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We examine the relationship between certain noncommutative analogues of
projective 3-space, P3, and the quantized enveloping algebras U, (sl,). The
relationship is mediated by certain noncommutative graded algebras S, one
for each g € C*, having a degree-two central element ¢ such that S[¢~1]y =
U, (sl;). The noncommutative analogues of P* are the spaces Proj,.(S). We
show how the points, fat points, lines, and quadrics, in Proj,.(S), and their
incidence relations, correspond to finite-dimensional irreducible represen-
tations of U,(sl;), Verma modules, annihilators of Verma modules, and
homomorphisms between them.
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1. Introduction

This paper concerns the interplay between the geometry of some noncommutative
analogues of P* and the representation theory of the quantized enveloping algebras,
U, (sly), of 5l(2, C). We always assume that g is not a root of unity.

1A. Proj,.(S) and U;(slz). In Section 2D, we define a family of noncommutative
graded algebras S =C[E, F, K, K'] depending on a parameter g € C— {0, £1, i}
that have the same Hilbert series and the “same” homological properties as the
polynomial ring in four variables. For these reasons the noncommutative spaces
Proj,,.(S) have much in common with P3. The element K K’ belongs to the center
of S and S[(KK')~']p = U, (sl2). Thus, U, (sl>) is the coordinate ring of the “open
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complement” to the union of the “hyperplanes” {K = 0} and {K' = 0} in Proj,.(S).
This analogy can be formalized: there is an abelian category QCOH( - ), defined
below, that plays the role of the category of quasicoherent sheaves and an adjoint
pair of functors

. Jj*
(1-1) QcoH(Proj,.(S)) /<:> Mod(Uj, (s12))
that behave like the inverse and direct image functors for an open immersion
j:P3—{two planes} — P3.
1A1. By definition, QCOH(Proj,.(S)) is the quotient category

Gr(S)
Fdim(S)’

QGr(S) :=

where Gr(S) denotes the category of Z-graded left S-modules and Fdim(S) denotes
the full subcategory of Gr(S) consisting of those modules that are the sum of their
finite-dimensional submodules. If § were the polynomial ring on four variables,
then the category QGr(S) would be equivalent to QCOH(IP?), the category of quasi-
coherent sheaves on [P, and this equivalence would send a graded module M to
the Ops-module that Hartshorne denotes by M.

1A2. There is an exact functor 7™ : Gr(S) — QGr(S) that sends a graded S-module
M to M viewed as an object in QGr(S). The composition

(1-2) Gr(S) AN QGr(S) = QcoH(Proj,.(S)) VAN Mod (U, (s>))
sends a graded S-module M to M[(KK")™o.

1A3. The main theme of this paper is the interaction between noncommutative
geometry (where QGr(S) belongs) and representation theory (where Mod (U, (sl2))
belongs). We show how the points, fat points, lines, and quadrics, in Proj,.(S), and
their incidence relations, correspond to finite-dimensional irreducible representa-
tions of U, (sl>), Verma modules, annihilators of Verma modules, and homomor-
phisms between them.

Just as passing from affine to projective geometry provides a more elegant
picture that unifies seemingly different objects (affine vs. projective conic sections,
for example), passing from the “affine” category Mod(U, (sl»)) to the “projective”
category QCOH(Proj,.(S)) results in a more complete picture of Mod(U, (s1»)).

1B. Lines and Verma modules, fat points and finite-dimensional irreducible rep-
resentations. The most important U, (sl>)-modules are its finite-dimensional irre-
ducible representations and its Verma modules. In Section 5, we show that for each
Verma module V € Mod(Uj (sl)) there is a graded S-module M such that
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(1) V= j*n*M,
QM=ES/ St+, where ¢+ C S; is a codimension-two subspace;

(3) dim(M;) =i+ 1 for all i > 0, i.e., M has the same Hilbert series as the
polynomial ring on two variables;

(4) M is a line module for S;
(5) M is a Cohen—Macaulay S-module.

In Section 5, we also show that for each finite-dimensional irreducible representation
L of U, (sl») there is a graded S-module F such that

(1) L = j*a*F,
(2) dim(F;) =dim(L) for all i > 0 and dim(F;) =0 for all i < O;

(3) every proper quotient of F is finite-dimensional, whence F is a simple object
in QCOH(Proj,,.(S));

(4) F is a fat point module for S;
(5) F is a Cohen—Macaulay S-module.

Items (4) are, essentially, definitions; see Section 2B.

1B1. Point modules and line modules. Let R be the polynomial ring on four vari-
ables with its standard grading. The points in [P* = Proj(R) are in bijection with
the graded modules R/ such that dim(R;/I;) = 1 for all i > 0. The lines in P3
are in bijection with the modules R/ such that dim(R;/I;) =i+ 1 for all i > 0.

If S is one of the algebras in Section 2D, a graded S-module M is called a point
module, resp. a line module, if it is isomorphic to S/ for some left ideal / such
that dim(S; /1;) = 1, resp. dim(S;/I;) =i + 1, for all i > 0.

There are fine moduli spaces that parametrize the point modules and line modules
for §. These fine moduli spaces are called the point scheme and line scheme
respectively. The point scheme for S is a closed subscheme of P? = P(S}) and the
line scheme for S is a closed subscheme of the Grassmannian G(1, 3) consisting of
the lines in 3.

In Section 4, we determine the line modules and the point modules for S.

1B2. The point modules for S. The point scheme, Ps, for S is CUC' UL U
{p1, P2} CP(S)) = P3, the union of two plane conics, C and C’, meeting at two
points, the line L through those two points, and two additional points (Theorem 4.2).
If M, = S/Sp* is the point module corresponding to p € Pg, then (Mp)>1is a
shifted point module; i.e., (M[)>1(1) is a point module and therefore isomorphic
to M, for some point p’ € Ps. General results show there is an automorphism
o : Ps — Pg such that p’ = a_lp. Thus, (M,)>1 = My-1,(—1). We determine
Ps and o in Section 4.
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1B3. The line modules for S. Theorem 4.5 says that the lines £ C P? = P(ST)
for which S/S¢* is a line module are precisely those lines that meet C U C’ with
multiplicity two; i.e., the secant lines to C U C’. These are exactly the lines lying
on a certain pencil of quadrics Q(A) C P3, » € P'. This should remind the reader
of the analogous result for the 4-dimensional Sklyanin algebras in which the lines
in P3 that correspond to line modules are exactly the secant lines to the quartic
elliptic curve E.

The labeling of the line modules is such that the Verma module M (1) is isomor-
phic to jra*(S/Set) for a unique line £ € Q(A).

1B4. Incidence relations. If (p)+ (p’) is a degree-two divisor on C U C’, we write
M,y for the line module S/S¢*, where ¢! is the subspace of S| that vanishes
on the line ¢ € P3 = P(S}) whose scheme-theoretic intersection with C U C” is
(p) + (p'). Proposition 4.8 shows there is an exact sequence

0—> M, o1,(=1) > M) y — M, — 0.

Proposition 4.9 shows that if the line ¢ just referred to meets the line {K = K’ =0} C
Py at a point p”, there is an exact sequence

00— M

o-1po-tp(=1) => Mp y — My — 0.

1BS. Finite-dimensional simple modules. Let n € N. If ¢ is not a root of unity
there are two simple U, (sl,)-modules of dimension n + 1. We label them L (n, £)
in such a way that there are exact sequences

(1-3) 0— M(+qg™" %) — M(+q) »> L(n,+) - 0

in which M (1) denotes the Verma module of highest weight A.

In Section 5 we show there are S-modules V (n, &) that are also S[(K K’)~!]-
modules, and hence modules over S[(KK')~ ']y = U, (sl») and, as such, V(n, &) =
L(n,£). We define graded S-modules F(n, £) such that F(n, HKK) 1y =
L(n, £);i.e., if we view F(n, £) as an object in QGr(S), then

J¥F(n,4) = L(n, 4).
Furthermore, we show there are exact sequences
(1-4) O—)Mg/i(—l’l—l)—)M(i—)F(l’l,:l:)—)O

in QCOH(Proj,,.(S)) and that (1-3) is obtained from (1-4) by applying the functor j*,
i.e., by restricting the exact sequence (1-4) in QCOH(Proj,.(S)) to the “open affine
subscheme” {K K’ # 0}. Here M;, denotes the line module S/S¢+ corresponding
to a line €4 € P(S}) = P,
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1B6. Heretical Verma modules. The connections we establish between Verma
modules and line modules highlights one way in which the g-deformation U, (sl>)
is “more rigid” or “less symmetric” than the enveloping algebra U (sl,): there is a P!-
family of Borel subalgebras of sl,, but there are only two reasonable candidates for
the role of the quantized enveloping algebra of a “Borel subalgebra” of quantum sl,.

