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LOCAL CONSTANCY OF DIMENSION OF SLOPE SUBSPACES
OF AUTOMORPHIC FORMS

JOACHIM MAHNKOPF

We prove an analogue of a Gouvéa—Mazur conjecture on local constancy
of dimension of slope subspaces of modular forms on the upper half plane
for automorphic forms on reductive algebraic groups G /Q having discrete
series. The proof uses a comparison of Bewersdorff’s elementary trace
formula for pairs of congruent weights and does not make use of methods
from p-adic Banach space theory, overconvergent forms or rigid analytic
geometry.

We also compare two Goresky—MacPherson trace formulas computing
Lefschetz numbers on weighted cohomology for pairs of congruent weights;
this has an application to a more explicit version of the Gouvéa—Mazur con-
jecture for symplectic groups of rank 2.

Introduction

0.1. We fix a prime p € N and an integer N not divisible by p. Generalizing Hida’s
theory [1993; 1988] of ordinary modular forms, Gouvéa and Mazur [1992] conjec-
tured that the dimension d(8, k) of the slope § subspace of the space Sy (I'o(pN))
of cuspidal modular forms of level pN and weight k is locally constant in the
p-adic topology as a function of k. More precisely, they conjectured that there
is a linear polynomial m(x) such that the conditions k, k" > 2842 and k = k’
(mod (p — 1) p"~ 1) with m > m(B) imply

ey d(B, k) =d(B, k).

Using work of Coleman [1997] which is based on rigid analytic geometry and
p-adic spectral theory, as well as Katz’s theory of p-adic modular forms and results
of Gouvéa and Mazur, Wan [1998] proved that there is a quadratic polynomial
m(x) such that equation (1) holds. On the other hand, Buzzard and Calegari [2004]
showed that in general there is no linear polynomial m (x) such that (1) holds, hence,
Wan'’s result is best possible.
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0.2. In this article we prove a higher-rank analogue of the Gouvéa—Mazur conjecture.
To describe this in more detail, we denote by A the adeles of (0 and fix a prime p € N.
We let G/Q be a connected reductive algebraic group which contains a maximal
torus 7/Q which splits over Q,. We select a basis A of the root system & of G/F
where F/Q is a (minimal) splitting field for T /Q). We let K < G(A f)bea compact
open subgroup with p-component K equal to the Iwahori subgroup 7 of G(Q p)-
We denote by T the Hecke operator attached to the double coset Kh~'rK where
heT(@7* <T(@,)*" is a strictly dominant element and r € G(A;)?), i.e., r
has trivial p-component. For any dominant weight A € X (T) we understand by L 5
the irreducible representation of G /F of highest weight A. The normalization T3
of T acts on full cohomology H' (S 7z L;(Q p)) as well as on cuspidal cohomology

Cusp(S 7+ L;(C)) where S = = G(Q@)\G(A)/K K is the locally symmetric space.
We write H' Sz, LA(@I,))’S (resp. H' Sz, LA(@p))q}) for the subspace of slope
(resp. slope < B) w.r.t. T; and we use analogous notation for cuspidal cohomology.
Our main results then are as follows.

Theorem A (see 3.10 Corollary, 4.11.4 Theorem). Let s = |®"| be the number of
positive roots of G /Qp, 0 = maxyco+ ht(a) the maximal height of a positive root
and g; the number of i-cells in a finite cell complex Z which is homotopy equivalent
to the Borel Serre compactification S‘I; of Sg. Then for all B € Qx, A € X(T)dom
and i € Ny we obtain

dim H' (S, L; (@p)=F <mp® +n;

here,m = 12g;0*t!/s and n € N is an integer which also only depends on K (and,
hence, on G and p) and on i.

Theorem B (see 5.2 Theorem). We assume that G has discrete series and we denote
by d = dg, the middle degree. There are polynomials mi(x), my(x) € Q[x] both of
degree s + 1 and leading term 12g,0°" /s which only depend on K (hence, on G
and p) and h € T(Q)* with the following property. Let B € Qsq. Suppose the
dominant weights X, ' € X (T) satisfy

o (A, a¥)>2m(B) and (X, ") >2m(B) foralla € Ag;
e X=X (mod (p— 1)p" ' X(T)) with m > m2(B) (m € N).
Then

dim He (Sz, L; (C)” =dim He (Sz, L;,(©))  forall 0<y < B.

cusp cusp

Remark. In the GL;-case m;(x) is a quadratic polynomial; i.e., we obtain the
same growth as that of m(x) in [Wan 1998], except that the weights have to satisfy
a stronger lower bound (quadratic in 8 instead of linear as in that paper).
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0.3. To prove Theorems A and B we will mostly work in a non-adelic setting; i.e.,
' < G(Q) denotes an arithmetic subgroup contained in Z. Theorem A then is an
extension of the main result of [Mahnkopf 2014] (see Section 3.1) and the proof is
based on an extension of the notion of truncation of an irreducible representation
of G/Q, introduced in [Mahnkopf 2013; 2014].

Using the boundedness result of Theorem A the proof of Theorem B reduces to
proving certain congruences between traces of powers of the Hecke operator T;
on Héusp(SIg, L;(C)) and on Hciusp(SIE" L;,(C)) for p-adically close weights e
We first verify these congruences on full cohomology and our principal tool for this
is a comparison of a simple and elementary trace formula of Bewersdorff [1985] for
cohomology with coefficients in L; and in Lj,. The equality of mod p" reductions
of geometric sides essentially follows from p-adic properties of the diagonalization
of elements in Zh*Z C G(Q »)» € € N, which are proved using basic algebra (see
4.3 Lemma and 4.4 Proposition); we note that Zh~°Z is the p-component of T¢.
To obtain congruences on cuspidal cohomology we directly prove congruences
on the Eisenstein part of full cohomology and subtract from congruences on full
cohomology.

Since the Bewersdorff trace formula is elementary we obtain an elementary
proof of the congruences on full cohomology and the proofs of Theorems A and
B do not make use of methods from p-adic Banach space theory, overconvergent
cohomology or rigid analytic geometry (but use the spectral decomposition of full
cohomology for regular weight).

0.4. Weighted cohomology. Goresky and MacPherson [Goresky and MacPherson
2003] proved a trace formula for Lefschetz numbers of Hecke operators on weighted
cohomology. Unlike Bewersdorff’s formula it contains contributions not only from
G but from all Q-parabolic subgroups of G. Nevertheless, the same diagonalization
of elements in Zh*Z C G(Q p) asin 0.3 allows to compare two Goresky—MacPherson
trace formulas for pairs of congruent weights. This then yields certain congruences
on weighted cohomology groups and has an application to a version of the Gouvéa—
Mazur conjecture for symplectic groups of rank 2 which is more explicit since we
avoid use of the spectral decomposition of full cohomology (see Section 5.8). We
note that this depends on properties of the root system C, but using instead the
Goresky—Kottwitz—MacPherson trace formula [Goresky et al. 1997] together with
the calculations of Spallone [2009] it might be possible to extend this to arbitrary
reductive groups G /Q.

0.5. Buzzard [Buzzard 2001] gave an elementary proof of boundedness of di-
mension of slope subspaces in the case GL,/Q also based on an analysis of
representations of GL»(Z,). In the case of quaternion algebras over Q he also
proved in [Buzzard 1998] local constancy of dimension of slope subspaces and his



320 JOACHIM MAHNKOPF

results were generalized to GL, over totally real fields by Pande [2009]. Following
the method of Ash and Stevens [2008], who introduced overconvergent cohomology,
Urban [2011] obtained p-adic families of systems of Hecke eigenvalues; he uses
this to also derive a p-adic trace formula on overconvergent cohomology. Andreatta,
Iovita and Pilloni also proved existence of p-adic families of eigenforms using rigid
analytic geometry; see [Andreatta et al. 2015].

More closely related to our approach is work of Koike [1975; 1976] (and some
unpublished work of Clozel); like Buzzard, Koike does not make use of methods
from rigid analytic geometry or p-adic Banach space theory. In the case of cuspidal
modular forms, i.e., in the case GL;/Q he uses a Selberg trace formula which
yields an explicit expression for the trace of Hecke operators to deduce congruences
between traces of Hecke operators. Since the Selberg trace formula becomes much
more involved this seems difficult to generalize to higher rank. We therefore do not
attempt to determine an explicit expression for the trace of Hecke operators but only
equate mod p" reductions of traces for p-adically close weights A, A". This can be
done even in higher rank by comparing the simple (non-explicit) trace formula of
Bewersdorff for weights A and .

1. Chevalley groups

We recall some basic facts from the theory of Chevalley groups and their represen-
tations and we give proofs for some (technical) results for which we do not know a
reference.

1.1. Complex semisimple Lie algebras. Let g be a complex semisimple Lie al-
gebra. We denote by h a Cartan subalgebra of g and by ® = ®(g, h) the set
of roots of g w.r.t. to h. We choose a basis A of ® and we denote by ®* the
set of positive roots. For each root « € ® we write g(o) for the correspond-
ing root subspace of g and we select elements i, € h, @ € A, and x4 € g(®),
a € ®, such that {hy, @ € A, xg, B € @} is a Chevalley basis of g. In particular,
hy is the coroot corresponding to & € A. The Chevalley basis yields Z-forms
9(7) = @ﬂe<b Zxg ® Pycp Zhy (resp. W(Z) = P, p Zhy) of g (resp. of h). We
denote by Uz the Z-form of the universal enveloping algebra U/ of g which as a ring
is generated by the elements x[, /n!, o € ®, n € Ny (see [Humphreys 1972, Theorem
26.4,p.156]). Weset g(R) = g(Z) Q R, h(R) =h(Z)@ Rand Upr =U7 @ R, R a
Z-algebra. We set s = |®T| and we fix an ordering ®* = {ay, ..., ]} of the set of
positive roots and we set

n
x:l:al xias
ny! ng!

X =

where n = (n1, ..., ny) € Nj. The Z-span of the elements X", where n € N, is a
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Z-form U, of the universal envelopping algebra 2/~ of n™ =&, _, g(«). Finally,
u < A, for A, u € b*, means that A — p is a linear combination of positive roots
with nonnegative coefficients. For any A € h* we define a relative height function
ht, : { € h™: u <A} — Ny by ht; () =ht(A — ) (see [Mahnkopf 2013, 1.3]); here,
ht = ht, is the height function corresponding to A, i.e., ht(A — ) = Y, A Ng if
A= =73 ,caNa®. By wy € h*, @ € A, we understand the fundamental (dominant)
weights, i.e., wg(hy) = 84,5. The fundamental weights span the weight lattice I
of g which contains the root lattice I'yq.

For any integral and dominant weight A € h* we denote by (p,, L) the complex
irreducible g-module of highest weight A. We denote by I'; the subgroup of the
weight lattice I'y. of g which is generated by the (finite) set of weights P, of
L;. The representation p, is defined over Z, i.e., L, = L, (Z) ® C where L, (Z)
is Uz-invariant. We select a highest weight vector v, € L;; the lattice then is
defined as L, (Z) = Uzv, (see [Humphreys 1972, proof of Theorem 27.1, p. 158]).
Moreover, we set Ly (Z, u) = L;(Z) N Ly (u) where L, (u) € L, is the weight
u subspace and obtain L; (Z) = P i L, (Z, u) by [Humphreys 1972, Theorem
27.1, p. 158]. More generally, for any Z-algebra R we put L, (R) = R® L;(Z) and
L, (R,u)=RQ®L,(Z, ). The space L,(R) is a Ug-module and L, (R, ) is a
h(R)-module and the weight decomposition of L, (R) w.r.t. H(R) reads

Ly(R) = EP Li(R, ).
H=A
More generally, let (;r, L) be a faithful complex finite dimensional represen-
tation of g. Since w = P, p,, is semisimple (by the theorem just cited) there is
a Uz-invariant lattice L, (Z) in Ly i.e., Ly = L (Z) @ C. Furthermore, for any
weight p e h* weset Ly (Z, u) =L,(Z)NLy(n) and Ly (R, ) = RQ L, (Z, 1)
(R a Z-algebra) and obtain

Ly-[(R) = @ L7T(R’ /’L)v
WE Py
where P, C b* is the set of weights of w. We note that P, = Ui P), and we set
Lr = (Pr).

1.2. Chevalley groups [Z,. From now on we fix an algebraic closure Q pof Q,
and we denote by O@,, the integer ring in @ »- We recall some basic facts from
the theory of Chevalley groups. Let (, L) be a finite dimensional complex
representation of g and let R by a Z,-algebra. For any ¢ € R and any root @ € ®
we define the element x, () = xJ (t) = exp(7 (txy)) € Aut(L (R)). The subgroup

Grr = (Xalla), @ € P, 14 € R) < Aut(L(R))

is called the Chevalley group attached to 7 and R.
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) The group Gn,@,) is a semisimple connected algebraic group, i.e., it is the set of
Q,-points of an algebraic group (group scheme) G, which is defined over Z,,. To
make this more precise, we denote by GL,, the general linear group with canonical
Z p-structure Z,[GL, | = Z,[x;;, det™'1, i.e., for any Z ,-algebra R we obtain

GLn(R) = Morzp,alg(ZP[GLn], R) = {(Xij) € an . det(xl-j) € R*}.

We select a basis B of the free Z,-module L, (Z,) and obtain for any Z ,-algebra
R an identification

Aut(L;(R)) 2 GL,(R) (n=dimL,).

In partlcular G @, is a subset of Aut(L, (@,,)) =GL, (@p) and it is the set of @,,-
points G, (Q ») of a closed algebraic subgroup G, = G,/Q, of GL,/Q, which
is defined over Q,, (see [Borel 1970, 3.3(1), p. 14 and 3.4, p. 18]); in particular,
Q,[G]= @p[GLn]/J’ for some ideal J' < Q,[GL,].

We set J = J'NZ,[GL,] and Z,[G,] := Z,[GL,]/J then is a Z ,-form on
Q,[G~] which yields a Z ,-structure on Gy, i.e., which yields a Z ,-group scheme
G /Z, whose extension to Q, is G, (ibid., 3.4, p. 18). Thus, for any Z ,-algebra
R contained in @ p the group of R-points G (R) is defined and

Gx(R) = G2(Qp) NGL,(R) = G, 5 NAu(Lr(R)).

In particular, since x4(f,) € Aut(L;(R)), t, € R, we obtain x4 (t,) € G (R) if
ty € R which yields

(2) Gn,R c Grr(R)

For each o € @ there is a unlque morphlsm Mo = UL SL2(@,,) — G, (@p)
such that ( 1) xZ(t) and ( |) > X7, (t) (t € @,) map (see [Borel 1970, 3.2(1),
p. 13]). The i, is defined over Z), (ibid., 3.3(2), p. 15 and 4.3, p. 22). We denote
by he(t) = h7 (1) the image of (* ,—1) under g (ibid., 3.2(1), p. 13). The algebraic
group G, /Q, contains a Q,-split maximal torus T/Q, = T™ /Q, such that the
group of @ p-rational points of T is given as

T(Q)) = (ha(ta), € € A, 1, € Q})
(@ibid., 3.2(1), p. 13 and 3.3(3), p. 15). To any A € I';; we attach a rational character

A° € X(T) by setting
ko( I ha(ta)> =[] 0

aeA aeA

for all #, € @’; (ibid., 3.3, p. 15). This defines an isomorphism I';; — X (T') (ibid.,
3.3(3), p- 15). We note that dA° = X (ibid., 3.3 equation (2), p. 16). The characters
a®, o € @, are the roots of G, /Q, with respect to T (i.e., the weights of the adjoint
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action of T on Lie(G,/Q,)). To simplify notation we denote the exponential
a®:T(@Q)) — @*[‘, of a root « also by «.
There are closed subgroups N = N” and N~ = N7 of G,/Q),, such that

N(Qp) = (x(1), ty €Qp, a € D),

(3) - _ .
N=(Q,) = (x(1), 1 € Qp, a € D).

The subgroups N and N~ are defined over Q,, and they are maximal unipotent
(see [Borel 1970, 3.3(3), p. 15]). In the same way as above the Z ,-structure on G
induces Z ,-structures on closed subgroups H of G /Q),, such that

H(Z,) = H@Q,) NG (Z,) = H(Q,) NAut(L,(Z,)).

For example, this applies to the groups N, N~, T, which thus have Z ,-structures.

We set B = TN, which is a subgroup of G, defined over Q,. Thus, B(Q)) is
the subgroup of G (Q ») which is generated by the root subgroups G 4 @ p) of
G, (Q p) with o € ®* together with T(Q ») and its existence as a closed subgroup
defined over Q, also follows from [Popov and Vinberg 1994, 5.3.4 Proposition,
p- 70]. In particular, B is a minimal parabolic subgroup. We also define the
subgroup B~ = TN~ of G, /Q,. Since hy(t) € G(Z,), t € 77, because ji is
defined over Z,, we obtain

he(t) € T(@p) NG(Zy,) =T, (e ZZ‘,).
Analogously, we obtain for any ¢ € Z,, and any positive root «
X(t) € N(Q,) NG (Zp) = N(Z))
while for a negative root o we get x,(t) € N™(Z),).

Notation. If m = p; is an irreducible representation then we simplify notation and
set x2(t) = x4 (1), Gy = G, uh = pl’, hls(t) = hiy' () and T* = T**; we note
that in Section 1.1 we already used the notation L; for L, and T'; for I',, .

1.3. Mod p reduction. Let p € N be a prime element. We denote by G (,) or
by G, /I, the mod p reduction of G, /Zp; i.e., G,,’(p)([_Fp) is the set of zeros of
F,®J <F,®Z,[GL,] in GLn([_Fp). Hence, G (p) is an affine variety defined over
[, (aclosed subgroup of GL, /[ ). Moreover, since G /Z, has good reduction (see
[Borel 1970, 3.4, p. 18]) we know that [F, ® J equals the ideal consisting of all f €
F,®Z,[GL,] which vanish on Gn,(p)([_Fp), hence, F,[Gr, ()] =F,®Z,[Gx]. The
mod p reduction G (p) is a semisimple group defined over [, (ibid., 4.3, p. 21/22).
Analogously, the mod p reductions N(,), B(p), N(;), B(_p), ... are defined.

