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We use the theory of U,-tilting modules to construct cellular bases for central-
izer algebras. Our methods are quite general and work for any quantum
group U, attached to a Cartan matrix and include the nonsemisimple cases
for g being a root of unity and ground fields of positive characteristic. Our ap-
proach also generalizes to certain categories containing infinite-dimensional
modules. As applications, we give a new semisimplicity criterion for central-
izer algebras, and we recover the cellularity of several known algebras (with
partially new cellular bases) which all fit into our general setup.
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1. Introduction

Fix any field K and set K* =K —{0, —1} if char(lK) > 2 and K* = [K— {0} otherwise.
Let U, (g) be the quantum group over K for a fixed, arbitrary parameter g € IK*
associated to a simple Lie algebra g. The main result in this paper is the following:

Theorem (Cellularity of endomorphism algebras). Let T be a U, (g)-tilting module.
Then Enqu @ (T) is a cellular algebra (in the sense of [Graham and Lehrer 1996]).

It is important to note that cellular bases are not unique. In particular, a single
algebra can have many cellular bases. As a concrete application, see Section 5B, we
construct (several) new cellular bases for the Temperley—Lieb algebra depending
on the ground field and the choice of deformation parameter. These bases differ
therefore for instance from the construction in [Graham and Lehrer 1996, Section 6]
of cellular bases for the Temperley—Lieb algebras. Moreover, we also show that
some of our bases for the Temperley—Lieb algebra can be equipped with a Z-
grading which is in contrast to Graham and Lehrer’s bases. Our bases also depend
heavily on the characteristic of K (and on g € [K*). Hence, they see more of the
characteristic (and parameter) depended representation theory, but are also more
difficult to construct explicitly.

We stress that the cellularity itself can be deduced from general theory. Namely,
any U, (g)-tilting module T is a summand of a full U, (g)-tilting module T. By
[Ringel 1991, Theorem 6], Endy, (g) (T) is quasihereditary and comes equipped with
an involution as we explain in Section 3C. Thus, it is cellular; see [Konig and Xi
1998]. By their Theorem 4.3, this induces the cellularity of the idempotent truncation
Endy, ) (T). In contrast, our approach provides the existence and a method of
construction of many cellular bases. It generalizes to the infinite-dimensional Lie
theory situation and has other nice consequences that we will explore in this paper.
In particular, our results give a novel semisimplicity criterion for Endy, () (T); see
Theorem 4.13. This together with the Jantzen sum formula gives rise to a new
way to obtain semisimplicity criteria for these algebras (we explain and explore
this in [Andersen et al. 2017] where we recover semisimplicity criteria for several
algebras using the results of this paper). Here a crucial fact is that the tensor product
of U,-tilting modules is again a U,-tilting module; see [Paradowski 1994]. This
implies that our results also vastly generalize [Westbury 2009] to the nonsemisimple
cases (where our main theorem is nontrivial).

The framework. Given any simple, complex Lie algebra g, we can assign to it a
quantum deformation U, = U, (g) of its universal enveloping algebra by deforming
its Serre presentation. (Here v is a generic parameter and U, is an Q(v)-algebra.)
The representation theory of U, shares many similarities with that of g. In particular,
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the category! U,-Mod is semisimple.

But one can spice up the story drastically: the quantum group U, = U, (g) is
obtained by specializing v to an arbitrary ¢ € K* In particular, we can take g
to be a root of unity?. In this case U,-Mod is not semisimple anymore, which
makes the representation theory much more interesting. It has many connections
and applications in different directions, e.g., the category has a neat combinatorics,
is related to the corresponding almost-simple, simply connected algebraic group
G over KK with char(IK) prime; see for example [Andersen et al. 1994] or [Lusztig
1989], to the representation theory of affine Kac—-Moody algebras, see [Kazhdan and
Lusztig 1994] or [Tanisaki 2004], and to (2+1)-TQFTs and the Witten—Reshetikhin—
Turaev invariants of 3-manifolds; see for example [Turaev 2010].

Semisimplicity in light of our main result means the following. If we take K =C
and g = =£1, then our result says that the algebra Endy, (T') is cellular for any
U,-module T € U,;-Mod because in this case all U;-modules are U, -tilting modules.
This is no surprise: when T is a direct sum of simple U,-modules, then Endy, (T') is
a direct sum of matrix algebras M, (). Likewise, for any K, if ¢ € K* — {1} is not
a root of unity, then U,-Mod is still semisimple and our result is (almost) standard.
But even in the semisimple case we can say more: we get an Artin—Wedderburn
basis as a cellular basis for Endy, (7), i.e., a basis realizing the decomposition of
Endy, (T') into its matrix components; see Section 5A.

On the other hand, if ¢ = 1 and char(l) > 0 or if ¢ € K* is a root of unity, then
U,-Mod is far from being semisimple and our result gives many interesting cellular
algebras.

For example, if G = GL(V) for some n-dimensional [K-vector space V, then
T = V% is a G-tilting module for any d € Z~¢. By Schur—Weyl duality we have

(1)  ®sw:K[Sq] = Endg(T) and ®sw : K[S;] —> Endg(T), if n >d,

where K[S;] is the group algebra of the symmetric group S, in d letters. We can
realize this as a special case in our framework by taking ¢ =1, n > d and g = gl,
(although gl, is not a simple, complex Lie algebra, our approach works fine for
it as well). On the other hand, by taking ¢ arbitrary in IK* — {1} and n > d, the
group algebra K[S,;] is replaced by the type A —1 Iwahori—-Hecke algebra H,(q)
over [K and our theorem gives cellular bases for this algebra as well. Note that one
underlying fact why (1) stays true in the nonsemisimple case is that dim(Endg (7))
is independent of the characteristic of I (and of the parameter ¢ in the quantum
case), since T is a G-tilting module.

IFor any algebra A we denote by A-Mod the category of finite-dimensional, left A-modules. If
not stated otherwise, all modules are assumed to be finite-dimensional, left modules.

2In our terminology: The two cases ¢ = %1 are special and do not count as roots of unity. Moreover,
for technical reasons, we always exclude ¢ = —1 in case char(K) > 2.
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Of course, both K[ S;] and H;(g) are known to be cellular (these cases were one
of the main motivations of Graham and Lehrer to introduce the notion of cellular
algebras), but the point we want to make is that they fit into our more general
framework.

The following known cellularity properties can also be recovered directly from
our approach. And moreover in most of the examples we either have no or only
some mild restrictions on K and ¢ € K*

o As sketched above, the algebras K[S;] and H,(g) and their quotients under ®gw.
o The Temperley-Lieb algebras TL4(5) introduced in [Temperley and Lieb 1971].

 Other less well-known endomorphism algebras for sl,-related tilting modules
appearing in more recent work, e.g., [Andersen et al. 2015a], [Andersen and
Tubbenhauer 2017] or [Rose and Tubbenhauer 2016].

o Spider algebras in the sense of [Kuperberg 1996].

» Quotients of the group algebras of Z/rZ S, and its quantum version H4 -(q),
the Ariki—-Koike algebras introduced in [Ariki and Koike 1994]. This includes
the Ariki—Koike algebras themselves and thus, the Hecke algebras of type B.
This also includes Martin and Saleur’s [1994] blob algebras BL;(q, m) and
(quantized) rook monoid algebras (also called Solomon algebras) R4(q) in the
spirit of [Solomon 1990].

o Brauer algebras B;(5), introduced in [Brauer 1937] in the context of classical
invariant theory, and related algebras, e.g., the walled Brauer algebras B, () as
in [Koike 1989] and [Turaev 1989], and the Birman—Murakami—Wenzl algebras
BMW,;(68), in the sense of [Birman and Wenzl 1989] and [Murakami 1987].

Our methods also apply for some categories containing infinite-dimensional
modules. For example, with a little bit more care, one could allow 7 to be a
not necessarily finite-dimensional U, -tilting module. Moreover, our methods also
include the BGG category O, its parabolic subcategories OP and its quantum
cousin O, from [Andersen and Mazorchuk 2015]. For example, using the “big
projective tilting” in the principal block, we get a cellular basis for the coinvariant
algebra of the Weyl group associated to g. In fact, we get a vast generalization of
this, e.g., we can fit generalized Khovanov arc algebras, see, e.g., [Brundan and
Stroppel 2011a], sl,-web algebras, see, e.g., [Mackaay et al. 2014], cyclotomic
Khovanov—Lauda and Rouquier algebras of type A, see [Khovanov and Lauda
2009; 2011] or [Rouquier 2008], for which we obtain cellularity via the connection
to cyclotomic quotients of the degenerate affine Hecke algebra, see [Brundan and
Kleshchev 2009], cyclotomic \Y/ ;-algebras, see, e.g., [Ehrig and Stroppel 2013]
and cyclotomic quotients of affine Hecke algebras Hﬁ& 4» S€€, €.2., [Rouquier et al.
2016], into our framework as well; see Section SA. However, we will for simplicity
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focus on the finite-dimensional world. Here we provide all necessary tools and
arguments in great detail, sometimes, for brevity, only in an extra file [Andersen
et al. 2015b]. See also Remark 1.

Following Graham and Lehrer’s approach, our cellular bases for Endy, (T') pro-
vide also Endy, (T')-cell modules, the classification of simple Endy, (7')-modules,
etc. We give an interpretation of this in our setting as well; see Section 4. For in-
stance, we deduce a new criterion for semisimplicity of Endy, (T); see Theorem 4.13.

Remark 1. Instead of working with the infinite-dimensional algebra U, we could
also work with a finite-dimensional, quasihereditary algebra (with a suitable anti-
involution). By using results summarized in [Donkin 1998, Appendix], our con-
structions will go through very much in the same spirit as for U,. However, using U,
has some advantages. For example, we can construct an abundance of cellular bases
(for the explicit construction of our basis we need “weight spaces” such that, e.g.,
(2) or Lemma 3.4 work). Having several cellular bases is certainly an advantage,
although calculating these is in general a nontrivial task. (For example, getting an
explicit understanding of the endomorphisms giving rise to the cellular basis is a
tough challenge, but see [Riche and Williamson 2015] for some crucial steps in this
direction.) As a direct consequence of the existence of many cellular bases most of
the algebras appearing in our list of examples above can be additionally equipped
with a Z-grading. The basis elements from Theorem 3.9 can be chosen such that our
approach leads to a Z-graded cellular basis in the sense of [Hu and Mathas 2010].
We make this more precise in the case of the Temperley—Lieb algebras, but one
could for instance also recover the Z-graded cellular bases of the Brauer algebras
from [Ehrig and Stroppel 2016a] from our approach. We stress that in both cases
the cellular bases in [Graham and Lehrer 1996, § 4 and 6] are not Z-graded. To keep
the paper within reasonable boundaries, we do not treat the graded setup in detail.

