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REGULARITY OF THE ANALYTIC TORSION FORM
ON FAMILIES OF NORMAL COVERINGS

BING KWAN SO AND GUANGXIANG SU

We prove the smoothness of the L2-analytic torsion form for fiber bundles
with positive Novikov—Shubin invariant. We do so by generalizing the ar-
guments of Azzali, Goette and Schick to an appropriate Sobolev space, and
proving that the Novikov—Shubin invariant is also positive in the Sobolev
setting, using an argument of Alvarez Lopez and Kordyukov.

1. Introduction

Let M be a closed Riemannian manifold and F be a flat vector bundle on M. Ray and
Singer [1971] introduced the analytic torsion, which is the analytic analogue of the
combinatorial torsion (see [Milnor 1966]). Let Z — M % B be a fiber bundle with
connected closed fibers Z, = 7~ !(x) and F be a flat complex vector bundle on M
with a flat connection V¥ and a Hermitian metric 4. Let T M be a horizontal distri-
bution for the fiber bundle and g7# be a vertical Riemannian metric. Bismut and Lott
[1995, (3.118)] introduced the torsion form T (T M, g%, h'') € Q(B) defined by

~+00
() T(TM g™ h") = —/ [£4(C1 ™) =31 F) F'(0)
0

~(Ldim(2) k(P X (2) = § 1/ (2; P)) £/ (3ivD) | 2.
See [Bismut and Lott 1995] for the meaning of the terms in the integrand. To show
the integral in the above formula is well defined, one must calculate the asymptotic
of fA(C/,hV) as t — 0 and the asymptotic as t — oo. For the asymptotic as
t — 0, they used the local index technique. For the asymptotic as t — oo, the key
fact is that the fiber Z is closed, so the fiberwise operators involved have uniform
positive lower bound for positive eigenvalues. They also proved a C*°-analogue of
the Riemann—Roch—Grothendieck theorem and proved that the torsion form is the
transgression of the Riemann—Roch—Grothendieck theorem (see [Bismut and Lott
1995, Theorem 3.23]) and showed the zero degree part of T (T M, g7%, h'') e Q(B)
is the Ray—Singer analytic torsion (see their Theorem 3.29).
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On the other hand, the L2-analytic torsion was defined and studied by several
authors; see [Carey and Mathai 1992], [Lott 1992], [Mathai 1992], etc. So it is
natural to extend the L2-analytic torsion to the family case, that is, to define and study
the Bismut—Lott torsion form when the fiber Z is noncompact. From the above we
see that one must study the asymptotic of the L? analogue of f A(C,, hW) ast—0
and t — oo. Since in the L? case fA(C,/, hW) has the same asymptotic as t — 0,
this part is easy. But in general the integral at oo does not converge, since in the
L? case the positive eigenvalues of the fiberwise operator involved in f” (C ., hW)
may not have a positive lower bound. To overcome this difficulty, one considers the
special case where the Novikov—Shubin invariant is (sufficiently) positive. Gong
and Rothenberg [1996] defined the L2-analytic torsion form and proved that the
torsion form is smooth, under the condition that the Novikov—Shubin invariant is
at least half of the dimension of the base manifold. Heitsch and Lazarov [2002]
generalized essentially the same arguments to foliations. In [Azzali et al. 2015],
Azzali, Goette and Schick proved that the integrand defining the L?-analytic torsion
form, as well as several other invariants related to the signature operator, converges,
provided the Novikov—Shubin invariant is positive (or of determinant class and
L2-acyclic). However, they did not prove the smoothness of the L?-analytic torsion
form. To consider the transgression formula, they had to use weak derivatives.

The aim of this paper is to establish the regularity of the L?-analytic torsion
form in the case when the Novikov—Shubin invariant is positive. Our motivation
comes from the study of analytic torsion on some “noncommutative” spaces (along
the lines of [Gorokhovsky and Lott 2006], etc., for local index). In this case one
considers universal differential forms (as in the same paper), and Duhamel’s formula
for the heat operator having infinitely many terms. Instead, one makes essential
use of the results of [Azzali et al. 2015] to ensure that (1) is well defined in the
noncommutative case. We achieve this result by generalizing Azzali, Goette and
Schick’s arguments to some Sobolev spaces.

The rest of the paper is organized as follows. In Section 2, we define Sobolev
norms on the spaces of kernels on the fibered product groupoid. Unlike [Azzali
et al. 2015], we consider Hilbert—Schmidt type norms on the space of smoothing
operators. Given a kernel, the Hilbert—Schmidt norm can be explicitly written
down. As a result, we are able to take into account derivatives in both the fiberwise
and transverse directions, with the help of a splitting similar to [Heitsch 1995].
In Section 3, we turn to proving that having positive Novikov—Shubin invariant
implies positivity of the Novikov—Shubin invariant in the Sobolev settings. We
adapt an argument of Alvarez Lopez and Kordyukov [2001]. In Section 4, we apply
the arguments in [Azzali et al. 2015] and conclude that the integral in equation (1)
converges in all Sobolev norms, and hence obtain the regularity of the L?-analytic
torsion form.
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2. Preliminaries

In this section, we will define Sobolev norms on the space of kernels on the fibered
product groupoid.

2A. The geometric setting. Let Z — M = B be a fiber bundle with connected
fibers Z, = 7 '(x), x € B. Let E 2 M be a vector bundle. We assume B is
compact. Let V :=Ker(dwr) C TM.

We suppose that there is a finitely generated discrete group G acting on M from
the right freely and properly discontinuously. We also assume that the group G
acts on B such that the actions commute with = and My := M/G is a compact
manifold. Since the submersion 7 is G-invariant, M is also foliated and we denote
its foliation Vj. Fix a distribution Hy C TM, complementary to Vj. Fix a metric
on Vj and take a G-invariant metric on B, then these induce a Riemannian metric
on Mg by g @ n*g" on TMy = Vo ® Hy.

Since the projection from M to My is a local diffeomorphism, one gets a G-
invariant splitting TM = V & H. Denote by P and P respectively the projections
to V and H. Moreover, one gets a G-invariant metric on V and a Riemannian
metricon M by g™ =gV @n*g™ on TM =V O H.

Given any vector field X € I'*°(TB), denote the horizontal lift of X by X e
['*°(H) C T'*°(TM). By our construction, |XH|gM(p) = |X|g, (m(p)).

Denote by u, and up respectively the Riemannian measures on Z, and B.

Definition 2.1. Let E 5> M be a complex vector bundle. We say that F is a

contravariant G-bundle if G also acts on E from the right, such that for any v € E,

g€, p(vg) = (v)g € M, and moreover G acts as a linear map between the fibers.
The group G then acts on sections of E from the left by

s> g%, (g5)(p)i=s(pg)g tep ' (p),  forall pe M.

We assume that E is endowed with a G-invariant metric gg, and a G-invariant con-
nection VZ (which is obviously possible if E is the pullback of some bundle on Mj).
In particular, for any G-invariant section s of E, |s| is a G-invariant function on M.

In the following, for any vector bundle F we denote its dual bundle by F".

Recall that the “infinite dimensional bundle” over B in the sense of Bismut is
a vector bundle with typical fiber I'°(E|z,) (or other function spaces) over each
x € B. We denote by E, such a Bismut bundle. The space of smooth sections on
E, is, as a vector space, I'°(E). Each element s € I'>°(E) is regarded as a map

x> 5|z €TX(Elz) forall x € B.
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In other words, one defines a section on E}, to be smooth if the images of all x € B
fit together to form an element in I'>°(E). In particular, I'2°((M x C),) = C°(M),
and one identifies >°(TB ® (M x C),) with T®°(H) by X ® f + fXH.

2B. Covariant derivatives and Sobolev spaces. Let VE be a G-invariant connec-
tion on E. Denote by VI'™ VT8 the Levi-Civita connections (with respect to the
metrics defined in the last section). Note that [X/, Y] € ['*(V) for any vertical
vector field Y € I'*°(V). One naturally defines the connections

V'Y :=[X", Y] forall Y e (V) ZT>(V),

Vf”s = nys forall s € T™°(E,) ET°(E).

