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For Brylinski-Deligne covering groups of an arbitrary split reductive group,
we consider theta representations attached to certain exceptional genuine
characters. The goal of the paper is to study the dimension of the space of
Whittaker functionals of a theta representation. In particular, we investi-
gate when the dimension is exactly one, in which case the theta representa-
tion is called distinguished. For this purpose, we first give effective lower
and upper bounds for the dimension of Whittaker functionals for general
theta representations. Consequently, the dimension in many cases can be re-
duced to simple combinatorial computations, e.g., the Kazhdan—Patterson
covering groups of the general linear groups, or covering groups whose
complex dual groups (a la Finkelberg, Lysenko, McNamara and Reich) are
of adjoint type. In the second part of the paper, we consider coverings of
certain semisimple simply connected groups and give necessary and suffi-
cient conditions for the theta representation to be distinguished. There are
subtleties arising from the relation between the rank and the degree of the
covering group. However, in each case we will determine the exceptional
character whose associated theta representation is distinguished.

1. Introduction and main results

1A. Introduction. Let F be a nonarchimedean local field of characteristic 0 and
residue characteristic p. Let G be a connected split reductive group over F, and
let G := G(F) be its rational points. One of the central ingredients in the study of
irreducible admissible representation of G is the uniqueness of Whittaker functionals
(see [Rodier 1973; Shalika 1974]). For instance, this uniqueness property is crucial
in the Langlands—Shahidi theory of L-functions [Shahidi 2010] for the so-called
generic representations of G, i.e., those with nontrivial Whittaker functionals.
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For a natural number n > 1, we assume that F'* contains the full subgroup
of the n-th roots of unity, which is then denoted by u,. In this paper, we work
with the Brylinski—Deligne n-fold covering groups G™ of G, see Section 2A for a
description on such covering groups. We may write G™ and G interchangeably
if no confusion arises. For simplicity, the phrase covering groups in this paper
is used to refer to the Brylinski—Deligne covering groups. For this purpose, it is
noteworthy to mention that the Brylinski—Deligne framework is quite encompassing
and contains almost all classically interesting covering groups [Steinberg 1962;
Moore 1968; Matsumoto 1969], in particular the Matsumoto covering groups of
semisimple simply connected groups [Moore 1968] and the Kazhdan—Patterson
covering groups ﬁ,gn) of GL, [Kazhdan and Patterson 1984].

For covering groups, the uniqueness of Whittaker functionals for genuine rep-
resentations of G holds rarely and one nontrivial example is the classical double
cover S_pg) of the symplectic group Sp,,, see [Szpruch 2007]. This uniqueness plays
a pivotal role in the work of Szpruch [2009b; 2013] generalizing the method of Lang-
lands and Shahidi to S_pg) Besides this special family of examples, the uniqueness
of Whittaker functionals fails widely, and one almost never expects such a uniform
property for all genuine representations of a general covering group. For example, it
is well known that certain theta representations for the Kazhdan—Patterson coverings
ﬁﬁ") of GL, could have high dimensional space of Whittaker functionals [Kazhdan
and Patterson 1984]. In fact, such theta representations show that the analogous
standard module conjecture (which is a theorem for linear algebraic groups from
[Casselman and Shahidi 1998]) does not hold for covering groups.

The failure of the uniqueness of Whittaker functionals for general genuine
representations of covering groups, however, has been the source of both obstacles
and inspirations to some advancement of the representation theory of such groups.
On the one hand, for instance, it is not a priori clear how to generalize the Langlands—
Shahidi theory of L-functions to covering groups because of the nonuniqueness of
Whittaker functionals for unramified principal series representations. Equivalently,
the difficulty for such generalization is essentially due to the fact that the analogous
Casselman—Shalika formula for covering groups as in [Chinta and Offen 2013;
McNamara 2016] is vector-valued, whereas for linear algebraic groups it is scalar-
valued; see [Casselman and Shalika 1980].

On the other hand, there are various streams of rich theories stemming from the
nonexistence or multidimensionality of Whittaker functionals. For instance, for
genuine representations of covering groups without Whittaker functionals, one may
consider semi-Whittaker functionals as in [Takeda 2014] or degenerate Whittaker-
functionals [Mceglin and Waldspurger 1987], which interact fruitfully with the
arithmetic and character theory of the representations. Meanwhile, the theory of
unipotent orbit as discussed in [Ginzburg 2006; Friedberg and Ginzburg 2014;
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Friedberg and Ginzburg 2016a] for instance also rectify the situation in the absence
of Whittaker functionals. In the latter case where multidimensionality holds, the
theory of multiple Weyl Dirichlet series makes deep and fascinating connections
between representation theory of covering groups, quantum physics and statistical
mechanics etc, see [Brubaker et al. 2011; Bump et al. 1990; 2012] for some of the
ideas involved. In particular, the book [Bump et al. 2012] contains several excellent
expository articles on multiple Dirichlet series.

Nevertheless, in this paper we consider only the so-called theta representations
®(G™, x) which appear as the local representations for the residue of the Borel
Eisenstein series (see Definition 2.1). Moreover, we are mostly interested in deter-
mining when the space of Whittaker functionals for © (G, ¥) has dimension one,
in which case ®(G™, ¥) is called distinguished following Suzuki [1998]. Here ¥
is an exceptional genuine character (see Definition 2.1) of the center Z(T') of the
covering torus T € G. The reason for considering this problem is two-fold.

First, ®(G™, ¥) is in a certain sense the simplest family of genuine repre-
sentations of a general covering group G. Indeed, if n = 1, then it follows
from definition that ®(G"™, ¥) could be the trivial representation of the linear
group G = GV, depending on a proper choice of the exceptional character ¥.
Therefore, for the genericity question regarding Whittaker functionals of genuine
representations, it is reasonable to consider this family first. Moreover, theta
representations for the Kazhdan—Patterson covering groups of GL,, to which we
have just alluded, are already studied in depth in the seminal paper [Kazhdan and
Patterson 1984]. Despite the fact that the idea therein could be applicable for
general covering groups, to the best of our knowledge, it seems that there is no
systematic treatment on theta representations for general covering groups in the
literature. Perhaps this gap is caused by the tedious cocycle computation to be
carried out by any potential author. However, the Brylinski—Deligne framework
enables us to compute by invoking some neat structural fact of the covering groups
of interest, and to handle only a minimized usage of a cocycle on the torus. In
brief, we wish to fill in the gap by generalizing the relevant work of Kazhdan and
Patterson to Brylinski—Deligne covering groups.

Second, distinguished theta representations have important and emergingly wider
applications. Theta representations are the representation-theoretic analogues of
theta functions, one of the early applications of which was given by Riemann in his
seminal paper to prove the functional equation of the Riemann zeta function. In
the language of modern theory of representations, theta representations for S_pé%)
gain deep applications in the Shimura correspondence [Shimura 1973; Gelbart
1976]. On the other hand, following the work of Kazhdan and Patterson, theta
representations for GL" are also studied extensively in [Bump and Hoffstein 1987;
Suzuki 1998; 2012], to mention a few. In particular, these authors made some deep
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conjectures and also provided evidence for a generalized Shimura correspondence
regarding G_L£”>, and the distinguishedness property is exploited to achieve the goals
in their work. Another significant direction of applications is the Rankin—Selberg
integral representation for the symmetric square and cube L-functions [Bump and
Ginzburg 1992; Bump et al. 1996; Takeda 2014; Kaplan 2016]. Evidently, it should
be mentioned that for distinguished theta representations, the theory of L-functions
could be developed as in the linear algebraic case, since the Casselman—Shalika
formula is then scalar-valued. More recently, the work of E. Kaplan [2015a; 2015b],
and S. Friedberg and D. Ginzburg [2014; 2016a] also relies heavily on the local and
global theta representations in their consideration of Fourier coefficient, Rankin—
Selberg L-function and descent integral etc. Notably in their work, distinguishedness
is responsible for proving that a global integral admits an Euler factorization into
local factors. Besides these, the problem on global cuspidal theta representations
is important and many problems are open (see [Friedberg and Ginzburg 2016a;
Suzuki 1998]). In any case, we believe that distinguished theta representations are
objects of great interest and significance, and we hope that our paper could shed
some light on the relevant questions.

1B. Main results. We consider a Brylinski—Deligne n-fold covering group G .
Let ¥ be an exceptional character for G, Fix an unramified additive character v
of F and consider the space th(®((_}(”), X)) of ¥r-Whittaker functionals of the
theta representation O(G™, x). The pair (G™, %) such that

dim Why, (©(G™, 3)) = 1

is quite unique, and the goal is to investigate when © (G™, ¥) is distinguished. We
remark that for fixed G, the set of unramified exceptional characters ¥ is a torsor
over Z(G"), the center of the complex dual group GV of G. For details on G, see
[Finkelberg and Lysenko 2010; McNamara 2012; Reich 2012; Weissman 2015].

We outline the structure of the paper and state the main results.

In Section 2, we recall the basic structural facts on a Brylinski—Deligne covering
group G which will be crucial for our computations. In this paper, we consider
exclusively unramified covering group G and unramified exceptional character
X . In Section 3, the space Why, (©(G™), ¥) is analyzed following the strategy
in [Kazhdan and Patterson 1984] closely. In particular, it relies crucially on the
Shahidi local coefficient matrix [t ()X, Wy, ¥, ¥)]y,, for covering groups. Note
that [t (X, We, ¥, ¥')]y,, is also referred to as the scattering matrix in [Brubaker
et al. 2016] and transition matrix in [Chinta and Offen 2013]. Since the matrix is
an analogue (and in fact the reciprocal) of Shahidi’s local coefficient in the linear
algebraic case [Shahidi 2010, Chapter 5], we call it the Shahidi local coefficient
matrix in this paper. See also [Budden 2006; Szpruch 2016]. In the unramified
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setting, the matrix is computed in [McNamara 2016]; it is also computed for ramified
places in [Goldberg and Szpruch 2015].
The first main result is Theorem 3.14 from Section 3:

Theorem 1.1. Let G be an arbitrary unramified Brylinski-Deligne covering
group. Let X be an unramified exceptional genuine character of G™ with associated
theta representation ®(G™, x). Then,

90.4(0 )] < dimWhy (©(G™, X)) < |pg.n (0, )-

These two bounds are combinatorial quantities involving certain Weyl-action on
lattices. The readers are referred to Section 2 for details. We highlight here some
consequences from the above theorem.

Firstly, Theorem 1.1 recovers the results of Kazhdan and Patterson. More
precisely, for covering groups G_L£”> studied in [Kazhdan and Patterson 1984], the
authors determine that dim Why, (® (ﬁﬁ"), x)) = 1 if and only if

(1) n=rand @g") is any Kazhdan—Patterson covering group, or

(2) n=r+1and GL™ belongs to a special type of degree n Kazhdan—Patterson
covering groups.

In fact, for any covering group ﬁﬁ") studied in [Kazhdan and Patterson 1984],
one has Og’n = Og,n,sc- Therefore dim Why, (O(GLY, x)) = |50Q7,,(Og’n’sc)|. In
particular, the dimension does not depend on the choice of the exceptional character
x and can be computed effectively. For details, see Example 3.16.

In general, for cases where the two bounds in Theorem 1.1 actually agree,
the computation of the dimension is reduced to a purely combinatorial problem,
and thus amenable to a straightforward calculation. This includes the case where
Yon= Yéc’n, or equivalently Z(G") = 1. For example, odd degree coverings of
simply connected groups of type B,, C, have this property. See Sections 5 and 6.

Secondly in contrast, when the two bounds in Theorem 1.1 do not agree,
dim Why, (®(G, X)) becomes sensitive to the choice of the exceptional character .
The second half of this paper is devoted to investigating this. This phenomenon al-
ready occurs for the degree two metaplectic covering Siéz), see Example 4.7. In this
case ®(ﬁg2), X ) is the even Weil representation. Consider @(S_L(zz), Xv.), where
X v, 18 an exceptional character defined by using the twisted additive character v/,
where a € F*. Itis well known that dim Why, (® (S_L(Z), Xv.)) < 1 and the equality
holds if and only if a € (F*)%. Our analysis shows that similar phenomenon occurs
for higher rank groups, see Section 4B, in particular Corollary 4.5.

In any case, we summarize our results for certain coverings of simply connected
groups as follows. We write for instance A" for the degree n covering of the
simply connected group of type A, of rank r. Here the covering group arises from

a quadratic form Q on the coroot lattice Y = Y*¢ such that Q(«¥) = 1 for any
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short coroot @”. The following theorem is an amalgam of Theorems 4.10, 5.3, 6.2
and 7.1. Only for Zﬁ"), we impose the condition n < r 4 2 for technical reasons.
Theorem 1.2. Let G™ be an unramified Brylinski-Deligne degree n covering of
a simply connected semisimple group of type A,, B,, C, or G». If G™ = A" we
further assume n < r +2. Let X be an unramified exceptional character for G™. In
each case for G™ below, if diim Why, (O(G™, x)) = 1, then the following relations
between r and n must hold:

AP r=1n<r+2 n=r+2orr+1;

(_75"),1”22, n=4r —2, 4r, 4r +2 or 2r +1;
Eﬁ"),rES, n=2r+1 or 2r+2;
(_;gl), n="7 or 12.

