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We establish a Feynman—Kac-type formula for differential forms satisfying
absolute boundary conditions on Riemannian manifolds with boundary and
of bounded geometry. We use this to construct L2-harmonic forms out of
bounded ones on the universal cover of a compact Riemannian manifold
whose geometry displays a positivity property expressed in terms of a cer-
tain stochastic average of the Weitzenbock operator R, acting on p-forms
and the second fundamental form of the boundary. This extends previous
work by Elworthy, Li and Rosenberg on closed manifolds to this more gen-
eral setting. As an application we find a new obstruction to the existence
of metrics with positive R, (in particular, positive isotropic curvature) and
2-convex boundary. We also discuss a version of the Feynman—Kac formula
for spinors under suitable boundary conditions and use this to prove a semi-
group domination result for the corresponding Dirac Laplacian under a
mean convexity assumption.

1. Introduction

A celebrated result by Gromov [1971] says that an open manifold carries both
positively and negatively curved metrics. Thus, in any such manifold there is
enough room to interpolate between two rather distinct types of geometries. In
contrast, no such flexibility is available in the context of closed manifolds. For
instance, it already follows from Hadamard and Bonnet-Myers theorems from
basic Riemannian Geometry that a closed manifold which carries a metric with
nonpositive sectional curvature does not carry a metric with positive Ricci curvature.

Our interest here lies in another manifestation of this “exclusion principle” for
closed manifolds due to Elworthy, Li and Rosenberg [Elworthy et al. 1998]. Relying
heavily on stochastic methods, these authors put forward an elegant refinement of the
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famous Bochner technique with far-reaching consequences. For example, they prove
that a sufficiently negatively pinched closed manifold does not catry a metric whose
Weitzenbock operator acting on 2-forms is even allowed to be negative in a region of
small volume, an improvement which definitely makes the obstruction unapproach-
able by the classical reasoning [Rosenberg 1997]. We focus here on extending this
kind of geometric obstruction to compact manifolds with boundary (9-manifolds,
for short). When pursuing this goal we should have in mind that balls carry a
huge variety of metrics as illustrated by geodesic balls in an arbitrary Riemannian
manifold. These simple examples also show that the boundary can always be chosen
convex just by taking the radius sufficiently small. Thus, even if we insist on having
the boundary appropriately convex in both metrics, some topological assumption
on the underlying manifold must be imposed. Our purpose is to present results in
this direction which qualify as natural extensions of those in [Elworthy et al. 1998].
We now introduce the notation needed to state our main results. If N is a
Riemannian d-manifold of dimension n, the Weitzenbock decomposition reads

B
Aq :Aq—l-Rq,

where A, = dd* +d*d is the Hodge Laplacian acting on g-forms, 1 <g <n —1,
d* = £ xdx is the codifferential, x is the Hodge star operator, A’; is the Bochner
Laplacian and R, the Weitzenbdck curvature operator, depends linearly on the
curvature tensor, albeit in a rather complicated way. Recall that R; = Ric, and
since xR, = R,,_ ,*, this also determines R,_1, but in general the structure of R,
2 <g <n-—2,is notoriously hard to grasp. To these invariants we attach the functions
rq) i N = R, rg(x) =infjy =1 (R, (x)w, w), the least eigenvalue of R,(x). We

also consider the principal curvatures py, ..., p,—1 of d N computed with respect to
the inward unit normal vector field. For each x € 9N and g =1, ...,n — 1, define
po@) = _ _inf i ()4, (1),

<ip<--<ig<n—

the sum of the g smallest principal curvatures at x. We say that dN is g-convex if
P(g) = infycym p(g)(x) > 0. Note that g-convexity implies (g + 1)-convexity. Also,
N is said to be convex if o)y > 0 everywhere. Finally, recall that a Riemannian
metric 4 on a manifold is }—negatively pinched if its sectional curvature satisfies
—1 < Kge(h) < —k <O.

Stochastic notions make their entrance in the theory by means of the following
considerations. Let N be a Riemannian d-manifold. In case N is noncompact we
always assume that the underlying metric £ is complete and the triple (N, ON, h)
has bounded geometry in the sense of [Schick 1996; 1998; 2001]. We then consider
reflecting Brownian motion {x’} on N starting at some x” € N; see Section 5 for
a (necessarily brief) description of this diffusion process. Let « : N — R and
B:9dN — Rbe C! functions. Adapting a classical definition to our setting, we say
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that the pair («, B) is strongly stochastically positive (s.s.p.) if

t t
lim supl sup log [ o (exp(—l/ a(x*)ds —/ ﬁ(xs)dls)) <0,
t—4oo I yocg 2 Jo 0
forany K C N compact, where [’ is the boundary local time associated to {x’}. This
is certainly the case if both @ and g have strictly positive lower bounds but the point
we would like to emphasize here is that, at least if NV is compact, it might well happen
with the functions being positive except possibly in regions of small volume, given
that the definition involves expectation with respect to the underlying diffusion.
Similarly to [Elworthy et al. 1998], our main results provide examples of d-
manifolds for which there holds an exclusion principle involving the various notions
of curvature appearing above. From now on we always assume that n > 4 and set
kp=p>/(n—p—1)>
Theorem 1.1. Let M be a compact d-manifold with infinite fundamental group.
Assume also that M satisfies HP (M ; R) #0, where2 < p < (n—1)/2. If M carries
a convex Kk p-negatively pinched metric then it does not carry a metric with both

(F(p£1)> P(p—1)) S.5.D.

Our next result, which handles the least possible value for the degree p, has a
somewhat more satisfactory statement.

Theorem 1.2. Let M be a compact manifold with nonamenable fundamental group.
If M carries a convex k-negatively pinched metric then it does not carry a metric

with (r), p@)) S.5.p.

Remark 1.1. These results correspond respectively to Corollary 2.1 and Theorem
2.3 in [Elworthy et al. 1998]. We point out that our assumptions on the fundamen-
tal group are natural in the sense that they are automatically satisfied there. As
mentioned above, balls are obvious counterexamples to our results if the topolog-
ical assumptions are removed. Also, the manifold S! x D! shows that merely
assuming that the fundamental group is infinite does not suffice in Theorem 1.2;
see Remark 1.5 below. On the other hand, it is not clear whether the convexity
hypothesis with respect to the negatively curved metric can be relaxed somehow.

Using Theorem 1.2 we can exhibit an interesting family of compact d-manifolds
for which a natural class of metrics is excluded.

Theorem 1.3. If X is a closed hyperbolic manifold of dimension, | > 2 then its
product with a disk D™ does not carry a metric with (ry, p(2)) S.S.p.

