CYCLIC PURSUIT ON COMPACT MANIFOLDS

DMITRI GEKHTMAN

Volume 289 No. 1 July 2017






PACIFIC JOURNAL OF MATHEMATICS
Vol. 289, No. 1, 2017

dx.doi.org/10.2140/pjm.2017.289.153

CYCLIC PURSUIT ON COMPACT MANIFOLDS

DMITRI GEKHTMAN

We study a form of cyclic pursuit on Riemannian manifolds with positive
injectivity radius. We conjecture that on a compact manifold, the piece-
wise geodesic loop formed by connecting consecutive pursuit agents either
collapses to a point in finite time or converges to a closed geodesic. The
main result is that this conjecture is valid for nonpositively curved compact
manifolds.

1. Introduction

Our starting point is the classical three bug problem, first posed by Edouard Lucas
[1877]: Three bugs start on the corners of an equilateral triangle, and each chases
the next at unit speed. What happens? Answer: The bugs wind around the center
of the triangle infinitely many times as they head inward along logarithmic spirals.
They collide at the center of the triangle in finite time. We get similar behavior
in general for a system of n bugs starting at the vertices of a regular n-gon, each
chasing its clockwise neighbor at unit speed; see, e.g., [Behroozi and Gagnon 1979].
For illustrations of cyclic pursuit with initial conditions on a regular n-gon, see
clips 1 through 4 at http://tinyurl.com/Gekhtman-bugs. For details on the history of
various versions of the n bug problem, see the introduction of [Richardson 2001b].

Next, consider n bugs starting at arbitrary positions in R¢, with bug i chasing bug
i +1 mod n at unit speed. Clips 5 through 7 at the address below demonstrate cyclic
pursuit with randomly chosen initial conditions in the unit cube of R>. The typical
observed behavior is as follows: Starting from the initial random configuration,
chains of closely spaced bugs form, the chains come together to form a close
approximation of a smooth knot, the knot unknots into an approximately circular
loop, and the loop collapses to a point in finite time. The evolution of the piecewise
linear loop connecting the bugs qualitatively resembles the curve-shortening flow
on the space of smooth loops in R3. Richardson [2001b; 2001a] analyzed aspects
of cyclic pursuit in R He showed that for n > 7, the only stable configuration of
n bugs in cyclic pursuit is a planar regular n-gon [2001a]. Based on simulations,
Richardson conjectured that, if the initial positions of n bugs are chosen uniformly

MSC2010: primary 53B21; secondary 37D40.
Keywords: cyclic pursuit, curve shortening, closed geodesics, nonpositive curvature.

153


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2017.289-1
http://dx.doi.org/10.2140/pjm.2017.289.153
http://tinyurl.com/Gekhtman-bugs

154 DMITRI GEKHTMAN

at random in [0, 1]% the probability of converging asymptotically to the regular
n-gon configuration approaches 1 as n — oo.

In this paper, we study cyclic pursuit on Riemannian manifolds with positive
injectivity radius. To define pursuit in this case, we choose initial positions such
that each bug is within the injectivity radius of the next, and we have each bug
chase the next with velocity equal to the unit vector tangent to the shortest geodesic
connecting it to the next bug. Unlike in the Euclidean case, the bugs do not
necessarily all collide in finite time. Certainly, they cannot if the piecewise geodesic
loop connecting consecutive bugs is not nullhomotopic. This leads to the conjecture
that on a compact manifold, if the bugs do not collide in finite time, the loop
connecting them converges to a closed geodesic. The main result of this paper
is that the conjecture is valid for pursuit on manifolds of nonpositive curvature.
Clips 8 and 9 demonstrate convergence on a flat Mobius band and a flat torus,
respectively. Numerical simulations suggest the conjecture is valid in general.
Clip 10 demonstrates cyclic pursuit on S and clips 11 and 12 show pursuit on RP2.

The organization of the paper is as follows: In Section 3, we study basic properties
of cyclic pursuit in Euclidean space. In Section 4, we introduce cyclic pursuit on
Riemannian manifolds. In Section 5, we prove a result which states roughly that,
if the bugs enter a convex subset of a manifold, they stay in that subset. We derive
as a consequence a condition for the pursuit to end in finite time. In Section 6, we
prove subsequential convergence of the loop of bugs to a closed geodesic, and we
obtain another criterion for pursuit to end in finite time. In Section 7, we give a
condition for the loop of bugs to converge to a closed geodesic. In Section 8, we
discuss convergence to closed geodesics which are locally length-minimizing, in the
sense that any other loop uniformly close to the geodesic is longer. Then, we prove
our main result: for pursuit on a nonpositively curved compact manifold, the loop
of bugs either collapses to a point in finite time or converges to a closed geodesic.

2. Notation

Unless otherwise stated, geodesics are parametrized at constant speed.