Definition 2.2. The covariant derivative on E}, is the map

v . F°°(®'T*B Rev® Eb) > r°°(®'+1T*B Rev & Eb>,
defined by
@) (V) (X0, Xty X3 Vi, 1)

E,
=V s(Xion X YY) = Y s(Xi X Y Vy Y )

l
Vo
—

J

= s(Xp. o VXL X YY),
i=1

forany k,l e N, Xg, ..., Xy €"°(TB), Y1, ..., Y, e (V).
Clearly, taking the covariant derivative can be iterated, which we denote by

(VE”)’", m=1,2,.... Note that (VE)™" is a differential operator of order m.
Also, we define

v . F°°(®'T*B Rev & E,,) - (®'T*B Re v, Eb>
by
3) (3Vs)(X1..... X1 Yo, Y1,..., )
l
=VEsX o X Y ) = Y s(Xa e X Y PY (VMY LY.
j=1
In the following definition, we regard (V) (3V)/s e T®(@' H' Q @' V' Q E»).

Definition 2.3. For s € I'°(E), we define its m-th Sobolev norm by

@ sl [ @ P s,
xeB JyeZ,

i+j<m
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Denote by W™ (E) the Sobolev completion of I'>°(E) with respect to || - [|,,.

Recall that an operator A is called C°°-bounded if in normal coordinates the
coefficients and their derivatives are C°°-bounded.

Since M is locally isometric to a compact space My, it is a manifold with bounded
geometry (see [Shubin 1992, Appendix 1] for an introduction). Moreover, V£ is a
C®°-bounded differential operator, because by G-invariance the Christoffel symbols
of V£ and all their derivatives are uniformly bounded. Using normal coordinate
charts and parallel transport with respect to VZ as the trivialization, one sees that
E is a bundle with bounded geometry.

Since the operators V£ and 9" are just respectively the (0, 1) and (1, 0) parts of
the usual covariant derivative operator, our Definition 2.3 is equivalent to the standard
Sobolev norm [Shubin 1992, Appendix 1 (1.3)] (with p = 2 and s nonnegative
integers).

One has elliptic regularity for these Sobolev spaces:

Lemma 2.4 [Shubin 1992, Lemma 1.4]. Let A be any C°°-bounded, uniformly
elliptic differential operator of order m. For any i, j > 0, there exists a constant C
such that for any s € I'°(E)

l[sllivm < CClAsli +1ls];)-

Remark 2.5. Throughout this paper, by an “elliptic operator” on a manifold, we
mean elliptic in all directions, without taking any foliation structure into considera-
tion. We use the term “fiberwise elliptic operators” to refer to differential operators
that are fiberwise and elliptic restricted to fibers.

2C. The fibered product.
Definition 2.6. The fibered product of the manifold M is
MxpM:={(p,q) € M x M :1(p)=m(q)},
and with the maps from M x g M to M defined by
s(p,q):=q and t(p,q):=p.

The manifold M xp M is a fiber bundle over B, with typical fiber Z x Z. One
naturally has the splitting [Heitsch 1995, Section 2]

TMxgM)=H®V,® Vi,
where Vg := Ker(dt) and V; := Ker(ds).

Note that Vi = s*V and V; = t*V. As in Section 2A, we endow M x g M with
a metric by lifting the metrics on Hy and V. Then M x g M is a manifold with
bounded geometry.
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Notation 2.7. With some abuse in notation, we shall often write elements in M x g M
as a triple (x, y, z) and s(x, y, z) = (x,2), t(x, y,z) = (x,y) € M, where x € B
and y, z € Z,.

Let G act on M x g M by the diagonal action (p, q)g := (pg, qg). Let E -~ M
be a contravariant G-vector bundle and E’ be its dual. We shall consider

E—> MxgM:=t'EQs*E’.
Given a G-invariant connection VE on E, let
VE = #VE @idg g + idpp @5*VE

be the tensor product of the pullback connections. Fix any local base {eq, ...e,}
of E on some U C M. Any section can be written as

,

*

s = E U se;
i=1

ons~!(U), where u; € T°(¢*E). Then by definition we have for any vector X on M,

r r
5) Vi <Z U ®s*e,-) = (W Fu) @ e +u; ® (Vs i)
i=1 i=1

Similarly to Definition 2.2, we define the covariant derivative operators on
@ T"BQ® (V) @@ (V) & Ep).

Definition 2.8. Define

(VEY)(Xo. X1, Xi: Yoo Y1 Z1s o Z1)
i,
= VXOW(X195Xk,Y1’5leaZ17aZl/)
Vi
= Y VK X Y Vi Y Y 2 Z0)
1<j<l

Vi
= Y VX XV Y20 Yy 2 )

l<j<l’

- Z W(Xl""7v§oBXi7""Xk;Yl""Ylﬁzl7""Zl,)’

1<i<k
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and
(ésw)(X17"‘7Xk;YO’YI,"'7YIQZI”"’ZI/)
= V)é(‘)‘(//(X],...,Xk;Y],...,Yl,Z],...,Z[’)

= > UK X Y PV VMY, YL 20 Z)
I<j<l

> X XY VL 2y PY Y 2 2),

l<j<l'
and
(3" Y) (X1, X3 Y1, Y1, Z0, Z1s s Zi)
= V)é(;w(X17staY1’szlaZ07Z1saZl/)

- Z w(Xls-'-an;Ylv--'aPVX[ZO’Yj]v'“’}]laZla'--,Zl/)
1<j<l
t
- Z w(Xl,...,Xk;Yl,...,Y[,Zl,...,PV (Vgéwzj)"yzl/)
1<j<l

Given any vector fields Y, Z € V, let Y®, Z' be respectively the lifts of ¥ and Z to
V, and V;. Then [Y*, Z] = 0. It follows that as differential operators, [8s ot 1=
Also, it is straightforward to verify that [VE) 95 ] and [VEb ! ] are both zeroth
order differential operators (i.e., smooth bundle maps).

Fix a local trivialization

Xo T '(By) = By X Z, pr> (m(p), 9" (p)),

where B =|J,, B, is a finite open cover (since B is compact), and ¢*| -1, : Zy = Z
is a diffeomorphism. Such a trivialization induces a local trivialization of the fiber
bundle M x g M > M by M =|J My, My := 1 (By),

ot (Mo) = Mo X Z, (p,q) > (P, ¢%(9))-
On M, x Z the source and target maps are explicitly given by
(©) s0 ()7 (p.2) = ()™ (W(p),2) and t o (£) ™' (p,2) =
For such a trivialization, one has the natural splitting
TMyxZ)=H*®V*®TZ,

where H* and V* are respectively H and V restricted to M, x {z}, z € Z. It follows
from (6) that

“=dxy(Vs) and TZ=dx,(Vy).
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Given any vector field X on B, let X7, X H pe respectively the lifts of X to H
and H. Since dt(X") = ds(Xx") = X" it follows that

di, (XY = XH" 1 dg®(xH).

Note that dp*(X") e TZ C T(M,, x Z).

Corresponding to the splitting T (M, x Z) = H* @ V* @ TZ, one can define
the covariant derivative operators. Let VM« be the Levi-Civita connection on
M,, and V'Z be the Levi-Civita connection on Z. Define for any smooth section
¢ € T¥(@TBR® (V) Q& T*Z, Q(; ) Ey),

(Vo) (X0, X1, oo, X3 Y1y, Y1, 21,y o Z10)
= (g V) e (Xt oo X Vi Y0 21, Zr)

=Y dXi X V(XYY 20 Zy)

l<j=l

= Y X XV Y 2 X 2 Z)
1<j<l

- Z ¢(X17 BX[""7Xk;Yl""7}II$Z17"'7Zl/)$
I<i<k

and
(éa¢)(X]’ ""Xk; YO’ Yl’ ey Yl’ Zl’ “‘7Zl/)
= xVEYe Xy, X Y, YL 2y Zy)
= eXi . XYL PN YL 2 Zi)

= > X XY YL Zy L PTG Z L 2,

and
(3%0) (X1, ..., Xis Y1y oo, Vi, Zoy Z1s ooy Z10)
=@ VEY o Xy, . X N Y Zoo 2y Z)

~ Y X X Y P20 Y Y 2 Zy)
1<j<l

= Y oKX XY Y2y V2 2y,

1<j<l

Consider the special case when ¢ = u ® s*e, where u € '@ T*BQRQ°(VY), @ t'E)
and ec I'®°(Q*T*Z,QE’).
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Lemma 2.9. For (x,y,z) € My X Z, one has
V(U ®s%e)(x, y,2) = (VEulp, () (x, ) ® 5™ (e(x, 2) +u @ s*(VEe(x, 2))

and 3% (u @ s'e) (x, v, ) = (3" u|p, x(z) (X, ¥)) ® 5™ (e(x, 2)).