Proof. Write X = H'/ T as the quotient of hyperbolic space H' by a (necessarily
nonamenable) group I" of hyperbolic motions. Embed H' as a totally geodesic
submanifold of H/™™ and let M C H'*™ be a tubular neighborhood of H/ of constant
radius. Extend the I'-action to M in the obvious manner and observe that, since M
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is convex, M = M /' = X x D" with the induced hyperbolic metric is convex as
well. Thus, Theorem 1.2 applies. ([

Remark 1.2. Theorem 1.3 provides a geometric obstruction to the existence of met-
rics with (r(2), p2)) s.s.p. Notice that if the second Betti number of X vanishes, the
obstruction can not be detected by the classical version of the Bochner technique for
0-manifolds [Yano 1970, Chapter 8] even if we assume strict positivity of (r(2), p(2))-

Remark 1.3. A larger class of manifolds for which the conclusion of Theorem 1.3
obviously holds is formed by tubular neighborhoods of closed embedded totally
geodesic submanifolds in a given hyperbolic manifold.

Corollary 1.1. Under the conditions of Theorem 1.3, assume that n =1+ m is even.
Then X x D™ does not carry a metric with positive isotropic curvature and 2-convex
boundary.

Proof. For even-dimensional manifolds it is shown in [Micallef and Wang 1993]
that positive isotropic curvature implies R, > 0. U

Remark 1.4. Since the computation in [Micallef and Wang 1993] expresses R, as
a sum of isotropic curvatures, in Corollary 1.1 we can even relax the condition on
the metric to allow the invariants to be negative in a region of small volume.

Remark 1.5. The standard product metric on S x $"~! is known to have positive
isotropic curvature. It is easy to check that if r < /2 the boundary of the tubular
neighborhood U, C S! x §"~1 of radius r of the circle factor is 2-convex. Thus, the
conclusion of Corollary 1.1 does not hold for U, = S!x D" Notice that U, carries
a convex hyperbolic metric since its universal cover U, =RxD"'is diffeomorphic
to a tubular neighborhood of a geodesic in H". The problem here is that the funda-
mental group is abelian, hence amenable, and the argument leading to Theorem 1.2
breaks down. This also can be understood in stochastic terms. In effect, the proof
of Theorem 1.2 shows that, under the given conditions, Brownian motion on the
universal cover is transient, while recurrence certainly occurs in l7,; see Remark 5.1.
In this respect it would be interesting to investigate if the conclusion of Theorem 1.3
holds in case X is flat or, more generally, has nonpositive sectional curvature.

Remark 1.6. Compact d-manifolds with positive isotropic curvature have deserved
a lot of attention in recent years. An important result by Fraser [2002] says that
such a d-manifold is contractible if it is simply connected and its boundary is
connected and 2-convex. The proof combines index estimates for minimal surfaces
and a variant of the Sachs—Uhlenbeck theory adapted to this setting. However, as
the examples in Remark 1.5 attest, this geometric condition is compatible with an
infinite fundamental group. With no assumption on the fundamental group or on
the topology of the boundary, the techniques in [Fraser 2002] still imply that all the
(absolute and relative) homotopy groups vanish in the range 2 <i <n/2. Moreover,
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it is shown in [Chen and Fraser 2010] that the fundamental group of the boundary
injects into the fundamental group of the manifold. However, if we take m > [+ 2 it
is easy to check that none of these homotopical obstructions rules out the metrics in
Corollary 1.1. We point out that a conjecture in [Fraser 2002] asserts that a closed,
embedded 2-convex hypersurface in a manifold with positive isotropic curvature
is either S or a connected sum of finitely many copies of S' x §"~!. Since the
fundamental group of a closed hyperbolic manifold is neither infinite cyclic nor a
free product, Corollary 1.1 provides further support to the conjecture.

This paper is partly inspired by the beautiful work by Elworthy, Rosenberg and
Li [Elworthy et al. 1998]. Their ideas are used in Section 2 to construct L? harmonic
forms on the universal cover of certain compact d-manifolds starting from bounded
ones. This is precisely where stochastic techniques come into play and a crucial
ingredient at this point is a Feynman—Kac-type formula for differential forms in
higher degree meeting absolute boundary conditions. In order not to interrupt
the exposition, this technical result is established in the final Section 5 following
ideas in [Hsu 2002a], where the case of 1-forms is treated; see also [Airault 1976;
Ikeda and Watanabe 1989] for previous contributions. To illustrate the flexibility
of the method we also discuss a similar formula for spinors evolving under the
heat semigroup generated by the Dirac Laplacian on a spin® d-manifold under
suitable boundary conditions. Another important ingredient in the argument is a
Donnelly—Xavier-type eigenvalue estimate described in Section 3, whose proof
uses both the convexity and the assumption that the fundamental group is infinite.
Combined with Schick’s [1996; 1998] L? Hodge—de Rham theory this allows us to
prove a vanishing result for the relevant L> cohomology group. Finally, the proofs
of the main applications (Theorem 1.1 and 1.2 above) are presented in Section 4.

2. From bounded to L?-harmonic forms

We consider a complete Riemannian d-manifold N with volume element dN and
boundary 0N oriented by an inward unit normal vector field v. As always we
assume that the triple (N, dN, &) has bounded geometry in the sense of [Schick
1996; 1998; 2001]. For us the case of interest occurs when N = M, the universal
cover of a compact d-manifold (M, g) and h = g, the lifted metric. Recall that a
g-form w on N satisfies absolute boundary conditions if

2-1) viw =0, vadw=0
along d N. Equivalently,

(2-2) wnor =0,  (dw)nor =0,
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where @ = W + v A wper 18 the natural decomposition of w in its tangential and nor-
mal components. Here, we identify v to its dual 1-form in the standard manner. For
simplicity we say that w is absolute if any of these conditions is satisfied. Notice that
for g = 0 this means that the given function satisfies Neumann boundary condition.

Fort>O0let P, =¢"' A7/2 be the corresponding heat kernel acting on forms.
Thus, for any absolute g-form wg € L?>NL>®, w;, = Pw is a solution to the
initial-boundary value problem
(2-3) dor + 1Aabsw, =0, limw =wy, viw, =0, vidw,=0.

ot 2 4 t—0

Moreover, the long term behavior of the flow is determined by the space of absolute
L?-harmonic g-forms on (N, &) in the sense that

2-4) P= lim P

t—+00
exists and defines the orthogonal projection onto this space. Proofs of these facts
follow from standard spectral theory and the elliptic machinery developed in [Schick
1996; 1998].

