n+4j+6) 2 2 — 1)/2+—-2n—4j—6
cldgly s W lwly T ldg [ pm U

holds for all0 < ¢ <1, ¢p>6,and all Z, Z' € Ty X with |Z|,|Z'| < o/./D-

End of the proof of Theorem 1.1. We apply Theorem 3.8 to Z = Z’ = 0 and
Jj = 1. Note that F;(0, 0) = 0 because the function F is odd. By equation (3-36),
P, 0) = w(xg)"/0(x9)". So from (3-40), we get

1 w (x0)" 2n+8|  14n+20) g, 2n+2 . —2n—10 _—1
G4 |SR0.0 =T | S el ol e 0
We then deduce the result form Propositions 2.1, 2.3 and (3-41). ([l

Remark 3.9. Assume now ¢ € C"*2¥¥6. Then by the usual C¥-norm on each U;
and Sobolev embedding theorem, from (2-22), we get

(3-42) | Fey(Dp) (x, x') — Pp(x, X)llox < claw|2 322K g =0n=316=3k =l

Note that VX' =d + pFL (cf., (2-15)), thus if we use the C*-norm induced by vy
then we get

(3-43) [ Fey(Dp)(x, x') — Pp(x, X" llek (xx)

2n+2+2r —6n—3(k—r+1)—6—3k _—k+r—1 k—r _k—r
<cZ|w|n+, (kmrah=o=3kp lwl P

2n+2+2ké. —6n—9-3k _—1

< clw| p

In the same way as (2-35) and above, we get

3-44) (B = P x)llekxxx) < c(ldeply ') =0 p o 212K,
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Combining [Ma and Marinescu 2007, (4.1.64)] and the argument for (3-16), we get

r

d
—P(Z,Z
oy 12, 2)

i < cé‘_2”_4(r+m/)_2|d¢|4(r+m )+2n

8(r+m')+4n+4 |d¢|2n+2,
2(r+m’)+n+1

(3-45) lwly s

cn’
here C™ is the usual C" -norm for the parameter xo.
Thus we get an extension of (1-4):

_ w@)" —on—4k—10, —
(3—46) Hp an (X,X)— e(x)n Ck<C|d¢|,2,1_52i—’5_8|w|3n+8k+20|d¢|,21’:£2§ 2n—4k 10p 1
+C|w|31—22k+2(|d¢|2g_1)6n+9+3kp_1.

Remark 3.10. Let ¢ be a function of class C% with 0 < a < 1, which is wp-
plurisubharmonic, i.e., dd°¢ + wo > 0. For each 0 < ¢ < 1, we can find a smooth
wo-plurisubharmonic function ¢; such that ||¢¢ [|cx < ct~F* and dd ¢ +wo > L wo,
see [Dinh et al. 2015]. As mentioned in Section 1, we can study ¢ by applying our
results to ¢,. Some steps in the proof of our estimates can be strengthened using
e llex < c¢ ~*+% for each 0 < k < n + 6 instead of using only the C"*+®-norm.
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MOLINO THEORY FOR MATCHBOX MANIFOLDS
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A matchbox manifold is a foliated space with totally disconnected transver-
sals, and an equicontinuous matchbox manifold is the generalization of Rie-
mannian foliations for smooth manifolds in this context. We develop the
Molino theory for all equicontinuous matchbox manifolds. Our work ex-
tends the Molino theory developed by Alvarez Loépez and Moreira Galicia,
which required the hypothesis that the holonomy actions for these spaces
satisfy the strong quasianalyticity condition. The methods of this paper are
based on the authors’ previous work on the structure of weak solenoids, and
provide many new properties of the Molino theory for the case of totally
disconnected transversals, and examples to illustrate these properties. In
particular, we show that the Molino space need not be uniquely well defined,
unless the global holonomy dynamical system is stable, a notion defined in
this work. We show that examples in the literature for the theory of weak
solenoids provide examples for which the strong quasianalytic condition
fails. Of particular interest is a new class of examples of equicontinuous
minimal Cantor actions by finitely generated groups, whose construction
relies on a result of Lubotzky. These examples have nontrivial Molino se-
quences, and other interesting properties.
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1. Introduction

A smooth foliation F of a connected compact manifold is a smooth decomposition
of M into leaves, which are connected submanifolds of M with constant leaf
dimension n and codimension g, where m = n + ¢ is the dimension of M. This
structure is defined by a finite covering of M by coordinate charts whose image is
the product space

(-1, D" x (-1, D)7 Cc R™,

such that the leaves are mapped into linear planes of dimension 7, and the transition
functions between charts preserve these planes. The space (—1, 1)? is called the
local transverse model for F. A smooth foliation F is said to be Riemannian, or
bundle-like, if there exists a Riemannian metric on the normal bundle Q — M
which is invariant under the transverse holonomy transport along the leaves of F.
This condition was introduced by Reinhart [1959], and is a very strong assumption
to impose on a foliation. The Molino theory for Riemannian foliations gives a
complete structure theory for the geometry and dynamics of this class of foliations
on compact smooth manifolds [Haefliger 1989; Moerdijk and Mrcun 2003; Molino
1982; 1988].

An n-dimensional foliated space R, as introduced by Moore and Schochet [2006],
is a continuum — a compact connected metrizable space — with a continuous de-
composition of 27 into leaves, which are connected manifolds with constant leaf
dimension n. Moreover, the decomposition has a local product structure analogous
to that for smooth foliations [Candel and Conlon 2000; Moore and Schochet 2006];
that is, every point of 971 has an open neighborhood homeomorphic to the open
subset (—1, 1)" C R" times an open subset of a Polish space X, which is said to be
the local transverse model. Thus, O has a foliation denoted by Fyp whose leaves
are the maximal path-connected components, with respect to the fine topology on
N induced by the plaques of the local product structure.

An equicontinuous foliated space is the topological analog of a Riemannian
foliation. In this case, the transverse holonomy pseudogroup associated to the
foliation is assumed to act via an equicontinuous collection of local homeomor-
phisms on the transverse model spaces. The transverse holonomy maps are not
assumed to be differentiable, so there is no natural normal bundle associated to
a foliated space, and the standard methods for showing an analog of the Molino
theory do not apply. In a series of papers, Alvarez Lépez and Candel [2009; 2010]
and Alvarez Lépez and Moreira Galicia [2016] formulated a fopological Molino
theory for equicontinuous foliated spaces, which is a partial generalization of the
Molino theory for smooth Riemannian foliations. They formulated the notion of
strongly quasianalytic “regularity” for a foliated space, which is a condition on the
pseudogroup associated to the foliation, as discussed in Section 9. The topological
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Molino theory in [Alvarez Lépez and Moreira Galicia 2016] applies to foliated
spaces which satisfy the strongly quasianalytic condition.

The topological Molino theory for an equicontinuous foliated space 971 with
connected transversals essentially reduces to the smooth theory, by [Alvarez Lépez
and Candel 2010; Alvarez Lépez and Moreira Galicia 2016; Alvarez Lépez and
Barral Lij6 2016]. In contrast, when the transversals to Fyy are totally disconnected,
and we then say that 2T is a matchbox manifold, the development of a Molino
theory in [Alvarez Lépez and Moreira Galicia 2016] does not address several key
issues, which can be seen as the result of using techniques developed for the smooth
theory in the context of totally disconnected spaces. In this work, we apply a
completely different approach to developing a topological Molino theory for the
case of totally disconnected transversals. The techniques we use were developed
in the authors’ works [Dyer 2015; Dyer et al. 2016; 2017]. They are used here to
develop a topological Molino theory for matchbox manifolds in full generality, and
to reveal the far greater complexity of the theory in this case. In particular, we show
by our results and examples that the classification of equicontinuous matchbox
manifolds via Molino theory is far from complete.

We recall in Section 2 the definitions of a foliated space 91, and of a matchbox
manifold, which is a foliated space whose local transverse models for the foliation
Fon are totally disconnected. The terminology “matchbox manifold” follows the
usage introduced in continua theory [Aarts and Oversteegen 1991; 1995; Aarts and
Martens 1988]. A matchbox manifold with 2-dimensional leaves is a lamination by
surfaces, as defined in [Ghys 1999; Lyubich and Minsky 1997]. If all leaves of 9t
are dense, then it is called a minimal matchbox manifold. A compact minimal set
9N C M for a foliation F on a manifold M yields a foliated space with foliation
Fom = F|9N. If the minimal set is exceptional, then 91 is a minimal matchbox
manifold. It is an open problem to determine which minimal matchbox manifolds
are homeomorphic to exceptional minimal sets of C"-foliations of compact smooth
manifolds, for r > 1. For example, the issues associated with this problem are
discussed in [Cass 1985; Clark and Hurder 2011; Hurder 2013].

It was shown in [Clark and Hurder 2013, Theorem 4.12] that an equicontinuous
matchbox manifold 9 is minimal; that is, every leaf is dense in 921. This result
generalized a result of Joe Auslander [1988] for equicontinuous group actions.
Examples of equicontinuous matchbox manifolds are given by weak solenoids,
which are discussed in Section 3. Briefly, a weak solenoid Sp is the inverse limit
of a sequence of covering maps

P={pes1:Mey1 — M,y | £ =0},

called a presentation for Sp, where M, is a compact connected manifold without
boundary and py; is a finite-to-one covering space. The results of [Clark and
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Hurder 2013] reduce the study of equicontinuous matchbox manifolds to the study
of weak solenoids:

Theorem 1.1 [Clark and Hurder 2013, Theorem 1.4]. An equicontinuous matchbox
manifold 9N is homeomorphic to a weak solenoid.

The idea of the proof of this result is to choose a clopen transversal Vy C 91;
then associated to the induced holonomy action of Fyy on Vj, one defines (see
Proposition 3.4) a chain of subgroups of finite index, G = {Go D G| D - - - }, where
Gy is the fundamental group of the first shape approximation M to 91, where M
is a compact manifold without boundary. Then 90T is shown to be homeomorphic to
the inverse limit of the infinite chain of coverings of Mj associated to the subgroup
chain G.

The theory of inverse limits for covering spaces, as developed for example in
[Fokkink and Oversteegen 2002; McCord 1965; Rogers 1970; Rogers and Tollefson
1971a; 1971b; Schori 1966], reduces many questions about the classification of
weak solenoids to questions about properties of the group chain G associated with
the presentation P. Thus, every equicontinuous matchbox manifold 99t admits a
presentation which determines its homeomorphism type. In Section 3A, the notion of
a weak solenoid Sp with presentation P is recalled, and the notion of a dynamical
partition of the transversal space Vj is introduced in Section 3B. As discussed
in Section 3C, the homeomorphism constructed in the proof of Theorem 1.1 is
well defined up to return equivalence for the action of the respective holonomy
pseudogroups [Clark et al. 2013a, Section 4]. Thus, we are interested in invariants for
group chains that are independent of the choice of the chain, up to the corresponding
notion of return equivalence for group chains. This is the approach we use in this
work to formulate and study “Molino theory” for weak solenoids.

Section 4 introduces the group chain model for the holonomy action of weak
solenoids, following the approach in [Dyer 2015; Dyer et al. 2016; 2017]. Section 5
then recalls results in the literature about homogeneous matchbox manifolds and the
associated group chain models for their holonomy actions, which are fundamental
for developing the notion of a “Molino space”. Section 6 introduces the notion
of the Ellis group associated to the holonomy action of a weak solenoid. Ellis
semigroups were developed in [Auslander 1988; Ellis and Gottschalk 1960; Ellis
1960; 1969; Ellis and Ellis 2014], and also appeared in [Alvarez Lépez and Candel
2010]. A key point of our approach is to use this concept as the foundation of our
development of a topological Molino theory.

A key aspect of the Molino space for a foliation is that it is foliated homogeneous.
A continuum 91 is said to be homogeneous if given any pair of points x, y € 9, then
there exists a homeomorphism / : 93t — 91 such that #(x) = y. A homeomorphism
@ : M — M preserves the path-connected components, hence a homeomorphism
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of a matchbox manifold preserves the foliation Foy of 1. It follows that if 91 is
homogeneous, then it is also foliated homogeneous. Our first result is that every
equicontinuous matchbox manifold admits a foliated homogeneous Molino space.

Theorem 1.2. Let M be an equicontinuous matchbox manifold, and let P be a
presentation of M, such that M is homeomorphic to a solenoid Sp. Then there
exists a homogeneous matchbox manifold M with foliation F, called a Molino
space of M, and a compact totally disconnected group D (the discriminant group
for P as defined in Section 6C) such that there exists a fibration

ey D — M- 9,

where the restriction of § to each leaf in M is a covering map of some leaf in IN.
We say that (1) is a Molino sequence for 9.

The construction of the spaces in (1) is given in Section 7. The homeomorphism
type of the fibration (1) depends on the choice of a homeomorphism of 9t with
a weak solenoid Sp, and this in turn depends on the choice of the presentation
P associated to 91 and a section V) C 90, as discussed in Section 3C. Examples
show that the topological isomorphism type of D may depend on the choice of the
section Vjp, and the sequence (1) need not be an invariant of the homeomorphism
type of 1. This motivates the introduction of the following definition.

Definition 1.3. A matchbox manifold 20 is said to be stable if the topological type
of the sequence (1) is well defined by choosing a sufficiently small transversal Vj to
the foliation Fyy of 9. A matchbox manifold 91 is said to be wild if it is not stable.

In Section 7D we discuss the relation between the above definition and the notion
of a stable group chain as given in Definition 7.5. Our next result concerns the
existence of stable matchbox manifolds.

Proposition 1.4. Let M be an equicontinuous matchbox manifold, and suppose M
admits a transverse section Vy with presentation P, such that the group D in the
Molino sequence (1) is finite. Then N is stable.

Proposition 1.4 is proved in Section 7. Theorem 10.8 shows that every separable
Cantor group D can be realized as the discriminant of a stable weak solenoid, but
we do not know of a general criterion for when a weak solenoid whose discriminant
is a Cantor group must be stable.

The Molino space M is always a homogeneous matchbox manifold. By the
results in [Dyer et al. 2016], 21 is homogeneous if and only if for some section Vj,
the fibration (1) has trivial fiber D. Each leaf of a homogeneous foliated space has
trivial germinal holonomy, and thus the properties of holonomy for a matchbox
manifold 90 are closely related to its nonhomogeneity. Section 8 considers the
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germinal holonomy groups associated to the global holonomy action for a matchbox
manifold.

Of special importance is the notion of locally trivial germinal holonomy, intro-
duced by Sacksteder and Schwartz [1965], and used by Inaba [1977; 1983] in his
study of Reeb stability for noncompact leaves in smooth foliations. A leaf L, in a
matchbox manifold 91, which intersects a transversal section Vj at a point x, has
locally trivial germinal holonomy if there is an open neighborhood U C Vj of x
such that the holonomy pseudogroup acts trivially on U. A leaf with locally trivial
germinal holonomy has trivial germinal holonomy, but the converse need not be
true. In particular, we prove the following result in Section 8. We say that a leaf
L, has finite 7;-type if its fundamental group is finitely generated. A matchbox
manifold 97 has finite ;-type if all leaves in the foliation Foy have finite m{-type.

Lemma 1.5. Let 9 be an equicontinuous matchbox manifold with finite w\-type.
Let L be a leaf with trivial germinal holonomy. Then L, has locally trivial germinal
holonomy.

The statement of Lemma 1.5 is implicit in the authors’ work [Dyer et al. 2017].
The notion of locally trivial germinal holonomy and the germinal holonomy proper-
ties of equicontinuous matchbox manifolds turn out to be important in the study
of topological Molino theory. Since a weak solenoid is a foliated space, by a
fundamental result of Epstein, Millett and Tischler [Epstein et al. 1977] it contains
leaves with trivial germinal holonomy. A Schori solenoid is an example of a weak
solenoid, and was first constructed in [Schori 1966]. Each leaf in the foliation of a
Schori solenoid is a surface of infinite genus.

Proposition 1.6. The Schori solenoid contains leaves which have trivial germinal
holonomy, but do not have locally trivial germinal holonomy.

Proposition 1.6 is proved in Section 9. Proposition 1.6 shows that the condition
of finite generation of the fundamental group is essential for the conclusion of
Lemma 1.5. Another result, proved in Section 8, relates the existence of leaves with
nontrivial holonomy with nontriviality of the fiber D in the Molino sequence (1).

Theorem 1.7. Let 9N be an equicontinuous matchbox manifold. If M has a leaf
with nontrivial holonomy, then the Molino sequence (1) is nontrivial for any choice
of section Vy C 9.

The example in [Fokkink and Oversteegen 2002] and new examples in Section 10
show that nontrivial holonomy is not a necessary condition for (1) to be nontrivial,
as one can construct nonhomogeneous equicontinuous matchbox manifolds with
simply connected leaves.

Alvarez Lépez and Moreira Galicia [2016] investigated Molino theory in the
case when the closure of the pseudogroup of an equicontinuous foliated space (in



MOLINO THEORY FOR MATCHBOX MANIFOLDS 97

the compact-open topology) satisfies the condition of strong quasianalyticity (SQA).
Geometrically, this means that the pseudogroup action is locally determined; that is,
if a holonomy map acts trivially on an open subset of its domain, then it is trivial
everywhere on its domain. A natural problem is to determine which classes of
equicontinuous matchbox manifolds are SQA. This question is studied in Section 9.

Note that for equicontinuous actions on Cantor sets the compact-open topology,
the uniform topology and the topology of pointwise convergence coincide. The
following result is proved in Section 9. The set V,, in the statement below is a
partition set of Vp C ¥ as defined in Proposition 3.4.

Theorem 1.8. Let M be an equicontinuous matchbox manifold which has finite
mi-type. Then there exists a transverse section Vi such that the action of the
holonomy pseudogroup on this section is SQA. In addition, if Vy can be chosen
so that the fiber D in the Molino sequence (1) is finite, then there exists a section
Vi C Vo such that the closure of the pseudogroup action on V, is SQA as well.

On the other hand, there are equicontinuous matchbox manifolds which do not
satisfy SQA condition.

Theorem 1.9. For every transverse section Vy in the Schori solenoid, the holonomy
pseudogroup associated to the section is not SQA.

Theorem 1.2 proves that the Molino space exists for any matchbox manifold 91,
including those that do not admit a section with the SQA holonomy pseudogroup.
Thus, for equicontinuous matchbox manifolds, our results are more general than
those in [Alvarez Loépez and Moreira Galicia 2016].

Analyzing the results of Lemma 1.5 and Theorem 1.8, one concludes that the
condition of finite 7r;-type, imposed on a matchbox manifold 91, and the condition
of finiteness of the fiber D in the Molino sequence (1), are quite strong and force
the holonomy pseudogroup to possess various nice properties, such as locally trivial
germinal holonomy and the SQA condition.

It is natural to ask, how diverse is the class of examples with finite fiber D
in the Molino sequence? The authors’ work [Dyer et al. 2016] constructed new
examples of equicontinuous matchbox manifolds with finite fiber D, which are
weakly normal, that is, restricting to a smaller transverse section one can arrange
that the Molino sequence (1) has a trivial fiber. One of these examples is also
described in Example 8.6 in this paper. Rogers and Tollefson [1971c] constructed
an example of a weak solenoid which turns out to be stable and have finite fiber D,
where the nontriviality of D is due to the presence of a leaf with nontrivial holonomy.
This example illustrates Proposition 1.4 and Theorem 1.7.

The concluding section (Section 10) gives the construction of a variety of new
classes of examples which illustrate the concepts and results of this work. We
first give in Section 10A a reformulation of the constructions of the discriminant
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groups in Section 6, in terms of closed subgroups of inverse limit groups, which
is analogous to a construction attributed to Lenstra in [Fokkink and Oversteegen
2002]. This alternate formulation is of strong interest in itself, as it gives a deeper
understanding of the Molino spaces introduced in this work. This construction can
be applied to the examples constructed by Lubotzky [1993] showing the existence
of various products of torsion groups in the profinite completion of torsion-free
groups, as recalled in Section 10D. We then give three applications of these results,
which are included in Section 10E. The first construction is based on the conclusions
of Theorem 10.4.

Theorem 1.10. Fix an integer n > 3. Then there exists a finite index, torsion-free
subgroup G C SL,,(Z) of the n X n integer matrices such that given any finite group
F of cardinality | F| which satisfies 4(|F| 4+ 2) < n, there exists an irregular group
chain Gr in G with the properties that

(1) the discriminant group of Gr is isomorphic to F
(2) the group chain G is stable, with constant discriminant group isomorphic to F;

() the kernel K (gﬁ) of each conjugate g§ of this group chain is trivial.

The terminology used in Theorem 1.10 will be explained in later sections, where
we will show that given such a group chain, one can construct matchbox manifolds
with the following properties:

Corollary 1.11. Let F be a finite group. Then there exists a nonhomogeneous
matchbox manifold N such that every leaf of Fon has trivial germinal holonomy,
and for any sufficiently small transverse section in 9N, its Molino sequence is
nontrivial with fiber group D = F.

Note that it follows by Theorem 1.8 that for the examples constructed in the
proof of Corollary 1.11, there is a section V C 99T such that the closure of the
pseudogroup action on V satisfies the SQA condition of Alvarez Lépez and Moreira
Galicia [2016].

The next two constructions are based on the conclusions of Theorem 10.5, due
to Lubotzky. Again, the terminology used in the statements will be explained in
later sections.

Theorem 1.12. There exists a finite index, torsion-free finitely generated group G
such that given any separable profinite group K, there exists an irregular group
chain Gk in G such that

(1) the discriminant group of Gk is isomorphic to K

(2) the group chain G is stable, with constant discriminant group isomorphic to K.
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Corollary 1.13. Let K be a Cantor group. Then there exists a nonhomogeneous
matchbox manifold 9N such that, for any sufficiently small transverse section in I,
its Molino sequence is nontrivial with fiber group D = K.

Finally, Theorem 10.10 gives the first examples of equicontinuous matchbox
manifolds which are not virtually regular. The virtually regular condition was
introduced in [Dyer et al. 2017], and is defined in Definition 10.9. As the terminol-
ogy suggests, this notion is related to the homogeneity properties of finite-to-one
coverings of a matchbox manifold 1.

The concluding section (Section 10F) lists some open problems.

2. Equicontinuous Cantor foliated spaces

In this section, we recall background concepts about foliated spaces, and introduce
the group chains associated to their equicontinuous Cantor holonomy actions.

2A. Equicontinuous Cantor foliated spaces. Recall that an n-dimensional match-
box manifold 9N is a compact connected metrizable topological space such that every
point x € 911 has an open neighborhood U C 91 such that there is a homeomorphism

2 ¢r:Up = [-1, 11" X T,

where T, is a totally disconnected space. The homeomorphism ¢y is called a local
foliation chart, and the space ‘T, is called a local transverse model. As usual in
foliation theory, one can choose a finite atlas ¢/ = {(¢;, U;)}1<i <y of local charts such
that the intersections of the path-connected components in U, N U, are connected
and simply connected, and the images 7; = ¢;” 1[0} x %;) are disjoint. The leaves of
the foliation Fyy of 91 are defined to be the path-connected components of 2T, which
are then a union of the path-connected components (the plaques) in the open sets U;.
A matchbox manifold is (fopologically) minimal if each leaf L C 9 is dense in 9.

We require the matchbox manifold 971 to be smooth; that is, the transition maps

giop 1o N U;NT)) — ¢j(U;NT))

are C°°-maps in the first coordinate x € [—1, 1]", and the restrictions to plaques
depend continuously on y € ¥;, in the C*°-topology on leaves, for 1 <i, j <wv.

Let pr, : [-1, 1]" x ¥; — ; be the projection onto the second factor. Then
T =Pro0q; : U; — %, for 1 <i <v are the local defining maps for the foliation Foy.
Set%; ; =m;(U;NUj) for 1 <i, j <v. Since the path-connected components of
the charts are either disjoint or have a connected intersection, there is a well-defined
change-of-coordinates homeomorphism

3) hi,j :njoﬂi_l Zfi’j —)fj,i
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with domain ¥; ; and range T;;. Let g} ={(hi;, % )1 1=<ij=<v} Set
T =%, U---U%,. Then the collection of maps g} generates the holonomy
pseudogroup Gr acting on the transverse space . The construction and properties
of Gr are described in full detail in [Clark and Hurder 2013, Section 3].

For the study of the dynamical properties of Fopy, it is useful to introduce also the
collection of maps g; C Gr, defined as follows. Let Gy C G denote the collection
consisting of all possible compositions of homeomorphisms in g}. Then G5 consists
of all possible restrictions of homeomorphisms in Gy to open subsets of their
domains. The collection of maps G7- is closed under the operations of compositions,
taking inverses, and restrictions to open sets, and is called a pseudoxgroup in
[Alvarez Lépez and Moreira Galicia 2016; Matsumoto 2010], while G5 is called a
localization of Gy in [Alvarez Loépez and Moreira Galicia 2016].

Remark 2.1. The standard definition of a pseudogroup [Candel and Conlon 2000]
requires the pseudogroup to be closed under the operations of composition, taking
inverses, restriction to open subsets, and combination of maps. A combination of
two local homeomorphisms /1 and s, with possibly disjoint domains D (/1) and
D (hy) and with disjoint ranges, is a homeomorphism % defined on D (k) U D(h7)
where h|D(h) =h; and h|D(h;) = h>. However, allowing such arbitrary gluings of
maps is unnatural. For example, a composition /; ; o h; ; can be associated with the
existence of a leafwise path y, : [0, 1] — L, € M with y,(0) € U; and y, (1) € U,
where L is a leaf such that ; (x) € D(hj i oh; ;). If m;(y) € D(hjxoh; ;), then the
path y, can be lifted to a nearby leaf L, to a “parallel” path y, with y,(0) € U; and
¥y(1) € Ug. Thus a holonomy transformation /; x o h; ; has a geometric meaning as
the transverse transport in leaves along a leafwise path. Therefore, in the definitions
of Go and G (and of a pseudoxgroup in [Matsumoto 2010]), one does not allow
combinations of local homeomorphisms, unless such homeomorphisms can be
obtained by restrictions to open subsets of maximal domains of elements in Gy.

Let don be a metric on 91, and denote by d7; the restriction of doy to the embedded
image 7; of the transversal ¥;, 1 <i <v. For each 1 <i < v, consider the pullback
dz, of dr along the embedding. Then define a metric dt on T by the formula

dT(x,)’) =

ds,(x,y) ifx,ye%; for some i,
otherwise.

For a homeomorphism y € Gr, denote by D(y) and R(y) the domain and the range
of y, respectively.

Definition 2.2. The action of the pseudoxgroup G on the transversal T is equicon-
tinuous if for all € > 0 there exists § > 0 such that for all y € G5, if x, x" € D(y)
and dz(x, x") < §, then dz(y (x), y (x)) < .



MOLINO THEORY FOR MATCHBOX MANIFOLDS 101

The following notion is used in the statement of various results in this work.

Definition 2.3. A path-connected topological space X is said to have finite 7-type
if the fundamental group 7 (X, x) is a finitely generated group for the choice of
some basepoint x € X. A matchbox manifold 91 is said to have finite 7;-type if
each leaf L C 91 is a space of finite ;-type.

2B. Suspensions. There is a well-known construction which yields a foliated space
from a group action, called the suspension construction, as discussed in [Candel and
Conlon 2000, Chapter 3], for example. We state this construction in the restricted
context which we use in this work.

Let X be a Cantor space and H a finitely generated group, and assume there
is given an action ¢ : H — Homeo(X). Suppose that H admits a generating set
{g1, ..., gk}; then there is a homomorphism «y : Zx- - -xZ — H of the free group on
k generators onto H, given by mapping generators to generators. Of course, the map
o will have nontrivial kernel, unless H happens to be a free group. Next, let X be a
compact surface without boundary of genus k. Then for a choice of basepoint xg € 3
set G = 1 (X, x9). Then there is a homomorphism By : G — Z * - - - % Z onto the
free group of k generators. Denote the composition of these maps by ® = g o o B
to obtain the homomorphism @ : G =7 (2, x9) = Z*- - -xZ — H — Homeo(X).

Now, let & denote the universal covering space of X, equipped with the right
action of G by covering transformations. Form the product space S x X which has
a foliation F whose leaves are the slices ik X {x} for each x € X. Define a right
action of G on f)k x X, which for g € G is given by (v, x)-g=(y- g, CI>(g_1)(x)).
For each g, this action preserves the foliation F, so we obtain a foliation Foy on the
quotient space 9 = (S x X) /G. Note that all leaves of Foy are surfaces, which
are in general noncompact.

Note that 91 is a foliated Cantor bundle over X, and the holonomy of this bundle
7 : 9 — 3 acting on the fiber V) = 7~ (xp) is canonically identified with the
action @ : G — Homeo(X). Consequently, if the action ® is minimal in the sense
of topological dynamics [Auslander 1988], then the foliation Fyy is minimal. If the
action @ is equicontinuous in the sense of topological dynamics [Auslander 1988],
then Foy is an equicontinuous foliation in the sense of Definition 2.2.

There is a variation of the above construction, where we assume that G is a
finitely presented group, and there is given a homomorphism @ : G — Homeo(X).
In this case, it is a well-known folklore result (for example, see [Massey 1991]) that
there exists a closed connected 4-manifold B such that for a choice of basepoint
bo € B, (B, bp) is homeomorphic to G. Then the suspension construction can be
applied to the homomorphism @ : 7y (B, bg) — Homeo(X), where we replace X
above with B, and the space S with the universal covering B of B. The resulting
foliated space 91 will have holonomy given by the map &.
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In summary, the suspension construction translates results about equicontinuous
minimal Cantor actions to results about equicontinuous matchbox manifolds.

3. Weak solenoids

In this section, we first recall the construction procedure for (weak) solenoids, and
describe some of their properties. In Section 3B, we discuss the construction from
[Clark and Hurder 2013] which associates a group chain to an equicontinuous match-
box manifold, which leads to a more precise statement of Theorem 1.1. Then in
Section 3C, we make some observations about the conclusion of Theorem 1.1 which
are important when considering the definition of the Molino space for matchbox
manifolds.

3A. Weak solenoids. Let n > 1. Then for each £ > 0, let M, be a compact
connected simplicial complex of dimension n. A presentation is a collection
P={pes1: Moy — M, | £ > 0}, where each map py is a proper surjective map
of simplicial complexes with discrete fibers, which is called a bonding map. For
£ >0 and x € My, the preimage { p[jl (x)} C M4 is compact and discrete, so the
cardinality #{ pej: 1 (x)} is finite. For a presentation P defined in this generality, the
cardinality of the fibers of the maps py1| need not be constant in either £ or x.
Associated to a presentation P is an inverse limit space,

@) Sp=lm{pe1: Moy — My}

= (0. ¥1,...) € Sp | pea1(eear) = x¢ forall € = 0} € [ Me.
£>0

The set Sp is given the relative topology, induced from the product (Tychonoft)
topology, so that Sp is itself compact and connected.

Definition 3.1. The inverse limit space Sp in (4) is called a (weak) solenoid if for
each £ > 0 the space M, is a compact connected manifold without boundary, and
Pe+1 1s a proper covering map of degree mpyy > 1.

Weak solenoids are a generalization of 1-dimensional (Vietoris) solenoids, de-
scribed in Example 3.2 below. Weak solenoids were originally considered by
McCord [1965], Rogers and Tollefson [1971a; 1971c] and Schori [1966], and later
by Fokkink and Oversteegen [2002].

Example 3.2. Let M, =S' for each £ >0, and let the map py 1 be a proper covering
map of degree m,41 > 1 for £ > 0. Then Sp is an example of a classic 1-dimensional
solenoid, discovered independently by van Dantzig [1930] and Vietoris [1927]. If
myy1 = 2 for £ > 0, then Sp is called the dyadic solenoid.
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Let Sp be a weak solenoid as in Definition 3.1. For each £ > 1, the composition
&) ge=pi1o---ope_10pg:Mg— My

is a finite-to-one covering map of the base manifold M. For each £ > 0, projection
onto the ¢-th factor in the product [ [,., M, in (4) yields a fibration map denoted
by Iy : Sp — M,. For £ =0 this yield_s the fibration Iy : Sp — My, and for £ > 1
we have

(6) HoIQgOHg:Sp—)M().

A choice of basepoint xo € My fixes a fiber Xo = I ! (x0), which is a Cantor set by
the assumption that the fibers of each map p,4 have cardinality at least 2. McCord
[1965] showed that (6) is a fiber bundle over M, with a Cantor set fiber, and the
solenoid Sp has a local product structure as in (2). The path-connected components
of Sp thus define a foliation denoted by Fp. We then have:

Proposition 3.3. Let Sp be a weak solenoid whose base space My is a compact
manifold of dimension n > 1. Then Sp is a minimal matchbox manifold of dimension
n with foliation Fp.

Denote by Gog = 71 (M, xo) the fundamental group of M with basepoint xg, and
choose a point x € X in the fiber over xg. This defines basepoints x; = [Ty (x) € M,
for £ > 1.

Let y € Xo be another point, set y, = I1,(y) € M, and note that yg = xg by
construction. We will interchangeably write y = (y,) to denote a point in X¢ or Sp.
Let L, denote the leaf of Fp containing y. Then the restriction ITg|Ly : Ly, — M)
of the bundle projection to each path-connected component L, is a covering map.
For g = [y] € Gy, let y, : [0, 1] — M, be a lift of yy with the starting point
v¢(0) = y¢. Define a homeomorphism g : Xo — Xo by he(ye) = (y¢(1)). Thus
there is a representation

(7 &g : Go — Homeo(Xp) : y — hg,
called the global holonomy map of the solenoid Sp.

3B. Dynamical partitions. 1t was shown in [Clark and Hurder 2013, Theorem 4.12]
that an equicontinuous matchbox manifold 9t is minimal, that is, every leaf is
dense in 901. This result generalizes to pseudogroups by a corresponding result of
Auslander [1988] for equicontinuous group actions. It follows that for any clopen
subset Vo C %, the restricted pseudoxgroup Gy, = G| Vo is return equivalent to the
pseudoxgroup Gz on ¥, where return equivalence is defined and studied in [Clark
et al. 2013a, Section 4]. Thus, for the study of the dynamical properties of Fyy one
can restrict to the study of Gy, . The following result is based on the constructions
in [Clark and Hurder 2013].
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Proposition 3.4. Let 9N be a matchbox manifold with totally disconnected transver-
sal T and equicontinuous holonomy pseudoxgroup G5 on T, let x € X be a point,
and let W C X be a clopen (closed and open) neighborhood of x. Then there exists
a clopen subset x € Vo C W and a descending chain of clopen sets Vo D Vi D - --

of T with {x} =", Ve such that:

(1) The restriction Gx|Vy is generated by a group G of transformations of V.

(2) Foreach £ > 1 the collection Q¢ = {g - Vi}4ea, i a finite partition of Vy into
clopen sets.

(3) We have diam(g - Vy) <2~ forall g € Go and all £ > 0.
(4) The collection of elements which fix Vy, that is,

Gy =1{g€Golg Vi=Vi},
is a subgroup of finite index in Go. More precisely, |G¢ : G| = card Qy.

There are many choices involved in the construction of the partitions Q, and
consequently the stabilizer groups Gy :

(1) The choice of a transverse section Vy C ¥, which results in the choice of the
group Gy.

(2) The choice of a basepoint x € Vj.

(3) Given Vjy, x and Gy, there is freedom to choose clopen sets Vi D V, D - - -,
which results in the choice of the sequence of groups Go = G D G} D
G’2C DEEER

Thus, the algebraic and geometric data encoded by these choices must be consid-
ered up to suitable notions of equivalence, which will be introduced in Section 4A.

3C. Homeomorphisms. Let 911 be a matchbox manifold with totally disconnected
transversal ¥ and equicontinuous holonomy pseudoxgroup Gr actingon ¥, let x € ¥
be a point, and let {Vyy| C V; | £ > 0} be a descending chain of clopen subsets of T
with x € V, for all £ > 0, as introduced in Proposition 3.4, where Gy is a group of
transformations of Vj, and G, denotes the stabilizer subgroup of G of the set V.

The basic idea of the proof of Theorem 1.1 is that if we choose the section
Vo C 90t appropriately and it is sufficiently small, then there is a compact manifold
M and a fibration ITj, : 90t — M for which the inverse image (1'[6)_l (x0) equals Vy,
where xg = 1'[6(x). Moreover, the restrictions of the map 1'[6 to the leaves of Fon
are coverings of My. The definition of the map ITj, requires the highly technical
results of [Clark et al. 2013b] to define a transverse Cantor foliation Hg to Foy,
so that the quotient space My = 9t/H, is a compact manifold, and then ITj is
the projection along the leaves of the transverse foliation Hg, or better said the
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equivalence classes defined by the leaves of Hy. Then Vj is the Hg-equivalence
class of the point x € Vy C 9.

Let V, C Vp be the clopen set in Proposition 3.4 and G; ={g € Go | g- Ve = Vi}
the isotropy subgroup of V;. Then there is a Cantor subfoliation H; of #( such
that V; is the H,-equivalence class of x. Moreover, there is a quotient map
I, : M — M/H, = M,, where is M, is identified with the covering of M,
associated to the subgroup G, C Go = w1 (M, xo). Note that the fiber (1'[2)_1 (x0)
equals V; and the monodromy action of Gg on Vj partitions Vj into the translates
of V. There is then a quotient covering map g, : My — My, and as in (6), we have

(8) H6=ngl_[/eim—>M().

For each £ > 0let py41 : My+1 — M, be the quotient map defined by expanding the
equivalence classes of 91 defined by #H,+ to the equivalence classes defined by .
Then we obtain a collection of covering maps P = {py+1: M¢+1 — My | £ >0} which
defines a weak solenoid Sp. As the diameters of the clopen partition sets V, tend to 0
as ¢ increases, it is then standard that the collection of maps {IT, : 90T — M, | £ > 0}
induces a foliated homeomorphism IT : 9 — Sp.

In later sections, we will also consider the presentations P, obtained by truncating
the initial n terms in the presentation P. That is, for n > 0 we have

9) Pu=A{pys1: My —> My 1 £2> 0}, where My = My, and pjy = peinti.

It is a basic property of inverse limit spaces [McCord 1965; Rogers 1970] that
for n > 1 and m > 0, there is a homeomorphism o, : Sp,,, = Sp,, where the
homeomorphism is given by the “shift in coordinates” map o, in the inverse
sequences defining these spaces. Also, by the same reasoning as above, there is a
foliated homeomorphism IT} : 9t — Sp, and we have a commutative diagram of
fibrations:

M—M

( 1 0) H;;+ml ln;fn

lof
Spn+m % SPm

Note that if the presentation P is constructed using the holonomy of Fyn acting
on the transversal Vo C 9, then for n > 0 and m > 0, the map o, : Sp,,,, = Sp,,
satisfies 0, (V) C V,,. That is, the induced map on 971 sends the transversal
(Hﬁlﬂ)*l(VmM) C 2 into the transversal (H:)*I(Vn) C 1. On the other hand,
given a homeomorphism /4 : 90t — 91 there is no reason it should map the transversal
Vo into itself. In particular, the induced map

(11) (I oho(IT5, )" :Sp,., — Sp,

m+n
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on weak solenoids need not be fiber preserving. On the other hand, as discussed
in [Fokkink and Oversteegen 2002], there is always a map 4’ : 90t — 90t which is
homotopic to £ such that the induced map as in (11) maps a clopen subset of V1,
into a clopen subset of V,. Thus, by allowing sufficiently large values of n and
m and choice of basepoints in the range and domain, we can always ensure that
a given homeomorphism of 97 induces a fiber-preserving map between the weak
solenoids Sp,,., and Sp, .

4. Group chain models

Let Sp be a weak solenoid defined by a presentation P, with basepoint x € Xy =
M, " (x0) C Sp. For Go = 71 (Mo, xo), let @ : Gy — Homeo(X) be the holonomy
action in (7).

The following “combinatorial model” for the action (7) allows for a deeper
analysis of the relation between the action @ and the algebraic structure of Gy.
For each £ > 1, recall that

(12) Gy =image{(qo)# : m1(My, x¢) — Go)

denotes the image of the induced map (g¢)# on fundamental groups. In this way,
associated to the presentation P and basepoint x € Xy, we obtain a descending
chain of subgroups of finite index

(13) G*:GyDGIDGID--- DG .

Each quotient X; = G/ Gy, is a finite set equipped with a left Go-action, and there

are surjections X ; — X; which commute with the action of G. The inverse limit

(14) X3, =lm{per1: X}, — X;}={(eGo. 81G}....) |8 G =ge1 G} [ [ Xi
€0
is then a totally disconnected compact perfect set, so is a Cantor set. The fundamental

group G acts on the left on X7 via the coordinatewise multiplication on the product
in (14). We denote this Cantor action by (X3, Go, ®y).

Lemma 4.1. There is a homeomorphism t, : Xo — X}, equivariant with respect to
the action (7) of Go on Xo and @, on Xo; that is, Ty o hy(y) = P (g) o 7x(y) for
all y € X.