We denote by

9 Aut(Ly (Z,)) 2 GLy(Z,) > GL,(F,) 2 Aut(L (F,))
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the mod p reduction map which sends (x;;) to (x;; (mod p)) (B is the basis of
Ly (F,) =TF, ® L;(Z,) induced by the basis B of L (Z))). If (x;;) € G (Z,) <
GL,(Z,) then p (x) obviously is contained in G, ([F,), hence, g induces a map

G, (Z,) — G (F)).
The Iwahori subgroup 7 of G, (Z,) then is defined as the set of all k € G, (Z),)
such that p (k) € B~(F,), i.e, Z=p Y(B~(F,)).

1.4. Irreducible representations of G, [Zp,. The group G is a semisimple con-
nected @ ,-split group with Q,-split maximal torus T' = T”". Let A° € X(T') be
a dominant weight. We set A = dA° € h*. As in Section 1.2 the choice of a
Z ,-basis B of the Uy -invariant lattice L, (Z ) (= Ly, (Z,)) yields an identification
Aut(Lx(@p)) = GLm (@p) (where m = dim(L;)).

If 'y 2T, we define a representation of algebraic groups

pe 0 G (Qp) = Aut(L(Q))) = GL,(Q))

by mapping x (¢) to xé t),xed,te @p (see [Borel 1970, 3.2(4), p. 14 and 3.3(2),
p-15], where_p,\o is denoted by A,, ). We note that p;- has image G, (Q,) (which
equals G, (Q))).

Lemma. The map p,- induces a map of tori
pre 1 TT(@p) = TH@Qy)
which maps h (t) — h},(t) for all o € A and t € @,

Proof. We first claim that for each « € ® the diagram

G.(Q,)

Y\%

SLy(Q))

G,.(Q,)

commutes. It is sufficient to show commutativity of the diagram for all ( ) and
(} 1) with 7 € @ because these elements generate SL,(Q »). But

e (W (1)) = o2 GZ (1) = (1) = (M),

and analogously for the lower unipotent matrices. Hence, the diagram commutes
and we obtain

pre(hg () = pre (g (" 1)) = 1 (" 1)) = he®).

Since T™ (Q p) 1s generated by the iy (t), where « € A and t € @ this implies that
oo (TT (@p)) C T)‘(@p) and the lemma is proven. O



DIMENSION OF SLOPE SUBSPACES OF AUTOMORPHIC FORMS 325

The lemma implies that forall r € T™ (@ ») and any weight vector v, € L;, (@ Py )5
w € Py, (i.e., v, has weight u w.r.t. h) we have

) Pre () (V) = pu° (@) vy

In fact since T™ (@ p) is generated by the A (s) we may assume that t = h, (s) for
some o € A and s € Q7). Using the lemma and the equation in [Borel 1970, 3.2(1),
p. 13], we obtain

1o (1) (V) = 3o (R ($))(v,) = b (s)v, = s Py, = 1° ().

The following result seems to be well known. Since we could not find a direct
reference we add a proof.

Proposition. 1. The G, (@p)-module LA(QP) contains a vector vyo which is
invariant under N™ (Q,) and satisfies tvye = A°(t)vye forall t € T™(Q)).

2. The representation p. is the irreducible representation of G (Q p) of highest
weight 1°.

Proof. 1. We choose for v,- the highest weight vector v, € L;(Z), which we
selected in Section 1.1. Since x4v;o (= p;(X4)v;0) vanishes for all @ € &+ we
obtain

P (X (D) V3o = X5 (D)0 = V3o + 10 (Xe) (Vpe) + -+ = Vye.

Since N™(Q p) is generated by the x7 (t) with € o, re p» this yields the first
claim about vy.. The second claim is immediate by equation (4) since v;. = v has
h-weight A
2. For the moment we denote by (o,-, X,) the irreducible representation of
G, (Q p) of highest weight u° € X(T™). The derived representation of aMo is
(ou, M(@,,)) where u = d u°; hence, dim X, = dim Lu(@p) Since G,
semisimple and since we are in characteristic 0 any representation of G (Q p) is
semisimple, hence, we can write

r
Phre = @ ZM?‘
i=1

Any representation X, contains a unique (up to scalars) nontrivial vector vye
invariant under N™ (@ ) This vector v,e then satisfies tv,e = =W, F(Ovye, teT™ (@p)
(ie., Q pUue is the unique line which is stable under B(Q,)). The vector vj.

decomposes as .
Upo = E Vi,
i=1

where v; € X e and at least one vector v; does not vanish. Since vjo is invariant under
N(Q)) by part 1, we obtain ) ; nv; =), v; for any n € N(Q,), hence, nv; = v;
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for all i and all n € N(@p). Thus, v; = ¢; Vpe for some ¢; € @p by the uniqueness
of vye; in particular, v; has weight 7 wrt. T T (GiD p)- On the other hand, since
tvye = A°(t)vye by part 1, we obtain ) . rv; = ) ; A°(t)v;; hence, rv; = A°(f)v; for
alli andr € T™(Q p)- Since v; # 0 we deduce that u;’ = A°. The representation p;e
therefore decomposes as a direct sum p;o = X0 @ C. Since p,. is a representation
on the space L N ») we know that dim py. = dim L, (@ p) =dim Xj.. This implies
that C =0, hence, p;o = X;. is the irreducible representation of G (@ p) of highest
weight A°. Thus, the proof is complete. ([l

From [Borel 1970, 3.5, p. 19], we know that the morphism p,- is defined over
Z,, ie., it is associated to a morphism of Z,-group schemes p;o : G /Z, —
G,./Z,. Since G, is a closed subscheme of Aut(L;) = GL,,/Z, we obtain that
the representation p;. is defined over Z,, i.e.,

o : Gy /2L, — Aut(Ly) =GL,/Z),

In particular, L; (R) is a G, (R)-module for all Z,-algebras R. Using equation (4)
we deduce that T7 (Z),) leaves L;(Z,, ) = L;(Z,) N Ly(Q,, 1) invariant and acts
via the character u°.

1.5. The level subgroup K,.(p, o). From now on we fix a prime element p € N.
For any o € N we define the level subgroup

K.(0)=K.(p,0) =K (p,0) <Gz (Z))

as the subgroup generated by the following elements: all x,(¢,) with « € &~ and
ty € Zp, all x4(ty) witha € T and 1, € pféht(aﬂz,, and all h7 (t,) with o € A
and 7y € Z},. We note that the equations at the end of Section 1.2 imply that
Ky(0) < Gr(Z),) and even that K,(0) < T, because g (x(?)) is the identity in
Aut(L,(F)) if t € pZ,. If 0 > maxyco+ ht(a) we conclude that K, (o) equals

(% (ta), to € pZpifa>0andty € Z)if & <0, holte), @ € A, 1, € Z4) =T;

the latter equality follows from [Iwahori and Matsumoto 1965, p. 259] (the Iwahori
subgroup is denoted by B there).

We define the subgroups Nz, = N” = (xa(ta) a>0,1t, €2, €N(Zp,
szpszZ = (xq(to), >0, t, € pZ, ) Z =N, " = (xq(le), <0, 1, €Z))
and 7z, = T” = (h}(ta), x € A, 1y € Z*) of G,, (Zp) The Iwahori subgroup
then satisﬁes the decomposition

T=Nyz,Tz,N;,

(see [Iwahori and Matsumoto 1965, Theorem 2.5, p. 263]; note that 77 , = ho). We
note the following consequences.
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1. Assume i € T(Q,)*"; ie., v,(x(h)) > O for all simple roots « € A. Then,
for all e, f € Ng we have

(5) Th¢Th!/T =Th*t/T.
2. Assume t,¢' € T(Q,)*". Then
(6) I=It"7T < szthp = TZpt/TZp-

Proof of equation (6). The leftward implication is trivial. To prove the reverse
implication we note that 7 € Zt'Z implies that there are k*, m* € N,z ok, m° €
Tz, and k=, m~ € NZ such that tkTk°k~ = mT™m°m~t'. Since Ad(t)(xy(ty)) =
Xq (a (1)t,) the element ¢ normalizes Nz, and (#")~! normalizes NZ , hence, we
obtain kTrk°k~ = mtm°t'm~ with k* € Npz,.m~ € Ny Equlvalently,

(7 mH T ktke =mem (k)7L

The left-hand side is contained in B(Q,) and the right-hand side is contained in
B~(Q,), whose intersection is T'(Q,). Hence, (m")~'k* € T(Q,) N Npz, = {1}
(note that Nz, € Nz, € N(Z,)) and, similarly, m (k)" e TQ,n Nz_,, = {1}.
Equation (7) thus implies that tk® = m°t’, which proves the claim. ([

2. Hecke algebra and cohomology

2.1. Reductive algebraic groups. From now on, G denotes a connected reductive
algebraic group defined over Q. Since G is defined over @ it contains a maximal
torus which is defined over @ and we assume that G contains a maximal torus T
which is defined over Q and split over Q,, (hence, GisQ p-split). This assumption
is in particular satisfied if G is Q-split. We denote by G = G the derived group
and by Z the center of G; hence, G = (G x Z)/Z as algebraic groups over Q,
where Z is the center of G (embedded via z — (z, z~!)). We denote by Lie(G) the
Lie algebra of G. We use the notations introduced in Section 1.1 for the complex
Lie algebra g = Lie(G) ®¢g C; e.g., h is a Cartan subalgebra in g, & = ® (g, h) the
set of roots and A a choice of a basis of ®. Since G is a Q,-split, semisimple
algebraic group, there is a finite dimensional complex representation 7 of g such
that

G/Q,=G,/Q,

as Q,-groups, where G /Z, is the Chevalley group attached to 7 ; see Section 1.2.
In the following we may assume that G/Q, = G, /Q,.

The Q,-structure on G. We denote by T the Q p-split maximal torus and by N, N~
the maximal unipotent subgroups in G/Q, = G, /Q, defined in Section 1.2. The
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subgroups N, N~ remain maximal unipotent in Gand T isaQ p-defined and Q,,-
split torus in G. We denote by B/Q p the Borel subgroup in G containing T which
corresponds to A. The torus T decomposes T = (T’ x Z)/ Z over Q@ p» where T'/Q,
is a @,-split maximal torus in G/Q,. Since any two Q,-split maximal tori in
G /Q,, are conjugate by an element x € G(Q,) (see [Springer 1981, 15.2.6 Theorem,
p. 256]) we may assume after composing the isomorphism G/Q, = G, /Q),, with
conjugation by x that T = T’, hence, T=(TxZ)/Z as algebraic groups over Q,,.
We denote by X (f’ ) (resp. X *(T)) the (additively written) group of Q,-characters
(resp. Q,-cocharacters) of T/@p and by (-,-): X(T) X X*(f‘) — Z the canonical
pairing defined by x o n(x) = x" for all x € G,,(Q,). We recall that by o we
denote a root in ® C h* and also its exponential in X (') (i.e., we write « for «°; see
Section 1.2). Any root « € X (T') vanishes on the center Z of G, hence, it extends to
acharacteron T = (T x Z)/Z by setting it equal to 1 on Z; we denote this extension
&ﬂwmmaymbyahmwcun—aaﬂ(a%ﬁ»ﬁt—tzeﬂ@ﬁZ@%)
We denote by o € X,(T) C X,(T) the coroot correspondmg to «; explicitly,

aV(t) =hy(t), t € Gm(@p) Any character A € X(T) is of the form A = A° Q@ «,
where k = A|Z € X(Z) and A° = AlT € X (T) satisfy A°|z = k|z. We note that A°
corresponds to a weight A € I', i.e., A = dA°; see Section 1.2. We call = X(T)
dominant if

(hoa') = (A% a") = A(ha) = 0

for all @ € A. We denote by T(Q,)" (resp. T(@,)**, T(Q,)~") the set of all
elements 1 € T(@p) such that v, (a(z)) > 0 (resp. v,(a (7)) >0, v,(a(t)) < 0) for
all ¢ € A and by X (T)%°™ the set of dominant characters.

The Z ,-structure on G. We recall that the derived group G/Q » = Gy /Q, has
a Zp-structure; see Section 1.2. In Section 1.5 we defined the level subgroup
K.(0)=K] (p, o) whichis a subgroup of G(Z,). We define a Z ,-structure on Z by
selecting as a Z ,-form of QP[Z] the algebra Zp[resT/Z X (D))= ZP[X(T)/X’(T)],
where X'(T) = X(T) N Y weo Qu. It follows that for any re X(T)

(8) Mz Z — Gy,

is defined over Z,,. The Z ,-structures on G and Z yielda Z p-structure on G.

2.2. From now on, we fix a prime p € N and we define the subgroup
1:=(1,2(Z,)) < G(Z,).
We select an arithmetic subgroup I' < G(Q) satisfying I' < 7.

2.3. The Hecke algebra. Also, from now on, we let & be an element in f’(@)++;
ie,heT(Q)andv,(x(h))>0foralla e A. We denote by K=K, = (h, i)semigrp <
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G(@ ») the (sub)semigroup of G(@ ») which is generated by /4 and 7 and we set
A=A,={geGQ):gek).
Thus, A < G(Q) is a subsemigroup containing I" and we denote by
H=H,=HT\A/T)

the Hecke algebra attached to the pair (A, I'). Thus, H is a Z-algebra which is a
free Z-module with basis {I"¢I", ¢ € A}. For any Z-algebra R we set Hr = H® R
and we put

T, =I'¢treH” (¢ eA).

2.4. Irreducible representations of G. Let & € X(T) be dominant. We set A° =
)~L|T € X(T) and A =d A° € h*. Since X(T) =TI',; (see Section 1.2) we know that
A € I'y and we let oo : G /Z, — Aut(L;) be the irreducible representation of
G/7,=Gy/Z, of highest weight A°; see Section 1.4. The morphism p;. ®)~‘|Z :G X
Z — Aut(L;), given by sending (g, z) € G(R) x Z(R) to A(2) ps- () € Aut(L; (R)),
R any Z ,-algebra, is defined over Z, (see equation (8)) and factorizes over Z, hence,
we obtain a representation

p; G =(GxZ)/Z — Aut(L,)

of Z,-groups (group schemes). The representation (p;, Ly ) is irreducible of highest
weight A and pe = p5|G. In particular, for any Z,-algebra R the G(R)-module
L;(R) also is a G(R)—module and we write L;(R) for L, (R) if we view it as
G (R)-module. Thus, L;(R) and L, (R) are isomorphic as G (R)-modules, but on
L; (R) we have an action of Z (R) via ):I 7 and, hence, an action of T(R). Similarly,
we obtain a representation

T =(T xZ)/Z — Aut(L;(n)), ne P,

by sending (¢, z) € T(R) x Z(R) to ):(z)p,\o (t) € Aut(L; (, R)), R any Z ,-algebra
(note that L) (Zp, ) is a Z,-module, hence, Aut(L; (1)) is a Z,-group). If we
view the weight space L; (R, i) as T(R)—module we write it as L; (R, ). Thus,
L; (R, u) =L (R, ) as abelian groups and also as T (R)-modules but on L; (R, 1)
the torus T(R) acts via the character &t := u° ® 5‘|Z of T (see Section 1.4 and
equation (4) in particular). The weight decomposition of L;(R) w.r.t. T (R) then
reads

©) L;(R) =P L;(R, ),

H=A

where L; (R, 1) is the weight fi-subspace of L;(R) w.r.t. T(R).
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2.5. Splitting field. Since the maximal torus T/Q is assumed to be split over Q,,
there is a subfield F C Q, which is a finite extension of Q such that T /F 1is
split. In particular, GisF -split and A € X (T) and the irreducible highest weight
representation (o5, L;) are defined over F; hence, L; (F) is defined and is a é(@)—
module.

We fix an algebraic closure Q p of @, with valuation v, normalized by v,(p) = 1.
Since FCQ, C Q p thisinduces a p-adic valuation v, on F and we obtain F, )= Q,.
We also fix an embedding F' C C. We extend the embeddings of F to embeddings
of its algebraic closure FC Q p and F C C; hence, we may view F as a subfield of
@, and of C and F as a subfield of C and of Q,,.

2.6. Cohomology with coefficients L;. We denote by A~! < G(Q) the sub semi-
group consisting of the inverses of elements in A. The representation space L; (F)
in particular is a A~!-module, hence, the Hecke algebra # acts on cohomology
H(T, L; (F)). For later use we recall the definition of this action. Let Ty =I'¢ " e H
(¢ € A). We select a system of representatives y1, ..., ¥, for (¢ -1 '¢ NIH\T, hence,

T{Z U I'¢y;.

i=1,...,r
Thus, for any n € I and any index i satisfying 1 <i <r there is an index 7 (i) such
that
Ieyin =T yna)-
In particular, there are p;(n) € I', i = 1,...,r, such that {y;n = p;(MEvyi)-

Let now ¢ € C4(T, L;(F)) be any cochain; we then define T; (c) as the cochain
¢’ € CU(T, L; (F)), which is given by

(10) Mo ma) =Y @) eloi(no)s - s pi(a)-

1<i<r

Since T, commutes with the coboundary operator, T; acts on cohomology with
coefficients in L; (F), i.e., T; defines an element in End(H T, L 5 (F))) which does
not depend on the choice of the representatives y1, ..., ¥, (see [Kuga et al. 1981,
p. 2271). We note that this also yields 7{-module structures on H'(T", L;(Q)) and
H'(T, L;(C)). We denote by

H' (T, L; (Z))int

the image of the canonical mapping H' (T, L;(Zp))— H (T, L;(Q))); this defines
a lattice in H (T, L;(Q))).

Cuspidal cohomology. We select a maximal compact open subgroup K+ < G(R).
We denote by A the connected component of the real points of a maximal Q-split
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torus AG in the center of G and we set X = G([R{) / Koo Ag. The cuspidal cohomol-
ogy Cusp(F\X L;(C))isa subspace of full cohomology H(I'\X, L; 5(C)). We
note that if the highest weight X is regular and G has discrete series then there are
isomorphisms

H{,(T\X, L;(C)) = H/(T'\X, L;(0)) = Hy,(T\X, L;(0))

cusp

and cuspidal cohomology vanishes in all degrees except for the middle degree
d=dg=4%dimX.

