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CERTAIN AFFINE HYPERSURFACES

ALEXANDER S. SIVATSKI

Let F be a field with char F # 2,let ay,...,a, € F*, and let f € F[y] be
a monic polynomial of degree 2m. Let further S be an affine hypersurface
over F determined by the equation f(y) = Y |, a;x?. In the first part
of the paper we prove a certain version of Springer’s theorem. Namely,
we show that if the form ¢ ~ (1, —ay, ..., —a,) is anisotropic and S has
an L-rational point for some odd-degree extension L/F, then S has an
L-rational point for some odd-degree extension L/F with [L : F] < m, and
the last inequality is strict in general.

In the second part we consider the case where the polynomial f is quartic.
We show that the surface S has a rational point if and only if the quadratic
form ¥y L (—x, g(x)) is isotropic over F(x), where g(x) € F[x] is a cer-
tain polynomial of degree at most 3, whose coefficients are expressed in a
polynomial way via the coefficients of f.

In the third part we describe all Pfister forms that belong to the Witt
kernel W(F (C)/F), where C is the plane nonsingular curve determined by
the equation y* = ayx* + a,x* + a;x + ay. In the case where the u-invariant
of F is at most 10, we describe generators of the ideal W(F (C)/F).

Introduction

Let F be a field of characteristic different from 2. We investigate some properties
of the affine hypersurface S determined by the equation f(y) =Y i, a,-xl.z, where
a; € F* and f is a monic polynomial of degree 2m. In Section 1, we prove a
version of Springer’s theorem for S (Proposition 1.1). In particular, we show that if
m = 2 (i.e., the polynomial f is quartic), and S has a K-rational point for some
odd-degree extension K /F, then S has an F-rational point. Sections 2 and 3 can be
considered as generalizations of some results in [Haile and Han 2007; Shick 1994].
Namely, for the affine hyperelliptic curve C with the equation f(y) = ax? over a
field F, where a € F*\ F*? and f(y) is a quartic polynomial, two questions have

been investigated in [Haile and Han 2007]. First, it has been shown that existence
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of a rational point on C is equivalent to triviality of a certain quaternion algebra
over a certain quadratic extension of the rational function field F'(x). It is easy to
see that this is equivalent to isotropicity of some 4-dimensional quadratic form over
F(x). In Proposition 2.1 we obtain a similar criterion for the affine hypersurface
S:fy)=>1, aixl.z, where a; € F* the form (1, —ay, ..., —a,) is anisotropic,
and f is a monic quartic polynomial. This proves independently of Section 1 that
existence of a rational point over any odd-degree field extension K/F implies
existence of a rational point of S over the field F itself.

Another result in [Haile and Han 2007; Shick 1994] is a computation of the
relative Brauer group Br(F (C)/F), where C is the affine hyperelliptic curve above.
Obviously, this is equivalent to description of all 2-fold Pfister forms m over F such
that w () = 0. Section 3 is devoted to investigation of the Witt kernel W (F(C)/F).
Applying an invertible change of variables, we may assume that the curve C is
determined by the equation y2 =asx*+arx*+ajx+ag, where a; € F, as #0. We
will also assume that C is nonsingular, for the opposite case is trivial. Let e € F. Set

as 0 3(ar—e)
d(e) = — det 0 e zai
3(@—e) 301 ag
In Proposition 3.1 we show that if 0 = Q € Br(F(C)/F), then either Q = (a4, e),
where e £ 0, d(e) € F**U {0}, or a; =0 and Q = (a4, a% —4apas). Conversely,
any quaternion algebra of the types above belongs to Br(F (C)/F).

Proposition 3.1 is not new, but we give it for the convenience of the reader, and
because we need its proof a bit later in Proposition 3.2. In fact, the original proof of
Proposition 3.1, which is very similar to ours, is given in [Shick 1994]. However, in
Proposition 3.2 and Corollary 3.3 we describe all Pfister forms 7 (not necessarily
2-fold) over F such that g (cy = 0. More precisely, if mrc) = 0, then either  is
divisible by a 2-fold Pfister form p such that pr(cy =0, or there existe, r € F, e #0,
r? —d(e) # 0 such that (a4, e, 7> —d(e)) C m. Conversely, (a4, e, 7> —d(e))) €
W(F(C)/F) forany e,r € F, e # 0, r? —d(e) # 0. If the u-invariant of F is at
most 10, this is sufficient for the computation of the Witt kernel W (F(C)/F).

A few words about the notation. Throughout all the fields have characteristic
different from 2. By a form we always mean a quadratic form over a field. For
ai, . ..a, € F* we denote the Pfister form (1, —a1)®---®(1, —a,) as {ay, ..., a,))
(take notice of signs!), and D(gp) is the set of all nonzero values of the form ¢. If
the form ¢ is considered as an element of the Witt ring W (F'), then dim ¢ denotes
the dimension of the anisotropic part of ¢.

If ¢ is a regular form over the field F, dim ¢ > 3, then by F(¢) we denote the
function field of the corresponding projective quadric.

Slightly abusing notation, we often identify a form with its symmetric matrix.
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1. A version of Springer’s theorem

The well-known Springer’s theorem claims that if K/F is an odd-degree field
extension, and a projective quadric X has a rational point over K, then it has a
rational point over F. Below we give an affine version of this theorem for certain
hypersurfaces.