If (M, (-, -)) is a Riemannian manifold and p, g € M are connected by a unique
shortest geodesic, [p, ¢] denotes the shortest geodesic from p to g, parametrized as
amap from the unit interval [0, 1]. Unless otherwise stated, || - || : 7, M — R denotes
the norm associated to (-, -),, and d : M x M — R denotes the distance function
associated to the metric. We identify S' with R/Z. For each x € S!, we define
T, :R/Z — R/Z as the translation T, (s) =s +x. lf o, y : S' — M are two loops,
d(a,y)=sup;cq d(a(s), y(s)) denotes the supremum distance. If p € M and r >0,
B, (p) denotes the metric ball of radius r centered at p. For p e M and K C M,
d(p, K) denotes inf,cx d(p,q). If & : S — M is a closed geodesic and § > 0,
Ns(a@)={pe M |d(p,a(S") < 8} denotes the closed d-neighborhood of a(ShH.
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3. Cyclic pursuit in Euclidean space

We define cyclic pursuit of n bugs in R¢ with initial positions {b; (0};cz /n as the
unique collection of piecewise smooth functions {b; : [0, 00) — R"};c7/, with the
given initial conditions satisfying
(1) If bi(t) # bi+1(2), then

biy1(t) —bi(1)
bi+1() — bi (1)l
(2) If b;(t9) = bi11(tg), then b;(¢t) = b; 1 (¢) for all t > 1y.
(3) If b; (ty) = bo(1p) for all i, then b; (t) = by(tp) for all ¢t > t.

(1) bi(t) =

The following result is well known. We include a proof, as it will be useful later.

Proposition 3.1. For any set of initial conditions {b; (0)};ez/n, cyclic pursuit in R4
ends in finite time, i.e., there is a ty > 0 so that b; (t) = bo(ty) for all i and all t > 1.

Proof. Let l;(t) =d(b;(t), bi+1(t)), and let [(¢) = Z?:l 1; (¢) be the length of the
piecewise linear loop connecting the b;(¢#). We recall the following fact, which
can be verified by direct computation: Fix p € R¢ and consider the function
dp: R\ {p} - R, d,(q) =d(p, q). Then the gradient of d, at g is the unit vector
(g—p)/llg—pl-

Let u; = (bj1(t) — b;i (1)) /11bi+1(t) — b;i (t)||. Assuming for now that /;(¢) > 0
for all i, we get

L10) = i), By (0) + (0, b (1)

= (ui (1), uip1(1)) + (—ui (1), u; (1)) = cos 0; (1) — 1,

where 6; (¢) € [0, 7] is the angle between u; () and u;11(¢). By a theorem of Borsuk
[1947], the sum of the exterior angles of a piecewise linear loop in R? is at least 2.
So some 6; is at least 2 =%, and we find that 4 l(t) <cosZ —1. In other words,

l(t) is negative, with absolute value bounded below by 1 —cos & If some /; (1)
1s 0, this effectively reduces n, so we still have the same bound on 7 4 1(1). Thus,

pursuit ends by time /(0) [1 — cos 27”]_1. O

Remark. If the 9 are all 5 or less, then Jensen’s inequality applied to 1 —cos 6

n [0, %] yields |41(r)| > n(l —cos 7). On the other hand, if at least one of the
6; is greater than 2, then |jtl(t)| >1—cos 2 = 1. Thus, assuming that /;(t) > 0
for all i, we have | l(t)| > min[1, n(1 — cos X =1)]. Since mln[l n(l —CosS 2”)] is
a nonincreasing function of n > 2, we still have ‘ dtl(t)’ > mln[l n(l —cos )] if
some (but not all) of the /;(¢) are 0. Hence, the time from the start of the pursuit
process to its end is bounded above by /(0) - (mln[l n(l — cos - 2m )])_1, which
grows linearly in . (Compare this to the O (n?) bound on the time obtained from
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the estimate |%l(t)| >1—cos 27” in the last paragraph.) Note also that, in the case
that the b; (0) are vertices of a regular planar n-gon, we get that the time to mutual
capture is precisely /(0) - [n(1 — cos 27”)]_1.

4. Pursuit on Riemannian manifolds

Cyclic pursuit on a Riemannian manifold is defined just as in the Euclidean case:
each bug’s velocity is the unit vector pointing towards the next bug along the shortest
geodesic connecting the two. To ensure that there is a unique shortest geodesic
connnecting each pair of bugs, we consider only manifolds with positive injectivity
radius, and we choose initial positions so that the distance between each bug and
its prey is less than the injectivity radius.

Let (M, g) be a manifold with positive injectivity radius denoted by inj(M),
and let {b; (0)};cz,, be initial positions in M satisfying d(b;(0), b;11(0)) < inj(M).
Then we define {b; : [0, 00) — M};cz/, as the unique collection of piecewise
smooth functions with the given initial conditions satisfying

(1) £ bi (r) # bi1(2), then

expy, (1) (biy1 (1))
|expy ) i1 )]
(2) If b; (to) = bi+1(to), then b; (t) = b; 1 (¢) for all ¢ > 1.
(3) If b; (ty) = bo(tp) for all i, then b;(t) = bo(tp) for all ¢t > ;.