Weighted cohomology. For use in Section 4.14 involving the Goresky—MacPherson
trace formula we briefly recall the relation between cuspidal cohomology and
weighted cohomology. We denote by WY H! (T\ X, L 5 (F)) the weighted cohomol-
ogy groups of I (see [Goresky et al. 1994]). If v is the middle weight profile and G
has discrete series then [Nair 1999, Corollary B, p. 3] (see also Section 5.1 there)
implies that there is an isomorphism

WYH'(T\X, L;(C)) = Hj,,("'\X, L; (C)).

(in the hermitian case this also follows from the Zucker conjecture, which was
proven by Saper and Stern, and independently by Looijenga). Thus, if in addition
the highest weight A € X (T) is regular then there is a canonical isomorphism of
Hecke modules

WYH'(T\X, L;(C)) = Hl,,(T\X, L;(C))

cusp

where the cohomology groups are nonvanishing only if i = d; in particular, we
obtain

(—D)?u(T|Hg,,(T\X, L;(€))) = Lef(T|W"H*(T\X, L;(C)))

cusp

where T € H is a Hecke operator.

We mention that this implies an F-structure on cuspidal cohomology we denote
by Cusp(l“\X L;(F)) the image of W”Hd(F\X L;(F)) in HG,("\X, L; (0))
and obtain

cusp

(M\X, L5 (C)) = Hgp (T\X, L; (F)) ® C.

cusp cusp

2.7. Normalization of Hecke operators. We want to normalize the Hecke opera-
tors so that they act on cohomology with p-adically integral coefficients. We recall
the following diagram of inclusions:

=1 C &
N

K
U
A

IN
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Lemma. 1. K= UeeNo ThT, i.e., any element g € K can be written g = kih®k>
with ki, k, € T and e € Nj.

2. IfTh*I =ZIh'T, e, f € Ny, then e = f.
3. Let & € X(T) be a dominant weight. The mapping

MK = F*, ko A(h) (ki ky € T, e € Ny)
is a well defined morphism of semigroups.

Proof. Equations (5) and (6) in Section 1.5 remain valid with the same proof if
T is replaced by 7, Tz, is replaced by fzp = TZ,,Z(ZP) and if h,t,t' € T(@,,).
Conclusion 1 is then immediate by equation (5). As for 2 we note that equation
(6) implies h¢ = 8h/, where § € Ty , S T p)- Applying an arbitrary simple root
a and taking p-adic values yields ev,(a(h)) = v,(a(8)) + fv,(a(h)) and since
a(d) € Zj‘, and v, (a(h)) > 0 we deduce that e = f. As for 3 we remark that parts 1
and 2 show that 2 is well defined and equation (5) in Section 1.5 implies that Aisa
morphism of semigroups. Thus, the lemma is proven. ]

Let A € X(T) be a dominant weight. By restriction, X induces a mapping
A: A — F*. For any F-algebra R we define an R-linear mapping

HR—>HR

by sending I'¢T" — ):(g“)FgF, ¢ € A;note that {I'¢TI", ¢ € A} is abasis for Hg and
that the assignment is well defined since A vanishes on Z by definition and, hence,
vanishes on I' € Z. We denote the image of T € Hy under the above mapping
by T; € Hy and we call T; the A-normalization of T'. In particular, if £ € A with
¢ € Th*T then
(Tp); = AME) Ty = A(h) Ty
The normalization T3 of any T € Hg, leaves H iT, L;(Q,)) invariant and we

want to show that 75 leaves cohomology with integral coefficients L;(Z,) invariant.

To this end we first show that the “normalization X(g) g~ of any g € K leaves the

lattice L;(Zp) invariant.

2.8. Lemma. Forall g € K andv € L;(Z,) we have )A»(g)g_lv € L;(Zp).

Proof. Any g € K has the form g = k1h%k» with ki, k> € Z. Since A(g) = A(h°)
and since Z € G(Z p) leaves L;(Z,) invariant it is sufficient to show that X(he Yh—¢
leaves L;(Z,) invariant. Since, as we saw in equation (9), we further have

L;(Zp) =P L;(Zp. ),
H<A

it is sufficient to show that X(he)h_evu € L;(Z,, n) for any weight vector v,
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in L;(Z,, jt). Equation (9) implies that A(h€)h v, = A(h) A(h™)v,. We write
pw=Ari—vwherev=> ,_,nqa withny, eNgand h =tz witht e T(Q,),z€ Z(Q))
and obtain
AR = A (t)AEIR°EIMEZ4) = A (1) (t ™)
= A°(tOA (OO (t6) = 1_[ a ().

aeA

aeA

Since v, (a(t)) = v, (a(h)) > 1 for all simple roots o we deduce that

vp( 1_[ a(t)”’“) >e Y ng=-eht(v)>0.

acA aceA
Thus, taking into account that ht(v) = ht; () we obtain
(11) IO ™vy, € pM™WLA(Z,, 1) S Li(Zp, 1),

which implies that L(h€)h~¢ leaves L;(Z)) invariant. The lemma is proven.  []

2.9. Corollary. 1. Forany T € Hz, the normalized operator T;, leaves the group
H'(I', L;(Z))) invariant. In particular, T; acts on integral cohomology
H' (T, L;(Z))int-

2. For any T € H the eigenvalues of T; € Hp on H(I'\X, L;(C)) and on
HC’USP(F\X , L;(C)) are algebraic over F (note that F C C) and are contained
in O@p (note that F € Q).

Proof. 1. We may assume that T = T; for some { € A. The claim then follows
directly from the definition of the action of 7; on cohomology given in equation (10)
and the lemma just proved (note that { € A C K and that yl._l ercG p) leaves
L;(Z ) invariant).

2. The cuspidal cohomology Hciusp(I‘\X, L;(©)) € HI(I'\X, L;(C)) is a Hecke
submodule of full cohomology, hence, the eigenvectors and (complex) eigenvalues
of T; on Héusp(F\X , L;(C)) are contained in the set of eigenvectors and eigenvalues
of T; on H'(I", L;(C)). Since H'(I", L;(C)) = H'(T", L; (F)) ® C all eigenvalues
of T; on H T, L;(C)) are algebraic over F and, hence, they already appear as
eigenvalues of 7; on H ir, LX(F )). In particular, they also appear as eigenvalues
of T; on H'(T, L;(Q,)) where the latter contains the T;-invariant Z ,-lattice
H(T, L;(Z}p))int- Thus, all eigenvalues of T; on HI(I'\X, L;(C)) are algebraic
over F and contained in the integer ring OQ,, after embedding F in Q p- This
completes the proof. O

The diagram of inclusions on the next page recapitulates the objects appearing
in the proof above and groups them together for easy lookup as they come up later
in the discussion.
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(M\X, L;(C)) € H'(T\X, L;(C))
H"(F\XL{L;@)) S H'(\X, L;(@)))
H"(F\XU,L;(F)) c Hi(F\X%JL;(@p))
H"(F\X,UL;@,,))im

cusp

2.10. Mod p reduction of irreducible representations. We denote by T;,, the max-
imal torus in GL,, consisting of diagonal matrices, by B, the Borel subgroup in
GL,, consisting of all lower triangular matrices and by g : GL,,(Z,) — GL,,(F )
the mod p reduction map for GL,,. Since G /Z, is smooth the reduction map
[l G(Zp) — G([Fp) is surjective. We let A€ X(f’) be a dominant weight and as
before we set A = d (A|r) € h*. We define the mod p reduction

p5 : G(Fp) — GL,,(F,)

of the representation pj : G/Zp — GL,,/Z, by p;(g) = (05(g)), where g € G(Zp)
satisfies o (g) = g. We denote by 7, < GL,,(Z,) the Iwahori subgroup consisting
of all elements g € GL,,(Z,,) such that p (g) € B, (F)).

Lemma. 05 @D S Tn.

Proof. In Section 1.4 we selected a Z ,-basis B of L, (Z ) to identify Aut(L;(Z,)) =
GL,.(Z)). Since L;(Z,) = @uer L;(Z,, n) —see Section 1.1 — we may choose
a basis B consisting of weight vectors w.r.t. . We order B so that, if v, v,y € B
are vectors of respective weights u, 1’ € h*, then ht; (1) < ht, (') implies that
v, <v,. We consider the image o5 (x (ty)) = pro (x7 (t2)) =x§(ta) e Aut(L, (@p)),
where o« € @~ (1, € @p). Let vu € B be a basis vector of weight u. Since

XE(t)vy = vy + teXaUy + 312x2v, + -+, We see that x7(f,)v, is a sum of
vectors of weights u, u+o, ;H—Zoe ., which are of strictly increasing relative

height (since a < 0). Hence, p;(x} (ta)) has lower trlangular form w.rt. B, i.e.,
o5 (x} (ty)) € B, (@,,) This shows that p; (N~ (@p)) C B (@p) Since T(@p)
preserves V\ielght spaces by equation (4) in S_ectlon 1.4 we find quite analogous
that p; (T'(Q,)) < T_'m(@p), hence, p;(B~(Q,)) € B,,(Q,). Thus, we obtain
p; (B~ (Zp)) € B, (Q,) NGL,(Z,) = B,,(Z,) and, hence,

p; (B~ (Fp)) € B, (Fp).

We obtain g (p;(Z)) = 7 (9 (D) € f;(B~(F,)) S B, (F,) and since p;(T) €
,O}L(G(Z »)) € GL,,(Z,) we deduce that p;(Z) € J,,. Equation (8) implies that
p;(2) = i(z)lGLm € Jn forall z € Z(Zp), hence, we finally obtain p;(f) C TIn
and the lemma is proven. (]
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3. Boundedness of dimension of slope subspaces

3.1. We keep the assumptions from the previous sections. In particular, G /Qis a
connected reductive group containing a @Q ,-split maximal torus T/QandT < G(Q)
is an arithmetic subgroup such that I' € Z. We will obtain bounds for the dimension
of the slope subspaces of H' (T, L;(Q,)); see 3.10 Corollary. This extends the
main result in [Mahnkopf 2014], since (i) we allow I" to be an arbitrary subgroup
in Z (i.e., we do not assume that I is contained in the smaller group K. (p) <Z
defined in [Mahnkopf 2013; 2014]); (ii) we do not assume that I' < G (Q) where G
is the derived group of G (iii) we obtain stronger bounds for the dimension of the
slope subspaces than those in [Mahnkopf 2014]. The proof follows the one in that
paper. To deal with arithmetic subgroups I which are only contained in Z we have
to generalize the notion of truncation of an irreducible representation introduced in
[Mahnkopf 2013; 2014] (see Section 3.3).

3.2. We note the following corrections to the works just cited.

1. In [Mahnkopf 2014] we considered a connected reductive group G which is
defined over a number field F' with Fj,-split maximal torus T (Section 1.4 there).
As in the present article, we have to assume that T is defined over F (and split over
Fy); thus, the F-points T (F) are defined and we may select i € T(F ) as done in
Section 1.6 of [Mahnkopf 2014].

2. Let G denote the derived group of the connected reductive group G which we
considered in [Mahnkopf 2013; 2014]. Hence, G is a semisimple group and in those
two papers we assumed that it is isomorphic over a splitting field to a Chevalley
group G, for an irreducible representation p;, of the Lie algebra g = Lie(G) ® C.
In general, G over its splitting field only is isomorphic to a Chevalley group G for
a semisimple representation 7 of g (if one restricts to irreducible representations
7 one does not obtain all covering groups of the adjoint group with Lie algebra
g). Since in the cited papers we did not make use of the irreducibility of the
representation py, the results also hold if we consider a Chevalley group G, which
is attached to a semisimple representation 7 of g.

3. In the summation formula (7) in Section 2.5.3 of [Mahnkopf 2014], the Bernoulli
number B, (0) has to be replaced by B, (1) (note that B;(1) = B;(0) for all s > 1
but B (1) = —B;(0) = ).

3.3. Truncations with slope parameter. For the moment we let o € N be any
natural number and we consider the subgroup

K.(0) = Ku(p, o) = (Ku(p,0), Z(Z,)) < G(Z,).
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Thus, if 0 > maxyeqe+ ht(a) then k*(a) = 7. For any r € Ny we define the
Z ,-submodule

_rL
(12) Li@Zp.ro)= @ p #WWLz,.we @ LiZ,.w
HU=A H<A
O<hty () <ro ht; (n)>ro
of L; (Z,).

Lemma. The Z,-module L;(Zp,r, o) of L;(Zp) is IE* (0)-invariant.

Proof- In view of the definition of K, (o) we have to show that the three types of
generators of K. (o) map any of the weight subspaces of L; (Z,, r, o) (see equation
(12))to L;(Zp, r, o). Since t,x;,/n!, where t, € Z,, and o € ®, maps L;(Z, ) to
L;(Zp, n+na), it is immediate that any 7/, x;/n! with o <0 and 7, € Z, maps any
weight subspace p™L;(Z,, u) contained in L;(Z,,r, o) to p"L;(Z,, u + na),
which is contained in L;(Z,, r, o) because ht, (u + na) > ht; (u). Hence, any
generator x4(ty), @ € ®~, t, € Z,, leaves L;(Z,,r, o) invariant. We look at
generators x, (f,) Where a € ®+— hence, t, € pl7 @17 »- Using the inequalities
[xT—[y] <[x—y]landn[x] > [nx], x,y € R,n €N, we find for all n € N and
all weights u < A with ht, (n) <ro:
Xy
t )

_rl 1 _rl
P [ htA(“”L;(Zp, w) C pnfa ht(aﬂpr [t ()] L;(Zp, p+na)
_rl 1
- pr [ 5 hty(u)1+[n - ht(e)] LX(ZP’ W+ no)
Z(TLhty (w)—n L
C pr (3= M@ (7 4+ nar)
— p”—(fol htx(u-ﬁ-noz)])LSL (Zp, W+ na)
g L};(va r? O'),
for the last inclusion note that ht; (1« +na) <ht; (1) < ro (we remark that if u+na
1
is not < A then tg(xgl’/n!)p’_r? htW‘)]LX(ZP, w) = 0). For weights u < A with
hty (u) > ro we find

n

X 1 n
ty L5 @, 1) € p"TT ML (@, ot ne) € ple ML (2, ).

Since (g ht(cr)] > 0 this shows that #) (x/;/n!)L;(Z,, u) € L;(Z,, r, o) if hty (. +
na) > ro. If ht, (1 +no) < ro we note that

r—[L1ht(u+ne)| <r— Lt (w) —nht@) < 2 ht(a),

which shows that again t{:‘l (xy/nYL;(Zp, ) € L;(Z,, r, o). Hence, the generators
Xo(ty), o € DT, 1 € pla @17, also leave L;(Z,, r, o) invariant. Finally if ¢ €
T (Z,) thent leaves all weight spaces L; (Z, ) invariant because the representation
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5 1s defined over Z,. Hence, L;(Z, r, o) is invariant under all generators of K «(0)
and the lemma is proven. O

Definition. The quotient

LX(Z[)) _ Li(zpa W)
L;(Z,,r,0) et P W1 (Z,, 1)
ht, (w)<ro

L[{](z,,, o) =

is called the truncation of L;(Z,) of height r € Ny and slope . Ll oeN.

Remark. The lemma just proved 1mphes that L[r](Zp, o) is a K (0)-module.
Therefore, if 0 > max,ce+ ht(a), i.e., K (o) = 7, then L[r](Zp, o) is a I'-module
(recall that ' < 7).

3.4. Lemma. For any dominant and integral weight » and anyr € N, o € N there
is an embedding (of Z,-modules)

r

Ir] z, \"*
L7, 0)< ,
Vo=@ (70;)

h=0

where My, = o (oh+ 1)1 (s = |®F)).
Proof. We write

L[r](Zp,a)_ @ EB = rm ® L;(Zp, ).

heNy H=<A
0<h<ro hty(u)=h

In the proof of 2.2 Lemma in [Mahnkopf 2014] we have seen that

dimz, @ Li@Z,. 1) <Ny,
M=
ht, (n)=h

where N, is the number of tuples n = (n1, ..., ny) € Nj such that

S
> njht(e) =h
i=1

(recall that ®* = {1, ..., a,}). Hence,

[r] Zp N
r
(13) L'z, 0 < P (W) :
heNg NP 7 £p
0<h<ro
We select an a € N. The terms of the form r — |'(1;h'|, h € Np, which equal r — a
are then precisely those with h =oca —o +1,0a — 0 +2, ..., ca. Thus, the term
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Zp
prfa Zp

appears with multiplicity
Aka—a+l4‘A%a—a+2+”"%‘A%a

in the right-hand side of equation (13). It is easy to see that N, < (h+ 1)*~!, which
implies that

Naa—a+1 + Naa—o+2 4+ Nyy<o(oca+ 1)S_1-
Thus, we obtain, as desired,

] z, \"

r P

L): (Zp’ U) = @ ( r—ay > : O
p p

aEN()
O0<a<r

3.5. From now on we set
o = max ht(x).
aedt

Hence, o only depends on G and IZ* (o) = Z.In particular, L(Z,,r,0) is a 7 and,
hence, a I'-module. The inclusion i : L;(Z,, r,0) € L;(Z,) induces a mapping

i*:H (T, L;(Z,,r,0)) — H (T, L; (Z,)).
We recall that % is an element in T (Q)*™ (see Section 2.3).
Lemma. 1. The mapping i* induces an injection
i*H (T, L;(Z,,r,0))™ — H (T, L; Z,)™,

where superscript TF denotes the maximal torsion-free quotient. In particular,
we may identify H' (T, L;(Zp,r, o)™ with its image in H' (T, LX(ZP))TF
under i*.

2. Let ¢ € A; hence, ¢ € TheT for some e € Ny and we assume that e € N. Then
the Hecke operator (T ); induces an operator on H i, L;(Z p))TF and we
obtain

(To); (H' (T, Ly (Zp,r,o)™) € p"H' (T, Ly (@)™
Proof. 1. The exact sequence
0= L (Zp.r.0) > L; (Z,) > LY@,.0)—0
yields an exact sequence

H'\ (T, LY Z,,0)) = H'(T, L;(Z,, r,0)) = H (T, L;(Z,))
I H(T, L;’](z,,, o).
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Since H (T, L[{](Zp, 0)) is a finite abelian group we further obtain an exact
sequence

(14) 0— H' (T, L; (Zp. r, o)™ > HI(T, L; (Z,)™ 5 0 — 0,

where Q is a certain subquotient of H' (T, L[{](Z »»0)). Thus, i* is injective.