Proposition 1.1. Let F be a field, let ay, ..., a, € F* and let f € F[y] be a monic
polynomial of degree 2m. Let S=S(f, ay, . .., a,) be the affine hypersurface over F
determined by the equation f(y) = :_, a,'xiz. Suppose that S has a K -rational
point for some odd-degree extension K / F.

(1) Ifthe form {(ay, ..., a,) is anisotropic, then S has an L-rational point for some
odd-degree extension L/F with [L : F] <2m — 1.
(2) If the form (1, —ay, ..., —ay,) is anisotropic, then S has an L-rational point

for some odd-degree extension L/ F with [L : F] <m, and the last inequality
is strict in general. In particular, if m =2, i.e., f is a quartic polynomial, then
S has an F-rational point.

(3) Ifthe form (ay, ..., a,) is isotropic, then S has an F-rational point.

Proof. (1)-(2) Assume the form (ay, ..., a,) is anisotropic, and K/F is an
odd-degree field extension. Suppose [K : F] > s, where s = m + 1 if the form
(1, —ay, ..., —ay,) is anisotropic, and s = 2m + 1 otherwise. Let f(x) = Z:’:l ai,Bi2
for some «, B; € K. It suffices to find an odd-degree field extension L/F with
[L:F] < [K: F] such that S has a rational L-point. Since [K : F(«)] is odd,
we get by Springer’s theorem, applied to the extension K/F(«), that the form
{ai, ..., an, — f(a)) is isotropic over F(«). Hence we may assume that 8; € F'(x)
for each i. We may assume also that [F(«): F] > s, for otherwise there is
nothing to be proved. Let g be the minimal polynomial of «. In particular,
degg=I[F(a): F]>s. Let §; = pi(«), where p; € F[x], deg p; <degg—1. Also
deg f =2m <2(s — 1) <2(degg — 1). We have

Zaip[z—fzgh for some h € F[x], and deg(Zam?—f)fZ(degg—l).

i=1 i=1
If deg(}""_, a;i p} — f) is even, then deg & is odd, and
degh <2(degg —1)—degg=degg —2=[F(x): F]—-2<[K:F]-2.

Hence S has an L-rational point, where L = F[x]/p(x), and p is an arbitrary
odd-degree prime divisor of 4. Moreover, [L : F] < [K : F].

If deg(Z?:l a; pi2 - f) is odd, or & = 0, then, since f is monic of even degree,
the form (1, —ay, ..., —a,) is isotropic. Hence s =2m +1, and deg(Z?:1 aipiz) =
deg f = 2m. Therefore, in this case 7 = 0, and so S has an F-rational point.
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Now let us show that in the inequality [L : F] < m in the second part of
Proposition 1.1, the number m cannot be replaced by a smaller number, provided
we consider all fields F' and all odd-degree extensions K /F. Consider two cases:

Case (a): m is odd. Let F be a field such that there exists an irreducible polynomial
p of degree m over F. Consider the equation

n
PO =) aix}.
i=1

Clearly, it has a solution over the field K = F[y]/p(y) with x; =--- =x, = 0.
Suppose that L/ F is an odd-degree extension, «, ; € L, and p(a)? = Y ai ,Bl-z.
Since the form (1, —ay, ..., —a,) is anisotropic, we get by Springer’s theorem
applied to the odd-degree extension K/F that p(«) = 8, =--- = f, = 0. Hence
m=degp=|[F(ax): F]<[L:F].

Case (b): miseven. Letk be afield, let F =k ((z)) be the Laurent series field, and let

the hypersurface S be determined by the equation (y"~'41)(y" 1 41) = Yo aix?.

i
Let L/F be an odd-degree extension, [L : F'] <m — 3. Obviously, the field L is
complete with respect to a discrete valuation v such that 1 < v(t) <m —3. It is easy
to show that (' 4+ 1) ("' 4+ 1) € L*? for any « € L. Therefore, by Springer’s
theorem "
@" 0@ +1) £ ap} forany i€ L.
i=1

(3) This is obvious, since any element of F is a value of the form (ay, ..., a,). O

Remark 1.2. The hypothesis that the form (1, —ay, ..., —a,) is anisotropic is
essential in the second part of Proposition 1.1, at least for m = 2. Indeed, consider
the equation y* +2 = x? over Q. Let L = F(8), where 8 is a root of the irreducible
polynomial p(u) = 2u> — u? +2. Obviously, x = §> — 8, y = § is a solution of the
equation in question over L.

Let us prove now that this equation has no solution over Q. It suffices to show that
ifx,y,zeZ, and y4-|—2z4 =x2, then z=0. Assume the contrary, SO we may suppose
that y* 4+ 2z* = x2, z > 0 and z is as small as possible. In particular, y and z are
coprime; hence y is odd. Over Q(+/—2) we have (y*>+2z°v/—=2)(y> —z2v/=2) =x2,
and it is easy to see that the numbers y? + z2/—2 and y? — z24/—2 are coprime in
the Euclidean ring Z[+/—2]. Since the group of units of the ring Z[+/—2] consists
of 1 and —1, we get that y2 +72/=2 = £(u+ v/=2)* for some u, v € Z, v > 0.
If y2 + 22/ =2 = —(u + v/—2)? then y2 =2v% —u? 7> = —2uv. The equality
y% =2v% —u? implies that u and v are odd. But then, clearly, the equality 7> = —2uv
is impossible.