Proof. It suffices to consider the case when Y;, Z are respectively vector fields
on M, and Z lifted to M, x Z. From this assumption it follows that [Y;, Z;/] =
[Xgl Z ;1 =0. The lemma follows by a simple computation. O

We express the (pullback of) covariant derivatives Vﬁbw, 3s Y and 3’1& in terms
of VY, 3%y and %%, where Y@ := (x;l)*w. One directly verifies

(7) (vEDW)(XO’XIa’Xk7YI’7YlaZ1’7Zl/)
= (xa_l)*(V?Xgla+d¢a(x(l){))l//a(xla7Xk’dx0l(Yla7Ylyzl7vzl/))
= Y YU (Xi o Xidxa Yy XE dxaY), dxa Y dXe(Zy, L Zr)
1<j<l
_ Z V(X1 X dxo (YY) dxo Zy, o [XE +de®(XE),dXoZ)), ... d X Zp)

I<j<l

-3 w“(Xl,...,V§in,...,Xk;Yl,...,Yl,Zl,...,Zl/)>

1<i<k
= (x, D (VX0 X1, X Yoo, Y1, 214 o Z0)
+ 32X, Xk Y1, Y, do®(XED, 20,0, Z)
+ ) U (X Xirdxo (N, Y) o Zy, o (VT2 (X (A0 Z)). ... dXo Zy)).
I<j<l

By similar computations for 9* and ?, one gets:

®) (V) X1, X Yo, Y, ... Y1, Z, .. Zp)
= (xtx_l)*(éawa(xl’...’Xk;dxa(YO’Yl’,,,’Yl,Zl’...,Zl/)),

and
©) (") Xityeos X3 Y1y Y1, Z0, 21, Zp)
= (x, D* (%9 (X1,.... Xisdxog(Y1,.... Y1, Zo, ..., Z11)))
+ > Y (X X dxa (V.. V) dX o 2y

l<j=<l

o (Vig 2o dxe Z; — dxo (PYVIM Z)), . dxo Zy)).
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2D. Smoothing operators. For any (x, y,z) € M xp M, let d(x, y, z) be the Rie-
mannian distance between y, z € Z,. We regard d as a continuous, nonnegative
function on M x g M.

Definition 2.10. (See [Nistor et al. 1999]). As a vector space,

For any m € N, ¢ > 0, there exists C,,;, > 0
W X(MxgM,E):={¥ € FOO(E) : such that foralli + j +k <m,
[(VE)(0Y)7 (0Y)ky| < Cpue™*d.

The convolution product structure on W_*°(M x g M, E) is defined by

Y1 *Ya(x, y, 2) ::/z Yi(x, y, w)va(x, w, 2) uy(w).

We introduce a Sobolev type generalization of the Hilbert—Schmidt norm on
W_ (M x M, E)S, the space of G-invariant kernels. Since G is a finitely generated
discrete group and acts on M freely and properly discontinuously, then there exists
a smooth compactly supported function x € C°(M), such that

> gtx=1

geG

In particular, one may construct x as follows. Denote by 7w the projection
M — My = M/G. There exists some r > 0 and a finite collection of geodesic
balls B(py, r) of radius r such that B(py, r) is diffeomorphic to its image in My
under 7, and moreover {B( Pa> %r)} covers My (since My is compact). Since G
acts on M by isometry, g (B(pyg, 7)) = ng(B(py,r)) for all g € G. Thus one
may without loss of generality assume that B(p,, r) are mutually disjoint.

Define the functions f € C*°(R), Fy, F € CX°(M) by

ft):=e " ifr >0, 0ifr <0,
—1

Fu(p) =1 (1= 2dp. ) (7 (2o p 1) 4 (1= 2dp. ) pem,

F :=ZFQ.
o

Note that F is well defined because F, is supported on B(p,, r), which is locally
finite. Since by construction
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is a locally finite cover of M, }_, g* F is also well defined. Define

X = F(Xg:g*F>_l.

Then clearly x is the required partition of unity. Moreover, observe that x /2 is
a smooth function because f!/? is smooth and all denominators are uniformly
bounded away from 0.

For any G-invariant y e W (M xgM, E )@, recall that the standard trace of ¥ is

try () (x) 22/ X (x, ) (Y (x, 7, 2)) e (z) € CF(B).

7€Zy

The definition does not depend on the choice of x. The corresponding Hilbert—
Schmidt norm is

(10) /B (tre (9 (0) 1 ()
:A:AX(va)/étr(w(x,Z,y)w*(x,y,z))Mx(y)Mx(Z)MB(x).

Note that equation (10) coincides with the L?>-norm of . Generalizing (10) to
taking into account derivatives, we define:

Definition 2.11. The m-th Hilbert-Schmidt norm on W_*°(M x 3 M, E )C is defined
to be

T /B/Zxoc,z)/z

i+j+k=<m

(VEY @B Yy x, v, D) (R s (),

for any G-invariant element . Let U, °°(M xp M, E)¢ be the completion of
W (M xpM, E)¢ with respect to || - |z m-

Similar to Lemma 2.4, one has elliptic regularity for the Hilbert—Schmidt norm:

Lemma 2.12. Let A be a G-invariant, first order elliptic differential operator, then
foranym =0, 1, ..., there exists a constant C > 0 such that

”w”HSm-H = C(”Aw”HSm + ”w”m),
forall r € W °(M x g M, E)C.

Proof. Define
S:={geG:x(g"x) #0}.

Then S is finite because {g* x} is a locally finite partition of unity.
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Consider (x (x, z))'/2¢. By the Leibniz rule, one has
(VEY @) @ x P = x AIEY Y @y

modulo terms involving lower derivatives in . Since (x (x, z))'/? is smooth with
bounded derivatives, there exists some C; > 0 such that for any (x, y,z) € M xp M,

an | Y (VB @Y @A P Px Y [VEY @@ |y 2
i+j+k<m i+ j+k<m
sZg*x(a > |(V5b)i(ésv<é‘>"vf|2)(x,y,z>.
ges i+j+k<m—1

Similarly, since Ax!/? — x!/2A is a C*-bounded tensor, one has

12) | Y [ VEY @ @ Aax Pl - Y [(vEY @ @Y Ay
i+j+k<m i+j+k<m
sZg*x(cz > |<Vﬁb>l‘<éS)f<é‘>"w\2).
ges i+j+k<m

Since the integrand is G-invariant, for any g € G

/M REED> (VB (@) Y 1 (Dbt @)1t (00) = 1 gy -

i+jt+k<m—1

Observe that A being G-invariant implies A is uniformly elliptic and C°°-bounded.
Therefore applying Lemma 2.4 for (x (x, z))'/?¢, there exists a constant C3 > 0
such that

/M X R P o)

i+j+k<m+1

s@(/M . S OVEY @) @ Ax ) 1 )i (s (1)

i+j+k<m

+ /M ; > |<v5b>f(éS>f'(é‘)"<x‘/Zw)|2ux(y)ux<z>us<x)).

i+jtk<m

Then by equations (11) and (12), we get the lemma. (]

2E. Fiberwise operators. We turn to considering another class of operators and a
different norm.
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Definition 2.13. A fiberwise operator is a linear operator A : '2°(E,) — WOE)
such that for all x € B, and any sections sy, s € ['?°(E)),

(Asp)(x) = (As2) (x),

whenever s;(x) = s2(x).