Let [;(t) =d(bi(t), bi+1(2)). To see that the pursuit process is well defined for
all > 0, we need to check that each /; (#) is nonincreasing and thus stays less than
inj(M).

To compute %li (t), we recall the following fact, which follows from the Gauss
lemma of Riemannian geometry: If p € M and U is a normal neighborhood of p,
consider the functiond, : U \ {p} — R given by d,,(¢) = d(p, q). The gradient of
d, at g is the tangent at g of the shortest unit speed geodesic going from p to gq.

Now, if /;(¢#) > 0, we use the above fact and the law of motion (2) to compute,
just as in the last section, that

) bi(1) =

d — . —_—
El' (t) =cosH;(t) —1,

where 6; is the angle at b, (t) between [b;(t), b;+1(t)] and [b;1+1(t), b;j2(¢)]. So
if I;(t) > 0, then %li (t) <0 and thus /; is locally nonincreasing at ¢. On the other
hand, if /;(#) = 0, then [; () = 0 for all #’ > . So each [; is indeed nonincreasing,
and the pursuit process is well defined.

For eacht > 0,i € Z/n, let ,Bl? = [b;i(t), bj+1(¢)] be the shortest geodesic
connecting b; (1) to b;1(¢). Let B’ : R/Z — M be the constant-speed piecewise
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geodesic loop formed by concatenating the A/, with 8/(0) = (1) = by(r). Then
t — B’ is a homotopy of loops, so if B° is not nullhomotopic, the pursuit process
will not end in finite time. So Proposition 3.1 does not generalize to pursuit
on Riemannian manifolds. This leads to the following conjecture for compact
manifolds:

Conjecture 4.1. If M is a compact Riemannian manifold, and {b;(0)};cz/, are
initial conditions for cyclic pursuit, then the associated family of loops 8’ either
collapses to a point in finite time or converges to a closed geodesic as t — oco.

By convergence above, we mean convergence in the quotient of C°(S!, M) by
rotations in the domain. In other words, a sequence of loops {y; 7= converges to
y:R/Z — M if

3) lim inf sup d(y;(s),y(s+c))=0.
j—ooceRseR/Z
We prove Conjecture 4.1 in the case of pursuit on nonpositively curved compact
manifolds in Section 8.

Remark. As observed above, if pursuit ends in finite time, then A° is nullhomotopic.
The converse is not true. For instance, suppose « is a nullhomotopic closed geodesic
along which all sectional curvatures are negative, e.g., the neck of a dumbbell. We
will see in Section 8 that if B° is sufficiently close to a, then B’ will converge to a.

5. Convex submanifolds

We will need the following result, which states roughly that, if at some time the b;
all belong to a convex set K C M, then they stay in K.

Proposition 5.1. Let M? be a Riemannian manifold with inj(M) > 0, {b; ()}iez/n
cyclic pursuit curves on M, 1;(t) = d(b;i(t), bi+1(t)). Let K C M be a smoothly
embedded submanifold with boundary, topologically closed in M. Suppose there
is an R € (0, inj(M)) so that for any two points p1, p» € K with d(py, p2) < R,
the geodesic segment [p1, p2] is contained in K. If for some ty € [0, 00), all of the
bi(ty) are in K and all of the l; (ty) are less than R, then b;(t) € K foralli € Z/n
and for all t > 1.

Proof idea. If one of the bugs reaches 0 K, then, by the convexity assumption, the
bug’s velocity will not point out of K. So the bug will stay in K.

Proof. Since K is closed, embedded, and of the same dimension as M, its topological
boundary in M is the boundary manifold 0 K. Suppose for the sake of contradiction
that there is a 71 > 7o and j € Z/n so that b;(#) is not in K. Set

t' =sup{t € [to, 1] | bi(t) € K foralli} and e=1 —1.
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Then since K is closed and the b; are continuous, all of the b;(¢) are in K, and at
least one of the b;(¢') is in d K. Furthermore, for all ¢ € (¢/, t' + €], at least one of
the b;(¢) isin M \ K.

ForeachieZ/n,let (V,, xil, e xlfl ) be a coordinate neighborhood of b; (") with
the property that V.NK ={p eV, | x4 (p) <0}, thus that V.NdK ={p eV, |x(p) =0}.
(If b;(t') is in the interior of K, it may be that V. N K = @ and xid < 0 on all
of V..) Shrinking ¢ if necessary, we may assume b;([t', " +¢]) C V. for all i. Let
bf’ = xl.d ob; denote the d-th component of b;. Let h(7) = max; bld (t). Since all of the
b;(t") are in K, and at least one of b;(¢') isin K, h(t') =0. For each t € (¢, t' +¢],
at least one of the b;(¢) is in the complement of K, so 4(¢) > 0. Assume without
loss of generality that b; (¢") # b;11(t'), for all i. Then take ¢ small enough that
bi(t) £ by 1(t), forall t € [¢,t' +¢] and all i € Z/n. Since each b;‘! is smooth on
[, + ¢], h is absolutely continuous on [t/, 7 + ¢]. So h is almost everywhere
differentiable, and

ds
for each t € [t/, ¢’ + ¢]. Thus, for some c; € [0, €], %h(t/ +c1) is defined and

h(t):/ ih(s)ds

/ d, d g
h(t' +¢) f“fah(’ +C1):85bf ' +cp),

for some j for which b;’ (t'+c1) =h(t'+c1). Take & small enough that if b¢ () = h(r)
for some t € [t',t' +¢], bl‘.i(t/) = 0. Then in particular, bj?"(t’) = 0 for the j in the
last displayed formula.