A key ingredient in our approach is a Feynman—Kac-type representation of any
solution w;, as above in terms of Brownian motion in N. This is well known to hold
in the boundaryless case [Elworthy 1988; Hsu 2002b; Giineysu 2010; Malliavin
1974; Stroock 2000]. However, as pointed out in [Hsu 2002a], where the case ¢ = 1
is discussed in detail, extra difficulties appear when trying to establish a similar
result in the presence of a boundary. In Section 5 we explain how the method in
[Hsu 2002a] can be adapted to establish a Feynman—Kac formula for solutions of
(2-3), regardless of the value of ¢g; see Theorem 5.2. For the moment we need an
immediate consequence of this formula, namely, the useful estimate

1 t t
2-5) |wt(x°>|s[Exo(|wo(x’)|exp(—§ fo rg(x*)ds — /O p@(xS)sz)),

where {x'} is reflecting Brownian motion on N starting at x° and /' is the associated
boundary local time. The remarkable feature of (2-5) is that the geometric quantities
() and p(,) play entirely similar roles in stochastically controlling the solution in
the long run. Now we put this estimate to good use and establish a central result in
this work; compare to [Elworthy et al. 1998, Lemma 2.1].

Proposition 2.1. Let P =lim;_, 1 P,

+00 1 t t '
gq(x0)=f E o (eXp(—E/ r(q)(xs)ds—/ ,o(q)(x“)dl‘y)) dt,
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and take compactly supported p-forms ¢ and  with Yryor = 0 along N and ¢ =0
in a neighborhood of ON. If 2 < p <n —2,

/<P¢—¢,w>dzv‘
N

< 5 (SUPocsuppg Op+1(X)) AV oo ldpl1 + 5 (SUP0cqupp s Op—1 (X)) 1d* V|0l d* 1.
If p =1 we have instead

‘/<P¢—¢,¢>d1\f
N

+00
/0 (Pod*$)(:°) de|[d* ¥ |oe.

< 5 (SUP0csupp g 2 1V looldpl1+55UP 0 cqupp

Proof. We have

fN<P¢>—¢>,1/f>dN
= lim [ (Pi¢— Pog, ) dN

t—+00 N

t—+00

t
= lim //(&P,d),llf)der
0 JN
__1m AP dN d
__Efo /N< o P, 0r) T

1 [t L [re
:——/ f(dP, d* o, w)der——/ /(d"Pr do, V) dN dr.
2 0 N 2 0 N

We now recall Green’s formula: if @ A %8 is compactly supported then

/ (dar, B) dN = / (. d*B) dN + / tan A *Bror
N N oN

Since (P;d@)nor = O this leads to
f(P¢>—¢>J//)dN
N
1 [T 1 [T
= ——f /(P, d*¢,d*y) dN dt — —/ /(Pr d¢,dy)dN dr.
2 0 N 2 0 N

The result now follows by applying (2-5) to w; = P; d*y and w; = P, dy. U

From this we derive the existence of absolute L?-harmonic p-forms from bounded
ones under appropriate positivity assumptions; compare to [Elworthy et al. 1998,
Theorem 2.1]. In the following we denote by H(qz)’ abs (V5 ) the g-th L? absolute
cohomology group of (N, k). We refer to [Schick 1996; 1998] for the definition
and basic properties of these invariants, including the corresponding L?> Hodge—de
Rham theory.
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Proposition 2.2. Let (N, h) and p be as above. Assume that both sup o g 0p+1 (x9)
and sup o g 0p_1(x0) are finite if 2 < p < n — 2 and that both sup o g 6, (x°) and
supxoeK|fO+°O(Pt d*¢)(x%) dr| are finite if p = 1, where K C N is any compact.
Then N carries a nontrivial absolute L*-harmonic p-form whenever it carries
a nontrivial absolute bounded harmonic p-form. In particular, H(Z)’abs(N ,h) is
nontrivial.

Proof. Let i be a nontrivial absolute bounded harmonic p-form. Consider a Gaffney-
type cutoff sequence {4,}, i.e., each function A, satisfies 0 < h, <1, |Vh,| <1/n,
h, — 1 and dh,/dv = 0 [Gaffney 1959] and set ¥, = h, ¥, so that each i, is a
compactly supported absolute form. Also, ¥, — ¥ and since dyr,, = dh, A and
d*yr, = —=Vh, 2y we see that |dVy|eo + |d*Ynloo — 0 as n — +o00. Applying
Proposition 2.1 with ¥ replaced by v, and sending n — +00 we see that

f<P¢—¢,w>dN=o.
N

If no nontrivial absolute L?-harmonic p-form exists then P¢ = 0 for any ¢ and
hence ¥ = 0, a contradiction. The last assertion follows from the L?> Hodge—de
Rham theory in [Schick 1996; 1998]. (]

Remark 2.1. Implicit in the discussion above is the well-known fact that the
bounded geometry assumption implies that reflecting Brownian motion x’ is nonex-
plosive. For the sake of completeness we include here the well-known argument.
We first observe that the geometric assumption implies that both r ;) and p(j) are
finite. Let & and n be compactly supported functions on N with 9§ /dv = 0 along
dN and n =0 in a neighborhood of d N. Proceeding as above we find that

1 t
/(Pté —&ndN = ——/ /(Pr d&,dn)dNdz, t>0.
N 2Jo I
Using (2-5) with w = d§ we get

! - 2- R
< S 1d8|ucldnly sup ¢ THV/ Py Jo dI*,

O<t=<t

‘/(P,s —&)ndn
N

Again applying Gaffney’s trick, i.e., replacing & by &, approaching 1, the function
identically equal to 1, and satisfying |d&,|.c — O as n — +00, we conclude that
P:1 =1. The result follows.

3. A Donnelly-Xavier-type estimate for d-manifolds

In this section we present a Donnelly—Xavier-type estimate for the universal cover
of k-negatively pinched d-manifolds which implies the vanishing of certain absolute
L? cohomology groups. This extends to this setting a sharp result for boundaryless
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manifolds obtained in [Elworthy and Rosenberg 1993], which by its turn improves
on the original result in [Donnelly and Xavier 1984]. The exact analogue for 9-
manifolds of the estimate in that work, hence with a tighter pinching, appears in
[Schick 1996]; see Remark 3.1 below. Our proof adapts a computation in [Ballmann
and Briining 2001, Section 5], where the sharp result for boundaryless manifolds is
also achieved, and relies on a rather general integral formula.