We say that A is smooth if A(I'°(E)) C I'°(E). A smooth fiberwise operator A
is said to be bounded of order m if A extends to a bounded map from W (E) to
itself.

Denote by || Allop/ the operator norm of A : W (E) — W™ (E).

Example 2.14. Examples of smooth fiberwise operators are W_°(M xz M, E),
acting on W™ (E) by vector representation, i.e.,

(Fs)(x, y) ::/z V(x, y, 2)s(x, ) (2).

Notation 2.15. For the fiberwise operator A : I'2°(E,) — WO(E) which is of the
form given by Example 2.14, we denote its kernel by A(x, y, z). We shall write

[AllEsm = 1A, y, 2) lHS m)
provided A(x, y,z) € ¥, (M x 3 M, E).
The following lemma enables one to construct more fiberwise operators:

Lemma 2.16. Let A be any first order, C*°-bounded differential operator on M
and ¥ € W (M xg M, E) be as in Example 2.14. Then [A, ¥] is a fiberwise
operator in W, °(M xg M, E).

Proof. Since multiplication by a tensor or differentiation along V is fiberwise, all
that remains is to consider operators of the form V)fH, for some vector field X on B.

Let L;: =av’i xH +ixnd vV’ where dV" is the twisted de Rham operator. In the

remainder of this paper, the Lie derivatives are all defined in this way.

Let s € I'2°(E) be arbitrary. We first suppose that Z is orientable and pu, is a
volume form. By the decay condition in Definition 2.10, one can differentiate under
the integral sign to get

Aws(r.2) = [ L0y, 56 i)
=L(L;5¢(x,y,z))s(X,y)Mx(y)‘i'/ZW(x,y,Z)(L;:S(x,)’))Mx()’)

+ /Z Y, 3, s Y (L e ().

The second term in the last line is just ¥ As. Hence the result.
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For the general case, one can take a suitable partition of unity and integrate over
local volume forms. Then one obtains a similar equation. (]

Let A be a smooth fiberwise operator on I'S°(E}). Then A induces a fiberwise
operator A on I'°(E,) by

(13) A(u @ s%) 1= Aty () ® (%)

on t~'(My) = M, x Z, for any sections e € '*°(E’) and u € I'*(+*E), and
¥ =u®se e TO(E).

Note that A is independent of trivialization since A is fiberwise, and for any «,
and z € Z, the transition function xg o (x¢)~! maps the submanifold Z, x {z} to
Z, X {(pf o ((pj)_l(z)} as the identity diffeomorphism. If ¥ is a kernel and A is a
fiberwise smooth operator, AY is also a kernel and is given by AW,

2F. The main theorem. Suppose that A is smooth and bounded of order m for all
m € N. Consider the covariant derivatives of Ayr.

Theorem 2.17. For any smooth bounded G-invariant operator A, there exist con-
stants Ci’l, C(’)’0 > 0 such that for any ¥ € W °(M xp M)® one has Ay €
W (M x 3 M)® and

IAY st < (C 11 Allop1 + Coll Allopo) ¥ [11s 1-

Proof. Fix a partition of unity {6,} € C2°(B) subordinate to { B,}. We still denote
by {6,} its pullback to M and M x g M. Fix any Riemannian metric on Z and
denote the corresponding Riemannian measure by 7. Then one writes

(X)) s (xp) = Jo b1z,

for some smooth positive function J,. Moreover, over any compact subset of
B, x Z, 1/J, is bounded.

Given any ¥ € W (M xp M YO, let Y& 1= X(¢). The theorem clearly follows
from the inequalities

(14) / / x(x,2) / IV A0 V™) e (9) e (2) s ()
Bct Zx ZX
<(CllI Al 1 + C2ll Al ) 1V Il 1
(15) f f x(x.2) f 0% A 0o ™) Pt () () e ()
By, JZ, Zy
<(CIlIAlZ, 1 + C2ll Al ) 1 s 1

a0 [ [ xeno) [ 18RO P s @raa ) < 1Ay s
B X YEZy
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Let Z =, Z, be alocally finite cover. Then the support of x6, lies in some
finite subcover. Let x, be the characteristic function

I if (x60u)(x, 2) >0,
0 otherwise.

Xa(x,2) = {

Without loss of generality we may assume E’|z, are all trivial. For each A fix
an orthonormal basis {e}} of E’|p,xz,, and write ¥* := Y u* ® s%e’. Using
Lemma 2.9, one estimates the integrand of the left-hand side of equation (14). Then
there exits a constant C3 > 0 such that

Ve (A0, 9P (x, . 2)
2

D (VE AL | x () (x, ) @ 8e) + (Aboit}) @ 5™ (VEe])
;

. 2 2
<G Z(WEbAea(umMax{z})(x, | +[(Abuu}) @ s*(VEe}))| )
p
By integrating, one gets for some constants Cy, ¢ =4, ..., 10, that
/ / X, 2) / 9% A P () 1 (2 ()
By JZ, Zy
. 2
SC“Z/ / / (V5 A (g o) (5, V)|
n V72 Be JZ T
2
+ [(AOu}) @ s*(VEel) | ) x () 1tp (X) 102 (2)
. 2
=3[ [ (Csiar (V5 6w, o)
W V7 By V7,

187 00 U [ aty e 12) (6, | A [ 0 Lat 2 (6 9]

+ Coll Allopo | fate? [*) s (1t ()12 (2)
s;fz /B fz T 1A, + Csll Allop) (V6|
+|00u W |* + 9700 V0| + [6uta )it OI8O 12 (2)
E/B/z e /Zx(cgnf\n%pl+cmnA||opo)(|v’§bx;(9aw)|2

+ 35 O )|+ |9 x5O | + |2 Ot ) s D12 (21t ().
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Now we use an argument similar to the proof of Lemma 2.12. Namely, write the
integrand as a sum

Xa([VE X2 O + |95 Out) | + |3 %2 Ot [* + %2 Guv) )

=3 ka8 x (|VE x5 O P+ 855 @ut) [ ]2 Ot [P+ |50t ).
ges

Then since for all g

fg*x(wébx;(eawﬁ|éSx;,“<9aw>|2+|é’x;<eaw>|2+|x;‘(eaw)|2)=||w||H51,

equation (14) follows.

Using the same arguments with 3% in place of V, one gets (15).

As for the last inequality, since £*E |y, x () and the connection (x;1)*V*'E" are
trivial along exp tZp, one can write

V2 (Au®s'e) :%}IZOAM

* S¥E'
Mg, x{exptZ} Qse+ M®VZO se

d
:A (EL‘:OM

My {exptz}) ®s%e +u®Vs Es'e = A(V5 (u®se)).

It follows that
87 Ay® = A%y,
from which (16) follows. O
Clearly, the arguments leading to Theorem 2.17 can be repeated and we obtain:

Corollary 2.18. For any smooth bounded operator A and m =0, 1, . . ., there exists
C), ; > 0 such that for any € W >°(M x g M)S one has

m,

AV s m 5( 3 cm,zuAuopz)uwanm.

0<i<m
Notation 2.19. In view of Corollary 2.18, we shall denote
1A lloprm = ( > Cm,znAnopz).
0<i<m

We may assume without loss of generality that C,, ; > 2. Then one still has

(17) ”A1A2||op/m = ”Al”Op’m”AZHOp’m-
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3. Large time behavior of the heat operator

In this section we will prove that under the condition of the positivity of the Novikov—
Shubin invariant, the heat operator also convergences to the projection operator
under the norm || - ||gs m-

3A. The Novikov-Shubin invariant. Let M — B be a fiber bundle with a G action,
and TM = H @V be the G-invariant splitting, as defined in Section 2A. Recall that
we assumed the metric on H = 7*TB is given by pulling back some Riemannian
metric on B. In other words, V is a Riemannian foliation.

Let E — M be a flat, contravariant G-vector bundle, and V be an invariant flat
connection on E. Denote E* := A'V'Q E.

Since the vertical distribution V is integrable, the de Rham differential d‘Y :
along V is well defined. Write 0 := d‘YE + (d‘YE)*, A= 5(2), and denote by e~'4
the heat operator and Il the orthogonal projection onto Ker(A).