Fix one of the two “Borel subalgebras”, U, (b) C U, (sl»). It gives rise by induction
to Verma modules My (1) = U, (sl) ®u, (b) C;, A € C*. Thus, one obtains two
1-parameter families of Verma modules for U, (sl). In sharp contrast, by varying
both the Borel subalgebra and the highest weight one obtains a 2-parameter family
of Verma modules for U (sl;). Our perspective on U, (sly) as a noncommutative
open subscheme of a noncommutative P3 allows us to fit the two 1-parameter
families of Verma modules for U, (sl) into a single 2-parameter family of modules,
thus undoing the rigidification phenomenon alluded to in the previous paragraph. It
is these additional Verma-like modules that we call “heretical” in the title of this
subsection.

For simplicity of discussion, fix a finite-dimensional simple module L(n, +)
and the corresponding fat point module F(n, 4+) for which j*F(n, +) = L(n, +).
The module L(n, +) appears in exactly two sequences of the form (1-3), one for
each “Borel subalgebra” of U, (sl>); in contrast, F'(n, +) appears in a 1-parameter
family of sequences of the form (1-4), one for each line in one of the rulings on the
quadric Q(g"). Likewise, a fixed finite-dimensional simple U (sl;)-module fits into
a 1-parameter family of sequences of the form (1-3). If we broadened the definition
of a Verma module for U, (sl») so as to include j*M, for all line modules M, one
would then obtain a 1-parameter family of sequences of the form (1-3).

1B7. Annihilators of Verma modules and quadrics in Proj,.(S). When ¢ is not a
root of unity, the center of U, (sl;) is generated by a single central element C called
the Casimir element. A Verma module is annihilated by C — v for a unique v € C
and given v there are, usually, four Verma modules annihilated by C — v.

There is a nonzero central element 2 € S, such that C = Q(KK’)~! under
the isomorphism U, (slp) = S[(KK’ )"o. A line module for S is annihilated by
Q —vK K’ for a unique v € CU{oo} and given v there are, usually, two 1-parameter
families of line modules annihilated by  — vK K’. There is an isomorphism

S 1y Up(sh)
(Q—vKK/)[(KK) lo= (C—v)

and an adjoint pair of functors

. S J* Uq (5[2)
(1-5) QCOH(PTOJHC(m)) T(T) MOd(m)
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We think of Proj,.(S/(€2 — vK K')) as a noncommutative quadric hypersurface in
Proj,,.(S) and think of U, (sl>)/(C — v) as the coordinate ring of a noncommutative
affine quadric. Noncommutative quadrics in noncommutative analogues of P> were
examined in [Smith and Van den Bergh 2013]. The results there apply to the present
situation. The line modules for S that are annihilated by  — vK K’ provide rulings
on the noncommutative quadric and the noncommutative quadric is smooth if and
only if it has two rulings. We note that Proj,.(S/(2 —vK K’)) is smooth if and
only if U, (sl2)/(C — v) has finite global dimension.

In Section 1B2, we mentioned the pencil of quadrics Q(A) € P3, » € P!, that
contain C U C’. The Q(A)’s are commutative quadrics and should not be confused
with the noncommutative ones in the previous paragraph. If € is a line on Q(A), then
M, = S/S¢* is a line module so is annihilated by & — vK K’ for some v € C U oo.

1B8. What happens for U(sl;)? Le Bruyn and Smith [1993] considered a graded
algebra H (sl,) that has a central element ¢ in H; such that H [t~ is isomorphic
to the enveloping algebra U (sl,). They call H (sl;) a homogenization of U (sl3),
Since the Hilbert series of H equals that of the polynomial ring in four variables
with its standard grading, and since H has “all” the good homological properties
the polynomial ring does, they view H as a homogeneous coordinate ring of a
noncommutative analogue of 3, denoted Proj,.(H). Because H [t~ 19 = U(sh),
there is an adjoint pair of functors j* and j, fitting into diagrams like those in (1-1)
and (1-2). Because ¢ has degree one, j* and j, behave like the inverse and direct
image functors associated to the open complement to the hyperplane at infinity
in P3. Le Bruyn and Smith examined the point and line modules for H and showed
that these modules are related to the finite-dimensional irreducible representations
and Verma modules for sl,. The situation for U (sl») is simpler than that for U, (sl>).

1B9. Richard Chandler’s results. We are not the first to compute the point modules
and line modules for S. Richard Chandler did this in his Ph.D. thesis [Chandler
2016]. His approach differs from ours. Following a method introduced by Shelton
and Vancliff [2002b], he used Mathematica to compute a system of 45 quadratic
polynomials in the Pliicker coordinates on the Grassmannian G(1, 3), the common
zero locus of which is the line scheme for S. In contrast, we use the results on central
extensions in [Le Bruyn et al. 1996] to determine which lines in P* correspond to
line modules. The two approaches are complementary.

1C. The structure of the paper. In Section 2, we define the algebra S, the cen-
tral focus of our paper, and discuss its position as a degenerate version of the
4-dimensional Sklyanin algebra and a homogenization of U, (sl;). We introduce
the category QGr(S) and its noncommutative geometry. We focus on point, line,
and fat point modules.
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Gr(S) Proj, () Mod (U (s12))

Point modules  Points  Finite-dimensional irreducible modules
Line modules Lines Verma modules

Table 1. Relation to U, (sl>)-modules.

In Section 3, we examine a Zhang twist D of S. It has the property that Gr(D) =
Gr(S). Moreover, D has a central element z € D; such that A = D/(z) is a
3-dimensional Artin—Schelter regular algebra, thereby making D a central extension
of A. This allows us to use the results in [Le Bruyn et al. 1996] to determine the
point and line modules of D in terms of those for A.

In Section 4, we use the equivalence Gr(D) = Gr(S) to transfer the results about
D back to S.

In Section 5, we relate our results about point and line modules for S to results
about the finite-dimensional irreducible representations and Verma modules of
U, (sly). Table 1 summarizes some of these relations.

In Section 6, we show that some of our results can be obtained as “degenerations”
of results in [Smith and Stafford 1992; Chirvasitu and Smith 2017; Smith and
Staniszkis 1993] about the 4-dimensional Sklyanin algebra.

Figure 1 summarizes the algebras in this paper and their relationships to S.

4-dim Sklyanin alg. QcoH(Proj,.)
degenerate
quantize Zhang twist
H(sI(Q2,C)) - --mmmmm - - > S D
=0 K' =0 central K —0
- - extension -
quantize Zhang twist
Cle, foh] —====-=----- —-5 S/K’ A
1#0 dehomogenize/localize".»v‘ KK’ #0
e quantize U
Usl,C) ------------- > Uy (sly) Module Category

Figure 1. Algebras in this paper, their relationship to S, and their
associated categories.
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2. Preliminary notions

2A. The category QGr. Let K be a field and R a Z-graded k-algebra. The category
QGr(R) is defined to be the quotient category

Gr(R)

QGr(R) := W(R)

where Gr(R) denotes the category of Z-graded left R-modules with degree-preserving
homomorphisms and Fdim(R) denotes the full subcategory of Gr(R) consisting of
those modules that are the sum of their finite-dimensional submodules.

The categories QGr(R) and Gr(R) have the same objects but different morphisms.
There is an exact functor 7* : Gr(R) — QGr(R) that is the identity on objects. In
the situations considered in this paper 7* has a right adjoint 7,. A morphism
f : M — M’ becomes an isomorphism in QGr(R), i.e., 7* f is an isomorphism, if
and only if ker(f) and coker(f) are in Fdim(R). In particular, a graded R-module
is isomorphic to 0 in QGr(R) if and only if it is the sum of its finite-dimensional
modules. Two modules in Gr(R) are equivalent if they are isomorphic in QGr(R).

If M € Gr(R) and n € Z we write M (n) for the graded R-module that is M
as a left R-module but with new homogeneous components, M (n); = M, ;;. The
rule M ~~ M (n) extends to an autoequivalence of Gr(R). Because it sends finite-
dimensional modules to finite-dimensional modules, it induces an autoequivalence
of QGr(R) that we denote by M ~» M(n).

