THE LOCAL GINZBURG-RALLIS MODEL
OVER THE COMPLEX FIELD

CHEN WAN

Volume 291 No. 1 November 2017






PACIFIC JOURNAL OF MATHEMATICS
Vol. 291, No. 1, 2017

dx.doi.org/10.2140/pjm.2017.291.241

THE LOCAL GINZBURG-RALLIS MODEL
OVER THE COMPLEX FIELD

CHEN WAN

We consider the local Ginzburg—Rallis model over the complex field. We
show that the multiplicity is always 1 for a majority of generic represen-
tations. We also have partial results on the real case for general generic
representations. This is a continuation of our previous work in which we
considered the p-adic case and the real case for tempered representations.

1. Introduction and main result

This paper is a continuation of [Wan 2016a; 2016b]. For an overview of the
Ginzburg—Rallis model, see Section 1 of [Wan 2016a]. We recall from there the
definition of the Ginzburg—Rallis models and conjectures.

Let F be a local field (p-adic or archimedean), D be the unique quaternion
algebra over F if F # C. Take P = P> = MU to be the standard parabolic
subgroup of G = GL¢ whose Levi part M is isomorphic to GL, x GL; x GL,, and
whose unipotent radical U consists of elements of the form

L X Z
(1-1) u=ulX,Y,2)=10 L Y

00 I
We define a character £ on U (F) by

(1-2) Eu(X, Y, 2)) =y (tr(X) +tr(Y)),

where 1 is a nontrivial additive character on F. It’s clear that the stabilizer of £ is the
diagonal embedding of GL;(F') into M (F'), which is denoted by Hy(F'). For a given
character xy of F*, one induces a one dimensional representation w of Hy(F') given
by w(h) := x(det(h)). We can extend the character £ to the semidirect product

(1-3) H(F) := Hy(F) x U(F)

by making it trivial on Hy(F'). Similarly we can extend the character w to H (F). It
follows that the one dimensional representation w ® & of H (F') is well defined. The
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pair (G, H) is the Ginzburg—Rallis model, introduced in [Ginzburg and Rallis 2000].
Let 7 be an irreducible admissible representation of G (F) with central character 2,
we are interested in the Hom space Hompy (r) (7, @ ® &), the dimension of which
is denoted by m () and is called the multiplicity.

On the other hand, if F # C, define Gp = GL3(D). Similarly we can define
Up, Hyo,p and Hp. We also define the character wp ® &p on Hp(F) in the same
way except that the trace in the definition of & is replaced by the reduced trace of
the quaternion algebra D and the determinant in the definition of w is replaced by
the reduced norm of the quaternion algebra D. Then for an irreducible admissible
representation wp of Gp(F) with central character x 2, we can also talk about the
Hom space Homp,,(r)(7p, wp @ p), whose dimension is denoted by m(7rp).

The purpose of this paper is to study the multiplicity m () and m(;p). First, it
was proved by C.-F. Nien [2006] over a p-adic local field, and by D. Jiang, B. Sun
and C. Zhu in [Jiang et al. 2011] for an archimedean local field that both multiplicities
are less than or equal to 1: m (), m(;wp) < 1. In other word, the pairs (G, H) and
(Gp, Hp) are Gelfand pairs. In this paper, we are interested in the relation between
m () and m(;rp) under the local Jacquet—-Langlands correspondence established in
[Deligne et al. 1984]. The local conjecture has been expected since the work of
[Ginzburg and Rallis 2000], and was first discussed in detail by Jiang [2008].

Conjecture 1.1 [Jiang 2008]. For any irreducible admissible representation w of
GLg(F), let mp be the local Jacquet—Langlands correspondence of w to GL3(D) if
it exists, and zero otherwise. In particular, wp is always 0 if F = C. We still assume
that the central character of 7 is x° Then the following identity:

(1-4) m(m)+m(7p) =1
holds for all irreducible generic representations w of GLg(F).

Note that the assertion in Conjecture 1.1 can be formulated in terms of Vogan
packets and pure inner forms of PGLg. We refer to [Wan 2016a] for discussion.

Another aspect of the local conjecture is the epsilon dichotomy conjecture, which
relates the multiplicity to the central value of the exterior cube epsilon factors. It
can be stated as follows:

Conjecture 1.2. With the same assumptions as in Conjecture 1.1, assume that the
central character of  is trivial. Then we have

mm) =lese(, r, N) =1, m)=0e(l, 7, N)=-1.