In particular, this allows us to conclude that the action ®g of G on the fiber of
the solenoid Sp is minimal. Indeed, the left action of G( on each quotient space
X is transitive, so the orbits are dense in the product topology on X7 .

Remark 4.2. The group chain (14) and the homeomorphism in Lemma 4.1 depend
on the choice of a point x € Xy. For a different basepoint y € X in the fiber over x,
let 7, (y) = (g:G) € X7 ; then the group chain G” associated to y is given by a chain
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of conjugate subgroups in Gg, where Gz =Gy g[l for £ > 0. The group chains
G” and G* are said to be conjugate chains. The composition 7y 0 71 : XX — X3,
gives a topological conjugacy between the minimal Cantor actions (X%, Go, ®y)
and (X2, Go, ®,). The map 1, : Xo — X, can be viewed as “coordinates” on the
inverse limit space Xy, and the composition 7, o 7~ I"as a “change of coordinates”.
Properties of the minimal Cantor action (X7, Go, ®,) which are independent of
the choice of these coordinates are thus properties of the topological type of Sp.

4A. Equivalence of group chains. Fokkink and Oversteegen [2002] and the au-
thors [Dyer et al. 2016] studied equivalences of group chains associated to a given
equicontinuous minimal Cantor system (Vp, G, ®). We now briefly recall the key
results.

Denote by & the collection of all possible subgroup chains in G¢. Then there are
two equivalence relations on &. The first was introduced by Rogers and Tollefson
[1971b]:

Definition 4.3. In a finitely generated group Gy, two group chains {G,}¢> and
{H¢}e>0 with Go = Hy are equivalent if and only if there is a group chain {K,},>0 and
infinite subsequences {Gy, }x>0 and {H; }x>0 such that Koy = Gy, and Ky = H,
for k > 0.

The next definition was introduced by Fokkink and Oversteegen [2002].

Definition 4.4. Two group chains {G¢}¢>0 and { H;},>0 in & are conjugate equiva-
lent if and only if there exists a sequence (g¢) C Gy for which the compatibility
condition g,G, = g;+1G, for all £ > 0 is satisfied, and such that the group chains
{nggng}gzo and {H,}¢>o are equivalent.

The dynamical meaning of the equivalences in Definitions 4.3 and 4.4 is given
by the following theorem, which follows from results in [Fokkink and Oversteegen
2002]; see also [Dyer et al. 2016].

Theorem 4.5. Let {G}o>0 and {Hp}e>0 be group chains in Go, with Hy = G, and

let
Goo =1Im{Go/G 41 — Go/ G},
Hoo =Um{Go/Hp+1 — Go/Hy}
Then

(1) the group chains {G¢}¢>0 and {Hy}¢>0 are equivalent if and only if there exists
a homeomorphism t : G — Hoo equivariant with respect to the Gy-actions
on Gy and Hyo, and such that ¢(eGy) = (eHy);

(2) the group chains {G}¢>0 and {H;}e>o are conjugate equivalent if and only if
there exists a homeomorphism 1 : Goo — Hyo equivariant with respect to the
Go-actions on G and Hxo.
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That is, an equivalence of two group chains corresponds to the existence of
a basepoint-preserving equivariant homeomorphism between their inverse limit
systems, while a conjugate equivalence of two group chains corresponds to the
existence of a equivariant conjugacy between their inverse limit systems, which
need not preserve the basepoint.

Let &(®g) denote the class of group chains in Gy which are conjugate equivalent
to the group chain {G7 }¢>( with basepoint x. The following result gives a geometric
interpretation of the conjugate equivalence class &(®() of a group chain {G7}¢>o.

Proposition 4.6. Given an equicontinuous minimal Cantor action (Vy, Gg, ®o),
let {G}i=0 be a group chain with partitions {Qu}e>0 and basepoint x, as in
Proposition 3.4. Then a group chain {H;}¢>¢ is in &(Py) if and only if there exists
a collection of Go-invariant partitions S; = {g - Ug}gec, of Vo, where Uy C Vy is a
clopen set, and (), Uy = {y} C Vo, such that H, = sz is the isotropy group at U,
of the action of G on the partition S, for all £ > 0.

4B. Kernels of group chains. The following notion is important for the study of
group chains.

Definition 4.7. The kernel of a group chain G = {G,}s>¢ is the subgroup of G
given by

(15) K(©) =()Ge

=0
The following property is immediate from the definitions.

Lemma 4.8. Suppose that the group chains G = {G}i>0 and H = {Hy}e>0 with
Go = Hy are equivalent. Then K (G) = K(H) C Go.

If the chains G and 7 are only conjugate equivalent, then the kernels need not
be equal.

An infinite group G which admits a group chain C = {C,};>0 where each C; is
a normal subgroup of Gy, and such that (| C; = {e}, where e denotes the identity
element in Gy, is said to be residually finite. It is an elementary fact that given any
group chain G = {G}¢>0 in Gy, there is an associated core group chain G for which
Cy C Gy with Cy normal in G for all £ > 0, as will be discussed in Section 6B
below. Thus, if the group chain G* = {G7}¢>¢ introduced above has K (G*) the
trivial group, then Gy must be a residually finite group. On the other hand, there
are many classes of groups which are not residually finite, and thus any group chain
for these groups must have nontrivial kernels. For example, many of the types of
Baumslag—Solitar groups are not residually finite [Levitt 2015a; 2015b; Meskin
1972], so every equicontinuous minimal Cantor system defined by an action of one
of these groups will have nontrivial kernels.
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The kernel K (G*) has an interpretation in terms of the topology of the leaves
of the foliation Fp of a weak solenoid. Let (Vy, Go, p) be the holonomy ac-
tion for a weak solenoid Sp with presentation P and basepoint x € Vp, and let
G* = {G7}i>0 be the group chain at x. Recall that the restriction of the bundle
projection ITg|Ly : Ly — My to the leaf L, containing x is a covering map. Let ]\70
be the universal cover of My. Then by standard arguments of covering space theory
(see [McCord 1965]) there is a homeomorphism

(16) Mo/K (G¥) — L.

Now let y € Xy be another point. Then by Remark 4.2, the group chain associated
to y is given by G7 = {giGj‘gfl}iZQ where 7, (y) = (g:G7). If y is in the orbit
of x under the Gy-action, then we can take g; = g for some g € Gy, and thus
K(@G”) = gK(gx)g_l; that is, the kernels of G* and G” are conjugate, reflecting
the fact that the fundamental group of the leaf L, is replaced by a conjugate as
x changes. If y is not in the orbit of x, then the relationship between K (G*) and
K (G”) depends on the dynamical properties of the solenoid.

In particular, in Section 8 we relate the algebraic properties of the kernels K (G”)
with the germinal holonomy groups of the foliation Fp. Recall from Section 1 that
a manifold L has ;-finite type if its fundamental group is finitely generated. A
matchbox manifold 90 has finite 77;-type if all leaves in Fyy have finite m;-type.
The following statement is immediate from the above discussion.

Lemma 4.9. An equicontinuous matchbox manifold N has finite w\-type if and
only if, for the associated group chain G* = {G7}}¢=0, for all G¥ € &(®), the kernel
K (G?) is a finitely generated subgroup of Gy.

We next give two examples to illustrate the above concepts.

Example 4.10. Let Sp be a Vietoris solenoid, as in Example 3.2, where m; > 1
is the degree of py;. Choose x € Sp so that I1;(x) = 0 for £ > 0. Then Gy = Z,
and G; = mZ, where my = mymy---my is the product of the degrees of the
coverings. Then the kernel K (G*) is {0}, and the path-connected component L, is
homeomorphic to the real line. Let y € Xy be any other point in the fiber. Since
Z is abelian, any subgroup conjugate to G} = mZ is equal to it. It follows that
K (G”) = {0}, and L, is homeomorphic to the real line for any y € X,.

More generally, suppose Sp is an n-dimensional solenoid and G is a normal
subgroup of Gy for all £ > 1. Then for any y € Xy we have G = G*, and so
K(GY) = K(G"). It follows that all leaves in Sp are homeomorphic. The Vietoris
solenoid Sp is of finite 7 -type.

Example 4.11. This example is due to Rogers and Tollefson [1971c]. Consider a
map of the plane given by a translation by % in the first component, and by reflection
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in the second component, i.e.,
rxi:R—> R? where (x )|—>( 1_
. ’ ) y X + 27 y .

This map commutes with translations by the elements in the integer lattice Z> C R?,
and so induces the map r x i : T> = R?/Z*> — T? of the torus. This map is an
involution, and the quotient space K = T? /(x,y) ~r xi(x,y)is homeomorphic
to the Klein bottle.

Consider the double covering map L : T> — T2 given by L(x, y) = (x, 2y).
The inverse limit To, = lim{L : T2 — T?} is a solenoid with 2-dimensional leaves.
Let xo = (0,0) € My = T?. The fundamental group Gg = 72 is abelian, so for
any x, y € Xy the kernels K (G*) = K(G”) are isomorphic to Z, and every leaf is
homeomorphic to an open two-ended cylinder.

The involution r x i is compatible with the covering maps L, and so it induces
an involution (r X i)eo : Tooc — T, Which is seen to have a single fixed point
(0,0, ...) € Te and permute other path-connected components. Let p: K — K
be the double covering of the Klein bottle by itself, given by p(x, y) = (x, 2y),
and consider the inverse limit space Ko =lim{p : K — K}. Note that taking the
quotient by the involution r x i is compatible with the covering maps L and p; that
is, po (r x i) = L, and so induces the map iy, : Tooc — Koo Of the inverse limit
spaces. Under this map, the path-connected component of the fixed point (0, 0, ...)
is identified so as to become a nonorientable one-ended cylinder. The image of any
other path-connected component is an orientable two-ended cylinder.

Let x = (x¢) € Ko for x € K. Then Go = 71 (K, x0) = (a, b | bab™' =a™").
Fokkink and Oversteegen [2002] computed the kernel K (G*) = (b) of the group
chain G*. They also computed kernels for group chains at any other basepoint
y € Xp and found that either K (G?) is conjugate to (b), or K (G”) is equal to (b?).
This example has finite i-type.

5. Homogeneous solenoids and actions

In this section, we review the results from various works about the criteria for
homogeneity of matchbox manifolds. These data will be of use later, when we give
the proof Theorem 1.2.

A continuum 91 is said to be homogeneous if given any pair of points x, y € I,
there exists a homeomorphism /% : 991 — 90 such that ~A(x) = y. A homeomorphism
@ : N — N preserves the path-connected components, hence preserves the foliation
For of M. It follows that if T is homogeneous, then it is also foliated homogeneous.

By [Clark and Hurder 2013, Theorem 5.2] a homogeneous matchbox manifold
N is equicontinuous. Hence by Theorem 1.1 above, which is proved in [Clark
and Hurder 2013, Theorem 1.4], the foliated space 91 is homeomorphic to a weak
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solenoid Sp. We restrict our attention to equicontinuous foliated spaces, so consider
the problem of giving conditions for when a weak solenoid Sp is homogeneous,
which is thus equivalent to asking when an equicontinuous matchbox manifold
is homogeneous. This is one of the original motivating problems in the study of
solenoids, to obtain necessary and sufficient conditions for when the solenoid Sp is
homogeneous [Fokkink and Oversteegen 2002; Rogers 1970; Rogers and Tollefson
1971a; Schori 1966]. In this section, we recall the relevant results of these previous
works, and of [Dyer 2015; Dyer et al. 2016; 2017].

5A. Regular actions. An automorphism of (Vy, Go, ®¢) is a homeomorphism
h : Vo — Vi which commutes with the Gy-action on V. Denote by Aut(Vy, G, Do)
the group of automorphisms of the action (Vy, Gg, ®g). Note that Aut(Vy, G, Do)
is a topological group for the compact-open topology on maps, and is a closed
subgroup of Homeo(V)).

Definition 5.1. The equicontinuous minimal Cantor action (Vy, G, ®o) is
(1) regular if the action of Aut(Vy, Go, ) on Vj has a single orbit;

(2) weakly normal if the action of Aut(Vy, Go, ©¢) decomposes Vj into a finite
collection of orbits;

(3) irregular if the action of Aut(Vy, Go, Py) decomposes Vj into an infinite
collection of orbits.

The terminology in Definition 5.1 is chosen to be consistent with the terminology
in [Dyer et al. 2016; Fokkink and Oversteegen 2002].

Recall that & denotes the collection of all possible subgroup chains in Gg, and
let &(Pg) C & denote the collection of all group chains in & which are conjugate
equivalent to a given group chain G* = {G7 }¢>0. Theorem 4.5 states that a group
chain {G7 },>0 is equivalent to the group chain {H[y} ¢>0 if and only if there exists a
conjugacy h : Vo — Vj of the Gy-action on Vjy such that 4(x) = y. Such an A is an
automorphism of (Vy, Gg, ®g), which gives the following result.

Theorem 5.2. Let (Vy, Go, ©g) be an equicontinuous minimal Cantor action, and
{G7}}e=0 € © be a group chain associated to the action. Then (Vy, G, ®p) is

(1) regular if all group chains in & () are equivalent;

(2) weakly normal if &(®g) contains a finite number of classes of equivalent
group chains;

(3) irregular if &(®y) contains an infinite number of classes of equivalent group
chains.

McCord [1965] studied the case when the chain {G7}.>0 consists of normal
subgroups of Gy. In this case, every quotient X; = G(/Gj, is a finite group, and
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the inverse limit X7, defined by (14), is then a profinite group. The group X3
is identified with Vj as a topological space, and it acts transitively on V; on the
right. The right action of X commutes with the left action of Gy on X7, and thus
X%, C Aut(Vy, Go, o), and so the automorphism group acts transitively on Hyo.
McCord [1965] used this observation to show that the group Homeo(Sp) acts
transitively on Sp, proving the following theorem.

Theorem 5.3. Let Sp be a solenoid with a group chain {G },>o such that Gy is a
normal subgroup of Gg for all £ > 0. Then Sp is homogeneous.

For example, if G is abelian, then every group chain {G7 }¢>¢ consists of normal
subgroups, and the solenoid Sp is homogeneous.

5B. Weakly normal actions. We next consider the problem of giving necessary
and sufficient conditions for when a solenoid Sp is homogeneous.

The converse to Theorem 5.3 is not true. Indeed, Rogers and Tollefson [1971b]
gave an example of a weak solenoid for which the presentation yields a chain of
subgroups which are not normal in G, yet the inverse limit is a profinite group,
and so the solenoid is homogeneous. This example was the motivation for the work
of Fokkink and Oversteegen [2002], where they gave a necessary and sufficient
condition on the chain {G7}}¢>o for the weak solenoid to be homogeneous. In
particular, they proved the following result. Let Ng,(G,) denote the normalizer of
the subgroup G, in Gy; that is, Ng,(G¢) = {g € Go | g Gy g =Gyl

Theorem 5.4 [Fokkink and Oversteegen 2002]. Let (Vy, Go, o) be an equicon-
tinuous minimal Cantor action, x € Vg be a point, and {G7}¢>0 be an associated
group chain with conjugate equivalence class &(®q). Then

(1) (Mo, Go, ©9) is regular if and only if there exists a group chain {N¢}i>0 €
& (Dg) such that Ny is a normal subgroup of Gg for each £ > 0;

2) (Mo, Go, Do) is weakly normal if and only if there exists {Gif/},-zo € &(dy) and
ann > 0 such that G}’ C G € Ng,(G}') for all € > n.

In Theorem 5.4, the set &(®g) contains group chains which are conjugate
equivalent to the given chain {G} }¢>0. The condition that the group chain {N;}¢>0
consists of normal subgroups implies that every chain in &(®y) is equivalent to
{N¢}e=0, and so {G7}¢>0 is equivalent to {N¢},>o. In statement (2), the condition
G}' C G € Ng,(G}") implies that the group chain {G}'}¢>0 is equivalent to
{G7 }e=0. Indeed, suppose that G;f’C G'C NGO(G’tf') for some m. Then for n <m
and ¢ < n we have G}’ C G}’ € Ng,(G}). If {G}}i>0 is equivalent to {G}}i>o,
then for some n < m we have G’ C G C G}/, which yields the statement.

Recall that Proposition 3.4 introduced the descending chain of clopen sets
{Veyr1 C Ve | £ >0} of Vy such that V; is stabilized by the action of G,. Thus, the



MOLINO THEORY FOR MATCHBOX MANIFOLDS 113

weak normality condition in Theorem 5.4 implies that if we restrict the G action
to the clopen set V,, C Vj, then the restricted action (V,,, G,,, ®,) with associated
group chain G; = {G7 }¢>, is regular. In the case where the group chain {G}¢> is
associated to a weak solenoid Sp, restricting to the action (V,,, G,,, ®,) amounts to
discarding the initial manifolds {My, ..., M,_;} in the presentation P, to obtain
the presentation P, defined in (9). Then as discussed in Section 3C, there is a
homeomorphism Sp, = Sp, where the homeomorphism is given by the “shift”
map o,. Thus, Sp is homogeneous if and only if Sp, is homogeneous, and so by
Theorem 5.3 a weak solenoid whose associated group chain is weakly normal is
homogeneous. We thus obtain the following result of Fokkink and Oversteegen
[2002], giving a criterion for when a weak solenoid is homogeneous.

Proposition 5.5. Let Sp be a weak solenoid, defined by a presentation P with
associated group chain {Gy }¢>o. Then Sp is homogeneous if and only if {G}}e=0 is
weakly normal.

We also have the following property of presentations of homogeneous solenoids.

Proposition 5.6 [Fokkink and Oversteegen 2002]. Let Sp be a weak solenoid, de-
fined by a presentation P with associated group chain G* = {Gy }¢=0. If Sp is homo-
geneous, then the kernel K (G*) C G has a finite number of conjugacy classes in G.

Proof. Suppose that Sp is homogeneous. Then by Theorem 5.4, there exists
G ={G}}e=0 € B(Po) and an n > 0 such that G} C G} € Ng,(G}") forall £ > n.
Then G’ € Ng,(G7}") for all £ > n, which implies that G} C Ng,(K (G.)). Indeed,
the chain {G}'}¢>, contains subgroups normal in G}’, and its intersection is then
again normal in G'. Then for any & € G}\" we have

(17) h-K(@G)-h~'=K(@G"),

and K (G*') has only a finite number of conjugacy classes, at most [Gy : Gﬁ/]. Since
G* is equivalent to G*’, we have that Gy = Gg/ OG1D G’f/ OG3D G’Z” D---,and
so K(G¥) = K(G*'), which yields the statement. U

6. Ellis group of equicontinuous minimal systems

In [Ellis and Gottschalk 1960; Ellis 1960], the Ellis (enveloping) semigroup as-
sociated to a continuous group action ¢ : G x X — X was introduced, and it is
treated in [Auslander 1988; Ellis 1969; Ellis and Ellis 2014]. The construction
of E(X, G, ®) is abstract, and it can be difficult to calculate this group exactly.
A key problem is to understand the relation between the algebraic properties of
E (X, G, ®) and the dynamics of the action. In this section, we briefly recall some
basic properties of E(X, G, ®), then consider the results for the special case of
equicontinuous minimal systems.
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6A. Ellis (enveloping) group. Let X be a compact Hausdorff topological space
and G be a finitely generated group. Consider the space XX = Maps(X, X) with
the topology of pointwise convergence on maps. With this topology, X¥ is a
compact Hausdorff space. Each g € G defines an element ¢ € Homeo(X) C

X = Maps(X, X). Denote by G the set of all such elements. Ellis [1960] showed
that the closure G C XX has the structure of a right topological semigroup. Moreover,
if the action (X, G, @) is equicontinuous then the semigroup Gisa group naturally
identified with the closure ®(G) of ®(G) C Homeo(X) in the umform topology
on maps. Each element of ®(G) is the limit of a sequence of points in G, and we
use the notation (g;) to denote a sequence {g; | i > 1} C G such that the sequence
{gi = ®(gi) | i = 1} C Homeo(X) converges in the uniform topology.

Assume the action of G on X is minimal, that is, the orbit ®(G)(x) is dense in
X for any x € X. It then follows that the orbit of the Ellis group ®(G)(x) equals
X for any x € X. That is, the group ®(G) acts transitively on X. Then for the
isotropy group of the action at x,

(18) Q(G), ={(8i) € (G) | (8&i) - x =x},

we have the natural identification X = ®(G) / ®(G) . of left G-spaces.

Given an equicontinuous minimal Cantor system (X, G, ®), the Ellis group
@ (G) depends only on the image ®(G) C Homeo(X). On the other hand, the
isotropy group ®(G), may depend on the point x € X. Since the action of ®(G)
is transitive on X, given any y € X, there exists (g;) € ®(G) such that (g)-x=y
It follows that

(19) ®(G), = (g) ®(G), - (g) "

Thus, the cardinality of the isotropy group ®(G), is independent of the point
x € X, and so the Ellis group ®(G) and the cardinality of ®(G), are invariants of
(X, G, 9).

6B. Ellis group for group chains. We consider the Ellis group for an equicontin-
uous minimal Cantor action (Vy, Gg, ®), in terms of an associated group chain
G* = {Gy }4=0 for x € Vp. For each subgroup G; consider the maximal normal
subgroup of G; which is given by

(20) Cy=coreg, Gi = [ 8Gis~' € Gj.
8€Go

The group Cy is called the core of G, in Gyg. Since Cy is normal in Gy, the quotient
Gy/C, is a finite group, and the collection C = {C}¢>¢ forms a descending chain
of normal subgroups of Gg. The inclusions of coset spaces define bonding maps
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(SﬁJrl for the inverse sequence of quotients Go/Cy, and the inverse limit space

Q1) Coo = {(€Go, 81C1, ...) | 8Ce = ge+1Ce} C ]_[ Go/Ce
>0
(22) =1im{s; "' : Go/Cos1 — Go/Cy}

is a profinite group. Let 7 : Go — Co, be the homomorphism defined by 7(g) = (gCy)
for g € Gg. Then the induced left action of Gy on C4, yields a minimal Cantor
system, denoted by (Co, Go, CTDO).

Also, introduce the descending chain of clopen neighborhoods of the identity
(eCy) € Cso, which for n > 0 defines a neighborhood system for Ceo:

(23) Crioo = {(8¢Ce) € Coo | gn € Ca},
(24) = 1lim{8;"" : C,/Ces1 — Cu/Ce | €= n}.

6C. The discriminant. Observe that for each £ > 0, the quotient group D; =
G;/Ce¢ C Go/Cy. It follows that the inverse limit space

(25) D, =lim{s{"': D},, — D})

is a closed subgroup of C,. The group D, is called the discriminant group of the
action (Vy, Go, o).

The relationship between Co, and the Ellis group of (Vy, Go, ®g) is given by
the following result.

Theorem 6.1 [Dyer et al. 2016, Theorem 4.4]. Let (Vy, Go, ®g) be an equicontin-
uous minimal Cantor action, let x € Vy, and let G* = {Gy }i>0 be the associated

group chain at x. Then there is a natural isomorphism of topological groups
O : ®(Gy) = Cx such that the restriction ® : ®(Gg), = Dy.

Moreover, the discriminant subgroup is simple by the next result.

Proposition 6.2 [Dyer et al. 2016, Proposition 5.3]. Let (Vy, Go, Do) be an equicon-
tinuous minimal Cantor system, x € Vg a basepoint, and ®y(Gy), the isotropy group
of x. Then

(26) coreg, Po(Go)x = () kPo(Go), k™"
keGo

is the trivial group. Thus, the maximal normal subgroup of ©o(Gy), in ®o(Go) is
also trivial.

We next consider the homogeneity properties of a solenoid Sp in terms of D,
(see [Dyer et al. 2016]). It follows from Proposition 6.2 that if D, is nontrivial, then
it is not normal in Cy, and therefore the quotient X} = C/Dy is not a group.
We thus conclude:
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Proposition 6.3 [Dyer et al. 2016]. The action (Vy, Go, Do) is regular if and only
if Dy is trivial.

Note that Proposition 6.3 does not take into account the possibility that the action
of a subgroup G; on a smaller section V is regular. The general formulation is
then as follows.

Corollary 6.4. An equicontinuous matchbox manifold 9 is homogeneous if and
only if it admits a transverse section Vy and a presentation P with associated group
chain {G7 }e=0 such that the discriminant group D, is trivial.

7. Molino theory for weak solenoids

In this section, we obtain a Molino theory for weak solenoids, and hence for all
equicontinuous matchbox manifolds, including those for which the hypotheses of
[Alvarez Lépez and Moreira Galicia 2016] are not satisfied. There are often subtle,
and not so subtle, differences between the theory for matchbox manifolds and for
smooth Riemannian foliations, as will be discussed further in the following sections.

7A. Molino overview. Molino theory for Riemannian foliations gives a structure
theory for the geometry and dynamics of this class of foliations on compact smooth
manifolds. The Séminaire Bourbaki article by Haefliger [1989] gives a concise
overview of the theory and its applications, and Molino’s book [1988] and its
multiple appendices give a more detailed treatment of this theory and its applications.
The book [Moerdijk and Mrcun 2003] is also an excellent reference about the
essentials of Molino theory. We give a very brief summary below of some key
properties of the Molino space M associated to a smooth Riemannian foliation F
of a compact connected manifold M.

Given a Riemannian foliation F of a compact connected manifold M, the associ-
ated Molino space Misa compact connected manifold with a Riemannian foliation
F whose leaves have the same dimension as those of F. In the case where F is
a minimal foliation, in the sense that each leaf of F is dense in M, then we can
assume that the foliation F is also minimal.

Associated to a minimal Riemannian foliation F is the structural Lie algebra b,
given by the algebra of holonomy-invariant vector fields normal to F, and which is
well defined up to isomorphism.

There is a fibration # : M — M equipped with a fiber-preserving right action
of a connected Lie group H whose Lie algebra is b, and for which the foliation F
is invariant under the action of H. Moreover, for each leaf LcM , there is a leaf
L C M such that the restriction # : L — L is the holonomy covering of L. We say

(27) H— M-ZsM

is a Molino sequence for M, and H is the structural Lie group for F.
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A key property of the Molino space M of F is that it is transversally paral-
lelizable, or TP. This condition states that there are nonvanishing vector fields
{U1,..., U4} on M which span the normal bundle to F at each x € M, and the
vector fields are locally projectable. As a consequence, given any pair of points
X,y € M there exists a diffeomorphism # : M — M which maps leaves of Fto
leaves of F, and satisfies /1(x) = y. A foliation F satisfying this condition is said
to be foliated homogeneous.

7B. Molino sequences for weak solenoids. For a matchbox manifold, the TP
condition cannot be defined, as the transversal space to the foliation is totally
disconnected. Thus, we need an alternative approach to defining the Molino fibration
(27) in the case where the transversal space to the foliation is a Cantor set. The
basic observation is that the foliated homogeneous condition for M admits a natural
generalization to all foliated spaces, as discussed for weak solenoids in Section 5.
For weak solenoids, we will see below that the structural Lie group H is replaced by
the discriminant subgroup D, C C of Section 6C, and the foliated homogeneous
condition is a consequence of the Ellis group construction. We now restate and
prove Theorem 1.2.

Theorem 7.1. Let 9 be an equicontinuous matchbox manifold, and let P be a
presentation of M, such that M is homeomorphic to a solenoid Sp. Then there
exists a homogeneous matchbox manifold M with foliation F, called a Molino
space of M, a compact totally disconnected group D, and a fibration

(28) D —s M -5 0,

where the restriction of q to each leaf in M is a covering map of some leaf in .
We say that (28) is a Molino sequence for 0.

Proof. Let Vy C 90 be a transverse section to the foliation Foy of 91, as given in
Proposition 3.4, and let x € V{) be a choice of basepoint. Let G be the restricted
holonomy group acting on V. Let P ={pyy1: My+1 — M, | £ > 0} be a presentation
at x such that there is a homeomorphism 91 = Sp, and for x € Vj let G* = {G7 }e=0
be the associated group chain in Gog = 7 (M, xg). Let I1g : Sp — My and set
Xo=1TII, ! (x0). Let T : Vg — Xo with 7, (x) = (¢G7) be the homeomorphism defined
in Lemma 4.1.

Recall that the covering map ¢, : My — My defined in (5) is associated to the
subgroup G; C Go = m (M, xo). Recall that the core subgroup C, C Gy is the
maximal normal subgroup of G contained in Gy, and has finite index in G7. For
each ¢ > 0, let gy : My — M be the proper covering space associated to the
normal subgroup C,. Each inclusion Cy41 C C ¢ 1 induces a normal covermg map
Dot Mg+1 — Mg, and so yields a presentation P= {Pes1: Mg+1 — Mg | £ > 0}.



118 JESSICA DYER, STEVEN HURDER AND OLGA LUKINA

Definition 7.2. The Molino space associated to a weak solenoid Sp defined by a
presentation P is the inverse limit space associated to the presentation P,

(29) Sp=1im{pe41 Myy1 — My).
Let ﬁo : §p — M be the projection map, with fiber %0 = 1:161 (x0).-

We state some of the basic properties of the space Sp. The proofs of the following
statements are omitted, as they follow by arguments analogous to the corresponding
statements for Sp.

Proposition 7.3. Let Sp be a weak solenoid defined by a presentation P, and let
Sp be the solenoid defined by (29). Then

(1) there is a natural isomorphism X0 = Coo, where Co is the profinite group
defined by (22);

(2) there is a natural map of fibrations § : Sp — Sp, whose fiber over x € Xy is
the discriminant group Dy;

(3) the global holonomy of the fibration o :Sp — My is naturally conjugate as
Go-actions with the minimal Cantor system (Coo, G, D).

Definition 7.4. The Molino sequence for the weak solenoid Sp is the principal
fibration

(30) Dy — §’P i) 873.

Proposition 7.3(3) implies that the foliation Fp on Sp is minimal, and the
restrictions of § to the leaves of Fp are covering maps by construction, as there is a
covering map My — M for each £ > 1 which induces . Finally, the space Sp is ho-
mogeneous by Proposition 5.5, as it is defined using the normal group chain {Cy}¢>0.

Set Mt = 37; and D = D,.. Then we have established Theorem 7.1. O

The construction of the sequence in (30) may depend on the various choices
made, and this is a fundamental aspect of the Molino theory for weak solenoids. We
consider in Section 7C the dependence of the discriminant group on the partition
sets V,; C Vp. Then in Section 8, we consider the dependence of the sequence (30)
on the choice of the basepoint x € Vj and the role of the holonomy of the leaf L,
in the properties of D,.

7C. Stability of the Molino sequence. We next consider the stability of the dis-
criminant group for an equicontinuous Cantor minimal system (Vp, Go, ®9) when
one restricts to a section V,, C Vj.

We start with an example that highlights the importance of the “asymptotic
algebraic structure” of the group chain G* for the definition of the Molino space.
Consider a weak solenoid Sp with associated group chain G* = {G7}¢>¢ defined by
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the holonomy action (Vy, G, ®g) for a clopen subset Vy C Xy, and suppose that
G* is not regular. Then by Proposition 6.3, the discriminant group Dy is nontrivial,
and thus the sequence (30) has nontrivial fiber. Now suppose that, in addition, the
group chain G* is weakly normal. Then by Theorem 5.4, there exists some n > 0
such that the restricted action (V,,, G, ®,) is regular; hence the discriminant group
DY for the truncated chain G, = {G7 }¢>, associated to the restricted action is trivial.
For the truncated presentation P, defined by (9), we have §pﬂ = Sp, as DY is the
trivial group, and Sp, = Sp as remarked in Section 3C; hence we can consider gpﬂ
as a Molino space for Sp as well. That is, for this choice of V), as a section, the
Molino sequence (30) has trivial fiber.

We next develop a comparison, for n > 0, of the discriminant groups D’ for the
group chain G, associated to the truncated presentation P, defined by (9). We work
with the group chain model (X%, Go, ®,) of Lemma 4.1 for the holonomy action
@y : Gy — Homeo(Xp). By definition (25) of the discriminant group, it suffices to
consider this invariant in sufficiently small clopen neighborhoods of the identity
in the core group associated with the group chains. For n > 0, we have the clopen
neighborhoods of {e} € Xo:

(31) Un=1{(8tGe) € Xo | 8 € G} C X0
(32) =1im{s{*! : GI /G, — GGy | £ > n).

Note that U, is just the inverse limit group defined by the truncated group chain Gj,.
Next, we introduce the core groups of G, for arbitrarily small neighborhoods of
{e} e U,. For £ >n >0, set

(33) E, ¢ =coreg: G} = ﬂ gGig™ !,
8eGy

Note that Eg ¢ = Cy, and that for all m >n >0 and £ > m, we have E, ¢ C E;, ¢ C Gy.
For k > n > 0, define the clopen neighborhood V,, i of {e} for the core group of
G by

(34) Vak ={(8eEne) | L=k, gk € Gy, get1Ene=80Ens)
(35) =1im{8; "' : G{/En.c — G{/Ene41 | £ > k}.

Then V,, , is the core limit group, or the Ellis group, for the truncated group chain G;,,
and {e} € V,,x C V,,, for all kK > n. Note also that Vj o = C is the Ellis group
for G~

For each £ > k > m > n, the inclusions E, ¢ C E,, ¢ induce group surjections

¢
(36) ;CC/EnE M) i/Em,Z’
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so we obtain surjective homomorphisms of profinite groups ¢, » : Vy.x — Vi i for
each m > n > 0. In particular, for k = m, this states that the clopen neighborhood
Vu,m of {e} in the limit core group for G, maps onto the limit core group V,, ,,
of G .

We consider next the discriminant groups associated to the group chains G for
n>0,D¢C Vyn

(37 D =1lm{s;"" : G}, /Ener1 = G/En i | €= n)

(38) =1im{8;*" : G\ /En.e+1 — G /Ene | €= m} form >n.
It follows from (36) and (38) that for m > n, there are surjective homomorphisms:
(39) DJC 1ﬁ(),n D;l 1ﬁn,m D;n

Definition 7.5. A group chain G* = {Gy},>0 is said to be stable if there exists
no > 0 such that the maps ¥, ,, : D — D} defined in (39) are isomorphisms for

all m > n > ny. Otherwise, the group chain is said to be wild.

Theorem 5.4 implies that if the group chain {G}}¢>0 is weakly normal, then it is
stable, as there exists some ny > 0 such that D} is the trivial group for all n > ny.
This discussion and Lemma 7.6 yield Proposition 1.4 of the Introduction.

Lemma 7.6. If the discriminant group D, for G* = {G} }¢>0 is finite, then G is
stable.

Proof. The map v ,, : Dy — DY is surjective for all n > 0, so the assumption that
the cardinality #D, is finite implies that the cardinality #D7 of the group DY is
decreasing with 7, and thus there exists ng > 0 such that the cardinality of its image
must stabilize for n > ng. Then for n > ng, the homomorphism ¥, , : D" — D" is
an isomorphism. O

7D. Stable matchbox manifolds. We next consider the relationship between the
notion of stable for a matchbox manifold as given in Definition 1.3, and stable for
a group chain as given in Definition 7.5.

Let 971 be an equicontinuous matchbox manifold, let Vj be a transverse section
in 901 as given in Proposition 3.4, and let x € V) be a choice of basepoint. Let
V¢ be defined as in Proposition 3.4, so that x € V, for all £ > 0. Let Gq be the
group of transformations of Vjy which induces the restricted holonomy group acting
on Vj, and let G; C Gy be the stabilizer group of the set Vy. Let G* = {G7 }e=0
be the associated group chain in Gy = 71 (My, xp), let P, be the presentation (9)
associated to the truncated group chain G; = {G7}},>,, and let Sp, be the inverse
limit solenoid. For each n > 0, let gpn be the homogeneous solenoid associated to
the normal group chain {E, ;},>, defined by (33).
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Assume that the group chain G* is stable in the sense of Definition 7.5. That
is, there exists an index n¢ such that for any m > n > ny restricting to the smaller
sections V,,, C V,, C Vp with induced presentations P,, and P,, then the induced map
Ynm : Dt — D in (39) is a topological isomorphism. Then we have a commutative
diagram of fibrations:

n Ynm m
—>
DY DY

[

(40) Sp, — 1 Sp

L]

Om—
S’Pn m—n SPm

By the discussion in Section 3C, the shift map o0,,_, is a homeomorphism, and
by assumption, the map ¥, », : D, = D), is a topological isomorphism. Thus the
map 6,,_, : Sp, — Sp, is a homeomorphism. Hence, the Molino sequences for the
presentations P,, and P, yield isomorphic topological fibrations. Conversely, if the
topological type of the Molino sequence

(41) D" — Sp, —> Sp,

is well defined up to homeomorphism of fibrations, for given V and n > 0 sufficiently
large, then there exists ng > 0 such that m > n > ng implies that D’ Yy Disa
topological isomorphism. Thus, the map of fibers v, ,, : D — D" is a topological
isomorphism, and hence G* is stable.

The following statement summarizes these conclusions.

Theorem 7.7. Let 9 be an equicontinuous matchbox manifold, let Vyy be a trans-
verse section in M as given in Proposition 3.4, and let x € Vy be a choice of
basepoint. Let V; be defined as in Proposition 3.4, so that x € V, for all £ > 0.
Let G be the restricted holonomy group acting on Vy, and let G; C G be the
stabilizer group of the set V,. Let G* = {G }¢>0 be the associated group chain in
Gy = m1(My, xo), let Py, be the presentation (9) associated to the truncated group
chain G, = {Gif} ¢>n, and let Sp, be the inverse limit solenoid. For each n > 0, let
37;" be the homogeneous solenoid associated to the normal group chain {E} }¢>,
defined by (33).

(1) If G* is stable, then there exists ng > 0 such that for all n > ny the fibration
(41) is a Molino sequence for M = Sp,, and the fiber group D" is well defined
up to topological isomorphism.

(2) If G* is wild, then the topological isomorphism type of the fiber in the sequence
(41) does not stabilize as n tends to infinity.
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Theorem 7.7 implies that the Molino sequence of a matchbox manifold 9t need
not be well defined, though if the associated group chain G* is stable, then 9 does
have a well-defined Molino sequence.

8. Germinal holonomy in solenoids

In this section, we investigate the relationship between the germinal holonomy
groups of leaves in a solenoid, the kernels of the associated group chains, and the
discriminant group of the action.

Let 991 be an equicontinuous matchbox manifold with transverse section Vj,
let x € Vy be a point, and let P = {fl-EJr1 : Myy1 — My} be a presentation with
associated group chain G* = {G7}}¢>0 in Go = (Mo, xo). Then by Theorem 1.1,
there is a foliated homeomorphism 9t = Sp.

Let Coo =1im{G(/C+1 — Go/C¢}, where Cy is the maximal normal subgroup
of Gy, £ >0, and let D, be the discriminant group at x. Denote by L, C Sp the leaf
of Fp through x. Recall that the kernel of G* is the subgroup K (G*) C Gy as defined
in Definition 4.7, and is the isotropy subgroup of the action (Vy, G, ®y) at x.

8A. Locally trivial germinal holonomy. The following properties of pseudogroup
actions are basic for understanding their dynamical properties.

Definition 8.1. Given g, g» € K(G*), we say g; and g, have the same germinal
holonomy at x if there exists an open set U, C Vy with x € U, such that the
restrictions ®g(g1)|Uy and ®y(gr)|U, agree on U,. In particular, we say that
g € K(G¥) has trivial germinal holonomy at x if there exists an open set U, C Vj
with x € U, such that the restriction ®o(g)|U, is the trivial map.

By straightforward checking of definitions, one can see that the notion “germi-
nal holonomy at x” defines an equivalence relation on the image of the isotropy
subgroup K (G*) under the global holonomy map ®( : Go — Homeo(Vp). Denote
by Germ(®y, x) the quotient of ®¢(K (G*)) by this equivalence relation. Thus the
composition of @ : K (G*) — Homeo(Vp) with the quotient map gives us a surjective
map K (G*) — Germ(Py, x). A standard argument shows that if Germ(®g, x) is
trivial, and y is in the same Gg-orbit of x, then Germ(®, y) is trivial. This leads
to the following definition.

Definition 8.2. We say that a leaf L, is without holonomy, or that L, has trivial
holonomy, if Germ(®y, x) is trivial. We say that Germ(®y, x) is locally trivial if
there exists an open set U, C V with x € U, such that for every g € K(G,) the
restriction ®g(g)|U, is the trivial map.

The distinction between the holonomy group Germ(®y, x) being trivial and it
being locally trivial may seem technical, but this distinction is related to funda-
mental dynamical properties of the foliation Fp of Sp. For example, it is a key
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concept in the generalizations of the Reeb stability theorem from compact leaves to
the noncompact case for codimension-one foliations, as discussed in [Sacksteder
and Schwartz 1965; Inaba 1977; 1983]. The nomenclature “locally trivial” was
introduced by Inaba [1977; 1983]. As we see below, this distinction is also important
for the study of the dynamics of weak solenoids. First, we make an elementary
observation, which implies Lemma 1.5 of the Introduction.

Lemma 8.3. Suppose that K (G*) is finitely generated. If Germ(®y, x) is trivial,
then Germ(®y, x) is locally trivial.

