HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS

DEKAI ZHANG

Volume 291 No. 2 December 2017



PACIFIC JOURNAL OF MATHEMATICS
Vol. 291, No. 2, 2017

dx.doi.org/10.2140/pjm.2017.291.485

HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS

DEKAI ZHANG

We solve the complex Hessian equation on closed Hermitian manifolds, which
generalizes the Kéhler case proven by Hou, Ma and Wu and Dinew and
Kolodziej. Solving the equation can be reduced to the derivation of a priori
second-order estimates. We introduce a new method to prove the C° esti-
mate. The C? estimate can be derived if we use the auxiliary function which
is mainly due to Hou, Ma and Wu and Tosatti and Weinkove.

1. Introduction

Let (M, w) be a closed Hermitian manifold of complex dimension n > 2. In this
paper, we study the Hessian equation

(kA Tk =elw",
(1-1) sup,, u =0,

Wy = w+/—130u € Ty (M),

where (’Z) =n!/(k!(n —k)!), 'y (M) is a convex cone (see (2-2) in Section 2) and
1<k<n.

The complex Hessian equation is an important class of fully nonlinear elliptic
equations. It arises naturally from many significant geometric problems. When
k =1, it is the classical Laplacian equation. For k = n, equation (1-1) is the complex
Monge—Ampere equation
(1-2) w), =elo", supu=0.

M
Yau [1978] solved equation (1-2) on compact Kihler manifolds, and his solution is
now known as Calabi—Yau theorem. For general Hermitian manifolds, (1-2) has been
solved by Cherrier [1987] for dimension 2. Guan and Li [2010] and Zhang [2010]
obtained C! and C? estimates for dimension n > 2. Finally, Tosatti and Weinkove
[2010] derived the C° estimate and thus solved (1-2) for arbitrary dimension.

While 1 < k£ < n, equation (1-1) has more complicated structure and also is
closely related to many important geometric problems. For example, for k = 2, it
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relates to Fu and Yau’s [2008] generalization of the Strominger system which comes
from superstring theory. Several significant results about the Fu—Yau equation have
been obtained by Phong, Picard and Zhang [Phong et al. 2016a; 2016b; 2017].
When k =n — 1, it has similar features to the Monge—Ampere type equation in the
study of Gauduchon conjecture by Tosatti and Weinkove [2015; 2017] and Tosatti,
Weinkove and Székelyhidi [Székelyhidi et al. 2015].

We now come back to the complex Hessian equation. To solve it, it is crucial to
derive the a priori estimates up to second-order. If (M, w) is a Kédhler manifold,
Hou, Ma and Wu [Hou et al. 2010] proved

(1-3) max [d0uly < C(1 + max [Vu[3),

where C does not depend on the gradient bound of the solution.

They also pointed out that (1-3) may be adapted to the blow up analysis to get
the gradient estimate. Later on, combining (1-3) with a blow up argument, Dinew
and Kotodziej [2017] obtained the gradient estimate. Then equation (1-1) can be
solved on K#hler manifolds.

In this paper, we solve the complex Hessian equation on closed Hermitian
manifolds. More precisely,

Theorem 1.1. Let (M, g) be a closed Hermitian manifold of complex dimension
n>2and f be a smooth real function on M. Then there exist a unique real number
b and a unique smooth real function u on M solving

(1-4) (Z)wllj/\a}”_k —e/*Pe", w, eTW (M), supu=0.
M

We use the continuity method to solve problem (1-4). The openness follows
from implicit function theory. The closeness argument can be reduced to a priori
estimates up to the second order by the standard Evans—Krylov theory. Actually,
we can derive the zero-order estimate and the second-order estimate of solutions of
equation (1-1) and thus use the blow up method to obtain the gradient estimate.

For the complex Monge—Ampere equation on closed Hermitian manifolds, Tosatti
and Weinkove [2010] derived C° estimate by proving a Cherrier-type inequality
which was originally proved in [Cherrier 1987]. For the Hessian equation (1-1), we
can prove a similar Cherrier-type inequality by a new method which combines an
inductive argument with key inequalities for k-th elementary symmetric functions
in [Chou and Wang 2001]. For the C? estimate, the main difficulty is that there are
new terms of the form 7 % D3u, where T is the torsion of . To control these terms,
we use the auxiliary function due to Tosatti and Weinkove [2013]. The auxiliary
function originally comes from Hou, Ma and Wu [Hou et al. 2010]. For the Hessian
equation, the main difference is that for equation (1-1) we need to apply some
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lemmas for the k-th elementary symmetric functions which were proved by Hou,
Ma and Wu [Hou et al. 2010].

The rest of the paper is organized as follows. In Section 2, we give some
preliminaries. In Section 3, a Cherrier-type inequality is derived, and then we obtain
the C estimate. In Section 4, we prove the C? estimate by a similar auxiliary
function used in [Tosatti and Weinkove 2013].

Székelyhidi [2015] has also obtained similar results, but our methods are different.

2. Preliminaries

Let (M, g) be a closed Hermitian manifold and let V denote the Chern connection
of g. In this section we give some preliminaries about the k-th elementary symmetric
function and the commutation formula of covariant derivatives.