For eachi € Z/n, let vd (p, q) be the d-th component of the initial unit tangent
to [p, ql, for (p,q) € V; x V,; with 0 < d(p, q) < inj(M). By the law of motion
(2),

%bj’(ﬂ +en) = vl (b (1 + 1), by (1 + ).

For each i, let B; C V; be an open coordinate ball centered at b; (') with B, C V.
Shrinking the B; if necessary, assume there isa é > 0 so that § <d(p, g) < R for all
(p,q) € Bi x Bi1. Then v is C' on B; x B;. Since K contains [p, q] whenever
p q € K and d(p, q) < R, we have for all (p, g) € B; X Bj+1 Wlthx (p)=0and

1(q) <0, that vd(p q) <0. Let u; and v; be the maximum on B; x B,+1 of the
absolute value of the derivative of vld (p, q) with respect to the d-th component of
p and g, respectively. Let u = max; u; and v = max; = v;. Taking ¢ small enough
that b; ([, t' +¢]) C B; for all i, we have

Vi (b’ +c1), bjpi (' + 1) < (u+ ) h(E +c1).
From the last three displayed formulas, we get

h(t'+¢e) < (u+v)eh(' +cy).
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Similarly, h(t' + ¢1) < (u + v)eh(t' + ¢;) for some ¢; € [0, ¢;], so we obtain
h(t' +¢) < (m+v)e)*h(t' +c2). Inductively, we get for each positive integer k,

h(t' +&) < (L+v)e)h(t' +ci)

for some ¢, € [0, g]. Let C = max; 7, SUP e p, |xfi(p)|. Taking ¢ < %(,u +v) L
we get h(t' +¢) < 27XC. Letting k — oo yields h(t’' + ) = 0, a contradiction. [J

We say a subset K of a Riemannian manifold M is convex if for each pair
D, q € K, there is a unique shortest geodesic in M connecting p, g and this geodesic
is contained in K. Proposition 5.1 is the key ingredient in the proof of the following
result:

Proposition 5.2. Suppose M is compact and {b;(t)}icz/n are cyclic pursuit curves
in M. Let 1;(t) =d(bi(t), bj+1(t)) for eachi. Ifl;(t) — O for all i, then pursuit ends
in finite time.

Proof idea. Reduce to the Euclidean case by noting that the bugs will eventually lie
in a small, convex, approximately Euclidean ball.

Proof. Assume for the sake of contradiction that pursuit does not end in finite time.
Without loss of generality, assume /; (t) > O for all i. Since M is compact, there is a
p € M and a sequence of times (tj)?oz1 Wit_h tj — oo so that by(tj) — p as j — oo.
Let r € (0, inj(M)) be small enough that B, (p), the closed r-ball centered at p, is
convex. Since d(b;(t;), bi+1(tj)) — 0, bo(t;) — p, and b;(t;) — p for all i, there
is a J for which all of the b;(¢;) belong to B, (p). By Proposition 5.1, the b; (¢)
remain in Er(p) for all t > ¢;.

Let (U, x') be a normal coordinate neighborhood centered at p. By Corollary A.2,
we have that for small enough r, B, ( p) is a convex subset of U and has the following
property: for any two geodesics y; : [0, a;] = B,(p) and y» : [0, a1] — B,(p)
with y1(0) = y2(0), the metric angle between y;(0) and y»(0) is within I of the
Euclidean angle, computed in the coordinates (U, x1), between y1(a;) —y1(0) and
y2(az) — y2(0). B

Now, choose r as above and find 7y so that all of the b;(¢) are in B, (t) for t > 1.
As we showed in the proof of Proposition 3.1, at least one of the Euclidean angles
of the piecewise linear loop connecting the b;(¢) is at least 27” So by the result
quoted in the last paragraph, at least one of the angles of the piecewise geodesic
loop connecting the b; (¢) is at least % Thus, <1(1) < cos % — 1 fort >ty and so

> dr
pursuit ends by time 79 + [ (fg) (1 — cos %)*l. This is a contradiction. O

6. Subsequential convergence

In this section, M is a compact Riemannian manifold.
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Proposition 6.1. Let {b;(t)}icz/n be pursuit curves on M, let B' be the associated
family of piecewise geodesic loops, and let [(t) the length of B. If the pursuit does
not end in finite time, then there is a sequence of times (tj);?‘;l, tj — 00 so that B
converges uniformly to a closed geodesic of length L =lim,_, ., I(t) as j — oc.