Conversely, suppose that r and n satisfy the above relations; then for every
case above except C 54”, there exists a unique exceptional character ¥ such that

dim Why, (@(G™, X)) = 1 for above G™.

We actually determine the unique exceptional character specified in Theorem 1.2,
see Theorems 4.10, 5.3, 6.2 and 7.1. In the Zﬁ’“) case, our result generalizes the re-
sult for the even Weil representation of S_Léz) mentioned above. As noted, the collec-
tion of unramified exceptional characters is a torsor over Z (GY). Moreover, for cov-
ering groups of simply connected groups, the choice of i actually gives a base point
for this torsor. Thus, any exceptional character ¥ gives rise to an element in Z(G"),
depending on the choice of y. That is, the explicit requirement given in those
theorems could be viewed as determining the corresponding element in Z(G").

We note that for classical groups and similitude groups, an extensive study is
included in [Friedberg et al. > 2017]. Our result from Theorem 1.2 also agrees
with the pertinent discussion in [Friedberg and Ginzburg 2016b] for symplectic
groups. For example, the local statement for the second part of Conjecture 1 in
Friedberg and Ginzburg’s paper follows from our Proposition 5.1 here. Moreover,
the factorizability property of the Whittaker function in that paper for S_p(zin_a also
agrees with our result for the C 5") case in Theorem 1.2.

Finally, we remark that groups of type D,, E¢, E7, Eg, F4 could be analyzed by
the same procedure. In principle, Theorem 1.1 coupled with the analogous argument
for Theorem 1.2 enable one to determine completely dim Why, (®(G™, %)) for
arbitrary (G™, ¥).

2. Basic setup

2A. Structural facts on G. For ease of reading, we first recall some structural facts
on G. The main references are [Brylinski and Deligne 2001; Finkelberg and Lysenko
2010; Reich 2012; McNamara 2012; 2016; Weissman 2015; Gan and Gao 2016].
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In this paper, we concentrate exclusively on unramified Brylinski-Deligne covering
groups G (to be explained below). We follow the notations in [Gan and Gao 2016].

Let F be a nonarchimedean field of characteristic 0, with residual characteristic p.
Fix a uniformizer @ of F. Let G be a split linear algebraic group over F with
maximal split torus T. Write (X, ®, A, Y, ®¥, AY) for the root data of G. Here
X (respectively, Y) is the character lattice (respectively, cocharacter lattice) for
(G, T). Choose a set A C @ of simple roots from the set of roots ®, and A" the
corresponding simple coroots from ®". Let B be the Borel subgroup associated
with A. Write Y*¢ C Y for the lattice generated by ®V.

Fix a Chevalley system of pinnings for (G, T, B). That is, fix an isomorphism
ey : Gy — Uy for each o € ®, where U, C G is the root subgroup associated with «.
Moreover, for each o € @, there is a unique morphism ¢,, : SL, — G which restricts
to e on the upper and lower triangular subgroup of unipotent matrices of SL,.

Consider the algebro-geometric covering G of G by [, which is categorically
equivalent to the pairs {(D, )} (see [Gan and Gao 2016]). Here n : Y — F* is a
homomorphism. On the other hand, D is a bisector associated to a Weyl-invariant
quadratic form Q : Y — Z. That is, let By be the Weyl-invariant bilinear form

associated to Q such that By (y1, y2) = Q(y1 +y2) — O(y1) — Q(y2), then Dis a
bilinear form on Y satisfying

D(y1, y2) + D(y2, y1) = Bo(y1, ¥2).

The bisector D is not necessarily symmetric. Any G is, up to isomorphism, incar-
nated by (i.e., categorically associated to) (D, n) for a bisector D and some 7.

Let n > 1 be a natural number. Assume that F'* contains the full group w,
of n-th roots of unity and p { n. Let G be incarnated by (D, n). One naturally
obtains degree n topological covering groups G, T, B of the rational points G :=
G(F), T :=T(F), B:=B(F), such as

pn—— G —» G.

We may write G™ for G to emphasize the degree of covering. For any set H C G,
we write H C G for the preimage of H with respect to the quotient map G — G.
The Bruhat-Tits theory gives a maximal compact subgroup K € G, which depends
on the fixed pinnings. We assume that G splits over K and fixes such a splitting;
call G an unramified Brylinski—Deligne covering group in this case. We remark
that if the derived group of G is simply connected, then G splits over K (see [Gan
and Gao 2016, Theorem 4.2]). On the other hand, we refer the reader to [Gan and
Gao 2016, § 4.6] for a counterexample from a certain double cover of PGL, where
the splitting does not exist.
The data (D, n) play the following role for the structural fact on G:
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o The group G splits canonically over any unipotent element of G. In particular,
we write &y (1) € G, a € ®, u € F for the canonical lifting of ey (1) € G. For
any o € @, there is a natural representative wy 1= ey (1)e_q(—1)eq (1) € K
(and therefore w, € G by the splitting of K) of the Weyl element w,, € W.
Moreover, for hy(a) :=a"(a) € G, a € ®, a € F*, there is a natural lifting
hy(a) € G of hy(a), which depends only on the pinning and the canonical
unipotent splitting. For details, see [Gan and Gao 2016].

o There is a section s of T over T such that the group law on T is given by

) s1(@) -s(2(0) = (@, b)) -5 (y1(@) - y2(b)).
Moreover, for the natural lifting hy(a), one has
2 ha(@) = (n(@"), a), - s(ha(@)) € T.
e Let w, € G be the natural representative of W,, € W. For any y(a) € T,
(3) we - (@) - wy' = (@) ha(a™ ),
where (—, —) is the pairing between Y and X.

Consider the sublattice Yy, := {y € Y : Bo(y,y’) € nZ} of Y. For every
aY € @Y, define ny :=n/ged(n, Q(a")). Write ozé L =nee’ and ag , 1= nla.
Let Ysc C Y be the sublattice generated by {oz 2 Jaed. The complex dual group
GV for G as given in [Finkelberg and Lysenko 2010 McNamara 2012; Reich 2012]
has root data (Y ,, {aQ o) Hom(Yp , Z), {ag ,}). In particular, ch is the root
lattice for G¥. What is most pertinent to our paper is that the center 4 (GV) could
be identified as

Z(GY) :=Hom(Yg,/ Y, C).

2B. Theta representations © (G, ). Fix an embedding ¢ : it,, < C*. A represen-
tation of G is called (-genuine if 11, acts via (. We consider throughout the paper
t-genuine (or simply genuine) representations of G.

Let U be the unipotent subgroup of B = TU. As U splits canonically in G, we
have B = TU. The covering torus T is a Heisenberg group with center Z(T'). The
image of Z(T) in T is equal to the image of the isogeny Y 0.n ® F* — T induced
from Yo , — Y.

Let ¥ € Hom,(Z(T), C*) be a genuine character of Z(T), write i () := IndA x’
for the induced representation on 7', where A is any maximal abelian subgroup of T,
and ¥’ is any extension of x. By the Stone—von Neumann theorem (see [Weissman
2009, Theorem 3.1; McNamara 2012, Theorem 3]), the construction ¥ — i(X)
gives a bijection between isomorphism classes of genuine representations of Z(T')
and T. Since we consider an unramified covering group G in this paper, we take A
to be Z(T) - (K NT) from now.
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View i()) as a genuine representation of B by inflation from the quotient map
B — T. Write I (i(X)) := Indg i () for the normalized induced principal series
representation of G. For simplicity, we may also write I () for 1(i(x)). One
knows that I (x) is unramified (i.e., I (x)X # 0) if and only if ¥ is unramified,
i.e., X is trivial on Z(T) N K. We consider in this paper only unramified genuine
representations (and characters). In fact, one has the naturally arising abelian
extension

4) Mn(_> }_]Q,n — YQ,n

such that unramified genuine characters of ¥ of Z(T) correspond to genuine char-
acters of YQ,,,. Here YQ,n :=Z(T)/Z(T)NK. Since A/(TNK) ~ }_’Q’n as well,
there is a canonical extension (also denoted by x) of an unramified character x of
Z(T) to A, by composing ¥ with A — YQ’n. Therefore, we will identify i ()
as Ind% X for this x.

For any W € W, the intertwining operator Ty, , : I (x) — I (") is defined by

(Toz (@) = /U Fwug) du

whenever it is absolutely convergent. Moreover, it can be meromorphically contin-
ued for all ¥ (see [McNamara 2012, § 7]). For I (x) unramified and w = w,, with
a €A, Ty, , is determined by
1—gq "% (ho ("))

1 = X (ho (")
where fo € 1()) and f; € I1("«)) are the unramified vectors. Moreover, Ty, »
satisfies the cocycle condition as in the linear case. The coefficient c(W,, x) was
determined in [McNamara 2016, Theorem 12.1] and later reformulated in [Gao
> 2017]. We use the latter formalism which is more suitable for our needs in
this paper.

The following definition mimics that in [Kazhdan and Patterson 1984, § 1.2].

Twa,x(fO) =c(Wgy, X) - f(; with ¢c(Wg, ) =

Definition 2.1. An unramified genuine character x of Z(7T) is called exceptional if
¥ (ho (@) = g~ ! for all @ € A. The theta representation O (G, ¥) associated to
an exceptional character ¥ is the unique Langlands quotient (see [Ban and Jantzen
2013]) of I()), which is also equal to the image of the intertwining operator
Twoz : I (X) = I1("x), where Wy € W is the longest Weyl element.

The extension Y g ,, gives rise to an extension Y55 q of Yy, by restriction. All
exceptional characters agree on Y Z; ,» and therefore the set of exceptional characters
is a torsor over Z(GY).

2C. Unitary distinguished characters. Depending on the choice of a nontrivial
additive character v/ of F, a special class of the so-called distinguished genuine
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characters of Z(T) is singled out in [Gan and Gao 2016] for the consideration of
the L-group extension for G. Distinguished characters, in the sense of [Gan and
Gao 2016], may not exist for general Brylinski-Deligne covering groups. However,
if G has a simply connected derived group or if the composition

n:YS = FX = F/(F*)"

is trivial, such characters exist. One special property of a distinguished character is
its Weyl-invariance, and thus it could serve as a distinguished base point in the set
of genuine characters of Z(T).

For the purpose of Sections 4 to 7, we recall the explicit construction in [Gan
and Gao 2016] when a distinguished character exists. In particular, we make the
above assumption on G, which is clearly satisfied in the simply connected case in
Sections 4 to 7.

First, let {y;} be a basis of Y , such that {k;y;} is a basis for the lattice J =
nY +Yp, for some k; € Z. Let Y be a nontrivial additive character of F. Let py-
be the Well index valued in 4 satisfying

Yy ) =1, pp®B)’ =(b.b)2.  yy(be) =y b)yy(c) - (b. o).
For any a € F*, let ¥, : x — v¥/'(ax) be the twisted additive character. Then
Y4, (b) =y (b) - (a, b)a.
By definition, a unitary distinguished character )_(12, of Z(T) is given by

%0, i(@) = pyr(@)2bi=h oo/,

and fory=7> ", n;y; anda € F*,
_ 2icjniniD(i,yj) _ . . YR
S Xy O@) =@ a7 ] Ry i@y e/,

Note that in [Gan and Gao 2016], the exponent of py/(a) in the formula of
X g,(yi (a)) is the negative of what we use here. However, both give rise to distin-
guished characters.

2D. Conventions and notations. Let2p :== ) ._,a" be the sum of all positive
coroots of G. Consider the affine translation £, : Y @ Q — Y ® Q given by y > y —p.
Write w(y) for the natural Weyl group action on Y and ¥ ® Q. Endow the codomain
of £, with this action. By transport of structure, one has an induced action of W on
the domain of £, (i.e., the first ¥ ® Q), which we denote by w[y]. That is,

Wiyl :==w(y — p) + p.

Clearly Y is stable under this action. Write y, := y — p for any y € Y, then
W[yl —y =W(y,) — y,. From now, by Weyl orbits in ¥ or ¥ ® Q we always refer
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to the ones with respect to the action W[y]. Write O (respectively O' ) for the set
of W-orbits (respectively, free W-orbits) in Y.

We remark that for GL,, the Weyl-action considered by Kazhdan and Patterson
[1984, page 78] is actually W(y + p) — p. However, the indexing of Whittaker
functionals also differs from ours by taking an “inverse”, thus our terminology is
different but equivalent to that of [Kazhdan and Patterson 1984].

Definition 2.2. For any subgroup A C Y, a free orbit O, € O' is called A-free if
the quotient map ¥ — Y /A is injective on O,. We write (91( C O' for the set of
A-free orbits of Y.

