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HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS

DEKAI ZHANG

We solve the complex Hessian equation on closed Hermitian manifolds, which
generalizes the Kähler case proven by Hou, Ma and Wu and Dinew and
Kołodziej. Solving the equation can be reduced to the derivation of a priori
second-order estimates. We introduce a new method to prove the C0 esti-
mate. The C2 estimate can be derived if we use the auxiliary function which
is mainly due to Hou, Ma and Wu and Tosatti and Weinkove.

1. Introduction

Let (M, ω) be a closed Hermitian manifold of complex dimension n ≥ 2. In this
paper, we study the Hessian equation

(1-1)


(n

k

)
ωk

u ∧ω
n−k
= e f ωn,

supM u = 0,
ωu = ω+

√
−1∂∂u ∈ 0k(M),

where
(n

k

)
= n!/(k!(n− k)!), 0k(M) is a convex cone (see (2-2) in Section 2) and

1≤ k ≤ n.
The complex Hessian equation is an important class of fully nonlinear elliptic

equations. It arises naturally from many significant geometric problems. When
k= 1, it is the classical Laplacian equation. For k= n, equation (1-1) is the complex
Monge–Ampère equation

(1-2) ωn
u = e f ωn, sup

M
u = 0.

Yau [1978] solved equation (1-2) on compact Kähler manifolds, and his solution is
now known as Calabi–Yau theorem. For general Hermitian manifolds, (1-2) has been
solved by Cherrier [1987] for dimension 2. Guan and Li [2010] and Zhang [2010]
obtained C1 and C2 estimates for dimension n ≥ 2. Finally, Tosatti and Weinkove
[2010] derived the C0 estimate and thus solved (1-2) for arbitrary dimension.

While 1 < k < n, equation (1-1) has more complicated structure and also is
closely related to many important geometric problems. For example, for k = 2, it
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relates to Fu and Yau’s [2008] generalization of the Strominger system which comes
from superstring theory. Several significant results about the Fu–Yau equation have
been obtained by Phong, Picard and Zhang [Phong et al. 2016a; 2016b; 2017].
When k = n− 1, it has similar features to the Monge–Ampère type equation in the
study of Gauduchon conjecture by Tosatti and Weinkove [2015; 2017] and Tosatti,
Weinkove and Székelyhidi [Székelyhidi et al. 2015].

We now come back to the complex Hessian equation. To solve it, it is crucial to
derive the a priori estimates up to second-order. If (M, ω) is a Kähler manifold,
Hou, Ma and Wu [Hou et al. 2010] proved

(1-3) max |∂∂u|g ≤ C(1+max |∇u|2g),

where C does not depend on the gradient bound of the solution.
They also pointed out that (1-3) may be adapted to the blow up analysis to get

the gradient estimate. Later on, combining (1-3) with a blow up argument, Dinew
and Kołodziej [2017] obtained the gradient estimate. Then equation (1-1) can be
solved on Kähler manifolds.

In this paper, we solve the complex Hessian equation on closed Hermitian
manifolds. More precisely,

Theorem 1.1. Let (M, g) be a closed Hermitian manifold of complex dimension
n ≥ 2 and f be a smooth real function on M. Then there exist a unique real number
b and a unique smooth real function u on M solving

(1-4)
(

n
k

)
ωk

u ∧ω
n−k
= e f+bωn, ωu ∈ 0k(M), sup

M
u = 0.

We use the continuity method to solve problem (1-4). The openness follows
from implicit function theory. The closeness argument can be reduced to a priori
estimates up to the second order by the standard Evans–Krylov theory. Actually,
we can derive the zero-order estimate and the second-order estimate of solutions of
equation (1-1) and thus use the blow up method to obtain the gradient estimate.

For the complex Monge–Ampère equation on closed Hermitian manifolds, Tosatti
and Weinkove [2010] derived C0 estimate by proving a Cherrier-type inequality
which was originally proved in [Cherrier 1987]. For the Hessian equation (1-1), we
can prove a similar Cherrier-type inequality by a new method which combines an
inductive argument with key inequalities for k-th elementary symmetric functions
in [Chou and Wang 2001]. For the C2 estimate, the main difficulty is that there are
new terms of the form T ∗D3u, where T is the torsion of ω. To control these terms,
we use the auxiliary function due to Tosatti and Weinkove [2013]. The auxiliary
function originally comes from Hou, Ma and Wu [Hou et al. 2010]. For the Hessian
equation, the main difference is that for equation (1-1) we need to apply some
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lemmas for the k-th elementary symmetric functions which were proved by Hou,
Ma and Wu [Hou et al. 2010].

The rest of the paper is organized as follows. In Section 2, we give some
preliminaries. In Section 3, a Cherrier-type inequality is derived, and then we obtain
the C0 estimate. In Section 4, we prove the C2 estimate by a similar auxiliary
function used in [Tosatti and Weinkove 2013].

Székelyhidi [2015] has also obtained similar results, but our methods are different.

2. Preliminaries

Let (M, g) be a closed Hermitian manifold and let ∇ denote the Chern connection
of g. In this section we give some preliminaries about the k-th elementary symmetric
function and the commutation formula of covariant derivatives.

Elementary symmetric functions. The k-th elementary symmetric function is de-
fined by

σk(λ)=
∑

1≤i1<···<ik≤n

λi1 · · · λik ,

where λ= (λ1, . . . , λn) ∈ Rn. Let λ(ai j ) denote the eigenvalues of the Hermitian
matrix {ai j }; we define

σk(ai j )= σk(λ{ai j }).

The definition of σk can be naturally extended to a Hermitian manifold. Indeed, let
A1,1(M,R) be the space of smooth real (1, 1)-forms on M ; for χ ∈ A1,1(M,R) we
define

σk(χ)=

(
n
k

)
χ k
∧ωn−k

ωn .

Definition 2.1.

(2-1) 0k := {λ ∈ Rn
: σj (λ) > 0, j = 1, . . . , k}.

Similarly, we define 0k on M as follows

(2-2) 0k(M) := {χ ∈ A1,1(M,R) : σj (χ) > 0, j = 1, . . . , k}.

Furthermore, σr (λ|i1 · · · il), with i1, . . . , il being distinct, denotes the r -th sym-
metric function with λi1 = · · · = λil = 0. For more details about elementary
symmetric functions, one can see the lecture notes [Wang 2009].

To prove the C0 estimate, we need the following lemma for elementary symmetric
functions:
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Lemma 2.2. Suppose that λ ∈ 0k, 3 ≤ k ≤ n and λ1 ≥ λ2 ≥ · · · ≥ λn . Then there
exists a positive constant C depending only on k and n, such that for 1≤ i ≤ k−2,

(2-3) |λ j1λ j2 · · · λ ji | ≤ (n− 3)k−2σi (λ| j), 1≤ j1 < j2 < · · ·< ji ≤ n,

jl 6= j, 1≤ l ≤ i, 1≤ j ≤ n.