Proof sketch. Take a sequence #; so that the b; (;) converge and so that %l (tj) — 0.
Then B% converges to a piecewise geodesic loop. The condition %l(tj) — 0 implies
that the angles between segments of the limiting loop are 0.

Proof. Let B! = [bi(t), bi+1(¢)]. Recall that B’ is the constant-speed piecewise
geodesic loop formed from the ,Bl.’, with B7(0) = bo(r). We have L > 0, else by
Proposition 5.2, pursuit ends in finite time. Assume without loss of generality that
d(b;(t), bj+1(t)) >0 foralli € Z/n and all t > 0. Then we have for all ¢ that

L1 = > (cost, (1)~ .

where 0; (1) is the angle at b; (r) between B! and B/ +1- Since [ is differentiable,

nonincreasing, and bounded from below, there is a sequence (tj)?‘; 1> tj —> 00, SO
that %l(tj) — 0. This implies that for each i, 6;(t;) — 0 as j — oo. Since M is
compact, we may pass to a subsequence and assume that for each i, b; (z;) converges
to some point a; € M. Then [b;(¢}), b;11(;)] converges uniformly to [a;, a;1]. Let
o be the constant speed piecewise geodesic loop formed from the geodesic segments
la;, a; 1], with «(0) = ag. Then B% converges to @ uniformly. By continuity, « has
length L.

We need to show that « is a closed geodesic. To do this, it suffices to show that
the angles between successive geodesic segments comprising « are 0. We need to
include the case that a; = a; 1 for some i. To this end, suppose a;_; # a;, and let k
be the largest integer so that a; = a; 1 =- - - = a;+r. We need to show that the angle
at a; between [a;_1, a;] and [a;, a;1x+1] is 0. Let (U, x") be a normal coordinate
neighborhood centered at a;, and || - || be the Euclidean norm on 7U coming from
the coordinates. Fix ¢ > 0. Then for large enough j, b;(t;), ..., bi«(t;) are in U

and of. of.
n() B

H 1Bn (DIl 1Ba )]

U
form=i,...,i+k—1.(See (9) in the Appendix.) Since 0;(¢;) — O for all i, for

large enough j,

BRI 187 ()

H 550 AU (D)

U
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form =1, ...,i+ k. From the last two displayed expressions, we obtain

tj

H Blu©@ B

< (2k — 1)e.
U

S0

IBZ,O1 187, (DIl

Thus, the expression on the left of the last inequality converges to 0 as j — co. But

tj

B\ (0)
1B, O]

converges to the unit tangent to [a;, a;1¢+1] at a;, and

B (1)
187, (D

converges to the unit tangent to [a;_1, a;] at a;. Hence, these two unit tangent
directions are the same, and the angle between [a;, a;+¢+1] and [a; 1, a;] at a; is O,
as claimed. U

As a consequence of the last proposition, we have the following corollaries.

Corollary 6.2. If for some ty > 0, the length of B" is less than the length A, of
the shortest closed geodesic of M, pursuit ends in finite time. In particular, if the
length of BC is less than Amin, pursuit ends in finite time.

Corollary 6.3. If for some ty > 0, the b;(to) all lie in a convex, smoothly embedded,
closed metric ball B C M, then pursuit ends in finite time.

Proof. By Proposition 5.1, the b; (¢) stay in B for t > 1. If pursuit does not end
in finite time, then arguing as in Proposition 6.1, there is a sequence #; — 00 S0
that 8% converges to a closed geodesic in B. But there are no closed geodesics
contained in B. (]

It follows, for example, that if the b; (fo) all lie in an open hemisphere of S? with
its standard metric, pursuit ends in finite time.

7. A criterion for convergence
The next result gives a criterion for convergence of S’ to a closed geodesic a.

Proposition 7.1. Let M be a Riemannian manifold with inj(M) > 0. Let {b;(t)}icz/n
be cyclic pursuit curves on M, and let B' the associated family of loops. Suppose
there is a sequence t; — oo and a closed geodesic a so that B — o uniformly. If
supcg1 d(B'(s), a(S)) = 0ast — oo, then B converges to o in the sense of (3),
ast — oo.
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Proof idea. For large ¢, the curves 8’ and @ have approximately the same length.
In addition, B fits into a small tubular neighborhood of «. These two facts force
B! to be uniformly close to c.

Proof. Let U be an open neighborhood of a(S') such that each p € U has a unique
closest point 77 (p) on «(S'). Shrinking U if necessary, we may construct a smooth
unit vector field X on U extending the unit tangent field & /||¢|| of .