Elementary symmetric functions. The k-th elementary symmetric function is de-
fined by

()= D ik

1<ij<--<iy<n

where A = (A1, ..., A,) € R Let k(al.j) denote the eigenvalues of the Hermitian
matrix {a;;}; we define
or(a;;) = or(Mag;}).

The definition of o} can be naturally extended to a Hermitian manifold. Indeed, let
AL1(M, R) be the space of smooth real (1, 1)-forms on M; for x € A1 (M, R) we

define
( ) n Xk A wn—k
o = -
k(X k !
Definition 2.1.
2-1) Ip={reR":0;(0)>0,j=1,...,k}.
Similarly, we define I'y, on M as follows
(2-2) T(M):={x € AV (M,R):0;(x)>0,j=1,....k}.
Furthermore, o, (Ali] - - - i;), with i1, ..., i; being distinct, denotes the r-th sym-
metric function with A;; = --- = 1;, = 0. For more details about elementary

symmetric functions, one can see the lecture notes [Wang 2009].
To prove the C estimate, we need the following lemma for elementary symmetric
functions:
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Lemma 2.2. Suppose that L € T'y,3 <k <nand )| > Xy > ---> Ay,. Then there
exists a positive constant C depending only on k and n, such that for 1 <i <k —2,

(2-3) kAl <=0 (M), 1<ji<ja<---<ji<n,
ji#j1<l<i,1<j<n.
Proof. Since
n
Y ap=01(M12:-k=1)>0, and A =Ay=- = A,

p=k
then

(2-4) Apl<(n =K, k+1=<p=<n.
We first prove the lemma for kK = 3. In this case, one needs to prove
A1l <Coy(Alj) forl<j,l<nandl#j.
Since o1 (A|j) = A+ o1 (X jD), A <o1(X]j). Now, if ; <O, then [ > 4. By (2-4),
Al < (n=3)A3 <o1(A]j), 4=l <n.

Then the lemma follows for k = 3.
Next we prove the lemma for the general k,3 <k <n.
If j >i,sincei <k—2, A|j € [';11, applying [Lin and Trudinger 1994, p. 322,
(19)] yields o; (A j) = Ay ---A;. Since 1 <[ <i <k —2, by (2-4) we have
A1 <max{A;, (n —k)Ak} < (n —k)A;.
Then
(2-5) Mk djl < (=K A1 - hi < (n =K 2o (M)
If j <i, applying [Lin and Trudinger 1994, p. 322, (19)] yields
oA J) = At Aj1Ajgr e Aigr.
Note j; # j, so
n=3)r,  Ji<Js

|)\j1| f{ . .
(n—3))»1+1, Ji > ]-

Therefore, we have
(2-6)  Ajhj Al < (=K Ay AjAggr A < (0 — k) 2o ().
Combining (2-5) and (2-6), we obtain
Mjihjyhgl < (=30 (M), 1<ji<jp<- <ji<n,

Ji#j, 1<I<i, 1<j<n. O
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By Lemma 2.2, we immediately obtain the following lemma which is a key
ingredient in proving Lemma 3.2:

Lemma 2.3. There exists a positive constant C depending only on (M, w) and n
such that

‘«/—1814 AJuAWiTV AT, - C«/—lau/\E_)u/\a)L At

w” - w”

2-7)

El

where Tj is defined as the combinations of w, dw, ddw; more precisely,

= ) o AN-DP@w) A@w) A1) (0dw)!

0<3p+2g<n—i
forl <i<k-—1.

Proof. For x € M, we choose the coordinates such that
n n
w(x)ZV—IZdszde, wu(x)ZV—IZAjdszde,
j=1 j=1

and Ay > Ay > --- > A,. Write T; as follows:

Ty = V=D Tyt iy iy A2 A= NAZ" T AT - AT
Then

(2-8)

V=10uAdu Al A T; “
D DD DR [T YR Y 91

a)n
JI=11<ji<<ji<n,#j,1

n
<CY D Py ngl

j:l I<ji<--<jj<n

n
<CY oi(Aj)lu |
j=1
. C\/—lau Adu Aol A"

a)l’l

’

where we have used Lemma 2.2 in the last inequality and C depends on the
bound of the torsion and the curvature of (M, w). U

Commutation formula of covariant derivatives. We have, in local complex coor-
dinates zy, ..., Zu,
a 0

o2 9 iy _ 1o 11
(2-9) si=8(50 727) (871 =1s)
For the Chern connection V, we denote the covariant derivatives

(2-10) u; = Va/azil/t, I/li]T = Va/azjVa/aZiu, ”i]k = VB/aZkVZ)/azjVa/aziu.
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We use commutation formulas for covariant derivatives on Hermitian manifolds
which can be found in [Tosatti and Weinkove 2013]:

- — - _q R T4,
2-1D Wijp = Uyji — Tll Upjr  Upij = Upji + ”qRijp o Wipj = Uijp ij”’q'
(2 12) ut]lm ulmz] + u lel quR Tlt upmj T ulP’ le T MP‘I‘

3. Zero-order estimate

In this section we derive the zero-order estimate by proving a Cherrier-type in-
equality and the lemmas in [Tosatti and Weinkove 2010]. Since the constant b in

Theorem 1.1 satisfies
bl <sup|f|+C,

where C is a positive constant depending only on (M, w). Thus, we will assume
b = 0 for convenience.