2. The first claim follows from 2.9 Corollary. In equation (11) in Section 2.8 we
have seen that for any v, € L;(Z,, )

X(he)h_"v# € th‘*(“)L;(Zp, nw.
Hence, for all weights o < A satisfying ht, (1) < ro we obtain
;(he)h—epr—rg MOV (Z,, 1) © pr—rg b (01+e M0 L7, 1)
c p eV (Z,, 1) € p Ly, 1),
and for all weights pu < A satisfying ht, (1) > ro (> r) we obtain
MhOYR™ L5 (Zp, 1) € p* ™ L3 (Z ), 1) € p' L5 (2, ).

Hence, we obtain A(h*)h~¢L;(Z,,r,0) C p"L;(Z,). Since ¢ € Th*T with e > 1
and 7 leaves L;(Zp) and L;(Z,, r, o) invariant (see 3.3.1 Lemma) we obtain

AT L3 (2, 1, 0) C pTL5(Z))
which yields
(Tp);(C'(T, L;(Z, 1, 0))) € p"C'(T, L;(Z,)) (S C'(T, L;(Z)))

(here, we view C'(I', L;(Z,, r, o)) as embedded in C'(T', L;(Z,)) via i*). The
last equation implies the claim. O

We note that H'(T', L; (Z,))™ = H (T, L;(Z}))int.
3.6. We select a resolution of the trivial I"-module Z,
0—>Md—>---—>M1—>M0—>Z—>O,

where M; is a free ZI"-module of finite rank (see [Brown 1982, p. 199]; note that I"
is of type FL; see p. 218 in the same work). The groups H' (T, LE{](ZP, o)) then
may be computed as the cohomology of the complex

0~ Homz, (Mo, LY(Z,. 0)) = - -- — Homz,+(Mq,p. LV (Z,y, 0)) = 0
where M; , =7, ® M;. We set
g = &gi,r =1kzrM;.

Thus, g; depends on i and the arithmetic group I.
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3.7. Borel-Serre compactification. Following [Borel and Serre 1973] (see also
[Brown 1982, pp. 14 and 218]) we can construct a finite free resolution (M;) >i>0
of Z as follows. We denote by ¥ = I'\ X the Borel-Serre compactification of the
locally symmetric space I'\ X attached to G /Q. By the work of Borel and Serre
Y is a compact K (I", 1) space; hence, there is a finite CW complex Z having the
same homotopy type as Y. The universal cover ¥ of Y inherits a structure of CW
complex Z from Z and the cellular complex C, = (C )a=i>o (d = dim X) attached
to Z is a complex consisting of free ZI'-modules C;. The module C; has a natural
ZT -basis which is in bijection with the set of i-cells of Z (see [Brown 1982, p. 15]);
hence, C, is a finite complex consisting of free, finitely generated ZI'-modules.
Since Y is contractible, its cohomology vanishes except in degree 0; hence, the
complex

0>Ci—>--—>Co—Z—0

is exact and thus a resolution of Z. In particular, we may select M; = C; and since
rkzr C; equals the number of i-cells of Z this shows that we can take for g; the
number of i-cells of a CW complex Z which has the same homotopy type as '\ X.

3.8. Slope subspaces. We select a Hecke operator 7 € Hz,,. Let A € X(T)%°™ and
let £/Q, be an extension which is contained in Q p- For any B € Q~( we denote by

H' (T, L; (E))P = pg(T;)H (T, L; (E))

the slope B subspace of H T, L 5 (E)) w.r.t. to the (normalized) Hecke operator T5.
Here, p(X) € Z,[X] is the characteristic polynomial of 75 acting on H iT, L 5(E))
and pg(X) = ]_[M’ Up(m#(X — 1) € Z,[X], where u runs over all roots of p(X)
whose p-adic value is different from B. Thus, we obtain H' (T, Lx(@p))ﬂ =
®u60@],, op()=p H (T, L;(@,))(w) where H' (T, L; (@,))(w) is the generalized
eigenspace attached to the eigenvalue . We set

H'(I, L; @)~ = @ H'(T, Ly (@)

0<y<B

and we denote by H'(T', L;(Q,))~®° = @ H(T', L;(Q,))” the finite slope
subspace. 0=y <00

3.9. An estimate for the Newton polygon. We denote by
reg —
7‘[ C Hz,

the set of all Hecke operators T = Z§ Ty € Hz, (¢ € A, ¢; € Z)) where
¢ € Th* T with e, > 1 for all ¢ with c; #0. Welet T € Hrzef. Wesett’ =1'(h, i) =
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dim H (T, L;(@,))=> and we denote by p’(X) = Zzt',:o a X'l e Zp[X] the
characteristic polynomial and by

N = N2 1[0, 1] = Reg

the Newton polygon of 7; acting on H'(I, L;(Q,))=> which contains the T;-
invariant lattice H' (T, L;(Zp)° = H(T, L;(Qp)=* NH (T, L;(Zp))int. Thus,
N=% is the lower convex hull of the points (i, vy(a;), i =0,..., t', where we
omit all points with a¢; = 0 (note that p’(0) # 0, hence, a, # 0). We recall that
gi =1kzr M; (see Sections 3.6 and 3.7) and that By € Q[ X] denotes the s-th Bernoulli

polynomial.

Theorem. For all dominant weights » € X (T)) and all i € Ny the Newton polygon
N=® = ./\/’{iC>o lies above the restriction to [0, t'] of the piecewise linear function

fE= L.”koo : R>0 — Rso which connects the points (0, 0) and
P, — ‘GBS(G(j+1)+1)—Bs(1) .O_S+1Bs+1(j+1)_Bs+1(1)
J 8i P > 8i 5+ 1 ’

where j =0,1,2,....
Proof. We proceed in steps.

3.9.1. We let & € X(T)%™ and set . = d Ay € h*. Moreover, we select a natural
number r € N. Since 0 = maxy e+ ht(e) the Z,,-module L[{](Z . 0) is a [-module
and by 3.4 Lemma we know that

,
LYz, 0) <@ @,/ p " 2,) ",
h=0
which implies that

p
(15) Homgz,r(M; », LYZ,, 0)) < @@,/ p""Z,)5 M.

h=0
We denote by (p¥);, ay > ap > --- > a, > 0, the sequence of elementary divisors
of the right-hand side of equation (15), i.e.,

(16) Pi=t.on= T D),

where p” —h appears g; M, j-times. From 3.5 Lemma it follows that there is a natural
embedding of H (I, L;(Z,, r,0))™ in H'(T', L;(Z,))™ and the exact sequence
in equation (14) shows that

H (T, L;(Z,)™
Hi (F’ LX(Zp, r7 O—))TF

(17) is a subquotient of H'(T', LY1(Z,,, 0)).
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We denote by ¢ the rank of H' (T, L;(Z,))™" and by (p?);, by > by > -+ > by >0
(m < t) the sequence of elementary divisors of the quotient on the left in (17).
Equation (17) implies that this quotient is a subquotient of the Hom space on the
left-hand side of equation (15); hence, it is a subquotient of the right-hand side of
(15) and equation (16) yields m < n and

(18) bi<ai,b)<ap,...,b, <a,.

Wesetb; =0form <l <tanda;=0forn <[ <t (if n <t); hence, b; < a; for
i=1,...,¢t.

3.9.2. Using the results so far we can give a lower bound for N'<=°°. Equations
(16) and (18) imply that the b; are all smaller than or equal to . Moreover, since
T =Y, c;T; where ¢; € Z, and ¢ € Th*T with e; > 1 if ¢; # 0 3.5 Lemma
implies that

T;(H' (T, L;(Zp, r,0))™) € p" H' (T, L; (Z,)™.

Thus, we may apply Lemma 1 in [Buzzard 2001], as recalled in Section 1.7 of
[Mahnkopf 2014], to the pair L = H' (I, L; (Z,))"" and K = H (", L;(Z, r, 0))™F
and the operator § = T;. More precisely, we denote by f, = f, : [0, 'l = Rxo
the piecewise linear function attached to the sequence (b1, ..., b;); i.e., fp is
the piecewise linear function joining the points (j, C(j)), j =0, ..., , where
C(j) = le:l(r — b;). Then (1.7) Lemma in [Mahnkopf 2014] states that the
Newton polygon N =% of T; acting on

(H (T, L; Z,) T @ Q,) ™™ = H (T, L; (@)™
is bounded from below by the graph of fj.

3.9.3. We further estimate the function f;,. Equation (18) implies that f; lies
above the piecewise linear function f, , : [0, '] — Rx( attached to the sequence
(ay,...,ap), ie., fy, joins the points (j, A(j)), j = 0,...,1, where A(j) =
le:l r —ay (the A(j)’s are equal to or smaller than the C(j)’s). Thus, we have

(19) N<oo = fb,r = fa,r

and this inequality holds for all » € N since r was chosen arbitrarily. Using
equation (16) it is not difficult to see that the function f, , is the restriction to
[0, #'] of the piecewise linear function on Rx( which starts in (0, 0) and has slope j
for g; Z;l;(l) Moy <x <g Zi:o Msp, j=0,...,r — 1, and slope r for x >
gi Z;}) My . Since My, =o(oh+ 1)*~1, h > 0, we see that the function far
may be equivalently described as the piecewise linear function f, , : R>o = R
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which starts in (0, 0), has slope j for

Jj—1 J
200 g Y (h+ 1) '<x<go) (h+1)'' j=0,....r-1,
h=0 h=0
r—1
and slope r for x > g;o Y (ch+1)*~!. We set
h=0
Bs(o(j+1)+1)— By(1)

N

xs(j) = gio j=0,1,2,...,

and we denote by f : R>9 — Rx( the piecewise linear function which starts in
(0, 0) and has slope 0 in the interval

0=x=ux(0)
and slope j in the interval
x(j-—D=x=x(j), j=1L2 ...

The function f like the function f, , is monotonely increasing. Taking into
account that for all j € Ny

oj—1 Bs(oj+1)—Bs(1)

N ifj=1,
1) S+ =) = s
h=0 h=1 0 if j =0,
we deduce that
B 1) — B,(1
0 (0) = gro 2D =B L g1
S
and for all j e N
o(j+1)—1
x(H)=x(—D=go Y (h+1)""
h=0oj

J j—1
>gio(oj+1) " =go (Z(ah +17 = oh+ 1)“).
h=0 h=0

Thus, equation (20) implies that the segments of slope O, ..., r —1 of f are longer
than those of f, ,, hence, f, ,(x) > foo(x) for all x € [0, x;(r — 1)]. This implies
by equation (19) that

N=2(x) = foo(x)

for all x € [0, x;(r — 1)]. Since equation (19) holds for arbitrarily large r € N, and
since x;(r — 1) — oo for r — oo by equation (21), we finally obtain

(22) N=2(@) = foo(x),  x €[0, 00).
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3.9.4. We show that fo, > fZ. In view of equation (22) this completes the proof.
By definition f, is the piecewise linear function joining the points

J
0,0, Q;= (xs(j), Zh(xs(h) —x5(h — 1))), j=0,1,2,3,...
h=1

We obtain the following estimate for the second coordinate y,(j) of Q;, i.e., for
the value foo(x5(j)):
¥5(0) = 0= f3,(x5(0))

and if j > 1 then equation (21) implies that

J
ye(j) = Zh(xs(m—xs(h—l))

X’: <Bs(cr(h+1)+1)—Bs(1) B Bs(oh—H)—Bs(l))

N S
J o(h+1)—1 j oh+o—1
Do h Y k+1)" 1>g,aZh Yok

h=1 k=oh h=1  k=oh

J J
> g0 ) ho(eh) ™ =gioa** ) w
h=1

h=1

1) B 1)—B 1 .
= gio S+1 S+1(]—i;—+)_1 S+1() f:o(xy(,]))

Thus, fo > fZ% and the theorem is proven. ([

3.10. A bound for the dimension of slope subspaces. We recall that s = |®7|,
0 = maxycp+ ht(er) and g; is the number of i-cells in a cell complex Z which is
homotopy equivalent to '\ X.

Corollary. For all B € Qxg, all dominant weights A € X(T), all i and all Hecke
operators T € Hrzef we have

dim H' (T, L; (@,))=F <mB* +n;

here,m =mr = 12(g;/s)0**! € Q=9 and n = nr € N is an integer which also only
depends on g;, o, s (see (26) below) in particular, m and n only depend on I" (and
so on G and p) and i, but not on , h and T.

Proof. Let h : R>9 — R be any function such that fJ (x) > h(x) for all x > 0
and let (d(¢), y) with d(e) > O be an intersection point of /4 and the function
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We : x> (B+¢€)x (e > 0). Since
(B+€)x > N="(x) > h(x)

for all x € [0, dim H' (T, Lx(@p))fﬁ] by 3.9 Theorem we deduce that d(¢) >
dim Hi(T, L ;(Q p))f’s ; hence, we obtain an upper bound for the dimension of the
slope < B-subspace. We explicitly define a lower bound 4 for f7 as follows. Since

B, is a polynomial of degree s and leading coefficient 1 there is a natural number
M = M(o, s) € N such that

BioG+D+D=B() _ 1 go't!

(23) xs(j) = gio J
S S
and
. Bot1(j+1)— Bepi (1) _ __1gio*
24 = gt T2 >275 s+
(24) ys(j) = gio e > P

for all j > M. We define the function

h:[xg(M), 00) = R=g, x> ex'E,

where ¢ = 4_%gi_%sx$l ﬁa_%. We note that x;(M) > 0 by equation (21). We

then obtain for all j > M

BloyxD+D= BS(D) = c<2ﬁ gio* ! js)‘?‘
§ s

h(xs(j)) =h <gi0

1 ot (Y+l)2
= C2:<%) : o} —5 js+l

L os+1 24
A 0}
Since f is the piecewise linear function connecting the points P; = (x;(j), ys(J)),
Jj € Np and (0, 0), and since & passes below the points P;, j > M, and is convex this
implies that 2 (x) < f% (x) for all x > x,(M). We extend & to a function 2 : R>o — R
by setting 2 (x) = f£ (x) for x € [0, x;(M)] and h(x) = ex T ifx > xy(M), hence,
fX(x) > h(x) for all x € [0, 00). As in the proof of 3.3 Corollary in [Mahnkopf
2014] we see that for all € > 0 the functions 4 and x — (8 4 €)x always intersect in
a point (d(¢€), y) with d(e) > 0 and this point satisfies d(€) < max((%)s, xs(M)).
Since (8/c)®, x;(M) > 0 are positive we obtain

dim H' (T, L;(Q,)=F < max((B/c)*, x,(M)) < (B/c)’ +x,(M).
Since further

(25) c S = 4gis—(s+1)(s + l)so_S-i-l — 4gis_1<1 + %)So—s-i-l < 4%0,5‘-‘1-1 eXp(l)
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and exp(1) < 3 the claim of the corollary holds with m = 12(g; /s)o*tl and n =
xs(M). The claim still holds if we replace n with any larger number and since
equation (23) implies that x;(M) < 2$(g,»crs+l /s)M? the corollary in particular
holds with

s+1
(26) n= [241 89 MS-‘ +1eN. O

N

4. Mod p" reduction of traces of Hecke operators

4.1. In this section we will prove congruences between traces of powers of normal-
ized Hecke operators on cuspidal cohomology for varying weight A. Our main tool
will be a comparison of Bewersdorff’s elementary trace formula for pairs A, ' of
congruent weights. The equality of mod p” reductions of geometric sides follows
from p-adic properties of the diagonalization of elements in Zh¢Z C G p)s see
4.4 Proposition (note that the Hecke operator I'¢T', ¢ € A, is contained in Zh*Z
for some e € Np). In particular, the comparison is elementary and does not make
use of advanced methods such as rigid analytic geometry or p-adic Banach space
methods such as overconvergent cohomology. Using an adelic setting we prove
analogous congruences on the Eisenstein part of cohomology and subtracting
from full cohomology we obtain congrences congruences on cuspidal cohomology
(Sections 4.11-4.13).

In Section 4.14 we compare two Goresky—MacPherson trace formulas for two
congruent weights. Equality of mod p” reductions of the geometric sides again
follows from the same diagonalization of elements in TheI C G(@ ») but now
applied for all Levi subgroups M of Q-parabolic subgroups of G. This yields
congruences on weighted cohomology groups and also has an application to a more
explicit version of the Gouvéa—Mazur conjecture for symplectic groups of rank 2
(see Section 5.8).

As before, G/Q is a connected reductive group containing a (Q,-split maximal
torus 7/Q and I’ € G(Q) is an arithmetic subgroup satisfying I' C 7.

4.2. The fixed point principle of Bewersdorff. As in Section 2.6 we denote by
X = G(R) / IgooAG the symmetric space attached to G. The I'-module L;(Q))
defines a locally constant sheaf on the locally symmetric space '\ X and its Borel—
Serre compactification I'\ X, which we will also denote by L 5(Q)), and the Hecke
algebra H acts on the cohomology groups

H'(T, L;(@,)) = H'(T\X, L;(@,)).

We recall that in Section 2.5 we selected a finite extension F/Q which splits G
and which embeds in C, Q,; in particular, (o5, L;) is defined over F'. We write
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I'¢I"/ ~r for the set of I'-conjugacy classes contained in the double coset I'¢T",
¢ € A, and [&]r denotes the I"-conjugacy class of & € G (Q). We now borrow from
[Bewersdorff 1985, Satz 2.6] a simple and elementary formula for the Lefschetz
number of Hecke correspondences on full cohomology:

Theorem (Bewersdorff). Let I'¢I" € H (i.e., ¢ € A). There are rational integers
cielr € 2, [Elr € T¢I’/ ~r, such that for all dominant weights xe X(T)

@7)  Lef(¢TIH'(T\X,L;y(F))= Y ey e L;(F))
[(§lrel’¢l/~r
and (g, vanishes if Ex # x for all x € X.