Proof. Since
n∑

p=k

λp = σ1(λ|12 · · · k− 1) > 0, and λ1 ≥ λ2 ≥ · · · ≥ λn,

then

(2-4) |λp| ≤ (n− k)λk, k+ 1≤ p ≤ n.

We first prove the lemma for k = 3. In this case, one needs to prove

|λl | ≤ Cσ1(λ| j) for 1≤ j, l ≤ n and l 6= j.

Since σ1(λ| j)= λl + σ1(λ| jl), λl ≤ σ1(λ| j). Now, if λl < 0, then l ≥ 4. By (2-4),

|λl | ≤ (n− 3)λ3 ≤ σ1(λ| j), 4≤ l ≤ n.

Then the lemma follows for k = 3.
Next we prove the lemma for the general k, 3≤ k ≤ n.
If j > i , since i ≤ k− 2, λ| j ∈ 0i+1, applying [Lin and Trudinger 1994, p. 322,

(19)] yields σi (λ| j)≥ λ1 · · · λi . Since 1≤ l ≤ i ≤ k− 2, by (2-4) we have

|λ jl | ≤max{λl, (n− k)λk} ≤ (n− k)λl .

Then

(2-5) |λ j1λ j2 · · · λ ji | ≤ (n− k)iλ1 · · · λi ≤ (n− k)k−2σi (λ| j).

If j ≤ i , applying [Lin and Trudinger 1994, p. 322, (19)] yields

σi (λ| j)≥ λ1 · · · λ j−1λ j+1 · · · λi+1.

Note jl 6= j, so

|λ jl | ≤

{
(n− 3)λl, jl < j,
(n− 3)λl+1, jl > j.

Therefore, we have

(2-6) |λ j1λ j2 · · · λ ji | ≤ (n− k)iλ1 · · · λ j−1λ j+1 · · · λi+1 ≤ (n− k)k−2σi (λ| j).

Combining (2-5) and (2-6), we obtain

|λ j1λ j2 ···λ ji | ≤ (n− 3)k−2σi (λ| j), 1≤ j1 < j2 < ···< ji ≤ n,

jl 6= j, 1≤ l ≤ i, 1≤ j ≤ n. �
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By Lemma 2.2, we immediately obtain the following lemma which is a key
ingredient in proving Lemma 3.2:

Lemma 2.3. There exists a positive constant C depending only on (M, ω) and n
such that

(2-7)
∣∣∣√−1∂u ∧ ∂u ∧ωi−1

u ∧ Ti

ωn

∣∣∣≤ C

√
−1∂u ∧ ∂u ∧ωi

u ∧ω
n−i−1

ωn ,

where Ti is defined as the combinations of ω, ∂ω, ∂∂ω; more precisely,

Ti =
∑

0≤3p+2q≤n−i

ωn−i−3p−2q
∧ (
√
−1)p(∂ω)p

∧ (∂ω)p
∧ (
√
−1)q(∂∂ω)q

for 1≤ i ≤ k− 1.

Proof. For x ∈ M, we choose the coordinates such that

ω(x)=
√
−1

n∑
j=1

dz j
∧ dz j , ωu(x)=

√
−1

n∑
j=1

λ j dz j
∧ dz j ,

and λ1 ≥ λ2 ≥ · · · ≥ λn. Write Ti as follows:

Ti = (
√
−1)n−i (Ti )l1···ln−i ,m1,···mn−i dzl1 ∧ · · · ∧ dzln−i ∧ dzm1 ∧ · · · ∧ dzmn−i .

Then

(2-8)
∣∣∣√−1∂u ∧ ∂u ∧ωi

u ∧ Ti

ωn

∣∣∣≤ C
n∑

j,l=1

∑
1≤ j1<···< ji≤n,6= j,l

|u j ||ul ||λ j1λ j2 ···λ ji |

≤ C
n∑

j=1

∑
1≤ j1<···< ji≤n
jl 6= j,1≤l≤i

|u j |
2
|λ j1λ j2 ···λ ji |

≤ C
n∑

j=1

σi (λ| j)|u j |
2

= C

√
−1∂u ∧ ∂u ∧ωi

u ∧ω
n−i−1

ωn ,

where we have used Lemma 2.2 in the last inequality and C depends on the
bound of the torsion and the curvature of (M, ω). �

Commutation formula of covariant derivatives. We have, in local complex coor-
dinates z1, . . . , zn ,

(2-9) gi j = g
(
∂

∂zi ,
∂

∂z j

)
, {gi j

} = {gi j }
−1

For the Chern connection ∇, we denote the covariant derivatives

(2-10) ui =∇∂/∂zi u, ui j =∇∂/∂z j∇∂/∂zi u, ui jk =∇∂/∂zk∇∂/∂z j∇∂/∂zi u.
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We use commutation formulas for covariant derivatives on Hermitian manifolds
which can be found in [Tosatti and Weinkove 2013]:

ui jl = ul j i − T p
li up j , upi j = up ji + uq Ri j p

q , ui p j = ui j p − T q
jpuiq .(2-11)

ui jlm = ulmi j + up j Rlmi
p
− upm Ri jl

p
− T p

li upm j − T p
mj ul pi − T p

li T q
mj upq .(2-12)

3. Zero-order estimate

In this section we derive the zero-order estimate by proving a Cherrier-type in-
equality and the lemmas in [Tosatti and Weinkove 2010]. Since the constant b in
Theorem 1.1 satisfies

|b| ≤ sup | f | +C,

where C is a positive constant depending only on (M, ω). Thus, we will assume
b = 0 for convenience.

Theorem 3.1. Let u be a solution of Theorem 1.1. Then there exists a constant C
depending only on (M, ω), n, k and supM | f | such that

sup
M
|u| ≤ C.

Due to Tosatti and Weinkove’s results, finding the zero-order estimate can be
reduced to deriving a Cherrier-type inequality which was first proved by Cherrier
[1987]. For the Hessian equation, we use a new method which combines an inductive
argument with the key Lemma 2.3. Even for the Monge–Ampère equation, our
proof is different from that in [Tosatti and Weinkove 2010].

Lemma 3.2. There exist constants p0 and C depending only on (M, ω), n, k and
supM | f | such that for any p ≥ p0∫

M
|∂e−(p/2)u|2gω

n
≤ Cp

∫
M

e−puωn.

Remark 3.3. Recently, applying our key Lemma 2.2, Sun [2017] also proved the
lemma above.