Theorem 3.1. Let u be a solution of Theorem 1.1. Then there exists a constant C
depending only on (M, w), n, k and sup,, | f| such that

sup lu| <C.
M

Due to Tosatti and Weinkove’s results, finding the zero-order estimate can be
reduced to deriving a Cherrier-type inequality which was first proved by Cherrier
[1987]. For the Hessian equation, we use a new method which combines an inductive
argument with the key Lemma 2.3. Even for the Monge—Ampere equation, our
proof is different from that in [Tosatti and Weinkove 2010].

Lemma 3.2. There exist constants pg and C depending only on (M, w), n, k and
sup,, | f| such that for any p > po

[lae (p/z)”| <Cp/e PrQ".

Remark 3.3. Recently, applying our key Lemma 2.2, Sun [2017] also proved the
lemma above.

Proof. By the equation, we have
f
e

©

where Cj is a constant depending only on sup f, n and k. On the other hand,

a)llj/\w”_k—wnz ( —1>a)"§Coa)",

(3-1) a)k/\a)”_k—w”:(a)l]j—a)k)/\a)"_k:\/—laéu/\a,

u

where o = Y ¥ 0l Ao
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Now multiply both sides in (3-1) by e 7 and integrate by parts:
(3-2) cof e Ply" > f e P/ —190u Ao
M M
— / de P/ —10u A +/ e P/ —10u A da
M M

=p/ e_p”\/—lau/\éu/\a—l/ V—19e P* A da

M

=p/ “S=10u A du Ao+ — / e P/ —130a
M PJu

= A+ B,

where we denote

k
A= p/ e P/ —10u A du A <Za);—‘ /\w"—"), B = %/ e "y 13da.
M = M

Our goal is to use term A to control term B. Direct calculation gives

k—
=n wajl A" TN A dw + (n — K)ok TN A" A B,
and

d3da=mn—k)n—k—Dot A" F 2 A0 A0+ (n =) T A" FTI A DO
+m—-k(n+k— l)a)ﬁ_2 A" FUAd A dw

k=3 k=2
+n(n—I)Za)L/\w”_i_3/\E_)w/\aw—i-nZa);/\a)"_i_z/\éaw.
i=0 i=0
Then we have
— —k—1
B = (n=B)(n ) e Py kl A" 2 AV =100 A dw
p
("_k)/ O N e e VAR P4

(n+k_1)(n—k)/ ~pu, k 2 A" A S 19w A D
-1 i J—15
n(n )Z/ e Pl A" AV =180 A dw

+EZ/e_p"wiAw”_i_zAv—léaw.
Py /M



492 DEKAI ZHANG

When k = 2, term B just becomes

B= w/ e Plaoy, A" ANV =100 A dw

-2 /119
D(n—2 3
+Mf e MW" AV =100 Ao
p M
—2)(n—3 5 5
- w/ e P ZT00u A" AV=Tdw A de
P M
(n—=2) —ou a n—3 By
(33) T e P/ —100u A" A/ —100w
P M
2(n—1)(n—2 /15
_"_w/ e_pua)n_3/\ —laa)/\aa)
p M
-2 a
n (n )/e—puw"—z/\«/—laaa)
P M
~2)(n—3 5 3
> w/ e P"=130u A "t AV =130 A do
p M
-2 = a ¢
(n )/e—pu«/_1aaqu"—3A\/—laaw——‘/ e Mot
P Ju b

We next use integration by parts to deal with the first term and second term on the
right-hand side of the above equality. Indeed,

(3-4) /e_p”\/—laf_)u/\w”_4/\\/—15w/\8w
M
=p/ e P =10u A du A" AV =100 A Do
M
+/e_P”v—lf_)uAv—la(w”_4/\E_)a)/\aa))
M
=p/ e P —10u A du A" AV —=10w A D
M
1 _ _
+—/ e P /=100 (0" AV —=10w A )
PJIm
_ C
> —pCl/ e P —1oundunae" ! — —1/ e Pha"
M P Jm
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A similar calculation gives

_ _ C

(3-5) / e P 100U A" AV=100w > —C1A— — | e "o,
M P Jm

Inserting (3-4) and (3-5) into (3-3), we have

B> —QA — ﬁ e P,

p P Jm
By (3-2) and choosing pg = 2C; + 1, we obtain for p > pg
A C C

s=(1-)a=(5+a) / 7w’ < (Co+ 1)/ e,
p p M M

By (3-7) below, we thus prove the lemma.
For the general k, 3 < k < n, we claim that there exist constants C; depending
only on n, k and (M, w) such that the following holds for 0 <i <k — 1:

(3-6) /e_p”wL AT
M

k—2
z—pCliZ/ep”\/—lau/\éu/\a){;/\a)"j1—C1i/ep”w",
“Som M

where 7; is defined as the combinations of @, dw, ddw; more precisely

T = Z @"TI3P20 A (V=1)P Q)P A Q)P A (V=11 (00w)!.

