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TORSION PAIRS IN SILTING THEORY

LIDIA ANGELERI HUGEL, FREDERIK MARKS AND JORGE VITORIA

In the setting of compactly generated triangulated categories, we show that
the heart of a (co)silting t-structure is a Grothendieck category if and only if
the (co)silting object satisfies a purity assumption. Moreover, in the cosilting
case the previous conditions are related to the coaisle of the t-structure being
a definable subcategory. If we further assume our triangulated category
to be algebraic, it follows that the heart of any nondegenerate compactly
generated t-structure is a Grothendieck category.

1. Introduction

Silting and cosilting objects in triangulated categories are useful generalisations of
tilting and cotilting objects. While (co)tilting objects have been a source of many
interactions with torsion and localisation theory, it is in the setting of (co)silting
objects that classification results occur more naturally. This paper strengthens
this claim by showing that, in the setting of compactly generated triangulated
categories, relevant torsion-theoretic structures are parametrised by suitable classes
of (co)silting objects.

The concept of a silting object, first introduced in [Keller and Vossieck 1988] in
the context of derived module categories over finite dimensional hereditary algebras,
has recently been extended to the setting of abstract triangulated categories [Aihara
and Iyama 2012; Mendoza Herndndez et al. 2013; Nicolas et al. 2015; Psaroudakis
and Vitdria 2015]. In this paper, our focus is on t-structures and co-t-structures
arising from (co)silting objects. For this purpose, we use the vast theory of purity
in compactly generated triangulated categories, where a central role is played by
the category of contravariant functors on the compact objects. We show that a
fundamental property of the t-structure associated to a cosilting object C — namely,
its heart being a Grothendieck abelian category — is related to the pure-injectivity
of C. An analogous result holds true for silting objects. Moreover, it turns out that
in the cosilting case the pure-injectivity of C is further related to the definability
(in terms of coherent functors) of the coaisle of the associated t-structure. We can
summarise our results as follows.

MSC2010: 18E15, 18E30, 18E40.
Keywords: torsion pair, silting, cosilting, t-structure, Grothendieck category.
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Theorem [Theorems 3.6 and 4.9, Corollary 4.10]. Let U, V, W) be a triple in a
compactly generated triangulated category T such that (U, V) is a nondegenerate
t-structure and (V, W) is a co-t-structure. Then the following are equivalent:

(1) Vis definable in T
(2) V =1>0C for a pure-injective cosilting object C in T,
3) H:=U[-1]1NV is a Grothendieck category.

In particular, if we further assume T to be algebraic, it follows that any nondegen-
erate compactly generated t-structure in T has a Grothendieck heart.

For partial results in this direction we refer to [Nicol4s et al. 2015, Proposition 4.2;
Bravo and Parra 2016, Corollary 2.5]. In a forthcoming paper ([Marks and Vitdria
2017]), it will be proved that cosilting complexes in derived module categories are
always pure-injective and give rise to definable subcategories as above. We do not
know, however, if the same holds true for arbitrary cosilting objects in compactly
generated triangulated categories. Moreover, it will be shown in [Marks and Vitoéria
2017] that there are cosilting complexes (in fact, cosilting modules) inducing triples
(U, V, W) as above such that the t-structure has a Grothendieck heart, although it
is not compactly generated. This will answer [Bravo and Parra 2016, Question 3.5].

The structure of the paper is as follows. In Section 2, we present our setup
and provide the reader with some preliminaries on torsion pairs and (co)silting
objects. In Section 3, we briefly recall the key concepts of pure-projectivity and
pure-injectivity and we establish the connection between (co)silting objects having
such properties and t-structures with Grothendieck hearts. Finally, in Section 4, we
discuss definable subcategories and we prove the above mentioned relation between
pure-injective cosilting objects and certain definable subcategories of the underlying
triangulated category.

2. Preliminaries

Setup and notation. Throughout, we denote by 7 a compactly generated triangu-
lated category, i.e., a triangulated category with coproducts for which the subcategory
of compact objects, denoted by 7, has only a set of isomorphism classes and such
that for any Y in 7 with Homy(X,Y) = O for all X in 7¢, we have Y = 0.
Since 7 admits arbitrary set-indexed coproducts, it is idempotent complete (see
[Neeman 2001, Proposition 1.6.8]). It is also well known (see [Neeman 2001,
Proposition 8.4.6 and Theorem 8.3.3]) that such triangulated categories admit
products. In some places, we will further assume 7T to be algebraic, i.e., T can be
constructed as the stable category of a Frobenius exact category (see [Happel 1988]).
Note that algebraic and compactly generated triangulated categories are essentially
derived categories of small differential graded categories [Keller 1994].
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All subcategories considered are strict and full. For a set of integers / (which is
often expressed by symbols such as > n, < n, > n, <n, # n, or just n, with the
obvious associated meaning) we define the following orthogonal classes:

L X :={Y € T :Homs (Y, X[i]) =0, foralli €I}
X+ :={Y € T :Homy(X, Y[i]) =0, foralli e I}.

If ¢ is a subcategory of T, then we denote by Add(%¥) (respectively, Prod(%¢)) the
smallest subcategory of 7 containing ¢ and closed under coproducts (respectively,
products) and summands. If € consists of a single object M, we write Add(M)
and Prod(M) for the respective subcategories. For a ring A, we denote by Mod(A)
the category of right A-modules and by D(A) the unbounded derived category of
Mod(A). The subcategories of injective and of projective A-modules are denoted,
respectively, by Inj(A) and Proj(A), and their bounded homotopy categories by
K”(Inj(A)) and K?(Proj(A)), respectively.

Torsion pairs. We consider the notion of a torsion pair in a triangulated category
(see, for example, [Ilyama and Yoshino 2008]), which gives rise to the notions of a
t-structure [Beilinson et al. 1982] and a co-t-structure [Bondarko 2010; Pauksztello
2008].

Definition 2.1. A pair of subcategories (U, V) in T is said to be a forsion pair if
(1) U and V are closed under summands;

(2) Homp(U, V) =0;

(3) For every object X of T, there are U in U, V in V and a triangle

U—->X—->V—->U[l]

In a torsion pair (U, V), the class U is called the aisle, the class V the coaisle, and
(U, V) is said to be

o nondegenerate if (), ., Un] =0=,cz VInl;

e at-structure if U[1] C U, in which case we say that U[—1] NV is the heart of
U,v);

e a co-t-structure if U[—1] C U, in which case we say that &/ N V[—1] is the
coheart of (U, V).

It follows from [Beilinson et al. 1982] that the heart Ht of a t-structure T := (U4, V)
in 7 is an abelian category with the exact structure induced by the triangles of
T lying in Hy. Furthermore, the triangle in Definition 2.1(3) can be expressed

functorially as

(X)L X —55 0(X) —— w11,
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where u : T — U is the right adjoint of the inclusion of /{ in 7 and v : T — V is
the left adjoint of the inclusion of V in 7. The existence of one of these adjoints,
usually called truncation functors, is in fact equivalent to the fact that (U4, V) is a
t-structure ([Keller and Vossieck 1988, Proposition 1.1]). Observe that the maps
f and g in the triangle are, respectively, the counit and unit map of the relevant
adjunction. In particular, it follows that if f =0 (respectively, g =0), then u(X) =0
(respectively, v(X) = 0). Furthermore, # and v give rise to a cohomological functor
defined by

HY: T — Hr, X > HY(X) := v@(X[1D[-1]) = u(X)[1]D[-1].

Recall that an additive covariant functor from 7 to an abelian category A is said to
be cohomological if it sends triangles in 7 to long exact sequences in A.

We will also be interested in the properties of torsion pairs generated or cogener-
ated by certain subcategories of 7, which are defined as follows.

Definition 2.2. Let (U, V) be a torsion pair in 7 and A a subcategory of 7. We say
that (U4, V) is

e generated by Aif U, V) = (F0(A10), A10);
o cogenerated by A if U, V) = (H0A, (t0.4)10);
o compactly generated if (U, V) is generated by a set of compact objects.

Moreover, we say that A generates T if the subcategory | J,. Aln] generates
the torsion pair (7, 0). Dually, we say that A cogenerates T if the subcategory
U,z Alnl cogenerates the torsion pair (0, 7).

Recall that a subcategory U of T is said to be suspended (respectively, cosus-
pended) if it is closed under extensions and positive (respectively, negative) shifts.
For example, a torsion pair (U, V) is a t-structure if and only if I/ is suspended (or,
equivalently, V is cosuspended). In particular, a t-structure generated (respectively,
cogenerated) by a subcategory A is also generated (respectively, cogenerated) by the
smallest suspended (respectively, cosuspended) subcategory containing .A. A dual
statement holds for co-t-structures.

Definition 2.3. Two torsion pairs of the form (U4, V) and (V, W) are said to be
adjacent. More precisely, we say that (U, V) is left adjacent to (V, W) and that
(V, W) is right adjacent to (U, V). Such V is then called a TTF (torsion-torsion-
free) class and the triple (U, V, W) is said to be a TTF triple. Moreover, a TTF triple
U, V, W) is said to be suspended (respectively, cosuspended) if the corresponding
TTF class is a suspended (respectively, cosuspended) subcategory of 7.

Note that, in a TTF triple, one of the torsion pairs is a t-structure if and only if
the adjacent one is a co-t-structure.
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Example 2.4. (1) Let A be a ring and consider its derived category D(A). De-

2

3)

note by D="! (respectively, D=°) the subcategory of D(A) formed by the
complexes whose usual complex cohomology vanishes in all nonnegative
degrees (respectively, in all negative degrees). The pair (D="!, D) is a
nondegenerate t-structure in D(A), called the standard t-structure. We note
that the standard t-structure admits both a left and a right adjacent co-t-structure.
We refer to [Angeleri Hiigel et al. 2016, Example 2.9 (2)] for details on the
left adjacent co-t-structure. Analogously, the right adjacent co-t-structure is
the pair (D=°, K~_) where K~_ stands for the subcategory of objects in
D(A) which are isomorphic to a complex X* of injective A-modules such that
X! =0 for all i > 0. The triple (D="', D=°, K-_) is then a cosuspended
TTF triple. Clearly, the heart of (D="!, DZ°) is Mod(A) and the coheart of
(D=°, K~_1) coincides with Inj(A).

It follows from [Aihara and Iyama 2012, Theorem 4.3] that if A is a set of
compact objects, then the pair (+0(A10), A10) is a torsion pair. If 7 is moreover
an algebraic triangulated category, then such a pair admits a right adjacent
torsion pair, as shown in [Stovitek and Pospisil 2016, Theorem 3.11]. In this
case, if \A is a suspended (respectively, cosuspended) subcategory of 7, then
the triple (+0(AL0), A0, (A10)10) is a cosuspended (respectively, suspended)
TTF triple. We investigate some properties of the heart of compactly generated
cosuspended TTF triples in Section 4.

Following the arguments in [Neeman 2010, Proposition 1.4], we have that if V
is a cosuspended and preenveloping (respectively, suspended and precovering)
subcategory of 7, then the inclusion of V in T has a left (respectively, right)
adjoint. In particular, there is a t-structure (U4, V) (respectively, a t-structure
(V,W)) in T. In our context, this shows that a co-t-structure (V, W) has a
left (respectively, right) adjacent t-structure if and only if V is preenveloping
(respectively, W is precovering).

(Co)silting. Recall the definition of silting and cosilting objects in a triangulated
category (see [Psaroudakis and Vitéria 2015]):

Definition 2.5. An object M in T is called

silting if (M+>0, M+=) is a t-structure in 7 and M € M*>0;

cosilting if (+=0M,+>0M) is a t-structure in 7 and M € -°M.

We say that two silting (respectively, cosilting) objects are equivalent, if they give
rise to the same t-structure in 7 and we call such a t-structure silting (respectively,
cosilting). The heart of the t-structure associated to a silting or cosilting object M
is denoted by H,; and the cohomological functor 7 — H,s by Hz?r
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It follows from the definition that silting and cosilting t-structures are nonde-
generate and that a silting (respectively, cosilting) object generates (respectively,
cogenerates) the triangulated category 7 (see [Psaroudakis and Vitéria 2015]).

Example 2.6. Let A be a ring and D(A) its derived category.

(1) Let E be an injective cogenerator of Mod(A). Regarded as an object in D(A),
E is a cosilting object and the associated cosilting t-structure is the standard one.
As discussed in Example 2.4 (1), there is also a right adjacent co-t-structure
with coheart Prod(E) = Inj(A).

(2) It follows from [Angeleri Hiigel et al. 2016, Theorem 4.6] that a silting object
T of D(A) lying in K (Proj(A)) gives rise to a suspended TTF triple, that is,
the silting t-structure (7>, T-=0) admits a left adjacent co-t-structure with
coheart Add(T) (see also [Wei 2013]). Dually, a cosilting object C of D(A)
lying in K’ (Inj(A)) gives rise to a cosuspended TTF triple, that is, the cosilting
t-structure (+=0C, +>°C) admits a right adjacent co-t-structure with coheart
Prod(C). For this dual statement, we refer to forthcoming work in [Marks and
Vitéria 2017].

Silting and cosilting objects produce hearts with particularly interesting homolog-
ical properties. First, recall from [Parra and Saorin 2015] that hearts of t-structures
in a triangulated category with products and coproducts also have products and
coproducts. Indeed, the (co)product of a family of objects in the heart is obtained by
applying the functor H{T) to the corresponding (co)product of the same family in 7.
Of course, this (co)product in the heart may differ from the (co)product formed
in 7.

Lemma 2.7 [Psaroudakis and Vitéria 2015, Proposition 4.3]. Let M be a silting
(respectively, cosilting) object in T. Then the heart Hyy is an abelian category with
a projective generator (respectively, an injective cogenerator) given by Hj?,l (M).

The following lemma establishes a particularly nice behaviour of the cohomo-
logical functors arising from (co)silting t-structures with respect to products and
coproducts.

Lemma 2.8. IfT is a silting object in T, then the functor H? induces an equivalence
between Addr(T) and Addy, (H;)(T)) = Proj(Hr). Dually, if C is a cosilting
object in T, then the functor Hg induces an equivalence between Prod1(C) and
Prody,. (H2(C)) = Inj(Hc).

Proof. We prove the statement for a cosilting object C in 7 (the silting case is
shown dually). Let the truncation functors of the associated cosilting t-structure
(+=0C,1>0C) be denoted byu:T — L<0C and v : T — +>0C. Recall that
Prods(C) =+-0CN (0 C[—1])** [Psaroudakis and Vitéria 2015, Lemma 4.5(iii)].
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We first show that Hg is fully faithful on Prod+(C) (compare with [Keller and
Vossieck 1988, Lemma 5.1(d); Assem et al. 2008, Lemma 1.3; Nicolas et al. 2015,
Lemma 3.2]). Let X; and X; be objects in Prod7(C). Suppose that f : X| — X»
is a map in 7 such that Hg(f) = 0. Since, by assumption, X; (i = 1, 2) lies in
1-0C, there is a truncation triangle of the form

v(X[D[=2] —— HA(X;) —— X; —— v(X[1D[—1].

Now f induces a morphism of triangles and, in particular, we have that 0 =
/,LzHg(f) = fu1. Thus, f factors through v(X[1])[—1]. However, since X, lies
in (->0C[—1])*°, we have that Hom(v(X[1])[—1], X») =0 and, therefore, f =0.
Now let us show that Hg is also full on Prod+(C). Suppose that g is a map in
Hom7(H2(X1), HX(X2)). Since X; lies in (1=°C[—1])1°, the composition wogky
vanishes and, therefore, there is a map g : X| — X such that gu; = ug. Therefore,
g extends to a morphism of triangles and, as a consequence, g = Hg (2).

It remains to show that the essential image of H g restricted to Prod+(C) coincides
with Prody (HQ(C)). Observe first that H2([T;c; Xi) = [1;c; H2(X;) for every
family (X;);cs of objects in Prod+(C), where the product of the family (Hg (Xi)ier
is taken in H¢. The proof is dual to the argument for silting objects in [Nicolas
et al. 2015, Lemma 3.2.2(a)]. Take an object M in Prody,,. (Hg(C)) and let N be
an object in H¢ such that M @ N = Hg(C)’ for some set /. Then there is an
idempotent element ey in Endy, (Hg(C)’) = Endy, (Hg(CI)) whose image is
the summand M. Since Hg is fully faithful on Prod;(C), it follows that there
is an idempotent element e in End7(C’) such that Hg (e) = eypr. Given that T is
idempotent complete, the map e factors as C! & X 5, ¢! such that fg =idy, and
it then follows that Hg(X )=M. O

We finish this section with a general observation on abelian categories that will
be useful later.

Lemma 2.9. Let A and B be abelian categories with enough injective (respectively,
projective) objects and let F : A — B be a left (respectively, right) exact functor
vielding an equivalence Inj(A) — Inj(B) (respectively, Proj(A) — Proj(B)). Then
F is an equivalence of abelian categories.

Proof. Suppose that 4 and B have enough injective objects. Then both categories
can be recovered as factor categories of the corresponding categories Mor(Inj(.A))
and Mor(Inj(B)) of morphisms between injectives. Indeed, the kernel functors
induce equivalences Ker 4 : Mor(Inj(A))/R 4 — A and Kerg : Mor(Inj(A)) /R — B,
where the relations R 4 and Rp are the obvious ones (compare with [Auslander
et al. 1995, Proposition IV.1.2] for the case of projectives). Since F induces
an equivalence between Inj(A4) and Inj(B), it clearly also induces an equivalence
between the corresponding morphism categories and, moreover, since F is left
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exact, it indeed defines an equivalence F: Mor(Inj(A))/R.4 — Mor(Inj(B))/Rz
such that Kerg o = F o Ker 4. Hence, F is an equivalence. The dual statement
follows analogously. O

3. Grothendieck hearts in compactly generated triangulated categories

Recall that a Grothendieck category is an abelian category with coproducts, exact
direct limits and a generator. It is well known that Grothendieck categories have
enough injective objects and every object admits an injective envelope. This section
is dedicated to the question of determining when hearts of silting and cosilting
t-structures are Grothendieck categories. We answer this question using a suitable
category of functors and a corresponding theory of purity. We begin this section
with a quick reminder of the relevant concepts.

Functors and purity. We consider the category Mod-7¢ of contravariant additive
functors from 7 ¢ to Mod(Z), which is known to be a locally coherent Grothendieck
category (see [Krause 1997; 2000, Subsection 1.2]).

Consider the restricted Yoneda functor

y:T — Mod-T°, yX =Homy(—, X)|7e, forall X € T.
It is well known that y is not, in general, fully faithful. A triangle

Arx—Loy %z X[1]

in 7T is said to be a pure triangle if y A is a short exact sequence. In other words,
the triangle A is pure, if for any compact object K in 7T, the sequence

Homt (K

) Hom7(K,g
0 — Hom7(K, X) —— Homy(K, Y)

Jomr{&.8), Homy(K,Z) — 0
is exact. We say that a morphism f : X — Y in T is a pure monomorphism
(respectively, a pure epimorphism) if y f is a monomorphism (respectively, an
epimorphism) in Mod-7°. An object E of 7T is said to be pure-injective if any
pure monomorphism f : E — Y in 7T splits. Similarly, an object P is said to be
pure-projective in T if any pure epimorphism g : X — P splits.

The following theorem collects useful properties of pure-injective and pure-
projective objects.

Theorem 3.1 [Krause 2000, Theorem 1.8, Corollary 1.9; Beligiannis 2000, §11].
The following statements are equivalent for an object E in T

(1) E is pure-injective.
(2) yE is an injective object in Mod-T .

(3) The map Hom7(X, E) - Hompog. 7 (¥ X, YE), ¢ — y¢ is an isomorphism
for any object X in T.
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(4) For every set I, the summation map E) — E factors through the canonical
map ED — E!.
Dually, the following are equivalent for an object P in T
(1) P is pure-projective.
(2) yP is a projective object in Mod-T°.
(3) The map Homy (P, Y) — Hompmog.7< (Y P, ¥Y), ¢ +— y¢ is an isomorphism
for any object Y in T.
(4) P lies in Add(T°).
Moreover, any projective (respectively, injective) object in Mod-T ¢ is of the form
y P (respectively, yE), for a pure-projective object P (respectively, a pure-injective
object E), uniquely determined up to isomorphism.

It follows from above that 7 has enough pure-injective objects and that every
object X in 7 admits a pure-injective envelope. The following theorem collects
two results that will become essential later on.

Theorem 3.2. Let H : T — A be a cohomological functor from T to an abelian
category A.
(1) [Beligiannis 2000, Theorem 3.4] If H sends pure trian(gles in T to short exact
sequences in A, then there is a unique exact functor H : Mod-T¢ — A such
that Hoy = H.
(2) [Krause 2000, Corollary 2.5] If A has exact direct limits and H preserves
coproducts, then H sends pure triangles in T to short exact sequences in A.

We recall from [Beligiannis 2000] how to construct H. Given F in Mod-T¢,

consider an injective copresentation

ya
0 F YEy YE,

where Eg and E| are pure-injective in 7 and « is a map in Homy(Ey, E1). Then
we define H(F) := Ker H(«), and it can be checked that H is indeed well defined
(that is, it does not depend on the choice of the injective copresentation of F'). This
functor can also be obtained in a dual way by taking a projective presentation of F.

Grothendieck hearts and purity. Note that, in general, the cohomological functor
associated to a t-structure does not commute with products and coproducts in 7. The
following lemma provides necessary and sufficient conditions for this to happen.

Lemma 3.3. Let T = (U, V) be a nondegenerate t-structure in T with heart Ht and
associated cohomological functor H1(r) : T — Hr. Then the functor H{T) preserves
T-coproducts (respectively, T -products) if and only if V is closed under coproducts
(respectively, U is closed under products).

If these conditions are satisfied, we say T is smashing (respectively, cosmashing).
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Proof. We prove the statement for coproducts; the statement for products follows
dually. Notice that aisles are always closed under coproducts. If also the coaisle V
is closed under coproducts, then both truncation functors u : 7 — U and v : T — V
commute with 7-coproducts and, hence, so does H% . In particular, coproducts in
‘Ht coincide with coproducts in 7. For the converse, it is easy to check that nonde-
generate t-structures can be cohomologically described, i.e., V can be described
as the subcategory formed by objects X such that HT? (X[k]) =0 for all £k < O.
Consequently, since H1(r) commutes with 7-coproducts, this description shows that
YV is closed under coproducts. U

Example 3.4. (1) By definition, every silting t-structure is cosmashing and every
cosilting t-structure is smashing.

(2) If a silting object T is pure-projective, then the associated t-structure is smash-
ing. Indeed, let (X;);c; be a family of objects in 740 and let X be their
coproduct in 7. Since T is pure-projective,

Hom7 (T, X[n]) = Hommog-7<(¥T, yX[nl)

for all n in Z. The statement then follows from the fact that y commutes with
coproducts and Ker Hompog.7<(y7T, —) is coproduct-closed.

(3) If a cosilting object C is pure-injective, in general, it does not follow that
the associated t-structure is cosmashing. Indeed, let A be the Kronecker
algebra and let C be the Reiten—Ringel cotilting module from [Reiten and
Ringel 2006, Proposition 10.1] with associated torsion pair (Q , Cogen(C))
in Mod(A), where Q is the class of all modules generated by preinjective
A-modules. The object C is cosilting in D(A) (see [gt'ovféek 2014, Theorem
4.5]). Note that, since C is pure-injective in Mod(A) by [Bazzoni 2003], it
follows from Theorem 3.1 that C is also pure-injective when viewed as an
object in D(A). It turns out that the aisle of the associated cosilting t-structure
consists precisely of those complexes whose zeroth cohomology belongs to
Q and for which all positive cohomologies vanish (compare with [Happel
et al. 1996]). In particular, the cosilting t-structure is cosmashing if and only
if Q is closed under products in Mod(A). But the latter cannot be true due to
[Angeleri Hiigel 2003, Theorem 5.2 and Example 5.4].

For a compactly generated triangulated category 7, (co)silting t-structures can
be obtained in a rather abstract way. First, recall that 7 satisfies a Brown repre-
sentability theorem (i.e., every cohomological functor H : 7°° — Mod(Z) which
sends coproducts to products is representable) and a dual Brown representability
theorem (i.e., every cohomological functor H : 7 — Mod(Z) which sends products
to products is representable); see [Krause 2002a] for details. We can now state the
following result:
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Theorem 3.5 [Nicolds et al. 2015, §4]. There is a bijection between

o cosmashing nondegenerate t-structures whose heart has a projective generator,

o equivalence classes of silting objects.
Dually, there is a bijection between

o smashing nondegenerate t-structures whose heart has an injective cogenerator;

e equivalence classes of cosilting objects.

The first statement is proven in [Nicolds et al. 2015]. For the reader’s convenience,
we briefly sketch an argument for the second bijection. First recall that cosilting
t-structures are smashing, nondegenerate and their hearts have injective cogenerators
(see Lemma 2.7). Hence, there is an injective assignment from equivalence classes
of cosilting objects to the t-structures with the assigned properties. To see that the
assignment is surjective, we use the fact that 7 satisfies Brown representability.
Indeed, given a smashing nondegenerate t-structure T whose heart has injective
cogenerator E, the corresponding cosilting object C can be obtained as the (unique)
representative of the cohomological functor HomT(Hﬁ(—), E) = Homy(—, C).
Note that HomT(Hw?(—), E) sends coproducts to products by the smashing assump-
tion. The dual arguments were used in [Nicolds et al. 2015] to show the silting case.

We can now prove the main result of this section by building on Theorem 3.5
and identifying which (co)silting t-structures have Grothendieck hearts. A similar
result was obtained independently in [Nicolés et al. 2015, Proposition 4.2] with the
additional assumption that all t-structures considered are cosmashing.

Theorem 3.6. Let T = (U, V) be a smashing nondegenerate t-structure in T with
heart Ht. Denote by HT(T) : T — Ht the associated cohomological functor. The
following statements are equivalent.

(1) Hrt is a Grothendieck category;
(2) There is a pure-injective cosilting object C in T such that T = (+=0C, +>0C).

If the above conditions are satisfied, there is a (unique) exact functor H % :Mod-T°¢—
‘Ht with a right adjoint j, such that H% oy = H% and j*H%(C) = yC. Moreover,
there is a localisation sequence of the form
— ; HY
Ker H% =1oyC — Sy Mod-T¢ ———— Hy

Proof. Suppose that H is a Grothendieck category. By Theorem 3.5, T is a cosilting
t-structure for a cosilting object C, such that HomT(H{T) (=), E) = Homy(—, C)
for some injective cogenerator E in Hy. It remains to show that C is pure-injective.
Since, by Lemma 3.3, H{? commutes with 7 -coproducts, Theorem 3.2(2) shows that
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H{? sends pure triangles to short exact sequences. In particular, Homy(—, C) sends
pure triangles to short exact sequences, showing that C is indeed pure-injective.

Conversely, let C be a pure-injective cosilting object in 7 with associated t-
structure T = (+=0C, +>0C). It follows that the functor Homy(—, C) is naturally
equivalent to HomT(H%)(—), H%(C )) and, therefore, also the functor H%) sends pure
triangles to short exact sequences. Consequently, by Theorem 3.2(1), there is a
(unique) exact functor H % : Mod-T¢ — Hr such that H OTF oy= Hw(r) . The following
argument is inspired by the proof of [Stovicek 2014, Theorem 6.2]. Consider the
hereditary torsion pair in Mod-7°¢ cogenerated by the injective object yC, i.e.,
the pair (10yC, Cogen(yC)). The quotient category G¢ := Mod-7¢/L0yC is a
Grothendieck category (see [Gabriel 1962, Proposition II1.9]) and the quotient
functor 7 : Mod-7¢ — G¢ admits a fully faithful right adjoint functor p : G¢ —
Mod-T¥, with essential image

Cogen(yC) NKer Extyoy 1< (F°yC, —)

(see [Gabriel 1962, Corollary of Proposition II1.3; Prest 2009, §11.1.1]). In particu-
lar, as in the proof of [ét’oviéek 2014, Theorem 6.2], it follows that an object X of
Gc is injective if and only if p(X) lies in Prod(yC), i.e., the full subcategory of
injective objects in G¢ is equivalent to Prod(yC) which, by Theorem 3.1, is further
equivalent to Prod(C). Thus, using Lemma 2.8, we get the following commutative
diagram of equivalences:

Inj(Ge) —2— Prod(yC) +—— Prod(C)

0
HT

Prod(H{(C))

Hence, the functor H % o p yields an equivalence between the category of injective
objects in G¢ and the category of injective objects in . Since the functor H % op
is clearly left exact, by Lemma 2.9, it extends to an equivalence of categories
Gc = Hr showing, in particular, that H is a Grothendieck category.

Assume now that T satisfies (1) and (2). We first show that Ker H % = loyC.
Indeed, if F is an object in -0 yC, then Hompog.7<(ya, yC) is an epimorphism for
any map yo : yEg — y E1 between injective objects in Mod-7 ¢ with Ker(yo) = F.
Using the pure-injectivity of C, we get that Homy(«, C) is an epimorphism and,
thus, so is Homy; (H1(r) (), H{T)(C )). Since H{T)(C ) is an injective cogenerator of H,
it follows that H%) (ov) is a monomorphism and, thus, H %(F ) = 0, by the construction
of H %. Finally, since this argument is reversible the desired equality holds.

Now, in order to show the existence of the localisation sequence above, it is
enough to prove that the functor H % admits a right adjoint. To this end, since H % op
is an equivalence and 7 has a right adjoint, it suffices to check that HY = H% o po 7.



TORSION PAIRS IN SILTING THEORY 269

By using the unit of the adjunction (7, p), we get a natural transformation of functors

H % —H %opon. We need to see that it induces an isomorphism on objects. But this

follows from the fact that the kernel and cokernel of the natural map X — pm(X),

for X in Mod-7¥, are torsion, that is, they belong to -0 yC = Ker H % Finally, by

using the adjunction (FI%, Jx), we get j*H{T)(C) = j*f_l%(yC) = yC. O
One can state a somewhat dual result for silting objects.

Theorem 3.7. Let T = (T=°, T=%) be a smashing and cosmashing nondegenerate
t-structure in T with heart Hy. Denote by Hfﬁ 1T — Hy the associated cohomo-
logical functor. The following are equivalent.

(1) Hr is a Grothendieck category with a projective generator;
(2) There is a pure-projective silting object T in T such that T = (T+>0, T+=0).

If the above conditions are satisfied, there is a (unique) exact functor H % :Mod-T°¢—
Ht with a left adjoint j, such that H% oy= H% and j H%(T) = yT. Moreover,
there is a recollement of the form

i* )
Ker ITI% - s Mod-T¢ ——1 Hr.

Proof. The arguments are dual to those in the proof of Theorem 3.6. Note that the
additional assumption of the t-structure being smashing comes into play through
the use of Theorem 3.2(2), which is needed in an essential way to prove the
pure-projectivity of the associated silting object. On the other hand, we have
seen in Example 3.4(2) that the t-structure is smashing whenever T is a pure-
projective silting object. Finally, observe that we get a recollement rather than just
a localisation sequence like in Theorem 3.6, since, in the given context, Ker H % is

closed under products and coproducts in Mod-7 ¢ (see also [Psaroudakis and Vitéria
2014, Corollary 4.4]). O

As an immediate consequence of these results, we can identify the t-structures
with Grothendieck hearts within the bijections of Theorem 3.5.

Corollary 3.8. There is a bijection between

o smashing nondegenerate t-structures of T whose heart is a Grothendieck
category;

e equivalence classes of pure-injective cosilting objects.
Dually, there is a bijection between

o smashing and cosmashing nondegenerate t-structures in T whose heart is a
Grothendieck category with a projective generator,

e equivalence classes of pure-projective silting objects.
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4. Cosuspended TTF classes

In this section, we focus on cosuspended TTF classes in a compactly generated
triangulated category 7. We relate the properties of the previous section (namely,
Grothendieck hearts and the pure-injectivity of the associated cosilting objects) with
the definability of the cosuspended TTF class. As a consequence, if 7 is algebraic,
nondegenerate compactly generated t-structures have Grothendieck hearts.

Coherent functors and definability. We begin with a short reminder on coherent
functors and definable subcategories of 7, and we obtain an easy (but useful)
criterion to check whether a certain subcategory of 7 is definable or not. We also
prove that a definable subcategory V of 7 is preenveloping, i.e., for any object X
in 7 there is a map ¢ : X — V with V in V such that Homy (¢, V') is surjective
for all V' in V.

Recall from [Krause 2002b, Proposition 5.1] that a covariant additive functor
F : T — Mod(Z) is said to be coherent if the following equivalent conditions are
satisfied:

(1) There are compact objects K and L and a presentation
Homy (K, —) - Hom+(L, —) > F — 0.

(2) F preserves products and coproducts and sends pure triangles to short exact
sequences.

The category of coherent functors is denoted by Coh-7. For a locally coherent
Grothendieck category G or, more generally, a locally finitely presented additive
category with products, coherent functors are defined analogously, replacing in
(1) the compactness of K and L by the property of being finitely presented. The
analogue of (2) then states that coherent functors are precisely the functors G —
Mod(Z) preserving products and direct limits [Krause 2003, Proposition 3.2].

Definition 4.1. A subcategory V of 7T is said to be definable if there is a set of
coherent functors (F;);c; from 7 to Mod(Z) such that X lies in V if and only if
F;(X)=O0foralliin I.

Definable subcategories of a locally finitely presented additive category G with
products are defined as above: they are zero-sets of families of coherent functors.
Recall that a subcategory of G is definable if and only if it is closed under products,
direct limits and pure subobjects [Krause 2003, Theorem 2]. Moreover, definable
subcategories of G are closed under pure-injective envelopes (see [Prest 2009,
§16.1.2]). Note that, by definition, definable subcategories of 7 are also closed
under products, coproducts, pure subobjects and pure quotients, but we do not
know whether they are characterised by such closure conditions (unless stronger
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assumptions are imposed, see [Krause 2002b, Theorem 7.5]). A useful criterion for
definability in 7 will be provided in Corollary 4.4 below.

For a subcategory V of a compactly generated triangulated (respectively, a locally
coherent Grothendieck) category, we denote by Def()) the smallest definable
subcategory containing V.

Example 4.2. A notion of flatness in Mod-7° is developed in [Krause 2000, §2.3]
and [Beligiannis 2000, §8.1]. The subcategory Flat-7¢ of flat objects in Mod-7T° is
locally finitely presented and contains precisely the functors F that send triangles
to exact sequences or, equivalently, that satisfy Ext!(G, F) = 0 for all finitely
presented functors G in Mod-7°. Moreover, Flat-7° is a definable subcategory of
Mod-7° by [Prest 2009, Theorem 16.1.12]. Note that all objects of the form y X,
for X in 7T, are flat.

The definable closure Def()) in Mod-7 € of a set V of objects contained in Flat-
T consists of pure subobjects of direct limits in Mod-7 ¢ of directed systems whose
terms are products of objects in V. To prove this, one uses the notion of a reduced
product from [Krause 1998, p. 465]. Since Flat-7¢ is a definable subcategory of
Mod-T7¢, it suffices to show that the pure subobjects of reduced products of objects
in V form a definable subcategory of Flat-7°. But the latter statement follows from
[Krause 1998, Corollary 4.10] combined with [Krause 1998, Proposition 2.2].

We have this the following useful fact (compare with [Arnesen et al. 2016,
Theorem 1.9]):

Proposition 4.3. Let fun(Flat-7°) denote the category of coherent functors from
the locally finitely presented category Flat-T¢ to Mod(Z). Then the assignment
fun(Flat-7¢) — Coh-T that sends a functor F to F oy is an equivalence of
categories.

Proof. First, we observe that the assignment is well defined. It is clear that given F
in fun(Flat-7°), the composition F o y preserves products and coproducts. Now,
given a pure triangle A in 7, we have that y(A) is a short exact sequence in Flat-7 .
Since short exact sequences in Flat-7¢ are pure or, equivalently, direct limits of
split exact sequences (see [Prest 2009, Theorem 16.1.15]), we see that F(y(A)) is
a short exact sequence of abelian groups. It then follows that F o y is coherent by
the description (2) of coherent functors above.

In order to see that this assignment yields an equivalence of categories we show
that it admits a quasi-inverse. By [Krause 2002b, Proposition 4.1], each functor
G in Coh-T gives rise to a unique functor G in fun(Flat-7¢) such that Goy = G.
The uniqueness guarantees the functoriality of this assignment and it is clear that
the assignments are inverse to each other. (I

As a corollary of the proposition above, we deduce the following statement.
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Corollary 4.4. Let V be a class of objects in T. The smallest definable subcategory
of T containingV is
Def(V) ={X € T : yX € Def(yV)}.

As a consequence, any definable subcategory of T is closed under pure-injective
envelopes.

Recall from [Crivei et al. 2010, Theorem 4.1] that any definable subcategory of
a locally finitely presented additive category G with products is preenveloping. The
following proposition establishes a triangulated analogue. Its proof is inspired by
the proof of [Aihara and Iyama 2012, Theorem 4.3].

Proposition 4.5. Let V be a definable subcategory of T. Then V is preenveloping.
In particular, if V is cosuspended, then (*°V, V) is a t-structure.

Proof. Since V is definable, by definition, there is a set of maps {¢; : X; — Y; |i € I}
in 7° such that an object V in 7T lies in V if and only if Hom7(¢;, V) is surjective
for all i in 1. We need to build a V-preenvelope for a given object Z = Zy in 7.
First, setting K; o := Hom1(X;, Zp), we define the map

(Ki,0)

‘501:@1'51 é;

v . (Ki,0) v . (Ki,0)
Xo:= @ie] X; ‘ Yo:= @iel Y; ’

and consider the canonical universal map ag : Xo— Zo. Let zo: Zog — Z, denote
the corresponding component of the cone of the map (o, —ag)T : X9 — Yo @ Zo,
and proceed inductively to define objects Z, and maps z,, : Z, — Z,+1. We
prove that the Milnor colimit V7 of the inductive system (Z,, z,)nen, yields a
V-approximation of Z. Let us first observe that V; indeed lies in . Since both X;
and Y; are compact for any i in /, it follows that

Homy (¢, Vz) = lim Homy (¢, Z,) : lim Hom(¥;, Z,) — lim Home(X;, Zy).
neNy neNy neNy

In order to see that this map is surjective, it suffices to show that any element
in li_n)lneNO Homy(X;, Z,) which is represented by a map g in Homs(X;, Z,,) for
some m in Ny lies in the image of Homy(¢;, Vz). By construction of the inductive
system, there clearly is a map 2 in Homy(Y;, Z,,+1) such that h¢; = z,,8. As a
consequence, the element in lim,  Hom7(Y;, Z,) represented by the map £ is a
preimage via lilgneNO Homy(¢;, Z,) of the element in @neNo Homy(X;, Z,) that
we started with. This proves that Homy(¢;, V) is surjective for all i in / and, thus,
Vy lies in V.

We proceed to prove that the induced map v : Z — V7 is a left V-approximation.
Given a morphism f : Z — V with V in V, the composition fay factors through ¢.
Let f : Yo — V be such that f¢y = fag. By construction of Z; as the cone

of ((7)0, —ap)T, it follows that there is a map fi : Z; — V such that f = fizo.
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Inductively, one can then see that the map f indeed factors successively through
any Z, and, therefore, through the Milnor colimit V2, as wanted.
The final statement follows from Example 2.4(3). ]

Cosuspended TTF triples. Before we discuss how definability arises in the context
of cosuspended TTF triples, we first prove some auxiliary statements.

Lemma 4.6. Let (U, V, W) be a cosuspended TTF triple in T. Then (U, V) is a
nondegenerate t-structure if and only if the coheart € .=V NW[—1] cogenerates T.
In this case, we have V = +>0%¢.

Proof. Let (U, V, W) be a cosuspended TTF triple in 7. Suppose that (U4, V) is a
nondegenerate t-structure and let X be an object of 7 such that Hom (X, €[k]) =0,
for all k in Z. Given an integer k in Z, let us denote by uk T > Ukl and V% : T —
V[k] the truncation functors corresponding to the t-structure (U{[k], V[k]). Consider
a truncation triangle of the object v¥(X) for the co-t-structure (V[k — 1], W[k — 1]),
yielding a diagram of the form

uk (X) x k) Wk (XO[1]

h
Vi1 —— v¥(X) Wi Vioal1]

with Vi_1 in V[k — 1] and W;_; in W[k — 1]. We can easily deduce that W;_;
lies in €[k] and, thus, 4f* = 0 by assumption on X. Then there is a morphism
o : X = Vi_; such that gax = fk. Now, since Vj_; lies in V[k — 1] C V[k], it
follows that « factors through the truncation f¥~!: X — v*~1(X). This then yields
a map v (X)) = VR (X). Considering the two compositions of this map with the
canonical morphism v¥(X) — v¥~!(X) and using the minimality of the maps f*
and f*!, we conclude that both maps are isomorphisms. Since this holds for
arbitrary k, the nondegeneracy of (I, V) implies that v¥(X) = 0 for all k in Z.
Thus, X must lie in N, ¢z U[n] and, again by the nondegeneracy of (I, V) it must,
therefore, be zero.

Conversely, suppose that 4" cogenerates 7 and let X lie in N,z U[n]. Consider
a morphism f : X — C[k] for k in Z and C in €. Now, since C[k] lies in V[k] and
X lies in U[k], it follows that f = 0 and, thus, by assumption, also X = 0. Similarly,
if X is in N,czV[n], since C[k] lies in W[k — 1], it must follow that X = 0.

Finally, assuming that % cogenerates 7, we show that V = +>0%. It is always
the case that V C 1>0¢. For the reverse inclusion, let X be an object in 104 and
consider the truncation triangle

v(X)[—1] > u(X) > X - v(X).
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Given C in ¢ and applying the functor Hom(—, C[k]) to the triangle, we see that
Hom+(v(X), Clk 4+ 1]) = Hom7 (X, C[k]) = O for all kK > 0 and, thus, we have
Homy(u(X), C[k]) =0 for all kK > 0. Moreover, since ¢[k] C V for all k <0, we
see that Hom7(u(X), C[k]) =0 for all £ < 0. Since ¢ cogenerates 7, we have that
u(X) =0 and X belongs to V, as wanted. O

Lemma 4.7. Let € be subcategory of T. Suppose that € is closed under products
and summands, and that all objects in € are pure-injective. Then there is an object
C in € such that ¢ = Prod(C).

Proof. Consider the hereditary torsion pair (+°(y%), F := Cogen(y%)) in Mod-T°.
It is well known that there is an injective object yC in Mod-7 ¢ such that F =
Cogen(yC) (see [Stenstrom 1975, VI, Proposition 3.7]). It follows that Prod(y%) =
Prod(yC). Since y commutes with products and is fully faithful on pure-injectives,
we get ¥ = Prod(%) = Prod(C). [l

Lemma 4.8. Let ¢ be an additive subcategory of T and V = +>°¢. Then the
following statements are equivalent:

(1) V is product-closed and every object in € is pure-injective.
(2) V is definable.
Moreover, if the above conditions are satisfied, then there is a t-structure (U, V).

Proof. Suppose that (1) holds. We have to show that every object X in Def())
lies in V = 1+-0%. By Corollary 4.4, the object yX lies in the definable closure
Def(yV) in Mod-T ¢ of all objects of the form yV with V in V. By the description
of the definable closure given in Example 4.2, yX is a pure subobject of a direct
limit in Mod-7° of a directed system whose objects are products of the form
]—[i <7 YXi, with X; in V. Note that, since y commutes with products, we have
]_[iel yX; = yX;, where X; = Hiel X;. Now, since V is closed under products,
X7 lies in V. Applying the functor Hompoq.7<(—, yC[k]), with k£ > 0 and C in
% to the embedding yX — lim, yX;, and using the pure-injectivity of C (and its
shifts), we get an epimorphism

lim Hom7(X;, C[k]) = Hompog.7(lim y X, yC[k]) = Hompmoq.7< (¥ X, yC[k])
I

lim
I
= Homy (X, C[k]).

Since X; lies in V, the domain of this map vanishes and, hence, so does the
codomain, as wanted.

Conversely, suppose that V is definable. First, the subcategory V is closed under
products. Let X be an object in ¥ and f : X — I(X) its pure-injective envelope
in 7. Since definable subcategories are closed under pure-injective envelopes and
pure quotients (see Corollary 4.4), it follows that both 7 (X) and Z := cone(f) lie
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in V. Since Hom(V, €[1]) = 0 it follows that Hom+(Z, X[1]) = 0, the triangle
induced by f splits and X is a summand of /(X), i.e., X is pure-injective.

The last statement of the lemma follows from Proposition 4.5, since V is clearly
cosuspended. (I

Finally, we can now use the rather technical statements above to prove the main
theorem of this section.

Theorem 4.9. Let (U,V, W) be a cosuspended TTF triple in T such that the
t-structure (U, V) is nondegenerate. Then the following are equivalent:

(1) Vis definable in T
(2) V = 1>0C for a pure-injective cosilting object C in T.

Proof. First observe that by Lemma 4.6, the coheart ¥ = VN W][—1] cogenerates T
and V = >0¢. Since V is a TTF class, it is closed under products and, therefore, by
Lemma 4.8, V is definable if and only if every object in ¥’ is pure-injective. In that
case, since both V and W (and, thus, %) are closed under products and summands,
by Lemma 4.7, there is C in T such that ¥ = Prod(C).

(1)= (2): Suppose now that V is definable and let C be as above. As observed,
we have that V = 1>0C and we only need to show that I/ = +=0C. Since C[k] lies
in V for all k <0, it is clear that &/ € +=0C. Now let X lie in +=0C and consider a
truncation triangle

u(X)—> X - v(X) - u(X)[1]

with «(X) in ¢ and v(X) in V. Since both X and u(X)[1] lie in =0C, so does v(X).
However, v(X) also lies in +>°C, showing that v(X) = 0, since C is a cogenerator
of 7. Hence, we have that I/ = +=0C.

(2)= (1): In order to show that V is definable, it is enough to show that the
coheart ¢ coincides with Prod(C) (thus proving that every object in & is pure-
injective). The argument is dual to the one used in [Angeleri Hiigel et al. 2016,
Lemma 4.5]. Indeed, let X be an object in %, let I denote the set Hom (X, C)
and consider the induced universal map ¢ : X — C’. If Z denotes the cone of the
map ¢, then it is easy to check that Z lies in +=°C and, thus, the map Z — X[1]
of the induced triangle is zero, by the assumption on X. Hence, the triangle splits
and X lies in Prod(C). This shows that ¥ C Prod(C) and the reverse inclusion
is clear. (Il

Corollary 4.10. Let T be an algebraic, compactly generated triangulated category.
Every nondegenerate compactly generated t-structure has a Grothendieck heart.

Proof. From Example 2.4(2), every compactly generated t-structure (i/, V) in T
admits a right adjacent co-t-structure (¥, W). It is clear that V is definable as it is
the subcategory obtained as the intersection of the kernels of the coherent functors
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Hom+(X, —) with X inU4 N7 . Now, Theorem 4.9 combined with Theorem 3.6
finishes the proof. O

The corollary above extends [Bravo and Parra 2016, Corollary 2.5], which treats
the special case when 7 is a derived module category and the compactly generated
t-structure arises as an HRS-tilt of a torsion pair in the underlying module category.
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TRANSFINITE DIAMETER
ON COMPLEX ALGEBRAIC VARIETIES

DAvVID A. COX AND SIONE MA ‘U

We use methods from computational algebraic geometry to study Chebyshev
constants and the transfinite diameter of a pure m-dimensional affine alge-
braic variety in C" (m <n). The main result is a generalization of Zaharyuta’s
integral formula for the Fekete-Leja transfinite diameter.

1. Introduction

This paper studies a notion of transfinite diameter on a pure m-dimensional algebraic
subvariety of C", 1 <m < n. This is a natural generalization of the Fekete—Leja
transfinite diameter in C", which is an important quantity in pluripotential theory
and polynomial approximation. In the study of the Fekete—Leja transfinite diameter
in C" (n > 1), an important paper is that of Zaharyuta [1975]. Given a compact set
K C C" Zaharyuta showed that its Fekete-Leja transfinite diameter, denoted d (K),
was given by a well-defined limiting process analogous to the one-dimensional
case. The main result of that paper is an integral formula that realizes d(K) as
a “geometric average” of so-called directional Chebyshev constants associated
to K; these constants measure (in an asymptotic sense) the minimum size on K of
polynomials with prescribed leading terms.

Further developments and generalizations make use of the essential techniques in
that paper. In [Jedrzejowski 1991] the notion of homogeneous transfinite diameter
was studied and a Zaharyuta-type formula proved. In [Rumely and Lau 1994],
and later in [Rumely et al. 2000], Lau, Rumely and Varley developed Zaharyuta’s
techniques in the setting of arithmetic geometry to study the notion of sectional
capacity. More recently, Bloom and Levenberg [2003; 2010] studied a notion of
weighted transfinite diameter in C".

In [Baleikorocau and Ma‘u 2015] a notion of transfinite diameter was defined
and studied on an algebraic curve V € C". It was shown that Zaharyuta’s arguments,
which exploit standard algebraic properties of polynomials, may be adapted to
handle algebraic computations in the coordinate ring of V. Well-developed methods

MSC2010: primary 32U20; secondary 14Q15.
Keywords: Chebyshev constant, transfinite diameter, Vandermonde determinant, affine variety,
Noether normalization, monomial order.
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exist to carry out such computations, using Grobner bases. In this paper we will
apply these methods to higher dimensional algebraic varieties.

We should mention here that the notion of transfinite diameter on algebraic
varieties may be studied as a by-product of Berman and Boucksom’s [2010] general
theory of Monge—Ampere energy on compact complex manifolds. A generalization
of Zaharyuta’s result to this setting has been proved in [Witt Nystréom 2014].
The Berman—-Boucksom methods are quite different to those of this paper. The
connection between their setting and ours is explored in [Ma‘u 2017].

Before we describe the contents of the paper more specifically, we briefly recall
the definition of the Fekete—Leja transfinite diameter.

Let {z% }f;oz , be the monomials in n variables listed according to a graded order
(i.e., |oj| < |ax| whenever j < k). Here we are using standard multi-index notation:

. . o] Ajp Ajp

ifo; =(aj1,...,aj,) C Z'éo, then z% =z,"z,”" - - z,”" and |aj| = atj1 +- - -+,
denotes the total degree. Write e; = z%; so for a = (ay, ..., a,) € C" we have
ej(a) = a‘l)t’1 ---ay". Given a positive integer M and points {1, ..., {y} S C" the

M x M determinant

(1-1) Van(g‘],...,{M)zdet(ej(é-i))l{"’fj:l=det ez(:fl) e2(.§2) eg(.{M)

ev(C1) em($2) -+ em(Em)

is called a Vandermonde determinant of order M. (Note that e; = 1.)

Let K € C" be compact and s a positive integer. Let m be the number of
monomials of degree at most s in n variables, and let [, = 27;1 |otj| be the sum of
the degrees. Define the s-th order diameter of K by

(1-2) dy(K) := sup{|Van(¢1, ..., &u)|V" 1 {C1, .., Cm, ) S K}

The Fekete-Leja transfinite diameter of K is defined as d(K) :=lim sup,_, ., ds(K).

In this paper, we construct a basis C of polynomials for the coordinate ring C[V]
of a pure m-dimensional algebraic variety V € C" (1 < m < n) of degree d, as
long as the ring satisfies certain algebraic conditions (see (3-1)). Write C = {e j};?’;l
for this basis which we assume is listed in a graded ordering: deg(e;) < deg(ex)
if j < k. We define Vang(¢y, ..., {y) to be the Vandermonde determinant with
respect to C using the formula (1-1).

Define m; = m;(V) to be the number of elements of C of degree at most s, and
letly =1,(V)= ZT;I deg(e;) be the sum of the degrees. The s-th order diameter
of a compact set K C V is defined as in (1-2) with Vang(-) replacing Van(-) on the
right-hand side. Our main theorem (Theorem 6.2) says the following.
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Theorem. The limit d(K) := lim,_, o dy(K) exists and

d 1/d
d(K) = <]_[ T(K, xj)) .
j=1

Following Zaharyuta’s terminology, the quantities 7'(K, A;) on the right-hand
side are called principal Chebyshev constants and are defined in Section 5 as integral
averages of so-called directional Chebyshev constants. Here d is the degree of V
and the A; are the d points of intersection of the projective closure of V in P"* with a
certain subspace of the hyperplane at infinity. When V is a curve the above result is in
[Baleikorocau and Ma‘u 2015].* When deg(V) = 1 then there is only one principal
Chebyshev constant, and one recovers Zaharyuta’s formula, up to a normalization.

In Section 2 we give some of the background needed for subsequent sections,
including Noether normalization, the grevlex monomial ordering, normal forms
and Hilbert functions.

In Section 3 we construct a basis (denoted by C) of polynomials on the variety. The
basis C consists of d groups of polynomials associated to the Noether normalization
(elements of the form (x:x), see Proposition 3.9), together with a “smaller” collection
of monomials (elements of the form (x)). When V is a hypersurface, the basis C
can be computed rather explicitly.

Section 4 is a general study of weakly submultiplicative functions. In [Bloom and
Levenberg 2003] it was observed that Zaharyuta’s computations with polynomials
can be reformulated abstractly as properties of submultiplicative functions. We
verify here that the relevant calculations go through with small modifications under
slightly weaker conditions.

In Section 5, directional and principal Chebyshev constants are defined and
studied. The main point is to construct weakly submultiplicative functions using
computational properties of the basis C (Corollary 5.4). The results of Sections 3
and 4 can then be applied to this setting.

In Section 6 we prove the main theorem relating transfinite diameter to Chebyshev
constants. The standard argument, based on estimating ratios of Vandermonde
determinants with directional Chebyshev constants, goes through in its entirety.

In Section 7, we show in Theorem 7.2 that the transfinite diameter may be com-
puted using the standard basis of monomials on the variety (i.e., those monomials
that give normal forms). This uses the fact that, up to a geometric factor in some
finite set—the collection of the v; in Proposition 3.9—each polynomial in the basis
C is a monomial.

*The principal Chebyshev constants in this paper are called directional Chebyshev constants
in [Baleikorocau and Ma‘u 2015]; for a one-dimensional curve, the A; may be interpreted as the
directions of its linear asymptotes.
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In the Appendix we compare our method to that of Rumely, Lau and Varley
[Rumely et al. 2000], whose so-called monic basis is constructed by generating basis
elements multiplicatively from a finite collection of polynomials with prescribed
behavior. We compare both methods concretely in the case of the complexified
sphere in C>.

2. Background material

We begin with Noether normalization. Consider an ideal I C C[zy, ..., z,] with
the following properties:

1) Clz1, ..., znIN T ={0};

(2) Foreachi =m+1,...,n there is a g; € I which can be written in the form
di—1 .

@) g=z"+Y hij(a.....z-)z],  with deg(hi)+ j < d; for all i.
j=0

Property (1) is equivalent to saying that the map C[zy, ..., zn] — Clz1, ..., z41/1,

induced by the inclusion into C[zy, ..., z,], is injective, and property (2) implies

that the quotient is finite over C[z1, ..., z»]. The Noether normalization theorem

says that one can always make a change of variables so that the above properties
hold. We state a specialized version of this theorem (cf., [Greuel and Pfister 2002,
Theorem 3.4.1)).

Theorem 2.1 (Noether Normalization). Let J C Clxq, ..., x,] be an ideal. Then
there is a positive integer m < n and a complex linear change of coordinates
z=T(x), z; = Z?:l T;jx, such that the following properties hold (write I =T (J)):

(1) The map Clzy, ..., zml = Clzi1, ..., zu]/I induced by inclusion is injective,
and exhibits C[zy, ..., z,1/1 as a finite C-algebra over C[z1, . . ., Znm).

(2) Fori =m+1,...,n,we can find polynomials g; € I that satisfy (2-1).

When property (1) of the theorem holds, we write C[zy,...,zx] € Clz1,...,241/I.
This inclusion is called a Noether normalization. All Noether normalizations used
in this paper will be assumed to satisfy the additional condition (2) of the theorem
since the degree condition in (2-1) will be important.

The grevlex ordering, which we will denote here by <,,, is the ordering defined
on 7%, by a <g B if:

(1) lal < Bl or,
(2) |a|=1Bl, and forsomei €{l,...,n} we have o; < B; and o; = fB;, for all j <i.

Define grevlex on monomials by putting z% <, Pifa < ¢r B. More precisely,
this gives the grevlex ordering with 7| <g, 22 <gr - -+ <gr 2,. Note that || < |B]
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implies z% <, zP. A monomial ordering that satisfies this property is called a
graded ordering.

Denote by LT(p) the leading term of a polynomial with respect to grevlex, and
for an ideal I put LT(/) := {LT(p) : p € I}. It is well known that for each element
of Clz1, ..., z,]/I there is a unique polynomial representative, the normal form
(with respect to grevlex), which contains no monomials in the ideal (LT(7)). If an
element of C[zy, ..., z,]/I contains the polynomial p, then the normal form r may
be computed in practice as the remainder on dividing p by a Grobner basis of /;
see [Cox et al. 1997, §5.3].

Write C[z]; = Clz1, ..., 2,1 for the collection of normal forms of elements of
Clzl/I = C[z1, ..., za]/1. As a vector space, C[z]; has a basis consisting of all
monomials z¥ ¢ (LT(/)). We can give C[z]; the structure of an algebra over C with
multiplication operation given by

(r1,r2) > “the normal form of riry”.

We will usually denote this by r;r,, though we will write r*r, when we want to
emphasize that this is the normal form of the ordinary product. Note that C[z]; and
Clz]/1I are isomorphic as C-algebras, where the isomorphism is given by identifying
normal forms with their polynomial classes.

Hilbert functions play an important role in some of our proofs. We begin with
Clzl<s = Clz1,...,2n]<s, which consists of polynomials of degree < s. Recall that

s+n) _ (s+n)-(s+1) _ %s”—l—O(Sn_l).

(2—2) dimC[Zl,...,Zn]S‘v = (

n n!

Then (C[z]/I)<s consists of all classes represented by a polynomial of degree <s.
The dimension dim(C|[z]/I)<s gives the Hilbert function of I. We also define
Clz]1<s to consist of all normal forms of degree < 5. Since <,, is a graded order,
the isomorphism C[z]; ~ C[z]/ induces an isomorphism

Clzlr<s = (Clz]/ D <s;
see [Cox et al. 1997, §9.3]. This has two useful consequences:

« The Hilbert function dim(C[z]/I)<; is given by the number of monomials
zV ¢ (LT(I)) of degree <s.

e If r € Clzl;<s and 1, € Clz];<, then ry#rp € Clz]7 <54+
A Noether normalization Cl[zy, ..., z,] € C[z]/I has the following properties.

Proposition 2.2. Every element of Clzy, ..., 2m] is a normal form, so that
Clzi, ..., zm] S Clzl;.

Furthermore, fori =m+1, ..., n, we have zl.di € (LT(1)), where d; is as in (2-1).
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Proof. For the second assertion of the proposition, suppose i € {m +1,...,n} and
gi € I is as in (2-1). Then the definition of grevlex and the degree condition in (2-1)
makes it easy to see that LT(g;) = z?", which implies zf" e (LT(])).

Since normal forms are known to form a subspace, it suffices to show that every
monomial in C[zy, ..., Z,] is a normal form. Let o« = (o1, o2, ..., @y, 0, ..., 0),

so that z% = Z‘flng -+ zp". We want to show that z* & (LT(I)).

Suppose not, i.e., z% € (LT(/)). We will obtain a contradiction by studying the

Hilbert function. Take z¥ ¢ (LT(1)), where y = (y1, ..., ¥y). If i > m 4+ 1, then

zf.l" e (LT(])), so z;ii cannot divide z¥. Hence

(2-3) y; <d;, foralli=m+1,...,n.
Furthermore, z* € (LT(I)), so z* cannot divide z¥. Then
(2-4) v <o, forsomei=1,...,m.

Now let
L(s):={y : 2" ¢ (LT(D)), ly| <s},

so that |L(s)| = dim(C[z]/I)<, is the Hilbert function. Also, fori =1, ..., m, let
Li(s)={yeL(s):yi <o;and Yp+1 <dmsiy---, Yo <dy}.
Then (2-3) and (2-4) imply that
(2-5) L(s) S Li(s)U---ULy(s).
Observe that
|ILi(s)| <o -dpyyr---dy-dimClzy, ..., Ziy ooy Zm]<s-
Combining this with (2-2) and (2-5), we obtain |L(s)| = O(s"™~!). It follows that
(2-6) dim(Clz]/ D= = O™ 7).
On the other hand, the inclusion C[z1, ..., 2] € C[z]/I gives an inclusion
Clzi, ..., zZml<s € (Clz]/D <,

and then (2-2) implies dim(C[z]/I)<s = (1/m!)s™ + O(s™~"). This contradicts

(2-6) and completes the proof. U

3. Constructing an ordered basis

In what follows we will use the following standard notation.
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Notation 3.1. Given a set of polynomials I C C[zy, ..., z,] = C[z], write
v ={a,...,a,) €C": p(ay,...,a,) =0forall p eI}
and given a set V C C”, write
I(V):={peClz]: p(ai,...,a,)=0forall (ay,...,a,) € V}.

Let V € C" be an affine algebraic variety of pure dimension m (m < n). Here,
“pure” means that all irreducible components of V have dimension m. If we set
I:=1(V)ZClzi,..., 2], then the coordinate ring C[ V] of polynomial functions
on V satisfies

ClV]~Clzl/I ~Clz];.
In what follows, we will use these isomorphisms to identify C[V] with C[z]; and
write C[V] = C[z].
We will construct a special basis of C[V] by doing interpolation at infinity.
Identify (ai,...,a,) € C" with [1:a; : --- : a,] € P"; the hyperplane at infinity is then

Hoo:z{[ao:al:...;an]eﬂj’n:aoz()}

and we write C" U H,, = P". Denote by V C [P" the projective closure of V, which
may be computed as follows. If I = I(V) € C[z] =C|z1, ..., za], let

I":={p"eClzo,....241: p e},

where p(z) = Zm <d cuz® € C[z] of degree d homogenizes to

P'z0.2) = ) cazy 2% € Clzo. 21 = Clzo. 21 - .. 2.

loe] <d
Then the projective closure V C P" is given by
V=vU"={lay:  -:an) €P": plao, ..., a,) =0forall peIl".