If M € Gr(R) we define M>, :=M,, +M,4y1+---.If R=R>o,then M5, isa
submodule of M.

2B. Linear modules. The importance of linear modules for noncommutative ana-
logues of P was first recognized by Artin, Tate, and Van den Bergh. We recall a
few notions from their papers [Artin et al. 1990; 1991]. Let M € Gr(R). If M,, =0
for n <« 0 and dim M,, < oo for all n, the Hilbert series of M is the formal Laurent
series

Hy(t) = Z(dim M,)t".

We are particularly interested in cyclic modules M with Hilbert series having the
form

n
Hpy (1) = A=

for some n,d € N. The Gelfand—Kirillov (GK) dimension of such a module is
d(M) =d and its multiplicity is n. If d(M) =d and d(M/N) < d for all nonzero
submodules N, then M is called d-critical. Equivalent modules (in the sense of
Section 2A) have the same GK dimension, and also have the same multiplicity if
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they are not equivalent to 0, so the notions of GK dimension and multiplicity carry
over to QGr(R) as well.

We call M a linear module if it is cyclic and its Hilbert series is (1 — 1)~¢. The
cases d =1 and d = 2 play a key role: we call a linear module M a

o point module if it is cyclic, 1-critical, and Hy (t) = (1 — 1)~ ;
e line module if it is cyclic, 2-critical, and Hy,(t) = (1 — 12
We are also interested in modules of higher multiplicity: we call M a

e fat point module if it is 1-critical, generated by My, and Hy,(¢) = n(1 — !
for some n > 1.

Point modules and fat point modules are important because, as objects in QGr(R),
they are simple (or irreducible): all proper quotient modules of a 1-critical module
are finite-dimensional and therefore zero in QGr(R). The following result illustrates
the relationship between finite-dimensional simple modules and fat point modules.

Lemma 2.1. Let V be a simple left R-module of dimension n < oo. Let C[z] be the
polynomial ring generated by a degree-one indeterminate, z. Let V @ C[z] be the
graded left R-module whose degree-j component is V ® z/ with a € R; acting as
a(w®z/) = (av) @77/, Let m : VQClz] = V be the R-module homomorphism
VR > .

(1) V ® Clz] is a fat point module of multiplicity n.

(2) If M is a graded left R-module such that M = Mo and W : M — V is a
homomorphism in Mod(R), then there is a unique homomorphism ¥ : M —
V ® Clz] in Gr(R) such that v = i, namely ¥ (m) = ¥ (m) @ 2" form € M,,.

2C. Geometry in Proj,.(R). The “noncommutative scheme” Proj . (R) is defined
implicitly by declaring that the category of “quasicoherent sheaves” on it is QGr(R),

QCOH(Proj,.(R)) := QGr(R).

The isomorphism class of a (fat) point module in QGr(R) is called a (fat) point of
Proj,.(R). Likewise, the isomorphism class of a line module in QGr(R) is called a
line in Proj,.(R).

2C1. Origin of the terminology. Let K be an algebraically closed field, and let
R =K[xo, ..., x,] be the commutative polynomial ring with its standard grading,
deg(x;) =1 forall j. Then Proj(R) is P", projective n-space, and there is a bijection
between closed points in " and isomorphism classes of point modules for R: a
point module is isomorphic to R/I for a unique ideal I, and [ is generated by a
codimension-1 subspace of Cx( + - - - + Cx,,; conversely, if / is such an ideal, then
R/I is a point module. Under the equivalence QGr(R) = QCOH(P"), M +— M,
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the point module R/ corresponds to the skyscraper sheaf O, at the point p € P"
where / vanishes. Similarly, if M is a line module for R, then M = R /[ for an ideal
[ that is generated by a codimension-2 subspace of Cxg + - - - + Cx,, and the zero
locus of I is a line in P", and this sets up a bijection between the lines in P" and
the isomorphism classes of line modules. Indeed, there is a bijection between linear
subspaces of " and isomorphism classes of linear modules over the polynomial
ring R.

Theorem 2.2 [Levasseur and Smith 1993, Theorem 1.13]. Let R = K|[xy, ..., x,]
be a polynomial ring in n + 1 variables, graded by setting deg(x;) =1 for all j. Let
M be a finitely generated graded R-module. The following conditions on a graded
R-module M are equivalent:

(1) M is cyclic with Hilbert series (1 —1)™¢;

(2) M = R/Rt* for some codimension-d subspace £ C Ry or, equivalently, for
some (d—1)-dimensional linear subspace £ C P(RY);

(3) M is a Cohen—-Macaulay R-module having GK dimension d and multiplicity 1.

Thus, linear modules of GK dimension d correspond to linear subspaces of P"
having dimension d — 1.

2C2. Points, fat points, and lines in Proj,.(R). For the noncommutative graded
algebras R in this paper, the points and lines in Proj,.(R) are parametrized by
genuine (commutative) varieties [Artin et al. 1990; 1991].

Let R be any N-graded k-algebra such that Ry = K and R is generated by
Ry as a k-algebra. Let P(R}) denote the projective space whose points are the
1-dimensional subspaces of R} = Homg(Rj, K).

For V a linear subspace of R}, define V* :={x € R; | £(x) =0 forall £ € V}.
Let

Pr:={peP(R)) | R/Rp* is a point module},
Ly = {lines £ in P(R}) | R/RL is a line module}.

For the algebras in this paper there are moduli problems for which Pg and Lg are
fine moduli spaces; see [Artin et al. 1990, Corollary 3.13] and [Shelton and Vancliff
2002a, Corollary 1.5]. We call Pr and L the point scheme and line scheme for R.

Clearly, a line module R/R¢* surjects onto a point module R/Rp* if and only
if p lies on the line £. Thus, the incidence relations between points and lines in
Proj,.(R) coincides with the incidence relations between certain points and lines
in P(R}). In such a situation the phrase “p lies on £” is a statement about points
and lines in P(RY) and also a statement about points and lines in Proj .(R). If a
line module R/R{* surjects onto a fat point module F in QGr(R) we say that the
corresponding fat point lies on the line £ and understand this as a statement about
the geometry of Proj,.(R).
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Proposition 2.3 [Levasseur and Smith 1993]. The kernel of a surjective homomor-
phism r : My — M, in Gr(S) from a line module to a point module is isomorphic
to a shifted line module My (—1).

Proof. There are elements u, v, w € S for which there is a commutative diagram

My — S/Su+ Sv

g ¥

M, —— S/Su+ Sv+ Sw

in which the horizontal arrows are isomorphisms and v/’ is the obvious map. The
kernel of v’ is isomorphic to the submodule Sw = Su+ Sv+ Sw/Su+ Sv. Because
My, is a critical Cohen—Macaulay module of GK dimension 2 and multiplicity 1, and
M, has GK dimension 1, the kernel is a Cohen-Macaulay module of GK dimension
2 and multiplicity 1. By [Levasseur and Smith 1993, Proposition 2.12], the kernel
of ¢ is isomorphic to a shifted line module. U

The associated exact sequence 0 — My (—1) — M, — M, — 0 is the analogue
of an exact sequence 0 - M (1) - M (LX) — L — 0 in which M (1") and M ())
are Verma modules.

2C3. Noncommutative analogues of quadrics and P3. Let S be one of the algebras
in Section 2D. The Hilbert series of S is (1 —¢)~*, the same as that of the polynomial
ring on four variables. Furthermore, S has the “same” homological properties as
that polynomial ring and, as a consequence, it is a domain [Artin et al. 1991,
Theorem 3.9]. For these reasons we think of Proj,.(S) as a noncommutative
analogue of P3.

If Q2 is a homogeneous, degree-two, central element in § we call Proj,.(S/(2)) a
quadric hypersurface in Proj,.(S) and sometimes denote it by the symbols {2 = 0}.
A line module S/S¢ is annihilated by  if and only if there is a surjective map
S/() — §/StL. If so we say that “the line £ lies on the quadric {Q = 0}” and
interpret this as a statement about the geometry of Proj,.(S).

2D. The algebras S. The algebras of interest to us are the noncommutative C-
algebras S with generators xo, x1, X2, X3 subject to the relations

[x0, x1] =0, {x0, x1} = 2x0x1 = [x2, x3],
2-1) [x0, X2] = b*{x1, %3}, {x0, X2} = [x3, x1],
[x0, 3] = —=b*{x1, X2}, {x0, X3} = [x1, %21,

where {x, x'} =xx"+x'x, [x,x']=xx'—x'x,and b € C — {0, £i}.
The algebras S occupy an interesting position between the nondegenerate 4-
dimensional Sklyanin algebras and the quantized enveloping algebras U, (sl;). We
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now introduce these algebras and, in Proposition 2.4 below, describe their relation
to S.