0<3p+2qg<n—i
We use the claim (3-6) to prove the lemma:

k
_ . . C
BZ—Clz/ep”\/—lau/\au/\wﬁ’/\a)"“k1——1/ e Plo
i /M P Jm

> —QA — g e Phy,
p P Jm

c c
(1 _ —‘>A < (—‘ +Co)/ e Pl
p p M

Now we choose py =2C; + 1, then for any p > po,

Thus we have

p2/ e P —10u A du A ™! §2p(C0+1)/ e Mo,
M M
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Therefore we have

2
3-7) / Iae_(p/z)”lﬁa)” = 2/ e P =10u A du A}
M 4 Ju

< np(Co+ 1)/ —
2 M

= pCf e Plo".
M

Now, we prove the claim (3-6) by an inductive argument. When i =1,

/e"’“wu/\Tl
M
=fep“wAT1+/ep"v—laéuAT1
M M
:/e_p”a)/\Tl—f86_1’”/\«/—léu/\Tl-i-/e_p”«/—léu/\aTl
M M M
:/e_p“a)/\Tl—{—p/e‘””\/—l&u/\éu/\Tl—lf V—=18e P A DT,
M M PJm
=p/ ep”v—lauAéuAT1+/ep“a)/\Tl—l/ e P AN—100Ty
M M PJu
> —Clpf e P —10uAdu A} —le e Pl
M M

Suppose that the claim is true for [ <i — 1; we will prove that the claim is also
true for [ = i. Indeed,

/e_p”a);/\Tl- :/e_p”a);_l/\a)/\Y}—I—fe_p”\/—laéu/\a)L_l/\T}
M M M
=/e_p”wi_lAwATi—I—p/e_””\/—lau/\éu/\a)fl_l/\T,-
M M

+/ e P 3u AV =13 VAT
M

=Ai 1 +A2+ A
By the induction,

A,-’I:/e_p”a);_l/\a)/\Ti
M
Z—pCli(n,k,w)Z/ep”\/—18u/\5u/\w{;/\w"j1

—Cii(n, k, a))/ e Plo”
M
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By the inequality (2-7) in Lemma 2.3, we have
(3-8) A,;zzp/ e_p”\/—lau/\éu/\wit_l/\ﬂ
M
> —pCZi/ e P*/—10u A du /\wffl A"l
M
Now we deal with the term A; 3:
Ais= / e P oun/—13( " AT
M
_ %/ e P/ =139 ATY)
M
= %/ e PN =13 A A B AT,
M
+ i-1 e Pl ol P AN =10(D AT;) + d/ e P T2 AN =10 A DT,
P Ju P Jm
— %/ e Pl AV —103T;
M
- —(’_13;’_2)/ e PV =10 NI NI AT,
M
+ % e_p”wfl_2/\[\/—15(8a)/\ T)) +~/— 10w A JT;]
M
— i/ e Pl A/ —103T;
M

k=2
i=0M M

For the last inequality, we have used the induction.

4. Second-order estimate

O

In this section we use the auxiliary function in [Tosatti and Weinkove 2013] which
is modified by the auxiliary function in [Hou et al. 2010] to derive the second-order
estimate of the form (1-3). The difficulty arises from the third-order derivatives.

Locally the equation is

(4-1) or(w,) =e’.

Theorem 4.1. There exists a uniform constant C depending only on (M, w), n, k

and f such that
4-2) max |85u|g < C(1 +max |Vu|§).
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Proof. Denote w;; = g;; +u;; and let £ € T'OM, g3 =1.
We use the auxiliary functlon similar to that in [Tosattl and Weinkove 2013]:

H(x, §) = log(wy"E") + co log(¢"w juig&"EY) + o(|Vul2) + v (u),
where ¢, Y are given by
p(s) = —log(1-5%), O<s<K—I,

Yy =—Alog(1+55), —L+l1=r=0,
for

K:=sup|Vul;+1, L=suplul+1, A:=2L(Co+1),
M M

where Ag is a constant to be determined later and ¢ is a small positive constant
depending only on n and will be determined later. By [Hou et al. 2010], we have

1 / 1 " o__ N2
(4-3) Kz Y2ix >0, " =2(¢)” > 0.

Ao s A no 280 N2 1
(4-4) Lz Y 22L =Co+1, ¥ Zl (lﬁ) for 80§2A+1'

These inequalities will be used below.
Suppose H (x, &) attains its maximum at the point xp in the direction &y. Then
we choose local coordinates {3/dz', ..., d/dz"} near xo such that

8ii(x0) =38ij, u;=u;(x0)d;j, A =w;;(x0) =14u;(xo) with Ay =---=24,.