In this paper, we always fix a Haar measure dx on F and an additive character
¥ such that the Haar measure is self-dual for Fourier transform with respect to .
We use such dx and v in the definition of the € factor. For simplicity, we will write
the epsilon factor as €(s, 7, p) instead of €(s, &, p, dx, ¥).
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Remark 1.3. Conjecture 1.2 can also be formulated for general representations
with nontrivial central character. To be specific, as in Conjecture 1.1, assume the
central character of 7 is x> Then the epsilon dichotomy conjecture for 7 becomes

mm=l<=e,r, Nox )=1, mo=0=eln,Nox')=-1

Here, e(s, . N ® X_l) is the epsilon factor of (/\3¢ﬂ) ® x ! (not A (D= x71),
where ¢, is the Langlands parameter of 7. The proof of the epsilon dichotomy
conjecture for representations with nontrivial central characters is the same as the
trivial central character case. Hence for simplicity, in this paper, we will only
consider the trivial central character case for the epsilon dichotomy conjecture. All
our results can be easily extended to the nontrivial central character case.

In the previous papers [Wan 2016a; 2016b], we prove Conjecture 1.1 for the case
that F is a p-adic local field or R and 7 is an irreducible tempered representation of
GLg(F). In [Wan 2016b], we also prove Conjecture 1.2 for the case F =R and
is tempered, together with the case when F is p-adic and = is tempered but not a
discrete series or a parabolic induction of a discrete series of GL4(F) x GL,(F).

In this paper, we consider the case when F = C. In this case, by the Langlands
classification, any generic representation r is a principal series. In other words, let
B = MyU)j be the Borel subgroup consisting of all the lower triangular matrices;
here My = (GL)® is just the diagonal matrix. Then 7 is of the form IBG (x), where
X = ®?:1 Xi is a character on My(F') and If is the normalized parabolic induction.
For 1 <i <6, we can find a unitary character o; and some real number s; € R such
that x; = o;| - |*. Without loss of generality, we assume that s; < s; for any i > j.
Then if we combine those representations with the same exponents s;, we can find a
parabolic subgroup Q = LUy containing B with L = X f?:  GLy;, a representation
T= ®f:1 ;|| of L(F), where t; are all tempered and the exponents #; are strictly
increasing (i.e., | <t < --- <) such that w = Ig(r). On the other hand, we can
also write ;v as [ g (m9) with 1o = w1 ® m> ® 73, where 7; is the parab_olic induction
of x2i—1 ® x2;. Here we want the representation to be induced from P instead of P
because later in Sections 5 and 6, we would like to integrate the elements of the
induced representation over the unipotent subgroup U (F).

Theorem 1.4. Assume that F = C, with the same assumptions as in Conjecture 1.1
and with the notation above. Then we have the following:

(1) If P C Q, Conjectures 1.1 and 1.2 hold. In particular, both conjectures hold
for the tempered representations.

Q) Ifo < P and if my satisfies the condition (40) in [Loke 2001], Conjectures 1.1
and 1.2 hold.
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There are two main ingredients in our proof. First we deal with the tempered
representations. The idea is to construct an explicit element inside the Hom space
given by integrating the matrix coefficient. Then we show that the nonvanishing
property of this element is invariant under parabolic induction, which allows us to
reduce to the torus case which is trivial. This idea already appears in [Wan 2016b]
for the case when F = R.

Then for general generic representations, we use the open orbit method to reduce
our problems to the tempered case or the trilinear GL, model case. To be specific,
if P C Q, by applying the open orbit method, we can reduce to the model related
to the Levi subgroup L. Then after twisting t by some characters, we only need to
deal with the tempered case which has already been proved. If Q C P, by applying
the open orbit method, we reduce ourselves to the trilinear GL, model case. Then
by applying the work of Loke [2001], we can prove our result. The extra condition
in part (2) of Theorem 1.4 also comes from the same work.

It is worth mentioning that in Theorem 1.4(2), the requirements we made for
the parabolic subgroup Q force some types of generalized Jacquet integrals to be
absolutely convergent; this allows us to apply the open orbit method. If one can
prove such integrals have holomorphic continuation, one can actually remove this
restraint. This will be discussed in Section 7.