The following result is classical: See, for example, [Bismut 1986, Proposition
2.8] and [Heitsch 1995, Proposition 3.5].

Lemma 3.1. The heat operator e™'4 is given by a smooth kernel. Moreover, for

any first order differential operator A, one has the Duhamel type formula

t
(18) [A, e =— / e~ A4, Ale " at.
0

From Lemma 3.1, it follows that:
Corollary 3.2 [Heitsch 1995, Corollary 3.11]. Forany i, j, k, there exist C, M > 0

such that
[((VEY (@) (3 e B x, y. 2) < Ce M0,

Hence e'% € W%(M x 3 M, E*)C.
As for Iy, one has

Lemma 3.3. The kernel of Ty lies in W, (M x g M, E*)°.

Proof. By [Gong and Rothenberg 1996, Theorem 2.2] I1j is also represented by
a smooth kernel ITy(x, y, z). Moreover by the same theorem and the fact that
Iy = 1702, one has

SUP{/Z X(x,z)/z IHo(x,y,z)Izux(y)ux(z)} = [Tl < oo,

xeB
where || - ||; is the T-trace norm defined in [Gong and Rothenberg 1996] (see also
[Azzali et al. 2015]).
Hence we are left to consider x, (x, y, z)ITo(x, y, z), where x, € C®°(M x 3 M)¢
is a sequence of smooth functions such that
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M O0=xn=1
(2) xan is increasing and converges pointwise to 1;

3) xn(x,y,z) =0 whenever d(y, z) > nr for some r > 0.

To construct yx,, let r > 0 to be the infimum of the injective radius of the fibers Z,,
and ¢ be a nonnegative smooth function such that ¢, (¢) =1 if r < %r, ¢1(t) =0
if t > r. Then x; := ¢; od(y, z) is G-invariant. Define

Xn = X1*---% x1 (convolution by n times).

Note that x,(x, y, z) > 0 whenever d(y, z) < %nr. Moreover, X, is G-invariant
and x,(x, y,z) =0 whenever d(y, z) > nr. Since x,+ is bounded away from O on
the support of x,,, clearly one can find smooth functions ¢, such that y, := ¢, o x,
satisfies conditions (1)-(3). O

Because of Corollary 3.2 and Lemma 3.3, it makes sense to define:

Definition 3.4. We say that A has positive Novikov—Shubin invariant if there exist
y > 0 and Cp > 0 such that for sufficiently large ¢,

xeB

_ 2 _
SUP{/ x(x, z)/ (™" = M) (x, y, 2)| ux(y)ux(z)} <Cot™".
Zy Z,
Remark 3.5. The positivity of the Novikov—Shubin invariant is independent of the
metrics defining the operator A.

Remark 3.6. Since e~/24 _IT is nonnegative, self adjoint and (e ~/24 —T)*> =
e~ — Iy, one has

sup{/ x(x, Z)/ (724 — M) (x, y,Z)|2Mx(y)Mx(Z)} = [le™"4 — ..
z, z,

xeB

Hence our definition of having positive Novikov—Shubin invariant is equivalent to
that of [Azzali et al. 2015]. Our argument here is similar to the proof of [Bismut
et al. 2017, Theorem 7.7].

In this paper, we shall always assume A has positive Novikov—Shubin invariant.
From this assumption, it follows by integration over B that there exist constants
y > 0 and C > 0 such that for ¢ large enough

(19) le™ — Molluso < C1 77
3B. Example: The Bismut superconnection.
Definition 3.7. A standard flat Bismut superconnection is an operator of the form

av" = d‘YE +VE 410,
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where © is the V-valued horizontal 2-form defined by
oxf, xy =PV (X[, x¥] forall X;, X, e [>®(TB),

and 1 is the contraction with ®. Note that PV is not canonical and it depends on
the splitting TM =V & H.

Observe that the adjoint of the Bismut superconnection,
@) = (@Y ) + (VE) - A,
is also flat. It follows that
(VE) (@) + (@) (V) =o.
Define
Q:= (V) - v¥).

Observe that 2 is a tensor (see [Alvarez Lépez and Kordyukov 2001] for an explicit
formula for 2). Moreover one has

VE (@) + @)V =20 ) +2(d) .
Also, observe that (d‘YE) + (d‘YE)* +VE 4+ ((VED.)/)* is an elliptic operator.

3C. The regularity result of Alvarez Lopez and Kordyukov. We first recall that an
operator A is called C*°-bounded if in normal coordinates the coefficients and their
derivatives are uniformly bounded. As in [Alvarez Lépez and Kordyukov 2001],
we make the more general assumption that there exists C°°-bounded first order
differential operator Q, and zero degree operators Ry, Ry, R3, R4, all G-invariant,
such that d‘YE + (d‘YE)* + Q is elliptic, and

(20) 0dy" +dy Q=R dy +dy R,
E E E E
O(dy ) +(dy )" Q=Rs(dy )" +(dy )" Ra.
Clearly, in our example, V5 + ((VE)")" satisfies Equation (20).
Write 9 := d‘Y gus (d‘Y : ), A= 5(2), and denote by I1,, and [y respectively
the orthogonal projections onto the range of d ~ and (4 )", which we shall denote

by Rg(dy) and Rg(dy).
In this section, we shall consider the operators

By := Rlﬂdv + R3Hd;, B := Hdﬂ&Rz +HdvR4, B := B,y + B (id —Iy).

We recall some elementary formulas regarding these operators from [Alvarez Lépez
and Kordyukov 2001]:
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Lemma 3.8 [Alvarez Loépez and Kordyukov 2001, Lemma 2.2]. One has
QadY" +dy 0 =Bdy" +dY" B,
Oy )" +(dy") @ =Bi(dy")" + (&))" B,
[Q, A]=B1A— AB; —0o(B1 — B2)0p.
One can furthermore estimate the derivatives of I1. First, recall that

Lemma 3.9. One has (see [Alvarez Lépez and Kordyukov 2001, Corollary 2.8])
[Q+ B, IT)] =0.
Proof. Here we give a different proof. From definition we have
B = (I1g; Ry + 114 Ra) o + Ri I1a, + R31yg3,
where we used I1y, [Ty = Hd; ITly = 0. Hence
BIly—ITyB = (I1g; Ry + Ma, Ra) 1o — Iy R [14, — Ty R311 ;.
For any s one has
I;,s = lim ds,,
n—oo
for some sequence §, (in some suitable function spaces). It follows that
H()R]Hdvs = lim HOR1d§1 = lim Ho(Qd‘YE +d‘YE Q —d‘YERz)fl = HOQIYst.
n—oo n—oo
Similarly, one has H0R3Hd; =TIl QHd; and by considering the adjoint,
Hd"; Ry Iy = Hd"; QIly and Hd"; RyITy = Hd"; oIl.
It follows that
[Q + B, )] = (id —Ia, — g;) Q11p — 1y Q(d —I1g, — I1g;) = 0. U
In other words, regarding [Q, I1p] and [B, I1y] as kernels, one has

Q. olllasm = I[B, Iolllusm,

provided the right-hand side is finite. Hence, using elliptic regularity and the same
arguments as Lemma 3.3, one can prove inductively that

Mo(x,y,z) €V, (M xg M, E*) forall m.
Next, we recall the main result of [Alvarez Loépez and Kordyukov 2001]

Lemma 3.10. Foranym =0, 1, ...,
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(1) The heat operator e™*2, and the operators dye ™', Ae™" map W™(E) to
itself as bounded operators. Moreover, there exist constants C,?l, C ,ln C ,Zn >0

such that

—tA 0 —tA 1 —tA —1,-2
lle ! ||0pm§cm’ 10 e ! ||0pm§t ZC |Ae ! ||0pm§t Cm,
forallt > 0.

(2) Ast — oo, e "4 strongly converges as an operator on W™ (E). Moreover,
(t,5) — e 45 is a continuous map from [0, 0o] x W™ (E) to W™ (E).

(3) One has the Hodge decomposition
W™(E) = Ker(A) + Rg(A) = Ker(dg) + Rg(dp),
where the kernel, image and closure are in W™ (E).