2. Quantum groups, their representations and tilting modules

We briefly recall some facts we need in this paper. Details can be found, e.g., in
[Andersen et al. 1991] and [Jantzen 1996], or [Donkin 1998] and [Jantzen 2003].
For notations and arguments adopted to our situation see [Andersen et al. 2015b].
See also [Ringel 1991] and [Donkin 1993] for the classical treatment of tilting
modules (in the modular case). As before, we fix a field K over which we work
throughout.

2A. The quantum group U,. Let ® be a finite root system in an Euclidean space E.
We fix a choice of positive roots ® C ® and simple roots T1 C ®*. We assume
that we have n simple roots that we denote by «y, ..., «,. For each « € @, we
denote by o € @ the corresponding coroot. Then A = ({o;, )} ;_; is called
the Cartan matrix.
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By the set of (integral) weights we mean X ={A € E | (A, oziv) e/ for all o; € IT}.
The dominant (integral) weights X are those A € X such that (A, ;) > 0 for all
o; € I1.

Recall that there is a partial ordering on X given by u < A if and only if A —
is an Z>o-valued linear combination of the simple roots, that is, A — pu = Z?:l a;o;
with a; € Z>.

We denote by U, = U, (A) the quantum enveloping algebra attached to a Cartan
matrix A and specialized at ¢ € K*, where we follow [Andersen et al. 1991] with
our conventions. Note U, always means the quantum group over [K defined via
Lusztig’s divided power construction. (Thus, we have generators K;, E; and F; for
alli =1,...,n as well as divided power generators.) We have a decomposition
U,=0,; qu Uq+, with subalgebras generated by the F, K and E respectively (and
some divided power generators; see, e.g., their Section 1). Note we can recover the
generic case U, = U,(A) by choosing K = Q(v) and ¢ = v.

It is worth noting that U, is a Hopf algebra, so its module category is a monoidal
category with duals. We denote by U,-Mod the category of finite-dimensional
U,-modules (of type 1, see [Andersen et al. 1991, Section 1.4]). We consider only
such U;-modules in what follows.

Recall that there is a contravariant, character-preserving duality functor D that is
defined on the [K-vector space level via D(M) = M* (the [K-linear dual of M) and an
action of U, on D(M) is defined as follows: Let w : U, — U, be the automorphism
of U, which interchanges E; and F; and interchanges K; and K lfl (see, e.g.,
[Jantzen 1996, Lemma 4.6], which extends to our setup without difficulties). Then
define uf =m f(w(Sw))m) foru e U,, f € D(M), m € M. Given any U,-
homomorphism f between U,-modules, we also write i(f) = D(f). This duality
gives rise to the involution in our cellular datum from Section 3C.

Assumption 2.1. If g is a root of unity, then, to avoid technicalities, we assume
that ¢ is a primitive root of unity of odd order /. A treatment of the even case, that
can be used to repeat everything in this paper in the case where [ is even, can be
found in [Andersen 2003]. Moreover, in case of type G, we additionally assume
that / is prime to 3.

For each A € X there is a Weyl U;-module A,4()) and a dual Weyl U;-module
V, (1) satisfying D(A4(A)) = V,(X). The U;-module A, (1) has a unique simple
head L, (1) which is the unique simple socle of V,(A). Thus, there is a (up to
scalars) unique U,-homomorphism

2) o Ay(A) — V,(A) (mapping head to socle).

This relies on the fact that A (1) and V, (1) both have one-dimensional A-weight
spaces. The same fact implies that Enqu (Lg)=Kforalld e X *; see [Andersen
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et al. 1991, Corollary 7.4]. This last property fails for quasihereditary algebras in
general when K is not algebraically closed.

Theorem 2.2 (Ext-vanishing). We have for all A, u € X that

A oeps _
Exty, (Ag(h), Vg (1)) = ch ’efl;e Dandx =t

We have to enlarge the category U, -Mod by not necessarily finite-dimensional U, -
modules to have enough injectives such that the Ext’ —functors make sense by using
g-analogous arguments as in [Jantzen 2003, Part I, Chapter 3]. However, U,;-Mod
has enough injectives in characteristic zero; see [Andersen 1992, Proposition 5.8]

for a treatment of the nonsemisimple cases.

Proof. Similar to the modular analog treated in [Jantzen 2003, Proposition 11.4.13]
(a proof in our notation can be found in [Andersen et al. 2015b]). O

2B. Tilting modules and Ext-vanishing. We say that a U,-module M has a A,-
filtration if there exists some k € Z-( and a finite descending sequence of U, -
submodules

M=MyDM{D:---DMpyD---DMr_1 DM =0,

such that My /My 11 = Ay(Ay) for all k' =0,...,k—1 and some Ay € X™.
AV, -filtration is defined similarly, but using a finite ascending sequence of U,-
submodules and the V, (1) instead of the A, (A). We denote by (M : A,(2)) and
(N :V, (1)) the corresponding multiplicities, which are well-defined by Corollary 2.3.
Note that a U,-module M has a A -filtration if and only if its dual D(M) has a
V, -filtration.

A corollary of the Ext-vanishing theorem is the following, whose proof is left
to the reader or can be found in [Andersen et al. 2015b]. (Note that the proof of
Corollary 2.3 therein gives, in principle, a method to find and construct bases of
Homy, (M, V,4(4)) and Homy, (A4(%), N) respectively.)

Corollary 2.3. Let M, N € U;-Mod and A € X *. Assume that M has a Ag-filtration
and N has a V,-filtration. Then

dim(Hoqu(M,Vq (M) =M:A4(A)  and dim(Hoqu(Aq(A), N))=(N:V,(1)).
In particular, (M :A4())) and (N :V, (1)) are independent of the choice of filtrations.
Proposition 2.4 (Donkin’s Ext-criteria). The following are equivalent:

(a) An M € U;-Mod has a A,-filtration (resp. N € U;-Mod has a V,-filtration).

(b) We have Ext"Uq (M, V(1)) =0 (resp. Extgjq (Ay(A), N)=0) forall ». € X* and
alli > 0.

(c) We have Extbq (M, V(1)) = 0 (resp. Extbq (Ay(A), N)=0) forall . € X+
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Proof. As in [Jantzen 2003, Proposition 11.4.16]. A proof in our notation can be
found in [Andersen et al. 2015b]. U

A U;-module T" which has both, a A,- and a V,-filtration, is called a U, -tilting
module. Following [Donkin 1993], we are now ready to define the category of
U, -tilting modules that we denote by 7. This category is our main object of study.

Definition 2.5 (Category of U, -tilting modules). The category 7T is the full subcat-
egory of U,-Mod whose objects are given by all U, -tilting modules.

From Proposition 2.4 we obtain directly an important statement.

Corollary 2.6. Let T € U;-Mod. Then
T €T ifandonlyif Ext%,q (T,V,(A)=0= Extbq (Ay(A), T) forall e X+,
When T € T, the corresponding higher Ext-groups vanish as well.

The indecomposable U,-modules in 7T, that we denote by 7, (1), are indexed
by A € X*. The U,-tilting module 7, (}) is determined by the property that it is
indecomposable with A as its unique maximal weight. In fact, (7, (1) : A,(A)) =1,
and (T, (1) : Ay(n)) # 0 only if < A. (Dually for V,-filtrations.)

Note that the duality functor D from above restricts to 7. Moreover, as a
consequence of the classification of indecomposable U,-modules in T, we have
D(T) =T for T € T. In particular, we have for all > € X that

(T : Ay(A)) = dim(Homy, (T, V4(2))) = dim(Homy, (Ay(2), T)) = (T : V4(2)).

It is known that 7 is a Krull-Schmidt category, closed under finite direct sums,
taking summands and finite tensor products (the latter is a nontrivial fact, see
[Paradowski 1994, Theorem 3.3]).

For a fixed A € X we have U,-homomorphisms

A gL T, (00— v, (0,

where (* is the inclusion of the first U,-submodule in a A, -filtration of 7, (1) and
m* is the surjection onto the last quotient in a V,-filtration of T, (A). Note that
these are only defined up to scalars and we fix scalars in the following such that

n* ot = c* (where ¢* is again the U,-homomorphism from (2)).

Remark 2. Let T € 7. An easy argument (based on Theorem 2.2) shows the
following crucial fact:

Ext{,q (AN, T)=0= Ext{,q (T, V(1))

3) 1 ) 1 )
= Exth (coker(t*), T)=0= Exth (T, ker(™))



CELLULAR STRUCTURES USING U,-TILTING MODULES 29

for all A € X™. Consequently, we see that any U,-homomorphism g : Ay(x) - T
extends to a Uj-homomorphism g : 7, (1) — T whereas any U;-homomorphism
f T — V,() factors through T, (1) via some f:T— T,(0).

Remark 3. In [Andersen et al. 2015b] it is described in detail how to compute
(T, (1) : Ay(w)) for A, u € X*. This can be done algorithmically in case ¢ is a
complex, primitive /-th root of unity, i.e., one can use Soergel’s version of the
affine parabolic Kazhdan—Lusztig polynomials. For brevity, we do not recall the
definition of these polynomials here, but refer to [Soergel 1997, Section 3] where
the relevant polynomials are denoted 7, , (and where all the other relevant notions
are defined). The main point for us is the following theorem due to Soergel [1998,
Theorem 5.12] (see also [Soergel 1997, Conjecture 7.1]): Suppose K = C and ¢ is
a complex, primitive /-th root of unity. For each pair A, u € X with A being an
[-regular U,-weight (that is, T, (1) belongs to a regular block of 7) we have (with
n,;. equal to the relevant ny, )

(Ty (D) : Ag () = nup (1) = (T4 (A) = Vg ().

From this one obtains a method to find the indecomposable summands of U, -tilting
modules with known characters (e.g., tensor products of minuscule representations).

3. Cellular structures on endomorphism algebras

In this section we give our construction of cellular bases for endomorphism rings

Enqu (T) of U,-tilting modules 7' and prove our main result, that is, Theorem 3.9.
The main tool is Theorem 3.1. The proof of the latter needs several ingredients

which we establish in the form of separate lemmas collected in Section 3B.

3A. The basis theorem. As before, we consider the category U,-Mod. Moreover,
we fix two U;-modules M, N, where we assume that M has a A, -filtration and N
has a V,-filtration. Then, by Corollary 2.3, we have

4 dim(Homg, (M, N)) = Z (M : Ay(A)(N :V,(L)).
reXt
We point out that the sum in (4) is actually finite since (M : A;(1)) # 0 for only a
finite number of A € X™. (Dually, (N : V,(1)) # 0 for only finitely many A € X*.)
Given A € X, we define for (N : V; (1)) > 0, respectively for (M : A (1)) > 0,
the two sets

' ={l,...,(N:V,(A)} and J*={l,...,(M:A,(\))}.

