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SPACELIKE HYPERSURFACES IN THE DE SITTER SPACE

Luis J. ALiAS, HENRIQUE F. DE LIMA AND FABIO R. DOS SANTOS

We deal with complete linear Weingarten spacelike hypersurfaces immersed
in the de Sitter space, that is, spacelike hypersurfaces of de Sitter space
whose mean and scalar curvatures are linearly related. In this setting, we
apply a suitable extension of the generalized maximum principle of Omori—
Yau to show that either such a spacelike hypersurface must be totally um-
bilical or there holds a sharp estimate for the norm of its total umbilicity
tensor, with equality characterizing hyperbolic cylinders of de Sitter space.
We also study the parabolicity of these spacelike hypersurfaces with respect
to a Cheng-Yau modified operator.

1. Introduction

The last few decades have seen a steadily growing interest in the study of the
geometry of spacelike hypersurfaces immersed into a Lorentzian space. Recall that
a hypersurface M" immersed into a Lorentzian space is said to be spacelike if the
metric induced on M" from that of the ambient space is positive definite. Apart
from physical motivations, from the mathematical point of view this interest is
mostly due to the fact that such hypersurfaces exhibit nice Bernstein-type properties,
and one can truly say that the first remarkable results in this branch were the rigidity
theorems of E. Calabi [1970] and S. Y. Cheng and S. T. Yau [1976], who showed
(the former for n < 4, and the latter for general n) that the only maximal complete,
noncompact, spacelike hypersurfaces of the Lorentz—Minkowski space " ! are the
spacelike hyperplanes. However, in the case that the mean curvature is a positive
constant, A. E. Treibergs [1982] astonishingly showed that there are many entire
solutions of the corresponding constant mean curvature equation in 1"+!, which he
was able to classify by their projective boundary values at infinity.

When the ambient is the de Sitter space S’f“, A.J. Goddard [1977] conjectured
that every complete spacelike hypersurface with constant mean curvature H in S’f“
should be totally umbilical. Although the conjecture turned out to be false in its
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original statement, it motivated a great deal of work of several authors trying to find
a positive answer to the conjecture under appropriate additional hypotheses. For
instance, J. Ramanathan [1987] proved Goddard’s conjecture for S? and0< H <1.
Moreover, if H > 1 he showed that the conjecture is false as can be seen from an
example due to M. Dajczer and K. Nomizu [1981]. K. Akutagawa [1987] proved
that Goddard’s conjecture is true when n = 2 and H 2 <1 or when n > 3 and
H? < 4(n — 1)/n?. He also constructed complete spacelike rotation surfaces in §?
with constant H satisfying H > 1 which are not totally umbilical.

S. Montiel [1988] proved that Goddard’s conjecture is true provided that M" is
compact. Furthermore, he exhibited examples of complete spacelike hypersurfaces
in S’f“ with constant H satisfying H> > 4(n — 1)/n* and being nontotally um-
bilical, the so-called hyperbolic cylinders, which are isometric to the Riemannian
product H'(r) x S"'(V/1+7r2) ofa hyperbolic line of radius r > 0 and an (n—1)-
dimensional Euclidean sphere of radius +/1 + 2. S. Montiel [1996] characterized
such hyperbolic cylinders as the only complete noncompact spacelike hypersurfaces
in S?H with constant mean curvature H = 24/n — 1/n and having at least two
ends. A. Brasil Jr., A. G. Colares and O. Palmas [Brasil et al. 2003] obtained a
sort of extension of Montiel’s result, showing that the hyperbolic cylinders are
the only complete spacelike hypersurfaces in S’l'“ with constant mean curvature,
nonnegative Ricci curvature and having at least two ends. They also characterized
all complete spacelike hypersurfaces of constant mean curvature with two distinct
principal curvatures as rotation hypersurfaces or generalized hyperbolic cylinders
HY(r) x S"*(V/1+7r2). Proceeding with the ideas related to Goddard’s conjec-
ture, it is interesting to obtain characterizations of the so-called linear Weingarten
spacelike hypersurfaces (that is, spacelike hypersurfaces whose mean and scalar
curvatures are linearly related) immersed in a certain Lorentzian space. Many
authors have approached problems in this branch. For instance, when the ambient
space is S’f“, we refer to the readers the works [Chao 2013; Cheng 1990; de Lima
and Veldsquez 2013; Hou and Yang 2010; Li 1997].