Note that A-free orbits are assumed to be free by definition. For simplicity, we
write Og n.sc and OF for the set of ¥ écﬁ and Yo ,-free orbits of Y, respectively.
Clearly, the 1nclus10ns 0O>0"D Og nse = Or hold.

Generally, notations will be either self- explanatory or explained the first time they
occur. For convenience, we list some notations which appear frequently in the text:

¢: the element (((—1, @w),) € C*. In particular, for n odd, ¢ = 1. We use the

following identity freely in the paper:
gPOY) = PO forany y e Yp,.,y €Y.

$0.n: the projection Y — Y /Yo ,.

©0.,: the projection Y — Y/Y5 .

Y a fixed additive character of F into C* with conductor Of. For any a € F*,
the twisted character v, is given by ¥, : x — ¥ (ax).

sy: for any y € Y, we write s, :=s(@w”) € T.

[x7]: the minimum integer such that [x] > x for a real number x.

3. Bounds for dim Why, (©(G, X))

3A. Whittaker functionals. We follow the notations in Section 2B. Consider,
in particular, the principal series I (x) := I(i()})) for an unramified character
¥ € Hom,(Z(T), C*).

Let Ftn(i (x)) be the vector space of functions ¢ on T satisfying

ct-2)=c@) -x2), feTand 7 € A.

The support of any ¢ € Ftn(i(¥)) is a disjoint union of cosets in T/A. Moreover,
dim(Ftn(i (x))) = |Y/Y¢.| since T /A has the same size as Y/Yg .

There is a natural isomorphism of vector spaces Ftn(i(x)) =~ i(x)", where
i(x)" is the complex dual space of functionals of i()x). More explicitly, letting
{yi} € T be a chosen set of representatives of 7 /A, consider ¢y, € Fn(i(x))
which has support y; - A and ¢, (yi) = 1. It gives rise to a linear functional
)Lﬁ €i(x)" such that )\fﬁl (fy;) = dij, where f),, € i(x) is the unique element such
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that supp(f,) = A-y; ' and fy,(y;') = 1. Thatis, f,, = i(X)(y;)¢o, where
¢o € i()) is the normalized unramified vector of i () such that ¢o(17) = 1. Thus,
the isomorphism Ftn(i ()) ~i())" is given explicitly by

cH> ACX = Z C()/,‘))mgi.
vieT/A

It can be checked easily that the isomorphism does not depend on the choice of
representatives for T /A.

Let ¢y : U — C* be the character on U such that its restriction to every Uy, @ € A
is given by i o e;l. We may write v for Yy if no confusion arises.

Definition 3.1. For any genuine representation (&, V5) of G, a linear functional
£ : V3 — Cis called a y-Whittaker functional if £(c (u)v) = ¥ (u)-v forallu € U
and v € V5. Write Why, () for the space of y-Whittaker functionals for 7.

An isomorphism exists between i ()" and the space Why, (1 (x)) of ¥-Whittaker
functionals on /() (see [McNamara 2016, § 6]), given by A — W, with

Wy:l(X)—>C, [+ A(/U f(wgluw(u)“u(u)),

where f € 1()) isani(x)-valued function on G. Here U~ is the unipotent subgroup
opposite to U; also, wy = W, W, - - Wy, € K is a representative of Wy, where
Wo = WgWe, « - - Wy, 1S @ minimum decomposition of Wy. For any ¢ € Ftn(i(x)),
by abuse of notation, we will write 2oe Why, (I (x)) for the resulting y-Whittaker
functional of 7 ()x) from the isomorphism Ftn(i (X)) >~ i(x)" =~ Why (I (X)). An
easy consequence is

dim Why, (1 (7)) = ¥/ Yg.ul-

Let J(w, x) be the image of 7, 3. The operator Ty, 3 induces a homomorphism
TW*, % of vectors spaces with image Why, (J(w, X)):

Ty 7 Why (1 ("X)) ———— Why (I (X))

Why, (J(W, X))

given by (hc”, =) > (he”, Tw,z () for any ¢ € Fn(i("¥)). Letting {*,"}, o7,z
be a basis for Why, (1 (")), and {kﬁ,} a basis for Why, (1 (x)), the map ij;j is then
determined by the square matrix [t (X, W, ¥, y’)]y,y,ef/; of size |Y /Y »| such that

Toy = D t(x. Wy, v) 2L,
y'eT/A
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Some immediate properties are as follows.
Lemma 3.2. Forwe W and z, 7 € A, the following identity holds:
(X Wy 2.y - ="0"@ 1wy, ¥) - X @)
Moreover, for Wi, Wy € W such that [(W,W1) = [(W) + [(W}), one has
(W vy = Y (MW v ) TR we v ),
y'eT /A
which is referred to as the cocycle relation.

Proof. The first equality follows from a change of basis formula from a different
choice of representations for T /A. The second equality follows from the cocycle
relation of intertwining operators. U

3B. Reduction of Why (@((_}, x)). Let wy be the longest Weyl element of G.
Consider the theta representation (G, ) = Tw,, 7 (I (X)) attached to an unramified
exceptional character x (see Definition 2.1).

Definition 3.3. A theta representation ®(G, ¥) attached to an unramified excep-
tional genuine character ¥ is called distinguished if

dim Why, (©(G, X)) = 1.

The distinguishedness of a theta representation here is not to be confused with
that of a distinguished genuine character as given in Section 2C.

Proposition 3.4. Let X be an unramified exceptional character of G, and A the set
of simple roots. Then

Why (©(G, %)) = ﬂ Ker(Ty, way : Why (1(X)) — Why (1(" X)),
acA
where Ty, woy is the intertwining operator from I (Y« x) to I (x).
Proof. The same proof for [Kazhdan and Patterson 1984, Theorem 1.2.9] applies

here mutatis mutandis. ([l

Let 2} € Why (I(¥)) and « € A, then

T wag WD) = ("X, We. .7 .A”y“fjx_

/

14

In general, let ¢ € Ftn(i())), and write
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Then,

o wa z (A )_ZC(V)(Z ("X War v ¥) - kw”)

>
= Z(Z cT(M X, W, ¥, y’)))\v;‘,yx.

As an immediate consequence of Proposition 3.4, one has (see also [Kazhdan
and Patterson 1984, page 76]):

Corollary 3.5. A function ¢ e Ftin(i (X)) gives rise to a functional in Why, (© (G, %))
(i.e., M} € Wh¢,(®(5, X)) if and only if for all « € A,

Z C(V)T(Wa)_(’ Wy, Vs )//) =0 for all ]//.
yeT /A

The left-hand side is independent of the choice of representatives for T /A by
Lemma 3.2.

3C. The Shahidi local coefficient matrix. We would like to compute the matrix
[T(X,Wq, ¥, ¥y, for any unramified character x (not necessarily exceptional)
and simple reflection W, o € A.

For Kazhdan—Patterson coverings ﬁﬁ"), the matrix [t (X, We, ¥, ¥")],,, is first
studied in [Kazhdan and Patterson 1984]. It also appears in the work of Suzuki
[1998], Chinta and Offen [2013] among others. For a subclass of Brylinski—-Deligne
covering groups, the study of matrix [t (X, Wy, ¥, ¥')],,, is conducted in [McNa-
mara 2016] for unramified characters x, generalizing that of Kazhdan and Patterson.
Meanwhile, for ramified characters, it is included in the work of [Goldberg and
Szpruch 2015]. However, in order to work with the full class of Brylinski-Deligne
covering groups and also remove the assumption po, € F* in [McNamara 2016], we
refine the computation in [McNamara 2016] slightly. This is achieved by invoking
the structural facts of Brylinski—Deligne covering groups, in particular those from
Section 2A. We also note that interesting phenomena dissipate when the assumption
Won © F* is imposed, for example for the type A, case in Section 4. There are
subtleties arising from the fact that —1 is not a square root. For this purpose, it is
important to rigidify the formula for the matrix and express its entries in terms of
naturally defined elements of the group.

Consider the Haar measure p of F such that £ (Op) = 1. Thus,

w0 =1-1/q.

The Gauss sum is given by

Gw(a,b):/ u, ™) Y (@ u)pu(w), a,bel.
0F
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It is known that

0 if b < —1,

1-1/q if nla, b >0,
Gy(a,b)=40 ifnta,b>0,

—1/q if nla, b = —1,

Gy(a,—1) with |Gy (a, —1)|=¢~V? ifnta,b=-1.

Recall ¢ :=((—1, @),) € C*. One has Gy (a, b) =¢€“ -Gy (—a, b). Forany k € Z,
we write

gy (k) =Gy (k,—1).

As in [McNamara 2016, § 9], let f, € I()) be the function with supp(f,) =
BwoK, and Sy (wy 1) =i(X)(y")¢o for a certain compact open subgroup K. Here
¢o € i(x)T"X is the unramified vector in i(X). From [McNamara 2016, Corol-
lary 9.2], one has t (X, Wy, ¥, ¥') = ()LV;YX, Tw,.5 (fy))/IU™ N K;|. More precisely,
from equality (9.3) of [McNamara 2016] one could evaluate (), Wy, ¥, ¥’) by
applying A\]’,V” € i(""‘*)‘()v to the integral

(©6) /ny/(fza(xb e (—x)-wy )y e () x) €i (M x).

Note that the integrand of (6) takes values in i()x). However, on the one hand,
as vector spaces of functions on 7', the underlying space i (¥) is identical to that
of Yi(x) (see [Gao > 2017]); on the other hand, it follows from the Stone—von
Neumann theorem that =i (x) >~ i ("W~ x) as representations of T. Therefore, there
is a canonical vector space isomorphism i () 2~ i (W« x). For the computation below,
we will follow [McNamara 2016] closely and adopt this viewpoint implicitly.

To ease notations, write 7 = i()). Use the partition F = |J,,., @ " O} and
write x = & "u"!, where u € O. Then u(x) = |o|™" u(u) and the integral in
(6) is equal to

> @™ /0 fyha(@" - u) - e~ "u™) - wg) Y (@™ 1)) (1)

meZ

=2 | @@ mha(@™)  w o) w0 v @ ).

meZ F

Suppose ' = sy € T for some y € Y. (We write sy:=s(@”’) € T for y € Y, see
Section 2 for notations.) Then the above is equal to

(7) Z Ox(u’ w.)le(aV)—l—B(aV,}’) . N(f_la(zzrm)) . ﬂ(sy)¢0 . 1//—l(w_m ).

meZ F
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From now, we write ['(m, y, V) := g™+ 0:eDDGa) and T (y, V) :=T (-1, y, aV),
which lie in {£1}. Following (3), ho (&™) - 8y = we - (F(m, y, &) - Sy1mav) - Wy —1
Therefore (7) is equal to

S TG, v, @) (S ) o / (u, e QB D) g gy ),

meZ

There are three cases for each term in the sum:

« For m < —2, the integral over O vanishes, and thus the contribution to
(X, Wy, ¥, y') is 0.
o For m = —1, the contribution 7 (), W, ¥, ¥’) is nonzero only when W, (y;) =

y —a’ mod Yy , where y =s,,, ¥’ =s,. When W, (y1) =y —a", the contri-
bution to 7 (X, Wy, ¥, ¥') is

L(y.a’)-gy-1(Bla’,y) = Q@) =T(y,a”) - gy-1((yp, @) Q"))

o For any x € R, recall that we denote by [x] the minimum integer such that
[x] > x. The sum for m > 0 is equal to

> T(m.y. o) " (Swy (y4mav) B0 - / (u, )" C@OFB@Y) ()
m>0
_ Z T(m, y,a”)-gmtoenDe’.y)

m=kng—B@" 1)/Q@") e (S m—tv.ang” ) ET(s (1—g~!
k=[Ba".y)/m O@")] ( (—m—(y,a))x ) (y)¢0 ( q )

=(—qh 3 I g ) sy
k=[{y,a"}/na

=(l—qg" Y Xa(@")* - ew(sy)do
k=[(y,a¥)/nq]
1y X (hg (@)
=(1—g! = Mg (s , where ky o = [(y, a)/ng].
( q )1—)_((]10[(&)'”“)) ( y)¢0 v, |—<y )/ a—l
The contribution is nonzero only for y =s,, with yj =y mod Y ,. In particular,
if y; =y, then the contribution to 7(), Wy, y, ') (for y =y’ =s,) is

~(h na\Yky,«
|— g X(ha(Z_ZT ) h =
(I—q )1 @)’ where ky, {

To summarize, we state the following theorem by McNamara which generalizes
[Kazhdan and Patterson 1984, Lemma 1.3.3]:

<y,a>].

Ny
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Theorem 3.6 [McNamara 2016, Theorem 13.1]. Suppose that y =s, is represented
by y1 and y' = s, by y. Then we can write T(X, Wy, ¥, ') = T' (X, We, ¥, ¥') +
(X, Wy, v, y') with the following properties:

o T (X We ¥ 2, ¥ -2 =)D - T (X W v, ¥ - X (@D, 7.7 €A
o ' (X, Wy, ¥, ') =0 unless yy =y mod Y ;
o T2(X, Wy, ¥, ¥) = 0 unless y; =Wy [y] mod Yg .
Moreover,
» If y1 =y, then

z@a?%»@a
1 — ¥ (ho (@)’

where ky o = {M]

Ny

X Wa, v, ¥) =1 =g

o If y1 =Wqlyl, then
(X, W, v, ¥) =T, ") - gy-1((yp, @) Q™).