Proof. By the equation, we have

ωk
u ∧ω

n−k
−ωn

=

(
e f(n
k

) − 1
)
ωn
≤ C0ω

n,

where C0 is a constant depending only on sup f, n and k. On the other hand,

(3-1) ωk
u ∧ω

n−k
−ωn

= (ωk
u −ω

k)∧ωn−k
=
√
−1∂∂u ∧α,

where α =
∑k

i=1 ω
i−1
u ∧ωn−i.
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Now multiply both sides in (3-1) by e−pu and integrate by parts:

(3-2) C0

∫
M

e−puωn
≥

∫
M

e−pu
√
−1∂∂u ∧α

=−

∫
M
∂e−pu

√
−1∂u ∧α+

∫
M

e−pu
√
−1∂u ∧ ∂α

= p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧α− 1

p

∫
M

√
−1∂e−pu

∧ ∂α

= p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧α+ 1

p

∫
M

e−pu
√
−1∂∂α

:= A+ B,

where we denote

A = p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧

( k∑
i=1

ωi−1
u ∧ωn−i

)
, B = 1

p

∫
M

e−pu
√
−1∂∂α.

Our goal is to use term A to control term B. Direct calculation gives

∂α = n
k−1∑
i=1

ωi−1
u ∧ωn−i−1

∧ ∂ω+ (n− k)ωk−1
u ∧ωn−k−1

∧ ∂ω,

and

∂∂α = (n−k)(n−k−1)ωk−1
u ∧ωn−k−2

∧∂ω∧∂ω+ (n−k)ωk−1
u ∧ωn−k−1

∧∂∂ω

+ (n− k)(n+ k− 1)ωk−2
u ∧ωn−k−1

∧ ∂ω∧ ∂ω

+ n(n− 1)
k−3∑
i=0

ωi
u ∧ω

n−i−3
∧ ∂ω∧ ∂ω+ n

k−2∑
i=0

ωi
u ∧ω

n−i−2
∧ ∂∂ω.

Then we have

B =
(n− k)(n− k− 1)

p

∫
M

e−puωk−1
u ∧ωn−k−2

∧
√
−1∂ω∧ ∂ω

+
(n− k)

p

∫
M

e−puωk−1
u ∧ωn−k−1

∧
√
−1∂∂ω

+
(n+ k− 1)(n− k)

p

∫
M

e−puωk−2
u ∧ωn−k−1

∧
√
−1∂ω∧ ∂ω

+
n(n− 1)

p

k−3∑
i=0

∫
M

e−puωi
u ∧ω

n−i−3
∧
√
−1∂ω∧ ∂ω

+
n
p

k−2∑
i=0

∫
M

e−puωi
u ∧ω

n−i−2
∧
√
−1∂∂ω.
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When k = 2, term B just becomes

(3-3)

B =
(n− 2)(n− 3)

p

∫
M

e−puωu ∧ω
n−4
∧
√
−1∂ω∧ ∂ω

+
(n− 2)

p

∫
M

e−puωu ∧ω
n−3
∧
√
−1∂∂ω

+
(n+ 1)(n− 2)

p

∫
M

e−puωn−3
∧
√
−1∂ω∧ ∂ω

=
(n− 2)(n− 3)

p

∫
M

e−pu
√
−1∂∂u ∧ωn−4

∧
√
−1∂ω∧ ∂ω

+
(n− 2)

p

∫
M

e−pu
√
−1∂∂u ∧ωn−3

∧
√
−1∂∂ω

+
2(n− 1)(n− 2)

p

∫
M

e−puωn−3
∧
√
−1∂ω∧ ∂ω

+
(n− 2)

p

∫
M

e−puωn−2
∧
√
−1∂∂ω

≥
(n− 2)(n− 3)

p

∫
M

e−pu
√
−1∂∂u ∧ωn−4

∧
√
−1∂ω∧ ∂ω

+
(n− 2)

p

∫
M

e−pu
√
−1∂∂u ∧ωn−3

∧
√
−1∂∂ω−

C1

p

∫
M

e−puωn.

We next use integration by parts to deal with the first term and second term on the
right-hand side of the above equality. Indeed,

(3-4)
∫

M
e−pu
√
−1∂∂u ∧ωn−4

∧
√
−1∂ω∧ ∂ω

= p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ωn−4

∧
√
−1∂ω∧ ∂ω

+

∫
M

e−pu
√
−1∂u ∧

√
−1∂(ωn−4

∧ ∂ω∧ ∂ω)

= p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ωn−4

∧
√
−1∂ω∧ ∂ω

+
1
p

∫
M

e−pu
√
−1∂∂(ωn−4

∧
√
−1∂ω∧ ∂ω)

≥−pC1

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ωn−1

−
C1

p

∫
M

e−puωn

≥−C1 A−
C1

p

∫
M

e−puωn.
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A similar calculation gives

(3-5)
∫

M
e−pu
√
−1∂∂u ∧ωn−3

∧
√
−1∂∂ω ≥−C1 A−

C1

p

∫
M

e−puωn.

Inserting (3-4) and (3-5) into (3-3), we have

B ≥−
C1

p
A−

C1

p

∫
M

e−puωn.

By (3-2) and choosing p0 = 2C1+ 1, we obtain for p ≥ p0

A
2
≤

(
1−

C1

p

)
A ≤

(C1

p
+C0

) ∫
M

e−puωn
≤ (C0+ 1)

∫
M

e−puωn.

By (3-7) below, we thus prove the lemma.
For the general k, 3≤ k ≤ n, we claim that there exist constants C1i depending

only on n, k and (M, ω) such that the following holds for 0≤ i ≤ k− 1:

(3-6)
∫

M
e−puωi

u ∧ Ti

≥−pC1i

k−2∑
j=0

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ω j

u ∧ω
n− j−1

−C1i

∫
M

e−puωn,

where Ti is defined as the combinations of ω, ∂ω, ∂∂ω; more precisely

Ti =
∑

0≤3p+2q≤n−i

ωn−i−3p−2q
∧ (
√
−1)p(∂ω)p

∧ (∂ω)p
∧ (
√
−1)q(∂∂ω)q .

We use the claim (3-6) to prove the lemma:

B ≥−C1

k∑
i=2

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ωk−i

u ∧ωn+i−k−1
−

C1

p

∫
M

e−puωn

≥−
C1

p
A−

C1

p

∫
M

e−puωn.

Thus we have (
1−

C1

p

)
A ≤

(C1

p
+C0

)∫
M

e−puωn.

Now we choose p0 = 2C1+ 1, then for any p ≥ p0,

p2
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ωn−1

≤ 2p(C0+ 1)
∫

M
e−puωn.
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Therefore we have

(3-7)
∫

M
|∂e−(p/2)u|2gω

n
=

np2

4

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ωn−1

≤
np(C0+ 1)

2

∫
M

e−puωn

= pC
∫

M
e−puωn.

Now, we prove the claim (3-6) by an inductive argument. When i = 1,∫
M

e−puωu ∧ T1

=

∫
M

e−puω∧ T1+

∫
M

e−pu
√
−1∂∂u ∧ T1

=

∫
M

e−puω∧ T1−

∫
M
∂e−pu

∧
√
−1∂u ∧ T1+

∫
M

e−pu
√
−1∂u ∧ ∂T1

=

∫
M

e−puω∧ T1+ p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ T1−

1
p

∫
M

√
−1∂e−pu

∧ ∂T1

= p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ T1+

∫
M

e−puω∧ T1−
1
p

∫
M

e−pu
∧
√
−1∂∂T1

≥−C1 p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ωn−1

−C1

∫
M

e−puωn.