Here, our purpose is to obtain new characterizations concerning complete lin-
ear Weingarten spacelike hypersurfaces immersed in S’I’H. Under appropriated
constrains on the scalar curvature function, we apply a suitable extension of the
generalized maximum principle of Omori—Yau (see Proposition 7) in order to give
a sharp estimate of the total umbilicity tensor of the hypersurface, which allows us
to characterize hyperbolic cylinders

H'(r) x S" ' (/1 47r2)

of S’f“ when n > 3 (see Theorem 8 and Corollary 9) and totally umbilic 2-spheres in
S? when n = 2 (see Theorem 10 and Corollary 11). We also study the parabolicity
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of these spacelike hypersurfaces with respect to a Cheng—Yau modified operator
(see Theorem 12 and Proposition 13).

2. Preliminaries

Let R} *2 be an (n+2)-dimensional real vector space endowed with an inner product
of index 1 given by

n+1
(X, )= Xj¥j = Xnt2¥ni2,
j=1
where x = (x1, x2, ..., X,42) is the natural coordinate of [R?’f”.

RTH = ["*2 is called the (n + 2)-dimensional Lorentz—Minkowski space. We
define the (n + 1)-dimensional de Sitter space S’f“ as the following hyperquadric
of L"+2:

ST = {1, %2, xag2) € BRI (x, x0) = 1)

The induced metric ( -, - ) makes S’f“ a Lorentzian manifold with constant sectional
curvature 1.

An n-dimensional hypersurface M" in §'1‘+1 is said to be spacelike if the metric
on M" induced from the metric of 51‘“ is positive definite.

From now on, we will consider complete spacelike hypersurfaces M" of S’I‘H.
We choose a local field of semi-Riemannian orthonormal frame {es}i<a<n+1
in S’f“, with dual coframe {w4}1<4<n+1, such that, at each point of M", ey, ..., ¢,
are tangent to M" and e,,11 is normal to M". We will use the following convention
for the indices

1<A,B,C,...<n+1, 1<i,jk,...<n.

In this setting, denoting by {w4p} the connection forms of S’f“, the structure
equations of §’f+1 are given by

dwy = E WA N W — DAnt1 ANWpy1, wap+wpa =0,

1

1
dopp = Z ECWAC NOCB ~ 5 Z ecepKapcpwc Nwp,
c C.D

Kapcp =€aep(8acdpp —3apdpC),

where ¢, =1 and ¢, = —1.
Next, we restrict all the tensors to M". First of all, w,+; = 0 on M", so
Y i Wnt1i Awij =dw,11 =0 and by Cartan’s lemma we can write

(2-1) Oprri =) hijwj, hy=hj;.
j
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This gives the second fundamental form of M", A=), : hijw; @ wje, 1. Fur-
thermore, the mean curvature H of M" is defined by H =1/n)_, h;;.
The structure equations of M" are given by

dw; = E wij Nwj, wij+wji=0,
J

1
da)ij = Zwik N Wgj — 3 Z R,-jklwk N wj.
k ki,

Using the structure equations we obtain the Gauss equation
(2-2) Rijki = 6ik8j1 — 818 jk — hixh ji + hith ji,

where R; ;i are the components of the curvature tensor of M".
The Ricci curvature and the normalized scalar curvature of M" are given, respec-
tively, by

(2-3) Rij= (=18 —nHhij+ ) hihy
k
and
=1 y
(2-4) R=op 2 R

From (2-3) and (2-4) we obtain
(2-5) S=n’H’+nn—1D)(R—1) =nH?+nn—1)(H> - H,),

where S =), j hizj is the square of the length of the second fundamental form A
of M", and H, =28,/(n(n — 1)) denotes the mean value of the second elementary
symmetric function S, on the eigenvalues of A. In particular, it follows from (2-5)
that M" is totally umbilical if and only if S =nH?.