2D1. S is a degenerate Sklyanin algebra. A nondegenerate Sklyanin algebra is a
C-algebra S(«, B, y) with generators xg, x1, X2, X3 subject to the relations

[x0, x1] = a{xz, x3},  {x0, x1} = [x2, x3],
(2-2) [x0, X21 = Blx1, x3},  {x0, x2} = [x3, x1],
[x0, x3]1 = y{x1, x2}, {x0,x3} = [x1, x2],

where «, B, y € C are such that o + B 4+ y + By = 0, and further satisfy the
nondegeneracy condition

(2-3) {o, B, 71 N{0, 1, -1} =@.

With this notation, S = S(0, b2, —b?), and is degenerate.

For the rest of the paper, S will denote S (0, b2, —b?) and S(«, B, v) will denote
a nondegenerate Sklyanin algebra.

The noncommutative space Proj,.(S(«, B, y)) is well understood. Its point
scheme was computed in [Smith and Stafford 1992], its lines and the incidence
relations between its points and lines were determined in [Levasseur and Smith
1993], and its fat points and the incidence relations between fat points and lines
were determined in [Smith and Staniszkis 1993]. A short account of these and
related results can be found in the survey article [Smith 1994]. In this paper we
carry out the same computations for § and compare them to what has been obtained
for nondegenerate S(«, B, ). This is the subject of Section 6.

2D2. S as a homogenization of U, (sl(2, C)). The quantized enveloping algebra
U, (sl) is the C-algebra with generators e, f, k* subject to the relations

k—k~!
g—q7"

(2-4) ke=q’ek, kf=q *fk, kk'=k'k=1, and [e, f1=

where g # 0, £1, +i.

The representation theory of U,(sly) is the subject of books by Brown and
Goodearl [2002], Jantzen [1996], Kassel [1995], Klimyk and Schmiidgen [1997],
and others. !

A slightly different algebra was studied by Jimbo [1985] and by Lusztig [1988]: they replace the
last of the above relations by [e, f] = (k — kil) / (q2 — qu). Lusztig [1990] replaced that relation
by the one in (2-4) and that seems to have become the “official” quantized enveloping algebra of
s[(2, C) used by subsequent authors. We call the algebra studied in [Jimbo 1985] and [Lusztig 1988]
the “unofficial” quantized enveloping algebra of s[(2, C). That unofficial version is a quotient of the
algebra S in Proposition 2.4.
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Before showing that S is a homogenization of U, (sl;), we introduce notation
that will be used throughout the paper:

1—ib I
q= o E=—-(1—-ib)(xp+ix3), K =x¢+bxi,

(2-5) 1+ib ?
K=q_1_q, F=§(1+ib)()€2—ix3), K/:xo—bxl.

Proposition 2.4. The algebra S is the C-algebra generated by E, F, K, K’ modulo
the relations

KE =qEK, KF=q'FK, KK =K'K,
(2-6) KZ _ K/2

K'E=q'EK', K'F=qFK'. [E.F]=

g—q' "

Further, S[((K K" is isomorphic to U, (sly) via
@-7) EK ' ge, F(K)Y ' qf, KE) 'k,

where . /q is a fixed square root of q.

Proof. A few tedious but straightforward calculations show that E, F, K, K’ satisfy
the relations in (2-6). For example, K E = g E K because

(1+ib)KE — (1 —ib)EK
=[K, E]+ib{K, E}
= (1= ib)([x0, x21+ iLxo, 23] + Bl 2] + b, x3]
+ib{xo, X2} — b{xo, x3} +ib*{x1, x2} — b*{x1, x3})
= (1= ib) ([0, xa] — D3, x1} + i xo, 3]+ 07 (3, )
+ib{xo, x2} —ib[x3, x1]1 — b{xo, x3} + bLx1, x2])
=0.

Similar calculations show KF =g 'FK, K'E=¢ 'EK' and K'F =qFK'.
Since K? — K'? = 4bxoxy = 2b{xo, x1} and £ (1 —ib) - 5(1 +ib) = =3 (1+b?),
we have

[E, F14+ib~"(K?> = K'?) = 2i[x3, x2] + 2i{x0, x1} = 0.

1+ 52
However,
L 1—ib 14ib_ 4ib
179 =150 1=ib . 1462
S0 2 K2 K/2
140 _
[E, Fl= -2 (K?>— K'?) =

4ib qg—q'
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For the second part of the proposition, it is clear that S[(K K') ']y is generated
by

1 -1 1 n—1 n—1 -1
e.=—FK ™, =—F(K")"', k:=K(K) ", and k.
Vi 1=
Similar straightforward calculations then show that these elements satisfy the
relations in (2-4). Hence S[(KK')"!]o = U, (slh). O

Since S is an Artin—Schelter regular algebra of global dimension 4 and has Hilbert
series (1—¢)~* we think of it as a homogeneous coordinate ring of a noncommutative
analogue of P?. Since SK = K S and SK’ = K'S we think of §/(K) and S/(K")
as homogeneous coordinate rings of noncommutative analogues of P2

Further, we think of S[(KK')"!]o, i.e., U, (sl2), as the coordinate ring of the
noncommutative affine scheme that is the “open complement” of the “union” of the
“hyperplanes” {K = 0} and {K’ = 0}. These “hyperplanes” are effective divisors
in the sense of Van den Bergh [2001, §3.6]. From this perspective, U, (sl>) can be
considered an “affine piece” of S. As explained in Section 1A2, this point of view
can be formalized in terms of an adjoint pair of functors j* - j,.

The left adjoint j* : QGr(S) — Mod(S[(K K')" o) sends a graded S-module, X,
viewed as an object in QGr(S) to X[(K K")~']o e Mod(S[(K K")~']o). The action of
j* onamorphism f: M — N in QGr(S) is defined by choosing a lift of f to a mor-
phism ¢ in Gr(S), then applying the localization functor X — X[(KK’)~ ']y to ¢.

3. Point and line modules for D, a Zhang twist of S

In this section, we replace S by a Zhang twist of itself [Zhang 1996]. The appropriate
Zhang twist is an algebra D that has a central element z € D such that D/(z) a
3-dimensional Artin—Schelter regular algebra. In the terminology of [Le Bruyn
et al. 1996], this makes D a central extension of D/(z). We use the results in that
paper to determine the point and line modules for D. The point and line modules
for D/(z) are already understood due to [Artin et al. 1990; 1991].

In Section 4 we use Zhang’s fundamental equivalence Gr(D) = Gr(S) [Zhang
1996] to transfer the results about the point and line modules for D to S.

3A. The Zhang twist. Let S be a graded k-algebra and ¢ a degree-preserving
k-algebra automorphism of S. Define D to be the k-algebra that is equal to S as a
graded K-vector space, but endowed with the new multiplication

cxd:=¢"(c)d

force D=Sandd € D, =S,. We call D a Zhang twist of S. Zhang [1996]
showed that there is an equivalence of categories ® : Gr(S) — Gr(D) defined as
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follows: if M is a graded left S-module, then ®M is M as a graded K-vector space,
but endowed with the D-action

cxm:=¢"(c)m

force D=Sandm e (®M), = M,,.

On morphisms @ is the “identity”: if f € Homgs)(M, M'), then ®(f) = f
considered now as a morphism ®M — ®M’. Note that f is a morphism of
graded D-modules because if ¢ € D and m € M,,, then f(cxm) = f(¢"(c)m) =

¢"(c) f(m) = cx* f(m).
We use the graded algebra automorphism ¢ : § — § defined by

(3-1) d(s):=K's(K)7 L.

This is a homomorphism because K’'S = SK’, and is an automorphism because S
is a 4-dimensional Artin—Schelter regular algebra and therefore a domain [Artin
et al. 1991, Theorem 3.9].

Proposition 3.1. Let D be the Zhang twist of S with respect to ¢ (3-1). Then D is
isomorphic to C(E, F, K, K') modulo the relations

[K',E]=[K', F1=[K',K]=0,

KZ_KIZ

KE=¢°EK, KF=q °FK, ¢EF—q 'FE=——"+.
q—q

In particular, K’ belongs to the center of D.