Proposition 3.1. Let (N, h) be a 3-manifold, f : N — R a C? function and {mi}l,
the eigenvalues of the Hessian operator of f. If p > 1 then for any compactly
supported p-form w in N,

/((dw, Vi Aw)+ {(d*w, VI 1w)) dN
N

=f(2ui|ei4w|2+%|w|2Aof> dN—/ (Vfdw, viw)ddN
N ] dN

_1 / 02 (V£, v) dON,
2 ON

where {e;} is a local orthonormal frame diagonalizing the Hessian of f and v is the
inward unit normal vector field along o N.

Proof. Consider the vector field V defined by (V, W) = (Vf 1w, W _w), for any W.
A computation in [Ballmann and Briining 2001, Section 5] gives

divV = Zui|ei_lw|2 —(dw, Vf ANw) — (d*w, Vf 1w) + (Vyro, o).

1

Integrating by parts we obtain

/((da), Vf Aw)+ {d*w, Vf 1w)) dN
N

=/<Z,u,-|el~Jw|2—|—(vaw,w)) dN—/ (Vf Jw, viw) ddN.
N i IN

We thus obtain, as required:
f (V. @) = Sl Ao f ) aN
N

:%/((Vf, Viwl?) — lol* Ao f) dN
N

:1/ div(|w|*Vf) dN:—lf lw|*>(Vf,v)ddN. O
2 N 2 aN

We can now present a version of the Donnelly—Xavier-type estimate that suffices
for our purposes.
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Proposition 3.2. Let (M, g) be a compact and convex d-manifold with infinite
Jundamental group and assume that g satisfies —1 < Kec(g) < —k <0. If p>1
then for any compactly supported p-form w in M satisfying v_iw = 0 along oM,

(3-1) ldwls + |d* ol > 3((n — p — Dk — p)lol.

Proof. Convexity implies that any x € M \ 0M and y € M can be joined by a
minimizing geodesw segment lying in the interior of M (except possibly for y) The
same holds in M with the segment now being unique. Thus, for any x € M \ IM
the Riemannian distance d, to x is well-defined. Notice that (Vd,, v) <0 along
aﬁ, |IVdy| =1 and Agd, = — ), ni, where we may assume that j¢; = 0. Thus,
using the boundary condition v_w = 0 and Proposition 3.1 with f = d, we obtain

1 ~
d d*ol) > leiJw|* — <ol ) dM.
21wl + | ‘”'2)—/N(§i:“’|€’ ol =3 lel ZM)

Expand w = ), wre;, where I = {i} < --- < ipyand e; =e; A --- Nei,. Since
> Mileider RE Y ics Mi, the right-hand side equals

f Z(Z ni — Zﬁi)lwllzdﬁ,
il “igl iel

where n; = —u; are the principal curvatures of the geodesic ball centered at x.
Thus, by standard comparison theory this is bounded from below by

1 ~
3 /((n — p— D/k coth /k dy — p coth dy)|w|> dM.
N

Now observe that M has infinite diameter because m1(M) is infinite. Hence, we
can find a sequence {x;} C M so that d, (y) — +o00 uniformly in y € supp w. By
taking x = x; and passing to the limit we obtain the desired result. (]

Remark 3.1. Notice (3-1) is meaningful only if ¥ > «,, which forces x, < 1, that
is, 2p < n — 1. We note that Schick [1996] proved that under the conditions above

dwly + |d*wly > 5((n — 1)k —2p)|wl,.

This only makes sense if x > K =4p?/(n — 1)? which again forces 2p <n — 1,
but notice that (3-1) gives a better pinching constant if 1 < p < (n —1)/2. Itis
observed in the same work that

ldnlo +1d*nl> > 2((n — D/ik = 2(n — p)Inl,

for any p-form 5 satisfying v A n = 0 along M. Taking p = n and using Hodge
duality, we find that

(3-2) ldelr > $(n — D/klgla,



A FEYNMAN-KAC FORMULA FOR DIFFERENTIAL FORMS 187

for any compactly supported function ¢ satisfying the Neumann boundary condition.
In other words, (3-1) holds for p = 0 as well. This transplants to our setting a
famous estimate by McKean [1970]. Observe however that the assumption on the
fundamental group is essential in (3-2) as the first Neumann eigenvalue of geodesic
balls in hyperbolic space converges to zero as the radius goes to infinity [Chavel
1984]. Thus, (3-2) illustrates a situation where a topological condition on a compact
d-manifold poses spectral constraints on its universal cover.

With these estimates at hand it is rather straightforward to establish vanishing
theorems for L?-harmonic forms. For this we consider (M g) as in Proposition 3.2
and define the absolute Hodge Laplacian Aa‘bg on M with domain D(Aabs) =
{w € HA(APT*M); wpor = 0, (dw)nor = O} Let AS(2) = mfspec(AabS) The
spectral argument in [Schick 1996, Section 6] then prov1des, under the conditions
of Proposition 3.2, the lower bound

(3-3) AP(@) = 3((n— p— D/ — p)*.

We remark that the proof in [Schick 1996] uses induction in p starting at p =0,
which corresponds to (3-2). Here we use this to prove the following vanishing result.

Proposition 3.3. Let (M, g) be a compact and convex d-manifold with infinite
Sfundamental group and assume that g is k ,-negatively pinched where 2 <2p <n—1.
Then )\abg(g) > O and (M g) carries no nontrivial absolute L?>-harmonic p-form.
Hence, H(z) abs(M g) vanishes.

Proof. The assumptions imply that «, < 1, so we can find k, < « < 1 such that
—1 < Kge(8) < —k. The result follows from (3-3) and the L? Hodge—de Rham
theory in [Schick 1996; 1998]. U

4. The proofs of Theorems 1.1 and 1.2
Here we prove the main results of this work. Notice that if (r(y), o(¢)) s s.s.p. then

4-1) sup 6, (xo) < +oo forany K.

x0eK
Also, if (a, B) is s.s.p. then (&, B) is s.s.p. as well for any & > o and B > B.

Proof of Theorem 1.1. If M is convex with respect to a k,-negatively pinched
metric g_ then H(’;)’abs(ﬁ , &—) vanishes by Proposition 3.3. On the other hand,
by standard Hodge theory for compact d-manifolds [Taylor 2011], any nontrivial
class in H”(M; R) can be represented by a nontrivial absolute harmonic p-form
with respect to any metric g on M. The lift of this form to (]\7 , &1) defines a
nontrivial absolute harmonic p-form which is uniformly bounded. Now, if g has
both (r(,+1), p(p—1y) s.5.p. then the corresponding invariants of g, are s.s.p. as well,
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since the property is preserved by passage to covers; see Remark 5.1. In particular,
(4-1) holds with ¢ = p £ 1. Thus we may apply Proposition 2.2 to conclude that
H(Z) dbs(M g+) # {0}. Since H(z) dbb(M -) is a quasi-isometric invariant of the
metric [Schick 1996] we obtain a contradiction which completes the proof. ([

We now consider Theorem 1.2. For its proof we need an extension of a well-
known result in [Lyons and Sullivan 1984] to our setting.