Note that I” is a homogeneous ideal (i.e., it is generated by homogeneous
polynomials). For a homogeneous ideal J C Clz, ..., z,] we will write

J; ={p € J : p is homogeneous, deg p =t},

and

(C[Z()v R Zn]/-])t = C[Z()v sy Zn]t/Jt
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We will assume that V has the following properties:

(0) V is pure of dimension m and has degree d.
(1) R:=Clz1, ...,zm] € C[V]is a Noether normalization as above.

(2) V N P consists of d distinct points, where V is the projective
closure of Vin P" and P =V (zg, ..., 2m—1) € P

QI VNP={p1,...,pa}, Wwith p; =[0:---:0: Py i Pinl,
then for each i, p;, # 0.

(-1

Note that V C P is pure of dimension m and has degree d, while P C P" is a
linear space of dimension n —m and has degree 1. Since V N P is finite by property
(3), Bézout’s theorem implies that VNP consistsof d-1=d points counted with
multiplicity. Property (3) then implies that the multiplicities of the p; are all one.
In algebraic geometry, we express this by saying that

VU"+(z0, ..., zZm1) = {P1s ... Pa)

as subschemes of P". In other words, the variety of an ideal equals a finite collection
of points as a subscheme exactly when all of the points have multiplicity one.

It follows that the homogeneous ideals I + (zg, ..., zm—1) and I({p1, ..., pa})
define the same subscheme of P”. Hence there is an integer fy > 0 such that

(" + (20, oy Zme1))e = HUp1, - pad)s
={feClzo,...,zals: f(pi) =0, foralli=1,...,d}

when ¢ > 1y; see [Hartshorne 1977, 11.5].

A polynomial f € Clz, ..., zx]; gives a function on
(3-2) Un={z=lz0:21: 12,1 € P" 1 2y #0},
via [ag : -1 ay] = a, f(ao, ..., ay). It is easy to see that the computation is

independent of homogeneous coordinates. For convenience this local evaluation
will be denoted f(a).

Lemma 3.2. The map Clzo, ..., zx]; — C¢ given by f+— (f(p1),..., f(pa))is
onto fort > 0.

Proof. By property (3) of (3-1), the points py,..., pg are in the affine chart U,

given by (3-2). Foreachi =1,...,d and p; =[0:--:0:1:ujpnt1): - Uinls
put ¢; = (0,....0,u;(4n+1).....uin) € C, where C}; denotes affine space with

coordinates (zg, ..., Zm—1>Zm+1,---»Zn)- 1t is standard that one can find interpolating
polynomials wy,...,wq in Clzo,...,Zm—1,Zm+1,---,2x] such that w;(g;) = §;;.
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Pick any ¢ > max(deg wy, ..., degwy) and set
(3-3) V; 1= Zinwi(ZO/Zm, ceey Zm—l/zm, Zm—',—l/zmv ceey Zn/Zm)~
This is a homogeneous polynomial of degree ¢ in z, ..., z, and its evaluation on
U, satisfies v;(p;) = 6;;. For each i, the polynomial v; € Clzo, ..., z,] evaluates
to the standard basis vector (0,...,0,1,0,...,0) =¢; € C? (the 1 is in the i-th
slot), so the map is onto. O

Corollary 3.3. Fort > 0, we have an exact sequence
0— (I"+ (20, - Zm-1))r = Clzo, ... 2l = C* = 0.

Thus there are polynomials vy, . .., vg € Clzo, ..., Zuls, unique up to elements of
(I" +(z0, ..., Zm—1))s, such that v;(p;) = 8.

Now fix such a ¢ and let S := C[zo, . .., 2a1/(I" 4+ (20, . . ., Zm_1)). If we regard
the polynomials vy, ..., vs in the above corollary as elements of S;, then they have
the following properties:

(3-4) viz = z,tnvi foralli =1,...,d; andv;v; =0 wheneveri # j.
Lemma 3.4. For any t > t, the polynomials {z,ﬁl_’vi}l‘.l:1 Jform a basis of S;.

Proof. The construction (3-3) applied to t (in place of #) gives the additional powers

of Z,,. O
When we consider the v; as polynomials in Clzo, ..., z,]1/(I" + (z0)), we have
m—1
(3-5) V=it Y aH@ 2,
k=1
m—1
(3-6) viv; =Y %Ok .. ),
k=1
where for each k, Hy(z1, ..., z,) and Qx(z1, . .., 2,) are homogeneous polynomials

of degree 2r — 1.

The next step is to translate the v; into polynomials v; in C[V], paying careful
attention to their degrees and the analogs of (3-5) and (3-6). Let C[V]<; = Clz];<
be the collection of normal forms of degree < ¢, and let C[V]_,; be those that are
homogeneous of degree ¢.

Lemma 3.5. We have C[V]—, ~C[V]<,/C[V]<_1 2~ (Clz0, . - -, 2.1/ +(z0)):.

Proof. Writing a normal form as a sum of homogeneous components gives the
direct sum decomposition C[V]<, =C[V ], ®C[V]<,—1, and the first isomorphism
follows immediately.
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For the second, the map p z6 p(z1/20, - - -, Zn/20) induces an isomorphism
CIV1< = (Clz)/ D)< = (Clzo. 21/ 1")s;

see [Cox et al. 1997, §9.3]. This isomorphism sends C[V]<,—; € C[V]< to
20(Clzo, z]/Ih)t_l, so that we get an isomorphism

ClV]</C[V]<i—1 = (Clzo, 21/1"):/20(Clzo, 21/1"), -1
~ (Clzo. z1/(I" + (z0)):- O
Remark 3.6. Note that multiplication in C[z, ..., z,]/(I" + (z0)) corresponds to

linear maps % : C[V]=; x C[V]—=; — C[V]=s4,, Where to get pkg, we compute
p*q (the normal form of pg) and then take the homogeneous part of degree s + ¢.

Lemma 3.7. Foreachi=1,...,d, thereis a polynomial v; € C[V ], that satisfies
the following equations in C[V]:

(1) vixv; =2, %0+ 3 4= zexhg4-ho with deg(hy) < 2t—1 for each k=0, ..., m—1.
() viskv; = Y0 zexqr +qo if i # j with deg(qr) < 2t — 1 for each k.
Remark 3.8. Since C[V] is identified with the space C[z]; of normal forms, the

products involving * in Lemma 3.7 represent multiplication of polynomials followed
by reduction to normal form.

Proof. Given v; € (Clz, . . ., 2,1/ (I"+(z0))):, let v; be the element of C[V ], given
by the isomorphism in Lemma 3.5. Foreachk =1,...,m — 1, let hy € C[V]_p;—1
be the element corresponding to H; € (Clzo, - .-, 2ul/(" + (z0)))2—1 in (3-5).
Then by (3-5), the polynomial

m—1
vi¥v; — 70 R — Z zikhy € C[V]=o,
k=1
corresponds to the zero polynomial in (Clzg, ..., z,]/( h 4 (z0)))2¢, SO it must

be zero in C[V]—y;. (Here, % is as in Remark 3.6.) Thus the polynomial &g :=
VRV — 24 kv — ZZ:ll Zekhy is in C[V]<p;—1. This proves (1).
A similar argument applied to (3-6) proves (2). O

In what follows, we use the notation

o __ ar . Am-1 B _ bm+l_.'b
=2z Zm_1> T =Zpyi z,".
Define the finite set of monomials

(3-7) B:={Z\ f ¢ (Lr()), 1 +|B] <t —1} S C[V].
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Proposition 3.9. C[V] is spanned over C by the homogeneous polynomials

() Pl aez, 2,2 eB,
(k) 2%z *v; an’fol,l>Oz_1 ,d.

Remark 3. 10 Note that z* l is a normal form by Proposition 2.2, while the
products 7%z} z# and bl z v; may fail to be normal forms. This explains why the
proposition uses z%z! *z’s and 7%z}, xv;.

Proof. To simplify the proof, we will omit the * when multiplying normal forms. It
suffices to show that any monomial z“zﬁnzﬂ ¢ (LT(I)) can be expressed as a linear
combination of elements of (x) and (k).

We will prove this by induction on s = ||+ + | 8|. Suppose z“zfnzﬁ ¢ (LT(I))
with s <t —1. Then |e¢|+[+|8| <t —1, so that zfnzﬂ € B. Hence the monomial
is in (x), which proves the base case.

Next, assume s > ¢ and that C[V ]<;_ is spanned by the polynomials () and ()
of degree < s — 1. Take z“zﬁnzﬂ ¢ (LT(I)) of degree s. No factor of this monomial
is in the ideal either; in particular, z/, zf ¢ (LT(I)). If [ +|B| <t —1, then Z z# € B
and therefore z"‘zfnzﬂ is an element of the form (x).

Otherwise, 7 :=1[+ || > t. By Lemma 3.4, we have an equation

m—1

z zﬁ—Xja,zr tvz+ZZjH (20, 2) + H(20, 2),
i=1 j=0

in C[zo, z], where a; € C, degH; =7 —1and H € I 1If we dehomogenize by
setting zo = 1, we obtain

d m—1
2 =Y iz i+ 2ih(2) + ho(z)
i=1 j=1

in C[z]/1, where a; € C and degh; < v — 1. We can multiply by z* to obtain

m—1
2%z Z’S—Zalz“ v Y 2@ (2) 4+ 2% ho(2)

j=1
in C[z]/I. Using the isomorphism C[V] = C[z]; =~ C[z]/1, this becomes
d m—1

220, =Y @itz i+ Y 2 h(2) + 2%ho(2).
i=1 j=1
in C[V]. The first sum is a linear combination of elements of the form (xx). For
the second sum, note that deg(z*h;) <s — 1 foreach j =1,...,m — 1. By the
inductive hypothesis, this means that z%/ ; is a linear combination of terms in (x)
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and (xx), and therefore z;z%h; is too, by definition. Finally, deg(z%ho) <s — 1,

and again by induction, z%hg is a linear combination of terms in (x) and (). [J
The following is an immediate corollary of the above proof:

Corollary 3.11. C[V ], is spanned over C by the polynomials in (%) and (x%) of
degree <'s.

Now that we have a spanning set, the next step in constructing the desired
basis for C[V] is to show that the elements of the form (xx) are linearly in-
dependent over C. These elements are monomials in zi, ..., z, multiplied by
one of vy, ..., vy. Since the inclusion C[zy, ..., z»] € C[V] makes C[V] into a
module over R = C|zy, ..., zx], we can verify linear independence by showing the
following:

Theorem 3.12. The polynomials vy, ..., vy generate a free R-submodule of C[V].

Proof. We first observe that since V has dimension m and degree d, we have
d

(3-8) dimC[V]<y = — 5" + 0™
n.

see, e.g., [Cox et al. 1997, §9.3]. Now let

d
M = Z Rv; and N := Z Clzy, ..., zm—l]ZinZ’S,
i=1 B

and for s > t define

d
Mo, = Z R<s_1v;, N<s:= ZC[Zl, o Zmetl<siip12h 2P
i—1 B

The corollary implies C[V]<; = M<; + N<;. Using (2-2), one easily obtains

- |B]
dim NSS < m

Combining this with (3-8) and C[V]<; = M<; + N<; yields

dim M-, = d + 0™ .
= m!

s 4 0™,

Suppose there is a nontrivial relation
(3-9) fivi+---+ favg=0, fieR,notall f; =0.

Let D = max{deg f1, ..., deg f;} and take a large integer s > ¢ 4+ D. There is an
exact sequence

0— K, — R;ls_tﬁ Mos — 0,
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where ¢; : Rdfs_, — M, is given by ¢(g1, ..., 84) = Y_; &ivi and K :=ker ¢;.
We have Ry_,_p - (fi, ..., fa) € R%,_,, so by (3-9),

Ry—i—p(f1,..., fa) € K.
Since (f1,..., fa) # (0,...,0), we have K # 0 and so dim K; > dim R;_;_p. Thus
dim R _, = dim M, +dim K, > dim M, +dim R,_,_p.

A Hilbert function calculation then gives the inequality

Lm0 ) = (i'sm + O(sm—1)> + (i,(s —t—D)" + 0(5'"—1)),
m! m! m!

so that (1/m!)s™ < O(S’"_l), a contradiction. This says that no equation of the
form (3-9) can hold, and so vy, ..., v, are free over R. O

We now construct the sought-after ordered basis for C[V].

Definition 3.13. By Proposition 3.9, the polynomials given by (x) and () span
C[V] and by Theorem 3.12, those from (*x) are linearly independent. We first
create a basis of C[V] by adjoining a sufficient number of elements of the form (x)
to those of the form (x:x). List those of the form (x) in grevlex order and discard
any monomial that is linearly dependent with respect to elements of the form ()
together with previous elements of (x); otherwise keep it. This yields the basis C of
C[V]. We define an ordering < on C as follows. First, order the elements by total
degree; then for a fixed degree s,

o let elements of () precede elements of (xx);
o let 297} %v; < 297, *v; if %7, precedes 297,

o let 27} %v; < 2%, *v; if i < j; and

according to grevlex;

« let elements of the form (x) be ordered according to grevlex.

It is easy to see that the elements of C of degree < s form a basis of C[V]<;.
The Chebyshev constants defined in Section 5 will use the ordered basis of C[V]
given in Definition 3.13.

We conclude this section by computing some examples of C and <.

Example3.14. LetV ={z=(z1,...,z2) €C" i1 zps1 =2m42=+-- =2, =0}. The
Noether normalization is the identity, C[zy, ..., z;s] = C[V], and in the notation of
B-1), VAP ={[0:---:0:1:0:---:0]}, where the 1 is in the m-th slot. We take
vy = v = 1 (so t = 0). The basis C consists of the monomials in C[z1, ..., Zu],
which are elements of the form (x:x), ordered by grevlex. There are no elements of
the form () in this case.
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Example 3.15. Let V be the complexified sphere in C3, i.e., the algebraic surface
given by the equation z% + z% + z% = 1. A basis of C[V] is given by all monomials

not in (z%), 1.€.,

2 2 3
1, z1, 22, 23, 21, 2122, 2123, 2, 2223, Z1» - - - -

The Noether normalization is C[z1, z2] € C[V].

In P3, V is given by all points [zo : z1 : 22 : 23] satisfying 22 + 25 + 23 = 23,
and P = {zo = z; = 0}. The points of V N P are then p1=[0:0:1:—i]and
p2=1[0:0:1:i]. Thus (3-1) is satisfied.

Interpolating polynomials are vy = %(Zz +iz3) and v, = %(Zz —1iz3). In this case
t = 1 so that v; = v; and v, = v,. The first few elements of the basis C, ordered
by <, are

1,21, 01, v2, 23, 2101, 2102, 2201, 2202, T3 - - - -

Basis elements of the form (x) are z’l‘ while those of the form (xx) are z‘l)”zgl2 v;.

(Note that since / < ¢t = 1, no factors of the form zlz appear in (x)).

Example 3.16. When V =V (f) C C”" is a hypersurface given by f € C[zy, ..., z,],
we can generalize Example 3.15 by computing the basis C rather explicitly. We
assume that f is a product of distinct irreducible polynomials, so that I = I (V) =
(f). We also assume that LT(f) = z,‘f where d = deg(f). This ensures that
Clzi, ..., zn—1] € C[V] is a Noether normalization.

Let F := f" € C[zo, . .., z,] be the homogenization of f; then in P*, V = V(F)
and I" = (F). If the properties (3-1) hold, then V (F, zo, ..., Z,—2) € P" consists
of d distinct points, all with z,_; #0, givenby [0:---:1:8;]fori=1,...,d.

Separating the terms of F' containing only the variables z,,_1, z, from the others,

n—2

(3-10) F@)=G@n1.20)+ Y _uHi(o. .. ),
1=0

where deg(G) =d anddeg Hy=d — 1 foreach[ =0, ...,n—2. Thus G(1, 8;) =0
fori=1,...,d.
In the notation of earlier in the section, we have

S=Clz0, .-, 2a)/I"+ (20, ..., 20-2)) = Clz0, - - -, Za)/{F (), 20, - - - » Tn—2)
=Clzo, ..., 221/{G(Zn=1,2n)+ 205 - - - » Zn—2)
~ Clzp—1, Zn]/<G(Zn—17 Zn)),

where the second line uses (3-10) and the third uses the map

p(ZO’ Z1’7Zn>|_> p(o,,osanla Zl’l)
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We factor G(z,—1, 2n) = ]_[?:1 (zn—Bizn—1) = ]_[,4:1 li(zn—1, Zn). Note that ; # B,
ifi # j.Foreachi=1,...,d, define

lj (Zn—1,2n)

(3-11) Vi@t ) =] | L6
g\t Pi

J#i
Then deg(v;) =d — 1 for each i, and clearly
0 if j #1,
3-12 (1, B;) =
( ) v; ( :Bj) {1 if j=i.
Note that when f = z% + Z% + z% — 1 as in Example 3.15, we have the points
[0:0:1:—i]and [0:0:1:7]. Then G =Z%+Z§ =(z3+iz2)(z3 —iz2) =11l and
the formula for v; reduces to

N
in agreement with Example 3.15. The formula for v, works similarly.

By (3-12), vy, . .., vy satisfy Lemma 3.4 with r =d — 1. Since the v; only involve
Zn—1, Zn and are normal forms with respect to grevlex (having degree <d — 1 in z,),
we can take v; = v; in Lemma 3.7. Thus vy, ..., vy are defined by (3-11) and have
degree d — 1.

The next step is to identify the set B from (3-7). Since m = n — 1, the monomials
z% and z? from Proposition 3.9 are

ap—
Za:Z?l'”Zn—ZZ’ Zﬂ:Zfr

In this notation, a monomial in zy, ..., z, is written z“zl z . Since the v; have
-1

degree t =d — 1 and (LT(/)) = (LT(f)) = (zd), it follows that (3-7) becomes
=gy il+b<d-2y={,_:1+b<d-2)}
Hence the collections (x) and (x%) from Proposition 3.9 are

(3-13) (9 5,20 @ €Zi? I+b<sd=2,
(o) 297 0 a€ZlP 1>0,i=1,....d.

These products are all normal forms, so no * is needed in the multiplications.
The nicest feature of the hypersurface case is that the basis C consists precisely

of the polynomials in (3-13). They span by Proposition 3.9, so we only need to

prove linear independence. The polynomials in (x:x) are linearly independent by

Theorem 3.12, and those in (x) are linearly independent since they are normal-form
monomials. Hence it remains to study an equation of the form

linear combination of z%z!_,z? = linear combination of 7%z _,v;.

n—1
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The left-hand side has degree <d —2 in z,_1, z, and the right-hand side has degree
> d — 1. This forces the linear combinations to be trivial, and linear independence
follows.

To summarize: when V = V(f) is a hypersurface of degree d, the v; are
polynomials of degree d — 1 that we can compute explicitly in terms of f, and the

elements of (x) consist of all monomials z‘fl e Z,(:”_’ll zn" With ot + o, <d —2.

4. Weakly submultiplicative functions

Bloom and Levenberg [2003] observed that the main properties of Zaharyuta’s
directional Chebyshev constants followed from the submultiplicative property of
sup norms of Chebyshev polynomials, and could be recast rather abstractly as
properties of submultiplicative functions on integer tuples. We verify here that these
properties still hold under slightly weaker conditions. The arguments are those
of Zaharyuta’s [1975] paper with minor adjustments. We will apply these results
concretely in the next section.

Definition 4.1. Let m be a positive integer. A nonnegative function Y : ZZ; — Rxg
is said to be weakly submultiplicative if there is a finite subset F of ZZ, such that:

Foralla, B € Z”Z’O there exists y € F suchthatY (¢ +B8+7y) < Y(a)Y(B).

Y has subexponential growth if for some C, r > 1 we have Y (a) < Cr!®l for all a.

Remark 4.2 (cf., [Bloom and Levenberg 2003]). When Y (¢ + B8) < Y ()Y (B),
ie., F={Q@,...,0)}, Y is called submultiplicative. A submultiplicative function
automatically has subexponential growth: if « = (o, ..., ;) then

Y(a) = Y(fakek) < ﬁ Y (er)™ < rl,
k=1 k=1

where ¢; is the k-th coordinate vector and r = max; Y (¢;). It seems that weak
submultiplicativity should also imply subexponential growth, but the above argument
runs into some technical difficulties.

Let
Twi={0=(1....00) eR":6; >0foralli, )6, =1}

denote the simplex in R™, and let X7 := {0 € X, : 6; > 0 for all i} be its interior.

Lemma4.3. LetY : Z'go — R>0 be weakly submultiplicative with subexponential
growth. For all 8 € X°, the limit T (0) := | l‘im Y(oz)l/l"‘| exists.
o|—> 00

m?

of|a|—0
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Proof. Let{a;)} and {&(;,} be sequences in 27 such that o) /lee |, &) /1o jy | — 0
as j — oo and

lim Y(a)/*0l = liminf  Y(@)/ =L,
J—>00

|| > 00,0/ || —6
lim Y (&) /0 =" limsup  Y(a)"/*:=L,.
j—oo

la|—>o00,a/||—6

To prove the lemma it is sufficient to show that L, < L. By passing to subsequences
we may assume that |&(j)|/|a(;)| — oo as j — oo.

Let g; denote the largest nonnegative integer for which all the components of
r(j) = 0(jy — qjojy are nonnegative. We claim that

o o
qJ~| il S, |~(J)|
oyl el

4-1) —0 asj— oo

Write agy = lag(0 + €;)) and 5{(]') = |5[(j)|(9 + g(j)) where €(j)» g(j) — 0 as
J — 0o. A calculation in components shows that

- ol loeciyl -
4-2) Ay = W) (1 + ) (E(j),) — e(j),,))a(j)v foreachv=1,...,m,

ol o
where we write «(jy = (a(j)1, - - - » &(jym), etc. For any v, we have
el 1 _
(EGw —€Gn) = —(0—=0)=0 as j — oo.
A(jw 0,

(Here we use the fact that € X, , so 6, # 0.) This says that given € > 0, the
quantity in parentheses on the right-hand side of (4-2) exceeds 1 — € for all v when
J is sufficiently large. The definition of ¢; then implies that

& .
g; =20l g,
loecjl

and hence g;lagj)|/loyl =1 —€ —|ag)l/log)| — 1 —€ as j — 0o. On the other
hand, g;|a;)|/le¢;)| < 1 for all j. Since € is arbitrary, (4-1) follows.

Let c:=max{y, :ve{l,...,m}, (y1,...,¥vm) € F}, and let s; be the largest
nonnegative integer such that

si(agy +c¢) <gjoagyy, forallv=1,...,m.

Using this, there exists 7(j) € ZZ, such that

Y(ag) =Y (gjag +rg) =Y (sjag +sivi) + 7)),
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where y(;) € F satisfies Y a(j)+y(j)) < Y(a(j))z. Itis easy to see that |g;|/[s;| — 1,
and hence (4-1) holds with g;, r(;) replaced by s;, 7(;). Finally,

Y @) =Y (s + sivg) g V0!

< (y(a(j))1/\010)|)Sj|0!<j>|/|&<j>\Cl/\&u)lrlf(j)\/\&(j)l’

where C, r are as in Definition 4.1. Taking the limit as j — oo of the first and last
expressions yields Ly < L;. This completes the proof. (]

Recall that a positive real-valued function f on a convex set C € R" is said
to be logarithmically convex if f((1 —t)a +tb) < f(a)!~ f(b)' forall a, b € C;
equivalently, log(f) is convex.

Lemma 4.4. The function 0 — T (0), defined as in the previous lemma, is uniformly
bounded and logarithmically convex on X, (and hence continuous).

Proof. Boundedness follows easily from subexponential growth: if ¥ (o) < Cr!*!
forall « € 77 then T(9) <r forall6 € X, .

To prove logarithmic convexity, fix 6, € £2 and 7 € (0, 1). Let a(j, oy satisfy
Ol(j)/|0l(j)| — 0, 5[(]')/|5l(j)| — 0 as ] — o0 and |O{(j)| = |5[(j)| =.daj for each ] Let
g, q; be positive integers such that g;/(q; +¢q;) — t as j — oo.

For each j there exist B}, v(;), ¥(jy € F such that

Y(qjoq) +qiac) + By + (aj — Dy + @5 — i)
<Y(gjaq + (@ — Dyvi)Y (@) + @5 — D7) < Y)Y @)%

Let §j) :=qje) +4;8() + Bo) +(q; = Dy +(@; — Dyiy). Since J is bounded,
it is easy to see that |(;)|/lgjot(jy +g;a)| — 1 as j — oo and

‘ PPy
lim ¢ — lim qj (J)+‘{J~(J)
J=oo gyl oo lgjay + Gl
= lim YD DD _ g (1 p)é,
j=(qj+qj)a;  (qj+qja;

Hence

T (10 + (1—1)f) = Jim Y () M40
= jlggo Y(é-(j))l/|11j“(j)+f§j&(j)|
< Tim (Y (a(jy) /1900795405 (y (@ jy) V1001334445
j—00
=TO)'TO)'"

which concludes the proof. U
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Given b € 0%, = X, \ Z;,, define
(4-3) T~(b):= liminf  Y(a)/1.

|ot|— 00,0/ || —>b
Lemma 4.5. Letb € 0%,,. Then
T (b) = liminf T(6).
(b) = injnl, T®)

Proof. Let {6y} j>1 be a sequence of points in zg with 6(;) — b as j — o0, and
for each j choose « ;) such that

D g '>‘ 2 |Y(oc<'))"’<1-”' —TOGI < ;
el ] ] :

Then o)/t j| — b as j — oo, so

T~ (b) <liminf Y ()"0 < liminf<T(0( I e l,) = liminf T (8)).
j—o00 j—o00 ] j—o00

Hence T (D) <liminfy_p gexg T(0) since the sequence ;) was arbitrary.
It remains to prove the reverse inequality. Let o = (071, .. ., o) satisfy o, > 0
for each v; then (b+0)/(1+|o|) € X,,. We will show that

) bto T 7 () TR
(4-4) T(H_lal)fr T (b) T,

(Here r is as in Definition 4.1.)
Choose sequences o, £(j) in ZZ, such that |«(j)| — oo and

o 1 .
—_ _, b with Y ()@l — T7(b), and @D,
|yl )]

Since Y is weakly submultiplicative with subexponential growth,
(4-5) Y (€ +a) + 1) < YEG)Y (@) < CriolY o)

for appropriate y(;) € F.

We compute £ /|aj) + £yl — o/(A+]o|) and aj)/|ejy + £yl — b/ (1 +]o])
as j — o0o. Since F is bounded we also have y(;)/|€;) + ) + vl — O, ...,0)
and |€¢j) +ajl/ 1€ + ) + vl — 1. The inequality (4-5) then yields (4-4) by
a similar limiting process as detailed in the previous lemmas. Finally, using (4-4),

lo| 1
liminf T(0)< liminf T( bto ) < lim oI T~ (b) TF0T = T (b),
6—>b,0exs, lo|—0 1+|o] lo|—0
0;>0 for all i
which is the desired inequality. O

An immediate consequence of Lemma 4.4 and equation (4-4) is the following.
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Corollary 4.6. Suppose T (¢) # 0 for some ¢ € 3. Then T(0) #0 forall 6 € ¥,
and T~ (b) # 0 for all b € 0%,,. The same conclusion holds if T~ (c) # 0 for some
ce X,

Lemma 4.7. Let Q be a compact subset of X;,. Then

lim sup{|Y(a)1/'“' —TO@):

|| — o0

a . —_
m:.e)(oz)eQ}_

If T is as in the previous corollary, then also

lim sup{| log Y ()1l —1log T (0 (a))| : =

lo|—00 ||

Proof. Let L denote the first lim sup, and let {« )} be a sequence for which

— 6(a) € Q} -

Lim [Y (a0l —T @) =L
J—> 0

where 6(;) = a(;)/|o¢j)|. We may assume that 6;) — 6 € Q by passing perhaps to
a subsequence. Then

Y ()N =T (@) < Y (a )T =T @)+ T ©) — T 6l

and as j — 00, the first expression on the right-hand side goes to zero by Lemma 4.3
and the second by continuity of 7 (Lemma 4.4). So L = 0 as required.

If T is as in the previous corollary, then all quantities inside the second lim sup
are finite. To prove this second statement, one does a similar argument as above,
writing log ¥ () /101, log T (), etc. in place of Y (a(j))/*0l, T(0;)). O

For a positive integer s, let h,(s) denote the number of elements in the set
{o € 7% : || = s}; we have hy, (s) = (H’"*l) — G4m=D)!

s — slm=D!"
Lemma 4.8. We have

(4-6)

Yleel _y —f logT(#)d0 ass— oo,
hy, ( ) vol(X,,)

where on the right-hand side we integrate over 0 with respect to the usual m-
dimensional volume on R™, with vol(X,,) = f s, do.

Proof. By Corollary 4.6 we have two cases: either T is never zero on X7 or T = 0.

We consider the first case. For convenience write 6 (o) = «/|«|. The set X(s) :=
{0(a) : |a| = s} is a uniformly distributed grid of points on X, such that the discrete
probability measure (1/ A, (s)) Z| ol =s 86(a) supported on X (s) converges weak™ to
(1/vol(X%,,))dO as s — oo. Since 8 — T () is a bounded continuous function on
> and Vol(aE) =0,

logT(#)dO ass— oo.

1
A ( ) vol(Z,,)

la|=s
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(To see this, note that the formula holds by weak* convergence when log T'(9) is
replaced by (1 — x) log T (6) with x an arbitrary smooth cutoff function supported
in a neighborhood of 9X; now shrink the support of x.)

Hence to prove (4-6), it is sufficient to show that

Z llog ¥ (@) /! —log T(e(a))|) 50 ass— oo

0{ =S

1
@7 (hm<s>

Fix § > 0 and define the compactset Q5:={0 = (61, ..., 6,,) € X, :6, > 6 for all v}.
For a positive integer s, let

|Z—|€Q5}

Li(s) = {oz = (@i, ap) €20 o] =5,

and let Ly(s) := {a — @1, ) €70 ol =, |Z—| ¢ Qa}; write

m

La(s) = U{a € La(s): % < 5} . L_Jl Lao(s).

v=1

Using «,, < és and Z 7 < s, we can estimate the size of L, , (s) for each v as
|Ly,(s)| < 8s (”m 2) A calculatlon then gives
m—2
|L2<s>| _y ol L i B
h (s) — (s+m—1) - :

N

v=1

Hence

Vel _1og T (0(a))|

> llog ¥ () —log T(0())]
ael(s)

()

> llog¥ ()" —log T(0())|

aely(s)

)

< LS upjiog ¥ (o)1~ log T(@(@)] < | = 5, 6() € Q5)

lh ZE ;' (lo g(Csr) +logr)

< sup{|log ¥ (@) "/ —log T (0 ()| : || = 5, O(ex) € O5}
+ 8m*(log(C'*r) +logr),
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with C, r as in Definition 4.1. By Lemma 4.7 the sup in the above line goes to zero
as s — 00, S0

limsup(h ) Z |log Y(a)l/lal log T(0(a))|> < 8m2(log(cl/sr) +logr).
§—>00 m I ‘ s

Since § > 0 was arbitrary, (4-7) follows.
For the case T = 0, we need to show that the left-hand side of (4-6) goes to —oo
as s — oo. Fix a compact set Q C X7 . The first part of the previous lemma yields

lim sup{Y ()% : || = 00, /|a| € O} =
Hence given € > 0,
sup{Y (@)1 : |a| > N, a/|a| € O} <€

for sufficiently large N. Using the notation L (s), L, (s) from the proof of the first
case (with Q in place of Qs), we have

1/]a| | 1(s)]
. (S) |Z_ log Y (@) <1/hy(s) l;y log =) loge <loge
af|laleQ of|lajeQ

for s > N. Finally, note that ¥ (&)'/1*! is uniformly bounded above for all o (say by
some constant M) since Y has subexponential growth. For all s,

|L2(s)]
§ log Y ()1l = =2 M < M.
og Y (a) I (s)

B (S) o
Ot/la|¢Q
Altogether, (1/h,,(s)) Zlalzs log Y(e)V1l < M+ loge when s > N. Since € is
arbitrary, the left-hand side of (4-6) goes to —oo as required. U

5. Chebyshev constants

In this section we construct Chebyshev constants on an algebraic variety V C C".
Suppose that V satisfies the properties (3-1). As before, R :=Clzy, ..., zm] S C[V]
is a Noether normalization, and vy, ..., vy are the polynomials of Section 2. We
will write Ay, ..., A4 for the interpolating points denoted by py, ..., pg earlier,

so that we can use the letter “p” to denote polynomials. We also introduce some
additional notation.

Notation 5.1. Recall that the basis C of C[V] was constructed in Definition 3.13,
ordered by <. Denote by {ej}""1 the enumeration of C according to <. For
f= Zj aje; € C[V] we write LT ( f) = aiey for the leading term, i.e., a; # 0 and
aj =0forall j > k. For f, g € C[V], write f < g if LT_(f) < LT(g).
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In what follows, o will always denote a multi-index in 77, and we write
o = (o, a,) where o € Z ! and am € Zxo. For convenience, we will also
identify o and o’ with (a1, .. ozm, ...,0)and (ay, ..., ap-1,0,...,0)in ZZ,
when using multi-index notation (1.e., in expressions such as z%). -

Definition 5.2. Let o € Z’go be a multi-index. Define fori =1, ..., d the collection
of polynomials
Mi(a) :={p@) € C[V]: p(2) =20 +8(2), 8(z) < z"v;}.
Fix a compact set K € V. We define the function ¥; : ZZ) — Rxo by
Yi(o) :=inf{||pllk : p € Mi(2)}.

For a fixed i € {1, ..., d}, we will write £;(z%) to denote an arbitrary g € C[V]
with g < z%v;. An immediate consequence of Lemma 3.7 is the following.

Lemma 5.3. We have v? = 7!, v; + ¢;(2},) and v;v; = £;(z!)). Hence if p € M;(a),
q € M;(@), then pqg € M;(a+ &+ yp), where y,, = (0,...,0,1,0,...,0), where
the t is in the m-th slot.

In the above lemma, ¢ is as in (3-4). As a consequence, we obtain a weakly
submultiplicative function on ZZ,,, where the set / in Definition 4.1 may be taken
to be the singleton {y,,}.

Corollary 5.4. The function Y; is weakly submultiplicative with subexponential
growth. In particular,

Yila+a+ym) <Vi(@)Yi(@), o aelZl

Proof. Fix indices a, @ € Z” . Choose p € M;(«) such that ||p|lx = Y;(a) and
q € M; (@) such that ||g | x =_Y,- (a0). By the previous lemma, pg € M; (¢ +a+ Vi),
so that Y (o +a +ym) < lIpqlix < lplikligllxk =Yi(e)Y;(c).

Choose r > 1 such that K € B(0, r) ={z € C": |z| <r}. Then Y; () <r!*!||v; | g,
so Y; has subexponential growth (choose C > max{l, ||v;||x}). [l

As a consequence of the results in the previous section, we have the following:

Proposition 5.5. The limit
T(K,x,0):= lim Y;(a)/"

lo| > o0
afla|—6

exists foreach8 € X7, and 0 — T (K, A;, 0) defines a logarithmically homogeneous
function on X, . Moreover, we have the convergence

1
hm Z log Y; () AL R — ol(E0) log T(K,A;,0)do ass— oo.

I\S
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Definition 5.6. We call T (K, X;, 0) the directional Chebyshev constant of K asso-
ciated to \; and 6.
We call

T(K,A) = exp( logT(K,ki,Q)d9>

vol(X,) Jse

the principal Chebyshev constant of K associated to A;.
Asin (4-3), we also define T~ (K, A;, b):=  liminf  Yi(a)/1* forbedx,,.

|| =00, o/ || —>b

In the proof of the main theorem on transfinite diameter, we will need to account
for polynomials whose leading terms in C are of the form (). For o’ € ZZ ! define

M(a') :={p € C[V]:LTL(p) =z% 7. 2# with 2/ ¥ € B}.

Recall that this means that [ + || < . Set Y (&) := inf{|Ipllx : p € M(a)}. If
K € B(0, r) it is easy to see that

(5-1) Y) <rll.
Also, set
(5-2) T(a):= inf{llpllk/degp :p e M)}

and define the function

T~(K,0):= liminf T(a)

lo'| =00

on Xyt :={0" =01, ...,0m-1) € R"1:> 6 =1}. We want to get a lower

estimate for this quantity. First we make the following observation. Since the

monomial zﬁ["s ‘z/3 is not in B it must be expressed in C[ V'] with respect to the basis

C as
d
(5-3) o PP =" Cpivi+q(2),
i=1
where degq <1, LT.(g) < vy, and not all Cg; are zero.

Lemma 5.7. Suppose Cg; # 0 for some i € {1, ...,d}. Then for each 0’ € X,,_1,
(5-4) T™(K,%,0) <T (K.,
where 0 = (6',0) = (61, ...,0,-1,0) € 0X,,.

Proof. Fix 6’ € ¥,_1 and let ¢ > 0. Let {O‘Ej)} be a sequence in Zgo_l with
|O‘Ei)| — 00, ozzj)/lagj)l — 0, and T(agj)) — T (K,0") as j — oo.
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Next, choose a sequence of polynomials {p;} € C[V] such that p; € M(aé j))
and || pll }!deg br < T(O‘Ej)) + €. Since B is finite, we can assume, by passing perhaps
to a subsequence, that LT, (p;) = %0 zfnzﬂ, where [ and 8 are the same for all j.

Let Q .= C‘;lzf{l_lﬂlvi and define {P;} C C[V] by P; := Qp; for each j. Then
a calculation using equation (5-3) and Lemma 5.3 shows that P; € M, («(j)) where
agy = (ozéj), t—1BI). Clearly oy /|et(jy| — 60 as j — oo since [ and | B| are bounded
from above by . Now

. 1/lag 1/]ag Vo oz e
Vit ol < 1 @I pi 1 < 101N (T (@) + ez /oo,
We take the liminf as j — oo. We have T7 (K, A;,0) < f”_(K, 0’) + € since
deg pj/lag)| — 1, and (5-4) follows since € was arbitrary. U

Corollary 5.8. We have

liminf ¥ (o))" =liminf T () > min{T (K, %;,0) :i € {1,...,d}, 0 € 3T, }.

lo/|— 00 lo/|— 00

6. The transfinite diameter

Recall that {e;}72, denotes the enumeration of the basis C according to the ordering
<. For a finite set {¢{, ..., ¢} C V, define

6-1) Vane(z, ..., €)= det | 2O €2 el

es(é‘l) es(CZ) T es(gs)
As in the previous section, fix a compact set K € V. We have K € B(0,r) =

{|z| < r} for some r > 0.

Notation 6.1. For a positive integer s,

Vs :=sup{|Vanc(C1, ..., &)l {C1s .. &6} € K}

Also, given any positive integer s, let h; denote the dimension of C[V]_, let
mg =Y _oh, denote the dimension of C[V]<,, and let [, := Y, _, vh, denote
the sum of the degrees of the basis elements C N C[V]<;.

We now state our main theorem:

Theorem 6.2. The limit d(K) = lim V,,ll/ Is exists and we have the formula
§—>00 $

d 1/d
d(K) = (]_[ T(K, Ai)) .

i=1
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To prove the theorem we will need some lemmas. Recall that B is the collection
of monomials given by (3-7).

Lemma 6.3. Let s be a positive integer. If es = z%v; for some i € {1, ...,d}, then

(6-2) Yi(a) < VVS <sYi(a).

s—1

If e; =27 2P with 7 2P € BNC, then

(6-3) Y() < <s¥;(a).

s—1
Proof. Choose points {1, ..., {s—1 in K such that Vang(¢q, ..., &—1) = Vi1 Itis
easy to see that the polynomial P(z) := Vang(¢y, ..., {—1,2)/Vane(Sy, ..., §s—1)

is in M(«) by expanding the determinant, and hence

s

V.
Yi(a) < ||Pllx < Voo

s—1

which gives the first inequality of (6-2).

Now choose points ¢1, ..., ¢ in K such that Vang(¢y, ..., ) = V; and let
t(z) =es+ ), _, cve, be a polynomial in M («) such that ||#||x = ¥;(«). Then by
properties of determinants,

1 1 .. 1
ex(&1) exon) - exdy)
V; = |det : : : :

esfl(gl) 8571(52) esfl(é‘s)
G (&) - 1)

A N
<D V@ G G Y Vi@ Ve = sYi(@) Vi,
v=I v=l1
where we expand along the bottom row. This gives the second inequality of (6-2).
The proof of (6-3) is similar, so we omit it. U

We need to keep track of exponents. Let ¢ be as in Section 3 (see the paragraph
following Corollary 3.3). Fix an integer s > ¢. For an element z%v; there are d
choices fori and h,, (s —t) = (“'_Z:ml_l) = % choices for @ when || =5 —*.
Hence the number of basis elements of degree s of the form (sx) is dh,, (s —1).

Let a; := hy — dh,, (s — t) be the number of remaining basis elements, of the
form (%), i.e., 2% azl,z? with &’ € 775" and z},z# € B. We then have the estimate
as < |B |(s;"52), where |B| denotes the size of the set B. Hence

Bs+m—2 dh _y
asgl |('"_2)—>O as s — 0o, and so —m(s )—>

h_S d(s—t-‘rm—]) hs

m—1

(6-4) 1.
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Let Ty :=inf{T (') :s—t <|o’| <s}, where T (&) is as in (5-2). A straightforward
corollary of the previous lemma is the following:

Corollary 6.4. For a positive integer s > t, we have

|

d d
(6-5) T;‘%( I ]_[Yi(a)>s VV’"S 5( s )erf IT [Tv@.

my_q!
lal=s—1 i=1 s—1 ol =s—1 i=1

Proof. We apply Lemma 6.3 to the product

VmS _ Vms me—l L Vms_|+]
Vm.v—] Vms_l me_z Vm.v—] ‘

For the upper estimate, we have
Vms _ Vms Vmsfl me_l—',-l
Vmsfl me_l me_z Vmsfl
_ ( me . Vmsfl“l‘as“l‘l )( Vmsfl“l‘as . Vmsfl‘i‘l)

Vmsfl Vmsfl+as Vrnsfl"’as*l Vmsfl

d
=< (mxms—l s (mg_1+ag+1) 1_[ l_[ Y; (Ol))

la|=s—t i=1
mg—1+as

x(nyr+a) -+ ] @),

v=mg_1+1

where in the last two lines the first large parentheses apply (6-2) to those fractions
Vi/ Vi—1 for which e, is of the form (s)" while the second large parentheses apply
(6-3) to those fractions for which e, is of the form (x). We have also written o’ (e,,)
to denote the multi-index o’ € 7”5 for which e, = 7%z}, z%. We have

d
(msms—l s (mg_1+ag+1) 1_[ l_[ Y; (O‘)>

la|=s—t i=1

mg—1+as
x ((ms_l +a) - meo+ 1) ] Y(o/(ev)))

v=m_1+1
| d | mg—1+ag
my! my! s
=(5— Il [I"@ 11 -
Me_1. Mg_1.
s—1 lo|=s—t i=1 s—1 v=mgs_1+1

where we use (5-1) in the last line. This last expression is the upper estimate in
(6-5). The lower estimate follows similarly, using the fact that s — < |o&/(e,)| < s
forallv=m,_1+1,...,ms_1 +as, so that Y («'(e,)) > T, for all v. O

TRecall that deg(z%v;) = s when |a| =s — ¢
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Similar reasoning as in the paragraphs before the above corollary give

—1 —1 —1
msfd(s +m>+|8|(s +m >’
m m—1
and when s > ¢,

K K s—t s—t v+m—1 s—t4+m
lS:E UthE vhvzg vh,,HZE v-d( m— 1 ):dm( m 1 )
v=1 V=t v=1 v=1

Then

ms _ m+1 |B|(m +1)
I, “m(s—1t) ds—t)(s—t+m)’

in particular m/l; — 0, and

(6-6) 1< mHs <m™/l 51 ass — oo.

1/shy
Set T,(A;) := _._ Yi(a) ; then (6-5) becomes
|o|=s—1t

.4 v ma \2 4
67 BOT[R00™ = 2 < re (S T Re0™.
i=l

il Ms_1 my_q!

Write Vi, = (Viu, / Ving_) -+ (Vi1 / Vin,) Vi, - Then the above calculation yields
the following:

Corollary 6.5.
s d s d
I1 (T []% (M)”’“) Vin, < Vi, < (D> T (r mwhv) Vi -
v=t+1 i=1 v=t+1 i=1

To prove Theorem 6.2 we take /;-th roots in the above inequality and show that
the upper and lower estimates have the desired limit as s — oo.

Lemma 6.6. As s — 00, we have

PUETELTIN 0. and — M 4

Iy (s—0h,(s—1)
Proof. The first limit follows immediately from (6-6). Writing the left-hand side
of the second limit as )}, va,/Y }_, vh,, convergence of this limit to zero
follows easily from a;/hy — O (the first limit in (6-4)). The third limit (to d) follows
easily from the second limit in (6-4). O

6-8)  (mH*s -1,

Proof of Theorem 6.2. We first verify that

(6-9) T,(\) — T(K,\)'?  ass — oo.
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By Proposition 5.5,

1
S—Dhpy (s—1 1 1
< I1 Yi(a)>( " ep(—h ooh Z 1ogY(a)a)

lo|=s—t

— T (K, Aj).

Together with the third limit of (6-8) and the definition of 7;(};), we get (6-9). In

turn, writing Iy = Y v—i1 Vhy, this gives the convergence

s 1/iv
( ]_[ Tv(ki)”h“> — T(K,x)Y? ass — oo

v=t+1

of weighted geometric means. Note that /I, — 1 as s — 00, so we may replace
l;-th roots with [;-th roots in what follows. We have

1/,
(mS!)z/l“ 1—[ ( HT Oui )uh.,) Vl/lv
v=t+1
1/ 1/d
TU(A»”’%) Vol = (l_[ T(K, m)

1

N

— (mS!)Z/ler vay /I H( 1_[

i=1 ‘v=r+1

as s — 00, which shows that lim sup,_, ., V;u /Z‘ < <]_[§i:1 T(K, Ai))l/d

If T(K, A;) =0 for some i then the theorem is proved, with d(K) = 0. Otherwise,
T (K, X;) > 0 for all i; using Corollary 4.6 it is easy to see that T~ (K, A;, b) > 0
foralli=1,...,d and b € 0%,,; and since dX%,, is compact, there exists ¢ > 0
such that 7 (K, A;, b) > c for all i and b. By Lemma 5.7,

hmlnfT >11m1nfT(a)> rnzm T~ (9)>m1nT (K, ri,b) > c,

§—> 00 o'| >0 m—1

so there is some uniform constant € € (0, ¢) such that 7Ty > € for all s > ¢, which
gives
S

d
] <€ 1 Tv(ki)“h”> Vi, < Vi,

v=t+1 i=1

1/d
Now the /;-th root of the left-hand side of the above goes to (]_[?’:1 T(K, k,))
as s — oo by a similar argument as before. This concludes the proof. (I

7. Transfinite diameter using the standard basis

In this section we verify that the transfinite diameter of the previous section may be
computed in terms of the standard (grevlex) basis of monomials in C[V]. Recall
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that the basis for normal forms C[z]; (where I = I (V)) is given by the collection
of monomials

{2V 1y eZz0, 2V & (LT(D))}.

Writing {e; }?":1 for the enumeration of these monomials according to grevlex, define
Van(¢y, ..., ¢{y) as in the right-hand side of (6-1) for a finite set {¢q, ..., iy} SV,
replacing the e; with the €;. Put

Wi, = sup{[Van(l1, ..., Eu )l {C1s -0 Em ) S K.

Later in this section we will need to consider Vandermonde determinants formed
from other graded polynomial bases. The Vandermonde determinant associated to
a basis F will be denoted Vanx(-).

Lemma 7.1. Let 7| = {f'j};?’;] and Fpy = {fj}?ozl be bases of polynomials for C[ V],
enumerated according to a graded ordering, and suppose that for some positive
integer M, f, = f, whenever T > M. Then there exists a uniform constant k # 0
such that for any integer T > M and finite set {1, ..., ¢},

Vanz, (C1, ..., &) = kVang, (G, -, o).

Proof. Fix the set {¢,...,¢;} where t > M. Let E; = [fj(fk)]lj,k=1 and F; =
f; ({k)]lj’ «— denote the Vandermonde matrices at the /-th stage for/ =1, ..., 7.
With this notation, we have Ejp; = Py Fy, where Py is the change of basis
matrix from {fj}j?”: , to {f j}ﬁi , over the linear space spanned by these polyno-
mials. In particular, det Pyy # 0. Taking determinants, Vang, (¢1,...,¢{m) =

det(Puy)Vang, (§1, - .., Em).
Similarly, write E; = P; F;; then E; and F; are of the form

EM|>k FM|>i<
E-[:[ E/ ], th[ E/ )

the last rows (denoted by E’) being the same since e; = f; when [ > M. It follows

that P, must be of the form
PM k
P, =
=[5

where [ denotes the identity matrix, so that det P, = det Py,.
Taking « := det Py, the lemma follows immediately. O
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Recall that the basis C of Definition 3.13 is made up of the normal forms of two
types of polynomials:*

() %2 P racz?yt, I+1Bl<t—1

>0 >

(#%) %Zviiaez?t, 120,i=1,....d.

When these polynomials are already normal forms, as in the examples of Section 3,
we have the following theorem:

Theorem 7.2. Suppose the polynomials (x) and (xx) are already in normal form.
Then limg_, o W,},fl“ =d(K). (Here ly, mg are as in Notation 6.1.)

The idea is to show that (V,,l,{l"/W%l“) — 1 as s — oo, where V,, is as in

the notation of the previous section. To this end, we analyze the Vandermonde
determinants that give these quantities in more detail.
Write
vj(Z):ZAjﬁZ'B, j=1,...,d
peD
where D is the collection of all basis monomials that appear in the polynomials v; for
all j=1...,d. Choose constants ¢, C > 0 such that for any positive integer k <d,

(7-1) c<|detA]<C

whenever A is a k x k nonsingular square matrix obtained by deleting sufficiently
many rows and columns of the d x |D| matrix [A g];, 5.§ There are finitely many
possible values for |det A|, so we may take the maximum and minimum of these as
our constants.

We are interested in |Van(¢y, . .., §y, )| for a finite set {¢1, ..., &u, }. The value
is the same for any graded ordering of the monomials of C[V ]<,, so let us construct
yet another graded ordering that will be convenient for calculation.

Fix the usual grevlex ordering on monomials of degree < ¢t. For v > ¢, and
supposing that monomials of degree < t have already been ordered, we order the
monomials of degree t as follows. First, list the monomials of the form () according
to the ordering on C. We set up some convenient notation before continuing.

Notation 7.3. Let W), be the set consisting of the monomial basis of C[V]<;_1
together with the monomials of the form (x) of degree t. Let Wy denote this same
set with our ordering imposed. (With this notation, the matrices given below are
uniquely determined.) Also, W; will have the same meaning when Wy, k=1, 2, ...
is defined later in the section.

'ch., Remark 3.10.
$Since only the absolute value of the determinant appears, the order of the columns (indexed by )
is not important.
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Having listed the monomials in Wy, we will use the elements of (%) to order
the remaining monomials in C[V]<.. Before we do this, observe that for @ € 77,

o= At
BeD

and since z%v; is a normal form, each of the monomials in the sum on the right-hand
side is a basis monomial.

Returning to the construction of our ordering, let us enumerate the multi-indices
a € 77 of total degree T — ¢t as a(1), a(2), ..., according to their order of appear-
ance in the elements of the form (xx) in C.

The polynomials {z“(l)vj }?: , are linearly independent by Theorem 3.12. This
allows us to choose, for each j =1, ...,d, a term 72W+BU) of z"‘(l)vj that is not a
term of z*(Vv; whenever i < j. We can also arrange that none of these terms be
in W) either, since by the construction of C in Section 2, none of the polynomials
z"‘(l)vj are in the span of W. The set of monomials defined by

Wi = {z¥ 12V € Wy or 7V = z2(DTAU)y
is therefore a linearly independent subset of basis monomials in C[V ] <.

Remark 7.4. When k > 1, note that z¢® v; is not in the span of W;. If it were,
then all its monomials would be in W, and, irrespective of how one orders the
remaining monomials that are not in W, the change of basis matrix on C[V ],
from C to the monomial basis would not have full rank. This contradicts the fact
that a change of basis matrix must be invertible.

Now, write

- ow, 7 [ Wo | Wy ]

2y, 5 Azt DT Z@DFBD
. 0
. — . — A . ,

2y, > Agpz2 D ; 0 j 2+
rest of C rest of C rest of C

| (deg <7) | (deg < 1) | (deg <7) |

where the (j, k)-th entry in the block A(y) is given by A ;g with B = B(k). (The
“x” in the blocks adjacent to A j) also consist of entries of the form A ;5 but do not
enter into subsequent calculations.) Clearly ¢ < detA(;) < C asin (7-1).

Let us write this more compactly as

Wo I/ 0 |0 w
rest | =| *|Aq)|* rest
of C 0] 0 |1 of C
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The ordering of the remaining monomials is done by repeating the same pro-
cess as above with the polynomials %, z¢® ... in turn, to form W», Wi, . . .,
etc. Assuming that YW,_; has already been constructed, consider the polynomi-
als {z“(”)vj}‘;zl. They are linearly independent, and by similar reasoning as in
Remark 7.4, none of them are in the span of W, _;. Hence they yield d additional
basis monomials which, adjoined to W,_, form the set WW,. We also have an
equation of the form

W, I1 010 w,
(7-2) rest | =| x|Aq)|* rest |,
of C 0| 0 |1 of C

with ¢ < |detA(,)| < C as in (7-1). This is the main formula needed for the
proposition below.

Example 7.5. For the complexified sphere V(z% + Z% + z% — 1) in C°, the elements
of degree 7 in the basis C are
T—1 T—1

T T2 T2
Z]?ZI v],Zl v27zl szlvzl Z2v2""7

where v; = %(Zz +1iz3) and vy, = %(Zz —iz3). Then

-1 -1 2.2 -2
Wo={..z1}, Wi={..z].2]" 22,2} z3}, Wh=WiU{z] “z3,2] “z223}.

Recall that for a positive integer T > ¢, h,,(t — t) coincides with the number
of multi-indices o for which z%v; is an element in the basis C of degree 7, where
je{l,...,d}. Introduce the notation

T
bri=Y hu(s—1).
s=t

A straightforward calculation shows that

(7-3) b:/l; >0 ast— o0.

Proposition 7.6. For any collection of points {¢1, ..., &, }, with T > t, we have
e’ [Van(Si, ..., Gn)| < [Vane (1. .. Gm )l < €™ Van(Gi, ..., G, )1,

where ¢, C are as in (7-1).

Proof. The proof is by induction on r. We concentrate on the upper inequality
involving C, and note that the same proof works for the lower inequality. When
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T =t, we have

monomials in (x) W
ofdjgft B ZﬁAl,gZﬁ 110 [W]
! - : LA H
v‘d Zﬁ Adﬂzﬁ

and note that in this case, [W;] uses all monomials of degree < f. Forming
Vandermonde determinants, we have

|VanC(g-1’~"’§m,)|= §C|Van(§la"'5§m,)|’

110
det|: IL :|Var1(§'1,...,§m,)

where we apply (7-1) and the fact that the determinant in the middle term is the
determinant of a d x d minor of A. This proves the base case.

Suppose the inequality holds when t is replaced by 7 — 1. For j =0, ..., b,
let us introduce the convenient notation Van;(¢y, ..., {p,) for the “intermediate™
Vandermonde determinants:

Wi o W)
Za(]+1)v1 @) --- Zcx(j+l)v1(é.mr)
Val’lj(é'l,...,é'mr):det ‘
Za(br)vl @) --- Za(br)vd(é.mr)
In particular, |Vany,, - (1, ..., &m )| = [Van(&y, ..., &m,)|.

Using equation (7-2),
[Van,_i (51, ..., &n )| = [det(Aw)) | - [Vany (1, ... Gn )l = ClIVan, (&, ooy S|

forall v=1,..., b;, and hence by repeated application of the above,

[Vang(¢1, - . -, &m,)| < C" 0 Van(zy, .. ., &)l

If we define k by the equation Vanc (¢, ..., &m,—1) =k Van(ly, ..., {m,—1), then
by Lemma 7.1,

Vanc(¢y, ..., &n,) = kVang(Sy, ...y S, ),

as both determinants use the same elements {e;,, ,+1, ..., ey, } of degree 7. Also,
note that by the inductive hypothesis, we have |x| < CP=1.
Putting everything together,

[Vanc(¢1, -« ., Gm )l < CP1[Vang (1, - - .., &m,)
< o1t T=D\van(gy, ..., )| = CP"|Van(&y, . . ., Gu,)ls
and the induction is complete. U

Theorem 7.2 is now an easy corollary.
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Proof of Theorem 7.2. Let K C V be compact. If W,,, =0 for some 7, then by a simi-
lar argument as in Lemma 7.1, W,,. = V,,, =0 for all s > 7, and the theorem follows.
Otherwise, suppose W,,, > 0 for all . It follows from the above proposition that

(7'4) ch er = er = be er .

Using (7-3), we have c¢b</*, C?/!s — 1 as t — oco. Hence dividing by W,, and
taking [;-th roots in (7-4), we have (er)l/lf/(er)l/Zr — 1l as T — oo. The
theorem is proved. O

We close the section by sketching an argument that shows how to get rid of the
assumption that the products z%z,zf and z%z),v; used in Theorem 7.2 are normal
forms. In general, the methods of this section can be used to construct a basis W of
linearly independent (but not necessarily normal form) monomials on the variety V,
made up of the terms in these products. The same proofs also show that transfinite
diameter defined in terms of Vanyy( -) gives the same value as that defined in terms
of Vane(-).

Now all monomials in W are of the form

with |B] <, since degv; =1 for all i. Given z%zP as above, consider a monomial
z%zP with |B| < s for some s > ¢. Then for any compact set K C V that avoids the
coordinate axes in C",1 one can find constants m and M such that, upon evaluating
these monomials at any point ¢ € K,

POl
(ol

For example, choose an M > 1 such that

(7-5)

max{|z|:z € K}
~min{|zi| iz =(z1,....2,) €K})

All elements of the (grevlex) monomial basis for C[V] have their total degree in
the variables z,,+1, . . . , Z, uniformly bounded above (say by s > ¢), as a consequence
of our hypotheses in Section 3 on Noether normalization. We can therefore compare
these basis monomials to those in W using (7-5).

For an integer T > ¢ and collection of points {{1, .. ., {u, } C K, it follows that one
can estimate the ratio |Vany (&1, ..., &m,)|/IVan(¢y, . . ., &, )| with powers of m
and M, by repeatedly applying (7-5) to compare rows of the associated Vandermonde
matrices. One can verify that the growth of these powers is strictly smaller, as a
function of t, than the growth of /;. Finally, a similar argument as carried out in the
above proof (forming an equation similar to (7-4), taking /. -th roots, etc.) shows

IFurther analysis can be carried out at the end to remove this condition on the axes.
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that transfinite diameter defined in terms of Van(-) gives the same value as that
defined in terms of Vanyy, (- ).

Appendix: The monic basis

In [Rumely et al. 2000], Rumely, Lau and Varley construct the sectional capacity
of an algebraic variety. As in our case above, Zaharyuta’s method plays an essential
role. A so-called monic basis is constructed on the variety with good multiplicative
properties, similar to those of the basis C from Definition 3.13. Using the monic
basis, Chebyshev constants are then defined in terms of normalized polynomial
classes, and products of Chebyshev constants give the sectional capacity.

The monic basis of [Rumely et al. 2000, §4] is defined in a very general, abstract
setting. For simplicity, let X € P" be an irreducible variety of dimension m
and degree d over C. As before, homogeneous coordinates in " are denoted by
z=1lzo:z1: - :zy]. Then X gives the graded ring C[X] = C[z]/I(X). The
monic basis is a vector space basis of C[X] consisting of homogeneous elements
ny € C[X]y. Here is a brief sketch of how the monic basis is constructed:

(1) Write X =XO 2> XD > x@ ... X™=D where for £ =1,...,m—1 we
have X© = {z € XD : z, =0}. We assume X© to be an irreducible variety
of dimension m — ¢, and that the curve XD intersects zo = 0 in distinct
smooth points of points of X ~; say on the set D = {q1, ..., qq}.

(2) Fix a sufficiently large positive integer jo, so that for j > jo,

(a) Foreach i =1, ..., d there exists a rational function on X"~ with a
pole of order j at g; and no other poles.

(b) The collection of rational functions on X ™~V with poles of order at most
Jj on D is isomorphic to the collection of homogeneous polynomials on
X =D of degree j.

(3) For each i, j as above, choose a rational function 7; ; (normalized appropri-
ately) that satisfies part (a) of the previous step. Choose these functions so that
the collection {n; ;} is multiplicatively finitely generated.!

(4) Use these rational functions to construct, for each j, a basis for the homoge-
neous polynomials of degree j on X~1, (Note that these are polynomials in
the variables zo, 2y, Zm+1s - - - » Zn ONIY.)

(5) Construct a basis for homogeneous polynomials on the spaces X"=2 ... X1,
X in turn by inductively adjoining monomials in the remaining variables.

The properties of the monic basis and a justification of the above steps is given
in [Rumely et al. 2000, §§4 and 5]. See especially their Theorem 4.1.

IThis will ensure that the monic basis has good multiplicative properties, as can be seen in
Example A.1 below.
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Note in particular that the monic basis gives a basis of C[X], for every s. This
differs from our setting, where V C C” is an affine variety with coordinate ring
C[V]1=Clz1,...,z2,]1/I1(V). The basis C we construct in Definition 3.13 consists
of polynomials that restrict to a basis of C[V]<, for every s. Thus our basis is
compatible with a filtration, while the monic basis in [Rumely et al. 2000] is
compatible with a grading.

We illustrate how the two bases are related by examining the monic basis for the
complexified sphere considered in Example 3.15.

Example A.1. Let
X={lz0:z21:22: 31 € PP iz + 3+ 23 =25} S P°,

and C[X] = C[z]/(zf + z% + z% — z%). Then XV is the quadratic curve given by
71 = Z% +Z§ —2(2) = ( that intersects zo =0in [0:0: 1 : £i].