Note that our case is slightly different from that of [Alvarez Lépez and Kordyukov
2001], where M is assumed to be compact (but with possibly noncompact fibers).
However, the same arguments clearly apply because our M is of bounded geometry.

We recall more results in [Alvarez Lépez and Kordyukov 2001, Section 2].

Lemma 3.11 [Alvarez Lépez and Kordyukov 2001, Lemma 2.4]. For any m > 0,
there exists a constant C3 > 0 such that

Q. e llopm < C;..

Proof. Using the third equation of Lemma 3.8, equation (18) becomes

t t
[0, e ] = / e =A80(B; —By)Jpe "4 dt' — / e "DABIA—ABy)e A dr.
0 0

Using Lemma 3.10, we estimate the first integral

t
/ ef(tit,)Aa)(B] - Bz)aoeftA dt’
0

<||B1 — B2||opm(cm)2/ m

opm

=||B; — BZ”opm(Cm) .

As for the second integral, we split the domain of integration into [O, %t] and [%t, t],
and then integrate by part to get

t
/ e DABIA— ABye A dt
0

t/z / / ! / /
:/ e"""AA(=By — Bye " dr’ —/ e U"DAB — By)Ae " dr

12 e——4p eft’A
t’=0 t t/2

_i_ef(tft’)A B eft’A




170 BING KWAN SO AND GUANGXIANG SU

Again using Lemma 3.10, its || - [|op,»-norm is bounded by
t/2

e ['ar
CoCh Bl + Bk 25+ [ A) 4 CACH+ DUl + Bl
0 t/2

which is uniformly bounded because [y 1/(t —#'ydi' = [!, 1/1'dt’ =log2. O

Lemma 3.9 suggests that [Q + B, e~"4] converges to zero as t — oo. Indeed,
we shall prove a stronger result, namely, [Q + B, e~'4] decays polynomially in the
I - llgsm-norm for all m.

Lemma 3.12. Suppose there exist C,,, y > 0 such that |le™"* — Iy ||asm < Cmt 7,

then there exist C,,, y,y > 0 such that

IQ + B, e "“lllusm = I[Q + B, e — MMpl|lusm < Clt .

Proof. We follow the proof of [Alvarez Lépez and Kordyukov 2001, Lemma 2.6].
By Lemma 3.8, we get

[Q + B, Al = (A(B1 + Bz) + 0o(B1 — B2)do) (id —IT).
It follows that ITo[Q + B, e~ "/P4]1 =[Q + B, e~ /2211y = 0. Write
[Q+B, e ] =[Q+ B, ™2 ]e™2'4 4 ¢7HA[Q + B, e34]
—[Q+ B, e 2 4(e " — My) + (774 — M))[Q + B, e 2'].
Taking || - ||gsm» and using Corollary 2.18 and Lemma 3.11, the claim follows. [J

Theorem 3.13. Suppose |le~'* — ITy|luso < Cot 7 for some y > 0, Cq > 0. Then
for any m, there exists C,, > 0 such that

le™"4 — Mollusm < Clt™"  forall t > 1.

Proof. We prove the theorem by induction. The case m = 0 is given. Suppose that
for some m, |le™"* — ITy|lusm < Cmt Y. Consider |le™"4 — ITyllusmt1-

Since Q is a first order differential operator, for any kernel ¢ € W_*°(M xp
M, E‘)G, [Q, ¥]is also a kernel lying in W_>°(M xpM, E’)G, that is in particular,
given by a composition of the covariant derivatives V2, 3, 3 and some tensors
acting on . Since || ||us s, is by definition the || - ||gs o norm of the m-th derivatives
of ¢, elliptic regularity (Lemma 2.12) implies

1V lusmi1 < Con (¥ s m + 100V s m + 1% 0ollusm + 11Q, ¥1lusm),
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for some constant C‘m > 0. Put ¢ = e~"4 — ITy. The theorem then follows from the
estimates

180(e™"4 — ITo) [lusm =l (e ™" — ITy)To || s m

s( > CpllToe P4 — Ho>||0pz> lle™ /P2 — Mo|lps m

0<Ii<m

<( et P)en ™.

0<I<m

I1Q, e — Molllusm <I[Q + B, e™"* — Molllusm + I[B, e " — Mol us m

<C/t7 +2< > c;n,,||B||0p,>cme.

0<i<m

Note that we used Lemma 3.12 for the last inequality. (]

4. Sobolev convergence

In this section we will use the method of [Azzali et al. 2015] to prove that under
the condition of positivity of the Novikov—Shubin invariant the L?-analytic torsion
form is a smooth form.

Let VE be a flat connection on E. Define the number operators on AH' @ AV’ ®
E by

p— — /
NQ'/\‘IH’®/\‘1,V/®E —q al‘ld Nl/\‘lH’®/\‘1,V’®E —q .

In this section, we consider the rescaled Bismut superconnection [Berline et al.
1992, Chapter 9.1]

3(t) := At'2~Nel2 (g 4 a*)eNe/l?
= 1(t"(dv +dp) + (VE +(VEY) + 1712 (= Ao +10)).

Denote

Dy:=—3(dy —dy), Qu=—3(V® = (VE)) =37 (Ao —10),
D(t) :=1t"*Dy+ Q.

The curvature of 9(¢) can be expanded in the form:

3(1)? = —Dt)> =tA+1"7Q, Dy + 12 Do, + Q7.
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Hence as a consequence of Duhamel’s expansion (see [Berline et al. 1992]), we
have
dim B
o0 _ DW? _ ,—tA + Z/ e A V20, Dy + 112Dy + Qtz)e"‘m
n=1 (ro,....,rk)EX™

(112, Do+ 112Dy + Q2)e A d B,
where X" :={(ro, 1, ..., 1) €[0, 17" g+ -+ 1, =1}

4A. The large time estimate of the rescaled heat operator. In this section, we
follow [Azzali et al. 2015, Section 4] to estimate the Hilbert—Schmidt norms of
e’ (see Theorem 4.4 below).

Let y' := 1 — (1 +2y/(dim B + 2 +2y))~!, #(¢) := ¢t7". Fix 7 such that
7(f) < (dim B 4 1)L, One has the following counterparts of [Azzali et al. 2015,
Lemma 4.2]:

Lemma 4.1. For ¢ =0, 1, 2, there exists a constant C,, such that
|| (ﬁﬁo)c'/zert(Do)z ||

and foranyt > 1,r(t) <r <1,

<Cpr~?foranyt > 1,0 <r <1 (by Lemma 3.10);

op’ m

He”(D")z ”HSm <Cp(rt)™7 (by Theorem 3.13),
| (V100) 2 PO’ | <Cpur=2(rt) 7 if ¢ = 1, 2(by Corollary 2.18).

We furthermore observe that the arguments leading to the main result [Azzali
et al. 2015, Theorem 4.1] still hold if one replaces the operator and || - ||; norm
respectively by || - [lop'm and || - [|us, for any m.

The arguments in [Azzali et al. 2015, Section 4] are elementary, so we shall only
recall some key steps.

First, one splits the domain of integration X" = [ J, £(0

b)) where

n
,,,,, n} “r@),I°

i =100, .. ) iri <F(0), foralli € I,r; > 7(1), forall j ¢ I}.
Define

2l) K(t,n,I,co,...,cn;ai,...ay)

n
= / (II/ZDO)Coe_rotA H(@?l (tl/zDo)cie_ritA) dzn’

F(t),1 i=1

forc; =0,1,2,a; =1, 2. Then one has
e_ém2 = eD(’)2 = ZK(I, n,I,co,...,cpsai,...,ay),

by grouping terms involving Dy together.
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We shall consider the kernels K (¢, n, I, co, ..., cn; ay, -+ ,a,)(x, y, z) of the
terms in the summation above. Consider the special case when ¢; = 0, 1. One has
the analogue of [Azzali et al. 2015, Proposition 4.6]:

Lemma 4.2. There exists € > 0 such that as t — 00,

K([,l’l, I, coy...,Cp,a1, --"al’l)(xv y’Z)
(BT (g 2y O if 1=, allei =0
o1 *) otherwise
in the || - ||gsm,-norm.