Finally, the open orbit method we use here can also be applied to the case when
F = R; this will gives us partial results about Conjecture 1.1 and Conjecture 1.2
for general generic representations. To be specific, let 7 be an irreducible generic
representation of G (F) with central character x2 By the Langlands classification,
there is a parabolic subgroup Q = LU containing the lower Borel subgroup and an
essential tempered representation T = ®f: 1 Til-|% of L(F) with 7; tempered, s; € R
and s; < §2 < --- < 8¢ such that :Ig(r). We say Q is nice if Q C P or P C Q.

Theorem 1.5. Let the notation be as above.
(1) If tp =0 and Q is nice, then Conjectures 1.1 and 1.2 hold.
2) If tp # 0, we have
m(mw)+m(rp) = 1,

and if moreover if the central character of m is trivial (as in Conjecture 1.2),
we have

e, mN)=1=2m@m=1 m@ =0z, N)=-1.

As in the complex case, the assumption on Q can be removed if we can prove
the holomorphic continuation of certain generalized Jacquet integrals. This will
also be discussed in Section 7.

The paper is organized as follows: In Section 2, we review a well know result of
the intertwining operator which is due to Harish-Chandra. We will also give a brief
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overview of the open orbit method which will be used in later sections. In Section 3,
we show that for F = C, Conjecture 1.1 implies Conjecture 1.2. In Section 4, we
prove Theorem 1.4 for tempered representations. Then in Section 5, we prove it for
general cases. In Section 6, we discuss the case for F = R. In Section 7, we talk
about how to remove the assumptions on Q based on the results on the holomorphic
continuation of the generalized Jacquet integral due to Raul Gomez [> 2017].

2. Preliminaries

2A. The intertwining operator. For every connected reductive algebraic group G
defined over F, let Ag be the maximal split center of G and Zs be the center
of G. We denote by X(G) the group of F-rational characters of G. Define
ag = Hom(X(G), R), and let aj; = X(G) ®z R be the dual of ag. We define a
homomorphism Hg : G(F) — ag by Hg(g)(x) =log(|x(g)|Fr) forevery g € G(F)
and x € X(G).

Given a parabolic subgroup P = MU of G and an admissible representation
(r, Vy) of M(F), let K be a maximal compact subgroup of G(F) in good posi-
tion with respect to M. Let (/ ,? (1), 1 19 (V%)) be the normalized parabolic induced
representation: / ,S; (V;) consists of smooth functions e : G(F) — V; such that

e(mug) =8p(m)"*t(m)e(g), meM(F), uecU(F), geG(F),

and the G (F)-action is just the right translation.
For A € a}, ®r C, let 7, be the unramified twist of 7, i.e.,

T (m) = exp(A(Hy (m))) T (m),

and let / }? (t5) be the induced representation. By the Iwasawa decomposition, every
functione € 1 IE; (1)) is determined by its restriction on K, and that space is invariant
under the unramified twist, i.e., for any A, we can realize the representation / E ()
on the space [ Ifm p(Tx) which consists of functions ex : K — V; such that

e(mug) =8p(m)*t(m)e(g), me M(F)NK, ucU(F)NK, geckKk.

Here g is the restriction of the representation t to the group K.
Now we define the intertwining operator. For a Levi subgroup M of G, P = MU,
P'=MU' € P(M), and A € a}, ®g C, define the intertwining operator

Ipip(@)  IF (Vo) = I5 (Vo). Jpip(1)(e)(8) = / e(ug) du.
WENU(FO\U'(F)
In general, the integral above is not absolutely convergent. But it is absolutely
convergent when Re()) lies inside a positive cone, and it is G (F')-equivariant. By
restricting to K, we can view Jp/p(7;) as a homomorphism from I,fm p (Vi) to
Ilfﬂ p (Vo). In general, Jpp(7;) can be meromorphically continued to a function
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on aj, ®r C. Moreover, if we assume that 7 is tempered, we have the following
proposition which is due to Harish-Chandra. The proof of the proposition can be
found in Proposition IV.2.1 of [Waldspurger 2003].

Proposition 2.1. With the notation above, if T is tempered, then the intertwining
operator Jp/p is absolutely convergent for all A € a}, ®r C with (Re(1), &) > 0
foreverya € Z(P)N S (P’). Here $(P) is the subset of the roots of Ay that are
positive with respect to P.

We will use this proposition in later sections to show some generalized Jacquet
integrals are absolutely convergent.