Foreach j =1,2,...,itis easy to see that
2 +iz3\/ v/
n,; (2o, 22, 23) := ( ) = (_>
220 20

defines a rational function on X" with a pole of order j at [0:0:1:—i] and no
other poles. The function defined by

_(Z2—iz3\/ _ (V2]
n2, (20, 22, 23) := =\—
220 20

has the same property in relation to [0 : O : 1 : {]. The rational functions with at
most poles of order j at [0:0: 1: =£i] are then spanned by
{L,m11,m2,1, M2, 12,25 -5 1,55 2,5}

A multiplicative generating setis {1, n1,1, 72,1},

Clearing denominators (i.e., multiplying by z{)) gives the corresponding basis
of homogeneous polynomials of degree j on XV, For example, when j =2 we
obtain the polynomials

Z%, Z0V1, 2002, v%, v%.

To get the basis for the variety X, we adjoin powers of z; to basis elements for
XM using the decomposition C[X]; = z1C[X];—1 & (D[X(l)]j. When j =2, for
example, we compute that

(A-1) C[X]=ziC[X]; ®C[X ],
=z1@CXlodCX V) @ CX V],
=z1C[Xlo® i C[X ]y @ C[X D],
= z% span{1} @ z; span{zg, vi, v2} & span{zg, Z0V1, 2002, v%, v%}

2 2 2 2
= span{zg, 2021, 27, 20V1, Z1V1, V], Z0V2, 2102, V5.
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The last line gives the monic basis for j = 2, where the basis elements are listed
according to the ordering used in [Rumely et al. 2000].

For arbitrary j, monic basis elements C[X]; are either monomials in zo and
z1 of degree j, or are homogeneous polynomials of the form z;°z{'v* with
oo + o1 + o = j. Monomials in zg, z; are listed first in lexicographic order
(with zo preceding z;), followed by elements of the form z;°z{' v;?. The latter are
listed in increasing order on i, then lexicographically by o = («g, a1, a2) € Z3>0.

This completes the construction of the monic basis for X.

The monic basis constructed in Example A.1 involves arbitrarily large powers
of v; and v,. This is related to the multiplicative properties of the monic basis
described in [Rumely et al. 2000, Theorem 4.1].

It is interesting to compare the monic basis of Example A.1 to the basis con-
structed in Example 3.15. There, we worked with

V=V(i+z5+z5-1)cC

Since the Zariski closure of Vis V=X = V(z% ~|—z§ —i—z% —1(2)) C [P3, homogenization
with respect to zg induces an isomorphism

ClVl<; = CLX];

for all j. It follows that the basis of Example 3.15, when restricted to elements of
degree < j, gives a basis of C[X];. However, this basis differs from the monic basis
in degree j. For example, when j = 2, homogenizing the basis of Example 3.15 in
degree < 2 gives the homogeneous polynomials

2 2
20> 2021, 20V1, 2002, 27, 2101, 2102, 2201, 22V3.

Comparing this to the last line of (A-1), we see that in degree 2, the monic basis
uses ”12 and v%, while our basis uses z;v; and z;v;. These are related by

012 =Z1V1 + iz% - ;1123, v% =z10 + %Z% - %Z(z)'

At the conceptual level, the basis C constructed in Definition 3.13 focuses on
the module properties of the basis, as highlighted in Theorem 3.12. In contrast,
the monic basis constructed in [Rumely et al. 2000] focuses on the multiplicative
properties of the basis. In our treatment, the multiplicative properties of C follow
from Lemma 3.7. Our construction is more direct (we avoid the inductive approach
needed in that work) but less general.

Acknowledgement

Sione Ma‘u was partially supported by University of Auckland grant no. 3712302.



TRANSFINITE DIAMETER ON COMPLEX ALGEBRAIC VARIETIES 317

References

[Baleikorocau and Ma‘u 2015] W. Baleikorocau and S. Ma‘u, “Chebyshev constants, transfinite
diameter, and computation on complex algebraic curves”, Comput. Methods Funct. Theory 15:2
(2015), 291-322. MR Zbl

[Berman and Boucksom 2010] R. Berman and S. Boucksom, “Growth of balls of holomorphic
sections and energy at equilibrium”, Invent. Math. 181:2 (2010), 337-394. MR Zbl

[Bloom and Levenberg 2003] T. Bloom and N. Levenberg, “Weighted pluripotential theory in cN»,
Amer. J. Math. 125:1 (2003), 57-103. MR Zbl

[Bloom and Levenberg 2010] T. Bloom and N. Levenberg, “Transfinite diameter notions in C" and
integrals of Vandermonde determinants”, Ark. Mat. 48:1 (2010), 17-40. MR Zbl

[Cox et al. 1997] D. Cox, J. Little, and D. O’Shea, Ideals, varieties, and algorithms, 2nd ed., Springer,
New York, 1997. MR Zbl

[Greuel and Pfister 2002] G.-M. Greuel and G. Pfister, A Singular introduction to commutative
algebra, Springer, Berlin, 2002. MR Zbl

[Hartshorne 1977] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics 52, Springer,
New York, 1977. MR Zbl

[Jedrzejowski 1991] M. Jedrzejowski, “The homogeneous transfinite diameter of a compact subset of
CN”, Ann. Polon. Math. 55 (1991), 191-205. MR Zbl

[Ma‘u2017] S. Ma‘u, “Okounkov bodies and transfinite diameter”, preprint, 2017. arXiv

[Rumely and Lau 1994] R. Rumely and C. F. Lau, “Arithmetic capacities on PN> Math. Z. 215:4
(1994), 533-560. MR Zbl

[Rumely et al. 2000] R. Rumely, C. F. Lau, and R. Varley, Existence of the sectional capacity, Mem.
Amer. Math. Soc. 690, American Mathematical Society, Providence, RI, 2000. MR Zbl

[Witt Nystrom 2014] D. Witt Nystrom, “Transforming metrics on a line bundle to the Okounkov
body”, Ann. Sci. Ec. Norm. Supér. (4) 47:6 (2014), 1111-1161. MR Zbl

[Zaharyuta 1975] V. P. Zaharyuta, “Transfinite diameter, Chebyshev constants and capacity for a
compactum in C*”, Mat. Sb. (N.S.) 96:3 (1975), 374-389. In Russian; translated in Mat. USSR Sbh.
25:3 (1975), 350-364. MR Zbl

Received March 16, 2016. Revised February 11, 2017.

DaviD A. Cox

DEPARTMENT OF MATHEMATICS
AMHERST COLLEGE

AMHERST, MA 01002

UNITED STATES

dacox @amherst.edu

SIONE MA ‘U

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF AUCKLAND
AUCKLAND 1142

NEW ZEALAND

s.mau@auckland.ac.nz


http://dx.doi.org/10.1007/s40315-014-0101-z
http://dx.doi.org/10.1007/s40315-014-0101-z
http://msp.org/idx/mr/3345735
http://msp.org/idx/zbl/1320.14071
http://dx.doi.org/10.1007/s00222-010-0248-9
http://dx.doi.org/10.1007/s00222-010-0248-9
http://msp.org/idx/mr/2657428
http://msp.org/idx/zbl/1208.32020
http://dx.doi.org/10.1353/ajm.2003.0002
http://msp.org/idx/mr/1953518
http://msp.org/idx/zbl/1067.31007
http://dx.doi.org/10.1007/s11512-009-0101-9
http://dx.doi.org/10.1007/s11512-009-0101-9
http://msp.org/idx/mr/2594584
http://msp.org/idx/zbl/1196.31003
http://msp.org/idx/mr/1417938
http://msp.org/idx/zbl/0861.13012
http://dx.doi.org/10.1007/978-3-662-04963-1
http://dx.doi.org/10.1007/978-3-662-04963-1
http://msp.org/idx/mr/1930604
http://msp.org/idx/zbl/1023.13001
http://msp.org/idx/mr/0463157
http://msp.org/idx/zbl/0367.14001
http://eudml.org/doc/262363
http://eudml.org/doc/262363
http://msp.org/idx/mr/1141434
http://msp.org/idx/zbl/0748.31008
http://msp.org/idx/arx/1701.00570
http://dx.doi.org/10.1007/BF02571729
http://msp.org/idx/mr/1269489
http://msp.org/idx/zbl/0794.31008
http://dx.doi.org/10.1090/memo/0690
http://msp.org/idx/mr/1677934
http://msp.org/idx/zbl/0987.14018
http://dx.doi.org/10.24033/asens.2235
http://dx.doi.org/10.24033/asens.2235
http://msp.org/idx/mr/3297156
http://msp.org/idx/zbl/1329.14025
http://msp.org/idx/mr/0486623
http://msp.org/idx/zbl/0333.32004
mailto:dacox@amherst.edu
mailto:s.mau@auckland.ac.nz




PACIFIC JOURNAL OF MATHEMATICS
Vol. 291, No. 2, 2017

dx.doi.org/10.2140/pjm.2017.291.319

A UNIVERSAL CONSTRUCTION
OF UNIVERSAL DEFORMATION FORMULAS,
DRINFELD TWISTS AND THEIR POSITIVITY

CHIARA ESPOSITO, JONAS SCHNITZER AND STEFAN WALDMANN

We provide an explicit construction of star products on U/ (g)-module alge-
bras by using the Fedosov approach. This allows us to give a constructive
proof to Drinfeld’s theorem and to obtain a concrete formula for Drinfeld
twists. We prove that the equivalence classes of twists are in one-to-one
correspondence with the second Chevalley—Eilenberg cohomology of the Lie
algebra g. Finally, we show that for Lie algebras with Kihler structure we
obtain a strongly positive universal deformation of *-algebras by using a
Wick-type deformation. This results in a positive Drinfeld twist.
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1. Introduction

The concept of deformation quantization was defined by Bayen, Flato, Fronsdal,
Lichnerowicz and Sternheimer in [Bayen et al. 1978a; 1978b] based on Gersten-
haber’s theory [1964] of associative deformations of algebra. A formal star product
on a symplectic (or Poisson) manifold M is defined as a formal associative deforma-
tion * of the algebra of smooth functions ¥°°(M) on M. The existence as well as
the classification of star products has been studied in many different settings, e.g., in
[De Wilde and Lecomte 1983; Fedosov 1986; 1994; 1996; Kontsevich 2003; Nest
and Tsygan 1995; Bertelson et al. 1997]; see also the textbooks [Esposito 2015;
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Waldmann 2007] for more details in deformation quantization. Quite parallel to
this, Drinfeld introduced the notion of quantum groups and started the deformation
of Hopf algebra; see, e.g., the textbooks [Kassel 1995; Chari and Pressley 1994;
Etingof and Schiffmann 1998] for a detailed discussion.

It turned out that under certain circumstances one can give simple and fairly
explicit formulas for associative deformations of algebras: whenever a Lie algebra
g acts on an associative algebra 7 by derivations, the choice of a formal Drinfeld
twist F € (% (g) ® % (g))[¢] allows one to deform < by means of a universal
deformation formula

(1-1) axrb=py(Fr(a®b))

for a, b € /[ t]]. Here
Uy I QA — of

is the algebra multiplication and » is the action of g extended to the universal
enveloping algebra %/ (g) and then to % (g) ® % (g) acting on &/ ® 7. Finally, all
operations are extended R[[#]l-multilinearly to formal power series. Recall that a
formal Drinfeld twist [Drinfeld 1983; 1986] is an invertible element

Fe(u (@@l

satisfying

(1-2) AQRI(F)IFR1)=({d® A)(F)(1R F),
(1-3) ERDNF=1=(1®¢)F,

(1-4) F=1®14+0@).

The properties of a twist are now easily seen to guarantee that (1-1) is indeed an
associative deformation.

Yielding the explicit formula for the deformation universally in the algebra 7,
Drinfeld twists are considered to be of great importance in deformation theory
in general, and in fact, are used at many different places. We just mention a few
recent developments, certainly not exhaustive: Giaquinto and Zhang studied the
relevance of universal deformation formulas like (1-1) in great detail in the seminal
paper [Giaquinto and Zhang 1998]. Bieliavsky and Gayral [2015] used universal
deformation formulas also in a nonformal setting by replacing the notion of a
Drinfeld twist with a certain integral kernel. This sophisticated construction leads
to a wealth of new strict deformations having the above formal deformations as
asymptotic expansions. But also beyond pure mathematics the universal deformation
formulas found applications, e.g., in the construction of quantum field theories on
noncommutative spacetimes; see, e.g., [Aschieri and Schenkel 2014].

In characteristic zero, there is one fundamental example of a Drinfeld twist in
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the case of an abelian Lie algebra g. Here one chooses any bivector m € g ® g and
considers the formal exponential

(1-5) FWeyl-Moyal = €Xp(f7),

viewed as element in (% (g) ® Z (g))[z]. An easy verification shows that this
is indeed a twist. The corresponding universal deformation formula goes back
at least till [Gerstenhaber 1968, Theorem 8] under the name of deformation by
commuting derivations. In deformation quantization the corresponding star product
is the famous Weyl-Moyal star product if one takes 7 to be antisymmetric.

While this is an important example, it is not at all easy to find explicit formulas
for twists in the general nonabelian case. A starting point is the observation that the
antisymmetric part of the first order of a twist, F; — T(F1), where T is the usual flip
isomorphism, is first an element in Ag instead of A’% (g), and second a classical
r-matrix. This raises the question whether one can go the opposite direction of
a quantization: does every classical r-matrix r € A%g on a Lie algebra g arise as
the first order term of a formal Drinfeld twist? It is now a celebrated theorem of
Drinfeld [1983, Theorem 6] that this is true.

But even more can be said: given a twist F one can construct a new twist by
conjugating with an invertible element S € % (g)[[¢] starting with S =1+ O(¢) and
satisfying €(S) = 1. More precisely,

(1-6) F=AS""FES®S)

turns out to be again a twist. In fact, this defines an equivalence relation on the set
of twists, preserving the semiclassical limit, i.e., the induced r-matrix. In the spirit
of Kontsevich’s formality theorem, and in fact building on its techniques, Halbout
[2006] showed that the equivalence classes of twists quantizing a given classical
r-matrix are in bijection with the equivalence classes of formal deformations of
the r-matrix in the sense of r-matrices. In fact, this follows from Halbout’s more
profound result on formality for general Lie bialgebras; the quantization of r-
matrices into twists is just a special case thereof. His theorem holds in a purely
algebraic setting (in characteristic zero) but relies heavily on the fairly inexplicit
formality theorems of Kontsevich [2003] and Tamarkin [1998] which in turn require
a rational Drinfeld associator.

On the other hand, there is a simpler approach to the existence of twists in the
case of real Lie algebras: in seminal work of Drinfeld [1983] he showed that a twist
is essentially the same as a left G-invariant star product on a Lie group G with Lie
algebra g, by identifying the G-invariant bidifferential operators on G with elements
in 7 (g) ® % (g). The associativity of the star product gives then immediately the
properties necessary for a twist and vice versa. Moreover, an r-matrix is nothing else
as a left G-invariant Poisson structure; see his Theorem 1. In that paper, Drinfeld
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also gives an existence proof of such G-invariant star products and therefore of
twists; see Theorem 6. His argument uses the canonical star product on the dual of a
central extension of the Lie algebra by the cocycle defined by the (inverse of the) r-
matrix, suitably pulled back to the Lie group; see also Remark 5.8 for further details.

The equivalence of twists translates into the usual G-invariant equivalence of star
products as discussed in [Bertelson et al. 1998]. Hence one can use the existence
(and classification) theorems for invariant star products to yield the corresponding
theorems for twists, a fact we learned from personal communication with Beliavsky.
This is also the point of view taken by Dolgushev et al. in [Dolgushev et al. 2002],
where the star product is constructed in a way inspired by Fedosov’s construction
of star products on symplectic manifolds.

A significant simplification concerning the existence comes from the observation
that for every r-matrix r € A?g there is a Lie subalgebra of g, namely

(1-7) g ={(@®id)(r) | € g"},

such that 7 € A%g, and r becomes nondegenerate as an r-matrix on this Lie subal-
gebra [Etingof and Schiffmann 1998, Propositions 3.2-3.3]. Thus it will always
be sufficient to consider nondegenerate classical r-matrices when interested in
the existence of twists. For the classification this is of course not true since a
possibly degenerate r-matrix might be deformed into a nondegenerate one only in
higher orders: here one needs Halbout’s results for possibly degenerate r-matrices.
However, starting with a nondegenerate r-matrix, one will have a much simpler
classification scheme as well.

The aim of this paper is now twofold: On the one hand, we want to give a direct
construction to obtain the universal deformation formulas for algebras acted upon
by a Lie algebra with nondegenerate r-matrix. This will be obtained in a purely
algebraic fashion for sufficiently nice Lie algebras and algebras over a commutative
ring R containing the rationals. Our approach is based on a certain adaptation of
the Fedosov construction of symplectic star products, which is in some sense closer
to the original Fedosov construction compared to the approach of [Dolgushev et al.
2002] but yet completely algebraic. More precisely, the construction will not involve
a twist at all but just the classical »-matrix. Moreover, it will be important to note
that we can allow for a nontrivial symmetric part of the r-matrix, provided a certain
technical condition on it is satisfied. This will produce deformations with more
specific features: as in usual deformation quantization one is not only interested
in the Weyl-Moyal like star products, but certain geometric circumstances require
more particular star products like Wick-type star products on Kéhler manifolds
[Karabegov 1996; 2013; Bordemann and Waldmann 1997] or standard-ordered star
products on cotangent bundles [Bordemann et al. 1998; 2003].

On the other hand, we give an alternative construction of Drinfeld twists, again in
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the purely algebraic setting, based on the above correspondence to star products but
avoiding the techniques from differential geometry completely in order to be able
to work over a general field of characteristic zero. We also obtain a classification
of the above restricted situation where the r-matrix is nondegenerate.

In fact, both questions turn out to be intimately linked since applying our universal
deformation formula to the tensor algebra of % (g) will yield a deformation of the
tensor product which easily allows one to construct the twist. This is remarkable
insofar as the tensor algebra is of course rigid, the deformation is equivalent to the
undeformed tensor product, but the deformation is not the identity, allowing one
therefore to consider nontrivial products of elements in T*(Z (g)).

We show that the universal deformation formula we construct in fact coincides
with (1-1) for the twist we construct. However, it is important to note the detour via
the twist is not needed to obtain the universal deformation of an associative algebra.

Finally, we add the notion of positivity: this seems to be new in the whole
discussion of Drinfeld twists and universal deformation formulas so far. To this
end we consider now an ordered ring R containing (2 and its complex version
C = R(i) with i> = —1, and *-algebras over C with a *-action of the Lie algebra g,
which is assumed to be a Lie algebra over R admitting a Kéhler structure. Together
with the nondegenerate r-matrix we can define a Wick-type universal deformation
which we show to be strongly positive: every undeformed positive linear functional
stays positive also for the deformation. Applied to the twist we conclude that the
Wick-type twist is a convex series of positive elements.

The paper is organized as follows. In Section 2 we explain the elements of
the (much more general) Fedosov construction which we will need. Section 3
contains the construction of the universal deformation formula. Here not only the
deformation formula will be universal for all algebras </ but also the construction
itself will be universal for all Lie algebras g. In Section 4 we construct the Drinfeld
twist while Section 5 contains the classification in the nondegenerate case. Finally,
Section 6 discusses the positivity of the Wick-type universal deformation formula.
In two Appendices we collect some more technical arguments and proofs. The
results of this paper are partially based on the master thesis [Schnitzer 2016].

For symplectic manifolds with suitable polarizations one can define various types
of star products with separation of variables [Karabegov 1996; 2013; Bordemann
and Waldmann 1997; Donin 2003; Bordemann et al. 1998; 1999; 2003] which have
specific properties adapted to the polarization. The general way to construct (and
classify) them is to modify the Fedosov construction by adding suitable symmetric
terms to the fiberwise symplectic Poisson tensor. We have outlined that this can
be done for twists as well in the Kihler case, but there remain many interesting
situations. In particular a more cotangent bundle-like polarization might be useful.
We plan to come back to these questions in a future project.
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2. The Fedosov Setup

In the following we present the Fedosov approach in the particular case of a Lie
algebra g with a nondegenerate r-matrix r. We follow the presentation of the
Fedosov approach given in [Waldmann 2007] but replace differential geometric
concepts by algebraic versions in order to be able to treat not only the real case. The
setting for this work will be to assume that g is a Lie algebra over a commutative
ring R containing the rationals Q2 C R such that g is a finite-dimensional free module.

We denote by {ey, ..., e,} a basis of g and by {e!, ..., e"} its dual basis of g~
We also assume the r-matrix r € A%g to be nondegenerate in the strong sense from
the beginning, since, at least in the case of R being a field, we can replace g by g,
from (1-7) if necessary. Hence r induces the musical isomorphism

(2-1) f:g"—>g

by pairing with r, the inverse of which we denote by b as usual. Then the defining
property of an r-matrix is [r, r]| =0, where [ -, - ] is the unique extension of the Lie
bracket to A*g turning the Grassmann algebra into a Gerstenhaber algebra. Since
we assume 7 to be (strongly) nondegenerate we have the inverse w € A’g* of r
and [r, r] = 0 becomes equivalent to the linear condition §czw = 0, where 8¢ is
the usual Chevalley—Filenberg differential. Moreover, the musical isomorphisms
intertwine 8q; on A*g* with the differential [r, -] on A*g. We refer to w as the
induced symplectic form.

Remark 2.1. For the Lie algebra g there seems to be little gain in allowing a ring R
instead of a field K of characteristic zero, as we have to require g to be a free module
and (2-1) to be an isomorphism. However, for the algebras which we would like
to deform there will be no such restrictions later on. Hence allowing for algebras
over rings in the beginning seems to be the cleaner way to do it, since after the
deformation we will arrive at an algebra over a ring, namely R[[#]] anyway.

Definition 2.2 (Formal Weyl algebra). The algebra (]_[,fio Sk gN g*) [[z1] is called
the formal Weyl algebra where the product u is defined by

(2-2) (fO®)- (@B =n(f@a,g@B)=fVgQanp.

for any factorizing tensors f @ o, g ® B € W ® A® and extended R[¢]-bilinearly.
We write W = [72, Skg*[[#] and A* = A*g*[[¢].
Since g is assumed to be finite-dimensional we have

(2-3) WA = <]_[ Skg* ® A'g*) 1.

k=0
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Since we will deform this product u we shall refer to u also as the undeformed
product of W ® A°. It is clear that u is associative and graded commutative with
respect to the antisymmetric degree. In order to handle this and various other
degrees, it is useful to introduce the degree maps

2-4) deg,deg ,deg, : WR A - WQR A",
defined by the conditions
(2-5) deg (f@a)=kf®a and deg(f@a)=~LfQu

for f € Skg* and @ € Afg" We extend these maps to formal power series by
RI[#]l-linearity. Then we can define the degree map deg, by

9
2-6 deg, =1 —,
(2-6) °g =14

which is, however, not R[[¢]]-linear. Finally, the fotal degree is defined by
2-7) Deg = deg, 42 deg,.

It will be important that all these maps are derivations of the undeformed product
nof W® A°. We denote by

(2-8) Wi® A= Jla e W® A" | Dega = ra}
r>k

the subspace of elements which have total degree bigger or equal to +k. This
endows W ® A* with a complete filtration, a fact which we shall frequently use
in the sequel. Moreover, the filtration is compatible with the undeformed product
(2-2) in the sense that

(2-9) abeW @A foraeW, @ AandbeW, ® A".
Following the construction of Fedosov, we define the operators § and §* by
(2-10) §=e" Ai(e;) and & =e' Vile),

where i, and i, are the symmetric and antisymmetric insertion derivations. Both
maps are graded derivations of p with respect to the antisymmetric degree: & lowers
the symmetric degree by one and raises the antisymmetric degree by one; for §* it
is the other way round. For homogeneous elements a € S*g* ® A‘g* we define

o1 5—1(a)={0 * ifk+¢=0,
1/(k+0)8*(a) else,

and extend this R[[#]-linearly. Notice that this map is not the inverse of §; instead
we have the following properties:
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Lemma 2.3. For 8, 8* and 8~ defined above, 8§* = (6*)*> = (6~")* =0 and
(2-12) 88 '+87 5 +0 =id,
where o is the projection on the symmetric and antisymmetric degree zero.

In fact, this can be seen as the polynomial version of the Poincaré lemma: §
corresponds to the exterior derivative and §~! is the standard homotopy.

The next step consists of deforming the product ¢ into a noncommutative one:
we define the star product o, fora, b € WW® A® by

(2-13) aorb=poe’?P(a@b), where P=rn"i(e;)®1ie),

for m'/ =r'J 45/ where r'/ are the coefficients of the r-matrix and s/ =s(e’, e/) €R
are the coefficients of a symmetric bivector s € S?g. When taking s = 0 we denote
oy simply by owey.

Proposition 2.4. The star product o, is an associative R[[t]|-bilinear product on
W ® A® deforming ( in zeroth order of t. Moreover, the maps 8, deg,, and Deg are
graded derivations of oy of antisymmetric degree +1 for § and 0 for deg, and Deg,
respectively.

Proof. The associativity follows from the fact that the insertion derivations are
commuting; see [Gerstenhaber 1968, Theorem 8]. The statement about §, deg, and
Deg are immediate verifications. (]

Next, we will need the graded commutator with respect to the antisymmetric
degree, denoted by

(2-14) ad(@)(b) =[a,bl=aozb— (=D boya

for any a e W® A¥ and b e W ® A’ and extended K[[¢]-bilinearly as usual. Since
oy deforms the graded commutative product u, all graded commutators [a, b]
will vanish in the zeroth order of 7. This allows one to define graded derivations
(1/t) ad(a) of oy.

Lemma 2.5. An element a € W ® A° is central, that is ad(a) = 0, if and only if
deg (a) =0.

By definition, a covariant derivative is an arbitrary bilinear map
(2-15) Vigxga(X,Y)— VxY eg.

The idea is that in the geometric interpretation the covariant derivative is uniquely
determined by its values on the left invariant vector fields: we want an invariant
covariant derivative and hence it should take values again in g. An arbitrary covariant
derivative is called rorsion-free if

(2-16) VxY —VyX —[X,Y]=0
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for all X, Y € g. Having a covariant derivative, we can extend it to the tensor algebra
over g by requiring the maps
(2-17) Vx : T°'g— T°g
to be derivations for all X € g. We also extend Vy to elements in the dual by
(2-18) (Vxa)(¥Y) = —a(VxY)

for all X, Y € g and o € g* Finally, we can extend Vy to T*g* as a derivation, too.
Acting on symmetric or antisymmetric tensors, Vx will preserve the symmetry type
and yields a derivation of the V- and A-products, respectively. The fact that we
extended V as a derivation in a way which is compatible with natural pairings will
lead to relations like

(2-19) [Vx, ,(Y)] =1, (VxY)

for all X, Y € g, as one can easily check on generators.
Sometimes it will be advantageous to use the basis of g for computations. With
respect to the basis we define the Christoffel symbols

(2-20) T}, = (Vee))

of a covariant derivative, where i, j, k=1, ..., n. Clearly, V is uniquely determined
by its Christoffel symbols. Moreover, V is torsion-free if and only if

k k _ ok

with the usual structure constants ij = ek ([e;, e;j]) € R of the Lie algebra g.
As in symplectic geometry, the Hess trick [1981] shows the existence of a
symplectic torsion-free covariant derivative:

Proposition 2.6 (Hess trick). Let (g, r) be a Lie algebra with nondegenerate r-
matrix r and inverse w. Then there exists a torsion-free covariant derivative V such
that for all X € g we have

(2-22) Vxw =0 and Vxr=0.

Proof. The idea is to start with the half-commutator connection as in the geometric
case and make it symplectic by means of the Hess trick. The covariant derivative

Vigxgd(X,Y) > i[X,Y]eg

is clearly torsion-free. Since w is nondegenerate, we can determine a map Vy
uniquely by

(2-23) o(VxY,Z) = o(VxY, Z) + 1 (Vxo) (¥, Z) + 1 (Vyw)(X, Z).
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It is then an immediate computation using the closedness dczw = 0 of w, that this
map satisfies all requirements. (]

The curvature R corresponding to V is defined by
(2-24) R:gxgxg3(X,Y,Z) > R(X,Y)Z=VxVyZ—-VyVxZ—Vixy|Z €g.

For a symplectic covariant derivative, we contract R with the symplectic form w
and get

(2-25) R:gxgxgxg3(Z, U X,Y)— w(Z, R(X,Y)U) €R,

which is symmetric in the first two components and antisymmetric in the last ones:
this follows at once from V being torsion-free and symplectic. In other words,
R € S*(g*) ® A’g* becomes an element of the formal Weyl algebra satisfying

(2-26) deg R=2R=DegR, deg, R=2R, and deg, R=0.

In the following, we will fix a symplectic torsion-free covariant derivative, the
existence of which is granted by Proposition 2.6. Since Vx acts on all types of
tensors already, we can use V to define the following derivation D on the formal
Weyl algebra

(227) D:WRAN>(fRa) V. fRe Aa+fRe AV,ae W AT

Notice that we do not use the explicit expression of V given in (2-23). In fact, any
other symplectic torsion-free covariant derivative will do the job as well.
For every torsion-free covariant derivative V it is easy to check that

(2-28) e AV, 0 = Sepat

holds for all @ € A*g*: indeed, both sides define graded derivations of antisymmetric
degree +1 and coincide on generators in g* € A°g* Therefore, we can rewrite D as

(2-29) D(f@a)=V,fRec Aa+ f® bcsa.
From now on, unless clearly stated, we refer to [ -, - ] as the supercommutator with

respect to the antisymmetric degree.

Proposition 2.7. Let V be a symplectic torsion-free covariant derivative. If in
addition s is covariantly constant, i.e., if Vxs = 0 for all X € g, the map D :
W® A — W At is a graded derivation of antisymmetric degree 41 of the
star product oy, i.e.,

(2-30) D(a oy b) = D(a) oz b+ (—1)¥ao, D(b)
forae W® Af and b e W ® A°. In addition, we have

(2-31) SR=0, DR=0, [8, D]=8D+D5§=0, D?*= [D,D]:%ad(R).

1
2
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Proof. For the operator P from (2-13) we have

(id® Ve, + Ve, ® id)P(a Q b)
=" i(e)a ® Ve, ii(e))b + 1" Ve, i(ei)a ® is(e)b

@ @TL, 47T ) i(eNa ®iy(ej)b + P(id® Vi, + Vi, ® id)(a ® b)

fora, b€ W® A°. Here we used the relation [Vy, i,(Y)] =i,(VxY) as well as the def-
inition of the Christoffel symbols in (a). In the last step we used 7 T ,’{ ¢ +7ir ]f ;=0
which follows from V (r +s) = 0. Therefore we have

V, opoer” =po(id®V, +V, ®id)oe” =poeo(id®V, +V, ®id).

By A-multiplying by the corresponding ¢’ it follows that D is a graded derivation
of antisymmetric degree +1. Let f ® o € W ® A°. Just using the definition of 4§,
(2-29) and the fact that V is torsion-free we get

SD(f®a) =8V, f®e Ao+ f®Sea)
=-DS(f®a)+ (T —Tf —Clile) f®e ne* na
=-D§(f® ).

Using a similar computation in coordinates, we get D? = %[D, D] =(1/t)ad(R).
Finally, from the Jacobi identity of the graded commutator we get (1/2¢) ad(§R) =
[6, [D, D] =0. Hence SR is central. Since § R has symmetric degree +1, this can
only happen if § R = 0. With the same argument, 0 = [D, [ D, D] yields that DR
is central, which again gives DR = 0 by counting degrees. ]

Remark 2.8. In principle, we will mainly be interested in the case s = O in the
following. However, if the Lie algebra allows for a covariantly constant s it might
be interesting to incorporate this into the universal construction: already in the
abelian case this leads to the freedom of choosing a different ordering than the
Weyl ordering (total symmetrization). Here in particular the Wick ordering is of
significance due to the better positivity properties; see [Bursztyn and Waldmann
2000] for a universal deformation formula in this context.

The core of Fedosov’s construction is now to turn —& + D into a differential: due
to the curvature R the derivation —é + D is not a differential directly. Nevertheless,
from the above discussion we know that it is an inner derivation. Hence the idea is
to compensate the defect of being a differential by inner derivations, leading to the
following statement:
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Proposition 2.9. Let Q2 € tAzg*IIt]] be a series of dcg-closed two-forms. Then there
is a unique 0 € W @ AL, such that

(2-32) 3o=R+Do+100r0+%
and
(2-33) 510 =0.

Moreover, the derivation g = —8 + D + (1/t) ad(o) satisfies 913 =0.

Proof. Let us first assume that (2-32) is satisfied and apply 6! to (2-33). This
yields

5150 :8_](R+Dx—|—%g or Q+Q).
From the Poincaré Lemma as in Lemma 2.3 we have
(2-34) Q:(S_I(R—G-DQ—F%QO,,Q-FQ).
Let us define the operator B: W® Al - W® Al by

B(a) :8_1<R+Da+%aoﬂa+9>.

Thus the solutions of (2-33) coincide with the fixed points of the operator B.
Now we want to show that B has indeed a unique fixed point. By a careful but
straightforward counting of degrees we see that B maps W, ® Al into W» @ Al
Second, we note that B is a contraction with respect to the total degree. Indeed, for
a,a e W, ® A with a —a’ € W, ® Al we have

B(a)— B(d)=68""'D@a—d)+ %(a ogxa—a oypa)
=8"'"D(a-d)+ %8_]((61 —d)opd +aoy (a—a)).

The first term 8 ~' D(a —a’) is an element of W) ® Al, because D does not change
the total degree and § ! increases it by +1. Since Deg is a o, -derivation and since a,
a’ have total degree at least 2 and their difference has total degree at least k, the sec-
ond term has total degree at least k+ 1, as 1/¢ has total degree —2 but 6! raises the
total degree by +1. This allows one to apply the Banach fixed-point theorem for the
complete filtration by the total degree: we have a unique fixed-point B(p) = o with
0eMW® AL i.e., o satisfies (2-34). Finally, we show that this o fulfills (2-33). Define

AZSQ—R—DQ—%QOHQ—Q.
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Applying é to A and using Proposition 2.7, we obtain
§A=—-8Do— %(59 or 0 — 0 ox 80)

= Déo + % ad(p)do

:D(A+R+DQ—|—%QOHQ+Q)+%ad(g)<A+R+DQ+%QO”Q—I—Q>

YWpagt % ad(0)(A).

In (a) we used that (—6+ D+ (1/¢) ad(0))(R+ Do+ (1/t)p or 0+ 2) =0, which
can be seen as a version of the second Bianchi identity for —§ + D + (1/¢) ad(p).
This follows by an explicit computation for arbitrary . On the other hand

3_1A28_1<5Q—R—DQ—%QOT[Q—Q> —s5150—0=85""0=0
for o being the fixed-point of the operator B. In other words,
A=5lsA=5" (DA n % ad(Q)(A))
is a fixed-point of the operator K : W ® A° — W ® A® defined by
Ka=6" <Da + % ad(g)(a)).

Using an analogous argument to the one above, this operator is a contraction with
respect to the total degree, and has a unique fixed-point. Finally, since K is linear
the fixed-point has to be zero, which means that A = 0. O

Remark 2.10. It is important to note that the above construction of the element g,
which will be the crucial ingredient in the universal deformation formula below, is
a fairly explicit recursion formula. Writing 0 = ) oo 4 0" with components 0" of
homogeneous total degree Deg o) = ro” we see that 0¥ =81 (R + 1) and

r—1

(2_35) Q(r+3) — 871 (DQ(}’+2) + l ZQ(Z+2) o Q(r+2712) 4 Q(r+2))’
t
(=1

where Q@0 = kQ; for k € N and Q%+ = 0. Moreover, if we find a flat V, i.e.,
if R =0, then for trivial 2 = 0 we have ¢ = 0 as solution.
3. Universal deformation formula

Let us consider a triangular Lie algebra (g, r) acting on a generic associative algebra
(o, uo) via derivations. We denote by > the corresponding Hopf algebra action
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% (g) — End(«7). In the following we refer to

o0
d W N =[] ®Sg"® At

k=0
as the enlarged Fedosov algebra. The operators defined in the previous section are
extended to & ® W ® A® by acting trivially on the </-factor and as before on the
W ® A-factor.

The deformed product o, on W & A°® together with the product p ., of o yields

a new (deformed) R[¢]-bilinear product m;‘f for the extended Fedosov algebra.
Explicitly, on factorizing tensors we have

B-1) mZE®fiRu, 60 HLOa)=(E-6)® (fi ®a)or (HL®w),

where &1, & € 7, f1, fo € S°g* and a1, ap € A"g*. We simply write &; - & for the
(undeformed) product jt,, of <. Clearly, this new product m< is again associative.

As new ingredient we use the action > to define the operator L, : 7/ QWR® A° —
o @WQ® A° by

(3-2) LyEQfQa)=¢rEQ fR¢e Aa

on factorizing elements and extend it R[[]-linearly as usual. Since the action of Lie
algebra elements is by derivations, we see that L, is a derivation of &/ @ W ® A°
of antisymmetric degree +1. The sum

(3-3) Do =L+ Ik

is thus still a derivation of antisymmetric degree +1 which we call the extended
Fedosov derivation. It turns out to be a differential, too:

Lemma 3.1. The map 2., = L., + 9F squares to zero.

Proof. First, we observe that 9,51 = Lij +[%g, L], because 91% = 0. Next, since >
is a Lie algebra action, we immediately obtain

L,E® fRa)=5Claré® fQe nel Aa

on factorizing elements. We clearly have [§, L] = 0 = [ad(p), L.,] since the
maps act on different tensor factors. It remains to compute the only nontrivial term
in [Zr, L;]1=[D, L,/]. Using 8cpe* = —%ijei A e/, this results immediately in
[D,L,]=-L2,. O

The cohomology of this differential turns out to be almost trivial: we only have
a nontrivial contribution in antisymmetric degree 0O, the kernel of Z,,. In higher
antisymmetric degrees, the following homotopy formula shows that the cohomology
is trivial:
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Proposition 3.2. The operator

1
d—[6-1, D+ Lo+ L ado)]

(3-4) 9, =681

is a well-defined R[[t]|-linear endomorphism of o @ W Q A* and we have

1
(3-5)  a=949,'a+ 7, Dya+ o(a).

im{&%D+Lﬂ+%mwﬂ

forallae 7 @ W R A"

Proof. Let us denote by A the operator [~',D+ L, + (1 /t)ad(p)]. Since it
increases the total degree by +1, the geometric series (id — A) ! is well defined as a
formal series in the total degree. We start with the Poincaré equation (2-12) and get

(3-6) 92,8 'a—86""'2,a+0(a) = (id— Aa,

since D 4 deforms the differential —§ by higher order terms in the total degree. The
usual homological perturbation argument then gives (3-4) by a standard computation;

see, e.g., [Waldmann 2007, Proposition 6.4.17] for this computation. O
Corollary 3.3. Leta € # @ W® A°. Then 9,ya =0 if and only if

1
(3-7) a= o(a).

id — [5—1, D+Ly+ % ad(g)]
Since the element a € & @ W® A is completely determined in the symmetric and
antisymmetric degree 0, we can use it to define the extended Fedosov Taylor series.

Definition 3.4 (Extended Fedosov Taylor series). Given the extended Fedosov
derivation 9., = -8+ D + L, + (1/t) ad(p), the extended Fedosov Taylor series
of & € &/[[t] is defined by

1

(3-8) 7€) = 1
d—[671, D+ L+ 1 d(0) ]

£.

Lemma 3.5. For & € &([t]] we have

(3-9) o(t7(§)) =§.

Moreover, the map t., : /[[t]] = ker 2, Nkerdeg, is a R[[t]-linear isomorphism
starting with

o0

64@zy@>=§jp—%D+Lﬂ+%a«gﬂ?@=€®1®1+a>s®a®1+~-
k=0
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in zeroth and first order of the total degree.

Proof. The isomorphism property follows directly from Corollary 3.3. The commu-
tator [§~', D+ L, + (1/t) ad(o)] raises the total degree at least by one, thus the
zeroth and first order terms in the total degree come from the terms with kX = 0 and
k =1 in the geometric series in (3-10). Here it is easy to see that the only nontrivial
contribution is

(671, D+ L+ T ad(0) & = L,

proving the claim in (3-10). Note that already for k = 2 we also get contributions
of S and ad(p). U

Given the R[[#]]-linear isomorphism 7, : &/[[t]] = ker ., Nkerdeg, we can turn
&/[[t]] into an algebra by pulling back the deformed product: note that the kernel of
a derivation is always a subalgebra and hence the intersection ker Z,, Nker deg, is
also a subalgebra. This allows us to obtain a universal deformation formula for any
% (g)-module algebra «7:

Theorem 3.6 (Universal deformation formula). Let g be a Lie algebra with non-
degenerate r-matrix. Moreover, let s € S>g be such that there exists a symplectic
torsion-free covariant derivative V with s being covariantly constant. Consider
then w =r+s. Finally, let Q € t A g*[[t]] be a formal series of Scg-closed two-forms.
Then for every associative algebra <7 with action of g by derivations one obtains an
associative deformation mf{ At x A[t] — t] by

(3-11) m (&, n) =omZ (1), Ty())).

Writing simply x = xq v s for this new product, one has

(3-12) Exn=&-n+ %nij(ei >£)-(ejpn)+ O for &,ne .

Proof. The product mf{ is associative, because mj;f is associative and 7., is an
isomorphism onto a subalgebra with inverse o. The second part is a direct conse-
quence of Lemma 3.5. U

Remark 3.7. The above theorem can be further generalized by observing that given
a Poisson structure on ./ induced by a generic bivector on g, we can reduce to the
quotient g/ ker > and obtain an r-matrix on the quotient, inducing the same Poisson
structure.

4. Universal construction for Drinfeld twists

Let us consider the particular case in which .« is the tensor algebra (T*(% (g)), ®).
In this case, we denote by L the operator Lte gy : T (% (9)) @ W & A* —
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T (% (g)) ® W A°*, which is given by

4-1) LreagnE® f®a)=L,ER® f® PN

Here L., is the left multiplication in % (g) of the element ¢; extended as a derivation
of the tensor product. Note that it is independent of the choice of the basis in g.

Applying the results discussed in the last section, we obtain a star product for
the tensor algebra over % (g) as a particular case of Theorem 3.6:

Corollary 4.1. The map m, : T*(% (g))[t]] x T*(% (g))[t] = T*(% (9))[[t] given by
(4-2) mu (&, n) =& %1 =0(mz(t(€), T(n))

is an associative product and

4-3) Exn=E@n+MAUL,E@ Lyn+OG?)  for £ neT (% ().

In the following we prove that the star product m, defined above allows one to
construct a formal Drinfeld twist. Let us define, for any linear map

(4-4) o (@)% - % (@)°,

the lifted map

4-5) O % (PP OWRA 3ER fFRa> PR fRae (P ®WR A",
obeying the following simple properties:

Lemma 4.2. Let ® : % (g)®F — % (9)®¢ and W : U (§)®™" — % (g)®" be linear
maps.

(i) The lifted map ®“" commutes with 8,8, D, and ad(x) for all x e W ® A".
(ii) We have
(4-6) ooy gerewen = lu@etawens © P
(iii)) We have
4-7) (@@ W) "'my(ar, @) = my (P (a1), ¥ (@2)),
forany a; € %(@)** @W R A and ar € % (9)®" @ W ® A"

Let n € % (g)®*[[t] be given. Then we can consider the right multiplication by
1 using the algebra structure of % (g)®*[[+] coming from the universal enveloping
algebra as a map

(4-8) U@ &> E-newu (.
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To this map we can apply the above lifting process and extend it this way to a
R[[¢]-linear map such that on factorizing elements

49 U PTIWRANER fRar (E-n)® fRac X (9®F,

where we simply write - instead of (-n)"". Note that a - n is only defined if the
tensor degrees k of n € T % (g)) and a coincide since we use the algebra structure
inherited from the universal enveloping algebra.

In the following we denote by Z the derivation Zte(% () as obtained in (3-3). We
collect some properties how the lifted right multiplications match with the extended
Fedosov derivation:

Lemma4.3. (i) Foranya € TX(% (9)) @ W® A* and £ € TX(% (9))[[]l, we have
PY(@a-§)=%a)-§

(i1) The extended Fedosov-Taylor series T preserves the tensor degree of elements

in T*(% (g)).
(iii) Forany &,n € Tk(%(g))[[t]], we have t(§ -n)=1t(§) - 1.

(iv) Forany a; € T"% (9)) @ W ® A* and a; € TY (% (g)) ® W ® A® as well as
m € T*% (@)[1] and > € T“% ()11, we have mx(ay - 11, az -1 m2) =
mz(ai, az) - (m & n2).

Proof. Let § ® a € T"(% (g)) ® W® A* and n € TX(% (g)). Then we have

2((E®a)-n)=2((&-n)®a)
=L, - N Aa+(E-n)® Zk(a)
= (L., (§)®¢€ Aa)-n+(EQ Tr(a)-n= () 1.

This proves the first claim. The second claim follows immediately from the fact
that all operators defining T do not change the tensor degree. In order to prove the
claim (iii), let us consider &, n € T(% (@)[[t]. Then we have

2 (§)-n)=2($))-n=0,
according to (i). Thus, 7(§) - n € ker 2 Nker deg, and therefore
&) n=t(@E M) =t@@®) - nH=1t& n.

Finally, to prove the last claim we choose & ® f] € T(% (g)) @ W ® A® and
£® fHeTH% () @W® A as well as 1y € T(% (9))[[¢1 and 0, € TE(% ()21
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We obtain

mz (61 ® f1) -1, (2@ f2) - m2) =mz((§1-11) @ f1, (§2-1m2) ® f2)
=(¢&1-m)® & -m)® (fior f2)
= ((61® &) - (m ®@n)) @ (fiox f2)
= (61 ®&) ® (fior f2)) - (N1 @ n2).

This concludes the proof. O

From the above lemma, we observe that the isomorphism 7 can be computed for
any element & € TX(% (g))[[¢] via

(4-10) T(&) =t(1%.£5) =7 (1%%) ¢,

where 1 € % (g) is the unit element of the universal enveloping algebra. Moreover,
from Lemma 4.2, we have

4-11) Exn=0my(tE)@T()) = 1% %1% . (@)

for £ € TX(% (g))[[t] and n € T*(% (g))[[t]. Thus * is entirely determined by the
values on tensor powers of the unit element of the universal enveloping algebra.
Note that the unit of « is the unit element in R C T*(% (g)) of the tensor algebra
but not 1 € % (g).

Lemma 4.4. Let A : % (g)[[t] — % (g)®>[t] be the coproduct of % (g)[[t] and
€:%(g) = R[t]l the counit.

(1) We have
(4-12) Ly g®2@we s © A" = A"0 Lly@gewenr-
(i) For the Fedosov-Taylor series one has
(4-13) A"or =TO0A.
(iii)) We have
(4-14) "o Lly@ewen =0.
(iv) For the Fedosov-Taylor series one has

(4-15) eor =e.
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Proof. Let§ ® fQ@a € % (g) ® W ® A°. Then we get

AMLE® fRa)=A"(L,€)Q fR€ Aa)
=A"(eE® f®e Na)
=AEE)R fRe Aa
=A(e) AG)® f®e N
=E®1+1®e¢) AE)Q R Aa
=L,(AE)Q fR¢e Aa
=LA"(E® fRa),

since we extended the left multiplication by e; as a derivation of the tensor product

to higher tensor powers. Hence all the operators appearing in T commute with A""
and therefore we get the second part. Similarly, we get

NLE® fRW)="(eE® [ Aw)
=€(e&)R R Na=¢€(e)e(E)® f®e na=0,
where we used that € vanishes on primitive elements of % (g). Since €“" commutes
with all other operators !, D and ad(p) according to Lemma 4.2, we first get

el [5—1, D+L+ % ad(g)] - [5—1, D+ % ad(g)] ol

Hence for & € % (g)[[¢] we have

o0

ity (£) = eLiﬁ(Z[(Sl, D+ L+ % ad(Q):Ikéf)

k=0

[3—1, D+ % ad(g)]ke“f‘(é)

M

0

&),

I
m

since €""(&) = €(&) is just a constant and hence unaffected by all the operators in
the series. Thus only the zeroth term remains. (]

This is now the last ingredient to show that the element 1 1 is the twist we are
looking for:

Theorem 4.5. The element 1 x 1 € % (9)®>([t]] is a twist such that

(4-16) 1x1 =l®1+%ﬂ+0(t2).



A UNIVERSAL CONSTRUCTION OF UNIVERSAL DEFORMATION FORMULAS 339

Proof. First we see that
(A®id)(1x1) = (A®id)o (ms(r(1), T(1)))
=0 (A®id)™(mxz(z(1), T(1))))
=0 (my (A™"z(1), 7(1)))
=0 (mx(r(A(1)), t(1)))
=o(mz(r(1® 1), (1))
=(1®1)«l.

Similarly, we get (id® A)(1x1) =1 (1 ® 1). Thus, using the associativity of x
we obtain the first condition (1-2) for a twist as follows,

ARid)U+D-(I+DH@ D= D*D)-(Ix1)® 1)
={1*x1)=x1
=1x(1x1)
=0{[d®A)AxD)-(1® (Ax1)).
To check the normalization condition (1-3) we use Lemma 4.2 and Lemma 4.4
again to get
(e®id)(1x1) = (e ®id)o (mz(z(1), (1))
=0 ((e®id)""(mz (z(1), T(1))))
=0 ((mz(e™z(1), 7(1))))
=0 ((mx(e(1), T(1))))
=e(Do(r(1)
=1,
since €(1) is the unit element of R and thus the unit element of T*(% (g)), which
serves as unit element for m, as well. Similarly we obtain (id ® €)(1 x1) = 1.

Finally, the facts that the first term in # of 1+ 1 is given by & and that zero term in ¢
is 1 ® 1 follow from Corollary 4.1. (Il

Remark 4.6. From now on we refer to 1 = 1 as the Fedosov twist
4-17) Fovs=1x1,

corresponding to the choice of the §qz-closed form €2, the choice of the torsion-free
symplectic covariant derivative and the choice of the covariantly constant s. In
the following we will be mainly interested in the dependence of Fq v ¢ on the
two-forms €2 and hence we shall write Fg for simplicity. We also note that for s =0
and 2 = 0 we have a preferred choice for V, namely the one obtained from the Hess
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trick out of the half-commutator covariant derivative as described in Proposition 2.6.
This gives a canonical twist Fy quantizing r.

The results discussed above allow us to give an alternative proof of the Drinfeld
theorem [1983], stating the existence of twists for every r-matrix:

Corollary 4.7 (Drinfeld). Let (g, r) be a Lie algebra with r-matrix over a field K
with characteristic 0. Then there exists a formal twist F € (% (g) @ % (9))[t] such
that

F=1 ®l+%r+0(r2).

To conclude this section we consider the question whether the two approaches
of universal deformation formulas actually coincide: on the one hand we know that
every twist gives a universal deformation formula by (1-1). On the other hand, we
have constructed directly a universal deformation formula (3-11) in Theorem 3.6
based on the Fedosov construction. Since we also get a twist from the Fedosov
construction, we are interested in the consistence of the two constructions. In order

to answer this question, we need some preparation. Hence let <7 be an algebra with
action of g by derivations as before. Then we define the map

4-18) . Z(YIWRAN X I 3EQRa,a)—~ (EQu)ea=EraRQu e QW A

for any a € & and o € W® A°. Then the following algebraic properties are obtained
by a straightforward computation:

Lemma 4.8. Forany& € % (g), « e W® A® and a € o/ we have

@D o(E®a)a)=0(§ @a)>a,
(i) Ly(Era®a)=L(E®a)ea,
(i) 7(a) = 7(1)ea,

(iv) mZ(£E1®a1®a1, £2@a:Q0) = (L, ®idRid) (M, (511, £2Qa2)s(a1 ®an)).

For matching parameters €2, V, and s of the Fedosov construction, the two
approaches coincide:

Proposition 4.9. For fixed choices of 2, V, and s and for any a, b € o/ we have

(4-19) axqvsb=axr,, b.
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Proof. This is now just a matter of computation. We have

axb= U(mf(fm(a) ® 1.7(b)))
D 5 (mr (r(1) @ T(1))e(a @ b)))

Qo me(t(H® (1) > (a ® b))

=axrb,

where in (a) we use the third claim of the above lemma and in (b) the first and the
fourth. O

5. Classification of Drinfeld twists

In this section we discuss the classification of twists on universal enveloping algebras
for a given Lie algebra g with nondegenerate r-matrix. Recall that two twists F
and F' are said to be equivalent and denoted by F ~ F’ if there exists an element
Se(glt], with S =14 O(t) and €(S) = 1 such that

(5-1) AS)F =F(SQ®S).

In the following we prove that the set of equivalence classes of twists Twist(% (g), r)
with fixed r-matrix r is in bijection to the formal series in the second Chevalley—
Eilenberg cohomology H2,(g)[[¢].

We will fix the choice of V and the symmetric part s in the Fedosov construction.
Then the cohomological equivalence of the two-forms in the construction yields
equivalent twists. In fact, an equivalence can even be computed recursively:

Lemma 5.1. Let ¢ and @' be the two elements in W» @ A' uniquely determined
from Proposition 2.9, corresponding to two closed two-forms Q, Q' € t A>g*[[t]],
respectively, and let Q@ — Q' = 8.C for a fixed C € tg*[[t]l. Then there is a unique
solution h e Wy ® A° of

Lad(n)

exp(% ad(h))

(5-2) h=C®1+8_1<Dh—%ad(,Q)h— (Q/—Q)>, o(h)=0.
—id

For this h we have
Dt = ApDrA_y,
with A, = exp((1/t) ad(h)) being an automorphism of oy.

Proof. In the context of the Fedosov construction it is well known that cohomologous
two-forms yield equivalent star products. The above approach with the explicit



342 CHIARA ESPOSITO, JONAS SCHNITZER AND STEFAN WALDMANN
formula for 4 follows the arguments of [Reichert and Waldmann 2016, Lemma 3.5]
which is based on [Neumaier 2001, §3.5.1.1]. O

Lemma 5.2. Let Q, Q' € t A2g*[[t]] be 8cx-cohomologous. Then the corresponding
Fedosov twists are equivalent.

Proof. By assumption, we can find an element C € rg*[[¢]], such that 2 — Q" = §C.
From Lemma 5.1 we get an element 4 € W3 ® A such that D = A PrA_p. An
easy computation shows that .4, commutes with L, therefore

D' = A DA,

Thus, A, is an automorphism of m, with A, : ker 2 — ker 2’ being a bijection
between the two kernels. Let us consider the map

Sn:T(% (@)1] 5§ = (0 0 Ay o1)(§) € T (% (911,

which defines an equivalence of star products, i.e.,

(5-3) Sh(& x1) = Sp(&) *' Sp(n)
for any &, n € T*(% (g))¢]. Let &, n € 7 (g). Then using Lemma 4.3,
ShE®n) =(0o0A01)(E®N)

=(oA)(T(1®1)-(§®n))
=o((Ar(z(1® 1)) - (E®n))
=o(A @) E®n)
= o (A (A" (1)) - (E®n)
= Ao (Ap(r (D)) - E®n)
= A(Sn(1) - (E @ n).

From the linearity of S, we immediately get S, (£ xn) = A(S,(1))(§ xn). Now,
putting £ = n = 1 in (5-3) and using (4-11) we obtain

A(SH(D) - (I 1) =S (1 1) = Sp(D)+' Sp(1) = A+ 1) - (Sp(1) @ Sp(1)).
Thus, the twists Fo = 1 x 1 and Fo = 1+’ 1 are equivalent since
€(Sp(1)) =1. O

Lemma 5.3. Let Q € tA2g* with 8:Q = 0, x the element in Wo ® Al uniquely
determined from Proposition 2.9 and Fq the corresponding Fedosov twist.

(1) The lowest total degree of 0, where Qi appears, is 2k + 1, and

(5-4) 0V = 15 s71Qy + terms not containing .
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(i) For & € T*(% (g)) the lowest total degree of T(§) where Q2 appears is 2k +
1, and

(5-5) T(S)(ZkH) = %tk (e; ® ia((ei)t)Qk) + terms not containing Q.
(iii) The lowest t-degree of Fq where Q. appears is k + 1, and

(FQ)ik+1 = —%(Qk)ti + terms not containing 2.
(iv) The map Q2 — Fgq is injective.

Proof. The proof uses the recursion formula for ¢ as well as the explicit formulas
for T and * and consists of a careful counting of degrees. It follows along lines of
[Waldmann 2007, Theorem 6.4.29]. O

Lemma 5.4. Let Fq and Fo be two equivalent Fedosov twists corresponding to
the closed two-forms Q, Q' € t A>g*. Then there exists an element C € tg*[[t]], such
that §;C = Q — Q.

Proof. We can assume that Q and " coincide up to order k — 1 for k € N, since
they coincide at order 0. Due to Lemma 5.3,

(Fq)i = (Foy); forany i €{0,...,k}
and
(Fo)ir1 — (Fa it = 3(—Qf + QD).

From Lemma B.4, we know that we can find an element & € g* such that
[(F)irt — (Fo i)’ = —Qf + Q' = bcs,

where [(Fq)r+1—(Fa)r+1] denotes the skew-symmetrization of (Fo)x+1—(Fo )k+1-
Let us define Q = Q — r*8.:&. From Lemma 5.3 we see that

(Fa)i+1 — (Fo)i+1 =0.

Therefore the two twists Fg and Fgo' coincide up to order k + 1. Finally, since
Fg and Fq are equivalent (from Lemma 5.2) and Fq and Fg are equivalent by
assumption, the two twists Fg and For are also equivalent. By induction, we find
an element C € rg*[[¢]] such that

Fatscgc = Fars
and therefore, from Lemma 5.3, Q + §:C = 2. O

Lemma 5.5. Let F € (% (g) @ % (8))|t] be a formal twist with r-matrix r. Then
there exists a Fedosov twist Fq such that F ~ Fq.
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Proof. Let F € (% (g) ® 7 (9))[t] be a given twist. We can assume that there is
a Fedosov twist Fq, which is equivalent to F up to order k. Therefore we find
a F such that F is equivalent to F and coincides with Fq up to order k. Due to
Lemma B.4, we can find an element £ € g* such that

[(Fo)is1 — Fir)] = (Bee)*.

From Lemma 5.2, the twist Fq corresponding to ' = Q — t¥8.:£ is equivalent
to Fo. Moreover, Fg coincides with F up to order k, since Fg coincides with Fg
and

(Fo)i1 = (FQ)k+1 + 30cié.

Therefore the skew-symmetric part of (Fg)r+1 — ﬁk+1 is vanishing and this differ-
ence is exact with respect to the differential defined in (A-1). Applying Lemma B.2,
we can see that Fg is equivalent to F up to order k 4+ 1. The claim follows by
induction. (]

Summing up all the above lemmas we obtain the following characterization of
the equivalence classes of twists:

Theorem 5.6 (Classification of twists). Let g be a Lie algebra over R such that g
is free and finite-dimensional and let r € A’g be a classical r-matrix such that # is
bijective. Then the set of equivalence classes of twists Twist(% (g), r) with r-matrix
r is in bijection to H%E(g) [] via Q — Fq.

It is important to remark that even for an abelian Lie algebra g the second
Chevalley—Eilenberg cohomology H%E(g) [¢] is different from zero. Thus, not all
twists are equivalent. An example of a Lie algebra with trivial HgE(g)[[t]] is the
two-dimensional nonabelian Lie algebra:

Example 5.7 (ax + b). Let us consider the two-dimensional Lie algebra given by
the R-span of the elements X, Y € g fulfilling

(5-6) [X,Y]=Y,

with r-matrix r = X A Y. We denote the dual basis of g* by {X*, Y*}. Since g is
two-dimensional, all elements of A%g* are a multiple of X* A Y*, which is closed
for dimensional reasons. For Y* we have

(5-7) GeeY (X, Y)=-Y"(X,Y]) =-Y*"(¥)= -1

Therefore ;Y * = —X*AY* and H%E (g) ={0}. From Theorem 5.6 we can therefore
conclude that all twists with r-matrix r of g are equivalent.

Remark 5.8 (Original construction of Drinfeld). Let us briefly recall the original
construction of Drinfeld [1983, Theorem 6]: as a first step he uses the inverse
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B € A’g* of r as a 2-cocycle to extend g to § = g ® R by considering the new
bracket

(5-8) [(X, ), (X', )] = ([X, X'], B(X, X)),

where X, X" € g and A, A" € R. On g* one has the canonical star product quantizing
the linear Poisson structure xp¢ according to Drinfeld and Gutt [Gutt 1983]. Inside
g* one has an affine subspace defined by H = g* + £o where £y is the linear
functional £y : g (X, 1) — A. Since the extension is central, xpg turns out to
be tangential to H, therefore it restricts to an associative star product on H. In
a final step, Drinfeld then uses a local diffeomorphism G — H by mapping g to
Ad;'j,1 £y to pull back the star product to G, which turns out to be left-invariant. By
[Drinfeld 1983, Theorem 1] this gives a twist. Without major modification it should
be possible to include also closed higher order terms 2 € t A?g*[[¢] by considering
B + Q instead. We conjecture that

(i) this gives all possible classes of Drinfeld twists by modifying his construction
including €2,

(i) the resulting classification matches the classification by our Fedosov construc-
tion.

Note that a direct comparison of the two approaches will be nontrivial due to the
presence of the combinatorics in the BCH formula inside xpg in the Drinfeld
construction on the one hand and the recursion in our Fedosov approach on the
other hand. We will come back to this in a future project.

6. Hermitian and completely positive deformations

In this section we bring aspects of positivity into the picture. In addition, let R be
now an ordered ring and set C = R(i) where i> = —1. In C we have a complex
conjugation as usual, denoted by z — z. The Lie algebra g will now be a Lie algebra
over R, still being free as a R-module with finite dimension.

The formal power series R[[¢] are then again an ordered ring in the usual way and
we have C[[z]] = (R[[z])(i). Moreover, we consider a *-algebra ¥ over C which we
would like to deform. Here we are interested in Hermitian deformations %, where
we require

(6-1) (axb)* =b*xa™ forall a,be [t].

