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HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS

DEKAI ZHANG

We solve the complex Hessian equation on closed Hermitian manifolds, which
generalizes the Kihler case proven by Hou, Ma and Wu and Dinew and
Kolodziej. Solving the equation can be reduced to the derivation of a priori
second-order estimates. We introduce a new method to prove the C° esti-
mate. The C? estimate can be derived if we use the auxiliary function which
is mainly due to Hou, Ma and Wu and Tosatti and Weinkove.

1. Introduction

Let (M, w) be a closed Hermitian manifold of complex dimension n > 2. In this
paper, we study the Hessian equation

(Z)a){j A" K =el o,
(1-1) sup,, u =0,

Wy =+ ~/—130u € Ty (M),

where (}) = n!/(k!(n —k)!), Tx (M) is a convex cone (see (2-2) in Section 2) and
1<k<n.

The complex Hessian equation is an important class of fully nonlinear elliptic
equations. It arises naturally from many significant geometric problems. When
k =1, it is the classical Laplacian equation. For kK = n, equation (1-1) is the complex
Monge—Ampere equation
(1-2) wZ:efw", supu = 0.

M
Yau [1978] solved equation (1-2) on compact Kidhler manifolds, and his solution is
now known as Calabi—Yau theorem. For general Hermitian manifolds, (1-2) has been
solved by Cherrier [1987] for dimension 2. Guan and Li [2010] and Zhang [2010]
obtained C! and C? estimates for dimension n > 2. Finally, Tosatti and Weinkove
[2010] derived the C° estimate and thus solved (1-2) for arbitrary dimension.

While 1 < k < n, equation (1-1) has more complicated structure and also is
closely related to many important geometric problems. For example, for k = 2, it
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relates to Fu and Yau’s [2008] generalization of the Strominger system which comes
from superstring theory. Several significant results about the Fu—Yau equation have
been obtained by Phong, Picard and Zhang [Phong et al. 2016a; 2016b; 2017].
When k£ = n — 1, it has similar features to the Monge—Ampere type equation in the
study of Gauduchon conjecture by Tosatti and Weinkove [2015; 2017] and Tosatti,
Weinkove and Székelyhidi [Székelyhidi et al. 2015].

We now come back to the complex Hessian equation. To solve it, it is crucial to
derive the a priori estimates up to second-order. If (M, w) is a Kédhler manifold,
Hou, Ma and Wu [Hou et al. 2010] proved

(1-3) max |09ul, < C(1 +max |Vul3),

where C does not depend on the gradient bound of the solution.

They also pointed out that (1-3) may be adapted to the blow up analysis to get
the gradient estimate. Later on, combining (1-3) with a blow up argument, Dinew
and Kotodziej [2017] obtained the gradient estimate. Then equation (1-1) can be
solved on Kihler manifolds.

In this paper, we solve the complex Hessian equation on closed Hermitian
manifolds. More precisely,

Theorem 1.1. Let (M, g) be a closed Hermitian manifold of complex dimension
n>2and f be a smooth real function on M. Then there exist a unique real number
b and a unique smooth real function u on M solving

(1-4) (Z)a)k A" K=ot w, e Ty (M), supu=0.
M

We use the continuity method to solve problem (1-4). The openness follows
from implicit function theory. The closeness argument can be reduced to a priori
estimates up to the second order by the standard Evans—Krylov theory. Actually,
we can derive the zero-order estimate and the second-order estimate of solutions of
equation (1-1) and thus use the blow up method to obtain the gradient estimate.

For the complex Monge—Ampere equation on closed Hermitian manifolds, Tosatti
and Weinkove [2010] derived C° estimate by proving a Cherrier-type inequality
which was originally proved in [Cherrier 1987]. For the Hessian equation (1-1), we
can prove a similar Cherrier-type inequality by a new method which combines an
inductive argument with key inequalities for k-th elementary symmetric functions
in [Chou and Wang 2001]. For the C? estimate, the main difficulty is that there are
new terms of the form 7 % D3u, where T is the torsion of w. To control these terms,
we use the auxiliary function due to Tosatti and Weinkove [2013]. The auxiliary
function originally comes from Hou, Ma and Wu [Hou et al. 2010]. For the Hessian
equation, the main difference is that for equation (1-1) we need to apply some
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lemmas for the k-th elementary symmetric functions which were proved by Hou,
Ma and Wu [Hou et al. 2010].

The rest of the paper is organized as follows. In Section 2, we give some
preliminaries. In Section 3, a Cherrier-type inequality is derived, and then we obtain
the C° estimate. In Section 4, we prove the C? estimate by a similar auxiliary
function used in [Tosatti and Weinkove 2013].

Székelyhidi [2015] has also obtained similar results, but our methods are different.

2. Preliminaries

Let (M, g) be a closed Hermitian manifold and let V denote the Chern connection
of g. In this section we give some preliminaries about the k-th elementary symmetric
function and the commutation formula of covariant derivatives.

Elementary symmetric functions. The k-th elementary symmetric function is de-
fined by

o= D iy,

1<ij<--<ix<n

where A = (A, ..., A,) € R"™ Let X(ai]v) denote the eigenvalues of the Hermitian
matrix {aij}; we define
ok(a;;) = or(May5}).