Suppose that the claim is true for l ≤ i − 1; we will prove that the claim is also
true for l = i . Indeed,∫

M
e−puωi

u ∧ Ti =

∫
M

e−puωi−1
u ∧ω∧ Ti +

∫
M

e−pu
√
−1∂∂u ∧ωi−1

u ∧ Ti

=

∫
M

e−puωi−1
u ∧ω∧ Ti + p

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ωi−1

u ∧ Ti

+

∫
M

e−pu∂u ∧
√
−1∂(ωi−1

u ∧ Ti )

:= Ai,1+ Ai,2+ Ai,3.

By the induction,

Ai,1 =

∫
M

e−puωi−1
u ∧ω∧ Ti

≥−pC1i (n, k, ω)
k−2∑
j=0

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ω j

u ∧ω
n− j−1

−C1i (n, k, ω)
∫

M
e−puωn.
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By the inequality (2-7) in Lemma 2.3, we have

(3-8) Ai,2 = p
∫

M
e−pu
√
−1∂u ∧ ∂u ∧ωi−1

u ∧ Ti

≥−pC2i

∫
M

e−pu
√
−1∂u ∧ ∂u ∧ωi−1

u ∧ωn−i.

Now we deal with the term Ai,3:

Ai,3 =

∫
M

e−pu∂u∧
√
−1∂(ωi−1

u ∧Ti )

=
1
p

∫
M

e−pu
√
−1∂∂(ωi−1

u ∧Ti )

=
(i−1)(i−2)

p

∫
M

e−pu
√
−1ωi−3

u ∧∂ω∧∂ω∧Ti

+
i−1

p

∫
M

e−puωi−2
u ∧
√
−1∂(∂ω∧Ti )+

i−1
p

∫
M

e−puωi−2
u ∧
√
−1∂ω∧∂Ti

−
1
p

∫
M

e−puωi−1
u ∧
√
−1∂∂Ti

=
(i−1)(i−2)

p

∫
M

e−pu
√
−1ωi−3

u ∧∂ω∧∂ω∧Ti

+
i−1

p

∫
M

e−puωi−2
u ∧[

√
−1∂(∂ω∧Ti )+

√
−1∂ω∧∂Ti ]

−
1
p

∫
M

e−puωi−1
u ∧
√
−1∂∂Ti

≥−pC3i

k−2∑
j=0

∫
M

e−pu
√
−1∂u∧∂u∧ω j

u∧ω
n− j−1

−C3i (n, k, ω)
∫

M
e−puωn.

For the last inequality, we have used the induction. �

4. Second-order estimate

In this section we use the auxiliary function in [Tosatti and Weinkove 2013] which
is modified by the auxiliary function in [Hou et al. 2010] to derive the second-order
estimate of the form (1-3). The difficulty arises from the third-order derivatives.
Locally the equation is

(4-1) σk(ωu)= e f .

Theorem 4.1. There exists a uniform constant C depending only on (M, ω), n, k
and f such that

(4-2) max |∂∂u|g ≤ C(1+max |∇u|2g).
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Proof. Denote wi j = gi j + ui j and let ξ ∈ T 1,0 M, |ξ |2g = 1.
We use the auxiliary function similar to that in [Tosatti and Weinkove 2013]:

H(x, ξ)= log(wklξ
kξ l)+ c0 log(gklwplwkqξ

pξq)+ϕ(|∇u|2g)+ψ(u),

where ϕ,ψ are given by

ϕ(s)=−1
2

log
(

1− s
2K

)
, 0≤ s ≤ K − 1,

ψ(t)=−A log
(

1+ t
2L

)
, −L+1≤ t ≤ 0,

for

K := sup
M
|∇u|2g + 1, L = sup

M
|u| + 1, A := 2L(C0+ 1),

where A0 is a constant to be determined later and c0 is a small positive constant
depending only on n and will be determined later. By [Hou et al. 2010], we have

1
2K
≥ ϕ′ ≥

1
4K

>0, ϕ′′ =2(ϕ′)2 > 0.(4-3)

A
L
≥−ψ ′ ≥

A
2L
=C0+ 1, ψ ′′ ≥

2ε0
1−ε0

(ψ ′)2, for ε0 ≤
1

2A+1
.(4-4)

These inequalities will be used below.
Suppose H(x, ξ) attains its maximum at the point x0 in the direction ξ0. Then

we choose local coordinates {∂/∂z1, . . . , ∂/∂zn
} near x0 such that

gi j (x0)= δi j , ui j = ui i (x0)δi j , λi =wi i (x0)= 1+ui i (x0) with λ1≥ · · ·≥λn.

We want to prove that

H(x0, ξ)≤ H
(

x0,
∂

∂z1

)
for all ξ ∈ T 1,0 M, |ξ |2g = 1,

∑
i, j

wi j (x0)ξ
iξ j > 0

by choosing c0 small enough. In fact, at x0 we have

log(wklξ
kξl)+c0 log(gklwplwkqξ

pξq)= log
( n∑

k=1

wkk|ξ
k
|
2
)
+c0 log

( n∑
k=1

|wkk|
2
|ξ k
|
2
)
.

If wnn ≥ −w11, which is always satisfied when n ≤ 3, then w2
i i
≤ w11. Thus we

have H(x0, ξ)≤ H(x0, ∂/∂z1).
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Now we suppose that wnn <−w11. Thus we have n ≥ 4. Let i0 be the smallest
integer satisfying wi i <−w11. Then i0 ≥ k+ 1. By |wi i |< (n− 2)w11, so

log
n∑

i=1

wi i |ξ
i
|
2
+ c0 log

n∑
i=1

|wi i |
2
|ξ i
|
2

≤ logw11

( i0−1∑
i=1

|ξ i
|
2
−

n∑
i=i0

|ξ i
|
2
)
+ c0 log

(
w2

11

i0−1∑
i=1

|ξ i
|
2
+ (n− 2)2w2

11

i0−1∑
i=1

|ξ i
|
2
)

= logw11(1− 2t)+ c0 logw2
11(1− t + (n− 2)2t) := h(t),

where t =
∑n

i=i0
|ξ i
|
2
∈
(
0, 1

2

)
.

By choosing c0 = 2/((n− 2)2− 1), we have h′(t)≤ 0. Then

h(t)≤ h(0)= log(w11)+ c0 logw2
11.

Consequently, we obtain

H(x0, ξ)≤ H
(

x0,
∂

∂z1

)
for all ξ ∈ T 1,0 M, |ξ |2g = 1,

∑
i, j

ηi j (x0)ξ
iξ j > 0,

by choosing c0 = 2/((n− 2)2− 1) when n ≥ 4 and c0 = 1 when n ≤ 3.
We extend ξ0 near x0 by ξ0 = (g11)

−1/2(∂/∂z1). Consider the function

Q(x)= H(x, ξ0)= log(g−1
11
w11)+ c0 log(g−1

11
gklw1lwk1)+ϕ(|∇u|2g)+ψ(u).