Finally, assume 7 is a unitary representation of G(F). Let End(w) be the
space of continuous endomorphisms of 7. We define the norm on End(rr) to be
IT| = supeey, ¢|=1 |Tel. Then it becomes a Banach space. It is also a continuous
representation of G(F) x G(F) under the left and right translations. Let End(77)*°
be the subspace of smooth vectors. We can define a locally convex topology on
End(7r)®° via the seminorms

1Ty = lr@ T @), u,vel(g), T €End@m)™

Here U(g) is the universal enveloping algebra. This makes it a Fréchet space.

2B. The open orbit method. In this section we will give a brief overview of the
open orbit method. The purpose of this method is to study the distinction of induced
representations; it is an application of the geometric lemma due to Bernstein and
Zelevinsky [1977]. Let G be a connected reductive group defined over F, and
H C G be a closed subgroup such that X = H \ G is a spherical variety of G (i.e.,
the Borel subgroup has an open orbit). Let P = MU be a parabolic subgroup of G
and (t, V;) be an irreducible admissible representation of M (F). We want to study
the Hom space HomH(F)(IPG (7), x), where x is some character of H(F). We say
(, Vy) = (IPG (1), IPG(V,)) is (H, x)-distinguished (or just H-distinguished if x
is trivial) if the Hom space is nonzero. For simplicity, we assume that x is trivial.

The geometric lemma [Bernstein and Zelevinsky 1977]. There is an ordering
{P(F)y; H(F)}fV | on the double coset H(F)\ G(F)/P(F) such that

Y; =] P(F)yiH(F)
j=1

isopenin G(F) forany 1 <i <N.

With the filtration above, for 1 <i < N, define

Vi ={f € If (Vy) | supp(f) C Yi}.
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Then we have Vi C V, C --- C Vy =V, and V; is H(F)-invariant for all i. In
particular, this implies that if IPG (r) is H-distinguished, there exists i such that
Hompy ) (Vi/Vi—1, x) # 0 (here Vo = {0}). Moreover, for any 1 <i < N, it is easy
to see that the map

f€Vit>¢p(h) = f(yih)

is an isomorphism between V;/V;_; and indZi (8}3/ 2y |H) (indZI, is the compact
induction). Here H; = H(F)Ny ' P(F)y; =y; ' P;y;i, with P, = P(F)Ny; H(F)y; .
By applying the reciprocity law, we have a necessary condition for IPG (t) to be
H-distinguished.

Proposition 2.2. If ] PG (v) is H-distinguished, then there exists i such that T is
(P;,6p6 }3/ 2)-distinguishea’. Here we view t as a representation of P(F) by making
it trivial on U (F).

What we are interested is the opposite direction of the proposition above. In other
words, we want to have some sufficient conditions for / [9 () to be H-distinguished
in terms of V;/V;_;. These are known as the open orbit method and the closed
orbit method. For our purposes, we only consider the open orbit method.

Assume that t is (P, 6 pI(S},/ 2)—distinguished, we want to show that 7 is H-
distinguished. For simplicity, assume that H (F) P (F) is open in G(F) and y; = 1.
Choose a nonzero element /y in the Hom space for 7; it gives a nonzero element / in
Homp £ (V1, 1) by integrating [y over Hi(F)\ H (F). Then we would like to extend
this integral to V,, which will gives us a nonzero element in Homg (F)(Vy, 1).
However, the integral will not be absolutely convergent in general; one needs to show
that it has holomorphic continuation. In our case, the integral over H (F)/H; (F) will
be some generalized Jacquet integral. In Sections 5 and 6, we will use Proposition 2.1
to show that the integral is absolutely convergent for some 7 with positive exponents.
This will prove Theorem 1.4 and Theorem 1.5. Then in Section 7, we will talk
about how to remove the restraints on the exponents by applying R. Gomez’s result
on the holomorphic continuation of generalized Jacquet integrals.

3. The relation between Conjectures 1.1 and 1.2

The goal of this section is to prove the following proposition:
Proposition 3.1. If F = C, then Conjecture 1.1 implies Conjecture 1.2.

Proof. Since F = C, mp is always 0. Hence Conjecture 1.1 tells us that the
multiplicity m () is always 1. Therefore in order to prove Conjecture 1.2, it is
enough to show that the epsilon factor e(%, 7, /\3) equals 1 for any irreducible
generic representations 7w of GLg(F') with trivial central character.