Proof. Since p(E) =q~'E, p(F) =qF, ¢p(K) =K, and ¢(K') = K',
K'«E=¢(KYE=K'E=q 'EK'=¢(E)K' =ExK/,
K/*F:(P(K/)F:K/FZqFK/Zd)(F)K/:F*K/,
K+E=¢(K)E=KE =qEK =q¢*¢(E)K =¢°E %K,
K«F=¢p(K)F=KF=q 'FK=q¢*¢(F)K =q¢ *F %K,

and

K2 _ K/Z

qExF —q 'F+E=EF —FE=——"1.

q9—q
By the very definition of ¢, K’ belongs to the center of D. (]
Corollary 3.2. Let A be C{E, F, K) modulo the relations

K2
KE=q¢’EK, KF=q *FK, qEF—-q 'FE= -
q9—9

Then A= D/(K') and D is a central extension of A in the sense of [Le Bruyn et al.
1996, Definition 3.1.1].
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3B. Applying the results in [Le Bruyn et al. 1996]. In the notation of [Le Bruyn
et al. 1996], our (E, F, K, K') is their (x1, x2, x3, 7). Following the notation of
equation (3.1) and Section 4.2 in that paper, if A = C(xy, x2, x3)/(f1, f2, f3), then

the defining relations for a central extension D of A can be written as?
le‘—xiZIO, j=1,2,3,
g =fi+zdi+az2=0, j=1,2,3,
for some [; € Ay and «; € C. For our D,
fi —¢*KF+qFK Iy 0
f=1pl=| ¢KE-¢'EK |, Il:=|L|=]0],
f qEF —q 'FE +«kK? I3 0
(3-2)
oy 0
a=|oa | = 0
o3 —K
Thus
81 —¢*KF +qFK
(3-3) g=|&]|= qKE—q 'EK
g3 qEF —q 'FE +«kK? —kK'?

The relations of A are said to be in standard form [Artin et al. 1990, p. 34] if, in the
notation of [Le Bruyn et al. 1996, p. 181], there is a 3 x 3 matrix M, and a matrix
Q € GL(3), such that f = Mx and x"M = (Q f)", where fT = (f1, f», f3) and
A is generated as an algebra by the entries of the column vector x.
Proposition 3.3. The relations f for A in (3-2) are in standard form, where
x=(E,F,K)",
(3-4) 4 4
Q =diag(g ", q", 1),

and

0 —¢’K  qF
(3-5) M=\|q¢g3K 0 —¢'E
—qg~'F gE kK

Proof. It is easy to check that f = Mx. On the other hand,

x"M=(E,F,KYM=(q 3FK—q 'KF, —¢?EK+qKE,qEF —q 'FE4+xK?),

21n the notation of [Le Bruyn et al. 1996, Theorem 3.1.3], y = 0 forall j.
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SO
g 3FK—q 'KF g4 00
x"™ M) = —¢*EK +qKE =0 4g*0]f.
gEF —q 'FE +«K? 0 01
Thus x "M = (Q f)7 as claimed. O

We use (E, F, K) as homogeneous coordinates on the plane P(A}) = P2 and
identify this plane with the hyperplane {K’ = 0} in P(Dy).

Proposition 3.4. The point scheme (P, o4) for A is the cubic divisor on {K' =
0} = P(AY) consisting of the line K = 0 and the conic k>K? 4+ EF =0. The line
meets the conic at the points (1,0, 0) and (0, 1, 0).

(1) If (&1, &, &) lies on the conic k*K*+ EF =0, then

o€l &, 8) = (¢°E1, 62, &),
(2) If (&1, &, &) lies on the line K =0; i.e., &3 = 0, then

oaE1,£,0) = (g&1,q &, 0).

Proof. By [Artin et al. 1990], the subscheme of P(A}) parametrizing the left point
modules for A is given by the equation

0 —g’K F
det| g2k 0 —E|=0.
—q~'F gE «K

The vanishing locus of this determinant is the union of the line K = 0 and the
smooth conic k2K?2 + EF = 0. The line meets the conic at the points (1, 0, 0) and
0, 1,0).

We denote this cubic curve by P4. The point module corresponding to a point
pEPais M) = A/Ap™*, where p* is the subspace of A; consisting of the linear
forms that vanish at p.

If M, is a point module for A sois (M)>(1). In keeping with the notation in
[Le Bruyn et al. 1996], we write o4 (in this proof we will use o for brevity) for the
automorphism of P4 such that

(3-6) My = (My)=1(1).

To determine o explicitly, let p € P4 and suppose that p = (&{, &5, ;) and
G*I(p) = (&1, &, &) with respect to the homogeneous coordinates (E, F, K).
Then M), has a homogeneous basis e, ey, ..., where deg(e,) = n, and

Eeg=&jer, Feg=£&e, Key=&se,
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and

Eei=&1ey, Fey=&e, Kej=E&e;.

Since KE — ¢q*EK = 0in A, (KE — ¢°EK)ey = 0; i.e., &€ — ¢*£1&; = 0.
The other two relations for A in Corollary 3.2 imply &§&; — ¢ 2££&; = 0 and
q§1&; — qilézéf + k&3&; = 0. These equalities can be expressed as the single
equality
0 & —q%&)\ (&
& 0 —¢% |lg] =0
—q7 ' g6 K& 13

Since o (&1, &, &3) = (£, &, &), we can now determine .
If (&1, &, &3) lies on the line K = 0; i.e., &5 =0, then

0 0 —q &)\ (&
0 0 —q¢’ ||&]=0
—q7'& g6 0 &

so 0 (€1, £, 0) = (&1, ¢~ '&, 0). If (£, &, &) lies on the conic k>K%+ EF =0,
then
0 & —q°&\ [
&3 0 —q¢%* |lq 6| =0,
—q7' g6 K& &

s0 0 (£1, &2, &) = (%61, 97262, &). O

The algebra A is of Type S} in the terminology of [Artin et al. 1990, Proposition
4.13, p. 54]. See also [Le Bruyn et al. 1996, p. 187], where it is stated that D is the
unique central extension of A that is not a polynomial extension, up to the notion
of equivalence at [Le Bruyn et al. 1996, §3.1, p. 180].

In the next result, which is similar to Proposition 3.4, we use (E, F, K') as
homogeneous coordinate functions on the plane K = 0 in P(DY).

Proposition 3.5. Let A’ = D/(K). The point scheme (Par, oa') for A’ is the cubic
divisor on the plane K = 0 consisting of the line K' = 0 and the smooth conic
EF +«*K'? = 0. The line meets the conic at the points (1, 0,0) and (0, 1, 0).

(1) If (&1, &, &) lies on the conic k>K'?* + EF =0, then
oa (81,82, 84) = (51, 62, 64).

2) If (&1, &2, &4) lies on the line K = 0; i.e., &4 =0, then

o (&1, &,0) = (g€, g &1, 0).
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Proof. Since [E, K'l=[F, K'|=qEF —q~'FE —kK'? =0 are defining relations
for A" =CI[E, F, K'], the left point modules for A’ are naturally parametrized by
the scheme-theoretic zero locus of

0 K -F
det| K’ 0 —-E
—q~'F qE —«kK'

in P(A}*), namely the union of the line K’ = 0 and the smooth conic K2K'? +
EF =0.

We denote this cubic curve by P4 and define o4/ : P4 — Par (in this proof we
will use o for brevity) by the requirement that M, -1, =(Mp)>1(1) forall p e Py
Calculations like those in Proposition 3.4 show that o is the identity on the conic
and is given by o (£, &, 0) = (¢&, ¢~'&1, 0) on the line K’ = 0. O

3C. The point scheme for D. By [Le Bruyn et al. 1996, Theorem 4.2.2] the point
scheme (Pp, op) for D exists. That result also gives an explicit description of Pp.
It is also pointed out there that the restriction of op to Pp — P4 is the identity.

Warning: The g1, g2, g3 in (3-3) belong to the tensor algebra T (D). The
g1, &2, g3 in the next result are the images of the g1, g2, g3 in (3-3) in the polynomial
ring generated by the indeterminates E, F, K, K.

Proposition 3.6 [Le Bruyn et al. 1996, Lemma 4.2.1 and Theorem 4.2.2]. Let
x1=E,x, =F,and x3 = K. The equations for Pp are

(1) g1=g2=g3=00nPpN{K' # 0}, where

g1 (g—q’)FK q°FK
e|= (@3 —qg HEK =« q*EK :
23 —«kVEF +kK?*—«kK'? —EF +«*(K*—K'?)