By convention, 7% = @ and J* = @ if (N : V,; (1)) =0, respectively if (M :A,(1)) =0.
We can fix a basis of Hoqu (M, V, (X)) indexed by J *. We denote this fixed
basis by F* = {f/.’\ M — V,(A) | je J*}. By Proposition 2.4 and (3), we see
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that all elements of F* factor through the U,-tilting module T, (1), i.e., we have
commuting diagrams

EN
\ lﬂx
.I}A

V,(L).

We call fi* alift of f;. (Note that a lift f;* is not unique.) Dually, we can choose
a basis of Homy, (A4(1), N) as G* = {g}' : Ay(A) — N | i € I*}, which extends to
give (a nonunique) lift g* : 7,(A) — N such that g o/* = g? for all i € 7"

We can use this setup to define a basis for Homy, (M, N) which, when M = N,
turns out to be a cellular basis; see Theorem 3.9. For each A € X+ and all i € 7%,
jeJ* set

c}; =g} o fi* € Homy,(M, N).

Our main result here is now the following.

Theorem 3.1 (Basis theorem). For any choice of F* and G* as above and any
choice of lifts of the fjA and the gi)‘ (for all .. € X™T), the set

GF ={c}j|re X", ieT" jeJ"
is a basis ofHoqu (M, N).

Proof. This follows from Proposition 3.3 combined with Lemmas 3.6 and 3.7 from
below. (]

The basis GF for Homy, (M, N) can be illustrated in a commuting diagram as

Since U, -tilting modules have both a A,- and a V,-filtration, we get as an immediate
consequence a key result for our purposes.

Corollary 3.2. Let T € T. Then GF is, for any choices involved, a basis of
Endy, (T).
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3B. Proof of the basis theorem. We first show that, given lifts ]_“jk, there is a
consistent choice of lifts g? such that GF' is a basis of Homy, (M, N).

Proposition 3.3 (Basis theorem — dependent version). For any choice of F* and
any choice of lifts of the fjA (for all A € X*) there exist a choice of a basis G* and
a choice of lifts of the glf\ such that GF = {c;\j |reX™t, ieTh jeJ")isabasis
of Hoqu (M, N).

The corresponding statement with the roles of the f and the g swapped clearly
holds as well.

Proof. We will construct GF inductively. For this purpose, let
0=NoCN C---CN_1CN,=N

be a V,-filtration of N, i.e., Nyy1/Ny = V,(Ar) for some Ay € X" and all k' =
0,....k—1.

Let k=1and A; = A. Then Ny = V(1) and {c*: Ay(A) — V,(X)} gives a basis
of Homy, (A4(2), V4(2)), where c* is again the U,-homomorphism chosen in (2).
Set gi‘ = ¢* and observe that g? = 7* satisfies g? ol* = glk. Thus, we have a basis
and a corresponding lift. This clearly gives a basis of Homy, (M, N1), since, by
assumption, we have that F* gives a basis of Homy, (M, V(1)) and 7* o f;* = fjx.

Hence, it remains to consider the case k > 1. Set A, = A and observe that we
have a short exact sequence of the form

5) 0 —— Neo 1 2 N =5 ¥, (h) —— 0.

By Theorem 2.2 (and the usual implication as in (3)) this leads to a short exact
sequence

(6) 0 Homy, (M, Ny_1)—— Homy, (M, Ny) — Homg, (M, V(1)) - 0.

By induction, we get from (6) for all © € X a basis of Homy, (Ag4 (1), Nk—1)
consisting of the g;‘ with lifts g# such that

(M ;=8 off"lneXt ie | jeJ")

is a basis of Homy, (M, Ni_1) (here we use I,’:_l ={1,..., (Ne—1: Vy(n)}). We
define g/ (Ny) =incog; and g!(Ny) =incog! foreach u € X" and eachi € 7, ,.

We now have to consider two cases, namely A 7~ u and A = p. In the first case we
see that Homy, (A4(n), V4(2)) = 0, so that, by using (5) and the usual implication
from (3),

Homy, (A4 (w), Nr—1) = Homy, (A4 (), N).
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Thus, our basis from (7) gives a basis of Homy, (Ag(w), Ni) and also gives the
corresponding lifts. On the other hand, if A = u, then

(Ni : Vg(B) = (Ni—1: Vg(A) + 1.

By Theorem 2.2 (and the corresponding implication as in (3)), we can choose
g" 1 Ay(A) — Ny such that proog* = c¢* Then any choice of a lift g* of g* will
satisfy proog* = 7.

Adjoining g” to the basis from (7) gives a basis of Homy, (A4 (1), Ni) which

satisfies the lifting property. Note that we know from the case k = 1 that
{pI‘Oog}”ofjA =7'[}”o]7j}“ | jeJd™
is a basis of Homy, (M, V,(4)). Combining everything: we have that
(e, =8 NDofi*reXT iel jeJ"

is a basis of Hoqu (M, Ni) (by enumerating géN:W)(Nk) =gtinthe A =pu
case). O

We assume in the following that we have fixed some choices as in Proposition 3.3.

Let A € X™. Given ¢ € Homy, (M, N), we denote by ¢;. € HomUo(Mk, N,) the
induced U, 0_homomorphism (that is, [{-linear maps) between the A- welght spaces
M, and NA In addition, we denote by Homy (M, N, ) the KK-linear maps between
these A-weight spaces.

A

Lemma 3.4. For any A € XV the induced set {(c} Ol

independent subset of Homk (M, N,).

€ GF} is a linearly

Proof. We proceed as in the proof of Proposition 3.3.

If N =V, (%) (this was k = 1 above), then c{‘j =nto fi* = ff and the c%j form
a basis of Homy, (M, V,;(1)). By the g-Frobenius reciprocity from [Andersen et al.
1991, Proposition 1.17] we have

Homy, (M, V,(})) = Hoqu—qu (M, K, C HOIIquo (M, K,) = Homk (M, K).

Hence, because N; = K in this case, we have the base of the induction.

Assume now k > 1. The construction of the set {c {(Ni)},,i,j in the proof of
Proposition 3.3 shows that it consists of two separate parts one being the basis
from (7) coming from a basis for Homg, (M, Ni—1) and the second part (which
only occurs when A = p) coming from a basis from Homy, (A4 (), Ni).

By (6) there is a short exact sequence

0 — Homy (M., (Nj—1)3) s Hom (M, (Ni)1) —— Homy (Mj,, <) — 0.

Thus, we can proceed as in the proof of Proposition 3.3. (]
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We need another piece of notation: we define for each A € X ™
Homy, (M, N ={pe Homy, (M, N) | ¢,, =0 unless u < 1}.

In words: a U;-homomorphism ¢ € Homy, (M, N) belongs to Homg, (M, N )=H
if and only if ¢ vanishes on all U,-weight spaces M, with ;© £ A. In addition to
the notation above, we use the evident notation Homg, (M, N )<*. We arrive at the
following:

Lemma 3.5. For any fixed . € X7 the sets
{c” |c eGF, u<X\} and {c |c € GF, u < A}

are bases of Homy, (M, N Y=* and Homy, (M, N )<* respectively.

Proof. As c . factors through T, (u) and T,(1), = O unless v < p (which fol-
lows using the classification of 1ndecomposable U,-tilting modules), we see that
(c“ )y =0 unless v < ,u Moreover, by Lemma 3.4, each (c ) . 1s nonzero. Thus

e Homy, (M, N)=*if and only if u < A. Now choose any (p € Homy, (M, N)=*
By Proposition 3.3 we may write

®) p=Y ald, aek.

Wi j

Choose 1 € X maximal with the property that there exist i € Z*, j € J* such that
al’; #0.

We claim that a; (c ) « =0 whenever v # . This is true because, as observed
above, (¢} Du=0 unless @ <v, and for u© < v we have a’ ;j = 0 by the maximality
of u. We conclude Y = Z  a; (c ) and thus, ¢, # 0 by Lemma 3.4. Hence,
© < XA, which glves by (8) that go € spanK{c“ | c € GF, u < A} as desired. This
shows that {c” | c . € GF, u < XA} spans HomU (M, N)=*. Since it is clearly a
linearly 1ndependent set, it is a basis.

The second statement follows analogously, so the details are omitted. U

We need the following two lemmas to prove that all choices in Proposition 3.3 lead
to bases of Hoqu (M, N). As before we assume that we have, as in Proposition 3.3,
constructed {gf‘, i € 7"} and the corresponding lifts g;\ forall L € X+,

Lemma 3.6. Suppose that we have other U,-homomorphisms g;\ : T;(A) — N such
that g} o’ = gi)‘. Then the following set is also a basis of Homy, (M, N):

(e =8 ofi"lreXt iel" jeJ).
Proof. As (g, — gk) o> =0, we see that g? — g} € Homy, (T; (%), N)<*. Hence,

we have cl G~ c S HomU (M, N)=*. Thus, by Lemma 3.5, there is a unitriangular

change-of- bas1s matrix between {c; ,'}/\,i,j and {E;\/},\,i,j. ]
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Now assume that we have chosen another basis {hiA | i € "} of the spaces
Homy, (A4(2), N) foreach 2 € X * and the corresponding lifts }_zl.k as well.

Lemma 3.7. The following set is also a basis of Homy, (M, N):

{di=hofi*|reX* ieT" jeJ").
Proof. Write g;\ = ,((Z:IV"(M) bl.kkhi with bl.xk €K and set g} = ,({ZZIV"(A)) b;‘k}_li. Then

the g,% are lifts of the g;\. Hence, by Lemma 3.6, the elements g} o fjA form a basis

of Hoqu (M, N). Thus, this proves the lemma, since, by construction, {dl.’\j bai,j 18
(N:V,(0)) 0

related to this basis by the invertible change-of-basis matrix (bl’.\k)i PR

In total, we established Proposition 3.3.

3C. Cellular structures on endomorphism algebras of U,-tilting modules. This
section finally contains the statement and proof of our main theorem. We keep
on working over a field K instead of a ring as for example Graham and Lehrer
[1996] do. (This avoids technicalities, e.g., the theory of indecomposable U, -tilting
modules over rings is much more subtle than over fields. See, e.g., [Donkin 1993,
Remark 1.7].)