Proposition 4.1. If (M, g) is a compact d-manifold and w1(M) is nonamenable
then (M, g) carries a nonconstant bounded absolute harmonic function.

Proof. The argument in [Lyons and Sullivan 1984, Section 5] carries over to our
case. More precisely, using the Neumann heat kernel we construct a natural 7y (M )-
equlvarlant projection from L, (M ), the space of absolute bounded functions, onto
abg(M 2), the space of bounded absolute harmonlc functions. Also, there ex1sts
a 71 (M)-equivariant injection [*° (77, (M)) — Labs(M) Hence, if ’Habs(M, g) =
the composition [*° (71 (M)) — R defines an invariant mean. D

Proof of Theorem 1.2. If M carries a metric g_ which is x-negatively curved, then
H(lz)’ abs(]}:l, g-) vanishes. On the other hand, by Proposition 4.1, for any metric g
on M, (M, g;) carries a nonconstant bounded absolute harmonic function, say f.
This implies that reflecting Brownian motion in (M, g, ) is transient and in particular

+00
sup / (P, d*¢)(x°) dt < +o0,
x%e¢Kk JO

for any K C M and compactly supported 1-form ¢ as in Proposition 2.1; see
[Grigor’yan 1999, Theorem 5.1]. Assuming that g_ is such that the corresponding
pair (r(2), p(2)) is s.s.p. we can apply Proposition 2.2 because = df is a bounded
absolute harmonic 1-form; see Lemma 4.1 below. Hence, H(lz),abs(l\r/vl , 8+) # {0}
and we get a contradiction. Thus, the proof of Theorem 1.2 is complete as soon as
the next lemma is established. (]

Lemma 4.1. If f is a uniformly bounded absolute function as above then the
absolute harmonic 1-form ¢ = df is uniformly bounded as well.

Proof. Assume that | f| < K. The Bismut-Elworthy—Li formula in [Elworthy and
Li 1994, Theorem 3.1] holds for our reflecting Brownian motion x’. Hence, if
W0 € T and P, = ¢='23"/2 then

1 t
d(P,f)xo(vO) = ;[Exo (f(x’)/ (v*, dxs)xs>, t >0,
0
where v’ is defined by (5-4) below. Since f is harmonic, P, f = f. Thus,

df®) < " gups f/ s < K],

as desired. O
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5. A Feynman-Kac formula on d-manifolds

In this final section we explain how the method put forward in [Airault 1976;
Hsu 2002a] can be adapted to prove a Feynman—Kac-type formula for g-forms on
d-manifolds. As an illustration of the flexibility of the method we also include a
similar formula for spinors evolving by the heat semigroup of the Dirac Laplacian on
spin® d-manifolds. These results are presented in the second and third subsections,
respectively, after some preparatory material in the first subsection.

The Eells—Elworthy—Malliavin approach. Let (N, h) be a Riemannian d-manifold
of dimension n. As in Section 2 we assume that (N, d N, ) has bounded geometry.
Let w : Po,(N) — N be the orthonormal frame bundle of N. This is a principal
bundle with structural group O, the orthogonal group in dimension n. Any orthog-
onal representation ¢ : O, — End(V) gives rise to the associated vector bundle
& = Po,(N) x; V, which comes endowed with a natural metric and compatible
connection derived from % and its Levi-Civita connection V. Moreover, any section
o € I'(&;) can be identified to its lift of: Po,(N) — V, which is {-equivariant in
the sense that o " (ug) = ¢ (g™ N (0T (), u € Po,(N), g € O,. Also, we recall that
in terms of lifts, covariant derivation essentially corresponds to Lie differentiation
along horizontal tangent vectors.

Any bundle &; as above comes equipped with a second order elliptic operator
AB = —tr, V?: I'(&;) — I'(&;), the Bochner Laplacian. Here, V2 is the standard
Hessian operator acting on sections. Given an algebraic (zero order) self-adjoint
map R € I'(End(&;)) we can form the elliptic operator

A=A+ R

acting on I'(&;). Standard results [Eichhorn 2007; Schick 1996; 1998] imply
that the heat semigroup P; = e~'%/2 has the property that, for any o € L> N L,
oy = P,oy solves the heat equation
(5-D %‘J"%AO}:O, tlglg)dtzdo,
where we eventually impose elliptic boundary conditions in case N # O.

An important question concerning us here is whether the solutions of (5-1) admit
a stochastic representation in terms of Brownian motion on N. If dN = & this
problem admits a very elegant solution in great generality and a Feynman—Kac
formula is available [Elworthy 1988; Giineysu 2010; Hsu 1999; 2002b; Malliavin
1974; Stroock 2000]. Moreover, this representation permits us to estimate the
solutions in terms of the overall expectation of R with respect to the diffusion
process; see (5-5)—(5-6) below. However, in the presence of a boundary it is well
known that the problem is much harder to handle; see [Hsu 2002a].
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Let us assume that N has a nonempty boundary endowed with an inward unit
normal field v. We first briefly recall how reflecting Brownian motion is defined on N.
We take for granted that Brownian motion {6'} on R" is defined. This is the diffusion
process which has half the standard Laplacian ), 8i2 as generator. To transplant this
to N we make use of the so-called Eells—Elworthy—Malliavin approach [Elworthy
1988; Eells and Elworthy 1971; Hsu 1999; 2002b; Stroock 2000]. Note that any
u € Po,(N) defines an isometry u : R* — TN, x = m(u). Also, the Levi-Civita
connection on TN lifts to an Ehresmann connection on Po, (M) which determines
fundamental horizontal vector fields H;, i =1, ..., n. As explained in [Hsu 2002b,
Chapter 2], these elementary remarks naturally lead to an identification of semi-
martingales on R”, horizontal semimartingales on Po, (M) and semimartingales on
M. Thus, on Po, (N) we may consider the stochastic differential equation

(5-2) du' =" Hi(u") odb} +vi(u")al',

i=1

which has a unique solution {x'} starting at any initial frame «°. This is a horizontal
reflecting Brownian motion on Po, (N) and its projection x’ = u’ defines reflecting
Brownian motion on N starting at x° = 7 u°. Moreover, I’ is the associated boundary
local time. Notice that x’ satisfies

(5-3) dx' =" X;(x")odb] +v(x")dl', X;=m.H,,

i=1

so that if F' is the corresponding stochastic flow, i.e., x' = F'(x?), then v =
dF x’o(vo), v? e TN, satisfies the derivative equation

(5-4) dv' = Z(VXi)(vt) odb! + (Vv)(v")dl'.

i=1

Remark 5.1. Due to the obvious functorial character of this construction it is not
hard to obtain highly desirable properties of Brownian motion. For instance, if the
manifold splits as an isometric product of two other manifolds then its Brownian
motion is the product of Brownian motions on the factors. In particular, if N =X x Y,
where Y is a compact d-manifold, then Brownian motion in N is transient if and
only if the same happens to X. Also, if N — N is a normal Riemannian covering
then Brownian motion in N projects down to Brownian motion in N. From this
it is obvious that a pair («, 8) on (N, dN) is s.s.p. if and only if its lift (&, B) on
(ﬁ, aﬁ) is s.s.p. as well.