Thus y? + z2¢/—2 = (u 4+ v4/—2)? which means that y? = u? — 2v?%, 7% = 2uw.
In particular, u is odd. Since (u — y)(u +y) = 202 and the numbers %(u —y),
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%(u + y) are, obviously, coprime, we may assume, changing if needed the sign of y,
that %(u —y)= 12 %(u +y) = 252 for some coprime s, t > 0. Therefore, we have

u=2s>+1>
y =2s>—1%,
v = 2st;

hence 72 = 2uv = 4st(2s> + %), and so s = o%, t = B2 2s5% + 1> = y2 which
implies B* 4+ 2a* = 2 for some positive integers «, 8, y. Moreover, obviously,

0<a=4/s <+/v<z,

a contradiction to the minimality of z.

In fact, there are similar counterexamples for any characteristic. Namely, let k
be a field, ¢ indeterminate, and F' = k(¢). By an argument similar to the one for the
equation y* 42 = x? over @, one can easily show that the equation y* — = x? has
no solution in F. On the other hand, x = «?> — «, y = « is a solution of the same
equation over the field F (), where « is a root of the polynomial p (1) =2u> —u>—t.

However, we do not know if there exists a counterexample for each finite field,
and for each number field.

Proposition 1.3. Let F be afield, ay, ..., a, € F* and the form (1, —ay, ..., —ay,)
be isotropic. Let further f € F[y] be a monic polynomial of degree 2m, where
m is not divisible by char F. Then the hypersurface S = S(f, ai, ..., a,) has an
L-rational point for some odd-degree field extension L/ F with [L : F] <2m — 1.

Proof. Since 1 € D({ay, ..., a,)), we may assume that n =1 and a; = 1. Replacing
if needed y by y + ¢, where ¢ € F* we may assume that the coefficient a at y2"~!
of the polynomial f(y) is nonzero. Then setting x = z + y", one can see that the
equation f(y) = x? is equivalent to the equation ay?"~! + Y72 pi(2)y’ =0,
where p;(z) € F[z]. It is clear that the last equation has a required point. U

Remark 1.4. We do not know whether Proposition 1.3 remains valid if m is divisible
by char F.

Another natural question is whether the inequality [L : F] <2m—1 in the first part
of Proposition 1.1 is strict for each m. In view of Remark 1.2 it is strict for m = 2.

2. A criterion for existence of rational points for certain affine hypersurfaces

We give a criterion in the language of quadratic forms for the existence of a
rational point for the hypersurface S in the case where m = 2 (the polynomial f is
quartic) and the form (1, —ay, ..., —ay) is anisotropic. The main ingredient in the
sequel is the strong form of the Cassels—Pfister theorem [Pfister 1995, Chapter 1,
Generalization 2.3 of Theorem 2.2], which reads as follows:
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Theorem. Let ¢(x1,...,x,) = Zlii’jfn l;j(t)x;x; be an anisotropic form over
F(t), where l;;(t) € F[t], and degl;;(t) < 1. Suppose f € F[t]N D(¢). Then there
exist polynomials p; € F[t] such that f = ¢(p1,..., pu)-

In the following statement, using the theorem above, we get a criterion for exis-
tence of rational points for the hypersurface S in the case of a quartic polynomial f.

Proposition 2.1. Let F be a field, ay, ..., a, € F*,and uy, u, uz € F. Suppose that
the form W >~ (1, —ay, ..., —ay) is anisotropic. Then the following two conditions
are equivalent:

€)) —u§x3 +usx>+uix+1e€ D L (—x)), i.e., the form
v L (—x, u§x3 —upx? —ujx — 1)
is isotropic over F(x).

(2) The affine hypersurface S determined by the equation

n
y 4 2uyy? — 8uszy 4+ ut —duy = Zaixiz
i=1
has a rational point.

Moreover, if, in contrast the form  is isotropic, and us # 0, then both condi-
tions necessarily hold. If the form  is isotropic, and usz = 0, then condition (1)
necessarily holds, but in general condition (2) does not.
Proof. (1) = (2): Obviously, the form ¥ L (—x) is anisotropic. By the strong
form of the Cassels—Pfister theorem

—u§x3 + u2x2 f+ux+1e D@ L (—x))
if and only if

2.3 2 2 2 2 2
—uzx” +uxx +u1x+1:p0_a11’1_"’_anpn—xl’n+1

for some p; € F[x]. Since the form v is anisotropic, we get p;(x) = ajx + B;

for each i, where «;, 8; € F. Moreover, ag = u%; hence we may assume that

op+1 = us. Therefore, «;, B; satisfy the equations

af —araf — - — anory — 2u3Put1 = ua,
(%) 2000 — 2a11 1 — -+ - — 2antn By — By | = U1,
Bi—api—---—anfy=1.
Let u = (g, o1, ..., o) and v = (Bo, B1, . . ., By). Obviously, the system (x) is

equivalent to the system

Y (u) = us +2u3Bpt1,
(%) Y (u,v) = S+ B2,).
() =1.
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If the vectors u and v are linearly dependent, then the system () implies

%(”1 +:33+1) 1

Hence S has a rational point x; =0, y = 8,41.
If the vectors u and v are linearly independent, then the 2-dimensional form t
with the matrix

u +2a 3+ B} 2
det( 2 m+1hurt 200 ﬂ”“)) = U2+ 2u3fpe1 — 3 (w1 + B =0.

uz +2u3But1 5+ B2 )
%(”1 +:33+1) 1

is a subform of ¢ with the underlying linear space generated by the vectors # and v.
Obviously,
1 2 42
T 2 (1, up 4 200041 Bt — (1 + Briy) )
Therefore,
2
—uz = 2usBur1 + {1+ Briy)” € D({ar, ..., an)),
. 2 (2 _\n 2
which means that (11 + Biy1) —8uzfny1 —dur = Zi:l a;x; for some x; € F, and
we are done.