As an analogue of [Kazhdan and Patterson 1984, Corollary 1.3.4], we have the
following result.

Corollary 3.7. Let X be an unramified exceptional character. Let )»Z( € Why (1(X))
be the vr-Whittaker functional of I (X) associated to some ¢ € Ftn(i(x)). Then, A%
lies in Why, (©(G, X)) if and only if for any simple root a € A one has

®)  clw,p)) =g Ty a") - gy1({yp. ) Q@) - e(sy) forall y.
Proof. By Corollary 3.5, for all @ € A, we have

c(sy) - T(M X, We, Sy, Sy) + €Sy (y) - TCUX, Wes Swy [y, §y) =0,
where y € Y is any element. The preceding theorem gives

(X (ho(@™)))
1= % (ha (")) !
=" LT (y,a") gy 1((yp, @) Q@) " -e(sy). -

c(sw,)=—(1—gh Ty, ") gy-1((yp.a) Q@) -e(sy)

From now on, for y € Y and @ € A, we write

) tWy, ¥) :=g" " T(y,a") - gy-1((yp, @) Q@)™
where
ky,a = {M—‘ and T'(y, aV) — E(y,,,a)-D(y,aV).

Ny

It is clear (W, y) # 0.
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Definition 3.8. For ¢ € Ftn(i())), we say that ¢ vanishes on y € Y if and only if
¢(sy) = 0. It is said to vanish on the orbit O, C Y if and only if it vanishes on all
y € Oy,, in which case we write ¢(O,,) = 0.

Assume that ¢ gives rise to )LZ( € Wh¢(®(5, X)). Since t(W,, y) # 0 for all y
and a € A, it follows from Corollary 3.7 that ¢ vanishes on O, if and only if it
vanishes on any y € Oy, . It is therefore easy to see that

(10) dim Why, (G, X))=|90..(Oy,): exists ¢ € Ftn(i (¥)) satisfying (8) for

{ Oy, € Ois a W-orbitin Y, and there ”
alla € A, y € Oy,. Also ¢(Oy,) #0.

In the remaining part of this section we will prove an effective lower and upper
bound for dim Why, (®(G, ¥)).

3D. A lower bound for dim Wh¢(®(6, x)). The Weyl group W of G has the
presentation

W = (W : (WaWg)" =1 for a, B € A).

Lemma 3.9. Let O, € ol beaY Z;n—free orbit in Y. Then the following holds:

Q,n,sc
t(Wy, Wo[y]) - t(Wy, y) =1 forall @ € A.

Proof. Note that Wy[y] = We(¥) +a¥ = y + (1 — (y, a))a”. It follows that
(We[y], @) =2 — (y, a). Therefore

t(Wy, Wy [y])
=g Wl 1e)/na =1 P (W, [y], @) - g1 (Q (@) (W [y], o) — 1)

qf(2—<y,01>)/ﬂu1—1 ,8()’p,DO'(D(y,Olv)—(yp,Dlv)Q(Olv)) ‘ngrl(_Q(av)()’p’ O())_l

and

t(Wq, We [y]) - E(Wg, ¥)
_ _ 2, \ _
— qf(z e /nal+1{y,a)/nal=2  o(yp.0)”-Q(a”) | gy (Q(O(v) . <yp, o)) 1

gy (—0@") - (yp.a) .

However, it follows from g, -1 (k) = gk -8y -1 (—k) that |g,—1 (k)| = g~'/2. Moreover,

since Oy is a Yéc’n—free orbit, Wy [y] —y ¢ Ysc’n. Therefore, ny 1 (1 — (y, «)) and so

En

Now it can be checked easily that ¢ (W,, We[y]) - £(Wgy, ¥) = 1. O
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Consider adjacent o, 8 € A from the Dynkin diagram. We would like to show
that for the YZ; ,-iree orbit O, the equality

Map

[ Jewaws, Wowg) [y]) =1

i=1
holds, where #(W,Wg, y) 1= t(Wy, Wg[y]) - £(Wg, y). This will follow from a case
by case discussion. We will give the details for m,g = 3, 4 below and leave the
case for mqp = 6 to the reader.
Case mgyg = 3: The relation (W,Wg)"*# =1 is equivalent to WoWgW, = WgWWg.
By Lemma 3.9, it suffices to show

(IT) t Wy, WeWq[y])-tWg,We[y])-t(We,y) =t Wg,WeWg[y])-tWe,Wg[y])-tWg,y).
We first note that
(p.e)+1q . v _
EWo, ) =g 7 171 b DO g (Bo (v, 0¥)) 7,

We also have (WgWy (y,), o) = (y,, B) since the pairing (—, —) is W-equivariant
and W,Wg(a) = B. Similarly, (WoWg(y,), B) = (yp, @). A simple computation
gives
p.a)+17 ) v _
tWyy) =g e 1 e0n PO g (3 0) Q)

|'(yp.a+ﬁ)+l -| -1 ‘ v |
tWg,Wy[y]) =g ™ £ atPIDWYLED) gy ((y,, 0+ B8) Q(BY) T,

Up A+ ‘ v B
t(Wa’WﬂWa[y]):q[_gna - | 1_8<>'p,ﬂ)D(wﬂwa[)],a ),g¢71(<yp”3>Q(av)) 1

Meanwhile,

|—<yp~ﬁ>+1-|_1 N |
tWg,y)=q " e PIDOLD g1 (9, BYQ(BY) L,
(yp,a+p)+1
tWo Wely]) =gl

gt DML g (3,048 Q@)
Op.a)+17 y

t(W,BvWaWﬂWoe[y]):ql— "g | 1.8(yp’a)D(WaWﬁ[)’]aﬂ )'g1//*1(<yp’a)Q(,Bv))71.

Since Q(a") = Q(B") and thus n, =ng, to show that (11) holds, it suffices to check

that the powers of ¢ on the two sides of (11) are equal. However, a straightforward
computation shows that this is indeed the case, and we may omit the details.

Case myg =4: Let a, B € A be two adjacent roots such that m,g = 4. We assume
that « is the longer one. Thus, (¢, B) = —1, (8", a) =—2,and Q(8Y) =2Q(a").
As in the preceding case, we want to show
(12) t(Wﬁ7 WaWﬂWa[y]) : t(Wou WﬂWot[y]) : t(Wﬁy Woz[y]) . t(Wav )7)

= t(Wo, WgWoWp[y]) - £ (Wg, WeWp[Y]) - £ (We, W[ y]) - £(Wg, ).
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A simple computation yields
p.a)+lq v
(W, y) =g 1700 @POE g (3, @) Q@)

|'(_Vp,ot+/3)+1

-1 1 8Y _
(gD =g! e DO g (y, 0k B)Q(BY)

1 t(WouW,BWa [Y])
I’(yp.aJrZﬂ)Jrl

Tl gD g (y, 0 +26) @),

p.B)+1 1 .
t(W,BsW(xWﬂWa[y]) :ql— ng 1 . £(¥p:B) D(WeWgWo[y]. )'gi//—l(<yp7:8>Q(:3v))_l-

On the other hand, for the right-hand side of (12), one has

=q

|'(."',0ﬁ)+1'|_1 oy |
t(wg,y)=q " e PIDOLD g ((3,.8)0(BY) 7,
(yp,a+2B)+1 v
W WLy =gl e 1Lt e 2D g (a4 26) Q)
t(W,BvWaW/SWa[y])
|'<,Vp,0(+/3>+l'|7l v
—q ng .g()’p,a—Fﬂ)D(WaW,s[y],ﬁ ),gw_l (()7p,05+/3>Q(/3v))_1,

p.a)+1 v
[ ]—1g<yp,a>D(WrsWaWﬁ[y],a )-gll,—l((yp,a)Q(av))_l.

t(Wy ,WgWoWpg [}7]) =4q

To show equality (12), again it suffices to show that the powers of ¢ of the two
sides have the same parities, which is achieved from a straightforward check.
Analogous argument for mqg = 6 works, and we give a summary.

Proposition 3.10. Let O, be a Yéc’ ,-Jree orbit. For all adjacent a, B € A, one has

Map

[ [t waws. (Wawp)'[yD) =1,

i=1
Definition 3.11. Let O, € Og’n’sc be a Yy ,-free orbit. For any
W=WWi_1---Wow; €W

written as a minimum expansion, write

k
T W, y) = [ [ewi wisy - wyly]),
i=1
which, by Lemma 3.9 and Proposition 3.10, is independent of the choice of minimum
expansion of W.

Let O, € Og,n be a Yy ,-free orbit (and therefore Yécyn-free). We define a nonzero
¢ with support O, as follows. First, let ¢(sy) =1, and for any o € A, let

c(swa[y]) = t(Wa’ )’) : C(Sy).
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Inductively, one can define ¢(swiy)) := T(W, y) - ¢(sy) for any w € W. It is well
defined and independent of the minimum decomposition of w. Second, extend ¢ by

c(swiy) - 2) = c(swpy) - X (3), 7 € A,

and

c®=0if 7 ¢ | supy - A
weW
By using the property that T'(W, y) and c¢(sw,]) are independent of the minimum
decomposition of W, we see that equality (8) is satisfied. It follows that ¢ ,(O,)
belongs to the right-hand side of (10). Therefore,

(13) dim Why, (G, x)) = 90.# (0} )]

3E. An upper bound for dim Why, (© (G, Xx)). First we show a result in the gen-
eral setting regarding the usual Weyl action. Let ¥ be a root system and W be a
fixed choice of simple roots. Write L := (W) for the lattice generated by ¥ and
V =L ®R. The Weyl group W associated to W acts on V naturally by the usual
linear transformation generated by simple reflections. Recall that we write w(v),
we W, v eV for this action.

Lemma 3.12. Let v € V be any vector such that W(v) = v mod L. Then there exist
W e W and a € Y, such that W, (W (v)) =W (v) mod L.

Proof. Let Wy = L xW be the affine Weyl group, and denote any element of
Wate by W, = (y, w). We call w the Weyl component of w,. The congruence
W(v) = v mod L is equivalent to W, (v) = v for some W, which projects to w € W.

If w,(v) = v, it then follows that v € V lies on the boundary of C, where C is
an alcove (i.e., a fundamental domain) of the action of W, on V, see [Bourbaki
2002]. Note that C is a simplicial complex whose boundary consists of |W,| + 1
walls {E;}. Moreover, we may assume that for 1 <i < |W|, the wall E; lies in the
hyperplane fixed by w, whose Weyl component is W,, for some «; € Ws. In this
case, one also knows that Ejy, 41 is fixed by (y, Wg) € Wy for some B € W — W,

Since v € Ul. E;, there are two cases. First, suppose v € E; for some 1 <i < |Wg];
then clearly Wy, (v) = v mod L for some «; € W;. Otherwise, suppose v € E |y, |11.
Let W' € W be such that W' (B) € ;. It follows that W (Ey,|+1) is fixed by some
W, = (y,Wy) with @ € ¥;. That is, W, (W (v)) = W (v) mod L. The proof is
completed. ([
Proposition 3.13. Consider ¢ € Ftn(i(x)) such that A} is a -Whittaker func-

tional on O (G, %). If Oyo is not Y5 ~free, then ¢ is zero on Oy. It follows that
dim Why (O(G, 1)) < I90.(Oh , -

Proof. Write V=Y @ R. One has V = (Y* ® R) & Vy where V, C V is fixed by
W pointwise with respect to the usual action, i.e., the action W(v) of W. In general
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yg € V; however, without loss of generality, we may assume yg € Y* ® R now.
There is a canonical W-equivariant isomorphism Y 5 2 @R~ Y* ®R with respect
to that usual action. Moreover, {aé’n}a@ forms a root system.

If Oyo is not Y5 -free, there exists w € W such that w[y°] = y° mod Y}, i..,
W(yg) = yg mod Y gn By the preceding Lemma, there exist y € Oy and & € A
such that W, (y,) =y, mod Y’ gn Now it suffices to show that ¢ vanishes on y.

By Corollary 3.7, ¢(sw,[y]) = t(Wy, y) - ¢(sy). Since Wy (y,) =y, mod Yéc’n, it
follows that ny|(y,, a). Write (y,, ) =k -ny. Since

Swaly) = Sy S—(ypaar - €00 PE,
one has
c(Swyiy)) = X (S—knyav) - €(8y) - e D@".y)
—g*. ckna-D(@”.y) ce(sy).
On the other hand,

tWy, ¥)-e(sy) =g T(v,a) - gy-1((yp, ) Q)" - e(sy)

=g*- (=1, @)k PO (g7l e (sy).