By the Langlands classification, we can find a generic representation o = o1 ® 0»
of GLs(F) x GL{(F) such that & is the parabolic induction of o. Let ¢ be the



248 CHEN WAN

Langlands parameter of = and ¢; be the Langlands parameter of o; fori =1, 2.
We have ¢ = ¢ @ ¢,. This implies

N @) =N @d2) = N(91) @ (N(¢1) @b2).

Since the central character of 7 is trivial, det(¢) = det(¢p) ® det(¢,) = 1. Therefore
(N (@)Y = N(@1) @det() ™ = N(¢1) @ det(¢) = N'(¢1) @ ¢, hence

e(3, 7 N') = det(N' (@) (—1) = (det(@) (=) = 1.

This finishes the proof of the proposition. O

4. The tempered case

In this section, we prove our main theorem for the tempered case; the method is
very similar to the case F' = R we proved in [Wan 2016b]. Let 7 be a tempered
representation of G = GL¢(F) with central character x2 Our goal is to show that
m(mw) = 1. Since we already know that m(;r) < 1, it is enough to show that

4-1) m(w) # 0.
For all T € End(7r)°, define

*

L (T) = / (e (h )T @ & (h) dh.
Zyg(F)O\H(F)

Here |. Z*H( FY\H(F) is the normalized integral defined in Proposition 5.1 of [Wan

2016b]. Note the arguments in the loc. cit. is for the case when F = R, but they also

work for F' = C. For details, see the proof of Proposition 6.1.1 of [Wan 2017]. By

Lemma 5.2 of [Wan 2016b] or Lemma 6.1.2 of [Wan 2017], for any h, h’' € H(F),

(4-2) Lr(x(W)Trh") =w@&EMh )L (T).

Fore, ¢’ € r,define T, ,» € End(17)*° by eg € T > (e, €')e. Set L (e, €') =L (T,.o).
Then .
Ly(e )= f (e, t(h)ew @ E(h) dh.
Zy(F)\H(F)

If we fix ¢/, by (4-2), the map e € 1 — L (e, ¢’) belongs to Hompy (77, o ® ). Since
Span{T, . | e, ¢’ € w} is dense in End(;r)*, we have £, # 0 = m(w) # 0. Hence
in order to show the multiplicity m(;r) is nonzero, it is enough to show that the
operator L, is nonzero.

Since we are in the complex case, only GL;(F) has discrete series; hence 7 is
a principal series. Let R = MrUg be a good minimal parabolic subgroup of G
in the sense that R H is Zariski open in G. The existence of such R is proved in
Proposition 4.2 of [Wan 2016b]. It is also proved in the same proposition that for
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all such R, we have Hy := H N R = Z. Hence the reduced model associated to
R is just (Mg, Zg). Since 7 is a principal series, there is a unitary character t of
Mg (F) such that 7 = II?(‘L'). For Ty € End(7), define

L (To) = tr(Tp).

By Proposition 5.9 of [Wan 2016b], the nonvanishing property of £, is invariant
under the parabolic induction, hence we have £, # 0 <= £, # 0. Here the
arguments in the loc. cit. is for the case when F' = R, but they also work for F' = C.
Since L, is obviously nonzero, we have £, # 0. This proves m(7) # 0 and hence
finishes the proof of Theorem 1.4 for tempered representations.

5. The proof of Theorem 1.4

5A. The case when P c Q. In this section, we prove the first part of Theorem 1.4.
In other words, we assume that P C Q. Then there are four possibilities for Q:
type (6), type (4, 2), type (2, 4) or type (2, 2, 2). The idea is to first reduce our
problem to the reduced model (L, H N Q) by the open orbit method, then reduce it
to the tempered case which was considered in the previous section.

If QO = G is of type (6), by twisting = by some characters, we can assume that 7 is
tempered. Note that twisting by characters will not change the multiplicities. Then
by applying the result in the last section, we know that m(;r) # 0 and this proves
Theorem 1.4.

If Q is of type (4, 2), then L(F) =GL4(F) xGLy2(F) and Hp(F)=H(F)NQ(F)
is of the form

Hy(F) = Ho(F) x Up,o(F),

where

1 X0
UO,Q(F)={M=M(X) = (0 | O)’XGMz(F)}.
001

The restriction of the character & on Uy o(F) is just E(u(X)) = ¢ (tr(X)) and
the character w on Hy(F) is defined as usual. The model (L, Hp) is the middle
model introduced in [Wan 2016a]; it can be understood as the model between the
Ginzburg—Rallis model and the trilinear GL, model. By the definition of Q, 7 is
of the form IQG (t1]- " ® 12| - |2), where 11, T, are tempered and f; < ;. Hence any
element f €  is a smooth function f : G(F) — 7 = 11| - |" ® 12| - |2 such that

(5-1) flug) =80\ * () f(g)

foralll € L(F),u € Up(F) and g € G(F). Here we use the letters 7, o, T to denote
both the representations and the underlying vector spaces. Let Q = LUp be the
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opposite parabolic subgroup of Q. It is easy to see that Uy C U and U = Uz U, ¢.
For any f € m, define

(5-2) Jo(f) = F@E™ @) du.