The definition of o} can be naturally extended to a Hermitian manifold. Indeed, let
AV (M, R) be the space of smooth real (1, 1)-forms on M; for x € ALY(M, R) we

define
( ) n Xk A wn—k
0 = -
k(X k P
Definition 2.1.
2-1) Iy={reR":0i(0)>0,j=1,...,k}.
Similarly, we define I'y, on M as follows
(2-2) Tp(M) :={x e A" (M,R):0;(x)>0,j=1,...,k}.
Furthermore, o, (Aliy - - - i;), with iy, .. ., i; being distinct, denotes the r-th sym-
metric function with A;, = --- = A;, = 0. For more details about elementary

symmetric functions, one can see the lecture notes [Wang 2009].
To prove the C” estimate, we need the following lemma for elementary symmetric
functions:
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Lemma 2.2. Suppose that . € I'y,3 <k <nand )| > Ay > ---> A,. Then there
exists a positive constant C depending only on k and n, such that for 1 <i <k —2,

23)  Ahg Al <=3 Po (M), 1<ji<jp<---<ji<n,
BFEI<I<i,1<j<n.
Proof. Since
n
Y ap=01(M12: k=1)>0, and Ay =Ay= > Ay,

p=k
then

(2-4) Apl = (n—K)Ae, k+1=<p=n.
We first prove the lemma for k£ = 3. In this case, one needs to prove
M| < Coy(A|j) forl<j,l<nandl#j.
Since o1 (A|j) = A+ o1 (M jD), A <o1(X]j). Now, if A; <O, then [ > 4. By (2-4),
Ml = (n—=3)A3 <o1(A]j), 4=l =n.

Then the lemma follows for k = 3.

Next we prove the lemma for the general k,3 <k <n.

If j >i,sincei <k—2, A|j € I'i41, applying [Lin and Trudinger 1994, p. 322,
(19)] yields o; (A j) = Ay ---A;. Since 1 <[ <i <k —2, by (2-4) we have

|4, | <max{Ar;, (n —k)A} < (n — k)2

Then
(2-5) Mk djl < (n=K)'A1 - hi < (n =K 2o (A1),

If j <i, applying [Lin and Trudinger 1994, p. 322, (19)] yields

o (M) = A1 Aj_1hjyr - iy

Note j; # j, so

(=3,  Ji<l,

|)‘jl| = { . .
n—=3)Ay1, Ji1>].

Therefore, we have
(2-6)  [AjAjy - hl <M=K A1 hjoihjgr - A1 < (n—K) 2o (AL ).
Combining (2-5) and (2-6), we obtain
Ajhjyhjl < (=320 (Aj), 1<ji<jp<--<ji<n,

J#Ej, 1<l<i, 1<j<n. O
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By Lemma 2.2, we immediately obtain the following lemma which is a key
ingredient in proving Lemma 3.2:

Lemma 2.3. There exists a positive constant C depending only on (M, w) and n
such that

V-Tounduno, ' ATy C«/—lau/\éu Al A

" o "

2-7)

9

where T; is defined as the combinations of w, dw, ddw; more precisely,
T, = Z "I 3P20 A (V=1D)PQw)? A Q)P A (V—=1)1(00w)?
0<3p+2g<n—i
forl<i<k-—1.
Proof. For x € M, we choose the coordinates such that
n n
o) =v=1) di/ ndZ, w,6)=v=1) rjdzl ndZ,
j=1 j=1
and Ay > Ay > --- > A,. Write T; as follows:

Ty = (N=D"" (T 1ty iy iy A2V A - AdZ AAZ™ A - AdZ
Then

=10uAdunw AT, "
(2-8) LD IS D T I PR
Jil=11<ji<--<ji<n,#j,l
n
<CY Y P
J=l1=jj<w<jj=n
ji#i<l<i
n
<CY ol plu;l?
j=1
V=10u A du Al A "1
=C e ,
where we have used Lemma 2.2 in the last inequality and C depends on the
bound of the torsion and the curvature of (M, w). O

Commutation formula of covariant derivatives. We have, in local complex coor-
dinates zy, ..., Zn,
o 0

_ R g 9 v _ (o1
2:9) s7=8(37 557) 1&71=1g)
For the Chern connection V, we denote the covariant derivatives

(2-10) u; = Va/gziu, l/ll-jT = Va/azjVa/aziu, uljk = Vg/asza/gzjVE)/aziu.
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We use commutation formulas for covariant derivatives on Hermitian manifolds
which can be found in [Tosatti and Weinkove 2013]:

Q11w =upj; = Tiu i HugR

ey —T9 Y-
ij =U; iju,q.

- C— - _q . -
pir HUpij = Upj ijp» Hipj ijp

(2-12) = g + w5 Rimi” — upm R, 7 = T,

7P _pPpd
ij j Tyuipi — T Ty ttpg -

p
i Upmj
3. Zero-order estimate

In this section we derive the zero-order estimate by proving a Cherrier-type in-
equality and the lemmas in [Tosatti and Weinkove 2010]. Since the constant b in

Theorem 1.1 satisfies
|b] <sup|f|+C,

where C is a positive constant depending only on (M, w). Thus, we will assume
b = 0 for convenience.