Definition 3.8 (Cellular algebras). Suppose A is a finite-dimensional lK-algebra. A
cell datum is an ordered quadruple (P, Z, C, i), where (P, <) is a finite poset, Z* is
a finite set for all A € P, i is a [K-linear anti-involution of A and C is an injection

c:[[7 xT > A, G.j)e oy
rEP

The whole data should be such that the clf\j form a basis of A with i(clf\j) = c?i for
allAePandalli, je T*. Moreover, for all @ € A and all A € P we have

) acl; =Y ri(a)cy; (mod A<*) forall i, j € T*.
keT*

Here A< is the subspace of A spanned by the set {Czl'j' | <A and i, jeZ(u}
and the scalars r;;(a) € [ are supposed to be independent of j.

An algebra A with such a quadruple is called a cellular algebra and the c?j are
called a cellular basis of A (with respect to the K-linear anti-involution 1).

Let us fix T € T in the following. We will now construct cellular bases of
Endy, (T') in the semisimple as well as in the nonsemisimple case.
To this end, we need to specify the cell datum. Set

(P, <) = (1€ X | (T :V,() = (T : Ay(W) # 0}, <),

where < is the usual partial ordering on X ; see at the beginning of Section 2A. Note
that P is finite since T is finite-dimensional. Moreover, motivated by Theorem 3.1,
for each A € P define 7" = {1, ..., (T : Vo) ={1,.... (T : Ay(A))} = T
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Recalling that we write i(-) = D(-) (for D being the duality functor from
Section 2A that exchanges Weyl and dual Weyl U, -modules and fixes all U,-tilting
modules), the assignment i : Endy, (T) — Endy, (T), ¢ — D(¢) is clearly a K-
linear anti-involution. Choose any basis G* of Homy, (A4(2), T') as above and any
lifts g}. Then i(G*) is a basis of Homy, (T, V,4(1)) and i(g}) is a lift of i(g}). By
Corollary 3.2 we see that

{c}; =8 0i(@) =8 o fi"IAeP, i, jeT"

is a basis of Endy, (T). Finally let C : 7% x T* — Endy, (T) be given by (i, j) > cfj
Now we are ready to state and prove our main theorem.

Theorem 3.9 (A cellular basis for Endy, (T')). The quadruple (P,Z,C,1) defined
above is a cell datum for Endy, (T).

Proof. As mentioned above, the sets P and T* are finite for all A € P. Moreover, i
is a K-linear anti-involution of Endy, (T') and the cl.kj form a basis of Endy, (T') by
Corollary 3.2. Because the functor D( -) is contravariant, we see that

i(c}) =i(g} 0i(gh) = g} 0i(g])) = k.
Thus, only the condition (9) remains to be proven. For this purpose, let ¢ €

Endy, (T). Since ¢ o grolt =gogle Homy, (A,4(%), T), we have coefficients
rl.kk(go) € K such that

(10) pogl=>Y ri()gt
kel

because we know that the g? form a basis of Homy, (A,4(A), T). But this implies
then that ¢ o g? — Y rert ri);c ((p)gi € Homy, (T, (%), T)<* so that

poglofi* = ri(@gio f;* € Homy, (T, T)~* = Endy, (1),
keI

which proves (9). The theorem follows. U

4. The cellular structure and Enqu (T)-Mod

The goal of this section is to present the representation theory of cellular algebras
for Endy, (T') from the viewpoint of U,-tilting theory. In fact, most of the results in
this section are not new and have been proved for general cellular algebras, see, e.g.,
[Graham and Lehrer 1996, Section 3]. However, they take a nice and easy form
in our setup. The last theorem, the semisimplicity criterion from Theorem 4.13, is
new and has potentially many applications; see for example [Andersen et al. 2017].
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4A. Cell modules for Endy, (T). We study now the representation theory for
Endy, (T') via the cellular structure we have found for it. We denote its module
category by Endy, (7')-Mod.

Definition 4.1 (Cell modules). Let A € P. The cell module associated to A is the left
Endy, (T')-module given by C(1) =Homy, (A,4(), T'). The right Endy, (T')-module
given by C(A)* = Homy, (T', V;(A)) is called the dual cell module associated to A.

The link to the definition of cell modules from [Graham and Lehrer 1996,

Definition 2.1] is given via our choice of basis { g?}iezx. In this basis the action of
Endy, (T) on C(2) is given by

(11) pogl =) ri(@at, ¢ eEndy, (T);
keT?
see (10). Here the coefficients are the same as those appearing when we consider

the left action of Endy, (T') on itself in terms of the cellular basis {cfj}?izﬂ, that is,

(12) poch = Z rli(@)cy; (mod Endy, (T)="), ¢ € Endy, (T).
keI*

In a completely similar fashion the dual cell module C (A)* has a basis consisting
of { fjk} jer with fjA = i(gjk.). In this basis the right action of Endy, (T') is given via

(13) frop=> ryG@)fl. ¢ eEndy (T).
keI

We can use the unique U,;-homomorphism from (2) and the duality functor D(-)
to define the following cellular pairing in the spirit of [Graham and Lehrer 1996,
Definition 2.3].

Definition 4.2 (Cellular pairing). Let A € P. Then we denote by 9#* the IK-bilinear
form ®* : C(A) ® C(A) — K determined by the property

i(h)og=0"(g, h)c*, g heC()=Homy, (A;1), T).
We call 9* the cellular pairing associated to A € P.

Lemma 4.3. The cellular pairing 0" is well-defined, symmetric and contravariant.

Proof. That 9* is well-defined follows directly from the uniqueness of c’.
Applying i to the defining equation of ©* gives

(g, bi(c*) =i (g, h)c*) =i(i(h) o g) = i(g) o h = V" (h, g)c*,

and thus, 9* (g, h) = 9" (h, g), because ¢* =i(c). (Recall that ¢’ : Ay(X) — V4 (A)
is unique up to scalars. Hence, we can fix scalars accordingly such that ¢* =i(c").)



CELLULAR STRUCTURES USING U,-TILTING MODULES 37

Similarly, contravariance of D( -) gives

9 (pog, h)y=0"(g,i(p)oh), ¢ €Endy,(T), g.heC),
which shows contravariance of the cellular pairing. (]
Proposition 4.4. Let ). € P. Then T, (1) is a summand of T if and only if »* #£0.

Proof. (See also [Andersen 1997, Proposition 1.5].) Assume T" = T, (A) @ rest. We
denote by g : T,(A) — T and by f:T— T, (1) the corresponding inclusion and
projection respectively. As usual, set g = go(* and f = 7* o f. Then we have
fog: Ay > T,(AN) =T — T,(A) - V,(A) = c* (mapping head to socle),
giving ©*(g, i(f)) = 1. This shows that 9* # 0.

Conversely, assume that there exist g, # € C(A) with 9*(g, h) # 0. Then the
commuting “bow tie diagram”, i.e.,

Ay(0)
Ty(A) = T l(h)> T,(A),
i(h) l”
V, (1)

shows that i(h) o g is nonzero on the A-weight space of 7, (1), because i(h) o g =
(g, h)c*. Thus, i(h) o g must be an isomorphism (because T, (1) is indecom-
posable and has therefore only invertible or nilpotent elements in Endy, (7;(2)))
showing that T = T, (1) @ rest. U

In view of Proposition 4.4, it makes sense to study the set
(14) Po={rLeP|0"*#0}CP.

Hence, if A € Py, then we have T = T, (1) @ rest for some U, -tilting module called
rest. Note also that Endy, (T) is quasihereditary if and only if P = P, see, e.g.,
[Graham and Lehrer 1996, Remark 3.10].

4B. The structure of Endy, (T) and its cell modules. Recall that, for any A € P,
we have that Endy, (T)=* and Endy;, (T)=* are two-sided ideals in Endy, (T') (this
follows from (9) and its right-handed version obtained by applying i), as in any
cellular algebra. In our case we can also see this as follows. If ¢ € Endy, (T)=%,
then ¢, = 0 unless u < 4. Hence, for any ¢, ¢ € Endy, (T') we have (pov), =
Yuov,=0=1vY,0¢, = (¥ op), unless u < A. As a consequence, Enqu (T =
Enqu (T)="/ Enqu (T)<*is an Enqu (T)-bimodule.
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Recall that, for any g € C(A) and any f € C(A)* we denote by g: T, (1) — T and
f:T— T, (2) a choice of lifts which satisfy g o * =g and 7* o f = f, respectively.

Lemma 4.5. Let A € P. Then the pairing map
(-,):CM®CO)* — Endy, (1), (g, f)* =go f+Endy,(T)™,
withg € C(L), f € C(\)* is an isomorphism of Endy, (T')-bimodules.

Proof. First we note that go f + Endy, (T)<* does not depend on the choices for
the lifts f, g, because the change-of-basis matrix from Lemma 3.6 is unitriangular
(and works for swapped roles of the f and the g as well). This makes the pairing
well-defined.

Note that the pairing (-, - )* takes, by definition, the basis (gl.A ® fj’\)i, jer of
C(A) ® C(L)* to the basis {cl.kj +Endy, (T)<A}i’jezx of Endy, (T)” (where the latter
is a basis by Lemma 3.5).

So we only need to check that (p o g, fj* oY) =o OC?]’ oy (mod Endy, (T)<")
for any ¢, ¥ € Endy, (T). But this is a direct consequence of (11), (12) and (13). UJ

The next lemma is straightforward by Lemma 4.5. Details are left to the reader.
Lemma 4.6. We have the following:
(a) There is an isomorphism of K-vector spaces Enqu (T) = @Aep Enqu (T)™
M) Ifp e Enqu (T)=", then we have rl.’i(ga) =0forallu £ X1, i,k e Z(w). Equiv-
alently, Endy, (T)=*C () = 0 unless 1 < .

In the following we assume that A € Py as in (14). Define m;, via
(15) T=T,WN*" T,

where 7' is a U,-tilting module containing no summands isomorphic to 7, (1).

Choose now a basis of C(1) =Homy, (A4(%), T') as follows. Fori =1,...,m;, let
gﬁ be the inclusion of 7, (1) into the i-th summand of 7, (A)®"*, and set gl?‘ = g? ot
Then extend {glk, ...,gﬁu} to a basis of the cell module C()) by adding an arbitr;iry
basis of Homy, (A4(%), T"). Thus, in our usual notation, we have c?j =gto fi*
with f;* :i(g?).

In particular, ]_Cj}” projects onto the j-th summand in 7, (A)®"* for j =1, ..., m;.
Thus, the cl’.xi for i < m; are idempotents in Endy, (T) corresponding to the i-th
summand in 7}, (A)®™M., Since A € Py (which implies 1 < m;), c’}l is always such an
idempotent. This is crucial for the following lemma, which will play an important
role in the proof of Proposition 4.8.