Instead of the universal enveloping algebra directly, we consider now the complex-
ified universal enveloping algebra % (g) = % (g) ®x C= % (gc), where gc = gz C
is the complexified Lie algebra. Then this is a *-Hopf algebra, where the *-involution
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is determined by the requirement
(6-2) X*=-X

for X € g, i.e., the elements of g are anti-Hermitian. The needed compatibility of
the action of g on « with the *-involution is then

(6-3) ¢ra) =SE)>a*

for all £ € %c(g) and a € «/. This is equivalent to (X >a)* = X >a* for X € g. We
also set the elements of g* C g¢ to be anti-Hermitian.

In a first step we extend the complex conjugation to tensor powers of g¢ and
hence to the complexified Fedosov algebra

o
(6-4) We ® A = (]‘[ skgt ® A'gz) I7]
k=0

and obtain a (graded) *-involution, i.e.,

(6-5) (f®a)-(g® BN =(=D"@g®@ )" (f ® )",

where a and b are the antisymmetric degrees of o and 8, respectively.
Let m € gc ® gc have antisymmetric and symmetric parts 7_ € A?gc and
7y € A’gc, respectively. Then for the corresponding operator P, as in (2-13),

(6-6) ToP,(a®b)=P;oT(@a®b),

where 7 =7 — 7 _. In particular, we have 7 = 7 if and only if 774 is Hermitian and
m_ is anti-Hermitian. We set ¢ = it for the formal parameter as in the previous sec-
tions, i.e., we want to treat ¢ as imaginary. Then we arrive at the following statement:

Lemma 6.1. Let m = +7_ € gc ® gc. Then the fiberwise product
(6-7) doyb=poeP(a®b)

satisfies (a oz b)* = (—1)??b* o a* if and only if w4 is anti-Hermitian and m_ is
Hermitian.

This lemma is now the motivation to take a real classical r-matrix r € A>g € A?gc.
Moreover, writing the symmetric part of 77 as 77 = is, then s = § € S?g is Hermitian
as well. In the following we shall assume that these reality conditions are satisfied.

It is now not very surprising that with such a Poisson tensor 7 on g we can
achieve a Hermitian deformation of a *-algebra .«# by the Fedosov construction.
We summarize the relevant properties in the following proposition:

Proposition 6.2. Let w =r+is with a real strongly nondegenerate r-matrix r € A*g
and a real symmetric s € S*g such that there exists a symplectic torsion-free
covariant derivative V for g with Vs = 0.
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(1) The operators §, 8~ L and o are real.

(i) The operator D is real and D* = (1/it) ad(R) with a Hermitian curvature
R =R~

(iii) Suppose that Q = Q* € Azgz [£1 is a formal series of Hermitian dcg-closed
two-forms. Then the unique 0 € W» @ Al with

(6-8) 8Q=R+DQ+%QoﬂQ+Q

and 8_1Q = 0 is Hermitian, too. In this case, the Fedosov derivative g =
—&6+ D+ 1/(it) ad(p) is real.

Suppose now in addition that </ is a *-algebra over C with a *-action of g, i.e.,
(6-3).

(iv) The operator L . as well as the extended Fedosov derivation 2., are real.
(v) The Fedosov-Taylor series T is real.
(vi) The formal deformation = from Theorem 3.6 is a Hermitian deformation.

When we apply this to the twist itself we first have to clarify which *-involution
we take on the tensor algebra T*(%c(g)): by the universal property of the tensor
algebra, there is a unique way to extend the *-involution of % (g) as a *-involution.
With respect to this *-involution we have r* = —r since r is not only real as an
element of gc ® gc but also antisymmetric, causing an additional sign with respect
to the *-involution of T*(%c(g)). Analogously, we have s* = s for the real and
symmetric part of 7.

Corollary 6.3. The Fedosov twist F is Hermitian.
Proof. Indeed, 1 € %c(g) is Hermitian and hence (1 x 1)* = 1"« 1* = 1 x 1. ]

Up to now we have not yet used the fact that R is ordered but only that we have a *-
involution. The ordering of R allows one to transfer concepts of positivity from R to
every *-algebra over C. Recall that a linear functional w : & — C is called positive if

(6-9) w(a*a) >0

for all a € «/. This allows one to define an algebra element a € o to be positive if
w(a) > 0 for all positive w. Note that the positive elements denoted by .7+, form a
convex cone in <7 and a € /" implies b*ab € &/t for all b € o7. Moreover, elements
of the form a = b*b are clearly positive: their convex combinations are denoted
by &/ and are called algebraically positive. More details on these notions of
positivity can be found in [Bursztyn and Waldmann 2001; 2005a; Waldmann 2005].

Since with R also R[[#]] is ordered, one can compare the positive elements of ./
and the ones of (<[], x), where % is a Hermitian deformation. The first trivial
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observation is that for a positive linear functional @ = wg+tw;+- - - of the deformed
algebra, i.e., w(a™ xa) > 0 for all a € &/[[¢] the classical limit wg of @ is a positive
functional of the undeformed algebra. The converse need not be true: one has
examples where a positive wy is not directly positive for the deformed algebras,
i.e., one needs higher order corrections, and one has examples where one simply
can not find such higher order corrections at all; see [Bursztyn and Waldmann
2000; 2005b]. One calls the deformation * a positive deformation if every positive
linear functional wq of the undeformed algebra <7 can be deformed into a positive
functional @ = wy + tw; + --- of the deformed algebra (</[[¢]], x). Moreover,
since also M,, (&) is a *-algebra in a natural way we call x a completely positive
deformation if for all n the canonical extension of x to M, (&/)[[¢] is a positive
deformation of M,,(«); see [Bursztyn and Waldmann 2005b]. Finally, if no higher
order corrections are needed, then « is called a strongly positive deformation; see
[Bursztyn and Waldmann 2000, Definition 4.1]

In a next step we want to use a Kéhler structure for g. In general, this will not
exist so we have to require it explicitly. In detail, we want to be able to find a basis
€l,...,en, f1,..., fn € g with the property that the r-matrix decomposes into

(6-10) (@ fH(1)=A"=—(f'@e") (), (F@e’)(r)=B"=—(f*@ )

with a symmetric matrix A = A" € M,,(R) and an antisymmetric matrix B = —B" €
M, (R). We set

(6-11) s=A e @e+ fi® fo) + B ® fi + BX fi ® e

The requirement of being Kdhler is now that first we find a symplectic covariant
derivative V with Vs = 0. Second, we require the symmetric two-tensor s to be
positive in the sense that for all x € g* we have (x ® x)(s) > 0. In this case we
call s (and the compatible V) a Kihler structure for r. We have chosen this more
coordinate-based formulation over the invariant one since in the case of an ordered
ring R instead of the reals R it is more convenient to start directly with the nice
basis we need later on.
As usual we consider now gc with the vectors

(6-12) Zi =3 —if) and Zy=j(ec+ifo),

which together constitute a basis of the complexified Lie algebra. Finally, we have
the complex matrix

(6-13) g=A+iB e M, (0),
which now satisfies the positivity requirement

(6-14) 78z >0 forall z;,...,z, €C.
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If our ring R has sufficiently many inverses and square roots, one can even find a
basis e, ..., e, f1,..., fu such that g becomes the unit matrix. However, since
we want to stay with an arbitrary ordered ring R we do not assume this.

We now use w = r + is to obtain a fiberwise Hermitian product oy, called
the fiberwise Wick product. Important now is the following explicit form of oy,
which is a routine verification:

Lemma 6.4. For the fiberwise Wick product oy, built out of 1 = r +is with a
Kdhler structure s one has

(6-15) @ oy b= oS MBI (G @ b),
where g is the matrix from (6-13).

The first important observation is that the scalar matrix g can be viewed as an
element of M,,(«7) for any unital *-algebra. Then we have the following positivity

property:

Lemma 6.5. Let <7 be a unital *-algebra over C. Then for all m € N and for all
Ak, -k, e withky,...,k,=1,...,n

(6-16) Yoo Mgty g, €T

Proof. First we note that g®" =g ® -+ - ® g e M,(O) ® - - - ® M, (C) = M,;u (C)
still satisfies the positivity property

S Rl gD WD >0 forall 20, ™ eC

as the left-hand side clearly factorizes into m copies of the left hand side of (6-14).
Hence g®™ € M, (C) is a positive element. For a given positive linear functional
w:9 — Cand by, ..., by € o we consider the matrix (w(b/b;)) € My(C). We
claim that this matrix is positive, too. Indeed, with the criterion from [Bursztyn and
Waldmann 2001, App. A], for all z1,...,zy €C,

N N * N
> Ziw®ib)z; = w((z z,-b,-) (Z z,-b,-)) >0,
i=1 j=1

i.j=1



350 CHIARA ESPOSITO, JONAS SCHNITZER AND STEFAN WALDMANN

hence (w(b]b})) is positive. Putting these statements together we see, for every pos-
itive linear functional  : & — C, for the matrix 2 = (w(ay, ;. a¢,--t,,)) € My (C),

n
§ : ki€ kinlm %
a)( g . g " makl---kmagl“'em>
ki,€1

n

2 : ki€ ki€ *
— g 1t - g m ma)(aklmkma(]...[m)
ki,€41,..., kim =1

=tr(g®"Q) >0,

since the trace of the product of two positive matrices is positive by [Bursztyn and
Waldmann 2001, Appendix A]. Note that for a ring R one has to use this slightly
more complicated argumentation: for a field one could use the diagonalization of g
instead. By definition of .7, this shows the positivity of (6-16). ]

Remark 6.6. Suppose that in addition g = diag(Aq, ..., A,) is diagonal with pos-
itive A, ..., A, > 0. In this case one can directly see that the left-hand side of
(6-16) is a convex combination of squares and hence in &7+ . This situation can
often be achieved, e.g., for R=R.

We come now to the main theorem of this section: unlike the Weyl-type deforma-

tion, using the fiberwise Wick product yields a positive deformation in a universal
way:
Theorem 6.7. Let o/ be a unital *-algebra over C = R(i) with a *-action of g
and let Q = Q* € Azg*é be a formal series of Hermitian $cg-closed two-forms.
Moreover, let s be a Kdhler structure for the nondegenerate r-matrix r € g and
consider the fiberwise Wick product oy, yielding the Hermitian deformation ;.
as in Proposition 6.2.

(i) Foralla € o,

o0

0™
(6_17) a* *Wicka — Z Z gklgl e gkm(ma;:l”.kmazlmem’

m!
m=0 Ktk €1y =1

where ak]---km = U(is(zkl) te is(zkm)TWick(a))'
(i1) The deformation %y is strongly positive.
Proof. From Lemma 6.4 we immediately get (6-17). Now let w : &7 — C be positive.
Then also the C[[#]]-linear extension w : &/[[t]] — C[[¢] is positive with respect to

the undeformed product: this is a simple consequence of the Cauchy—Schwarz
inequality for w. Then we apply Lemma 6.5 to conclude that w(a* xa) > 0. [

Corollary 6.8. The Wick-type twist Fy« in the Kdhler situation is a convex series
of positive elements.
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Remark 6.9 (Positive twist). Note that already for a Hermitian deformation, the
twist 7 = 1«1 = 1" x 1 constructed as above is a positive element of the deformed
algebra T*(%c(g))[lt]. However, this seems to be not yet very significant: it is
the statement of Corollary 6.8 and Theorem 6.7 which gives the additional and
important feature of the corresponding universal deformation formula.

Appendix A: Hochschild-Kostant-Rosenberg theorem
Let us define the map
(A-1) VU6 ERI+1IR®E— AE) e %(9)%?,

and extend it as a graded derivation of degree +1 of the tensor product to T*(Z (g)).
We recall that the map o : T*(Z (g)) — T*(% (g)) is a differential. Its cohomology
is described as follows:

Theorem A.l1 (Hochschild—Kostant—Rosenberg). Let C € T?(% (g)) such that
dC =0. Then thereisa X € A¥gand a S € TP~ (% (g)) with

(A-2) C=X+4290S
with X = Alt(C).

We do not prove the above theorem in full generality, since we need only the
case p = 2. In this case the proof consists of the following two lemmas:

Lemma A.2. Let C € T2(% (g)) with 3C = 0. Then
(i) 9T(C)=0.
(ii) The antisymmetric part satisfies C —T(C) € g A g C T>(% (g)).
Proof. We have
1IC=0=CR1I+(ARINIC)=10C+ (id® A)(C).

Thus,
TOR®1=(TRId)(IC®1)

=(TRId(IQRCH+(d® A)(C) - (A®id)(C))
=C;+(Tid)({d® A)(C) — (A®id)(C).
Now we apply the cyclic permutation to this equation and get
1®T(C) =T(C)® 1 + (A ®id)(T(C)) — (id® A)(T(C)),

which is equivalent to dT(C) = 0. Since 9 is linear, we get d(T — T(C)) =0 and
denote A =T — T(C), which is now skew-symmetric. We define

0=(AQ®id)A—Ay—A3
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and get that Q = —A1t(Q) with the fact that A is d-closed. Therefore we have
Q = A1t3Q = (—=1)3Q = —Q and we can conclude Q = 0. Thus, A has to
be primitive in the first argument and with the skew-symmetry we get the same
statement for the second argument. ([

Lemma A.3. Let C € T>(% (9)) with 0C = 0. Then there exists a S € % (g) and a
X e gAg, such that

(A-3) C=X+05,
where X = 1(C —T(C)).

Proof. It is clear from Lemma A.2, that X is well defined and we have to prove
that symmetric C are d-exact. So we assume that C € (% (g)) is d-closed and
symmetric. Let k£ be the highest order appearing in C and assume the claim is true
for all r < k (in the sense of the filtration of % (g) = UneNo  (9),). Then we can
write for a given basis {e;}ie(1,...n)

C= Z e; @ D' +1.0.t.
li|=k

We mean lower order terms with respect to the filtration in the first tensor degree
and the i are multi-indices such that e¢; = ¢;, - - - ¢;,. We can assume that D; is
symmetric in the multi-index, because we can compensate for asymmetry by lower
order terms. Since (% (§)m) S % (9)m—1® % (§)m—1, we see that dC = 0 implies
that 3 D’ = 0, which is equivalent to D’ € g. Therefore, we can write

C = Z Di’jei®ej+H,
li|=k

where H € % (g)x—1 ® % (g) is now of order strictly less then k in the first argument.
Now we expand H = } ;| i, j<k—1 Hiy i¢i, ® €i, and see, by using

0=0C= ) D"/d(e;)®ej+0H
li|=k

— — Dk Zeil g e, ®e, Qej+0H +lo.t,
r

that H has to be of the form

H = Z H;, i,ei, Qei, +l.o.t.,
li1]=k—1,li2|=2
and hence
0H = Z Hil,jl,jzel'l ®€j1®€j2+1.0.t..
litl=k=1,j1, )2
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This implies that D1/ is symmetric in all indices, since C =0 and H;, j, j, =
Hl'l,jz,jl . Thus for

_ iseenslkt] . .
G=—-"D"" €ip iy

we have

0G=—) D"(e;@ej+ej®e)+lot.
li|=k

Note that here the lower order terms are meant in both tensor arguments. Using the
symmetry of C, we obtain

C = Z Di’j (ei (%) €j =+ €j ® ei) + Lo.t.,
li|=k

again the lower order terms are in both tensor factors. Thus,
C+9G € (k-1 @ U (Pk—1-

This implies the lemma, because for £k = O the statement is trivial. ]

Corollary A4. Let C € T>(%(g)) with 3C = 0 and (e ® id)C = (id ® €)C = 0.
Then we can find S € % (g) and X € A*g such that C = X +3S with €(S) =0.

Proof. The statement is clear from the construction of Lemma A.2. (I

Appendix B: Technical Lemmas

In this section we prove several technical results necessary for the proofs is Section 5.

Lemma B.1. Let F, F' € (% (g) ® % (9)) [ ] be two twists coinciding up to order k.
Then

(B-1) d(Fier1 — Fiiy) =0.
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Proof. We have

0 Frt1) =1Q® Fry1 — Fr1 ® 1+ (id ® A)(Fry1) — (A ® id) (Fv1)

k+1 k
=) (1@ F)(id® A) (Fir1-1) — »_(1® F)(id® A)(Fiy1-)
i=0 i=1
k k+1
+) (F, @ DAQid)(Firi-i) — Y _(F; ® D(A®id)(Fipi-1)
i=1 i=0
k k

== (U@ F)(d® A)(Feyi-) + ) _(F; ® D(A®id) (Fir1-1)
i=1 i=1
k k

==Y (U@ F)(d® A (F,_ )+ > (F & DA®id)(Fiy,_,)
i=1 i=l

= A(F(,)). O

Lemma B.2. Let F, F' € (% (g) @ % (9)) ]| be two twists coinciding up to order k
such that

(B-2) Fiv1 — Fi iy = 0Tk
Then they are equivalent up to order k + 1.
Proof. Consider exp(t**1Tjy1) = 1 + ¥ Tj 1 + O(*+?). Then we have
(Axp(t* ' T ) F)i = (F (exp* ' Tip) @ expt T Tig 1)),
for any i <k + 1. Note that, because
(€ ®id) (Fiy1 — Fi1y) = (id ® €)(Fi1 — Fy) =0,
we can choose Ty such that € (T;41) = 0 and therefore e(exp(tk+] Try1))=1.0

Lemma B.3. Let F, F' € (% (g) @ % (9))[[t] be two equivalent twists coinciding
up to order k. Then there existsa T =1+ *T+ 0@ e U (@)[t] such that

(B-3) AT)F =FTQT).

Proof. Since the twists F and F’ are equivalent, there is a T = 1+ Ty + O (‘1)
such that

AMF =F(T®T).
Let us consider £ < k. The above equation at order £ reads

AT)+F=F+T®1+1QT,.
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Therefore, since F and F’ coincide up to order k,
AT)=Ti®1+1®T,
and T} € g %(g). For £ <k we get at order £ + 1
A(Tes)) + ATOF +Fl = Fri+ P @1+ 1@ T) + T ® 1+ 1® Tyyr.
The skew-symmetrization of the above equation gives
(141 T)r=r(T;,®1+1® T)).

An easy computation shows that this property is equivalent to SCETZI) = 0. Thus, we
can define the map S : 7 (g) — % (g) by defining it on primitive elements via

g3&>T)&) - 1e%(g)

and extend it as a derivation of the product of % (g). This map allows us to define
an element

A=1(eoS®idIF] =T, +00),
which fulfills A(A) F =F(A® 14+1® A) and €(A) = 0. Thus we get
exp(t*A)F = F(exp(t*A) @ exp(t*A)) as well as  e(exp(t‘A)) = 1.
We define T = exp(t[A)T and obtain A(T)F' = F(T ® T) and
T=1+T 0 + 0302,
Repeating this method k& — £ times, we get an equivalence starting at order k. [J

Lemma B.4. Let 7, F' € (% (g) ® % (9))[¢] be two equivalent twists coinciding
up to order k. Then there exists an element & € g* such that

(B-4) ([Fis1 — F{y D)’ = 8cik.

Proof. First, [Fyy1 — F,g 1l € Azg, because of Theorem A.l and since, as in
Lemma B.1, 0 (F41 — F,;H) = 0. From Lemma B.3 we know that we can find an
element 7 = 1 4+ t*T;, + O(t* ') in % (g) such that A(T)F = F(T @ T). At order
k this reads

AT)+F,=F+Ti®1+1Q Ty,
which is equivalent to T} € g, because F; = Fy. At order k + 1, we can see that
AT )+ ATOF + F =Fn+ (i @1+1Q0 Ti) + Tiy1 ® 1 +1® Tigr.
For the skew-symmetric part we have

[Fk+1—F]é_i_l]:(Tk@1+1®Tk)r—r(Tk®1+1®Tk)=[Tk®l+1®Tk,r],
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. . . / b b
which is equivalent to ([ Fi+1 — Fk+1]) = —0ce T} O
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UNIFORM STABLE RADIUS, LE NUMBERS AND
TOPOLOGICAL TRIVIALITY FOR LINE SINGULARITIES

CHRISTOPHE EYRAL

Let { f;} be a family of complex polynomial functions with /ine singularities.
We show that if { f;} has a uniform stable radius (for the corresponding Mil-
nor fibrations), then the Lé numbers of the functions f; are independent of ¢
for all small ¢. A similar assertion was proved by M. Oka and D. B. O’Shea
in the case of isolated singularities—a case for which the only nonzero Lé
number coincides with the Milnor number.

By combining our result with a theorem of J. Fernandez de Bobadilla,
we conclude that a family of line singularities in C”, n > 5, is topologically
trivial if it has a uniform stable radius.

As an important example, we show that families of weighted homoge-
neous line singularities have a uniform stable radius if the nearby fibres
ft‘1 (), n # 0, are “uniformly”” nonsingular with respect to the deformation
parameter 7.

1. Introduction
Let (z,z2) := (¢, z1, ..., 2,) be linear coordinates for C x C" (n > 2), and let
(1-1) f: (CXCH,CX{O})—)(C,O), ([,Z)f—)f(l‘,Z),

be a polynomial function. As usual, we write f;(z) := f(¢, z), and for any n € C
we denote by V (f; — n) the hypersurface in C" defined by the equation f;(z) = 7.
(Note that (1-1) implies f;(0) = f (¢, 0) = 0, so that the origin 0 € C" belongs to
the hypersurface V (f;) = f,_l (0) forallr € C.)

The purpose of this paper is to show that if the polynomial function f defines a
family { f;} of hypersurfaces with /ine singularities and with a uniform stable radius
(for the corresponding Milnor fibrations), then the Lé numbers

PN () N e (1)

of the polynomial functions f; at 0 with respect to the coordinates z— which do
exist in this case — are independent of ¢ for all small ¢ (see Theorem 4.1). In the

MSC2010: primary 14B0S5, 14B07, 14J17, 14J70; secondary 32S05, 32S25.
Keywords: line singularities, uniform stable radius, Lé numbers, equisingularity.
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case of hypersurfaces with isolated singularities—a case for which the constancy
of the L& numbers means the constancy of the Milnor number — a similar assertion
was proved by M. Oka [1973] and D.B. O’Shea [1983a].

By combining Theorem 4.1 with a theorem of J. Ferndndez de Bobadilla [2013],
to the effect that a family of hypersurfaces with line singularities in C", n > 5,
is topologically trivial if it has constant L& numbers, it follows that a family of
hypersurfaces with line singularities in C"*, n > 5, is topologically trivial if it has a
uniform stable radius (see Corollary 4.2).

Oka [1973] and O’Shea [1983a] also proved that, if { f;} is a family of isolated
hypersurface singularities such that each f; is weighted homogeneous with respect
to a given system of weights, then { f;} has a uniform stable radius. In Theorem 5.1,
we show this still holds true for weighted homogeneous hypersurfaces with line
singularities provided that the nearby fibres V(f; — n), n # 0, are “uniformly”
nonsingular with respect to the deformation parameter  — that is, nonsingular in
a small ball the radius of which does not depends on 7. (Note that this condition
always holds true for isolated singularities.) In particular, by Theorem 4.1 and
Corollary 4.2, such families have constant L& numbers, and for n > 5, they are
topologically trivial.

Finally, let us observe that by combining Corollary 4.2 with a theorem of Oka
[1982] — which says that a family { f;} of nondegenerate functions with constant
Newton boundary has a uniform stable radius — we get a new proof of a theorem of
J. Damon [1983] which says that if { f;} is a family of nondegenerate line singularities
in C", n > 5, with constant Newton boundary, then { f;} is topologically trivial.

Notation 1.1. In this paper, we are only interested in the behaviour of functions
(or hypersurfaces) near the origin 0 € C". We denote by B, the closed ball centred
at 0 € C" with radius ¢ > 0, and we write l§8 and S, for its interior and boundary,
respectively. As usual, in C, we write D, and ﬁg rather than B, and és.

2. Uniform stable radius

By [Hamm and L& 1973, lemme (2.1.4)], we know that for each ¢ there exists a
positive number r; > 0 such that for any pair (g, ;) with 0 <¢&] <&, <r, there exists
8(&, €;) > 0 such that for any nonzero complex number n with 0 < |n| < (¢, €}),
the hypersurface V (f; — ) is nonsingular in 103,[ and transversely intersects with
the sphere S,~ for any ¢” with ¢, < &” <&,. Any such a number r, is called a stable
radius for the Milnor fibration of f; at 0 [Oka 1982, §2].

Definition 2.1 [Oka 1982, §3]. We say that the family { f;} has a uniform stable
radius (we also say that { f;} is uniformly stable) if there exist T > 0 and r > 0 such
that for any pair (g, &) with 0 < &’ <& <r, there exists §(¢g, &’) > 0 such that for
any nonzero complex number 1 with 0 < |n| < (e, &’), the hypersurface V (f; —n)
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is nonsingular in B, and transversely intersects with the sphere S, for any ¢” with
¢’ <¢&” < ¢ and for any ¢ with 0 < |7| < 7. Any such a number r is called a uniform
stable radius for { f;}.

In the special case where the polynomial function f defines a family {f;} of
isolated hypersurface singularities (i.e., f; has an isolated singularity at 0 for all
small ), then, by [Milnor 1968], we also know that for each ¢ there exists R, > 0 such
that the hypersurface V (f;) is nonsingular in B r, \ {0} and transversely intersects
the sphere S, for any p with 0 < p < R;.

Definition 2.2 [Oka 1973, §2]. Suppose that f defines a family { f;} of isolated
hypersurface singularities. We say that { f;} satisfies condition (A) if there exist v > 0
and R > 0 such that V (f;) is nonsingular in Br \ {0} and transversely intersects
the sphere S, for any p with 0 < p < R and for any ¢ with 0 < || <.

It is easy to see that a family { f;} of isolated hypersurface singularities satisfies
condition (A) if and only if it has no vanishing fold and no nontrivial critical arc in
the sense of [O’Shea 1983a]. Also, it is worthwhile to observe that if { f;} satisfies
condition (A), then it has a uniform stable radius [Oka 1973; O’Shea 1983a].

3. The Oka-0O’Shea theorem for isolated singularities

Throughout this section we assume that the polynomial function f defines a family
{ f:} of isolated hypersurface singularities.

Theorem 3.1 [Oka 1973; O’Shea 1983a]. Suppose that f defines a family { f;} of
isolated hypersurface singularities. If furthermore { f;} satisfies condition (A) or has
a uniform stable radius, then it is p-constant — that is, the Milnor number 1z, (0) of
fi at 0 is independent of t for all small t.

Actually Oka showed that if { f;} satisfies condition (A) or if it has a uniform
stable radius, then the Milnor fibrations at 0 of fy and f; are isomorphic.

Lé Diing Trang and C. P. Ramanujam [L& and Ramanujam 1976] showed that for
n # 3 any family of isolated hypersurface singularities with constant Milnor number
is topologically #-equisingular. With the same assumption, J. G. Timourian [1977]
showed that the family is actually topologically trivial. We recall that a family { f;}
is topologically V-equisingular (respectively, topologically trivial) if there exist
open neighbourhoods D € C and U < C”" of the origins in C and C", together
with a continuous map ¢: (D x U, D x {0}) — (C", 0) such that for all sufficiently
small 7, there is an open neighbourhood U; C U of 0 € C" such that the map

o2 (U, 0) = (e({t} x U, 0), z+ ¢(2) :=0(t,2),

is a homeomorphism satisfying the relation

e (V(fo)NU) =V (f)Ne(U)
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(respectively, the relation fy = f; o ¢; on U;).

Note that, in general, “u-constant” does not imply condition (A) [Oka 1989;
Briancon].

Finally, observe that the Briangon—Speder famous family shows that condition (4)
does not imply the Whitney conditions along the ¢-axis [Briancon and Speder 1975].

4. Uniformly stable families of line singularities

Setup and statement of the main result. From now on we suppose that the poly-
nomial function f defines a family {f;} of hypersurfaces with line singularities.
As in [Massey 1988, §4], by such a family we mean a family { f;} such that for
each ¢ small enough, the singular locus 2 f; of f; near the origin 0 € C" is given
by the z;-axis, and the restriction of f; to the hyperplane V (z;) defined by z; =0
has an isolated singularity at the origin. Then, by [Massey 1995, Remark 1.29], the
partition of V(f;) given by

S ={VUD\ Efi, £ \ {0}, (0}]

is a good stratification for f; at 0, and the hyperplane V (z;) is a prepolar slice
for f; at 0 with respect to .% for all ¢ small enough. In particular, combined with
[Massey 1995, Proposition 1.23], this implies that the Lé numbers

A (0) and Aj (0)

of f; at 0 with respect to the coordinates z do exist. (For the definitions of good
stratifications, prepolarity and L& numbers, we refer the reader to [Massey 1995].)
Note that for line singularities, the only possible nonzero L& numbers are precisely
)»?ch .(0) and A 113, .(0). All the other L€ numbers )J]it z (0) for 2 <k <n—1 are defined
and equal to zero; see [Massey 1995].

Here is our main observation.

Theorem 4.1. Suppose that f defines a family { f;} of hypersurfaces with line
singularities. If furthermore { f;} has a uniform stable radius, then it is );-constant —
that is, the Lé numbers )\%’ .(0) and )»chh .(0) are independent of t for all small t.

Theorem 4.1 extends to line singularities Oka and O’Shea’s Theorem 3.1 concern-
ing isolated singularities. Indeed, for isolated singularities, the only possible nonzero
L& number is )»%’ .(0) and the latter coincides with the Milnor number w1, (0).

Note that if { f;} is a A -constant family of line singularities in C" with n > 5,
then, by a theorem of D. B. Massey [1988, Theorem (5.2)], the diffeomorphism
type of the Milnor fibration of f; at 0 is independent of ¢ for all small z. Under the
same assumption, Ferndndez de Bobadilla [2013, Theorem 42] showed that { f;} is
actually topologically trivial. Combining this result with our Theorem 4.1 gives the
following corollary.
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Corollary 4.2. Suppose that f defines a family { f;} of hypersurfaces with line
singularities in C" with n > 5. If furthermore { f;} has a uniform stable radius, then
it is topologically trivial.

Application to families of nondegenerate line singularities with constant Newton
boundary. Oka [1982, Corollary 1] showed that if {f;} is a family of hypersur-
face singularities — not necessary line singularities — such that for all small ¢ the
polynomial function f; is nondegenerate and the Newton boundary of f; at 0 with
respect to the coordinates z is independent of ¢, then { f;} has a uniform stable radius.
(For the definitions of nondegeneracy and Newton boundary, see [Kouchnirenko
1976; Oka 1979].) Combined with Oka’s result, Corollary 4.2 provides a new proof
of the following result, which is a particular case of a more general theorem of
Damon.

Theorem 4.3 [Damon 1983]. Suppose that f defines a family { f;} of hypersurfaces
with line singularities in C" with n > 5. If furthermore for any sufficiently small
t the polynomial function f; is nondegenerate and the Newton boundary of f;
at 0 with respect to the coordinates 7 is independent of t, then the family { f;} is
topologically trivial.

Proof of Theorem 4.1. Consider the map ®: C x C" — C? defined by

(t,2) > @1, 2) == (f (1, 2), 1),
and pick positive numbers t and r which satisfy the condition of Definition 2.1.
Then, in particular, the following property holds:

(£) For any ¢ with 0 < ¢ < r, there exists 6(¢) > 0 such that for any ¢ with
0 < |t] <t and for any n with 0 < || < d(¢), the hypersurface V (f; —n) is
nonsingular in B, and transversely intersects the sphere S;.

This property implies that the critical set £ ® of ® does not intersect the set
U(B,) = (De x B) N @~ ((Dse) \ {0)) x Do).

Indeed, suppose there is a point (g, Zg) € PN U(E,). Then z¢ € Z(fy, — f,(20))-
But this is not possible, since by (2?) the hypersurface V ( f;, — f,(20)) is smooth.
(We recall that a complex variety can never be a smooth manifold throughout a
neighbourhood of a critical point; see [Milnor 1968, §2].)

It also follows from property (£?) that the map

®|ys,y: U(Se) = (Dseey \ {0) x D,

(restriction of ® to U (S,) := (15, x Sg)Nd~! ((155(8) \ {0}) x DOT)) is a submersion.
Indeed, as S®NU(B,) = @ and U(B,) is an open subset of C x C", the map

@y, UB) = (Dse) \ {0) x Dr
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is a submersion. Thus, to show that ® |y s, ) is a submersion, it suffices to observe that
the inclusion U (S;) < U (B, ) is transverse to the submanifold <I>|;ié )( f(t,2),1)
for any point (¢, z) € U (S;) — or equivalently that the submanifolds '

|, (2.0 and ({1} x S)NU(By)
are transverse to each other. This is exactly the content of ().

Now, as ®|ys,) is also a proper map, a result of Massey and D. Siersma [1992,
Proposition 1.10] shows that the Milnor number of a generic hyperplane slice of
f; at a point on X f; sufficiently close to the origin (which coincides with the L&
number )\}“ . (0) for line singularities; see [L& 1980; Massey 1988]) is independent
of ¢ for all small ¢.

Finally, since the family {f;} has a uniform stable radius— the full strength
of this assumption is used here — it follows from [Oka 1982, Lemma 2] that the
diffeomorphism type of the Milnor fibration of f; at the origin is independent of ¢
for all small 7. In particular, the reduced Euler characteristic x (F¥, ) of the Milnor
fibre Fy, o of f; at 0, which by [Massey 1995, Theorem 3.3] equals

(=D"'A0 L(0) + (=1)"24p, (0),

is independent of ¢ for all small 7. The constancy of k%’ .(0) now follows from that
of A} . (0).

5. Uniform stable radius and weighted homogeneous line singularities

By a result of Oka [1973] and O’Shea [1983a], we know that if { f;} is a family of
isolated hypersurface singularities such that each f; is weighted homogeneous with
respect to a given system of weights, then { f;} satisfies condition (A), and hence,
is uniformly stable. Our next observation says this still holds true for weighted
homogeneous line singularities provided that the nearby fibres V (f; — 1), n # 0,
of the functions f; are “uniformly” nonsingular with respect to the deformation
parameter t — that is, nonsingular in a small ball the radius of which does not
depends on r. (We recall that by [Hamm and L& 1973] the nearby fibres are
“individually” nonsingular — that is, nonsingular in a small ball the radius of which
depends on ¢.)

Theorem 5.1. Suppose that f defines a family { f;} of hypersurfaces with line sin-
gularities such that each f; is weighted homogeneous with respect to a given system
of weights w = (wy, ..., w,) on the variables (zi, ..., 2,), with w; € N\ {0}.
Also, assume that the nearby fibres V(f; —n), n # 0, of the functions f; are
uniformly nonsingular with respect to the deformation parameter t — that is, there
exist positive numbers T, r, § such that for any 0 < |n| < § and 0 < |t| < t, the
hypersurface V (f; — n) is nonsingular in B,. Under these assumptions, the family
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{ i} has a uniform stable radius. (In particular, { f,} is A;-constant, and for n > 5,
it is topologically trivial.)

Proof. The argument is similar to those used in [Oka 1973; O’Shea 1983a]. Suppose
that the family { f;} does not have a uniform stable radius. Then, as the nearby
fibres of the functions f; are uniformly nonsingular with respect to the deformation
parameter ¢, for all T > 0 and all » > 0 small enough, there exist 0 < &’ <& <r such
that for all sufficiently small § > 0 there exist ns, €5 and t5, with 0 < |ns]| <38, &' <e5 <
¢ and |t5]| < 7, such that V (f;, — ns) is nonsingular in ér and does not transversely
intersect the sphere S,. It follows that there is a point zs € V (fi, — ns) N Se; which
is a critical point of the restriction to V (f;; — ns) N B, of the squared distance
function:
2eV(fy—n)NB = lzIP= ) Izl

1<i<n

In other words, the point (f5, z5) lies in the intersection of D; x (B, \ ég/) with the
real algebraic set C consisting of the points (¢, z) such that

< dfi dfi

(5-1) a—Zl(z),..., 32,

(z)) =AZ

for some A € C\ {0}, where Z :=(Zy, ..., Z,) and z; denotes the complex conjugate
of z; (see e.g., [O’Shea 1983b, Lemma 1]). Let C;, := C N (D; x (B, \ By)).
Take § := §(m) := 1/m (where m € N\ {0} is sufficiently large), and consider
the corresponding sequence of points (Z54u), Zs(m)) in Cr . As C¢, is compact,
taking a subsequence if necessary, we may assume that (¢s(x), Zs(m)) converges to a
point (f; ,, Z¢,r) € Cr -, and hence nsn) := f(tson), Zs(m)) tends to f (¢, 27,) as
m — 00. Since 0 < [nsom)| <8(m)=1/m — 0asm — oo, we have f(t;,, z¢,) =0.
Thus (t;,, 2¢,) € V(f)NCy,.

Now, since f;,, is weighted homogeneous with respect to the weights w =
(wy, ..., wy,), the Euler identity implies the following contradiction:

Eul fr., -1
dw- froyGer) =D i) (e E A wil@eni? £ 0,

-0 1<i<n 8Zi 1<i<n
where dy, is the weighted degree of f;  with respect to the weights w and (z,,); is
the i-th component of z; . O

Remark 5.2. Actually, the proof shows that if f defines a family { f;} of hyper-
surfaces — not necessarily with line singularities — such that each f; is weighted
homogeneous with respect to a given system of weights w, and if furthermore, the
nearby fibres V ( f; —n), n # 0, of the functions f; are uniformly nonsingular with re-
spect to the deformation parameter ¢, then the family { f;} has a uniform stable radius.
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ROST INVARIANT OF THE CENTER, REVISITED

SKIP GARIBALDI AND ALEXANDER S. MERKURJEV

The Rost invariant of the Galois cohomology of a simple simply connected
algebraic group over a field F is defined regardless of the characteristic of F,
but certain formulas for it have only been known under a hypothesis on the
characteristic. We improve on those formulas by removing the hypothesis
on the characteristic and removing an ad hoc pairing that appeared in those
formulas. As a preliminary step of independent interest, we also extend the
classification of invariants of quasitrivial tori to all fields.

1. Introduction

Cohomological invariants provide an important tool to distinguish elements of
Galois cohomology groups such as H!(F, G) where G is a semisimple algebraic
group. In the case where G is simple and simply connected there are no nonconstant
invariants with values in H? (x, Q /Z(d—1)) for d < 3. For d =3, modulo constants
the group of invariants H'(x, G) — H?3(x, Q/Z(2)) is finite cyclic with a canonical
generator known as the Rost invariant and denoted by r; this was shown by Markus
Rost in the 1990s and full details can be found in [Garibaldi et al. 2003]. Rost’s
theorem raised the questions: How do we calculate the Rost invariant of a class in
H'(F, G)? What is a formula for it?

At least for G of inner type A, there is an obvious candidate for ¢, which is
certainly equal to mr¢ for some m relatively prime to n + 1. The papers [Merkurjev
et al. 2002; Garibaldi and Quéguiner-Mathieu 2007] studied the composition

(1.1) H'(F,C)— H'(F,G) %% H*(F,Q/Z(2))

for C the center of G, and under some assumptions on char(F), computed the
composition in terms of the value of m for type A. Eventually the value of m was
determined in [Gille and Quéguiner-Mathieu 2011]. The main result of this paper is
Theorem 1.2, which gives a formula for (1.1) that does not depend on the type of G
nor on char(F). This improves on the results of [Merkurjev et al. 2002; Garibaldi
and Quéguiner-Mathieu 2007] by removing the hypothesis on the characteristic
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and avoiding the ad hoc type-by-type arguments used in those papers. We do rely
on [Gille and Quéguiner-Mathieu 2011] for the computation of m for type A, but
nothing more.

The strategy is to (1) extend the determination of invariants of quasitrivial tori
from [Merkurjev et al. 2002] to all fields (see Theorem 3.7), (2) to follow the general
outline of [Garibaldi and Quéguiner-Mathieu 2007] to reduce to the case of type A,
and (3) to avoid the ad hoc formulas used in previous work by giving a formula
independent of the Killing—Cartan type of G.

Specifically, there is a canonically defined element 7, € H 2(F , C°), where C°
denotes the dual multiplicative group scheme of C in a sense defined below, and a
natural cup product H'(F, C) @ H*(F, C°) — H>(F, Q/Z(2)). We prove:
Theorem 1.2. Let G be a semisimple and simply connected algebraic group over

a field F, and C C G be the center of G. Let t;, be the image of the Tits class ¢
under p* : H*(F, C) — H*(F, C°). Then the diagram

HY(F,C) ——— H'(F, G)

\ J/r(;
—tgU

H(F,Q/Z(2))

commutes, where the cup product map is the one defined in (2.9).

The map 6* is deduced from a natural map p defined in terms of the root system,
see Section 5C.

Theorem 1.2 gives a general statement, which we state precisely in Theorem 6.4,
for all invariants H'!(x, G) — H>(x, Q/Z(2)).

2. Cohomology of groups of multiplicative type

Let F be a field and M a group scheme of multiplicative type over F. Then M is
uniquely determined by the Galois module M* of characters over Fiep. In particular,
we have

M (Fyep) = Hom(M*, FY,).

If M is a torus T, then T* is a Galois lattice and we set T, = Hom(7*, Z). We have
(21) T(Fsep):T*®FX

sep”

If M is a finite group scheme C of multiplicative type, set Cy := Hom(C*, Q/Z),
so we have a perfect pairing of Galois modules

(2.2) C.®C*— Q/7.

Write C° for the group of multiplicative type over F' with the character module C,.
We call C° the group dual to C.
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Example 2.3. We write u, for the sub-group-scheme of G, of n-th roots of unity.
The restriction of the natural generator of G}, (the identity G,, — G,,) generates
w and thereby identifies u' with Z/nZ. Thus p) = Z/nZ via the pairing (2.2),
hence u, = un.

The change-of-sites map « : Spec(F)gpr — Spec(F )¢ yields a functor
oty : Sheppr(F) — Shg(F)
between the categories of sheaves over F and an exact functor
Ra, : DT Sheppe(F) — DT She(F)

between derived categories.

Every group M of multiplicative type can be viewed as a sheaf of abelian groups
either in the étale or fppf topology. We have a.(M) = M for every group M of
multiplicative type. If M is smooth, we have Ra,(M) =0 for i > 0 by [Milne
1980, proof of Theorem 3.9]. It follows that Ra,. (M) = M, hence

(2.4) HY(F, M) = H{(F, Ra.(M)) = H{, ;(F, M), for M smooth.

If

1-C—->T—-S—>1

is an exact sequence of algebraic groups with C a finite group of multiplicative
type and 7 and S tori, this sequence is exact in the fppf-topology but not in the
étale topology (unless C is smooth). Applying Ro, to the exact triangle

C—>T— 85— C[l]
in DT Shpe(F), we get an exact triangle,
Rati(C) = T (Fyep) = S(Fsep) = R (C)[1],
in D" Shg(F) since Ray(T) = T (Fep) and Rory(S) = S(Fep). In other words,
(2.5) Ra, (C) = cone(T (Fgep) — S(Fyep))[—1].

Recall that Z(1) is the complex in D' Shg (F) with only one nonzero term Fs;fp
placed in degree 1, i.e., Z(1) = Fsép[—l]. Set

C.() = C®Z(1),  C*(1) = C*®Z(D),

where the derived tensor product is taken in the derived category DT Shg(F). If T
is an algebraic torus, we write

T.(1) = T&Z(1) = T, ® Z(1) = T(Fp)[—11.



372 SKIP GARIBALDI AND ALEXANDER S. MERKURIJEV

Tensoring the exact sequence
0—->T,—> S, —>C,—0
with Z(1) and using (2.1), we get an exact triangle
Ci(1) = T (Feep) = S(Fsep) = Cu(D[1].

It follows from (2.5) that
C.(1) = Ra,.(C)

and therefore,
Hi, ((F, C) = Hy(F, Rao(C)) = Hiy(F, C.(1)).
Recall that we also have
Hi o (F, T) = Hy(F, T) = Hi" (F, Tu(1)).
Remark 2.6. There is a canonical isomorphism (see [Merkurjev 2016, §4c])
Ci(1) = C(Fsep) @ (Ci ® Fp)[ 11
The second term in the direct sum vanishes if char(F') does not divide the order of
C orif F is perfect.

Notation 2.7. To simplify notation we will write H'(F, C) for H} (F, C«(1)) =
H{ «(F. C) and H'(F, C°) for H(F, C*(1)) = H{ (F. C°).

Every C-torsor E over F has a class ¢(E) € HY\(F, ).

Example 2.8. Taking colimits of the connecting homomorphism arising from the
sequences 1 - G,, > GL; - PGL; — 1 or 1 - 4y — SLy — PGL; — 1 — which
are exact in the fppf topology — gives isomorphisms H?(K, G,,) ~ Br(K) and
H?(K, jt,) ~ ,Br(K) as in [Gille and Szamuely 2006, 4.4.5]', which we use.

In view of (2.4) and Notation 2.7, we work in the derived category of étale sheaves
as in, for example, [Freitag and Kiehl 1988, Appendix A.II]. We use the motivic
complex Z(2) of étale sheaves over F defined in [Lichtenbaum 1987; 1990]. Set

Q/Z(2) = Q/ZSZ(2).

The complex Q/Z(2) is the direct sum of two complexes. The first complex is
given by the locally constant étale sheaf (placed in degree 0) the colimit over n
prime to char(F) of the Galois modules Mf?z = W, ® w,. The second complex is
nontrivial only in the case p = char(F) > 0 and it is defined as

: 2
coilm Wi Qe[ —21

I This reference assumes char(F) does not divide n, since it uses H! to denote Galois cohomology.
With our notation, their arguments go through with no change.
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with W, leog the sheaf of logarithmic de Rham—Witt differentials (see [Kahn 1996]).
Note that
H'(F,Q/Z(2)) ~ H"'(F, Z(2))

fori > 3.
Tensoring (2.2) with Z(2), we get the pairings
L
C.()® C*(1) > Q/Z(2) and
H(F,C)® H’/(F,C°) — H'Y/(F,Q/Z(2)).

(2.9)

If S is a torus over F, we have S,(1) = Si ® G,,[—1] = S[—1] and the pairings
L
S, 8" -7, S.(1H®S*(1)— Z(2) and
H'(F,S)® H!(F, $°) — H'*/(F, 2(2)) = HT\(F,Q/2(2))
ifi+j>2.
Let

(2.10)

1-C—->T—->S—>1

be an exact sequence with 7" and S tori and C finite. Dualizing we get an exact
sequence of dual groups

(2.11) 1->C°—>S°—>T°—>1.
We have the homomorphisms
¢:S(F)— H'(F, 0), v HX(F, C°) — H*(F, S°).

Proposition 2.12. For every a € S(F) and b € H*(F, C®), we have ¢(a) Ub =
a Uy (b) in H3(F, Q/Z(2)). Here the cup products are taken with respect to the
pairings (2.9) and (2.10) respectively.

Proof. The pairing S, ® S* — Z extends uniquely to a pairing S, ® T* — Q. We
have then a morphism of exact triangles

S (DB (1) —— Su(DBT*(1) —— S, (NBC*(1) —— Sy (D@ (D[]

| | | |

2(2) QQ2) Q/Z(2) ——— Z(D[1]

and a commutative diagram

H'(F, $,(1)) ® H*(F, C*(1)) —— H'(F, $:(1)) ® H*(F, S*(D[1])

| l

H3(F,Q/Z(2)) H3(F,Z(2)[1])
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and therefore, a commutative diagram:

HO(F, S) ® H*(F,C°) —— HO(F, S) ® H*(F, S°)

| l

H3(F,Q/7(2)) =———= H3(F, Q/Z(2))

L L
On the other hand, the composition S, (1)QC*(1) - C.(1H)RC*(1) - Q/Z(2)
coincides with s. Therefore, we have a commutative diagram

H'(F, S.(1)) ® H*(F, C*(1)) —— H'(F, C.(1)) ® H*(F, C*(1))

l |

H3(F,Q/Z(2)) H(F,Q/Z(2))

and therefore, a diagram:

HO(F,S)® H*(F, C°) —— H'(F, C) ® H*(F, C°)

| |

H3(F,Q/Z(2)) =—— H*(F, Q/Z(2))
The result follows. O

Remark 2.13. We have used that the diagram

H'(Ala]) ® H/ (B[b]) —— H'*/ (Ala] ® B[b])

Hi-i—a(A) ® Hj+b(B) - Hi+j+a+b(A ® B)

is (—1)’’-commutative for all complexes A and B.

Let A be an étale algebra over F and C a finite group scheme of multiplicative
type over A. Then C’ := R4,r(C) is a finite group of multiplicative type over F.
Moreover, C'° >~ Ry ,r(C®) and there are canonical isomorphisms

(i H'(A,C)=> H(F,C") and (°:H'(A,C° = H(F,C").

Lemma 2.14. We have 1(x) Ut°(y) = Na,r(x Uy) in H (F, Q/Z(2)) for every
xe H (A, C)andy e H/ (A, C°).

Proof. The group scheme C’; is naturally isomorphic to the product C; xCy x - - - x C
of group schemes over A with C; = C. Let 7 : C/; — C be the natural projection.
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Similarly, C’° ~ C{ x CS x - - - x CS. Write € : C° — C/,° for the natural embedding.
Then the inverse of ¢ coincides with the composition

H(F,C") %> H(A, Cl) =5 H'(A, C)
and ¢° coincides with the composition
H'(A,C°) =5 HI(A, €' 25 Hi(F, ).
Since w*(¢t(x)) = x, we have res(¢t(x)) = (x, x2, ..., xy) for some x;. On the other
hand, ¢*(y) = (»,0, ..., 0), hence
(2.15) res(t(x))Ue*(y) =xUy.

Finally,
L) UL ) =t(x) UNasr(e*(y))
= Ny r(res(t(x)) Ue*(y)) by the projection formula
=Na/r(xUy) by (2.15). O

Lemma 2.16 (projection formula). Let f : C — C’ be a homomorphism of finite
group schemes of multiplicative type. Fora € H" (F, C), the diagram

HY(F, ) 229 greim (B @/7(2))

7] |

HY(F, C°) —% HF™(F, Q/Z(2))
commutes.

Proof. The pairings used in the diagram are induced by the pairings C*®C, — Q/Z
and C”* ® C, — Q/Z. The (obvious) projection formula for these pairings reads
(f*(x), y) = (x, fu(y)) forx e C"" and y € C,. [l

3. Invariants of quasitrivial tori

3A. Cohomological invariants. For a field F write H/(F) for the cohomology
group H/(F,Q/Z(j — 1)), where j > 1 (see [Garibaldi et al. 2003]). In particular,
H'(F) is the character group of continuous homomorphisms I'r — Q/Z and
H?(F) is the Brauer group Br(F).

The assignment K +— H/(K) is functorial with respect to arbitrary field exten-
sions. If K’/K is a finite separable field extension, we have a well-defined norm
map Nk /x - H/(K') —> H/(K).

The graded group H*(F) is a (left) module over the Milnor ring K, (F).
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Definition 3.1. Let A be a functor from the category of field extensions of F to
pointed sets. A degree d cohomological invariant of A is a collection of maps of
pointed sets e T ACK) — HYK)
for all field extensions K / F, functorial in K. The degree d cohomological invariants
of G form an abelian group denoted by Inv¥(A). If L/F is a field extension, we
have a restriction homomorphism

Invd(A) — Invd(AL),

where Gy is the restriction of G to the category of field extensions of L.

If the functor A factors through the category of groups, we further consider
the subgroup Invf (A) of Inv¥¢(A) consisting of those invariants ¢ such that tx is a
group homomorphism for every K.

Example 3.2. If G is an algebraic group over F, we can view G as a functor taking
a field extension K to the group G(K) of K-points of G; in this case we consider
Inv,f(G). We have also another functor H'(G) : K — H'(K, G) and we consider
Inv?(H'(G)). If G is commutative, then H'(K, G) is a group for every K, and
we also consider Inv/ (H'(G)).

3B. Residues. Our goal is to prove Theorem 3.7 concerning the group Invf (T)
for T a quasisplit torus. Such invariants of order not divisible by char(F’) were
determined in [Merkurjev et al. 2002]. We modify the method from [Merkurjev
et al. 2002] so that it works in general. The difficulty is that the groups H/(K) do
not form a cycle module, because the residue homomorphisms need not exist.

If K is a field with discrete valuation v and residue field k (v), write H/ (F Ynr,v for
the subgroup of all elements of H/(F) that are split by finite separable extensions
K /F such that v admits an unramified extension to K. Note that every element in
H/(F)py. of order not divisible by char(F) belongs to H/ (F) ;..

There are residue homomorphisms (see [Garibaldi et al. 2003] or [Kato 1982])

3y : H (K)o = H' ™' (ke (v)).
Example 3.3. Let K = F(¢) and let v be the discrete valuation associated with ¢.
Then k(v) = F and 8,(t - hg) = h forall h € H/~!(F).

Lemma 3.4. Let K'/K be a field extension and let v' be a discrete valuation on K’
unramified over its restriction v on K. Then the diagram

HI (K )y — HI™ (1 (v))
HI(K Yot —2s I (e (0))

commutes.
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3C. Invariants of tori. Let A be an étale F-algebra and T4 the corresponding
quasisplit torus, i.e.,
TY(K) = (A®F K)"

for every field extension K /F. If B is another étale F-algebra, then
TAXB — TA X TB

and
Inv (TA*B) ~ Inv/ (T*) @ Inv (T®).

Write A as a product of fields: A =L x L, x--- x Lg. Set
H (A):=H (L\)®H (L)) ®---® H' (Ly).
For d > 2 define a homomorphism
a? : H71(A) - Invf (TH)
as follows. If 1 € H?~'(A), then the invariant o () is defined by
a’(h)(1) = Nagk /k (t - hagk) € H(K)
for a field extension K/F and t € TA(K) = (A®F K)*.
Remark 3.5. In the notation of the previous section, (74)° ~ T4, and we have
H"YF (T =H"N(F, T = H" (A, G,) = H7'(A).
The pairing (2.10) for the torus T4, i =0, and j=2,
A* @ HX(A) =TY(F)® H*(F,(T*)°) > H(F),

takes 1@ to Nyjp(tUhy) = a(h)(t). In other words, the map a” coincides with
the map
H?(F, (T*)°) — Inv;(T*)

given by the cup product.

Note that every element 4 € H?~!(A) is split by an étale extension of A, hence
the invariant o (h) vanishes when restricted to Fep.

Question 3.6. Do all invariants in Inv/(T*4) vanish when restricted to Fyep?

The answer is “yes” when char(F) = 0. For any prime p # char(F’) and for F
separably closed, the zero map is the only invariant TA(x)— H(x, Q p/Zp(d—1))
that is a homomorphism of groups [Merkurjev 1999, Proposition 2.5].

The main result of this section is:
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Theorem 3.7. The sequence
0— H™'(A) 5 vl (T4) 25 Invi (T
is exact.

That is, defining Ipﬁ;/;f(TA) :=kerres, we claim that o : H471(A) => I?&Z(TA).

The torus T is embedded into the affine space A(A) as an open set. Let Z4
be the closed complement A(A) \ T4 and let S# be the smooth locus of Z*4 (see
[Merkurjev et al. 2002]). Then S4 is a smooth scheme over A. In fact, S# is a
quasisplit torus over A of the A-algebra A’ such that A x A’ >~ A ® A. We have
A=L|;xLyx---xLg, where the L; are finite separable field extensions of F, and
the connected components of S4 (as well as the irreducible components of Z4) are
in one-to-one correspondence with the factors L;. Let v; fori =1,2, ..., s be the
discrete valuation of the function field F(T*) corresponding to the i-th connected
component S; of S4, or equivalently, to the i-th irreducible component Z; of Z*.
The residue field of v; is equal to the function field F(Z;) = F(S;). We then have
the residue homomorphisms

& : HY(F(T*))u — HIWF(Z)) = HI7VH(F(S)).

Write H d(F(T*)) for the kernel of the natural homomorphism H d(F(Th) —
H d(Fsep(TA)). Since every extension of the valuation v; to Fsep(TA) is unramified,
we have HY(F(T*)) C HY(F (T %))y, for all i. Write F(S4) for the product of
F(S;) over all i. The sum of the restrictions of the maps d; on H d(F(TH)) yields

a homomorphism ~
P 4 HY(F(T*) > HI™Y(F(SY)).

Applying u € I’ﬁ;/Z(TA) to the generic element gge, Of T4 over the function field
F(T?), we get a cohomology class u(ggen) € HY(F(T4)). By assumption on u,
we have u(ggen) € H 4(F(T*)). Applying 84, we get a homomorphism

~ _
BY v, (TH) — HN(F(SY), w8 (u(ggen)-
If B is another étale F-algebra, we have (see [Merkurjev et al. 2002])
SAB =A% TB 4+ T4 x S5,
In particular, F(S4) c F(§4*8) > F(S?). Lemma 3.4 then gives:
Lemma 3.8. The diagram

~d Ay o rsd g BUOBY A d—1 B
Inv} (T4) @ Inv (T8) =25 HA-1(F(84)) @ HO~ (F(SP))

]

I?l-{/Z(TAXB) Hd*l(F(SAxB))

commutes.
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Recall that S4 is a smooth scheme over A with an A-point. It follows that
A C F(S4) and the natural homomorphism

HI(A) — H/(F(5%))

is injective by [Garibaldi et al. 2003, Proposition A.10]. We shall view H J(A) as a
subgroup of HI(F(S%)).

Let A=L; x Ly x --- x Lg be the decomposition of an étale F-algebra A into
a product of fields. The height of A is the maximum of the degrees [L; : F']. The
height of A is 1 if and only if A is split. The following proposition will be proved
by induction on the height of A.

Proposition 3.9. The image of the homomorphism B4 is contained in H*~'(A).

Proof. By Lemma 3.8 we may assume that A = L is a field. If L = F, we have
S4 = Spec F, so A = F(S4) and the statement is clear.

Suppose L # F. The algebra L is a canonical direct factor of L ® p L. It follows
that the homomorphism B’ is a direct summand of B“®L. Since the height of
the L-algebra L ®f L is less than the height of A, by the induction hypothesis,
Im(BL®L) c H~'(L ® L). It follows that Im(8%) c H?~'(L). O

It follows from Proposition 3.9 that we can view 84 as a homomorphism
BATavi (T4 — HP1(A).

We will show that @ and B4 are isomorphisms inverse to each other. First
consider the simplest case.

Lemma 3.10. The maps a® and B* are isomorphisms inverse to each other in the
case A =F.

Proof. If A = F, then we have T4 = G,,. The generic element g, is equal to
t e F(t)* = F(G,,). Let h € H*"'(A) = H?"'(F). Then the invariant o (h)
takes 7 to t - h € HY(F(r)). By Example 3.3, BF (af (h)) = 8,(t - h) = h, i.e.,
the composition 87 o af is the identity. It suffices to show that o’ is surjective.

Take u € IFI;/Z (G,,). We consider ¢ as an element of the complete field L := F ((¢))
and let x = uy (1) € HY(L). By assumption, x is split by the maximal unramified
extension L := sep((£)) of L. By a theorem of Kato [1982],

x €Ker (H(L) > H(L))) = H'(F)&t- H'"\(F),

ie,x=h, +t-h; forsome h’ € HY(F)and h € H*\(F).

Let K/F be a field extension. We want to compute ug(a) € H 4(K) for an
element a € K. Consider the field homomorphism ¢ : L — M := K((¢)) taking a
power series f(t) to f(at). By functoriality,

up(ar) =up (@) = @ (up (1)) = @u(x) = @ (hy +1-hp) =h)y + (at) - hy,
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therefore,
up(a) =up(at) —up () = (hy +(at) -hy) — Wy +t-hy) =a-hy.

It follows that u(a) =a-h g since the homomorphism H?(K) — H?(M) is injective
by [Garibaldi et al. 2003, Proposition A.9]. We have proved that u = a“ (h), i.e.,

a? is surjective. O

Lemma 3.11. The homomorphism B is injective.

Proof. The proof is similar to the proof of Proposition 3.9. We induct on the
height of A. The right vertical homomorphism in Lemma 3.8 is isomorphic to
the direct sum of the two homomorphisms HYV(F(8%) - HTY(F(S4 x T®))
and HY~'(F(§8)) - HY ' (F(T* x §8)). Both homomorphisms are injective by
[Garibaldi et al. 2003, Proposition A.10]. It follows from Lemma 3.8 that we may
assume that A = L is a field.

The case L = F follows from Lemma 3.10, so we may assume that L # F. The
homomorphism B is a direct summand of SX®L. The latter is injective by the
induction hypothesis, hence so is L. (]

Lemma 3.12. The composition B2 o a? is the identity.

Proof. We again induct by the height of A. By Lemma 3.8 that we may assume
that A = L is a field.

The case L = F follows from Lemma 3.10, so we may assume that L # F. The
homomorphisms o and B~ are direct summands of «“®* and BL®L, respectively.
The composition SX®L o ¢ ®L is the identity by the induction hypothesis, hence
B4 o4 is also the identity. O

It follows from Lemma 3.11 and Lemma 3.12 that o4 and S are isomorphisms
inverse to each other. This completes the proof of Theorem 3.7.

4. Invariants of groups of multiplicative type

In this section, C denotes a group of multiplicative type over F such that there
exists an exact sequence

1-C—->T—->S5—~>1

such that S and T are quasitrivial tori. For example, this holds if C is the center
of a simply connected semisimple group G over F, such as u,. In that case, C
is isomorphic to the center of the quasisplit inner form G of G, and we take T
to be any quasitrivial maximal torus in G?. Then T* is the weight lattice A,, and
S* >~ A,, where the Galois action permutes the fundamental weights and simple
roots, respectively.
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Proposition 4.1. Every invariant in IB;/Z(H 1(C)) is given by the cup product via
the pairing (2.9) with a unique element in H>(F, C°).