We will calculate F i j Qi j at x0 to get the estimate; all the calculations are taken
at x0. For simplicity, we denote ξ = ξ0 in the following. By 〈ξ, ξ〉g = |ξ |2g = 1,
differentiating both sides, we obtain at x0

(4-5)

0= ∂

∂zi 〈ξ, ξ〉g = 〈∇∂/∂zi ξ, ξ〉g +〈ξ,∇∂/∂zi ξ〉g

=

〈
ξ k
,i
∂

∂zk , ξ
l ∂

∂zl

〉
g
+

〈
ξ k ∂

∂zk , ξ
l
,i
∂

∂zl

〉
g

= gklξ
k
,iξ

l + gklξ
kξ l

,i

= ξ 1
,i + ξ

1
,i .

We also have the basic formula for ξ ∈ T 1,0 M :

(4-6)
ξ k
,i =

∂ξ k

∂zi =
∂ξ k

∂zi
= ξ k

,i , ξ k
,i=

∂ξ k

∂zi
=
∂ξ k

∂zi = ξ
k
,i

ξ k
,i =

∂ξ k

∂zi =
∂ξ k

∂zi
= ξ k

,i , ξ k
,i=

∂ξ k

∂zi
=
∂ξ k

∂zi = ξ
k
,i
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Direct calculations give

Qi =
(wklξ

kξ l)i

wklξ
kξ l
+ c0

(g pqwkqwplξ
kξ l)i

g pqwkqwplξ
kξ l
+ϕi +ψi ,

Qi i =
(wklξ

kξ l)i i

wklξ
kξ l
−
(wklξ

kξ l)i (wklξ
kξ l)i

(wklξ
kξ l)2

+ c0
(g pqwkqwplξ

kξ l)i i

g pqwkqwplξ
kξ l

− c0
(g pqwkqwplξ

kξ l)i (g pqwkqwplξ
kξ l)i

(g pqwkqwplξ
kξ l)2

+ϕi i +ψi i .

Next, we want to simplify Qi and Qi i . By (4-5), we have

(wklξ
kξl)i = wkl,iξ

kξl +wklξ
k
,iξ

l +wklξ
kξl

,i = w11,i +w11(ξ
1
,i + ξ

1
,i )= w11i ,

Thus we have

(g pqwkqwplξ
kξ l)i

= g pqwkqiwplξ
kξ l + g pqwkqwpliξ

kξ l + g pqwkqwplξ
k

iξ
l + g pqwkqwplξ

kξ l
,i

= w11(w11i +w11i )+w11
2(ξ 1

,i + ξ
1
,i )

= 2w11w11i .

Therefore, we obtain the simplified formula for Qi at x0:

(4-7) Qi =
w11i

w11
+ c0

2w11i

w11
+ϕi +ψi = (1+ 2c0)

w11i

w11
+ϕi +ψi = 0

Similar calculations give

(wklξ
kξ l)i i = [wkliξ

kξ l +wkl(ξ
k

iξ
l + ξ kξ l

i )]i

= wkli iξ
kξ l +wkli (ξ

k
iξ

l + ξ kξ l
i )+wkli (ξ

k
iξ

l + ξ kξ l
i )

+wkl(ξ
k

iiξ
l + ξ k

iξ
l
i + ξ

k
iξ

l
i + ξ

kξ l
i i )

= w11i i +wk1iξ
k

i +w1liξ
l
i +wk1iξ

k
i +w1liξ

l
i

+w11(ξ
1

i i + ξ
1

i i )+wkk(ξ
k

iξ
k

i + ξ
k

iξ
k

i )

= w11i i + 2
∑
k 6=1

Re(wk1iξ
k

i +w1kiξ
k

i )+w11(ξ
1

i i + ξ
1

i i )

+wkk(|ξ
k

i |
2
+ |ξ k

i |
2).

The last equality holds because we use (4-2) and (4-5) and the fact

wk1iξ
k

i +w1liξ
l
i = 2 Re(wk1iξ

k
i ), w1liξ

l
i +wk1iξ

k
i = 2 Re(w1kiξ

k
i ).
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We can also calculate

(g pqwkqwplξ
kξ l)i i

= g pq(wkqiwplξ
kξ l +wkqwpliξ

kξ l +wkqwplξ
k

iξ
l +wkqwplξ

kξ l
i )i

= g pq(wkqiiwplξ
kξ l +wkqiwpliξ

kξ l +wkqiwplξ
k

iξ
l +wkqiwplξ

kξ l
i )

+ g pq(wkqiwpliξ
kξ l +wkqwpliiξ

kξ l +wkqwpliξ
k

iξ
l +wkqwpliξ

kξ l
i )

+ g pq(wkqiwplξ
k

iξ
l +wkqwpliξ

k
iξ

l +wkqwplξ
k

iiξ
l +wkqwplξ

k
iξ

l
i )

+ g pq(wkqiwplξ
kξ l

i +wkqwpliξ
kξ l

i +wkqwplξ
k

iξ
l
i +wkqwplξ

kξ l
i i )

= w11i iw11+w1piwp1i +wk1iw11ξ
k

i +w1piwppξ p
i

+w1piwp1i +w11w11i i +wppwp1iξ
p

i +w11w1liξ
l
i

+wk1iw11ξ
k

i +wppwp1iξ
p

i +w11
2ξ 1

i i +wpp
2ξ p

iξ
p

i

+w1piwppξ p
i +w11w1liξ

l
i +wpp

2ξ p
iξ

p
i +w11

2ξ 1
i i

= 2w11w11i i + |w1pi |
2
+ |w1pi |

2
+ 2w11 Re(wp1iξ

p
i +wp1iξ

p
i )

+ 2wpp Re(w1piξ p
i +wp1iξ

p
i )+wpp

2(|ξ p
i |

2
+ |ξ p

i |
2
)+w11

2(ξ 1
i i + ξ

1
i i )

Therefore we simplify Qi i at x0 as follows

Qi i = (1+ 2c0)
w11i i

w11
+

c0

w2
11

∑
p 6=1

(|w1pi |
2
+ |w1pi |

2)

−(1+ 2c0)
|w11i |

2

w11
2 + (∗∗)i i +ϕi i +ψi i ,

where (∗∗)i i is given by

(∗∗)i i =
2
w11

∑
k 6=1

Re(wk1iξ
k

i +w1kiξ
k

i )+ ξ
1

i i + ξ
1

i i +
wkk

w11
(|ξ k

i |
2
+ |ξ k

i |
2)

+
2c0

w11

∑
p 6=1

Re(wp1iξ
p

i +wp1iξ
p

i )+
∑
p 6=1

2c0wpp

w11
2 Re(w1piξ p

i +wp1iξ
p

i )

+
2c0wpp

2

w11
2 (|ξ p

i |
2
+ |ξ p

i |
2
)+ c0(ξ

1
i i + ξ

1
i i ).