It follows that ¢(sy) = —q_l -ghnaB(y.a¥) c(sy) = (—q_l) -¢(sy). Therefore c(s,) =0.
The proof is completed. O

Theorem 3.14. Let G be an unramified Brylinski—Deligne covering group incar-
nated by (D, n). Let X be an unramified exceptional character and O (G, Xx) the
theta representation associated with x. Then

90.1(0) )| <dimWhy (O(G, X)) < [£0.,(Of., ).

Q,n,sc

The group Hom(Yg ,/ Yg’ 4o C°) is identified with Z (GV), the center of the dual
group GV of G, so Y3, = Yo, if and only if Z(GY) = {1}. Immediately it follows

that:

Corollary 3.15. If the dual group GV of G is of adjoint type, i.e., Z(G") = 1, then
dim Why, (©(G, X)) = |90.x (O -

For groups of type Es, F4 and G», the complex dual group of their covering
group has trivial center and thus Corollary 3.15 applies.
More generally, if Og’n = Og’n’sc, then the dimension of th(G)((_}, X)) can
be uniquely determined. We will illustrate below that Theorem 3.14 recovers the

result of Kazhdan and Patterson in this case.

Example 3.16. Let {e, e, ..., e,} be a basis for the cocharacter lattice ¥ of GL,.
The simple coroots A" of GL, are AY ={o,” :=e; —e€;4+1}1<i<r—1. The isomorphism
class of (D, n) in the incarnation category corresponds to a Weyl-invariant quadratic
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form Q, or equivalently, to the bilinear form By. Let Bg(e;, e;) be the Weyl-
invariant bilinear form determined by

Bo(ei, e;) =2p, Bo(ei,ej)=q ifi #j.

For any root «, one has Q(«¥) =2p — q. We assume 2p — g = —1 and therefore
ny = n. The covering groups GL™ arising from such B are exactly those studied
by Kazhdan and Patterson. The parameter p corresponds to the twisting parameter
c in [Kazhdan and Patterson 1984].

From By, the lattice Yy , is given by

-
{inei € @Zei X1 =xp=---=x, modn, and n|(gr — l)x,'}.
i =

The lattice Yy, is generated by {aé’n}a@. It is easy to check Y5, = Yo , N Y™,
and this has the following implications:
Suppose that Oy is not Y ,-free, i.e., W[y] —y € Yy , for some W # 1€ W.
Clearly W[y] —y € Y* as well. It follows that w[y] — y € Y, that i 1s (9 is not
y ,-free. Therefore, for the Kazhdan—Patterson covering group GL™, one has
that (’)F is equal to (’) 0.t Consequently, for the covering group GL( " with
parameter (p, q) such that 2p — g = —1, Theorem 3.14 yields

dim Why, (®(G X)) = g0, n(OQ n, ol

which is the content of [Kazhdan and Patterson 1984, Theorem 1.3.5]. Moreover,
distinguished theta representations (see Definition 3.3) for GL™ are completely
determined in [Kazhdan and Patterson 1984, Corollary 1.3.6].

In the remaining part of the paper, we will determine the distinguished theta
representations for coverings of simply connected groups of type A,, B,, C, and G».
To ease the computations, we will use the standard coordinates for the coroot system
of each type as in [Bourbaki 2002, pages 265-290].

4. The A,, r > 1 case

Consider the Dynkin diagram for the simple coroots of A,:
ozlv (xzv 0‘;/—2 aY v

The cocharacter lattice is ¥ =Y =@D;_, Za,'. As in [Bourbaki 2002, page 265],
consider the embedding i, : @;_, Za,’ — @r“ Ze;, which is given by

ig:y=(x1,x2,...,%) > 0a(y) = (X1, X2 — X1, X3 = X2, ..., Xp — Xp_1, —X;).
In particular, we can identify the image of i 4: anyl(yl, V2, eeos Yry Yrtl) € @lril] Ze;
is equal to i 4 (y) for some y if and only if er+1 yi=0
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Meanwhile, p = Y"!_ | £(r —i + De;’. Weuse ia : B)_; Qo) — @] Qe; to
denote the canonical extension of i 4. Then,

ia(p) = (; r22"”’—(r 2) _—r> @@ez

It follows that for any y € Y,

iA(yp)=(x1—%,...,x,-—xi_l+(i—1)—%,...,—xr+r—%), l<i<r

= (o —xi L —x A =1 —x, (_—r,_—r,...,_—r).

(x1 X2 —x1 + Xi—Xxi1+ (@ ) x+r)+ ) >
From now, we write iy (y,) := (x{, x5, ..., x5, x7, ;) for

(xl,xz—xl—l—l,...,xi—xi_l—l—(i—l),...,—xr—l—r)E@Zei.

i
Thus,
r —r —r
lA(Yp)—lA(Yp)+< ) 77‘”, 7)

Meanwhile, any (x}, x5, ..., x}, x", ) € €P; Ze; is equal to i}; (y,) for some y if

and only if Y71 x* =r(r 4+ 1)/2.
Consider the quadratic form Q on Y = (o, 1 <i <r) with Q(e;”) =1 for all .
Then
2, ifi=j,
Bo(@/,a)=14—1, ifj=i+],
0, ife)’, och are not adjacent.
This gives rise to the degree n covering group S_Lf'fg |- Any element Y ;| x;a €Y

lies in Y , if and only if
2x1—x2, —x1+2x2—x3, —X2+2x3—Xx4, ... =X 2+2X,1—X;, —X,_1+2X;
are in nZ.

By using i 4, we see

r+1 r+1
YQ,nZ{()’Lyz,---,yr)G@Zei : Zy,:o, and y|=---=y,=y,4 modn}
i=1 i=1

and

r+l1 r+l1 }

Yéfn: {(yl,yg,...,yr)e@lei : Zy,- =0, and n|y; forall i.
j i=1

The Weyl group W = S, acts as permutations on EB’H Ze;. In particular, Wy,
for a; € A acts by exchanging ¢; and e; .
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4A. Case I: S_L(")l, n<r. Suppose n < r, then for any y € Y with i}(y,) =
(x{, x5, ..., x5 p), there exists x;' x ,1 # j such that n|(x] — x*) Then clearly

W(y,) = ¥p Y5C for some W € W That is, Oy ¢ or and one has in this case

Q,n,sc

O'L

Qn@c_g'

Therefore, dim Why, (© (SL"”

r+1,x))=0f0rn§r.

4B. Case II: S_Li'zl, n =r + 1. In this case, the dual group for S_L,(,") is SL,,, see
[Weissman 2015]. Consider O, € Og’n’sc such that

r+l1

i:(yp):(ov1,2v---,r_1,r)E@Z€i.

It is easy to check p (0 i) =855 ,(O))}, and this implies |0 ,(OF, , (I =1.
However, O, ¢ (9 For example, let Wy be such that i (Wy(y,))=(1,2,...,7,0),
then iy (Wy(y,)) — lA(yp) ={,1,...,1,—r) € Yg . Thatis, Wy[y] —y € Yg ,.
Therefore,

190.0(0h ) =0

It follows that 0 < dlmWhl/,(G)(SL("), x)) < 1. In this case, determining
dim Why, (® (SL("), X)) is delicate, and there are additional constraints on the
exceptional character x such that @(S_L,(i"), X ) is distinguished. The analysis below
is devoted to this.

4B1. The reduction step. 1Itis clear thati%(y,) =(0,1,2,...,r—1,r) if and only
if y =0. Moreover, i (W;(y,)) =(1,2,3,...,r,0) for Wy =Wg, Wg,_, - - W, Wy, .
As above,

p
w,[0]—0=) i €Yg,.
i=1
Write yg , := > ;_; i -’ In fact, the set {ne)’ : 2 <i <r}U{yg,,} forms a basis
for Yo ., whereas {na;’ :2 <i <r}U{n-yp,,} is a basis for Y5y, It follows that
any exceptional character X is determined by its value at s, .
We choose the bisector D on Y*¢ such that D(e;”, o) is given by

(o) if i =,
D(aiv,oz]y): 0 if i <},
BQ(ozl.V,oe]Y) if i >j.
Recall from Corollary 3.7 that ¢ € Ftn(i () )) gives rise to a ¥ -Whittaker functional
of ®(SLY, ¥) if and only if for all y and « € A,

c(swyiy) =g T (v ) - gy-1(B@”, )" - e(sy).
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For 1 <i <r, write y;) = Wg,Wq,_, - - - Wy, [0] and we set y = 0. Recall that
t(Wy, y) is the coefficient in the above formula. In this case, it reads t(W,, y) =
ghe . T(y,a") - gy ((yp, a))~! since Q(«¥) = 1 (and therefore n, = n) for
all @ € A. In order to have dim Why, (@(S_L,([’), X)) = 1, we must have the equality

(14) X (8yo,) =T Wy, 0) where T'(wy, 0) = Ht(Wai, Yii—1))-

i=1

We would like to show that the equality (14) is also sufficient. Consider any
W e W,y € Op, one has ¢(swiy) =T (W, y)-c(sy). Now assume W[y] —y € Yg n,
we have

C(Swiyl-y+y) = X (Swiy-y) - €(sy) - PP,
To show dim Why, (@(S_L,(f’), X)) = 1, it suffices to show ¢(s,) to be nonzero for all
y € Op such that W[y] —y € Yg ,. That is, it requires

(15) X (Swiyl—y) = PWDI=YD T (W, y).

Write W [y]—y =) "i_,ki-a)y ,+ki-yo.n- Note that Op is Y5 -free, thus k; #0.
We may reduce the negative case to the positive case by a simple computation, and
therefore we can assume that k; > 1. Furthermore, we may apply induction on ki,
and thus it suffices to: i) prove the inductive step, ii) check the equality (15) when
Whyl—y=Y'_, kiot) o0.n T Y0 The assertion i) can be checked easily, and thus
we will only outline the proof of ii).

For ii), if W[yl —y = Y/, kiaiV’Q,n + yo.n, then it is not hard to see that
Wyl —y =W(yg..), i.e., W W[yl —w~![y] = yo., for some w € W. We may
change W if necessary such that w~![y] = 0. With this assumption, w~!w'w = w,
e, W = WWJW_I. Therefore, we need only show that for any w € W,

(16) )_((SWWJ[O]—W[O]) — SD(WWU[O]—W[O],W[OD . T(WWHW_l , W[O])

To show (16), we would like to apply induction on the length of w. When w =1,
it is just the equality (14). For the induction step, assuming the equality (16), we
would like to prove that for « € A the following equality holds:

(17) )_((SW,;,WWJ[O]—W[O]) — 8D(Waww;[0]—waw[0],waw[0]) . T(WaWWuW_lwojl, WaW[O]).

For this purpose, write x := wWw,[0] — w[0] € Yy ,. We have nq|(x, o). Write
(x,a) =k -ng.
The left-hand side of (17) is

)_((sx—(x,oz)otv) = )_((sx) : )_((s—knmotv) . 8D(x,—knaa )

=7 (s2) - X (ho (@) * = g* - 7 (s).
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The right-hand side of (17) is

g PWaCOWaWIOD ¢ (wy, W, [0]) - T (Wwyw !, w[O]) - £(W,, WeW[0])
= gD WaWIOD=WIOD . 5 (5. ) - £ (We, WW;[0]) - £(Wg, WoW[O]) by (16)

= gD WaWIOD=WIOD . 5 (5.} - £ (We, WW;[0]) - £(We, W[O]) ™!

- D“’W‘IW[OD‘W[OD-W[() T g (W0, @) Q@)

(W(Op) a)-D(Ww;[0],« ¥ (50) q_( WioLe) ] 4 g

gy 1 (W(0,), ) O (@) - g0 DOl

= )_((sx) . qk . 8(W(Oﬂ)aa)D(x,aV) ) 8(W(O/,),a)D(x,on)

=X(s2) 4",
which is clearly equal to the left-hand side. To summarize, we have:

Proposition 4.1. Let ¥ € Hom,(Z (T), C*) be an exceptional character of SL(").
Then

dim Why, (©(SL™, %)) = 1
if and only if X is the unique exceptional character satisfying (14).
We would like to explicate the condition given by (14).

Lemma 4.2. One has

—r/2 . is odd
Tw, =17 ., |, Tnisodd
gnn=2/8 . g=n/ - gy-1(—n/2) if n is even.
Proof. We compute each #(W,,, yi—1y) for 1 <i <r. First, one can check easily
that Yiy = lezl i -O(iv :Ol;/ —{-20(5/ 4+ O(lv Thus, Yi-1y, ;) = —( — 1)
and therefore

ky; e =0 forall 1 <i<r.

(i—1)»
Second, I (yi—1y, @) = g~ POG-02")  Since D(ajv, a)=0forall j <i, we see
T (yi-1y, ;) = 1. Thus, t(We,, yi-1)) =¢q " - gy-1(—=i)"". Now, if 1 <i, j <n
and i + j = n, one has

gy (=g (=N =gy (=7 (gy ()&
=gy (N7
=gq gl

The result then follows from simply multiplying together each term. (]
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4B2. Interlude: Weil-index. Let yy be the Weil-index given in Section 2C.