Proof. Since H' (K, T) =1 for every K, the connecting homomorphism S(K) —
H'(K, C) is surjective for every K and therefore the natural homomorphism

Inv; (H'(C)) — Inv; (S)
is injective.
Consider the diagram

H?(F,C°)——— H*(F, §°) —— H?*(F, T°)

l | |
fnv, (H1(C)) —— Tav, (S) ——— Tnvi (T)

where the vertical homomorphisms are given by cup products and the top row
comes from the exact sequence (2.11); it is exact since H (K, T°) =1 for every
field extension K /F. The bottom row comes from applying Ifﬁ;/,i to the sequence
T(K)— S(K)— H' (K, C);itisa complex. The vertical arrows are cup products,
and the middle and right ones are isomorphisms by Theorem 3.7 and Remark 3.5.
The diagram commutes by Proposition 2.12. By diagram chase, the left vertical
map is an isomorphism. ]

Note that the group H>(F, T) is a direct sum of the Brauer groups of finite
extensions of F. Therefore, we have the following, a coarser version of [Garibaldi
2012, Proposition 7]:

Lemma 4.2. The homomorphism H 2(F,C) > [ [ Br(K), where the direct sum is
taken over all field extensions K | F and all characters of C over K, is injective.

Remark 4.3. The group G becomes quasisplit over the function field F (X) of the
variety X of Borel subgroups of G, so F (X) kills #;. But the kernel of H 2(F,C)—
H?(F(X), C) need not be generated by #g, as can be seen by taking G of inner
type D,, for n divisible by 4.

5. Root system preliminaries

S5A. Notation. Let V be a real vector space and R C V a root system (which we
assume is reduced). Write A, C A, for the root and weight lattices, respectively.
For every root o € R, the reflection s, with respect to « is given by the formula

(5.1 Se(X) =x —a”(x) -,

for every x € V, where " € V* := Homg(V, R) is the coroor dual to o. Write
RY C V* for the dual root system and A, C A, for the corresponding lattices.
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We have
A) =(Ay)* :==Hom(A,,Z) and A, = (A"

The Weyl group W of R is a normal subgroup of the automorphism group
Aut(R) of the root system R. The factor group Aut(R)/W is isomorphic to the
automorphism group Aut(Dyn(R)) of the Dynkin diagram of R. There is a unique
Aut(R)-invariant scalar product (, ) on V normalized so that square-length d,v :=
(o, &) of short roots in every irreducible component of R is equal to 1. The formula
(5.1) yields an equality

2(a, x)

- (w0)

o’ (x)

forallx € V and @ € R.

We may repeat this construction with the dual root system R, defining (, )" on
V* so that the square-length d,, := (a”, )" is 1 for short coroots " (equivalently,
long roots «).

5B. The map ¢.

Proposition 5.2. There is a unique R-linear map ¢ : V* — V such that p(a") = «
for all short a”. Furthermore, ¢ is Aut(R)-invariant, p(a") = dya foralla” € RV,
©(A)) S Ay, and (A)') € A,. Analogous statements hold for ¢¥ : V. — V* If R
is irreducible, then " : V* — V* and ¢” ¢ : V — V are multiplication by d,, for
o a short root.

Proof. Define ¢¥ by (¢¥(x),y) = 2(x,y) for x,y € V and ¢ by (x', p(y')) =
2(x’, y")¥ for x’, y’ € V* We have

(¥ (), x) =2(a, x) = (o, &) -0V (x) = dgv -0 (x),

hence ¢ () = d,v - ", and similarly for ¢. For uniqueness of ¢ and ¢, it suffices
to note that the short roots generate V*, which is obvious because they generate a
subspace that is invariant under the Weyl group.

Let x € A,. By definition,

2(x, )

(a, o)

7Z3a(x)=

for all o € R. It follows that (" (x), ) = 2(x, &) € Z since («a, ) € Z. Therefore,
P(x) € Ay

For each root B € R, ¢ ¢(B") = dgdgvB" and similarly for p¢". As R is
irreducible, either all roots have the same length (in which case dgdgv = 1) or there
are two lengths and B and 8" have different lengths (in which case dgdp is the
square-length of a long root); in either case the product equals d,, as claimed. [J
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Remark 5.3. If the root system R is simply laced, then ¢ gives isomorphisms from
V* Ay, and AY to V, A,, and A,, respectively, that agree with the canonical
bijection RY — R defined by oV <> «.

Example 5.4. For «” a simple coroot, we write f,” for the corresponding fun-
damental dominant weight of RY. Consider an element x’ = ) xgB" where
B ranges over the simple roots. As (f,, Y)Y = %( VL BY(BY, BY)Y, we have
(fa )Y = xa(f), @)Y = 3doxa. Thatis, (p(fy), x') = duXe = (do fa, x') for
all x’, and we conclude that ¢ (f,") = dq fa-

Remark 5.5. Let ¢ € S?(A,,)" be the only quadratic form on A that is equal to 1
on every short coroot in every component of R". It is shown in [Merkurjev 2016,
Lemma 2.1] that the polar form p of ¢ in A, ® Ay in fact belongs to A, @ Ay,.
Then the restriction of ¢ on A, coincides with the composition

id
AL =D AL ® (A ® Ay) = (A @A) ® Ay — Ay,

5C. The map p. Write A :=A,,/A, and AY := A /A). Note that A and A" are
dual to each other with respect to the pairing

ARAY — Q/Z.

The group W acts trivially on A and A", hence A and AY are Aut(Dyn(R))-
modules. The homomorphism ¢ yields an Aut(R)-equivariant homomorphism

p: A — A.

The map p is an isomorphism if R is simply laced (because ¢ is an isomorphism) or
if Ay, = A,. Similarly, p =0 if and only if @(Ag) C Ay, ifandonlyif pe A, @ A,.

Example 5.6. Suppose R has type C, for some n > 3. Consulting the tables in
[Bourbaki 2002], f,’, the fundamental weight of R" dual to the unique long simple
root o, is the only fundamental weight of R not in the root lattice. As «,, is long,
do, = 1,50 @(f,) = f,, which belongs to A, if and only if n is even. That is, p =0
if and only if n is even; for n odd, p is an isomorphism.

Example 5.7. Suppose R has type B, for some n > 2. For the unique short simple
root oy, dy, =2, and ¢(f,”) =2f,isin A,. For 1 <i <n, ga(fiv) = fi e A,. We
find that p = 0 regardless of n.

Thus we have determined ker p for every irreducible root system.

Example 5.8. Suppose R is irreducible and char(F) = d,, for some short root «.
Then for G, G simple simply connected with root system R, R" respectively,
there is a “very special” isogeny 7 : G — G . The restriction of 7 to a maximal
torus in G induces a Z-linear map on the cocharacter lattices m, : AY — A,, which,
by [Conrad et al. 2015, Proposition 7.1.5] or [Steinberg 1963, 10.1], equals ¢.
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In the case R = B, 7 is the composition of the natural map G = Spin,,, | —
SOy, with the natural (characteristic 2 only) map SO2,+1 — Sp,,,. As 7 vanishes
on the center of G, it follows that p =0 as in Example 5.7. Similarly, in case R = G,
one can recover Example 5.6 by noting that the composition 77 : G =Sp,,, — Spin,,, ,
with the spin representation Spin,, , | <> GL;x is the irreducible representation of
G with highest weight f,, by [Steinberg 1963, §11].

Example 5.9. For R=A,,_j,definet: A = Z/nZ viat(f)) =1/ne€ Q/Z. As
(fi. f/Y=@m—=1)/neQ,defining t¥: AV = Z/nZ viat"(f))=—-1/necQ/Z
gives a commutative diagram

ARA ' a7

&7V l 2 /
natural

Z/nZ®Z/nZ

i.e., TV is the isomorphism induced by t and the natural pairings. Furthermore,
although p is induced by the canonical isomorphism R >~ R, the previous discussion
shows that the diagram
AV —L A
(510) rvlz rJ/z
Z/nZ — 5 7/nz

commutes, where the bottom arrow is multiplication by —1.

(The action of Aut(R) on A interchanges fj and f,,_;. Defining instead t(— f1) =
T(fu—1) = 1/n also gives the same commutative diagram (5.10). That is, the
commutativity of (5.10) is invariant under Aut(R).)

6. Statement of the main result

6A. The map p. Let G be a simply connected semisimple group with root system R.
Let C be the center of G. Then C* = A,,/A, = A and C, = A)/A) =AY, and
we get from Section 5C a homomorphism

p=pG:Ci— C*

of Galois modules. Therefore, we have a group homomorphism
0=pg:C— C"°

Note that p is an isomorphism if R is simply laced.

6B. The Tits class. Let G be a simply connected group over F with center C.
Write ¢ for the Tits class tg € H>(F, C). By definition, 1 = —3(&¢), where

d:HY\(F,G/C)— H*(F,C)
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is the connecting map for the exact sequence 1| - C - G — G/C — 1 and
£ € H'(F, G/C) is the unique class such that the twisted group ¢ G is quasisplit.

6C. Rost invariant for an absolutely simple group. Let G be a simply connected
group over F. Recall (see [Garibaldi et al. 2003]) that, for G absolutely simple,
Rost defined an invariant rg € Inv3(H!(G)) called the Rost invariant, i.e., a map

rg: H'(F,G) — H3(F, Q/Z(2))

that is functorial in F.

Lemma 6.1. If G is an absolutely simple and simply connected algebraic group,
then o(rg) - tg = 0.

Proof. The order o(rg) of r¢ is calculated in [Garibaldi et al. 2003], and in each
case it is a multiple of the order of #¢. (|

As mentioned in [Gille 2000, §2.3], there are several definitions of the Rost
invariant that may differ by a sign. Gille and Quéguiner [2011] proved that for
the definition of the Rost invariant rg they chose, in the case G = SL;(A) for
a central simple algebra A of degree n over F, the value of rg on the image of
the class a F*" € F*/F*" = H'(F, u,) in H'(F, G) is equal to (a) U[A] if n is
not divisible by char(F) and to —(a) U [A] if n is a power of p = char(F) > 0.
Therefore, we normalize the Rost invariant by multiplying the p-primary component
of the Rost invariant (of all groups) by —1 in the case p = char(F) > 0.

6D. The main theorem. For G semisimple and simply connected over F, there is
an isomorphism

n
(6.2) ¥:G = [[Reyr(Go).
i=1

where the F; are finite separable extensions of F, and G; is an absolutely simple
and simply connected F;-group. The product of the corestrictions of the rg, (in the
sense of [Garibaldi et al. 2003, page 34]) is then an invariant of H 1(G), which we
also denote by rg and call the Rost invariant of G. The map  identifies the center
C of G with [[; Rf,/r(C;) for C; the center of G;, and the Tits class #; € H*(F,C)
with Y16, € Y H?(F;, C)).

The composition rg o i* is a group homomorphism by [Merkurjev et al. 2002,
Corollary 1.8] or [Garibaldi 2001, Lemma 7.1]. That is, the composition rg o i *
in Theorem 1.2 taken over all field extensions of F' can be viewed not only as an
invariant of H'(C), but as an element of Invfl(H 1(C) as in Definition 3.1. Over a
separable closure of F, the inclusion of C into G factors through a maximal split
torus and hence this invariant is trivial by Hilbert’s Theorem 90. By Proposition 4.1
the composition is given by the cup product with a unique element in H?(F, C°).
We will prove Theorem 1.2, which says that this element is equal to —z7.
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6E. Alternative formulation. Alternatively, we could formulate the main theorem
as follows. The group of invariants Inv3(H'(G)) is a sum of n cyclic groups with
generators (the corestrictions of) the rg,, and in view of Lemma 6.1 we may define
a homomorphism

(6.3) Inv}(H'(G)) - H*(F,C) via Y _nirg, > Y _ —nitg,.

Theorem 6.4. For every invariant s : H' (x, G) — H?>(x, Q/Z(2)), the composition
H'(x,C) > H'(x, G) - H>(x, Q/Z(2))

equals the cup product with the image of s under the composition
Inv}(H'(G)) - H*(F, C) — H?*(F, C°).

This will follow immediately from the main theorem, which we will prove over
the course of the next few sections.

7. Rost invariant of transfers

The following statement is straightforward.

Lemma 7.1. Let A be an étale F-algebra and G a simply connected semisimple
group scheme over A, with C the center of G. Then C' := R ,r(C) is the center of
G':=Ru/r(G) and C'° = R /r(C°®), and the diagram

Hi(A,C) -5 Hi(A, C°)

.

. Py .
Hi(F,C") —5 HI(F,C'"°)
commutes.

Lemma 7.2. Set C' := Ry/r(C) and G' := Ra;r(G). Then the image of tc under
the isomorphism H*(A, C) = H?*(F,C') is equal to tg .

Proof. The corestriction of a quasisplit group is quasisplit. U

Lemma 7.3. Let G be a simply connected semisimple algebraic group scheme over
an étale F-algebra A. If Theorem 1.2 holds for G, then it also holds for Rx;r(G).

Proof. Let C be the center of G and G' := R4/r(G). The group C' := R4,r(C) is
the center of G. Let x € H'(A, C) and let x’ € H'(F, C’) be the image of x under
the isomorphism v : H'(A,C) => H'(F, C"). We have
re/ (i (x')) = re:(0(i* (x)))
= Na/r(rg(i*(x)) by [Garibaldi et al. 2003, Proposition 9.8]
= Nayr(—=t3zUx) by Theorem 1.2 for x
=—1, Ux’ by Lemmas 2.14, 7.1 and 7.2. O
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If Theorem 1.2 holds for semisimple groups G| and G, then it also holds for the
group G| x G,. Combining this with Lemma 7.3 reduces the proof of Theorem 1.2
to the case where G is absolutely almost simple.

8. Rost invariant for groups of type A

In this section, we will prove Theorem 1.2 for G absolutely simple of type A,_;
for each n > 2.

8A. Inner type. Suppose G has inner type. Then there is an isomorphism v :
SL;(A) = G, where A is a central simple algebra of degree n over F. The map
Y restricts to an isomorphism w,, = C, identifying C* with Z/nZ, and induces

~

¥e:C° => u,. We find a commutative diagram

H*(F,C°)® H'(F,C) —— H3(F,Q/Z(2))
8.1) ey | |

H?(F, py) @ H'(F, uy) —— H(F,Q/Z(2))

where the top and bottom arrows are the cup product from (2.9).
The connecting homomorphism arising from the Kummer sequence

L=y = Gp — G — 1

gives an isomorphism H'(K, u,) ~ K*/K*" for every extension K /F. For each
field extension K / F, the isomorphism v identifies the map H' (K, C) — H' (K, G)
with the obvious map K * /K" = H' (K, u,) — H' (K, SL;(A)) = K>/ Nrd(A%).
Further, v~ (1) € H*(K, j,,) is the Brauer class [A] of A as in [Knus et al. 1998,
pages 378 and 426]. By Example 5.9, the composition

H'(F, 1) 5 H'(F, 0) 25 H'(F, ¢ L5 H'(F, )

is multiplication by —1 and in particular [A] — tG — t; — —[A]. That is,
Theorem 1.2 claims that the diagram

HY(K, i) ‘”—71> HY(K,C) — HY(K, G)
(8.2) [A]@l lrc
H*(K, ) @ H (K, 1) H3(K,Q/Z(2))

commutes, where the bottom arrow is the same as in (8.1).

Let p be a prime integer and write m for the largest power of p dividing n.
Both maps HY(K, u,) — H*(K,Q/Z(2)) in (8.2) are group homomorphisms, so
it suffices to verify Theorem 1.2 on each p-primary component rg(x), of the Rost
invariant with values in @, /Z,(2). In the case where p does not divide char(F), the
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commutativity of (8.2) is part of [Gille and Quéguiner-Mathieu 2011, Theorem 1.1].
(Note that the definition of cup product used in [Gille and Quéguiner-Mathieu 2011],
the one from [Gille and Szamuely 2006, §3.4], is the same as (8.1), cf. [Freitag and
Kiehl 1988, pages 302-303].)

Now let p = char(F) > 0. Consider the sheaf v,,(j) in the étale topology
over F defined by v, (j)(L) = K;(L)/p™ K ;(L). The natural morphisms Z(j) —
v (j)[—j1 for j <2 are consistent with the products, hence we have a commutative
diagram: L
(Z/mZ)Y()(Z/mZ)(1) —— (Z/mZ)(2)

Vi (D[=1T1 @ vy (D[ 1] —— v (2)[-2]

Therefore, we have a commutative diagram

H?(F, ) ® H'(F, jty) —— H(F,Z/p"Z(2))

H'(F, v, (1)) ® HO(F, vy (1)) ——— H'(F, v, (2))

(see Remark 2.13 after Proposition 2.12). The bottom arrow is given by the cup
product map
wBr(F)® (F*/F*™) — H3(F, Q/Z(2))

(see [Gille and Quéguiner-Mathieu 2011, 4D]). It is shown in [Gille and Quéguiner-
Mathieu 2011, Theorem 1.1] that the p-component of the Rost invariant of G is
given by the formula

ro(x), =[Al, U (x) € H* (K, Q,/Z,(2))

for every x € K*. (The formula in [Gille and Quéguiner-Mathieu 2011] contains
an additional minus sign, but it does not appear here due to the adjustment in the
definition of r¢ in Section 6C.) This completes the proof of Theorem 1.2 for groups
of inner type A.

8B. Outer type. Now suppose that G has outer type A,_;. There is an isomorphism
¥ : G = SU(B, 1), where B is a central simple algebra of degree n over a separable
quadratic field extension K /F with an involution 7 of the second kind (t restricts
to a nontrivial automorphism of K /F). The map v identifies C with w, [k}, and
c=c-

Suppose first that n is odd. Since G >~ SL;(B), the theorem holds over K. As
K has degree 2 over F and C has odd exponent, the natural map H'(F, C) —
H'(K, C) is injective, hence the theorem holds over F by the following general
lemma.
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Lemma 8.3. Let Ly, L, ..., Ly be field extensions of F such that the natural
homomorphism H*(F, C) — I[LLH 2(L;, C) is injective. If Theorem 1.2 holds for
G over all fields L;, then it also holds over F.

Proof. The left vertical map in Theorem 1.2 is multiplication by some element
h € H*(F,C°). We need to show that h = —t¢. This equality holds over all
fields L;, hence it holds over F by the injectivity assumption. (I

So we may assume that 7z is even. Then H'!(F, C) is isomorphic to a factor group
of the group of pairs (a, z) € F* x K* such that Ng,r(z) =a" and H?*(F,C) is
isomorphic to a subgroup of Br(F) @ Br(K) of all pairs (v, u) such that vy = mu
and Nk ,r(u) =0, see [Merkurjev et al. 2002, pages 795-796].

Suppose that B is split; we follow the argument in [Knus et al. 1998, 31.44]. Then
SU(B, t) = SU(h), where h is a hermitian form of trivial discriminant on a vector
K -space of dimension n for the quadratic extension K/F. Let g(v) := h(v, v)
be the associated quadratic form on V viewed as a 2n-dimensional F-space. The
quadratic form ¢ is nondegenerate, and we can view SU(/) as a subgroup of
H := Spin(V, g). The Dynkin index of G in H is 1, hence the composition
HY(K,G)— HY (K, H) > H3(K) equals the Rost invariant of G. Then ry is
given by the Arason invariant, which has order 2. A computation shows that the
image of the pair (a, ) representing an element x € H' (F, C) under the composition

H'(F,C)—> H'(F,G) 2% H3*(F)

coincides with [D] U x, where D is the class of the discriminant algebra of 4. On
the other hand, [D] U x coincides with the cup product of x with the Tits class
tc = —t¢ represented by the pair ([D], 0) in H?(F, C®), proving Theorem 1.2 in
this case.

Now drop the assumption that B is split. As for the n odd case, the theorem
holds over K. Note that there is an injective map H?(F,C) — Br(F)®Br(K). Let
X = Rk/r(SB(B)). By [Merkurjev and Tignol 1995, 2.4.6], the map Br(F) —
Br(F (X)) is injective, hence the natural homomorphism

H*(F,C) — H*(F, Cr(x) ® H(F, Cg)
is injective. The theorem holds over K and by the preceding paragraph the theorem

holds over F(X). Therefore, by Lemma 8.3, the theorem holds over F.

9. Conclusion of the proof of Theorem 1.2

Choose a system of simple roots IT of G. Write I, for the subset of I consisting
of all simple roots whose fundamental weight belongs to A, and let IT" := IT \ IT,.
Inspection of the Dynkin diagram shows that all connected components of 1" have
type A.
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Every element of I, is fixed by every automorphism of the Dynkin diagram,
hence is fixed by the x-action of the absolute Galois group of F on II. It follows
that the variety X of parabolic subgroups of G of type IT" is defined over F. By
[Merkurjev and Tignol 1995], the kernel of the restriction map Br(K) — Br(K (X))
for every field extension K /F is generated by the Tits algebras associated with
the classes in C* of the fundamental weights f, corresponding to the simple roots
o €I1,. But f € A, so these Tits algebras are split [Tits 1971], hence the restriction
map Br(K) — Br(K (X)) is injective and, by Lemma 4.2, the natural homomorphism
H*(F,C) — H*(F(X),C) is injective. In view of Lemma 8.3, it suffices to prove
Theorem 1.2 over the field F(X), i.e., we may assume that G has a parabolic
subgroup of type IT". The Levi subgroup G’ of that parabolic is simply connected
with Dynkin diagram IT’, and its center C’ contains C [Garibaldi and Quéguiner-
Mathieu 2007, Proposition 5.5]. Write j for the embedding homomorphism C — C’
and j° for the dual C"° — C°.

Let G' =[]; G; with G; simply connected simple groups, C =[] C;, where C;
is the center of G;, and IT; C IT is the system of simple roots of G;. Write j° for
the composition C/° — C* — C°.

Lemma 9.1. The map j : H*(F,C) - H*(F, C!) takes the Tits class tg to 1G!-
Proof #1. 1t suffices to check that j*(¢g) = t¢, for the projection
H?*(F,C')y — H*(F,C})

sends 1/ — g

There is a rank |I1,| split torus S in G whose centralizer is S - G". Arguing as in
Tits” Witt-type theorem [Tits 1966, 2.7.1, 2.7.2(d)], one sees that the quasisplit inner
form of G is obtained by twisting G by a 1-cocycle y with values in C5(S)/C,
equivalently, in G’/ C. Clearly, twisting G’ by y gives the quasisplit inner form of G
The Tits class 7 is defined to be —d (1) where d¢ is the connecting homomorphism
H'(F,G/C)— H?(F, C) induced by the exact sequence | - C — G — G/C — 1
and similarly for G’ and C’. The diagram

H\(F,G'/C) —— H\(F, G/C) —“— H2(F, C)

| | |

A
H\(F,G'/C" ¢ H*(F,C’)

commutes trivially, so j*(tg) = j*(—0dg(y)) = —0¢(y) =t as claimed. O

Proof #2. For each x € T*, define F'(x) to be the subfield of Fip, of elements fixed by
the stabilizer of x under the Galois action. Note that because G is absolutely almost
simple, the x-action fixes I, elementwise, and F () equals the field extension
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F(x|77) defined analogously for x € (T')*. The diagram

H2(F,C) —— HX(F, C")

xle
xler

H*(F(x), Gu)

commutes. Now x|c (tg: — j*(tg)) = xlc'(ter) — x|c(tg), which is zero for all
x € T* by [Tits 1971, §5.5]. As ]—[XG(T,)* X|c’ is injective by [Garibaldi 2012,
Proposition 7], t¢' = j*(¢¢) as claimed. ]

The diagram IT; is simply laced. Write d; for the square-length of " € R" for
a eIl

Lemma 9.2. The homomorphism pg : C — C° coincides with the composition
. A i.0\d;
C L} C/ PG’ C/o — l_ICl{o I1:Gi®) CO,
i

where j; is the composition C — C' — C.

Proof. For every simple root o € I write f, for the corresponding fundamental
weight. Write A} and A’ for the root and weight lattices, respectively, of the root
system R’ of G’. Let
G :={fy |aell}.
Then & is a Z-basis for the kernel of the natural surjection A,, — A/,. If o € IT,
we write o for the image of « and f,, for the image of f, under this surjection.
All o’ (respectively, f,) form the system of simple roots (respectively, fundamental
weights) of R'. If @ € IT/, the image " of o under the inclusion A." < A," is
a simple coroot of R’.

If V is the real vector space of R, then R’ C V' := V/span(®) and R’V C
V¥ C V* Letx € A, ie., (x,a) € Z for all « € I1. Since ® C A,, we have
ay = {(x, fu) € Z for all « € II,. Then the linear form x":=x — Zaen, agoY
vanishes on the subspace of V spanned by ®, hence x’ € A/,”". We then have a
well-defined homomorphism

(9.3) siAY — ALY, x> x\

If o € IT, then (x, @) = (x, ). It follows that if x" =Y b f,” in A}, for
by=(x",a)eZ thenx' =), bo f)¥ in ALY
Since ® C A,, we have a surjective homomorphism

C™"=N,/N. = Ay/span(®, 1) — A, /A, =C*
dual to the inclusion of C into C’. The dual homomorphism

Co=AY/N — A, /N =C,



392 SKIP GARIBALDI AND ALEXANDER S. MERKURIJEV

is induced by s.
Consider the diagram v

Ay —— Ay

[T

v ® 1
Aw Aw

where the map 7 is defined by #(f,)) = dq fo for all o € IT" and the maps ¢ and ¢’
are defined in Proposition 5.2.

It suffices to prove that Im(¢ o ¢’ o5 — @) C A,

Consider the other diagram

p
Ay, —— Ay
zVT Tt
A/V 2 A
w w
where tV(f,") = f./ for all « € IT". This diagram is commutative. Indeed,
(pot)(fu) = p(f) =dufu=1(fo) = o p)(fy"),

where the second equality is by Example 5.4. (Recall that the root system R’ of G’
is simply laced, hence p'(f.") = f..)
We claim that
(tV os5)(x) —x € span(®Y) + A

for every x € A}, where ®" := {f,/ | « € I1,}. Indeed, in the notation of (9.3)
we have

tVos)x)—x=t"(x)—x=t"(x")—x"— Z aqa”

aell,
= tV(Z bafo’{v) — X:bo,fav — Z ago”
aell aell aell,
=— Z bo f) — Z aga” € span(®”) + A, .

aell, aell,

It follows from the claim that

(top’os)(x)—p(x) = (pot”os)(x)—p(x)=p((t"os)(x)—x) € p(span(P*)+A)).

As p(f,)) =du fo € A, for all f, € ®, this is contained in A, proving the claim. [J
Lemmas 9.1 and 9.2 yield:

Corollary 9.4. The element tg, is equal to ), d; - j7*(12,).
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Lemma 9.5. The diagram
H'(F,G)==1]]; H'(F, G}

[ e

HY\(F,G) —— H3(F,Q/Z(2))
commutes.

Proof. The composition
H'(F,G) — H'(F, G) 1% H*(F, Q/2(2)

coincides with the k-th multiple of the Rost invariant rg;, where k is the order of
the cokernel of the map Q(G) — Q(G)) of infinite cyclic groups generated by
positive definite quadratic forms g and g on the lattices of coroots normalized
so that the forms have value 1 on the short coroots (see [Garibaldi et al. 2003]).
Recall that all coroots of G have the same length, hence gg, has value 1 on all
coroots of G;. Therefore, k coincides with d;, the square-length of all coroots of
G viewed as coroots of G. O

Write each G} = Ry, /r(H;) for L; a separable field extension of F and H; a
simply connected absolutely simple algebraic group of type A over L;. Theorem 1.2
is proved for such groups in Section 8. By Lemma 7.3, Theorem 1.2 holds for the
group G’ and hence for G'.

Letx € H'(F,C) and let y € H'(F, G), [[x] € H(F,C") = [[H'(F, C})
and [Ty/ € [T H'(F, G}) denote its images under the natural maps. We find

rg(y) = Z di -rg:(yi) by Lemma 9.5
i
= Z di - (=12, Ux)) by the main theorem for all G;
i
=Y d;-j?*(~t3)Ux by Lemma 2.16

=—t5Ux by Corollary 9.4.

This completes the proof of Theorem 1.2.

10. Concrete formulas

The explicit formulas for the restriction of the Rost invariant to the center given
in [Merkurjev et al. 2002; Garibaldi and Quéguiner-Mathieu 2007] (for F of good
characteristic) relied on an ad hoc formula for a pairing C ® C — Q/Z(2) depending
on the type of G. In this section, we deduce those formulas from Theorem 1.2; as a
consequence we find that those formulas hold regardless of char(F’).
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10A. The pairing induced by p. The map p defines a bilinear pairing AV AY —
Q/Z via
(10.1) AV @AY O AV QA Q7.

We now determine this pairing for each simple root system R.

For R with different root lengths, p is zero and hence (10.1) is zero unless R = G,
for odd n > 3. In that case (and also for R = E7), A >~ Z/2 >~ A" and p is the
unique isomorphism, so (10.1) amounts to the product map x ® y + xy. Therefore
we may assume that R has only one root length.

If AV is cyclic, we pick a fundamental dominant weight f;¥ that generates A"
and the pairing (10.1) is determined by the image of f;¥ ® f;". The image of this
under id® p is f;¥ ® fi as in Example 5.4, so the image in Q/Z is the same as that
of the coefficient of the simple root «; appearing in the expression for f; in terms
of simple roots, for which we refer to [Bourbaki 2002].

For R=A,, wehave AY ~7/(n+1) generated by f," and f,'® f\' > n/(n+1),
cf. Example 5.9.

For R =D, for odd n > 4, AV >~ 7Z/4 generated by f,” and f,” ® f,’ > n/4.

For R = Es, we have AY >~ 7/3 generated by f,” and f|' ® f," +— 1/3.

For R = D, for even n > 4, AV is isomorphic to Z/2 @ Z/2 generated by

" 1> f,/. The tables show that f,” |, ® f*, and f,” ® f,” map to n/4 whereas
fy® f,",and f,” | ® f,' map to (n —2)/4. That is, viewing (10.1) as a bilinear
form on F, @ [, for n =0 mod 4 it is the wedge product (which is hyperbolic) and
for n =2 mod 4 it is the unique (up to isomorphism) metabolic form that is not
hyperbolic.

10B. The cup product on C. Let G be a simple simply connected algebraic group
over F with center C. The pairing (10.1) reads as follows:
C.®C. 2% .0 C* > Q7.

Twisting (tensoring with Z(l)QLZJZ(l)) we get a composition

C.(1) ® Cu(]) = C.(1) & C*(1) > Q/Z(),
where the second map was already defined in (2.9). Therefore, we have a pairing
(10.2) HY(F,C)® H*(F,C) — H'(F,C)® H*(F, C°) — H*(F,Q/Z(2)),
which we denote by e. In this language, Theorem 1.2 says that
(10.3) rgi*(x) = —xetg forxe H'(F,C).

Combining this observation with the computation of (10.1) recovers the formulas
given in [Merkurjev et al. 2002; Garibaldi and Quéguiner-Mathieu 2007], with no
restriction on char(F).
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Example 10.4. Suppose G has inner type D, for some n > 4. Then G is isomorphic
to Spin(A, o, f) for some central simple algebra A with quadratic pair (o, f) such
that the (even) Clifford algebra of (A, o, f) is a product C; x C_, see [Knus et al.
1998, 26.15]. Put wu, for the kernel of the map Spin(A, o, f) — SO(A, o, f)
and write i, for the inclusion wy <> G. (The highest weights of the representa-
tions Spin(A, o, f) — GL;(C,) for ¢ = + both restrict to the nonzero character

on iz((2).)
We claim that, for z € H'(F, »), the equalities

zZU[A] if n even,

(10.5) rgiy (2) = {z UIC4] if n odd,

holdin H3(F,Z /27(2)). This can be seen by combining (10.3) with the calculations
in Section 10A. Alternatively, arguing as in the beginning of Section 9, it suffices
to verify (10.5) in case the variety X has an F-point, where we may check the
equality via Lemma 9.5 on the subgroup G’. Then Equation 12.2 of [Garibaldi and
Quéguiner-Mathieu 2007] settles the n even case, and an analogous computation
handles n odd. Note that for n odd, one could also write z U [C_] in (10.5), as
[C_]=3[C+] and 2z =0.

Example 10.6. The exact sequence 1 — C 5G6->G /C — 1 gives a connect-
ing homomorphism 9 : (G/C)(F) — H'(F, C). It follows from (10.3) that, for
y €(G/C)F), d(y)etg =rgi*d(y) =0, ie.,

(10.7) (imd)etg =0 in H*(F,Q/Z(2)).

For G of inner type A,_1, G is isomorphic to SL; (A) for a central simple algebra
A and we may identify im 0 with Nrd(A*) C H'(F, u,). In this case, (10.7) says:
If x € Nrd(A™), then (x) U[A] = 0.

For G of type C,, G is isomorphic to Sp(A, o) for a central simple algebra A
with symplectic involution o and we may identify im 0 with the group G(A, o) of
multipliers of similitudes of (A, o). If n is even, (10.7) is an empty claim because
is identically zero. If n is odd, (10.7) says that G(A, o) U[A] =0, i.e., since A is
Brauer-equivalent to a quaternion algebra, G(A, o) € Nrd(A*); this is proved in
[Knus et al. 1998, 12.22].
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MODULI SPACES OF RANK 2 INSTANTON SHEAVES
ON THE PROJECTIVE SPACE

MARCOS JARDIM, MARIO MAICAN AND ALEXANDER S. TIKHOMIROV

We study the irreducible components of the moduli space of instanton
sheaves on 3, that is, u-semistable rank 2 torsion-free sheaves E with
c1(E) = c3(E) =0 satisfying h' (E (—2)) = h*(E(—2)) =0. In particular, we
classify all instanton sheaves with ¢;(E) < 4, describing all the irreducible
components of their moduli space. A key ingredient for our argument is
the study of the moduli space 7 (d) of stable sheaves on P> with Hilbert
polynomial P(¢) = d - t, which contains, as an open subset, the moduli
space of rank 0 instanton sheaves of multiplicity d; we describe all the
irreducible components of 7 (d) for d < 4.

1. Introduction

Instanton bundles on CP? were introduced by Atiyah, Drinfeld, Hitchin and Manin
in the late 1970s as the holomorphic counterparts, via twistor theory, to anti-self-
dual connections with finite energy (instantons) on the four-dimensional round
sphere S* To be more precise, an instanton bundle of charge n is a ji-stable rank
2 bundle E on P3 with ¢ (E) = 0 and c,(E) = n satisfying the cohomological
condition 2! (E(—2)) = 0; equivalently, an instanton bundle of charge 7 is a locally
free sheaf which arises as cohomology of a linear monad of the form

(D) 0—>n-Ops(—1)—> 2+4+2n)-Ops > n-Ops(1) - 0.

The moduli space Z(n) of such objects has been thoroughly studied in the
past thirty-five years by various authors and it is now known to be an irreducible
[Tikhomirov 2012; 2013], nonsingular [Jardim and Verbitsky 2014] affine [Costa
and Ottaviani 2003] variety of dimension 8n — 3.

The closure of Z(n) within the moduli space M (n) of semistable rank 2 sheaves
with Chern classes ¢c; =0, ¢, =n and c¢3 =0 contains nonlocally free sheaves which
also arise as cohomology of monads of the form (1). Such instanton sheaves can

MSC2010: 14D20, 14J60.
Keywords: Moduli spaces, semistable sheaves, instanton sheaves, sheaves on projective space.
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alternatively be defined as rank 2 torsion-free sheaves satisfying the cohomological
conditions

hO(E(=1)) = h'(E(=2)) = h*(E(=2)) = h*(E(=3)) = 0.

We prove that such sheaves are always stable (see Theorem 4 below), so they
admit a moduli space £(n) regarded as an open subset of M (n) which, of course,
contains Z(n).

The spaces £(1) and £(2) were essentially known to be irreducible, see details
in the first few paragraphs of Section 3 below. However, £(3) was observed to have
at least two irreducible components [Jardim et al. 2015, Remark 8.6], while several
new components of £(n) were constructed in [Jardim et al. 2017].

The main goal of this paper is to characterize the irreducible components of £(3)
and £(4). We prove:

Main Theorem 1. (i) £(3) is a connected quasiprojective variety consisting of
exactly two irreducible components each of dimension 21;

(i) L£(4) is a connected quasiprojective variety consisting of exactly four irre-
ducible components, three of dimension 29 and one of dimension 32.

For every instanton sheaf E, the quotient EYY/E is a semistable sheaf with
Hilbert polynomial d - (£ +2), see Section 2 below. Therefore, an essential ingredient
for the proof of Main Theorem 1 is the study of the moduli space 7 (d) of semistable
sheaves on P? with Hilbert polynomial P(t) =d - t. Since these spaces are also
interesting in their own right, we prove:

Main Theorem 2. (i) 7 (1) is an irreducible projective variety of dimension 5;

(i1) T (2) is a connected projective variety consisting of exactly two irreducible
components of dimension 8;

(iii) T (3) is a projective variety consisting of exactly four irreducible components,
two of dimension 12 and two of dimension 13;

(iv) T (4) is a projective variety consisting of exactly eight irreducible components,
four of dimension 16, two of dimension 17, one of dimension 18 and one of
dimension 20.

We also give a precise description of a generic point in each of the irreducible
components mentioned in the statement of the theorem, see Section 4.

2. Stability of instanton sheaves

Recall from [Jardim 2006] that a torsion-free sheaf E on P is called an instanton
sheaf if c1(E) = 0 and the following cohomological conditions hold:

RO (E(=1)) = h'(E(=2)) = h*(E(=2)) = i’ (E(=3)) = 0.
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The integer n := —x (E(—1)) is called the charge of E; it is easy to check that
n=h'"(E(=1)) = c2(E), and that ¢3(E) = 0. The trivial sheaf r - Ops of rank r
is considered as an instanton sheaf of charge zero. In this paper, we will only be
interested in rank 2 instanton sheaves.

Recall that the singular locus Sing(G) of a coherent sheaf G on a nonsingular
projective variety X is given by

Sing(G) :={x € X | G, is not free over Oy .},
where G, denotes the stalk of G at a point x and Oy  is its local ring. The following

result, proved in [Gargate and Jardim 2016, Main Theorem], provides a key piece
of information regarding the singular loci of rank 2 instanton sheaves.

Theorem 1. If E is a nonlocally free instanton sheaf of rank 2 on P3, then
(1) its singular locus has pure dimension 1;
(ii) EYVY is a (possibly trivial ) locally free instanton sheaf.

Remark 2. In fact, the quotient sheaf Qg := E/E is a rank 0 instanton sheaf, in
the sense of [Hauzer and Langer 2011, Section 6.1]; see also [Gargate and Jardim
2016, Section 3.2]. More precisely, a rank 0 instanton sheaf is a coherent sheaf
Q on P3 such that 1°(Q(—2)) = h'(Q(—2)) = 0; the integer d := h°(Q(—1)) is
called the multiplicity of Q.

The Hilbert polynomial of a rank 2 instanton sheaf E (in fact, of any coherent
sheaf on P3 of rank 2 with ¢; =0, ¢, =n and ¢3 = 0) is given by

2) Pr(t) = %(t+3)-(t+2)-(l‘+l)—n-(t+2) =2-x(Ops(t)) —n-(t+2).
Let n’ :=c(EYY) > 0, then it follows from the standard sequence

3) 0—>E—E"YW—>Q0r—0

that
Po,(t)=d-(t+2) whered:=n—n'.

Note that d = n — n’ is precisely the multiplicity of Qg as a rank 0 instanton sheaf.
Rank 0 instanton sheaves can be characterized in the following way.

Proposition 3. Every rank 0 instanton sheaf Q admits a resolution of the form
@) 0—>d-Ops(—1) > 2d-Ops > d-Ops(1) > O — 0.

Proof. Consider the Beilinson spectral sequence from [Choi et al. 2016, Section 6],
applied to the sheaf Q' := Q(—2). We have H°(Q’) = 0, and therefore also
H(Q'® inm(l)) =0 and H°(Q'(—1)) = 0. We adopt the notations of [Choi et al.
2016, Section 6]. Since Ker(gs) /Im(g4) = 0, we deduce that H(Q' ® ©7,(2)) =0.
Thus, the bottom row of the E!-term of the spectral sequence vanishes. Since ¢7 is
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an isomorphism, we deduce that ¢ is injective. Since @g is injective, we deduce
that Ker(¢>) = Im(g;). The top row of the E'-term of the spectral sequence yields
the resolution

0— H'(Q'(=1) ® Op3(—3) 2> H'(Q' ® Q4:(2) ® Op3(—2)
2>H'(Q' ® Qps (1) ® Ops(—1) - Q' — 0.
We have
X(Q®Qs()=—d, x(Q®,2)=-2d, x(Q'(-1)=—d,

hence

HQe®eu)=d  h(Qe:@)=2d4  h(Q-1)=d
The above exact sequence yields (4). U
Let now examine the stability properties of instanton sheaves.

Theorem 4. Every nontrivial rank 2 instanton sheaf E is stable. In addition,
a nontrivial instanton sheaf E is j-stable if and only if its double dual EV is
nontrivial.

Proof. Since rank 2 instanton sheaves have no global sections [Jardim 2006,
Proposition 11], every nontrivial locally free rank 2 instanton sheaf is p-stable;
therefore, if EY" is nontrivial, then E is also u-stable. Conversely, if E is p-stable,
then so is EVV, hence it must be nontrivial.

Therefore, in order to prove the first claim of the Theorem, it is enough to consider
quasitrivial instanton sheaves, i.e., rank 2 instanton sheaves E with EYY >~ 2. Ops;
note that the multiplicity of QF is exactly n = co(E).

Since E has no global sections, it can only be destabilized by the ideal sheaf I
of a subscheme C C [P3. Moreover, we can assume that the quotient sheaf E/I¢ is
torsion-free, thus it is also the ideal sheaf I, of another subscheme D C P3. We
obtain two exact sequences

Ic

0——EFE——2-Ops — Qg ——0
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Taking the double dual of the top vertical morphisms we obtain, also using the
Snake Lemma, the following commutative diagram:

5) 0 0 0

[ l

00— Ic — Ops —— Oc — 0

L l

0— E—2-Ops — Qp — 0

I l

0—>1D—>O|]:>3—>OD—>0

| | |

0 0 0

Since h°(Qr(—2)) = 0, then h°(O¢c(—2)) = 0 also, hence C must have pure
dimension 1. Moreover, note also that #' (Qg(—2)) =0 implies h'(Op(=2)) =0.

We show that dim D = 0. Indeed, assume that D has dimension 1. Let U be the
maximal zero-dimensional subsheaf of Op, and set Op := Op/U; clearly, D’ has
pure dimension 1. Next, let D" := D/ , be the underlying reduced scheme. We end
up with two exact sequences

0->-U—->0p—>0p—>0 and 0—>T — Op — Opr — 0,

so that the vanishing of 1!(Op(—2)) forces h! (Opr(—2)) =0.
Still, D" may be reducible, so let D" := DY U---U D, be its decomposition into
irreducible components. For each index j =1, ..., p we obtain a sequence,

0—>Sj—>OD//—>OD//—>0,

thus also A (O D}r(—2)) =0. Let d; and p; denote the degree and arithmetic genus
of D7, respectively. It follows that

0 < h(Op(~2) = X (Opy(~2) = —2d; +1 - p;,

thus p; < —2d; +1 < —1, which is impossible for a reduced and irreducible curve.
Now let 8 = h°(Op) be the length of D. Since deg(C) = n, we have

Pr (1) = x (Ops (1)) = x(Oc (1)) = x (Ops (1)) —nt + (8 — 2n).

Comparing with equation (2), we have

Pg(t) _ _n _
(6) 5 P.(t) = 2t+n 3,
which is positive for ¢ sufficiently large, and therefore E contains no destabilizing
subsheaves. (I

As a consequence of the proof above, we obtain the following interesting fact.
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Corollary 5. Every rank 2 quasitrivial instanton sheaf of charge n on P? is an
extension of the ideal of a zero-dimensional scheme D by the ideal of a pure
one-dimensional scheme C of degree n containing D. In addition,

x(Oc) =2n —h°(Op).

On the other hand, it is easy to check that every rank O instanton sheaf is
semistable.

Lemma 6. Every rank O instanton sheaf is semistable.

Proof. Let Z be a rank 0 instanton sheaf, and let 7 be a subsheaf of Z with Hilbert
polynomial Pr(t) =a -t + x(T). Since h°(Z(—2)) =0, then h%(T (—2)) =0 and
—2a+ x(T) = —h' (T (-2)) < 0. It follows that

X(T) _5_ x(Z) 0
a d
Clearly, not every rank O instanton sheaf is stable: if Q) and Q, are rank 0
instanton sheaves, then so is any extension of O by Q», and this cannot possibly
be stable.
Conversely, there are semistable sheaves with Hilbert polynomial dt 4+ 2d which

are not rank O instanton sheaves: just consider Q := Ox(2) for an elliptic curve
¥ < P3, so that h°(Q(—2)) # 0.

3. Moduli space of instanton sheaves

Let £(n) denote the open subscheme of the Maruyama moduli space M(n) of
semistable rank 2 torsion-free sheaves with Chern classes ¢; =0, c; =n and ¢3 =0
consisting of instanton sheaves of charge n. Let Z(n) denote the open subscheme
of M(n) consisting of locally free instanton sheaves. Finally, let L(n) and Z(n)
denote the closures within M(n) of L(n) and Z(n), respectively. We also consider
the set Z°(n) :=Z(n) N L(n), which consists of those instanton sheaves which either
are locally free, or can be deformed into locally free ones.

It was shown in [Tikhomirov 2012; 2013] that Z(n) is irreducible for every n > 0;
its closure Z(n) is called the instanton component of M(n). However, the same is
not true for £(n) as soon as n > 3. Indeed, it is well known that

(D) = £(1) = M(1) = P,

see for instance [Jardim et al. 2017, Section 6].
The case n = 2 has also been understood.

Proposition 7. L£2)=I(2).

In particular, £(2) possesses a single irreducible component of dimension 13.
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Proof. Le Potier [1993b] showed that M(2) has exactly 3 irreducible components;
according to the description of these components provided in [Jardim et al. 2017,
Section 6], only the instanton component Z(2) contains instanton sheaves. (I

Let us now describe the irreducible components of £(n) for n > 3 introduced in
[Jardim et al. 2017, Section 3].

Let ¥ be an irreducible, nonsingular, complete intersection curve in P3, given
as the intersection of a surface of degree d; with a surface of degree d,, with
1<d| <dp;denote by (: X < P3 the inclusion morphism. Choose L € Picgfl(E)
such that 1°(%, L) =h'(Z, L) =0. Given a (possibly trivial) locally free instanton
sheaf F of charge ¢ > 0 and an epimorphism ¢ : F' — (1, L)(2), the kernel E :=Ker ¢
is an instanton sheaf of charge ¢ + d;d>. Thus we may consider the set

(7)  Cdi,dy,c):={[E] € M(c+didy) | EVY € I(c), EVV/E ~ (1,L)(2)}
as a subvariety of M(c + d1d»). The following result is proved in [Jardim et al.
2017], see Theorems 15, 17 and 23 of that paper.
Theorem 8. For each ¢ > 0 and 1 < dy < dy such that (dy, d>) # (1, 1), (1, 2),
C(dy, da, ¢) is an irreducible component of M(c + dd>) of dimension
(8) dimC(dy, d», ¢) :8c—3+%d1d2(d1+d2 +4)+h,
where
2("37) -4 ifdy = d,
(") +HED) - (") 2 ifdi <.

In addition, C(dy, d», ¢) NI (c + d1d») # @.

We do not know whether the families C(d}, d», c) exhaust all components of L£(n),
but we prove that this holds for » = 3 and 4 in Sections 5 and 6 below, respectively.

However, we remark that the previous result allows for a partial count of the
number of components of £(n). Indeed, let T(n) denote the number of irreducible
components of the union

Z(n) U( U c@.a, c>>.
didy+c=n
To estimate 7(n), we must count the different ways in which an integer n > 3

can be written as n = dyd, + ¢ with ¢ > 0, and 1 < d; < d, excluding the pairs
(di,dr) =(1,1), (1,2). Consider the function

%(d( p)+1) if pis a perfect square,
8(p) =11 :
5d(p) otherwise,

where d(p) is the divisor function, i.e., the number of divisors of a positive integer p,
including p itself. Note that §(p) is the number of different ways in which we
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can write p as a product dd, with 1 <d; < d,. Adding the instanton component,
we have

©) t =1+ 3000 = (L dp + Ll +1),
p=3 p=3

since |/n] — 1 accounts for the number of perfect squares between 3 and n.

Lemma 9. Let [(n) be the number of irreducible components of the moduli space
of instanton sheaves of charge n. Then, for n sufficiently large, [(n) > %n -log(n).

Proof. Determining the asymptotic behavior of the sum of divisors function is a
relevant problem in number theory called the Dirichlet divisor problem; indeed, it
is known that

n
> d(p) =n-log(n) + 2y — Hn+ 0(n?),
p=1
where y denotes the Euler—Mascheroni constant, and 1/4 < 6 < 131/416, see
[Huxley 2003]. Comparing with equation (9), we obtain the desired estimate. []

Also relevant for us is a class of instanton sheaves studied in [Jardim et al. 2015];
more precisely, for n > 0 and each m = 1, ..., n, consider the subset D(m, n)
of M(n) consisting of the isomorphism classes [ E] of the sheaves E obtained in
this way:

D(m,n) :={[E]€ M(n) | [EVY]1€Z(n—m),T =supp(E""/E) € Ri(m) g,
and EYY/E ~ Or(2m — 1)pt)},

where the space R (m) gvv is described as follows: first, let R{(m) denote the space
of nonsingular rational curves I' < P3 of degree m whose normal bundle Ny /p3 18
given by 2- Or((2m — 1) pt); then, for any instanton sheaf F we set

Ri(m)p :={T € Ri(m) | Fr ~2-Or}.

One can show that for every rank 2 instanton sheaf F, the space Rj(m)r is a
nonempty open subset of R(m), see [Jardim et al. 2015, Lemma 6.2].

Let D(m, n) denote the closure of D(m, n) within M (n). Note that since EV" is
a locally free instanton sheaf of charge n —m, and Or(2m — 1) is a rank O instanton
sheaf of degree m, then E is an instanton sheaf of charge n, so that D(m, n) C L(n).
In fact, it is shown in [Jardim et al. 2017, Theorem 7.8] that D(m, n) C Z°(n). In
addition, we prove:

Proposition 10. Let 'y, ..., ', be disjoint, smooth irreducible rational curves in
P3 of degrees my, ..., m,, respectively; set Q := @;:1 Or;(=pv). If F is a locally
Jfree instanton sheaf of charge c such that F|r, >~2-Or,; foreach j=1,...,r,and
@ : F — Q(2) is an epimorphism, then [ker ¢l € Z%(c +m| +---+m,).
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The proof of the previous proposition requires the following technical lemma,
proved in [Jardim et al. 2015, Lemma 7.1].

Lemma 11. Let C be a smooth irreducible curve with a marked point 0, and set
B :=C x P3. Let F and G be Og-sheaves, flat over C and such that F is locally
free along supp(G). Denote

Gt = Gl{t}X[F"3 and Ft = F|{t}><[F"3 for t e C

Assume that, for eacht € C,
(10) H (Hom(F,,G,)) =0, i>1.

If s : Fy — Gy is an epimorphism, then, after possibly shrinking C, s extends to an
epimorphism s : F — G.

Proof of Proposition 10. We argue by induction on r; the case r = 1 is just the
aforementioned result, namely [Jardim et al. 2017, Theorem 7.8].

Let Q' := @;;11 Or;(—pt), so that Q = Q" @ Or,(—pt). Let E := kerg, and
let E’ denote the kernel of the composition F <+ Q(2) — Q’(2). We obtain the
following exact sequence:

0— E— E' %5 Op (2m, — 1)pt) — 0.

By the induction hypothesis, [E’] is in Z%c+m+---+m,_), thus one can find an
affine open subset 0 € U C Al and a coherent sheaf E on P? x U, flat over U, such
that Eg = E" and E, is a locally free instanton sheaf of charge ¢ +mj +---+m,_;
satisfying E,|r, >~ 2 - Or, for every t € U \ {0}. Setting G := 7*(Q/Q’(2)) where
7 :P3 x U — P? is the projection onto the first factor, note that

H! (Hom(E,, G,)) = H' (2- Or,(2m, —1)pt)) =0, fori>1landteU.

This claim is clear for ¢+ # 0; when r = 0, simply observe that the sequence
0— E'— F — Q'(2) — 0 implies that E’|r, >~ F|r,, since the support of Q’ is
disjoint from T’,.

By Lemma 11, there exists an epimorphism s : E — G extending ¢’ : E' —
Or,((2m, — 1)pt), so that [kers;] € D(m,,c+mj+---+m,), by construction. It
then follows that [E] € D(m,, c +m + - - -+ m,), hence, by [Jardim et al. 2017,
Theorem 7.8], [E] € Z%(c +m| + - - - +m,), as desired. O

Next, we consider the following situation: let ¥ be an irreducible, nonsingular,
complete intersection curve in P, given as the intersection surfaces of degrees d; and
dy, with 1 <d; <d, and (dy, dy) # (1, 1), (1, 2), and let I" be a smooth irreducible
rational curve in P of degree m disjoint from . Set Q := L @ Or (—pt) for some
L € Pics~! () such that h°(Z, L) = h'(Z, L) = 0, where g is the genus of X.
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Proposition 12. If F is a locally free instanton sheaf of charge c such that F|r ~
2-Or,and H' (FV|s ® L(2)) =0. If ¢ : F — Q(2) is an epimorphism, then

[ker ] € C(d1, d>, c +m).

Proof. The idea is the same as in the proof of Proposition 10. Let E’ be the kernel
of the composition F N 0(2) - Or((2m — 1)pt), so that E :=ker ¢ and E’ are
related via the following exact sequence:

0> E—E Y5 LQ2)—0.

By [Jardim et al. 2017, Theorem 7.8], one can find an affine open subset 0 € U C A!
and a coherent sheaf E on P? x U, flat over U, such that Eg = E’ and E, is a locally
free instanton sheaf of charge ¢ +m for every t € U \ {0}.

Setting G := 7*L(2), we must, in order to apply Lemma 11, check that

H! (Hom(E,;,G;)) =0, fori>1landreU.
Indeed, since dim G; = 1, it is enough to show that H Y(Hom(E,, G,)) = 0. Note
Hom(Ey, Go) = Hom(E', L(2)) >~ Hom(F, L(2)) >~ F"|x @ L(2),

where the middle isomorphism follows from applying the functor Hom( -, L(2)) to

the sequence 0— E — F— Or(2m—1)pt) = 0,

also exploring the fact that ¥ and I" are disjoint. It follows that H Y Hom(Ey, Go)) =
H'(FV|s ® L(2)) = 0 by hypothesis. By semicontinuity of 1! (Hom(E;, G,)), we
can shrink U to another affine open subset U’ C A, if necessary, to guarantee that
H'(Hom(E,, G,)) =0 forevery t € U'.

By Lemma 11, there exists an epimorphism s : F — G extending ¢’ : E' — L(2),
so that [kers;] € C(d, da, c +m), by construction. Since E = ker sg, it follows that
[E]leC(dy, dr, c+m). O

4. Moduli of sheaves of dimension one and Euler characteristic zero

Given two integers d and x, d > 1, let 7 (d, x) be the moduli space of semistable
coherent sheaves on P with Hilbert polynomial P(¢) =d -t + x. In this section,
we focus on the space 7(d) :=7(d, 0).

Apart from its intrinsic interest, the space 7 (d) is also relevant for the study of
instanton sheaves, and the description of 7 (d) for d < 4 provided in this section
will be a key ingredient for the proof of the Main Theorem 1.

In addition, let Z(d) denote the set of rank O instanton sheaves of degree d
modulo S-equivalence (which makes sense, since, by Lemma 6, every rank 0
instanton sheaf is semistable). After a twist by Op3(—2), Z(d) can be regarded
as an open subscheme of the moduli space 7 (d) consisting of those sheaves Q
satisfying h1°(Q) = 0.
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The space T (d) has several distinguished subsets, which we now describe.

First, let P; C T (d) be the subset of planar sheaves; it is a fiber bundle over
(P3)* with fiber being the moduli space of semistable coherent sheaves on P2 with
Hilbert polynomial P =d - t. In view of [Le Potier 1993a, Theorem 1.1], P, is a
projective irreducible variety of dimension d? + 4. In particular, Py is closed.

Next, consider the subsets R, £ C T (d) of sheaves supported on smooth
rational curves of degree d, respectively, on smooth elliptic curves of degree d. Let
R4 and &; denote their closures.

Given a partition (dy, ..., ds) of d such that d; > - - - > d,, we denote by
Tay,....d, CT(d)
the locally closed subset of points of the form
(11 [Q1©---® Qs

where Q; gives a stable point in 7 (d;); in particular, 7; is the open subset of
condition that supp(Q;) be nfufually disjoint. Clearly, each irreducible component
of 7,7 4 is an open dense subset of an irreducible component of 7'(d). Hence the
irreducible components of the closure of 7y, .. 4 within 7 (d), henceforth denoted
by 7_-d1,...,dsa are also irreducible components of 7 (d). On the other hand, each
point of 7(d) is an S-equivalence class of a polystable (e.g., stable) sheaf of the
form (11). Hence, Lemma 13 follows.

Lemma 13. (i) All irreducible components of T (d) are exhausted by the irre-
ducible components of the union

(12) U Tad
(dl a---ads)
this union being taken over all the partitions (dy, . .., ds) of d.
(ii) For a given partition (d, . .., ds) of d, each irreducible component of 7_’41 ,,,,, d,

is birational to a symmetric product,
(X X x X))/ X,

of irreducible components X; of Ty, where X is the subgroup of the full

symmetric group X, of degree s generated by the transpositions (i, j) for

which d; =d; and X; = X;.
Proof. We have only to prove statement (ii). Indeed, let ¥’ C X be the subgroup
generated by the transpositions (i, i + 1) for which d; = d; 1. We have a bijective
morphism

(Tay % - X Ta) /' = Tay....d Q1] .., [OsD = [Q1® - & O],

.....

inverse maps. Whence, the statement (ii) follows. U
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Remark 14. Lemma 13 implies that the problem of finding the irreducible compo-
nents of 7 (d) is reduced to the problem of finding the irreducible components of
737 R ] 7:1

Remark 15. It also follows from Lemma 13 that the number of irreducible com-
ponents of 7 (d) is at least as large as the number of partitions of d, usually
denoted p(d). A well-known formula by Hardy and Ramanujan gives the following
asymptotic expression

pd)~ 4\/1§-d eXp(n % )

Therefore, the number of irreducible components of 7 (d) grows at least exponen-

tially on Vd. However, as we shall see below in the cases d =3 and d = 4, p(d)
is just a rough underestimate of the number of irreducible components of 7 (d).

Given a coherent sheaf Q on 3, we define
Q" 1= Ext(Q, wp3),

where ¢ = codim(Q). We shall later use the following general result regarding
stable sheaves in 7 (d).

Lemma 16. Assume that F gives a stable point in T (d) and that P € supp(F) is a
closed point. Then there are exact sequences

(13) 0—->E&—>F—->Cp—0
and
(14) 0>F—->G—>Cp—0

for some sheaves € € T(d, —1)and G € T(d, +1).

Proof. Choose a surjective morphism F — Cp and denote its kernel by £. Since F
is stable, £ is semistable, so we have sequence (13). According to [Maican 2010,
Theorem 13], the dual sheaf 7P gives a stable point in 7(d). Thus, we have an
exact sequence

0-& —>F°P—=>Cp—0

with & € T(d, —1). According to [Maican 2010, Remark 4], F is reflexive.
According to [Maican 2010, Theorem 13], the sheaf G = £} gives a point in 7 (d, 1).
Since F " is pure, we can apply [Huybrechts and Lehn 1997, Proposition 1.1.10] to
deduce that

Ext>(FP°, wps) =0.

The long exact sequence of £xt-sheaves associated to the above exact sequence
yields (14). U
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The goal of this section is to describe the irreducible components of 7 (d) for
d < 4. According to [Drézet and Maican 2011], for F € 7 (d) we have the following
cohomological conditions

WFR) =0 ifd=1or2,
F) <1 ifd =3 or 4.

4.1. Moduli of sheaves of degree 1 and 2. The case d = 1 is straightforward:
clearly, 7(1) >~ R, being isomorphic to the Grassmannian of lines in P3.

Proposition 17. The moduli space T (1) is an irreducible projective variety of
dimension 4.

In addition, it is easy to see that Z(1) =T (1).

Proposition 18. The moduli space T (2) is connected, and has two irreducible
components, each of dimension 8: P, (which coincides with R;) and 7_], 1.

Proof. If F € T, then we have the exact sequence (14) in which G € 7(2, 1). Thus,
G is the structure sheaf of a conic curve, hence G is planar, and hence F is planar.
We conclude that 7 (2) =P, U 7_'1,1. The intersection P, N 7_’1,1 consists of those
points of the form [O, (—1) @ Oy, (—1)] where £ and ¢, are two intersecting (and
possibly coincident) lines. |

Note also that Z(2) = 7 (2); the fact that Z(2) consists of two irreducible com-
ponents of dimension 8 should be compared with [Hauzer and Langer 2011, Corol-
lary 6.12], where the authors prove that the moduli space of framed rank 0 instanton
sheaves of multiplicity 2 also consists of two irreducible components of dimension 8.

4.2. Moduli of sheaves of degree 3.

Proposition 19. The moduli space T (3) has four irreducible components Pz, R3,
7_'2,1 and 7_'1,1,1, of dimension 13, 13, 12, and 12, respectively.

Proof. By Proposition 18 we have 7, = P,, so that in view of Lemma 13 we
already obtain the irreducible components 7_'2,1 and 7_'1’1, 1 of T(3). Therefore, by
Remark 14, we only have to find the irreducible components of 73.