(2) = (1): Assume that S has a rational point, say, y = B,+1, x; = ¢;. If

c1=:=c, =0, then us + 20 41Bur1 — 5 (u1 + B2, =0.Put
ay=---=0a, =0,
a0 = 5(ur+ B2,
Bo=1,
Br=:-=p,=0.

Since the elements «;, B; satisfy the system (x), we get —u§x3 +urx?+ux+1e
D L (=x)).
If at least one of ¢; is not zero, then, since the form (ay, ..., a,) is anisotropic,
1 2
_ det (Mz +2usBpt1 531+ B )

%(ul+/32+1) 1 )eD((al,...,Cln>),

or, equivalently, the form with the matrix

<M2 +2u3Bus1 (s + ﬂfH))

%(”1 + 'Br%Jrl) 1
is a subform of the form . In other words, there are linearly independent vectors
u=(ap, o, ...,0), v=_Bo, B1, ..., Br) such that the system () holds. Hence

in this case we have —u§x3 +urx>+uix+1e D L (—x)) as well.
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If the form v is isotropic, then, obviously,
—13xP fusx® +ux +1€ D) C DY L (—x)).

Assume u3 7#0. We may suppose a; =1, and put y =—uy/(2u3), x;= u%/(4u§)+u1,
xp=---=x,=0.

Finally, if v is isotropic, and u3 = 0, then Remark 1.2 shows that in general S
does not always have a rational point. ([

In the following example we show how Proposition 2.1 can be applied to construct
elements from Br(F (S)/F) in the case n = 1.

Example 2.2. Letn =1 and a € F*\ F*2 Proposition 2.1 claims that
—u§x3 + u2x2 +uix+1€ D1, —a, —x))
if and only if the equation
az> = y* +2u1y* — 8uzy +u% —4u,

has a solution over F, or, equivalently, multiplying by 4a, and setting t = 2az, if
and only if the equation

? = 4ay4 + 8au1y2 —32auszy+4a (u% —4uy)
has a solution over F. Let us set
as=4a, a =8au;, a;=-32auz, ayg= 4a(u% —4uy)

(here the meaning of the elements g; is different from the previous one). Hence we
get that the equation t2=ay y4 +as y2 ~+a1y+ag has a solution over F if and only if

2 2
ar \" 3, 4alax/B8a))"—ayp , @
— = —x+1€ D1, —a, —x)).
(32a)x + 6a x +8ax+ € D((1, —a, —x))

A straightforward computation shows that the last condition is equivalent to
3 2 2 2
7° —2axz” + (a5 — 4apas)z +ajas € D((z, as, —aaz)),

where 7z = —4ay4/x, which means that (a4, Z)F(z)(m =0, where

8(2) = 2° = 2w7® + (a3 — 4apas)z + alaa.

This is the result of [Haile and Han 2007, Propositions 5 and 17], originally obtained
by means of algebraic geometry and cohomology groups.

Further, if (a4, 2) p(;)(/z) = 0. by the evaluating argument we get (a, e) =0 if
gle) € F** and e # 0. Therefore, (a, e) € Br(F(S)/F) for each e € F* such that
g(e) € F*2
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Note also that

a0 j(@—2)
22 —2a7% + (a3 — dapas)z + atasy = —4 det 0 z %al
sla—z) 3a1  ag

Later, in Proposition 3.1 we will see why this determinant is involved here.

n

Example 2.3. Suppose S has the equation (y* — b)? = >y aixiz, where b € F*.
Then, since the form ¢ >~ (1, —ay, ..., —a,) is anisotropic, it is easy to see that the
surface S has a rational point if and only if b € F*% On the other hand, in this case
u; = —b, up = u3 =0. Hence Proposition 2.1 claims that S has a rational point
if and only if the form (1, —ay, ..., —a,, —x, bx — 1) is isotropic. By Brumer’s
theorem [1978] this is the case if and only if the forms (1, —ay, ..., —a,, 0, —1)
and (0,0, ...,0, —1, b) have a common nontrivial zero. It is easy to verify inde-
pendently that this is equivalent to b € F *2,

In the algebraic theory of quadratic forms over fields, there are many results
concerning splitting of forms by the function field of a quadric. In the following
statements (Corollaries 2.4-2.7) we consider the similar questions for the hypersur-
face S from Proposition 2.1. In particular, we assume that ay, ..., a, € F* and the
form (1, —ay, ..., —ay) is anisotropic.