Theorem 3.1. Let u be a solution of Theorem 1.1. Then there exists a constant C
depending only on (M, w), n, k and sup,, | f| such that

sup |u| <C.
M

Due to Tosatti and Weinkove’s results, finding the zero-order estimate can be
reduced to deriving a Cherrier-type inequality which was first proved by Cherrier
[1987]. For the Hessian equation, we use a new method which combines an inductive
argument with the key Lemma 2.3. Even for the Monge—Ampére equation, our
proof is different from that in [Tosatti and Weinkove 2010].

Lemma 3.2. There exist constants py and C depending only on (M, w), n, k and
supy, | f| such that for any p > po

/ |ae_(p/2)”|§,w" < Cp/ e Mo,
M M

Remark 3.3. Recently, applying our key Lemma 2.2, Sun [2017] also proved the
lemma above.
Proof. By the equation, we have

f
e
O A" — " = ((—

' hy

where C is a constant depending only on sup f, n and k. On the other hand,

— l)w” < Cow",

(3-1 a)l;/\a)”_k—a)”:(a)’;—wk)Aw”_k=V—135uAa,

P »
where @ = Y i o/ A"l
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Now multiply both sides in (3-1) by e ”* and integrate by parts:
(3-2) CO/ TPt > / e P/ —=190u Ao
M M
— / de P/ —10u A +/ e P/ —10u A da
M M

:p/ e_p”\/—lau/\éu/\oz—l/«/—lée_p”/\aot

M

:pfe PU/—10u A du Ao+ — / “J—130a
M PJm

‘=A+ B,

where we denote

k
A= p/ e P/ —19u A du A (Za)il_l /\w”_i), B = %/ e P/ —190a.
M i=1 M

Our goal is to use term A to control term B. Direct calculation gives

k—
=n szi_l A" VA B+ (n — k)a)],j_1 A" A b,
and

dda=mn—-k)(n—k—Dof A" F 2N A0+ (n — )T A" FI A DO
+(n—k)n+k—1D" 2 A" T A dw A dw

u

k=3 k=2
+n(n—I)Za)it/\a)”_"_3/\E_)a)/\fia)—i—nZa);/\a)"_"_z/\E_)&w.
i=0 i=0
Then we have
p=TROZKZD gt k2 o T A e
p
—k _
L )/e—P”w’;—lAw"—k—lm/—laaw
k—1)(n—k
(n—|— )~ k) e Py k2 A" FTAV =100 A B
p

1 : i 3
+M Z/ e "o, A" AV=100 A dw
P = Iu

k-2
n , , -
+; E /e_p”w;Aw”_’_ZAv—laaw.
i=0 M
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When k = 2, term B just becomes

—N(n—3 _
B = wf e P w, A" ANV =100 A dw

) _
(n ) TPl A" AN 100w

(-2 "
+M/ e P A =T A Do
P M
(-3 _ .
_ wf e P =100u A 0" AV=T0w A o
P M
(n—2) _ a n—3 3
(3-3) + eV =190u A" AV =1900
p M

2n—1)(n—2 _
+ 2 Din=2) )/ e P AV ~100 A dw
p M

_9 =
n (n )/ e P "2 A —190w
p M
) -3 A a
. M/ e 'V =103u A"~ AV —Tdw A dw
p M
—9 - 3 ¢
+ (n )/e—P“U—laau/\wn_3/\v—188w——1f e o
D " P Jm

We next use integration by parts to deal with the first term and second term on the
right-hand side of the above equality. Indeed,

(3-4) /A/lep”\/—_laéu/\w"4/\\/—_15w/\8a)
= pAe_p”mauAéqu"_4Aﬁ5wA3w
+Le‘p”ﬁ5uAJ—_18(w”_4A5wA8w)
= p/ﬁ/lep”\/—_lauAéu/\w”4A\/—_15w/\8w

1 _ _

—f e P/ =100 (0" AV —10w A D)

PJm

_ C
2—pC1/e_p“«/—lau/\au/\a)"_l——I/ e Pio"
P Jm
C

> —ClA—— [ e P

P Jm
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A similar calculation gives
/—1A3 = C
(3-5) /epu —13314/\60"3/\\/—188wZ—C1A__1/epuwn‘
M P Ju

Inserting (3-4) and (3-5) into (3-3), we have

p P Jm
By (3-2) and choosing py = 2C; + 1, we obtain for p > pg
A C C
Z < (1 - —1>A < (—‘ +Co) f e Pl < (Co+ 1)/ e P,
p p M M

5 =
By (3-7) below, we thus prove the lemma.

For the general k, 3 < k < n, we claim that there exist constants Cy; depending
only on n, k and (M, w) such that the following holds for 0 <i <k —1:

(3-6) / e Pl AT,
M

k—2
Z—pCliZ/e_p”«/—lau/\f_)u/\a){;/\a)"_j_l—Cli/e_p”a)",
Pl M

where T; is defined as the combinations of w, dw, 9dw; more precisely

T, = Z "I T3P72 A (JZDP (D) A Q) A (V=1)T(ddw)?.