Thus, given F € 73, take a point P € supp(F). We then have the exact sequence
(14) for G € T (3, 1). According to [Freiermuth and Trautmann 2004, Theorem 1.1],
T (3, 1) has two irreducible components: the subset P of planar sheaves and the
subset R that is the closure of the set of structure sheaves of twisted cubics. More-
over, all sheaves in R \ P are structure sheaves of curves R C P? of degree 3 and
arithmetic genus zero. If G is planar, then F is planar. If G = Og, then R =supp(F),
where the scheme-theoretic support supp(F) of the sheaf F is defined by the 0-th
Fitting ideal Fitt’(F) : Z jps = Fitt"(F). The morphism

p: 73 \P3 - R\P’ /0([-7:]) = [Osupp(}')]’
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is injective. Indeed, if p ([F1]) = p([F2]), then supp(Fi) = supp(F2) = R. Choose
a point P € R. We have exact sequences

0—->F —-G —Cp—0, 0> F —G —Cp—0,

with G, G» € T (3, 1). Clearly, G| and G, are both isomorphic to Og, hence F
and JF, are both isomorphic to the ideal sheaf Zp p of P in R. The image of p
is a constructible set of the irreducible variety R \ P and contains an open subset
of R\ P, namely the subset given by the condition that R be irreducible. Indeed, if R
is irreducible, then it is easy to check that Zp g is stable; we have p([Zp.r]) = [Og].
We deduce that 73\ Ps is irreducible. It follows that RS is dense in 73\ P3. Thus, 73
has two irreducible components, hence 7 (3) has the four irreducible components
announced in the proposition. (]

4.3. Moduli of sheaves of degree 4.

Proposition 20. The moduli space T (4) has eight irreducible components: Py, Ea,
R4, 72,2, 72,1,1, 71,1,1,1 and two irreducible components of T3.1 that are birational
to P3 x Ty and to R3 X Ty, respectively. Their dimensions are, respectively, 20, 18,
16, 16, 16, 16, 17, 17.

Proof. By Propositions 18 and 19 and Lemma 13 we already have 5 irreducible
components of 7 (4) which are 7_'2,2, 7_'2,1,1, 7_'1,1,1,1 and two irreducible compo-
nents of 73 1 that are birational to Pz x 77 and to R3 x Tj, respectively. Therefore
by Remark 14 we have only to find the irreducible components of 7;. Thus, given
F € T4, take a point P € supp(F). We then have the exact sequence (14) for
G € T(4,1). According to [Choi et al. 2016, Theorem 4.12], 7 (4, 1) has three
irreducible components: the subset P of planar sheaves, the subset R that is the
closure of the set of structure sheaves of rational quartic curves, and the set £ that is
the closure of the set of sheaves of the form Og(P’), where E is a smooth elliptic
quartic curve and P’ € E. If G € P, then F € P4. The sheaves in R \ (P UCE)
are structure sheaves of quartic curves of arithmetic genus zero. The sheaves in
E\ P are supported on quartic curves of arithmetic genus 1. Let 74 o C 74 be the
subset of sheaves whose support is a quartic curve of arithmetic genus zero. As in
Proposition 19, we can construct an injective dominant morphism

p: Tara = R\ (PUE), P(FD = [Osupp(r) -

It follows that 74 4 is irreducible, hence 74 rac C R4. To finish the proof of the
proposition we need to show that 74 \ (P4 U 74 1) is contained in &;.
According to [Maican 2017, Section 3], the sheaves G in £ \ P are of two kinds:

(i) Og(P’) for a curve E of arithmetic genus 1 given by an ideal of the form
(q1, q2), where g1, g, are quadratic forms, and P’ € E. Notice that



MODULI SPACES OF RANK 2 INSTANTON SHEAVES ON THE PROJECTIVE SPACE 413

EXt}gnﬁ (Cp, Op) = C,

so the notation Og (P’) is justified. Also note that O is stable.

(i) Nonplanar extensions of the form
0> 0,(-1)—>G—>C—0,

where L is a line and C gives a point in 7y (3, 1) for a plane H possibly
containing L. (Here and below we use the notation 7s(d, x) for the moduli
space of one-dimensional sheaves on a given surface S in P> with Hilbert
polynomial P(¢) =dt + x. We also set Ts(d) := Ts(d, 0).)

Claim 1: Case (ii) is unfeasible.

Assume, firstly, that P € H. Tensoring (14) with O, we get the exact sequence
Flg — Glg —> Cp — 0.

Thus, Ker(«) is a quotient sheaf of F of slope zero. This contradicts the stability
of F. Assume, secondly, that P ¢ H. According to [Maican 2017, Proposition 3.5],
we have an exact sequence

0—-€—-G—->0,—0

for some sheaf £ € Ty (3). The composite map &€ — G — Cp is zero, hence € is a
subsheaf of F. This contradicts the stability of F and proves Claim 1.

It remains to deal with the sheaves from (i). We have one of the following
possibilities:

(a) E is contained in a smooth quadric surface S.
(b) E is contained in an irreducible cone ¥ but not in a smooth quadric surface.

(c) span{q, g2} contains only reducible quadratic forms and ¢g; and g, have no
common factor.

Claim 2: In case (a), F belongs to &s.

Notice that F € T5(4). According to [Ballico and Huh 2014, Proposition 7],
Ts(4) has five disjoint irreducible components T5(p, g, 4), where (p, q) is the
type of the support of the one-dimensional sheaf with respect to Pic(S). Clearly,
F e Ts(2,2,4). Thus, F is a limit of sheaves in 7s(2, 2, 4) supported on smooth
curves of type (2, 2), hence F € &;.

It remains to deal with cases (b) and (c). Next we reduce further to the case when
P = P’. Notice that, if P # P/, then F >~ Og(P’") ® (Og(P)), hence the notation
F = Og(P’ — P) is justified.

Claim 3: Assume that 7 = Og (P’ — P) for an elliptic quartic curve E and distinct
closed points P’, P € E. Then F belongs to &;.
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Let Zy, ..., Z,, denote the irreducible components of E. Fix i, j € {1, ..., m}.
Consider the locally closed subset X C € x £ of pairs ([Opg (P1)], [Og/(P2)]), where
E’ is a quartic curve of arithmetic genus 1 whose ideal is generated by two quadratic
polynomials, and P; and P, are distinct points on E’ such that Py ¢ Uy; Z; and
Py ¢ U Zi. Consider the morphisms

£: X —>T#), ([Op (P, [Op (P)]) — [Op (P1 — P)],
o: X — Hilbps(41), ([Op (PD], [Op (P)]) — E,

where Hilbps (4¢) is the Hilbert scheme of subschemes of P3 with Hilbert polynomial
P (t) =4t. According to [Chen and Nollet 2012, Examples 2.8 and 4.8], Hilbps (4¢)
consists of two irreducible components, denoted H; and H,. The generic member of
H, is a smooth elliptic quartic curve. The generic member of H, is the disjoint union
of a planar quartic curve and two isolated points. Note that H; lies in the closed
subset {E’ | hi°(Og') > 3}. Since E lies in the complement of this subset, we deduce
that £ € H;. It follows that there exists an irreducible quasiprojective curve I' C
Hilbps (4¢) containing E, such that I'\ { E} consists of smooth elliptic quartic curves
(see the proof of [Maican 2017, Proposition 4.2]). The fibers of the map o -NH—-r
are irreducible of dimension 2. By [Shafarevich 1994, Theorem 8, p. 77], we deduce
that o~ 1(I") is irreducible. Thus, &(c~!(I")) is irreducible. This set contains
[Op(P'— P)]for P' € Z; \ Uy Zy and P € Z; \ Uy Zy. The generic member of
£(o~!(I")) is a sheaf supported on a smooth elliptic quartic curve. We conclude
that [Og (P’ — P)] € &. Since i and j are arbitrary, the result is true for all P"and
P closed points on E.

Claim 4: In case (c), E is a quadruple line supported on a line L. More precisely,
there are three distinct planes H, H’, H” containing L, such that

E=(HUH)NQH").

The claim will follow if we can show that there are linearly independent one-
forms u, v such that g, ¢» € Clu, v]. Indeed, in this case (g1, g2) has the normal
form (uv, (u+v)?). We argue by contradiction. Assume that g; = XY and ¢, = ZI.
Consider first the case when [ = aX + bY + c¢Z. We will find A € C such that
f = XY + AZl is irreducible, which is equivalent to saying that

af af af

L —Y+arZ, —~ =X +brZ, —~ =MaX +bY +2cZ
X +a oY + 57 (aX +bY +2cZ)

have no common zero, or, equivalently,
0 1 aa

1 0 bx |#0.
ar bl 2ch
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We have reduced to the inequality 2abA? — 2cA # 0. If ¢ # 0 we can find a solution.
If ¢ =0, then ab # 0, otherwise ¢; and ¢, would have a common factor, and we
can choose any A € C*. Assume now that [ = aX 4+ bY + cZ +dW with d # 0.
Note that f = XY + AZl is irreducible if its image in

CIX,Y,Z,W]/{((c—1DZ+dW)~C[X,Y, Z]
is irreducible. The above isomorphism sends f to XY 4+ AZ(aX + bY + Z) which
brings us to the case examined above.
Claim S: In case (c), F belongs to &s.

We have Og|y >~ O¢ and Og|y >~ O¢ for conic curves C and C’ supported
on L. The kernel of the map O — Oc¢ has Hilbert polynomial 27 — 1 and is stable,
because Op is stable, hence it is isomorphic to O¢/(—1). We have a commutative
diagram

0 Ok Og(P) Cp 0

| ]

0—— Oc —— Og(P)|lg —— Cp ——0

in which the second row is obtained by restricting the first row to H. Applying the
snake lemma, we obtain the first row of the following exact commutative diagram:

0—— Oc(—1) —— Op(P") —— Op(P)|lg —— 0

|

Applying the snake lemma to this diagram, we get the exact sequence
0— Oc(—1) - F — Ker(x) — 0.

Note that Ker(«) has Hilbert polynomial 2¢ 4 1 and is semistable, being a quotient
of the stable sheaf F. It follows that Ker(«) >~ O¢. Thus, F gives a point in the set
P(Ext! (Oc, Oc/(—1)))" of stable nonsplit extensions of O¢ by O¢/(—1).

Consider the family of planes H”, ¢t € P!\ {0, oo}, containing L and different
from H and H'. Denote E, = (H U H') N (2H,"). We have a two-dimensional
family of semistable sheaves

{Og,(P'=P") |t € P'\ {0, 00}, P" € L\{P'}} C PExt'(Oc, Oc/(—1))).

This family is dense in the right-hand side because Ext}%3 (Oc, Oc(—1)) ~C. To
prove this we use the standard exact sequence obtained from Thomas’ spectral
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sequence
0 — Exty,, (Oclm, Oc/(—1)) = Exty , (Oc, Oc/(=1))

— Hom(Tor,* (Oc, O, Oc/(~1)) = Bxt}y, (Oclar, Oci(~1)),
see also [Choi et al. 2016, Lemma 4.2]. Note that O¢|g >~ O . Using Serre duality
we obtain the isomorphisms

Extp,, (0L, Oc/(—1)) >~ Homo,, (Oc/(—1), OL(=3))* =0,
Extp,, (OL, Oc/(—1)) = Exty, (Oc/(—1), OL(=3)* ~ C*,
The last isomorphism follows from the long exact sequence of extension sheaves
0=Hom(Oy'(—1),0.(—3))—Hom(Oy (—3),0.(—3)) ~H’(01)~C
—Exty,, (O (—1),0L(=3)) > Exty,, (On(—1),0L(=3)) ~H' (0L (—2)) ~C
1 —
—Exty , (On/(=3),0L(=3))=0
derived from the short exact sequence
0— OH/(—3) — OH/(—I) — Oc/(—l) — 0.

Choose linear forms u and u’ defining H and H'. Restricting the standard resolution

;/‘42 u)? u
0— O(=3) M 0= 0—1) L 5 L o0 =0

to H', we see that Tor ?P3 (Oc, Op) is isomorphic to the cohomology of the complex

[6"] [0 ul,y]
—

On(=3) —— On(=2) @ On(-1) Om

that is, to O (—2). Using the fact that O¢/(—1) and O (—2) are reflexive, we have
the isomorphisms

Hom(Op(-2), Oc/(—1)) = Hom(Oc/(—1)®, 01 (—2)°) =~ Hom(O¢', O1) ~ C.

The above discussion shows that [F] is a limit of points in 7(4) of the form
[OF, (P’ — P")], with P’ % P”. Claim 5 now follows from Claim 3.

It remains to consider sheaves F given by sequence (14) in which G = Og(P)
and E is as at (b). We reduce further to the case when E has no regular points.

Claim 6: Assume E has a regular point. Then F >~ OF, hence F belongs to &;.

The proof of the claim is obvious because P in sequence (14) can be chosen
arbitrarily on E. We choose P € reg(E). The kernel of the map Og(P) — Cp
is Of. Note that E belongs to the irreducible component H; of Hilbps (4¢), hence
it is the limit of smooth elliptic quartic curves.
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Claim 7: Let E C P3 be a quartic curve of arithmetic genus 1 which is contained
in an irreducible cone X, but not in a smooth quadric surface. Assume that E has
no regular points. Then we have one of the following two possibilities:

(bl) E=3XN(HUH'), where H, H' are distinct planes each intersecting X
along a double line.

(b2) E=XN(2H), where H is a plane intersecting X along a double line.

To fix notations assume that ¥ has vertex O and base a conic curve I" contained
in a plane IT. Assume first that E = X N X’ for ¥’ another irreducible cone. If ¥
and X’ have distinct vertices, then E has regular points. Thus, X’ has vertex O and
base an irreducible conic curve I'” contained in I1. Since E has no regular points,
['NT" is the union of two double points Q and Q,. Now E is the cone with vertex
O and base Q| U O, so E is as at (bl).

Assume next that E = X N (H U H’) for distinct planes H and H'. If H or H’
does not contain O, then E has regular points. If H or H' is not tangent to I", then
E has regular points. We deduce that E is as in (b1).

Assume, finally, that £ = X N (2H) for a double plane 2H. If O ¢ H, then it
can be shown that E is contained in a smooth quadric surface. Indeed, assume that
¥ has equation X?+ Y2+ Z? =0 and H has equation W = 0. Then E is contained
in the smooth quadric surface with equation

X2 4+Y2 4+ 22+ W =0.
Thus, O € H. If I' N H is the union of two distinct points, then I' N (2H) is the
union of two double points @ and Q5 and E is as in (bl). If ' N H is a double
point, then E is as in (b2).
Claim 8: In case (bl), F belongs to &;.

We have Op g >~ Oc¢ and O =~ O¢ for conic curves C and C’ supported on
lines L and L', respectively. Assume that P € L and choose a point P’ € L not
necessarily distinct from P. Let 7’ € 74 be given by the exact sequence

0— F - Op(P)—Cp—0.
As in the first paragraph in the proof of Claim 5, we see that 7' gives a point in the
set P(Ext! (Oc, Oc'(=1)))% We have dimExt,  (Oc, Oc'(=1)) < 2. Indeed, start
with the exact sequence
0 — Extp,, (Ocimrs Oc/(=1) — Exty  (Oc, Oc'(=1) N
— Hom(Tor, ™ (Oc, On’), Oc/(—1)).

The group on the second line vanishes because 7T« or?””3 (O¢, Og) is supported on
O while O¢/(—1) has no zero-dimensional torsion. It follows that

Exty,, (Oc, Oc:(=1)) = Exty, (Ocimr, Oci(—=1).
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The sheaf O¢|g is the structure sheaf of a double point supported on O, hence we
have the exact sequence

(D:Ext(lgH/ (Co,0c/(=1)—Exty, (O H/,(’)c/(—l))—>Ext}9H, (Co,0c (—1)~C

from which we get our estimate on the dimension of the middle vector space.

The one-dimensional family O (P’ — P), P’ € L\ {P}, is therefore dense in
P(Ext! (Oc, Oc (—1)))%, hence, in view of Claim 3, F is a limit of sheaves in &j.
We conclude that F € &4.

Claim 9: In case (b2), F belongs to &,.

Let L be the reduced support of ¥ N H. We have Oz = Oc¢ for a conic curve
supported on L. Choose a point P’ € L not necessarily distinct from P and let
F' € T4 be given by the exact sequence

0— F — Og(P)—Cp—0.

As in the first paragraph of the proof of Claim 5, we see that 7’ gives a point
in the set P(Ext! (Oc, Oc(=1)))*. We have dimExty  (Oc, Oc(~1)) = 5. This
follows from the exact sequence
0 — Exty, (Oc, Oc(-1)) > Exténﬁ (Oc, Oc(—1))

— Hom(Tor, " (Oc, On), Oc(~1) = Ext}, (Oc, Oc(=1)).

From Serre duality we get

Exty, (Oc, Oc(—1)) = Homo, (Oc(—1), Oc(—3))* = H*(Oc(—2))* =0.

We have Tor | * (O¢, On) ~Oc(—1) hence Hom(Tor| #* (O¢, O), Oc(—1) ~C.
Applying the functor Hom(—, O¢(—1)) to the short exact sequence

00— Oy(=2) > Oy —> O¢c — 0,
we obtain the exact sequence,
0 — Hom(Op (—2), Oc(—1)) = H(Oc (1)) = C* — Exty,, (Oc, Oc(—1)

— Exth, (O, Oc(—1)) ~ H'(Oc(~1)) ~C - 0,
since Hom(Oy, Oc(—1)) >~ H'(O¢(—1)) = 0, and Ext}QH (Op(=2),0c(—1)) ~
H'(Oc(1)) =0.

Denote Q = L N I1. We have a three-dimensional family I'; of irreducible conic
curves in IT that contain Q and are tangent to H. Let X; be the cone with vertex
O and base I';. Put E; = ¥, N (2H). The four-dimensional family O, (P’ — P),

P’ € L\ {P} is dense in PExt' (Oc, Oc(—1)))%, hence, in view of Claim 3, F is
the limit of sheaves in £;. We conclude that F € &,. U

The proof of Main Theorem 2 is finally complete.
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5. Components and connectedness of £(3)

We are now ready to prove that the moduli space of rank 2 instanton sheaves of
charge 3 on 3 is connected and has precisely two irreducible components. Indeed,
two components of £(3) have already been identified above:

(I) Z(3), whose generic point corresponds to a locally free instanton sheaf.

(I C(1, 3, 0), whose generic point corresponds to an instanton sheaf E fitting into
an exact sequence of the form

(15) 0— E—2-Ops = 1,L2)— 0,

where ¢ : ¥ < P3 is the inclusion of a nonsingular plane cubic ¥, and
L € Pic’(D) is such that h°(Z, L) = 0.

Both components have dimension 21; this is a classical result for the component
7°(3), while the dimension of C(1, 3, 0) is given by Theorem 8. In addition, this
same result also guarantees that the union 7 9(3)uUcC(l, 3, 0) is connected.

Therefore, our task is to prove that £(3) has no other irreducible components,
i.e., that every instanton sheaf of charge 3 can be deformed either into a locally free
instanton sheaf, or into an instanton sheaf given by a sequence of the form (15).

So let E be a nonlocally free instanton sheaf of charge 3, and let Qg := EYY/E
be the corresponding rank 0O instanton sheaf; let dg denote the degree of Q g. There
are three possibilities to consider: dp = 1, dp =2 and dg = 3.

The first possibility is easy to deal with: if dg = 1, then Qg = O,(1), where
¢ < P3is a line in P3. Tt follows that E fits into an exact sequence of the form

00— E—F— 0,(1)— 0,

where F is a locally free instanton sheaf of charge 2. However, [Jardim et al. 2015,
Proposition 7.2] ensures that £ can be deformed in a ('t Hooft) locally free instanton
sheaf of charge 3. In other words, if dg = 1, then E lies within Z 0(3).

Now, if dgp = 2, then, since QF is semistable and by Proposition 18 above, one
can find an affine open subset 0 € U C A! and a coherent sheaf G on P? x U such
that Go = QF and, for u # 0, either

(1) G, = Or(3pt), where I' is a nonsingular conic in P3; or
(i) Gy = Oy, (1) ® Oy, (1) where £; and £, are skew lines in P3.

Since dg =2, EVV is a locally free instanton sheaf of charge 1 (also known as a
null-correlation bundle), we set N := EVV. Take F :=n*N, where 7 : P> x U — P3
is the projection onto the first factor. Let s : N — Qg be the epimorphism given by
the standard sequence (3). For every u € U, the sheaf Hom(F,, G,) = N ® G, is
supported in dimension 1, thus clearly H' (Hom(F,, G,)) =0fori =2, 3. For u #0
we can, after possibly shrinking U, assume that either N|r ~2-Or or Ny, =22-Oy,
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and N|g, ~2-Oy,; in both situations, it is easy to check that H Y(Hom(F,, G,)) =0.
Finally, for u = 0, we twist the resolution of Qg

0—2-Ops(=1) %5 4-Ops L5 2.0p3(1) > 0 = 0

by N and check that H'(Hom(Fy, Go)) = H'(N ® Q) ~ H>(N ® im 8) = 0.

Therefore, it follows from Lemma 11 that there exists an epimorphism s : F — G
on U x P? extending s : N — Qg. Let E := kers; clearly, Eq := Elpyxps = E.
For 0 #u € U, E, fits into the exact sequence

0O—E,—~N-—>G,—0.

In the case (i) described above, E, lies within D(2, 3) for u # 0, hence E = Ej
lies within D(2, 3), which is contained in Z(3) by [Jardim et al. 2015, Theorem 7.8].
In other words, E can be deformed into a locally free instanton sheaf of charge 3,
thus it lies within Z°(3).

In the case (ii), Proposition 10 also implies that [Ey] € Z 0(3).

An argument similar to the one used in the proof of [Jardim et al. 2015, Propo-
sition 7.2] works to show that E can be deformed into a locally free ('t Hooft)
instanton sheaf.

Summing up, we conclude that if dr = 2, then E lies within Z°(3).

Finally, consider dg = 3, so that EVY = 2 - Ops. Since QF is semistable, it
follows from Proposition 19 that one can find an affine open subset 0 € U C A!
and a coherent sheaf G on P? x U such that Gy = Qf and, for u # 0, either

(i) G, = Oa(5pt), where A is a nonsingular twisted cubic in P3; or

(i) G, =Or(Gpt) @ O,(1), where I' is a nonsingular conic and £ is a line disjoint
from I'; or

(i) G, = O, (1) ® Oy, (1) @ Oy, (1) where £; are 3 skew lines in P3; or
@iv) G, = L(2), where L € PicO(E), for some nonsingular plane cubic ¥ in P3.

Now set F :=2 - 1*Ops. Note that H!(Hom(F,, G,)) = H (2-G,), and this
vanishes for i =1, 2, 3 in all of the four cases outlined above for u # 0. For u = 0,
H'(Go) = H'(QF) and this vanishes by dimension of Qf when i =2, 3, and by
the vanishing of 4! (Qr(—2)) wheni = 1.

We complete the argument as before; again, it follows from Lemma 11 that there
exists an epimorphism s : F — G extending the epimorphism s : 2 - Ops — QF
obtained from the standard sequence (3) for E. Let E := kers; then clearly,
Ey:= Eljoxp3 = E. For u # 0, E, fits into the exact sequence

0—-E,—2-Ops—> G, —0.

In the cases (i) through (iii), we know from [Jardim et al. 2015, Theorem 7.8]
and Proposition 10 above that [Ey] € D(3, 3), thus also [E] € 7°(3).
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In the case (iv), E, lies within C(1, 3, 0) for u # 0, by definition. It follows that
[E]e€C(1,3,0).
This completes the proof of the first part of Main Theorem 1.

6. Components and connectedness of £(4)

In this section we prove the second part of Main Theorem 1, i.e., we enumerate the
irreducible components of £(4), and show that £(4) is connected. Note that, from
Theorem 8, we already know four irreducible components of £(4):

(I) Z(4), whose generic point corresponds to a locally free instanton sheaf.

D) C(1, 3, 1), whose generic point corresponds to an instanton sheaf E fitting
into an exact sequence of the form

(16) 0— E—>N-—1,LQ2)—0,

where N is a null-correlation bundle, ¢ : ¥ <> P3 is the inclusion of a
nonsingular plane cubic X, and L € Pic’(2) is such that h°(Z, L) = 0.

(III) C(2,2,0), whose generic point corresponds to an instanton sheaf E fitting
into an exact sequence of the form

(17) 0— FE—>2-Ops — 1,LQ2)— 0,

where ¢ : ¥ < P3 is the inclusion of a nonsingular elliptic space quartic X,
and L € Pic’(2) is such that (2, L) = 0.

(V) C(1,4,0), whose generic point corresponds to an instanton sheaf E fitting
into an exact sequence of the form

(18) 00— FE—>2-Ops — 1,LQ2)— 0,

where ¢ : ¥ < P3 is the inclusion of a nonsingular plane quartic X, and
L € Pic*(D) is such that n°(Z, L) = 0.

The first three components have dimension 29, and the last one has dimension
32; this is a classical result for the component Z 0(4), while the dimensions of
C(1,3,1), C(2,2,0) and C(1, 4, 0) are given by Theorem 8 above. Furthermore,
[Jardim et al. 2017, Theorem 23] implies that each of the last three components
intersects Z(4). Thus the union of these four components is connected.

To finish the proof of the second part of Main Theorem 1, it is again enough
to show that there are no other irreducible components in £(4), except for those
described above. The argument here is the same as before, exploring Theorem 1,
Remark 2 and Proposition 20.

Take any [E] € £(4) and consider the triple (3). Then, in view of Theorem 1 and
Remark 2, QF is a rank 0 instanton sheaf of multiplicity 1 <dg <4, and EV" is
an instanton bundle of charge 4 — dg. Consider the possible cases for dg.
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The case dg = 1. As in the similar case in Section 5, Qg = Oy(1) where [ is a
line in P3. Respectively, [EVV] € Z(3). Deforming ¢ in P> we may assume that
EVV|; ~2-0y, so that [E] € D(1, 4). Therefore, [E] € Z°(4).

The case dg = 2. As in the similar case in Section 5, Qg can be deformed in a
flat family either into a sheaf O (3pt), where I' is a nonsingular conic in P3, or
into a sheaf Oy, (1) @ O, (1) where £; and ¢, are skew lines in P3. Respectively,
[EVV] € Z(2). Now the same argument as in Section 5 shows that [E] € Z°(4).

The case dr = 3. Then EVV is a null-correlation bundle and, as in the case dg =3
of Section 5, the sheaf Qr deforms in a flat family to one of the sheaves:

(i) L(2), where L € Pic’(%), for some nonsingular plane cubic ¥ in P3.

(i) Oa(5pt), where A is a nonsingular twisted cubic in P3.
(iii) Or(Bpt)® O, (1), where I is a nonsingular conic and ¢ is a line disjoint from I'.
(iv) O, (1) ® Oy, (1) @ Oy, (1) where £; are 3 skew lines in P3.
By definition, [E] € C(1, 3, 1) in the case (i). The same argument as in Section 3,

based on [Jardim et al. 2015, Theorem 7.8] and Proposition 10, shows that [E] € IT4)
in the cases (ii) through (iv).
The case dg=4. Then EYY ~ 2. Ops and, according to Proposition 20, the sheaf
QF deforms in a flat family to one of the sheaves:
(i) L(2), where L € Picz(E), for some nonsingular plane quartic ¥ in P3, and
L satisfies an open condition h'(L)=0.
(ii) L(2), where 0 # L € Pic’(A), for some nonsingular space elliptic quartic A
in P3.
(iii) O (7pt) for some nonsingular rational space quartic A in P3.
(iv) L(2) ® O¢(1), where L € PicO(E), for some nonsingular plane cubic ¥ in
P3 and a line ¢ disjoint from X.
(V) OA(Spt) ® Op(1), where A is a nonsingular twisted cubic and £ is a line
disjoint from A.
(vi) Or,(3pt) ® Or,(3pt), where I'; and I'; are nonsingular, disjoint conics.
(vi) Or(3pt) ® Oy, (1) ® O, (1), where I' is a nonsingular conic, and £; and £,
are two skew lines disjoint from I.
(viil) Op(1) ® Oy, (1) @ O, (1) ® Oy, (1), where €4, €2, £3, €4 are four disjoint
lines in P3.
In the case (i), since, in the notation of Lemma 11, Fp =2 - Ops and Go = L,
H (Hom(Fy, Gg)) =0, where i > 1, and therefore the condition (10) is satisfied

by the semicontinuity, so that the deformation argument as above shows that
Ee€(C(1,4,0).
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In case (ii), by the same reason, [E] € C(2, 2, 0).

In case (iii), a similar argument shows that [E] € D(4, 4), and thus [E] € Z(4).

In case (iv), Proposition 12 guarantees that [E] € C(1, 3, 1).

In the cases remaining, (v) through (viii), as in cases (ii) and (iii) for dg = 3
above, we again obtain [E] € IT4)

Main Theorem 1 is finally proved.
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A SYMMETRIC 2-TENSOR
CANONICALLY ASSOCIATED TO Q-CURVATURE
AND ITS APPLICATIONS

YUEH-JU LIN AND WEI YUAN

We define a symmetric 2-tensor, called the J-tensor, canonically associated
to the Q-curvature on any Riemannian manifold with dimension at least
three. The relation between the J-tensor and the Q-curvature is like that
between the Ricci tensor and the scalar curvature. Thus the J-tensor can be
interpreted as a higher-order analogue of the Ricci tensor. This tensor can
be used to understand the Chang—Gursky-Yang theorem on 4-dimensional
Q-singular metrics. We show that an almost-Schur lemma holds for the Q-
curvature, yielding an estimate of the Q-curvature on closed manifolds.

1. Introduction

Let M be a smooth manifold and [l be the space of all metrics on M. Consider
scalar curvature as a nonlinear map

R:M— C¥(M), gr> R,.
It is well known that the linearization of scalar curvature at a given metric g is
(1-1) Ygh = DRy-h=—Agtrg h+8,h —Ricg-h,

where h € §(M) is a symmetric 2-tensor and §, = — div,; see [Besse 1987; Chow
et al. 2006; Fischer and Marsden 1975]. Thus, its L2-formal adjoint is given by

(1-2) Vel =Vif—gAyf — fRic

for any smooth function f € C*°(M).
An interesting observation is that, if we take f to be constantly 1, we get

Ric, = —y, 1.

This work was partially supported by NSF (Grant No. DMS-1440140), NSFC (Grant No. 11521101,
No. 11601531), The Fundamental Research Funds for the Central Universities (Grant No.2016-
34000-31610258).
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That means we can recover Ricci tensor from y;. Furthermore, the scalar curvature
is given by
— X
Ry = —trgy, 1.

Now let (M", g) be an n-dimensional Riemannian manifold (n > 3). We can
define the Q-curvature to be

(1-3) Q, = AnAg R, + By|Ricy|; + Cy R,
where
1 2 n?(n—4)+16(n—1)
" 2(m—1)" " (n—2)%’ Co 8(n—1)2(n—2)2

In fact, Q-curvature was introduced originally to generalize the classic Gauss-
Bonnet theorem on surfaces to closed 4-manifolds (M*, g):

(1-4) | (e W) du =877 an,
M4

where W, is the Weyl tensor.

Paneitz and Branson extended Q-curvature to any dimension n > 3 (see [Branson
1985; Paneitz 2008]) such that it satisfies certain conformal invariant properties.
For more details, please refer to the appendix of [Lin and Yuan 2016].

Like the scalar curvature, we can also view Q-curvature as a nonlinear map

Q:M—C®(M), g+ Q,.

Let [y : S2(M) — C°°(M) be the linearization of Q-curvature at the metric g
and Iy : C°(M) — $2(M) be its L?-formal adjoint.
Now we can define the central notion in this article:

Definition 1.1. Let (M”", g) be a Riemannian manifold (n > 3). We define the
symmetric 2-tensor

We say (M, g) is J-Einstein if J, = Ag for some smooth function A € C*°(M). In
particular, it is J-flat if A =0.

In [Lin and Yuan 2016], we calculated the explicit expression of I'y and showed

1 4
(1-5) Ty f =5 (P = "5 0) .
for any f € C>°(M). Here P, is the Paneitz operator defined by

n—4

(1-6) P, = A} —divg[(an Ryg + by Ricy)d] + 5 Qs
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where )
_ (n=2)"+4 __ 4
“ =Dy M =3
In particular, try I'y1 = —20Q,. Thus
(1-7) try Jp = Q.

On the other hand, for any smooth vector field X € ¥(M) on M,

* 1 *
/(X, 8¢Ty f)dvg = §/<Lxg, Ly f)dug
M M

N —

=%/A/]frg(Lxg)dvg= /M(fng,X)dvg.

Thus
8¢ F;f = %f dQ,
on M. Hence,
(1-8) divg Jy = 58,T;1=3dQ,.
Recall that for Ricci tensor, we have
try Ric, = R, and divg Ric, = %ng.

Therefore, if we consider Q-curvature as a higher-order analogue of scalar
curvature, we can interpret J, as a higher-order analogue of Ricci curvature on
Riemannian manifolds.

A notion closely related to the J-tensor is the Q-singular metric, which refers to
a metric satisfying ker F; # {0}. Clearly, J-flat metrics are Q-singular, since it is
equivalent to 1 € ker I';.

One of the motivations for us to study J-flat manifolds is to understand the
following theorem by Chang, Gursky and Yang:

Theorem 1.2 [Chang et al. 2002]. Let (M*, g) be a Q-singular 4-manifold. Then
1 € ker F; if and only if (M*, g) is Bach flat with vanishing Q-curvature.

To achieve our goal, we need to give an explicit expression of the J-tensor:
Theorem 1.3. Forn > 3,

1 1 —4
(1-9) o= 0u8 - .

—ZBg_4(n—l)(n—2) Ut

where B, is the Bach tensor and

Ty = (n = 2)(V2try S — %gAg try S )
1 o
+401= DS x Sy = 15, %g) = n(try S5,

Here (S x 8)jr = S;. Sik, Sg is the Schouten tensor and S’g is its traceless part.
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Remark 1.4. Note that both the Bach tensor and the tensor 7' are traceless, thus
the traceless part of J is given by

o 1 1 n—4
(1-10) Jg—Jg—;Qgg——m<Bg+ng>.
Thus, an equivalent definition for a metric g being J-Einstein is
n—4
(1-11) Bg__4(n—1)Tg'

In particular, when n = 4, J-Einstein metrics are exactly Bach flat ones. Hence we
can also interpret that J-Einstein metric is a generalization of Bach flat metric on
4-dimensional manifolds.

Remark 1.5. Gursky [1997] introduced a similar tensor for 4-manifolds from the
viewpoint of functional determinants. In the same article, he also remarked this
tensor can be introduced from the perspective of first variations of total Q-curvature
when dimension is at least 5 (see [Case 2012] for a detailed calculation).

With the similar perspective, Gover and @rsted introduced an abstract tensor
called higher Einstein tensor, which coincides with our J-tensor in one of its special
case. We refer interested readers to their article [Gover and @rsted 2013].

Note that for any Einstein metric g, its Q-curvature is given by

0, = Bu[Ricy|? + C, R = (%B,, + c,,)Rj, - %R;
which is a nonnegative constant and vanishes if and only if g is Ricci flat.

It is easy to check that T, = O for any Einstein metric g. Combining this with
the well-known fact that any Einstein metric is Bach flat, we can easily deduce that
any nonflat Einstein metrics are also positive J-Einstein and Ricci flat metrics are
J-flat as well.

With the aid of this notion, we can recover and generalize Theorem 1.2 to any
dimension n > 3:

Corollary 1.6. Let (M", g) be a Q-singular n-dimensional Riemannian manifold.
Then 1 € kerI'y if and only if (M", g) is J-flat or equivalently (M", g) satisfies

n—4
b=~
with vanishing Q-curvature.

Remark 1.7. In [Chang et al. 2002], Bach flatness in Theorem 1.2 is derived using
the variational property of the Bach tensor for 4-manifolds.

As another application of J-tensor, we can derive the Schur lemma for Q-
curvature as follows:
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Theorem 1.8 (Schur lemma). Let (M", g) be an n-dimensional J -Einstein manifold
with n # 4 or equivalently,
n—4
Be=—30n e

Then Qg is a constant on M.

Moreover, the following almost-Schur lemma holds exactly like the case for
Ricci tensor and scalar curvature, cf., [Cheng 2013; De Lellis and Topping 2012;
Ge and Wang 2012].

Theorem 1.9 (almost-Schur lemma). Forn # 4, let (M", g) be an n-dimensional
closed Riemannian manifold with positive Ricci curvature. Then

(1-12) f(Qg—Qg)zdvg_ 16”(”4)2 /|J| v,
M

where Qg is the average of Q,. Moreover, the equality holds if and only if (M, g)
is J-Einstein.

In order to derive an equivalent form of above inequality, we need to define the
J-Schouten tensor as follows:

1
(1-13) Sy = " (Jg A(n— )Qgg>
Immediately, we have
1
(1-14) try Sy = 20—D O,
and
) 1
(1-15) divy S5 = mng =dtrg Sy.
Remark 1.10. Recall the definition of classic Schouten tensor
1 . 1
(1-16) Sy = —— (Ric, — 5 S0=h Reg).
We have
1
1-1 -
(1-17) trg Sg 51 Re
and
. 1
(1-18) leg Sg = deg = dtrg Sg

We can see the tensor S; shares similar properties with the classic Schouten tensor.

Following the observation in [Ge and Wang 2012], we get immediately the
following result by rewriting Theorem 1.9 with J-Schouten tensor:
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Corollary 1.11. Forn # 4, let (M", g) be an n-dimensional closed Riemannian
manifold with positive Ricci curvature. Then

e —1
(1-19) (Volg M)~ 8)/"/02’(g)dvg5”2—nYé(g),
M

where

vy ol @,
Q%87 "= Vol M)n=5/n

is the Q-Yamabe quotient and ‘7;'] (g) =0;(S5(2)), i =1, 2 are the i-th symmetric
polynomial of S;j(g). Moreover, the equality holds if and only if (M, g) is J-
Einstein.

Remark 1.12. Our almost-Schur lemma can be generalized to a broader setting by
combining it with the work [Gover and @rsted 2013]. More detailed discussion
together with some related topics will be presented in a subsequent article.

This article is organized as follows: In Section 2, we derive an explicit formula
for the J-tensor and with it we prove Theorem 1.3 and Corollary 1.6. We then prove
Theorem 1.8 (Schur lemma) and Theorem 1.9 (almost-Schur lemma) in Section 3.

2. J-flatness and Q-singular metrics

We begin with some discussion of conformal tensors. Let

1 1
(2-1) Sit = =5 (Rit = 55—y Rese)

be the Schouten tensor.
For n > 4, the Bach tensor is defined to be

(2-2) Bj; = n—i3ViVlWijkz + Wi ST
In order to extend the definition to n = 3, we introduce the Cotton tensor
(2-3) Cijk = ViSjk — V; Six.
It is related to Weyl tensor by the equation
2-4) V!Wiji = (n = 3)Ciji.
Therefore, for any n > 3, we can define the Bach tensor as
(2-5) Bji = ViCiji + WijuS".

The following identity is well known for experts; we include calculations here
for the convenience of readers.
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Proposition 2.1. The Bach tensor can be written as

(2-6) By, = AgS — V2trS+2Rm-S—(n—4)S x S —|S)?g —2(tr S)S,
where (Rom Sk = Rijle” and (S X 8)jr = Sj. Sir. Equivalently,

2-7) Bg=ALS—V2trS—|—n<SxS—%|S|2g>,

where Ay is the Lichnerowicz Laplacian.

Proof. By the second contracted Bianchi identity,

i 1 <i 1 ) 1 (1 1 )
p = P - = — (zViR———V,R
ViSie= =5V Ri 2(n—1)VkR n—2\3 R 2n—1) *
1
=2m—1) ¥
=V, trS
and | |
n
trS_n—2<R_2(n—1)R)_2(n—1)R’
we have

Ric=n—-2)S+ (trS)g.
Using these facts,
V' Cijk = V' (ViSjk — V; Six)
= AgSjk — (ViViSi + R}, S{ — RIS}
= AySjt — V; Vi tr S — (Ric x8)jx + (Rm - )&
= AgSix — V;Vitr S — (((n —2)S + (tr $)g) x S)jx + (Rm - S)jx

= AgSjk — Vij trS—(m—2)(S§ x S)jk — (tr S)Sjk + (Rom . S)jk
and . '
WijuS" = (Rm — S ® g)ijuS"

= RijuuS" — (Sugjk + Sixgit — Sixgji — Sj1gix) S
= (Rm - )k — 1SI°gjx +2(S x 8)jx — (tr ) Sy
where @ is the Kulkarni-Nomizu product:
(o0 ® Bijkr = it Bji + o jrBit — ik Bji — o1 Bik

for any symmetric 2-tensor o, 8 € S(M).
Combining them, we get

Bjr = AgSjx — ViV tr S+ 2(Rm - ) jx — (n —4)(S x 8)jx — |S1*g jx — 2(tr S)Sjy.
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From this,
Bjr = ALSjx+2(Ric x8)jx — V;Vitr S — (n — 4) (S x 8)jx — S g jx —2(tr ) S
= ALSjk+2((Ric —(tr S)g) x S)jx — ViVi tr S — (n —4) (S x S)jx —|S1* g jx
=ALS—V2tr S+n(SxS)—|5%g
=ALS—VztrS+n(SxS—%|S|2g>. O
The Q-curvature can also be rewritten using Schouten tensor:
Lemma 2.2. Q, = —A, trS—2|S|2+%(trS)2.
Proof. Using the equalities Ric=(n —2)S+ (trS)gand R =2(n — 1) tr S,
Q, = AyAgR + B, |Ric|* + C, R?
=2(n— 1A, A tr S+ B,|(n —2)S + (tr S)g|* +4(n — 1)2C, (tr S)*
= —Agtr S —2|S|* + ((3n — 4)B, +4(n — 1)*C,)(tr S)*
:_Agtr5—2|S|2+§(trS)2. O

We recall the expression of F;‘ in [Lin and Yuan 2016] as follows:
Lemma 2.3.
(2-8) F;f = An(—gA2f+V2Af —RicAf + %gS(de) +V(fdR)— szR)
— B,(A(f Ric) + 2 f Rm - Ric +g8%(f Ric) +2V8(f Ric))
—2C,(gA(fR) — VA(fR) + fRRic).
Now we can calculate an explicit expression of J:

Theorem 2.4. Forn > 3,

1 n—4
2B dn— D) T

1
29) Je=2058— -
where
Ty = (n =2 (V2 tr, S, %gAg try S, )
401 = 1) (S, x S rll|sg|2g) — n(trg Sp) S,

Here S, =S, — (1/n)tr, S g is the traceless part of Schouten tensor.
8§ = ¢ g8

Proof. By Lemma 2.3,
T#1=—(3An+ 3By +2Cy)g AR+ (B, +2C,) VR
— B,(ARic+2Rm - Ric) — 2C, R Ric.
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Applying equalities Ric=(n —2)S+ (trS)gand R=2(n— 1) tr §
Fg*l =—((n—1DA,+nB, +4(n—1CgAtr S +2(n—1)(B, +2C,)V?tr§
— (n—=2)By(AS+2Rm-S) —2(n—2)(B, +2(n — 1)Cy)(tr $)S

—2(Bp+2(n— 1)Cy)(tr S)g
n2—10n+12 _»
= 3o _1)gAtrS+—(AS+2Rm S)+2(n_1)(n_2)v trS
n*—2n+4 n?—2n+4 )
R T el

Since tr F;l =—2Q,, by Lemma 2.2,

F§1+%Qgg
2>gAtrS+—(AS—|—2Rm S)—l—%vztrS

—;|S|28—%(US)S+(I—%>(US)Z(§

=S (AS+2Rm S)+—( _11(;’(“+_1§)v2tr5

- (2(n3—1)

igAtrS-i—

~  2nn—1)
2 n?>—2n+4 nn—4) 2
—s A Tr LR Yo T LS

Applying Proposition 2.1,
b 20 2 . -4 <
Fg1+ang_n_2Bg I _1)gAtrS+
+2(” 24)5 S+(L2——)|S|
4 _n—2n+4) _ nn—4) 5
+<n—2 2=y ) ST Sy ()8

2 n2—10n+12) )
v
3 T 2= hm—y)V S

That is,
r;1+%Qgg=nszg—2’z_f )gmrs+2( 41)v2t5+2(” 20-Dgys
2t (nz?)f) DS+ 30 )
= B ot (Vs — Loaws) + 20 (55— Lisig)
: 2(:_<f>z:> 56 z<tfs>g>

2 n—4
2B+2(n (n— 2)

I’l
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where
Ty = (n—2)(V2tr, S %gAg try S, )
400 = DSy x Sy — 152 ) 2 (trg o).

Therefore,

I I
Jp=—3Til= 08~

1 n—4
B, — T,.
n—2"2% 4m—-1)(n-2) %

Immediately, we have the following generalization of Theorem 1.2:

Corollary 2.5. Let (M", g) be a Q-singular n-dimensional Riemannian manifold.
Then 1 € ker F; if and only if (M", g) is J-flat or equivalently (M", g) satisfies

n—4
_4(n—1)Tg

(2-10) B, =

with vanishing Q-curvature.

Remark 2.6. A similar result holds for Ricci curvature: a vacuum static space
admits a constant static potential if and only if it is Ricci flat, cf., [Fischer and
Marsden 1975].

3. An almost-Schur lemma for Q-curvature

Since the tensor J, can be interpreted as a higher-order analogue of Ricci tensor,
we can also derive the Schur lemma for J; as follows:

Theorem 3.1 (Schur lemma). Let (M", g) be an n-dimensional J -Einstein manifold

with n # 4 or equivalently,

n—4
Be=—30-n '

Then Qg is a constant on M.
Proof. By the assumption, J, = Ag for some smooth function A on M. Then

1 1 . 1
A=;trg Jo = EQg and dA =div, ngdeg.

Therefore,
n—4
4n

on M, which implies that Q, is a constant on M provided n # 4. U

dQ, =0

Remark 3.2. When n =4, J-Einstein metrics are exactly Bach flat ones. Due to
the conformal invariance of Bach flatness in dimension 4, we can easily see that
the constancy of Q-curvature can not always be achieved. Thus the above Schur
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Lemma does not hold for 4-dimensional manifolds, which is exactly like the classic
Schur lemma for surfaces.

In fact, a more general result can be derived:

Theorem 3.3 (almost-Schur lemma). For n # 4, let (M", g) be an n-dimensional
closed Riemannian manifold with positive Ricci curvature. Then

— 16
(3-1) fM(Qg—Qg)Zdvg ”(”4)2 /|J| dv,,

where Qg is the average of Qg. Moreover, the equality holds if and only if (M", g)
is J-Einstein.

The proof is along the same lines as in [De Lellis and Topping 2012]. For
completeness, we include it here. For more details, please refer to that work.

Proof. Let u be the unique solution to
Ag’" = Qg - Qg»
fyyudvg =0.
Then
/(Qg - Qg)zdvg = / (Qg - Qg)Agu dvg = - / (VQg’ Vu) dvg
M M M

4n . e
— /M(dlvg Jg, Vu),

where for the last step we use the fact

1 4
divg J, = divg (U — Qgg) ng_Eng:’Z_nng'

Integrating by parts,

4n . e 4n o 9
- L v
n_4/M<d1vg J, V) dv, n_4fM<Jg, u) dv,

_ 4 [ 2,1 )
= n_4A4<Jg,V u ngAgu dv,
1/2 1/2
4n o 2 1 2
Sn—4(A4|Jg| dvg) <fM)V u—;gAgu‘ dvg)
An 172 1 1/2
712 212 2
=n_4(fM|Jg| dvg) (/MW ul? =~ (A gu) dvg) .

From the Bochner formula and the assumption Ric, > 0,

/ |V2u|2dvg:/(Agu)2dvg—/ Ricy(Vu, Vu) dv, 5/(Agu)2dvg.
M M M M
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Thus,

PRy 4n o 5 2 01 ) 1/2
/(Qg—Qg) dvg < _4(/ | J, | dvg) (—(Agu) dvg)
M M n

1/2
_ 4n P2 <n
_n_4(/M|Jg| dvg>

— 16
/M(Qg_Qg)zdvg— n(n4)2 /|J| dvg.

Now we consider the equality case.

If g is J-Einstein, then Q, is a constant by the Schur lemma (Theorem 1.8).
Thus both sides of inequality (3-1) vanish and equality is achieved.

On the contrary, assume in (3-1) equality is achieved:

/(Qg 0, dv, 16”(”4)2 /|J| dv,.

Then in particular we have Ric(Vu, Vu) = 0, which implies that Vu = 0 and
hence u is a constant on M, since we assume Ric, > 0.
Thus Q = Q on M and

/ | J|? dvg = lé”( 4)1)/(Qg Q)% dv, = 0.

Therefore, Jg =0on M, i.e., (M, g) is J-Einstein. O

. 1/2
~0,) dvg>
That is,

Remark 3.4. By assuming Ric > —(n — 1)K g for some constant K > 0 and
following the proof in [Cheng 2013], the inequality (3-1) can be improved to

(3-2) /(Qg—ég)zdvg_ Lontn D 1+— /IJI dvg,
M (n—4)

where A1 > 0 is the first nonzero eigenvalue of (—A,).
Now we can derive an equivalent form of inequality (3-1):

Corollary 3.5. For n # 4, let (M", g) be an n-dimensional closed Riemannian
manifold with positive Ricci curvature. Then

(3-3) (Volg M)~ =9/ / o (8) dve < " L¥3 (o).

i 2n
Moreover, the equality holds if and only if (M", g) is J-Einstein.
Proof. Note that

O'lj(g) :trg S_] = m
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and
J L. 72 n_n—1 ;2 1 e
) (g)=§((01) =817 = o7) —m”ﬂ,
where we use the fact
1S; ]2 = ‘S,+ (trgSJ)g‘ _‘ o+ (crlj)g‘ 4)2|J| 4 (01)2,

By substituting these terms in the inequality (3-1), we get

2
(/ alj (2) dvg> >
M
Therefore,

2
/ o3 (g) dvg < %(Volg M)—l( f o’ (g) dvg>
M M
|

( Juoi (&) dvg )2

(Vol, M)n—4/n

021 (g) dv,.
M

0(8). g

Remark 3.6. Note that the Q-Yamabe quotient

fM Glj (8) dvg

Yo(g) = Wol, M)/

is scaling invariant and in particular, when n = 8§,

7
/ 05 (8) dvg = 1£Y5(2).
M

provided that Ric, > 0, where the equality holds if and only if (M, g) is J-Einstein.
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GAUGE INVARIANTS FROM THE POWERS OF ANTIPODES

CRIS NEGRON AND S1U-HUNG NG

We prove that the trace of the n-th power of the antipode of a Hopf algebra
with the Chevalley property is a gauge invariant, for each integer n. As a
consequence, the order of the antipode, and its square, are invariant under
Drinfeld twists. The invariance of the order of the antipode is closely related
to a question of Shimizu on the pivotal covers of finite tensor categories,
which we affirmatively answer for representation categories of Hopf alge-
bras with the Chevalley property.

1. Introduction

This paper is dedicated to a study of the traces of the powers of the antipode of a
Hopf algebra, and an approach to the Frobenius—Schur indicators of nonsemisimple
Hopf algebras.

The antipode of a Hopf algebra has emerged as an object of importance in the
study of Hopf algebras. It has been proved by Radford [1976] that the order of
the antipode S of any finite-dimensional Hopf algebra H is finite. Moreover, the
trace of S? is nonzero if, and only if, H is semisimple and cosemisimple [Larson
and Radford 1988a]. If the base field K is of characteristic zero, Tr(S%) = dim H
or 0, which characterizes respectively whether H is semisimple or nonsemisimple
[Larson and Radford 1988b]. This means semisimplicity of H is characterized
by the value of Tr(S%). In particular, Tr(S?) is an invariant of the finite tensor
category H-mod. The invariance of Tr(S?) and Tr(S) can also be obtained in any
characteristic via Frobenius—Schur indicators.

A generalized notion of the n-th Frobenius—Schur (FS-)indicator v,IfMN(H ) has
been introduced in [Kashina et al. 2012] for studying finite-dimensional Hopf
algebras H, which are not necessarily semisimple or pivotal. However, vEKMN(H)
coincides with the n-th FS-indicator of the regular representation of H when H is
semisimple, defined in [Linchenko and Montgomery 2000]. These indicators are

Negron was supported by NSF Postdoctoral Fellowship DMS-1503147. Ng was partially supported
by NSF grant DMS-1501179.
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invariants of the finite tensor categories H-mod. In particular, ngN(H ) =Tr(S)
and vEMN(H) = Tr(5?) (see [Shimizu 2015a]) are invariants of H-mod.

The invariance of Tr(S) and Tr(S?) alludes to the following question to be
investigated in this paper:

Question 1.1. For any finite-dimensional Hopf algebra H with the antipode S, is
the sequence {Tr(S")},en an invariant of the finite tensor category H-mod?

For the purposes of this paper, we will always assume K to be an algebraically
closed field of characteristic zero, and all Hopf algebras are finite-dimensional
over K.

Recall that a finite-dimensional Hopf algebra H has the Chevalley property if
its Jacobson radical is a Hopf ideal. Equivalently, H has the Chevalley property
if the full subcategory of sums of irreducible modules in H-mod forms a tensor
subcategory. We provide a positive answer to Question 1.1 for Hopf algebras with
the Chevalley property.

Theorem I (Theorem 4.3). Let H and K be finite-dimensional Hopf algebras over
k with antipodes Sy and Sk respectively. Suppose H has the Chevalley property
and that H-mod and K-mod are equivalent as tensor categories. Then we have

Tr(Sy) = Tr(S%)
for all integers n.

In a categorial language, the theorem tells us that for any finite tensor category &
with the Chevalley property which admits a fiber functor to the category of vector
spaces, the “traces of the powers of the antipode” are well-defined invariants which
are independent of the choice of fiber functor. One naturally asks whether these
scalars can be expressed purely in terms of categorial data of &.

Etingof asked the question whether, for any finite-dimensional H, Tr(S*") =0
provided ord(S?) 1 m [Radford and Schneider 2002, p. 186]. This question is
affirmatively answered for pointed and dual pointed Hopf algebras in [Radford and
Schneider 2002]. However, the odd powers of the antipode may have nonzero traces
in general. We note that the above result covers both the even and odd powers of
the antipode.

Theorem I also implies that the orders of the first two powers of the antipode of
a Hopf algebra with the Chevalley property are also invariants.

Corollary I (Corollary 4.4). Let H and K be finite-dimensional Hopf algebras
over K with antipodes Sy and Sk respectively. Suppose H has the Chevalley
property and that H-mod and K-mod are equivalent as tensor categories. Then
ord(Sy) = ord(Sk) and hence ord(S%) = ord(5%).

The order of S? is related to a known invariant called the quasiexponent qexp(H)
[Etingof and Gelaki 2002]. Namely, for any finite-dimensional Hopf algebra,
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ord(S?) divides qexp(H). However, we still do not know whether or not the order
of S? is an invariant in general.

The questions under consideration here are closely related to some recent inves-
tigations of Frobenius—Schur indicators for nonsemisimple Hopf algebras. The 2nd
Frobenius—Schur indicator v, (V') of an irreducible complex representation of a finite
group was introduced in [Frobenius and Schur 1906]; the notion was then extended
to semisimple Hopf algebras, quasi-Hopf algebras, certain C*-fusion categories
and conformal field theory (see [Linchenko and Montgomery 2000; Mason and Ng
2005; Fuchs et al. 1999; Bantay 1997]). Higher Frobenius—Schur indicators v, (V)
for semisimple Hopf algebra have been extensively studied in [Kashina et al. 2006].
In the most general context, FS-indicators can be defined for each object V in a
pivotal tensor category ¢, and they are invariants of these tensor categories [Ng
and Schauenburg 2007b].

The n-th Frobenius—Schur indicators v, (H) of the regular representation of a
semisimple Hopf algebra H, defined in [Linchenko and Montgomery 2000], in
particular is an invariant of the fusion category H-mod (see [Ng and Schauenburg
2007b; 2008, Theorem 2.2]). For this special representation it is obtained in
[Kashina et al. 2006] that

(1-1) vp(H) =Tr(S o Pp_y),

where Py denotes the k-th convolution power of the identity map idy in Endx(H).
On elements, the map S o P,—_; is given by i +— S(hy...h,—1).

The importance of the FS-indicators is illustrated in their applications to semisim-
ple Hopf algebras and spherical fusion categories (see for examples [Bruillard et al.
2016; Dong et al. 2015; Kashina et al. 2006; Ng and Schauenburg 2007a; 2010;
Ostrik 2015; Tucker 2015]). The arithmetic properties of the values of the FS-
indicators have played an integral role in all these applications, and remains the
main interest of FS-indicators (see for example [Guralnick and Montgomery 2009;
Iovanov et al. 2014; Montgomery et al. 2016; Schauenburg 2016; Shimizu 2015a]).

It would be tempting to extend the notion of FS-indicators for the study of finite
tensor categories or nonsemisimple Hopf algebras. One would expect that such
a generalized indicator for a general Hopf algebra H should coincide with the
existing one when H is semisimple.

The introduction of (what we refer to as) the KMN-indicators vKMN(H) in
[Kashina et al. 2012] is an attempt at this endeavor. Note that the right-hand side of
(1-1), Tr(S o P,—1), is well defined for any finite-dimensional Hopf algebra over
any base field, and we denote it as v,IfMN(H ). It has been shown in [Kashina et al.
2012] that the scalar v’MN(H) is an invariant of the finite tensor category H-mod
for each positive integer n. However, this definition of indicators for the regular
representation in H-mod cannot be extended to other objects in H-mod.
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Shimizu [2015b] lays out an alternative categorial approach to generalized in-
dicators for a nonsemisimple Hopf algebra H. He first constructs a universal
pivotalization (H-mod)P" of H-mod, i.e., a pivotal tensor category with a fixed
monoidal functor IT : (H-mod)P¥ — H-mod which is universal among all such
categories. The pivotal category (H-mod)PY has a regular object Ry, and the
scalar v,IfMN(H ) can be recovered from a new version of the n-th indicator v,fh(R}}).
The universal pivotalization is natural in the sense that for any monoidal functor
F : H-mod — K-mod, where K is a Hopf algebra, there exists a unique pivotal
functor

FPV: (H-mod)P" — (K-mod)P

compatible with both IT and F.

However, the invariance of vEMN(H) does not follow immediately from this cat-
egorical framework. Instead, it would be a consequence of a proposed isomorphism
FPV(Ry) = Ry associated to any monoidal equivalence F : H-mod — K-mod.
While the latter condition remains open in general, we show below that the regular
objects are preserved under monoidal equivalence for Hopf algebras with the
Chevalley property.

Theorem II (Theorem 7.4). Let H and K be Hopf algebras with the Chevalley
property and F : H-mod — K-mod an equivalence of tensor categories. Then
the induced pivotal equivalence F PV . (H-mod)P¥ — (K -mod)PY on the universal
pivotalizations satisfies F PV(Ry) = Rg.

This gives a positive solution to Question 5.12 of [Shimizu 2015b]. From
Theorem II we recover the gauge invariance result of [Kashina et al. 2012], in the
specific case of Hopf algebras with the Chevalley property.

Corollary II [Kashina et al. 2012, Theorem 2.2]. Suppose H and K are Hopf
algebras with the Chevalley property and have equivalent tensor categories of
representations. Then v,IfMN(H )= v,IfMN(K ).

The paper is organized as follows: Section 2 recalls some basic notions and
results on Hopf algebras and pivotal tensor categories. In Section 3, we prove that a
specific element yr associated to a Drinfeld twist F of a semisimple Hopf algebra
H is fixed by the antipode of H, using the pseudounitary structure of H-mod. We
proceed to prove Theorem I and Corollary I in Section 4. In Section 5, we recall the
construction of the universal pivotalization (H-mod)PY, the corresponding definition
of n-th indicators for an object in (H -mod)PY and their relations to v,IfMN(H ). In
Section 6, we introduce finite pivotalizations of H-mod and, in particular, the
exponential pivotalization which contains all the possible pivotal categories defined
on H-mod. In Section 7, we answer a question of Shimizu on the preservation of
regular objects for Hopf algebras with the Chevalley property.
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2. Preliminaries

Throughout this paper, we assume some basic definitions on Hopf algebras and
monoidal categories. We denote the antipode of a Hopf algebra H by Sy or, when
no confusion will arise, simply by S. A tensor category in this paper is a K-linear
abelian monoidal category with simple unit object 1. A monoidal functor between
two tensor categories is a pair (F, &) in which F is a K-linear functor satisfying
F(1) =1, and
Evw FVIIQFW) - F(VW)

is the coherence isomorphism. If the context is clear, we may simply write F for
the pair (F, &). The readers are referred to [Kassel 1995; Montgomery 1993] for
the details.

Gauge equivalence, twists, and the antipode. Let H be a finite-dimensional Hopf
algebra over k with antipode S, comultiplication A and counit €. The category
H-mod of finite-dimensional representations of H is a finite tensor category in the
sense of [Etingof and Ostrik 2004]. For V € H-mod, the dual vector space V' of V
admits the natural right H-action < given by

W* <~ h)(v) = v*(hv)

forh € H, v* € V' and v € V. The left dual V* of V is the vector space V' endowed
with the left H-action defined by

hv* =v* — S(h)

for h € H and v* € V’, with the usual evaluation ev : V* ® V — K and the dual
basis map as the coevaluation coev : K — V ® V* The right dual of V is defined
similarly, with S replaced by S~

Suppose K is another finite-dimensional Hopf algebra over K such that K -mod
and H-mod are equivalent tensor categories. It follows from [Ng and Schauenburg
2008, Theorem 2.2] that there is a gauge transformation F =), fi® gi€ H® H
(see [Kassel 1995]), which is an invertible element satisfying

(e ®@id)(F) =1 = (id ®¢)(F),

such that the map AF : H - H® H, h — FA(h)F~! together with the counit €
and the algebra structure of H form a bialgebra H' and that K ZHF as bialgebras.
In particular, H¥ is a Hopf algebra with the antipode give by

(2-1) Sr(h) = BrS(BL",

where Br =), fiS(gi). Following the terminology of [Kassel 1995] (see [Kashina
et al. 2012]), we say that K and H are gauge equivalent if the categories of their
finite-dimensional representations are equivalent tensor categories. A quantity f(H)
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obtained from a finite-dimensional Hopf algebra H is called a gauge invariant if
f(H) = f(K) for any Hopf algebra K gauge equivalent to H. For instance, Tr(S)
and Tr(S?) are gauge invariants of H.

If FF1=Y".d ®e;, then ﬂ;l =) ; S(di)e;. For the purpose of this paper, we
set yp = ﬂpS(ﬂEl) and so, by (2-1), we have

(2-2) SZ(h) = yrS* W)y !

forh e H.
Since the associativities of K and H are given by 1 ® 1 ® 1, the gauge transfor-
mation F satisfies the condition

(2-3) (1® F)d®A)(F) = (FQ D(A®id)(F).

This is a necessary and sufficient condition for Af to be coassociative. A gauge
transformation F' € H ® H satisfying (2-3) is often called a Drinfeld twist or simply
a twist.