Let W (k) be the Witt group of a field k. It is well known, see, for example,
[Scharlau 1985], that the sequence of abelian groups

0— Wk = W) Lo [ wik,) -0
peA,l
is split exact. We consider here a point p € A,l as a monic irreducible polynomial

over k. We denote by k, = k[t]/p the corresponding residue field and by 9, :
W (k(t)) — W(k,) the residue homomorphism well defined by the rule

0 ifv,(f) =0,
a,,<<f>)={ ey
(fp=") ifv,(f)=1L
There is a splitting map W (k(t)) — W (k) defined by the rule ( f) — (I[(f)), where
[(f) is the leading coefficient of the polynomial f € k[z].

Corollary 2.4. In the notation of Proposition 2.1, assume that the hypersurface S
has no F-rational point, n = 1, and ¢ is a 3-dimensional form over F. Then S has
no F(¢)-rational point.

Proof. Let  be the 2-fold Pfister form corresponding to ¢. We may assume that
7 # 0. Suppose that S determined by the equation

az® = y* 4+ 2u1y* — 8uzy +u% —4u,
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has an F(p)-rational point. In view of Example 2.2 we have ((a, 2)) p(z)( /@) = 05
where g(z) = 2 =27 + (a% —4dapas)z + a%a4. Then, since S has no rational
point, i.e., {a, 2)) (/5 7 0, We get (@, z)) = {(g(2))) T +7 for some T € W (F (2)).
Therefore,

0=1({a,2) —I((g@)1) =I(n) =7,

a contradiction. O

Corollary 2.5. Assume S has no F-rational point,n =2, and ¢ is a 4-dimensional
anisotropic form over F, disc ¢ =d # 1. The following conditions are equivalent:

(1) S has an F (p)-rational point.

2) u§x3 —ux? —uix — 1 =h(x)q(x), where h, q € F[x], degh <1,degqg =2,
q is monic and irreducible, —ajarx € F*z, discq =d, and ¢ is similar to the
form (1, —ay, —ay, ajaxd).

Proof. (2) = (1): Consider first the case u3 # 0. Since —ajaxx € F, ;2, we have
NE,/r(x) € F*2; hence qg(x)= x24+cx+b*forsomec,beF, b # 0. Therefore,
h(x)= u%x —b72 in particular, 4 € D({—1, x)). Hence u§x3 2
h(x)g(x) € D({—q, gx)). It follows that

— Urzx —ulx—1=

(2_1) (1,—01,_02,_x»hQ> - (la_ala_aZa_-x5_qv q'x> C (1,_01,_02,—)5)(@»-
On the other hand,

(2-2) (L, —a1, —az, =x)((q)) = (a1, a2, g)) +(—ai1a2, —x){(q)) = (a1, a2, q)),

as —ajaxx € F;z.
Finally, o (¢)) ~ (1, —a1, —az, a1a2d)((q)) = (a1, a2, q)), since (d, g)) =0. We
conclude that (a1, a2, )) F(x)(p) = 0. In view of (2-1) and (2-2), the form

2 2
(1, —ay, —az, —x, hq) poyp) = (1, —ar, —az, —x, u3x> —upx? — u1x — 1) p(xy(p)

is isotropic, which implies by Proposition 2.1 that S has an F'(¢)-rational point.
The case u3 = 0 is similar. In this case

—u2x2 —ux —1=—uxqg = —ug(x2 +cx —i—bz);
hence u, € F *2 and obviously,
(17 —aj, —az, —X, _qu) C (17 —ap, —ap, _x>«q»

Now we can finish the proof as in the case u3 # 0.

(1) = (2): Assume that S has an F(¢)-rational point. Then by Proposition 2.1
the form ® >~ (1, —a;, —a», —x, u§x3 —urx? —ux — 1) is anisotropic over F(x),
but isotropic over F(x)(¢). Consider two possible cases:
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Case (a): ind(®) =4. Then by [Hoffmann 1995] there exists a squarefree p € F|[x]
such that pp C ®. Comparing the determinants we get

(2-3) ® ~ pp L (—ayay disc(@)x (u3x® — upx® — ujx —1)).

Note that p is not divisible by x, for otherwise (2-3) would imply dim 9, (®) > 3, a
contradiction. Comparing the residues at x of the left-hand and the right-hand parts
of (2-3), we get aja; disc(¢) = —1; hence

(2-4) d~pp L (x(u%x3 — u2x2 —uix — 1)).

Applying the “leading coefficient” homomorphism [ : W (F (x)) — W (F) to both
sides of (2-4), we get

<1s —ay, —ap, _17 1> :l(p)(p 1 <l>
if uz £ 0, or
<17 —day, —ap, _19 _u2> 2l(p)(p 1 <—l/t2>

if us3 = 0 (if us = 0, then it easily follows that u; # 0). Hence in any case
l(p)p ~(1, —ay, —a, —1), so ¢ is isotropic, a contradiction.

Case (b): ind(®) =2. Then & is a Pfister neighbor of some anisotropic 3-fold Pfister
form 7 over F(x), say, m > ® L o. Since mr(x)(y) 18 isotropic (or, equivalently,
hyperbolic), & >~ {a;, a2, P)) for some squarefree P € F[x]. We claim that P
does not have any odd-degree irreducible divisor p. Indeed, otherwise, taking
into account that w =~ @{{(h(x))) for some h(x) € F[x] [Wadsworth 1975], we
get that (a1, a2))r, = 9,({{a1, a2, P)) either equals O or is similar to ¢F,. But
since (1, —aj, —ap) is anisotropic, disc(¢) # 1, and deg p is odd, both cases are
impossible.