The components 4, of the covariant derivative V A satisfy

(2-6) Zhijkwk =dh;; +Zhika)kj +Zhjka)ki-
k k k

Observe that,

VAP =" hiy.
i,j,k

Then, by exterior differentiation of (2-1), we obtain the Codazzi equation

(2-7) hijk = hjik = hikj.
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Similarly, the components #;;; of the second covariant derivative V2B are
given by

Y hijuor=dhijg+ Y b+ Y haroy + Y hijion.
! ! ! !
By exterior differentiation of (2-6), we can get the following Ricci formula

(2-8) hijki — hijik = Z him Rmjki + Z R jm Rmiki.-

The Laplacian Ah;; of h;; is defined by Ah;; = > hijkk. From (2-7) and (2-8),
we have

(2-9) Ah;j = Z hikij + Z hii Ryiji + Z hii Rigji -
k k.l k1

Since AS =2(3"; ; hijAhij + Y, ;; hiyy), from (2-9) we get
(2-10)  IAS=|VAP+ Zhijhkkij + Z hijhiRyijx + Z hijhii Rk -
ik ijkl ikl
Consequently, taking a (local) orthonormal frame {ey, ..., e,} on M" such that
hij = A;8;j, from (2-10) we obtain the following Simons-type formula:
1 2 1 2
2-11) IAS =|VA| +in(nH),,-,-+§ZR,-j,-j(xi—xj) .
14 L]
Now, let ¢ =}, j $ijwiw;j be a symmetric tensor on M" defined by
¢ij =l’lH5[j —h,‘j.

Following [Cheng and Yau 1977], we introduce a operator [] associated to ¢ acting
on any smooth function f by

(2-12) Of =) aijfij =) (nHS;—hip) fij.
ij ij
Setting f = nH in (2-12) and taking into account equations (2-5) and (2-11),

with a straightforward computation we obtain
(2-13) OmH)=|VAP —n*IVH? = tn(n — DAR + % > Rijij(hi = )%
ij
3. Linear Weingarten hypersurfaces in S’l"”

In what follows, we will consider M" as being a linear Weingarten spacelike
hypersurface immersed in S'l’H, that is, a spacelike hypersurface of S’]’“ whose
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mean curvature H and normalized scalar curvature R satisfy
R=aH+b,

for some a, b € R. We first state some auxiliary results.

Lemma 1 [de Lima and Veldsquez 2013]. Let M" be a linear Weingarten spacelike
hypersurface in S'f“, such that R = aH + b for some a, b € R. Suppose that

(3-1) (n—1Da’>+4n(1—b) > 0.
Then
(3-2) IVA|? > n?|VH|*.

Moreover, if the inequality (3-1) is strict and the equality holds in (3-2) on M", then
H is constant on M".

Now, we will consider the following Cheng—Yau’s modified operator:

(3-3) L=D+n;1aA.

In other words, for any u € CZ(M),

(3-4) L(u) = tr(P o Vu),
with

(3-5) P=<nH+n;1a)I—A,

where I is the identity in the algebra of smooth vector fields on M” and V?u stands
for the self-adjoint linear operator metrically equivalent to the Hessian of u.

Remark 2. From Equation (2-5), since R = aH + b, we have that
(3-6) nH*>=S—nm—1)@aH+b—1).

When b < 1, it follows from (3-6) that H(p) # O for every p € M". In this case,
we can choose the orientation of M”" such that H > 0. On the other hand, when
b =1, we will assume that H does not change sign on M”" and we will choose the
orientation of M" such that H > 0.

The next lemma gives a sufficient criterion for the ellipticity of the operator L.

Lemma 3. Let M" be a linear Weingarten spacelike hypersurface in S’f“ such
that R=aH +b. Let p_ and |14 be, respectively, the minimum and the maximum
of the eigenvalues of the operator P at every point p € M". If b < 1, then the
operator L is elliptic, with

u—>0 and py <2nH+ (n—1)a.
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In the case where b = 1, assume further that the mean curvature function H does
not change sign and R > 1. Then the operator L is semielliptic, with

U—>0 and puy<2nH+ (n-—1a,
unless M" is totally geodesic.