Fix ¢ > 0. Let[;(t) =d(b;i(¢t), bi+1(t)), and let A be the minimum of lim,_, ., /; (¢)
over i for which lim,_, . /;(#) > 0. The continuous dependence of the initial unit
tangent of a geodesic [p, ¢g] on the endpoints p and g implies: There is a § such
that Ns(ow) C U and if y :[0,1] — Ns(@) is a geodesic of length at least A, then
the component of ¥ (0)/]|y (0)|| normal to X (y(0)) has length less than &.

Consider i such that lim,_, ., [;(r) > 0. Let a! = (B! (0)). By hypothesis,

@) d(B}(0),a}) > 0

as t — oo. By the observation in the previous paragraph, the component of ,8[’ 0)
orthogonal to X (8 (0)) goes to 0 as well. Since B% — « uniformly, we have by
continuity that

(5) 1BL0) — L:(r) - X (BL(0))]| — 0.

Now, let o] be the segment of « starting at a! with initial velocity /; () - X (a; (1)).
Since a geodesic depends continuously on its initial parameters, (4) and (5) give

©6) lim sup d(B](s).aj(s) =0.
t—o00 s€[0,1
Letiy, ..., iy be the values of i for which lim,_, ., /; (¢) > 0, listed in order. Now,

let y' : R/Z — M be the piecewise continuous loop formed by concatenating the
segments o] ([0 1)). We parametnze y! so that each a is traversed at the same
constant speed and y'(0) = a (0) Then as a consequence of (6),

(7N lim sup d(B'(s), y' () =

t—o00 seS!

Let ¢’ be such that a(c’) = y'(0). Then by applying the triangle inequality,
lim,_, o d(al.’j(l), a£j+l (0) =0for j=1,...,m~—1. Also, 3_"__, [;; () converges
to the length of o as t+ — oo. It follows that
(8) lim sup d(y'(s),a(s +c")) =0.

t—o00 ses!

From (7) and (8), we get
lim sup d(B'(s),a(s +c')) =

t—00 seS!

which completes the proof. U
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8. Nonpositive curvature

In the next proposition, we show that if a subsequence B% converges to a closed
geodesic o which is a local minimizer of length, then B’ converges to c.

We recall the following notation: For each x € S, let T, : R/Z — R/Z be the
translation 7y (s) = s +x. If a, y : S' — M are two loops, d(a, y) denotes the
supremum distance sup,¢1 d (et (s), Y (s)).

Proposition 8.1. Let M be a Riemannian manifold with inj(M) > 0, {b;(t)}icz/n
cyclic pursuit curves on M, B! the associated family of loops. Let a be a closed
geodesic of length L, and suppose there is € > 0 so that any rectifiable, constant
speed loop y of length L withd(«, y) < € is a reparametrization of o, i.e., y =aoTy
for some x € S. If there is a sequence of times t; — 00 so that B — o as j — oo,
then B! — a as t — oc.

Proof sketch. If ' does not converge to «, then B has another length L subsequential
limit y. It follows that for any &, there is a homotopy from « to y through curves
of length between L and L + 1/k. The homotopy passes through a curve 7 so
that inf, cq d(r, 0 Ty) = 5

5. Taking a subsequential limit of the 7, yields a
contradiction.

Proof. Suppose for the sake of contradiction that 8’ does not converge to «.
Then by Proposmon 7.1, there is § > 0 and a sequence of times t — 00 50
that sup, i d(pi (s) a(S')) > 8. Passing to a subsequence, we may assume ,B/
converges uniformly to a constant speed piecewise geodesic loop y as j — 0.
Since sup, g d(BY (s), a(S1) > & for all j, sup,.qi d(y(s), a(SH)) > 8, s0 y
is not a reparametrization of «. But since 8% — «, lim,_, [(t) = L, and thus
y has length L. So by hypothesis, d(y o Ty, a) > ¢ for all x € S/, which is to
say that inf, g1 d(y o Ty, @) > ¢. We may assume that 7; < tJ d(BY,a) < £, and

d(,Btf/, y) < 5 for all j. Then

inf d(BioT,,a) <d(B,a) <=

xeS!

and

inf d(p! o Ty 0) = ( inf d(y o T, a)) —dh, ) > &,

xes! xes! 2
Since the function (¢, x) — d (B’ o Ty, @) is continuous and S! is compact, the
function ¢ + inf esl d(ﬁ oTy, a) is continuous. Thus, for each j,there is t” € (tj, ),
so that inf, g1 d (B’ i o T.,a) = 5. A subsequence of g’ i converges to a constant
speed loop 7 of length L with

inf dpoTy, )=

xes!
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Hence, 7 is not a reparametrization of «, yet there is an x so that d (no Ty, a) =5 <.
This is a contradiction. U

With the notation as above we have the following:

Corollary 8.2. Let o be a closed geodesic of length L such that all sectional
curvatures are negative at each point of the image of a. If B'i — «a for some
sequence t; — 00, then B’ — a.