Furthermore, if s # x is a monic irreducible divisor of P, which is not a divisor

of u§x3 —urx? —uyx — 1, then

((ar, az)) ~ 35(mw) = 85(P) + 95(0) = 95(0).

Since dim d;(0) < 3, we get (a1, a2)) r, = 0; hence (a1, a2, s)) = 0, and so we can
replace P by P/s.

Thus, we may assume that P divides u§x3 —urx> —uyx — 1, and P is an
irreducible quadratic polynomial. Therefore, u§x3 —ux®> —uix — 1 = hq, where
h,q € F[x], degh <1 (degh = 0 if and only if u3 = 0), degg = 2, and ¢ is
monic irreducible. Obviously, P = Ag for some A € F* We have dim/(®) < 3;
hence dim /() < 3 4 dim/(0) < 6, which implies that dim /() = 0. Therefore,
we can replace P by g, so w =~ (a1, a2, ¢)). In particular, (a1, a2))r, # 0. Since
(1, —ay, —ap, —x) is asubform of 7, we have (1, —ay, —ax, —x){(R) =~ (a1, a2, q))
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for some squarefree R € F[x] [Wadsworth 1975]. In other words,
{ (a1, a2, q)) = (a1, a2, R)),
{(—ajax, R)) =0.
From the first equality of (2-5) we get that ¢ divides R, since d,({ay, a2, q))) =
(a1, a2l r, # 0. Therefore,

1= 3, ((—araxx, R)) = —arax € F}/F,*™.

(2-5)

Hence Nf, /r(x) € F*2 and q(x)= x2+cx +b? for some ¢, b € F, b # 0. Further,
since {(ai, a2, q)) F(x)(p) =0, we have (a1, az, g)) ~ ¢ {(T)) for some T € F[x]. This
implies that g divides 7, and YF, ~ {a, (lz»Fq, ie., Pr(Jdiscq) ~ (a1, az»F(m).
Therefore, disc ¢ = disc g = d. Finally, by [Wadsworth 1975] we get that ¢ ~
(1, —ay, —ay, ajaxd). The verification of the implication (1) = (2) is done. [
Corollary 2.6. Assume S has no F-rational point, n =2, and ¢ is a 5-dimensional
anisotropic form over F. Then S has no F (¢)-rational point.

Proof. Let o C ¢ be a 4-dimensional subform of ¢r(), which does not satisfy
condition (2) in Corollary 2.5 (with replacement of the ground field F by F(¢)).
Then $ has no F(t)(o)-rational points; hence S has no F(¢)(¢)-rational points. [

Recall that u-invariant of the field & is the maximum of dimensions of anisotropic
forms over k.

Corollary 2.7. In the notation of Proposition 2.1, assume that the hypersurface S
has no F-rational point:

(1) If n =1, then there exists a field extension L/ F such that S has no rational
point, L does not have an odd-degree field extension, and u(L) = 2. In
particular,cdy L = 1.

(2) If n =2, then there exists a field extension L/ F such that S has no rational
point, L does not have an odd-degree field extension, and u(L) = 4. In
particular, cd, L = 2.

Proof. (1) By Proposition 1.1 and Corollary 2.4 the field L can be constructed by
subsequent splitting of all 2-fold Pfister forms and passing to a maximal odd-degree
extension; see, for instance, [Elman et al. 2008, Theorem 38.4]. Clearly, u(L) = 2.

(2) Similar to (1), the field L can be constructed by subsequent splitting of all
5-dimensional forms and passing to a maximal odd-degree extension. U

Corollary 2.8. In the notation of Proposition 2.1, the following conditions are
equivalent:

(1) The polynomial f(y) = y*+2u;y* —Suzy + u% —4uy has a root in F.

(2) Let p(x) be any monic polynomial divisor of g(x) = —u§x3 +upx?+uix+1
such that vp(—u§x3 +usx>+uix+1) is odd. Then X is a square in the field F),.
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Proof. (1) = (2): Since the polynomial f(y) has a root « in F, the affine curve
fy)= tx? has a rational point, namely (0, ), over the Laurent series field F((¢)).
Hence by Proposition 2.1 the form (1, —¢, —x, —g(x)) is isotropic, which implies
that the form (1, —x, —g(x)) is isotropic as well. This means that the Pfister form
{(x, g(x))) is trivial. Then X is a square in the field F,.