We now describe how this formalism leads to an elegant approach to Feynman—
Kac-type formulas. Let A € I'(End(& |sn)) be a pointwise self-adjoint map.
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In practice, A relates to the zero order piece of the given boundary conditions.
In analogy with the boundaryless case, Itd’s calculus suggests considering the
multiplicative functional M’ € End(V) satisfying

dM'+M' (3R dt + ATdl') =0, M°=1.

Standard results imply that a solution exists along each path u’. We now apply Itd’s
formula to the process M'o"(T —t,u’), 0 <t < T, where o is a (time-dependent)
section of & . With the help of (5-2) we obtain

dM'o™(T —t,u") = [M' Lo ™ (T —t,u"),db']— M' LT ™ (T —t, u") dt
+M' (L — AN (T —t,u")dl,

where L is the Lie derivative,

dimV n
[M'Lyo™(T—t,u').dbi= > Y M}Lyo](T -t u")dbj,
j=1 k=1
and -
NS P
L' = 8t+2(AB+R)
is the lifted heat operator, with AE =—> ﬁ%{k being the horizontal Bochner

Laplacian. Notice that in case dN = & and o satisfies (5-1) the computation gives
dM'c™(T —t,u") = [M' Lo ™ (T —t,u'), db'],

which characterizes Mo " (T —t, u') as a martingale. Equating the expectations of
this process at t =0 and t = T yields the celebrated Feynman—Kac formula

(5-5) o(t,u®) =Eo(M'c7(0, u")),

where dM' = —M'R" dt/2 [Elworthy 1988; Hsu 1999; 2002b; Giineysu 2010;
Stroock 2000]. From this we easily obtain the well-known estimate

(5-6) oz, x%)| < [Ex0<|0(0’ xt)leXP(—%/ E(xs)ds»,
0

where R(x) is the least eigenvalue of R(x). However, if d N # @ the calculation
merely says that {M'} is the multiplicative functional associated with the operator
L under boundary conditions

(5-7) vV, — Ao =0.

As we shall see below through examples, (5-7) is too stringent to encompass
boundary conditions commonly occurring in applications, which usually are of
mixed type.
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The Feynman—Kac formula for absolute differential forms. It turns out that nat-
ural elliptic boundary conditions do not quite fit into the prescription in (5-7).
Hence, the formalism in the previous subsection does not apply as presented. We
illustrate this issue by considering the case ¢ = A9, where w, is the standard
representation of O, on R", so that & is the bundle of g-forms over N. In this
case, A is explicitly described in terms of the second fundamental form of 9N
but degeneracies occur due to the splitting of forms into tangential and normal
components which is inherent to absolute boundary conditions.

The splitting is determined by the “fermionic relation” v_iv A+v Av =1, which
induces an orthogonal decomposition

ANT*N|yn =Ran(vavA) @ Ran(v Avl),

and we denote by Il,, and I, the orthogonal projections onto the factors. As is
clear from the notation, these maps project onto the space of tangential and normal
q-forms, respectively.

Let

A:TON — ToN, AX = —Vyv,

be the second fundamental form of d N, which we extend to TN |yn by declaring
that Av = 0. This induces the pointwise self-adjoint map .4, € End(AYT*N|;y),

(Ago) (X1, ... X)) =) oX1,....AX;, ..., X,).

Notice that I, A 0 = 0, that is, A, only has tangential components. In or-
der to determine the tangential coefficients of A, we fix an orthonormal frame
{e1,...,e,—1}in TAN which is principal at x € dN in the sense that Ae; = p;e;.
We then find that, at x,

q
(5-8) (Ag) (@i, . €)= (Z p,-_,.)w(e,-., Cee,).
j=1
The next result is inspired by [Hsu 2002a, Lemma 4.1]; see also [Yano 1970;
Donnelly and Li 1982] for similar computations.
Proposition 5.1. A g-form w is absolute if and only if its lift o' satisfies
(5-9)  IMj,o'=0 and I, (L;—ADe'=0  on dPo,(N).

Proof. We work downstairs on dN and drop the dagger from the notation. First,
wnor = 0 means that w = Wiy + V A Wnor = Wian, that is, H;ora)f = 0. On the other
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hand, in terms of the principal frame {e;} above,
v_lda)(e,-l,...,e,-q) = da)(v,e,-l,...,e,-q)

=v(@(€i.-nei) + ) _(—De (@v.e,.....6....e;,))
J
+ Z(_I)Ja)([vveij]’eil7""8/1\'_,'9---aeiq)

J
ik o~ -~
+ Z (_1)j+ a)([eij7eik],vieil7"'7eij7"'7eik7"'7eiq)
1<j<k

= v(w(ei..., eiq»+Z(—l)fe,-,((ww)@il,...,e7,.,...,e,~q>>
—Za)(ell,.. [v, e,j] - €iy)

=v(w(ei1,-- s€i,)) — Zw(ell,--- Vieij,....ei,)

_ (Zpij)a)(eil"”’eiq)’
J

where we used that lei;, ei ] = 0, certainly a justifiable assumption, and v_w = 0.
But

v(a)(eip ) eiq)) = (vvw)(eip e eiq) + Za)(eilv e vveij’ e eiq)a

so we obtain
vadw( (e, ..., e,) = (Vv — Zpij>a)(e,~1, e eiq).
J

The results follow in view of (5-8). U

This proposition shows that absolute boundary conditions are of mixed type,
namely, they are Dirichlet in normal directions and Neumann in tangential directions.
This should be compared with (5-7), which is of pure Neumann type. This confirms
that Itd’s calculus is insensitive to the projections defining absolute boundary
conditions. To remedy this we proceed as in [Hsu 2002a]. We can write the
boundary condition as the superposition of two independent components, namely,

i (Lt — AD o™ — T} 0" = 0.