Suppose F € H® H is a twist and K ZHF as Hopf algebras. Following [Kassel
1995], one can define an equivalence (F,,£) : H-mod — K-mod of tensor
categories. For V € H-mod, F,(V) is the left K-module with the action given
by k-v:=0o(k)v for k € K and v € V. The assignment V +— F, (V) defines a
k-linear equivalence from H-mod to K-mod with identity action on the morphisms.
Together with the natural isomorphism

EF L Fa (VR F, (W) — Fo (VW)

defined by the action of F~! on V ® W, the pair (F,, £¥) : H-mod — K-mod is
an equivalence of tensor categories. If K = H' for some twist F € H ® H, then
(Id, £¥) : H-mod — H'-mod is an equivalence of tensor categories since Fiq is
the identity functor Id.

Pivotal categories. For any finite tensor category ¢ with the unit object 1, the
left duality can define a functor (—)* : ¥ — ¥ °P and the double dual functor
(=)™ : ¥ — ¥ is an equivalence of tensor categories. A pivotal structure of € is
an isomorphism j : Id — (—)** of monoidal functors. Associated with a pivotal
structure j are the notions of trace and dimension: Forany V e ¥ and f:V — V,
one can define ptr(f) as the scalar of the composition

pir(f) := (12 v @ v* L2 v @ y* L2V, e g e v,

and d(V') = ptr(idy). A finite tensor category with a specified pivotal structure is
called a pivotal category.

Suppose ¢ and 2 are pivotal categories with the pivotal structures j and j’
respectively, and (F, &) : ¥ — 2 is a monoidal functor. Then there exists a unique



GAUGE INVARIANTS FROM THE POWERS OF ANTIPODES 445

natural isomorphism § : F(V*) — F(V)* which is determined by either of the
following commutative diagrams (see [Ng and Schauenburg 2007b, p. 67]):

EQF(V) F(V)QE
FVHRXF (V) —— F(V)*QF (V) FWV)QF(V*) —— F(VHQF(V)*
(2-4) lf evl or Tgl Tcoev
F(V*@V) L 1 FVRQVH) ¢+—FF—F—1

F(coev)

The monoidal functor (F, &) is said to be pivotal if it preserves the pivotal
structures, which means the commutative diagram

Fi
F(V) Uv) F(V*)

2-5) J F
'g*

FV)™ —— F(V**

is satisfied for V € €. It follows from [Ng and Schauenburg 2007b, Lemma 6.1] that
pivotal monoidal equivalence preserves dimensions. More precisely, if 7 : 4 — 2
is an equivalence of pivotal categories, then d(V) = d(F(V)) for V € €.

3. Semisimple Hopf algebras and pseudounitary fusion categories

In general, a finite tensor category may not have a pivotal structure. However, all
the known semisimple finite tensor categories, also called fusion categories, over K,
admit a pivotal structure. It remains an open question whether every fusion category
admits a pivotal structure (see [Etingof et al. 2005]). We present an equivalent
definition of pseudounitary fusion categories obtained in [Etingof et al. 2005] or
more generally in [Drinfeld et al. 2010] as in the following proposition.

Proposition 3.1 [Etingof et al. 2005]. Let K. denote the subfield of K generated
by Q and all the roots of unity in K. A fusion category € over K is called
(¢-)pseudounitary if there exist a pivotal structure j° and a field monomorphism
¢ : K. — C such that ¢ (d(V)) is real and nonnegative for all simple V € €, where
d(V) is the dimension of V associated with j. In this case, this pivotal structure
j is unique and ¢ (d(V)) is identical to the Frobenius—Perron dimension of V.

The reference of ¢ becomes irrelevant when the dimensions associated with the
pivotal structure j¢ of ¢ are nonnegative integers. In this case, % is simply said to
be pseudounitary, and j* is called the canonical pivotal structure of %. In particular,
the fusion category H-mod of a finite-dimensional semisimple quasi-Hopf algebra
H is pseudounitary and the pivotal dimension of an H-module V associated with
the canonical pivotal structure of H-mod is simply the ordinary dimension of V
(see [Etingof et al. 2005]).
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The canonical pivotal structure j¥°¢ on the trivial fusion category Vec of finite-

dimensional K-linear space is just the usual vector space isomorphism V — V**
which sends an element v € V to the evaluation function v : V* — K, f +— f(v).

Let H be a finite-dimensional semisimple Hopf algebra over K. Then the antipode
S of H satisfies S? = id (see [Larson and Radford 1988b]). Thus, for V € H-mod,
the natural isomorphism j¥¢ : V — V** of vector spaces is an H-module map.
In fact, j¥e¢ provides a pivotal structure of H-mod and the associated pivotal

dimension d(V) of V, given by the composition map
K<Yy | @ V* i®v? VRV s Kk

is equal to its ordinary dimension dim V, which is a nonnegative integer. Therefore,
jVe¢ is the canonical pivotal structure of H-mod.

By [Ng and Schauenburg 2007b, Corollary 6.2], the canonical pivotal structure
of a pseudounitary fusion category is preserved by any monoidal equivalence of
fusion categories. For the purpose of this article, we restate this statement in the

context of semisimple Hopf algebras.

Corollary 3.2 [Ng and Schauenburg 2007b, Corollary 6.2]. Let H and K be finite-
dimensional semisimple Hopf algebras over K. If

(F,&): H-mod — K-mod

defines a monoidal equivalence, then (F,§) preserves their canonical pivotal
structures, i.e., they satisfy the commutative diagram (2-5). In particular, if K ZHF
as Hopf algebras for some twist F € H ® H, then the monoidal equivalence
(Fy, £F) : H-mod — K -mod preserves their canonical pivotal structures.

Now, we can prove the following on a twist of a semisimple Hopf algebra:

Theorem 3.3. Let H be a semisimple Hopf algebra over K with antipode S, F =
Y. fi®g e H®H atwistand Br =), fiS(gi). Then

S(Br) = Br-

Proof Let F~! = > . di ®e;. Then gl = > S(d;)e; (see Section 2), where BF is
simply abbreviated as 8. For V € H-mod, we denote by V* and V" respectively
the left duals of V in H-mod and HF-mod. It follows from (2-4) that the duality
transformation EF : V¥ — VY, for V € H-mod, of the monoidal equivalence
(Id, £y : H-mod — H¥-mod, is given by

(3-1) ey =v g
for all v* € V* Since both H and H' are semisimple, their canonical pivotal

structures are the same as the usual natural isomorphism j Y¢¢ of finite-dimensional
vector spaces over K. Since (Id, £f) preserves the canonical pivotal structures,
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by (2-5), we have
EFGY ) = EN* GV )"
=V WE" @) = * = TH) = v (B ),
for all v € V and v* € V* Rewriting the first term of this equation, we find
v (S(BHv) = v (B 'v).
This implies B~! = S(8~") by taking V = H and v = 1. O

4. Hopf algebras with the Chevalley property

A finite-dimensional Hopf algebra H over K is said to have the Chevalley property
if the Jacobson radical J(H) of H is a Hopf ideal. In this case, H=H /J(H)is a
semisimple Hopf algebra and the natural surjection  : H — H is a Hopf algebra
map. Let F € H® H be a twist of H. Then

Fi=n®n)(F)e H®H

is a twist and so

7 (BF) = Br = S(BF) = 7 (S(BF))
by Theorem 3.3, where S denotes the antipode of H. Therefore, S (Br) € Br+J(H),
and this proves the next result:

Lemma 4.1. Let H be a finite-dimensional Hopf algebra over K with the Chevalley
property. For any twist F € H @ H,

S(Br) € Br+ J(H).
We will need the following lemma.

Lemma 4.2. Let A be a finite-dimensional algebra over K and T an algebra endo-
morphism or antiendomorphism of A.

(1) Forany x € J(A) and a € A,
[(x)r(a)T and l(a)r(x)T
are nilpotent operators, where [(x) and r(x) respectively denote the left and
the right multiplication by x.

(ii) Foranya,a’,b,b’ € A suchthata’ € a+ J(A) and b’ € b+ J(A), we have
Tr(l(a)r(b)T) = Tr((a)r(b)T).

Proof. (i) Let n be a positive integer such that J(A)" = 0. We first consider the
case when T is an algebra endomorphism of A. Then

Ua)r(x)T)" =L @)(T(a)) - LT @)rx) - r(T" ) T"
=1aT @) T" Y a)r(T"'(x)-- - T(x)x)T".
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Since J(A)"=0and x, T(x), ..., T" '(x) € J(A),
7" '(x) - T(x)x =0.

Therefore, (I(a)r(x)T)" = 0. We can show that (/(x)r(a)T)" = 0 by the same
argument. In particular, they are nilpotent operators.
If T is an algebra antiendomorphism of A, then

((a)r(x)T)* =1(aT (x))r (T (a)x)T*.
Since T2 is an algebra endomorphism of A and aT (x) € J(A), we have that
(I(a)r (x)T)*" is equal to 0. Similarly, (/(x)r(a)T)*" =0.
(ii) Let @’ =a+x and b’ = b + y for some x, y € J(A).
1(ar(BT =1(a@)r(b)T +1(x)r(B)T +1(a)r(y)T.
By (i), [(x)r(0’)T and l(a)r(y)T are nilpotent operators, and the result follows. [J

We can now prove that the traces of the powers of the antipode of a Hopf algebra
with the Chevalley property are gauge invariants.

Theorem 4.3. Let H be a Hopf algebra over K with the antipode S. Suppose H
has the Chevalley property. Then for any twist F € H @ H, we have

Tr(S}) = Tr(S")

for all integers n, where Sk is the antipode of HY. Moreover, if K is another Hopf
algebra over K with antipode S’ which is gauge equivalent to H, then

Tr(S") = Tr(S™)
for all integers n.
Proof. By (2-1), the antipode S of HF is given by
Sk(h) = BrS(h)Br!
for h € H. Recall from (2-2) that
St(h) = yrS* Wy

where yr = BrS (,8;1). Then, for any nonnegative integer n, we can write S% =
I(uy)r(u;')S"™ where ug = 1 and
_ vES?(yE) - - 8" 2(yr) if n is positive and even,
" BES@ ! if n is odd.
Thus, if n is an even positive integer, u, € 1+ J(H) by Lemma 4.1. It follows

from Lemma 4.2 that

Tr(S%) = Tr(l(un)r(uljl)S”) =Tr((D)r(1)S") =Tr(S").
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From now, we assume 7 is odd. Then u, € 8y + J(H) and so we have
Tr(S}) = Tr(l (u,)r (u, )S™) = Tl (Br)r (Br)S™)
=Tr((Br)r (S"(Br ' ))S™).

The last equality of the above equation follows from Lemmas 4.1 and 4.2(ii).
Let A be a left integral of H and A a right integral of H* such that A(A) = 1.
By [Radford 1994, Theorem 2],

(4-1)

Tr(T) = A(S(A)T (A1)

for any k-linear endomorphism 7 on H, where A(A) = A1 ® A, is the Sweedler
notation with the summation suppressed. Thus, by (4-1), we have

Tr(S%) = A(S(A2)BrS"(A1)S"(Br)
= A(S(A)BFS"(Br A1)
Recall from [Radford 1994, p. 591] that

(4-2)

A ®aly=Sa)A1 @ A
for all a € H. Using this equality and (4-2), we find

Tr(SE) = M(S(A2)BrS" (Br A1) =A(S(S™ (B ) A BFS" (A1)
= A(S(A)BE BrS" (A1) = A(S(A2)S" (A1) = Tr(S™).
The second part of the theorem then follows immediately from Corollary 3.2. [

Corollary 4.4. If H is a finite-dimensional Hopf algebra over K with the Chevalley
property, then ord(S) is a gauge invariant. In particular, ord(S?) is a gauge
invariant.

Proof. Since K is of characteristic zero, Tr(S") = dim H if, and only if, $” =id. In
particular, ord(S) is the smallest positive integer n such that Tr(S") = dim H. If K
is a Hopf algebra (over K) with the antipode S’ and is gauge equivalent to H, then
dim K = dim H by Corollary 3.2. Hence, by Theorem 4.3, ord(S) = ord(S’). Note
that S has odd order if, and only if, S is the identity. Therefore, the last statement
follows. [

5. Pivotalization and indicators

KMN-indicators. For the regular representation H of a semisimple Hopf algebra
H over kK with the antipode S, the formula of the n-th Frobenius—Schur indicator
v, (H) was obtained in [Kashina et al. 2006] and is given by (1-1). Since a monoidal
equivalence between the module categories of two finite-dimensional Hopf algebras
preserves their regular representation [Ng and Schauenburg 2008, Theorem 2.2] and
Frobenius—Schur indicators are invariant under monoidal equivalences (see [Ng and
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Schauenburg 2007b, Corollary 4.4] or [Ng and Schauenburg 2008, Proposition 3.2]),
v, (H) is an invariant of Rep(H) if H is semisimple.

The formula (1-1) is well defined even for a nonsemisimple Hopf algebra H
without any pivotal structure in H-mod. In fact, the gauge invariance of these
scalars has been recently proved in [Kashina et al. 2012] which is stated as the
following theorem.

Theorem 5.1 [Kashina et al. 2012, Theorem 2.2]. For any finite-dimensional Hopf
algebra H over any field K, we define vV’MN(H ) as in (1-1). If H and K are gauge
equivalent finite-dimensional Hopf algebras over K, then we have

vEMN () = yEMN (g,

In general, these indicators VEMN(H) can only be defined for the regular repre-
sentation of H. The proof of Theorem 5.1 relies heavily on Corollary 3.2 and theory
of Hopf algebras. We would like to have a categorial framework for the definition
of vEMN(H) in order to extend the definitions of the indicators to other objects in
H-mod and give a categorial proof of gauge invariance of these indicators.

The universal pivotalization. In [Shimizu 2015b] the notion of universal pivotal-
ization PV of a finite tensor category ¢ is proposed in order to produce indicators
for pairs consisting of an object V in ¢ along with a chosen isomorphism to its
double dual. Under this categorical framework, v,IfMN(H ) is the n-th indicator of a
special (or regular) object in (H-mod)PY. We recall some constructions and results
from [Shimizu 2015b] here.

For a finite tensor category % one can construct the universal pivotalization
[, : €PV — € of ¢, which is referred to as the pivotal cover of € in [Shimizu
2015b]." The category €PV is the abelian, rigid, monoidal category of pairs
(V, ¢v) of an object V and an isomorphism ¢y : V — V** in ¥. Morphisms
(V, py) = (W, pw) in €PY are maps f : V — W in € which satisfy ¢w f = f**¢py.
Note that the forgetful functor [Ty : P — ¥ is faithful.

The category % P will be monoidal under the obvious tensor product

V.dv) @ (W, ¢w) :=(VRW, v ® pw)

(where we suppress the natural isomorphism (V ® W)™ = V** @ W**), and (left)
rigid under the dual (V, ¢y)* = (V*, (¢, 1y*). There is a natural pivotal structure
j :Idgm — (=)™ on ¥PY which, on each object (V, ¢y), is simply given by
Jw.gy) ==v.

The construction % PV

is universal in the sense that any monoidal functor
F : 9 — ¢ from a pivotal tensor category & factors uniquely through 4P, By

Twe accept the term pivotal cover, but adopt the term pivotalization as it is consistent with the
constructions of [Etingof et al. 2015] and admits adjectives more readily.
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faithfulness of the forgetful functor Iy : 6P — %, the factorization F : 2 — €'PV,
which is a monoidal functor preserving the pivotal structures, is determined uniquely
by where it sends objects. This factorization is described as follows.

Theorem 5.2 [Shimizu 2015b, Theorem 4.3]. Let j denote the pivotal structure on
9 and (F, &) : 9 — € a monoidal functor. Then the factorization F 19— ¢
sends each object V in 9 to the pair (F(V), (g*)flgf(jv)), where 'g? is the duality
transformation as in Section 2.

From the universal property for %P one can conclude that the construction
(—)PY is functorial, which means a monoidal functor F : 2 — ¢ induces a unique
pivotal functor FPV : 2PV — € PV which satisfies the commutative diagram

@piv FP %piv

| e

99— ¢

of monoidal functors.

Indicators via ¢P". Following [Ng and Schauenburg 2007b], for any V, W € %,
we denote by Ay w and Dy w the natural isomorphisms Homy(1,V @ W) —
Homg (V*, W) and Hom (V, W) — Homy (W™, V*) respectively. Thus,

a1
Tv.w := Ay ywo Dy« woAvw

is a natural isomorphism from Homg (1, V ® W) — Hom¢ (1, W ® V**). We also
define V¥ =1and V® =V ® V®"~D for any positive integer n inductively.

Similar to the definition provided in [Ng and Schauenburg 2007b, p. 71], for any
V = (V, ¢y) € €PV and positive integer n, one can define the map

EY : Homg (1, VE") — Home (1, VE")
by
EY(f):=®" o (id®@¢p," ) o T
v (f) = o (Id®¢py ) o Tv w(f),

where W = V®0=D and &™ : W ® V — V ® W is the unique map obtained by
the associativity isomorphisms. Shimizu’s version of the n-th FS-indicator of V is
defined as

V(V) = Tr(EVY).

This indicator is preserved by monoidal equivalence in the following sense:

Theorem 5.3 [Shimizu 2015b, Theorem 5.3]. If F : € — 2 is an equivalence of
monoidal categories, for any V € €™ and positive integer n, we have

vt (V) = " (FPY (V).



452 CRIS NEGRON AND SIU-HUNG NG

Remark 5.4. The definition of the n-th FS-indicator vsh(V) of V is different from
the definition v, (V) introduced in [Ng and Schauenburg 2007b], in which E gf)
is defined on the space Hom v (1, V®") instead. It is natural to ask the question
whether or how these two notions of indicators are related.

In the case of a finite-dimensional Hopf algebra ¥ = H-mod, we take Ry =
(H, ¢y) to be the object in PV, in which H is the left regular H-module and
¢n : H— H** is the composition j¥*¢ 0 S?: H — Fe(H) = H**. We call Ry the
regular object in €V, and we have the following theorem:

Theorem 5.5 [Shimizu 2015b, Theorem 5.7]. Suppose € = H-mod. Then for each
integer n we have v,?h(R*H) = v,IfMN(H).

The theorem provides a convincing argument to pursue this categorical framework
of FS-indicator for nonsemisimple Hopf algebras. However, this framework does
not yield another proof for the gauge invariance of V¥MN(H) (see Theorem 5.1).
The gauge invariance of v,lfMN (H) will follow if this question, raised in [Shimizu
2015b], can be positively answered:

Question 5.6 [Shimizu 2015b]. Let H and K be two gauge equivalent Hopf al-
gebras, and let F : H-mod — K-mod be a monoidal equivalence. Do we have
FPY(Ry) = Rk in (K-mod)PV?

If the question is affirmatively answered for gauge equivalent Hopf algebras H
and K, then we have FPV(Ry) = Ry in (K-mod)P" for any monoidal equivalence
F : H-mod — K-mod. Thus,

FPM(Ry) = (FPV(Ri))* = Ry
It follows from [Shimizu 2015b, Theorem 5.3] that
viMN(H) = v (R}y) = viN(FPY(RE)) = v (Ry) = viMN(K).

An affirmative answer to the question for semisimple H has been provided in
[Shimizu 2015b, Proposition 5.10], and we will give in Theorem 7.4 a positive
answer for H having the Chevalley property. As discussed above, an affirmative
answer to the above question yields a categorial proof of Theorem 5.1.

6. Finite pivotalizations for Hopf algebras

Let ¢ = H-mod. In this section we remark that the universal pivotalization %PV,
which is not a finite tensor category in general, has a finite alternative for module
categories of Hopf algebras.

For any K-linear map 7 : V — V** we let t € Autk(V) denote the automorphism
=Y lor,
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Definition 6.1. For a Hopf algebra H we let HP denote the smash product H x Z,
where the generator x of Z acts on H by S% Similarly, for any positive integer N
with ord(S?)|N, we take H"NPV = H x (Z /NZ), where again the generator x of
Z/NZ acts as S

The smash products HP and H"P" admit a unique Hopf structure so that the
inclusions H — HPY and H — H"PV are Hopf algebra maps and x is grouplike.

It has been pointed out in [Shimizu 2015b, Remark 4.5] that H PV_mod is iso-
morphic to (H-mod)P" as pivotal tensor categories. To realize the identification
® : HPV-mod —=> %PV one takes an HP¥-module V to the H-module V along
with the isomorphism ¢y := j¥ol(x) : V — Fg (V) = V* On elements,
¢y (v) = jV¢(x - v). So we see that the inverse functor @' : ¢PY > HPV_mod
takes the pair (V, ¢y ) to the H-module V along with the action of the grouplike
x € HPV by x - v = ¢y (v).

From the above de_scription of € PV for Hopf algebras we see that PV will not
usually be a finite tensor category.

Note that, for any integer N as above, we have the Hopf projection HP"Y — HNPIY
which is the identity on A and sends x (in HPY) to x (in HVPY). Dually, we get a
fully faithful embedding of tensor categories HVPY-mod — HP"-mod.

Definition 6.2. For any positive integer N which is divisible by the order of S, we
let #VPV denote the full subcategory of PV which is the image of

HNPY.-mod ¢ HPV-mod
along the isomorphism © : HP-mod — %PV,

From this point on if we write HVPY or ¥VPV we are assuming that N is a
positive integer with ord(S2)|N. We see, from the descriptions of the isomorphisms
® and ©~! given above, that ¥VPV is the full subcategory consisting of all pairs
(V, ¢y) so that the associated automorphism ¢v € Auti (V) has order dividing N.

Lemma 6.3. The category € NPV is a pivotal finite tensor subcategory in the pivotal
(nonfinite) tensor category € PV which contains Ry.

Proof. Since the map ® : HPV-mod — %PV is a tensor equivalence, it follows
that VPV, which is defined as the image of H NPV_mod in €’PVY, is a full tensor
subcategory in ' P"V. The category ¢ VPV is pivotal with its pivotal structure inherited
from ¢ PV. The fact that Ry = (H, j¥*¢ 0 §?) is in €PV just follows from the fact
the order of §2 = @R, 1s assumed to divide N. O

Remark 6.4. There is another interesting object A y introduced in [Shimizu 2015b,
Section 6.1 and Theorem 7.1]. This object is the adjoint representation Hyg of H
along with the isomorphism ¢4, = j ¥ 0 S%. We will have that A is also in VPV
for any N.
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Some choices for N which are of particular interest are N = ord(S%) or N =
qgexp(H), where qexp(H) is the quasiexponent of H. Recall that the quasiexponent
gexp(H) of H is defined as the unipotency index of the Drinfeld element u in the
Drinfeld double D(H) of H (see [Etingof and Gelaki 2002]). This number is always
finite and divisible by the order of S? [Etingof and Gelaki 2002, Proposition 2.5].
More importantly, gexp(H) is a gauge invariant of H.

When we would like to pivotalize with respect to the quasiexponent we take
HEPY = Faop(HPV and @ EPV — ¢ aexp(HIPY We call €EPY the exponential piv-
otalization of ¥ = H-mod.

If ¢ admits any pivotal structures, one can show that the exponential pivotalization
contains a copy of (¢, j) for any choice of pivotal structure j on ¢ as a full pivotal
subcategory. More specifically, for any choice of pivotal structure j on ¢ the
induced map (¢, j) — ¢P" will necessarily have image in ¢ ZPY. In this way, the
indicators for ¥ calculated with respect to any choice of pivotal structure can be
recovered from the (Shimizu-)indicators on € £PY,

For some Hopf algebras H, the integer qexp(H) is minimal so that VPV has
this property. For example, when we take the generalized Taft algebra

Hya(§) = k(g x)/(g" = 1. x%, gx = {xg).
where ¢ is a primitive d-th root of unity (see [Taft 1971; Etingof and Walton 2016,
Definition 3.1]). We have ord(S?) = d and nd = qexp(H,. 4(¢)) by [Etingof and
Gelaki 2002, Theorem 4.6]. The grouplike element g provides a pivotal structure
j on H, 4(¢)-mod, and the resulting map into (H,l,d(g“)—mod)piV has image in
(Hn,d(g“)—mod)N PV if, and only if, gexp(H,,4(¢))|N. This relationship can be seen
as a consequence of the general fact that gexp(H) = exp(G(H)) for any pointed
Hopf algebra H [Etingof and Gelaki 2002, Theorem 4.6].
Our functoriality result for the finite pivotalizations is the following.

Proposition 6.5. For any monoidal equivalence F : H-mod — K-mod, where H
and K are Hopf algebras, the functor FPV restricts to an equivalence

FEPN : (H-mod )*™ — (K -mod )P

Furthermore, when H has the Chevalley property FPV restricts to an equivalence
FNoV - (H mod )NPY — (K -mod )NPVY for each N (in particular N = ord(S%J) =
ord(52)).

The proof of the proposition is given in the appendix.
7. Preservation of the regular object

In this section we show that for a monoidal equivalence F : H-mod — K-mod of
Hopf algebras H and K with the Chevalley property we will have FPV(Ry) = Ry.
From this we recover Theorem 5.1 for Hopf algebras with the Chevalley property.
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Let H be a finite-dimensional Hopf algebra with antipode S, and F € H ® H a
twist of H. We let € = H-mod, €r = H"-mod, and let F = (Fiq, £¥) denote the
associated equivalence from ¢ to €, by abuse of notation.

For this section we will be making copious use of the isomorphism j V¢ : V — V**
and adopt the shorthand © = j¥*¢(v) € V** for v € V. Recall that 7 is just the
evaluation map V* — K, n+— n(v).

Preservation of regular objects. Recall that the antipode Sr of HY is given by
Sp(h) = ,BFS(h),B;] and that yr = ,BFS(,BF)_1. For any positive integer k, define
v =yeS (ve) - S ().

Then we have S%k (h) = y}k)SZk (h)()/lf,k))*1 for all positive integers k and i € H.
The following lemma is well known and it follows immediately from [Aljadeff et al.
2002, Equation (6)].

Lemma 7.1. The element yéord(sz)) is a grouplike element in HF.

Proof. Take N = ord(S?). We have from [Aljadeff et al. 2002, Equation (6)] that
A(yp) = F~ ' (yr @ yp)(S? ® SH)(F)
(see also [Majid 1995]). Hence
A =F i @ ) (8™ ® $)(F)
for each n and therefore
Ar(yp )= FAG Y F ! =y ey, O

We have the following concrete description of the (universal) pivotalization of
an equivalence F : ¥ — %F induced by a twist F on H.
Lemma 7.2. The functor FPV : ¢€PV — %})iv sends an object (V, ¢vy) in EPY 10
the pair consisting of the object V along with the isomorphism
V = V*, V> jveC(VF¢_V(v)).
In particular, FP™(Ry) = (H', j¥ ol(yr) 0 §?).
Proof. Take B = Br, y = yr and & = &7, Recall that F(V*) = F(V)* = V* as
vector spaces for each V in %. It follows from (3-1) that, for any object V in &,
E:F(V) — F(V)*
is given by _
E(f)=f—p" for fev™
This implies

ED)H =@ = HH=0"" )= FESB H) =SB H)(f)
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for v € F(V**) and f € F(V*). Thus,
EHTED(H=EH TS BH(H =7 SBTHYE )
=SB —=B)=FBSBHv)=Frv)=i"v)(f)

for o € F(V**) and f € F(V)* By Theorem 5.2, FPV(V, ¢y) = (V, E*) " 'E¢y)
and

EDEPyv(v) = ENTE Py (v) = (Y v (v)

for v € V. The last statement follows immediately from the definition of Ry =
(H, j¥¢ 0 §?). This completes the proof. (]

In the following proposition we let S? denote the automorphism of H/J(H)
induced by S

Proposition 7.3. Let F € HQ H be a twist. The following statements are equivalent.
(i) FPY(Ry) = Ryr in 6P

(ii) There is a unit t in H which satisfies the equation

(7-1) S?typ' —t=0.

(iii) There is a unit t in H/J(H) which satisfies the equation

(7-2) SOy —1=0.

Proof. We take N = ord(S?). By Lemma 7.2, FPY(Ry) = (HF, jYol(yr) o §?).

An isomorphism FPY(Ry) = Ry r is determined by a H* -module automorphism

of HY, which is necessarily given by right multiplication by a unit # € H*, producing
a diagram

I SZ :Vec
HF (vr) HF J (HF)**
r(t)J lr(t) lr(t)**
HF HF jvec (HF)**
St

Equivalently, we are looking for a unit ¢ such that
yrS ()t = SE(ht) = yr S () S* (y !
for all & € H. This equation is equivalent to
(7-3) Sty =t

Let o denote the k-linear automorphism r(yF_l) 08> =r(yr)'oS?of HF, and
let ¥ be the subgroup generated by o in Autc(H'). Then we have

N)\— N)\ —
UNZV(V; )) ]OSZN:r(y](P )) 1'
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Since y}N) is grouplike in HF, it has a finite order. Therefore ¢V has finite order,
as does o, and X is a finite cyclic group.
Since J(H) is a o-invariant, the exact sequence

0—-JH)—>H—>H/JH)—0
is in Rep(X). Applying the exact functor (—)*, we get another exact sequence
(7-4) 0— J(H)® > H* - (H/J(H))* — 0.

Recall that an element in H is a unit if, and only if, its image in H/J (H) is a unit.
So from the exact sequence (7-4), we conclude that there is a unit in (H/J(H))*
if and only if there is a unit in H . Rather, there exists a unit 7 solving the equation
o-X—X=0in H/J(H) if, and only if, there exists a unit ¢ solving the equation
in H. Since o - = 3’2(?))7;1 ando -t = Sz(t)ygl, the equation S‘Z(X))_/;1 —-X=0
has a unit solution in H if, and only if, the equation SZ(X))/;1 — X =0 has a unit
solution in H. O

As an immediate consequence of this proposition, we can prove preservation of
regular objects for Hopf algebras with the Chevalley property.

Theorem 7.4. Suppose H and K are gauge equivalent finite-dimensional Hopf
algebras with the Chevalley property, and F : H-mod — K-mod is a monoidal
equivalence. Then we have F PV(Ry) = Rg in (K -mod)PY.

Proof. In view of [Ng and Schauenburg 2008, Theorem 2.2], it suffices to assume
K = HY for some twist F € H® H, and that F is the associated equivalence

F : H-mod — H'-mod.

Let S be the antipode of H. It follows from Lemma 4.1 that ¥ r = 1 and S = id.

Therefore, every unit t € H/J(H) satisfies 3‘2(1‘)7;] —t = 0. The proof is then

completed by Proposition 7.3. U
As a corollary we recover Theorem 5.1 for Hopf algebras with the Chevalley

property.

Corollary 7.5 [Kashina et al. 2012, Theorem 2.2]. If F : H-mod — K-mod is a

gauge equivalence and H has the Chevalley property then we have

v N(H) = viMN(K)
foralln > 0.

Proof. We have FPV(Ry) = Ry by Theorem 7.4. Since a gauge equivalence
preserves duals this implies F PiV(R};) = R} as well. Hence, using [Shimizu 2015b,
Theorems 5.3 and 5.7], we have

vIMNCH) = v (R) = v™(Ry) = viMN(K). O
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Appendix: Functoriality of finite pivotalizations

We adopt the notation introduced at the beginning of Section 6. Recall that the
subcategory ¢’ VPV C 4PV is the full subcategory consisting of all pairs (V, ¢y)
such that the associated automorphism Qv € Auti (V) satisfies 0rd(¢_v )|N.

Lemma A.1. Let F € H® H be a twist and consider the functor F : € — CF.
Then, for any N divisible by ord(S?), the following statements are equivalent:

(i) FPV restricts to an equivalence FN Piv . gNpiv _ ‘5}! P
(i) M =1.

Furthermore, the existence of an isomorphism FPY(Ry) = Ry r implies (i) and (ii)
for all such N.

Proof. Consider any (V, ¢v) in €VPY. We have F PV (V, ¢y) = (V, jVo [(yF)odv),
by Lemma 7.2. So ¢ppiv(y ¢,) = [(YF) o ¢v. Since ¢y, considered as an H-module
map, is a map from V to Fg(V), we find by induction that

Uyr) o) =1(y") o pv"

for each n. In particular,
(A-D) Urr)opn)™ =1(r")

since d)_VN =1

From Equation (A-1) we see that FPY(V, ¢y) lies in ™" if, and only if,
l(y(N)) =idy, whence we have the implication (ii) = (i). Applying (A-1) to the
case (V, ¢y) = Ry gives the converse implication (i) = (ii) as well as the implica-
tion FPYV(Ry) = Ryr = (i), since Ry~ is in each %NPW O

We can now give the following proof:

Proof of Proposition 6.5. In view of [Ng and Schauenburg 2008, Theorem 2.2], it
suffices to assume K = H' for some twist F € H ® H and consider the monoidal
equivalence F : H-mod — H-mod.

For Hopf algebras with the Chevalley property: Recall ord(S?) = ord(S%) by
Corollary 4.4. So we can pivotalize both H and H’ with respect to any N divisible
by ord(S?). We have already seen that F PV (Ry) = Ry r. It follows, by Lemma A.1,
that F PV restricts to an equivalence FNPVV : ¢ NPV Cr Netv,

For the general case: From [Etingof and Gelaki 2002, Proposition 3.2] and the
proof of [Etingof and Gelaki 2002, Proposition 3.3], y(lep(H)) =1.ByLemmaA.l
it follows that FP¥ restricts to an equivalence FEPY : @Epiv _ [P O
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BRANCHING LAWS FOR THE METAPLECTIC COVER OF GL;

SHIV PRAKASH PATEL

Let F be a nonarchimedean local field of characteristic zero and E/F be a
quadratic extension. The aim of this article is to study the multiplicity of an
irreducible admissible representation of GL;(F) occurring in an irreducible
admissible genuine representation of the nontrivial two-fold covering ﬁz(E )
of GL,(E).

1. Introduction

Let F be a nonarchimedean local field of characteristic zero and let E be a quadratic
extension of F. The branching laws for restriction of representations of SO, (F)
to SO, (F) were formulated as conjectures by B. Gross and D. Prasad [1992],
and these are widely known as Gross—Prasad conjectures although they have been
completely proved by Meeglin and Waldspurger [2012]. The first case of these
conjectures is for the restriction of representations of GL;(F') to its maximal tori,
which was considered by J. B. Tunnell [1983] and H. Saito [1993]. A metaplectic
analog of this result was recently considered by the author in a joint work with
Prasad, where the restriction of representations of metaplectic GL,(F') to inverse
images of the maximal tori was studied [Patel and Prasad 2017]. The results of
Tunnell and Saito have, in particular, a multiplicity one result which is then refined
in terms of certain e-factors. The metaplectic case of this restriction loses the
multiplicity one property, but still one has finite multiplicities which are bounded
by some explicit constants. The next case of Gross—Prasad conjectures can be
considered to be the restriction of representations of GL;(E) to GL,(F) which was
studied by Prasad [1992]. These cases played an important role in the formulation of
Gross—Prasad conjectures. Our aim in this paper is to study an analogous restriction
of representations of metaplectic GL,(E) to GL,(F).

The problem of decomposing a representation of GL,(E) restricted to GL,(F')
was considered and solved by Prasad [1992], proving a multiplicity one theorem,
and giving an explicit classification of representations 7y of GL,(E) and m; of
GL,(F) such that there exists a nonzero GL,(F) invariant linear form:

l:m ®m, — C.

MSC2010: primary 22E35; secondary 22E50.
Keywords: metaplectic group, branching laws.
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This problem is closely related to a similar branching law from GL,(E) to D,
where D is the unique quaternion division algebra which is central over F, and
D} < GLy(E). We recall that the embedding D < GL,(E) is given by fixing an
isomorphism Dp ® E = M,(E), by the Skolem—Noether theorem, which is unique
up to conjugation by elements of GL,(E). Henceforth, we fix one such embedding
of D; inside GL, (E). The restriction problems for the pair (GL,(E), GL,(F)) and
(GLy(E), Dy) are related by a certain dichotomy. More precisely, the following
result was proved in [Prasad 1992]:

Theorem 1.1 (Prasad). Let 7y and 7, be irreducible admissible infinite-dimensional
representations of GLy(E) and GLy (F), respectively, such that the central charac-
ter of m| restricted to the center of GLo(F) is the same as the central character
of my. Then:

(1) For a principal series representation mwy of GL,(F), we have
dimHomGLz(F)(m, 7T2) =1.

(2) For a discrete series representation wy of GLy(F), letting m, be the finite-
dimensional representation of D associated to 1, by the Jacquet—Langlands
correspondence, we have

dim Homgy, () (71, 72) + dim Hom,- (m1, 7h) = 1.

In this paper, we study the analogous problem in the metaplectic setting. More
precisely, instead of considering GL,(E) we will consider the group aiz(E)@x
which is a topological central extension of GL,(E) by C*, which is obtained from
the two-fold topological central extension aiz(E ) described below. We recall that
there is unique (up to isomorphism) two-fold cover of SL,(E) called the metaplectic
cover and denoted by §f,2(E ) in this paper, but there are many inequivalent two-fold
coverings of GL,(E) which extend this two-fold covering of SL,(E). We fix a
covering of GL,(FE) as follows. Observe that GL,(E) is a semidirect product of
SL»>(E) and E*, where E* siginside GLQ(E)E}/’ e (f) (1)) Ehe action of £ on
SL,(E) lifts to an action on SL,(E). Denote GL,(E) to be SL;(E) x E* which
we call “the” metaplectic cover of GL,(E). This cover can be described by an
explicit 2-cocycle on GL,(E) with values in {£1}, see [Kubota 1969]. The group
aiz(E ) is a topological central extension of GL,(E) by o := {£1}, i.e., we have
an exact sequence of topological groups:

1 — s — GLy(E) — GLy(E) — 1.

The group ai,z(E )ox = Giz(E ) X 1, C* is called the C*-cover of GL, (E) obtained
from the two-fold cover GL,(E), and is a topological central extension of GL,(E)
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by C*, i.e., we have an exact sequence of topological groups:
1 - C* — GLy(E)ex — GLy(E) — 1.

Now we recall the following result regarding splitting of this cover when restricted
to certain subgroups. This makes it possible to consider an analog of the Prasad’s
restriction problem in the metaplectic case.

Theorem 1.2 [Patel 2016]. Let E be a quadratic extension of a nonarchimedean
local field and GL,(E) be the two-fold metaplectic covering of GL,(E). Then:

(1) The two-fold metaplectic covering aiz(E ) splits over the subgroup GLy(F).
(2) The C*-covering obtained from aig(E ) splits over the subgroup Dj.

Note that the splittings over GL,(F) and D in Theorem 1.2 are not unique. As
there is more than one splitting in each case, to study the problem of decomposing a
representation of aiz(E )ox restricted to GL, (F) and D, we must fix one splitting
of each of the subgroups GL,(F) and D, which are related to each other. We
make the following working hypothesis, which has been formulated by Prasad.

Working Hypothesis 1.3. Let L be a quadratic extension of F. Write R for the
restriction of scalars torus Ry /rG,,. Thus R(F) = L*. Fix embeddings of R into
GL, and D (viewed as algebraic groups over F). The sets of splittings

GLa(E) ¢ GLa(E)cx
A A
/ /
4 /
/ oy
/s/ and °,
, /
Y /
94 (V4
GL,(F) — GL,(E) D} — GLy(E)

are principal homogeneous spaces over the group Hom(F*, C*). More explicitly,
two splittings sy, s2 of GL,(F) will be related by

s2(g) = x(detg) - s1(g)

for some character x € Hom(F*, C*) (for Dy the det should be replaced by Nm
the reduced norm map). A pair (s, s”) of splittings, where

s:GLy(F) » GLy(E)cx  and  s": DX — GLy(E)ex,

is called a pair of “compatible splittings” if for any quadratic extension L/F with
the fixed embedding of R into GL; and D; the restriction of s and s’ to L* as in
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the following diagrams

GL,(E)c~ GL,(E)c~
A AR
/// ///
// // // //
PO and ey
Phd // s / g
- ; // /
LXV v XV ;/
— GLy(F) —— GL,(E) L* — Dy —— GLy(E)

are conjugate in fG\iz(E)@x, i.e., there is an element g € az(E)@x such that
s(L*)=g-s'(L*)-g~'. Then we assume that

there exists a pair (s, s”) of compatible splittings.

If (s, s’) is a pair of compatible splittings and yx is a character of F* then the
pair of splittings (x (det(e)s, x (Nm(e)s’) is also compatible. Thus, given a single
pair (s, s”) of compatible splittings, we have a Hom(F*, C*)-equivariant bijection
between the sets of splittings, in such a way that all pairs matched by the bijection
are compatible.

Definition 1.4. A representation of aiz(E ) (respectively, aig(E)@x) is called
genuine if p, acts nontrivially (respectively, C* acts by identity).

In particular, a genuine representation does not factor through GL,(E). In what
follows, we always consider genuine representations of the metaplectic group
6]:2(E ). Let B(E), A(E) and N (E) be the Borel subgroup, maximal torus and
maximal unipotent subgroup of GL,(E) consisting of all upper triangular matri-
ces, diagonal matrices and upper triangular unipotent matrices respectively. Let
B(F), A(F) and N (F) denote the corresponding subgroups of GL,(F). Let Z be
the center of GLZ(E ) and 7 the inverse image of Z in GLQ(E ). Note that Z is an
abelian subgroup of GL2(E ) but is not the center of GL2(E ); the center of GL2(E )
is 22, the inverse image of 7?:={?|z€Z}.

Let ¢ be a nontrivial additive character of E. Note that the metaplectic covering
splits when restricted to the subgroup N (E) and hence v gives a character of N (E).
Let  be an irreducible admissible genuine representation of 6]:2(E ) and TN (E) v
the ¥ -twisted J. acquet module which is a Z-module. Let wy be the central character
of 7. A character of Z appearing in 7y (g),y agrees with w,; when restricted to Z2
Let Q (w5 ) be the set of genuine characters of Z whose restriction to Z> agrees
with w,;. We also realize Q2 (w5 ) as a Z- module, i.e., as direct sum of characters in
Q (w-) with multiplicity one. From [Gelbart et al. 1979, Theorem 4.1], one knows
that the multiplicity of a character u € Q2 (w,) in the Z-module TN (E),y 1S at most
one. Hence my (k) y is a Z-submodule of (wy). Now we state the main result of
this paper.
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We abuse notation and write aiz(E ) for aiz(E )ex.

Theorem 1.5. Let ) be an irreducible admissible genuine representation of aiz(E )
and let o be an infinite-dimensional irreducible admissible representation of
GLy(F). Assume that the central characters wy, of w1 and wy, of my agree on
E*>N F*. Fix a nontrivial additive character  of E such that ¥/|p = 1. Let
0 = (1) NE) be the Jacquet module of 7). Assume that Working Hypothesis 1.3
holds.

(A) Letmy = Indg](“;gF) (x) be a principal series representation of GL,(F). Assume
Homy(r)(Q, x - 8'/2) = 0. Then

dim Homgy, r) (71, m2) = dim Homz gy (1) N (E), > @)

(B) Letm; = Indg(ngE) () be a principal series representation of fG\iz(E Yand s, a
discrete series representation of GLy(F). Let 1} be the finite-dimensional rep-
resentation of D associated to m by the Jacquet—Langlands correspondence.

Assume that GLF
Homgr, (r) (Iﬂdg(ﬁg )(5-51/2), 772) =0.
Then

dimHomGLz(F)(m, 7T2) —|—dimHomD; (TL’], T[é) = [EX . FXEXZ].

(C) Let 1y be an irreducible admissible genuine representation of aiz(E Yand s a
supercuspidal representation of GLy(F). Let | be a genuine representation of
ﬁz(E ) which has the same central character as that of my and as a Z-module
(TONE),y @ T NE),y = R(wy,). Let ) be the finite-dimensional represen-
tation of D associated to m by the Jacquet-Langlands correspondence. Then

dimHomGLz(p)(m EBJT{, ﬂ2)+dimH0mD;(n1 @T[{, né) =[E*: FXEXZ].

The strategy to prove this theorem is similar to that in [Prasad 1992]. We recall
it briefly. Part (A) of this theorem is proved by looking at the Kirillov model of an
irreducible admissible genuine representation of aiz(E ) and its Jacquet module
with respect to N (F). Part (B) makes use of Mackey theory. For the third part (C),
we use a trick of Prasad [1992], where we “transfer” the results of a principal series
representation (from part (B)) to those which do not belong to principal series.
Prasad transfers the results from principal series representations to discrete series
representations. This is done by using character theory and an analog of a result of
Casselman and Prasad [Prasad 1992, Theorem 2.7] for fGIg(E ) which we study in
Section 4.

2. Part A of Theorem 1.5

Let mp = Indgl(“;gF)( x) be a principal series representation of GL,(F) where x is

a character of A(F). By Frobenius reciprocity [Bernstein and Zelevinskii 1976,
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Theorem 2.28], we get

GLy(F
Homgy, (F) (71, 72) = Homgy, (r) (71, IndB(% "))

= Homur)((m1) n(Fy» x- 8",

where (711) y(F) is the Jacquet module of 71 with respect to N (F'). We can describe
(1) n(F) by realizing 7y in the Kirillov model. Now depending on whether 7y is a
supercuspidal representation or not, we consider them separately.

2A. Kirillov model and Jacquet module. Now we describe the Kirillov model of
an irreducible admissible genuine representation 7 of aiz(E ). Letl:m — Ny v
be the canonical map. Let C*°(E™, my(g),y) denote the space of smooth functions
on E* with values in 7y g),y . Define the Kirillov mapping

K:m — C®(E™, TnE),v)

given by v — &, where §,(x) = l(n((g (1)), l)v). More conceptually, 7y (), 1 a

representation of Z - N(E), and by Frobenius reciprocity, there exists a natural map
- B(E)
7T|B(E) — IndZ-N(E)nN(E)"//'
Since B(E)/Z-N(E) can be identified with E* sitting as {( (1)) te€ E*}in B(E),
we get a map of B(E)-modules:
7T|§(E) —> COO(EX, 7TN(E),10)-
We summarize some of the properties of the Kirillov mapping in the following
proposition.
Proposition 2.1. (1) Ifv' == ((§4). 1)v forv e x then

Ev(x) = (x, )Y (bd ™" x) ((g 2) 1>§v(ad‘1x).

(2) For v € 7 the function &, is a locally constant function on E* which vanishes
outside a compact subset of E.

(3) The map X is an injective linear map.
(4) The image K(rr) of the map K contains the space S(E™, wy(Eg),y) of smooth
functions on E* with compact support with values in 7y ),y
(5) The Jacquet module 7ty gy of 7 is isomorphic to K(w)/S(E™, Tn(E),y)-
(6) The representation w is supercuspidal if and only if K(w) = S(E™, Tn(E),y)-
Proof. Part (1) follows from the definition. The proofs of parts (2) and (3) are
verbatim those of Lemma 2 and Lemma 3 in [Godement 1970]. The proofs of parts

(4), (5) and (6) follow from the proofs of the corresponding statements of [Prasad
and Raghuram 2000, Theorem 3.1]. O
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Since the map X is injective, we can transfer the action of aiz(E ) on the space
of 7 to K(;r) using the map K. The realization of the representation 7 on the space
K(7r) is called the Kirillov model, on which the action of B(E) is explicitly given
by part (1) in Proposition 2.1. It is clear that S(E™, mn(g),y) 1S E(E)—stable, which
gives rise to the following short exact sequence of B(E)-modules

(1) 0— S(E™, mn(E),y) — K(r) = iy — 0.

2B. The Jacquet module with respect to N(F). In this section, we try to un-
derstand the restriction of an irreducible admissible genuine representation 7 of
aiz(E) to B(F). For this, we describe the Jacquet module myr) of . We
utilize the short exact sequence in equation (1) of B(E)-modules arising from the
Kirillov model of 7, which is also a short exact sequence of B(F')-modules. By the
exactness of the Jacquet functor with respect to N (F), we get the following short
exact sequence from equation (1),

O e S(EX, 7TN(E),1//)N(F) d K(T[)N(F) e YTN(E) e 0

Let us first describe S(E™, mn(E), v )N (F), the Jacquet module of S(E™, my(E),y)
with respect to N (F).

Proposition 2.2. There exists an isomorphism

S(E™, Ny wINF) = S(F™, TN ) v)
of F*-modules where F* acts by its natural action on S(F™, Ty (E),y)-

Proposition 2.2 follows from the proposition below. The author thanks Professor
Prasad for suggesting the proof.

Proposition 2.3. Let  be a nontrivial additive character of E such that ¥ |p = 1.
Let S(E™) be a representation of E where the action of E on S(E™) is given by

(n- f)(x) =¥ nx) f(x)
forne E, f € S(E™) and x € E*. Then the restriction map
2) S(E™) — S(F™)
realizes S(E™) F the maximal F-coinvariant quotient of S(E™) as S(F ).

Proof. Note that S(E*) — S(E). For a fixed Haar measure dw on E, we define
the Fourier transform 7, : S(E) — S(E) with respect to the character i by

Fu()E) = fE Fw)y w) dw.

As is well known, Fy, : S(E) — S(E) is an isomorphism of vector spaces, and the
image of S(E*) can be identified with those functions in S(E) whose integral on
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E is zero. The Fourier transform takes the action of £ on S(E*) to the restriction
of the action of E on S(E) givenby (n- f)(x) = f(x+n) forn e E, f € S(E)
and x € E. Write E = F(+/d) for a suitable d € F*. Define ¢ : E — F given by

p(e) = (e —&)/2Vd),

where ¢ is the nontrivial Galois conjugate of e € E, i.e., e =x—~/dy for e =x++/dy
with x, y € F. Clearly ¢(z1) = ¢(z2) for z;,zo € E if and only if z; —zp € F. We
define the integration along the fibers of the map ¢ : E — F, to be denoted by
I:S(E) — S(F), as follows:

1)) :=ff(x+«/2y)dx forall y € F.
F

Clearly I (f) belongs to S(F'). Note that the maximal quotient of S(E) on which
F acts trivially (F acting by translation on S(E)) can be identified with S(F) by
integration along the fibers of the map ¢. Since Y| = 1, the restriction of the
character ¥ i (given by x +— w(\/ﬁx) for x € E) from E to F is a nontrivial
character of F. The proposition will follow if we prove the commutativity of the
diagram
Fy
S(E) —— S(E)

ol

v
S(F) —2 S(F)
where Fy, is the Fourier transform on S(E) with respect to the character ¥, Fy i
is the Fourier transform on S(F) with respect to ¥ va= W IF), Res denotes the
restriction of functions from E to F, and / denotes the integration along the fibers
mentioned above. Recall that 7y, Ve S(F) — S(F) is defined by

Fy o @) = /F PO 70y dy = /F $()¥ (Vdxy)dy forall x € F.

We prove that the above diagram is commutative. Let f € S(E). We want to
show that I o Fy (f)(y) = ]’wﬁ oRes(f)(y) for all y € F. We write an element
of E as x ++/dy with x, y € F. We choose a measure dx on F which is self dual
with respect to Vi in the sense that Fwﬁ (F¢ﬁ (@) (x) =¢(—x) forall ¢ € S(F)
and x € F. We identify E with F x F as a vector space. Consider the product
measure dx dy on E = F x F. Using Fubini’s theorem we have

/F /F¢(Z2)¢¢;(xzz) dzadx = Fy (Fy ())(0) =¢(0)

for ¢ € S(F). Therefore,
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Lo Ry () = [ Fy(P)(r+dy) ds
=// f(z1 +Vdz)y ((x +Vdy)(z1 + Vdz2)) dzi dza dx
FJE=FxF

:///f(zl+\/Ez2)w\/E(YZ1+XZz)dzldzzdx
FJFJF
:/F</F/Ff(m+«/312)#’@()612)dzzdx)x//ﬁ(yzl)dzl

=/Ff(Z1)¢¢g(yZ1)d21 = Fy sz oRes(/)(y).

This proves the commutativity of the above diagram. (I

2C. Completion of the proof of Part (A). First we consider the case when 7; is a
supercuspidal representation of GL,(E). Then one knows that the functions in the
Kirillov model for r; have compact support in E* and one has

T ES(E™, (T)NE).y)
as B(E)modules by Proposition 2.1. Now using Proposition 2.2, we get

Homgr, (r) (1, 72) = Homap) (1) w (), x-8'7%)

= Homyur)(S(E™, (1) N(E).0)N(F)» X-51/2)
= Homu(r) (S(F*, (m)nE)w)s x-8'77).
Since S(F*, (m)n,y) = indégg (w1 N(E),y as A(F)-modules, by Frobenius reci-
procity [Bernstein and Zelevinskii 1976, Proposition 2.29], we get
Homgy,r) (1, m2) = Homy(r) (ind/}g; (TONE) ¥ X -51/2)
= Homyzr) ((T)nE),w (X-8Dz(r))
= Homz ) (1) NE),y» On,)-

This proves part (A) of Theorem 1.5 for 7r; a supercuspidal representation.

Now we consider the case when m; is not a supercuspidal representation of
aiz(E ). Then from equation (1) we get the following short exact sequence of
A(F)-modules:

0— S(F*, (m)NE),y) = T)NE) — Q — 0.
Now applying the functor Homr)(—, x.8'/%), we get the long exact sequence

0 — Homu (s (Q, X-51/2) — Homur) ((T1)n(F)s X-51/2)
— Homa(r) (S(F*, (T Ny .w)s x-8'%) = Bxty (0, x.8'7) > -
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Lemma 2.4. HomA(p)(Q, X.Sl/z) =0 ifand only if Ext}MF)(Q, X.(Sl/z) =0.

Proof. The space Q is finite-dimensional and completely reducible. So it is enough
to prove the lemma for the one-dimensional representations, i.e., for characters
of A(F). Moreover one can regard these representations as representations of F'*
(after tensoring by a suitable character of A(F) so that it descends to a representation
of A(F)/Z(F) = F*). Then our lemma follows from the following lemma due to
Prasad. (]

Lemma 2.5. If x| and x, are two characters of F*, then
dim Hom - (x1, x2) = dim Extp. (x1, x2)-

Proof. Let O be the ring of integers of F and @ a uniformizer of F. Since
F*= 0% x w’? and O* is compact, Ext’;x()(l, x2) = H (Z, Hompx (x1, x2)). If
Hompex (x1, x2) =0, then the lemma is obvious. Hence suppose Homex ()1, x2) #0.
Then Homp~ (1, x2) is a certain one dimensional vector space with an action of wZ.
If the action of & on Hompx (x1, x2) is nontrivial then H (Z, Home~ (x1, x2)) =0
for all i > 0. Whereas if the action of @?Z on Hompx(x1, x2) is trivial, then
H%Z,0)=H'(Z,C)=C. O

We have made an assumption that Homr)(Q, x 812y = 0 and hence by the
lemma above, Exti‘(F)(Q, x.8/2) = 0. So in this case

Homur) (T ey, x-8'%) = Homacry (S(F, (mD)veey.p). x-8'7)

= Homz ) (T NE), v Or,)-

Hence
dim Homgy,(r) (71, m2) = dim Homzr) ((7w1) N (E), > @r)-

Remark 2.6. Recall that Q := (1) n(E) is a finite-dimensional representation of
A(E) and we have assumed that Hom AR (Q, x.8 1/2) =0. The number of characters
x of A(F) for which Homu ) (Q, x.8'/%) # 0 is at most the dimension of Q. The
maximum possible dimension of Q is 2[E* : E*?] (the maximum occurs only if 7
is a principal series representation). Therefore for a given 7| we leave out finitely
many ( <2[E*: E *27) representations 7, in our analysis.

3. Part B of Theorem 1.5

In this section, we consider the case when 7y is a principal series representation of
aiz(E ) and 75 a discrete series representation of GLy (F).

) Let~ T o= IndgLé(E)(?), where (7, V) is a genuine irreducible representation of
A = A(FE). The group A sits in the central extension

1> A2x {1} > AD A/A% > 1,
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where A/A? equals EX/E*? x E*/E*?, and the commutator of two elements a,
and @, of A whose images in A/A? are a; = (eq, f) and ar = (e2, f>), is

a1, @21 = (e1. f2)(e2, f1) € (£1} C A% x {£1],
which is the product of Hilbert symbols (e;, f;) of E. Since the Hilbert symbol is
a nondegenerate bilinear form on E*/E*?, it follows that

(a1, d2]: AJA% x AJA% — {£1)}

is also a nondegenerate (skew-symmetric) bilinear form. Thus A is closely related
to the “usual Heisenberg” groups, and its representation theory is closely related
to the representation theory of the “usual Heisenberg” groups. In particular, given
a character y : A% x {£1} — C* which is nontrivial on {#1}, there exists a
unique irreducible representation of A which contains y. Further, for any subgroup
AgC A/ A? for which the commutator map [a, az], a; € Ao, is identically trivial,
and for which A is maximal for this property, Ag = p~'(Ap) is a maximal abelian
subgroup of A, and the restriction of an irreducible genuine representation 7 of A
to Ao contains all characters of Ay with multiplicity one whose restriction to the
center A% x {#1} is the central character of . Further, 7 = Indgox where x is any
character of Ay appearing in T. All the assertions here are consequences of the fact
that the inner conjugation action of A on Ay is transitive on the set of characters
of Ao with a given restriction on A2 x {#1}; this itself is a consequence of the
nondegeneracy of the Hilbert symbol.

It follows that the set of equivalence classes of irreducible genuine representations
7 of A is parametrized by the set of characters of A2, i.e., a pair of characters of E*2,

Lemma 3.1. The subgroup Z- A2 of A is a maximal abelian subgroup. Let T be
an irreducible genuine representation of A. Then T|3 contains all the genuine
characters of Z which agree with the central character of T when restricted to Z*.

Proof. By exp11c1t description of the commutation relation recalled above it is easy
to see that Z - A2 is a maximal abelian subgroup of A. The rest of the statements
follow from preceding discussion. O

Proposition 3.2 [Gelbart and Piatetski-Shapiro 1980, Theorem 2.4]. For some

irreducible genuine representation T of A, let m; = Indgl(“égE)(t) Then

(TN = Q(0m) =75,

Now as in [Prasad 1992], we use Mackey theory to understand its restriction
to GLo(F). We have Giz(E) / §(E) = IP}E and this has two orbits under the
left action of GL;(F). One of the orbits is closed, and naturally identified with
P}p = GL,(F)/B(F). The other orbit is open, and can be identified with P }E — IP’; =
GL,(F)/E*. By Mackey theory, we get this exact sequence of GL,(F)-modules:

3) 0 — indj? " (#|p) = m1 = IndG 2" (71587 — 0,
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where 7’| g~ is the representation of E* obtained from the embedding E* < A
which comes from conjugating the embedding E* < GL,(F) — aiz(E ). We
now identify EX with its image inside A which is given by x > ((§2), e(x))
where x is the nontrivial Gal(E/F)-conjugate of x and €(x) € {£1}. Now let m;
be any irreducible admissible representation of GL,(F'). By applying the functor
Homgy,(r)(—, 2) to the short exact sequence (3), we get the long exact sequence

GLy(F) (~
0 — Homgr,r) (IndB(fpg )(T|B(F)81/2)’ 772)

4) — Homgr, (r) (71, 72) = HomGLz(F)(lnd 2O g, m2)

— EXtGLz(F) (Il’ldB(IzygF) (‘E|B(F)8]/2), 7'[2) —

From [Prasad 1990, Corollary 5.9], we know that
HOIIlGLZ(F) (Indg](“é()F) (X 0 1/2) , 712) =0 =1 Eth}Lz(F) (Indg]&?gF) (X ) 1/2) s 7'[2) =0.

Since T|p(r) factors through 7'(F), which is direct sum of [E™ : E 2] characters
of T(F), we can use the above result of Prasad with x replaced by 7|pr). Then
from the exactness of (4), it follows that
HomgL,r) (71, m2) =0
if and only if
Homg,(r) (Indg(Lé()F) (f|B(F)81/2), 712) =0
and

HomGLz(F)(lnd La(F )(‘L' |E><) 7'[2) 0.

Note that the representation Ind$ B( fng) (Z1p(r)8'/?) consists of exactly [E* : E*?]

principal series representations of GL,(F'). Since we have made the assumption
that Homgp, (r) (Ind BI(‘%F)( SY 2), 7'[2) =0, it follows that

GL»(F) 1/2
ExtGp, ) (Indp ) (£.8'/7), m2) =0.
This gives
Homg, (r) (1, 72) = Homgr, (r) (ind O (@ o), )
= Homgx (T'|gx, malpx).
The following lemma describes T'| .

Lemma 3.3. If we identify E* with its image {(( ) e(x)) | x € EX } inside A as
above then the subgroup E* - A% inside A is a maximal abelian subgroup. Moreover,
T'|gx contains all the characters of E* which are same as wz|g=2 when restricted
to E*2, where ws is the central character of T.



BRANCHING LAWS FOR THE METAPLECTIC COVER OF GL; 473

Proof. From the explicit cocycle description and the nondegeneracy of the quadratic
Hilbert symbol, it is easy to verify that E* - A% is a maximal abelian subgroup of A.
The rest follows from the discussion preceding Lemma 3.1. (]

As m; is a discrete series representation, it is not always true (unlike what
happens in case of a principal series representation) that any character of E*,
whose restriction to F'* is the same as the central character of 5, appears in 5.
Let 7} be the finite dimensional representation of D associated to 7, by the
Jacquet—Langlands correspondence. Considering the left action of D on

PL = GL,(E)/B(E)

induced by D — GL,(E) it is easy to verify that P} = Dy /E*. Then by Mackey
theory, when restricted to Dj:, the principal series representation m; becomes
isomorphic to indgi (/| gx). Therefore,

~ . D} .
Homp ., (71, 73) = Homp ., (ind L (T'|gx), 73)

= Homgx (T'|px, my| gx).

In order to prove
(5) dim Homgt, () (771, 702) + dim Homp < (771, 713) = [E* : F* EX?)

we shall prove
(6) dimHomgx (7'|gx, ma|px) +dim Homgx (F/|px, 3| px) = [E* : FXE*?].

By Remark 2.9 in [Prasad 1992], a character of E* whose restriction to F* is the
same as the central character of w, appears either in 7, with multiplicity one or in
m;, with multiplicity one, and exactly one of the two possibilities hold. Note that
we are assuming that the two embeddings of £, one via GL,(F') and the other via
Dy are conjugate in aiz(E ). Then the left-hand side of equation (6) is the same
as the number of characters of E* appearing in (7, V) which upon restriction to
F* coincide with the central character of >, which equals dim Hom g (T|px, @y,).
We are reduced to the following lemma.