(2) = (1): In view of the exact sequence for W (F (x)) the Pfister form {(x, g(x))
is trivial; hence the form (1, —x, —g(x)) is isotropic. By Proposition 2.1 the affine
curve f(y) = tx? has a rational point over F((1)), say (xo, o). Suppose f has no
root in F. Let v be the discrete F-valuation on F ((¢)) such that v(¢) = 1. Obviously,
v(txg) is odd, but v(yé + 2u1y§ —8uzyo+ u% —4uy) is even, a contradiction. [J

3. On the Witt kernel W (F (C)/F) for the plane curve C with the equation
y2 = a4x4 + azx2 +aix +ag

If C is a nonsingular algebraic curve over the field F* with a rational point p € C
and the function field F(C), then the composition of the restriction map W (F) —
W(F(C)) and the first residue map 9, : W(F(C)) — W(F) is the identity; hence
W (F(C)/F)=0. More generally, applying Springer’s theorem, it is easy to see that
W (F(C)/F)=0if C has a point of odd degree. In the opposite case the computation
of W(F(C)/F) can hardly be done in general. In this section we describe all Pfister
forms from the ideal W (F (C)/F), with C being the affine plane curve determined
by the equation y2 = f(x), where f(x) = asx* + arx®> +ajx +ag € Flx] is a
squarefree quartic polynomial, as # 0. Obviously, the last equation is equivalent to
the equation y*+2u;y? —8uszy +u% —4us = ax?, a #0, under an invertible change
of the coefficients. As a consequence, we compute W (F(C)/F) if the u-invariant
of the field F is at most 10.

The description of 2-fold Pfister forms in W (F (C)/F), or, equivalently quater-
nion algebras in Br(F(C)/F), was made in [Shick 1994; Haile and Han 2007]
correspondingly. The proof of Proposition 3.1 below, is, in fact, very similar to that
in [Shick 1994, Theorem 9], but we give it here for the sake of completeness, and
because we need it in Proposition 3.2.

Lete € F. Set
as 0 %(az —e)
M= 0 e %al ,
Hay—e) a1 ag

and d(e) = — det(M).

Proposition 3.1. Assume that 0 % Q € Br(F(C)/F). Then either Q = (a4, ),
where e # 0, d(e) € F*?U {0}, or a; =0 and Q = (a4, a% —4agpay). Conversely,
any quaternion algebra of the types above belongs to Br(F (C)/F).
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Proof. Let0# Q € Br(F(C)/F), let w be the 2-fold Pfister form corresponding to Q,
and let —¢ be the pure subform of 7, i.e., ¥ >~ (1) L —¢. Let V be the underlying
vector space of ¢. Assume that Q r(c) = 0. Since ¢ is anisotropic, by the Cassels—
Pfister theorem there exist vy, v(, vo € V such that (p(x2v2 + xv; + vg) = f(x).
Comparing the coefficients on the left-hand and the right-hand sides of the last
equality, we get the system

@(v2, V2) = ag,
@(v1, v12) =0,
() @ (v, v1) + 2¢(vo, v2) = az,
@ (vo, v1) = 3ay,
@ (vo, vo) = ap.
If d(e) # 0, then M is the matrix of ¢ with respect to the basis (v,, vy, vg), and so
d(e) € F*2
If e #0, then (a4, e) is aregular subform of the form |y, v, v,). Since det o = —1,
we get ¢ >~ (a4, e, —age), which implies 7 =~ ((a4, e)) and Q = (a4, e). If e =0,
then
a O %az
M=|o0 0 ia

0 lal
za] a

is a regular subform of ¢; hence Q = 0, a contradiction. If e = a; = 0, then, since
f is squarefree, a% —4apay # 0. Hence

1
ay §a2
1
702 4o

is a regular subform of ¢, so ¢ =~ (ay, —a4(a§ — 4apay), a% —4dapas), m >~ {(aq,
a3 —4apas)), and Q = (a4, a3 — 4apay).

Conversely, assume that d(e) € F 2 e # 0. Consider the form ¢ with the matrix

If additionally a; # 0, then

as 0 %(ag —e)
M = 0 e %al
1 1
s(aa—e) zai ao

with respect to a certain basis v, vy, vg. Then ¢ =~ (a4, e, —ase). Hence system (x)
implies
[ =¢(*vy+xv1 +v9) € D(9) = D({aa, e, —ase)),
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so (a4, €)rcy = 0. Assume now that d(e) =0, e # 0. Then ¢ is degenerate,
and (a4, e) is a regular subform of ¢; hence ¢ >~ (a4, e, 0). Therefore, f €
D(<a4, e, O)) = D((a4, €>), SO again (614, e)F(C) =0.

Finally, if a; = 0, then

2 2 2

a a a
f@) =ax* +ax* +ap=ay 22+ ao— —= ) € D{as, ag — —=),
2a4 4(14 4614

50 (as, a5 —4aopas) p(cy = (as, ap — a3 /(4as)) r(c) = 0. 0
Let n > 3. Let P,(f) be the set of n-fold Pfister forms =& over F such that
wrc) = 0, where f and C are as in Proposition 3.1. We say that 7 € P,(f)

is standard if p C 7 for some p € P>(f). Otherwise we say that w € P,(f) is
nonstandard.

Proposition 3.2. Assume n >3, w € P,(f) is nonstandard, and d(e) has the same
meaning as in Proposition 3.1. Then there existe,r € F, e #0, rr—d (e) #0, such
that {(as, e, r> —d(e))) C . Moreover, {as, e, r*> —d(e))) € P3(f) foranye,r € F,
e#0, r*—d(e) #0.

Proof. Assume that = € P,(f), or, equivalently, f € D(—x'). Then the proof of
Proposition 3.1 shows there is some e € F such that one of the following cases holds:

(1) e#0, d(e) #0,

as 0 %(az —e)
1 /
1 0 le Fai C —m,
s(a—e) sa; aop

where 7’ is the pure subform of 7.
(2) e#£0, d(e) =0, {a4,e) C —7".