For this term (∗∗)i i , we have the estimate

(∗∗)i i ≥−
c0

2w11
2

∑
p 6=1

(|w1pi |
2
+ |w1pi |

2)−C,

where C is a positive constant depending only on (M, ω).
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Let F(ωu)= (σk(ωu))
1/k. We denote by

F i j
=
∂F
∂wi j

, F i j,pq
=

∂2 F
∂wi j∂wpq

,

where (wu)i j = gi j+ui j . Then, the positive definite matrix (F i j (ωu)) is diagonalized
at the point x0. More precisely,

(4-8) F i j (ωu)= δi j F i i (ωu)=
1
k
[σk(λ)]

1/k−1σk−1(λ|i)δi j .

Furthermore, at x0,

(4-9) F i j,pq(ωu)=


F i i,pp, if i = j, p = q;
F i p,pi , if i = q , p = j, i 6= p;
0, otherwise,

in which

F i i,pp
=

1
k
[σk(λ)]

1/k−1(1− δip)σk−2(λ|ip)

+
1
k

(1
k
− 1
)
[σk(λ)]

1/k−2σk−1(λ|i)σk−1(λ|p),

F ip,pi
=−

1
k
[σk(λ)]

1/k−1σk−2(λ|ip).

We have, in addition, at x0

(4-10)
n∑

i=1

F i iwi i =

n∑
i=1

F i iλi = σ
1/k
k = e f/k .

By the maximum principal, we have

(4-11) 0≥ F i jQi j = F i iQi i

≥ (1+ 2c0)

n∑
i=1

F i i u11i i

w11
+

c0

2

n∑
i=1

∑
p 6=1

F i i
|u1pi |

2

w2
11

− (1+ 2c0)

n∑
i=1

F i i
|u11i |

2

w2
11

+ψ ′
n∑

i=1

F i i ui i +ψ
′′

n∑
i=1

F i i
|ui |

2

+ϕ′′
n∑

i=1

F i i
|∇u|2i |∇u|2i +ϕ

′

n∑
i,p=1

F i i (|upi |
2
+ |upi |

2)

+ϕ′
n∑

i,p=1

F i i (upii up + upii up)−C1

n∑
i=1

F i i

:= I1+ I2+ I3+ I4+ I5+ I6+ I7+ I8−C1

n∑
i=1

F i i



HESSIAN EQUATIONS ON CLOSED HERMITIAN MANIFOLDS 501

The equation can be written as F(ωu)= e f/k
:= h. Differentiating this, we get

n∑
i, j=1

F i j ui jl =∇l F = hl,

n∑
i, j=1

F i j ui jlm +

n∑
i, j,p,q=1

F i j,pqui jlupqm = hlm .

and
n∑

i=1

F i i ui i11 = h11−

n∑
i, j,p,q=1

F i j,pqui j1upq1.

By commuting the covariant derivatives formula (2-12), we have

(4-12)
n∑

i=1

F i i u11i i =

n∑
i=1

F i i ui i11+

n∑
i=1

F i i (u11−

n∑
i=1

ui i )Ri i11

+

n∑
i=1

F i i
( n∑

p=1

T p
1i up1i +

n∑
q=1

T q
1i u1qi −

n∑
p=1

|T p
1i |

2upp

)
.

Inserting (4-12) into the term I1, we have

(4-13) I1 = (1+ 2c0)

n∑
i=1

F i i u11i i

w11

= (1+ 2c0)

n∑
i=1

F i i ui i11

w11
+ (1+ 2c0)

n∑
i=1

F i i (u11− ui i )Ri i11

w11

+ 2(1+ 2c0)

n∑
i,p=1

F i i Re
(T p

1i up1i

w11

)
− (1+ 2c0)

n∑
i,p=1

F i i |T
p

1i |
2upp

w11

= (1+ 2c0)
h11

w11
− (1+ 2c0)

n∑
i, j,p,q=1

F i j,pqui j1upq1

w11

+ (1+ 2c0)

n∑
i=1

F i i (u11− ui i )Ri i11

w11
+ 2(1+ 2c0)

n∑
i

F i i Re
(T 1

1i u11i

w11

)
+ 2(1+ 2c0)

n∑
i=1

F i i Re
(∑

p 6=1

T p
1i up1i

w11

)
− (1+ 2c0)

n∑
i,p=1

F i i |T
p

1i |
2upp

w11

:= I11+ I12+ I13+ I14+ I15+ I16.

We estimate each term in this sum. First we have

I11+ I13+ I16 ≥−C1− 3(nC2+C3)

n∑
i=1

F i i ,

where we have supposed that supM |T |
2
g ≤ C2, supM |R| ≤ C3.
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We claim I15+ I2 ≥−18n2C2
∑n

i=1 F i i . Indeed, since 1
n2 ≤ c0 ≤ 1, we have

I15+ I2 =
c0

2

n∑
i=1

∑
p 6=1

F i i
|u1pi |

2

w2
11

+2(1+ 2c0)

n∑
i=1

F i i Re
(∑

p 6=1

T p
1i up1i

w11

)
=

c0

2

n∑
i=1

F i i
∑
p 6=1

∣∣∣u1pi

w11
+

2(1+ 2c0)

c0
T p

1i

∣∣∣2− 2(1+ 2c0)
2

c0

n∑
i=1

∑
p 6=1

F i i
|T p

1i |
2

≥−
2(1+ 2c0)

2

c0

n∑
i=1

∑
p 6=1

F i i
|T p

1i |
2

≥−18n2C2

n∑
i=1

F i i.

Then we obtain

(4-14) I1+ I2 ≥−(1+2c0)

n∑
i, j,p,q=1

F i j,pqui j1upq1

w11
+2(1+2c0)

n∑
i=1

F i i Re
(T 1

1i u11i

w11

)
− (21n2C2+3C3)

n∑
i=1

F i i
−C1.

For terms I7+ I8, we claim

(4-15) I7+ I8 ≥
1
2
ϕ′

n∑
i=1

F i i
|ui i |

2
1− (C2+C3)

n∑
i=1

F i i
−C1.

Indeed, by the commutation formula for covariant derivatives (2-11) in Section 2,

upii = ui i p + T i
pi ui i + uq Ri i pq , upii = ui pi = ui i p − T i

i pui i .

Then

n∑
i=1

F i i upii =

n∑
i=1

F i i ui i p +

n∑
i=1

F i i (T i
pi ui i + uq Ri i pq)

= h p +

n∑
i=1

F i i (T i
pi ui i + uq Ri i pq)

n∑
i=1

F i i upii =

n∑
i=1

F i i ui i p +

n∑
i=1

F i i T i
i pui i = h p +

n∑
i=1

F i i T i
i pui i
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Inserting the above formula into I8, we obtain

(4-16) I8 = ϕ
′

n∑
i,p=1

F i i (upii up + upii up)

=ϕ′
n∑

p=1

up

[
h p+

n∑
i=1

F i i (T i
piui i+uq Ri i pq)

]
+ϕ′

n∑
p=1

up

[
h p−

n∑
i=1

F i i T i
i pui i

]

= 2ϕ′
n∑

i,p=1

F i iui i Re(upT i
pi )+ϕ

′

n∑
p=1

[
2 Re(uph p)+

n∑
i,q=1

upuqF i iRi i pq

]
= I81+ I82.