IlOI'

The key idea, which goes back to [Airault 1976], is to fix € > 0 and replace Htan
by Htan + €1 above, so the condition becomes

(Lot — (A + e '] e’ =0
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which in a sense is the best we can reach in terms of resemblance to (5-7). The
next step is to solve for M. € End(AYR") in

(5-10) dM. + ML(3RI (') dt + (A} (") + €T (u'))dl') =0, M =1

nor

Proposition 5.2. For all € > 0 such that e ' > P(q) we have

1 t t
(5-11) IML| < exp(—z / rig)(x*)ds —/ Pg)(x*) dls), t>0.
0 0
Proof. The same as in [Hsu 2002a, Lemma 3.1], once we take into account that, as
is clear from (5-8), the sums 23:1 pi; are the eigenvalues of I Ay,. O

The following convergence result provides the crucial input in the argument.

Theorem 5.1. As ¢ — 0, M. converges to a multiplicative functional M' in
the sense that lime_.o EJML — M'|> = 0. Moreover, M'TI} . (u) = O whenever
uecdPo,(N).

Proof. The rather technical proof of this result for ¢ = 1 is presented in detail in
[Hsu 2002a]. Fortunately, with the formalism above in place, it is not hard to check
that the proof of the general case follows along the lines of the original argument.
More precisely, in that work the letters P and Q denote normal and tangential
projection, respectively. If we replace these symbols by I1,o; and Iy, the proof
there works here with only minor modifications. Therefore, it is omitted. ([

We now have all the ingredients needed to prove the Feynman—Kac-type formula
for differential forms.

Theorem 5.2. Let wy be an absolute L* g-form on N as above. If P, = eI i

the corresponding heat semigroup, so that w, = P,wq provides the solution to
dw; 1

(5-12) -+ EA;wat =0, [113(1) w, = wy, Vviw, =0, vidw, =0,
then the following Feynman—Kac formula holds:
(5-13) of %) = Eo(M' w5 "),

where u, is the horizontal reflecting Brownian motion starting at ug. Consequently,

1 t t
(5-14) |w,<x0)|s[Exo<|wo(xf>|exp(—5 /0 r(x*) ds — /O p@(xS)dlf)),

where x' = mu.

Proof. 1t6’s formula and (5-2) yield

dMLwl ') =M. Lyo) @), db']— M. Lo ") dt
+ MLy — AT — e ]

nor

Yor_, (u'ydl.
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If w; is a solution of (5-12) then the second term on the right-hand side drops out.
Moreover, by Proposition 5.1 the same happens to the term involving € ~!. Sending
€ — 0 we end up with

dM' @) _ (') = [M' Lywy_ '), db' 1+ M T, (L, — ANl ') dl,

where the insertion of Hfan in the last term is legitimate due to the last assertion in
Theorem 5.1. By Proposition 5.1 this actually reduces to

dM' o} (') = [M' Lyw)_ (u"),db'],

which shows that M’ w;_,(ut ) is a martingale. Thus, (5-13) follows by equating
the expectations at t = 0 and ¢t = 7. Finally, (5-14) follows from (5-11). O

The estimate (5-14) has many interesting consequences. We illustrate its use-
fulness by mentioning a semigroup domination result which can be proved as in
[Elworthy and Rosenberg 1988, Theorem 3A]; see also [Bérard 1990; Donnelly
and Li 1982; Elworthy 1988; Hsu 1999; 2002b] for similar results.

Theorem 5.3. Let (N, 0N, h) be as above and assume that pg) > 0 for some
1 <q <n—1. Then there holds

e A2 (x, )| < (Z) e 2T 2 (x y), x,yeN, 10,

where r ) = infyen r(g)(x). In particular, U‘ngs(h) +r =0and rg) > rq
somewhere then N carries no nontrivial absolute L*>-harmonic q-form.

The Feynman—Kac formula for spinors. Let N be a spin® d-manifold [Friedrich
2000]. As usual we assume that (N, dN, h) has bounded geometry. Let SN =
Pspinc (N ) % V be the spin® bundle of N, where ¢ is the complex spin representation.
Recall that Pgpinc (V) is a Spin® principal bundle double covering Pso, (N) % Py, (N),
where Py, (N) is the U principal bundle associated to the auxiliary complex line
bundle F. After fixing a unitary connection C on F, the Levi-Civita connection on
TN induces a metric connection on SN, still denoted V. The corresponding Dirac
operator D : ['(SN) — I'(SN) is locally given by

Dy =) y()Va¥, ¥ eT(SN),
i=1

where {e;}7_, is a local orthonormal frame and y : CI(TN) — End(SN) is the

Clifford product. The Dirac Laplacian operator is

(5-15) D>y = Agyr + Ry,
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where R |

Here, R is the scalar curvature of & and i 2 is the curvature 2-form of C.
The spin® bundle SN |y, obtained by restricting SN to d N, becomes a Dirac
bundle if its Clifford product is

YTy =yX)ywy, Xel(TON), ¢ €T(SNyn),

and its connection is

(5-16) Vg = Vxy — 37 T(AX)Y,
where as usual A = —Vv is the second fundamental form of d N; see [Nakad and
Roth 2013]. The associated Dirac operator DT : I'(SN|yy) — ['(SN|yn) is
n—1
DTy =3 yT(e)V]
j=1

where the frame has been adapted so that e, = v. Imposing that Ae; = p;e;, where
p;j are the principal curvatures of 9N, a direct computation shows that
K n—1
DTy =Y+ eV,
j=1
where K =tr A is the mean curvature. It follows that this tangential Dirac operator
enters into the boundary decomposition of D, namely,

(5-17) —y(v)D:V,,—i—DT—g,

which by its turn appears in Green’s formula for the Dirac Laplacian

(5-18) /N (D>, &) dN = fN (Dy., DEVAN — | (y() Dy €) doN.

aN

where v and & are compactly supported. Also, since yT(ej)y (v) = -y )y T(e;)
and V, y (v) =y (v) Vi, we see that

(5-19) DTy (v) =—y()DT.

Now fix a nontrivial orthogonal projection I'T € I'(End(SN|yy)) and set [T, =11
and [1_ =171 —TII. Itis clear from (5-17) — (5-18) that any of the boundary conditions

(5-20) Miy =0, H:F(VU + DT — §>¢ =0,

turns the Dirac Laplacian D? into a formally self-adjoint operator. The next defini-
tion isolates a notion of compatibility between the tangential Dirac operator and
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the projections which will allow us to get rid of the middle term in the second
condition above.