Lemma 4.7. In the above notation,
(a) cl.k1 og% = gl-)‘for alli € T,
(b) cl?“j og% =O0foralli, j € T with j # 1.
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Proof. We have ]_‘? cigi\ = ]_”1\ o g} ot = (*. This implies clf\l o gi‘ = gi* otr = gl_k,
Next, if j #£ 1, then fjA o glk =0, since fjA is zero on T, (A). Thus, cl.kj o g{‘ =0 for
alli, j € 7" with j # 1. O

Proposition 4.8 (Homomorphism criterion). Let A € Py and fix M € Endy, (T)-Mod.
Then there is an isomorphism of K-vector spaces

(16)  Homgngy, (r)(C(3), M) = {m € M | Endy, (T)“*m = 0 and c}ym = m}.

Proof. Let ¢ € HomEnqu (y(C(X), M). Then w(gf) belongs to the right-hand
side, because, by (b) of Lemma 4.6, we get Endy, (T)<*C(1) =0, and we have
clk1 ) glA = glA by (a) of Lemma 4.7. Conversely, if m € M belongs to the right-hand
side in (16), then we may define y € HomEnqu(T)(C(A), M) by i//(g;\) = ci*lm,
i € I". Moreover, the fact that this definition gives an Endy, (T')-homomorphism
follows from (10), (11) and (12) via a direct computation, since Endy, (T)*m =0.
Clearly these two operations are mutually inverse. ([

Corollary 4.9. Let . € Py. Then C(A) has a unique simple head, denoted by L(A).

Proof. Set Rad(A) = {g € C(A) | 9*(g, C (1)) = 0}. As the cellular pairing #* from
Definition 4.2 is contravariant by Lemma 4.3, we see that Rad(A) is an Enqu (T)-
submodule of C (). Since ¥ # 0 for A € Py, we have Rad(A) C C(X). We claim
that Rad(2) is the unique maximal proper Endy, (T')-submodule of C(2).

Let g € C(A) — Rad(A). Moreover, choose & € C(A) with 9*(g, h) = 1. Then
i(h) o g = c* so that i(h) o g =1* (mod Endy, (T)=*). Therefore,

g’ =g oi(h) o g (mod Endy, (T)=*) forall g'€ C(A).

This implies C(X) = Enqu (T)=*g. Thus, any proper Enqu (T)-submodule of
C (1) is contained in Rad(A) which implies the desired statement. O

Corollary 4.10. Let 1 € Py, u € P and assume that HomEnqu T (CA), M) #0
Jor some Endy, (T')-module M isomorphic to a subquotient of C (). Then we have
w < A. In particular, all composition factors L()) of C(u) satisfy 1 < A.

Proof. By Proposition 4.8 the assumption in the corollary implies the existence of
an element m € M with Ci\lm =m. Butif u £ A, then clk1 vanishes on the U, -weight
space T}, and hence, c%l g kills the highest weight vector in A, () for all g € C(w).
This makes the existence of such an m € M impossible unless u < A. ([

4C. Simple Endy, (T )-modules and semisimplicity of Endy, (T). Let 1 € P.
Note that Corollary 4.9 shows that C (1) has a unique simple head L(A). We
then arrive at the following classification of all simple modules in Endy, (7')-Mod.

Theorem 4.11 (Classification of simple Endy, (T')-modules). The set {L(A) |+ € Po}
Jorms a complete set of pairwise nonisomorphic, simple Endy, (T')-modules.
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Proof. We have to show three statements, namely that the L(A) are simple, that
they are pairwise nonisomorphic and that every simple Endy, (7')-module is one of
the L(}).

Because the first statement follows directly from the definition of L(X) (see
Corollary 4.9), we start by showing the second. Thus, assume that L(X) = L(u)
for some A, u € Py. Then

Homgngy, (1) (C(4), C(n)/ Rad(w)) # 0 # Homgngy, (1) (C (1), C(1)/ Rad(2)).

By Corollary 4.10, we get i < A and A < u from the left- and right-hand side. Thus,
A= .

Suppose that L € Endy, (7')-Mod is simple. Then we can choose A € P minimal
such that (recall that EndU (T)=* is a two-sided ideal)

(17) Endy, (T)"*L =0 and Endy,(T)>*L=L.

We claim that A € Py. Indeed, if not, then, by Proposition 4.4, we see that T, (1)
is not a summand of 7. Hence, in our usual notation, all j_j-A o g;\, vanish on the
A-weight space. It follows that cl.kj cl.k, 7 also vanishes on the A-weight space for all
i, j.i', j’ € I* This means that we have Endy, (T)=*Endy, (T)=* C Endy, (T)~*
making (17) impossible.

For A € Py we see by Lemma 4.7 that

(18) cjict; = c}; (mod Endy, (T)=).

Hence, by (17) there exist i, j € Z* such that c “L #0. By (18) we also have
cllL ;é 0 %= c1 .L. This in turn (agam by (18)) ensures that cllL # 0. Take then

m e ct 1L {0} and observe that c“m m. Hence, by Proposition 4.8, there is a
nonzero Endy, (T')-homomorphism C(A) — L. The conclusion follows now from
Corollary 4.9. U

Recall from Section 4B the notation m;, (the multiplicity of 7, (1) in T') and the
choice of basis for C (1) (in the paragraphs before Lemma 4.7). Then we get the
following connection between the decomposition of 7" as in (15) and the simple
Endy, (T)-modules L(2).

Theorem 4.12 (Dimension formula). If A € Py, then dim(L(A)) = m;.

Note that this result is implicit in [Graham and Lehrer 1996] and has also been
observed in, e.g., [Erdmann 1995] and [Soergel 1999].

Proof. We use the notation from Section 4B. Since 7’ has no summands isomorphic
to T, (%), we see that Homy, (A4(R), T") C Rad(A) (see the proof of Corollary 4.9).
On the other hand, g;\ ¢ Rad(A) for 1 < i < m, because for these i we have
fl.’\ o gl-)‘ = ¢* by construction. Thus, the statement follows. ]
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Theorem 4.13 (Semisimplicity criterion). The cellular algebra Endy, (T) is semi-
simple if and only if T is a semisimple U;-module.

Proof. Note that the T;, (1) are simple if and only if 7, (1) = A, (L) = L, (L) = V,(A).
Hence, T is semisimple as a U;-module if and only if T = @Aepo A (W) ®™ with
m,,_ as in Section 4B above.

Thus, we see that, if T decomposes into simple U,-modules, then Endy, (T) is
semisimple by the Artin—-Wedderburn theorem (since Endy, (T') will decompose
into a direct sum of matrix algebras in this case).

On the other hand, if Enqu (T) 1s semisimple, then we know by Corollary 4.9
that the cell modules C(A) are simple, i.e., C(A) = L(A) for all A € Py. Then

(19) = 1,0%m,
rLePy
with m;, = dim(L (1)) = dim(C (1)) = dim(Homg, (A1), T))

by Theorem 4.12. Assume now that there exists a summand 7, (1) of T as in (19)
with T, (1) Z A4(1) and choose A" € Py minimal with this property.

Then there exists a & < A" such that Homy;, (A, (1), T, (1)) # 0. Choose also
minimal among those. By our usual construction this then gives in turn a nonzero
U,-homomorphism go f : T,(A') — T, () — T,(X). By (19), we can extend go f
to an element of Endy, (T) by defining it to be zero on all other summands.

Clearly, by construction, (g o f)C (') =0 for ' € Py with &’ £ 1" and u' £ .
If 1/ < , then consider ¢ € C(i/). Then (3o f)o¢ = 0 unless ¢ has some nonzero
component ¢ : Ay(u') — T,(X). This forces u’ = pu by minimality of . But
since Ay (u') = T, (1), by minimality of A’, we conclude that f 0@ =0 (otherwise
T,(1") would be a summand of 7, (1")).

Hence, the nonzero element g o ]_‘ € Endy, (T) kills all C(u') for ' € Py. This
contradicts the semisimplicity of Endy, (7'): as noted above, C (1) = L(A) for all
A € Py, which implies Endy, (T) = @), o, C(2)® for some k, € Zy. O

5. Cellular structures: examples and applications

In this section we provide many examples of cellular algebras arising from our
main theorem. This includes several renowned examples where cellularity is known
(but usually proved case by case spread over the literature and with cellular bases
which differ in general from ours), and also new ones. In the first section we give a
full treatment of the semisimple case and describe how to obtain all the examples
from the introduction using our methods. In the second section we focus on the
Temperley—Lieb algebras 7L£;(8) and give a detailed account how to apply our
results to these.
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SA. Cellular structures using U,-tilting modules: several examples. In the fol-
lowing let w; fori =1, ..., n denote the fundamental weights (of the corresponding

type).

S5A.1. The semisimple case. Suppose the category U,-Mod is semisimple, that is,
g is not a root of unity in KK* — {1} or ¢ = £1 € K with char(l) = 0.
In this case, 7 = U;-Mod and any T € T has a decomposition

T= @D A,0)®™  with the multiplicities m; = (T : Ay(2)).
rEXT

This induces an Artin—Wedderburn decomposition

(20) Endy, (T) = @B M, (K)

reXt

into matrix algebras. A natural choice of basis for Homy, (A,(2), T) is
G = {gf, e g,f“ | g{\ : Ay(A) = T is the inclusion into the i-th summand}.

Then our cellular basis consisting of the c?j as in Section 3C (no lifting is needed in
this case) is an Artin—-Wedderburn basis, that is, a basis of Endy, (T) that realizes
the decomposition as in (20) in the following sense. The basis element C?j is the
matrix E fj (in the A-summand on the right-hand side in (20)) which has all entries
zero except one entry equals 1 in the i-th row and j-th column. Note that, as
expected in this case, Endy, (T') has, by the Theorems 4.11 and 4.12, one simple
Endy, (T')-module L(A) of dimension m;, for all summands A,() of T.

SA.2. The symmetric group and the Iwahori—Hecke algebra. Let us fix d € Z>¢
and let us denote by S, the symmetric group in d letters and by #,(q) its associated
Iwahori—Hecke algebra. We note that IK[S;] = H4(1). Moreover, let U, = U, (gl,,).
The vector representation of U, which we denote by V = K" = A, (wy), is a
U,-tilting module (since w; is minimal in X*). Set T = V®9, which is again a
U,-tilting module. Quantum Schur—Weyl duality (see [Du et al. 1998, Theorem 6.3]
for surjectivity and use Ext-vanishing for the fact that dim(Endg, (7)) is obtained
via base change from Z[v, v™!] to IK for all [ and g € KK*) states that

(21) (I)qsw . Hd(q) —» Enqu(T) and (Dqsw : Hd(q) i) El’lqu (T), if n > d.

Thus, our main result implies that H;(q), and in particular [K[S;], are cellular for
any g € K* and any field K (by taking n > d).