Ug(F)
By Proposition 2.1 together with the assumption that #; < 5, the integral above is
absolutely convergent.

Proposition 5.1. (1) Forall f em,u € UQ(F) andl € Hyp(F), we have

(5-3) Jo((u) f) =&w)J(f)

and

(5-4) Jo@ () f) =t()J(f).

(2) The function
Jo:m—1, f— Jo(f)
is surjective.
Proof. Part (1) follows from (5-1) and changing variables in the integral (5-2). For
part (2), fix a function ¢ € Cfo(UQ(F)) such that fU@(F) ‘P(”)W_l(”) du = 1. For
any v € t, since Q(F)UQ(F) is open in G (F), the function

8o\ Pr(p)v  if g =u'lu withl € L(F), u € Uz(F), u’ € Up(F),
0 else

f(g)={

lies inside 7r. Then we have

Jo(f) = /U

0

F@y ™ w)du= /
(F)

Ug(
This proves (2). O

)Y wyvdu =v.
F)

We consider the Hom space Homp,, (s (7, (0 ® §)|n,(F)) and let m(z) be the
dimension of that space. The following proposition tells us the relation between
m(m) and m(7):

Proposition 5.2. m(t) #0=m(mw) #0.

Proof. It m(7) # 0, choose 0 #lp € Homp,, () (7, (0®§) |1, (r))- Define an operator
[ on 7 to be

ICf) =1lo(Jo(f)).

Since Iy # 0 and Jp is surjective, we have [ # 0. Hence we only need to show that
l e HOIIlH(F)(JT, 0@ E)
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For h € H(F'), we can write h = hju; with hy € Hp(F) and u; € UQ(F). By
(5-3) and (5-4), we have

[ (h) f) = lo(Jo(mw (hyu1) f)) = lo(t(h1)Jo(m (u1) f))
=w®&Mh)lo(Jo( ) f)) =0 ®@&h)l(E ) Jo(f))
=w®&M)(Jo(f)) =w®&EMI(f).

This implies | € Hompy r) (7, @ ® §) and finishes the proof of the proposition. [

By the proposition above, we only need to show that m(7) # 0. It is easy to see
that the multiplicity m(t) is invariant under the unramified twist, hence we may
assume that 7 is tempered (note that originally 7 is of the form ;|- |" ® 12| - |2
with 7; and 1, being tempered). Then by applying the argument in the previous
section to the middle model case, we can show that the multiplicity m(t) is always
nonzero for all tempered representations t. This proves Theorem 1.4.

If Q is of type (2, 4), the argument is the same as the (4, 2) case; we skip it here.

If Q is of type (2, 2, 2), the argument is still similar to the (4, 2) case: we first
reduce to the trilinear GL, model case by the open orbit method. Then after twisting
by some characters we only need to consider the tempered case. Finally, by applying
the argument in the previous section to the trilinear GL; model case, we can show
that the multiplicity is nonzero and this proves Theorem 1.4. We skip the details
here.

Now the proof of Theorem 1.4(1) is complete.

5B. The case when Q C P. In this section, we prove part (2) of Theorem 1.4.
Recall that in Section 1 we assume that & = IS (®l.6:1 Xi), where B is the lower
Borel subgroup, x; = o;| - |%, o; are unitary characters, and s; are real numbers with
51 <sp <--- <s6. By the assumption Q C P, we have s, < s3 and s4 < s5. Also as
in Section 1, we write m = IpG (7o), with mp = ) ® m, ® 3 and 7; be the parabolic
induction of x»;—1 ® x2;. Then  consists of smooth functions f — m( such that

(5-5) f(mug) =85(m)"*mo(m) f (g)

forall m € M(F),u € U(F) and g € G(F). We still want to apply the open orbit
method. For f € m, define

(5-6) J(f)= fug)e () du.
U(F)