Proof. Let {g1, ..., g} C K(G*) be a set of generators. Then Germ(®, x) being
trivial implies that for each 1 <i < k there exists an open U; C V, with x € U;
such that the restriction ®(g;)|U; is the trivial map. Then let U, = U; N --- N Uy,
which is an open neighborhood of x, and the restriction ®(g)|U, is then trivial for
all g € K(G"). [l

We also recall a basic result, which is a version of the fundamental result of
Epstein, Millett and Tischler [Epstein et al. 1977] in the language of group actions
on Cantor sets.

Theorem 8.4. Let (Vy, Go, ®g) be a given action, and suppose that Vy is a Baire
space. Then the union of all x € Vg such that Germ(®y, x) is the trivial group
Jorms a Gg subset of Vy. In particular, there exists at least one x € Vy such that
Germ(Dy, x) is the trivial group.

The following is an immediate consequence of this result and Definition 5.1.

Corollary 8.5. Let (Vy, Go, Do) be a regular equicontinuous minimal Cantor sys-
tem. Then Germ(®y, x) is the trivial group for all x € Vy. Consequently, if M is
a homogeneous matchbox manifold, then all leaves of Foy are without germinal
holonomy.

8B. Algebraic conditions. Next, we explore the relation between the structure of
a group chain G* and the germinal holonomy group at x. First, note that for a given
section Vj and the holonomy action (Vp, G, ®g), the assumption that the germinal
holonomy group Germ(®y, x) is trivial need not imply that K (G*) is trivial, or
even that it is a normal subgroup of Gy, as the following example shows.

Example 8.6. Let I" be a finitely presented group and {I';},>0 be a chain of normal
subgroups in I' with kernel I'y = (1), I'¢. Let H be a finite simple group, and let
K C H be a nontrivial subgroup. Since H is simple, K is not normal in H.

Let Go=H xTI" and G, = K x I'y, £ > 0. Note that G, is a normal subgroup
of Gy = K xTI'y for all £ > 1, but Gy is not normal in Go. Thus, the group chain
{G¢}e>0 is weakly normal. Let My be a compact connected manifold without
boundary such that 7 (Mg, x9) = Gg, where xg € My is some basepoint. Then the
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group chain G* = {G}¢>¢ yields a presentation P = {ff“ My — My}, and the
corresponding solenoid Sp is homogeneous by Proposition 5.5.

By Theorem 8.4, Sp has a leaf L, without holonomy. By Remark 4.2, a group
chain with basepoint y is given by G” = {g;G; g;” l}izo, where g; = (c;, y;). Since
the projection Go/G¢4+1 — Go/ Gy restricts to the identity map on the factor H/K,
for all £ > 0, one can write g; = (c, y;) for some ¢ € H. Since each I'; is a normal
subgroup, we have that g,-G,-gi_l =cKc ' xTy. Thus, K(GY) = cKc ' x Ty is
not a normal subgroup of Gy, since H is simple.

Next, we consider the holonomy action of the elements in K (G*) on V{ in more
detail, using the inverse limit model 7, : Vo = X3, = {Go/ Gy, — Go/Gy}. For
each n > 0, set

(42) U(x,n)={(gtGy) e X}, | ge=eif £ <n; g¢G; = g¢+1Gy for all £ > n},

which is a “cylinder neighborhood” of (eG;) € Vj. Note that 7, (V,) = U (x, n) for
n > 0, where V,, is a generating set in the partition introduced in Proposition 3.4.

Since K (G*) is a subgroup of Gy, for each n > 1 one can consider its left action
on the cosets in Go/G;,. Such an action fixes the coset eG;,; thus the action of
g € K(G;)) fixes the neighborhood of the identity as a set, ®o(g) : U (x, n) — U (x, n)
for g € G;,, and permutes the points in U (x, n).

Now observe that the action of g has trivial germinal holonomy at x if for
some n, > 0, g acts trivially on the clopen neighborhood U (x, ng) of x; that is,
Do(g)|U (x, ng) is the trivial map. The following algebraic characterization of
elements without holonomy was obtained in [Dyer et al. 2017, Lemma 5.3].

Lemma 8.7. The action of g € K(G*) has trivial germinal holonomy at x if
and only if there exists some index iy > 0 such that multiplication by g satisfies
g -hK(G") =hK(G") forall h € G;,. That is, h='gh € K(G) forallh e Gi,.

In the case where the kernel K (G¥) is finitely generated, we have the following
consequence of Lemma 8.7, whose proof can be compared with that of Lemma 8.3.

Proposition 8.8. Let G* ={G7 }¢=0 be a group chain, and suppose the kernel K (G*)
is finitely generated. Suppose that Germ(®, x) is the trivial group. Then there is
an index £, > 0 such that K(G") is a normal subgroup of Gifx.

Proof. Let {g1, ..., g} C K(G) be a set of generators. Then for each 1 < ¢ <k,

there exists i, > 0 such that h_lgh e K(G") forall h € G;,. Let £y =max{iy, ..., ix}.
Then this implies that hflgh € K(G*) forall g € K(G*) and h € G, ; thatis, K(G*)
is a normal subgroup of GZ.- ([

Remark 8.9. The condition that the kernel K (G*) of the group chain G* is finitely
generated is essential. Example 9.7 gives a group chain whose kernel at x is
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infinitely generated, and the germinal holonomy group Germ(®, x) is not locally
trivial.

Proposition 8.8 implies the following result, which is an algebraic analog of
Reeb stability.

Proposition 8.10. Let (Vy, Go, ©g) be a minimal equicontinuous Cantor group
action. Let x,y € Vy be such that both germinal holonomy groups Germ(®g, x)
and Germ(®y, y) are locally trivial. Then for associated group chains G* and G,
the kernels K (G*) and K (G”) are conjugate subgroups of G.

Proof. Let G* and G” be group chains at x and y, respectively, for the action
Vo, Go, ®). Let 7, : Xo — X, and 7y : Xo — X3, be the corresponding homeo-
morphisms defined in Lemma 4.1, each of which is equivariant with respect to the
action (7) of Gy.

By the assumption that Germ(®y, x) is locally trivial, there exists an open set
U, C Vy with x € Uy such that for every g € K(G*) the restriction ®y(g)|U; is the
trivial map. As the image 7, (U,) C X} is open and contains (¢G;) = 7, (x), there
exists an index £, > 0 such that U((eG7), £;) C 1.(Uyx), where U((eG7}), £,) is
defined in (42). Note that G’lfx is the stabilizer of U ((eG7), £ ) for the action of Gy.
Then K (G*) acts trivially on U ((eG7), £x), so K(G*) is a normal subgroup of G;Y
by Lemma 8.7. ‘

Set Vi = 171 (U((eG}), £x)) C U, and let z € V; with z # x. Then the image
7:(2) is (h;G}), where h; € G’lfx fori > ¢, and h; = e for i < £,. As usual, the
sequence (h;) also satisfies the compatibility condition #; G} = h;G7 for all i >0
and j > i. By Remark 4.2, we have that G = {h,-thi_l}izo.

Note that h,-K(Qx)hl._] = K(G") fori > 0, since K(G*) is normal in Gxx, SO we
have

@3) K@) =[Gy =[hK@G)h" [ )hiGihi' =K(@GO.
i>0 i>0 i=0
In general, this inclusion may be proper, as illustrated in Example 9.6.

Now assume that Germ(®y, z) is locally trivial. We show that K (G*) € K (GY).
First, note that there exists an open set U, C V with z € U, such that for every
g € K(G*) the restriction ®(g)|U, is the trivial map. Recall that 7, (z) = (h;G}) €
U((eGy), £y). Then there exists £, > £, such that

(44) U((hiGy). £:) ={(8iG7) € X, | gi = hi fori < £} C 7c(U2).

That is, g € K(G*) acts trivially on the cylinder set U((h;G7), £;) in X7 . Let
h=h € GZ-’ so we obtain an element (hG}) € X7_. By choice of & and (44) we
have (hG7) € U((h;G7), £;). Now let g € K(G*). Then the restricted map ®(g)|U,
is the identity, so we have g - (1GT) = (hG?). But this means that 1~ 'ghG = G}
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for all i > 0, and thus 2~ gh e K(G*),or g e hK(GY)h™ I Since h € Gx C Gx ,
and K (G*) is a normal subgroup of Gx , this implies that K (G*) € K (gx)

Now suppose that y € Vj is such that Germ(®dy, y) is locally trivial. The action
of Go on Vj is assumed to be minimal, so there exists g € G such that z =
®y(g)(y) € V1. Then the holonomy at z is also locally trivial, so K (G*) = K(G")
by the argument above. On the other hand, we have K (G”) = g_1 K (G g as K(GY)
is the isotropy subgroup of y. The claim of the proposition then follows. U

8C. Kernels and discriminants. We give two results concerning the relation be-
tween the kernel of a group chain and its discriminant.

Proposition 8.11. Let (Vyy, Go, ®g) be an equicontinuous minimal Cantor system,
x € Vg be a choice of basepoint, and G* = {G }¢>0 be a group chain associated to
Vo, Go, Do) at x. Let Ly = Ker(Pg) denote the kernel of &g : Gy — Homeo(V)).
Then K(G*) C Ly if and only if the intersection ®o(Gg) N Py(Gy), is the trivial
group.

Proof. By Theorem 6.1, we can identify ®¢(Go) = Cs and ®(Gy), = Dy, where
the image ©¢(Gy) is identified with the elements (g,C;) € C, such that g,C, =gC;
for all £ > 0, for some g € Gy.

First, suppose that g € G satisfies ®(g) € ®o(Go), and D(g) is not the trivial
element. Then g = (gCy) € Dy and (gCy) # (eCy), so there exists £y > 0 such that
g ¢ Cy,. By the definition of D, in (25), we have that g is in the image of the map
65“ Dy, | — Dy forall £ > 0 where D; = Gy /C,. This implies that gC; C Gy,
and hence g € Gy for all £ > 0, and so g € K(G*). We claim that ®y(g) is not
the trivial action, so that g ¢ L. It is given that g ¢ Cy,; hence gCy, #= C¢,. Then
for all £ > £y, we have gCy # Cy, so g - (eCy) # (eCy), which implies g ¢ Lg. It
follows that K (G*) ¢ Ly, as was to be shown.

Conversely, let g € K(G*) and suppose that g ¢ L. First note that g € G for all
£ >0, and so we have g = (gC¢) € D,. The assumption that g ¢ £, implies there
exists some (h,C;) € C such that g - (hyCy) # (he¢Cy¢). Thus, there exists £y > 0
such that for all £ > £, we have ghyCy # hyCy, which implies that h[lghg ¢ Cy and
so g ¢ Cy as Cy is a normal subgroup of Gy. Thus, (eCy) # (gCy) for all £ > ¢,
and so (gCy) € Dy is nontrivial. That is, ®(g) € ®¢(Gy), is a nontrivial element,
as was to be shown. O

Compare the following application of Proposition 8.11 with the conclusions of
Theorem 7.7.

Proposition 8.12. Let 9 be an equicontinuous matchbox manifold, let Vy be a
transverse section in M as given in Proposition 3.4, and let x € Vyy be a choice of
basepoint. Let V; be defined as in Proposition 3.4, so that x € Vy for all £ > 0.
Let G be the restricted holonomy group acting on Vy, and let G; C G be the
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stabilizer group of the set V,. Let G* = {G }¢>0 be the associated group chain in
Go = m1 (Mo, x0), and let G, = {G7 }¢>, be the associated truncated group chain.
Assume that the leaf L, containing x has nontrivial germinal holonomy. Then the
discriminant D), for the chain G is nontrivial for all n > 0.

Proof. Let n > 0, and let £, C G, be the kernel of the restricted action ®, : G;, —
Homeo(V,). Then by Lemma 8.7, the kernel K (G; ) C G;, is not a normal subgroup,
so £, C K(Gy) is a proper inclusion. Then by Proposition 8.11, the discriminant
group G is nontrivial also. U

This yields the proof of Theorem 1.7 of the Introduction, which we restate now.

Theorem 8.13. Let M be an equicontinuous matchbox manifold. If there exists a
leaf with nontrivial holonomy for Foy, then for any choice of transversal Vy C M,
the resulting Molino sequence (28) has nontrivial fiber D.

The converse to Theorem 8.13 is not true. Fokkink and Oversteegen [2002,
Theorem 35] constructed an example of a solenoid with simply connected leaves
which is nonhomogeneous. Since the leaves are simply connected, they have trivial
holonomy. In Section 10 we construct further examples of actions with nontrivial
Molino fiber and simply connected leaves.

9. Strongly quasianalytic actions

In this section, we study the condition of strong quasianalyticity, abbreviated as the
SQA condition, for equicontinuous matchbox manifolds, as defined in Definition 9.2
below. We identify classes of matchbox manifolds for which this condition holds,
and also give examples for which it does not. The generalization of Molino theory in
[Alvarez Lépez and Moreira Galicia 2016] applies to equicontinuous foliated spaces
such that the closure of their holonomy pseudoxgroups satisfies the SQA condition.
Thus, it is important to characterize the weak solenoids with this property.

9A. The strong quasianalyticity condition. The precise notion of the SQA condi-
tion has evolved in the literature, motivated by the search for a condition equivalent
to the quasianalyticity condition for the pseudoxgroups of smooth foliations as intro-
duced by Haefliger [1985]. Alvarez Lépez and Candel [2009] introduced the notion
of a quasieffective pseudoxgroup as part of their study of equicontinuous foliated
spaces. This terminology was replaced by the notion of a strongly quasianalytic
pseudoxgroup in [Alvarez Lépez and Moreira Galicia 2016].

Definition 9.1. [Haefliger 1985] A pseudoxgroup G* acting on a locally compact
locally connected space T is quasianalytic if for every h € G* the following holds:
Let U C Dom(h) C T be an open set, and suppose x € ¥ is in the closure of U.
Suppose the restriction z|U is the identity map. Then there is an open neighborhood
V of x such that the restriction |V is the identity map.
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Definition 9.1 describes the properties of pseudoxgroups, which were discussed
in Remark 2.1, where the action of an element is locally determined; that is, if h is
the identity on an open set, then it is the identity on a larger set. For the case where
the space T is not locally connected, Alvarez Lépez and Candel [2009] introduced
the following modification of this notion.

Definition 9.2. A pseudoxgroup G* acting on a locally compact space ¥ is strongly
quasianalytic, or SQA, if for every h € G* the following holds: Let U C Dom(k) be
a nonempty open set, and suppose the restriction 4#|U is the identity map. Then 4 is
the identity map on its domain Dom(%). A matchbox manifold 90 satisfies the SQA
condition if there exists a traversal Vy C 91 such that the induced pseudoxgroup G
on Vj satisfies the SQA condition.

Definition 9.2 says that the action of an equicontinuous strongly quasianalytic
pseudoxgroup G is locally determined. That is, if /4 is the identity on a nonempty
open subset of its domain, then it is the identity on Dom(#). In the case where the
transversal ¥ is locally compact and locally connected, this condition is equivalent
to quasianalyticity by [Alvarez Lépez and Candel 2009, Lemma 9.8]. However,
when ¥ is totally disconnected, the SQA condition becomes a statement about the
algebraic properties of the group chain associated to the action, as we next discuss.

Recall from Proposition 3.4(1) that if 90T is an equicontinuous matchbox manifold,
then we can assume that the pseudoxgroup action on the transversal is given by
an equicontinuous minimal Cantor action (Vy, Go, ®g). Thus, for each i € Gy
we have Dom(h) = V. Moreover, the assumption that the restriction A|U is the
identity in the statement of Definition 9.2 means that the SQA condition need only
be checked for & € G such that there exists x € V; for which ®y(h)(x) = x, that
is, those elements whose action fixes at least a point.

Recall from Section 6A that the closure ®¢(Gg) C Homeo(V}) in the uniform
topology of the image ®¢(Gy) C Homeo(Vp) is called the Ellis group of the
Cantor system (Vy, Go, D), which yields a Cantor system (Vy, ®¢(Go), 50), where
EI\DO : ®9(Go) — Homeo(Vy). Given x € Vy then ®¢(Gp), C ©o(Gyp) denotes the
isotropy subgroup at x for the action, and then the SQA condition must be checked
for all elements of ©y(Gp),. We set CT>0(G0) = {Dy(g) | g € Go}, which is a dense
subgroup of ®((Gy). The following result follows from the definitions.

Lemma 9.3. If (Vy, ®o(Gy), 50) satisfies the SQA condition, then (Vy, Go, Pg)
also satisfies the SQA condition. Conversely, suppose that ®¢(Gg), C CTDO(GO).
Then (Vy, Go, ©g) satisfying the SQA condition implies that (Vy, ©o(Gy), CTDO)
satisfies the SQA condition.

Proof. Let g € Gy and set g = ®y(g) € Homeo(Vy). Then g € ®y(Gy), so
that if (Vy, ®o(Gy), CTDO) satisfies the SQA condition then so must the action of g.
Conversely, suppose (Vp, Go, Pg) satisfies the SQA condition. As noted above, the
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SQA property need only be checked for 4 € ©¢(Gp),. By assumption, such an &
belongs to ©¢(Gy) and so satisfies the SQA condition. O

Note that the assumption that ®¢(Gg), C &>O(G0) implies that the compact
set ®o(Gy), is contained in a countable set, hence it must be finite. Thus, by
Theorem 6.1, this implies that the discriminant group D, of the action is finite. The
converse need not be true. That is, if the discriminant ®((Gy), is finite, then it may
bAe possible to choose a point y € Vp such that ®(Go), has trivial intersection with
®y(Gy); for instance, this is the case for Example 9.6. Examples in Section 10
show that it is possible to construct actions (Vy, Go, Do) such that ®¢(Gy), has
trivial intersection with 50(G0) for any choice of x € V.

We next consider the SQA property for an equicontinuous minimal Cantor system
(Vo, Go, Do) and its associated Ellis system (Vy, ®o(Go), dA)o). This condition for
the system (Vp, Go, ®g) can be formulated in terms of the group chain model
developed in Sections 4 and 6B, in which case Lemma 8.7 and Proposition 8.8
imply that the condition is a statement about the holonomy action of the kernel
K (G*) of the chain G* for each x € V. Examples 9.6 and 9.7 below and the
discussion in Section 10 illustrate the possibilities.

The SQA property for the system (Vy, ®¢(Gy), CTDO) can be much more subtle to
check, as now it is a condition on the action of the isotropy group ®¢(Go), = Dy
which depends on the algebraic properties of the closed subgroup D, C Co. Note
that in this case, for any x, y € Vj the isotropy groups D, and D, are conjugate
in C, so it suffices to consider the condition for a fixed choice of basepoint x € V.

9B. Sufficient conditions for the SQA property. We next indicate a few classes
of solenoids which satisfy the quasianalyticity condition.

Lemma 9.4. If a matchbox manifold M is homogeneous, then there exists a sec-
tion Vy with associated presentation P such that the actions (Vy, Go, o) and
(Vo, ®o(Go), Do) are SQA.

Proof. By Corollary 6.4 one can assume that Vg and P are chosen so that the
associated group chain {Gy}¢>o consists of normal subgroups. Then K(G*) is
a normal subgroup of Gy, so by Lemma 8.7, each g € K(G*) defines a trivial
holonomy action on Vj. Hence the action of Gy on Vj is SQA.

Since {G7 }¢>0 is a chain of normal subgroups, the isotropy group ®¢(Go), is
trivial by Proposition 6.3, and so the condition ®¢(Gg), C D (Go) is trivially
satisfied. Then by Lemma 9.3 the action (Vy, ®o(Gy), ®) is SQA. Il

Note that the holonomy pseudogroups associated to homogeneous solenoids, as
in Lemma 9.4, satisfy a stronger condition than SQA. Recall from [Alvarez Lépez
and Moreira Galicia 2016, Definition 2.22] that the action of G on Vj is strongly
locally free if for all h € Gy, if h(x) = x, then h(y) = y for all y € V. If M is
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homogeneous, then the action on a local section Vj, as given by Lemma 9.4, is
strongly locally free. The actions in Lemma 9.4 are the actions in [Alvarez Lépez
and Moreira Galicia 2016, Example 2.35].

The following result gives a class of equicontinuous matchbox manifolds which
satisfy the SQA condition. This is Theorem 1.8 of the Introduction.

Theorem 9.5. Let I be an equicontinuous matchbox manifold of finite m\-type.
Then there exists a section Vo with a presentation P such that the action (Vy, Go, Pg)
is SQA. Further, if Vo can be chosen so that the discriminant group D, = ®o(Go),
is finite, then there exists an n > 0 such that the restricted action (V,, G;,, ®,) and
the action (V,,, ®,(G?}), CTJn) are both SQA.

Proof. Let Vj be a transverse section in 9 as given in Proposition 3.4, and let
x € Vp be a choice of basepoint. By Theorem 8.4 we can assume that x is chosen so
that L, is a leaf without holonomy. As the leaves of Foy are assumed to have finite
mi-type, by Lemma 8.7 and Proposition 8.8, and restricting to a smaller section is
necessary, we can assume that Vy and {G} }¢¢ are chosen so that K (G*) is a normal
subgroup of Gy. Then by Proposition 8.10, K (G*) € K(G”) for all y € Vy, and, if
Germ(y, ®y) is trivial, then K (G*) = K(G”).

Since the Gg-orbit of x is dense in Vy, any g € G which is the identity on a
nonempty open set in Vo must be contained in K (G*), and so it is the identity on V.
Thus, (V(), G(), cD()) is SQA.

Now let Co, be the Ellis group, associated to (Vy, Go, ®o), and suppose the
discriminant group D, = ®((Gy), is finite. Suppose there exists a nontrivial
element g € ®y(Gy), which fixes an open subset U of Vj around x.

Let V; be defined as in Proposition 3.4, so that x € V, for all £ > 0. Choose an
index n > 0 large enough so that V,, C U. Let y € V,,. Then

§ = (8iCi) € o(Go),,
and it follows that
2e [ ®(Go),,

.y € Vil

that is, the intersection ﬂy cv, Dy is nontrivial.

Consider the truncated chain {G7 }¢>, and the corresponding action (V,,, G;,, ®,).
Recall from Section 7C that £ = coreg: G is a maximal normal subgroup of Gy
in G, and there is an inclusion

(45) C, C E; C Gy,

where C; is the maximal normal subgroup of Gy in Gg. The Ellis group E7 of the
restricted action (V,,, G;,, ®,) is defined by (34) as the inverse limit of coset spaces
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G;,/E}. The inclusions (45) yield a commutative diagram

(46) G:/Cy $n.t Gi/E!

~N

G,/Gy

which is equivariant with respect to the natural action of G;, on its coset spaces.
Taking the inverse limits, we obtain the commutative diagram

(47) cn ¥n,c0 E"

[o¢] oo

N,

G" =V,

where C is the profinite subgroup of Cw, defined by (31), which is again equivari-
ant with respect to the action of G, on the inverse limits, and ¢, ~ is a surjective
group homomorphism.

Let g, = ¢n.0o(8). We will show that g, acts trivially on V,. Indeed, let
g = (g¢Cy), where g; € G;,. Then g, = (g¢E}) for £ > n. Since C; and Ej are
normal subgroups of G, the actions of g,C, and g, E} on G,/ G, are well defined;
for example, for any & € G;, we have

geCohGF = gohCeh™'hG = ghG?F,

and similarly for g¢ E}. Since diagram (46) is a commutative diagram of equivariant
maps, we obtain that

geCeth ZhG; = geE?th Zth,

and it follows that if g acts trivially on y = (h;G}) € V,,, then g, acts trivially on y
as well.

Then by an argument similar to the one at the beginning of this proof, we obtain
that g, € ﬂy cv, Dy, where DY is the discriminant group of the truncated action
W, G;,, ®,) at y € V,,. We note that ﬂyevn D;f is the maximal normal subgroup
of D%, and so by Proposition 6.2 it must be trivial. Therefore, g, = ¢, o (g) is the
identity in E7_.

We note that the restricted group action (V,, G;, ®,) is SQA since (Vy, Go, Po)
is SQA. By restricting to a smaller section and applying the above argument a finite
number of times we may assume that no element of the discriminant group D7 fixes
an open subset of V. It follows that the action (V,,, ®,(G?}), 5,,) of the closure
is SQA. O
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9C. SQA counterexamples. We give two classes of examples to illustrate the
above results.

Example 9.6. We first give an example of a group action, corresponding to the
holonomy of a solenoid with leaves of finite 7r|-type, that is not strongly locally free.

Let K be the Klein bottle, with fundamental group Go=(a, b | bab~'=a~1), and
let Koo =lim{p : K — K} be the inverse limit space, as described in Example 4.11.
The solenoid K, contains one nonorientable leaf with one end, and every other
leaf is an open two-ended cylinder. Thus, each leaf is homotopic to a circle, and
thus has finite m;-type.

The group chain G¥, associated to the choice of basepoint as in Example 4.11,
consists of subgroups G = (azz, b), £>0, and K (G*) = (b). This leaf has nontrivial
holonomy, with Germ(x, ®) = Z,. Fokkink and Oversteegen [2002] computed
that the kernel of a group chain based at any point which is not in the orbit of x
is K(GY) = (b*), which is easily seen to be a normal subgroup of Go. Thus for the
chosen section Vj, for every point y with trivial Germ(y, ®) the kernel K (G”) is
a normal subgroup of GZ , £ >0, and the section satisfies Proposition 8.10. So the
action (Vy, Gy, @) satisfies the SQA condition.

This action is not strongly locally free. Indeed, the action of the element b fixes x,
but it does not fix any y with trivial Germ(y, ®). The nontrivial element in ®(Gy),
acts nontrivially on any open subset of Vj, and so the action (Vp, ®(Gy),, D)
satisfies the SQA condition.

Example 9.7. We next give an example of a solenoid for which the action of the
holonomy group on the fiber is not SQA for any choice of a transverse section V.
This example is the Schori solenoid [1966]. We now recall its construction, as
described in [Clark et al. 2014].

Let X be a genus-2 surface. Recall that a 1-handle is a 2-torus without an open
disc, and note that the genus-2 surface X can be seen as the union of two 1-handles
Hy and Fy intersecting along the boundaries of the open discs taken out. Let xg be
a point in the intersection of the handles. Recall that the fundamental group of the
genus-2 surface can be presented as

11(Xo, x0) = (a, b, c,d | aca ' ¢ 'bdb™'d7 = 1),

where a and b are longitudinal loops in Xj.

Cut the handle Hy (resp. Fy) along a closed curve Cy (resp. Dg), as shown in
Figure 1, top left. Pull the cut handles apart to obtain the surface with boundary X
(see Figure 1, top center). Take three copies of X 0, denoted by XL x %, }?8, and
identify their boundaries as shown in Figure 1, top right. The resulting surface X
(see Figure 1, bottom) has genus 4, and there is an obvious 3-to-1 covering map
fo1 : X1 — Xo. Let x; be the preimage of x¢ in the second copy of the handle. We
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Xo

Figure 1. Construction of the Schori example. Top left: choice of
the handles Hy and Fj and closed curves Cy and Dy in X¢. Top
center: the cut surface X,. Top right: identifications between X§,
¢=1,2,3. Each X f) is represented by a cut copy of a figure 8§,
and identifications are depicted with straight lines. Bottom: the
surface X and the choice of the handles H; and F; and closed
curves C; and D;.

note that the covering fol is not regular; that is, the image ( fol)*m (X1, x1) of the
fundamental group of X is not a normal subgroup of ;(Xg, xo). Geometrically,
we can see that fO1 is irregular as follows: Take a longitudinal loop y in X(, which
represents an equivalence class of loops in 71 (Xg, x9). The fiber of fol consists of
three points, and we see from Figure 1, top right, that depending on the initial point
of the lift, y may lift to a loop or to a nonclosed curve [Schori 1966].

Proceed inductively to obtain a collection of 3-to-1 coverings ff“ X1 = Xy
That is, we can see X, as the union of two handles H, and Fy, intersecting along their
boundaries (see Figure 1, bottom) for £ = 1. We cut the handle H, (resp. F;) along a
closed curve C; (resp. Dy), pull the handles apart to obtain the surface with boundary
X, take three copies of X, denoted by X}, X % X 2 and identify their boundaries
in a way similar to Figure 1, top right. The resulting surface Xy is a 3-to-1
nonregular cover of X,. This defines a presentation P = {ffJrl 2 X1 — X¢, £>0}
of the Schori solenoid Sp. Let X be the fiber of Sp at xg.

For each £ > 0, we choose x4 to be a preimage of x, under the covering map

f“ in the second copy of X;. Denote by G* = {G }¢>0 the corresponding group
chain, and recall that there is a conjugacy

¢: X0 — X1 =1im(Gy/ G}, , — Go/G%, £ >0}

As before, we denote by U (x, £) the cylinder set in X7 containing (eGy). If
y € Xp is a point with ¢(y) = (g¢G7), then g¢ - U(x, ) = ®(g)(U(x, £)) is
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a cylinder set containing ¢(y). Set Uey = (p‘l(gg -U(x, £)). The group chain
G’ = {sz =2:Gy g[l} ¢>0 corresponds to a presentation P’ of the Schori solenoid
with basepoint y.

The following result is Theorem 1.9 of the Introduction.

Theorem 9.8. In the Schori solenoid, for any choice of basepoint y € Xy, and any
choice of section Uy, n>0,the holonomy action U}, Gy, ®,) is not SQA.

Proof. Let y € X, and let (U, , G;, ®,) be the holonomy action. At the end of
Section 2 we described the procedure of restricting to a smaller section, which
gives us a presentation P, = {ffrl : X¢r1 — Xy, £ > n}. By a slight abuse of
notation, we now set G, = 71 (X,, y,) and G) = (f,f)*m (X¢, y¢) (these groups
are isomorphic to the groups ( f(f)*m (X¢, y¢), which we denoted by Gz earlier).
Thus we have a homeomorphism

¢, Uy — X3, , =lim{G;/ G}, — G,/ Gy},

which commutes with the action of G; on U} and X2, ,. Denote by U (y, £) the
cylinder neighborhoods of (eG7) in X2 ,. In particular, U (y, n) = Xoo .

The surface X, in the presentation P’ has genus m, = 3¢ 4 1 (see [Clark et al.
20141]), so G%’ has m, generators, represented by longitudinal loops. In particu-
lar, there are loops y,, and 6, which wind around the handles H, and F, in X,
respectively. Denote by g, and g; the elements represented by y, and 8, in Gy,
respectively.

Now consider the construction of the surface X,,41. It is obtained by the identifi-
cation of three copies X ,11’2’3 of X, similar to the identification in Figure 1, bottom
left. There is a point y,; in one of the copies which satisfies f,?“(ynH) = Vn,
and which corresponds to our choice of the basepoint y. Denote by z,,41 and v,
the other two points such that

£ ) = 7 ng1) = Y

Denote by y,.,» V.- and ¥y, the copies of y, in X}*3 with respective base-
pOInts Y41, Znt 1, and v, 1. Note that these loops are cut when constructing X ,1;2’3.
We now proceed to identify the boundaries of X };’2’3 according to the construction,
which would close one of the loops back, and would intertwine the boundaries of
the other two loops, so as to create a single loop of twice the length of y,,.

We have the following alternatives: first, suppose y;, ., is identified into a loop,
and yy, , and y,,,, are identified to make a single loop of twice the length. Then
the lift of y,, with the starting point y,; is the curve y,, , which is not closed
and has v,y as its ending point. This means that the action of g, on the coset
space G,/ Gryl 41 maps eGZ 41 onto g, G5, and so maps the cylinder neighborhood
U(y,n+ 1) onto the clopen set g, (U(y, n+ 1)). At the same time, the lift of y,
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with the starting point z,, 4 is a closed loop. So the action of g, fixes the coset
Vs G;ZV 41> and the clopen set gs(U(y, n+ 1)). We note that on the subsequent steps
of the construction, when creating X,,;, the lifts of the loop y,,,, are never cut and
identified, which means that the action of g, is the identity on gs(U(y, n + 1)).
Another alternative is that y,, , is identified into a loop, and y,,,, and y,, ., are
identified to make a single loop. Arguing similarly, in this case we obtain that the
action of g,, is the identity on U(y, n+ 1), and it permutes the sets gs(U (y,n+1))
and g, 0g5(U(y,n+1)). Thus in both cases we obtain an element which is the iden-
tity on a clopen subset of the section U, , which permutes two other subsets of U”,
which means that (U, G, ®) is not SQA. Since the choice of y and n was arbitrary,
we conclude that the holonomy pseudogroup for the Schori solenoid is not SQA. [

From the proof of Theorem 9.8 we obtain the following corollary, which shows
that the hypotheses of Proposition 8.8 are necessary.

Corollary 9.9. In the Schori solenoid, for any choice of a transverse section Vy,
and any choice of a point x, Germ(®y, x) is not locally trivial.

Proof. From the proof of Theorem 9.8 we conclude that, for any choice of basepoint
y € Xy, and any choice of group chain G = {G; };>0, the kernel K (G,) is not a
normal subgroup of G;. It follows that even if Germ(®y, x) is trivial, it is not
locally trivial. (I

10. A universal construction

In this section, we give a general method of constructing examples of group chains
with prescribed discriminant groups. This construction is inspired by the proof of
Lemma 37 in Section 8 of [Fokkink and Oversteegen 2002], which they attribute
to Hendrik Lenstra. The construction of Lenstra is given in Section 10A, and
Section 10B discusses some properties of this construction. Then in Section 10C
we give criteria for when the resulting group chains are stable.

Section 10D recalls two basic results of Lubotzky [1993]. The first, given here as
Theorem 10.4, realizes any given finite group F embedded into the profinite com-
pletion of a finitely generated, torsion-free group G. A second result of Lubotzky,
given here as Theorem 10.5, embeds the infinite product H of a collection of finite
groups as a subgroup of the profinite completion of a finitely generated, torsion-free
group G. Then in Section 10E, these constructions of Lubotzky are used to construct
the examples used in the proofs of Theorems 1.10 and 1.12 of the Introduction.

There is an extensive literature on embedding groups into the profinite completion
of a given torsion-free, finitely generated group (see [Ribes and Zalesskii 2000] for
a discussion of this topic and further references). The methods of this section apply
in this generality to yield an enormous range of equicontinuous minimal Cantor
actions with infinite, hence Cantor discriminant, groups.
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10A. A profinite construction. We first give a reformulation of the constructions
in Sections 6B and 6C, in analogy with the construction of Lenstra in [Fokkink and
Oversteegen 2002]. This alternate formulation is of strong interest in itself, as it
gives a deeper understanding of the Molino spaces introduced in this work.

Let G be a finitely generated group, G = {G;}¢>0 be a group chain in Gy, and
C = {Cy}e>0 be the core group chain associated to G, with C, the core group
associated with C. Assume the kernel K (G) is trivial, so the map o : Gy — Cx
is an injective homomorphism with dense image Go = ®(Go) C Coo. Then the
discriminant of G is a compact subgroup D C C,, Wwhose rational core as defined
in (26) is trivial by Proposition 6.2.

Let Cy.00 C Cx be the clopen normal subgroup neighborhood of the identity
{e} defined in (23). As ()~ Cn,00 = {€}, the collection {C, « | n > 1} is a clopen
neighborhood system about the identity in Co. Observe that from the definition
(21), we have that Coo/Cy.00 = Go/Cp, and Go N Cy.0o = G,. As each subgroup
Cy. 1s normal and D is compact, the product V,, =D - C,, oo C Cx is a clopen
subgroup of Cy, containing D, and we have D = (), V,,. Thus, D is realized as
the countable intersection of clopen subgroups of Cs, It is an exercise to show that
this formulation of D agrees the definition of D as an inverse limit in (25).

We now turn the order of the above remarks around to obtain a construction of a
group chain with prescribed discriminant group.

Proposition 10.1. Let Co be a profinite group, and let G C Cx be a finitely
generated dense subgroup. Let D C Coo be a compact subgroup of infinite index
which has trivial rational core,

(48) coreg D = | kDk™" = {e}.
keG

Then there exists a group chain G = {G}¢>0 with Go = G, with discriminant
group D.

Proof. By the assumption that C, is a profinite group, there exists a group chain
{U, | € > 1} that is a clopen neighborhood system about the identity in Cyo, such that

(1) each Uy is normal in Cyg,

(2) for each € > 0 there is a proper inclusion U,y C Uy,

() Moz Ue = e}

In particular, each quotient H® = Co,/ U, is a finite group. Let tﬁ“ cHA - gt
be the map induced by inclusion of cosets. Then there is a natural identification
(49) Coo Zlim{e,t s H — HY).

Next, for each £ > 1, set W, =D - Uy, which is a subgroup of C, as Uy is normal.
Moreover, the assumption that D is compact implies that each W, is a clopen subset
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of Cs. Then set Gy = G N Wy, which is a subgroup of finite index in G, and so
G ={G¢}¢>0 is a subgroup chain in G. Note that

(50) K@ =(\Ge=[)GNnWi=Gn[W,=GND.
>0 >0 £>0

We next calculate the discriminant of the chain G. Let ¢ : Coo — HY be the
quotient map. As each H* is finite, the image D' = 7*(D) is a finite set. The group
G is dense in C, so has nontrivial intersection with each clopen set gU,. Thus,

(51) D' =7 D)=7' W) =7 (GNW,) =7%G,) c H".

The core of the group Gy is the group Cy = coreg Gy = ﬂgeG gGgg_l. We have

(52) 7' (Cp) = ne(ﬂ gGeg_]>
geG
=@ Gy
geG
=@ @'
geG
={e'},

where e’ € H' is the identity, and the last equality follows since G is dense in Coo
and the core of D is trivial. It follows that C; = G N Uy, and thus we obtain induced
maps on the quotients, 7¢ : G/Cy — Hj. Then note that 7¢(G,/Cy) = 7*(D) = D*
for all £ > 0.

The map (' : H*' — H* induces a map (denoted the same), (;*' : D! — DL,
Then for the inverse limits we have

(53)  Lm{8;"": Ger1/Cerr = Go/Co =lim{y "' : D - DY),

The term on the left-hand side of (53) is by definition the discriminant of the chain G,
while the term on the right-hand side of (53) is homeomorphic to the subgroup D,
as {Uy | £ > 1} is a clopen neighborhood system about the identity in Cq. ]

10B. Properties of the Lenstra construction. We make some remarks about the
construction in Proposition 10.1. First, note that the proof of [Fokkink and Overstee-
gen 2002, Lemma 37] defined the chain G, using a collection of clopen neighbor-
hoods of e € C. However, the proof in that paper that the chain G, is not weakly
regular used Proposition 5.6, that is, the fact that if the number of conjugacy classes
of the kernel K (G,) is infinite, then G, cannot be weakly regular. Our approach is
to calculate the discriminant group for the chain directly.
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Assume there is given a profinite group Cs, a compact subgroup D C Ceo,
and a dense subgroup G C C satisfying the hypotheses of Proposition 10.1. Set
X = Cx /D, which is a Cantor space. The left action of G on X defines a map
® : G — Homeo(X), which is a minimal action as G is dense in C,. Thus, the
construction yields an equicontinuous minimal Cantor system (X, G, ®).

Next, given a clopen neighborhood system {U, | £ > 1} about the identity in Cqo
which satisfies the conditions in the proof of Proposition 10.1, let G = {G}¢>¢ be
the group chain in G constructed with respect to this clopen neighborhood system.
Then it is an exercise, using the techniques of the proof of Proposition 10.1, to
show that there is a G-equivariant homeomorphism of spaces

T X =1lim{t41: G/Crp1 —> G/ Gy} = X

Now suppose that {V, | £ > 1} is another clopen neighborhood system about the
identity in Co, Which also satisfies the conditions in the proof of Proposition 10.1,
and let H = {H,}¢>0 be the group chain in G constructed with respect to this second
clopen neighborhood system. A basic property of neighborhood systems is that
given any £ > 0 there exists £’ > 0 such that V» C Uy, and £” > 0 such that U,» C V.
It follows from their definitions that the group chains G and ‘H are equivalent in the
sense of Definition 4.3.

Suppose that GND = {e}. Then the calculation (50) shows that the kernel K (G) =
{e} is trivial. Moreover, suppose the choice of D is made so that G N gDZ~! = {e}
forall g € Co. Given y € X let (y) = (g¢Gy) € X0, and let G7 = {ggGgng}gz()
be the conjugate group chain. Choose g € Co, such that t(¢D) = (g¢G¢). Then

(54) K@)=GNnEDg ") ={e}

so that G¥ also has trivial kernel. Thus, if we choose D so that GNgDg ™! = {e})
for all g € C is satisfied, then the Cantor system (X, G, ®) has trivial kernel for
the group chain G” at y for all points y € X. For example, suppose that G is a
torsion-free group and D is a torsion group. Then the condition G N gDg~! = {e}
for all ¢ € C is automatically satisfied, as each nontrivial element of D, and hence
D%~ has finite order. We use this observation in Theorem 10.7 below.