0<3p+2g<n—i

We use the claim (3-6) to prove the lemma:

k
_ . . C
B>—-C E /e_p”\/—lau/\au/\a)llj_’ A=l —lf e Py
i= M D Ju

> —QA _& e o,

V4 P Jm

<1 - %)A < (%+Co)/Me_p”w”.

Now we choose po =2C + 1, then for any p > py,

Thus we have

p2/ e P/ —10u A du A" <2p(Co+ 1)/ e P,
M M
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Therefore we have

(3-7) /|ae PR " = / PO —10u A du A !
_np(Co+1) / —
N M

:pC/ e P,
M
Now, we prove the claim (3-6) by an inductive argument. Wheni =1,
/ep”a)u/\Tl
M
:/e_p”a)/\Tl+fe_p”\/—185uAT1
M M
:/e‘p“a}/\Tl—/Be_p”/\«/—léu/\Tl+/e_p“«/—15u/\8T1
M M M
=fep“wAT1+p/ep"\/—lau/\éu/\Tl—l/\/—léep”/\aTl
M M PJm
=p/ e_p”\/—lau/\éu/\T1+/e_p”a)/\T1 —l/ e P AN—100T
M M PJu
> —Clp/ e P —10u A du A"} —C1/ e Pl
M M

Suppose that the claim is true for / <i — 1; we will prove that the claim is also
true for / =i. Indeed,

/e_p”a)fl/\T,- =/e_p”wi_l/\a)/\T,-—I—/e_p”«/—laéu/\a);_l/\T,-
M M M
:/e_p”a),i_l/\a)/\T,-+p/e_””\/—18u/\5u/\a);_l/\T,-
M M
+fe—P”e§um/—1a(w;’;‘ AT;)
M

=Ai1+ A2+ As
By the induction,

Ai,l = / e_p“a)it_l Ao ANT;
M
k—2
>—pCii(n, k, a))Z/ e P/ —10u A du Ao At I7]
— Jm
=0
—Cyi(n, k, a))/ e o
M
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By the inequality (2-7) in Lemma 2.3, we have

(3-8) Ain =p/Me_p”\/—_18u/\5u/\a)L_l AT
> —ngl-/ e P =10u A du /\a),’;_1 AL
M

Now we deal with the term A; 3:

Aiz= /Me_puéu /\x/—_la(a)fl_1 AT
_ l/ e P/ —139(wi " AT

PJIm
_ %f e P10l NI A AT,
M

e R R L DR PN N
M M

—l/ e Plal I AV —100T;
PJm

_ W/ e P10 NI Ao AT,
p M
+l;1 e—puwll:t—z/\[ /_15(860/\7;)4—«/—15(0/\87‘1]
M

—l/ “PUi T AV/—100T;
PJm

k=2
> —PC3iZ f e P"/—10u N du /\a)L{ A"~ C3i(n, k, a))/ e Pl
j=0"M M
For the last inequality, we have used the induction. O

4. Second-order estimate

In this section we use the auxiliary function in [Tosatti and Weinkove 2013] which
is modified by the auxiliary function in [Hou et al. 2010] to derive the second-order
estimate of the form (1-3). The difficulty arises from the third-order derivatives.
Locally the equation is

(4-1) or(w,) =e’.

Theorem 4.1. There exists a uniform constant C depending only on (M, w), n, k
and f such that

(4-2) max [39uly < C (1 + max |Vul?).
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Proof. Denote w;; = g;; +u,;; and let £ € T'OM, |§]7 = 1.

We use the auxiliary function similar to that in [Tosatti and Weinkove 2013]:

H(x, &) = log(wE E") + colog(g w jwig"ED) + o(|Vu|2) + v (u),

where ¢, Y are given by

w(s):—%log(l——), 0O<s<K-—1,

Yy =—Alog(1+55), —L+l=r=0,
20
for

K:=sup|Vul;+1, L=suplul+1, A:=2L(Co+ D),
M M

where Ay is a constant to be determined later and ¢ is a small positive constant
depending only on n and will be determined later. By [Hou et al. 2010], we have

L 4 L " _ N2
(4-3) 2K2 ¢Z4K >0, 0" =2(¢")* > 0.
- Ao _y-A no 280 12 1
(4-4) 72V 25 =CtL ¥ Zl_go(lﬁ), for &0 = 5777

These inequalities will be used below.
Suppose H (x, &) attains its maximum at the point xg in the direction &y. Then
we choose local coordinates {3/3z!, ..., 3/dz"} near xq such that

8ii(x0) =38ij, u;;=u;;(x0)d;j,  Ai =w;;(x0) =14u;(x0) with Ay =---=24,.