Proof. From the formula for second variation of arclength, we know that « is
isolated in the space of loops of length L, i.e., that « satisfies the hypotheses of
Proposition 8.1. (|

Remark. Suppose a subsequence B% converges to a closed geodesic @. Then
Proposition 8.1 shows that if « is isolated in the space of rectifiable loops of its
length, then B — «. Suppose instead « is merely isolated in the space of closed
geodesics of its length. Suppose in addition that 6;(¢) converges to O for all i.
Then all subsequential limits of B’ are geodesics, so arguing as in the proof of
Proposition 8.1, we can show B’ — «. In particular, if the following conjecture
holds, then B’ converges to a closed geodesic (or a point) for pursuit on any compact
manifold whose space of closed geodesics is discrete.

Conjecture 8.3. Let M be a compact manifold, {;(¢)};cz/,» pursuit curves on M,
[;(t) the associated lengths, 6; (¢) the associated angles. If [;(#) > O for alli € Z/n
and ¢t > 0, then 6;(t) — 0.

Corollary 8.2 and Proposition 6.1 imply Conjecture 4.1 for compact manifolds
of negative curvature. Next, we prove Conjecture 4.1 for manifolds of nonpositive
curvature. First, we need a lemma:

Lemma 8.4. Let o be a closed geodesic on a Riemannian manifold M. Suppose
a(S") is contained in a nonpositively curved open submanifold U C M. Suppose
further that there is an r > 0 so that inj(p) > r for all p € U. Fix ¢ > 0. For
sufficiently small 8, the following property holds: for any p1, p» € Ns(a) with
d(p1, p2) <r —e, we have [py, p2] C Ns(a).

Proof. We will show that it suffices to take § small enough that
i) 8<%,
(ii) for any p, g € Ns(a) with d(p, q) <r — 7. we have [p,q] C U.

(For (ii), we use the continuous dependence of [p, g] on p, q.)

Now, take pi, ps € ]Vg(a) with d(p1, p2) <r —e¢. Leta : [0, 1] = M be the
shortest geodesic connecting pi to pa. Choose g; in the image of « with d(p;, gi) <6
for i =1, 2. By condition (i) and the triangle inequality, d(q1, g2) <r — 5, so there
is a unique shortest geodesic y : [0, 1] — M connecting g; to g».
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Observe that d(x (), y(t)) <r — f‘; for all ¢ € [0, 1]. Indeed, for ¢ € [0, 1/2], the
path consisting of segments [«(¢), p1], [p1, q1], [g1, ¥ (¢)] has length less than r — fT-
Similarly, for ¢ € [1/2, 1], the path consisting of [« (), p2], [p2, q2], [q2, ¥ (t)] has
length less than r — 7.

By (ii), it follows that [« (¢), y (r)] C U fort € [0, 1]. The fact that d(«(¢), y (¢)) <
r— fT for all ¢ € [0, 1] also implies that the geodesic [« (¢), ¥ (¢)] varies smoothly in ¢.
Since U is nonpositively curved, we may apply the formula for the second variation
of energy to the family of geodesics [« (?), ¥ (¢)] to conclude that d*(a(1), y(1)) is

convex as a function of ¢. Therefore, for ¢ € [0, 1],

d(a(t), y(t)) <max[d(a(0), y(0)), d(a(1), y(1))]
=max[d(p1,q1),d(p2, q2)] < 6.

Thus, [p1, p2] C Ns(a). O

Proposition 8.5. If pursuit on a nonpositively curved compact manifold M does not
end in finite time, there is a closed geodesic a so that sup,.q1 d(B'(s), a(SH) =0
ast — oo.

Proof. By Proposition 6.1, there is a closed geodesic « and a sequence t; — 00 5o
that 8% — « uniformly.

Let ¢ > 0 be such that d(b; (0), b;+1(0)) <inj(M) —¢ for all i. Take § < %. Then
by the proof of Lemma 8.4, if py, p» € Ns(«) and d(py, p2) < inj(M) — &, we
have [p1, p2] C Ns(a). Also take 8 small enough that Ns(a) is a closed manifold
with boundary, smoothly embedded in M. Since 8% — «, we have that the b; (t;)
are all in Ng(a) for some sufficiently large J. Now, by Proposition 5.1, we have
bi(t) € Ns(o) forall i € Z/n, t > t;. By Lemma 8.4, B’ C Ns(a) for t > t;. Thus,
sup,cg1 d(B'(s), @) = 0 as t — oo. O

As a consequence of Proposition 7.1 and Proposition 8.5, we have Conjecture 4.1
for manifolds of nonpositive curvature:

Theorem 8.6. Let M be a compact manifold of nonpositive sectional curvature.
Suppose pursuit on M with initial positions {b;(0)};cz/n does not end in finite time,
and let B' be the associated family of piecewise geodesic loops. Then there is a
closed geodesic o so that B — a.