By Proposition 2.1 together with the assumption on the exponents s;, the integral
above is absolutely convergent. Similarly as in the previous section, we can show

(5-7) m(m) # 0= m(r) # 0.
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Here m(rp) is the multiplicity for the trilinear GL, model. In fact, for 0 # [y €
Homp,r) (70, ). By a similar argument as in Proposition 5.2, we know that

I(f) :=1(J(f))

is a nonzero element in Hompgr) (7, w ® §). This proves (5-7). Now by our
assumption on 7y together with the work by Loke [2001] for the trilinear GL,
model, we know that m (;rg) 7% 0. This implies m (;r) # 0 and finishes the proof of
Theorem 1.4.

Remark 5.3. The assumption Q C P is only used to make the generalized Jacquet
integral J (/) be absolutely convergent. Hence in general, if one can prove the holo-
morphic continuation of the generalized Jacquet integral J ( f), then the assumption
0C P in Theorem 1.4(2) can be removed. This will be discussed in Section 7.

6. The proof of Theorem 1.5

In this section, by applying the open orbit method to the case when F = R, we
prove Theorem 1.5. Let 7 be an irreducible generic representation of G (F) with
central character x2 With the notation as in Section 1, there is a parabolic subgroup
O = LUy containing the lower Borel subgroup and an essential tempered represen-
tation T = ®f:1 7;| - |’ of L(F) with 7; tempered, s; e Rand s; < sy <--- < 8¢
such that 7 = Ig(r).

6A. The case when tp = 0. In this section we assume that wp = 0. Then by our
assumptions in Theorem 1.5, Q is nice. If Q C P,letmy= IQA’% 2 (7). Itis a generic
representation of M (F) and we have 7 = IPG (mp). By the same argument as in
Section 5B, we can show that

(6-1) m(mo) # 0 = m(w) #0,

where m(mp) is the multiplicity of the trilinear GL, model. Since mp = 0, the
Jacquet-Langlands correspondence of mg from M (F) = (GLy(F ))3 to (GL(D))?
is zero. By applying the result for the trilinear GL, model in [Prasad 1990] and
[Loke 2001], we have m(mg) = 1. Combining with (6-1), we know m() # 0.
Hence m () = 1, since we already know m(;r) < 1. Therefore

m(m)+m@mp)=m(mw)=1.

This proves Conjecture 1.1. For Conjecture 1.2, we only need to show that when
mp = 0, the epsilon factor e(%, 7T, /\3) is always 1. Since mp = 0, by the local
Jacquet-Langlands correspondence in [Deligne et al. 1984], 7 is not an essential
discrete series (i.e., discrete series twisted by characters), hence at least one of the
m; (i =1,2,3) is a principal series. Therefore we can find a generic representation
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o =01Q07 of GLs(F) x GL{(F) such that r is the parabolic induction of o. Then
by the same argument as in Section 3, we can show that

e(%,n, /\3) =1.

This finishes the proof of Conjecture 1.2.

If P C Q, there are only four possibilities for Q: type (6), (4,2), (2,4) and
(2,2,2). If Q is type (6), by twisting 7w by some characters we can assume that
is tempered. Then both Conjectures 1.1 and 1.2 are proved in [Wan 2016b]. If Q is
type (4, 2) or (2, 4), by the same argument as in Section 5A, we can reduce to the
middle model case by the open orbit method. Then by twisting some characters,
we only need to consider the tempered case which has already been proved in [Wan
2016b]. If Q is type (2, 2, 2), the argument is similar except replacing the middle
model by the trilinear GL; model.

Now the proof of Theorem 1.5(1) is complete.

6B. The case when mtp # 0. In this section we assume that 7p 7% 0. As a result,
T = I}f (7rp) is the parabolic induction of some essential discrete series

mo=m|- " @ma| - [? @m3| |7

of M(F), where the m; are discrete series of GL,(F) and s; are real numbers. As
usual, we assume that s; < so < s3. We can write 7 p in the form / ﬁG P (mo.p), where
mo.p =71, p|- "' @ma pl|- |2 ®@m3,p|-|* is the Jacquet-Langlands correspondence
of oy from M (F) to Mp(F). Let m(mo) (resp. m(mwo, p)) be the multiplicity of the
trilinear GL, (F) (resp. GL; (D)) model.

Proposition 6.1. With the notation above, in order to prove Theorem 1.5(2), it is
enough to show that

(6-2) m(mo) #0=m(mw) #0; m(mo,p) # 0= m(wp) #0.