We want to prove that

0 isj
H(xo, &) < H(xo, a_z1> forall &€ T"OM, £ =1, w;(x)&'& >0

i,j

by choosing cg small enough. In fact, at xo we have

log(w; & &) +co log(g w,wigE7E7) —log(Zwkk|s |)+Colog(2|wkk| & |)

If w,7 > —w,;j, which is always satisfied when n < 3, then w2 < w,j. Thus we
have H (xo, &) < H (xo, 3/9z").
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Now we suppose that w,; < —w,j. Thus we have n > 4. Let iy be the smallest
integer satisfying w,;; < —w,j. Then ig > k + 1. By |w;;| < (n —2)w,j, so

n n
log Y “w;il&' > +colog ) |w g
i=1 i=1
ip—1

n io—1 ip—1
< logwn(ZIS’lz =3 |2) +co log<w$12|s’|2 +(n - 2w, Ds | )
i=1 =iy i=1
=logw,j(1 —20) +cologw?, (1 — 1+ (n —2)°1) := (),
where 1 =) 1. |77 € (0, 3).
By choosing co =2/((n — 2)? — 1), we have A'(t) < 0. Then
h(t) < h(0) = log(w,;) + co logw};
Consequently, we obtain
8 . Kl
H(xo.§) < H(x0.5o7) forall § e THOM, 1§ =1, )" ny(xo)g’s) >0,
ij
by choosing ¢y =2/((n —2)> — 1) when n > 4 and ¢y = 1 when n < 3.
We extend &j near xo by & = (gli)_l/ 23 /dz"). Consider the function
Q(x) = H (x, &) =log(g ;' wi) +colog(g; g wiwyi) + @ (IVuly) + ¥ (w).

We will calculate F/ Q;; at xo to get the estimate; all the calculations are taken
at xo. For simplicity, We denote & = & in the following. By (&, £) ¢ = 1§ |2 =1,
differentiating both sides, we obtain at xg

= %(Ev é)g = <v3/8z1§, é‘) + (%" VB/azi‘g)g

= (g 85), e Fgl,

= gi§ ,ifl + 8 fl,i
(4-5) =& +El .

We also have the basic formula for & € T19M:

o 08h _agb o 0Et gt =
£ = — ==§&; & ;=—==_—"=§&
(4—6) aZ 82’ aZ’ Z
— k k PR k £k e
g, 08 0 08 08 o
5 azz azi l N azi 8Z’
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Direct calculations give

_ (W& D), te (gpqwkquzi?kf_l)i

Qi — 0—— — + @i + Vi,
wyEkE! gPlwggw jERE!
(Wi e (wyE ED); (wyE eD); . (8P Tungw, £ €N ;
i= — — = 0—— =
wERE! (wyEkEN? gPlwg w,,;rEkE’
— o (g7 B ij?kgl)i (7 uj(q wpiéké_l); + @i + Y
(gPTwigw,;§*&")

Next, we want to simplify Q; and Q;;. By (4-5), we have
(W€ e = wyg £ + wyE* (& +wE e = wy +w G HE ) =wyg,
Thus we have
(8T wigw, £ €,
= gPwigiw, £ E + gPTwpgw 1, X E + gPTwngw ;8" E + gPTwgw EVEL
=iy wygp) +wi €+ E)
= 2w W ;-
Therefore, we obtain the simplified formula for Q; at xq:
@D 0=y Py = (14200 L gy 4y =0
Wiy Wi Wiy
Similar calculations give
(Wi ED ;= [wy & 6+ wy (65,8 + E4E1)Y;
= w1+ wygy (658 + 88T + w861+ £4E)
+wy (6 ;6 +£5:81 + 8,8 1 RELy)
= w; + w5+ wi€l + wE s w il
+wii & LD + w588 +E5E5)
=wj; +2 Z Re(wkiifki + wllézf_ki) + w]i(flﬁ + E_lii')
. g 85+ 14 P,

The last equality holds because we use (4-2) and (4-5) and the fact

w5+ wiEli = 2Re(wy %), wyEl + wrE; = 2Re(wy€5).
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We can also calculate
(8T wigw,EXED) 7
= 8pg(wkqiwp2$k§_l + wig wpz,-fké_l + wkquiékif_’ + wkquﬁké_li);
= gpq(wk[;izwpiékg + wkqiwpizékg + wkqiwpi%'k;gl + wkqiwpifké_lz)
+ 877 (wy 7w, 6 €+ wigw, €8 + wigw,;E i + wigw,; 6 ED)
+ g (wkqprigkié-_l + Wig wpzszif_l + Wig wpsz;;f_l + wkquszié_l;)
+ 879 (g w, X EL + wigw, R EL + wigqw 8 HE + wigw, EREL )
= Wy 3;Wy F WpiW, T 4 Wiy iE 4 wipiwpp€ P
Fwy 5w, wiw g+ wppw, 1E + wgwEL
Wy wy 8+ wppw, iiE s + w8 w8767
+wy 5 wppd P+ wigw s+ wp EPER w7
= 2wyjwy; + lwip |+ [wy 517 + 2wy Re(w, 675 +w,i;67))
+ 2wpp Re(wi 5§75 +w,1,675) +wpp (87 167511 +wi Pl +§1)
Therefore we simplify Q,: at x¢ as follows
Qi = (14 2¢0) 2L 1 0Ny i P + |y 571
Wil Wi o,z
(14 209 2L 1“'2 + (o0 97+ Vs