Lemma 4.3. Suppose n =2m is an even number. Then the following equality holds:

—1/2

= oy

Proof. By definition, g, -1(m) is equal to
AX(M,W)Q-wl(wlu)M(u) - /Oxyw(wu)m(w)lmu)l-wl(wlum(u)

=y¢,(w>1-/0xyw(wu>-wl(wlu)u(u).

F

However, by Equation (3.7) of [Szpruch 2009b, Lemma 3.2],

yw(wu)=q‘”2<1+q/ w<w—‘v2u>u<v>).
oF
Thus,

g¢1<m>=qWw(w>1-f0x(1+qf0xw<wlvzum(w)wl(wlu)u(m

=q—‘/2-m<w>"'<_é+q'/ / w(w_l”(vz_”)“(”)“(”)>
ox Jo

Let D={ve Oy :|1—v*|=1}and H={ve OF :|1 —v?| <q~'}. We get

/ ( w(w—1u<v2—1>m<u>)u(v>
o \Jor

:/ 0o leu(vz—l)mwm(vwf V(@ u @ =1)) () )

veDJ Oy
= ,u(H)-(l—qil)—HJL(D)-(—q*l) by (8.19) of [Szpruch 2009b, Lemma 8.6]

=27 (1—¢g7H+1-3¢7"-(=¢™") by [Szpruch 2009b, Lemma 8.9]
— q—l _|_q—2‘
The result follows easily by simplification. ([

4B3. An explicit criterion. Consider the unitary distinguished character )‘(3/ con-
structed in [Gan and Gao 2016], which we recalled and gave in (5). Then the
character x = )_(12, -85 (-)1/?" is an exceptional character. In the simply connected
case, J = Yéc’ ,- For the definition of x 2,, we pick a basis {y;} for Y , such that
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{k;y;} is a basis for J = Yféc’ »- Then by definition,

%0 (5y,) = pyr (@) 2= DO/

and, for y =), n;y; € Yo », one has

Xlg/(sy) — l_[ Xlg/(wni)z(ki_l)Q(yi)/n . gi<jminjDGLy))

i

For the covering group S_L,(l"), we take y; = noziv, 2<i=<randy = ygpu, with
ki=1for2<i<randk; =n.
An easy computation shows Q(yg,,) =r(r +1)/2, and thus

— — € —1)2 —(n—
(18) XW/(syQ,n)leg/(s}’Q,n).aB(syQ,n)zn =y‘///(w-)(ﬂ 1) q (n l)/2

Proposition 4.4. For the exceptional character Xy = X ,-0p (- )2n given above,

one has that the dimension of Why, (© (SL,(Q"), X)) equals 1 in the following cases,
and 0 otherwise:

any ¥, if n is odd,

Yy (@) = yy (@), if n=0,2 mod 8;
vw(@)=(=1,@)s-py(w) if n=4modS8;
Yo (@) =y (@)} if n =6 mod 8.

Proof. By the value of Xy(sy,,) in (18), it follows from Lemma 4.2 that the
equality (14) is equivalent to

q~"? if n is odd;

19 (o (n_l)z' _(nz”:{ - n
(19) yy (@) K (—1,)"" 2)/8-q_i-g¢71(—ﬂ)_1 if n is even.

For n odd, the equality holds for any v/". Now we assume n even.
For n = 4k + 2, by Lemma 4.3, the required equality in (19) becomes

Yo (@) = py (@),

In particular, if k is even, it is equivalent to yy/ (@) = pyy (). If k is odd, it is
equivalent to yy/ (@) = py ()L
For n = 4k, applying Lemma 4.3 again, the equality in (19) reads

Yo (@) = (=1, @) py (@) = (=1, @)1 py ().

A special case is when k is even. In this case (=1, @)4 = 1 and therefore it is
equivalent to yy/ () = yy (o). O
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Corollary 4.5. Consider ' = v, for some a € F*. Assume , has conductor O,
i.e.,a € OF. Then dimWhy, (©(SLY”, %y.)) = 1 if and only if the following hold:

acOp ifn is odd,
ae(0))? ifn=0,2 mod 8,
a*e —(0;)* ifn=4mod8,
a€—(05)? ifn=6modS8.

Remark 4.6. The facts that for any exceptional representation @(ﬁf,") , X) there
exists ¥ such that it is v-generic, and that dim Why, (©(SLy", ¥)) < 1 for all ¥
also follow from the work of [Kazhdan and Patterson 1984] on ﬁlﬁ,") combined
with the relation between S._IJ,S") and (ﬁ,,(z") in [Adams 2003]. (We thank the referee
for pointing this out.) However, our Corollary 4.5 gives precise information for
the matching between Y and the distinguished theta representation in terms of the
distinguished character.

Example 4.7. The first nontrivial example is the metaplectic covering S_ng). In
this case, we have Yo, =Y =Z-«" and Yo, =1 (2a¥). As mentioned at the
beginning of Section 4B, one has that the lower and upper bounds in Theorem 3.14
are 0 and 1 respectively and thus

0 < dim Why (©(SLY, 1)) < 1

for any exceptional ). For the character y,, the representation @(SL( ) s X)) 18
the even Weil representation in the following exact sequence:

SU(X ) 1 (X y,) — OGLY, %),

where St( y,) is the metaplectic analogue of the Steinberg representation. From
Corollary 4.5, we can recover the well-known fact, which follows from the work of
Gelbart and Piatetski-Shapiro [1980], that for SL(Z) the even Weil representation
®(SL(2), X ,) (for unramified data) is y-generic if and only if a € (O )2. We note
that this also follows directly from the computation of the local coefficient for SL(Z)
in [Szpruch 2009a].

Example 4.8. We also discuss explicitly the example S_Lg3). Consider S_Lg) with
cocharacter lattice Y = («;’, ;). Consider Q such that Q(«;") = 1. Then

Yon =) +a),3a)) = 205 +a), 3ay).

Note Y = 2oy + o, o)) = 2oy + ), ). We know p = )" + ;. For y =0
one has
Yo =0, = — () +ay).



DISTINGUISHED THETA REPRESENTATIONS FOR CERTAIN COVERING GROUPS 363

Consider Wy = Wy, Wq,, then W,,[y] = o) and moreover Wy, W, [y] = 20r) + ;.
One has

c(Swws(y)) = g2 T TWaly ], @)) - gy-1(Q (e ) (Waly], o) — 1)~
gR e T (v, ) - gy -1 (Q@)(y, ) — 1) - e(sy)

— g2 P oy oY) - T, o)
gy 1 (=) gy (=D - eligro)

=q 7 q clge)=q"".

where ¢ is normalized to take value 1 at the 1 € S_Lg3). This implies that necessarily
c(Swywo[y) = ¢~ ', and thus ~ »
X (Swiwoiy) =4

Note, this is not a consequence of x being exceptional, although it is compatible.
Clearly, an exceptional character ¥ is such that

{)_((SW1W2[y])3 = q_37

)_((s3a;’) = q_l'

In particular, if for some third root of unity & # 1, X (Sw,w,[y]) 1S equal to ¢ -qil,

then dim Why, (©(SLY”, %)) = 0 for such ¥.

4C. Case IlI: S_Li'_'k)l, n=r+2. Forn=r+2, weshow Yp , =Y}, and therefore
Corollary 3.15 applies. Picking any (y1, y2, ..., yr+1) € Yp,., we have

a=y =y;=--=y4 modn,

where a € {0, 1,2, ...,r+ 1}. Write y; = k;n 4+ a. Since er;l y; =0, one has

r+1
n‘(Zki)—l—(r—i-l)-a:O.

i=1

In particular, n|(r + 1)a. However, gcd(n,r + 1) = 1, so n|la and a = 0. That

is, Yon = Yéﬁn and therefore dimWh,;,(@(S_Lfflz), X)) = |ggQ,n(OF’n)|. Note

that, the equality Yy , = Y, , reflects the fact that the dual group for STJ,S”H)

,n

is PGL,, (see [Weissman 2015, § 2.7.2]).
We claim that the dimension is equal to 1 in this case. Let O, € O be a

,1,SC

YSs, ~free orbit with % (y,) = (0, 1, ..., 7 — 1, 7) € ]| Ze;. We know that O, is

4
Y »-free (or equally, Y, EC’ ,-free). Moreover, one can check easily that g , (Og’ )=
{£0.,(Oy)}. Therefore dim Why, (® (S_Lirflz), %)) = 1 for the unique exceptional
character x in this case.
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4D. Case IV: S_Lﬁ'_':l, n>r+3.

Lemma 4.9. Consider y € Y such that i}(y,) = (x|, x5, ..., x7, x* ) with x} =
i— 1. Ifn>r+3,the orbit O, is Yo ,-free.

Proof. Suppose not, then there exists W # 1 such that w[y] —y € Yo ,. Identify w
with a permutation, then we have

* * * * * *
(.xl 5 XZ, ceey xr+1) - (xW(l)’ xw(z), ceey XW(I'+1)) S YQ,}’[

More precisely, i —W(i) = j —w(j) mod n for all i, j. Clearly, n{ (i —w(i)) for
all i, otherwise one can deduce W(i) = i for all i and therefore w = 1. That is,
(i —w(i@)) is either negative or positive. We reorder the terms (i —Ww(i)) as

—r <((1=W(@1) = (=W))< <0<+ < =W(ir)) < (U1 =W(0r41) <7

Write (i; —wW(i;)) = —s, s e Nand (i, —W(i,+1)) =t, t € N. It is easy to see
that any negative i —W(i) must be equal to —s, and any positive i — W(i) must be
equal to ¢.

We claim that 2 <7 +s <r + 1 and therefore n { (t +s), i.e., Wyl —y ¢ Yo n
for all w # 1. Note 0 —w(0) = —s and r —W(r) = ¢. Suppose t +s > r + 1, then
there exists i such that » +1 — ¢ < iy < 1 + 5. However, there exists no i’ such that
w(i") = ip. This is a contradiction, and the claim follows.

Therefore O, is Y ,-free for the given y. ([

It follows that dim Why, (® (SL;’_’F)1 , X)) > 1for n > r+3. In principle, one could

proceed as in Section 4B to analyze every element in @Q,n(og,n,sc) and determine

completely dim th(®(SLf'_l:1, %)) in this case. However, the level of complexity
of the computation depends inevitably on (the center of) the dual group of SLﬁ")
and could be quite involved for general n > r + 3.

We summarize for the n < r + 2 cases below.

Theorem 4.10. Consider the Brylinski-Deligne covering S_Ly_"_)l, n <r+42 with

Q) =1 for_ all coroots a”. Let ¥ be an exceptional character of S_Lf'f:] Then
dim Why (@(SL",, x)) = 1 if and only if

e n=r+2 and X is the only exceptional character, or

e n=r+1and X is the unique exceptional character satisfying (14).

5. The C,, r > 2 case

Consider the Dynkin diagram for the simple coroots for C,:
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Let

sC __ \%4
Y=Y"=(o),0),...,0) |,

)
be the cocharacter lattice of Sp,,, where , is the short coroot. Let Q be the
Weyl-invariant quadratic on Y such that Q(e,”) = 1. Then the bilinear form By is

given by

2 ifi=j=r,
v o ifl<i=j<r—1,
Bole )= 5 ipj—is1,

0 if e/, o) are not adjacent.

A simple computation gives

YQn—{Zx, :n|(2x;) }

We write ny :=n/ gcd(2, n). Then

Yo = (may, nmay, ..., noe) |, maa,’)
and
Yy, = (may, may, ..., nma |, na).
The map ic : B;_, Zo; — @P._, Ze; is given by
Ic: (X1, X2, %3, ..., X )= (X1, X0 — X1, X3— X2, .., Xp ] —Xp—2,Xp — Xp_1).

Here ic is an isomorphism. The Weyl group is W = S, x (Z/27)", where S,
is the permutation group on €, Ze; and each (Z/2Z); acts by e; — +e;. In
particular, Wy, 1 <i <r —1, acts on (y1, y2, ..., yr) € ; Ze; by exchanging y;
and y;, while w,_ acts by (—1) on Ze,.

Moreover, y € Y lies in Y ,, if and only if all entries of ic(y) are divisible by n,.
It is easy to obtain

.
Yon= {(yl, Y2, ..., 9r) € @,:1 Ze; : nyly; for all i.}
and

.
Y&C,n = {(yl, Y2, ..., V) € @izl Ze; : nyl|y; forall i, and n|zi y,-.}

We further note

r

2p=) @r—2i+1ej =) iQ2r—i).

i=1 i=1

Assume xg = 0, then

ic(yp) =i —xi—1 —(r—i+1/2))1<i<r.
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Write x7 :=x; — x;_1 — (r —i), and also i :(y,) := (x{, x5, ..., x"_;,x}). Then

. , 11 11
lC(yp) = lz‘(yp) - <§’ 57 ety 55 E)
We will discuss the two cases depending on the parity of n separately.