On the other hand, given G C C4 as in Proposition 10.1, suppose that the
compact subgroup D C Cy is chosen so that G N gDg ! # {e} for some & € Cop.
Then by Proposition 8.11 there exists y € X such that the Cantor system (X, G, )
has nontrivial kernel K (G”) for the group chain G about y. It then follows that
the germinal holonomy group Germ(®, y) is nontrivial, so this method can also be
used to construct examples with nontrivial germinal holonomy groups.

10C. Stable actions. Recall from Definition 7.5 that a group chain G = {G},>0
is said to be stable if there exists ng > O such that the maps ¥, ,, : D" — D"
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defined in (39) are isomorphisms for all m > n > ng. We consider the problem
of when a group chain G = {G¢}¢>0 constructed using the method in the proof of
Proposition 10.1 is stable.

We assume the hypotheses of Proposition 10.1, and the constructions of its
proof. Fix n > 0, and consider the truncated group chain G, = {G}¢>,. Then the
calculation of the kernel K (G,,) = GND is the same as (50). Also, note that D C W,
for all £ > 0, so the calculations in (51) also proceed analogously. However, the
last equality in (52) requires the additional assumption

(55) corey D = [ kDk~" = {e}
keU

for the clopen neighborhoods U = U, of the identity in order to conclude that D
is the discriminant group for G,. In other words, we require that the subgroup D
is “totally not-normal” for every neighborhood of the identity in G. The above
remarks yield:

Proposition 10.2. Let Co, be a profinite group, let G C C be a finitely generated
dense subgroup, and let D C C, be a compact subgroup of infinite index, such that
(55) holds for every clopen neighborhood {e} € U C Cx,.. Choose a group chain
{U¢ | £ = 1} which is a clopen neighborhood system about the identity in Coo. Then
the associated group chain G = {G¢}¢>0 with Go = G has discriminant group D
and is stable.

Finally, in the case where D C C is a compact subgroup of infinite index, but
need not satisfy the condition that its core is trivial, then noting that the core is
a normal subgroup, we can modify the construction above as follows to obtain a
minimal Cantor action.

Corollary 10.3. Let C._ be a profinite group, G' C CL_ be a finitely generated dense
subgroup, and D' C C. be a nontrivial compact subgroup of infinite index, and let
coreg' D’ denote the rational core of D’ as in (55), which is a normal subgroup of
Cl as G’ is dense. Set

Coo =C. /(coreq: D), G=G'/(G'Ncoreg: D), D =7D/coreg D
Then there exists a group chain G ={G}¢>0 with Go = G and discriminant group D.

10D. Constructing embedded groups. We next recall the remarkable constructions
of Lubotzky, which when combined with the techniques of Proposition 10.1, make
possible the construction of a wide class of equicontinuous minimal Cantor actions
by a finitely generated, torsion-free, residually finite group G, with prescribed
discriminant group D. There are two cases of the construction.
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Theorem 10.4 [Lubotzky 1993, Theorem 2(b)]. Let F be a nontrivial finite group,
and set F; = F for all integers i > 1. Let F =] [ F; denote the infinite cartesian prod-
uct of F. Then there exists a finitely generated, residually finite, torsion-free group
G C SL,(Z) for n > 3 sufficiently large whose profinite completion G contains F.

Proof. We give just an outline of the construction used in the proof of Theorem 2(b)
in [Lubotzky 1993], with details as required for the constructions of our examples.
First recall some basic facts. For n > 3, let I',, = SL,,(Z) denote the n x n integer
matrices. The group I';, is finitely generated and residually finite, and hence so are
all finite index subgroups of I',,. Let I',,(m) denote the congruence subgroup

'y (m) = Ker{y,, : SL,(Z) — SL,(Z/mZ)}.

For m > 3, I';,(m) is torsion-free. Moreover, by the congruence subgroup property,
every finite index subgroup of I';, contains I",,(m) for some nonzero m. Then this
implies

(56) SL,(Z) =1im SL,(Z/mZ) = SL,(2) = [ | SL(Z,).
p

where Z is the profinite completion of Z, and we use that 7= I1 » Lp, Where Z,, is the
ring of p-adic integers, and the product is taken over all primes. Note that the factors
in the cartesian product on the right-hand side of (56) commute with each other.

Let G C ', be a finite index, torsion-free subgroup, which is then finitely
generated, and its profinite completion G is an open subgroup of Sm). Then
there exists a cofinite subgroup P(G) of the primes such that

(57) [] sL.@, cG.
pEP(G)

Let dr = | F| denote the cardinality of F, and let n > |F| + 2. Then F embeds
in the alternating group Alt(n) on n symbols. Then F being nontrivial implies that
n >4 > 3. For each p € P(F), the group Alt(n) embeds into SL,(Z,), and thus
we obtain an embedding

(58) o F= [] Foc [] At ¢ [] SL.(Z,) G,
PEP(G) PEP(G) PEP(G)

where F), = F for each p € P(G). This completes the construction. ([

Lubotzky [1993, Theorem 1] extended the above construction to obtain an
embedding for a group D which is an infinite product of possibly distinct finite
groups {H; | i = 1,2,...}. The extension is highly nontrivial, as if all of the
groups H; are distinct, then the degrees | H;| must tend to infinity, and so the above
straightforward strategy for embedding no longer works.
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Theorem 10.5 [Lubotzky 1993, Theorem 1]. Let {H; |i = 1,2, ...} be an infinite
collection of nontrivial finite groups, and let H = || H; denote their cartesian
product. Then there exists a finitely generated, residually finite, torsion-free group G
whose profinite completion G contains H.

Proof. Again, we only sketch some key aspects of the proof from [Lubotzky 1993].
Let G C T, be the finitely generated, torsion-free, residually finite group constructed
on page 330 of [Lubotzky 1993], and let G be its profinite completion. Lubotzky
constructs by induction an increasing sequence of primes {p, | n > 3} such that

(0.¢]
(59) [[sL.(,,) cG.

n=3
For i > 1, let d; = |H;| denote the cardinality of H;. Then each H; embeds in
the alternating group Alt(d; + 2) on d; + 2 symbols. Now choose an increasing
sequence of integers {n; | i > 1} such that n; > d; + 2. Then for each i > 1, the
group Alt(d; + 2) embeds into the alternating group Alt(n;) by taking only the
permutations on the first d; + 2 symbols. For each i > 1 the group Alt(n;) embeds
into SL,, (Z Pn ). Thus, we have embeddings H; C Alt(n;) C SL,,(Z Pn,-)‘

The product in (59) is over all n > 3, while the group H, = H,, if n = n; for
some n; as chosen above. For n # n; for some i, let H, be the trivial group. Set
A, = Alt(n;) if n = n; for some n; and let A, be the trivial group otherwise. Then
we obtain an embedding of the infinite product H,

(60) too : DE][Hy c [[An c[[SLu(Z,,) € G.
n>3 n>3 i>1
This completes the construction. ]

10E. Constructing stable actions. We next use Theorems 10.4 and 10.5, and ob-
servations from their proofs in [Lubotzky 1993], to construct examples of stable
equicontinuous minimal Cantor group actions.

We first require a simple observation. For n > 2, the alternating group Alt(n) on
n symbols embeds into the alternating group Alt(4n) on 4n symbols, by considering
Alt(n) as acting on the first n symbols and fixing the remaining 3n symbols. We
thus consider Alt(n) C Alt(4n) as a subgroup.

Lemma 10.6. The core of Alt(n) in Alt(4n) is the trivial group.

Proof. There exists an element o € Alt(4n) which swaps the first 2n symbols for
the last 2n symbols. Then o ~'Alt(n) o is contained in the alternating group which
permutes the last 2n symbols, and hence is disjoint from the subgroup Alt(n). [

Lemma 10.6 is used to ensure that the chains constructed below satisfy the
conditions of Section 10C.
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Theorem 10.7. Let F be a finite group. Then there exists a finite index, torsion-free
group G C SL,,(Z) and an embedding of F into the profinite completion G, so that
the resulting group chain Gx = {G}¢>0 constructed as in Section 10A yields an
equicontinuous minimal Cantor system (X o, G, ®) whose discriminant group for
the truncated group chain {G}¢> is isomorphic to F for all k > 0. Hence the
action is stable and irregular. Moreover, the germinal holonomy group for each
x € X is trivial.

Proof. As noted in the proof of Theorem 10.4, if F is a nontrivial finite group
of order dr = |F|, then F embeds in the alternating group Alt(dr + 2). We then
embed Alt(dr +2) in the alternating group Alt(n) for n > 4(dr +2), by considering
Alt(n) as acting on the first n symbols, as in the proof of Lemma 10.6. We identify
F with its image, and then note that the core of F in Alt(n) is the trivial group.
Note that dr > 2, so we have that n > 16. Also note that if F’ is any other finite
group of order at most df, then it also embeds into Alt(dr + 2), and hence the
following construction is universal for all finite groups F’ with |F’| < | F|.

Forn >4(dr+2),let G C I';, =SL, (Z) be the finite index, torsion-free subgroup
constructed in the proof of Theorem 10.4. Set H, = Alt(n) for all integers £ > 1, and
let H = [ [ H, denote their cartesian product. Then the embedding (58) becomes

(61) o HZ= [] Al ¢ ] SL.Z,) CG,
peP(G) PEP(G)

where Alt,(n) = Alt(n) for each prime p.
For each i > 1, we have the embedding

F C Alt(dr +2) C Alt(n) =

Let F — H be the diagonal embedding into the infinite product, which then yields
an embedding tf : F — G into the profinite completion of G, with image denoted
by D =p(F).

Next, use the method of Section 10A to construct a group chain in G. The group
G is residually finite, so there exists a clopen nelghborhood system {U; | £ > 1}
about the identity in G, where each Uy is normal in G. Note that G is dense in G
and each Uy is closed, so the closure of GN Uy in Gis equal to Uy. Set W, =D U,
for{>1,and Gy =GN W,. Let Gr = {G}¢>0 denote the resulting group chain.

Let {¢} € U C G be a normal clopen neighborhood of the identity, so that G/U
is a finite group with cardinality |G /U|. We claim corey D = {e}. The normal
subgroup U has finite index; hence, as argued in the proof of [Lubotzky 1993,
Theorem 2], there exists a cofinite subset of primes P(G, U) C P(G) of the list in
the product in (61) such that

[] Al,mc [ SL@,)cucd.
peP(G,U) peP(G,U)
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For p € P(G, U), note that for the diagonal embedding of F into H, the projection
to each factor of H is an isomorphism. For the image of F' in the p-th factor, we
have

F C Alt(dr +2) C Alt(n) = Alt,(n) C SL,(Z,).

The image group has trivial core by Lemma 10.6. The projection of D to F C Alt,(n)
is an isomorphism, so this implies that D has trivial core in U as well. Then by
Proposition 10.2, for all £ > 0, the discriminant group for the truncated group chain
{G}e>k 1s isomorphic to F. In particular, GF is a stable group chain.

Next, observe that D being compact implies that the closure G of G, in G
equals Wy, and D =) G . For the kernel of Gy as defined in Section 4B, we then
have

(62) K(@r) =()Gec()Ge=D.

>0 >0

The group D is finite, hence every element of D has finite order, while K (Gr) is a
torsion-free subset of G. Thus, K(Gr) C DN G = {e}; hence K (Gr) is the trivial
group. Moreover, for each g € G let

Gr=1{8Geg N0

denote the conjugate group chain. Then by the same reasoning, we also have
K (gf;) ={e},as g7 'DgC G is again a finite subgroup, hence has trivial intersection
with G.

Let (X, G, ®) be the equicontinuous minimal Cantor system with X = G/D
with the associated group chain G, as discussed in Section 10B. The discriminant
group of Gr is D, and each nontrivial element s € D is torsion, hence its image
in G is torsion, and thus any conjugate of it is not contained in the torsion-free
subgroup G. Thus, for each y € X, the action ® has trivial germinal holonomy at y.

The discriminant group of the truncated chain {G,};>, is isomorphic to F for
all k > 0. Thus, Gr cannot be a weakly regular group chain. This establishes all of
the claims of Theorem 10.7. ]

Note that the action (X, G, ®) satisfies the SQA condition by default, as all
germinal holonomy groups are trivial. The action of G on X = G/D satisfies
the SQA condition by Theorem 9.5. Corollary 1.11 now follows by using the
construction in Section 2B to obtain a matchbox manifold with section V) = X and
induced holonomy action (X, G, ®).

We remark that it is tempting to use the fact that G C SL,(Z) C SL,(R) is a
torsion-free subgroup, and then use the quotient space My = SL,(R)/G as the
base of a presentation for a weak solenoid Sp. However, this quotient space is
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not compact, and we do not have a “theory of weak solenoids” over noncompact
manifolds.

We next use Theorem 10.5 to construct two types of embeddings of Cantor
groups into profinite groups. Theorem 10.8 embeds a profinite group such that
the resulting action is stable. Theorem 10.10 embeds a Cantor group such that the
resulting action is not virtually regular.

Theorem 10.8. Let K be a separable profinite group. There exists a finitely gener-
ated, residually finite, torsion-free group G, and an embedding of K into its profinite
completion G, such that the resulting group chain Gx = {Gy}y>0 constructed as
in Section 10A yields an equicontinuous minimal Cantor system (X, G, ®) whose
discriminant group for the truncated group chain {G}¢>x is isomorphic to K for
all k > 0. Hence the action is stable and irregular.

Proof. Let G C I';, be the finitely generated, torsion-free, residually finite group
used in the proof of Theorem 10.5, as constructed on page 330 of [Lubotzky 1993],
and let G be its profinite completion.

The assumption that K is a separable profinite group implies that K is isomorphic
to an inverse system of finite groups

(63) K =lim{gf*": Kot > Ko [ €20} C K =] [ Ko,

where each K, is a finite group, and the bonding maps (prrl are epimorphisms for
all £ > 0, but not isomorphisms. Thus, their cardinalities {|K,| | £ > 0} form an
increasing sequence of integers. Note that we have isomorphisms for all £ > 0,
induced by the shift map o; on indices,

(64) ot K Zlim{l ™ : Koy — Ko | €2 k).

For each £ > 0, set dg =4(] K¢|+2). Then as in the construction in Theorem 10.7,
there is an embedding of K, into the alternating group, K, C Alt(| K,|+2) C Alt(d,).
Choose an increasing sequence of integers {n, | £ > 1} so that ny, > d, for all £ > 1.

Then as in the proof of Theorem 10.5, we set H, = Alt(d,) if n = n, for some ny
as chosen above. If n # ny for all ¢, let H, be the trivial group. Set A,, = Alt(n,)
if n = n, for some ny, and let A, be the trivial group otherwise. Then we obtain an
embedding of the infinite product,

(65) H=[[H,cA=]]A.c[][SL.(Z,,) CG.

n>3 n=>3 >1

Now observe that the inverse limit presentation in (63), along with the above
embedding (65), gives an embedding

(66) Ag:KC[[Kec[[H. c]]AnCG.

n>3 n>3
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Set D= Ag(K) C G. Then as in the proof of Theorem 10.7, use the method
of Section 10A to construct a group chain in G. The group G is residually finite,
so there exists a clopen neighborhood system { U, | £ > 1} about the identity in G,
where each U, is normal in G. Set W=D -U;for¢>1,and G, =GN W,. Let
Gk = {G}e>0 denote the resulting group chain.

Let {¢} € U C G be a normal clopen neighborhood of the identity, so that G /U
is a finite group with cardinality |G /U|. We claim corey D = {e}. Note that for
m > 5, the alternating group Alt(m) is simple, and its cardinality |Alt(m)| = %m!
tends to infinity as m increases. As the sequence {n;} is increasing, for some
£y > 0, we have ¢ > ¢y, and A,, = Alt(n,) being nontrivial implies that H,, has
order |H,,| = %(I’l[)! > |@/U|. Thus, the projection A,, C G — @/U cannot be
an injection, and as A,, is a simple group, it must be contained in the kernel, so
A, CU. Letm, : A— A, be the projection onto the m-th factor. We have that
DCHCA. Let D,, C A, denote its image. By the choice of m, and because
ne >de =4(] K| +2), Lemma 10.6 implies the subgroup D,, has trivial core in A,,.
It follows that D has trivial core in U.

Then by Proposition 10.2, for all k£ > 0, the discriminant group for the truncated
group chain {G}¢> is isomorphic to K. In particular, Gk is a stable group chain
and is not weakly normal.

The rest of the proof proceeds as for that of Theorem 10.7. (Il

Note that in the above proof, we cannot assert that all leaves of the suspended
foliation Fyy have trivial holonomy, as examples show that some conjugate of D in
G may intersect G nontrivially.

Our final example, which is again based on the application of Theorem 10.5,
answers a question posed in [Dyer et al. 2016]. In that work, the notion of a virtually
regular action (X, G, ®) with group chain G = {G}¢>¢ was introduced:

Definition 10.9. [Dyer et al. 2016, Definition 1.12] A group chain G = {G}¢>0
is said to be virtually regular if there exists a normal subgroup G, C G of finite
index such that the restricted chain G’ = {G}¢=0, where G, = G, N G, is weakly
normal in G|,

There is an alternate definition of this concept, which was shown in [Dyer et al.
2016] to be equivalent: a matchbox manifold 901 is virtually regular if there exists
a homogeneous matchbox manifold 9t and a finite-to-one normal covering map
h 9 — 9. Thus, the notion of virtually regular is a natural property of a
matchbox manifold 97, and can be checked by considering a group chain model
for the holonomy action of the foliation Foy.

The following example is the first known to the authors which is not virtually
regular, and gives a natural paradigm for the construction of group chains which
are not virtually regular.
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Theorem 10.10. There exists a finitely generated, residually finite, torsion-free
group G with profinite completion G such that for any infinite collection {Fy}e>1 of
nontrivial finite simple groups, their cartesian product F = [ Fy can be embedded
into G, so that the resulting group chain Gg ={G¢}¢>0 constructed as in Section 10A
vields an equicontinuous minimal Cantor system (X, G, ®) whose discriminant
group for the group chain Gp is isomorphic to F. Moreover, G is not virtually
regular.

Proof. The proof follows the same approach as that used in the proof of Theorem 10.8.
Let G C T, be the finitely generated, torsion-free, residually finite group used in
the proof of Theorem 10.5, as constructed on page 330 of [Lubotzky 1993], and let
G be its profinite completion.

For each £ > 0, set dp = 4(| F¢| + 2). Then there is an embedding of Fy into the
alternating groups, Fy C Alt(|Fy| 4+ 2) C Alt(dy), as in the proof of Theorem 10.8.
Choose an increasing sequence of integers {n, | £ > 1} so that ny > d, for all £ > 1.
Let Alt(dy) C Alt(n,) be the embedding as the permutations on the first d; symbols.
Then we obtain an embedding tf : F — G, of the infinite product F into G, given
by the composition

67 o FE]]F c[]AlW) c [JAlGe) C [[SLy,(Z,,) CG.

=1 >1 >1 £>1

Set D = (F) C G. Use the method of Section 10A to construct a group chain
in G. The group G is residually finite, so there exists a clopen neighborhood system
{U, | £ > 1} about the identity in @, where each U, is normal in G. Set We=D-U,
for £ > 1, and G, = GN W,. Let Gr = {G}¢>0 denote the resulting group chain.

Let U C G be a normal clopen neighborhood of the identity. For example, given
a normal subgroup G’ C G with finite index, we can take U to be the profinite
completion of G'in G. Let GY ={G/}4>0 be the group chain defined by G, = G,NU
for £>0. Then DNU =((U,NU).

We next show that the normal core, corey D C D, of DN U in U is a finite
subgroup, and then apply Corollary 10.3 to conclude that the discriminant of the
action defined by the group chain gg is a nontrivial Cantor group. The following
argument is similar to that used in the proof of Theorem 10.8, and uses that the
alternatAing group Alt(m) is simple for m > 5 and has order |Alt(m)| = %m!. Let
dy = |G/ U] be the order of the finite group.

Choose £y > 1 such that ny, > 5 and |Alt(ng,)| = %(l’l(U)! > dy. Then for all
£ > Ly, the factor Alt(n,) in the product in (67) is contained in the kernel of the
projection G—G /U, and thus, F, C Alt(n,) C U. Consequently, we have that

(68) Dy, = [ | Fe € Ay, = [ Altng) c DN U.

>ty =Ly
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In particular, this shows that D N U contains a nontrivial Cantor group. Moreover,
by applying Lemma 10.6 to each factor of the product in Dy, we see that D, has
trivial core in U, as well. Thus, we have

(69) corey D C 1_[ Fy,

1<t<ty

and so corey D is a finite normal subgroup of U.

By Corollary 10.3, the quotient group chain {(G, N U)/(corey D)};>0 has a
nontrivial discriminant group D/(corey D) which contains a subgroup isomorphic
to the nontrivial Cantor group Dy,. For £ > 0, apply this to the case U = Uy
to obtain that the quotient chain {(G, N U,)/(corey, D)}¢=o is not equivalent to a
normal chain. Now suppose that the restricted group chain g;’f is equivalent to a
normal chain. Then as corey, D is a normal subgroup of Uy, this implies that the
quotient group chain {(G, N U;)/(corey, D)}e>o is equivalent to a normal chain,
hence has trivial discriminant, which is a contradiction. Thus, the group chain Gp
is not virtually regular. (I

10F. Open problems. There are many variations of the above method that can be
considered, and open questions about the resulting minimal Cantor actions. First, it
is interesting to understand the answer to the following.

Problem 10.11. Given a separable profinite group H and an embedding into a
profinite group G with trivial rational core, constructed using the methods of
[Lubotzky 1993], give criteria for when the resulting equicontinuous minimal
Cantor system (X, G, @) is weakly normal, and whether the action is stable or
wild. Furthermore, when do the resulting actions satisfy the SQA condition of
Section 9A?

There is also an extensive literature for the construction of embeddings of groups
H into the profinite completions of torsion-free, finitely generated nilpotent and
solvable groups. For example, [Crawley-Boevey et al. 1988] showed that if G is a
finitely generated, torsion-free nilpotent group, then the profinite completion G is
torsion-free, so if D C G is a closed subgroup, then it must be a Cantor group.

On the other hand, [Evans 1990; Kropholler and Wilson 1993] showed that there
exists a countable, torsion-free, residually finite, metabelian group G such that its
profinite completion contains a nontrivial torsion subgroup. Quick [2001] studied
the profinite topology of nilpotent groups of class two and finitely generated center-
by-metabelian groups, and used this to construct embeddings of finite groups into the
profinite completions of these classes of groups. However, the embedding obtained
in [Quick 2001] is contained in the center of G, so does not satisfy the trivial core
condition. We conclude with an open question, suggested by the examples and
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results of [Dyer 2015; Dyer et al. 2016; 2017; Fokkink and Oversteegen 2002;
Rogers and Tollefson 1971b; Schori 1966].

Problem 10.12. Determine which groups H can be embedded as a closed subgroup
of G with trivial rational core, where G is a finitely generated, torsion-free amenable

group.
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CYCLIC PURSUIT ON COMPACT MANIFOLDS

DMITRI GEKHTMAN

We study a form of cyclic pursuit on Riemannian manifolds with positive
injectivity radius. We conjecture that on a compact manifold, the piece-
wise geodesic loop formed by connecting consecutive pursuit agents either
collapses to a point in finite time or converges to a closed geodesic. The
main result is that this conjecture is valid for nonpositively curved compact
manifolds.

1. Introduction

Our starting point is the classical three bug problem, first posed by Edouard Lucas
[1877]: Three bugs start on the corners of an equilateral triangle, and each chases
the next at unit speed. What happens? Answer: The bugs wind around the center
of the triangle infinitely many times as they head inward along logarithmic spirals.
They collide at the center of the triangle in finite time. We get similar behavior
in general for a system of n bugs starting at the vertices of a regular n-gon, each
chasing its clockwise neighbor at unit speed; see, e.g., [Behroozi and Gagnon 1979].
For illustrations of cyclic pursuit with initial conditions on a regular n-gon, see
clips 1 through 4 at http://tinyurl.com/Gekhtman-bugs. For details on the history of
various versions of the n bug problem, see the introduction of [Richardson 2001b].

Next, consider n bugs starting at arbitrary positions in R?, with bug i chasing bug
i +1 mod n at unit speed. Clips 5 through 7 at the address below demonstrate cyclic
pursuit with randomly chosen initial conditions in the unit cube of R>. The typical
observed behavior is as follows: Starting from the initial random configuration,
chains of closely spaced bugs form, the chains come together to form a close
approximation of a smooth knot, the knot unknots into an approximately circular
loop, and the loop collapses to a point in finite time. The evolution of the piecewise
linear loop connecting the bugs qualitatively resembles the curve-shortening flow
on the space of smooth loops in R3. Richardson [2001b; 2001a] analyzed aspects
of cyclic pursuit in R% He showed that for n > 7, the only stable configuration of
n bugs in cyclic pursuit is a planar regular n-gon [2001a]. Based on simulations,
Richardson conjectured that, if the initial positions of # bugs are chosen uniformly

MSC2010: primary 53B21; secondary 37D40.
Keywords: cyclic pursuit, curve shortening, closed geodesics, nonpositive curvature.
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at random in [0, 1]¢, the probability of converging asymptotically to the regular
n-gon configuration approaches 1 as n — oo.

In this paper, we study cyclic pursuit on Riemannian manifolds with positive
injectivity radius. To define pursuit in this case, we choose initial positions such
that each bug is within the injectivity radius of the next, and we have each bug
chase the next with velocity equal to the unit vector tangent to the shortest geodesic
connecting it to the next bug. Unlike in the Euclidean case, the bugs do not
necessarily all collide in finite time. Certainly, they cannot if the piecewise geodesic
loop connecting consecutive bugs is not nullhomotopic. This leads to the conjecture
that on a compact manifold, if the bugs do not collide in finite time, the loop
connecting them converges to a closed geodesic. The main result of this paper
is that the conjecture is valid for pursuit on manifolds of nonpositive curvature.
Clips 8 and 9 demonstrate convergence on a flat Mobius band and a flat torus,
respectively. Numerical simulations suggest the conjecture is valid in general.
Clip 10 demonstrates cyclic pursuit on S and clips 11 and 12 show pursuit on RP2.

The organization of the paper is as follows: In Section 3, we study basic properties
of cyclic pursuit in Euclidean space. In Section 4, we introduce cyclic pursuit on
Riemannian manifolds. In Section 5, we prove a result which states roughly that,
if the bugs enter a convex subset of a manifold, they stay in that subset. We derive
as a consequence a condition for the pursuit to end in finite time. In Section 6, we
prove subsequential convergence of the loop of bugs to a closed geodesic, and we
obtain another criterion for pursuit to end in finite time. In Section 7, we give a
condition for the loop of bugs to converge to a closed geodesic. In Section 8, we
discuss convergence to closed geodesics which are locally length-minimizing, in the
sense that any other loop uniformly close to the geodesic is longer. Then, we prove
our main result: for pursuit on a nonpositively curved compact manifold, the loop
of bugs either collapses to a point in finite time or converges to a closed geodesic.

2. Notation

Unless otherwise stated, geodesics are parametrized at constant speed.

If (M, (-, -))is a Riemannian manifold and p, g € M are connected by a unique
shortest geodesic, [p, ¢] denotes the shortest geodesic from p to g, parametrized as
a map from the unit interval [0, 1]. Unless otherwise stated, || - || : 7, M — R denotes
the norm associated to (-, -),, and d : M x M — R denotes the distance function
associated to the metric. We identify S' with R/Z. For each x € S!, we define
T, :R/Z — R/Z as the translation T, (s) =s+x. If o, y : S' — M are two loops,
d(a, y)=sup.g d(c(s), y(s)) denotes the supremum distance. If p € M and r >0,
B, (p) denotes the metric ball of radius r centered at p. For p e M and K C M,
d(p, K) denotes inf,cx d(p,q). If @ : S — M is a closed geodesic and § > 0,
Ns(a@)={pe M |d(p,a(S") < 8} denotes the closed 8-neighborhood of a(ShH.



CYCLIC PURSUIT ON COMPACT MANIFOLDS 155

3. Cyclic pursuit in Euclidean space

We define cyclic pursuit of n bugs in R¢ with initial positions {b; (0};cz /n as the
unique collection of piecewise smooth functions {b; : [0, 00) — R"};c7/, with the
given initial conditions satisfying
(1) If b (t) # bi+1(2), then

bi+1(t) — bi(t)
1bi+1() — bi (D)l
) If b; (ty) = bi+1(t0), then b; () = bi+1(l) for all ¢ > 1.
(3) If b; (tg) = bo(1p) for all i, then b;(t) = by(tp) for all ¢t > ;.

(1) bi(t) =

The following result is well known. We include a proof, as it will be useful later.

Proposition 3.1. For any set of initial conditions {b;(0)};cz/n, cyclic pursuit in R?
ends in finite time, i.e., there is a ty > 0 so that b; (t) = bo(ty) for all i and all t > 1.

Proof. Let [;(t) =d(b;(t), bi+1(t)), and let [(t) = Z?:l 1; (¢) be the length of the
piecewise linear loop connecting the b;(¢#). We recall the following fact, which
can be verified by direct computation: Fix p € R¢ and consider the function
dp: R\ {p} - R, d,(q) =d(p, q). Then the gradient of d, at g is the unit vector
(g—p)/llg—pl-

Let u; = (bj1(t) — b;i(t))/1bi+1(t) — b;i (t)||. Assuming for now that /;(¢) > 0
for all i, we get

L10) = i), By (0) + (i (0, i ()

= (ui (1), uip1(2)) + (—ui (1), u; (1)) = cos 0; (1) — 1,

where 6; (¢) € [0, 7] is the angle between u; (¢) and u;11(¢). By a theorem of Borsuk
[1947], the sum of the exterior angles of a piecewise linear loop in R? is at least 2.
So some 6; is at least =L " and we find that d (1) < cos & — 1. In other words,

l(t) is negative, with absolute value bounded below by 1 —cos 2. If some [; (1)
1s 0, this effectively reduces n, so we still have the same bound on tl (¢). Thus,
pursuit ends by time /(0) [1 — cos 2—”]_1. O

n

Remark. If the 0 are all 5 or less, then Jensen’s inequality applied to 1 —cos 6

n [0, 3] yields |£1(1)| > n(l —cos 7). On the other hand, if at least one of the
6; is greater than 2, then |dtl(t)| >1—cos> 2 = 1. Thus, assuming that /;(t) > 0
for all i, we have | l(t)| > min[1, n(1 — cos & =1)]. Since mln[l n(l —CosS 2”)] is
a nonincreasing function of n > 2, we still have ‘ 7! (t)’ > mln[l n(l —Cos )] if
some (but not all) of the /;(¢) are 0. Hence, the time from the start of the pursuit
process to its end is bounded above by /(0) - (mln[l n(l — cos - 2 )])_1, which
grows linearly in . (Compare this to the O (n?) bound on the time obtained from
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the estimate |%l(r)| >1—cos 27” in the last paragraph.) Note also that, in the case
that the b; (0) are vertices of a regular planar n-gon, we get that the time to mutual
capture is precisely /(0) - [n(1 — cos 27”)]_1.

4. Pursuit on Riemannian manifolds

Cyclic pursuit on a Riemannian manifold is defined just as in the Euclidean case:
each bug’s velocity is the unit vector pointing towards the next bug along the shortest
geodesic connecting the two. To ensure that there is a unique shortest geodesic
connnecting each pair of bugs, we consider only manifolds with positive injectivity
radius, and we choose initial positions so that the distance between each bug and
its prey is less than the injectivity radius.

Let (M, g) be a manifold with positive injectivity radius denoted by inj(M),
and let {b; (0)};cz/, be initial positions in M satisfying d(b;(0), b; +1(0)) < inj(M).
Then we define {b; : [0, 00) — M};cz/, as the unique collection of piecewise
smooth functions with the given initial conditions satisfying

(1) I bi(r) # bi1(2), then

expy, (1) (biy1 (1))
|expj ) i1 )]
(2) If b; (tg) = bi11(to), then b; (t) = b; 1 (¢) for all ¢ > 1.
(3) If b; (to) = bo(tp) for all i, then b; (t) = by(ty) for all ¢t > .

Let [;(t) =d(bi(t), bi+1(2)). To see that the pursuit process is well defined for
all > 0, we need to check that each /; () is nonincreasing and thus stays less than
inj(M).

To compute %li (t), we recall the following fact, which follows from the Gauss
lemma of Riemannian geometry: If p € M and U is a normal neighborhood of p,
consider the functiond, : U \ {p} — R given by d,,(q) =d(p, q). The gradient of
d, at g is the tangent at g of the shortest unit speed geodesic going from p to gq.

Now, if /;(¢#) > 0, we use the above fact and the law of motion (2) to compute,
just as in the last section, that

) bi(1) =

d — . —_—
El' (1) =cosH;(t) — 1,

where 6; is the angle at b; | (t) between [b;(t), b;+1(¢t)] and [b;1+1(t), b;+2(¢)]. So
if [;(t) > 0, then %li (t) <0 and thus /; is locally nonincreasing at ¢. On the other
hand, if /;(#) = 0, then /; () = 0 for all #’ > ¢. So each [; is indeed nonincreasing,
and the pursuit process is well defined.

For eacht > 0,i € Z/n, let ﬂi‘ = [b;(t), bi+1(¢)] be the shortest geodesic
connecting b; (t) to b;1(¢). Let B’ : R/Z — M be the constant-speed piecewise
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geodesic loop formed by concatenating the A/, with 8/(0) = (1) = by(r). Then
t — B! is a homotopy of loops, so if B° is not nullhomotopic, the pursuit process
will not end in finite time. So Proposition 3.1 does not generalize to pursuit
on Riemannian manifolds. This leads to the following conjecture for compact
manifolds:

Conjecture 4.1. If M is a compact Riemannian manifold, and {b;(0)};cz/, are
initial conditions for cyclic pursuit, then the associated family of loops 8’ either
collapses to a point in finite time or converges to a closed geodesic as t — oo.

By convergence above, we mean convergence in the quotient of C°(S!, M) by
rotations in the domain. In other words, a sequence of loops {y; 7= converges to
y:R/Z — M if

(3) lim inf sup d(y;(s),y(s+c))=0.
j—ooceRseR/Z
We prove Conjecture 4.1 in the case of pursuit on nonpositively curved compact
manifolds in Section 8.

Remark. As observed above, if pursuit ends in finite time, then A° is nullhomotopic.
The converse is not true. For instance, suppose « is a nullhomotopic closed geodesic
along which all sectional curvatures are negative, e.g., the neck of a dumbbell. We
will see in Section 8 that if B° is sufficiently close to a, then B’ will converge to a.

5. Convex submanifolds

We will need the following result, which states roughly that, if at some time the b;
all belong to a convex set K C M, then they stay in K.

Proposition 5.1. Let M? be a Riemannian manifold with inj(M) > 0, {b; ("}iez/n
cyclic pursuit curves on M, 1;(t) = d(b;(t), bij+1(t)). Let K C M be a smoothly
embedded submanifold with boundary, topologically closed in M. Suppose there
is an R € (0,inj(M)) so that for any two points p1, p» € K with d(p1, p2) < R,
the geodesic segment [ p1, p2] is contained in K. If for some ty € [0, 00), all of the
bi(ty) are in K and all of the l; (ty) are less than R, then b;(t) € K foralli € Z/n
and for all t > 1.

Proof idea. If one of the bugs reaches 0 K, then, by the convexity assumption, the
bug’s velocity will not point out of K. So the bug will stay in K.

Proof. Since K is closed, embedded, and of the same dimension as M, its topological
boundary in M is the boundary manifold 0 K. Suppose for the sake of contradiction
that there is a 1 > 79 and j € Z/n so that b;(#;) is not in K. Set

t' =sup{t € [to, 1] | bi(t) € K foralli} and e=1 —1.
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Then since K is closed and the b; are continuous, all of the b;(¢) are in K, and at
least one of the b;(¢') is in d K. Furthermore, for all ¢ € (¢/, ¢’ + €], at least one of
the b;(¢) isin M \ K.

ForeachieZ/n,let (V,, xl.l, ey xlfl ) be a coordinate neighborhood of b; (") with
the property that VNK ={p eV, |x4(p) <0}, thus that V.NdK ={p eV, | x4 (p) =0}.
(If b;(¢') is in the interior of K, it may be that V.NOoK = & and x;i < O on all
of V..) Shrinking ¢ if necessary, we may assume b;([t', t"+¢]) C V. for all i. Let
bf’ = xl.d ob; denote the d-th component of b;. Let h(f) = max; bfl (t). Since all of the
b;(t") are in K, and at least one of b;(¢’) isin 0K, h(t') =0. Foreach t € (¢, t' +¢],
at least one of the b;(¢) is in the complement of K, so () > 0. Assume without
loss of generality that b; (¢") # b;41(t'), for all i. Then take & small enough that
bi(t) £ by 1(t), forall t € [¢',t' +¢] and all i € Z/n. Since each bf’ is smooth on
[, + ¢], h is absolutely continuous on [¢/, 7 + ¢]. So & is almost everywhere
differentiable, and

"d
h(t) :/ —h(s)ds
¢ dS
for each t € [t/, ¢’ + ¢]. Thus, for some c; € [0, €], %h(t/ +c1) is defined and
W +6)<eLn@ +c)=e bl +ep)
— dt dr ’

for some j for which b;’ (t'4+c1) =h(t'+cy). Take € small enough that if bf’ ) =h(t)
for some t € [t',t' +¢], bf (t") = 0. Then in particular, b]‘.’(t’) = 0 for the j in the
last displayed formula.

For eachi € Z/n, let vd (p, q) be the d-th component of the initial unit tangent
to [p, ql, for (p,q) € V; x V,, with 0 < d(p, q) < inj(M). By the law of motion
(),

L 1) =l by +01), by (1 + ).

For each i, let B; C V; be an open coordinate ball centered at b; (') with B; C V.
Shrinking the B; if necessary, assume there is a § > 0 so that § <d(p, g) < R for all
(p,q) € Bi x Bi1. Then v is C' on B; x B;. Since K contains [p, q] whenever
p g € K and d(p, q) < R, we have for all (p, g) € B; x B;1 with x; d(p)=0and

1(q) <0, that vd(p q) <0. Let u; and v; be the maximum on B; x B,H of the
absolute value of the derivative of vld (p, q) with respect to the d-th component of
p and g, respectively. Let u = max; u; and v = max; = v;. Taking ¢ small enough
that b; ([t/, t' +¢]) C B; for all i, we have

v (b (1" + 1), bjr1(t +¢1)) < (u+v)h(' +c1).
From the last three displayed formulas, we get

h(t'+¢&) < (u+v)eh(' +cy).
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Similarly, h(t' + c¢1) < (u + v)eh(t' + ¢;) for some ¢; € [0, ¢1], so we obtain
h(t' +¢) < (m+v)e)*h(t' +c2). Inductively, we get for each positive integer k,

h(t' +&) < (u+v)e)h(t' +cp)

for some ¢, € [0, g]. Let C = max; .z, suppeBt_lej(p)l. Taking ¢ < %(,bb +v)7 L
we get h(t' +¢) < 27KC. Letting k — oo yields h(t’ + &) = 0, a contradiction. [J]

We say a subset K of a Riemannian manifold M is convex if for each pair
D, q € K, there is a unique shortest geodesic in M connecting p, g and this geodesic
is contained in K. Proposition 5.1 is the key ingredient in the proof of the following
result:

Proposition 5.2. Suppose M is compact and {b;(t)}icz/n are cyclic pursuit curves
in M. Let [;(t) =d(b;i(t), bi+1(t)) for eachi. Ifl;(t) — O for all i, then pursuit ends
in finite time.

Proofidea. Reduce to the Euclidean case by noting that the bugs will eventually lie
in a small, convex, approximately Euclidean ball.

Proof. Assume for the sake of contradiction that pursuit does not end in finite time.
Without loss of generality, assume /; (t) > O for all i. Since M is compact, there is a
p € M and a sequence of times (t )Oo | with ; — 00 so that by(t;) — p as j — oc.
Let r € (0, inj(M)) be small enough that B, (p), the closed r-ball centered at p, is
convex. Since d(b;(t;), bi+1(t;)) — 0, bo(t;) — p, and b;(t;) — p for all i, there
is a J for which all of the b;(¢;) belong to B, (p). By Proposition 5.1, the b; (¢)
remain in E,(p) for all t > ¢;.

Let (U, x') be a normal coordinate neighborhood centered at p. By Corollary A.2,
we have that for small enough r, B, ( p) is a convex subset of U and has the following
property: for any two geodesics ¥ : [0, a;] = B,(p) and y» : [0, a1] = B,(p)
with y1(0) = y2(0), the metric angle between y;(0) and y,(0) is within I of the
Euclidean angle, computed in the coordinates (U, x1), between y1(ar;) — y1(0) and
y2(a2) — v2(0). B

Now, choose r as above and find 7y so that all of the b;(¢) are in B, (t) for t > 1.
As we showed in the proof of Proposition 3.1, at least one of the Euclidean angles
of the piecewise linear loop connecting the b;(¢) is at least 27” So by the result
quoted in the last paragraph, at least one of the angles of the piecewise geodesic
loop connecting the b; (¢) is at least % Thus, < a1 < cos Z —1fort >ty and so
pursuit ends by time 9 + [ (fp) (1 — cos %) I This is a contradlctlon. O

6. Subsequential convergence

In this section, M is a compact Riemannian manifold.
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Proposition 6.1. Let {b;(t)}icz/n be pursuit curves on M, let B' be the associated
family of piecewise geodesic loops, and let [(t) the length of B. If the pursuit does
not end in finite time, then there is a sequence of times (tj)j?‘; \» tj = 00 so that BY
converges uniformly to a closed geodesic of length L = lim,_, ., [(t) as j — oc.