We want to prove that

0 1,0 2 _ i i e

H(xo.£) < H(xo. 577) forall € € THM, [} = 1. ) wy(xo)é's/ > 0
l’j

by choosing ¢y small enough. In fact, at xo we have

~ n n
log(w,z&*E")+co log(¢"w,jwigE7E7) =log(Zwkk|sk|2) +eo 1og(lekk|2|§k|2).

k=1 k=1

If wy3 > —w,j, which is always satisfied when n < 3, then wlzl < w,j. Thus we
have H (xo, &) < H(xo, 3/9z").
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Now we suppose that w,; < —w;j. Thus we have n > 4. Let iy be the smallest
integer satisfying w;; < —w,j. Then ip > k+ 1. By |w;;| < (n —2)w,j, so

n n
log Y wy;|&'1* +colog Y " Jw;; *I&"
i=1 i=1
ip—1 n io—1 io—1
< 10gw11<2|§l|2 - g |2) +co log<wf12|s’|2 +(n—27w ) & |2)
i=1 i=ip i=1 i=1
=logw,j(1 —21) +cologw? (1 — 1 + (n —2)°1) := h(1),
where 1 =) ", |77 € (0, 3).
By choosing co =2/((n — 2)2 — 1), we have h'(t) < 0. Then
h(t) < h(0) = log(w,;) + co logw};
Consequently, we obtain
a A
Hxo.§) < H(xo, 557) forall § e TYOM, 615 =1. ) nj(xo)6's’ >0,
i,j
by choosing co =2/((n — 2)2 — 1) when n >4 and ¢y = | when n < 3.
We extend &j near xg by &) = (g”)_l/ 2(8/dz"). Consider the function
Q(x) = H (x, &) =log(g ;' w) +colog(gr g wywyp) + @ (IVuly) + ¥ (w).

We will calculate F Q at xo to get the estimate; all the calculations are taken
at xo. For simplicity, we denote £ = & in the following. By (&, &) g = |§|2 =1,
differentiating both sides, we obtain at xg

——(£, &), (Va/azirf, E)o+ (€. Viyni)g

_ sk k0 g 9
_<§ gk él > <§ &L 51>g
= gt ,ifl‘i‘gkif 51,1'

4-5) =&, +El

8z’

We also have the basic formula for £ € T'OM:
o 8 _BEk - 0Ef _9gk =
== > : =3 >

o.:
L
w

oL

(4-6)

:3_Zi= 97! o4 i azz 8Zi
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Direct calculations give

_ (wyE*ED); b (8pqwkquz$k€_l)i

Qi = 0—— — + @i + Vi,
wy§E! griwgw,;E*E!
(wkzéké_l)i; (wkiékgl)i(wkjfkgl); Y (g7 wig wpl":'kf_l)ii
i = == = 00— =
wyERE! (wyEkE")? griwggw,;ERE!
—Co (8" B ij?kgl)i (s7" uja? wpzékf_l); +oi+ ¥
(gPTwygw,;§¥&")>

Next, we want to simplify Q; and Q,;. By (4-5), we have
(wkiskgl)i = wki,ifksl + w/dék,ifl + wkiékgl,i =w,;+ wli(sl,i +€l,i) = Wqj;>
Thus we have
(g""wng wpisks_l)i
= " wigiw, ;8 E + P Twigw, EXE + gPTwgw ;8" 8 + gPTungw , ERE
= wy(w; + ) +w ¢ 8
= 2w jwj;.

Therefore, we obtain the simplified formula for Q; at xq:

Wyy; 2wy Wiy,
4-7) Qi=—+co——+oi+¥i=0+2c)—+¢; +¥; =0
Wi Wi 11

Similar calculations give
(wyE €D 7 = [wy 6 E + wy (€5, T +£E));

= wy;rEREl + wyg (6581 + EFEL) + wyg; (85,61 + 85D

+ g (EF 8 + 88 + £ 8+ e
= wy i+ w5+ wiEl +wES Fw gl

+w (€7 HELD) + w8558k + g5 EF)
=wj; +2 ) Re(w,,&5 +wp&5) +w ¢ +£17)
. + w185 + 185, ).

The last equality holds because we use (4-2) and (4-5) and the fact

wep & +wipEl = 2Re(wgE5).  wiEl +wpE' =2Re(w ).
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We can also calculate
(8" wigw, £ ED) ;
= 8pq(wkql'wpi§k5_1 + wkg wpziékf_’ + wkéwpigki%__l + wkquifké_li);
= gpq(wkq,-;wpzékg + wkqiwngfkgl + wkqiijékfé_l + wkqiwpiéké_l;)
+ 8T Wy g w,; 6 E + wigw ;8 E + wigw, £ E 4+ wiqw ;£ EL)
+g" (wkq;wngkié_l + Wg wngékigl + wig w,,z%'ki;-gl + wkqulskis_li)
+ g™ (wkq;wpiéké_li + Wg wpigékf_li + wg wpir?kgé_li + wig ijékf_li;)
= W)Wy WipW, 1+ Wi w i€ + wipiwppEP;
€77+ wiw €l
+wyw S+ wppw, iE R+ w 7€ 4wy €0 P
Wy wppE P 4wy w s+ wpp T EP +w
= 2w w7 + lwipi* + (w5717 + 2wy Re(w, 1,7 + w,1:57)

+ 2w Re(wi i€ P + 1w, ;675) + wpp” (€711 + |671%) +wyi (€ +£157)

T W W, + W W+ Wppw

Therefore we simplify Q- at x¢ as follows

Wi o
Qi = (1+2c0)— 4+ —= 5 (lwipil + |wy 551%)
Wi w]j
p#l
wg; >
— (14 200) 55+ (o) + 9 + Vi,

2
11

where (x%);; is given by

2 — — w,;
(o) = —— ) Re(wyq € +wip€) + £+ &+~ (841 + 185 )
11

11 k#1
2C0 2(,‘()w b —

+ == Re(w, 05+ w, ) + Y ——2C Re(w5i€P; + w,1;£77)
Wiy p£l p£l Wy

2cow 52 £l
+ (67 187 + o6+ 8 ).
11

For this term (xx*).:, we have the estimate

i’

Co
= > (wipil* + w51 — C.