Proof. Let us consider b < 1 and choose the orientation on M" for which H > 0
(see Remark 2). From (3-6), we have that

n*H?> =S+n(n—1(1 —aH —b) =i} —n(n—aH,

for each principal curvature A; of M",i =1, ..., n.
On the other hand, with a straightforward computation we verify that

(3-7) A <n*H?*+n(n—1)aH

2
_ n—1 _(n—=1)?% »
_(nH—I— 5 a) 7 a

2
< (nH+n;1a> .

From (3-6) we also have that

(3-8) nHmH+m—1)a)=S+n(n—-1)(1—->) > 0.

We claim that n H + %(n — 1)a > 0. When a > 0, our assertion is immediate since

nH+(n;1)aan>0.

When a < 0, from (3-8) we get nH + (n — 1)a > 0. So, nH + %(n — Da >
nH+(m—1)a > 0.
So, from (3-7) we obtain

—nH — (n;1>acn—12a<ki <nH+(n;1>acn—12a, i=1,...,n.

Therefore, for every i, we get

O<nH+(n;1)a—Ai <2nH + (n—1a.

However, u; =nH + %(n —1)a —A; are precisely the eigenvalues of P. In particular,
we conclude that u_ > 0 and u4 <2nH + (n — 1)a.
If b = 1, then choose the orientation of M" for which H > 0. From (3-6), we
have that
n’H>=S—n(n—1)aH > A} —n(n— aH,
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for each principal curvature A; of M"*,i =1,...,n and

2
)»1-25( n;la) .

From (3-6) we also have that

nHnH+mn—1)a)=S=>0.

Since R=aH +1>1,wehaveaH >0.Ifa ZOthennH+%(n—1)a > (0 and,
similarly as in the case b < 1, we conclude that u_ >0 and uy <2nH + (n — 1)a.
On the other hand, if a < 0 we have H =0 and then R = 1 and S = 0, which
means that M" must be totally geodesic. U

Remark 4. Also related to the ellipticity of operator L, when M" is totally geodesic,
we observe that the operator L reduces to L = %(n — D)aA, which is elliptic if and
only if @ > 0. For this reason, in order to keep the validity of Lemma 3 when b =1,
even in the totally geodesic case, we will choose a to be a positive constant.

We close this section recalling a classic algebraic lemma due to M. Okumura
[1974], which was completed with the equality case by H. Alencar and M. P. do
Carmo [1994].

Lemma 5. Let ki, ..., k, be real numbers such that ) ; ki =0 and ), Ki2 = B2,
with B > 0. Then,

- Z o =2 o
m = Uni—1
and equality holds if and only if at least (n — 1) of the numbers k; are equal.
4. Characterizations of linear Weingarten spacelike hypersurfaces
From now on, we will also consider the following symmetric tensor
P = Z Djw @ w;j
iJ

associated to the second fundamental form of a hypersurface M" in S"H whose
components are given by ®;; = h;; — H&;;. Let |®> =Y, J <I>2 be the square
of the length of ®. It is not difficult to check that & is traceless and from (2-4),
we get

4-1) |®>=S—nH>=n(n—1D)H?>+n(n—1)(R—1).

In particular, |®|> = 0 at the umbilic points of M". For that reason ® is usually
called the total umbilicity tensor of M".
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In order to establish our characterization results, we will need the following
lower bound for the operator L acting on the square length of the traceless operator
of a linear Weingarten hypersurface.

Proposition 6. Let M" be a linear Weingarten spacelike hypersurface immersed
in S'f“, n>2,such that R =aH + b with b < 1. In the case where b = 1, assume
that the mean curvature function H does not change sign and R > 1. Then,

|q)|2 az

2 2 R “
L(®I) = 2(n— D[P %,b(l‘bl)\/n(n_])Jr g bTL

where

n

(4-2) (=""2 2+( _ o2 ) S
i %’bx_n—lx e «/n(n—l)x nn—1) 4

N n(n—2) a (a_z_b)
«/n(n—l)Zx " 2 '

Proof. Let us choose a local orthonormal frame {ey, ..., e,} on M" such that
hij =X;6;;. Taking into account equations (2-10) and (2-13), we get from (3-3) that

2 2 2, 1 2
(4-3) L(nH)z;hijk—n |VH| +§ZRijij(,\i—,\j)
l’.]’ l?.]