(2) K'g1=K'gr=K'g3 =h; =00nPpN{x; #0}, where

hy E(EF +«’K? —k?q*K'?)
hy | = k'K | F(EF +«k2K% — k2% 2K'?)
h3 K(EF +k*K? —«k*K'?)

Proof. The polynomials /41, h>, and h3 are defined in [Le Bruyn et al. 1996, Lemma
4.2.1].

Denote the columns of M by M, M>, M3, so that M = [M| M> M3], and note
that

det(M) = (kK> +x 'EF)K.
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In this case, since I = 0, the definitions of 4, &y, and &3, in [Le Bruyn et al.
1996, Lemma 4.2.1] become

hy = Edet(M) + 22 det[a M, Ms],
hy = F det(M) + 7> det[M, o M3],
h3 = K det(M) + z* det[M; M ot].
Since a = (0,0, —x) T,
hi=EK«K*+«x'EF)—«xq*K'’EK,
hy=FKkK*+«k "EF)—kq *K'*FK,
hy=K*(cK*+xk"EF) —kK'*K>.
Hence the result. O
Theorem 3.7. The point scheme Pp is reduced and is the union of
(1) the conics EF +k*K* =K' =0and EF +k*K'* =K =0,
(2) the line K = K' =0, and
3) the points (0,0, 1, £1).
Let p € Pp.
@) If p = (&1, &, &,0) is on the conic EF +k*K? = K’ = 0, then op(p) =

(q%€1, 7%, &3, 0).
S) If p= (&1, &, 0, &) is on the conic EF +«’K'>=K =0, then op(p) =

(6) If p=(£1,£,0,0) is on the line K = K' =0, then op(p) = (q&1, ¢ '&, 0, 0).
M If p=1(0,0,1,%1), then op(p) =

Proof. By [Le Bruyn et al. 1996, Theorem 4.2.2], (Pp)red = (Pa)redUV (g1, 82, &€3)red>
where V (g1, g2, g3) is the scheme-theoretic zero locus of the ideal (EK, FK,
EF —k*(K'? — K?)). Certainly P, is reduced. Straightforward computations on
the open affine pieces E #0, F #0, K #0, and K’ # 0, show that V (g1, g2, £3)
is reduced. Hence Pp is reduced.

If p=(0,0,1,%1), then M, = D/Dp*+ = D/DE + DF + D(K ¥ K'). But
DE+ DF+ D(K FK') is a two-sided ideal and the quotient by it is the polynomial
ring in one variable. Hence op(p) = p. ([

3D. The line modules for D. We now use the results in [Le Bruyn et al. 1996, §5]
to characterize the line modules for D. Recall from Section 2C2 that

Lp = {lines £ in P(DY) | D/DZL is a line module}.
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For each point p € Py, let

Ly:={teLlp|pet}
Then
Lp = {lines on the plane K’ =0} U U L.
PEPA

Proposition 3.8. Let M be a line module for D.

(1) There is a unique line £ in P(DY) such that M = D/Det.

(2) If K'M =0, then £ C {K' =0} and M is a line module for A= D/(K').

(3) The line modules for A are, up to isomorphism, A/AL+, where £ C {K' = 0}.

4) If K'M #0, then M/K'M is a point module for A and isomorphic to A/Ap=,

where {p} = £N{K' =0}.

Proof. (1) This is a consequence of [Levasseur and Smith 1993, Proposition 2.8],
which says that if A is a noetherian, Auslander regular, graded k-algebra having

Hilbert series (1 — )™, and is generated by A, and satisfies the Cohen—Macaulay
property, then there is a bijection

_ A
Au+Av

between certain lines in P(A7T) and the set of isomorphism classes of line modules
for A.

(2) This is obvious.

(3) Since A is a 3-dimensional Artin—Schelter regular algebra, by [Artin et al. 1990],
the isoclasses of the line modules for A are the modules A/A¢+, where £ ranges
over all lines in P(A}) = {K' = 0}.

(4) See the discussion at [Le Bruyn et al. 1996, p. 204]. O

3D1. The quadrics Q,. By [Le Bruyn et al. 1996, Theorem 5.1.6], if p € P4 there
is a quadric Q, containing p such that

{lines u =v =0 in P(AY) | there is a rank 2 relation a ® u — b @ v} <—

L, = {lines £ € {K’ = 0} such that p € £} U {lines £ C Q, such that p € ¢}.

By [Le Bruyn et al. 1996, Proposition 5.1.7], if op(p) = (&1, {2, ¢3, 0), then Q)
is given by the equation ¢T Qg = 0, where ¢ = (1, £, &3) 7, Q is the matrix in
Proposition 3.3, g = (g1, g2, 83)" = f +aK'?, f is the image in the polynomial
ring C[E, F, K] of the column vector f introduced in the proof of Proposition 3.3,
and & = (0,0, —«)". Thus, Q,, is given by the equation

g4 00 q°FK
€. 0,8) 0 ¢* 0]t g ’EK =0
0 01 —EF +«*K?* —k*K'?
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or, equivalently, by

g *FK
K711, 62, 3) q’EK
—EF +k*K? — %K’?

Il
e

The next result determines £, for each p € P,. We take coordinates with respect
to the coordinate functions (E, F, K, K').

Proposition 3.9. Suppose p = (&1, &, &3, 0) € Pa.
() Ifp=(Q,0,0,0), then
L, ={lines € € {F =0} U{K =0} U{K' =0} such that p € ¢}.
2) If p=1(0,1,0,0), then
L, = {lines ¢ C{E =0} U{K =0} U{K' =0} such that p € ¢}.
(3) If §3=0and §5 # 0, then
L, = {lines £ € {K =0} U{K’' =0} such that p € €}.
(4) If & #0, then Q, is the cone with vertex p given by the equation
EIFK +6EK +&(—EF +k*’K? —k*K'?) =0,
and
L, = {lines ¢ € Q, U{K' =0} such that p € £}.
Proof. (1)=(3) Suppose & = 0. Then p is on the line {K = K’ = 0} whence
op(p) = (§1,£2,0,0) and Q, is given by the equation
k(619 F +54°E)K =0.

Thus, £ either lies on the pair of planes {K K’ =0} or the plane {£,q > F+£,q”>E =0}.
Suppose ¢ € {KK' = 0}. We are assuming that g* + 1 # 0 so, if p is neither
(1,0,0,0) nor (0, 1, 0, 0), then Slq*2F+§2q2E does not vanish at p whence there
are no lines through p that lie on the plane {£,qg 2F + &q¢%E = 0}.

Suppose p = (1,0,0,0). Then Q, = {FK =0} and £, consists of the lines
through p that are contained in {F = 0} U {K = 0}. Similarly, if p = (0, 1, 0, 0),
then £, consists of the lines through p that are contained in {E£ = 0} U {K = 0}.

(4) Suppose &3 # 0. Then p lies on the conic kK’K>4+EF =K' =05s00, (p) =
(%1, ¢ %&, &3, 0). Thus, 0, is given by the equation

g ’FK

kg6, 46, &) q’EK = 0
_EF+K2K2_K2K/2
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i.e., by the equation | FK +&EK +&(—EF +x?K?* —k?K'?) = 0. The quadric
Q) is singular at p (and is therefore a cone) because the partial derivatives at the
point p = (&1, &, &3, 0) are

I : (2K —&F)|, =0,
oF: (51K —&E)|, =0,

Ik : (61 F + &E +2836°K)], =0,
g 2&3k°K' |, = 0.

It follows that every line contained in Q ), passes through p, and hence all such lines
correspond to line modules by [Le Bruyn et al. 1996, Theorem 5.1.6], as recalled
above in Section 3D1. O

Let C denote the conic K’ = k?K? + EF =0 and C’' the conic K = k?K’? +
EF =0. The two isolated points in Pp, namely (0, 0, 1, +1), lie on Q, for every
pe{K =«>’K*+ EF =0} so there is a pencil of lines (or two pencils) through
each of these points that correspond to line modules.

Since Q) is singular at p, [Le Bruyn et al. 1996, Lemma 5.1.10] implies that
p = p" in the notation defined on page 204 of loc. cit. Thus, according to [Le Bruyn
et al. 1996, Definition 5.1.9], p is of the third kind. Thus, we are in the last case of
[Le Bruyn et al. 1996, Table 1].