5A. The case where n is odd. Here, n, = n and
nY = Yzfn =Ypn= {(yl, co, V) € @;1 Ze; : nl|y; for all i}.

The complex dual group for S_pg:) for n odd is SOy, 41.

Proposition 5.1. Let n be an odd number, one has

90O, I =2 ifn=2r+3,
l90n(O =1 ifn=2r+1,
|@Qn(OQn5C)|:O ifn <2r—1.

So, we have dim Why, (©(Sp\”, %)) = 1, for n odd, if and only if n =2r +1 for
the only exceptional character of Sp2r

Proof. We have written
. . 11 11
icOp) =10 = (553 3)

Since x1, ..., x, are arbitrary, the associated x;" are also arbitrary.
First, when n > 2r + 3, consider the orbits O, and O, where

it(y,)=(,2,...,r—1,r) and ié(y;))=(1,2,...,r—1,r+1).

If r =2, consider O, and Oy with if.(y,) = (1,2) and i?}(y;) =(1,3). Both O,
and Oy are Y ,-free orbits. For example, for Oy, this follows from the fact that
the entries of ic(W(y,)) —ic(y,) are either j —ior j+i—1,for0<i, j<r—1.
One can check also that ¢ ,(Oy) # £0,,(Oy), and therefore |@Q.n(og,n)| > 2.

Second, assume n = 2r + 1. Consider Oy, such that i;(y,) = (1, 2, . —1,r).
For r =2, consider i (y,) = (1, 2)(2 IL():an be checked easily that pg, n(OQ a) =
{£0.1(Oy)}. Thus, dim Why, (©(SpS, ™., 7)) = 1.

Third, assume that n < 2r — 1, we want to show that OIQ,n,sc =a. Ifij(y,) =
(x], xz, .o X[, ..., x)) is such that x[ = x;.‘ mod n for some i #£ j, then clearly
O, ¢ OQ nasct Now if n t (x —x*) foralli # j; since n <2r—1, it is not hard to see
that there always exist i, j such that nl(x —1/2)+(x]—1/2), e, nl(x +x—1).
In this case, one also has O, ¢ (’)Q n.sc- 1D any case, OQ nse =@ forn < 2r — 1.
The proof is completed. (]
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5B. The case where n is even. Writing n = 2m,

Vv 4 \4 \% N¢ Vv % \4 \%
Yon={moa/,moy,...,ma_;,ma,), on={(may,may,....ma._ na).

Equivalently, one has:

-
Yon= {(yl, Y2, ..., V) € EBf:] Ze; : m|y; for all i.}

and
P
1= (01030 <@ Zec b forat and 5,

The dual group for S_pg? with n even is Sp,,.

SB1. The case where m > 2r + 2. Here, consider the orbits O,, O, given in the
proof of Proposition 5.1. They are Yy ,-free; moreover, O, and O, are distinct in
the image of ¢ ,. Thus, we have |g,)Q,n((’)gyn)| > 2.

5B2. The case where m <2r — 2. Here, we can easily check Og’n’ «=9.
5B3. The case where m =2r—1. Consider y withi/.(y,)=(1,2,...,r—1,r),ie,

] 1 1 1 1
lC(y,o)—(1—5,2—5,...,(r—1)—§,r—§>‘

Consider Wy, € W, then ic(Wo, (y,)) = (1 —1,2—1,.... ¢ =D =1, - - D).

Note O, is Yé‘in—free, and pSQC’n((‘)ryn’SC) = {goSQC’n(Oy)} = {pch’n(OO)}' However,
itis not Yg ,-free, since ic(y, —Wq, (y,)) = (0,0, ..., m) € Yp ,. Remember that
any ¢ € Ftn(i(x)) which gives rise to A € Why, (®(G, X)) satisfies c(Sw,, [y]) =
t(Wy,, y) - ¢(sy) where

tWo,, ) = ¢ Ty )) - gy-1(0()) - (yp, )"

Meanwhile, in our case Wy, [y] —y = (—m)a,” € Y . It follows that
C(Swar b)) = P Wy (¥p)=¥p,¥) ')_((SWar (yp)—y,]) -e(sy).

For ¢ to be nonzero on Oy, i.e., ¢,,(Oy) contributes to the right-hand side of (10),

one has
X (Somar) =g gy (0@@)) - (yp, 0,

Moreover, we can argue as in Section 4B that this condition is also sufficient. One
has (y, a,) = 2r and thus k, o = 1. The equality is thus simplified to

(20) X (S_may) = gy-1(m)~".

Consider the exceptional character x = )_(12, . 8}3/ 2", which relies on the distin-
guished unitary character )‘(2, depending on a nontrivial character ' : F — C*



368 FAN GAO

(see Section 2C). Since x 2/ (Smay) = y]/,/(zv)’"Q("’rv ), by Lemma 4.3, equality (20)
becomes py () = (—1, w)’"2 - yy ()™, which can be further reduced to

yo (@)= (1, @)y (@)= (-1, @), yy ().

In particular, if ¥' = v, with a € O, then the equality is equivalent to
(a(=1)* @), =—1,ie,ae (=) (0;)%

5B4. The case where m = 2r. We claim that here (9’ = (’)’Q nse Clearly it
suffices to show that (’)f 02 (’)’LQ nse- Equivalently, 1f (’)y is not Yy ,-free, we
would like to show that 1t is not Yscy -free. Write i/(y,) = (x], x3, ..., x}). By
assumption,

ic(y —wlyD) =i (yp —W(yp)) € Yo.n

for some w € W. Entries of ic(y —W[y]) cannot be of the form 2x — 1 since m is
even; thus they are of the form 0, x; — x}k or x; +x;‘ — 1 for i # j. In this case, it
is easy to see that ic(y —W'[y]) € Yéfn for some W' € W, i.e., Oy is not Yé‘in—free.
Consequently,
. 4, —
dim Why (©(Sp5,”, X)) = l90..(O} ).

On the other hand, consider O, with i (y,) = (1, . —1,r). It is easy to see
90, n(OF n) ={p0..(0,)}. Therefore, we always have d1m Wh¢(®(Spgr), X)) =1
for any of the two exceptional characters of Sp(4r).

5BS. The case where m =2r + 1. Consider O, with ij(y,) =(1,2,...,r—1,r).
One can check £0.,(0y, ) = (0.1 (0,))} With O, € O, i.e., |90 (Of ) =1.
On the other hand,

9010} ) = (90O} Ulpa(O): 1<i <r)

with z; described as follows. Recall that we write z; , :=z; —p. For 1 <i <r —1,
z; issuch thatif(z; ) =(0,2,3, ..., i/—l—\l, ..., r, r+1), which denotes the r-tuple
obtained from the (r+1)-tuple (0,2, 3,...,r —1,r, r + 1) by removing the entry
i + 1. Meanwhile, z, is such that i (z,,,) = (2,3,...,r = L,r,r +1).

Note that O, € (’)g nse \ Og’n, since

ic(We, [2i] — 2i) = icWe, (2i,p) — 2i,p) = —(0,0,...,0,m) =ic(—ma,) € Yo .
The r + 1 elements pg ,(Oy) and pg ,(O;) (1 <i <r) are all distinct. It follows
that |5<)Q,n((9’ | = r + 1. Therefore,

,n,sc)
1 < dim Why, (©Spsr ™, x)) <r +1.

However, because there are only two exceptional characters x, the dimension
th(®(Sp(4r+2), X)) can take at most two values. In fact, we will determine
completely the value and its dependence on ¥.
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Proposition 5.2. Let X be an exceptional character of S_pgﬂrz). Then

if )_((s—mocrv) = —41/2 ’ yw(w)a
r+1 lf )_((S—may)=ql/2')’l//(w)-
172

dim Why, (©(SpSy ™+, %)) = {

Proof. First, we show that X () 1s equal to +¢
character. Consider

-yy (@) if ¥ is an exceptional

X (S—ma)? = X (S_ngy) - €™ Q@)
= X(Snay) ' - &
—q- (-1, @),
1/2

which has square roots exactly +¢'/“ - yy, (z). That is, an exceptional character x
of Sp(4r+2) is uniquely determined by the sign.

Second, arguing as in Section 4B , we see that ¢ ,(O;), 1 <i <r contributes
to the right-hand side of equality (10) if and only if (as in equality (15))

(21) )—((swar [zi]fzi) — 8D(Wozr [zil=zi,zi) . t(WOtr’ Zi)-

That is, dim Wh¢(®(Sp(4r+2), %)) =1+|{z;: the equality (21) holds for z;}|. Note
that, Wg, [z;] —z; = —ma,” for all i. On the other hand, we claim that the right-hand
side of (21) is independent of i. A simple computation gives (z; ,, &) = m and
therefore

SD(WM [zil—zi,2i) 't(Wa,» Zi)

(z,-,p,ozr)+l

Vo —1 ; . oY -
el gl e gl DG g (2 ) - Q@) )

— 8BQ(Zi,0l,v) . q |'mT+l'| -1 . g]//il (m)—l
= gv,fl(m)_l, by the evenness of Bg.
Thus, it follows that dim Why, (@(Sp(4r+2), X)) =1 or r + 1. Moreover, it is equal
to 1 if and only if X (S_may) # &y-1(m)~'. By Lemma 4.3,
gy m)~ =¢'"2py (@)
Thus, dim Why, (©(SpSy ™, %)) = 1 (respectively, r + 1) if and only if ¥ (S—may)
is equal to —q'/?. vy () (respectively q'’?. Yy (@)). U
We summarize the results in this section as follows:

Theorem 5.3. Consider the Brylinski-Deligne covering group S_p ") , Wherer > 2,
andn>1. Let X be an unramified exceptional character, then dim Why, (© (Sp(") X))
is equal to 1 if and only if the following hold:

o n=4r — 2 and X is the unique exceptional character satisfying (20), or

o n =4r and X is any exceptional character of Spgr), or
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o n =4r +2 and X is the unique exceptional character from Proposition 5.2, or

e n=2r+ 1 and X is the only exceptional character of S_pgrﬂ).

Further, consider the exceptional character ¥ y,, := )_(?//a -811;/ " associated with Y.
Assume ., has conductor Op, i.e.,a € 0;. Then,

dim Why, (@(SpSy =2, %)) = 1

ifand only if a € (—1)"*1.(0%)?, and dim Why, (©(SpS¥ 2, % y.)) = 1 if and only

ifae (=1 - (0%
6. The B,, r > 2 case

Consider the Dynkin diagram for the simple coroots for the type B, group Spin,, , ;:

Vv Vv
¥ % ) Y—1 ®r
O——O" e o of—==0
Let Y = (o), o), ..., |, ) be the cocharacter lattice of Spin,, ;, where

o, is the long coroot. Let Q be the Weyl-invariant quadratic form on Y such that
Q(a))=2,ie., Q(a;)=1for 1 <i <r—1. Then the bilinear form By, is given by

4 ifi=j=r;
2 ifl<i=j<r—1:
BQ(aiV,a}/= -1 ifl<i<r—2andj=i+1;

=2 ifi=r—1,j=r;
0 if o, «] are not adjacent.

The map i : P_, Zoy — @P:_, Ze; is given by

ip:(X1,X2,X3, ..., %) > (X1, X2 — X1,X3 = X2, ..., Xp1 — Xp—2, 2Xy — X;_1).
In particular, any (yy,...,y,) € @?:1 Ze; is equal to ig(y) for some y if and only
if 213; vi)-

The Weyl group is W = S, x (Z/2Z)", where S, is the permutation group
on P, Ze; and (Z/27); : e; — =e;. In particular, Wy,, 1 <i <r — 1, acts on
V1, y2, ..., Yr) € €D; Ze; by exchanging y; and y; 4. Also, Wy, acts by (—1)
on Ze,.

A simple computation gives

Yon={01.y2,.... 7)) €Bi_ 1 Ze;i :2|(X 1 i), yi=+=y, mod n, n|2y; for all i.},
Yéfn:{(yl,yz,...,y,)e@lelei :21(X0_1vi), nly; forall i.}

In particular, if n is odd, then Y , = Ysc’n.
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We note that 2p =Y . _, 2(r —i + 1)e;, and therefore p = > i, (r —i + 1)e;. If
y=(x1,%2, ..., %) € P; Za;, then
ig(p)= = =1+, 0-—x1—=F=2+1),...,5—xi1—F—i+t]),
Xl =X, — (= (=D +1),2x —x, — (r —r+1))
*

. * * ES %
=X, Xy, X X, X)),

Any (x{,...,x)) € @; Ze; such that 2 | (Zl xF+r(r+ 1)/2) is equal to ig(y,)
for some y.

6A. The case where n is odd. Here,

nY =Yy, =Yon.

Therefore, dim Why, (© (Sp1n2r w1 X)) =190, 2 (0! nse)ls where ¥ X 1s the only ex-
ceptional character of Spln(Zr)Jr - For n odd, the dual group for Sp1n2r +1 18 PGSp,,.