Proof sketch. Take a sequence #; so that the b;(¢;) converge and so that < Z1@) — 0.
Then 8% converges to a piecewise geodesic loop. The condition tl(t]) —> 0 implies
that the angles between segments of the limiting loop are 0.

Proof. Let B! = [b;(t), bi+1(¢)]. Recall that B is the constant-speed piecewise
geodesic loop formed from the f}i , with B'(0) = by(t). We have L > 0, else by
Proposition 5.2, pursuit ends in finite time. Assume without loss of generality that
d(bi(t),bj+1(t)) >0foralli € Z/n and all t > 0. Then we have for all ¢ that

%l(r) = Z(cos 0;(t) — 1)

where 6; (1) is the angle at b;(r) between B! and B/ +1- Since [ is differentiable,
nonincreasing, and bounded from below, there is a sequence ( ) 2 |» tj = 00, 0
that < 41(@;) — 0. This implies that for each i, 0;(t;)) > O as j —> o0o. Since M is
compact we may pass to a subsequence and assume that for each i, b;(z;) converges
to some point a; € M. Then [b;(¢}), b;11(;)] converges uniformly to [a;, a;1]. Let
« be the constant speed piecewise geodesic loop formed from the geodesic segments
la;, a; 1], with «(0) = ag. Then B% converges to @ uniformly. By continuity, « has
length L.

We need to show that « is a closed geodesic. To do this, it suffices to show that
the angles between successive geodesic segments comprising « are 0. We need to
include the case that a; = a; 1 for some i. To this end, suppose a;_; # a;, and let k
be the largest integer so that a; = a; 1 =- - - = a; 1. We need to show that the angle
at a; between [a;_1, a;] and [a;, a;4x+1] is 0. Let (U, x') be a normal coordinate
neighborhood centered at a;, and || - || be the Euclidean norm on 7U coming from

the coordinates. Fix ¢ > 0. Then for large enough j, b;(tj), ..., bi«(t;) are in U
and of. of.
H j (1) B j 7 (0)
1B 1A Ol |,

form=i,...,i+k—1.(See (9) in the Appendix.) Since 0;(z;) — O for all i, for
large enough j,

1B 182, (DI,

H v AU, (D)
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form =1, ...,i+ k. From the last two displayed expressions, we obtain

Zj

H Blu©@ B

< (2k — 1)e.

51

1AL, O1 187, (DIl

Thus, the expression on the left of the last inequality converges to 0 as j — co. But

U

Zj

Bk (0)
1874 Ol
converges to the unit tangent to [a;, a;14+1] at a;, and
Bl (1)
187, (D
converges to the unit tangent to [a;_1, a;] at a;. Hence, these two unit tangent

directions are the same, and the angle between [a;, a;1¢+1] and [a;—1, a;] at a; is O,
as claimed. O

As a consequence of the last proposition, we have the following corollaries.

Corollary 6.2. If for some ty > 0, the length of B" is less than the length A, of
the shortest closed geodesic of M, pursuit ends in finite time. In particular, if the
length of B° is less than Amin, pursuit ends in finite time.

Corollary 6.3. If for some ty > 0, the b;(to) all lie in a convex, smoothly embedded,
closed metric ball B C M, then pursuit ends in finite time.

Proof. By Proposition 5.1, the b; (¢) stay in B for t > 1. If pursuit does not end
in finite time, then arguing as in Proposition 6.1, there is a sequence f; — 00 SO
that 8% converges to a closed geodesic in B. But there are no closed geodesics
contained in B. (]

It follows, for example, that if the b; (fo) all lie in an open hemisphere of S? with
its standard metric, pursuit ends in finite time.

7. A criterion for convergence
The next result gives a criterion for convergence of B’ to a closed geodesic a.

Proposition 7.1. Let M be a Riemannian manifold with inj(M) > 0. Let {b; (t)}icz/n
be cyclic pursuit curves on M, and let B' the associated family of loops. Suppose
there is a sequence t; — o0 and a closed geodesic a so that B — o uniformly. If
sup,cg1 d(B'(s), a(S1)) = 0ast — oo, then B converges to « in the sense of (3),
ast — oo.
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Proof idea. For large t, the curves B’ and o have approximately the same length.
In addition, B fits into a small tubular neighborhood of «. These two facts force
B! to be uniformly close to a.

Proof. Let U be an open neighborhood of «(S') such that each p € U has a unique
closest point 77 (p) on «(S'). Shrinking U if necessary, we may construct a smooth
unit vector field X on U extending the unit tangent field & /||¢|| of «.

Fix e > 0. Letl;(t) =d (bi(t), bi+1(t)), and let A be the minimum of lim,_, ., /; (¢)
over i for which lim,_, . /;(#) > 0. The continuous dependence of the initial unit
tangent of a geodesic [p, ¢] on the endpoints p and g implies: There is a § such
that Ns(a) C U and if y :[0,1] — Ns(@) is a geodesic of length at least A, then
the component of ¢ (0)/]|y (0)|| normal to X (y (0)) has length less than e.

Consider i such that lim,_,  /;(f) > 0. Let af = 71(/8; (0)). By hypothesis,

) d(B}(0),a}) = 0

as t — oo. By the observation in the previous paragraph, the component of ,81’ 0)
orthogonal to X (8 (0)) goes to 0 as well. Since f% — « uniformly, we have by
continuity that

(5) 1BL(0) — L:(r) - X (B (0))|| — 0.

Now, let o] be the segment of « starting at a! with initial velocity /; () - X (a; (1)).
Since a geodesic depends continuously on its initial parameters, (4) and (5) give

(6) lim sup d(ﬁ (s), o f(s)) =
t—o00 s€[0,1
Letiy, ..., iy be the values of i for which lim,_, ., /; (¢#) > 0, listed in order. Now,

let y' : R/Z — M be the piecewise continuous loop formed by concatenating the
segments o} ([0 1)). We parametrlze y! so that each a is traversed at the same
constant speed and y'(0) = oc (0) Then as a consequence of (6),

(7 lim sup d(B'(s), y'(s)) =

t—00 seS!

Let ¢’ be such that a(c’) = y'(0). Then by applying the triangle inequality,
lim,_, o d(ozl.’j(l), osz 0)=0forj=1,...,m—1. Also, Z?’:l ;;(r) converges
to the length of « as t — oo. It follows that
(8) lim sup diy'(s), a(s +c)) =

t—o00 ses!

From (7) and (8), we get
lim sup d(B'(s), a(s +c')) =

t—00 seS!

which completes the proof. U
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8. Nonpositive curvature

In the next proposition, we show that if a subsequence B% converges to a closed
geodesic o which is a local minimizer of length, then B’ converges to c.

We recall the following notation: For each x € S, let T}, : R/Z — R/Z be the
translation 7 (s) = s +x. If a, y : S' — M are two loops, d(a, y) denotes the
supremum distance sup, ¢ d (o (s), Y (s)).

Proposition 8.1. Let M be a Riemannian manifold with inj(M) > 0, {b;(t)}icz/n
cyclic pursuit curves on M, B! the associated family of loops. Let a be a closed
geodesic of length L, and suppose there is € > 0 so that any rectifiable, constant
speed loop y of length L withd(«, v) < € is a reparametrization of o, i.e., y =aoTy
for some x € S. If there is a sequence of times t; — 00 so that B — o as j — oo,
then B! — a as t — 0.

Proof sketch. If B' does not converge to «, then B’ has another length L subsequential
limit y. It follows that for any &, there is a homotopy from « to y through curves
of length between L and L + 1/k. The homotopy passes through a curve n; so
that inf, g1 d(nk, & o T,) = 5. Taking a subsequential limit of the n; yields a
contradiction.

Proof.  Suppose for the sake of contradiction that 8’ does not converge to «.
Then by Propos1t10n 7.1, there is § > 0 and a sequence of times t — 00 50
that sup, 1 d (B (s) a(S')) > 8. Passing to a subsequence, we may assume ,B/
converges uniformly to a constant speed piecewise geodesic loop y as j — 0.
Since sup, g d(BY (s), a(S1) > & for all j, sup,.qi d(y(s), a(SH)) > 8, s0 y
is not a reparametrization of «. But since 8% — «, lim,_, . [(t) = L, and thus
y has length L. So by hypothesis, d(y o T, a) > ¢ for all x € S/, which is to
say that inf, g1 d(y o Ty, @) > ¢. We may assume that 7; < tJ d(BY,a) < £, and

d(BY,y) < & forall j. Then

inf d(BioT,a) <d(B,a) <=

xeS!

and

inf d(B" o Ty, a) > ( inf d(y o T, a)) —dh, ) > &,

xeS! xeS! 2
Since the function (¢, x) + d (B’ o Ty, @) is continuous and S! is compact, the
function ¢ — inf 651 d(,B oTy, a) is continuous. Thus, for each Jj,there is t” € (tj, t),
so that inf, g1 d(B’ i o T.,a) = 5. A subsequence of g’ i converges to a constant
speed loop 7 of length L with

inf dpoTy, )=

xes!
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Hence, 7 is not a reparametrization of «, yet there is an x so that d (no Ty, a) =5 <.
This is a contradiction. U

With the notation as above we have the following:

Corollary 8.2. Let a be a closed geodesic of length L such that all sectional
curvatures are negative at each point of the image of a. If B'i — «a for some
sequence tj — 00, then ' — a.

Proof. From the formula for second variation of arclength, we know that « is
isolated in the space of loops of length L, i.e., that « satisfies the hypotheses of
Proposition 8.1. (]

Remark. Suppose a subsequence B% converges to a closed geodesic a. Then
Proposition 8.1 shows that if « is isolated in the space of rectifiable loops of its
length, then B — «. Suppose instead « is merely isolated in the space of closed
geodesics of its length. Suppose in addition that 6;(¢) converges to O for all i.
Then all subsequential limits of B’ are geodesics, so arguing as in the proof of
Proposition 8.1, we can show B’ — «. In particular, if the following conjecture
holds, then B’ converges to a closed geodesic (or a point) for pursuit on any compact
manifold whose space of closed geodesics is discrete.

Conjecture 8.3. Let M be a compact manifold, {;(¢)};cz/» pursuit curves on M,
[;(t) the associated lengths, 6; (¢) the associated angles. If [;(#) > O for alli € Z/n
and ¢t > 0, then 6;(t) — 0.

Corollary 8.2 and Proposition 6.1 imply Conjecture 4.1 for compact manifolds
of negative curvature. Next, we prove Conjecture 4.1 for manifolds of nonpositive
curvature. First, we need a lemma:

Lemma 8.4. Let o be a closed geodesic on a Riemannian manifold M. Suppose
a(S") is contained in a nonpositively curved open submanifold U C M. Suppose
further that there is an r > 0 so that inj(p) > r for all p € U. Fix ¢ > 0. For
sufficiently small 8, the following property holds: for any p1, p» € Ns(a) with
d(p1, p2) <r —e,we have [p1, p2] C Ns(a).

Proof. We will show that it suffices to take § small enough that
(@) s <3,
(i) for any p, g € Ns(a) with d(p, q) <r — 5. we have [p,q] C U.

(For (ii), we use the continuous dependence of [p, g] on p, g.)

Now, take pi, ps € Ng(oz) with d(py, p2) <r —e. Leta : [0, 1] = M be the
shortest geodesic connecting pj to pa. Choose g; in the image of « with d(p;, gi) <6
for i =1, 2. By condition (i) and the triangle inequality, d(q1, g2) <r — 5, so there
is a unique shortest geodesic y : [0, 1] — M connecting g; to g».
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Observe that d(x (1), y (1)) <r — f—l for all ¢ € [0, 1]. Indeed, for ¢ € [0, 1/2], the
path consisting of segments [«(¢), p1], [p1, q1], [g1, ¥ (¢)] has length less than r — i.
Similarly, for ¢ € [1/2, 1], the path consisting of [« (), p2], [P2, 2], [2, ¥ (t)] has
length less than r — 7.

By (ii), it follows that [« (), v (¢)] C U for t € [0, 1]. The fact that d(«(t), y (¢)) <
r— % for all ¢ € [0, 1] also implies that the geodesic [t (¢), ¥ (¢)] varies smoothly in 7.
Since U is nonpositively curved, we may apply the formula for the second variation
of energy to the family of geodesics [« (¢), y(¢)] to conclude that d*(a(1), y(1)) is

convex as a function of ¢. Therefore, for ¢ € [0, 1],

d(a(t), y(t)) <max[d(a(0), y(0)), d(x(1), y(1))]
=max[d(p1,q1),d(p2, q2)] < 6.

Thus, [p1, p2] C Ns(a). 0

Proposition 8.5. If pursuit on a nonpositively curved compact manifold M does not
end in finite time, there is a closed geodesic o so that sup, g1 d(B'(s), a(SH) =0
ast — oo.

Proof. By Proposition 6.1, there is a closed geodesic o and a sequence #; — 00 s0
that 8% — « uniformly.

Let ¢ > 0 be such that d(b; (0), b;;+1(0)) < inj(M) —¢ for all i. Take § < i. Then
by the proof of Lemma 8.4, if p;, p» € Ns(o) and d(py, p2) < inj(M) — &, we
have [p1, p2] C Ns(a). Also take 8 small enough that Ns(a) is a closed manifold
with boundary, smoothly embedded in M. Since % — «, we have that the b; ()
are all in Ns(a) for some sufficiently large J. Now, by Proposition 5.1, we have
bi(t) € Ns(o) forall i € Z/n, t > t;. By Lemma 8.4, B’ C Ns(a) for t > t;. Thus,
sup,cg1 d(B'(s), @) = 0 as t — oo. O

As a consequence of Proposition 7.1 and Proposition 8.5, we have Conjecture 4.1
for manifolds of nonpositive curvature:

Theorem 8.6. Let M be a compact manifold of nonpositive sectional curvature.
Suppose pursuit on M with initial positions {b;(0)};cz/n does not end in finite time,
and let B! be the associated family of piecewise geodesic loops. Then there is a
closed geodesic o so that B! — a.

As an improvement of Corollary 8.2, we have the following result, which states
that if B’ gets close enough to a geodesic along which all sectional curvatures are
negative, then B’ converges to that geodesic:

Proposition 8.7. Let M be a Riemannian manifold with inj(M) > 0, and let o be a
closed geodesic such that all sectional curvatures are negative at each point of the
image of a. Fix ¢ > 0. Then there is a § > 0 so that, if d(b;(0), b;+1(0)) <inj(M)—¢
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for all i and B is uniformly §-close to a o Ty for some ty > 0 and some x € R/Z,
then B! — o as t — oo.

Proof. Take § small enough so that:
(i) if p1, p2 € Ns(@) and d(p, p2) < inj(M) — &, then [p1, p2] C Ns(a);
(i) Ns(a) is a closed manifold with boundary, smoothly embedded in M;

(iii) any loop uniformly é-close to o o T, for some x € R/Z is homotopic to o
through a family of loops in Nj(x);

(iv) any closed geodesic y in Ns(a) homotopic to « through a family of loops in
Ns (o) differs from o by a rotation in the domain.

For condition (iv), we argue on general grounds that taking 6 small forces y to
be uniformly close to « o T, for some x € S and then we use the fact that a closed
geodesic on M along which all sectional curvatures are negative is isolated in the
space of closed geodesics on M; the argument is straightforward, and we omit the
details. For (i), we use Lemma 8.4. For (ii) and (iii), we take the image under exp
of a neighborhood of the zero section in the normal bundle of (S?).

Suppose we have initial conditions for pursuit {b; (0)};cz,, with relative distances
d(bi(0), bi+1(0)) < inj(M) — ¢ for all i, and the associated piecewise geodesic loop
B is uniformly §-close to a o Ty for some 7y > 0, x € R/Z. By (i), (ii), and
Proposition 5.1, we have B’ C Ns(a) for all ¢ > ty. Using Proposition 6.1, we get a
sequence f; — oo and a geodesic y contained in Nj(a) so that 8% — y uniformly.
So B is homotopic through a family of loops in Nj(«) to y. But by (iii), g% is
also homotopic through a family of loops in Ns(«) to o. Now by (iv), y differs
from « by a rotation in the domain. So by Corollary 8.2, 8’ — o ast — co. [

Appendix

We prove a result (Corollary A.2 below) needed for the proof of Proposition 5.2.

Proposition A.1. Let (M", g) be a Riemannian manifold, p a point in M, (U, x")
a normal coordinate neighborhood centered at p. Let || - || be the Euclidean norm
on (U, x'). Then for every ¢ > 0, there is an r such that B,(p) C U and for every
geodesic y : [0,a]l — B,(p),
H y(0) y () —y(0)
l

- |-

YOI  lly@ =y Ol

forallt € (0, al.
Proof. Fix € > 0. Let V be an open neighborhood of p with closure contained in U.
Then the Christoffel symbols Ffj associated to (U, x') are bounded on V. Find p

so that |Ff‘j| < pnonV foralli, j, k. Take r small enough that B,(p) C V. Since
gij(p) = 8;j, we may take r small enough that any vector in 7 B, (p) of unit length
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with respect to g has length less than 2 with respect to the Euclidean norm. Now, if
y .10, a] = B,(p) is a unit speed geodesic, we have

a2~ Uar o dr

dz)/k Fk d)/i d)/j

d*y* 2. d*y s :
SO R 4un~; thus preal 4un2. Integrating, we find for each ¢ € [0, a],

19 (1) =y )| < 4rpn’ < 8rpn?,
so taking r smaller than [8un2] e,
)] Iy () —yO) <e.

Integrating again, we get ||y () — ¥y (0) —ty (0)|| < te, so

H y () ; v (0) _)}(O)H -

for t € (0, a]. Assuming r is chosen small enough so that any v € 7B, (p) with
g(v, v) =1 satisfies ”v —v/|v]| H < &, we have

H Y —y© v
t Iy (Ol

Hence, the Euclidean distance from the unit vector y (0)/]|y(0)]| to the line spanned
by y(¢) — y(0) is less than 2¢. For & small enough, this implies

” y@—y©  y©
ly@ —yOI Iy Ol

With notation as in the last proposition, we have the following:

H < 2e.

” < 3e¢. |

Corollary A.2. For every ¢ > 0, there is an r so that B.(p) C U and for any two
geodesics yy : [0, a1] — B,(p) and y> : [0, az] — B,(p) with y1(0) = y»(0), the
metric angle between y1(0) and y(0) is within € of the Euclidean angle between
yi(ar) —y1(0) and yz(az) — y2(0).

Proof. By the last part and uniform continuity of the spherical distance function
§"~1 x §"~1 — R on the unit sphere, we can choose r small enough that the
Euclidean angle between the vectors y(a;) — y1(0) and y»(az) — y»2(0) is within %
of the Euclidean angle between y;(0) and y,(0), for any two unit speed geodesics
y1:10, a;]— B,(p) and y» : [0, az] — B, (p) with y1(0) = y»(0). Then, if necessary,
we choose r smaller so that for any two vectors u, v € TB,(p) based at the same
point, the Euclidean angle between « and v is within § of the metric angle. U
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CRITICALITY OF THE AXIALLY SYMMETRIC
NAVIER-STOKES EQUATIONS

ZHEN LEI AND QI S. ZHANG

Smooth solutions to the axisymmetric Navier-Stokes equations obey the fol-
lowing maximum principle:

supo 170 (t, )l < 1rv? (0, )|l .

We prove that all solutions with initial data in H!/2 are smooth globally
in time if rv? satisfies a kind of form boundedness condition (FBC) which
is invariant under the natural scaling of the Navier-Stokes equations. In
particular, if rv? satisfies

supolrv®(¢,r,2)| < Cillnr|™2, where r =<3 €(0,%), C,<oo,

then our FBC is satisfied. Here &) and C, are independent of neither the pro-
file nor the norm of the initial data. So the gap from regularity is logarithmic
in nature. We also prove the global regularity of solutions if ||rv? (0, - )| L~
or sup,.. lrvl (e, )l L (r<rp) is small but the smallness depends on a certain
dimensionless quantity of the initial data.

1. Introduction

The global regularity problem of three-dimensional incompressible Navier—Stokes
equations is commonly considered as supercritical because the a priori estimates
based on energy equality become worse when looking into finer and finer scales;
see, for instance, [Tao 2007]. Such a “supercriticality” barrier is one of the main
reasons why this is such a hard problem.

Recently, the axisymmetric Navier—Stokes equations have attracted tremendous
interest from experts. See, for instance, [Burke Loftus and Zhang 2010; Chae and
Lee 2002; Chen et al. 2008; 2009; 2015; Hou and Li 2008; Hou et al. 2008; Jiu
and Xin 2003; Koch et al. 2009; Lei et al. 2013; Lei and Zhang 2011b; 2011a;
Leonardi et al. 1999; Neustupa and Pokorny 2000; 2001; Pan 2016; Seregin and
Sverdk 2009; Tian and Xin 1998; Zhang and Zhang 2014]. These results heavily
depend on the maximum principle of the dimensionless quantity I' = rv?, which

MSC2010: 35K55.
Keywords: axially symmetric Navier—Stokes equations, regularity condition, criticality.
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makes the axisymmetric Navier—Stokes equations partially critical (only the swirl
component v? of the velocity field satisfies a dimensionless a priori estimate).
Although the axially symmetric Navier—Stokes equation is a special case of the full
three-dimensional one, our level of understanding had been roughly the same, with
the previously mentioned difficulty unresolved because the effective a priori bound
available is still the energy estimate, which has positive dimension %

The aim of this article is to show that the axisymmetric Navier—Stokes equation
is, in fact, fully critical. More precisely, we prove all solutions with initial data in
H'/? are smooth globally in time if v’ satisfies a kind of FBC which is invariant
under the natural scaling of the Navier—Stokes equations. In particular, if rv?
satisfies sup,.olrv? (¢, r, 2)| < Ci|lnr|~2, where r <8 € (0, 1), Cx < oo, then our
FBC is satisfied. Here §y and C, are independent of neither the profile nor the norm
of the initial data. The proof is based on the observation that the vorticity equations
can be transformed into a system such that the vortex-stretching terms are critical.
This means that the potentials in front of unknown functions scale as 1/|x |>. For
example, in (1-8) below, the function J is regarded as unknown and the potential
in front of it is —2v?/r which scales as 1/|x|>.

We also prove the global regularity of solutions if sup, |rv? (z, Lo r<rg)
or ||rv? (0, - )|z~ is small but the smallness depends on a certain dimensionless
quantity of the initial data. Our work is inspired by the recent interesting result
of Chen, Fang and Zhang in [Chen et al. 2015] where, among other things, global
regularity is obtained if 7v? (¢, -, z) is Holder continuous in the r variable.

To state our result more precisely, let us recall that in cylindrical coordinates
r, 0,z with (x1, x2, x3) = (rcos 8, rsin@, z), axially symmetric solutions of the
Navier—Stokes equations are of the following form:

{v(t, x)=0"(t,r, 2)e, +00(t, r, 2)eg + Vi(t, 1, e,
p(t,x) = p(t,r,2).

The components v”, v, v* are all independent of the angle of rotation . Here

er, ey, e, are the basis vectors for R? given by
T T
(XL X2 _(=*¥2 x1 _ T
er=(5122,0), e=(=270), e=001"

0

In terms of (v", v¥, v%, p), the axisymmetric Navier—Stokes equations are

042

r

r,,0
3 v? + (ve, +vie,) - Vo + % = (A— rlz)ve,

v+ (Ve +v%e;) - VU —

(1-1)
o v: 4+ (Ve +v%e;) - VP40, p = AV?,

9.0 + L 9.0 =0
r r Z - .
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It is well known that finite energy smooth solutions of the Navier—Stokes equations
satisfy the following energy identity

t
12 B2 [ VoG R ds = ol Vizo
0

Set

I =rv’.

One can easily check that
(1-3) 3T + (e, +vie,) VI = (A - %a,)r.

A significant consequence of (1-3) is that smooth solutions of the axisymmetric
Navier—Stokes equations satisfy the following maximum principle; see, for instance,
[Chae and Lee 2002; Hou and Li 2008; Chen et al. 2008; Neustupa and Pokorny
2000; 2001]:

(1-4) sup, [[I'(z, )llze < [Tollzoe-

We emphasize that ||[I'(¢, - )|/~ is a dimensionless quantity with respect to the
natural scaling of the Navier—Stokes equations. From this point of view, the
axisymmetric Navier—Stokes equations can be seen as partially critical, while
the general Navier—Stokes equations are known to be supercritical; see [Tao 2007].

Now let us introduce the function class where v? lives. It is defined in an integral
way which is usually called the form boundedness condition (FBC), which is similar
to a condition that a certain Hardy-type inequality holds.

Definition 1.1. We say that the angular velocity v?(z, r, z) is in a (84, C,)-critical

class if
0
(1-5) Wlippaxzc. [lartacse [ irpax,
r=ro
(1-6) /Wﬂwws&ﬁwﬁw+@/ fP dx,
r=ro

hold for some ry > 0, some Cy > 0 and for all # > 0 and all axisymmetric scalar
and vector functions f € H'.

Clearly, under the natural scaling of the Navier—Stokes equations, namely,
vx(t,x) :)Lv()uzt, AX), p’\(t,x) =)»2p(k2t,kx),

the above definition of FBC is invariant: (v*)? satisfies (1-5)—(1-6) if v also does.
We now state the first result of this article.
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Theorem 1.2. For any C, > 1, there exists a constant §, > 0 depending on C, such
that the following conclusion holds for all local strong solutions to the axially sym-
metric Navier—Stokes equations with initial data ||vo|| g1z < 00 and ||Tg||p~ < o0.
If the angular velocity field v¥ is in the (8., Cy)-critical class, i.e., v¥ satisfies
the critical form boundedness condition in (1-5)—(1-6), then v is regular globally
in time.

An important corollary of Theorem 1.2 is this:

Corollary 1.3. Let §y € (0, %) and Cy > 1. Let v be the local strong solution of
the axially symmetric Navier-Stokes equations with initial data vy € H'? and
ITollz < o0. If

(1-7) supg,7|T(t, 7, 2)| < Cillnr| ™2, r < &,

then v is regular globally in time.

We emphasize that C, in Theorem 1.2 and C| in Corollary 1.3 are independent of
neither the profile nor the norm of the given initial data. The proof of this corollary
will be given at the end of Section 2. The point is that if (1-7) is satisfied, then
the FBC of (1-5)—(1-6) is true. Then one can apply Theorem 1.2 to get the desired
conclusion.

Our work is inspired by a recent very interesting work by Chen, Fang and Zhang
[2015] where, among other things, the authors proved that v is regular if " is Holder
continuous. Let

Q_w_e J__azvf)
o> - ro

We emphasize that J was introduced in [Chen et al. 2015], while €2 appeared much
earlier and can be at least tracked back to the book of Majda and Bertozzi [2002].
Both of the two new variables are of great importance in our work. Following
[Majda and Bertozzi 2002; Hou and Li 2008; Chen et al. 2015], we also study the
equations for J and Q:

.
9+ (b-V)J = (A + gar)J + (08 + 0t
(1-8) 7 r

2 v?
3,Q+ (b V)Q = (A—i— ;8r>§2—27J.

Here o’ is the angular component of the vorticity w = V x v, which reads

o, x)=o"e, + ey + wie;,
with 0

v
o o’ =90 —907, a)z=8,vg+7.

o =—0,v

Our new observation is that the axisymmetric Navier—Stokes equations exhibit
certain critical nature when being formulated in terms of a new set of unknowns,
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J and Q. Our second observation is that, with the FBC assumptions (1-5)—(1-6),
the stretching term (@' 9, + w*d;)v" /r in the equation for J could be arbitrarily
small, by using the relation of v", v* and Q2 in Lemma 2.1 (which was originally
proved by Hou, Lei and Li [Hou et al. 2008] in the periodic case and later on
extended to the general case by Lei [2015]. Alternatively, one may also use the
magic formula given by Miao and Zheng [2013] to prove it). Then we can derive
a closed a priori estimate for J and €2 using the first two observations and the
structure of the stretching term in the equation for €2.

Our second goal is to prove that the smallness of sup,. [[I'(Z, - )|z <) OF
[Tl implies the global regularity of the solutions. Recently, Chen, Fang and
Zhang [2015] proved that, among many other interesting results, if I'(¢, -, z) is
Holder continuous in the r variable, then the solution of the axisymmetric Navier—
Stokes equations is smooth. Both of the results depend on given initial data. More
precisely, the smallness of sup,.q [|I'(, - ) || Lo (-<ry) OF [[T0ll L in our Theorem 1.4
depends on other dimensionless norms of the initial data. From this point of view,
our result improves the one in [Chen et al. 2015].

We define 0

Here is the second main result:

Theorem 1.4. Let ro > 0. Suppose that vo € H'* such that Qq € L?, VO2 e L? and
[y € L?> N L. Denote

(19201l 2 + 1VE Nl 2) IToll .2 = Mo

and
(V22 + 10l 2 +r(;2||UO||L2”FO||3L/§O)”FO||L2 =M.

There exists an absolute positive (small) constant § > 0 such that if either
—1
ITollLe <dM,,

or
—1
sup,o IT(t, ) llLoeir<rg) <M,

then the axially symmetric Navier—Stokes equations are globally well-posed.

The proof of Theorem 1.4 is based on a new formulation of the axisymmetric
Navier—Stokes equations (1-1) in terms of V and = »?/r, and also on the estimate
of v"/r in terms of Q and its derivative (see Lemma 2.1).

Now let us recall some highlights on the study of the axisymmetric Navier—
Stokes equations. It has been known since the late 1960s (see [Ladyzhenskaya
1968; Ukhovskii and Iudovich 1968]) that if the swirl vy = O, then finite energy
solutions to (1-1) are smooth for all time. See also [Leonardi et al. 1999], by
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Leonardi, Malek, Necas and Pokorny. In the presence of swirl, it is not known
in general if finite energy solutions blow up or not in finite time. Hou and Li
[2008] constructed a family of large solutions based on some deep insights on a
one-dimensional model. See also some extended results in [Hou et al. 2008] by
Hou, Lei and Li. We also mention various a priori estimates of smooth solutions
by Chae and Lee [2002] and Burke Loftus and Zhang [2010]. To the best of our
knowledge, the best a priori bound of the velocity field is given in [Lei et al. 2013]:

lv(t, x)| < Cur 2[Inr|"2.

In [Chen et al. 2008], Chen, Strain, Tsai and Yau obtained a lower bound for the
possible blow up rate of singularities: if

Cs

|U(t, -x)l S T

’

then v is regular. This seems to be the first time that people have been able to exclude
possible singularities in the presence of assumptions on |x|~!-type nonsmallness
quantities. Soon afterward, Chen, Strain, Yau and Tsai [Chen et al. 2009] and Koch,
Nadirashvili, Seregin and Sverdk [Koch et al. 2009] extended the result of [Chen
et al. 2008] and in particular, excluded the possibility of type I singularities of v.
See also a local version by Seregin and Sverik [2009] and various extensions by
Pan [2016]. We also mention that Lei and Zhang [2011b] excluded the possibility
of singularities under

v e, +vie, € L%([0, T],BMO™ ')

based on an observation in [Lei and Zhang 2011a]. This solves the regularity
problem of L>([0, T, BMO™") solutions of Navier-Stokes equations in the ax-
isymmetric case. Moreover, it extends the result of [Chen et al. 2008] and [Koch
et al. 2009] since the assumptions on the axial component of velocity |v?| < Cyr~!
itself imply v"e, + vie, € L*°([0, T], BMO_I) (see [Lei et al. 2013] for details).

Let us also mention that Neustupa and Pokorny [2000] proved that the regularity
of one component (either v or v?) implies regularity of the other components
of the solution. The work of Jiu and Xin [2003] also proves regularity under an
assumption of sufficiently small zero-dimension scaled norms. See more refined
results in [Neustupa and Pokorny 2001] and the work of Ping Zhang and Ting
Zhang [Zhang and Zhang 2014]. Chae and Lee [2002] also proved regularity results
assuming finiteness of another certain zero-dimensional integral. Tian and Xin
[1998] constructed a family of singular axially symmetric solutions with singular
initial data.

The remainder of the paper is simply organized as follows. In Section 2 we recall
two basic lemmas and prove Corollary 1.3 by assuming the validity of Theorem 1.2.
In Section 3 we prove Theorem 1.2. Section 4 is devoted to the proof of Theorem 1.4.
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Remark. This paper was posted on the arXiv in May 2015. In August 2015, Dongyi
Wei [2016] improved one of our regularity conditions by a factor of v |Inr|.

2. Notations and lemmas

For abbreviation, we denote
b(t,x) =v"e, +ve,.

The last equation in (1-1) shows that b is divergence-free. The Laplacian operator
A and the gradient operator V in the cylindrical coordinate are

1 1 e
A:af+7a,+r—zag+a§, V:e,a,+7939 +e.0,.
For the scalar axisymmetric function f (¢, r, z), we often use the commutation

property:
varf(r’ Z) = 8,«Vf(}’, Z)-

Throughout the proof, we will denote

||f||iz =/|f|2rdrdz, dx =rdrdz.

The estimate in Lemma 2.1 will be used often. It was originally proved in [Hou
et al. 2008] in the periodic case and then extended to the general case in [Lei 2015]
(see (4.5)—(4.6) there, noting the relation v" = —811ﬁ9). Alternatively, one may also
use the magic formula given by Miao and Zheng [2013] to prove it.

Lemma 2.1. Let v" be the radial component of the velocity field and Q = °/r.
Then there exists an absolute positive constant Ko > 0 such that

v’ S
[v2] < ol2ie, [V < Kol

Lemma 2.2 gives the uniform decay estimate for the angular component of
vorticity in the r direction for large 7. We point out that a weaker estimate for o/
has appeared in [Chae and Lee 2002]. Even though we don’t need to use the estimate
for " and w*® in this paper, we will include them below for possible future use.
Lemma 2.2. Suppose that vy € L? is an axially symmetric divergence-free vector
and (rwy, rza)g, rwg) € L?. Then the smooth solution of the Navier-Stokes equation
with initial data vg satisfies the following a priori estimates:

@1 sup (llre’ ()72 Ire®@, l72)

0<r<T

T
+ fo (I91ra" ¢ 11 (VT 1, IE-) di

2 12 2 2
< lraxllz> + llragll;> +4UTollz + Dllvoll;2,
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and

T
@22 sup P26t )P+ / IV (202, di
0<r<T 0

T
< Co(I2wf 12 + (Ivoll3: + 1Tol2:) o 2 )exp{ }
ol + (ol ol ITol7: +l1voll;

where Cy is a generic positive constant.

Proof. First of all, let us recall that

0w +b- Vo' — 0,00 = (A — l)a)r + 00" W%,
02
(2-3) 8tw9+b-Va)‘9—U—rw6=<A_L2> + 0, (U)
r r
0,w* +b- Vo — 0,v*w* = Aw* + 0,00’

Let us first prove (2-1). Taking the L? inner product of the first equation of (2-3)
with r2w", and of the third equation with r2w®, we have

2 _ l r
2dl /(a) )r Zdx— / (A r2>a) dx
=—/r2(urb-Vw’ dx—i—/rza,vr(a)r)zdx+/r2a)razvrwz dx

and

2dt /(a)z)Zerx /r ot Aw* dx
= —/rza)zb~Va)Z dx—i—/rzazvz(wz)2 dx+fr2w28rvzwr dx.

Using integration by parts, we have

—/rza)r(A—rl—2>a)r dx:/lV(ra)r)|2dx
—/rszAa)zdx=/|V(rwz)|2dx—2/|a)z|2dx.

Using integration by parts and the incompressibility constraint, one has

and

- / r’e'b- Vo dx — / r’w’b- Vo'dx + / 290" (o) dx + f r?9.v*(w)*dx
= /(rv’ +r20,0") (") + (rv" +r?0,vY) (w%)* dx

=— / [0:v°(re”)? + 8,0 (re®)*] dx.
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Consequently, we have

1d
2dr

:/|a)z|2dx—/[azvz(ra)’)2+8rvr(ra)z)z] dx—{—f(r%o’azv’a)z—i—rZwZaera)’) dx

[(@")? + (@9)*]r?dx + f(|V(rw’)|2 + |V (ro®)|?) dx

52f|w2|2dx+ IVl 2 (llre 1174 + llre®ll3 ).

Note that by Gagliardo—Nirenberg’s inequality and the maximum principle |||z <
ITo|l oo, One has

lrelI34 + lrafl3. = VL2,
1/2
_ (/ IV (VTVTP) dx) <30l | AT 2
<3|IToll = (18, (r@®) | 12 + 18, (r") | 12 + lw® ]| 12).
Hence, by Holder’s inequality, we have

o [(w’>2+<wZ>2]r2dx+/ (IVra)P+HV o)) dx <4(IToll7~+1) V7.

Integrating the above differential inequality with respect to time and recalling the
basic energy estimate, one gets (2-1).
Next, let us prove (2-2). Let us first write the second equation of (2-3) as:

2
8, (r’e®) +b- V(20 = 3rv e’ = % + A’ — ;‘a, (r*0?) + 30

The standard energy estimate gives that

LR IV 06 =3 [ rvafr el dx [arrat s [ oyl

It is easy to estimate that
/ 9.I%re” dx < 2||Tlls [IVo7ll2 72e|Ls
2 0,2 1 2 612
<4|Toll;s IVl 2+ IVT @)}
Next, one also has

0.2 0 02 2 2 692 -2
/Cl) rw d-x S ||C() ”Lz(}’SR(t))R (t)+||r w ||L2(r>R(t))R (t)

<’ 17, R*@) + |Ir?e |17, R2(2).
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Finally, we estimate that

/ rv"o’r?o’ dx < 0"l 170 ) 2L @) 2 s
4 02 1 2 0\n2
< lvoll}> 1?17, + $ IV )13,

By taking R(t) = ||Toll 13 + lluoll?,, we arrive at

L
4126012, + [V (20 |2
dt L2 L2
2 4 2 2 4\—1,2 9,2
5(IIFOIILs+IIUOIILz)IIVUIILz+(||Fo||L3+||u0||Lz) Irew|[I7-

Clearly, (2-2) follows by the basic energy estimate and applying Gronwall’s in-
equality to the above differential inequality. (]

Finally, let us prove Corollary 1.3 by using Theorem 1.2.

Proof. 1t suffices to check the validity of FBC in (1-5)—(1-6) under the assumptions
in Corollary 1.3. Let 8o € (0, ) and C; > 1 be arbitrarily large. Noting [Tl . < 00
and using the maximum principle, we have

1T, )l < ITollze.
Take a smooth cut-off function of r such that
¢p=1if0<r<1, ¢=0ifr>2.
For all § < §p/2, using (1-7), one has

/|v79|‘¢<§>f‘2rdrdZ§/ 2|lnr|2)¢< ) ‘rd”{z‘

Using integration by parts, one has

/ 2|lnr|2‘¢( )f‘zrd”lz
f)¢> f( dlinr|~ dz—/|1nr|_ a,[¢(§)f] drdz
—2/ 2|lnr|2‘¢( ) ‘rdrdH / [ (%)f]r drdz.

Hence, we have

| gl Gl raraz< |

which further gives that

[ o(5) [ rarae =

o) fravse

[o) Y
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On the other hand, it is easy to see that

/'vrﬂ‘[l —¢<§>]f‘2rdrdz < ||FO||Lw5_2/‘[1 —qﬁ(g)]f‘zrdrdz.

Consequently, we have
|U9| 2
(2-4) — | fl"rdrdz

:
ofo(g)ofrarazsaaruins™ [ [-o(g)ofrar

§2C1/

< 401/|a,f|2rdrdz+c3—2f | f12rdrdz.

r>48

Here and in the next inequality we use C to denote some generic positive constant
whose value may change from line to line and which may depend on ||[g||z~
and Cq.