%) .; > —
(x)is = 2w
p#l

where C is a positive constant depending only on (M, w).
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Let F(w,) = (ox(w,))'/*. We denote by
pi = OF  pijipq_ _0°F
dw;;’ dw;;0Wpg
where (w,) i =8 U Then, the positive definite matrix (F ij (wy)) is diagonalized
at the point xo. More precisely,
ij o pii _1 1/k—1 .
(4-8) FY (w,) = 5”F (wy) = k[o'k()\)] O'k_l()\|l)(3,.,.
Furthermore, at x,
] FLre,ifi=j, p=g;
(4-9) FIP(w,) = YFIPP ifi=q, p=j, i#p;
0, otherwise,
in which

iipp _ 1 - ]
Fiipp — z[o'k()\,)]l/k '(1 = 8ip)or—2(Mlip)

* %(% - 1) [ox W1 201 OLlidow—1 (A p),
FPP = — o1 o 5 Glip).

We have, in addition, at xg

n n

(4-10) Z Fll o Z Fll)b O_kl/k _ ef/k.

i=1 i=1

By the maximum principal, we have

@11) 0> FiQ:=F'Q;

>(1+2c0)2 ““” COZZF o pil®

i= 1p7él 11

n ll
_<1+2CO)Z | lll +w ZF”M”'FWNZF”W |

i=1

+ go”ZF”’ |Vu|%|W|% +¢' Z F (lu 7+ lupi )
i=1 i,p=1

n
+¢' Y F(uup + upuy) — C1 Y F
i,p=1 =

n
32]1+12+I3+I4+15+I6+I7+18—CIZFii
i=1
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The equation can be written as F(w,) = ellk .= p. Differentiating this, we get

n n n
Z F”uiﬂ = V]F = h], Z Fljl/tl-j’-lm + Z Flj’pqui;lupgﬁ = hln?-

i,j=l1 i,j=1 iL,j.p.q=1

n ~ n _

i ij,rq,, - _
§ :F Uiy = hyi E : F Ui Upgl-
i=1

i,j.p.q=1

and

By commuting the covariant derivatives formula (2-12), we have

n n n n
@-12) > Flupgg =) Flugi+ ) F o= ) up)Riy
i=1 i=1 i=1 i=1
no_ n
2
DA TNED M W
g=1 p=1

Inserting (4-12) into the term /;, we have

(4-13) I :(1+200)Z &M
11

n

= (1 +2c0)z i TG +2¢0))

ii' _ AR -
F'"(uyg —ui) Ry

i=1 wli
ii le pli |T 1 | Upp
+2(1+2co)ZF”R ( )—(1+2€0)ZF” i
i,p=1 Wi i,p=1 Wi
l]lupql
—(1+2c0) — (1+2¢0) Z
w
i.j.p.g=1 1
- Fﬁ(”li_”"')R‘li i Thug
+ (1 +2¢0) i L 491 4 2¢0) F”Re(’—’)
; Wi X,: Wi

" T Tlp.u ii n .7|T‘1?|2u =
+20 +260)ZF”R6(Z —”) — (1 42c) ) piEIE TP
i=1 pl W1 ip=1 Wy
=In+ho+ L+ ha+ Lis+ Le.

We estimate each term in this sum. First we have
n -
Ii+ I3+ 1> —Cy = 3(nCy+C3) Y FY,
i=1

where we have supposed that sup,, |T|> < C», sup,, |R| < Cs.
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We claim ;5 + I, > —18n%C» Z?:l Fii. Indeed, since niz <co <1, we have

Lis+ 1 = ZZF ipil? +2(1+2€0)ZF”R6(Z lz’u ”“)
11

i= 117751 PF
Co Ulpi 2(1 + 2¢p) 2 2(1 +2C())
-2 F”Z\w e 9 L
i=1 11 0 i=1 p#l
2 n
> _ 2(1+2C0) ZZF”|
i=1 p#1
n -
> —18nCy)_ F".
i=1
Then we obtain
noOFUPay sy " Thugs
@-14) L+h=—-(1+42) Y w—l—Z(l—i—ZCO)ZF”Re(ﬂ)
ijpa=1 1 i=1 Wi
n —
— QIn*Cy+3C3)) F'—
i=1
For terms 17 + Ig, we claim
(4-15) L+1Iy> (p ZF”|u”|1 (C2+C3)ZF”

i=1

Indeed, by the commutation formula for covariant derivatives (2-11) in Section 2,

R _ i R R _ l _
upu uup + Tpluu + Ltq upq’ ui)ii - ulpl uup szuu

Then

n
> Py =Y Fug, +Z P (Tt g Rig )
i=1 i=1

n
:hP +ZF”(T;)!MIL +u‘1

ZFlluﬁl;_ZFll llp+ZF” ip l;_h +ZF”Tzlpuﬁ

Riipg)
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Inserting the above formula into /3, we obtain

n
4-16) Is=¢' > F'(u,;up +uy;5up)
i,p=1

n n n
S0 M e S o oA T W
p=1 i=1

i=1

n
=2¢'Y " F'uz;Re(usT};) + ¢'Z[2 Re(uyh,) + Z upuqF“Riipq:|
i,p=1 p=1 i,q=1
= Ig1 + Ig.