For the term I82, we have

I82 ≥−C3

n∑
i=1

F i i
−C1.

For the term I81, we obtain

I81+ I7 = 2ϕ′
n∑

i,p=1

F i iui i Re(upT i
pi )+ϕ

′

n∑
i,p=1

F i i(|upi |
2
+ |upi |

2)

≥ ϕ′
n∑

i=1

F i i
[
|ui i |

2
+ 2ui i Re

( n∑
p=1

upT i
pi

)]

= ϕ′
n∑

i=1

F i i
∣∣∣∣ui i

2
+ 2

n∑
p=1

upT i
pi

∣∣∣∣2+ 3
4
ϕ′

n∑
i=1

F i i
|ui i |

2
− 4ϕ′

n∑
i=1

F i i
∣∣∣∣ n∑

p=1

upT i
pi

∣∣∣∣2
≥

1
2
ϕ′

n∑
i=1

F i i
|ui i |

2
−C2

n∑
i=1

F i i.

Thus we have proved the above claim (4-15). Moreover, applying (4-10) yields

ψ ′
n∑

i=1

F i i ui i = ψ
′

n∑
i=1

F i i (λi − 1)

= ψ ′h−ψ ′
n∑

i=1

F i i
≥−2(C0+ 1) sup

M
e f/k
−ψ ′

n∑
i=1

F i i.
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Similarly,

1
2
ϕ′

n∑
i=1

F i i
|ui i |

2
=

1
2
ϕ′

n∑
i=1

F i i (λi − 1)2

=
1
2
ϕ′

n∑
i=1

F i iλ2
i −ϕ

′

n∑
i=1

F i iλi +
1
2
ϕ′

n∑
i=1

F i i

=
1
2
ϕ′

n∑
i=1

F i iλ2
i −ϕ

′h+
1
2
ϕ′

n∑
i=1

F i i

≥
1
2
ϕ′

n∑
i=1

F i iλ2
i −

1
2

sup
M

e f/k
+

1
2
ϕ′

n∑
i=1

F i i .

Inserting these terms into (4-11), we obtain

(4-17) 0≥ F i i Qi i

≥−(1+ 2c0)

n∑
i, j,p,q=1

F i j,pqui j1upq1

w11
+ 2(1+ 2c0)

n∑
i=1

F i i Re
(T 1

1i u11i

w11

)
− (1+ 2c0)

n∑
i=1

F i i
|u11i |

2

w2
11

+ϕ′′
n∑

i=1

F i i
|∇u|2i |∇u|2i +ψ

′′

n∑
i=1

F i i
|ui |

2
+

1
2
ϕ′

n∑
i=1

F i iλ2
i

+

(
−ψ ′+

1
2
ϕ′− 22n2C2− 4C3

) n∑
i=1

F i i
−C1

= A1+ A2+ A3+ A4+ A5+ A6

+

(
−ψ ′+

1
2
ϕ′− 22n2C2− 4C3

) n∑
i=1

F i i
−C1,

where C1 is a positive constant depending only on C0, sup e f/k, sup |∇(e f/k)|2 and
sup |∂∂(e f/k)|.

Let ε = 1
4δ ≤

1
16 and δ = 1/(2A + 1), where A = 2L(C0 + 1) and C0 =

31n2C2+ 4C3. We divide into two cases to derive the estimate, which is similar to
[Hou et al. 2010].

Case 1: λn <−ελ1.
By condition (4-7), for 1≤ i ≤ n, we have

−(1+ 2c0)
2
∣∣∣u11i

w11

∣∣∣2 =−|ϕ′|∇u|2i +ψ
′ui |

2
≥−2(ϕ′)2|∇u|2i |∇u|2i − 2(ψ ′)2|ui |

2

=−ϕ′′|∇u|2i |∇u|2i − 2(ψ ′)2|ui |
2.
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This gives

A2 = 2(1+ 2c0)
∑
i 6=1

F i i Re
(T 1

1i u11i

w11

)
≥−c0

∑
i 6=1

F i i
∣∣∣u11i

w11

∣∣∣2− (1+ 2c0)
2

c0

∑
i 6=1

F i i
|T 1

1i |
2

≥−c0
∑
i 6=1

F i i
∣∣∣u11i

w11

∣∣∣2− 9n2C2
∑
i 6=1

F i i
|T 1

1i |
2

Thus

A2+ A3 ≥−(1+ 3c0)

n∑
i=1

F i i
|u11i |

2

w2
11

− 9n2C2
∑
i 6=1

F i i
|T 1

1i |
2

≥−(1+ 2c0)
2

n∑
i=1

F i i
|u11i |

2

w2
11

− 9n2C2

n∑
i=1

F i i

=−A4− 2(ψ ′)2
n∑

i=1

F i i
|ui |

2
− 9n2C2

n∑
i=1

F i i .

We therefore obtain

(4-18) A2+ A3+ A4 ≥−2(ψ ′)2
n∑

i=1

F i i
|ui |

2
− 9n2C2

n∑
i=1

F i i .

Using the inequality
n∑

i=1

F i iλ2
i ≥ Fnnλ2

n > ε
2 Fnnλ2

1 ≥
ε2

n

n∑
i=1

F i iλ2
1,

we have

(4-19) A6 =
1
2
ϕ′

n∑
i=1

F i iλ2
i ≥

ε2

2n
ϕ′

n∑
i=1

F i iλ2
1.

Combining (4-17) and (4-18) (4-19), we obtain

0≥
n∑

i=1

F i i Qi i ≥
ε2

2n
ϕ′

n∑
i=1

F i iλ2
1− 2(ψ ′)2

n∑
i=1

F i i
|ui |

2

+

(
−ψ ′+

1
2
ϕ′− 31n2C2− 4C3

) n∑
i=1

F i i
−C1

≥

( ε2

8nK
λ2

1− 8K (C0+ 1)2
) n∑

i=1

F i i
−C1

≥
ε2

8nK
λ2

1− 8K (C0+ 1)2−C1,
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where we use the fact that
∑n

i=1 F i i
≥ 1, which follows from the definition of F i i

and the Newton–Maclaurin inequality.
Hence, we obtain

λ1 ≤ 8
√

2(2A+ 1)
√

nK (8K (C0+ 1)2+C1)≤ CK .