Next, using (2-4), we have

(2-5) /|v9|2|f|2r drdz
< 2/|rv9||U79|‘¢<§)f|2rdrdz+2/|rv9|2r_2‘[1—¢<§>]f‘2rdrdz

v? 2
<2C[In 5|—2f¥)¢<§)f( rdrdz+2||[‘o||%oo8_2/

r=

|f|2rdrdz
8

< 052/ |f1?rdrdz+8C?|In 5|2/|a,f|2rdrdz.
r>§

Hence, one may choose § small enough so that 16C12|1n5 |_2 < 8, and choose
C, =4C,. Then it is clear from (2-4) and (2-5) that the assumptions in equations
(1-5)—(1-6) are satisfied. Using Theorem 1.2, one concludes that v is smooth for
allt > 0. U

3. Criticality of axisymmetric Navier—Stokes equations

Proof of Theorem 1.2. First of all, for initial data vo € H'/?, by the classical results of
Leray [1934] and Fujita and Kato [1964], there exists a unique local strong solution
v to the Navier—Stokes equations (1-1). Moreover, v(¢, -) € H® for any s > 0, at
least on a short time interval [e€, 2¢]. In particular, Vo (¢, - ) € L2, at least on a short
time interval [e, 2€]. A consequence is that Vo', Vo, Vor, o /r, a)e/ r are all
L?-functions. In particular, recalling that

r (%

J=% and Q=%
r r
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one has J(r,-) € L? and Q(¢,-) € L? for t € [e, 2¢]. Inductively, one also has
J(t,-) € H* and Q(z, -) € H%. Without loss of generality, we may assume that

Joe H* and Qe H”
Otherwise we may start from ¢ = €. As long as the solution is still smooth, one has

1T, )2+ 1920, )l 2 < oo, IV, DIl + VR, ), < 0o

and
[o.¢]
/ (1@, 0. P +12(,0,2))dz S 1t I3 + 1922, )32 < 0o
—00

So all calculations below are legal as long as the solution is still smooth. Our task
is to derive a certain sufficiently strong a priori estimate.
By applying the standard energy estimate to the first equation in (1-8), we have

1d

2 2
= (o vrara [1(a+2a)s

,
+/J(w’a, +wzaz)”7r dr dz.
Using the incompressibility constraint, one has
—f J(b-V)Jrdrdz = % / J?V -brdrdz =0.

On the other hand, by direct calculations, one has

/J<A+%8r>J =\ —/u(r, 0.2) dz.

Consequently, we have

1d 2 2 OO 2 r a3V
G- F LI I+IVII+ [ 17¢0.9Pdz= [ J(@8,+0%) r dr dz.
o

Similarly, by applying the energy estimate to the second equation in (1-8), one
obtains that

d 2 2 > 2 v’
(3-2) 7 1€2]l7. + IVE2Il7. + |2(2,0,2)|"dz = -2 - JQrdrdz.
o0

1
2

In the remaining part of the proof of Theorem 1.2, we will use C to denote a
generic positive constant whose value may change from line to line and which
may depend on ||[Ig|lz~, Co, Cx and ry. Using ||| < ||['gl| and the form
boundedness condition in (1-5), one has
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0
(3-3) V UTJQr drdz

—4c

rdrdz+C, /‘—‘erdrdz

< i/|8,Q|2rdrdz+Cf</|8,J|2rdrdz+C/ (1712 +1Q*)rdrdz.

r=ro
Inserting (3-3) into (3-2), one has
CATIL 2 15 oo 2 22 2 2
(3-4) dlIIQIILz+IIVQIILz+ 1€2(,0,2)|7dz <2CL|IVJ ;2 + Cllol 2.

Next, we estimate that

‘/ J(a)’ar—l-a)ZBZ)dex

= V[v X (veeg)] . (JVUTr) dx

<|[IVJ |2 [V

L2

Again, using the form boundedness condition in (1-6), one has

2

Ur

—1l.,+Co /
L r=ro

2 r 2

-
TRAvAE < 8, vY | drdrdz.
rollr2

Using Lemma 2.1 and the identity

vv’ Vo ¢ v V' te dyv" + 9, v°
r-r "r2 7 r " r ’

we have

(3-5) ‘/ (@0, + o) L drdz

<1Ivs s N arara
< 5IVII5+ AR Y| draraz
<3IVJIZ, + C/IVvlzdrdrdz.

Inserting (3-5) into (3-1), we have

d [o¢]
36 ST+ 19T +2 [ 10 aP d:

—0o0

< Koa*nazszuiz+c/|w|2drdrdz.



182 ZHEN LEI AND QI S. ZHANG

Multiplying (3-6) by 3C2 and then adding it to (3-4), we have

d
(BCITNZ. +1RQ17.) + (C2IVIZ + 1IVRI?.)

dt
o0
+/ (6C21J (1,0, )P +212(1,0, 2)P) dz

o0

<3CIKos,|IVQ|3, +C /|Vv|2r drdz.
Integrating the above inequality with respect to time, we have

t
3C2NI(t, )3+ 12, )3, +f (C2IVIIZ, + 1IVRI3.) ds
0
t o
+f/ (6C21J(t,0,2))* +2|Q(t, 0, 2)|*) dzds
0 —00

t
< CCH(Iol3> + 11Q0113,) +3C2 Ko / V&3, ds + Cllvoll 2
0

Here we used the basic energy identity (1-2). Recall that Ky is an absolute positive
constant determined in Lemma 2.1. Hence, we may take &, so that 3C fKO(S* < %

Consequently, we have

T
(3-7) Sup (IO + 12O 17,)+ fo (IV I3+ 11VQI3,)dt
<t<T

T poo
+/ f (19(2,0,2) P +192(2,0,2) |?)dzdt < 00
0 J—o0

forall T < oo.
Clearly, the a priori estimate (3-7) and Sobolev imbedding theorem imply that

(3-8) supg<; 7 16t )llLrr<1y < 00, 3<p=<6, T<oo.

Remark 3.1. There are several ways to prove the regularity of v from here. For
instance, the easiest way is just to use the result in [Neustupa and Pokorny 2000].
If one would like to assume further decay properties on the initial data so that the
conditions in Lemma 2.2 are satisfied, then one can easily derive an L ([O, T], L? )
estimate for » when r > 1 and 3 < p < 6, by using the basic energy estimate and
Sobolev imbedding theorem. This, combined with the local L? estimate of v
in (3-8), immediately gives that b is in L>([0, T, L?) for any T < oc. Using the
Sobolev imbedding theorem once more, one has b € L>°([0, 7], BMO™!). Then
the result in [Lei and Zhang 2011b] implies that v is regular up to time 7.

Let us give an alternative and self-contained proof. We first derive an L* a priori
estimate for v? without using the result of [Lei and Zhang 2011b] and Lemma 2.2.
Using the equation of v¥ in (1-1) and the standard energy estimate, one has
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L+ 19N + 1 @21 < 0| [ YO ar
dt L4 L2 L2 = <

-1
< Cllr"v"llze 7l

Hence, by using Lemma 2.1 and the three-dimensional interpolation inequality
£ 17 S IV £llz2 V2 £ll2, one has

0 0
‘ Hva L w20, Y
Lo ™ r

and using (3-7), one concludes from Gronwall’s inequahty that

o' 172 12 172 ) vr 172

" S 1215 188211,

12 ~ L2

r

v
=7~
rlr2

L? L?

[v*[|+ < oo, and /OT lr ' @23, dt <oo, 0<t<T.
Then we use the second equation of (2-3) to derive that
Lo 12, + 201V 12, + 21 oI,
= — / UTV(a)e)zrdrdz—{—/a)gaZ(v;ﬁrdrdz

< Cllr =" iz lo”I72 + 8.7 + g llr " 021172
Hence, Gronwall’s inequality similarly gives that

= Lz, T < 0.
By the basic energy identity (1-2) and Sobolev imbedding, one has

bel?, 2<pc<6.

Hence,ve LY (L*). So the Serrin-type criterion implies v is regular up to time 7. [J

4. Small ||Ty|l L~ or |[T (¢, <) | L=~ <ry) global regularity

This section is devoted to proving Theorem 1.4.

Proof of Theorem 1.4. Recall that

Let us first formulate the axisymmetric Navier—Stokes equations (1-1) in terms of
V and Q2 as follows:

Vb YV Iy = (a+ o - ),
@1 2 20, V2
9,Q+b-VQ = <A+78 >Q+

By the energy estimate, one has
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_ 2
(4-2) L1Q12, + v, < Lia.l2, + 1| VPR L

2 dt
Let us first prove the global regularity under
IToll Lo <M.
Using Lemma 2.1, one has

v" < 12 12
r €211,5 oz €21l >
L>®

Noting that

32

VG S e V]S TN,

one can apply the L* energy estimate for V to get

@3 SIVEL+IVIVRLL+ v Rl

3/2

SR 19:L0,5 [~ VI 1Tl

S|1E] v
SILUZ AT IT 1A (1212 + [~ 1V E )
Combining (4-2) and (4-3), we arrive at
@ Lvel+1ei) + (IVIVEE. +19212.) + | 1vE]
SIRE T I (n0.20% + [~V P
Recall that we have the following a priori estimate:
ITNz2 = IToll 25 [Tz < IToll Lo
Hence, under the condition of the theorem, there exists 7 > 0 such that
|||V|2||iz +lQl3, < 2|||v0|2||iz +2)0[7,, YO<t<T.
If § is a suitably small positive constant and
Il e < 8M!
is satisfied, then we have
1,5 IT15 IT1% < MyPeMyH> <872, Vo<1 <T.

Hence, by (4-4), we derive that
d 2
L(IvPl.+1913,) <0, Yosr<T,

which implies that
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VRS + 12012, < [ IVol? ] +IR0l2,, 0<r<T.

The above argument implies, by the standard continuation method that

VRS + 1212, < [ IVol? |5, + 19012,,  Vi>0.

Hence the proof for first part of the theorem is finished.
On the other hand, if

IT(t, ) |Leg<ry) <M

is satisfied, then one may treat (4-3) as follows:

LNVEL+ IVIVRL + v P

v’ 4
S HT“LOC IV <ro) "'/

r=ro

N (09)4
Z_ P

|rdrdz

2 —1iv/12112
S QI ITIE T <y (132072 + |7 VI }2)

r 7]
—4|lv v
r
0 Hr

r

3
[

L? L?

which, combined with (4-2), gives that
1
2 2
H|V<r,->|2\\L2+||sz<z,->||iz+/ (IvIvE|Z. +1ve?. ) ds
0

S IVol[1 7 + 190122 + g * ol ITol13 X
+ (ITllzoe r<ro T2 SUPgy <, 192Cs. I lIz2) " (182017, + [ VI La)-

Here rg > 0 is arbitrary. Then similar continuation arguments as in the proof used
in the first part imply that if § is a suitable small absolute positive constant, then
the solution v is regular. Here M is given in the statement of Theorem 1.4. This
shows that the smallness of I" locally in » implies the regularity of the solutions. [

Remark. Since H |V0|2” 12 and ||€2¢|| 72 have dimension —%, and || [g|| ;2 has dimen-
sion %, the constant My in Theorem 1.4 has dimension 0. Similarly, one can check
that M is also dimensionless if one assigns ry dimension 1.
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CONVEXITY OF THE ENTROPY OF POSITIVE SOLUTIONS
TO THE HEAT EQUATION ON QUATERNIONIC CONTACT
AND CR MANIFOLDS

DIMITER VASSILEV

A proof of the monotonicity of an entropy like energy for the heat equation
on a quaternionic contact and CR manifolds is given.

1. Introduction

The purpose of this note is to show the monotonicity of the entropy type energy
associated to the (subelliptic) heat equation in a sub-Riemannian setting. The result
is inspired by the corresponding Riemannian fact related to Perelman’s entropy
formula for the heat equation on a static Riemannian manifold; see [Ni 2004].
More recently a similar quantity was considered in the CR case [Chang and Wu
2010]. Our goal is to prove the convexity of the entropy of a positive solution
to the (subelliptic) heat equation on a quaternionic contact manifold, henceforth
abbreviated to QC, and give an alternative proof of the result in that work, more in
line with the Riemannian case. We resolve directly the difficulties arising in the
sub-Riemannian setting of both quaternionic contact and CR manifolds. Section 3
contains the alternative proof of the result of [Chang and Wu 2010] in the CR case
while the remaining parts of the paper focus on the QC case.

To state the problem, let M be a quaternionic contact or a CR manifold of real
dimensions 4n + 3 and 2n + 1, respectively, and u be a smooth positive solution to
the (QC or CR) heat equation

a
1-1 —u=Au.
(1-1) o7
Hereafter, Au = trf(V2u) denotes the negative sub-Laplacian with the trace taken
with respect to an orthonormal basis of the respective horizontal 4n or 2n dimen-
sional spaces in the QC and CR cases. Associated to such a solution are the

MSC2010: 32V05, 35H20, 35K05, 53C17, 53C25, 53C26, 53C21, 58J60, 35P15.
Keywords: quaternionic contact structures, CR manifolds, entropy monotonicity, Paneitz operator,
3-Sasakian.
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(Boltzmann—Nash like) entropy

(1-2) N = / u Inu Vol,
M
and entropy energy functional
(1-3) E) = / |Vf|*u Vol,,
M
where, as usual, f = —Inu and Vol,, is the naturally associated volume form on M,

see (2-4) and (3-3). Exactly as in the Riemannian case, we have that the entropy is
decreasing (i.e., nonincreasing) because of the formula

d e

Our goal is the computation of the second derivative of the entropy. In order to
state the result in the QC case we consider the Ricci type tensor

(1-4) L£X, X) Y 28(X, X) +an TO(X, X) + BaU (X, X),

where X is any vector from the horizontal distribution, «,, =2(2n +3)/(2n + 1),
Bn =42n — (n+2)/((2n + 1)(n — 1)), and T° and U are certain invariant
components of the torsion; see Section 2. The tensor (1-4) appeared earlier as a
natural assumption in the QC Lichnerowicz—Obata type results; see [Ivanov and
Vassilev 2015, Section 8.1] and references therein. In addition, following [Ivanov
et al. 2013], we define the P-form of a fixed smooth function f on M by the
following equation:

4n 3 4n
(1-5) Pr(X)=) Vf(X,eper)+ Y Y VX, ep, Lep)
b=1

t=1 b=1

—4nSdf(X)+4nT°(X, Vf) — %U(X, Vf),

which in the case n = 1 is defined by formally dropping the last term. The P-
function of f is the function P¢(Vf). The C-operator of M is the 4th order
differential operator

4n
fio Cf ==V*Pr = "(Ve,Py)(ea).

a=1

In many respects the C-operator plays a role similar to the Paneitz operator in CR
geometry. We say that the P-function of f is nonnegative if

/f.CfVoln:—/ Py (Vf) Vol, > 0.
M M
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If the above holds for any f € C5°(M) we say that the C-operator is nonnegative,
C=>0.
We are ready to state our first result.

Proposition 1.1. Let M be a compact QC manifold of dimension 4n+3. Ifu = e~/
is a positive solution to heat equation (1-1), then we have

1oy - 20y 2y 20l Ly 3
et = [ [+ 2o +pgtv Juvol, +2 [ pevyvo,

where u = F* (f = —21In F) and (V2f)q is the traceless part of horizontal Hessian
of f.

Several important properties of the C-operator were found in [Ivanov et al. 2013],
most notable of which is the fact that the C-operator is nonnegative for n > 1.
In dimension seven, n = 1, the condition of nonnegativity of the C-operator is
nontrivial. However, [Ivanov et al. 2013] showed that on a 7-dimensional compact
QC-Einstein manifold with positive QC-scalar curvature the P-function of an
eigenfunction of the sub-Laplacian is nonnegative. In particular, this property holds
on any 3-Sasakian manifold, see [Ivanov et al. 2014a, Corollary 4.13]. Clearly,
these facts together with Proposition 1.1 imply the following theorem:

Theorem 1.2. Let M be a compact QC manifold of dimension 4n+3 of nonnegative
Ricci type tensor L(X, X) > 0. In the case n = 1 assume, in addition, that the
C-operator is nonnegative. If u = e lisa positive solution of the heat equation
(1-1), then the energy E(t) is monotone decreasing (i.e., nonincreasing).

The proof of Proposition 1.1 follows one of L. Ni’s arguments [2004] in the
Riemannian case, and thus it relies on Bochner’s formula. More precisely, after
Ni’s initial step, in order to handle the extra terms in Bochner’s formula, we will
follow the presentation of [Ivanov and Vassilev 2015] where this was done for the
QC Lichnerowicz-type lower eigenvalue bound under positive Ricci-type tensor;
see [Ivanov et al. 2013; Ivanov et al. 2014b] for the original result. In the QC
case, similar to the CR case, the Bochner formula has additional hard to control
terms, which include the P-function of f. In our case, since the integrals are with
respect to the measure u Vol,, rather than Vol,, as in the Lichnerowicz-type estimate,
some new estimates are needed. The key is the following proposition which can be
considered as an estimates from above of the integral of the P-function of f with
respect to the measure u Vol,, when the C-operator is nonnegative.

Proposition 1.3. Let (M, n) be a compact QC manifold of dimension 4n + 3. If
u = e~/ is a positive solution to heat equation (1-1), then with f = —21In F we
have the identity

(1-6) f Pr(Vf)u \101,7:}l / |Vf [*u Vol,, +4 / Pr(VF) Vol, .
M M M
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In the last section of the paper we apply the same method in the case of a strictly
pseudoconvex pseudo-Hermitian manifold and prove the following proposition:

Proposition 1.4. Let M be a compact strictly pseudoconvex pseudo-Hermitian CR
manifold of dimension 2n + 1. If u = e~/ is a positive solution to the heat equation
(1-1), then we have

n+1
2n

ooy 20 2, 2n+1 1 o 6
ew=—[ [P+ e v+ vl 8 [ recrvol,

where u = F2, (V*f) is the traceless part of horizontal Hessian of f and C is the
CR-Paneitz operator of M.

We refer to Section 3 for the relevant notation and definitions. As a consequence
of Proposition 1.4 we recover the monotonicity of the entropy energy shown previ-
ously in [Chang and Wu 2010]. We note that one of the motivations to consider
the problem was the application of the CR version of the monotonicity of the
entropy-like energy (see their Lemma 3.3) in obtaining (nonoptimal) estimate on
the bottom of the L? spectrum of the CR sub-Laplacian. However, the proof of their
Corollary 1.9 and Section 6 is not fully justified since their Lemma 3.3 is proved
for a compact manifold. It should be noted that a proof of S.-Y. Cheng’s type (even
nonoptimal) estimate in a sub-Riemannian setting, such as CR or QC manifold,
is an interesting problem in particular because of the lack of general comparison
theorems.

We conclude by mentioning another proof of the monotonicity of the energy
in the recent preprint [Ivanov and Petkov 2016], which was the result of a past
collaborative work with Ivanov and Petkov. Remarkably, [Chang and Wu 2010]
is also not acknowledged in [Ivanov and Petkov 2016] despite the line for line
substantial overlap of their Section 3 with Chang and Wu’s [2010, Lemma 3.3]
proof. In this paper we give an independent direct approach to the problem.

2. Proofs of the propositions

Some preliminaries. Throughout this section M will be a QC manifold of dimen-
sion 4n + 3, [Biquard 1999], with horizontal space H locally given as the kernel of
a 1-form n = (1, 72, n3) with values in R3, and Biquard connection V with torsion
T. Below we record some of the properties needed for this paper, see also [Biquard
2000] and [Ivanov and Vassilev 2011] for a more expanded exposition.

The Sp(n) Sp(1) structure on H is fixed by a positive definite symmetric tensor
g and a rank-three bundle Q of endomorphisms of H locally generated by three
almost complex structures Iy, I, I3 on H satisfying the identities of the imaginary
unit quaternions and also the conditions

g, Iy-) =g(-,-) and 2g¢(L;X,Y)=dns(X,Y).
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Associated with the Biquard connection is the vertical space V, which is com-
plementary to H in TM. In the case n = 1 we shall make the usual assumption of
existence of Reeb vector fields &1, &, &3, so that the connection is defined following
D. Duchemin [2006]. The fundamental 2-forms w; of the fixed QC structure will
be denoted by wy,

2a)s|1-1 =d7]s|1-1, ‘E_la)s =0, SEV.

In order to give some idea of the involved quantities we list a few more essential
for us details. Recall that V preserves the decomposition H @V and the Sp(n) Sp(1)
structure on H,

Vg=0, VI(Q) cCT(@

and its torsion on H is given by T (X, Y) = —[X, Y];v. Furthermore, for a vertical
field & € V, the endomorphism Tz = T'(§, - )|z of H belongs to the space (sp(n) @
sp(l))L Cgl(4n)hence T (§, X, Y) =g(T¢ X, Y) is a well defined tensor field. The
two Sp(n) Sp(1)-invariant trace-free symmetric 2-tensors

TOX.Y)=g((T{h +ToL+To)X,Y) and U(X,Y)=guX.Y)
on H, introduced in [Ivanov et al. 2014a], satisfy
(2-1) TOX.Y)+ TOULX. 1Y) + TO(LX. LY) + TO(I:X. I3Y) = 0,
UX,Y)=UL X, ,Y)=U(LX,LY)=U(:X,1Y).

Note that when n = 1, the tensor U vanishes. The tensors 70 and U determine
completely the torsion endomorphism due to the identity [Ivanov and Vassilev 2010,
Proposition 2.3]

4T, I,X, V) =T%(X, ¥) — T°(I, X, L,Y),
which in view of (2-1) implies

3
(2-2) Y T X Y) =T (X, Y)=3U(X, ).

s=1

The curvature of the Biquard connection is R = [V, V] —V| | with QC-Ricci tensor
and normalized QC-scalar curvature, defined by respectively by

4n 4n
Ric(X,Y) =) g(R(es. X)Y. ea), 8n(n+2)S =) Ric(e,, ea).
a=1 a=1

According to [Biquard 2000] the Ricci tensor restricted to H is a symmetric tensor.
Remarkably, the torsion tensor determines the QC-Ricci tensor of the Biquard
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connection on M in view of the formula, [Ivanov et al. 2014a],

(2-3) Ric(X,Y)=2n+2)T°(X, Y)+ (4n+10)U (X, Y) + %g(X, Y).
Finally, Vol,, will denote the volume form, see [Ivanov et al. 2014a, Chapter 8],
(2-4) Vol, =ni Am Az AQ",

where Q = w; A w| + wy A wy + w3 A ws is the fundamental 4-form. We note the
integration by parts formula

(2-5) / (V*o) Vol, =0,
M

where the (horizontal) divergence of a horizontal vector field o € A'(H) is given
by V*o = —tr|gVo = —Vo(e,, ¢,) for an orthonormal frame {ea}i”:1 of the
horizontal space.

Proof of Proposition 1.3. We start with a formula for the change of the dependent
function in the P-function of f. To this effect, with f = f(F), a short calculation
shows the next identity

V3f(Z,X,Y) = f'V3F(Z,X,Y)+ f"dF(Z)dF (X)dF (Y) + f"V*F(Z,X)dF (Y)
+ f"V2F(Z,Y)dF (X) + f"V?F(X,Y)dF (Z).
Recalling definition (1-5) we obtain

(2-6) Pr(Z2)=f'Pr(Z)+ f"|\VF?dF(Z)+2f"F(Z, VF)

3
+ ["(AF)AF(Z)+ f" ) g(V?F, w,)dF (I, 2),

s=1

which implies the identity
(2-7) Pr(Vf)= f2Pr(VE)+f'f"|VE[*+2 £ f"V*F(VF,VF)+ f'f"|VF|*AF.

In our case, since we are interested in expressing the integral of u Py (Vf) =
e/ Py (Vf) in terms of the integral of a P -function of some function, equation
(2-7) leads to the ordinary differential equation u(—u’/u)* = constant. Therefore,
we let u = F? and find

(2-8) uPr(Vf)=4Pr(VF)+8F *|VF|*~8F~'V2F(VF,VF)—4F '|VF|>AF.
Now, the last three terms will be expressed back in the variable f which gives

(2-9)  uP;(Vf) =4Pp(VF) + [ HVFI* + JIVFIPAS + V2 (VF, V)]u.
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At this point, we integrate the above identity and then apply the (integration by
parts) divergence formula (2-5) in order to show

1
/ V2 (Vf. Vfyu Vol = 3 f [IVF1* = IVf1?Af Ju Vol,,
M M
which leads to (1-6). The proof of Proposition 1.3 is complete. O

Proof of Proposition 1.1. The initial steps are identical to the Riemannian case [Ni
2004] thus we skip the detailed computations and only sketch the common steps.
Let w = 2Af — |Vf|% Using the heat equation, exactly as in the Riemannian case,
we have the identities

(2-10) 3 f=Af—|Vf>, uAf=u|lVf?—Au, and Au=(Vf*=Af)u,

which imply

(2-11) E't)= / (0; — A)(uw) Vol,,
M
and also
(2-12) (3 — M) (uw) =[28(V(Af), Vf) — A|VFf[*u.

Next, we apply the QC Bochner formula [Ivanov et al. 2013; Ivanov et al. 2014b]

IAIVFI? = |V2f 1P+ g(V(AF), VF) +2(n +2)S|Vf|?
+2(n +2)TO(VE, VF) +4(n+ DU (Vf, V) +4R; (VF),
where
3
Rp(2) =Y Vf(& 1,Z).

s=1

Therefore,

(2-13) 13 — A)(uw) = [—|V*f|* = 2(n +2)S|Vf > = 2(n +2)T° (Vf, Vf)
—4(n+ 1)U (Vf, Vf) —4Rf(Vf)]u.

The next step is the computation of fM Ry (Vf)u Vol, in two ways as was done in
[Ivanov et al. 2013; Ivanov et al. 2014b] for the Lichnerowicz-type first eigenvalue
lower bound but integrating with respect to Vol,, rather than u Vol,, as we need to do
here. For ease of reading we will follow closely [Ivanov and Vassilev 2015, Section
8.1.1] but notice the opposite convention of the sub-Laplacian in their Section 8.1.1.
First with the help of the P-function, working similarly to [Ivanov et al. 2013,
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Lemma 3.2], where the integration was with respect to Vol,, we have

@14 [ R(vpuvol, = [ [~ Pvp) = oo = SI9P

+n+1

U (VY Vf)]uVol +—f IVF2(Af)u Vol,,

with the convention that in the case n = 1 the formula is understood by formally drop-
ping the term involving (the vanishing) tensor U. Notice the appearance of a “new”
term in the last integral in comparison to the analogous formula in [Ivanov and Vas-
silev 2015, Section 8.1.1, p. 310]. Indeed, taking into account the Sp(n) Sp(1) invari-
ance of Ry (Vf) and Ricci’s identities we have, cf., [Ivanov et al. 2013, Lemma 3.2],

3 4n
Re() = =2 3" S V31U, X, e, dsea) + (X, Vf) = 3U (X, V)]

s=1 a=1

hence (1-5) gives

1

uR (V) =[ =5 BTN = SIVf P+ 20 (91,9 |t o Zv3f<era,ea>u

An integration by parts shows the validity of (2-14).
On the other hand, we have

2-15) / Ry (Vf)u Vol,
M
3
— /M [ﬁ S 2(V2, w0)? + TV, VF) - 3U(Y, Vf)]uVoln,
s=1

which other than using different volume forms is identical to the second formula in
[Ivanov and Vassilev 2015, Section 8.1.1, p. 310]. Indeed, following [Ivanov et al.
2014b, Lemma 3.4], using Ricci’s identity

V2 (X, &) — V2f (&, X) = T(&, X, Vf)

and (2-2), we have

3
Ry (Vf) = (Z V2 IV, &)) — [T°(Vf, V) = 3U(Vf, V)]

s=1
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An integration by parts gives (2-15), noting that Zgzl df (&) df (I;Vf) =0 and
taking into account that by Ricci’s identity

3
VX, Y) = V(Y. X)= -2 w,(X. V) df &)

s=1

we have g(V2f, w)=Y oL; V*f (eq, Isea) = —4n df (&).
Now, working as in [Ivanov and Vassilev 2015, Section 8.1.1, p. 310], we subtract
(2-15) and three times formula (2-14) from (2-13) which brings us to the identity

2n+1
2

@16 580 = [ [ = 2L vr, vp Juv,

b [ 3R+ 2877 = 319 RS Vol
n Ju

where |(V2 f Yo|? is the square of the norm of the traceless part of the horizontal
Hessian

3
(2ol =193 F = - [(Af)2 + D LV, ws)]z].
s=1

Next, we consider fM [2(Af)? = 3IVFIPAfu Vol,,. Using the heat equation we
have the relation, identical to the Riemannian case, see (2-10),

5’(r)=%/ wAuVol,,:/(—2(Af)2+3|Vf|2Af—|Vf|4)uVol,7,
M M

hence
(2-17) /(Z(Af)z —3|Vf>Af)u Vol, = P —/ |Vf|*u Vol, .
M dt M

A substitution of the above formula in (2-16) gives

mAld o [T ore p 2n+1
L4 ) = /M (107200 = 255 £wp v Ju v,

+ i/ [3P¢(Vf) — |Vf|*]u Vol,, .
4n Jy,
Finally, we invoke Proposition 1.3 in order to complete the proof. (I

3. The CR case

In this section, following the method we employed in the QC case, we prove the
monotonicity formula in the CR case stated in Proposition 1.4. This implies the
monotonicity of the entropy-like energy which was proved earlier in [Chang and
Wu 2010].
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Throughout the section M will be a (2n + 1)-dimensional strictly pseudoconvex
(integrable) CR manifold with a fixed pseudo-Hermitian structure defined by a
contact form 1 and a complex structure J on the horizontal space H = Kern. The
fundamental 2-form is defined by w = %d n and the Webster metric is g(X, Y) =
—w(J X, Y) which is extended to a Riemannian metric on M by declaring that the
Reeb vector field associated to 7 is of length one and orthonormal to the horizontal
space. We shall denote by V the associated Tanaka—Webster connection [Tanaka
1975] and [Webster 1975; 1978], while Au = tr8 (VZu) will be the negative sub-
Laplacian with the trace taken with respect to an orthonormal basis of the horizontal
2n-dimensional space. Finally, we define the Ricci-type tensor

3-1) LX,Y)=p(JX,Y)+2nA(JX,Y),
recalling that on a CR manifold we have
(3-2) Ric(X,Y)=p(UX,Y)+2(n—1)AUX,Y),

where p is the (1, 1)-part of the pseudo-Hermitian Ricci tensor (the Webster Ricci
tensor) while the (2, 0) 4+ (0, 2)-part is the Webster torsion A; see [Ivanov and
Vassilev 2011, Chapter 7] for the expressions in real coordinates of these known
formulas [Webster 1975; 1978]; see also [Dragomir and Tomassini 2006].

With the above convention in place, as in [Chang and Wu 2010], for a positive
solution of (1-1) we consider the entropy (1-2) and energy (1-3), where

(3-3) Vol, = n A (dn)™".
For a function f we define the one-form,
(3-4) Pr(X) = V3f (X, ey, e) +Vf(IX, ey, Jep) +4nA(X, JVS)
so that the fourth order CR-Paneitz operator is given by
(3-5) C(f)=—V*P = (V,,P)(ea)
= V*f (easeaep.ep) + Vi (ea, Jeu, €1, Jep)
—4nV*AIVS) — 4ng (V3f, JA).

By [Graham and Lee 1988], when n > 1 a function f € C3(M) satisfies the equation
Cf =0if and only if f is CR-pluriharmonic. Furthermore, the CR-Paneitz operator
is nonnegative,

/f.cholnz—/ P;(Vf) Vol, > 0.
M M

On the other hand, in the three dimensional case the positivity condition is a
CR invariant since it is independent of the choice of the contact form by the
conformal invariance of C proven in [Hirachi 1993]. The nonnegativity of the
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CR-Paneitz operator is relevant in the embedding problem for a three dimensional
strictly pseudoconvex CR manifold. As shown in [Chanillo et al. 2012], if the
pseudo-Hermitian scalar curvature of M is positive and C is nonnegative, then M
is embeddable in some C"

We turn to the proof of Proposition 1.4. Taking into account (2-12) and the CR
Bochner formula [Greenleaf 1985],

(3-6) 3AIVF? = V2124 g(V(A f).Vf) +Ric(VF,VF) +2A0 V. V) +4R; (Vf),

where Ry (Z) = Vdf(, JZ), see [Ivanov and Vassilev 2015, Section 7.1] and
references therein but note the opposite sign of the sub-Laplacian, we obtain the
next identity:

(3-7) 33 — A)(uw) = [—|V*f|* = Ric(Vf, Vf) — 2A(Vf, VVF) — 4R (V)u.

Since (2-11) still holds, working as in the QC case we compute fM Rr(Vf)u Vol,
in two ways [Greenleaf 1985, Lemma 4] and [Ivanov and Vassilev 2012, Lemma
8.7] following the exposition [Ivanov and Vassilev 2015].

From Ricci’s identity V2f (X, Y) — V2f (Y, X) = —2w(X, Y) df (£), it follows
that df (§) = —5-g(V2f, w). Hence

2n
1
Vi (JZ, €)= ~55 Y VfUZ. ey Jep).
b=1

where {eb}i’; | 1s an orthonormal basis of the horizontal space. Applying Ricci’s
identity V2f (X, £) — V2f (£, X) = A(X, Vf), it follows that

2n
(3-8)  Rp(Z)=V2f(£,]Z) = —% > VUZ. e, Jey) — AUZ, V).
b=1

Taking into account (3-4), the last formula gives

1

Rp(Z) = 5,

2n
P(Z)+ A(JZ, Vf) + % > V(Z. e, e).

Now, an integration by parts shows the next identity
(3-9) /Rf(Vf)uVol,7
M

—[[-Lp _ 1L 2, 1 g2
_ fM =2 Pr (V) + AUNEVS) = 5 (AN + 2 (A D]uvol,.
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On the other hand, using again (3-8) but now integrating and then using integration
by parts, we have

(3-10) /Rf(Vf)u Volnz/ [—%g(vzf, )} — A(JVY, Vf)]uVol,,.
M M

At this point, exactly as in the QC case, we subtract (3-10) and three times formula
(3-9) from (3-7), which gives

£)=- /M [V )0P+ECTF.5F Vol +5 /M 3Py (V) +2(Af)* = 3IVf PAf luVol,,

where [(V2f)o|? is the square of the norm of the traceless part of the horizontal
Hessian

(PPl = V3P = 5[ f + 8V, )]

Taking into account that the formulas in Proposition 1.3 and (2-17) hold unchanged,
we complete the proof. (]
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ON HANDLEBODY STRUCTURES OF RATIONAL BALLS

LUKE WILLIAMS

It is known that for coprime integers p > g > 1, the lens space L(p?, pqg —1)
bounds a rational ball, B, ,, arising as the 2-fold branched cover of a (smooth)
surface in B* bounding the associated 2-bridge knot or link. Lekili and May-
danskiy give handle decompositions for each B, ,; whereas, Yamada gives an
alternative definition of rational balls, A,, ,, bounding L ( p% pq — 1) by their
handlebody decompositions alone. We show that these two families coincide,
answering a question of Kadokami and Yamada. To that end, we show that
each A,, , admits a Stein filling of the universally tight contact structure, ES,,
on L(p? pq —1) investigated by Lisca. Furthermore, we construct boundary
diffeomorphisms between these families. Using the carving process, pioneered
by Akbulut, we show that these boundary maps can be extended to diffeomor-
phisms between the spaces B, , and A, ,.

1. Introduction

For p > q > 1 relatively prime, let B, ;, be the 4-manifold obtained by attaching a
1-handle and a single 2-handle with framing pg — 1 to B* by wrapping the attaching
circle of the 2-handle p-times around the 1-handle with a g /p-twist; see Figure 1.

From this description, it is immediate that B, , is always a rational homology
ball. Lekili and Maydanskiy [2014] show that each such B, ; arises as the 2-fold
branched cover of B* branched over a properly embedded surface bounding the
2-bridge link associated to the fraction —p?/(pg — 1). That is, the family By,
represents handle decompositions of the rational balls introduced by Casson and
Harer [1981]. As such, 9B, ; ~ L( p% pg — 1), where ~ denotes diffeomorphism
of two manifolds throughout. Lekili and Maydanskiy go on to prove that each B, ,
supports a Stein structure (see Figure 7) filling the universally tight contact structure
on L(p? pg — 1) [Lekili and Maydanskiy 2014].

In a similar direction, Yamada [2007] defines a family of X || ¥ rational balls
bounding L(p?, pg — 1) via their handle decompositions: For n, m > 1 relatively
prime, let A,, , be the 4-manifold obtained by attaching a 1-handle and a single
2-handle with framing mn to B* by attaching the 2-handle along a simple closed

MSC2010: primary 57R65; secondary 57R17.
Keywords: 4-manifolds, handle calculus, rational blow-down.
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pq—1

Figure 2. The rational ball A, , (left); e.g., A3 5 (right).

curve embedded on a once-punctured torus viewed in S! x 2 so that the attaching
circle traverses the two 1-handles of the torus m and n times respectively (Figure 2).

Yamada goes on to define an involutive symmetric function A on the set of
coprime pairs of positive integers such that if A(p —¢q, g) = (m, n) then 04, , =
L(p% pg—1). Here m+n = p and mqg = £1 mod p; Remark 2.4 gives a definition
of A.

Given these two constructions of rational balls with coincident boundaries, one
arrives at a natural question posed by Kadokami and Yamada:

Question 1.1 [Kadokami and Yamada 2014, Problem 1.9]. Are A, , and B,
diffeomorphic, homeomorphic, or even homotopic relative to their boundaries as
4-manifolds?

The goal herein is to provide a complete answer to this question by proving the
following theorem.

Theorem 1.2. For each pair of relatively prime positive integers (m,n), Am.n
carries a Stein structure Jy, ,, filling the universally tight contact structure on the
lens space 0A,, n. In particular, each Ay, , ~ B, 4 if and only if 0A,, , ~ 0B, 4.

The proof of Theorem 1.2 follows by first explicitly writing down a Stein structure
on A, , using Eliashberg’s characterization of handle decompositions of Stein
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pPq — 1 f Am,n mn

— T

fu) = KJ/ /
VOM) \ D1
" =

Figure 3. The spaces B, ; and A, ,.

domains [Eliashberg 1990; Gompf 1998]. As the homotopy invariants of the induced
contact structures on the boundary agree with those of (L(p2 pg — 1), &), the two
structures are homotopic as 2-plane fields. Work of Honda [2000] and independently
Giroux [2000] proves that this is sufficient to conclude that these two contact
structures are contactomorphic. Lisca’s classification [2008] of the diffeomorphism
types of symplectic fillings of (L( p2, pqg—1), Est) then gives that A, , ~ B, 4. To
provide insight into the aforementioned diffeomorphisms, we construct boundary
diffeomorphisms which can be extended to explicit diffeomorphisms between B, ,
and A,, , through the carving process introduced by Akbulut [1977]. In fact, we
have the following result:

Theorem 1.3. Let (m,n) = A(p —q, q) for some p > q > 0 relatively prime. Then
there exists a diffeomorphism f : 0B, ; — 0A,, ,, such that f carries the belt sphere,
i1, of the single 2-handle in B, ; to a slice knot in 0A,, ,, (see Figure 3). Moreover,
carving A, along f(u1) gives S' x B>.

Corollary 1.4. f extends to a diffeomorphism f i By — Ao

Further motivation. Fintushel and Stern [1997] define a smooth operation, the
rational blow-down, on 4-manifolds containing certain configurations of spheres
by removing a neighborhood of those spheres and replacing them by the rational
ball B, ;. Park [1997] generalized the operation to a larger set of configurations
at the expense of having to glue in B, , for g other than 1. In the presence of a
symplectic structure and a symplectic configuration of spheres, both operations
can be performed symplectically [Symington 1998; 2001]. Moreover, under mild
assumptions (see [Fintushel and Stern 1997; Park 1997] for details), nontrivial solu-
tions to the Seiberg—Witten equations on the original 4-manifold induce nontrivial
solutions on the surgered manifold and vice versa.

Therefore, having well understood handle decompositions for B, , allows one to
construct explicit examples of rationally blown-down 4-manifolds. For instance,
Stipsicz and Szabé [2005] take advantage of such decompositions to construct an
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exotic CP2#6CP2. Corollary 1.4 and Theorem 1.2 are then useful, since either the
decomposition B, ; or A, , can conceivably be used interchangeably.

Organization. The paper is organized as follows: In Section 2, we dispense with
notation and necessary calculations involving lens spaces. Then, in Section 3, we
bring in the relevant symplectic topology and construct Stein handle decompositions
on each A,, ,, proving Theorem 1.2. Finally, in Section 4, we recall the carving
procedure and construct boundary diffeomorphisms from 9B, ; and dA,, , to their
lens space boundaries, proving Theorem 1.3.

2. Preliminaries

Conventions and assumptions. Unless specifically stated to the contrary, through-
out the paper, we assume p—q > g > 1, n > m > 1, and that both pairs are relatively
prime. As B, , ~ By 4 and A, , & A, . this assumption does not represent a
restriction. We adopt the standard orientation convention that L(p, g) is the result
of —p/g-surgery on the unknot in 3. It is well known that L(p, ¢) is also given as
the boundary of a linear plumbing of D?-bundles over S? with Euler classes chosen
according to a continued fraction associated to —p/q:
: 1 p
ler,.vanl=cr———F—=~
_1

Cn

Q|

C) —

where the ¢; are uniquely determined provided each ¢; < —2 (see Figure 4). Where
convenient, we will use weighted trees to describe these plumbings. We will often
forgo the uniqueness of the c; in favor of shorter continued fraction expansions
and thus smaller bounding 4-manifolds. In spite of this, we make the following

definition.