Remark. 1. The integers c[g). do not depend on the weight A

2. The trace formula (27) is of an elementary nature. Apart from the existence of
a nice compactification of the locally symmetric space '\ X (the Borel-Serre
compactification) its proof is a direct application of the Lefschetz fixed point
principle which is a general and basic principle of algebraic topology.

4.3. The following lemma will be applied in the proof of 4.4 Proposition, where
representations G/Q, — GL,,/Q, of G as matrix group are used.

Lemma. Let 8 = (B;) € Ty and let t = diag(t1. .. . ty) € Ty (Q,) with v,(1}) >

vp(t;) for alli = 2,...,m. Then the characteristic polynomial chg, of Bt €
GL,,(Q)) hasm roots t}, t;, .. ., t,, in Q, (roots appearing several times according
their multiplicity) such that v, (t}) > v, (t/) foralli =2, ..., m (in particular, t|

has multiplicity 1) and
v,(t]) =v,(t) and t; =Bty (mod p”v“')“o@p).

Proof. We put [a,b] ={a,a+1,a+2,...,b}(a,beN,a<>b)and we denote by
Sy the symmetric group on the set M. We write the characteristic polynomial of
Bt as chg (X) = (=) X" + (=) ey X" Voo — 1 X + o, ¢ € Q,, (e,
co = 1). The Leibniz formula

chg (X) =det (Bt —X1) = Y sgn(m) [ [Braoy.iti = 8200.i X)

7T€S[14m] i=1

yields
c= D, Y crx
TC[1,m] €St
iT|=i
foralli =1, ..., m, where

CTn = Sgn(ﬂ) 1_[ ﬂﬂ(h),hth S @p-

heT
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Since
>v,(t)+1 if g <h,

(28) Vp (Bg.nth) = vp(th) if g =h,
> v, (1) if g > h,

we obtain v,(c7,7) > vp(cr,ia)+1forall T C[1, m] and all & € S7, w #id. Hence,
Cm = C[1,m),id T+ terms with p-adic value equal to or greater than v, (c(1 n),ia) + 1,
which implies that
m m
29)  cw=]]Bunta (mod prH1Z,) and v,(cm) = v,,<1_[ th>.
h=1

h=1

Since, moreover, v,(t1) > v,(t;) +1 foralli =2, ..., m we obtain from equation
(28) that

o for any subset T C [1, m], T # [2, m], of cardinality m — 1 and any w € St
we have v, (cr z) > vp(cria) = vp(ca,myia) +1

o for any w € S[z,m], T ;ﬁ id, we have Up(C[z’m]’n) > Up(C[g,m],id) +1.

Hence,
Cm—1=C[2,m],id+terms with p-adic value equal to or greater than v, (c[2 m],ia) + 1,

which implies that

(B0)  cm1 =[] Bunta (mod prr=I¥17,) and v,(cm-1) = vp(]_[zh).

h=2 h=2
In particular,
(31) vp(cm)_vp(cm—l)zvp(tl)-
Finally, fori =1, ..., m — 1 we denote by T; min C [1, m] a subset of cardinality i

such that v, ([Tjer,.. ) < vp([Ther ) for all subsets T < [1, m] of cardinality i
(thus, T,;—1.min = [2, m]). As above equation (28) implies

(32) v,,<ci>zv,,( I1 rh)z Y vpm)
hETi,min heTi.min

foralli =1,...,m — 1. Since v,(t;) > v, (1) for all h = 2,..., m we obtain
T; min € [2, m] and equations (30) and (32) imply that

Vplem) —vp(c) £ Y vp(tn) S (m—1—i)r

he[zam]_Ti,min
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foralli =1,...,m—1, where r = maxj_, v,(t,). Equivalently,
(33) vp(ci) = vp(cm—l) —(m—=1=ir
foralli=1,...,m—1. Since (m — 1)r > ZZ’ZZ Vp(th) = vp(Cp—1) in view of

equation (30), we see that equation (33) also holds for i =0 (v, (co) = 0). Thus:

o The line connecting the points (m — 1, v,(c,—1)) and (m, v, (cy)) has slope
v, (11); see equation (31).

« All points (i, v,(c;)) with 0 <i < m — 1 lie on or above the line g, which has
slope r and passes through (m — 1, v,(c;,—1)); see equation (33).

Since r is strictly smaller than v, (¢;) this shows that the Newton polygon N of
chg, has the segment connecting (m, v,(c;,)) and (m — 1, v, (c;—1)) as one of its
sides while all other segments have slope less than or equal to r. We deduce that
there is precisely one root t| € Q p of chg; (counted with multiplicity) such that

Up(t{) = Up(t1)7

while all remaining roots t,’z € @p of chg,, h = 2,...,m, have p-adic value
smaller than or equal to r (in particular ¢ appears with multiplicity 1). Since
r =max)_, v,(t,) < v,(t;) we obtain v,(t;) > v,(t)) + 1 forall h =2,...,m.

This implies that

m m
/ —_ / m— +1 —
Cm = l_[ t, and cp_1 = l_[ t, (mod p”l’(c v O@,,)
h=1 h=2

(note that chg,(X) = [],_,(z; — X) because both sides have leading coefficient
(—1)"™). Together with equations (29) and (30) we obtain

m m
l_[ ﬁhhth = l_[ t//l (mod pvp(cln)+lzp)

h=1 h=1
and

m m
[Tt = [T (mod pr 410 .
h=2 h=2

Since v, (c;) — vp(cm—1) = v,(f1) the above two equations imply that Byt =
t; (mod p”P(’l)“O@p) and the proof of the lemma is complete. ([

4.4. The following proposition is an extension of 4.3 Lemma to closed subgroups
of GL,, and is used in the proof of 4.7 Proposition. We denote by W the Weyl
group of T/F <G/F.
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Proposition. Let r € T(Q )1 and let x € It1. Then the semisimple part x; of
xeGQ)p)is G(@p)-conjugate to a uniquely determined elementt' =t € T(@p)++.
The element t' satisfies

vp(A(t) = v, (L)) and i) = €i(t) (mod p*H D Og )
forall & € X (T), where € = €5 . € Z; is a p-adic unitin Z,,.

Proof. Conjugating x by an element in Z C G@Q p) we may assume that x = St
with B € Z. Since Q p 1s a perfect field we know that the semisimple part (8¢), of
Bt € G(@p) also is contained in G(@p) (see [Sp 11, 12.1.7 (¢), p. 211). By 6.4.5
Theorem (ii) in [Sp 1], p. 109, (Bt), is contained in S(@p) where § = S,g, is a
maximal Q p-torus in G/Q p- Since all maximal tori in G/Q p are conjugate over
@p, there is g € G(@p) such that ¢T := gT g~ ! = S: in particular,

=g N (Br)sg € T(Q)).

Conjugating further by some w € W we may assume that t" € T(@Q ») . Thus, ¢ is
G(@ p)-conjugate to x; = (Bt), and we will show that it satisfies the conditions of
the Proposition. To this end we let reX (T) and we first assume that X is dominant.
We denote by (p;, L;) the irreducible representation of G /2, of highest weight A
(see Section 1.4 and 2.4). We select a basis (vy, v, ..., vy) of L;(Q,) consisting
of weight vectors w.r.t. hj as in the proof of 2.10 Lemma, i.e., if u; denotes the
weight of v; then ht; (u;) > ht; (i;) implies i > j. We note that v; has weight
i = p; ® Alz W.LL. T(@p) (see equatlon (9) in Section 2.4). In particular, vy is
the highest weight vector, i.e., ji; = A. The above choice of a basis of L; 5 yields a
matrix representation

p; 1 G(Q,) — GL,(Q))
and 2.10 Lemma implies that
p;.(D) S T
Moreover, we obtain

;. (t) = diag(A (1), fia (1), .. ., fim (1)) € Tn(Q,)
and

5 (t') = diag(A(t'), fia(t)), ..., fim (1)) € T, ().

Any weight w;, i > 2, has the form pu; = A — ZaeA nqo where not all n, € N are
equal to zero and since t € T(@p)++ (i.e., vp(a(t)) > O for all « € A) we obtain

(34) V([ (1) = vp (A1) = D navp(@(t)) < v, (h(1))

aEA

for all weights ji;, i =2, ..., m. Analogously, since ¢’ € T(@p)+ we obtain
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(35) V(i (1)) = v, (A(E)) = Y navy(@(t)) < v,y (A(t")
aEA

for all weights fi;, i =2, ..., m. Since p; (B) € p;(Z) C T, and ps (t) € T,,(Q,)
where the first entry of p;(7) has p-adic value strictly bigger than the remaining
entries (see equation (34)) we may apply 4.3 Lemma to p; (B1) = p;(B)p; (1) €
GL,,(Q,); we obtain that p;(Bt) has an eigenvalue t| € @p of multiplicity 1
whose p-adic value is strictly larger than the p-adic values of the m—1 remaining
eigenvalues of p; (Br) and which satisfies

(36) v,(h(1)) =v,(t]) and A(t) = et] (mod p“pd“”“o@p)

for some € = €4 € Z;‘,. Since the matrix pi(t/ ) has the same eigenvalues as
05 ((Bt)s) = (p;(Bt))s it has the same eigenvalues as p; (Bt). In particular, p; "
has the eigenvalue ¢{ with multiplicity 1 whose p-adic value is strictly bigger than
the p-adic values of the m—1 remaining eigenvalues of p; (¢'). Thus, equation (35)
shows that 7/ = A(t") and equation (36) yields

(37) v,(A(1) =v,(A(t")) and A(t) =e€i(t') (mod p”nd(f”“o@p).

We recall that we have proven (37) under the assumption that A is dominant. For the
general case we will need the following consequence of (37). Let A be dominant and
write A = )~L|Z)»° where A° = A|7. We write t = t°z where 1° € T(Qp),ze Z(Q)),
hence, t' = t'°z where t'° = g~ (B1°),g. Equation (37) then implies that

A°(t')

A°(t°)
Since T C T is a closed subset the restriction map X (T) — X(T) is surjective,
hence, any dominant character A° € X (T') is the restriction of a dominant character
reX (T') and we deduce that equation (38) holds for all dominant A° € X (T).

We now let A € X (T) be arbitrary and we show that equation (37) still holds. We

write A = 5‘|Z)‘O where A° = A|7. Applying 4.4.1 Lemma below to A =d A° € ',
we can write A° = [ [;(u])", where uy € X(T') is dominant and n; € Z. Equation
(38) implies that

(38) l=e¢

(mod pO@p).

n,l_[ p oy ]
1_]_[ ST (mod pOg )

with certain ¢; € Z’I‘). Multiplying this by (1) = A(2)A°(1°) we finally obtain
i) =[]e" i’y (mod p"vd@)“o@p).
i
The last equation also implies v, ()1 ®)=v, (): (t")). Since ¢ was strictly dominant
this shows in particular that ¢’ € T Q p)++.
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It only remains to prove uniqueness of ¢'. Let #” € T(@,)*" be another element
which is G(@p)—conjugate to x; = (Bt);. Hence, " = gt’g~! for some g € G(@p).
Since 1', " are regular we know that T (Q p) is the centralizer of ¢ and of #”. This
implies gT((I:le)g_1 = i’(@p), hence, g yields an element in W Since ¢', " are
both strictly dominant g is the unit element in Wg, i.e., g € C (T(Q »)) (centralizer
of T(@p) in é(@p)), hence, t” =t’. Thus, the proposition is proven. O

4.4.1. Lemma. The lattice 'y, C bh* is generated by dominant weights.

Proof. We write the representation 7 of g defining G = G as 7 = @_, ps, with
dominant weights A; € I'y. Since P; = J; P, we obtain

T = (Pr) =(U; P,) S (U; &i 4 Tag) € T

hence, 'y = (|J; i + Taa) (for the last inclusion note that 5 is faithful; hence,
a0 € I'y). We select a weight y € I',q which for the moment is arbitrary and we
put u;=Xx;+vy,i=1,...,n. Since ['yq is generated by the simple roots we obtain

Fﬂ=<UiMi+Fad)=(Mi,Mi—0l, i=1,...,n, a€A).

If we choose the weight y € I'yg dominant and sufficiently regular, i.e., (y, hg) > 0
is positive and sufficiently large for all B € A then pu; and p; — « are dominant
foralli =1,...,n and all « € A. This implies that I';; is generated by dominant
weights. ([

4.5. We denote by “x or sometimes by wy, x € X (T), w € Wg, the character
sending ¢ to x(w™'tw). We write p = p¢ € D'sc for the half sum of the positive
roots and we put

w-rA=wh+p°) —p°e X(T) for reX(T),
with p° = % D gept X E X(T) ® Q, where o = ° € X(T) is the exponential of the
root «; see Section 1.2.
Lemma. Let i € X(T) be a dominant weight. For any w € Wg, w # 1, and any

t € T(Qp) we have wi(t) = A(t) (Y yep —bot) (1), where by € Ny and

aeA

for at least one root g € A. Also, if w # 1 we have w‘):(t) =)~»(t) (Z%A —baoz) (1),
where b, € Ny and

for at least one root ag € A.



DIMENSION OF SLOPE SUBSPACES OF AUTOMORPHIC FORMS 353

Proof. We prove the claim about w - A. We write A = A| 7A°, where A° = A7 and
t=zt°€ T(@p) where 7z € Z(@p) and 1° € T(@p) Since wp® — p° € Y, cp Lot

we obtain w - A(z) (wl + (wp° — p°))(z) = k(z) Since A = A° on T we obtain
w - A(to) =w - A°(¢°). To determine w - A°(#°) we set as before A =d A° € ', i.e.,
A° corresponds to A under the isomorphism (-)°: ', — X (T') (see Section 1.2).
The Weyl group Wg acts on I'; C h* via A > A o Ad(w™"), w € Wg, and since
(-)° is equivariant w.r.t. the action of W¢ (see [B], Section 3.3, Remarks (1), p. 16)
we obtain w - A° = (w - 1)°, where w - A := w(A + p) — p. Since w is a weight of
the irreducible g-module of highest weight A we know that

wk:A—ana

for certain ¢, € Ny. Since A is a dominant element in the weight lattice ['s. we
may write A = ), dowo, Where o, a € A, are the fundamental weights and
dy € Np. On the other hand, w # 1 implies that wA is not contained in the Weyl
chamber corresponding to the basis A, hence, (wA, hy,) < 0 for some root ap € A.
We obtain

0> (wA, hy,) —<Zd Wy — ana ha0> do, an o, hy,).

aEA aeEA aEA
Since («, ho,) =2 if o = ap and (@, hy,) < 0if o # ap this yields 0 > d,, — 2cq,.
Thus,
Cap = 3oy = 5 (A hay) = 30°, ) = (R, ).
Altogether we obtain
(w-A) (1) = A(2) (w-A°)(1°) = A(z) (w-1)°(t°) = A(2) (WA +wp — p)°(t°)
=7(2) (2 +Q§A—caa +wp —p)°(t°) = A0) (Y —caa +wp — p)°(t°).

aeA
Since wp — p € Z®d is a sum of negative roots, this shows that w - A(t) has the
claimed form (note that (1) = (¢°) since @ = «° vanishes on Z(Q,)). The claim
about w follows analogously. (|

4.6. Notation. We recall that in Section 2.3 we selected an element h € T @™,
We set
ki =k gh)= > vy(ah) eN.

+
aed’
G

Thus, k| depends on G and h. Since p—"p, we€ Wg, is a sum of certain positive
roots all of which occur with multiplicity 1 we obtain

vp((p° = "p°)(h*)) < ex).
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We write 2p =2p¢ = ZﬁeA@ mgfB, where mg € Ny for all B € Ag, and we set

K2 =Ky ¢ =érela)zmﬂ € No;
i.e., k2 is the maximum multiplicity with which a simple root can occur in 2p4 and
only depends on G. Since p — ¥p is a sum of certain positive roots each of which
occurs with multiplicity 1 we can write p — *p =) peag "B B where ng € Ny and
ng <mpg forall B € Ag. Since (B,a"), a, B € Ag, equals 2if a =B andis <0
otherwise we obtain for all @ € Ag

(p—"p,a") <2ny <2my <2k;.

Let P /Q, < G/ Q, be a standard parabolic subgroup (i.e., P /Qp 2 B /Qp)
with Levi decomp051t10n P = MN. The Levi subgroup M contains the Q p-split
maximal torus T and we denote by WP the set of Kostant representatlves for the
quotient of Weyl groups Wy \Wg. The intersection BNM<M/Q p 1s a Borel
subgroup in M /Q, and for any dominant (w.r.t. to BNM) weight A € X (T) we then
denote by p~ ‘M — Aut(LM ) the irreducible representation of M/ Q, of hlghest
welght X (see Section 2.4). Any pE P(@p) can be written p = pu, p € M(CDP)
ue N(@p) and we denote by v : P/Cf;D,7 — M/@,,, p — p, the morphism to the
Levi subgroup.

In the next proposition we will use the following notation: for c € @ and x, y € Q »
we write x =y (mod pCOQP) to denote that v, (x — y) > ¢. Thus, in case ¢ € Z the
term “x =y (mod pc(’)@p)” has two meanings that coincide.

4.7. Proposition. Let C € Q.o and assume that rex (T ydom satisfies
(r,aV)y>2C

Jorall a € Ag. Select a standard parabolic subgroup P/@p < G/@p with Levi
decomposition P =MN and let Ee M(@p). Assume that there is u € N(@p) such
that Eu € 13(@1,) is G(@p)-conjugate 10 an element in Th*Z, e € N. We denote by
t = tgy the unique element in T(@p)++ which is G(@p)-conjugate to (Eu)y (see
4.4 Proposition; note that £u is conjugate to an element x € Zh¢Z). Then there is an
element s = s¢, € WP such that for all w € w? the following congruence holds:

ep Ahr™Y) (mod p©1720g ) ifw =35,

Y (e —1 M —
@ = | ol s

Here,ep =¢€p ¢, is an element in @p which does not depend on X and satisfies

vp(ef’,éu) > —eK].
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Proof. By 12.1.7(c) (p. 211) of [Springer 1981], the semisimple part (§u); is
contained in P(@ ), and Theorem 6.4.5(i1) (p 109) of the same reference shows
that it is contained in a maximal Q-torus S = S, in P/Q ). Since all maximal
tori in P/ @ are conjugate there is y € P(Q p) such that S = T. In particular
there is ¢’ € T(@p) such that

(S”)s =7

Modifying y by an element in W; we may even assume that ¢’ is dominant w.r.t. A,
ie,vy(a(t))>0foralla € Ay.