In this case the cell modules for Enqu (T) are usually called Specht modules
Sﬂt and our Theorem 4.12 gives the following:
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o If ¢ =1 and char(K) = 0, then the dimension dim(SU’\«) is equal to the multi-
plicity of the simple U;-module Aj(A) = Li(}) in V®d for all » € PO These
numbers are given by known formulas (e.g., the hook length formula).

o If ¢ =1 and char(KK) > 0, then the dimension of the simple head of S, usually
denoted D[fg, is the multiplicity with which T}(A) occurs as a summand in
V® for all A € Py, see also [Erdmann 1995]. It is a wide open problem to
determine these numbers. (See however [Riche and Williamson 2015].)

o If g is a complex, primitive root of unity, then we can compute the dimension
of the simple H,(g)-modules by using the algorithm as in [Andersen et al.
2015b]. In particular, this connects with the LLT algorithm from [Lascoux
et al. 1996].

o If g is a root of unity and K is arbitrary, then not much is known. Still, our
methods apply and we get a way to calculate the dimensions of the simple
‘H(g)-modules, if we can decompose T into its indecomposable summands.

S5A.3. The Temperley—Lieb algebra and other slp-related algebras. Let U, be
U,(slp) and let T be as in Section 5A.2 with n = 2. For any d € Z~( we have
TL4(8) = Endy, (T) by Schur-Weyl duality, where TL4(3) is the Temperley-Lieb
algebra in d-strands with parameter § = g + ¢~'. This works for all [ and all
g € IK* (this can be deduced from, for example, [Du et al. 1998, Theorem 6.3]).
Hence, TL;(8) is always cellular. We discuss this case in more detail in Section 5B.

Furthermore, if we are in the semisimple case, then A, (i) is a U,-tilting module
foralli € Z>pandsois T = Ay (i1) @ - - ® Ay (ig). Thus, we obtain that Endy, (T)
is cellular.

The algebra Endy, (7') is known to give a diagrammatic presentation of the
(tensor) category of U,-modules, see [Rose and Tubbenhauer 2016], and can be
used to define the colored Jones polynomial.

If ¢ € K is a root of unity and [ is the order of ¢ then, for any 0 <i <[,
A, (i) 1s a U,-tilting module (since it is simple) and so is T = A, ()%, The
endomorphism algebra Endy, (T') is cellular. This reproves parts of [Andersen et al.
2015a, Theorem 1.1] using our general approach.

In characteristic 0, another family of U, -tilting modules was studied in [Andersen
and Tubbenhauer 2017]. For any d € Z>, fix any X¢ € {0,...,/ — 2} and consider
T =T,(ho) ®---®T,;(Ag), where A is the unique integer A, € {k/,...,(k+1)] -2}
linked to Ao. We again obtain that Endy, (T') is cellular. Note that Endy, (T)
can be identified with a so-called (type A) zig-zag algebra A, see [Andersen
and Tubbenhauer 2017, Proposition 3.9], introduced in [Huerfano and Khovanov
2001]. These algebras are naturally graded making Endy, (7') into a graded cellular
algebra in the sense of [Hu and Mathas 2010] and are special examples arising
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from the family of generalized Khovanov arc algebras whose cellularity is studied
in [Brundan and Stroppel 2011a].

SA.4. Spider algebras. Let U, = U,(sl,) (or, alternatively, U, (g[,)). One has for
any g € [K* that all U,-representations A, (w;) are U,-tilting modules (because the
w; are minimal in X*). Hence, forany k; € {1,...,n—1}, T = Ay()®---®
A4 (wr,) 1s a U,-tilting module. Thus, Enqu(T) is cellular. These algebras are
related to type A,_ spider algebras as in [Kuperberg 1996], are connected to the
Reshetikhin—-Turaev sl,-link polynomials and give a diagrammatic description of
the representation theory of sl,,, see [Cautis et al. 2014], providing a link from our
work to low-dimensional topology and diagrammatic algebra. Note that cellular
bases (which, in this case, coincide with our cellular bases) of these were found in
[Elias 2015, Theorem 2.57].

More general: In any type we have that A, (L) are U, (g)-tilting modules for
minuscule A € X, see [Jantzen 2003, Part I, Chapter 2, Section 15]. Moreover, if
g is aroot of unity “of order / big enough” (ensuring that the w; are in the closure of
the fundamental alcove), then the A, (w;) are U, (g)-tilting modules by the linkage
principle; see [Andersen 2003, Corollaries 4.4 and 4.6]. So in these cases we can
generalize the above results to other types.

Still more generally, we may take (for any type and any ¢ € K*) arbitrary
rjeX * (for j =1,...,d) and obtain a cellular structure on Endy, (T) for T =
T, ® - ® Ty (ha).

SA.5. The Ariki-Koike algebra and related algebras. Take g = gl,,,, @ --- ® gl,,,
(which can be easily fit into our context) with m| + - - -4+ m, = m and let V be the
vector representation of U (gl,,) restricted to U; = U (g). This is again a U;-tilting
module and so is T = V®% Then we have a cyclotomic analog of (21), namely

D :ClZ/rZ2Sq] — Endy,(T)  and
(22) o~
d:ClZ/rZ2Sq] = Endy,(T), ifm=>d,

where C[Z/rZ1S4] is the group algebra of the complex reflection group Z/rZ:S; =
(Z/rZ)" x Sy; see [Mazorchuk and Stroppel 2016, Theorem 9]. Thus, we can apply
our main theorem and obtain a cellular basis for these quotients of C[Z/rZ: S4]. If
m > d, then (22) is an isomorphism (see Lemma 11 of [loc. cit.]) and we obtain that
ClZ/rZS,] itself is a cellular algebra for all r, d. In the extremal case m; =m — 1
and m, = 1, the resulting quotient of (22) is known as Solomon’s algebra introduced
in [Solomon 1990] (also called the algebra of the inverse semigroup or the rook
monoid algebra) and we obtain that Solomon’s algebra is cellular. In the extremal
case m; = my = 1, the resulting quotient is a specialization of the blob algebra
BL4(1,2) (in the notation used in [Ryom-Hansen 2010]). To see this, note that
both algebras are quotients of C[Z/rZ:S,]. The kernel of the quotient to BL;(1, 2)
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is described explicitly by Ryom-Hansen [2010, (1)] and is by [Mazorchuk and
Stroppel 2016, Lemma 11] contained in the kernel of ®; from (22). Since both
algebras have the same dimensions, they are isomorphic.

Let U, = U,(g). We get in the quantized case (for g € C — {0} not a root of
unity)

(23) yer:Ha,r(¢) ~Endy,(T) and  ®yq: Ha, (q)—=>Endy, (T), if m = d,

where H, ,(gq) is the Ariki-Koike algebra introduced in [Ariki and Koike 1994]. A
proof of (23) can for example be found in [Sakamoto and Shoji 1999, Theorem 4.1].
Thus, as before, our main theorem applies and we obtain: the Ariki—Koike algebra
Ha.r(g) is cellular (by taking m > d), the quantized rook monoid algebra R,4(g)
from [Halverson and Ram 2001] is cellular and the blob algebra BL;(g, m) is
cellular (which follows as above). Note that the cellularity of H,4 ,(g) was obtained
in [Dipper et al. 1998] and the cellularity of the quantum rook monoid algebras
and of the blob algebra can be found in [Paget 2006] and in [Ryom-Hansen 2012]
respectively.

In fact, (23) is still true in the nonsemisimple cases, see [Hu and Stoll 2004,
Theorem 1.10 and Lemma 2.12], as long as KK satisfies a certain separation condition
(which implies that the algebra in question has the right dimension, see [Ariki 1999]).
Again, our main theorem applies.

5A.6. The Brauer algebras and related algebras. Consider U, = U, (g) where g
is either an orthogonal g = 0y, and g = 02,41 or the symplectic g = sp,, Lie
algebra. Let V = A, (w;) be the quantized version of the corresponding vector
representation. In both cases, V is a U,-tilting module (for type B and g = 1 this
requires char(lK) # 2, see [Jantzen 1973, Page 20]) and hence, sois T = yved We
first take ¢ = 1 and set 6 = 2n in case g = 0;,, and § =2n+1 in case g = 07,41 and
8 = —2n in case g = sp,,, respectively. Then (see [Dipper et al. 2008, Theorem 1.4]
and [Doty and Hu 2009, Theorem 1.2] for infinite K, or [Ehrig and Stroppel 2016b,
Theorem 5.5] for K =C)

(24) @ : By(8) — Endy,(T) and  ®p;: By(8) —=> Endy,(T), if n > d,

where B;(8) is the Brauer algebra in d strands (for g 7 0y, the isomorphism in (24)
already holds for n = d). Thus, we get cellularity of B;(5) by observing that in
characteristic p we can always assume that n is large because B;(8) = B;(6 + p).

Similarly, let U, = U, (gl,), g € IK* arbitrary, and T = A, (@)% ® Ay (wn—1)®".
By [Dipper et al. 2014, Theorem 7.1 and Corollary 7.2] we have

Qyp; : B/ ([n]) - Endy, (T)  and

(25) ~
@yp; : By ([n]) = Endy, (T), if n>r+s.
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Here B} (([n]) is the quantized walled Brauer algebra for [n] = ql_” 4+ 4 q”_l.
Since T is a U,-tilting module, we get from (25) cellularity of By (([n]) and of its
quotients under ®p;.

The walled Brauer algebra B} (§) over K = C for arbitrary parameter § € Z
appears as the centralizer of Endg(u s (T) for T = Ve @ (V*)® where V is the
vector representation of the superalgebra gl(m|n) with 6 =m —n. That is, we have

@, : By (8) — Endgimn)(T)  and
(26) o
@, : B (8) = Endgiminy(T), if (m+D(n+1)>r+s,

see [Brundan and Stroppel 2012a, Theorem 7.8]. It can be shown that 7 is a
gl(m|n)-tilting module and thus, our main theorem applies and hence, by (26),
B} (8) is cellular. Similarly for the quantized version.

Quantizing the Brauer case, taking g € K*, g, V = A, (w1) and T as before
(without the restriction char(lK) # 2 for type B) gives us a cellular structure on
Endy, (T'). The algebra Endy, (T) is a quotient of the Birman—Murakami—WenzI
algebra BMW,;(6) (for appropriate parameters), see [Lehrer and Zhang 2012,
(9.6)] for the orthogonal case (which works for any ¢ € C — {0, £1}) and [Hu
2011, Theorem 1.5] for the symplectic case (which works for any ¢ € K* — {1} and
infinite ). Again, taking n > d (or n > d), we recover the cellularity of BMW(6).