Proof. We first consider the case I = &. Suppose furthermore ¢, = 1 for some g.
By Corollary 2.18, The || - ||gs»-norm of the integrand on the right-hand side of
(21) is bounded by

dq

||(l1/2D0)CO€_r0tA “

0 —Tq 0) e "
|(t1/2D )e g ||(t1/2D )C —r, l‘A”

opm || t llop'm o || HSm op'm

—cq/2

— 2 _ _
<C,,r, o/ rg (g t) T ey

<Cli(@t)™* 7,

Integrating, we have the estimate
||K(ta n7 COa LA ] Cn; ala LA ] an)(x, y’ Z)”HSI" S C’/”,lt_]/“l‘]//("/z“‘y) / dEns

which is 0(+~) with & = y (1 — (dim B +2y)/(dim B +2 +27)).
Next, suppose I = @ and ¢; = 0 for all i. Write e"0/4~T0 1 T, and split the
integrand

(e—r()l‘AQ;lle—rll‘A . e—rnZ‘A)(x’ y, Z)
into 2"*! terms. If any term contains a e "'~ — 1 factor, similar arguments as
above shows that it is O(¢~"). Hence the only term that does not converge to 0 is

(Mo [y - - - o) (x, y, 2).

Since the volume of E;’m’ ; converges to % as t — oo, the claim follows.

We are left to consider the case when [ is nonempty. Write I = {iy, ..., is},
{0,...,n}\I =:{ky, ..., ky} # @. For t sufficiently large I # {0, ..., n}. Suppose
¢y = 1 for some g ¢ I. Then we take || - [|s,-norm for (t'2Dgy)e "a'2 term, and
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estimate

|K(t,n,co,...,Cn3a1,...,a,)(X,Y,2) ||HSm

(1) (1)
— —cy /)2 _ e
/ / (/ Cuo Wrg ! (rgt) ™7 er /2
{(re, rkr) (ro,....,7n)€X

~~~~~~~~~~ r(t)l}
d(ry, Ty )) dri,---dr.

As in the I = & case, the integral over {(ry,), ..., 7%, : (ro,..., ) € Ef(t),l} is
O((7¢%), while r(t) L’/z dri=0@77 (= i/2)y. Agaln the claim is verified.
Finally if ¢; = 0 for all i € I, then

K (t,n,co,...,cn3a1,...,a,)(x,y,2) lHSm

(1) (1)
) ;
f f (f Coirg o 2 d 1y rks,>)dr,-1---dr,~s
(oot )2, €,

~~~~~ Ry o)
=077 (l_ci/2)>.
([

One then turns to the case for some i, ¢; = 2. If I and J are disjoint subsets
of {0,...,n}with I ={iy,...,i-},and {0, ..., n}\ (I UJ) = {ko, ..., k4} # 9,
denote

oy =A{ro,....rm) € By 1rj =7 (1), whenever j € J},

and define
(1) (1)
K@t,n, 1 J,co,....chsai,...,a,) " —/ / / (t1/2Dy) 07014
{(rk() rkq) (r0se-s rn)ezr(,) ]}
n
[1(®f @ 2Do) e )50 dUrig.....ra)dry--dry.
i DL g
=

Using integration by parts, one gets [Azzali et al. 2015, Equation (4.17)],

(22) K@t,n, 1 U{ip},J; 2,0 Chyy s eees @iy s Qi )
K(t,n,I,JU{ip};...,0,...,ck0,...;...,a,-p,aipﬂ,...)
—K(t,n—l,I,J;...,...,cko,...;...,aio+a,-p+l,...) q >0,
—|—K(t,n,IU{ip},JU{ko};...,0,...,ck0,...;...,aip,a,-pﬂ,...)

= 1 —i—K(t,n,IU{ip},J;...,0,...,ck0+2,...;...,aip,aip+l,...)
K(t,n,I,JU{ip};...,O,...,cko,...;...,a,-l,,aip+l,...)
—K(t,n—l,I,J;...,...,cko,...;...,aio—I—a,-p+,,...) q=0.
+K(t,n,1U{ip},J;...,O,...,ckO+2,...;...,ai],,ai,)+l,...)
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We remark that the proof of [Azzali et al. 2015, Equation (4.17)] does not involve
any norm, and therefore we omit the details here.

Using equation (22) repeatedly, one eliminates all terms with ¢; = 2.

On the other hand one has the following straightforward generalization of
Lemma 4.2 (compare with [Azzali et al. 2015, Proposition 4.7]):

Lemma 4.3. Suppose c; =0, 1. Ast — oo,

K(t,n,1,J,co,...cp5a1,...,a,)(X,,2)

_ {((nlJ|)z'HoQ"'Ho'-'no)(x,y,z) +0G™) ifI=03,c0,...ca =0

O(I_V/) otherwise,
for some y' > 0, in the || - ||gsm-norm.
Thus the term K (¢, n, I, cg, ... cu; ay, . . . a,) converges to 0 unless

¢; =0 wheneveri € I, ¢; =2 wheneveri ¢ 1.

Then one follows exactly as [Azzali et al. 2015, Section 4.5] to compute the limit,
and concludes with the following analogue of their Theorem 4.1:

Theorem 4.4. Fork =0, 1,2 and any m € N,

lim D(O)fe " (x, y, 2) = Mo(QUT)* e ™ (x, y, 2)
—00

in the || - ||gsm-norm, where Q := —%(VEb — (VE)*). Moreover, there exits ¢ > 0
such that as t — o0,

| (D@®)*e™D" — My e ™) (x, 3. 2) | g, = O,

4B. Application: the L*-analytic torsion form. Our main application of this the-
orem is in establishing the smoothness and transgression formula of the L?-analytic
torsion form. Here, we briefly recall the definitions.

On AT*MQE=ANH Q AV’ QE, define Ng, N to be the number operators
of AH' =1~ (AT*B) and A"V’ respectively.

Define

F A1) := Qav/—1) "2 stry 7N (1 + 2D(t)2)e‘6(f)2).

Then under the positivity of the Novikov—Shubin invariant, we have the following
well-defined LZ-analytic torsion form:

Definition 4.5 [Azzali et al. 2015].

T = foci—FA(t) + % stry (NIp)
0

+<4—11 dim(Z) tk(E) stry (Ip) — 3 str\p(NHo)> (1—21)e™") %,
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In [Azzali et al. 2015], it is only shown that the form 7t is continuous. Next we
will show that indeed the form t is smooth.

Theorem 4.6. The form t is smooth, i.e., T € T (AT*B).

Proof. Using [Berline et al. 1992, Proposition 9.24], the derivatives of the ¢-integrand
are bounded as t — 0. It follows that its integral over [0, 1] is smooth.

We turn to studying the large time behavior. Consider str2~!N (e‘é(”2 —ITy)).
Using the semigroup property, we can write e ~0()* =2~Na/2=0(1/2)? ,=0(/2)*pNa/2
Also, since str(NITy(2I1y)?>/) = str([NITTo(QTy), ITy(Q2Ty)>~']) =0 for any j > 1
one has

Str(NTTp) = str(NITye %) = 2-No/2 str(NTye @) [Ty @007,

Therefore
str(2” lN(e*Em)2 —ITy)) =27 2str(27 lN(e*‘w)(t/z)zefa(’/z)2 — Hoe(QHO)ZHOe(QHO)z))
=2"Ne/2gtr (2" INe—00/27 (e_é(t/z)z— e @’ )

+ 2_NQ/ZSU‘(2_lN(e_a(t/z)z— H()e(QHO)Z)H()e(QnO)Z).