Proposition 6.1. Letting n be an odd number, one has
|6OQn(OQ,,SC)|22 ifnz2r+3,

90 (0, =0 ifn=<2r—1,
90 (0, I =1 ifn=2r+1.

Therefore, when n is odd, we have dim th(G)(SElg;)Jrl, x)) = 1 if and only if
n=2r+1.

Proof. First, assume that n > 2r + 3. We write

i5(y)) = (W5 b Xty xY), with 2 |<Z " r(r;l))

i=1

Forr >3,letyeY y' besuchthatig(y,)=(1,2,3,...,r—2,r—1,r) and y’' be
such that iB(y/’)) =(,2,...,r=2,r,r+1)). Forr =2, we take (x{, x3) = (1,2)
or (2,3), and let y and y’ be the associated element in Y respectively. In any case,
the two orbits O, and O, are Y ,-free. Moreover, ¢ ,(0,) # ©0,,(Oy). Thus,
for n > 2r + 3, one has

190.(0Oh, I = 2.

Second, assuming that n < 2r — 1, we want to show that (’)fQ nse =9 If
ig(yp) = (x{,x3,...,x", ..., x7) is such that x = xj mod n for some i # j,
then clearly O, ¢ (’)g n.ser Suppose n f(x)— x*) for all i # j, then since n <2r —1,
it is not hard to see that there always exist 7, j such that nl(x + x}). That is,

O, ¢ ob for any O,.

,n,sC
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Third, if n = 2r + 1, consider the orbit O, with

ig(yp) =, x5, ..., x 1, x)=(1,2,3,...,r=2,r—1,r).
(For r = 2, consider iz (y,) = (1, 2).) One has gpg, n((’)Q nse) = {90,1(Oy)}, and
therefore |gg, n(OQ nse)| =1 forn=2r+1. ([

6B. The case where n is even. Write n = 2m. Here,

Y={(G1.y2 ... y) € B Zei 2130, il
Moreover,

.
Yon={1.y2...y) €B,;Ze; : 2| Y yi. if yi=kin+m for all i or y;=k;n for all i},
i=1

Ygszfn:{(yl,yg,...,yr)e@ilei :n|y; for all i}.

We see easily that for y; = k;n +m, one has (yi1, y2,...,y,) € Yg , if and only
if 2|(rm). In fact, for n even, the dual group for Sp_mgz)H is equal to SOy, 41 if m
and r are both odd; otherwise, the dual group is Spin,, , |, see [Weissman 2015].
We discuss case by case according to the parities of r and m.

6B1. The case where m and r are odd. In particular, one has r > 3. In this case,
Yon= YQ ,» and @Q,n(og,n) = @Q,n(og,n,sc)- Consider the following situations:

e If n>2(r+1) (i.e.,, m > r + 1 and therefore m > r 4 2), consider y such that
ig(yp) = (X7, x5, ..., x}) is equal to
1,2,...,r=2,r—1,r) or (1,2,...,r=2,r,r+1).
We can check the two orbits Oy, for these two choices of y are Y ,-free, and

moreover their i 1mages with respect to the map g , are distinct in g , (O}, on)-
Thus, [pg, ,,(O )| > 2 in this case.

e If n <2r (i.e., m <r and so m <r —2), one can check that @Q,n(og,n,sc) =.
o If n=2r (note n #2(r+1)), i.e., m =r, one can also check g "(Og,n,sc) =J.
Therefore, dim th(®(Sp1n2r +1> X)) # 1 for both r and m odd.

6B2. The case where m is odd and r > 2 is even. Here, Yo , # Yéc’ - One has the
following situations:

e Assume n > 2(r +1) (i.e., m > r + 1 and thus m > r + 3).
Case I: If r > 3, consider y and y’ such that
ip(yo))=(0,2,...,r=2,r—1,r) and iB(y;)):(1,2,...,r—2,r,r—|—1).

We can check the orbits Oy, Oy are Yo ,-free and pg ,(Oy) # 90.,(Oy).
Thus, |£0.,(0p ) = 2.
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Case II: If r =2 and m > r + 5, consider O, and Oy with ig(y,) = (1, 2)
and i B(y;) = (2, 3). Then as in the preceding case, they are Y ,-free and
£0.0(0y) # ©0.n(Oy). Thus, [£0.,(0f )| = 2.

Case III: If r =2 and m =5, consider O, with ig(y,) = (1, 2). It is easy
to check pQ,n(OF’n) = {§0.,(Oy)}. On the other hand, let z, z’ be such that
ip(z,) =(1,4) and iB(z//O) = (2, 3). Then

@Q,n(og,n,sc) = {@Q,n(oy)» @Q,n(oz)’ @Q,n(oz’)}’

which is a set of size 3. Note, O,, O, € Og,n,sc\OF,,,. Thatis, |@Q,n(og’n)| 1
and |pQ,n(OF’n’SC)| = 3 in this case.
Let w, W € W be such that

igW[z] —2) =igWz']1=2) =—(5,5) € Y.

Write yg,, = ig(W[z] — 2) € Y ,. Then, dim Why, (@ (Spin'”

to 1, as in Section 5BS, if and only if

, X)) is equal

(22)  X(sy,,) #ePV0mI T(w,z) and R(sy,,) # P00 TW, 2).

However, as in Proposition 5.2, that e ?0en2) . T'(w, z) = eP0en) . T (W, )
can be easily checked, and the condition (22) is equivalent to

(23) X (s—sav) = —q"* - py (@).

This agrees with the result from Proposition 5.2 for the C g P case.

o If n <2r (i.e., m <r and therefore m <r—1), one can check @Q,n(og,n,sc) =d.

o If n=2(r+1) (note n # 2r), i.e., r =m — 1, one can check @ch,n(Og,n,sc)
{pSQC’n(Oo)} (and thus @Q,n(og,n,sc) = {$0,,(Op)}) is a singleton with

ig(0)=(r,—(r—1),...,-2,-1).

That is, Oy is Y&CY ,-free. However, it is not Yy ,-free, since there exists
w e W such that ig(W(0,)) = (1,2, ...,r — 1, 7). It follows that

ipW0,)—0,)=m,m,...,m,m) €Yg,.

Write yp , =W(0,) — 0, =w[0] — 0. It follows from an analogous argument for
Proposition 4.1 that dim Why, (©(Spin$.”, X)) = 1 if and only if ¥ is the unique
exceptional character satisfying

(24) X (8y0,) = T(W, 0).

One can explicate the equality by computing the right-hand side as in Lemma 4.2.
We omit the details here.
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6B3. The case where m is even and r > 3 is odd. Here, Yp , # Yféc’ .- We have:
e If n >2(r +1) (i.e., m > r + 1 and therefore m > r + 3), consider y and y’
such that
ip(yo))=(0,2,...,r=2,r—1,r) and iB(y;)):(1,2,...,r—2,r,r—|—1).
We can check the orbits Oy, Oy are Yo ,-free and pg ,(Oy) # 0., (Oy).
Thus, [, (O )] = 2.
o If n <2r (i.e., m <r and therefore m <r—1), one can check @Q,n(og,n,sc) =d.
e fn=2(r+1) (note n #2r),i.e.,r =m—1, then 90 , (O} , () = {£0..(Oy)}
is a singleton with
ig(0p) =(=r,—(r—=1),....,=2,-1).

The situation is exactly as in the third case of Section 6B2, i.e., Op is Y, S"’n—free
but not Yy ,-free. Consider W € W such that ig(w(0,)) =(1,2,...,r—1,7)
and

ipW(@O0,)—0,)=(m,m,...,m,m)€Ygp.

Write yg., = W(0,) — 0, = w[0] — 0. Then dim Why, (@ (Spins." %>, 7)) = 1 if
and only if x is the unique exceptional character satisfying

(25) X (8y,,) =T(W,0).

6B4. The case where m is even and r > 2 is even. Here, Yo , # Y}y ,. One has the
following situations:

o If n>2(r+1) (i.e.,, m > r+ 1 and therefore m > r + 2), there are two cases
to consider.

Case I: r > 4. Consider y and y’ such that
ip(yp)=(,2,...,r=2,r—1,r) and iB(y;,)=(1,2,...,r—2,r,r—|—1).

We can check easily that the orbits Oy and O, for these two choices are
Yo »-free. Note that |5OQ’"(06J1)| > 2, since 0 ,(Oy) # £0,.(Oy).

Case II: r =2. Consider y and y’ such thatig(y,) = (1, 2) and iB(y;) =(2,3).
For m > 4, O, and O, are both Yy ,-free. Moreover, we can check that
90100 5 € (£0.1(0)), 90.,(Oy)}. Now if m > 6, then o (Oy) #
£0.,,(Oy). On the other hand, for m =4, one has pg ,(0,) = o ,(Oy) and
so dim Wh,,,(@(Sping&, x)) = 1 for any exceptional character x in this case.

To summarize for the case m > r + 2:

dim Why (©(Spiny’, |, x) =1 ifm=4,r=2,
dim Why, (©(Spin, |, ¥)) =2 ifr >4andm >r+2, orr =2 and m > 6.
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e If n < 2r (i.e., m < r and therefore m < r — 2), one can check easily that
@Q,n(og,n,sc) =d.

o If n =2r (note n £ 2(r + 1)), i.e., r = m, one also has @Q.n(og,n,sc) = .

From the above discussion, we observe that for r = 2, the result agrees with that
for covering groups of type C,, as expected. Therefore, we just summarize our

result for covering Spingz)Jrl with r > 3 as follows.

Theorem 6.2. Consider Brylinski-Deligne covering ﬂlgﬁ)ﬂ withr > 3. Let X be

an exceptional character, then dim Why,(@(ﬁlgzr 1» X)) = 1 if and only if one of
the following holds:

e n=2(r—+1) and X is the unique exceptional character satisfying (24) or (25),

2r+1)

e n=2r+ 1 and ¥ is the only exceptional character of Sp_iHZr 1

7. The G, case

Consider G, with Dynkin diagram for its simple coroots:
af o
C—==0
Let Y = (&), ay) be the cocharacter lattice of G, where «;’ is the short coroot.
Let Q be the Weyl-invariant quadratic on Y such that Q(ozlv) =1 (thus Q(oe2v ) =13).
Then the bilinear form By is given by

2 ifi=j=1,
Bo(ey,af)=1-3 ifi=1,j=2,
6 ifi=j=2.

A simple computation gives
Yon= Yécn = Z(nalalv) ® Z(no,zozzv),

where ny, =n/ged(n, 3) and ny, =n.
The map ig : @1.2:1 Za) — @?:1 Ze; is given by

ig:(x1,x2) > (X1 —2x2, X2 — X1, X2).

Any (yi); € EB?:] Ze; lies in the image of i if and only if y; + y» + y3 =0.
The Weyl group W = (Wg,, Wy,) generated by w,, and W,, is the dihedral
group of order 12. In particular, Wy, (y1, y2, y3) = (2, Y1, ¥3) € EB?ZI Ze;, and

We, (V15 Y2, ¥3) = (=y1, —=¥3, —)2).
By using i, we could identify

You=Y5,={01.y2. )€ @D;_ Zei iy +y2+y3 =0,y =y = y3 mod n}.



376 FAN GAO

We have p = 5" 4+ 3y withig(p) =(—1,-2,3) € @?:1 Ze;. 1t follows that for
any y = (x1, x2) € @1‘2:1 Za

i) =(x1 —2x— 1, xa—x1 =2, %2+ 3) € P;_, Ze,.

We may write iG(y,) = (x], x5, x3). In particular, (x}, x3, x3) € @1‘3:1 Ze; lies in
the image of i¢ if and only if x] + x5 + x5 =0.

Since Yo, = Y5, it follows that dim th((a(G;”), ) = 90.4 (0 )], where
X is the only exceptional character of G ) as Z(GV) =1.

To determine the n such that dim Why, (@(Gé”), X)) = 1, we only give an outline
of the argument, the details of which consists of basic combinatorial computations:

e Forn=7,8 orn > 10, the orbit O, with ig(y,) = (=2, —1, 3) is Y ,-free.

e Forn=38, 10, 11 orn > 13, the orbit O, with ig(y;))z(—?), —1,4)is Y n-free.
Moreover, for n = 8,10, 11 or n > 13, one has pg ,(O,) # ©0.,(O,) for
ic(yp) =(=2,—1,3)and ig(y,) = (=3, —1,4).

o If Og n.sc 7 9, then necessarily |Y/Y3in| >|W|, ie.,n-ng, >12. Thus n > 4.
o One can also check by hand that O/ nse =9 forn=4,5,6,9.

e Forn="7or 12, gaQn(OFn)_{gan((’) )} withig(y,) = (=2, -1, 3), i.e,,
d1mWh¢(®(G(n), %)) =1 forn=7or12.

To summarize:

Theorem 7.1. Consider the Brylinski—Deligne covering G( " Let X X be the only
exceptional character on Gg ), then dim Wh,,,(@(Gg’), x)) = Llifand onlyifn =17
or 12.
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