4. Points, lines, and quadrics in Proj,.(S)

We now transfer the results in Section 3 from D to S. Recall that the automorphism
¢ : S — § defined in (3-1) induces an equivalence of categories ® : Gr(S) — Gr(D).
We first note how ¢ and @ act on linear modules.

4A. Left ideals and linear modules over S and D. If W is a graded subspace of
S=D,then D, *W; = o’ (Sn)W; = S,,W; so, dropping the x, DW = SW, i.e.,
the left ideal of D generated by W is equal to the left ideal of S generated by W.
In particular, if 7 is a graded left ideal of S, then / = SI = DI so I is also a left
ideal of D. Likewise, if J is graded left ideal of D, then J = DJ = SJ so J is also
a left ideal of S.

In summary, D and S have exactly the same left ideals.

Let I be a graded left ideal of S. The equality S/I = D/I is an equality
in the category of graded vector spaces. In fact, more is true: ®(S/1) = D/I
in the category Gr(D). To see this, observe, first, that the result of applying ®
to the exact sequence 0 — I — S — S/I — 0 in Gr(S) is the exact sequence
0—-1—D— ®&(S/I)— 0in Gr(D), where I — S and I — D are the inclusion
maps, then use the fact that ®(S/1) = §/I = D/I as graded vector spaces.
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Now let M be a d-linear S-module. Then M = S/ for a unique graded left ideal
I in S. Hence ®M = &(S/1) = D/I. In particular, (M) is a d-linear D-module.
Hence

{left ideals 7 in S | §/1 is d-linear} = {left ideals I in D | D/I is d-linear}.
Similarly, if S = k, then
{subspaces WC S| |S/SW is d-linear} = {subspaces WC D; | D/DW is d-linear}.

Lemmad4.1. (1) Ps=Ppand Ls = Lp.
(2) If o5 : Ps — Py is a bijection such that (M)>1(1) = M1 p forall p € Ps,

then there is a bijection op : Pp — Pp such that (M)>1(1) = MO_D—lpfOV all
p € Pp, namely op = os¢.

Proof. (1) This follows from the discussion prior to the lemma.

(2) Let p € Ps. Suppose that p = (Eé, ..., &) and cgl(p) = (&, ..., &,) with re-

spect to an ordered basis x1, ..., x, for S;. There is a homogeneous basis e, ey, . . .,

where deg(e,) = n, for the S-module M, such that x;e) = Si’el and x;e; = &;ey for

all i. Hence (§;x; —&;x;)ey =0forall 1 <i, j <n.

Since
agl(p)L ={xeDj|xxe =0}
={x € D1 | $p(x)e; =0}
={¢~'(x) € Dy | xe; =0}
=¢~'({x € Dy =S| | xe; =0})
=¢ (o5 (P)H)
=¢~ (o5 (P,
op' =¢ oy and op = 0s¢. O

4B. Points in Proj,.(S), the point scheme of S, and point modules. We restate
Lemma 4.1(1) explicitly in the following theorem.

Theorem 4.2. The point scheme Ps is reduced. It is the union of
(1) the conics EF +k*K? =K' =0and EF +k*K'? = K =0,
(2) the line K = K' =0, and
(3) the points (0,0, 1, £1).

Furthermore,

@) if p = (&1, &, &,0) is on the conic EF + k*K? = K’ = 0, then os(p) =
(q&1, 9762, &3, 0);
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(5) if p = (&1, &, 0, &) is on the conic EF + «*’K'? = K = 0, then os(p) =
(@761, 95,0, &);

(6) if p=1(&1,£2,0,0) is on the line K = K' =0, then o5(p) = p;

(7) if p=1(0,0,1, £1), then os(p) = p.

Proof. By Lemma 4.1, Ps = Pp. However, Pp is reduced so Ps is reduced. By
Theorem 3.7, the irreducible components of Pp are the varieties in parts (1), (2)
and (3) of this theorem. Hence the same is true of Pg.

Now suppose there is an ordered basis xy, ..., x, for S} and scalars Ay, ..., A,
such that ¢ (x;) = A;x; foralli. Let p = (&1, ..., &,) € P(S}), where the coordinates
are written with respect to the ordered basis x1, ..., x,. Let & be the point in S
with coordinates (&1, ..., &,); i.e., x;(§) = & or, equivalently, £(x;) = &;. Since

PE)(x) =& X)) =EO0 %), ¢(E) = A &1, ..., A, 'E,). Hence
o(p) = (A'E, . 0 E).
1

Note that E, F, K, and K’ in § are eigenvectors for ¢ with eigenvalues ¢~ ',
g, 1, and 1, respectively. Thus if p = (&1, &, &3, &4) € P(S]) with respect to
the ordered basis E, F, K, K’, then ¢(p) = (q&1, 9 '&, &, &) and ¢~ (p) =
(q7'E1. 962, 63, &4).

We now use the description of op in Theorem 3.7 to obtain:

(1) If p=(&1, &, &, 0) e{EF+x>K*=K'=0}, then op(p) = (¢%£1, ¢ %, £3,0)
s0 o5(p) =0opd~ 1 (p) = (g&1. ¢ '&2, &3, 0).

(2) If p=(£1,6,0,&) € (EF +k>K'* = K =0}, then op(p) = p s0 o5(p) =
opd ' (p) = (¢ '&1, 96, &, 0).

(3) If p = (51,52»0, 0) € {K =K' = 0}9 then UD(P) = (qgl’ q_lg2a0’ 0) SO
os(p) =9~ (p) = (&1, £.0,0).

@) If p=1(0,0, 1, £1), then op(p) = p so as(p) =¢~'(p) = p. O

The algebra D is less symmetric than S: the fact that op is the identity on one
of the conics but not on the other indicates a certain asymmetry about D. The
asymmetry is a result of the fact that we favored K’ over K when we formed the
Zhang twist of S which made K’, but not K, a central element. Theorem 4.2 shows
that the symmetry is restored when the results for Pp are transferred to Ps.

4C. Lines and quadrics in Proj,.(S). Proposition 3.9 classified the line modules
for D, and therefore the line modules for S. Theorem 4.5 below gives a new
description of the line modules for S: it says that the line modules correspond
to the lines lying on a certain pencil of quadrics. This is analogous to the de-
scription in [Le Bruyn and Smith 1993, Theorem 2] of the line modules for the
homogenized enveloping algebra of s(, and the description in [Levasseur and Smith
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1993, Theorem 4.5] of the line modules for the 4-dimensional Sklyanin algebra

S(e, B, y).

The new description provides a unifying picture. The pencil of quadrics becomes
more degenerate as one passes from the S(w, 8, y)’s to the homogenizations of
the various U, (sl>) and more degenerate still for H(sl>). The pencil for H(slp)
contains a double plane > = 0, that for S contains the pair of planes {K K’ = 0},
and that for S(«, B, y) contains 4 cones and the other quadrics in the pencil are
smooth.

The vertices of the cones in each pencil play a special role: for H (sly) there is
only one cone and its vertex corresponds to the trivial representation of U (sly);
for S there are two cones and their vertices correspond to the two 1-dimensional
representations of U, (sl>); for S(a, B, y) the vertices of the four cones “correspond”
to the four special 1-dimensional representations.

4C1. The line through two points (§1, &2, &3, 0) and (1, 12, 0, n4) in P(S}) is given
by the equations

4-1) EME —&EmK — &K' =&mF —&nsK —&mK' =0.

4C2. The pencil of quadrics Q(A) € P(S}). For each A € P!, let Q(») € P(D?)
be the quadric where

g =k ’EF+K?>—(+2"HKK' +K'?
vanishes. The points on the conics
C':kK’K'*+EF=K =0,
C:k*’K*+EF=K' =0
correspond to point modules for S. If A # 0, oo, then
C'=0M)N{K =0} and C=QMN{K =0}.

Proposition 4.3. (1) The base locus of the pencil Q(\) is CUC'.
(2) The Q(A)’s are the only quadrics that contain C U C'.

(3) The singular quadrics in the pencil are the cones Q(=%1) with vertices at
(0,0, 1, £1) respectively, and Q(0) = Q(o0) = {K K’ =0}.