UNS

where (x);; is given by

2 — — Wi
(o) = —— ) Re(wyq; &+ w0 + £ + &1+~ (8517 + 185
11

11 k#1

2(,‘() 2cow
ZRe(wphS PtwpEf )+ Y —2 0P Re(wy i, P w,E77)
p;ﬂ il

2c0Wp5 _
+ —f;”usp,-ﬂ +1E7 ) + o + £
11
For this term (%);;, we have the estimate

D (wipil* + w57 = €,
p#l

*kk).; > —
O 2 2w,p?

where C is a positive constant depending only on (M, w).
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Let F(w,) = (ox(wy))'*. We denote by

8_F Fifqpé — 9°F

Fi] = 9 —’
awlj 8wi]8wp,;

where (wu)i] =g;jtu;. Then, the positive definite matrix (F i (wy)) is diagonalized
at the point xo. More precisely,

(4-8) Fil(0) = 85 P @0) = 1Toe 0175 o1 210033
Furthermore, at x,

: Forr,ifi=j p=g;
(4-9) FUPi(w,) = FiPP, ifi=gq, p=j,i#p

0, otherwise,
in which

iipp _ 1 - )
Fiip =%[ak()\)]1/k "1 = 8ip)o1_2(Alip)

* %(% - 1) [ox W1 201 (Llidow—1 (A p),
Fibi _ _%[ak(ml/k-lak_z(Mip).

We have, in addition, at xg

n n
(4-10) Y Flw; =Y Fliy=0" =ellk
i=1 i=1
By the maximum principal, we have

@11) 0> FiQ:=F"Q;

>(1+2c0)2 i COZZF upil”

i=1 p;ﬁl 11
n

ll
_(1+2C0)Z |u 111 + ZF” ”+WNZF”|M|

+<p”ZF"f|W|?|Vu|? 0 3 F i+ )
i=1 i.p=1

n n
+¢ Z Fii(up;iu,; +upup) — Cleﬁ
i,p=1 [

n
=l+h+hL+L+Is+I+h+I—C Y F"
i=1
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The equation can be written as F(w,) = e//¥ := h. Differentiating this, we get

n n n
ij, — ij, ipd,, .
E F Ui = VIF =hy, E F Uisim + E F Ui Upgm = hi.
i,j=1 i,j=1 ij,p.g=1

and
n

n
i L ij.pa,, - ,
2 :F uiing = hyi § : F Ui Upgi-

i=1 i,j,p.q=1
By commuting the covariant derivatives formula (2-12), we have

n

n n
(4-12) ZF””m{ = ZF” Uil +ZF”(”11 Z”iZ)Riili
i=1 i=1

i=l1
n
P2
3P (S i 3 T~ 1)
p=1
Inserting (4-12) into the term I, we have

4-13) 1 _(1+2CO)Z i
]1

F* (”11 ALY

—(1+2co>Z ”11+(1+2CO)Z

i=1 wli
ii le pli |T 1 | Upp
+2(1+2CO)ZF”R ( )—(1+2c0)ZF”+
i,p=1 Wi i,p=1 Wi
Fil: pqu Ui
_(1+2c0) — (1+2c) Z —
i,j.p.q=1 Wi
u F"f(uli u”)R

+(1+2c) Y

i=1

noo T'u T
+2(1+2co)ZF”Re(Z li pll>_(1+200)ZF”| i Pupp

. w Wi
i=1 p#l 11 i,p=1 11
=TI+ Lo+ Liz+ s+ Lis+ L.

T u
iill ii 14117
+2(1+2c0)§ F Re< )
w“

We estimate each term in this sum. First we have
n -
I+ 1L+ 1ie>—Ci—3(nCy+C3) ZF”,
i=1

where we have supposed that sup,, |T|> < Ca, sup,, |R| < C.
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We claim Ij5 + I, > —181%C; Z?:l Fii. Indeed, since nl—z <cp <1, we have

Iis+ 1 = ZZF ipil? +2(1+2c0)ZF”Re(Z ‘;} ”“)
i=1 p#l 11
2(1+200) ZZF”|

_OZF,'Z ‘Mlpl 2(1 + 2co) TP 2
i=1 p£l

ll
w“ co

S 2(1+ 26’0)22": Z F”|

i=1 p#l

n
> —ISnZCZZ Fii,
i=1

Then we obtain

n 7, iy, T,

@-14) L+hL>—(1+2c) ) wﬂ(lﬂco)zpme( li 11,>
w w

ij.pq=1 1 i—1 1

— (21n202+3cg)ZF‘7— C,.
i=1

For terms 17 + Ig, we claim

L ? -
(4-15) hls> g/ D Flugli = (Co+C3) Y F' =y
i=1 i=1

Indeed, by the commutation formula for covariant derivatives (2-11) in Section 2,

_ i o R - l -
up ullp + Tplull + u‘] iipg® uf)ii - uiﬁi - p Tlpull

Then
n
> Flu= ZF” ’ ZF”(T;n“n +ugRijpg)
i=1
= hP + Z F”(T[lnull +u‘] llp(])

ZFlluﬁt;_ZFll llp+ZF” ip U =hp +ZF” ip Ui
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Inserting the above formula into /3, we obtain

n
@-16) Ty =¢" Y F'(u,zup+1;up)
i,p=1

n n n n
3t Tt R )| 0D 1Y F T
p=1 i=1 i=1

p=1

n n n
=2¢ Z F”ui; Re(u,;Tlfi) + go/Z[2 Re(uph ) + Z u,,uqF”'Rl.ipqi|
i,p=1 p=1 i,qg=1
= I3 + Iso.