Lemma 3.4. Let (7, V) be an irreducible genuine representation of A and let x be
a character of Z(F) = F* such that x|gx2qnpx = T|gx2qpx. Then

dimHompx (%, x) = [E* : FXE*?].

Proof. Note that E*?>N F* = Z>*2N F*. From Proposition 3.2, 7|3 = Q(wy,). If a
character u € Q(wy,) is specified on F* then it is specified on F*E %2 Therefore
the number of characters in Q2 (w,) which agree with x when restricted to F* is
equal to [E* : FXE*?]. O
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4. A theorem of Casselman and Prasad

As mentioned in the introduction, we use results of part (B) involving principal
series representation and “transfer” these to the other cases, as stated in part (C)
which involves restriction of the two representations. To make such a transfer
possible Prasad used a result which says that if two irreducible representations of
GL,(F) have the same central characters then the difference of their characters
is a smooth function on GL,(E). We will need a similar theorem for ﬁz(E ),
which we prove in this section. In order to do this, we recall a variant of a theorem
of Rodier which is true for covering groups in general; this variant is proved in
[Patel 2015]. Let us first recall some facts about germ expansions, restricted only
to SLa(E).

For any nonzero nilpotent orbit in sl (E) there is a lower triangular nilpotent
matrix Y, = ( 2 8) such that Y, belongs to the nilpotent orbit. For a given nonzero
nilpotent orbit, the element « is uniquely determined modulo E*?. We write A\, for
the nilpotent orbit which contains Y,. Thus the set of all nonzero nilpotent orbits is
(N |ae EX/E*X?).

Let 7 be an irreducible admissible genuine representation of §I:2(E ). Recall that
for an irreducible admissible genuine representation 7 of §I:2(E ), the character
distribution ®; is a smooth function on the set of regular semisimple elements. The
Harish-Chandra—Howe character expansion of ®; in a neighborhood of the identity
is given as follows:

Oroexp=co(t)+ Y cal®) i,
acEX|EX2
where ¢y(7), ¢,(t) are constants and fiy;, is the Fourier transform of a suitably
chosen SL;(E)-invariant (under the adjoint action) measure on N,.

Fix a nontrivial additive character i of E. Define a character x of N by x ((1) )lc) =
¥ (x). For a € E* we write v, for the character of E given by ¥, (x) = ¥ (ax). We
write (N, ) for the nondegenerate Whittaker datum (N, x). It can be seen that the
set of conjugacy classes of nondegenerate Whittaker data has a set of representatives
{(N,¥a) | a € EX/E*?}.

From the proof of the main theorem in [Patel 2015], the bijection between
(N, |aeEX/E*?}and {(N, ¥,) | a € EX/E*?} given by N, <> (N, 1) satisfies
the following property: c, # 0 if and only if the representation t of SL,(E) admits
a nonzero (N, ¥,)-Whittaker functional.

It follows from [Gelbart et al. 1979, Theorem 4.1] that for any nontrivial additive
character ¢’ of N, the dimension of the space of (N, v')-Whittaker functionals for
T is at most one. Therefore, from the theorem of Rodier, as extended in [Patel 2015],
each c,(7) is either 1 or O depending on whether T admits a nonzero Whittaker
functional corresponding to the nondegenerate Whittaker datum (N, ¥,) or not.
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Remark 4.1. Let G be a topological central extension of a connected reductive
group G by u,, a cyclic group of order r. For g € G there exists a semisimple
element g; € G such that g belongs to any conjugation invariant neighborhood of
g €G.

Let 71 and 1 be two irreducible admissible genuine representations of §I:2(E ).
Note that {:Ei} is the center of ﬁz(E ) and these are the only nonregular semisimple
elements of §I:2(E ). It is known that the character distributions ®,, and ©,, are
given by smooth functions at regular semisimple elements. Therefore ®; — O,
is also a smooth function at regular semisimple elements. For i = 1, 2, and any
element z € {j?l}, the character expansion of 7; in a neighborhood of z is given
by the w,, (z) multiplied by the character expansion of 7; in a neighborhood of the
identity. Therefore, if we know that ®;, — ®, is also smooth in a neighborhood of
the identity and both the representations t; and 7, have the same central characters
then ®;, — ®, is a smooth function on the whole of éiz(E ).

For any nontrivial additive character ¥ of E, let us assume that 7; admits a
nonzero Whittaker functional for (N, ¥) if and only if 7, does so too. Under this
assumption ¢, (71) = c4(12) for all a € E* /E*?. Then we have the following result.

Theorem 4.2. Let 11, 7o be two irreducible admissible genuine representations of
§I:2(E ) with the same central characters. For a nontrivial additive character '
of E, assume that T\ admits a nonzero Whittaker functional with respect to (N, ¥")
if and only if t, admits a nonzero Whittaker functional with respect to (N, y').
Then ©, — Oy, is constant in a neighborhood of identity and hence extends to a
smooth function on all of ﬁz(E ).

Using Theorem 4.2, we prove an extension of a theorem of Casselman and
Prasad [Prasad 1992, Theorem 2.7]. From [Patel and Prasad 2016], let us recall the
following lemma.

Lemma 4.3. Let 7w be an irreducible admissible genuine representation of fG\iz(E ).
Write GLg(E )y = Z. SLz(E ). Then there exists an irreducible admissible genuine
representation T of SLZ(E) and a genuine character | on with p|( 5, = wr and

GLa(E)
deL £y, HT

Moreover, we have
TG, E), = @ nte.
a€GLy(E)/GLa(E) ¢
Now we prove the theorem of Casselman and Prasad for the aig(E ).

Theorem 4.4. Let v be a nontrivial character of E. Let | and my be two ir-
reducible admissible genuine representations of GL,(E) with the same central
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characters such that ()N y = (T2) N,y as Z-modules. Then O, — Op,, initially
defined on regular semisimple elements of GL,(E), extends to a smooth function on
all of GLy(E).

Proof. We know that ®,, and ©, are smooth on the set of regular semisimple
elements, so is ®,, —®,. To prove the smoothness of ®,, —®,, on all of E}IQ(E ),
we need to prove the smoothness at every point in Z. As Z is not the center of
GLZ(E ), the smoothness at the 1dent1ty is not enough to imply the smoothness
at every point in Z. Note that Z is the center of GLZ(E)Jr =7 - SLZ(E) and
GL2(E )+ is an open and normal subgroup of GL2(E ) of index [E* : E*?].

Using Lemma 4.3, choose irreducible admissible genuine representations t; and
7p of §f,2(E ) and genuine characters p1, wo of 7 such that

GL,(E) GLo(E)
@) T 1ndGL B (u1t1) and mp = 1ndGL E)s (Ur12).

From Lemma 4.3, we have

®) mlae, = P W ad migL,e,= P w)
acEx/Ex? acEx/EX2

We also know that all the characters u{ fora € E*/E *2 are distinct. From the
identity (8) we find that

) (T)NE)y = @ wi (TN E),y and (T2)n(E),y = @ w5 (TN E), -
a€EX JEX? a€EX JEX?

Since (1) y = (m2) N,y @S 2-modules, in particular, the parts corresponding to
u?-eigenspaces are isomorphic for all a € E*/E*2. Therefore 1 = ,ug for some
b e EX/E*?. Since
My = deL ), (na2) = lndgﬁg (uhth),

gizgg (ut1), and ng_deL Eg (L12).
Now (1) n(E),y = (T2) N(E),y aS Z-modules translates into THONE),y E(TNE),Y
for all a € EX/E*?. Therefore, by Theorem 4.2, O, z¢ — ©rg is constant in a
neighborhood of the identity for all « € E* /E*2.

Let ©, ¢ denote the character expansion of an irreducible admissible representa-
tion p in a neighborhood of the point g. Then

Oni= Y Oumez= Y u@6Oq,

by changing 7, by 1:2 , we can assume 77} =ind

acEx/EX? acEx/EX?

and
= D Ounpuz= Y, p@Oqg
acE*/EX? acE*/EX?

This proves that ®,, — ®, is a constant function on regular semisimple points
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in some neighborhood of 7 for all Z € 7ZcC 6]:2(E ), and therefore it extends to
a smooth function in that neighborhood of Z. Thus ®,, — ©,, which is initially
defined on regular semisimple elements of aiz(E ), extends to a smooth function
on all of aig(E). O

Corollary 4.5. Let w1, my be two irreducible admissible genmne representations
of GLZ(E) with the same central character such that (m)n,y = (T2)N,y as Z-
modules. Let H be a subgroup of GLZ(E ) that is compact modulo center. Then
there exist finite-dimensional representations o1, o2 of H such that

T |g ® o1 Em|u @ oo.

In other words, this corollary says that the virtual representation (71 — 72) |y is
finite-dimensional and hence the multiplicity of an irreducible representation of H
in (;r; — )|y will be finite.

5. Part C of Theorem 1.5

Let 7y be an irreducible admissible genuine representation of aig(E ). We take
another admissible genuine representation 7 having the same central character as
that of 1 and satisfying (1) n(£),y © (ﬂ{)N(E),w = Q(wy,) as Z-modules. From
Proposition 3.2, if m; is a principal series representation then we can take ;| = 0.
It can be seen that if 771 is not a principal series representation then (1) y(g),y 1S a
proper Z-submodule of Q(wx,) forcing 7 # 0. In particular, if 7; is one of the
Jordan—Holder factors of a reducible principal series representation then one can
take 7| to be the other Jordan—Holder factor of the principal series representation.
It should be noted that for a supercuspidal representation r; we do not have any
obvious choice for 7;.

Let m, be a supercuspidal representation of GL,(F). To prove Theorem 1.5
in this case, we use character theory and deduce the result by using the result of
restriction of a principal series representation of aiz(E ) which has already been
proved in Section 3. We can assume, if necessary after twisting by a character
of F'*, that 7, is a minimal representation. Recall that an irreducible representation
1y of GLy(F) is called minimal if the conductor of 7 is less than or equal to the
conductor of 7, ® x for any character x of F'*. By a theorem of Kutzko [1978], a
minimal supercuspidal representation 7, of GL,(F) is of the form 1ndGL2(F) (W),
where W) is a representation of a maximal compact modulo center subgroup K of
GL,(F). By Frobenius reciprocity,

Homg,(r) (711 @ 71, 2) = HomgL, () (71 ® 7], ind%LZ(F)(Wz))
= Homy ((m1 @ 7)) |, Wa).
To prove Theorem 1.5, it suffices to prove that

dim Homy (71 ® 7))k, W2) +dim Hom px (1 @ 707, 715) = [E™ 1 FXE*?].
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For any (virtual) representation 7 of aig(E ), let m(r, W) =dim Homy [ |, Wa]
and m (7, w5) = dim Hom D} [, ;]. With these notations we will prove

(10) m(m @ 7|, Wa) +m(m ®nj, my) = [EX: FXE*?].

Let Ps be an irreducible principal series representation of ai,z(E ) whose central
character wp; is the same as the central character w,, of 7 (it is clear that one
exists). By Proposition 3.2, we know that (Ps)n(g),y = Q(wps) as a Z-module.
On the other hand, the representation 7’1 has been chosen in such a way that
T)NE),y @ (JT INE),y = L (wg,) as a Z-module. Then, as a Z-module we have

(M ®TDNE)y = TDNE),y B (TDNE),y = 2(wr,) = Q(wps) = (PS)NE), -
We have already proved in Section 3 that
m(Ps, Wp) +m(Ps, b)) = [E* : FXE*?].
In order to prove equation (10), we prove
(11) m(m ®my — Ps, Wo) +m(my @y — Ps, 5) =0.
The relation in equation (11) follows from the following theorem:

Theorem 5.1. Let Iy, I1; be two genuine representations of ai,z(E) of finite
length, having the same central characters, and such that(T11)n(g),y = (I2)N(E), v
as Z-modules. Let 1y be an irreducible supercuspidal representation of GLy(F)
such that the central characters wn, of I1| and wy, of o agree on F* N E*2,
Let 1t be the finite-dimensional representation of Dy associated to mp by the
Jacquet—Langlands correspondence. Then

m(I1y — Iy, m2) + m(I1; — p, 5) =0

We will use character theory to prove this relation, following [Prasad 1992] very
closely. First of all, by Theorem 4.4, ®p,_p, is given by a smooth function on
GL,(E). Now we recall the Weyl integration formula for GL, (F).

5A. Weyl integration formula.

Lemma 5.2 [Jacquet and Langlands 1970, Formula 7.2.2]. For a smooth and
compactly supported function f on GL,(F) we have

R B A(x)(% [ s xpdg)a
GLa(F) g, YEi Ei\GLa(F)

where the E; are representatives for the distinct conjugacy classes of maximal tori
in GLo(F) and
(x1 —x2)? H
X1X2

Alx) = ‘
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where x| and x, are the eigenvalues of x.

We will use this formula to integrate the function f(x) = Om,—m, - Ow,(x) on K
which is extended to GL, (F) by setting it to be zero outside XC. In addition, we also
need the following result of Harish-Chandra, cf. [Prasad 1992, Proposition 4.3.2].

Lemma 5.3 (Harish-Chandra). Let F(g) = (gv, v) be a matrix coefficient of a

supercuspidal representation 7w of a reductive p-adic group G with center Z. Then

the orbital integrals of F at regular nonelliptic elements vanish. Moreover, the

orbital integral of Fat a regular elliptic element x contained in a torus T is given

by the formula

(13) [ r@xpag= 20
T\G

d(m)-vol(T/Z)’

where d () denotes the formal degree of the representation w (which depends on a
choice of Haar measure on T\G).

Since 7, is obtained by induction from W5, a matrix coefficient of W, (extended
to GL,(F') by setting it to be zero outside ) is also a matrix coefficient of ;. It
follows that

(1) for the choice of Haar measure on GL,(F)/F* giving K/F* measure 1,
dim W2 = d(]‘[z),

(2) for a separable quadratic field extension E; of F' and a regular elliptic element
x of GL,(E) which generates E;, and for the above Haar measure dg,

Clon - O, (x)
14 /EiX\GLz(F) Ow.(g " xg)dg VOl(E[/F*)
Equation (14) can be explained as follows. Let the dimension of W, be n and let
{e1, ..., ey} be an orthonormal basis of W;. For g € K the map g — F;(g) :=
< gei, ¢; > defines a matrix coefficient of W, foralli =1, ..., n. Then Ow,(g) =
Yo' Fi(g). Now consider all these F; as matrix coefficients of 7,. Apply
Lemma 5.3 for F = F; and sum up over alli =1, ..., n then we get equation (14),

since d(mp) = dim Wy = n.
5B. Completion of the proof of Theorem 1.5. We recall the following important
observations from Section 5SA and Theorem 4.4:

(1) The virtual representation (IT; — IT,)|x is finite-dimensional.

(2) Oy, is a matrix coefficient of 75 (extended to GL,(F') by zero outside K).

(3) There is Haar measure on GL,(F)/F* giving vol(X/F*) = 1 such that the
(14) is satisfied.

(4) The orbital integral in equation (13) vanishes if 7' is the maximal split torus.



480 SHIV PRAKASH PATEL

Let the E;’s be the quadratic extensions of F. Then these observations together
with Lemma 5.3 imply the following

m(ITy — Iy, Wz)

W/FX) /6“1 M, - Ow, (x) dx

K/F*

1
/ ®n1,n2~®wz(x)dx

" Vol(K/F¥)
GLy (F)/F*
-1 = _
Vowc/F)Z [ewls [ onn-ona pau
L ETEX E\GLa(F)
_ZW /(A On,-n, - Ox,) (x) dx.
EX/F*

Similarly, we have the equality

/ 1
m(I; — T, ) = )

oA X T xy A-Oq, _r,-O_, dx.
— 2Vol(E; /F*) / (A-On -, - Ony)(x)dx

X
E[/F

Note that the E;’s correspond to quadratic extensions of F' and the embeddings of
GLy(F) and Dy have been fixed so that Working Hypothesis 1.3 (as stated in the
1ntr0duct10n) is satlsﬁed i.e., the embeddings of the E; in GL,(F) and in DX are
conjugate in GLZ(E ). Then the value of O, _p, (x) for x € E;, does not depend on
the inclusion of E; inside GLQ(E), i.e., on whether the inclusion is via GL,(F') or
via D;f. Now using the relation O, (x) = —®n£ (x) on regular elliptic elements x
[Jacquet and Langlands 1970, Proposition 15.5], we conclude the following, which
proves equation (11):

m(I1; — [a, Wa) +m(ITy — I, w5) =0

6. A remark on higher multiplicity

We have shown that the restriction of an irreducible admissible representation of
aiz(E ), for example a principal series representation, to the subgroup GL,(F)
has multiplicity more than one. Given the important role multiplicity one theorems
play, it would be desirable to modify the situation so that multiplicity one might
be true. One natural way to do this is to decrease the larger group, and increase
the smaller group. In this section we discuss some natural subgroups of the group
aiz(E ) which can be used, but unfortunately, it still does not help one to achieve
multiplicity one situation. We discuss this modification in this section in some
detail.
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Let us take the subgroup of 6i2(E ) which is generated by GL,(F') and Z. We
will prove that this subgroup also fails to achieve multiplicity one for the restriction
problem from GL,(E) to GL(F) - Z. Let

H =GLy(F) C Hy =Z -GLy(F) C GL2(E).

We will show that the restriction of an irreducible admissible representation of
GLZ(E ) to the subgroup H+ has higher multiplicity. Note that the subgroups Z and
GL,(F) do not commute but Z? commutes with GL,(F). In fact, the commutator
relation is given by

(15) [, 8] = (e, det @) € {1} C GLy(E),

where ¢ € Z and g€ aiz(F ) lie over elements e € Z and g € GL;(F') respectively,
and (—, —)g denotes the Hilbert symbol for the field E. The lemma below proves
that the center of H, is Z2F*.

Lemma 6.1. For an element e € E*, the map F* — {£1} defined by f — (e, )E
is trivial if and only if e € F* EX%,

Proof. Let (-,-)g and (-, -)r denote the Hilbert symbol of the field £ and F
respectively. For e € E* and f € F*, the following is well known [Bender 1973]:

(e, f)E= (Ngsr(e), f)F,

where N, is the norm map of the extension E/F. Therefore, if (e, f)g =11is
true for all f € F*, then by the nondegeneracy of the Hilbert symbol (-, -) 5 one
will have Ng,r(e) € F 2 The inverse image of F*? under the norm map Ng /F
is now seen to be E*?F* since this subgroup surjects onto F*2 under the norm
mapping, and contains the kernel {z/Z = z%/zZ : z € EX} of Ng/r. (Il

Let o be an irreducible admissible representation of GL,(F). For any character
x of F* let us abuse the notation and simply write o0 @ x for o ® (x odet). By the
commutator relation (15), for a € Z and g € GL,(F) we have

a(g, €)a~' = (g, xa(det g)e),

where y, is given by x — (x, a) g for all x € E*. Therefore, the conjugation action
by a € Z takes o to the quadratic twist o ® x,. We have the following lemma
which easily follows from Clifford theory.

Lemma 6.2. Let H() = 72. GLy(F). Let o be an irreducible admissible rep-
resentation of GL,(F). Assume that o ® x, 2 o for any nontrivial element
aeE~ /FXEX2 Fix a genuine character n of Z* such that NExnz2 = Oo |l pxn72-
Then p = Ind +(no*) is an irreducible representatlon of H+ The representation
0 is the only zrreduczble representation of H+ whose central character restricted
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to Z* is n and also contains . Moreover, Pl = Ducpx/rxpx2 10 ® Xa). In
particular, from Lemma 6.1, the restriction of p to Hy is multiplicity free.

Note that if o is a principal series representation of GL,(F) which is not of
the form Ps(xi, x2) with x1/x2 a quadratic character, then such principal series
representation of GL,(F) have no nontrivial self twist, i.e., for any character x
of F* the relation Ps(x1, x2) @ (x odet) = Ps(x1, x2) implies that x is trivial.
Let m be an irreducible admissible genuine representation of aiz(E ) such that
dim Homgy,(F) (7, 0) > 2. Let n be the central character of 7. Note that the central
character of any irreducible representatlon of H+, which is contained in 7, agrees
with n when restricted to Z2. As in the previous lemma we let p = IndH+(ncr).
The representation p is the only representation of H+ which appears in 7 and
contains o. So the multiplicity of such a principal series representation o of GLy (F')
in the restriction of an irreducible admissible genuine representation of aiz(E ) is
the same as the multiplicity of the corresponding irreducible representation of ﬁ+,
i.e., dim Homﬁ+ (m, p) = dim Hf_)LnGLz(F) (7T,~ o) > 2. Thus we conclude that the
restriction of representations of GL,(E) to H; has higher multiplicity.

On the other hand, let us take the group G = {g € GL,(E) : detg € FXE*?}.
Note that this subgroup G contains GL,(E) = Z - SLo(E). We will prove that the
pair (5 GL,(F)) also fails to achieve multiplicity one for the restriction problem
from G to GL2(F ). From the commutation relation (15), it follows that the center
of the group G is FXZ2 Recall that the restriction from GLZ(E ) to GL2(E )+
is multiplicity free and G > GL2(E )+, thus the restriction from GL2(E ) to G is
also multiplicity free. Let 7 be an irreducible admissible genuine representation of
fGIZ(E ) and p be an irreducible admissible genuine representation of G such that

p < m|g. Then we have
Tlg= @ 0°.

a€EX/F*XEX2

For a; # ay in EX/F*E*?, p® 2 p®. In fact, the central characters of p® and
o% are different when restricted to F*.

Let  be an irreducible admissible genuine representation of Giz(E ) and o an
irreducible admissible representation of GL,(F') such that

dim HOIIlGLZ(F) (m,0) > 2.

If HOI’I’IGLZ(F) (p*, 0) #0 then HOI’I’IGLz(F) (p*2,0)=0foray #a in EX/FX EXZ,

since the central character of p* restricted to F* will be different from the

central character of o. Thus there exists only one a € EX/F*E*? such that

Homgy,(r)(p?, o) # 0. We can assume that Homgy,(r)(p, o) # 0. We have
Homgy, () (0, 0) = Homgy,(r)(7, 0)

and hence dim Homgy,(r)(p, 0) > 2.
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HESSTIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS

DEKAI ZHANG

We solve the complex Hessian equation on closed Hermitian manifolds, which
generalizes the Kihler case proven by Hou, Ma and Wu and Dinew and
Kolodziej. Solving the equation can be reduced to the derivation of a priori
second-order estimates. We introduce a new method to prove the C° esti-
mate. The C? estimate can be derived if we use the auxiliary function which
is mainly due to Hou, Ma and Wu and Tosatti and Weinkove.

1. Introduction

Let (M, w) be a closed Hermitian manifold of complex dimension n > 2. In this
paper, we study the Hessian equation

(Z)a),’j A"k =elw",
(1-1) sup,, u =0,

Wy = w+~/—190u € Ty (M),

where (}) = n!/(k!(n —k)!), Tx(M) is a convex cone (see (2-2) in Section 2) and
1<k<n.

The complex Hessian equation is an important class of fully nonlinear elliptic
equations. It arises naturally from many significant geometric problems. When
k =1, it is the classical Laplacian equation. For kK = n, equation (1-1) is the complex
Monge—Ampere equation
(1-2) o =el ", supu=0.

M
Yau [1978] solved equation (1-2) on compact Kihler manifolds, and his solution is
now known as Calabi—Yau theorem. For general Hermitian manifolds, (1-2) has been
solved by Cherrier [1987] for dimension 2. Guan and Li [2010] and Zhang [2010]
obtained C! and C? estimates for dimension n > 2. Finally, Tosatti and Weinkove
[2010] derived the C° estimate and thus solved (1-2) for arbitrary dimension.

While 1 < k < n, equation (1-1) has more complicated structure and also is
closely related to many important geometric problems. For example, for k = 2, it

MSC2010: 35160, 53C55.
Keywords: Hessian equations, closed Hermitian manifolds, a priori estimates.
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relates to Fu and Yau’s [2008] generalization of the Strominger system which comes
from superstring theory. Several significant results about the Fu—Yau equation have
been obtained by Phong, Picard and Zhang [Phong et al. 2016a; 2016b; 2017].
When k£ = n — 1, it has similar features to the Monge—Ampere type equation in the
study of Gauduchon conjecture by Tosatti and Weinkove [2015; 2017] and Tosatti,
Weinkove and Székelyhidi [Székelyhidi et al. 2015].

We now come back to the complex Hessian equation. To solve it, it is crucial to
derive the a priori estimates up to second-order. If (M, w) is a Kéhler manifold,
Hou, Ma and Wu [Hou et al. 2010] proved

(1-3) max |09ul, < C(1 +max |Vul3),

where C does not depend on the gradient bound of the solution.

They also pointed out that (1-3) may be adapted to the blow up analysis to get
the gradient estimate. Later on, combining (1-3) with a blow up argument, Dinew
and Kotodziej [2017] obtained the gradient estimate. Then equation (1-1) can be
solved on Kihler manifolds.

In this paper, we solve the complex Hessian equation on closed Hermitian
manifolds. More precisely,

Theorem 1.1. Let (M, g) be a closed Hermitian manifold of complex dimension
n > 2 and f be a smooth real function on M. Then there exist a unique real number
b and a unique smooth real function u on M solving

(1-4) (Z)wk A" R =e T w, e Ty (M), supu=0.
M

We use the continuity method to solve problem (1-4). The openness follows
from implicit function theory. The closeness argument can be reduced to a priori
estimates up to the second order by the standard Evans—Krylov theory. Actually,
we can derive the zero-order estimate and the second-order estimate of solutions of
equation (1-1) and thus use the blow up method to obtain the gradient estimate.

For the complex Monge—Ampere equation on closed Hermitian manifolds, Tosatti
and Weinkove [2010] derived C? estimate by proving a Cherrier-type inequality
which was originally proved in [Cherrier 1987]. For the Hessian equation (1-1), we
can prove a similar Cherrier-type inequality by a new method which combines an
inductive argument with key inequalities for k-th elementary symmetric functions
in [Chou and Wang 2001]. For the C? estimate, the main difficulty is that there are
new terms of the form 7 % D3u, where T is the torsion of w. To control these terms,
we use the auxiliary function due to Tosatti and Weinkove [2013]. The auxiliary
function originally comes from Hou, Ma and Wu [Hou et al. 2010]. For the Hessian
equation, the main difference is that for equation (1-1) we need to apply some
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lemmas for the k-th elementary symmetric functions which were proved by Hou,
Ma and Wu [Hou et al. 2010].

The rest of the paper is organized as follows. In Section 2, we give some
preliminaries. In Section 3, a Cherrier-type inequality is derived, and then we obtain
the C” estimate. In Section 4, we prove the C? estimate by a similar auxiliary
function used in [Tosatti and Weinkove 2013].

Székelyhidi [2015] has also obtained similar results, but our methods are different.

2. Preliminaries

Let (M, g) be a closed Hermitian manifold and let V denote the Chern connection
of g. In this section we give some preliminaries about the k-th elementary symmetric
function and the commutation formula of covariant derivatives.

Elementary symmetric functions. The k-th elementary symmetric function is de-
fined by

o= D iy,

1<ij<--<ix<n

where A = (A, ..., A,) € R Let k(aij) denote the eigenvalues of the Hermitian
matrix {aij}; we define
ok(a;;) = or(Mag5}).

The definition of o} can be naturally extended to a Hermitian manifold. Indeed, let
AV (M, R) be the space of smooth real (1, 1)-forms on M; for x € ALL(M, R) we

define
n Xk /\wn—k
(0=, )=
Definition 2.1.
(2-1) Iy={reR":0i(0)>0,j=1,...,k}.
Similarly, we define I'; on M as follows
(2-2) Te(M) = {x € A" (M,R) : oj(x)>0,j=1,...,k}.
Furthermore, o, (Aliy - - - i;), with iy, .. ., i; being distinct, denotes the r-th sym-
metric function with A;, = --- = X;, = 0. For more details about elementary

symmetric functions, one can see the lecture notes [Wang 2009].
To prove the C” estimate, we need the following lemma for elementary symmetric
functions:
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Lemma 2.2. Suppose that . € I'y,3 <k <nand )| > Ay >---> A,. Then there
exists a positive constant C depending only on k and n, such that for 1 <i <k —2,

23)  Ahg Al <=3 Po (M), 1<ji<jp<-e-<ji<n,
JFEHI<I<i1<j<n.
Proof. Since
n
D ap=01(M12: k=1)>0, and A =Ay> > Ay,

p=k
then

2-4) Apl = (n—K)Ae, k+1=<p=n.
We first prove the lemma for k£ = 3. In this case, one needs to prove
M| < Coy(A|j) forl<j,l<nandl#j.
Since o1 (A|j) = A+ o1 (M jD, A <o1(A]j). Now, if A; <O, then [ > 4. By (2-4),
Ml = (n—=3)A3 <o1(Alj), 4=l =n.

Then the lemma follows for k = 3.
Next we prove the lemma for the general k,3 <k <n.
If j >i,sincei <k—2, A|j € I';41, applying [Lin and Trudinger 1994, p. 322,
(19)] yields o;(A|j) = Ay---X;. Since 1 <[ <i <k —2, by (2-4) we have
1A, | <max{Ar;, (n —k)A} < (n— k)2
Then
(2-5) Mk djl < (n=K)'Ay - hi < (n =K 2o (A1),
If j <i, applying [Lin and Trudinger 1994, p. 322, (19)] yields
oi(MJj) = Ay Ajoidjpr e Aigr
Note j; # j, so
(n=3)%r,  Ji<J,

|)\j1| = { . .
n—=3)+1, J1i>].

Therefore, we have
(2-6)  [AjAjy - hl S —K) A1 hjoihjgr - Aip1 < (n— K)o (AL ).
Combining (2-5) and (2-6), we obtain
Mjhpohjl < (=320, 1<ji<jo<-<jisn,

j#j, 1<l<i, 1<j<n O
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By Lemma 2.2, we immediately obtain the following lemma which is a key
ingredient in proving Lemma 3.2:

Lemma 2.3. There exists a positive constant C depending only on (M, w) and n
such that

V=10uAdu A7V AT, - CN/—lau/\équ;’t Agi—i—1

" B w"

(2-7)

9

where T; is defined as the combinations of w, dw, ddw; more precisely,
= Y oA =D00) A @) A V=1 (0w)!
0<3p+2g<n—i
forl<i<k-—1.
Proof. For x € M, we choose the coordinates such that
n n
@) =v-1)_di/ nde,  w,x)=v=1)_ rjdz/ ndZ/,
Jj=1 j=1
and Ay > Ay > --- > A,. Write T; as follows:

T = (N=D"" (T 1ty iy A2V A - AdZ AAZ™ A - AdZ
Then

V=10uANdunw' AT "
(2-8) LD D DT I PR
Jil=11<ji<--<ji<n,#j,l
n
<CY D i Phggeehgl
J=l1=jj<w<jj=n
jEi<l<i
n
<CY o plu;l?
j=1
V=10u A du A, N
=C e ,
where we have used Lemma 2.2 in the last inequality and C depends on the
bound of the torsion and the curvature of (M, w). O

Commutation formula of covariant derivatives. We have, in local complex coor-
dinates zy, ..., Zn,
g 0

_ R g 9 iV _ [p1—1
2-9) s7=8(37557) 1&1=1g)
For the Chern connection V, we denote the covariant derivatives

(2-10) u; = Va/aziu, I/tl-jT = Va/aZjVB/gziu, ”i]‘k = Va/aszB/azjVQ/aziu.
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We use commutation formulas for covariant derivatives on Hermitian manifolds
which can be found in [Tosatti and Weinkove 2013]:

Q-11)  wg =u;5;— T u i HugR

) o . _Tq
ij PUpjs Upif=Upj =up— Tjpltig-

- 4 L -
iip > Uipj ijp

(2-12) u;; f+l/tpj’-erﬁip_upr71Rij1p_Tl

_ p 7P, . _TPrd ,
ijlim = Yiimi j i Upin j ij“lm Tliij“pq-

3. Zero-order estimate

In this section we derive the zero-order estimate by proving a Cherrier-type in-
equality and the lemmas in [Tosatti and Weinkove 2010]. Since the constant b in
Theorem 1.1 satisfies

bl < sup|f]+C,

where C is a positive constant depending only on (M, w). Thus, we will assume
b = 0 for convenience.

Theorem 3.1. Let u be a solution of Theorem 1.1. Then there exists a constant C
depending only on (M, w), n, k and sup,, | f| such that

sup |u| < C.
M

Due to Tosatti and Weinkove’s results, finding the zero-order estimate can be
reduced to deriving a Cherrier-type inequality which was first proved by Cherrier
[1987]. For the Hessian equation, we use a new method which combines an inductive
argument with the key Lemma 2.3. Even for the Monge—Ampere equation, our
proof is different from that in [Tosatti and Weinkove 2010].

Lemma 3.2. There exist constants py and C depending only on (M, w), n, k and
supyy | | such that for any p > py

/ |Be_(p/2)”|§,a)” < Cpf e Mo,
M M

Remark 3.3. Recently, applying our key Lemma 2.2, Sun [2017] also proved the
lemma above.

Proof. By the equation, we have

f
A" — " = (e_
! ()

where C is a constant depending only on sup f, n and k. On the other hand,

— 1)0)” < Cow",

(3-1 wﬁ/\a)”_k—a)”:(w/;—wk)Aw"_kzv—laéuAa,

P »
where @ = Y i @i A"
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Now multiply both sides in (3-1) by e~ 7 and integrate by parts:
(3-2) Co/ TP >/e_p”«/—185u/\a
M M
—/8e_p”v—15uAa+/e_p”\/—léu/\aa
M M
:p/ e PN/ —10u A du Ao — l/ V—19e7P" A da
M
:pfep”v 10uAdu Ao+ — / “J—130a
M PJm

:=A+B,

where we denote

k
A= p/ e P/ —10u A du A (Za)@‘l /\a)”_"), B = %/ e P/ —190a.
M i=1 M

Our goal is to use term A to control term B. Direct calculation gives

k—
=n Z(ufjl A" TV A B+ (n — k)a)];_1 A" A do,
and

dda=m—k)(n—k—Dof A" F2 N0 A0+ (n =) T A" F A DO
+ =k +k—1D" 2 A" T Adw A dw

u

k=3 k=2
+n(n—I)walAw”_i_3AéwA3w+nZw;Aa)n_i_2/\58w.
i=0 i=0
Then we have
p=TROZKZD gt k-2 o ST A e
p
—k _
L )/e—P“w’;—lAw"—"—lm/—laaw
(n+k—1)(n—k) e Py k2 " IAV =100 A dw
p

-1 : : -
+M Z/ e Pl A" AV =100 A B
p o IM

k-2
n . , -
+E E /e_p”w;Aw”_’_zAV—laaw.
i=0 "M
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When k = 2, term B just becomes

—N(n—3 _
B:w/ e P oy A" ANV =100 A dw
p M

_9 _
+ (n )/e_p”wu/\w”_3/\\/—188w
p M

1 -2 _
+—(n+ ) )/e_””w"_3/\«/—_18a)/\3w
p M

(-3 _ ;
_ w/ e PV =100u A"~ AN —Tdw A do
p M

) B _
(3-3) + (n )/e_”“\/—laaqu"*/\«/—laaa)
p M

21— 1)(n —2 .
n w[ e P AV Tiw A dw
14 M

_9 _
+ (n )/e_p”w”_z/\«/—laaa)
V4 M

(-3 . 5
~ w/ e P =100u A " ANV —Tdw A do
p M

-2 _ - C
L )/e"’”«/—laau/\w"_3/\«/—laaw——1/ e P,
M P Jm

P

We next use integration by parts to deal with the first term and second term on the
right-hand side of the above equality. Indeed,

(3-4) /Iwep”\/—_laéu/\w"4/\\/—_15a)/\8w
= p/ﬁ/[e_p”«/—_lauAE_)u/\w"_4/\«/—_léw/\8w
—|—/Me_””x/—_15u/\\/—_18(w”_4/\5w/\8w)
= pAep”J?lauAéu A" AN=100 A D
+l[We_p”m58(w"_4Am5wA3w)

p
- C
> —pC1/e_p“«/—13u/\8u/\a)”_1——1/ e Pl
M P Jm
C
z—ClA——l e Mo,

P Jm
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A similar calculation gives
/~T1A3 = C
(3-5) /epu —18814/\60"3/\v—188a)Z—C1A__1/epuwn‘
M P Ju

Inserting (3-4) and (3-5) into (3-3), we have

B > —QA — & e Py,
p P Jm
By (3-2) and choosing py = 2C + 1, we obtain for p > pg
A C C
Z < (1 - —1>A < (—1+Co) / e Mo < (Co+ 1)/ e P,
p p M M

5 =
By (3-7) below, we thus prove the lemma.

For the general k, 3 < k < n, we claim that there exist constants Cy; depending
only on n, k and (M, w) such that the following holds for 0 <i <k —1:

(3-6) / e Pl AT,
M

k-2
z—pCliZ/e_p”«/—lau/\éu/\w{;/\a)"_j_l—Cli/e_p”a)”,
som M

where T; is defined as the combinations of w, dw, 9dw; more precisely

T, = Z " TIT3P72 A (JZDP(Bw)P A (Bw)? A (V=1)1(ddw)?.

0<3p+2g<n—i

We use the claim (3-6) to prove the lemma:

k
_ . . C
B>-C E /e_p”v—lau Aaqu’;—’ AR —l/ e Py
i= M P Ju

> —QA — 9 e P,

V4 P Jm

(1 - %)A < (%+CO)A{€_””0)”.

Now we choose pg =2C + 1, then for any p > po,

Thus we have

p2/ e P/ —10u A du A"t <2p(Co+ l)f e Pho,
M M
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Therefore we have
2
(3-7) / |8e_(p/2)”|§w" = ﬂ/ e P =10u A du A" !
M 4 Ju

np(Co+ 1)f =Pl
2 M

= pC/ e Mo,
M

Now, we prove the claim (3-6) by an inductive argument. When i =1,

/ep”a)uATl
M
:/e_p“a)/\Tl—i-/e_p”\/—laf_)u/\Tl
M M
:fe_p“w/\Tl—/E)e_p“/\«/—lf_)u/\Tl+/e_p“«/—1f_)u/\8T1
M M M
=/ep“a)/\T1+p/ep”\/—lau/\éu/\Tl—l/\/—léep”AaTl
M M PJm
:pf e_p”\/—lau/\f_)u/\Tl—i-/e_p“a)/\Tl—l/ e P AN—100T,
M M PJu

2—C1p/ e P/ —10u A du /\w"_l—lee_p”w".
M M

Suppose that the claim is true for / <i — 1; we will prove that the claim is also
true for / =i. Indeed,

/e_p”a)f‘/\Ti =/e_P“a)f;l/\w/\Ti—I—/e_p”\/—laéu/\wL_l/\T,-
M M M
:fe_p“a);_l/\a)/\T[+p/e_p”\/—18u/\5u/\a);—1/\T,-
M M
+/e_””<'§u/\«/—18(a)i_l AT}
M

=Ai1+ A2+ A5
By the induction,

Ai,l = / e_p”a)it_l Ao AT;
M
k=2
2—pCli(n,k,a))Z/e_””\/—lau/\au/\a),ﬁ/\a)”ﬂ_l
— Jm
j=0

—Cyi(n, k, a))/ e P,
M
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By the inequality (2-7) in Lemma 2.3, we have
(3-8) Ain :p/ e PN —10u N du ATV AT
M
> —ng,-/ e P —10u A du /\a),’;_1 YN
M
Now we deal with the term A; 3:
Aisz= / e P u AN —13(0' VAT
M
= l/ e P —103(0' TV AT)
PJu
= —(1—1)(1—2)/ e_p”«/—_lw,i_3A5wA8wA7}
p M
i1 e_p”a)it_z/\«/—lé(aa)/\ﬂ)—l—d/ e P w2 A/ =100 A DT,
P Ju P Ju
- l/ e Plol I A/ =100T;
PJm
_(=D=2) 1);1 _2)/ e_p”\/—_la);_3 ANIWA I AT
M
+ % e_p“a)i_z/\ [V—10Q@wAT;) ++/—10wAdT;]
M
— l/ “Pui T ANV/—100T;
PJm
k=2

> —PC3iZ/ e PV =13undu nwl A" —C3i(n,k,a))/ e Pyt
j M

For the last inequality, we have used the induction.

4. Second-order estimate

O

In this section we use the auxiliary function in [Tosatti and Weinkove 2013] which
is modified by the auxiliary function in [Hou et al. 2010] to derive the second-order
estimate of the form (1-3). The difficulty arises from the third-order derivatives.

Locally the equation is

(4-1) or(w,) = e’

Theorem 4.1. There exists a uniform constant C depending only on (M, w), n, k

and f such that
(4-2) max [39ul, < C(1 + max |Vul}).
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Proof. Denote w;; = g;; +u,;; and let £ € T'OM, |§]7 = 1.

We use the auxiliary function similar to that in [Tosatti and Weinkove 2013]:

H(x, &) = log(wE E") + colog(g w juig"EY) + (| Vu|2) + v (u),

where ¢, ¥ are given by

w(s):—%log(l—%), 0<s<K-—1,

W(t) = —Alog(l + ﬁ) _L+1<t<0,
for

K:=sup|Vul;+1, L=suplul+1, A:=2L(Co+ D),
M M

where Ay is a constant to be determined later and ¢ is a small positive constant
depending only on n and will be determined later. By [Hou et al. 2010], we have

- L / L " __ N2

4-3) T TV >0, ¢ =2(¢)” > 0.

- Ao _y=A_ no 280 12 1
(4-4) 72V z5p =6t ¥ ZI_SO(W), for &0 < 577

These inequalities will be used below.
Suppose H (x, &) attains its maximum at the point x¢ in the direction &j. Then
we choose local coordinates {3/ az', ..., /9z"} near xq such that

8ii(x0) =38ij, u;;=u;;(x0)ij, Ai=w;;(x0) =14u;(xo) with ;== 4,.

We want to prove that

0 1,0 2 _ i i e

Hxo.§) < H(xo. 577) forall £ € 7M. [} = 1. ) w(xo)é's/ > 0
i.j

by choosing ¢y small enough. In fact, at xo we have

_ n n
log(wy;£* ") +co log(g"w,jwigEPEY) =1og(2wkk|€k|2) +co log(lekk|2|sk|2).

k=1 k=1

If wy3 > —w,j, which is always satisfied when n < 3, then wlzl < w;j. Thus we
have H (xo, &) < H(xo, 9/9z").
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Now we suppose that w,7; < —w;j. Thus we have n > 4. Let iy be the smallest
integer satisfying w;; < —w,j. Then ip > k+ 1. By |w;;| < (n —2)w,j, so
n n
log Y w;i &>+ colog Y _Jw;; Pl
i=1 i=1
io—1 n io—1 io—1
< logwu<2|5’|2 - g |2> +co log<wf12|s’ >+ (n— 2>2wf12|5’|2)
i=1 i=i i=1 i=1

=logw,j(1 —21) +cologw? (1 — 1 + (n —2)°1) := (),

where 1 =) " |77 € (0, 3).
By choosing co =2/((n — 2)2 — 1), we have h'(t) < 0. Then

h(t) < h(0) =log(w;7) + co log wfi

Consequently, we obtain

0 1,0 2 _ i igj
H(xo, &) < H(xo, a_z1> forall &€ T"OM, [E2=1, ) n;(x0)E'&/ >0,

i,j

by choosing co =2/((n — 2)2 — 1) when n > 4 and ¢y = 1 when n < 3.
We extend &y near xo by &y = (g”)—lﬂ(a/az‘ ). Consider the function

Q(x) = H(x, &) = log(g ;' w,) + colog(g ' ¢ wywip) + (I Vul) + ¥ (u).

We will calculate F Q at xo to get the estimate; all the calculations are taken
at xo. For simplicity, we denote £ = &) in the following. By (&, &) g = |§|2 =1,
differentiating both sides, we obtain at xg

=——(£,&), (Va/az“? E)g + (5, Viyoui&)g

k0
(E A9k gl > <§ 37k’ & azl>
= gut" ,i§l+gki‘§ fl,i
4-5) =&+,

We also have the basic formula for £ € TOM:

(4-6)
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Direct calculations give

_ (wE*ED); te (gpqwkquigké_l)i

Qi = 0—— =+ + Vi,
wy§E! griwgw,;E*&!
(wkzékg)i; (wkﬁk&_l)i(wkiéké_l); b (g7 wig wpié:kg_l)if
i = == = 00— =
wyEkE! (wyErE")? griwggw,;EkE!
—Cp (8" B wng,kg_l)i(gpq uf(; wngkg_l)i +oi;+ ¥
(gPTwigw,;E*&")?

Next, we want to simplify Q; and Q. By (4-5), we have

(wkifkél)i = wki,iéksl + wklfk,iél + wkiékfl,i =w;+ wli(sl,i +§l,i) = Wqji;>
Thus we have
(g""wiq wpﬁké_l)i
= g M ungiw & E + gPwigw, £ + P wgw ;&% € + gPwgw 8 E
= wi(wg; +wip) Fw ¢ +HE)
=2wjw;y;.
Therefore, we obtain the simplified formula for Q; at xq:
_ Wy 2wy,

W7
(4-7) 0, = +eo— 4 g + i = (14 2c0)—1

+oi+vi=0
Wi Wy Wy

Similar calculations give
(Wi ED; = [wyg €8 + w8+ EREl));

= wy;EREl 4wy (658 + EFEL) +wyg; (85 61 + £

+wy (EF 8+ EE + £ L VL)
= wy i + w8+ wiE + € +w gl

Fw (& HEL) +wp (E558K + g5 ER)
=wj; +2 ) Re(w,E 5 +w g6 +w ¢ +E15)
. (85 2 + 185,

The last equality holds because we use (4-2) and (4-5) and the fact

wep &+ wipEl = 2Re(wyg,E5).  wiEl +wpE' =2Re(w EK).
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We can also calculate
(g" wkqujéké‘_l),-;
= 8" (wigiw, "€+ wigw,; £ E + wiegw £ 8+ wigw i E*E);
= gh (wkq,-;wpifké_l + wkqiwpzzékgl + wkqiwpigk{g + wkqiw,,jéké—l;)
+ 877 (Wigrw,; & E 4 wigw, ;8 €+ wigu,;E' i+ wigw, ;£
+ g7 (wy gy w1+ wigw, ;& E 4 wiquw 8 8+ wigw, 5 ED)
+ 871 (Wegrw, €8T+ wigw € 8+ wigw,iE €L 4 wigw,i € )
= Wy Wy g+ WipW, 1+ W w i€ + wipiwppEP;
L1iEP s wiwyEl
+wyw 65 A wppw, i E R+ w 7€ 4wy €0 P
Wy pwppE Py + wyw s + wpp P EP w2
= 2w w7 + lwipi* + (w517 + 2wy Re(w, 1,7 + w,1:57)

+ 2wy Re(wi i€ P+ w,1;675) + wpp” (7117 + |671%) +wy i€ +£137)

T W pw,g; + W W T Wppw

Therefore we simplify Q- at x¢ as follows

Wi7:7 co
Qi = (1+2c)— 4+ —- 5 (lwipil + |wy 551%)
Wy w]j
p#1
|w11i|2
— (14 200) =55+ (o) + 0 + Vi,

_2
11

where (x%);; 1s given by

2 — — w,;
(o) = —— ) Re(wqi € +wip€) + £ + &+~ (841 + 185 )
11

11 k#1
ZCO 2C()w B —

+ == Re(w, 7+ w, £ ) + Y — 2L Re(w5i€P; +w,1;£77)
Wiy p#£l p£l Wiy

2cowy5° —
+ (P 187 ) + o6 +E )
11

For this term (xx*).:, we have the estimate

i’

o
—= > (wipil* + w517 = C,

k). ; > —
(x)s = 2w
p#l

where C is a positive constant depending only on (M, w).
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Let F(w,) = (ox(w,))'/*. We denote by
pii = OF  pijpq_ _0°F
dw;;’ dw,;70Wpg
where (w,) i =8 T U Then, the positive definite matrix (F ij (wy)) is diagonalized
at the point xo. More precisely,
'y 'y 1 _ .
(4-8) FY (@u) = 8 F" (@) = loc )1 o1 (M) 8.
Furthermore, at x,
. Fii-rp, ifi=j, p=g;
4-9) FUPi(w,) = FIPPifi=q, p=j, i #p;
0, otherwise,

in which

iipp _ 1 - ;
piipp — E[o'k()\,)]l/k '(1 = 8ip)ox—2(Alip)

* %G - 1)[ak(x)]”"—2crk_1(Mi)ok_l(Mp),
FPP = — o 1 o 5 Glip).

We have, in addition, at xg

n n

(4-10) Y Flw; =Y Fiy=0"=ellk

i=1 i=1

By the maximum principal, we have

@11) 0> FiQ:=FQ;

> (1+2CO)Z u“” COZZF |u1pl|

i= lp;él 11

n zz
_(1+2CO)Z | 111 +1// ZFUU,,'FwNZF”W |

i=1

+¢”ZF”|Vu|%|Vu|§ +¢' Z F (|7 >+ lupi )
i=1 i,p=1

n n
+¢ Z F i + i) — CIZF”
i,p=1 =

n
1211+12+13+14+15+16+17+18—Cleii
i=1
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The equation can be written as F(w,) = e//¥ := h. Differentiating this, we get

n n n
Z iy — Z iy Z JPdy .y - —
F “g/z—VlF—hl» F uijlﬁ—i_ F ul.jlupqm —hlm-
i,j=1 i,j=1 i,j,p,q=1

n ~ n _

i ij,rq,, - _
§ :F Uiy = hyi E : F Ui Upgl-
i=1

i,j.p.q=1

and

By commuting the covariant derivatives formula (2-12), we have

n n n n
@12) Y Flugg = Flugip+ ) Flag = 3w R
i=1 i=1 i=1 i=1
no n
2
3 P30 g X T 7 ),
q=1 p=1

Inserting (4-12) into the term /;, we have

(4-13) I :(1+2CO)Z oM
11

n

—(1+2CO)Z ”“+<1+2co)2

ii’ _ AR -
F'"(uyg —ui) Ry

i=1 wli

i Tlt pli i7 1z| Upp
+2(1+2c0)ZF R( )—(1+2co)ZF il b

i,p=1 Wi i,p=1 Wi

lj]upql
—(1+2c0) — (1 +2¢o) Z
Wy
i,j,p,q=1

: Fi;(uli_”'T)R'fli i T11'”1T

+ (1 +2¢0) i L 49 (1 4 2¢0) F”Re(’—’)

n - Tlp.u ii n .7|T[?|2u =
+20 +ZCO)ZF”R6(Z —”) — (1 42c) ) TP
i=1 A Wil ip=1 Wi
=In+ho+ L+ ha+ Lis+ Le.

We estimate each term in this sum. First we have
n -
Ii+ I3+ 5> —Cy = 3(nCy+C3) Y F',
i=1

where we have supposed that sup,, |T|> < C3, sup,, |R| < Cs.
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We claim ;5 + I, > —181n%C» Z?:l Fii. Indeed, since nlz <cop <1, we have

Iis+ 1, = ZZF ipil? +2(1+2c0)ZF”Re(Z 1;) ”“)
11

i= lp;él PF
Co Ulpi 2(1 + 2c¢p) 2271 +2Co)
-2 F”Z\w e 9 L
i=1 11 0 i=1 p#l
2 n
e B I
i=1 p#1
n -
> —18nCy)_ F".
i=1
Then we obtain
" Fip Thu -
@4-14) h+L=>—(1+42c) Y wmmzco)zw (ﬂ)
ijpa=t L1 i=1 Wit
n —
— QIn*Cy+3C3)) F'— (.
i=1
For terms I7; + Ig, we claim
1~ - "
(4-15) L+1Iy> Ew’ZF”m,.;ﬁ— (C2+C3) Y F'—
i=1 j

Indeed, by the commutation formula for covariant derivatives (2-11) in Section 2,

R _ i _ R _ l _
upu uup + Tpluu + uﬂl uptj’ u[nl ulpl uup szuu

Then

n n
D Fluyy =3 Flug, + Z FU (T + g Ripg)
i=l1 i=1

n
:hP +ZF”(T;)1MU +u(1

ZF” i ZF” llp+ZF” ip ll_h +ZF” ip l;

Riipg)
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Inserting the above formula into /g, we obtain

n
4-16) Ig=¢' > F'(u,up +uy;5up)
i,p=1

n n n n
B wlz ' |:hp+ZFii (Tzfi“iﬁ“qRimq)} —HO/Z “p [hl’_ZF” Til}”iJ
p=1 i=1 =1

i=1

n n n
=2¢'Y " F'u;Re(usT};) + go’Z[z Re(uphp) + Y upuquiRiipq:|
i,p=1 p=1 i,q=1
= Ig1 + Ig.

For the term Ig,, we have

n
Iy > —C3ZFii —C.

i=1

For the term Ig;, we obtain

n n
I+ 1 =2¢" ) FlugRepTy) +¢' Y | F' (il + lupil*)
i,p=1 i,p=1
n _ n
> S P 4 20 Re (S )|
i=1 p=1

n n 2 n n
U e 3 . ey
=(,0/§ F”‘%+2 E uprll. +Z(p/§ F”Iu,~;|2—4(p'§ F!
i=1 p:l i=1 i=1

1 < - ? -
(D/ZF”h’tille _ sz F”.
i=1 i=1

n

2
i
E upri

p=1

=

(S]]

Thus we have proved the above claim (4-15). Moreover, applying (4-10) yields

n n
w/ZFiiuif:w/ZFii()"i_l)
i=1 i=1

n n
=y'h—y' Y F">-2(Co+ lysupe/’* —y' Y " F".
i=1 M i=1
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Similarly,
1 n n .
50D Fllugl = —ga’ Y Fii =1
i=1 i=1
1 n . n . 1 n B
i e <
— E(p/ZF”)‘i _(p/ZF”)‘i'i'E(p/ZF”
i=1 i=1 i=1
2" « ' 20

1
> 2g0 ZF”)\Z supef/k—l- 3¢ ZF”.
i=1

Inserting these terms into (4-11), we obtain

4-17) 0>FQ.:

Thug;
> — (1 +2cp) Z Hiji pq1+2(1+2CO)ZFU ( 11”}11)
i,j,p.q=1 i=1 Wii
n 1L|u111|2
—(1+2c0))  —1
i=1 wll

n

n n
s s 1 s
2 2 2 2
+¢" F”|Vu|,.|w|;+w“§ F''u;| +§(p/§ FU);

i=1 i=1 i=1
1 LI
/ / 2 ii
+<—¢ +5¢/ = 22n 02—403);1: e
=A+A+ A3+ Ay + As+ Ag

1 A
/ / 2 il
+(-v'+50 —22n C2—4C3>21:F Sy
1=
where Cj is a positive constant depending only on Cy, sup e//¥, sup |V (e//¥)|? and
sup |39 (e/7%)].

Let ¢ = %8 < % and § = 1/(2A + 1), where A = 2L(Cyo + 1) and Cy =
31n%C, + 4C5. We divide into two cases to derive the estimate, which is similar to
[Hou et al. 2010].

Casel: A, < —¢g);.
By condition (4-7), for 1 <i < n, we have

-
—(1 +2co>2)ﬁ —1¢IVul} + ' ui > = =2(¢")* | Vu 7| VulF = 2(8")? i |
11

= —¢"|Vul}|Vul? = 2" ui >,



HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS 505

This gives
rd Tll,t I7
Ay =2(1+2¢) Y F' Re(ll—“’)
i#l wli
e I3 2 2 .7
> —oo 3 Pt CERO8 S iy 2
i£1 Wii co i£1
G|l UTF 2 s
> —cpy Fl 1—1| —on?C, Y FUITLP
i#1 Wi i#1
Thus " Fi;|u 7.|2
Ar+As=—(143c0) Y —H -Gy Y FUT
i=1 Wi i#1
> —(1+2cp)’ Z Pl 9n>C; Z Fii
p— w27

i=1 11 i=1
n B n B
=—As =200 Y F'ui)* —9n’Cy Y Y.
i=1 i=1
We therefore obtain

n n
(4-18) Ay+As+ Ay = =200 Y Flu|* —9n>Cy Y FY.

i=1 i=1

Using the inequality

n 2 n
iiq2 nii 4 2 2pniig2 o € iiq2
Y FN}=FA > F klz;ZF 22,
i=1 i=1
we have

1< iy 2 & < iiy2
(4-19) As=12¢ EF’ Az g 21: A2
1= 1=
Combining (4-17) and (4-18) (4-19), we obtain

n 2 n n
i £ i i
0= F'Q;z-¢'y F'AT =2 ) F'luil?
i=1 i=1 i=1

1 "o
/ / 2
+(—¢/ + 3¢/ =31n 02—403) 2 Fi—c
i=1

&2 .
> (222 _8k(C 12)§ Fi_c
_(SnK 1 (Co+1) 2 1
> ix% —8K(Co+ 1) —Cy,

nK
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where we use the fact that Z;’:l Fii > 1, which follows from the definition of F*‘
and the Newton—Maclaurin inequality.
Hence, we obtain

A < 8V2QA+1)VnK@BK(Co+1)2+C)) < CK.

Case 2: A, > —¢).

Let 1 ={i €{1.....n}or_1(M]i) = e~'or_1 (]1)}. Obviously, 1 ¢ I and i € I
if and only if F > ¢~!F!l. We first treat those indices which are not in /. By
(4-7), we have

Fitly.- |2 - Tly -
_(1+2c0)z |u2111| +2(1+2C0)2F” 1{e 17110

igr i igl Wi
Fillug, 2 (14 2¢)?
; wis €0 ;
i¢l 11 i¢l

— _gp// Fvii|vu|2i|vu|zlT _ 2(1///)2 Z Fii|ul_|2 _ 9’12C2 Z Fii|T11i|2
i¢l i¢l i¢l

n
> —¢" Y F'\Vul|Vul; =26 K () —9nCy Y
igl i=1

Substituting the above inequality into (4-17) yields

(4200 0> FQ.:

n ij,pqq, - - 1, __
> —(1+2q) Y. M—FZ(I—FZCO)ZF“Re(M)
i.j.p.q=1 Wi icl Wii
Fifluli'|2 ” il 2 2 " 4 il 2
—(+2c0) ) —— = 49" ) U IVuIVul; + 9" 3 F i)
iel 11 iel i=1

1 n - ~
i=1
1 2,
+ (—w’ 59 —310°Cr - 4C3) Y Fi ¢
i=1
= B+ B+ B3+ B4+ Bs + Bg + B7 + Bg.

Firstly, we have

1 SO L
B6+B7:z(ple”)\-lz_zg_lK(w/)zFll Z ZQO/ZF”)\-I'Zy
i=1 i=l1
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where we assume that }‘(p’Fﬂ)»% > 2¢~ K (¥")2F!! (for otherwise %(p’Fﬂ)\% <

267V K ()2 F! ie., A < CK).
We next use Bj to cancel the other terms containing the third derivatives of u.

As the proof in [Hou et al. 2010, p. 559], we have
Mok—2(A|1i) = (1 —2&)op—1(A]i) foriel.

Then

i1 Fl—k Fl—k -
—MF = A Mog_o(A|1i) > T(l —28)or_1(Ai)=(1 —ZS)F”.

Since u;7; =uyj; — Tlll.()q — 1), we get

142c0 w— s
— 2 ij,pq,, . ,
B = Y F Uis Uy
i,j,p,q=1

1+ 2co 11
D M F M g

L el
1+2C0
(1-26)Y Fllluyg; — TG — DI,
1 iel
and
2(1 4 2¢o) 1

iel
From (4-7), we have

By=¢" Y F|Vul}|Vul?

iel
2
_ZZF”)(I'i‘ZC) 11i wlui‘
iel
n|”111|2 28 N2 il 2
> 2(14+2¢0)% Y F — T WY F il
iel li iel
lu 11 il
> 2(1 + 2¢p) SZF” L _ Bs,
w
iel 11

where we use (28/(1 —8))(¥')> = ¥ by choosing § = 1/(2A + 1).
So we get

1—2(1 4 2¢p)8
B3+B4+Bsz—(1+2co)[ (/\2 0) ]ZF”|um|2.
1 iel
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Then we conclude

B1+ By + B3+ B4+ Bs
1+26‘0

(1—2¢ )ZF”mm T =D

1 iel

[1—2(1+2c¢p)d]
— (1+2co) ¥ > Fuygl
1

iel
2(1 4 2¢) i
+ o > FRe(aTup)
iel

14 2c¢g
= 2

> F=2e) |y, — T — DP

1 iel
— (1 =21 +2¢0)8)|uy ;1> + 2Re(h T uy 1))
1+ 2¢ 7
— “TIO N FH QA + 2¢0)8 — 26)uy P
1 iel
+2[260 — 1) + 1 Re(Thu ) + (1= 26) (g — DT
>0,

where the last inequality holds if we choose & = %8 < %. In fact,

A =B?>—4AC =42e(h — 1)+ 11> —4(1 —26) (A1 — D221 + 2¢0)8 — 2¢)
<3682(h; — )2 —4(1 = 28)(A; — D>(2(1 4 2¢0)8 — 2¢)
<4(h — 1D2(9e? = 2(1 = 28)((1 4+ 2¢0)8) + 2&(1 — 2¢))
<4(r; — 1)2(5¢% +2¢ —6)
<40 —1)*(@4e—9)
=0.

Then we finally obtain

1 n - 1 n .
0> 29" Y Fllugl’ + (—v'+ ¢ —Cam G) Y Fi-c
i=1

i=1

1 "1
= <—W+§<P/—C2—C3) ZF” + prle”luiglz—Cl
i i=1

n -
ZEFH 16KZF”)“2 Cy,

where we use —y' > Co+ 1 and Cy = 31n%C, + 4Cs.
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In particular, > ;| F i <, By Lemma 2.2 in [Hou et al. 2010], we have
F''>c(n, k)/ C{‘_l, where c(n, k) is a positive constant depending only on n and k.
Then we get the desired estimate
k/2

4C
< —— VK,
L=, )12

where C is given in (4-17). [l
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