On the one hand, by a straightforward computation we can check
(4—4) % Z Rijij()\i —)xj)z = % Z(l —)\.i)»j)()\.l‘ —)»j)z = Sz—nH Z )»,-3+n|CD|2.
ij ij i

But, on the other hand, since we are assuming that b < 1, we have that the
relation (3-1) holds, and hence we can apply Lemma 1 to guarantee that

(4-5) > hiy —n*|VH| = 0.
i,j.k

Thus, from (4-3), (4-4) and (4-5) we have

(4-6) L(nH) > S*—nH Y _ Al4n|0.

1

Taking a (local) orthonormal frame {eq, ..., e,} at p € M" such that

hij =Xiéij and  @;j = K;dij,
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it is not difficult to verify the algebraic relations
@7 Y k=0, > k=0 and Y «'=) A —3H|O]—nH’.
i i i i
When n > 3, using Lemma 5 and equations (4-1) and (4-7) we have

n
4-8)  SP—nHY 1) =0 +nH?? —nH Y & —3nH*|® —n’H*
i=1 i
= 0| —nH*| O —nH Y ]

]

> |<1>|2(|<1>|2— 2022y —nHz).
nn—1)

In the case that n = 2, since k; + k» = 0 we also have "13 + K23 = 0, and from
(4-1) and (4-7) we obtain

2
(4-9) S*—2H Y M =07+1)"— L+ )R]+ 1))
i=1

=P (|®I> —2H).
Hence, inserting either (4-8), when n > 3, or (4-9), when n =2, into (4-6) we get
nn—2)
Jnn—1)

On the other hand, from (4-1) and R = aH + b, we have

(4-10) L(nH) > |c1>|2<|<1>|2— H|®| —n(H?>— 1)).

(4-11) an1|CI>|2:nH2+naH+n(b—l).

If M" is totally geodesic then the operator L reduces to L = %(n — l)aA where
a > 0 is any positive constant (see Remark 4). In this case |®|> = 0 and the
inequality in Proposition 6 holds trivially. On the other hand, if M" is not totally
geodesic then Lemma 3 guarantees that the operator P is positive definite if b < 1,
and P is positive semidefinite if » = 1. In any case, from (4-11) we have

(4-12) n—ilL(|<I>|2) —2HL(H)+2n(P(VH), VH) +aLnH)
a
> 2<H + E)L(nH),

once (3-4) guarantees that L(u?) = 2uL(u) 4+ 2(P(Vu), Vu) for every u € C2(M).
Therefore, taking into account that H +a/2 > 0, from (4-10) and (4-12) we get

n(n—2)

Jnn—1)

(4-13) +L(|¢|2>2(H+§)|¢|2(|¢|2—

2
STy H|®|—n(H —1)).
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Besides, from (4-11) we have

2 n(n1_1)|<b|2—aH—b+ 1,
and consequently, we can write
2 2
(4-14) H+%=\/n(|f_|l)+%—b+1.
From (4-14) and (4-11), after a straightforward computation, we get

(4-15) O~ =2 6] — (B2~ 1) = (DD,

Vn(n—T1) ’
where ¢, ,(x) is defined as in (4-2). Therefore, replacing (4-14) and (4-15) in (4-13),
we obtain the desired inequality. ([

Let us consider on a Riemannian manifold M" a semielliptic operator of the
form £ = tr(P o Hess), where P : TM — TM is a positive semidefined symmetric
tensor. We say that the Omori—Yau maximum principle holds on M" for the operator
L if, for any function u € C>(M) with u* = sup,, u < oo, there exists a sequence
{pr}ken C M"™ with the properties

w(po) > u* =1, Vu(pol < and Lu(po) <

for every k € N.

As an application of Theorem 6.13 of [Alias et al. 2016] (see also Lemma 4.2
of [Alias et al. 2012]), we establish the following Omori—Yau maximum principle
which will be our analytical key tool for the proofs of our main results.