Definition 2.1. Given p > 0 and ¢ coprime, let C, , be the 4-manifold bounding
L(p, q) obtained by plumbing D?-bundles over S? according to a linear graph
with weights ¢; < —2 chosen so that [cy, ..., c,] = —p/q (see Figure 4). For
conciseness, we denote Cp2 ,, 1 by Cp 4.

In Section 3, we need to perform calculations in the group H,(L(p> pq — 1; Z).
The following lemma will prove useful.

Lemma 2.2. Suppose that L(p, q) is given by the linear plumbing of Figure 4
where the n; are meridians spanning Hi(L(p, q), Z). Then

H\(L(p,q),Z)=(n :(detCy)n; =0)
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Figure 4. A linear plumbing bounding L(p, ¢). Elements span-
ning H{(L(p, q)) are shown in red.

c; 1
where C; = 1612 - and n; = (—=1)~Ydet C;_)n; fori € {2, ..., n}.

lci

Proof. Given a Dehn surgery description of a 3-manifold, one obtains a presentation
for the first homology in terms of the right handed meridians of the (oriented)
framed link; see [Gompf and Stipsicz 1999]. In the above case, we find that

H\(L(p,q),2)
=1t = —ciny, (i1 = —€ini — 1)1 20y Culln = —Tn—1)
Asnmy=—cin = (— D% (det C>_1)n1, the result follows by induction using that

detCy = cr det Cr_1 — det C_». O

Determining C, ,. The continued fraction associated to — p%/(pq — 1) involves
the Euclidean algorithm; see [Casson and Harer 1981; Yamada 2007] as well
as Proposition 2.5 below. Therefore, we use the Euclidean algorithm to define
sequences of remainders and divisors of p and g as follows:

Definition 2.3. For p > g > 1, relatively prime, let {r,-}f;rz | and {s,-}f:é be defined
recursively by setting r_; = p, ro =¢. and

rit1 =ri—1 mod r;, ril =FiSi + iy
Let ¢ be the last index where r; > 1 so that 7y = 1 and ry4o = 0.

Remark 2.4. For bookkeeping purposes, we will differentiate between the above
sequences for p and g and the analogously defined sequences {p,-}fi%l and {oi}f;”é
associated to n > m > 1. Furthermore, provided that p —g > ¢, and that A(p —q, q)

either equals (m, n) or (n, m), the four sequences are related by the following
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recursive dictionary:

ro1=p S0 <> P¢ 1= pey1
ro=4dq §1 <—> Oy
Figl =TFi—1 —IiS; Sj <> O¢—j+1 PiO; + Pit1 = Pi—1
Sy <—> 01 m = P
rer1 =1 re—1<«— op n=p_1

That is, given the sequences associated to p and g, we get the associated sequences
for m and n by declaring p¢+; = 1, p; = so and making the indicated identifications
for the o; in order to recursively recover each p;; ultimately determining m = pg
and n = p_;. Similarly, we may start from m and n to recover p and ¢q. In fact, we
will take this correspondence as our definition of the function A defined by Yamada
[2007]. It is straightforward to verify that formulation is equivalent to Yamada’s
definition. As we will independently see in Section 4, this correspondence ensures
that 0B, ; ~ 0A,, , (see Remark 4.8); so, nothing is lost.

We can explicitly write down C, , in terms of these Euclidean sequences. The
following is proved in Section 4 as Corollary 4.3.

Proposition 2.5. For p > g > 0 coprime, the lens space L(p? pq — 1) bounds
the linear plumbing X (I') where T is the weighted graph of Figure 5 and where
{r,‘}lyr2 and {si}fJ“é are as in Definition 2.3.

i=—1 =

X (I") defined in Proposition 2.5 has spheres of positive self-intersection and is
therefore not C, ,. Given a sphere in X (I') with self-intersection s > 0, by blowing
up s — 1 of these intersections we get a sphere with one positive self-intersection —
which can be blown-down. This allows the exchange of each positive Euler-class
disk bundle for, possibly many negative Euler-class bundles without altering the
boundary. By applying this process at each sphere with positive self-intersection
we arrive at Cp 4.

Corollary 2.6. For p > g > 1, coprime, let {si}fzo and {r,-}f:i | be as defined in

Definition 2.3, the space C, , is given by one of the linear plumbings of Figure 6
(depending upon the parity of £).

Remark 2.7. By Definition 2.1, Figure 6 specifies C, ,. This follows since each s;
is at least 1, ensuring that each weight in the graphs of Figure 6 is less than or equal
to —2. The meridians (in red) of Figure 6 are used in homological calculations in

—so §1 —Sp Exse Fre 1 Erp Fsy sy —S1 So

Figure 5. A linear plumbing bounding L(p?, pq — 1).
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Figure 6. C, , when ¢ € 27 and when ¢ € 27 + 1 with relevant
meridians used in homology calculations (in red).

Section 3. It is worth noting that combining Lemma 2.2 with the following lemma,
we find that u; = (—1)’P5—i+1uo € Hi(L(p% pq —1); 2).

Lemma 2.8. Let { ,0,} 1 and {o; }e+1 be as defined in Definition 2.3 (associated
to n and m). Then for each i<f4+1,

—pe 1

1 Oy 1
det { - . = —(sin(%i) +cos<%i>)pe—i-
1 (=D oy

Proof. Induct on i, using that py1; = 1 and that p;—; = pr—j+10¢—i+1 + Pe—i+2. U

3. Stein structures on A,, ,

We are now ready to show that A,, , admits a Stein structure. To accomplish this, we
use Eliashberg’s handle characterization of Stein surfaces [Eliashberg 1990; Gompf
1998]. The reader should consult [Gompf and Stipsicz 1999] as well as [Ozbagci
and Stipsicz 2004] for thoughtful treatments of the subject. Such a Stein structure
induces a (tight) contact structure on dA,, ,. Tight contact structures on lens spaces
are well understood; Honda [2000], and independently Giroux [2000], completely
classify them. Moreover, Lisca classifies the diffeomorphism types of symplectic
fillings of (L(p, gq), £y) where & is the universally tight contact structure L(p, q)
inherits from the unique tight contact structure on S° via the cyclic group action.
In particular, Lisca defines collections of 4-manifolds W), ,(n), such that
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Figure 7. (B, 4, Jp.¢)-

Theorem 3.1 [Lisca 2008, Theorem 1.1]. Let p > q > 1 be relatively prime. Then
each symplectic filling (W, ) of (L(p, q), &) is orientation preserving diffeo-
morphic to a smooth blowup of W), ,(n) for some n € Z,, ,. Moreover, if by(W) =0,
then W is unique.

In light of Theorem 3.1, if we show that not only does A, , admit a Stein
structure, but that such a structure gives a symplectic filling of (L( p% pg—1), £q),
then we immediately have that A,, , ~ B, 4 since it is known that B, , admits a
Stein structure giving such a filling. Indeed, by sliding the 2-handle of B, ; under
the 1-handle g-times one arrives at the Stein domain, (B, 4, J, ), investigated by
Lekili and Maydanskiy [2014] given in Figure 7. There, they prove that (B, 4, Jp.4)
fills the standard contact structure on L(p? pg — 1).

Tight contact structures on lens spaces. Before we explicitly construct a Stein
handle decomposition for A,, ,,, we note that any Stein structure on A,, , necessarily
induces a tight contact structure which is contactomorphic to & (see Proposition 3.4).
When identifying tight contact structures on lens spaces, it is enough to know that
the two contact structures in question are homotopic up to contactomorphism.

Theorem 3.2 [Honda 2000, Proposition 4.24; Giroux 2000, Theorem 1.1]. The
homotopy classes of the tight contact structures of L(p, q) are all distinct. Moreover,
if g < p—1, then all but exactly two tight contact structures on L(p, q) are virtually
overtwisted.

The two universally tight contact structures are both contactomorphic to &.
Furthermore, the problem of determining the homotopy type of the underlying
2-plane field of a given tight contact structure is completely solved by Gompf [1998].

In fact, for contact structures with ¢ torsion (which is always satisfied for
3-manifolds with b; = 0; e.g., lens spaces) two homotopy invariants dz and I"
completely determine their homotopy classes as 2-plane fields.

Theorem 3.3 [Gompf 1998, Theorem 4.16]. If (Y3, &) fori = 1, 2, satisfies that
c1(&1) is torsion and T'(&1,s) = I'(&, s) for some spin structure s, then &) is
homotopic to &, if and only if their d3 invariants coincide.
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According to Theorem 3.3, two 2-plane fields (with torsion c;) are homotopic
if and only if they have the same I' and ds invariants. Lisca [2001] proves that
in the case of tight contact structures on a lens space, the I invariant alone is
enough —that is, if I'(§,, s) =I'(§,, s), then &, is homotopic to &, (and their d3
invariants necessarily coincide). One cannot expect the same result to hold with d3
in place of I'. However, the dz-invariant does detect the universally tight structures
on L(p% pg —1). In fact by using the “correction terms” from Heegaard Floer
homology to determine which spin®-structures on L(p2 pg — 1) induced from a
tight contact structure therein can extend across a rational ball bounding the lens
space we arrive at the following proposition known to experts:

Proposition 3.4. Every tight contact structure & on L(p> pq —1) with d3(&) = —%
is universally tight.

For completeness, we include a proof of Proposition 3.4 below. Before dispatch-
ing with that, we first recall the definitions of d3 and I'. For the three-dimensional
invariant, d3, we use the normalized definition [Ozbagci and Stipsicz 2004] — but
note that it is equivalent to the definition of 6 originally defined by Gompf [1998]
which relies on the fact that each contact 3-manifold can be realized as the J-convex
boundary of an almost complex 4-manifold as well as the fact that for (X%, J), a
closed almost complex 4-manifold, the quantity c%(X ,J)—30(X)—2x(X)=0
where o (X) and x (X) are the signature and Euler characteristic of X respectively.

Definition 3.5 [Gompf 1998, Definition 4.2]. For a contact 3-manifold (Y, §) with
c1 (&) torsion, the three-dimensional invariant

d3(§) = §(c1(X, J) =30 (X) —=2x(X)) € @
for any almost complex 4-manifold (X, J) with 0X =Y satisfying TY NJTY =E&.

The function I" associates to each spin structure on (Y, §) an element of H;(Y; Z).
This is accomplished by noting that Spin®(Y) is an H?(Y; Z)-torsor. So any two
to, t1 € SpinC(Y ), satisfy that their difference t; — t¢ is a well defined element of
H?(Y;Z). A spin structure on Y can be canonically viewed as a spin®-structure.
Then I'(&, s) is Poincaré dual to the difference t; — s. Furthermore, if (Y, &) is the
boundary of a Stein 4-manifold (X, J), Gompf provides a combinatorial formula
for I (we state it only in the case when X lacks 1-handles; we also suppress the
definition of a characteristic sublink associated to s € Spin(Y) as we will not make
use of it herein — the interested reader can refer to [Gompf 1998; Kaplan 1979] for
details).

Proposition 3.6 [Gompf 1998, Theorem 4.12]. Let (X, J) be obtained from B* by
attaching Stein 2-handles along Legendrian knots K1, . .., Ky such that 9X =Y and
E=TYNJTY. Orient K{U---U K}, to obtain a spanning set for Hy(X; 7). Then
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'€, s) € H(0X; Z) is Poincaré dual to the restriction of the class p € H*(X:Z7)
whose value on each [K;] is given by

p(Ki]) = 3(rot(K;) + €k(K;, L)) € Z
where L is the characteristic sublink associated to s.

Honda [2000] and Giroux [2000] prove that each tight contact structure on
L(p, q) is induced by a Stein filling of C, ,. In general, C, , admits numerous
Stein fillings. Each is obtained by attaching the 2-handles of C, , along Legendrian
unknots whose Seifert framings are one less than the their respective Thurston—
Bennequin framings. For each n < —1, by stabilizing the standard Legendrian
unknot positively and or negatively as needed, there are exactly |n| — 1 distinct
rotation numbers for Legendrian unknots with Thurston—-Bennequin framing equal
ton+1: namely n+2,n+4, ..., —n — 2. In particular, each unknot in the handle
decomposition of C,, , with Seifert framing —2 necessarily has rotation number zero
for any Stein handle attachment. Therefore, if we let K; denote the attaching circle
of the 2-handle in C, , whose belt-sphere is the meridian given by u; as labeled in
Figure 6, we see that specifying rotation numbers only for K; fixes a Stein structure

on C, 4. With this in mind, for each x = (xo, ..., x¢41) chosen so that
xo€{l—s9,3—s0,...,5 — 1},
x;€{—s,2—s;,...,8}, forie{l, ..., ¢}
Xer1 €{—=1—re, 1 —re, ..., rp+ 1},

we get a unique Stein structure on C, , inducing a distinct (up to isotopy) tight
contact structure on L(p?% pg — 1). In an abuse of notation, we ignore the obvious
dependence on p and ¢ and choose to call this structure J,.

It is known that J, , and Jyma induce the two universally tight contact structures
on L(p? pg — 1), where x™* fixes the largest allowable rotation number on each
K’ and xpin = —x™. Let &, Emin and £™2 be the contact structures induced by Jy,
Jmin and J™ respectively; similarly define the spinc—structures ty, tmin and tM3%,
As shown by Lekili and Maydanskiy [2014], &nin and £™* are also induced by the
Stein structures (B 4, Jp.4) and (By, ,—4, Jp, p—q) specified in Figure 7. Therefore,
the spinC-structures tmin and t™** both extend over B, ; t0 Spyin, 57 € SpinC(Bp,q).
No other t, has this property:

Proposition 3.7. Let 2, , denote the set of homotopy classes of 2-plane fields
induced by tight contact structures on L(p%, pq — 1) and let

S={t: €Spin“(L(p% pg— 1)) : £ € €},

then S contains exactly two spinC-structures that extend across the ball By 4, both
of which arise from contact structures contactomorphic to &.
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Before we prove Proposition 3.7 we recall the obstruction to extending a given
spinC-structure t € Spin®(L(p?, pg — 1)) across a rational ball bounding the space
L(p* pq —1). We can measure this obstruction against any fixed spin®-structure
which is known to extend. As every 4-manifold admits a spin®-structure (which
extends its restriction to the boundary), we always have such an element to measure
against. A standard obstruction theoretic proof gives the following lemma:

Lemma 3.8. Suppose that B is a rational ball bounding L(p> pq — 1). For each
pair tg, t; € SpinC(aB) such that to extends across B to some sy € SpinC(B), t
extends across B if and only if p divides the difference to —t; € H*(3B; Z).

We can use Lemma 3.8 to determine which other spin®-structures induced by
some J, extend over B, ;. Note that for any spin-structure s € Spin(L( P pg—1)
the difference

PD(I'(§y,5)) =PD(T'(§x,8)) = (ty, =) = (L —8) =, — &

doesn’t depend on the choice of spin-structure. Using Proposition 3.6, we calculate

£+1 i — i 41 Vi —x;
PD(t —t) = ) =i =) (=1 =—privitto
i=0 =0

where the last equality follows from Remark 2.7.

Proof of Proposition 3.7. Suppose that t € S extends across B, ;. We can assume that
t = t, for some Stein structure (C, 4, Jx) on C, 4. Lemma 3.8 gives that t, extends
if and only if p divides the difference PD(t™* — t,) in H,(L(p?% pg — 1)). Write

x =x"¥_2¢ where ¢ = (cop, c1, . . ., C¢+1) necessarily satisfies co € {0, 1, ..., so—1},
cie{0,1,...,s;}foreachi € {1,2,...,¢}and cgy; ={0,1,...,7¢+ 1}. Then
+1 Cemax _ o+1 _
PD(™ —t,) = X(;(—l)’ " Privito = XO:(—l)lCipziHMo-
1= 1=l

Therefore, we investigate solutions to Zf:é (—=1)¢cipe—it1 =0 mod p. We will

prove in Corollary 3.12 that there are exactly two solutions —namely ¢ = 0 and
2¢ = x™ (giving that the only spin®-structures which extend correspond to x™*
and xpjp = —x™*) which are known to induce the universally tight contact structures
on L(p?% pg—1). [l

To finish the proof of Proposition 3.4, recall that Ozsvath and Szab6 [2004b;
2004a] define relatively Z-graded homology groups HFY, HF™ associated to each
3-manifold endowed with a spinC-structure. If the spinC-structure is torsion, they
obtain absolute QQ-gradings [Ozsvath and Szabé 2006]. Using this grading, they
define the correction term d (Y, t) of any rational homology spin® 3-sphere (Y, t) as
the minimal degree of the image of a nontorsion element of HF* (Y, t) in HF ' (Y, t)
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[Ozsvath and Szab6 2003]. Of interest to the present problem, is the following
result of Ozsvéth, Stipsicz and Szabdé:

Proposition 3.9 [Ozsvith et al. 2005, Corollary 1.7]. Suppose (Y, ) is a rational
homology 3-sphere equipped with a symplectically fillable contact structure &
supported by a planar open book, then

d3(§) + 3 =—d(Y. ).

As every tight contact structure on a lens space is supported by a planar open book
[Schonenberger 2007], we gain knowledge about the three-dimensional invariant d3
from the correction term and vice versa. In particular, compare Lemma 3.8 with
the following result of Jabuka, Robins and Wang:

Proposition 3.10 [Jabuka et al. 2013]. Suppose that to and t| are spin-c structures
on L(p? pq — 1) such that their respective correction terms vanish. Then p divides
to—ti € H*(L(p? pg — 1))

Proof of Proposition 3.4. As & is symplectically fillable and supported by a planar
open book, Proposition 3.9 gives that

d(L(p% pg — 1), t) = —d3(§) — 1 =0.

Proposition 3.10 then gives that p divides t; — t;; and thus t; extends across B), ,
as tz does. Clearly § € E) 4, so by Proposition 3.7, § is contactomorphic to &. U

Finally, Proposition 3.7 relies on the observation that there are exactly two integral
solutions to Zfié(—l)i ¢ipe—i+1 = 0 mod p under the appropriate restrictions of

the c;. The following lemma gives bounds that imply this fact as a corollary.

Lemma 3.11. Fix integers co € (0,50 — 1], ¢; € [0, s;] forall 1 <i < ¢, and
ci+1 €10, 7y — 1]. Then for each k < £+ 1,

k
L= pe—2((k+1)/2)41 = Z(—l)icipefiﬂ <=1+ pe—(k/2),
i=0
and
01
—p <1=po < (=D Y (=D cipeis1 < p-1+2p0— 1 <2p.
i=0

Consequently, Zf:é (=1)ic;ipe—ir1 =0 ifand only if each c; = 0.

Proof. First, assume the inequalities; note cpp¢4+1 = O if and only if ¢ = 0. By
way of induction, suppose the only solution to Zfzo(—l)i cipe—i+1 = 0 is the
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trivial solution. Any purported nontrivial solution to Zfi& (—=Dicipe—iz1 =0, has
ck+1 > 0 by induction; however,

k

Cha1Pe—k > po—k — 1> (—=DF Z(_l)iCiPZ—i—H,
i=0

contradicting Zfi& (=1 ¢;pe—i+1 = 0. The lower bounds follow by noting that the

sum minimizes by taking the ¢; maximal for odd indices and zero otherwise: when
k<t{+1,

k L(k+1)/2]
Z (=D'cipe—iv1 = Z —0¢-2i42 P0-2i+2
i=0 i=1
Lk+1)/2]

= Z (Pe—2i43 = Pe—2i+1) = Pet1 = Pe—2[(k+1)/2]+1
i=1

here we use that s; = oy_;+ and that p;110;41 = p; — pi+2. The arguments are
similar for the upper bounds and those when k = £ + 1. O

Corollary 3.12. For the c; as in Lemma 3.11, there are exactly two solutions to

041
Y (=Dicipris1 =0 mod p.
i=0
Proof. By Lemma 3.11, |31 (=1)ci pe—it1| < 2p, so we only need to consider

solutions with o1

> (=Dicipe-is1 €10, £p).

i=0
The last inequality in Lemma 3.11 implies that if there is a solution summing to £p
then there is not one summing to =p. Lemma 3.11 also gives that there is exactly

one solution summing to zero. Note that choosing the ¢; maximal gives

£+1 14

D =D ™ e =s0—14Y (=Disipe—is1+ (=D e =D po= (=1 p.
i=0 i=l

This solution is necessarily unique; whenever Zf:é(—l)"ci,og,iﬂ = (=D)*p,

£+1

Y DA™ = )iy =0,

i=1

forcing each ¢; = ¢™**. Thus, there are exactly two solutions: c¢yjp =0 and ™. [J
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A Stein handle decomposition. Here we prove that each rational ball A,, , admits
a Stein structure filling the universally tight contact structure on the lens space
0A,, », thereby proving Theorem 1.2. By Proposition 3.4, it is sufficient to find any
Stein handle decomposition giving A,, », as all such Stein structures will induce
contact structures with three-dimensional homotopy invariant equal to —%.

The 2-handle attachment in A,, , defined by Yamada (Figure 2) is Legendrian.
However, the 2-handle is attached via the zero framing when measured against the
resulting contact framing. We prove that there exists an ambient isotopy within
S1 x §? of the attaching circle to a different Legendrian isotopy class satisfying that
the 2-handle is attached with framing one less than the contact framing induced from
this new Legendrian embedding. To that end, we have the following proposition.

Proposition 3.13. Each A,, ,, admits a Stein structure, fm,n, specified by the Stein
handle decomposition of Figure 8, where we assume { pi}f;ri | and {ai}fzo are as in
Definition 2.3.

This isotopy is performed in two steps. First the 2-handle is slid under the
1-handle (around a hemisphere of a {pt} x $2) once, then the 2-handle is dragged over
the 1-handle (winding in the S' x {pt} direction) repeatedly to arrive at the desired
Legendrian knot specified in Figure 8. Proposition 3.13, is proved inductively. To
motivate the proof as well as set up the base cases for induction we first slide the
2-handle of A,, , once under the 1-handle as shown in the upper left of Figure 9.
Referring to the portion of the attaching circle K passing behind the central plane
of the two attaching balls of the 1-handle as the “bad” strand, we can pair off
negative crossings in the bad strand with positive crossings in K by “unraveling”
the 2-handle. To accomplish this, begin by dragging the bad strand once over the
1-handle (bottom of Figure 9). By dragging the bad strand another og — 1 times
over the 1-handle we find the bad strand now involves p; — 1 strands rather than
the original p_; — 1 strands (upper right of Figure 9). In fact, if p; = 1, then we
immediately have the Stein structure (A, ., jm’n) of Proposition 3.13.

Remark 3.14. We cannot assume p; = 1. That said, the same principle holds far
more generally; there exist isotopies of K taking the bad strand from involving
p2i—1 — 1 strands to involving only p;4+; — 1 strands. This is the content of the
following proposition.

Proposition 3.15. For each integer k such that 0 < 2k < {, A, is specified by

attaching a 2-handle with framing mn + 2(m + n) along (the closure across the
1-handle of) the braid By, defined in Figure 10.

Proposition 3.15 immediately gives Proposition 3.13 in the case £ € 2Z since
pe+1 — 1 = 0 and the central band vanishes at the £-th stage. Proposition 3.15
is proved by investigating how long bands of blackboard parallel strands remain
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mn —2(m+n)
[ ]/\
__ 7
(o2}
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o2(p2 — 1) po—1
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Figure 8. The Legendrian 2-handle attachment specifying the
Stein structure (A, ,, fm,n). Here an integer superimposed on
a given colored band indicates the number of blackboard parallel
strands running within the band. Warning: The vertical scaling is
nonlinear and differs between the left and right foot of the 1-handle.

v,

together as they wrap around the braid By. To that end, we will denote the bands
moving downward in By by D; and those moving upward by U; (as in Figure 10).
Notice that we suppress the dependence on k for these bands since for each i < k,
D; (respectively U;) persists for larger values of k. The only labeled band that
changes when passing from By to By is Di, which splits off Dy, ;. Whereas,
Uy+1 consists of strands coming from the central band in By. With this notation in
place we have the following lemma:

Lemma 3.16. In the braid By, the D; band returns to itself shifted down exactly
P2i+1 Strands and the U; band returns to itself shifted up exactly py; — 1 strands
(e.g., see Figure 11 for the case when k = 0).



218 LUKE WILLIAMS

mn—2(m+n) (\
F .

L — | ]
I\
00
/
— |~
—
g
po—1

Drag the bad

Drag the bad
rag the ba strand another

strand once over

op—1 times over
the 1-handle.

the 1-handle.

Figure 9. The result of sliding the attaching circle K once under
the 1-handle, followed by isotopies of K as described.

Proof. We proceed by induction on k. The fact that the Uy and Dy bands return
to themselves shifted up pp — 1 and down p; strands respectively is evident when
looking at the closure of By shown in Figure 11.

Suppose the result holds for each 0 <i <k — 1 in Bx_;. It is immediate that
these shifts persist in By, for each of the U; and D; bands provided i < k. Therefore,
we only need to understand how the Uy and Dy bands return to themselves in By.
We investigate how the U band returns first. To do this, we trace the U band as it
enters and subsequently exits each of the D; bands.

The key observation here is that the D; band consists of a multiple of pp;41
strands as py; — P2i+2 = 02;4102i+1- When i < k, by induction, this is precisely
the number of strands by which D; shifts down when returning to itself. So the
uppermost p;;4+1 strands of D; remain within D; for a total of 07;11 — 1 returns
before exiting directly below the D; band entirely on the 09;4-th return. We prove
that the Uy band enters D; within the uppermost py; 1| strands. This is at least
feasible since the Uy band has few enough strands to fit into uppermost pp; 41 strands
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of D; as
k
02i+1 = P24+1+ Z (02j—1 = p2j+1)
j=it+l
k k
= P2k+1+ Z 02j02j = P2k+1 + Z (02j +02j(p2j — 1)).
j=itl j=it+l

When i = 0, we find that the Uy band indeed enters the Dy band entirely within
the uppermost p; strands as shown in the left side of Figure 12 (see also the upper
right corner of Figure 10).

From above, we know that after o returns, these p; strands will have been
shifted directly below the Dy band. Of these p; strands, the uppermost o, of them
then pair off with those between the Dy and D; bands and Uy is seen to enter the
D, band within the first p3 strands (e.g., see the center of Figure 12 taking i = 1).
This process repeats and we find that for each 0 < i < k, the Uj band enters the D;

= G
R — -
=/ /] =

02i(p2i — 1)

o2(p2 — 1)

- —
U;

U, o2p2—1

Uy 90(po— 1)/'

Figure 10. The braid By: Isotoping away the “bad strand” of the
attaching circle for the 2-handle in A,, ,. The bands labeled D;
and U; are those described in Lemma 3.16. Warning: the 1-handle
of A has been suppressed and the vertical scaling is nonlinear.
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Figure 11. Left: The Uy band in the braid By returns to itself
shifted up by pg — 1 the number of strands in the Dy band. Right:
The Dy band in the braid By returns to itself shifted down p; the

number of strands in the central band.

55 D;_4
—5 0%;
: _02i+2 D
__ Ok : k—1
Qj& P1 D ENCH | A, 6 02k
k 0 —pﬂ2'+1 —_Puxi— p
: Us D; v, o
U, :
—— ™ Ui+l _ Uk
oi(p1 —1) VL

02i41(02i41 — 1)

Figure 12. Left: The U, band entering the Dy band. Center: The
Uy band entering the D; band for 0 < i < k. Right: The Uy band
meeting the Dy band. Notice that the Uy band has returned to itself
shifted up by exactly pyx — 1 strands — the number of strands in
the Dy band.

band as in the center of Figure 12. Therefore, we see that in By the strands in the
U band remain blackboard parallel through each of the D; bands for i < k. When
the Uy band exits the D;_; band, the U has returned to itself shifted up by the
number of strands in the Dy band, that is, up by exactly pp; — 1 strands, as claimed
(see the right side of Figure 12).
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U, Uit
(02i = D(p2i = 1)
—1 —1
(00— (oo — 1) e | U —
U() :,OZi -1 k P2k+1
00 — P2k ] Dy T
- _ k
po—1
Dx l Ui

Figure 13. Left: The Dy band entering the Uy band. Center: The
Dy band entering the U; band for 0 < i < k. Right: The D; band
returning to the Dy band. Notice that the Dy band has shifted down
by exactly ppx+1 strands.

Knowing that within the braid By, each U; band returns to itself shifted up by
exactly pp; — 1 strands, for each i less than or equal to k, now allows us to show that
Dy, returns to itself shifted down pox1 strands. The approach is the same as above;
we make use of the fact that the number of strands in the U; band is a multiple
of the number of strands by which the U; band shifts up when first returning to
itself within By. Our induction hypothesis then ensures that the lower most py; — 1
strands in U; can be shifted up and out of U; to the pp; — 1 strands above.

We follow the D, band as it enters and exits each of the U; bands. First, notice
that the Dy band enters the Uy band as the lowermost py; — 1 strands as in the right
side of Figure 13 (see also the lower right corner of Figure 10).

By induction, we know that when tracing the Uy band as it returns to itself, the
lowermost pg — 1 strands are shifted up by pp — 1 strands. So Dy enters Uy a second
time shifted up by pg — 1 strands. This process repeats a total of o times before Dy
exits Uy and enters U; as the lowermost py; — 1 strands. Continuing by induction,
for each 0 < i <k, we find that Dy enters U; as in center of Figure 13. From above,
we know that the Uy band returns to itself shifted up ppr — 1 strands, so the Dy
band continues through the Uy band oy times before exiting directly above the Uy
band (right side of Figure 13). At this point, Dy has come back to itself shifted
down by pr41 strands, giving the result. U

Proof of Proposition 3.15. We proceed by induction on k. Figure 9 gives the case
when k£ = 0. Suppose K has been isotoped to By for some k with 2k < £ —2. We
view the “bad” strand as a tangle on pyx4 strands. We begin to push this tangle over
the 1-handle repeatedly. Notice that anytime the bad strand enters D;, Lemma 3.16
ensures that it can be moved down p,; 1 strands. The bad strand initially enters the
Dy band within the uppermost p; strands (see the upper left of Figure 14).
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ok
2k\_/ DO

Figure 14. Pushing the bad strand into Dy (upper left). Repeated
application of Lemma 3.16 proves that the bad strand can be pushed
into each D; for i < k (center left) and for i = k (bottom left).

Applying Lemma 3.16, o times to the Dy band shows that the bad strand can
be isotoped (by pushing it along the blackboard parallel strands of Dy) into the
uppermost p3 strands of the D, band. By applying Lemma 3.16 to each D; band,
we can position the bad strand within the uppermost po; 41 strands of the D; band
(see Figure 14) for each i < k.

As Dy, consists of por —1 = pok4102k+1+ p2k+2—1 strands, applying Lemma 3.16
to Dy, we can move the bad tangle down a total of oo times before it begins to
leave Dy. At this point, we find that the bad strand only involves por 11— (p2k+2—1)
strands. This occurs at the expense of splitting the lowermost pyr42 — 1 strands
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AN

AR \\\NIN

Figure 15. Top: The result of pushing the bad strand once through
each of the D; bands. Bottom: The result of pushing the bad strand
j-times through each of the D; bands. When j = o742, we have
the completed the isotopy from B; to Bji; claimed in
Proposition 3.15.

from Dy, thereby forming what will be the Dy, band within the braid By, (top
of Figure 15).

This process is repeated, each time the bad strand involving pr42 — 1 fewer
strands. Repeating the process j times results in the bottom of Figure 15. Taking
J = 02k42 then gives Byy. O

Proof of Proposition 3.13. By Proposition 3.15, the 2-handle attachment of Figure 8
is isotopic to the 2-handle attachment defined by Yamada (Figure 2). Indeed if
£ € 27 then B, agrees with Figure 8. When ¢ € 27 + 1, one applies the induction
step of Proposition 3.15 a final time to arrive at Figure 8. Therefore, Figure 8
specifies Ay, .

Moreover, as each isotopy from By to By is writhe preserving. The writhe
of By is that of By which equals mn — 2(m + n) + 2. Therefore, the 2-handle
attachment of Theorem 1.2 is Stein since K’s induced contact framing is

writhe(K) — #(left cusps) = (mn — 2(m + n) + 2) — 1.
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Eliashberg’s characterization of handle decompositions of Stein domains [Eliashberg
1990; Gompf 1998] then gives that A,, , is realized as a Stein domain. O

Proof of Theorem 1.2. The fact that (0A,,; ., &5 i ) is contactomorphic to the univer-
sally tight lens space (L(p% pg—1), &) follows by noting that any almost complex
structure on the rational ball A,, , (indeed any rational ball) satisfies

C%(Am,na J) - 2X (Am,n) - 3U(Ar11,n) _ 1

4 -
thus d3 (& > i )_ -3 By Proposition 3.4, £ ; i 1s universally tight. Since (A4, ,, ~m n)
gives a symplectlc filling of the space (L ( % pg — 1), &), Lisca’s classification
then gives that A, , ~ B, 4. U

4. Boundary diffeomorphisms

From here, we pursue a handle-theoretic approach to understanding the diffeomor-
phisms B, , ~ A,, , ensured by Theorem 1.2. To that end, we define maps from
0B, 4 and 0A,, ,, to the same linear plumbing of § bundles.

It is worth noting that such diffeomorphisms have been known previously.
Yamada [2007] produces similar diffeomorphisms from dA,, ,, to L( p2, pqg—1)
expressed as the boundary of C, ,. To accomplish this, one must carefully keep track
of every stage of the Euclidean algorithm applied to (p —¢q, ¢) = 1. We perform a
courser bookkeeping of the Euclidean algorithm via Definition 2.3, which allows
for arguably clearer definitions. However, we do this at the expense of arriving
at the plumbing of Proposition 2.5 rather than C, ,. This approach has the added
advantage of applying to dB, , in a structurally similar way.

Composing these maps gives a diffeomorphism from 9B, ;, to dA,, , that can be
seen as a restriction of a diffeomorphism between the 4-manifolds B, ; and A, ,
through carving, introduced by Akbulut [1977]; see also [Akbulut 2016]. By doing
so, we will prove Theorem 1.3 as well as Corollary 1.4. For convenience we briefly
outline the carving procedure.

Carving 4-manifolds. Suppose we have two 4-manifolds X and X’ and a diffeo-
morphism f : 39X — 3X’ where X admits a handle decomposition consisting of
a single 0-handle, £ 1-handles, and N 2-handles, where the i-th 2-handle 4; is
attached along a knot K; in #k(S! x $2). Let u; denote the belt-sphere of h; (i.e., a
meridian of K;).

If f extends to a diffeomorphism between X and X', then in particular it extends
across a neighborhood of the collection of cocores of the 2-handles in X. Thus, a
necessary condition for f to extend is the property that the image of the belt-spheres
f(u)U---U f(uy) must be a slice link in d X’. That is, there exists a collection
of properly embedded disks D; C X’ such that D; N D; = @ and dD; = f(u;).



ON HANDLEBODY STRUCTURES OF RATIONAL BALLS 225

)z 2 =~ r,»,lr,»—l
e CE- T
1 |
Si-2 | i
> p
(=1)'so Gﬂ WW |
( 1)1 1

Figure 16. The 4-manifold B!

Assuming this, if f carries the O-framing of each u; (induced by the cocore) to the
framing of f (u;) induced by the slice disk, then f extends across the neighborhoods
of the cocores of the 2-handles in X. In order to extend f across the rest of X, we
are left needing to extend a map fy : #k(S I'x §%) — #k(S! x §?). Laudenbach and
Poenaru [1972] prove that every self diffeomorphism of 9 (1k(S 1'% B3)) extends.
Therefore, fy extends provided that

X' —v(DyU---UDy)~tk(S' x B

as obviously removing neighborhoods of the cocores of the 2-handles in X gives
ok(S! x B3).

Boundary diffeomorphisms: 9B ,. The key observation to build such maps is
that if p =¢gs +r, then 9B, 4 is obtained from d B, , via integral surgeries on two
unknotted circles. The boundary maps that we are after are obtained by iterating this
process. As we define these maps, we trace the belt-sphere of the single 2-handle
of By .

Proposition 4.1. Let {r; }”21 and {sl} be as defined in Definition 2.3. Then for
eachi €{0,...,£+1},0B,, ~ E)Bp’q where Bzia,q is the 4-manifold specified by
Figure 16.

Proof. We induct on i. When i = 0, the result is immediate since BS, ¢~ Bpg-
Therefore, the proposition holds provided that aBziw ~ 83;;;1. Let K { be the
attaching circle of the r;_;r; — 1-framed 2-handle in B,, ,. Suppose the result holds
for some i < £. For i 4 1, first, surger the single 1-handle and introduce a canceling
pair of 1- and 2-handles to remove the s;-full twists between K i and the, now
surgered, 1-handle (Figure 17).
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Figure 17. Introducing a canceling pair after surgery.
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Figure 18. Isotoping K!.

Since K i links the new 1-handle r; times, the framing on K i decreases by s; rl.2

and the new framing on Ki 18
2
rioiri —1 — Sir; =ri(ricy—sir)—1=ririp — 1.

Sliding the —s;_;-framed 2-handle under the new 1-handle as indicated in Figure 17,
and isotoping the r;-stranded band (see Figure 18), we find that the r;-stranded
band traverses the 1-handle (positively) s;4-times as a complete band, while r; 2
strands traverse an additional one time to make up the complete s;17j+1+riv2 =7r;
linking. With this view in mind, we isotope K i into a closed braid on ;4 strands
appropriately linking the carving disk of the 1-handle; see Figure 19. The result
holds by induction. (]

Remark 4.2. At no point does 1, the meridian of K {, get damaged under the
boundary diffeomorphisms defined in Proposition 4.1. In particular, for each i, |
bounds a disk in le;, o and the image of a collar neighborhood of p; arising from
such a disk persists under the boundary diffeomorphisms defined above. So, each
diffeomorphism preserves the O-framing on ;.
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Figure 19. Further isotopy of K i to K i“

Figure 20. The space B, !'.

Since rp+1 = 1 and ryyp = 0, by definition, s¢41 = Spy17e41 + Fe42 = re. By
looking at Bﬁj}l we arrive at the following result of Casson and Harer [1981].

Corollary 4.3. 3B, , ~ L(p? pq —1).

Proof. By Proposition 4.1, we have that B, ; ~ 8B1f;1 (Figure 20). The boundary

diffeomorphism from aBﬁ;l to a linear plumbing of S'-bundles over S? is contained
in Figure 21. U

Remark 4.4. It is an easy exercise to verify that the linear plumbing in Figure 21
bounds L(p?, pg — 1). Indeed, one finds that

P2

pqg—1

[_50,51,---,:|:r£, la:Frg""9_Sl’S0]=_

Boundary Diffeomorphisms: dA,, . As in the previous section, we exhibit ex-
plicit diffeomorphisms, this time from 9A,, , to L(p? pg — 1). As the image of
w1 is given as the O-framed push-off of the attaching circle of the central 1-framed
unknot at the bottom of Figure 21. We will trace where the curve, y in Figure 3,
goes as well — finding that it too goes to the O-framed push-off of the central
1-framed unknot via an appropriately defined diffeomorphism. We want to define
these diffeomorphisms similarly to those of Proposition 4.1.

Lemma 4.5. A,, , is given by Figure 22.
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Figure 21. From top to bottom: The introduction of a canceling
pair to BIf;] after surgery; the result of the indicated slides; a linear
plumbing associated to 0B, 4.

Figure 22. An alternative description of A, ,.

Proof. The result follows from an isotopy of the 2-handle’s attaching circle. First,
view the m +n strands of the attaching circle in Figure 2 as a band of » strands going
over the 1-handle once with the remaining m strands going over twice (left side of
Figure 23). Viewing the band of m strands going over the 1-handle completely o
times with p; strands traversing an extra time (right side of Figure 23) gives the
result. ([

Using Lemma 4.5, we prove the analog of Proposition 4.1 in the 04,, ,, case.
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Figure 23. The isotopy of the 2-handle in A,, , used in the proof of Lemma 4.5.

SN
RSN I
Vi INIIN INIEN y

& A ]

Q&---)@m@@@ﬁjy

Figure 24. The 4-manifold Afn’ "

Pi—1Pi

Proposition 4.6. Let { p,-}fizl and {ai}f:é be as defined in Definition 2.3 (associ-

atedton > m > 1). Then for eachi € {0, ..., £+ 1},
0 4
Amn ™ Al
where A, . is the 4-manifold given by Figure 24.

Proof. We induct on i, treating the base case and the induction step simultaneously.
For the base case, start with the handle decomposition from Lemma 4.5. For the
induction step, suppose that the result holds for some i < £. Let K i be the attaching
circle of the p;_1p;-framed 2-handle in Afn’n. Surger the 1-handle and introduce a
canceling 1- and 2-handle (for the base case see the left side of Figure 25, for the
induction step see Figure 26). Notice, similar to Proposition 4.1 the framing of K i
changes from p;_1p; to 0; P;i+1.