Case 2: λn >−ελ1.
Let I = {i ∈ {1, . . . , n}|σk−1(λ|i)≥ ε−1σk−1(λ|1)}. Obviously, 1 /∈ I and i ∈ I

if and only if F i i > ε−1 F11. We first treat those indices which are not in I. By
(4-7), we have

−(1+ 2c0)
∑
i /∈I

F i i
|u11i |

2

w2
11

+ 2(1+ 2c0)
∑
i /∈I

F i i Re
T 1

1i u11i

w11

≥−(1+ 2c0)
2
∑
i /∈I

F i i
|u11i |

2

w2
11

−
(1+ 2c0)

2

c0

∑
i /∈I

F i i
|T 1

1i |
2

=−ϕ′′
∑
i /∈I

F i i
|∇u|2i |∇u|2i − 2(ψ ′)2

∑
i /∈I

F i i
|ui |

2
− 9n2C2

∑
i /∈I

F i i
|T 1

1i |
2

≥−ϕ′′
∑
i /∈I

F i i
|∇u|2i |∇u|2i − 2ε−1K (ψ ′)2 F11

− 9n2C2

n∑
i=1

F i i.

Substituting the above inequality into (4-17) yields

(4-20) 0≥ F i i Qi i

≥−(1+ 2c0)

n∑
i, j,p,q=1

F i j,pqui j1upq1

w11
+ 2(1+ 2c0)

∑
i∈I

F i i Re
(T 1

1i u11i

w11

)

− (1+ 2c0)
∑
i∈I

F i i
|u11i |

2

w2
11

+ϕ′′
∑
i∈I

F i i
|∇u|2i |∇u|2i +ψ

′′

n∑
i=1

F i i
|ui |

2

+
1
2
ϕ′

n∑
i=1

F i iλ2
i − 2ε−1K (ψ ′)2 F11

+

(
−ψ ′+

1
2
ϕ′− 31n2C2− 4C3

) n∑
i=1

F i i
−C1

= B1+ B2+ B3+ B4+ B5+ B6+ B7+ B8.

Firstly, we have

B6+ B7 =
1
2
ϕ′

n∑
i=1

F i iλ2
i − 2ε−1K (ψ ′)2 F11

≥
1
4
ϕ′

n∑
i=1

F i iλ2
i ,
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where we assume that 1
4ϕ
′F11λ2

1 ≥ 2ε−1K (ψ ′)2 F11 (for otherwise 1
4ϕ
′F11λ2

1 ≤

2ε−1K (ψ ′)2 F11, i.e., λ1 ≤ CK ).
We next use B1 to cancel the other terms containing the third derivatives of u.
As the proof in [Hou et al. 2010, p. 559], we have

λ1σk−2(λ|1i)≥ (1− 2ε)σk−1(λ|i) for i ∈ I.

Then

−λ1 F i1,1i
=

F1−k

k
λ1σk−2(λ|1i)≥ F1−k

k
(1− 2ε)σk−1(λ|i)= (1− 2ε)F i i .

Since ui11 = u11i − T 1
1i (λ1− 1), we get

B1 =−
1+ 2c0

λ1

n∑
i, j,p,q=1

F i j,pqui j1upq1

≥−
1+ 2c0

λ2
1

∑
i∈I

λ1 F i1,1i ui11u1i1

≥
1+ 2c0

λ2
1

(1− 2ε)
∑
i∈I

F i i
|u11i − T 1

1i (λ1− 1)|2,

and

B2 =
2(1+ 2c0)

λ1

∑
i∈I

F i i Re(T 1
1i u11i ).

From (4-7), we have

B4 = ϕ
′′
∑
i∈I

F i i
|∇u|2i |∇u|2i

= 2
∑
i∈I

F i i
∣∣∣(1+ 2c0)

u11i

w11
+ψ ′ui

∣∣∣2
≥ 2(1+ 2c0)

2δ
∑
i∈I

F i i |u11i |

w2
11

2

−
2δ

1− δ
(ψ ′)2

∑
i∈I

F i i
|ui |

2

≥ 2(1+ 2c0)
2δ
∑
i∈I

F i i |u11i |

w2
11

2

− B5,

where we use (2δ/(1− δ))(ψ ′)2 = ψ ′′ by choosing δ = 1/(2A+ 1).
So we get

B3+ B4+ B5 ≥−(1+ 2c0)
[1− 2(1+ 2c0)δ]

λ2
1

∑
i∈I

F i i
|u11i |

2.
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Then we conclude

B1+ B2+ B3+ B4+ B5

≥
1+ 2c0

λ2
1

(1− 2ε)
∑
i∈I

F i i
|u11i − T 1

1i (λ1− 1)|2

− (1+ 2c0)
[1− 2(1+ 2c0)δ]

λ2
1

∑
i∈I

F i i
|u11i |

2

+
2(1+ 2c0)

λ2
1

∑
i∈I

F i i Re(λ1T 1
1i u11i )

=
1+ 2c0

λ2
1

∑
i∈I

F i i
{(1− 2ε)|u11i − T 1

1i (λ1− 1)|2

− (1− 2(1+ 2c0)δ)|u11i |
2
+ 2 Re(λ1T 1

1i u11i )}

=
1+ 2c0

λ2
1

∑
i∈I

F i i
{(2(1+ 2c0)δ− 2ε)|u11i |

2

+ 2[2ε(λ1− 1)+ 1]Re(T 1
1i u11i )+ (1− 2ε)(λ1− 1)2|T 1

1i |
2
}

≥ 0,

where the last inequality holds if we choose ε = 1
4δ ≤

1
16 . In fact,

1= B2
− 4AC = 4[2ε(λ1− 1)+ 1]2− 4(1− 2ε)(λ1− 1)2(2(1+ 2c0)δ− 2ε)

≤ 36ε2(λ1− 1)2− 4(1− 2ε)(λ1− 1)2(2(1+ 2c0)δ− 2ε)

≤ 4(λ1− 1)2(9ε2
− 2(1− 2ε)((1+ 2c0)δ)+ 2ε(1− 2ε))

≤ 4(λ1− 1)2(5ε2
+ 2ε− δ)

≤ 4(λ1− 1)2(4ε− δ)

= 0.

Then we finally obtain

0≥
1
4
ϕ′

n∑
i=1

F i i
|ui i |

2
+

(
−ψ ′+

1
2
ϕ′−C2−C3

) n∑
i=1

F i i
−C1

=

(
−ψ ′+

1
2
ϕ′−C2−C3

) n∑
i=1

F i i
+

1
4
ϕ′

n∑
i=1

F i i
|ui i |

2
−C1

≥

n∑
i=1

F i i
+

1
16K

n∑
i=1

F i iλi
2
−C1,

where we use −ψ ′ ≥ C0+ 1 and C0 = 31n2C2+ 4C3.
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In particular,
∑n

i=1 F i i
≤ C. By Lemma 2.2 in [Hou et al. 2010], we have

F11
≥ c(n, k)/Ck−1

1 , where c(n, k) is a positive constant depending only on n and k.
Then we get the desired estimate

λ1 ≤
4Ck/2

1

c(n, k)1/2
√

K ,

where C1 is given in (4-17). �
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