Proposition 7. Let M" be complete noncompact linear Weingarten spacelike hyper-
surface immersed in S’f“ such that R = aH + b with b < 1. In the case where
b =1, assume that the mean curvature function H does not change sign and R > 1.
If sup,,|®|*> < +o0, then the Omori-Yau maximum principle holds on M" for the
operator L.

Proof. Taking into account that R = aH + b, from (4-1) we get
(4-16) |®1>=n(n—1)(H*+aH)+nn—1)(b-1).

Since we are assuming sup,,|®|?> < +o0, from (4-16) it follows that sup,, H < +00.
Thus, from (3-5) we have

tr(P) =n(n—1)H + %a
and hence,

“4-17) suptr(P) < +o0.
M
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On the other hand, recall from the proof of Lemma 3 that n H + % (n—1)a >0and
—1 —1
n 5 a<A <nH+ n >

Therefore, from (2-2) we see that the sectional curvatures of M" satisfy

—nH — a, i=1,...,n.

2
(4-18) Rl‘j,‘jzl—)»i)anI—<nH+ngla> > —00.

Furthermore, Lemma 3 guarantees us that the operator L is semielliptic. There-
fore, taking into account (3-4), (4-17) and (4-18), we can apply Theorem 6.13 of
[Alias et al. 2016] in the particular case where the sectional curvatures of M" are
bounded from below by a constant to conclude the desired result. (]

Now, we are in position to state and prove our main characterization result
concerning linear Weingarten hypersurfaces immersed in S’f“.

Theorem 8. Let M" be a complete linear Weingarten spacelike hypersurface iso-
metrically immersed in the de Sitter space S’f“, n >3, such that R =aH + b with
O<b<R<m—2)/n. Then
() either sup,,|®|> = 0 and M" is a totally umbilical hypersurface,
(i1) or
sup|®|> > a(n,a,b) >0,
M

where a(n, a, b) is a positive constant depending only on n, a and b.

In (ii), a necessary and sufficient condition for equality to hold and the supremum
to be attained at some point of M" is that M" be isometric to a hyperbolic cylinder

H'(r) x "' (V1 +r2) of radius r > 0.

Proof. If sup M|CI>|2 = 0, then M" is totally umbilical and, hence, item (i) holds.
If supM|<I>|2 = 400, then (ii) is trivially satisfied. So, let us suppose that 0 <
sup M|<I>|2 < 400 and let us take u = |®|2. Then, from Proposition 6 we get

(4-19) L(u) = f(u),

where

2
fu)=2(n— 1)”‘Pa,b(«/ﬁ)\/ﬁ +1—-b+ “I

and ¢, »(x) is given by (4-2).

If M" is compact, there exists a point pg € M" such that u(po) = u*= sup,, u.
Consequently, Vu(po) = 0 and Lu(pg) < 0. Therefore, from (4-19) we get
f(@*) <0. Now, assume that M" is complete and noncompact. Since u™ < 400,
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Proposition 7 guarantees that there exists a sequence of points {pglien C M"
satisfying

(4-20) u(p) > u* —% and  Lu(py) < %

for every k € N. Therefore from (4-19) and (4-20), we get

(421) 1> Lu(p) = f@(po).

Taking the limit k — +o00 in (4-21), by continuity, we have

* 2
f@)=2(n— 1)u*¢a,b(¢u_*>\/n(lj_l) +1-b+ % <0.

Since u* > 0 and b < 1, we obtain that
(4-22) Qa,p(Vu*) <0.

Recall from Remark 2 that H > 0 on M". Thus, since we are assuming that
n>3and 0 <b < R < (n—2)/n, it is not difficult to verify that ¢, , has an
unique positive root xo = v/a(n, a, b) > 0. Moreover, we have that ¢, ,(x) > 0,
for 0 < x < xg, and @, (x) < 0, for x > xo.

Therefore, (4-22) implies

u* >x} =a(n,a,b),
that is,

sup|®|> > a(n, a, b).

M

This proves the inequality of item (ii).
Moreover, the equality sup,,|®|*> = a(n, a, b) holds if and only if v/u* = xo.
Thus @, »(+/u) >0 on M", which jointly with (4-19) implies that

Lw)>0 onM".