Proof. By Prasad’s result for the trilinear GL, model, we have

(6-3) m(mo) +m(mo,p) = 1.

Moreover, if we assume the central character of g is trivial on Hy(F), we have
(6-4) m(m) =1 €(3,m0)=1; m@) =0 (3, m) =—1.

Combining (6-2) and (6-3), we have m () + m(mwp) > 1; this proves the first
part of Theorem 1.5(2). For the second part, assume that the central character of &
is trivial. In Section 6.2 of [Wan 2016b], we proved that

(6-5) (3.7, /\3) =e(3, m).
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Now if e(%, T, /\3) =1, by (6-5), we have e(%, 7'[()) = 1. Combining with (6-4), we
have m(mg) = 1, therefore m () = 1 by (6-2). On the other hand, if m () = 0, by
(6-2), we have m(mrg) = 0. Combining with (6-4), we have € (%, 710) = —1, therefore
(3., /\3) = —1 by (6-5). This finishes the proof of Theorem 1.5(2). O

By the proposition above, it is enough to prove (6-2). If s; = s, = 53, by
twisting 7 by some characters, we may assume that 7 is tempered (note that the
multiplicities for both the Ginzburg—Rallis model and the trilinear GL, model are
invariant under twisting by characters). Then the relation (6-2) has already been
proved in Corollary 5.13 of [Wan 2016b]. In fact, in this case, we even have
m(m) = m(mo) and m(7p) = m(7wo, p)-

If 51 < 52 = 53, let my 3 be the parabolic induction of 7, & 73; it is a tempered
representation of GL4(F). We also know that = will be the parabolic induction of
7' =m|- "' @ 3| - |*2 Let m(x’) be the multiplicity for the middle model. By
applying the open orbit method as in Section 5A, we have

m(') #0 = m(m) #0.

Hence in order to prove m(my) # 0 = m(w) # 0, it is enough to show that
m(my) # 0 = m(x’) # 0. Again by twisting 7’ by some characters, we may
assume that 7’ is tempered. Then by Corollary 5.13 of [Wan 2016b], we have
m (o) =m ("), which implies m (o) # 0= m(7r) #0. The proof of the quaternion
version is similar. This proves (6-2).

If s;1 = 52 < s3, the argument is the same as the case above; we skip it here.

If 51 < 573 < 53, (6-2) follows directly from the open orbit method as in Section SA.

Now the proof of Theorem 1.5(2) is complete.

7. Holomorphic continuation of the generalized Jacquet integral

In the previous sections, we have already seen that the extra conditions on Q in
Theorem 1.4(2) and Theorem 1.5(1) can be removed if the generalized Jacquet
integral J(f) defined in (5-6) has holomorphic continuation. In this section, we
are going to remove the condition on Q based on the following hypothesis:

Hypothesis: The generalized Jacquet integrals have holomorphic continuation for
all parabolic subgroups whose unipotent radical is abelian.

The hypothesis has been proved by Gomez and Wallach [2012] for the case when
the stabilizer of the unipotent character is compact, and proved by Gomez [> 2017]
for the general case. The second paper is still in preparation; this is why we write it
as a hypothesis.

Let F be R or C and 7 be a generic representation of GLg(F) of the form
T = IF,G () for some generic representation g of M(F) = (GLy(F ))3. By the
discussion in Section 5B and 6A, we know that in order to prove Theorem 1.4(2)
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and Theorem 1.5(1) for m, it is enough to show that
(7-1) m(mo) #0=m(mw) #0,

where m (7p) is the multiplicity for the trilinear GL, model.
Let Q42 = L4,Uy 5 be the parabolic subgroup of GLg(F) containing P of type

(4,2),and letry =1 ﬁé’z“(no). Then in order to prove (7-1), it is enough to show

(7-2) m(mo) #0=m(m) #0, m(m) #0=m(r) #0,

where m (1) is the multiplicity for the middle model defined in Section SA. Note
that the unipotent radicals of Q42 and PN Ly are all abelian. Therefore by the
hypothesis, the generalized Jacquet integrals associated to Q4 and P N Ly have
holomorphic continuation. This allows us to apply the open orbit method as in
Sections 5 and 6, which give the relations in (7-2). This proves (7-1), and finishes
the proof of Theorem 1.4(2) and Theorem 1.5(1) without the assumptions on Q.
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