Now consider the L?(B)-norm of stry (2_1Ne_3(’/2)2 (e‘é(’f/z)2 — Hoe(QHO)Z)).
To shorten notations, denote G := 2~ Ne=00/2* (¢=00/2” _ [1,¢(@M)*) Writing G
as a convolution product, then there exists a constant Cy > 0 such that

2
up(x)

/‘/x(x,Z) str(G(x, z, 7)) i (2)
Bl|JZ,

-
2
_ 2 _ 2 2
scof ( / X / e 0D (x, 2, y)|e 0 — Mo T (x, y,zmx(y)ux(z))ug(x)
B\JZ, Jyez,

—8(t/2)*

2
up(x)

N _ 2 _ 2 2
/ xstr(3 / e 22 (x, 2,y) (7P — Mpe! M) (x, y, z)ux(y)>ux(z)
Zy VEZy

‘e—a(z/z)z _ 1—[06(9170)2

Jissor

< Colle HIZ—ISO‘

where we used the Cauchy—Schwarz inequality three times. Since ||e~9¢/ 2? llaso is

bounded for ¢ large (by the triangle inequality), the expression above is ou".
We turn to estimating its derivatives. For any vector field X on B,

Vi Bstry (G) = / (Lyn x (x, 2)) stre(G (x, 2, 2)) 1 (2)
+ / K0 (LY st (G x, 2, 2)) e (2)

+ / X (. 2 (G (x, 2, 2) (L i (2)).
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Differentiating under the integral sign is valid because we knew a priori that the inte-
grands are all L'. Since Ly 1, (z) equals i, (z) multiplied by some bounded func-
tions, it follows that the last term f x(x, 2)str(G(x, z, 7)) (Lxr 1y (2)) is O(I*V/).

For the first term, we write Ly# x (x, z) = deG(g*X)(x, 2)(Lxw x)(x, z). The
sum is finite because Ly x is compactly supported. By G-invariance,

/(g*x)(x,z) Str(G(x,z,z))ux(z)=/X(x,z) str(G(x, z, 2)) ux (2).

Since (Lyu x)(x, z) is bounded, it follows that f(LXH)()(x, 2)str(G(x, z, 2)) Uy (2)
is also O(I_V/).

As for the second term, we differentiate under the integral sign, then use the
Leibniz rule to get that there exists a constant C; > 0 such that

.
Lyn  str(G(x,2.2))|

MHRMNV'QE _ 2 _ 2 2
scl( / | Ly e 0D (x, 2, y)||e 0P — Moe 0 (x, y, 2)| e ()
Zy
_ 2 MHQNV/QE 2 2
+ / |70 (x, 2, )| Lyn (€22 — Moe M) (x, y, 2) |1 (v)
Zy

_ 2 _ 2 2
+ / e (x, 7, y)[|e 70U — [Tpe M) (x,y,z)|SuP|LxHM|Mx(y)>,
Zy
and

2
1718
f‘/X(x,Z)(LXH Str(G(vavZ)))Mx(Z) g (x)
BlJZ,
— 2 _ > ) ~ s - )
< C1 (e g ylle™ 2 = Moe @M% g o + lle ™22 g lle =002
2 _ 2 _ 22 AT
— e @M |26 |+ sup | Lyn ] lle 2027 g e — e @0 |12 0)
= O(I_V/)_

Clearly the above arguments can be repeated and one concludes that all Sobolev
norms of stry (G) are O(t_V').
By exactly the same arguments, we have as ¢t — 00,

stry (27N (e 70027 — [Ty @M% [, @07 = 077,

in all Sobolev norms.
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As for stry 27N (D(1)2~90?)), one has D(1)? =2(2~¥2/2D(£)*2Na/2) Thus

str\p( (D(t)2 -0’ )
= 27N/ gtry, (N (D(4e) 260027 ¢=0/D? _ [1o(QITy)2e T (@110

= 27N 2541y, (N (D (L1) 200D — Ty (QITp) e @ T0)7) =01/

— 27 No/2 sty (NI (QUTp)? (@) (,=0/D? _ 6(9170)2))’

which is also O(t~"") as t — oo by similar arguments.
By the Sobolev embedding theorem (for the compact manifold B), it follows that

—F(t) + 1 stry (NITp) + (§ dim(Z) tk(E) stry (ITg) — 5 stry (NITp)) (1 —21)e ™"

and all its derivatives are O(+™"") uniformly.

Finally, since all derivatives of the ¢-integrand in Definition 4.5 are L, derivatives
of 7 exist and equal differentiations under the z-integration sign. Hence we conclude
that the torsion 7 is smooth. ([l

Remark 4.7. If Z is L?-acyclic and of determinant class (see [Azzali et al. 2015,
Def. 6.3]), the analogue of Remark 3.6 reads

) 00
—tA dt —tA dt
f le™llfiso = ; / lle” "l 5 <%
0 0

(note that I1p = 0 by hypothesis). Unlike having positive Novikov—Shubin invariant,
the heat operator is not of determinant class in || - ||gso-

Take a power series f(x) =Y a jxj . For clarity, let i be the metric on AV ® E
and denote

f(VA'V@E,h) :=Str<Z (%(VA V'QE (VA V®E) ))]) EFOO(/\.T*M),
J
YRR oy gy = stra(Ya (3T (V- (v O ) ) er (4 T7B)
J
Note that the summations are only up to dim M.

Let TZ be the vertical tangent bundle of the fiber bundle M — B and recall
that we have chosen a splitting of 7M and defined a Riemannian metric on 7M.
Let P77 denote the projection from TM to TZ. Let VI be the corresponding
Levi-Civita connection on TM and define V74 = PT2vTM pTZ 3 connection on

TZ. The restriction of V% to a fiber coincides with the Levi-Civita connection of
the fiber. Let R74 be the curvature of V7%,
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For N even, let Pf: so(N) — R denote the Pfaffian and put
RTZ

Pf[—] if dim(Z) is even,
27

(23) e(TZ, V') := [
0 if dim(Z) is odd.

A classical argument [Bismut and Lott 1995; Ma and Zhang 2008; Azzali et al.
2015] then gives:

Corollary 4.8. If dim Z = 2n is even one has the transgression formula

dr(x) = /Z x(x,2)e(TZ, VTZ)f(VA.V@E) - f(VA.V@E)H-(z,E)’

with f(x) = xe,

Now let h; be a family of G-invariant metrics on A’V ® E, [ € [0, 1]. Define
1
f(vAOV,@E,h]) ::f Qr /_1)NQ/2 StI'((h[)_l%f/(v/\.V,@E,h[)) dl,
0

and similarly for f(V""V'®E, hl)H‘(Z,E)’ Note that f'(V""V'"®E, 1) uses the adjoint
connection with respect to A;.

Lete (TZ, vTz0 VTZ’I) € QM/QM’0 (see [Bismut and Lott 1995]) be the sec-
ondary class associated to the Euler class. Its representatives are forms of degree
dim(Z) — 1 such that

(24) dé (T2, V140, V121 = ¢ (T2, V'4") — e (TZ, VT%0).

If dim(Z) is odd, we take e (TZ, vTzZ.0 VTZ*I) to be zero.
One has an anomaly formula [Bismut and Lott 1995, Theorem 3.24].

Lemma 4.9. Modulo exact forms
25) T—T= / X (x, 2)e(TZ, V20, 121y (v V'O )
Zy
+ LX (x’ Z)e(TZ, VTZ,])f(vA.V/®E, hl) _ f(vA'V,’@Eb’ hl)H.(Z’E)

In particular, the degree 0 part of equation (25) is the anomaly formula for the L?-
Ray—Singer analytic torsion, which is a special case of [Zhang 2005, Theorem 3.4].

Remark 4.10. Let Zyo — My — B be a fiber bundle with compact fiber Zy, Z —
M — B be the normal covering of the fiber bundle Zyg — My — B. Then one can
define the Bismut—Lott and Lz-analytic torsion form s, g, Ty, € (AN T*B),
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and one has the respective transgression formulas

dtmy—>B :/ I e(TZo, VTZO)f(VA.V(;@EO) - f(VA.V(;@EO)H'(Zo,Eo)’
Ty (X)

dty—p =/Z x(x,2)e(TZ, VTZ)f(VA.V@E) - f(VA.V/(X)E)H'(Z,E)'

Suppose further that the de Rham cohomologies are trivial:
H*(Zo, E|z,) = H}»(Z, E|z) ={0}.

Then d(ty—p — tv,—) = 0. Hence 1y, p — T),— p defines some class in the
de Rham cohomology of B. We also remark that this form was also mentioned in
[Azzali et al. 2015, Remark 7.5], as a weakly closed form.
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