Since &u is conjugate to an element x € ZhZ the semisimple part (£u)y is
G(Q,)-conjugate to an element ¢ = 1z, € T(Q,)*+ satisfying

(B9 v (X)) =vp(x(h*) and x (1) = ex (k) (mod pr* M HOg )

for all x € X(T) where € = ¢, € Z* (see 4.4 Proposition). Since ¢’ also is
G(@ )- conjugate to (Eu), we find that t t' e T(@ ) are conjugate by an element
S =Sz € G(@p).

=t

Since ¢t is regular ¢’ also is regular, and it follows that T=cC 1)? = C(@"°. This
implies ST =T ; hence, s is contained in the normalizer of T and we therefore can
select s € Wg; (i.e., s is representative of an element in Wg). Since ¢’ is dominant
w.r.t. Ay and ¢ is strictly dominant w.r.t. Az we see that s~ ! maps CIDJr to d>+
which implies s € WF. Denote by LP ; the extenswn of the representation LM 5 to
P/Q p via the morphism v : : P — M. We have obtained

tr(§ L1 (@) = 6L (@) = tr(Ew) LY (@)
=tr(Eu); 1Ly 5 (@) = ()DL (@)
= (1)L (@))).

The Weyl character formula (see [Popov and Vinberg 1994, 1.4.6.4 Theorem,
p. 45] or [Jantzen 2003, 11.5.10 Proposition, p. 223]) then yields

Yvew, D v (w2
l—[aecb+ (1 —aI( f_l )

—

40) K |LY (@) = Ah)

Here, we use the notation v - ; it = v(i1 + ,0;2) — ,0;2. We denote the denominator
appearing on the right-hand side of (40) by

N(t") = Ny (1).
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For all o € @ equation (39) implies that v,(x (7)) > e or v,(a(?)) < —e. Since
a(’t) = (s~ ') (r) the same then is true of t' = %1, i.e., vp(a(t'))>eorv,(a(t')) <—e
for all « € ®g. Since vp(a(t’)) > 0forall o € CD;;I we obtain

(41) vpa@) ze forallaedr.

Hence,
vp(N(t)) = v,,< [Ta —a(t’))) =
ae@*ﬂ;l
i.e., N(t') is a p-adic unit in O@p; in particular, N (') # 0.
We look at the individual summands indexed by v € Wy; which appear in the
numerator in equation (40) and distinguish cases.

4.7.1. We first assume that v # 1. Using 4.5 Lemma with M in place of G and the
definition of w - A we can write

@2) Ah)v-m w-DCE

= A(h%) (w -b(%l)( > —bv,aa)(%l)
OIEAM
=AY (s wh) (™) (wp® — p°>(ft‘1)< > bv,aa)m)
aEAy
with by, o € No and by o, > 5 (w x, o, ) for (at least) one root o, € A (note that
w- X is dominant for A ; since w € WP) Since w € W’ we know that ¥~ 'a, € <I> i
hence, we obtain

w -X,Olv X’ w’lav wao O,O(v
bv,avz< 2”>=< 2“>+(p 2‘) s

Equation (41) implies that

(43) v, (( > bv,aa)(%)> > (C —K2)e.

OIEAM

Since wp — p is a sum of certain negative roots all appearing with multiplicity 1
and since ¢ is strictly dominant we obtain using equation (39)

@4 v (e = p) N == ) vpa) == Y vp(ah)) = —ek.
aeCDE aeCDE
If s~'w # 1 then 4.5 Lemma yields
AR s~ wR) e =i<her—1)( > —cw,aa)a—‘),
O{EAG

where ¢y o €Np and ¢y g, %(k a,) > C for (at least) one root o, € Ag. Itfollows
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from (39) that X(he)i(fl) is a p-adic unit and that v, (a(t)) = v, (x(h®)) > e for
all o € Ag; hence,

45 v, RO E)) =, (( > cw,aa)(t)) > Ce (> 0).
a€Ag

If s = w then A(h¢) (s~ 'wAd)(t~") = A(h°t~") is a p-adic integer. Thus, if v # 1
equations (42), (43), (44), (45) yield

(46) V(AR v (w-2) (1) = (C — k1 —K2)e

for all w € W”. Hence, modulo p(C*K‘*K2)€(’)@P we may neglect all summands
with v # 1.

4.7.2. We assume v = 1. If w # s equations (42), (44), (45) yield

@47 v (M) v -2 CrH) = v () wh) ¢ (wp° — p°) (7))
> (C —«ky)e.

If w = s we obtain as above

(48) AR v - = ARG (sp° = p2) 1.

4.7.3. Taking into account that C — k; is bigger than or equal to C — k1 — k2,
equations (40) and (46), (47), (48) now yield (note that N (¢) is a p-adic unit)

Ay LY (@)

_ %(w —p?) (1Y) (mod p©T170g ) ifw =3,
0 (mod p<C*K1*K2>eO©p) ifw # .
Weputep =¢p ¢, = (Spo+?)($fl) € @p. Since N(¢') is a p-adic unit, equation
(44) shows that
UP(gﬁ,Su) > —ek].
This completes the proof of the proposition. U

4.8. We look at the special case P = G in4.7 Proposition which is sufficient for
application to Bewersdorff’s trace formula. (The general case will be needed in
application to the Goresky—MacPherson trace formula which involves contributions
from parabolic subgroups of G as well; see Section 4.14). In this case, £ € G(Q »)s
u=1, WP’ =1ands=w=1; hence, r =t =¢'. In particular, ¢ 5 =¢eg1e=1/N)
is a p-adic integer. Moreover, we can choose x| = k» = 0 since then the equations
involving p and k1, k7 in Section 4.6 still hold (note that w = 1; see also equation
(44) and the equation following (42)). We thus obtain:
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Corollary. Let C € Q- and assume that reX (f’ ydom satisfies
(h,aV)>2C

forall @ € A. Then for any & € G(@p) which is G(@,,)-conjugate to an element in
ThT, e € N, the following congruence holds:

R
A(hetg )

):(he) tr (g—l |L; (Q))) = Tlg)

(mod p©“Og ).

Here, ts € f’(CIZD,,)JFJr denotes the unique element which is G(@p)-conjugate to &
(see 4.4 Proposition) and

Nty =[] (1 —eal)

a€¢g
is a p-adic unit in O@p.

4.9. Proposition. Let C € Q- and assume that rex (T ydom satisfies
(r,aV)y>2C

Jorall @ € Ag. Let § be contained in the semigroup A, so ¢ € ThT for some
e € Ny (by 2.7 Lemma); we assume that e € N. Then the Lefschetz number
Lef((C'¢D); [H*(I'\X, L;(Q)))) is contained in Z , and the following congruence
holds:

Lef(T¢D); | H*(D\X, Ly (@)) = Y cip
[Elrel¢l/~r

i(mgl)

——— (mod p“Og ).
N (t) (mod p Q")

Proof. By 2.9 Corollary, the Lefschetz numbers of normalized Hecke operators are
contained in Z,,. Since { € ThT we know that (T'elh); = A(h©)T¢T. On the other
hand, a representative £ of a I'-conjugacy class contained in I'¢I" is contained in
G(@) and in fg“f = Th°T. The second claim thus follows from Bewersdorff’s trace
formula (see 4.2 Theorem) and 4.8 Corollary (note that F' C Q). O

4.10. Proposition. Let C € Q- and let the dominant weights ., »' € X (T) satisfy

e (A, @) >2Cand (M',a") > 2C forall o € Ag;

e A=X" (mod (p —1)p" X (T)) (m € N).
Let ¢ be contained in the semigroup A, so ¢ € Th*Z for some e € Ny which we
assume positive. Then the Lefschetz number Lef((I'¢T); |H*(U\X, L;(F))) is
contained in 7, (note that F € Q) and the following congruence holds:
Lef(("'¢D); |H*(T\X, L;(F)))

= Lef((T¢D);, |[H (T\X, L;,(F))) (mod pM™nm-Calz .
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Proof. Since Lef((I'¢T); |H*(U\X, L; (F))) = Lef((I'¢ D)5 | H*(N\X, L; (Q)))),
in order to prove the proposition we may consider Lefschetz numbers over Q,,.
Integrality of the Lefschetz number then follows from 4.9 Proposition. We let [§]r
be any I'-conjugacy class contained in 'z I". Hence, & € Zh¢Z and we denote by t: €
T(Q ») T the element which is GQ p»)-conjugate to & (see 4.4 Proposition). Since
A=21" (mod (p—1)p" 1 X (T)) there is x € X(T) suchthat A—}' = (p—1)p™ 1 y.
Taking into account that X(he ) = ¢ (mod p(’)q;D ) by 4.4 Proposition, where
€e=¢, €/} s We therefore obtaln

Ahersh .
e e, —1\(p=1)p"~! moy
X’(hfftg_]) =1 té ) €l+p O@p'

Since also A’ (hte 1) is a p-adic unit by the same proposition, this implies
)L(he =N (htg 1 (mod p’”(’)@p).

The claim now follows from 4.9 Proposition taking into account that the Lefschetz
numbers are contained in Q,,, hence, their p-adic valuations are integers and that
Clelr € Z and N (t¢) is a p-adic unit. Thus, the proof is complete. g

Remark. The proposition also holds trivially for e = O since both sides of the
congruence are integers by 2.9 Corollary.

4.11. Adelic formulation. Using adelic formulation in Section 4.13 we will prove
congruences between traces of Hecke operators on Eisenstein cohomology and,
hence, on cuspidal cohomology. In this section we therefore reformulate 3.10
Corollary and 4.10 Proposition in adelic language.

We denote by A (resp. A f) the rlng of adeles (resp. of finite adeles) of Q. For
any compact open subgroup K < G(Af) we set S = G(@)\G(A)/KK Ag. We
assume that G/Q satisfies strong approximation in particular, G(A) is a ﬁmte
disjoint union G(A) = J'_, G(Q)g;G(R)K, g; € G(Ay), and we obtain

t
Se=Jr\x
i=1
where
Ni=G@ngKg "

We assume that we can choose a system of double coset representatives g; as above
which is contained in G(A f)(p), where G(Af)(m < G(A £) is the subgroup consist-
ing of elements whose p-component equals 1 (e.g., G satisfies weak approximation
at p; note that weak approximation holds for almost all primes p).
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We fix a compact open subgroup K= [Tozoo K¢ < G(Ay) such that K, =7
and we set K?) = ]_[57,é o K. Since the p-component of g; is equal to 1 any of
the arithmetic subgroups I'; is contained in Z.

4.11.1. Hecke algebra. We fix a Haar measure dg = Q... dg¢ on G(As) and
we denote by Cy, o(G(A 1)) the Hecke algebra consisting of compactly supported
smooth Q-valued functions on G (A 7). We have the decomposition Cy, @(G(A )=
Co,@(G(Q 2)® Coﬁ@(G(A f)(p)), where the two factors are the Hecke algebras con-
sisting respectively of compactly supported smooth (Q-valued functions on GQ »)
and on G(A f)(”). Let the subalgebra consisting of K- (resp. Z-or K (P).) bi-invariant
functions be denoted by Co. (G (A7) //K) <Co.a(G(A () (resp. Co.o(G(Q,)//T) <
Co.a(G(@p)) or Coa(GA)P //KP) < Coa(GAf)™)). Let

(RxR]=
vol(K)

1z.z. xeGAy),

where 1y is the characteristic function of the set X, and define likewise [ZxZ]
for x € G(@,,) and [12<P>x12<1’>] for x € G(Af)(p), by replacing K with 7 and
with K P). The elements [IExI%] (resp. [ZxZ] or [IE(I’)XIE(I’)]) form a (Q-basis of
Co.a(GAf)//K) (resp. Co.a(G(@,)//T) or Co.a(G(A )P /K P))); their Z-spans
define Z-structures Co(G(A ) //K) (resp. Co(G(Q,)//Z) or Co(G(Af) P J/KP)))
in the respective Hecke algebras. Thus, the Z-structure on Co,@(G(A Y K ) is
given as the subspace of vol(K)~! - Z-valued functions and analogously for the
other two Hecke algebras.
In Section 2.3 we selected an element /1 € T(@)++ and we now denote by

Co(G(@,)// D
the Z-subalgebra of Co(G(Q ») //1) generated by [Zh~'Z] and we set
Co(G(A ) /| K)i = Co(G(Q)) //D)n ® Co(GA )P J/KP).

Since [Zh~'7)¢ = [Zh—¢Z] the algebra Co((;(@p)//i')h is the Z-span of [Zh—¢7],
e € N, hence, CO(G(Af)//IE)h is the Z-span of

[K[h],rK]1=[Ih*I]1®[KPrK"],e € No,r € G(A)P;

here, [h], € G(Af) is the element with % in the p-component and all remaining
components equal to 1.

For any Z-algebra R we put Co,R((}(AAf)//I%)? = CO(G(Af)//k)v ® R where
? = blank, h. We define the A-normalization of [I?[h];erlg] as

[K[A],rK]; = M) [K[h],rK] € Co.r(G(Ay) [/ Ky
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(note that X(h)e € F; see Section 2.5) and we extend linearly to Cy, F(G(A 0/ K V-
Since [Zh—¢Z][Zh~Z] = [Zh~ ¢t T] we obtain that the assignment

Co.r(GAL) /| Ky — Co.r(GAD /Ky, Tr> T,

is a morphism of F'-algebras.

4.11.2. Cohomology. The algebraCo(G(Af)//K), and hence also Co(G(A5) // K )i,
acts on H"(Sg, L;(F)) = @D, H*(I';\X, L; (F)). We define the integral coho-
mology H"(Sg, L;(Zp))int as the image of H"(Sg, L;(Z))) in H"(Sg, L; (Q)));
hence, H"(Sz, L;(Zp))ine = b, H'(I'i\ X, L;(Zp))int. Consider e € Ny and
r e G(Ay)P); we write g;[h]5°r = §igjmk with &; € G(Q), k = (k)¢ € K and
obtain

[K[h1,rK1=@DTi¢ T,

Looking at the p-component and recalling that g; € G(A £) has trivial p-component
we find h™¢ = ¢;k,. Hence, ;‘_ =k,h®is contained in Zh7T and, thus, in A = A,
and we deduce that the normahzatlon X(he)F { T, j@ maps H"(I'\X, L;(Zp))int
to H"(Fj(,)\X L;(Zp))ine. Hence, [K[h] ]~ and, thus, any T3 Wlth T in
Co.z, (G(A »// K )n leaves H" (Sg, L;(Z p))mt invariant. In particular, the Lefschetz
number Lef(T;|H*(Sg, L;(F))), T € CO(G(Af)//K)h, is contained in F and in
Z, (note that F € Q). Moreover, as in the proof of 2.9 Corollary we see that the
eigenvalues of T3, T € Co(G(Af)//K)p, on H (S, L5 (C)) € H"(Sg. L;(C))
are algebraic over F (note that F C C) and integral over Z,, hence, they are
contained in O@p (note that F C Q »)-

4.11.3. We denote by
Co(G(Ap) //K)E C Co(G(Af)J/ K

the Z-submodule generated by all Hecke operators [IE [h ] rK ] withr € G(A f)(”)
and e € N (i.e., e > 1). Keeping in mind that [Zh—°Z][Z h I = [Zh— ¢t DT we
find that Co(G(As)//K), ¢ is an ideal in Co(G(As)// K)j.

Proposition. Let C € Q. If the dominant weights X, ' € X (T) satisfy
e (A,a¥)>2Cand (\,a") ) >2C foralla € Ag,
o =i (mod (p—1)p" ' X(T)) (m e N),

then foralle e N and r € G(Af)(p) the Lefschetz number of [I%[h];erk]i on
H*(Sgz, L; (F)) is contained in Z , and the following congruence holds:

Lef(IK[h],°rK1;|H" (Sg, L5 (F))) = Lef((K[h],°rK1;, | H*(Sg, Ly, (F)))
(modp[min(m,Ce)]Zp).
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Proof. We have
Lef([K [A1,rK1;|H*(Sg, Ly (F)))= Y A(h) Lef(Ti¢;'Ti|H*(TA\X, L; (F)))

1
i=j ()
where g“fl € Ay and g“fl € Th¢Z. Hence, i(he) = )A»(g“fl) and the claim follows
from 4.10 Proposition. U

4.11.4. Slope subspaces We select a Hecke operator T € Co z, (G(A £/ K )reg

we denote by H' (Sg. L; (Qp))ﬁ the slope B subspace of H’(SK, L;(Qp)) w.r.t. T~
We also denote by g; = g; i the number of i-cells in a cell complex which is
homotopy equivalent to the Borel-Serre compactification S iz of Sg.

Theorem. For all B € Qsq, all dominant weights Ae X(T),alliandall T €
Co.z,(G(Af)/K),E we have
dim H'(Sg, L; (@,)=# <mB* +n;

here,m =mg = 1280 € Q- and n = ng € N is an integer which also only
depends on g;, o, s (see (50) below); in particular, m and n only depend on K (and,
hence, on G and p) and i, i.e., they do not depend on A, h and T.

The proof follows those of 3.9 Theorem and 3.10 Corollary. More precisely, for
any r € Ny we define the Z,-submodule

t
H'(Sg, L;(Zp,r,0) =@ H (T}, L (Z,, 1, 0))
j=1

of H'(Sg, LX(~ZP)) = @;:1 H(T';, L;(Z,)) (note that I:j % 7). Using the de-
composition [K[h];erK] =D, F,-{i_ll“j(i) where {i_l € Th®7T and following the
proof in 3.5 Lemma we see that the submodule H' (S i L;(Zp, 1, 0)) satisfies the
following properties.

o« H! Sz, L3 (Zp))TF is T;-invariant.

« TyH (Sg. Ly (Zp,r,0)™ C p"H' (Sg, Ly (Z,)™.