(3) a1 =0,
1
a Fa
1 P2 e
§a2 ap

In the second case, {(a4, ¢)) C 7 and d(e) =0. In the third case {(a4, a§—4aoa4)) Ccrm.
In both cases, 7 is standard.

In the first case, (a4, e, —aged(e)) C —x’. Set t >~ (1, —ay, —e, ased(e)). Hence
T C 7, which implies 7y = 0. By [Fitzgerald 1983, Corollary 1.5] there is a
3-fold Pfister form p such that ¢ C p C &. In particular, by [Wadsworth 1975]
there is s € F* such that p >~ 7 ® ((s)). Since p € I3(F), we have ((d(e), s)) = 0;
ie., ((s) =~ (r*> —d(e)) for some r € F. Therefore, p =~ ((as, e, r> — d(e))).

Conversely, let § >~ (a4, e, r?—d(e)) #0forsome e, r € F, e 0, r>—d(e) #0.
In particular, d(e) #0. Then§ ~ Tt ® (r2—d(e))), where T >~ (1, —a4, —e, ased(e))
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as earlier. The form (ay, e, —ased(e)) C —38' is isomorphic to the form ¢ with the
matrix

ay 0 %(az —e)
— 1
M(p - 1 0 le 71
s(ax—e) a3 ao

with respect to a certain basis vy, vy, vg, which implies that f = (p(x2v2 +xvi4vg) €
D(—¢"). Therefore, §p(cy = 0, and we are done. Certainly, § is not necessarily

nonstandard. U
Corollary 3.3. Let m € P,(f), n > 3. Then there are s1,...,5,—3 € F* and
p € P3(f) suchthatm >~ p Q@ {(S1, ..., Sp—3))-

Proof. This follows at once from the definition of standard Pfister forms and
Proposition 3.2. U

If the u-invariant of F' is small enough, then one can give a complete description
of the ideal W(F(C)/F).

Proposition 3.4. Let F be a field with u(F) < 10 (for instance, F is the function
field of a 3-dimensional variety over an algebraically closed field). Then any element
of W(F(C)/F) is a sum of an element from P>(f) and an element from P3(f).

Proof. Let ¢ € W(F(C)/F). Since disc(qo)F(x)(m) =1, a4 #0,and f(x) =
asx*+arx2+ajx+ao is squarefree, we have disc(¢) = 1. Since C(¢) FOWTFm) = 0,
we get that C(¢) is a quaternion. Let m € P»(f) be a 2-fold Pfister form associated
with C(¢). If 7 =0, then C(¢) = 0. Since dim(p) < 10, a result of Pfister implies
that p € 1 3(F) [Scharlau 1985, Chapter 2, Theorem 14.4] (also this follows from
Merkurjev’s theorem, but we do not need this profound result here). Since u(F) <10,
it follows that ¢ is a 3-fold Pfister form [Lam 2005, Chapter XII, Proposition 2.8].

If 7 # 0, then similarly ¢ — 7 € I°(F); hence ¢ = 7 + (¢ — ) is a sum of a
2-fold Pfister form and a 3-fold one from W (F(C)/F). [l

Open Question. Is the ideal W (F(C)/F) generated by 2-fold and 3-fold Pfister
forms in general?

A natural question arises as to whether nonstandard Pfister forms exist. The
following statement shows that this is really the case.
Proposition 3.5. Let f(x) = asx* + ayx? + a;x + ag be a squarefree polynomial
over a field k. Let C be the curve with the equation y* = f(x). The following
conditions are equivalent:

(1) The curve C has no rational point over k.

(2) There exists a field extension F/k with a nonstandard 3-fold Pfister form
over F for the curve Cp.
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(3) There exist a field extension K /k such that cdy K = 1, and a nonstandard
3-fold Pfister form over the rational function field F = K (u, v) for the curve Cp.
Moreover, in this example Br(F(C)/F) = 0.

Proof. (2) = (1): This is obvious, since if C had a k-rational point, then
W(F(C)/F) would be trivial for any field extension F/k.

(3) = (2): This is also obvious.

(1) = (3): In view of Corollary 2.7, there is a field extension K/k such that
cdy K =1 and C has no K -rational point. Set F = K (u, v) and consider the Pfister
form 7 ~ (a4, u, v> —d(u))) € W(F(C)/F). Since C has no K -rational point, we
get by Example 2.2 that 9,24, (7)) = (a4, u)) k () yawy) 7 0- Therefore, w # 0.
Now to check that 7 is nonstandard, it suffices to show that Br(F (C)/F) =0. Since
2Br(K) =0, this is a direct consequence of the following:

Lemma 3.6. The restriction map Br(L(C)/L) — Br(L(u)(C)/L(u)) is an isomor-
phism for any field extension L/ k.

Proof. Obviously, the map in question is injective. By Proposition 3.1 any element
of Br(L(u)(C)/L(u)) equals (a4, p(u)) for some p € L[u]. Let g be a prime divisor
of p. We have

as = dg(as, p) € ker(L/L%> — Ly(C)*/Ly(C)).

Since f(x) = asx* +arx* +ayx +ayp is squarefree, a4 € L*?; that is, 9y(a4, p) = 1.
Therefore, (a4, p) € Br(L(C)/L), so the lemma is proven, which completes also
the proof of the implication (1) = (3). O
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