On the other hand, since » < 1 we know from Lemma 3 that the operator
L is elliptic. Therefore, if there exists a point py € M" such that |®(pg)| =
sup,,|®|, from the maximum principle the function u = |P |> must be constant and,
consequently, |®| = xo. Thus,

[P L,
nn—T1) +1-b+ 1
Hence, all the inequalities in the proof of Proposition 6 must be equalities. In
particular, since L is elliptic if and only if P is positive definite, returning to (4-12)
we obtain that VH = 0 and H is constant. Moreover, equality occurs in (4-5) as

0=L(®[) =2 - 1)|<I>|290a,b(|q>l)\/
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well, or equivalently,

VAP =Y " hi, =n?|VH|* =0.
i)k
So, it follows that A; is constant foreveryi =1, ..., n, thatis, M" is an isoparametric
hypersurface. Finally, (4-8) must also be an equality, which guarantees that the
equality in Lemma 5 occurs. This implies that the hypersurface has exactly two
distinct principal curvatures one of which is simple. Therefore, we can apply a
classical congruence theorem due to Abe et al. [1987, Theorem 5.1] to conclude
that M" must be one of the two following standard product embeddings into S .

(@) H'(r) x "1 (V1+472),
(b) H''(r) x S'(WV1+72),
in either case with a positive radius r > 0. In case (a), for a given radius r > 0

the standard product embedding H'(r) x S"!(v/1+r2) — S’f“ has constant
principal curvatures given by
V1+r? r

A= s A==y =

r V172

Therefore,
1+ nr? 1+2r% +nr —1
nH=— 2 g= T and o =
/1472 r2(1+r2) nr2(1+r2)
and its constant scalar curvature is given
. on—=2
Cn(l+r2)’
which satisfies our hypothesis, since
n —_—
O0<R< <1
n

for every r > 0. On the other hand, in case (b) and for a given radius r > 0
the standard product embedding H"~!(r) x S!(v/1+7r2) — S’f“ has constant
principal curvatures given by

V1472 r

)\1="'=)\n—1= s )\n=

r V1+r2

Therefore,

:(n—1)+nr2 S:n—1+2(n—1)r2+nr4’ and |q)|2=

H -
RV P21+ (14 r?)
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and its constant scalar curvature is given by
n—2

R=-—
nr2

<0,

which does not satisfy our hypothesis. (]

When the spacelike hypersurface has constant scalar curvature (which corre-
sponds to the case a = 0), we also have the following consequence of Theorem 8.

Corollary 9. Let M" be a complete spacelike hypersurface isometrically immersed
in de Sitter space S’f“, n > 3, with constant scalar curvature R satisfying 0 < R <
(n—2)/n. Then

() either sup,,|®|> = 0 and M" is a totally umbilical hypersurface,
(i1) or
supy | @[> = (n, R) > 0,

where
n(n — 1)R?

(n—2)(n—2—nR)’
In (ii), a necessary and sufficient condition for equality to hold and the supremum
to be attained at some point of M" is that M" be isometric to a hyperbolic cylinder
H(r) x "V (V1 +r2) of radius r > 0.

For the proof of Corollary 9 simply observe that when a = 0 (and hence R = b)
the positive root xg of ¢o r(x) = 0 is given explicitly by

B(n, R)=a(,0,R) =

) n(n — 1)R?
T ) (—2—nR)
On the other hand, when n = 2 it is easy to see that, supposing 0 < b < 1 and
R > b, the function ¢, ,(x) is increasing for x > 0, with ¢, ,(x) > ¢,(0) > 0.
Therefore in this case, and taking into account that R = K is the Gaussian curvature
of M?, Theorem 8 can be written as follows.

Theorem 10. Let M? be a complete linear Weingarten spacelike surface isometri-
cally immersed in the de Sitter space S% such that K =aH +bwith0 < b < 1 and
K=>b.If supM|CI>|2 < +00 then M? is a totally umbilical surface.