5A.7. Infinite-dimensional modules — highest weight categories. Observe that our
main theorem does not use the specific properties of U,;-Mod, but works for any
Ends-moea(7T') where T is an A-tilting module for some finite-dimensional, quasi-
hereditary algebra A over KK or T € C for some highest weight category C in the
sense of [Cline et al. 1988]. For the explicit construction of our basis we however
need a notion like “weight spaces” such that Lemma 3.4 makes sense.

The most famous example of such a category is the BGG category O = O(g)
attached to a complex semisimple or reductive Lie algebra g with a corresponding
Cartan b and fixed Borel subalgebra b. We denote by A (1) € O the Verma module
attached to A € h*. In the same vein, pick a parabolic p D b and denote for any
p-dominant weight A the corresponding parabolic Verma module by AP ()). It is the
unique quotient of the Verma module A(A) which is locally p-finite, i.e., contained
in the parabolic category OF = OP(g) C O (see, e.g., [Humphreys 2008]).

There is a contravariant, character preserving duality functor ¥ : OF — OP
which allows us to set VP(1) = AP(1)". Hence, we can play the same game again
since the O-tilting theory works in a very similar fashion as for U,-Mod (see
[Humphreys 2008, Chapter 11] and the references therein). In particular, we have
indecomposable O-tilting modules T(1) for any A € h* Similarly for O giving
an indecomposable OP-tilting module 7 (1) for any p-dominant A € h*.
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We give a few examples where our approach leads to cellular structures on
interesting algebras. For this purpose, let p = b and A = 0. Then 7 (0) has Verma
factors of the form A(w.0) (for w € W, where W is the Weyl group associated to
g). Each of these appears with multiplicity 1. Hence, dim(Endp (7 (0))) = |W| by
the analog of (4). Then we have Endo (T (0)) = S(h*)/SY. The algebra S(h*)/SY
is called the coinvariant algebra. (For the notation, the conventions and the result
see [Soergel 1990] — this is Soergel’s famous Endomorphismensatz.) Hence, our
main theorem implies that S(h*)/ SLV is cellular, which is no big surprise since
all finite-dimensional, commutative algebras are cellular, see [Konig and Xi 1998,
Proposition 3.5].

There is also a quantum version of this result: replace O by its quantum cousin O,
from [Andersen and Mazorchuk 2015] (which is the analog of O for U, (g)). This
works over any field K with char(lK) =0 and any g € K*—{1} (which can be deduced
from Section 6 therein). There is furthermore a characteristic p version of this
result: Consider the G-tilting module 7 (pp) in the category of finite-dimensional
G-modules (here G is an almost simple, simply connected algebraic group over [
with char(lK) = p). Its endomorphism algebra is isomorphic to the corresponding
coinvariant algebra over [, see [Andersen et al. 1994, Proposition 19.8].

Returning to KK = C, we can generalize the example of the coinvariant algebra.
To this end, note that, if 7' is an OP-tilting module, then so is 7 ® M for any finite-
dimensional g-module M; see [Humphreys 2008, Proposition 11.1 and Section 11.8]
(and the references therein). Thus, Endp» (T ® M) is cellular by our main theorem.

A special case is g is of classical type, T = AP (L) is simple (hence, OP-tilting), V
is the vector representation of g and M = V®<. Let first g = gl, with standard Borel b
and parabolic p of block size (ny, ..., ng). Then one can find a certain p-dominant
weight Aj, called Irving-weight, such that T = AP(Ap) is OP-tilting. Moreover,
Endpr (T ® V®?) is isomorphic to a sum of blocks of cyclotomic quotients of the
degenerate affine Hecke algebra H,/ Hle (x; — n;); see [Brundan and Kleshchev
2008, Theorem 5.13]. In the special case of level £ = 2, these algebras can be
explicitly described in terms of generalizations of Khovanov’s arc algebra (which
Khovanov [2002] introduced to give an algebraic structure underlying Khovanov
homology and which categorifies the Temperley—Lieb algebra 7£;(5)) and have
an interesting representation theory; see [Brundan and Stroppel 2010; 2011a;
2011b; 2012b]. A consequence of this is that, using the results from [Sartori
2014, Theorem 6.9] and [Sartori and Stroppel 2015, Theorem 1.1], one can realize
the walled Brauer algebra from Section 5A.6 for arbitrary parameter § € Z as
endomorphism algebras of some OP-tilting module and hence, using our main
theorem, deduce cellularity again.

If g is of another classical type, then the role of the (cyclotomic quotients of the)
degenerate affine Hecke algebra is played by (cyclotomic quotients of) degenerate
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BMW algebras or so-called (cyclotomic quotients of) \Y/ ,-algebras (also called
Nazarov—Wenzl algebras). These are still poorly understood and technically quite
involved; see [Ariki et al. 2006]. In [Ehrig and Stroppel 2013] special examples of
level £ = 2 quotients were studied and realized as endomorphism algebras of some
OP (s0,,)-tilting module AP (8)®V € OF (s0,,) where V is the vector representation
of 507, § = %8 Y, € and p is a maximal parabolic subalgebra of type A (see
Theorem B therein). Hence, our theorem implies cellularity of these algebras.
Soergel’s theorem is therefore just a shadow of a rich world of endomorphism
algebras whose cellularity can be obtained from our approach.

Our methods also apply to (parabolic) category OP(g) attached to an affine
Kac-Moody algebra g over K and related categories. In particular, one can consider
a (level-dependent) quotient g, of U(g) and a category, denoted by Oﬁ’&, attached
to it (we refer the reader to [Rouquier et al. 2016, Sections 5.2 and 5.3] for the
details). Then there is a subcategory Ay, C O, and a A" -tilting module Ty 4
defined in Section 5.5 of [loc. cit.] such that

D : Hﬁ«,d — EndA&fT (Tk.4) and
Oy : Hy ; —> Endpre (Tia), if v, =d, p=1,...N;

see Theorem 5.37 and Proposition 8.1 of [loc. cit.]. Here Hj ; denotes an appropriate
cyclotomic quotient of the affine Hecke algebra. Again, our main theorem applies
for Hy ; in case v, > d.

SA.8. Graded cellular structures. A striking property which arises in the con-
text of (parabolic) category O (or OP) is that all the endomorphism algebras
from Section 5A.7 can be equipped with a Z-grading as in [Stroppel 2003] arising
from the Koszul grading of category O (or of OP). We might choose our cellular
basis compatible with this grading and obtain a grading on the endomorphism
algebras turning them into graded cellular algebras in the sense of [Hu and Mathas
2010, Definition 2.1].

For the cyclotomic quotients this grading is nontrivial and in fact is the type A
KL-R grading in the spirit of Khovanov and Lauda and independently Rouquier
(see [Khovanov and Lauda 2009; 2011] or [Rouquier 2008]), which can be seen as a
grading on cyclotomic quotients of degenerate affine Hecke algebras; see [Brundan
and Kleshchev 2009]. See [Brundan and Stroppel 2011b] for level £ =2 and [Hu
and Mathas 2015] for all levels where the authors construct explicit graded cellular
bases. For gradings on (cyclotomic quotients of) \Y/,-algebras see Section 5 in
[Ehrig and Stroppel 2013] and for gradings on Brauer algebras see [Ehrig and
Stroppel 2016a] or [Li 2014].

In the same spirit, it should be possible to obtain the higher level analogs of
the generalizations of Khovanov’s arc algebra, known as sl,,-web (or, alternatively,
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gl,-web) algebras (see [Mackaay et al. 2014] and [Mackaay 2014]), from our setup
as well using the connections from cyclotomic KL-R algebras to these algebras
in [Tubbenhauer 2014a; 2014b]. Although details still need to be worked out,
this can be seen as the categorification of the connections to the spider algebras
from Section 5A.4: the spiders provide the setup to study the corresponding
Reshetikhin—Turaev s(,,-link polynomials; the sl,,-web algebras provide the algebraic
setup to study the Khovanov—Rozansky sl[,,-link homologies. This would emphasize
the connection between our work and low-dimensional topology.

5B. (Graded) cellular structures and the Temperley—Lieb algebras: a compari-
son. Finally we want to present one explicit example, the Temperley—Lieb algebras,
which is of particular interest in low-dimensional topology and categorification.
Our main goal is to construct new (graded) cellular bases, and use our approach to
establish semisimplicity conditions, and construct and compute the dimensions of
its simple modules in new ways.

We start by briefly recalling the necessary definitions. The reader unfamiliar with
these algebras might consider for example [Graham and Lehrer 1996, Section 6]
(or [Andersen et al. 2015b], where we recall the basics in detail using the usual
Temperley—Lieb diagrams and our notation).

Fix § = ¢ + ¢! for ¢ € IK*? Recall that the Temperley—Lieb algebra TLq(8) in
d strands with parameter § is the free diagram algebra over [K with basis consisting
of all possible nonintersecting tangle diagrams with d bottom and top boundary
points modulo boundary preserving isotopy and the local relation for evaluating
circles given by the parameter” 5.

Recall from Section 5A.3 (whose notation we use now) that, by quantum Schur—
Weyl duality, we can use Theorem 3.9 to obtain cellular bases of TL;(8) = Endy, (T)
(we fix the isomorphism coming from quantum Schur—Weyl duality from now on).
The aim now is to compare our cellular bases to the one given by Graham and
Lehrer [1996, Theorem 6.7], where we point out that we do not obtain their cellular
basis: our cellular basis depends for instance on whether 7L,(§) is semisimple
or not. In the nonsemisimple case, at least for I = C, we obtain a nontrivially
Z-graded cellular basis in the sense of [Hu and Mathas 2010, Definition 2.1]; see
Proposition 5.8.

Before stating our cellular basis, we provide a criterion which tells precisely
whether 7L, (5) is semisimple or not. Recall that there is a known criteria for which
Weyl modules A, (i) are simple; see, e.g., [Andersen et al. 1991, Corollary 4.6].

3The sy case works with any g € ¥, including even roots of unity, see, e.g., [Andersen and
Tubbenhauer 2017, Definition 2.3].

We point out that there are two different conventions about circle evaluations in the literature:
evaluating to § or to —§. We use the first convention because we want to stay close to the cited
literature.
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Proposition 5.1 (Semisimplicity criterion for 7L£4(58)). We have the following:

(@) Let 8 #0. Then TLy(8) is semisimple if and only if [i]=q' 7" +---4+¢"~1 #£0
foralli =1, ...,d ifand only if q is not a root of unity with d < I = ord(g?),
or g =1 and char(K) > d.

(b) Let char(lK) = 0. Then TL;(0) is semisimple if and only if d is odd (or d = 0).

(c) Let char(K) = p > 0. Then TL;(0) is semisimple if and only if d = 0 or
de{l,3,5,...,2p—1}

Proof. (a): We want to show that 7 = V®? decomposes into simple U,-modules
if and only if d </, or ¢ = 1 and char(K) > d, which is clearly equivalent to the
nonvanishing of [i] fori =1, ...,d.