Definition 5.1. We say that the tangential Dirac operator DT intertwines the pro-
jections if [1. DT = DTI1.

Remark 5.2. If DT intertwines the projections then [T DTIT4 = DTI1I14 =0.
Equivalently, (D711, I11.§) = O for any spinors i and &.

Proposition 5.3. Under the conditions above assume further that DT intertwines
the projections as in Definition 5.1. Then a spinor ¥ € I'(SN|yy) satisfies the
boundary conditions (5-20) if and only if its lift Y Pspinc (N) — V satisfies

o T K™\ 4
(5-21) Miy" =0 and HJF(ch - T)w =0 on dPspin(N).
Proof. Obvious in view of (5-20) and Remark 5.2. O

We can now proceed exactly as in the previous subsection. We assume that
(5-21) gives rise to a self-adjoint elliptic realization of D? and we denote by e~1D*/2
the corresponding heat semigroup [Grubb 2003]. We lift everything in sight to
Pspinc (N) and consider there the functional ML defined by

AM. + M. (%m*(uf)dz + (%KT(u’) + e—lni(u‘)) dl’) =0, M'=1.
The limiting functional M’, whose existence is guaranteed by the analogue of
Theorem 5.1, appears in the corresponding Feynman—Kac formula.

Theorem 5.4. Let g € I'(SN) be a spinor satisfying any of the boundary condi-
tions (5-20), where we assume DT intertwines the projections as in Definition 5.1.
If ¥, = e*’Dz/zl/fo is the solution to

(522) 4 D2y =0, limpy=vo, Tavi=0, Tg(V,—5 )y =0,

then the following Feynman—Kac formula holds:
(5-23) ¥ ) = Eo (Mg ),

where u' is the horizontal reflecting Brownian motion on Pspinc (N) starting at ul,
As a consequence,

(5-24) |y (x| i[EXO(Iwo(X’)IeXp<—1f t(xs)ds—l/ K(xs)dls»,
2 Jo 2 Jo

where t(x) = infjy =1 (R(X) Y, ¥).
Proof. The same as in Theorem 5.2. ([

It is worthwhile to state the analogue of Theorem 5.3 for spinors.
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Theorem 5.5. Let (N, h) be a spin® 3-manifold as above and assume that K > 0
along ON. Let e~'P*/2 be the heat semigroup of the Dirac Laplacian acting on
spinors subject to boundary conditions as in Theorem 5.4. Then

e D2 (x| y)| < 2/ w2~ IAP 2 (¢ \y X ye Nt >0,

where vt = inf, ¢y t(x). In particular, if kgbs(h) 4+t >0 and v > t somewhere then N
carries no nontrivial L*-harmonic spinor satisfying the given boundary conditions.

We now discuss a couple of examples of local boundary conditions for spinors
to which Theorem 5.4 applies.

Example 5.1. (Chirality boundary condition) A chirality operator on a spin‘ 9-
manifold (N, dN) is an orthogonal and parallel involution Q € I'(End(SN)) which
anticommutes with the Clifford product with any tangent vector. Examples include
the Clifford product with the complex volume element in an even-dimensional spin
manifold and with the timelike unit normal to an immersed spacelike hypersurface
in a Lorentzian spin manifold. It is easy to check that DTQ = QDT and DTy (v) =
—y (v)DT. Given any such Q define the boundary chirality operator Q =y 0 e
['(End(SN)|3n), which is still an orthogonal and parallel involution with associated
projections given by

(5-25) Me=3UF0).

Since DTQ =Dlyw)Q = —-yW)QDT = —QDT, we conclude that DTIT4 =
[T+ DT, that is, DT intertwines the projections. Thus, Theorem 5.4 applies to the
self-adjoint elliptic realization of D? under this boundary condition.

Example 5.2 (MIT bag boundary condition). This time we choose Q =iy(v),
an involution which clearly satisfies DTQ = —QDT. Thus, DT intertwines the
projections exactly as in the previous example and Theorem 5.4 again applies to
the self-adjoint elliptic realization of D? under this boundary condition.

Remark 5.3. For the sake of comparison, it is instructive to examine how absolute
and relative boundary conditions for differential forms fit into the framework
developed in this subsection. In particular, this helps to clarify the role played
by Proposition 5.1 and its analogue for relative forms. Recall that A°T*N has the
structure of a Clifford module if we define the Clifford product by tangent vectors as
¥ () = v A —v_1. The corresponding Dirac operator is D = d +d*, so that D> = A,
the Hodge Laplacian. If w is a g-form then we know that along 9N,

® = Wgan + VA Onor = ggnw + Mprw.
Instead of (5-16) we now have

Vi = ViV +v A AX) .
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A direct computation then shows that, with respect to the splitting above, the
boundary decomposition of D is

—y()D (wtan) _ (vatan) . Azan Dyn (a)tan>
Wnor Vu@nor Dyy 2(3‘1 Wnor )

where Dyy = dyn +dj) and in terms of a principal frame,

A;an,nor — Z pjl—[tez;n,nor,
J
with TI{" = v A v and T} = v wA. If @per = 0 then A0 = Ay and the
boundary integral in Green’s formula for the Hodge Laplacian is

((Mywran, wan) — (-Aqwtam Wtan) — {DyN Dtan, @tan)) dON.
aN

However, the last term vanishes because the forms involved in the inner product
have different parities. Thus, the right boundary conditions are

(5-26) Myorw =0,  Tgn (V) — -Aq)w =0.

Proposition 5.1 then shows that (5-26) defines absolute boundary conditions for
the Hodge Laplacian. Similarly, if @, = 0 then w = v A wpor and .Ag"_rlwnor =
* A, _ g *wnor, where here « is the Hodge star operator of d N. This time the boundary
integral is

(My@nor, Wnor) — (*-An—q * Wnors Wnor) — (DN Wnor, Wnor)) dON.
IN

Again, the last term drops out and the correct boundary conditions are

(5-27) Manw =0, Myor(Vy —*A—gx)w =0.
As in Proposition 5.1 we compute that
My —*Ap R0, ey, ..., e, ) = WAd 0)(v, e, ..., €, )
=@ Ad'o) (e, ..., e, )
= (Hu d*w)(ei,, - . ., €i,_1)

so that (5-27) can be rewritten as
Wean = 0, (d*a))tan =0.

This is exactly how relative boundary conditions for the Hodge Laplacian are
defined [Taylor 2011]. We thus see that for differential forms the cancellations
leading to the correct boundary conditions are caused by the fact that Dy clearly
intertwines the projections onto the spaces of even and odd degree forms; compare
to Definition 5.1.
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