In other words, taking into account that the only totally umbilical surfaces in §?
having K > 0 are the totally umbilical 2-spheres S*(r) C S3, with radius r > 1,
Theorem 10 says:

The only complete linear Weingarten spacelike surfaces in de Sitter space
S? satisfying K = aH +b with0 < b < 1 and K > b for which |®|? is
bounded are the totally umbilical 2-spheres.

The proof of Theorem 10 follows from that of Theorem 8 after observing that
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when n = 2 it cannot happen that 0 < sup,,|®|*> < +o0 because that would imply
0 < @4 (v/u*) <0. Thus if sup,,|®|> < +-00 we must have |®|?> =0 and M? is a
totally umbilical surface.

Finally, when a = 0 and n = 2, from Theorem 10 we also obtain the following:

Corollary 11. The only complete spacelike surfaces in the de Sitter space S? with
constant Gaussian curvature 0 < K < 1 for which |®|? is bounded (or, equivalently,
H is bounded) are the totally umbilical 2-spheres S2(r) C S3, with radius r > 1.

5. L-parabolicity of linear Weingarten hypersurfaces

Recall that a Riemannian manifold M" is said to be parabolic if the constant
functions are the only subharmonic functions on M" which are bounded from
above; that is, for a function u € C2(M)

Au>0 and u <u* <400 imply u = constant.

So, considering the Cheng—Yau modified operator L given in (3-3), we say that M"
is L-parabolic if the only solutions of the inequality L(x#) > 0 which are bounded
from above are the constant functions. In this setting, and motivated by Theorem 3
in [Alias et al. 2012], we have the following result.

Theorem 12. Let M" be a complete linear Weingarten spacelike hypersurface
immersed in de Sitter space 8’1”'1, n>3,suchthat R=aH +bwithO<b<R <
(n —2)/n. Suppose that M" is not totally umbilical. If M" is L-parabolic, then

(5-1) sup|®|> > a(n,a, b) >0,
M

with equality if and only if M" is isometric to a hyperbolic cylinder H'(r) x

S" Y (V1 +r2) of radius r > 0.

Proof. If sup,;|®|? = 400 then there is nothing to prove. Since M" is not totally
umbilical, we consider the case that 0 < sup,,|®|> < +oc. In this case, reasoning as
in the first part of the proof of Theorem 8, we guarantee that sup,,|®|> > a(n, a, b).
Moreover, if equality holds in (5-1), then we have ¢, ;(|®P|) > 0 and, consequently,
L(|®|?) >0 on M". Hence, from the L-parabolicity of M" we conclude that the
function u = |d>|2 must be constant and equal to «(n, a, b). Therefore, at this point,
we can reason as in the proof of Theorem 8. ]

We close our paper establishing the following L-parabolicity criterion.

Proposition 13. Let M" be a complete linear Weingarten spacelike hypersurface
immersed in S'f“ such that R =aH + b with b < 1. In the case b = 1, assume
further that mean curvature function H does not change sign and b < R. If
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supM|<I>|2 < +00 and, for some reference point o € M",

gy

then M" is L-parabolic. Here B, denotes the geodesic ball of radius r in M"
centered at the origin o.

Proof. By a straightforward computation we can check from (3-4) that
(5-3) L(u) =div(P(Vu)),

for any u € C?(M), where P is defined in (3-5).

Now, we consider on M" the symmetric (0, 2) tensor field 4 given by h(X, Y) =
(PX,Y), or, equivalently, 2(Vu, -)* = P(Vu), where 8. T*M — TM denotes the
musical isomorphism. Thus, from (5-3) we get

L(u) = div(h(Vu, -)%).

On the other hand, as sup,,|®|*> < +o0o, from (4-16), we have that sup,, H < +o0.
So, we can define a positive continuous function /4 on [0, +00), by

(5-4) hi(r)=2nsupH + (n—1a.
B,

Thus, from (5-4) we have

(5-5) hy(r)y=2nsupH + (n—1)a <2nsup H + (n — 1)a < +o0.
B, M

Hence, from (5-2) and (5-5) we get

+00 dr
/0 I (r)vol(@B,) — %

Therefore, we can apply Theorem 2.6 of [Pigola et al. 2005] to conclude the proof.
O
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