Slide the now surgered 1-handle as indicated in the respective figures and, for the
base case, blow-up once (right side of Figure 25). From here the base case follows
similarly to the induction step; both of which are similar to Proposition 4.1. Indeed,
isotope K { to view a band with p; | stands traversing the 1-handle o;-times along
with p; 1, of those strands traversing an extra time as in Figure 27.
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S

Figure 25. The base case of Proposition 4.6.
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Figure 26. Introducing a canceling pair.
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Figure 27. Isotoping K| in A
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Figure 28. Further isotopy of K! to K i“ in Aﬁj,]l
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Figure 29. The space Alt!.

A further isotopy of K i gives a closed braid on p;4; strands geometrically
linking the carving disk of the new 1-handle p;-times. Finally, notice that to get the
appropriate linking on the chain of unknots, we have to wind the chain (as indicated
in Figure 28) to add a total of i positive half-twists to the left of the disk bundle of
Euler class 1 along with i negative half-twists to the right. The result follows by
induction. ]

Corollary 4.7 [ Yamada 2007, Theorem 1.1]. dA,, ,~ L(p% pg—1) for (p—q. q) =
A(m, n).

Proof. By Proposition 4.6, dA,, , ~ dA'"!; see Figure 29. We proceed as in

m,n?
Corollary 4.3. The boundary diffeomorphism from 8Afnf,} to a linear plumbing of
S'-bundles over S? is contained in Figure 30. ]

Remark 4.8. The fact that dA,, , is L(p? pg—1) for A(m, n) =(p—q, q) follows
by noting that given p and ¢, or equivalently m and n, we can define the other pair
by an appropriate identification of the linear plumbings in Corollaries 4.3 and 4.7,
provided that 5o > 1 (that is, provided that p — g > ¢, which we have assumed all
along). In fact, as we have chosen to do in Remark 2.4, this can be taken as the
definition of the function A defined by Yamada [2007]. Notice also that y bounds
a disk in each aAfn’ ,, as well as in the linear plumbing of Figure 30. Furthermore,
each boundary diffeomorphism defined in Proposition 4.6 and those of Corollary 4.7
preserve the O-framing of y specified by those disks. Therefore, we can employ the
carving method provided that carving along y gives S' x B3, which it does:

Proposition 4.9 Proof of Corollary 1.4. Carving A, , along y gives S' x B

Proof. Carving A,, , along the curve y means removing a neighborhood of the disk
y bounds inside A,, ,. The resulting handlebody decomposition is given by that
of A,,.» along with an extra 1-handle whose carving disk is y. If we let y; be the
analogous curve in A, | ,., then the result of carving A,, | , along y; is given in
Figure 31.
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Figure 30. The result of surgering A“] and introducing a cancel-
ing pair; the result of sliding and cancehng as indicated gives a
linear plumbing associated to dA,, ,.

Figure 31. A, ,. carved along y;.

Notice that A,, , = Ap,,»_, and y = yy. By sliding the original 1-handle across
the newly carved 1-handle o; times, twisting the 1-handle o;-times (negatively) and
finally sliding as indicated in the left side of Figure 32 we arrive at A, ,, ., carved
along y;4+1 (right side of Figure 32). Therefore, the result of carving along y; in
Ay, p; 1s diffeomorphic to carving along y; 41 in Ay, 5, ,. As carving Ay ,, along
ve gives S' x B3 we have the result. (]

Proof of Theorem 1.3. As A(p — q, q) = (m, n), we can identify the plumbings
of Figures 21 and 30. By first, applying the diffeomorphisms of Proposition 4.1
we get a diffeomorphism from 9B, , to the boundary of the linear plumbing of the
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Pi Pi+1 Pi Pi+1

<

isotopy

Figure 32. A, , , carved along y; after sliding and twisting o;-times.

bottom of Figure 21 carrying u; as indicated. Applying the diffeomorphisms of
Proposition 4.6 in reverse from the boundary of the linear plumbing of Figure 30 to
A, gives the required diffeomorphism f: 9B, , — 04, ,. (|
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We compute certain Fourier coefficients of Eisenstein series on the split
simple exceptional group G;, and the result is a product of zeta functions
and a finite product of local integrals. The method is via exceptional theta
correspondence for G, x PGL;.
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1. Introduction

Let F be a number field with adele ring A. Consider the split simple exceptional
group G, over F. Let P = M - N be the maximal Heisenberg parabolic subgroup of
G, associated to the short simple root. Then the Levi subgroup M = GL; and the
unipotent radical N is five-dimensional. For s € C, let Ip(s) = Indgff@) |det|s*3/2
(unnormalized induction). For ®; € Ip(s), consider the Eisenstein series on G (A)

defined for Re(s) > 0 by

E@,g)= Y  ®yg), forall geGyA).
YEP(FO\G2(F)

If @, is holomorphic, then the Eisenstein series E(®;, g) is absolutely convergent

for Re(s) > 0 and has a meromorphic continuation to C.

MSC2010: 11F27, 11F30.
Keywords: exceptional group, Eisenstein series, Fourier coefficients, minimal representations,
exceptional theta correspondence, higher-dimensional Hensel’s lemma.
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Consider the Fourier coefficient of the Eisenstein series E (P, g) with respect
to a character x : N(F)\ N(A) — C*, which is given by

E(@ug)= [ E@.ngxmdn.
N(F)\NA)

These Fourier coefficients are interesting objects of study. For example, Dihua
Jiang and Stephen Rallis [1997] showed these Fourier coefficients are essentially
quotients of Dedekind zeta functions of number fields, under the assumption that
the base field F contains the third root of unity. Our goal is to obtain similar results
without this assumption. In the following, we give more detailed description.

Write an element in N as n(x, y, z, 4, v), where x, y, z, u, v € F. The center Z
of N is givenby Z={n(0, 0, z,0,0) : z € F'}. In this paper, we restrict our attention
to the following type of characters of N. Fix a nontrivial character ¥ : F\ A — C*.
Let b, ¢ € F be such that the cubic polynomial x* 4+ bx — ¢ is irreducible over F.
Leto = (1,0, b, ¢) € F* and define a character ¥, : N(F)\ N(A) —» C* by

Ye(n(x,y,z,u,v)) =¥+ bu-+cv).

Note that ¥, is trivial on Z(A). See [Jiang and Rallis 1997, §2.4] and [Wright
1985, §2] for more details.

Jiang and Rallis [1997] studied the Fourier coefficients of E(dy, 1) with respect
to the character 1, for a standard decomposable section ®;. They first showed that
if &; = ®d, , is decomposable, then Ey (P, 1) is Eulerian:

Ey, (@, 1) =[] Ey,0 (@50, D),
v

where

Ei//g,v(q)s,w 1) = / cbs,v(wn)l/fo,v(n) dn,
N(Fy)
and w is an appropriate Weyl element.

Then Jiang and Rallis evaluated the integrals Ey,_ ,(®; ,, 1) in the unramified
case directly, with the help of [Igusa 1988, Lemma 6]. Let E be a cubic field
extension of F generated by one of the roots of the polynomial x> 4 bx — c.
Assuming that F' contains the third root of unity, they obtained, after a rather long
and complicated computation, that in the unramified case,

_ ¢e, (s +3)
Cu(s + 3)eu(s +3) ¢ @s + Dey(3s +3)

where ¢,(s) and (g, (s) are local zeta factors (see [Jiang and Rallis 1997, §5]).
Therefore, for a pure tensor ® = ®®,,, the Fourier coefficient Ey_(®y, 1) is of the

Ewa,v(q)s,va 1)
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following form:

ce(s+ 1)
E ,,(q)s»l)= | | (q)s vy ’
v ;F(S+%)§F(S+ );F(2s+1){p 3S+ 1//0

where {r(s) (resp. (e (s)) is the complete zeta function of F (resp. of E), and the
local factors E;mv(@s,v, 1) is equal to 1 for almost all v. See [Jiang and Rallis
1997, Theorem 2 (4)].

The assumption that the base field F' contains the third root of unity seems to
be nonessential, as observed by Jiang and Rallis [1997]. Note that Gan, Gross and
Savin calculated the Fourier coefficients for Eisenstein series on G;(Z) in [Gan
et al. 2002, §9], assuming an extension of Jiang and Rallis’s local result.

The purpose of this paper is to try to remove this assumption, and the method
of proof, which was suggested to the author by Wee Teck Gan, is to reduce the
computation to local integrals over PGL3 via exceptional theta correspondence for
the dual pair (G,, PGL3). The main result of this paper is as follows:

Theorem 1.1. Keep the notation above. If ®; = @D, ,, is a pure tensor, then the

Fourier coefficient Ey, (®y, 1) is of the following form:
CE (s + %)

er(s + 1) er(s 4+ 2)er@s + Dep(3s + 3)

Ey, (g, 1) = Joo(D9) - [ | Jo(@y),

vtoo

where Joo (®y) and each of the J,(Py) are meromorphic functions of s, and J,(®Py)
is equal to 1 for almost all finite v.

Let us give more details on the contents of this paper. Let H be the split simple
adjoint group of type Eg over F. Then G, x PGL3 forms a dual pair in H. The group
H (A) has a distinguished representation IT called the minimal representation, which
has an embedding 6 : IT — A, (H) into the space of square integrable automorphic
forms on H (see [Ginzburg et al. 1997]). For f € II, as in the classical case [Weil
1965; Kudla and Rallis 1988a; 1988b], one may define the theta integral on G2 (A) by

1(f)(g) = / 6(f)(ghydh, forall g€ Ga(A),
PGL3(F)\PGL3(A)

but this integral may not converge. Analogous to [Kudla and Rallis 1994; Ichino
2001; 2004], W.T. Gan [2011] found a regularization of the theta integral. For
f €11, the regularized theta integral is defined by

I8 f. 5)(g) = / ) 8- )(gh) E(h, s) dh,

PGL3 (F)\PGL3(A)
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where 7 is some element in the Bernstein center of PGLj3 at some finite place of F,
and E (h, s) is a spherical Eisenstein series on PGL3. Note that (z- f) is rapidly de-
creasing on PGL3(F)\PGL3(A), so the integral defining /™2( f, s)(g) is convergent.

As in the classical case [Kudla and Rallis 1994], Gan showed that regularized theta
integral ™8 (f, s)(g) is essentially an FEisenstein series E(®(f, s), g) associated
with a meromorphic section ®(f, s) in Ip(s). Thus the Fourier coefficients of
the regularized theta integral contains information of the Fourier coefficients of
Eisenstein series.

The contents of this paper are as follows. In Section 2 we give notation and
preliminaries. In Section 3, we study the Fourier coefficient of the regularized theta
integral I™€( f, s)(1) with respect to ¥, which turns out to be equal to an integral
over PGL3(A) and can be decomposed as the product of an archimedean part and a
finite part. In Section 4, we compute the local unramified factors in the finite part
with the help of the higher dimensional Hensel’s lemma. In Section 5, we give the
proof of Theorem 1.1.

2. Notation and preliminaries

Groups and principal series. In this paper (except in Section 4), F is a number
field with adele ring A, b and c are two elements in F such that the cubic polynomial
x3 4 bx — c is irreducible over F, and E is a cubic field extension of F generated by
one of the roots of the polynomial x3+4bx —c. For a place v of F, let F,, be the corre-
sponding local field. If v is a finite place of F, let O, be the ring of integers in F,, @,
a uniformizer of O,, k, = O, /@, O, the residue field, and g, the cardinality of k,.

Fix a nontrivial character v : F \ A — C*. For each place v of F, take the Haar
measure dx, on F, which is self-dual with respect to v,. For a finite place v, if ¥,
is unramified (i.e., v, is trivial on O, but nontrivial on @~ 10,), then Vol(O,) = 1.

For an algebraic group G over F, denote [G] = G(F)\ G(A).

Let G be an algebraic group over F, and let P = NM be a parabolic F-subgroup
of G with Levi subgroup M and unipotent radical N. Let K = [ K, be a maximal
compact subgroup of G(A), where each K, is a maximal compact subgroup of
G (F,) such that G(F,) = P(F,)K, for every place v of F. Then there is an
Iwasawa decomposition G(A) = P(A)K. Let § p be the modulus character of P. For
s € C and a character x : M(F)\ M(A) — C*, the principal series representation
Indgéﬁi X - 0 is the space of all smooth functions ®; : G(A) — C such that
O (nmg) = x(m)Sp(m)*dy(g) foralln € N(A), m € M(A) and g € G(A). An
element in Indggg x -6 is called a section. Because of the Iwasawa decomposition,
a section is determined by its restriction to K. A section ®; is called holomorphic
(resp. meromorphic) if s — ®;(g) is a holomorphic (resp. meromorphic) function in
s for every g € G(A). A standard section is a holomorphic section whose restriction
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to K is independent of 5. For a place v of F, s € C and a character yx, : M (F,) — C*,

one can define the local principal series representation Indggﬁ Xv8p similarly. For a

place v of F, the spherical vector q)?’v in Indgg;z; Xv9'p is the one whose restriction to

K, isequalto 1. Then Indgéﬁ; X -0 is the restricted tensor product of Indggg’i XuOp
with respect to @?’U, as defined in [Bump 1997, pp. 300-301]. A section is called
decomposable if it is of the form ®; = ) ., with each &, € Ip (s). A pure
tensor is a decomposable section ®; = ) @, where almost all ®; , are spherical

vectors.

Minimal representations. Let H be the split simple adjoint group of type E¢ over
F, which is explicitly described in [Magaard and Savin 1997, §3] . We also simply
write H = Eg¢. Then H (A) has a distinguished representation IT = ), IT, called
the minimal representation, where each I, is the local minimal representation of
H(F,). Each I1, is an irreducible spherical representation of H (F,) with spherical
vector £, and T is the restricted tensor product of IT, with respect to f°. See
[Kazhdan and Savin 1990; Ginzburg et al. 1997; Gan and Savin 2005] for more
details.

Let Py = Ny My be the Heisenberg parabolic subgroup of H, where My is the
Levi subgroup and Ny is the unipotent radical, so that N is a Heisenberg group with
one-dimensional center Zy. For a finite place v of F, let 2, be the minimal nontriv-
ial orbit of My (F,) on the set of unitary characters of Ny (F),), which can be non-
canonically identified with Vy(F,) = Ny (F,) / Zy(F,), where Ny is the opposite
of Ny and Zy is the center of Ny. Then there is a Py (Fy)-equivariant embedding

iy: (HU)ZH — Coo(Qv)a

where (I1,)z, = I, /{(Il,(2Q)f — f |z € Zu(Fy), f € I1,) is the maximal Zg-
invariant quotient of IT,, and C*(£2,) is the space of locally constant functions
on £2, (see [Gan 2011, §2.3]).

For a finite place v of F, let fl()) be the image of the spherical vector fvo in (Ily)z,.
Then the action of ff} on 2, is easily described as follows. For each n € Z, let
Q,(n) = Q,N (@ Ay \ @1 A,), where A, = Vi (O,) is the O,-lattice in Vi (F,).
Then J_‘S is constant on each ,(n); more precisely, it is zero on Q,(n) if n < 0,
and it takes the value (¢"*' — 1)(g, — 1)~! on Q,(n) for n > 1. See [Kazhdan and
Polishchuk 2004, Theorem 1.1.3] or [Gan 2011, §2] for more details.

3. Reduction to PGLj3

Exceptional theta correspondence. Let H = E¢ be the split simple adjoint group
of type Eg over F. Let IT = (), IT, be the minimal representation of H (A). There
is an H (A)-equivariant embedding 6 : I1 — A, (H), where A (H) is the space of
square integrable automorphic forms on H (see [Ginzburg et al. 1997]).
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Consider the dual pair G, x PGL3 in H = E¢ as in [Magaard and Savin 1997],
where G, denotes the split simple group of type G, over F. See [Carter 1972] for
more details on the structure of exceptional groups.

For f € II, the associated theta integral on G,(A) is defined by

1()(g) =/ 0(f)(gh)dh, forall g € G2(A),
[PGL3]

where [PGL3] = PGL3(F) \ PGL3(A). This integral may not converge. Similar to
[Kudla and Rallis 1994; Ichino 2001; 2004], W.T. Gan [2011] found a regularization
of the theta integral by using an element z of the Bernstein center of PGL3 at
some finite place vy of F. Precisely, z belongs to the component of the Bernstein
center associated to the trivial representation of PGL3(F;,), which is equal to
Clxy, x2, x3, xl_l, xz_l, x3_1]s3/(x1x2x3 —1),and z = ]_[?:1 (x; —c])(xl._1 —q), where
q is the order of the residue field of F at vg. For any f € I, the function 6(z - f) is
rapidly decreasing on PGL3(F) \ PGL3(A) (see [Gan 2011, Proposition 5.2]). The
regularized theta integral is defined as

I™8(f, S)(g)=/ 0(z- )M E(h,s)dh,
[PGL3]
where E(h, s) is the spherical Eisenstein series associated to the spherical vector

@din Io(s) = IndPQ(g]Aj‘; ) |det|**+1/2, and Q = UL is the parabolic subgroup of PGL3

with Levi subgroup L = GL, and unipotent radical U = F2.
The regularized theta integral is essentially an Eisenstein series. The following
results are proved in [Gan 2011, §6].

Proposition 3.1. (i) For f € Il and Re(s) > 0,
I"™8(f, $)(g) = P.(S)E(Q(f, ), &),

where ® (f, s) is a meromorphic section in Ip(s) = Indgfg) |det|*T3/2, and

P ="~ a) ¢~ a)(a "t )2 ~a)(a® —a) (g > ~q).

where q is the order of the residue field of F at vy.

(i) If f =@ f, is decomposable, then ®(f, s) = Q) ©y,(fy, §) is also decompos-
able; if v is a finite place and fv0 is the spherical vector in I1,, then

D, (f,),5) =Lu(s + 5)Cu(s +3) 00 (2s + DPY(s),
where <I>8(s) € Ip y(s) is the spherical vector.

We see from this proposition that the Fourier coefficients of the regularized theta
integral are closely related to those of the Eisenstein series. Next we study them.
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Fourier coefficient of regularized theta integral. For f € I, consider the Fourier
coefficient of I™8(f, s)(1) with respect to the character 1,, which is given by

IE(f9)(1) = [N]%_(n)l“’g(f,s)(n)dn

= Y.(n) 0(z- f)(nh)E(h, s)dhdn.
[N] [PGL3]
We want to interchange the order of integration in the above iterated integral. By
Fubini’s theorem, this is possible if the integral

ff 0(z- £)(nh)E(h, s)dhdn
[N] J[PGL3]

is absolutely convergent. The author of this paper did not know how to prove this
statement. Luckily, the referee communicated a note to the author in which the
following inequality is proved:

For every integer r, there exist an integer m and a constant ¢ such that

) 10(z- g = cligl™llrlI™"

for all g € G>(A) and h € S, where || - || is the height function as defined in
[Meeglin and Waldspurger 1995, page 20] and S is a Siegel domain in PGL3(A)
with PGL3(A) = PGL3(F)S.

The absolute convergence of the integral thus follows from the above inequality,
since E(h, s), as an automorphic form on PGL3, is of moderate growth, and the
height function is bounded on compact sets.

So we have
I‘f;:yg(f, s)(1) =/ E(h,s)/ Vo (m)0(z - f)(nh) dn dh.
[PGL3] [N]

Next we study the Fourier coefficient f[ N]MQ(Z - f)(nh) dn of the function
0(z- f)-

Let Py = Ny - My be the Heisenberg parabolic subgroup of H = Eg. Let Zy
be the center of Ny. Then Zyg = F and Vy := Ny /Z=F O M3(F)DO M3(F)D F
([Magaard and Savin 1997, p. 114]). Furthermore, P = Py NGy, N = Ny N G»
and Z =Zy.

Let V = N/Z, which is abelian. Then

Fa OG- ) (nh)dn = / Fa 0z )72 (vh) dv,
[N] [V]
where

6(z- )z (vh) = f

0(z- f)(zvh) dz.
(2]
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Let ©2 be the minimal nontrivial orbit of My (F) on the set of unitary charac-
ters of Ny (F) \ Ny (A), which can be noncanonically identified with Vy(F) =
IVH(F)/ZH(F), where Ny is the opposite of Ny and Zy is the center of Ng.

By [Gan and Savin 2003, Proposition 5.2], the term 6(z - f)z has the following
Fourier expansion along Ng:

0z- [z =Y 0@ fing.(h),

xeQ

where Q is the union of  with the trivial character, and the term 6(z - f)n, . is
given by

Oz [Iny.p () = / 6(z - f)(nh) 1) dn.

[Nu1

Moreover, since 6(z - f) is rapidly decreasing on PGL3(F) \ PGL3(A), this Fourier
expansion converges absolutely and uniformly on compact subsets of PGL3;(A).
So,

Ye()O(z- f)(nh)ydn= | Ys)0(z- f)z(vh)dv
N] [V]

- Kv]m<z Q(Z : f)NH,X(U/’l)) dv

XeQ

= Z/ Vo0 [Ny, (Wh) dv,

[Vl

[

XEQ
where the order change of the integration and summation is justified by the uniform

convergence of the Fourier expansion. Then

Ny

Vo (MO - f)(nhydn ="y / Vo) | 6(z- f)(vh)x(n) dndv
(V] cen V] [
ZZ/ xlfa(v)x(v)f 6(z- f)(nvh)x(nv) dn dv
o’V [Nu]

=Z/ Yo )X Oz fny . (h) dv

yeQ [V]
= Z%-fm,x(h)f Tt 1 (v) dv.
xeQ [V]

Note that

Vol([V]D) =1 if xlva) = Yo,
0 otherwise.

Yo (V) x (v) dv = {
[V]
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Thus
/ Vo MO(z-N)nhydn=" > 0GP W= Y 0y,
(V] X€Q5X|V(A):wa XEQ:Xlvimy=VYs
since Y, is nontrivial.
Let Q¥ ={x € Q: x|va) = ¥o}. Then
| o pendn= 3 06 Fr. b
[N] 0
XEN
It follows that the Fourier coefficient of 1™2( f, s) (1) with respect to ¥, is given by
BESOW = [ E0is) 3 06 P b dn
[PGL3] )
XEN
Note that @ C Vy = ]VH/ZH =F & M;5(F)® M3(F)® F can be described as
Q= {(a,x,y,b): y* =bx,x* =ay, xy = abl3},

where I3 is the identity matrix in M3(F), and x¥ is the adjoint of x € M3(F).
Also V = ]V/Z CVy= IVH/ZH can be described as

V=FOF®F®F.
The restriction from Vj to V is given by
(a,x,y, B) = (, Tr(x), Tr(y), B).
Foro =(1,0,b,c) € V= ]V/Z, we have
Q= {x € Qi xlva = Vo)
={(1, x, x*, det(x)) : x € M3(F) has characteristic polynomial A +br— c}.

Compare [Gan 2008, Lemma 2.1].
Note that there is an action of PGL3(F) on 2 given by conjugation:

h-(a,x,y, B) = (&, hxh™ ', hyh ™", B).
The following result is easy to verify.
Lemma 3.2. PGL3(F) acts on QO transitively with representative
xo = (1, Ag, Ay, det(Ao)),
where

00
Ap=1|1 0 —
01

S o
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Let T(F) be the stabilizer of x¢ in PGL3(F). Then T (F) = E*/F*, where
E is the cubic field generated by one of the roots of the irreducible polynomial
x3+bx —c; and

T(F)\PGL3(F) = Q" via T(F)h h- xo.
So

I, )(1) = / Eths) D 0GPy dh

[PGL3] y€T (F)\PGL3(F)

- Eh, 0(z- Fny.ro(Yh) dh
/[PGLS] hs) Y 0GPl

y €T (F)\PGL3(F)

E(h,$)0(z- ny.x (h) dh

/T<F>\PGL3<A>

= / f E(th, )0z f)ny.(th) dt dh
T(A)\PGL3(A) J[T]

Q(Z-f)NH,XO(h)/ E(th,s)dt dh,
[T]

/'u/-\)\PGu )

where we have used the fact that 6 (z- f)ny, . (th) =60(2- )Ny, (h) forallz e T (A),
which can be shown as follows: it is true for t € T (F), and it is true for r € T (F},)
for all finite places v by the local formulae; by weak approximation ([Platonov
and Rapinchuk 1994, Theorem 7.7, p. 415]), T(F) is dense in T (F), where
Foo = F ®g R, so it is true for all t € T (A).

Lemma 3.3. Keep the notation above. Then
f E(th, s)dt :/ @¥(th) dt,
[T] TA)

where ¢¥ is the spherical vector in I(s).
Proof. We have

/ E(th,s)dt :/ > @X(yth)dt.
[T]

T(ENT(AY) ), ¢ 0(F)\PGL3(F)

Note that Q(F)\PGL3(F) is the Grassmannian P?(F), which is just EX/F* =T (F),
where E is the cubic field extension of F generated by one of the roots of the
polynomial x> 4+ bx — ¢. The lemma then follows. ([

In summary, we have shown the following result:
Proposition 3.4. We have
BELOD = [ 0 0 dh.

PGL3(A)
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Next we analyze 6(z - ).z (h) = Jiy,,0 @ - [)(h) xo(n)dn. We follow the
arguments in [Gan 2008, §3].

First note that the mapping L : ¢ > 0(d) Ny, , (1) gives a nonzero element in the
space Homy, (a) (I1, xo). Fix a finite place v of F. Since xo,, € £2y, it follows from
[Magaard and Savin 1997, Lemma 6.2] that

dlm HOl’IlNH(FU)(HU, Xo) =1.
Note that in this case, a nonzero element of the space Homp, (r,) (I, xo) is given by

Ly(¢) = iv(@)(X0.0),

where gi_) is the image of ¢ in (I1,)z,, and i, is the mapping on page 239.

Next we consider the archimedean places. Let the archimedean part of Il
be 1 = ®v|oo IT,. Then the global functional L € Homy, a)(I1, xo) can be
decomposed as L = LOQ(X)®MOo L,, where Lo, e Homp, (r,)(ITso, x0) is nontrivial.

So we have the following result:

Lemma 3.5. Keep the notation above. For a pure tensor f = Q) f, € I1, we have
OCSINaxoh) =0 - Ny, x(1) = Loo(hoo - foo) - 1_[ Ly(hy- o),
vtoo
where hoo (resp. foo) is the archimedean part of h (resp. f).
Combining Proposition 3.4 and Lemma 3.5, we obtain the following result:
Proposition 3.6. Suppose f = Q) f, € [1 is a pure tensor. Then
Ilryig(f’s)(l):I(fOO’S)‘I(Z‘on’S)’ l_[ I(ﬁ),S),

v#£vg,vfoo

where

Ffor9) = [ Lol fr)¢c o)
GL3(Foo)
and for a finite place v and ¢, € I1,,

I (@, s) = / Ly(hy - $0)@) ,(hy) dhy,
PGL3(Fy)

where

Lv(¢v) = iv((zv)(XO)-
Recall vy is a finite place of F such that z comes from the Bernstein center of
PGL3(Fy,).

In the next section, we will compute the local integrals I (f,, s) in the finite
unramified case, and we will see that they are quotients of local zeta factors. See
Proposition 4.3 in the next section for the precise result.
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4. Unramified computation

This section is devoted to the computation of the local unramified factors I ( f,, s)
of the Fourier coefficient I;,i &( f,s)(1). So v is a finite place of F such that v is
unramified in the cubic field extension E of F, b and c are units in O, the character
Y, 1s unramified, f, and ¢; , are spherical vectors.

For simplicity, we omit the subscript v from notation. So F is a p-adic local
field with p # 2, O its ring of integers, @ a uniformizer of O, kr = O/w O the
residue field of F, g the cardinality of kr, v : F* — Z the valuation given by
V(@"O0*) =n,and |-|: F* — R’ the absolute value given by |x| = ¢~"™%). The
Haar measure dx on F satisfies Vol(O) = 1, and take the Haar measure d*x on
F>* such that Vol(O*) = 1.

Reduction to a volume computation. Let G =PGL3(F), K =PGL3(0), Q=UL
the parabolic subgroup of G with Levi subgroup L = GL;(F') and unipotent radical
U = F2 Then there is an Iwasawa decomposition G = QK.

We want to compute the integral

I(s) = fG i(hf)(x)es(h) dh,

where f is the spherical vector in I, ¢ is the spherical vector in Iy (s), i is the
mapping as on page 239, and x = (1, Ay, Ag, det(Ag)) e FOM3(F)®M3(F)DF,
where

00 ¢
Aog=1|10-b
01 O
with b, c € O*.
We have

I(s) = / / {GRF) 00 (qh)dg di

KJQ

= /Q i@@f)()es(q)dg

_ / f FGTF) 0@ D)o ul) ™ du d
LJU

_ / f ) GO ldet() ™ 2du d,
LJU

since ¢ (ul) = |det())|*T1/? and 8¢ (ul) = |det(])|.

Note that i (f) € C*®(R2), where Q = F @ M3(F)@® M3(F)® F, and it is constant
on Q(n), where Q(n) = QN (@"A — "1 A), with

A=08M;(0) M3(0) O.
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Now we have

i) =i(HU u"x).

But
x = (1, Ag, A}, det(A)) € 2(0).
So
luy =, 0w Agul, . . ),
and
O e
Thus

I(s):// Ly o) (™" Agub)|det (D) S~ du di
LJU

= f f Liyco) (L(g) " u(x, y) P Agu(x, y)I(g))|det(g) | ~1/? dx dy dg.
GLy(F) F?

Let B be the group of upper triangular matrices in GL,(F). Then GL,(F) =
GL,(O)B, and

I(s) = f / / Loy (O~ 1(p) ux, y)™!
GL,(0) /B F2
Aou(x, Y(p)L(k))|det(p)*~'/* dx dy dp dk
- /B /F @A) e, )™ A, DI e~ dx dy dp.

Now B = NgMp, where Ngp = F is the unipotent radical and Mp = F* x F* is
the Levi subgroup. So

I(s) = / / / Ly o) (L(nm) " u(x, )" Agu(x, y)l(nm))
Mg JNg JF?
Sg(m) " det(nm)|*~V? dx dy dn dm

N / . /FJMM“(WW“’ )~ ulx, y)™ Agu(x, YI(n(Bym(a. 6)))
Ja/8| s 2 dx dy dB d*ad* s,

n(,B):(l ’f) m(a,a)z(“ 5)'

where



248 WEI XIONG

Since F* =,z @"O*, we have
I(s)

S letm@mes)  ut) Al B me )
T a/8 s~ 2d % a d* 5 dx dy dB
=y fF Do Bym @ ™) ux,y) " Agu(x ) (Bym (@™, @)
o | E=2 = =N (™ O, d o) Vol (" O, d*8) dx dy dB
=Y. f Dol Bym @™ @)~ ux,y) " Agu(x, I (Bym (@ "))
F g mAME=1/24m=n gy g g

where the sum is taken over all m, n € Z, and we have used Vol(w" O, d*a) =
Vol(ww"O*, d*8) = Vol(O*) =1, and ||~ =g¢.
Note that
I(n(B)ym(@™, &™) u(x, )~ Agu(x, DI(nB)m(@™, w"))
—B —@" " (x+B*—yB) w "(c—xy—Bx—y>—b))

=|o"™" B—y @ " (x —y* —b)
0 w” y
So
I(s) = Z S(m, n)q—(m—i-n)(s—l/2)+m—n
m>n>0
=Y g TN Sim myg™
k>0 m+n=k
m>n>0
— 1 +Zq—k(s+l/2) Z S(m, n)qzm’
k>1 m-tn=k
m>n>0

where S(m, n) is the volume of the set of (x, y, 8) € O3 such that v(x + > — yB) >
m—n, v(x —y>—b) >nand v(c — xy — B(x — y> — b)) > m (with respect to the
Haar measure on F such that Vol(O) = 1).

Let r be the number of solutions of x> 4+ bx — ¢ over F. Thenr =0, 1 or 3.

Lemmad4.1. (1) Ifr =0, then S(m,n) =0form >n>0withm+n > 1.
) If r =1, then

0 ifm>n=>0,
S(m,n) = q_z’” ifm=n>0,/
q

2 ifm>n=0.
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3) Ifr =3, then
62" ifm>n>0,
S(m,n) = 3q*2m ifm=n=>0,
3q72m
Proof. The results follow from Lemmas 4.7, 4.8 and 4.9. O

Corollary 4.2. (1) Ifr =0, then fork > 1,
Z S(m,n)g* =0.

m+n=k
m>n>0

Q) Ifr =1, thenfork > 1,

Z S(m. mg*" = 1 ifkisodd,
2 ifkis even.

ifm>n=0.

m+n=k
m>n>0

3) Ifr =3, then fork > 1,
> S(m,n)g*" =3k.

m+n=k
m>n>0
Recall that r is the number of solutions of x* + bx — ¢ over F. Let E be the
cubic algebra over F determined by the polynomial x> +bx — ¢ as follows. If r =0,
then E is a field generated by one of the roots of x> 4 bx — ¢ over F, which is an
unramified cubic field extension of F'; if r =1, say

xs—i—bx—c:(x—ot)-g(x),

then E = F @ F', where F’ is the splitting field of g(x) over F, which is an
unramified quadratic field extension of F;if r =3, then E=F @ F @ F.

Proposition 4.3. Let E be the cubic algebra determined by x> 4+ bx — ¢ as above.
Then

s+ %
I(S) — é‘E( 23)
{F (35 + j)
More precisely,

1 ifr=0,
(1— q—(s+1/2))—1(1 _ q—2(s+l/2))—1 o1
I(s) = (1 — g=36+1/2))-1 yr==4

| — g—G+1/2))-3
(I-q ) ifr=3.

(1 — g 36+1/2)-1
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Computation of the volume. In this section, we will compute the volume S(m, n)
in the last section by using the higher-dimensional Hensel’s lemma.

Let f = (f1,..., fu) : O — O" be a polynomial map, where each f; is a
polynomial over O. We say f : O" — O" is strongly regular at xo € O" if
det Dy (xg) € O, where Dy(x) is the Jacobian matrix of f at xo.

Theorem 4.4 (higher-dimensional Hensel’s lemma). Suppose f : O" — O" is
a polynomial map which is strongly regular at xy € O", and y € O" satisfies
y = f(x9) (mod @w). Then there exists a unique x € O" such that f(x) =y and
x = xg (mod @).

Proof. See [Green et al. 1995, Theorem 8.1, p. 71] or [Kuhlmann 2011, §4.4]. U
Theorem 4.5. Let f : O" — O" be a polynomial map which is strongly regular at
x0 € O™ Then [ :xo+ (wO)" — f(x0) + (wO)" is a measure-invariant bijection.

Corollary 4.6. Suppose yoe O" and f :O" — O" is strongly regular at all solutions
of f(x) = yo over O. Then for an open subset U C yg + (zw O)",
Vol(f~1(U)) = N - Vol(U),
where Vol(X) is the volume of the subset X of O", and N is the number of x € kY
with f(x) = yp (mod @ ).
Now we compute the volume S(m, n).
For m > n > 0, let 2, , be the set of (x, y, 8) € O3 such that
v(x+p>—yB) =m—n,
vx—y*=b) =n,
v(e—xy—Bx—y>=b) =m.
Then S(m, n) = Vol(Q, ).
Let r be the number of solutions of x> +bx —c¢ =0 over F. Then r =0, 1 or 3.

Lemma 4.7. Suppose m > n > 0. Then
Vol(Qun) = N -q~ ",

where
N— 0 ifr=0,1,
6 ifr=3.

Proof. Define a polynomial map f : O3 — O3 by

(x,y, B) = (w, w2, w3),
where
wi =x+ B2 —yB,
Wy =x — y2 —b,

w3 =c—xy—Bx—y>—b).
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It is routine to check that f is strongly regular at all solutions of f(x, y, ) =0.
Let

Eppn = {(w1, w2, w3) € 0% | v(wy) = m —n,v(w) > n, v(ws) > m}.
Then Q.. = f~'(Eu..). By Corollary 4.6,
Vol(Qun.n) = N - Vol(Ep) =N -q~ ",

where N is the number of (x, y, B) € k% such that f(x,y, B) =0.

Suppose N # 0. Take (xo, Yo, Bo) € k% satisfying f(xo, Yo, Bo) = 0. It is easy to
see that yy and — B¢ are two distinct roots of x3 4 bx —c over kp, so r =3. Then
N =6.

Ifr #3 (i.e.,r =0or 1), then N =0 (since N # 0 implies that r = 3).

The desired result follows. Il

Lemma 4.8. Suppose m =n > 0. Then
Vol(Qum) =7-q".

Proof. In this case, for (x, y, B) € O3, the condition v(x 4+ 8% — y8) > 0 holds
automatically. So

Qo ={(x,y, 8) €O* | v(x —y* —b) > m, v(c —xy — B(x — y* — b)) > m}
={(x,y,B) € O’ | v(x —y* —b) > m, v(c —xy) > m}.

For B € O, let
Qu(B) ={(x,y) € O* | (x, ¥, B) € Lnm}-

Then €2,,(B8) = 2,,(0) for any 8 € O, and

Vol(Qm,m)=/// dxdydp
(x»ys,B)EQm.m
=/ /f dxdydp
BeO J J(x,y)eQuu(B)

_ /O Vol(2 (B)) dB

— Vol(2,,(0)) - Vol(©)
= Vol(2,,(0)).

Define a polynomial map fg : 0> - O? by
(x,y) (w2=x—y2—b, w3 =c—Xxy).

Then it is routine to check that f is strongly regular at all solutions of f(x, y) =0.
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Let
Epn = {(w2, w3) € O | v(wa) = m, v(w3) > m}.

Then 2,,(0) = f~1(E,).
By Corollary 4.6, Vol(f~'(E,,)) = N - Vol(E,,) = N - ¢g~?", where N is the
number of (x, y) € k% such that f(x, y) =0. It is easy to check that N =r. So

VOl(Qm,m) = VOI(Qm (O)) = VOl(fil(Em)) =r: q72m‘ U
Lemma 4.9. Suppose m > n =0. Then
Vol(Qp0) =7 -q*".

Proof. In this case, for (x, y, 8) € O3 the condition v(x — y> — b) > 0 holds
automatically. So

Quo={(x,y,B8) €O | v(x+B>—yB) =m,v(c—xy—B(x —y*—b)) > m}.

For y € O, let
Qn(y) ={(x, 8) € O% | (x,y, B) € Qo).

Vol (€2, 0) =[// dxdpdy
(x,9.8)€Qm,0
=/ /[ dxdpdy
yeo (x,B)€Qm (y)

= /Vol(Qm () dy.
(@

Then

For y € O, define a polynomial map f) : 0? - 0% by

(x, B) > (w1 =x + B> — yB, w3 =c—xy — B(x — y* — b)).

Then it is routine to check that f, is strongly regular at all solutions of f,(x, ) =0.
Let

E, = {(w1, w3) € O | v(wy) = m, v(w3) = m}.
Then 2, (y) = f;”' (En). By Corollary 4.6,
Vol(f; ' (Em)) = Ny - VOl(E,) = Ny - g ",

where N, is the number of (x, B) € k% such that f,(x, B) = 0. It is easy to check
that Ny = r. So Vol(2,,(y)) =7 -g~>", and

Vol(Q2,.0) = /Vol(Qm ) dy=r-g 2" -Vol(O) =r-q~>". O
O
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5. Proof of the main result

In this section, we prove Theorem 1.1.
Take f = O = Iy 0 ¢ IT to be the spherical vector. Consider the regularized
theta integral 1™ ( f, s)(1). Then for Re(s) >0, I™8(f, s)(1) = P,()E(P(f, s), 1).
By Proposition 3.6 and Proposition 4.3, the Fourier coefficient of 1™8( f, s)(1)
with respect to 1, is given by

Y%wan—lu@J>1@f@J)I]uﬁ,)—fﬂL——l wm>II%@>

VF#£V (3S + E)

vtoo
where
‘ {0 (3s + %)

oo ($) =1 (foo, 5) :
N T s+ ))
and for a finite place v of F,

GBs+3)
I(frs) 212 el T
2

§v(3s +3)

2
Ze (s +3)

ay(s) =
if v = vy,

I(Z : ﬁ)’ S)
and o, (s) = 1 for almost all finite v.
On the other hand, by Proposition 3.1, for a pure tensor ®; = Q) s, € Ip(s),

Ew&@(ﬁ@J)_IIE%m@xﬁsxn
Ey, (®,,1) Ey, »(®,1)

=Cr(s+3)er(s+3)2r s+ D] [ Bo(@y)
where

1 Ey, v(®(f,5), 1)
é‘v(s'i'%)gv(s'i'%);v(zs"‘l) Elﬂaa')(q)s’ 1y

and B,(®) = 1 for almost all finite v.
Since I,Zg(f, s)(1) = B.(s)Ey, (P(f, 5), 1), we get

,Bv(q)s) =

El

§E(S+%)

Ey, (@, 1) =
) Cr(s+ 1)k (s 4+ 3)2r s + Dir (35 +3)

Too( @) - [ [ Io(@y),
v
where
Joo (Ps) = oo (5)/ Boo (Ps),
and for a finite place v of F,

oy (s)/ B (Ps) if v # vo,
P (s)oy(s)/Bu(Py) if v =vy.
Note that J, (D) is equal to 1 for almost all finite v. This is the desired result.

Jy(Py) = {
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