Assume that d < [. Since the maximal U,-weight of V@ is d and since all Weyl
U,-modules A, (i) for i < are simple, we see that all indecomposable summands
of V®4 are simple.

Otherwise, if [ < d, then T, (d) (or T,;(d — 2) in the case d = —1 mod /) is
a nonsimple, indecomposable summand of V®¢ (note that this arguments fails if
[=2,ie.,6=0).

The case ¢ = 1 works similarly, and we can now use Theorem 4.13 to finish the
proof of (a).

(b): Since § = 0 if and only if ¢ = +/—1, we can use the linkage from, e.g.,
[Andersen and Tubbenhauer 2017, Theorem 2.23] in the case [ = 2 to see that
T = V® decomposes into a direct sum of simple U,-modules if and only if d is
odd (or d = 0). This implies that 7L;(0) is semisimple if and only if d is odd (or
d = 0) by Theorem 4.13.

(c): If char(lK) = p > 0 and § = 0 (for p = 2 this is equivalent to ¢ = 1), then
we have A (i) = L, (i) ifand only if i =0 ori € {2ap" —1|n € Z5p,1 <a < p}.
In particular, this means that for d > 2 we have that either 7, (d) or T, (d — 2)
is a simple U,-module if and only if d € {3,5,...,2p — 1}. Hence, using the
same reasoning as above, we see that T = V®? is semisimple if and only if
de{0,1,3,5,...,2p —1}. By Theorem 4.13 we see that 7L,;(0) is semisimple if
andonlyifd €{0,1,3,5,...,2p—1}. O

Example 5.2. We have that [k] # O for all k =1, 2, 3 is satisfied if and only if g
is not a fourth or a sixth root of unity. By Proposition 5.1 we see that 7L£3(§) is
semisimple as long as ¢ is not one of these values from above. The other way around
is only true for ¢ being a sixth root of unity (the conclusion from semisimplicity to
nonvanishing of the quantum numbers above does not work in the case g = £=v/—1).

Remark 4. The semisimplicity criterion for 7L;(8) was already found, using quite
different methods, in [Westbury 1995, Section 5] in the case § # 0, and in the
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case § = 0 in [Martin 1991, Chapter 7] or [Ridout and Saint-Aubin 2014, above
Proposition 4.9]. For us it is an easy application of Theorem 4.13.

A direct consequence of Proposition 5.1 is that the Temperley—Lieb algebra
TL4(S) for g € K* — {1} not a root of unity is semisimple (or ¢ = +1 and
char(lK) = 0), regardless of d.

5B.1. Temperley—Lieb algebra: the semisimple case. Assume g € IK* — {1} is not
a root of unity (or ¢ = %1 and char(l) = 0). Thus, we are in the semisimple case.

Let us compare our cell datum (P, Z, C, 1) to the one of Graham and Lehrer
(indicated by a subscript GL) from [Graham and Lehrer 1996, Section 6]. They
have the poset Pgr, consisting of all length-two partitions of d, and we have the
poset P consisting of all A € X% such that A,(A) is a factor of T. The two sets
are clearly the same: an element A = (A, ) € PgL corresponds to A; — Ay € P.
Similarly, an inductive reasoning shows that Zg, (standard fillings of the Young
diagram associated to 1) is also the same as our Z (to see this one can use the facts
listed in [Andersen and Tubbenhauer 2017, Section 2]). One directly checks that the
[K-linear anti-involution iy, (turning diagrams upside-down) is also our involution i.
Thus, except for C and Cgr, the cell data agree.

In order to state how our cellular bases for 7L;(§) look like, recall that the so-
called generalized Jones—Wenzl projectors J W¢ are indexed by d-tuples (with d > 0)
of the form € = (e1, ..., €4) € {:I:l}d such that Zl;':l €j>0forallk=1,...,d,
see, e.g., [Cooper and Hogancamp 2015, Section 2]. In case € = (1, ..., 1), one
recovers the usual Jones—Wenzl projectors introduced by Jones [1983] and then
further studied by Wenzl [1987].

Now, in [Cooper and Hogancamp 2015, Proposition 2.19 and Theorem 2.20]
it is shown that there exist nonzero scalars az € K such that J Wé =azJW; are
well-defined idempotents forming a complete set of mutually orthogonal, primitive
idempotents in 7L;(8). (Cooper and Hogancamp [2015] work over C, but as long
as g € K* — {1} is not a root of unity their arguments work in our setup as well.)
These project to the summands of T = V®¢ of the form Ay @) fori = Zl;: 1 €;- In
particular, the usual Jones—Wenzl projectors project to the highest weight summand
Ag(d)of T = V&4

Proposition 5.3 ((New) cellular bases). The datum given by the quadruple (P,Z,C,1)
for TLy(8) = Endy, (T) is a cell datum for TL4(8). Moreover, C # CoL for all
d > 1 and all choices involved in the definition of im(C). In particular, there is a
choice such that all generalized Jones—Wenzl projectors J W are part of im(C).

Proof. That we get a cell datum as stated follows from Theorem 3.9 and the
discussion above.
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That our cellular basis C will never be Cg, for d > 1 is due to the fact that
Graham and Lehrer’s cellular basis always contains the identity (which corresponds
to the unique standard filling of the Young diagram associated to A = (d, 0)).

In contrast, let Ay = (d — k, k) for 0 <k < L%dj Then

27) T=vVz=A)® P Agd—20)""
0<k=<|d/2]

for some multiplicities m,, € Z., we see that for d > 1 the identity is never part
of any of our bases: all the A, (i) are simple U,;-modules and each cf.‘j factors only
through A, (k). In particular, the basis element c%l for L = A4 has to be (a scalar
multiple) of J W(] _____ -

As in Section 5A.1 we can choose for C an Artin—Wedderburn basis of 7L;(8) =
Endy, (T). Hence, by the above, the corresponding basis consists of the projectors
JWe. O

Note the following classification result (see for example [Ridout and Saint-Aubin
2014, Corollary 5.2] for K = C).

Corollary 5.4. We have a complete set of pairwise nonisomorphic, simple TL4(5)-
modules L(A), where A = (A1, A2) is a length-two partition of d. Moreover,
dim(L (X)) = |Std(X)|, where Std(A) is the set of all standard tableaux of shape A.

Proof. This follows directly from Proposition 5.3 and Theorems 4.11 and 4.12
because m; = |Std(1)]. O

5B.2. Temperley—Lieb algebra: the nonsemisimple case. Let us assume that we
have fixed g € K* — {1, &&/—1} to be a critical value such that [k] = O for some
k=1, ...,d. Then, by Proposition 5.1, the algebra 7L;(8) is no longer semisimple.
In particular, to the best of our knowledge, there is no diagrammatic analog of the
Jones—Wenzl projectors in general.

Proposition 5.5 ((New) cellular basis — the second). The datum (P, Z,C, 1) with
C as in Theorem 3.9 for TL;(5) = Enqu (T) is a cell datum for TL4(8). Moreover,
C #CgL forall d > 1 and all choices involved in the definition of our basis. Thus,
there is a choice such that all generalized, nonsemisimple Jones—Wenzl projectors
are part of im(C).

Proof. As in the proof of Proposition 5.3 and left to the reader. ([
Hence, directly from Proposition 5.5 and Theorems 4.11 and 4.12, we obtain:

Corollary 5.6. We have a complete set of pairwise nonisomorphic, simple TL;(5)-
modules L(\), where A = (A1, Ap) is a length-two partition of d. Moreover,
dim(L (X)) = m;, where m;_is the multiplicity of T,(A1 — A2) as a summand of
T =V
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Note that we can do better: one gets a decompositions
(28) TET a®To®T 1@ T 13T 20T -1,

where the blocks 7_; and 7;_; are semisimple if [ = C. (This follows from the
linkage principle. For notation and the statement see [Andersen and Tubbenhauer
2017, Section 2].)

Fix K=C. As explained in [loc. cit., Section 3.5] each block in the decomposition
(28) can be equipped with a nontrivial Z-grading coming from the zig-zag algebra
[Huerfano and Khovanov 2001]. Hence, we have the following.

Lemma 5.7. The C-algebra Endy, (T) can be equipped with a nontrivial Z-grading.
Thus, TL4(8) over C can be equipped with a nontrivial Z-grading.

Proof. The second statement follows directly from the first using quantum Schur—
Weyl duality. Hence, we only need to show the first.

Note that T = V®4 decomposes as in (27), but with the 7}, (k) instead of the A (k),
and we can order this decomposition by blocks. Each block carries a Z-grading
coming from the zig-zag algebra (as explained in [Andersen and Tubbenhauer 2017,
Section 3]). In particular, we can choose the basis elements cl’.\j in such a way that
we get the Z-graded basis obtained in Corollary 4.23 therein. Since there is no
interaction between different blocks, the statement follows. O

Recall from [Hu and Mathas 2010, Definition 2.1] that a Z-graded cell datum
of a Z-graded algebra is a cell datum for the algebra together with an additional
degree function deg : ]_[AGP T» — Z, such that deg(cl.xj) =deg(i) + deg(j). For us
the choice of deg( -) is as follows.

If & € P is in one of the semisimple blocks, then we simply set deg(i) = 0 for
alli e T,

Assume that A € P is not in the semisimple blocks. It is known that every T, (1)
has precisely two Weyl factors. The gl.A that map A, (%) into a higher T, (1) should
be indexed by a 1-colored i whereas the gl?‘ mapping A,(A) into T, (A) should have
O-colored i. Similarly for the fjk. Then the degree of the elements i € Z* should be
the corresponding color. We get the following. (Here C is as in Theorem 3.9.)

Proposition 5.8 (Graded cellular basis). The datum (P, Z, C, i) supplemented with
the function deg( - ) from above is a Z-graded cell datum for the C-algebra TL;(5) =
Endy, (T).

Proof. The hardest part is cellularity which directly follows from Theorem 3.9.
That the quintuple (P, Z, C, i, deg) gives a Z-graded cell datum follows from the
construction. (]

Remark 5. Our grading and the one found by Plaza and Ryom-Hansen [2014]
agree (up to a shift of the indecomposable summands). To see this, note that our
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algebra is isomorphic to the algebra K , studied in [Brundan and Stroppel 2011a]
which is by (4.8) there and [Brundan and Stroppel 2011b, Theorem 6.3] a quotient of
some particular cyclotomic KL-R algebra (the compatibility of the grading follows
for example from [Hu and Mathas 2015, Corollary B.6]). The same holds, by
construction, for the grading in [Plaza and Ryom-Hansen 2014].
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