For the term Ig,, we have

n
Igp > —C3 ZF” —Cj.
i=1
For the term I3, we obtain

n n
Isi+ 1 =20 Y Flu; Re(upTi) +¢' > (i + upil?)
i,p=1 i,p=1

n n
> (p’ZFii |:|ul-l~|2+ 2u;; Re(Z ”PT;i>]
i=1 r=l
- o . 5 ; " 7 n _
_ (P/ZF”‘% +2Zuprli + ZQD/ZFH|1,{“T| —4(0/2}711
£ pur i—1 i=1

1 < "
> E(p/ZaniﬂZ _ CZZ Fit
i=1 i=1

2

n JE—
i
Y Ty
p=1

Thus we have proved the above claim (4-15). Moreover, applying (4-10) yields

w/ i Fi;ui; _ w/ i Fi;()x,' —1
i=1

i=1

n n
=y'h—y' Y Fi>_-2(Co+Dsupe//* —y' Y Fii.
> u Z

i=1



504 DEKAI ZHANG

Similarly,
1 n
E(p/ZF”W | _—(P ZF”()“
=1
i 7 7 | . 7
_ by, iiy2 ity L i
_§¢ ZF 22— ¢ ZF hit 5o ZF
i=1 i=1 i=1
n B 1 n B
(p/ZF”)\v%_(p/h"l_E(p/ZF”

ZF”AZ——supef/k—l- —@ ZF”

i=1 i=1
Inserting these terms into (4-11), we obtain

NI*—*

4-17) 0> FQ;

n Fl‘;’qu[’ u - n - Tlu -
= —(1+2) Yy —— 4 2(142e) ) P Re( )
.. Wi7 4 W,
i.j.p.q=1 1 i=1 1
n

Fiijy -2
—(1+2c0)) LU 2”"
i=1 Wi

+(p”ZF”|VM| |VM| +WHZF”|M | + (pZF”)‘Z

i=1 i=1
’ ’ 2 1
+<—w +§g0 —22n C2_4C3)Z Fii _c
=A1+A+A3+ A+ A5+ Ag

1 A
+(-v'+ 59 —220%C2 - 4C)YFi-cy,

where C| is a positive constant depending only on C, sup e//¥, sup |V (e//*)|? and
sup 199 (e//%)].

Let ¢ = %8 < % and § = 1/(2A + 1), where A = 2L(Co + 1) and Cy =
31n%C, +4C5. We divide into two cases to derive the estimate, which is similar to
[Hou et al. 2010].

Case 1: 1, < —¢&Aq.
By condition (4-7), for 1 <i <n, we have

U, 12
(142000 | 21" = — (g Vul? i = =200l Vil = 2002
11

= —¢"|Vul7|Vul? = 204" lu;]*.
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This gives
< Tl.u -
Ay =2(1+2¢) Y F' Re(ll—“l>
: w1
i1 11
u 142
_COZ pii| 21 ‘ M Z F”|le
i#1 Wi i#1
_COZFH 111 ‘ _9n2CZZFll|T11i|2
i#1 Wii i#1
Thus

n

ll
u i
A+ A3 = —(1+3c0) Y # —n*Cy Y FUT
i=1 wn i;él
n

ll
|“11 )
> —(142c¢ L — 9, Fii
27 o,y
i=1 11
n - -
=—Ay =20 ) F'ui* —9n*C Z F'.
i=1 i=1
We therefore obtain
n n
(4-18) Ay+ Az + Ay = =20 Y Fllui P —9nCy Y F™.
i=1 i=1
Using the inequality

n 2 n
i — - £ o
Y FU] = FUAL > 2 FTA = = Y FUA,
n
i=1 i=1
we have

1 " 'y 2 n .5
(4-19) Ag=5¢' ) F'ii > ;—ncp’ >R,
i=l1 i=1

Combining (4-17) and (4-18) (4-19), we obtain
n B 82 n _ n _
023 F'Q;2——¢' Y F'AT—20") ) F'luil?
i=1 i=1 i=1
n

( v+ (/)—31n 02—403)2171‘5—@
=1
2 n B l
> 22— 8K (C, 12) Fi_¢C
> (gt —8K(Co+ 1) L=

2
> 2 32 8K(Co+ 1P —Cy,
~ 8nkK
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where we use the fact that Z?:l Fii > 1, which follows from the definition of F’!
and the Newton—Maclaurin inequality.
Hence, we obtain

A < 8V2QA+ 1)VnK@BK(Co+1)2+C)) < CK.