We denote by (p”); the elementary divisors of the quotient

H'(Sg, Ly(Z)™
Hi (S[%7 LX(ZP, r’ a))TF

(49)

in decreasing order, i.e., by > by > b3 > ---. As in Section 3.9.1 we see that (49) is
a subquotient of 5 ; H (T s L[{](Z p» 0)), which is a subquotient of

gi.Ferrlz r g&iMs
O8(;%) =OG)
J
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We denote by (p#); the elementary divisors of the latter sum in decreasing order,
i.e., a; > ap > --- (the elementary divisor p appears g; M, p-times). We obtain
b; <a; <r for all i and following the arguments in Section 3.9.2 - 3.9.4 with g; in
place of g; we obtain that the piecewise linear function defined in 3.9 Theorem but
with g; replaced by g; is a lower bound for the Newton polygon of T; acting on
Hi(S 7+ L5(Qp))=>. Following the proof of 3.10 Corollary we find the bound for
the dimension of the slope § subspace as in the statement of the theorem where we
can choose

r—h

8io
N

(50) n= ’72#' S—‘ +1eN;
here, M is defined in equations (23) and (24) (note that the definition of M does
not depend on g;). This finishes the proof of the theorem.

4.12. Induced representations. We look at traces of Hecke operators on induced
representations. This will be applied in the next section where we consider Hecke
operators on Eisenstein cohomology.

4.12.1. We select a Q-parabolic subgroup @ < G with Levi decomposition Q =
MN and a representation 7 of M(Ar). By Ind‘éﬁff )7 we understand the non-
unltarlly induced representatlon We select a maximal compact open subgroup

Ko = ]—[Z;,,éoo KO ¢ < G(Af) and we may assume that K < KO We set

I%M=1_[K(Z and K®PM = 1_[ Ke ;
{#00 L#p,00
where I? =K e N M (@e} and we use the same definition with K replaced by Ko
We also set KV = K N N(Ay) and K P N_g®n NA)®.

Let f € Co,@(G(Af)); we define the constant term fy; € C()y@(M(Af)) by

fM(x)Zf / f k" xnk) dn dk.
Ko JN(Ay)

Here and below we normalize Haar measures on G(A £) (and, hence, on I%o),
M(Ay) and N(Ay) so that vol(K) = 1, vol(K™) = 1, vol(K") = 1. With these
conventions we have

tr(f|Ind%“r ) = tr( fl7).

QAf)

If £ € Coa(GA)P) we define f(p) € Co.a(M(A;)P) by replacing f with
£, Ko with K( 2 = [Tesp.oo Ko and N(Aj) with N(Af)(f’), an analogous
identity for the trace of f?) on representations induced from M (A f)(l’ ) then holds.

We will also need the following classical identity which holds for a representation 7,
of M(Q,). Assume that Q/F contains B~ /F, i.e., the unipotent radical of Q/F
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is generated by root subgroups attached to negative roots (compare the definition of
7 in Section 1.3); then

5D w(Zh D ndSS )T = Y cppeete(TMoh v T ",
veWw?@

where ¢, - € N and M =fﬂ]\~4(@p) (see [Urban 2011, p. 1751], for example). We

obtain an analogous formula when Q is standard parabolic, i.e., B JF < Q /F. To

this end we denote by a € W and b e Wy = W)z P M|z p) the longest elements;

i.e., a maps <D+ to d> and b maps d>+ to Oy - Using (51) but with positivity

defined by — A ~ —that is, B/F < Q/F I= B([F,,) (mod p) and h € T(Q)~~ —
we obtain

tw((Zh 2| (nd 7,)F) = ([T (“h=¢) “F1| (IndS%r) ) D)

= > o@D o™ (DM D)
vew?

= Zcv,h—ftr([b(aiM)bv(“h_e)v_lb_lb(“jM)]InZ(“fM))
vew?

=) Cv,h*ﬂ'tl'([i—M(bmh_e)i'M]|7-[ZM)’
vew?

where ¢, = ¢, ;- € Z are certain integers.

4.12.2. We look more closely at the constant term f 7 P of £ eCo(GA ) PR P,
ie., f (P) is Z-valued and K P bi-invariant (note that Vol(K Py =1 by our normal-
izations). For simplicity we assume that K < Kép ) is a normal subgroup. The
definition yields

f[:;)(X)_ f f(P)(k Xl’lk)dn
keK(”) g NAfP
—vol(RPY) Y / P& xnk) dn,
keRP /R® NAp)P /K P)N

The first of these equalities shows that f (P) is K (PM piinvariant (the modulus
34 QAN (m) vanishes for m € K¥) M pecause K P*M is contained in the compact
group K® ﬂM(Af)(P)) Since vol(K - N) = vol(K (P M) =1 the second equality
implies

(52) flg’) c CO(M(Af)(p)//IZ(p)’M)_

4.13. Eisenstein cohomology.

4.13.1. We assume that the highest weight % € X () is dominant and regular. The
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full cohomology then decomposes as

H*(Sg., L;(0)) = Hy (Sg, L5 (C) @ Hy;(Sg. L5(0)),
where

. L] y K~
(53)  Hy(Sz. L;(©) = @ €D (ndjr) Hey,™ (SM. L, 5(©))
M#G V¥
here, M runs over a system of representatives of G (Q)- -conjugacy classes of proper

(Q-Levi subgroups of G, i.c., there is a (standard) Q- -parabolic subgroup Q <G
with Levi decomposition

0=MN, S"=M@\M®R)/AsK",

where IZ M — K. N M(R), is the locally symmetric space attached to M, Agis
the connected component of the real points of a maximal Q-split torus A in the
center of M and w runs over those elements in W< which satisfy the condition
that —w (A + p° Nag is nonnegatlve ie., (— Re(w(k+p°))|AQ, V) > 0 for all roots
a of Ag acting on Lle(N) ® R (see [Franke 1998, Theorem 19 II, p. 257] and
[Schwermer 1994, Proof of 6.3 Theorem, p. 505]).

4.13.2. Theorem. Let C € Q- and suppose the dominant weights &, ' € X (T)
satisfy

e (A, @) >2Cand (M, a") > 2C foralla € Ag,

e A=2" (mod (p—1)p" X (T)) (m €N).
Then, for alle e Nandr € G(Af)(l’) the Lefschetz number of [I%[h ~¢ ~] on

H.,p(Sg, L5 (C)) is contained in F and the following congruence holds (note that
FCQ,):

Lef(LK[h],°r K15 Hyyp(Sg» Li(©))) = Lef(LK [h],°r K13/ | Heyep (S » L3 (©)))

(mod p’Z,).

cusp

Here, t = [min(m, e(C—krk(G))) | —exitk(G) with ; =k, ¢ and tk(G) =rkg(G)
is the Q-rank of G.

Proof. We use induction on the Q-rank of G. If tk(G) = 0 then

(Sg, L;(©)) = H*(Sg, L; (C));

cusp

hence, 4.11.3 Proposition implies the claim. We assume k(G) > 0. Equation (53)
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yields
(54) Lef([l%[h]_erI%HHéis(Sk, L; (©)))

Z ZZ( 1)l+€(w)tr K[h]_ ]|(Indz((’:1 ))Hclugp(SM, Lw»i(c)))K)
M#G w i
= Y Y (=D Lef([K[h], erK]|@(IndZ<(//-_\\§)> wk)k)‘
M#£G ¥
Here, we have set

_=H (S™ L, ;(C)):

cusp

this is a module under the Hecke algebra attached to M (Ay) and we have

(M L :C)H = H!

cusp

(SM/H, L, ;(C)),

cusp

with H < M (A 1) compact open. We select a proper Q-parabolic subgroup Q =MN
of G and an element w € W< as in equation (53). We denote by @ ; the set of roots
of T/F acting on Lie(M/F) and we set Ay = ®© ;N Ag. The set Ay is the basis
for the root system @ ; corresponding to the Borel subgroup BM/F=B/FNM/F
of M/F; in particular, this determines the set of positive roots d>+ The subgroup
M —TnM (Q)) is a Iwahori subgroup in M (Zp), ie., M (mod p) is contained
in the Borel subgroup (B~ N M)([Fp) < M([Fp). The identities in Section 4.12.1
for the traces of induced representations and equation (52) yield

(55) Lef(IK[h1,rK1/€D (I ! A)Ie)

= Lef([fh—ej] Q[KPrK P EB Indzﬁg A)

— Z ¢y Lef([ZM (van=—) M) @ [RPr R P] |@n 2)
vew?
— Z ¢y Lef([ZM (van—)IM @ [R P r K], |e§ (! )K i),
vew?
where ¢, = ¢, 4-« € Z, a (resp. b) is the longest element in the Weyl group Wg
(resp. Wy;) and KM — M « R(P.M We select an element v € W2, Slnce
v ot C d>+ and “h € T(Q,)~~ we obtain for all « € <I>Jr that v, (a(***h)) =
v,,((” . 1oe)(“h)) > 0; hence, ?h is regular dominant wrt <I>Jr Thus, using
equation (52) we obtain that

(56) [Z¥ (" h=)TM @ [KPr K P € CoMA ) /) KM )

is contained in the integral Hecke algebra attached to M and the dominant regular
element *“/ € T (F). Now, in Section 4.6 we have seen that (%o — p, a¥) > —2k»
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forall @ € Ag (p = pg); hence, we obtain for all @ € A

~ ~ -1

(w-x,a”)y=&," a’)+("p°—p° a’) >2C - 2.

Since also w-A = w - A’ (mod (p— l)p’”X(T)) the induction hypotheses for the
group M which has strictly smaller rank than G (since M # G) is satisfied and we
obtain that the following congruence holds:

(57) (w- X)(bvahe) Lef([iﬁ;l(bvah—e)iﬁ;l] ® [I%(P)r]%(P)]Aﬂ @(n;i)kil)
= (w- 1) (") Lef(IZ (**h=) I @ [R P r R Py | (' )K"
l (mod p*Z,),

where x = |_min(m, e(C—rxp— Kz’Ml‘k(M))ﬂ — exl’Mrk(M); moreover, the above
Lefschetz numbers are contained in F. Equations (54) and (55) thus imply that

A(h®) Lef([K[h],°rK]|Hy(Sg. L;(C) € F

(note that A and all « € ®; are defined over F, h € T(Q) and a, b, v, w normalize
T (F)) and since full cohomology is defined over F' we obtain that

Lef([K[h],°r K1;|Hz,,(Sg. L5 (C))) € F.

It remains to prove the congruences. Since A—(bva) N (w-2) = Ai—((bva) 'w)-
A+ (bva)~!p° — p° we obtain using 4.5 Lemma (note that # € T(Q,)*") and
v, (((bva)~1p° — p°)(h®)) > —ek; (see Section 4.6) that

x(h©) {has p-adic value > Ce —ek; if bva # w,
(bva)~'(w - 1) (h¢) lequals ((bva)~'p° — p°)(h°) if bva = w,
and the same holds for 1'. Thus, if bva = w, we obtain from equation (57), after
multiplying by ((bva)~'p° — p°)(h°),
X FM (bvap—e\TMY & TR Py R (P - N <
K Lef(H )T (R Vr R 1 @, )

(58)

=1 (h®) Lef([ZM (*vap=)IM] @ [R Pr R P | @(n;,,)k”) (mod p*~*17,,).
l
We look at the case bva # w. Since
[[g(p)r[g(p)]M — Z Zs[k(p)Ms[g(p),M]

seM(A )P

with z; € Z, by equation (52), and since the trace of the w . A-normalization of
[ZM (Pvap=)TM) @ [R P Ms R DM e Co(M(A ) /) K™Y g

cusp

on H! (SM , L, ;(0)) is contained in O@p (see Section 4.11.2) we obtain that the
Lefschetz number of (w -2 (bvape) [i’M(b”“h_e)i'M] ® [[E(P)r[?(ﬂ)]M on cuspidal
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cohomology B; (n;.i)k i is p-adically integral; thus using equation (58) we obtain
W (he) Lef(ITM (Pveh=)TM) @ [K Pr K]y | @ (! -)Kin)
_ s - - i i .
=} (h) Lef([ZY (***h=)IMQIK Pr K P 5| @’ - )Ki) (mod p©e1Z,).
i

Since Ce — ek > » — ek, in both cases the congruence holds modulo p*~“1Z,,.
Using equations (54) and (55) we obtain

Lef([K [h],r K;|H (S, L5 (D))
ELef([K[h] “r K15/ | Hg(Sg, L (©))  (mod p*~*17,,).

The rank of M is strictly smaller than the rank of G and K; jg < ki, as follows from
Section 4.6; hence, «; + K;. Mrk(M ) < k; rk(G) which ylelds

* — ek > [min(m, e(C — /cgrk(G)))'| — rk(G)e/q.

Together with 4.11.3 Proposition this implies the claim about congruences for the
Lefschetz numbers of [K [h];erK ]; on cuspidal cohomology for Sg. Thus, the
theorem is proven. U

4.13.3. Remark. Section 4.11.2 implies that the Lefschetz number
Lef(T; | Hyyy Sz L3 (©)),  TeC(GAp)//K),E,

is contained in (’)@ Thus, 4.13.2 Theorem implies that Lef(T5 | Cusp(S 7 L;(C)))
is contained in F ﬂ O@P CZ,p.

4.14. Weighted cohomology. In this section we compare two Goresky—MacPherson
trace formulas for two different weights A and A’. This is analogous to the com-
parison of Bewersdorff’s trace formula in previous sections and relies on the same
diagonalization of elements in Zh°Z (see 4.4 Proposition) but now applied to all
Levi subgroups M of parabolic subgroups in G /@ (see 4.7 Proposition). As a result
we obtain congruences for Hecke operators on weighted cohomology for varying
weight A.

Here, we will work again in a classical, non-adelic setting (see Section 2.2 and
23)eg, < G(@) is an arithmetic subgroup contained in I,he f’(CE.D)JFJr and
we will consider Hecke operators I'¢T" where ¢ € A = Ay,.

4.14.1. The trace formula of Goresky—MacPherson. We select a minimal Q-para-
bolic subgroup Py in G/Q with Levi decomposition Py = MoN, and we denote
by Ao a maximal Q-split torus in the center of the Levi subgroup My. We may
assume that B C Py/F and T 2 Ag/F.Let P =MN be a Q-parabolic subgroup
in G. We denote by Ap a maximal (D-split torus in the center of M and we write
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Ap=A{ay,...,an} C X(Ap/Ag) for the set of simple roots of Ap occuring in
Lie(N) and
{tays s ta,} C X(Ap/AZ) ®@Q

for the basis dual to Az. We select 1 € T(@)*" and we let ¢ € A = Ay,
The double coset I'¢ " induces an operator on the weighted cohomology groups
WYH!(T'\X, L;(C)) with weight profile v € X (A49) ® Q. Goresky and MacPherson
computed the Lefschetz number of I'¢I" acting on weighted cohomology:

Theorem [Goresky and MacPherson 2003, 1.4 Theorem].

Lef(P¢T|WYH*(T\X, L;(C)))

SL 22 B 2, CDTHEIL )
Py i wew?”
L(w. =A%)

In this formula, P runs over a choice of representatives for the I'-conjugacy
classes of QQ-parabolic subgroups of G. For each such P we write [N P(Q) =
[[;Tp¢Tp where s =TN 13(@) and ¢; € ﬁ(@). The second sum runs over these
finitely many double cosets. We setI' j; =v (') C M(@) and ; = vp(gi) € M(@);
here P = M N is the Levi decomposition and v P P — M is the canonical mapping.
The third sum is over a set of representatives & of the I'y;-conjugacy classes of
elliptic (modulo A3 (R)) elements in I M;_‘,-F a1 S M (@). (The numbers E p g are
explained in [Goresky and MacPherson 2003, 1.4]; we only need to know that they
are contained in Z and do not depend on the weight A.) Moreover,

A;(s):{aeAP tafag) < 1},

where a; is the projection of § to the identity component Ap of Ap(R) and 7, (w, 5\)
is given as

L(w, %) ={a; € Ap - (wh+p)—p—v,1y) <O},

where p = pg. Finally, since § € M (@) and LM ; 1s defined over F, the trace
may be computed on F-points of LM We note that to make sense of the trace
of €71 € M(Q) on LM (F) (LM was defined for standard parabohc subgroups) as
well as of the deﬁmtlon of I, (w x) (k p are characters of T ) we have to conjugate
P, ie., we select x € G(F) such that *P / F is standard parabolic.

4.14.2. We select a Q-parabolic subgroup P in G with Levi decomposition P =
MN. For any w € W?¥ and any a; € A  the assignment L, ; X(f‘)@@ — @ taking
A to (w)» fo;) 18 linear and we denote by H, + ; (resp. H ) the half space consisting
ofall A € X (T ) such that (w(k +p)—p— v Ia;) 1S pos1t1ve (resp. negative). For
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any € = (€,) € £}V 11

Cle)=X(M*™n () Hy.
w, i
Thus, C(€) is an intersection of half spaces which may be empty. For all w € W?
andi =1, ..., m the values (w(i +p)—p—v, 1) and (ug():’ +0)—p =V, ly),
where A, ' € C (¢) have the same sign, hence, for all w € W* we obtain I, (w, X) =
I,(w, }), i.e., I,(w, ) does not depend on X € C(€).

Theorem. Let C € Q. and € € {i}WﬁX[1 """ ml Let h, N € C(¢) be (dominant)
weights satisfying

o (A, V) >2Cand (X,a")>2C foralla € Ag,

e A=1" (mod (p —1)p" ' X(T)) (m € N).
Let ¢ be contained in the semigroup Ay, hence, ¢ € Th*T for some e € Ng and we

assume that e € N. Then the Lefschetz number Lef((I'¢T); [WYH*(T\X, L; (F)))
is contained in F and the following congruence holds:

Lef((D¢T);IWYH*(T\X, L5 (F))) = Lef((T'¢ D)5, WY H* (T\X, L3, (F)))
(mod p [min((C—k1—k2)e,m—ek1)] Zp)

Proof. We look at the Goresky—MacPherson trace formula. Since I'¢T' N P(Q) D
[p¢iTp weobtain g; e '¢T'N 15(@), hence, we can write ¢; = {;u where ¢; € M(@)
andu € N(Q). Leté €T Mg:l-F 7 be a representative of a I'j;-conjugacy class. We
may assume that & = yy{; for some yy € I'yp, ice., yy = vp(yp) for some yp €' 5.
Hence, we can write yp = Yy Yy, Where yy € N (Q), and obtain

ywvEu =ynymGu=yp& € Tp& T¢I CIheT.