For the term Ig,, we have

n
Ig) > —C3ZF” —C.
i=1

For the term Ig;, we obtain

Isi+ 1 =2¢/ ZF”u Re(upTy) +¢' ZF”<|u,,,| + lupi )
i,p=1 i,p=1

n n
> 'SR [|u,.l.|2+ 2u Re(z u,,T,;,.)]

i=1 p=1

n n 2 n n
_ /ZFvl'lT ﬂ_i_zzu ]-v_L +§ /ZF”T|M’|2—4 /Zl_;vilT
=9 2 P~ pi 4¢ ii %

i=1 p=1 i=1 i=1

n
—§0 ZFll|uif|2 . CZZ Fii
i=1

n _ 2
i
> Ty

p=1

[\)

Thus we have proved the above claim (4-15). Moreover, applying (4-10) yields

n n
1///2 Fil'ui;_ — l,l’/ Z Fii()\-j _ 1)
i=1 i=1

n n
=yh—y' Y F'>-2(Co+ lysupe/’* —y' Y " F",
i=1 M i—
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Similarly,
n
1 /ZFI.;|I/[’|2_1 /ZFIZ()\.—I)Z
290 i —2‘/’ i
i i=1
1 n _ n B 1 n B
— 590/217”)‘1'2—‘)0/217”)%+§¢/ZF”
i=1 i=1 i=l1
L 1 < s
:Ew/ZF”)‘%_‘P/h‘f‘E‘P/ZF”
i=1 i=1
1 & - 1 k] "
>—¢' ) Fi)2— _supe//F+-¢' Y Fi.
> 59 ; P g sup 59D

i=1

Inserting these terms into (4-11), we obtain

@17) 0=FQ;

"o OFUPAy oy s i Thug
> —(1+2c) Y —— P 421426 FiRe( )
L. Wiy 3 Wiy
i,j.p.q=1 11 i=1 11
.o
Filluyi
; wi;

n n n
s s 1 rd
_J’_q)// Fll |Vu|12|vu|;2 _|_ ,(////Z Fll |ui|2 + 5¢/Z F”)\-I'Q
i=1 i=1 i=1
1 LR
/ / 2 ii
v (-w +5¢/ = 22n 02—403);1? el
=A+Ay+ A3+ Ay + As+ Ag
1 2,
’ / 2 i
+(-v'+5¢ —22n C2—4C3>21:F Sy
1=
where Cj is a positive constant depending only on Cy, sup e//%, sup |V (e//*)|> and
sup |39 (e/7%)].
Let ¢ = 18 < 1z and § = 1/(2A + 1), where A = 2L(Co + 1) and Co =

31n%C, + 4C5. We divide into two cases to derive the estimate, which is similar to
[Hou et al. 2010].
Casel: A, < —¢).
By condition (4-7), for 1 <i < n, we have
U, 12
- +2co>2\w1—1f( = —1¢'IVulf + 9w > = =2(0")? | Va7 | Vu|? = 209" i
11

= —¢"|Vul}|Vul? = 2(¢")? |ui >,
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This gives
s Tlu 17
Ay =2(1+2¢) Y F' Re(l’—”’)
: Wii
i£1 11
w12 (14 2¢)? -
> —¢ le lll ‘ _ Fl Tl- 2
D e R ]
i#1
2 i)l 2
_COZF” " ‘ —9n CZZF ITy; 1
11 i#1
Thus

i=1

nFiy - |2
Ar+As=—(143c0) Y # —n*Cy Y FUT
Wi i#l
Fity. - |2
> —(1+2c)° Z # —n*Cy Y F

i=l1 11 i=l1
n B n B
=—A4 —2(y")? Z Fil\lu; > —9n*C, Z Fi.
i=1 i=1
We therefore obtain
n n
(4-18) Ay+As+ Ay = =20 Y Fllu|* —9n>Cy Y Y.

i=1 i=1

Using the inequality

n 2 n
s — — E s
E Fiip2 > Fr)2 > g2 Fripg > — E Fiix2,
n
i=1 i=1
we have

1 § ii & - ii
4-19) Ag = 5(,0/ Z F'ia? > %go’ Z Fiip2,
i=l i=1

Combining (4-17) and (4-18) (4-19), we obtain
&2 n , n ,
O>ZFHQ” > n(p/ZFll)\’%_z(w/)ZZFlllui|2
i=1 i=1

1 2,
+ (—1//+ 5S¢ =31nC, —4c3) Y Fi—c
i=1
2 2 2 . ii
> (232 —8K(Co+ 1 ) Fi_c
re Cor1?) T Fi-c
2

—xz—ch D? -y,
_SK (Co+1)? 1
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where we use the fact that Z?:l Fii > 1, which follows from the definition of F'!
and the Newton—Maclaurin inequality.
Hence, we obtain

A < 8V2QA+1)VnK@BK(Co+1)2+C)) < CK.