Case 2: 1, > —¢&Aq.

Let I ={i e{l,...,n}lox_1(Ali) > e o1 (A D). Obviously, 1 ¢ I andi € [
if and only if Fi/ > ¢~! F!!, We first treat those indices which are not in /. By
(4-7), we have

ll
_(1 +2CO) Z | 211! +2(1 +2CO) Z Fll Re 2LiTile lt lll
1

i¢l 1 i¢l Wi
|“11 20420 5 it 2
—(14+2 L F'"|Ty:
(142c0)* ) - > FUIT
i¢l 11 i¢l

i¢l igl igl

n
> —¢" Y FU\Vul|Vul; =267 K () F = 9nCy Y R
i¢l i=1

Substituting the above inequality into (4-17) yields

(4200 0> FQ.:

— FUr ij14pgl iR Tlliulii

> —(1+2c) Y —+2(1+2co)§ F (—)

w w7

i,j.p.g=1 11 iel 11

ll
—(1+2C0)§ : |2111 + //E :F”|V1/t| |Vu| +W"§ :F”lu |2
iel Wi iel
n

i=1

1 L
/ / 2 ii
+(—1// +5¢/=31n C>—4C5) > I:F e
1=
=B]+Bz+B3+B4+B5+B(,+B7+Bg.

Firstly, we have
1, il &
_ 1 ii12 A -1 neptl o L iig2
B6—|—B7—2<p E F'\f =27 K(Y')°F z4<p E F'"A7,

i=1 i=l
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where we assume that %(p/Fli)»% > 2¢~ 1K ()2 F!! (for otherwise A%(//FH)L% <
267 K ()2 F ! ie., A < CK).
We next use B; to cancel the other terms containing the third derivatives of u.
As the proof in [Hou et al. 2010, p. 559], we have

AMogr_o(A1i) = (1 —2&)or_1(A]i) for iel.
Then

= 26) 00 Guli) = (1 — 26) 11

LT 47 1—k
L I Fk hor2 (1) = £

Since u;;; =u,j; — Tlll.()q — 1), we get

n
B :_1+260 Fij’pqu.f -
! N ij1%pql
i,j,p,q=1
1+ 2¢o T os
il,1i,, o
Y Z)‘IF Uit g3t
1 iel

1—|—2€0
(1—2¢ )ZF”W“, TE (0 — 12,

1 iel
and
2(142¢) -
== Z FU Re(T\\u,i7).
1 icl
From (4-7), we have
By=¢" Y F'|Vul|Vul?
iel
2
=2)" |1+ 200) 20 4y,
iel 1
2
28
> 2(1+2c0)%8 Y FT—UE il T W) P luil?
iel wn iel
> 2(1 +2¢0) SZF”W“"Z—BS
w b

iel 11

where we use (28/(1 —8))(¥')? = ¥ by choosing § = 1/(2A + 1).
So we get

1 —2(142cy)d oz
[ ( + CO) ]ZF”|M1LT|2'

B3+ B4+ Bs > —(1 4+ 2c¢g) 2
1

iel
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Then we conclude

B+ By+ B3+ Bs+ Bs
1+2C()

(1—2¢ )ZF”mm T — 1)

1 iel

[1 —2(1 4 2cp)8]
— (14 2co) 2 ZF”|“11Z|2
1 iel
2(1 4 2c¢p) i
+ TO Z F" RC(K] Tlliulif)
1 iel
14+ 2¢g i
- S FH = 28)uyg; — TG — D
1 iel

— (1 =2(1 +2¢)8)|u,3;1* +2Re(A1 T u i)

14 2¢
= °ZF”{(z(l+2c0)3—2g)|uli,.|2
1 iel
+2[26(h1 — 1) + 11 Re(Thu,57) + (1 = 2&) (b — DT

>0,

where the last inequality holds if we choose ¢ = 7§ <

1
i
A=B>—4AC =4[2e(\; — D+ 117 —4(1 = 26) (A — D (2(1 +2¢0)8 — 2¢)
<3682\ — D% —4(1 =28) (A — D221 +2¢0)8 — 2¢)
<4 — D?9e? = 2(1 —28)((1 +2¢0)8) + 2&(1 — 2¢))
<40 —D*(5e*+2¢ —9)
<400 — 1?4 —9)
=0.

Then we finally obtain

1 < - 1 "
0= 20" Y Fllu + (—v'+ 59— Ca- G) Y Fi-c
i=1

i=1

1 L T S
_ (_w’+ S0 —Cam C3) DoFT e Y P - €
i=1 i=1
n —
ii iig 2
S ke S
i=1

where we use —y’ > Co+ 1 and Cy = 31n%C, + 4Cs.
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In particular, 2?21 Fit < C. By Lemma 2.2 in [Hou et al. 2010], we have
F''>c(n, k)/C ]1‘ ~! where c(n, k) is a positive constant depending only on n and k.
Then we get the desired estimate
k/2

4C,
<K,
b= c(n,k)l/zf

where C is given in (4-17). O
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