As an improvement of Corollary 8.2, we have the following result, which states
that if B’ gets close enough to a geodesic along which all sectional curvatures are
negative, then B’ converges to that geodesic:

Proposition 8.7. Let M be a Riemannian manifold with inj(M) > 0, and let o be a
closed geodesic such that all sectional curvatures are negative at each point of the
image of a. Fix ¢ > 0. Then there is a § > 0 so that, if d(b;(0), b;+1(0)) <inj(M)—¢
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for all i and B is uniformly §-close to a o Ty for some ty > 0 and some x € R/Z,
then B! — o as t — oo.

Proof. Take § small enough so that:
(i) if p1, p2 € Ns(@) and d(p1, p2) < inj(M) — &, then [p1, p2] C Ns(a);
(i) Ns(a) is a closed manifold with boundary, smoothly embedded in M;

(iii) any loop uniformly é-close to o o T, for some x € R/Z is homotopic to o
through a family of loops in Nj(x);

(iv) any closed geodesic y in Ns(a) homotopic to « through a family of loops in
Ns (o) differs from o by a rotation in the domain.

For condition (iv), we argue on general grounds that taking 6 small forces y to
be uniformly close to « o T, for some x € S 1 and then we use the fact that a closed
geodesic on M along which all sectional curvatures are negative is isolated in the
space of closed geodesics on M; the argument is straightforward, and we omit the
details. For (i), we use Lemma 8.4. For (ii) and (iii), we take the image under exp
of a neighborhood of the zero section in the normal bundle of (S?).

Suppose we have initial conditions for pursuit {b; (0)};cz,, with relative distances
d(b;(0), b;+1(0)) < inj(M) — ¢ for all i, and the associated piecewise geodesic loop
B is uniformly §-close to a o Ty for some 7y > 0, x € R/Z. By (i), (ii), and
Proposition 5.1, we have B’ C Ns(a) for all ¢ > ty. Using Proposition 6.1, we get a
sequence f; — o0 and a geodesic y contained in Ns (o) so that B — y uniformly.
So B is homotopic through a family of loops in Nj(«) to y. But by (iii), g% is
also homotopic through a family of loops in Ns(«) to o. Now by (iv), y differs
from « by a rotation in the domain. So by Corollary 8.2, 8’ — o ast — co. [

Appendix

We prove a result (Corollary A.2 below) needed for the proof of Proposition 5.2.

Proposition A.1. Let (M", g) be a Riemannian manifold, p a point in M, (U, x*)
a normal coordinate neighborhood centered at p. Let || - || be the Euclidean norm
on (U, x'). Then for every ¢ > 0, there is an r such that B,(p) C U and for every
geodesic y : [0, a]l — B,(p),
H y (0) y () —y(0)
I

- |-

yOI  lly@ =y Ol

forallt € (0, al.
Proof. Fix ¢ > 0. Let V be an open neighborhood of p with closure contained in U.
Then the Christoffel symbols Ff‘j associated to (U, x') are bounded on V. Find p

so that |Ffj| < pnonV foralli, j, k. Take r small enough that B,(p) C V. Since
gij(p) = 4;j, we may take r small enough that any vector in T B, (p) of unit length
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with respect to g has length less than 2 with respect to the Euclidean norm. Now, if
y .10, a] = B,(p) is a unit speed geodesic, we have

d2yk Fk d)/i M

a2~ Udr dr”’
SO ‘d;tyzk ‘ < 4un?; thus H % H < 4;m%. Integrating, we find for each ¢ € [0, a],
176 =y O)I| < 4tpn® < 8rpun?,
so taking r smaller than [8un2] e,
) ly @) — 7O <e.

Integrating again, we get |y () — ¥y (0) —ty (0)]| < te, so

H )/(l);)’(o) —;}(0)“ -

for t € (0, a]. Assuming r is chosen small enough so that any v € TB,(p) with
g(v, v) =1 satisfies Hv —v/|lv]| H < &, we have

H Y —y© v
t Iy (Ol

Hence, the Euclidean distance from the unit vector y (0)/]|y (0)]| to the line spanned
by y(¢) — y(0) is less than 2¢. For ¢ small enough, this implies

H y@—y© vy
ly@—yOI Iy Ol

With notation as in the last proposition, we have the following:

H < 2e¢.

H < 3e¢. |

Corollary A.2. For every ¢ > 0, there is an r so that B,.(p) C U and for any two
geodesics yy : [0,a1] — B,(p) and y» : [0, az] — B,(p) with y1(0) = y»(0), the
metric angle between y1(0) and y(0) is within € of the Euclidean angle between
yi(ar) —y1(0) and y:(az) — y2(0).

Proof. By the last part and uniform continuity of the spherical distance function
§"~1 x §"~1 — R on the unit sphere, we can choose r small enough that the
Euclidean angle between the vectors y;(a;) — y1(0) and y»(az) — y2(0) is within %
of the Euclidean angle between y;(0) and y,(0), for any two unit speed geodesics
y1:10, a1]— B,(p) and y» : [0, az] — B, (p) with y1(0) = y»(0). Then, if necessary,
we choose r smaller so that for any two vectors u, v € TB,(p) based at the same
point, the Euclidean angle between « and v is within § of the metric angle. U
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