Since M (Q) normalizes N(Q) we can write yy&u = &u’ with u’ € N(Q). Thus,
£u' € ThT and we may apply 4.7 Proposition to compute tr(£ ! |Lﬁ;/l-7\ (@Q)p)). If we
put the result in the trace formula of Goresky—MacPherson we obtain
(59) Lef((C¢D);IWYH*(T\X, L (F)))

= ZZZ Epeds (1) Wep o a(ht™")  (mod p(C_K'_'Q)eO@p),

(P) lé (€}

where s = sg,r € WP, t =15, € T(Q,)* is the unique element which is G(QP)
conjugate to (§u')y, €5 u has p-adic value > —ek; and 6, = 1 if 1, (s, k) A+($)
and vanishes otherwise. We note that 8, does not depend on A since we assume
that A is contained in C (¢). By our assumption there is x € X (T ) such that
PR (p—Dp™1x. Since x (h°t™") =€ (mod p(’)@ ) where € € Z* (see 4.4
Proposition) this implies k(he h = b (h¢t~") (mod p’"O@ ) (see the proof of
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4.10 Proposition) and we find that equation (59) (which also holds for )?) implies
that the Lefschetz numbers in the Theorem are congruent to each other modulo
pmin(€=ri=k)e.m=ec)17 (note that the Lefschetz numbers are contained in F).
Thus the proof is complete. O

4.14.3. The case C,. We assume that G/Q is connected and Q-split with root
system of type C;, hence, there are two simple roots «j, op. We also assume
that v = —p, ie., v is the middle weight profile. Thus, if A is regular then
WYHY(T\X, L;(C)) = Cugp(I‘\X L;(C)) and both these cohomology groups
vanish for all degrees i # d. Let = X(T)dom. Hence, A + p € X (T)%m™ js strictly
dominant and for any w € Wg we write w(i—l—p) =aja; t+ayay witha; = a; i € Q.
For the root system of type C, it happens that the sign of a; as well as the sign
of a; does not depend on X e X(f‘)d"m, ie., sign(aiyw’i) = sign(al.’w,i,) for any
A A e X(T)%*™and allw e Wg and all i = 1, 2. Thus, if P = B, hence, Ap =T/Q
and if {#y,, f4,} denotes the basis of X*(T) ® Q dual to {«y, oy} then we obtain
that the sign of (w + p), to;) = a; does not depend on L€ X(T)dom, Similarly if
P= Pa,-, hence, Ap =kera;, j # i, and if {f,,} denotes the basis of X,.(Ap) ® Q
dual to {¢;} then we obtain that the sign of (w(i +0)|as, ta;) = a; does not depend
on A € X(T)%™. This shows that I,(w, 1) does not depend on A € X(T)dom (if
P =G then I,(w, 1) is empty). 4.14.2 Theorem therefore holds with X (T)dom jp
place of C(¢):

Corollary. Assume G/Q is connected and Q-split with root system C,. Let C €
Q- and let X, X € X (T)%™ be weights satisfying

o (A, V) >2Cand (X,a") >2C foralla € Ag.and
e A=21 (mod (p — 1) p" ' X(T)) (m € N).
Then tr((I'¢ D)5 | HY (T\ X, L;(C))) is contained in F and

cusp

tr((CeT); | cusp(F\X L;(C))) = t((T¢);y | Cusp(F\X L;,(C)))
(modpl'mln((C K1 Kz)e,m—elq)'lzp).

Proof. Use the equality
tr((F¢s ] Cmp(r\x L; () = (=) Lef((M¢T); WY H*(T\X, L; (C))). O

Remark. The Q-rank of G does not appear in the modulus of these congruences.

5. Local constancy of dimension of slope subspaces

5.1. Slope subspaces of cuspidal cohomology. As before we let G/Q be a con-
nected reductive group with @ ,-split maximal torus 7/Q and from now on we
assume in addition that G /Q has discrete series. We denote by ¢ the Q-rank of
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G and we keep the notations from Section 4.11. In particular, K < GA f)isa
compact open subgroup with p-component K p= Zand S # 1s the adelic locally
symmetric space of level K. We select elements 4 € T(Q)™* and r € G(Af)(p)
and we set

=[K[h],'rK1€Co(G(Ap) //K)}®.

As before we denote by T; the A-normalization of T. The (normalized) operator
T; acts on

HY o (© = Hiy (Sg. L (©)

where d = dg; is the middle degree. For 8 € Qo we denote by

d B _
Hi,cusp(([:) - @ X cu%p( )(’u)
peF—=Q,
v])(ﬂ)=/3
the slope 8 subspace of Hd p((D) w.r.t. T5; here, Hd (C) (w)= H~ (C) (w)
is the generalized elgenspace attached to T3 and the elgenvalue u and we remark
that the eigenvalues u of T; on H~ ((D) are contained in F(C C) and are p-

adically integral, i.e., contained in (’)@ (note that F € Q@ ps see Section 4.11.2). We

set Hd (C)<’3 Do~y <p Acqu(q:)y Since

dim HY (Sg, L; (€)= = dim @ (©)(w)

cusp )\. ,cusp

ueF—Q,
0<v,(n)<p
<dm @ HSz L;C)Hw
ueF
0<v,(W)<B

—dim P HUSg Li(FH@
ueF
OSUP(,U«)S,B

=dim @ HY(Sg, L; (Q,)) (1)
ueF—Q,
0<v,(W)<p

=dim H(Sg, L; (@,))=F
=dim H*(S¢, L;(@,)=*,

we obtain the following bound from 4.11.4 Theorem. Recall that s = |<I>Jér |, o0 =
max, ¢+ ht(a) and we denote by g = g the number of d cells in a cell complex
G
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which is homotopy equivalent to the Borel-Serre compactification S - We set

1 gO'S'H

m=mg = 1285541 ¢ Q-9 and n=ng= |72er1

S—‘-i—leN,
N

where M = M (o, s) € N is defined in equations (23) and (24); then
(60) dim He (Sz, L; (C)=F < B(B) :=mp’ +n

cusp

for all dominant % € X(T), all 8 € Q=g and all h € T(@)**+ and r € G(A;)P.

5.2. We want to consider the function

d(-,):Qs0 x X(T)*™ - Ny, (B, %) > dim H (Sz., L; (C))*;

cusp

i.e., we want to understand how the dimension of the slope subspace varies as a
function of the weight. To this end, for any 8 € Q> we set

(61) ml(ﬂ)—(ﬂ+ T+ (k1 +K2)€) B(B) + 1
—mﬂ>+1+m( -+ (k1 4+ K2)€) B +nﬁ+n( 4 (k1 +k2)€) + 1
€ Q.
and

62) ma(B) = (ﬂ+ -+ k1) B(B) + 1
=mpsTt! +m(— +k1€)B* +np +n( L+ k1) + 1 € Q.
Thus, m(B), my(B) € Q[B] are polynomials in 8 with positive coefficients, degree

s + 1 and leading term m = 12%(:erl which depend on K (and, hence, on G and p)
and on / (since k1 = k1 (h)) but do not depend on re X(T).

Theoren~1. :4ssume that G has discrete series. Let B € Q=0 and assume the dominant
weights A, ) € X(T) satisfy

o (A, a¥)>2m(B) and (), ") >2m(B) forall a € Ag,

e A=X" (mod (p —1)p" ' X(T)) withm > m>(B) (m € N).
Then

dim He (Sz, L; (C)” =dim He (Sg, L5, (©))  forall 0<y < B.

cusp cusp

5.3. Characteristic polynomial. The proof of the preceding theorem will be given
in Section 5.6. To prepare it we consider the characteristic polynomial. We denote
by ch; (X) = det(X1 - T3) = Z;"ZO(—I)iai’XX’"—" € C[X], where m = mj; =
dim H;” cusp (©), the characteristic polynomial of T; acting on H; CUlsp(([l). We set
a; 5 =01if i > mj. This definition of the characteristic polynomial differs from the
one used in the proof of 4.3 Lemma by a factor (—1)™, but we can refer directly to
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[Koecher 1983, 3.4.6 Satz, p. 117], where this definition is used and which yields
the following inductive formula for the coefficients of ch; (X): ay; = 1 and

i
(63) ig, ;=Y (-DMuTa_,; i=12...,

e=1
where we have set

e
trT¢ = tr (T3)°| HY o

©)).

Since [Zh~*ZI][Zh~/ 1] = [Zh~*/I] we obtain that T* = ", ¢,[K[h],sK] for
alle> 1, where s runs over G(A ;) and ¢; € Z. Hence (T;)¢ =Y, cs[K[h]_esK]k.
Since G has discrete series we therefore obtain if the highest weight A is regular

(©)

=Y e;(=1D)? Lef(IK [h],s K13 | H3yep (Sg . L3 (C))).

©4) uTs=) cur(KIAl, sKI;IH

Hence, equation (63) and 4.13.2 Theorem yield a;; € F foralli,ie.,
ch; (X) € F[X].

In particular, the roots of ch;, which are the eigenvalues of T; on H d ((D) are

algebraic over F and in Section 4.11.2 we have seen that after embeddmg FC @
they are contained in Og, . Hence, q, ; € (9@,), i.e., the coefficients are p- adlcally
integral which implies that a; ; € Z),, i =0, ..., m; in particular,

ch; (X) € Z,[X].

5.4. Proposition. Let 8 € Qs>g. Assume that the weights L, A € X(T)%™ satisfy
the two assumptions of 5.2 Theorem. Then for alli = 0,1,2,3,..., B(B) the
following congruence holds:

a,; =a, 3 (mod pPEPH7, ),

Proof. We will prove that for alli =0, 1, ..., B(8) the congruence

BB
a5 =a;; (mod plPEOT I =vi g )

holds. Since v,(i!) <i/(p —1) < B(B)/(p — 1) these congruences imply that
the congruences of the Proposition hold. The congruences hold trivially for i =0
(“0,1 =ay;5 = 1). To prove them fori = 1,2, 3, ..., B(8) we use equation (63).
First, for all e € N with 1 <e < B() we have

B(p)
m — ekt = my(B) —exil = ﬂB(ﬁ)-l- — +1
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and
[e(m1(B) —120) ] — ex1€ = mi(B) — ekl — exci

(ﬂ+ 5o7) B(B) + (k1 + k)L B(B) + 1 — ercrl — exci €

>ﬁB(,B)+iq+l

Hence, 4.13.2 Theorem yields for all 1 < e < B(f) and all s € G(A ;)P that

Lef([K[h],“sK1;|Hzyp(Sg . L5 (C))) = Lef(IK [h],°s K13/ Hyyp(Sg - L (C)))
(mod pFﬂB(ﬂ)er 1+11Zp).

Together with equation (64) this implies

(65) TS =T, (mod pPPEM 3117 )

for all 1 <e < B(B). Since a; 7 =tr T», equation (65) implies

B BB g
aj;=apy (mod p”3 BN+ +H7 )

which is the claim for i = 1. We now let i < B(f) be arbitrary and assume that the
claim holds for 0, 1, 2, ..., i — 1. The recursive relation in equation (63)

i
igin=>Y (—D)oTa; .o
e=1

together with the induction assumption and equation (65) yields

B() _ i
iai,f\ = iai,i’ (mod pfﬁB(ﬂ)+,,,1+11 vp (0 1)!)Zp)

from which the claim for i is immediate. O

5.5. Newton polygon. The Newton polygon Nj; of ch; € F[X] € Q,[X] is the
lower convex hull of the points (0, v, (ao’;)), oo (myvp, (am’;\)), where we omit
from this list all points (7, Up(ai,i)) with Up(ai,)i) = oo (i.e., a;; = 0). Thus, if
Ay ji15="""=a,;=0anda, ;5 #0(e.,if 0 occurs in ch; (X) with multiplic-
ity k =ordx (ch;)), we omit the points (m—k+1, Up(am—k+1,i))’ oo, (m, Up(am,i))‘
In particular, N5 represents a piecewise linear function on the interval [0, n5 ] which
starts at the point (0, 0) corresponding to the leading term a,, ; = 1 of ch;; here,

ng=m—k=dimH_ ,(€) —ordy (ch;) = dim @
]/E@>()

is the dimension of the finite slope subspace H~ (<D)<OO of H d (C) We have
5= = 0 for all i > nj (note that q; = =0 for all i > m3). Smce chk/Xk for

©y

A ,cusp
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k = ordy (ch;), also has N as its Newton polygon but has nonvanishing constant
term we deduce that if the segment S,, of (necessarily finite) slope y € Q¢ of N;
has length s,, (if projected to the x-axis) then ch; / X k¥ and, hence, ch; has precisely
s, many roots (counted with their multiplicities) in F(C Q p) of p-adic value equal
to y.

5.6. Proof of 5.2 Theorem. We denote by S the finite set consisting of all y € Qx¢
such that y < B and the segment S,, of slope y of the Newton polygon A5 or the
segment S/ of slope y of Nj, has strlctly positive length (i.e., H d ((E)V # 0 or
)\, CUSP(C)V =# (0). We have to show that

. d Yy 1 d 14
dim Hi,cusp(C) = dim H;\,’CUSP(C) forall y € S.

Since dim H/{{ Cusp(C)V equals the number of roots i € F of ch; having p-adic value
y this is equivalent to showing that for all y € S the corresponding segments S,
and S)’/ have the same length (length O if the slope y subspace is trivial). We assume
this is not the case and we denote by y € Q= the smallest number in S such that
S, and S; have different length; without loss of generality we may assume that S]’/
is (strictly) longer than S,,. For all y* € S with 0 < y* < y the segments S, and
S)/, have the same length, hence, S, and S/ have the same initial point (note that
N, N both start in (0, 0)). We denote by P/ (x’, y') the endpomt of S/ Hence,
(x’, y) is a vertex of N3 which implies that x" € N and y" = v, (a,, - We also
know that x’ < B(B) because x’ = dim Hfl, (C)=¥ <dim Hfl, (C)<’3 < B(B).
Since x’ < B(B) and since all segments of N which are left to X Eave slopes less
than or equal to y we deduce that

(66) vpla, ;) =y <yB(B) < BB(P).
Together with 5.4 Proposition this implies that
(67) vp(ax/’;\) = vp(ax/,;\,).

We distinguish cases.

Case 1: Nj is defined at x’ (i.e., x’ < nj). Since Nj is convex and S, is strictly
shorter than S}, in this case we know that \V; (x') lies strictly above A/ (x') =/,
hence, we obtain

vp(ax,’x) > N)"L(_x/) > N;L/(x’) = y/ = vp(ax/’;/),

i.e., we obtain a contradiction to equation (67).

Case 2: Nj is not defined at x’ (i.e., x’ > n3). In this case we know thata, ; = 0.
Since v, (a,, 3,) is finite by equation (66), again, this contradicts equation (67).
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Thus, the assumption does not hold and we have shown that all segments of
slope < B in A5 and N have the same length which finishes the proof.

5.7. Remark. The theorem in particular implies that for any g € Q>¢ the function
x> d(s, 5\) is constant on cosets modulo (p — l)mez(ﬂ”_lX(T).

5.8. Example: C,/(. We look at a special case and assume that G /Q is connected
and Q-split with root system of type C». As in Section 4.14 we use a non-adelic
setting, i.e., I' < G(Q) is an arithmetic subgroup contained in Z, h € T(Q)™* and
we set T =I'¢I" € H where ¢ € Aj,. We assume ¢ € ThZ. All eigenvalues of
T; on Hé‘:bp(F\X , L;(C)) are algebraic over F and p-adically integral (see 2.9
Corollary) and we define the slope 8 subspace Cugp(F\X L A(C))ﬂ as the sum of
the generalized T;-eigenspaces attached to eigenvalues of p-adic value 8. As in

Section 5.1 we obtain that 3.10 Corollary implies

dim HY _(T'\X, L; (C))=# < Br(B),

cusp

where Br(8) =mrp°® +nr. We define the polynomials

Br(B)
—1

=nrp ! + ( (e +K2)>

ml(ﬂ)—ﬂBr(ﬁ)-i- + 1+ Br(B) (k1 +«2)

and

Br(B)

my(B) = ﬂBr(,B)-i' +1+Br(,3)/<1

=m ﬂSH—i—(p 1+mr/<1)ﬁ +n1",3+—1+nr/<1+1

Following the arguments in the previous subsections but using the congruences for
the traces of Hecke operators in 4.14.3 Corollary instead of those in 4.13.2 Theorem
we obtain this:

Theorem. If G is connected and Q-split with root system of type C, then 5.2
Theorem holds with m, m; as defined above.

We want to determine the polynomial m, more explicitly. Since G/Q is of
type C» there are two simple roots A = {a1, a,}, the positive roots are &+ =
{ar, a2, a1 + a2, 201 + a2}, hence, s = 4 and 2p; = 4a1 + 3a2. We denote by
g = gq the number of d cells in a cell complex which is homotopy equivalent to
the Borel-Serre compactification of I'\ X. We assume that s € T (Q)™ satisfies
vy(ay(h)) =v,(az(h)) = 1. We then obtain

k1= vpah) =7, Ky =max(ma,, ma,) =4, o =maxht(@) =3,

a>0
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and hence

12go*tl 12¢3°
- s -
To determine nr we have to find M € N such that equations (23) and (24) hold.
A numerical evaluation shows that we may choose M = 34; hence, equation (26)
yields

s+1pgs 1/5 .25
np = ’721/(s+1)g01 M —‘_1_1: {2 /°¢3°1336336

mr

—‘ +1<93254104¢ + 1.
s 4

This yields the bound

m(X) < 729¢X° +729g (517 +7) X* + (93254104 + 1) X
+(93254104g + D (5 +7) +1
<729gX° +5832gX* + (93254104g + 1) X + 746032832¢ + 9.

We note that since p is in the level of I" the number g = g depends on the prime p.
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