Case 2: A, > —¢).

Let I ={i e{l,...,n}log_1(A[i) > e 'oy_1(A|1)}. Obviously, 1 ¢  and i € I
if and only if F' > ¢~!F!l. We first treat those indices which are not in /. By
(4-7), we have

Fii o2 Ty -
_(1+2CO)Z |u2111| +2(1+2C0)2F”Re 107110
, wi- , w7
igl 11 igl 11
Fitju =12 1+ 2¢9)?

2
_ C
el Yii 0 i¢l

— _w// F“|Vu|2i|Vu|2; _ 2(1///)2 Z Fii|ui|2 _ 9n2C2 Z Fii|T11i|2
i¢l i¢l i¢l

> —¢" > FlVul Vul; —2¢7 K ()2 P —9n?Cy Y FP.
i¢l i=1

Substituting the above inequality into (4-17) yields

(4200 0> FQ.:

n ij,pqq - _ 1,
> —(1+2cq) Y. w+2(1+2co)ZF“Re<M)
ij.p.g=1 Wi icl Wii
Fi’T|M11~|2 o 1219 (2 — i o
—(+2c0) )~ 49" ) FUIVulIVul; + 9" 3 F i)
iel 11 iel i=1

| [ _ ;
=
1 2,
+ (-w’ 59 317G —4C3) Y Fi ¢
i=1
= B+ B+ B3+ By + Bs + Bg + B7 + Bg.

Firstly, we have

1, SO L
B6+B7:EQOIZF”)\-IZ_zg_lK(w/)zFll Z ZQO/ZF”)\-I'Zy
i=1 i=l1
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where we assume that %w’Fﬂ)\% > 2~V K ()2 F!! (for otherwise }ﬁp’Fﬂ)ﬁ <

267 K ()2 F ie., A < CK).
We next use Bj to cancel the other terms containing the third derivatives of u.

As the proof in [Hou et al. 2010, p. 559], we have
Mok—2(A|1i) = (1 —2&)oy—1(A]i) foriel.

Then
1—k

k

.= - l_k 3
P = s ) > FT(l —28)0r 1 (Mi) = (1 —26) FiL.

Since u;7; =uyj; — Tlll.()q — 1), we get
1+ 2c¢o

n
_ ij,pd,, . B
B = Y E F U5 U5
i.j.p.q=1

1+ 2co s

i1, o
. 22 Z)”F Uit Uyit
1 iel

14 2c¢q =
== ¢ —26) Y Flluyg, — T 0 = DI,

iel

and
2(1 +2¢
B, = —( 0)

) . > FTRe(Thup).

iel
From (4-7), we have

By=¢" ) F''|Vul}|Vul?

iel
s MIIT 2
—2) Fil |(1 4 2c0) LHi 4ty
iel Wi
- 12 _

> 2(1 +2C0)282F” |u11i| _ 26 (w/)ZZFiiluiP
- . w2 1-6 ,

iel 11 iel

2 i il ?

>2(1+200)% ) F' =15 —Bs,

iel 11

where we use (28/(1 —8))(¥')? = ¥ by choosing § = 1/(2A + 1).

So we get

1—2(1+2¢p)8
B3+B4+Bsz—(1+2co)[ (/\2 0) ]ZF”mmF.
1 iel
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Then we conclude

Bi+ By + B3+ B4+ Bs
1+2€0

(1-2¢ )ZF”Wm T — 1

1 iel

[1—2(142c)8]
— (1+2¢) ¥ > Pl
1

iel
2(1 4 2¢p) i
+ — > FRe(nTu )

iel

1+ 2c¢o .
=——— Y F{(=28)uy;; — ;00 — DI

1 iel
— (1 =21 +2¢0)8)|uy ;1> + 2Re(hi Thuy i)
14 2¢ =
— “TEO SN FH QA + 2¢0)8 — 26)uy
1 iel
+2[26(A — 1) + 1 Re(Thu i) + (1 = 28) (g — DT
>0,

where the last inequality holds if we choose & = }18 < 1—16. In fact,

A =B?>—4AC =42e(h — 1)+ 11> —4(1 — 2&) (A1 — D221 + 2¢0)8 — 2¢)
<3682(h; — )2 —4(1 = 28)(A; — D>2(1 + 2¢0)8 — 2¢)
<4(h — D?(9e? = 2(1 = 26)((1 4+ 2¢0)8) + 2&(1 — 2¢))
<4(r; — 125 +2¢ — §)
<40 —1)@4e—9)
=0.

Then we finally obtain

1 & i o1 noo
0= 20" Y Fllu P+ (—v'+ S¢'—Cam G) Y Fi-c
i=1

i=1

1 "s 1 -
=(-v'+5¢-C—Cy) ZF” + 50 2 g = €
i i=1

n -
ZZI:FH 16KZF”)‘2 Cy,

where we use —y' > Co+ 1 and Cy = 31n%C, + 4Cs.
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In particular, > ;| F i <, By Lemma 2.2 in [Hou et al. 2010], we have
F''>c(n, k)/ Cf_l, where c(n, k) is a positive constant depending only on n and k.
Then we get the desired estimate

k/2
4C
< — VK,
' e, 17

where C is given in (4-17). O
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