(4) The lines on Q(1) are k 'E —s(K — K')=sk 'F+ (K —K') =0, s € P!,
and the lines on Q(—1) are k 'E —s(K + K') = s« 'F + (K + K') =0,
s € PL,
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(5) Suppose r ¢ {0, 1, oco}. The two rulings on Q(A) are
(4-2) Kk 'E—s(K-AK)=sk 'F+ (K —-1"'K)=0, seP!,
(4-3) Kk 'E—s(K=2"'K)=sk 'F+(K—1K") =0, s e Pl

Proof. (1) The base locus is, by definition, the intersection of all Q(u) so is given
by the equations KK’ =k 2EF + K>+ K'>=0s0is {K' =k 2EF + K> =0}U
(K =k 2EF+K'?=0).

(2), (3) The proofs are straightforward. To prove (3) observe that the determinant
of the symmetric matrix representing the g, has zeroes at A = %1 and a zero at
A =0, oo.

(4),(5) Let £ be the line defined by (4-2). Suppose s ¢ {0, co}. Then kE =
s(K—AK")and sk " 'F=—(K—A"'K")on ¢, so sk 2EF = —s(K—AK')(K—1"'K")
on £. Canceling s, this says that k 2EF + (K — AK’)(K — A~ 'K’) vanishes on £.
Since the equation for Q (1) can be written as k 2EF +(K —AK')(K —A"'K'") =0,
£ < Q). If s =0, then ¢ is the line E = K —A~'K’ = 0 which is on Q(1). If
s = 00, then £ is the line K +A~'K’ = F = 0 which is on Q(}). The other case,
(4-3), is similar. O

4C3. There are exactly four singular quadrics in a generic pencil of quadrics
in P3. The point modules for the 4-dimensional Sklyanin algebras S(a, 8, y) are
parametrized by a quartic elliptic curve E C P3 and 4 isolated points that are the
vertices of the singular quadrics that contain E. The point modules corresponding to
those isolated points correspond to the four 1-parameter families of 1-dimensional
representations of a 4-dimensional Sklyanin algebra.

4C4. The vertices of the cones Q(=£1) are the points (0,0, 1, £1). These are
the isolated points in the point scheme Ps (see Theorem 4.2). Later, we will see
that the points (0, 0, 1, ££1) correspond to the two 1-dimensional Uy (sl>)-modules.
More precisely, if p is one of those points, then M ,[(K K’ )~ o is a 1-dimensional
U, (sl2)-module.

4C5. The lines on Q(1) meet C’ and C at points of the form (&1, &, &3, 0) and
(&1, &, 0, —&3) respectively. The lines on Q(—1) meet C’ and C at points of the
form (&1, &, &, 0) and (€1, £, 0, &) respectively.

Theorem 4.4. Let £ be a line in P(S}). Then S /St is a line module if and only if
£ C Q(A) for some ) € PL.

Proof. (=) Suppose S/S¢* is a line module. By Section 4A, D/D¢* is a line
module for D.

The result is true if £ € {KK' = 0} = Q(00) so, from now on, suppose £ Z
{KK' =0}.
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Let p = (&1, &, &3, 0) be the point where ¢ meets {K’ = 0}. By the discussion
at the beginning of Section 3D, A/Ap™ is a point module for A = D/(K') so
peCU{K =K' =0}

Suppose p = (1, 0, 0, 0). By Proposition 3.9(1), £ is on the plane { F = 0}. Since
p € £ it follows that £ = {F = K —AK’ =0} for some A € P!. Since ¢ Z {K K’ =0},
A #0, oo. Thus £ is the line in (4-2) corresponding to the point s = oo € P'. Hence
S o).

If p=1(0,1,0,0), a similar argument shows that ¢ lies on some Q(}).

Now suppose that p ¢ {(1, 0, 0, 0), (0, 1,0, 0)}. Since £ Z {K K’ = 0}, it follows
from Proposition 3.9(3) that & # 0. Hence by Proposition 3.9(4), ¢ lies on the
quadric

EIFK +6EK +&(—EF +k°K —k*K'?) =0.

The conic C' = {K = EF +«>K’? =0} also lies on this quadric so C’'N ¢ # @. by
a result analogous to Proposition 3.9(3), n4 # 0. Let (11, 72, 0, n4) € C' N L. Then
£ is given by the equations in (4-1) so lies on the surface cut out by the equation

EINGEF = (514K +EmK')EnaK +EmK)
=$1$27742;K2+§3774(§1n2+§2771)KK/+%'32771772K’2
=~k 63K + E3ma G + EonD KK — k&5 K2,

which can be rewritten as &5 774(K_2EF + K2+ K'?) —&n4Emp+En)KK' =0.
Thus, ¢ lies on some Q(A).

(<) Let £ be aline on Q(1). If £ € {K' = 0}, then D/D¢+ = A/AL* is a line
module. From now on suppose that £ Z {K' = 0}.
To show that D/D¢+, and hence S/S¢*, is a line module we must show there is
a point, p say, in £ N C such that £ C Q,, where Q, is the quadric in Section 3D1.
Suppose £ € Q(1). By Proposition 4.3(4), £ is given by

Kk 'E—s(K—K)=sk 'F+(K—-K)=0

for some s € P!. Since the point p = (—sz, 1, —sk— 1, 0) belongs to £N C, S/SIZl
is a line module if and only if £ € Q. Since Q,, is given by the equation

—s’FK+EK —sk Y(—EF +k*K* —«*K'?) =0,

the point (—s2, 1,0, s« 1) isin £N Q. Thus, ¢ passes through the vertex of the
cone Q, and through a second point on Q ,, whence £ C Q. Therefore S/ Set s
a line module.

The case £ C Q(—1) is similar.

Suppose A ¢ {0, £1, co}. Since £ € Q (1) we suppose, without loss of generality,
that ¢ belongs to the ruling (4-3) on Q(A). Thus ¢ = (k7 'E —s(K —AK') =
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sk 'F 4+ (K —A7'K’) = 0} for some s € P!. The point p = (—ks?, k, —s, 0),
which is the vertex of the cone Q, is in £N C. Thus £ passes through the vertex of
0, and the point (—ks2v2, k, 0, sv) which is also on 0p, €< Q). Hence S/Se+
is a line module. O

Theorem 4.5. Let { be a line in P(S}). Then S/Se* is a line module if and only if
€ meets C U C’ with multiplicity 2; i.e., if and only if £ is a secant line to C U C’.

Proof. (=) Since S/S¢* is a line module for S, D/D¢* is a line module for D.
Let A be such that £ C Q(A).

Suppose Q(X) is smooth. The Picard group of Q(A) is isomorphic to Z x Z and
equal to Z[L] @ Z[L'], where [L] is the class of the line in (4-2) corresponding
to s = 0 and [L'] is the class of the line in (4-3) corresponding to s = 0. Since
L ={E = K —1»"'K’ = 0}, the scheme-theoretic intersection L N (C U C’) is the
zero locus of the ideal

(E,K —2"'K")+ (KK, g3)
=(E,K—-2""K',KK',k ?EF + (K —2K')(K —»"'K"))
=(E,K-2"'K',KK).

Hence L N (C UC’) is a finite scheme of length 2. Therefore [L]-[CUC'] =2. A
similar calculation shows that [L']- [CUC’] =2. Hence [CUC'] =2[L]+2[L'].
It follows that [£] - [CUC'] = 2.

Suppose £ lies on the cone Q(1). Then £ is the line kE—-s(K+K') =
sk VF4 (K +K') =0 for some s € P!. Therefore the scheme-theoretic intersection
£N(CUC) is the zero locus of the ideal

(4-4) («'E—s(K—K"),sk"'F+(K—K")+ (KK, g1).

Since £ C Q(1), g1 belongs to the ideal vanishing on £. The ideal in (4-4) is therefore
equal to (« 'E —s(K — K'), sk 'F +(K —K'), KK'). Thus £N(CUC') is a
finite scheme of length 2.

If £ C Q(—1), a similar argument shows that £ N (C U (") is a finite scheme of
length 2.

Suppose £ C Q(oc0) = {K K’ = 0}. Without loss of generality we can, and do,
assume that £ C {K’ = 0}. By Bézout’s theorem, £ meets C with multiplicity two.
Thus, if £NC’ = @, then £ meets C U C’ with multiplicity two. Now suppose that
¢ meets C with multiplicity two and C’ with multiplicity > 1. If £ meets C at two
distinct points, then £ is transversal to some Q (1) so meets Q(A"), and hence CUC’,
with multiplicity two. It remains to deal with the case where £ is tangent to C and
meets C’. We now assume that is the case. Since CNC’ ={(1,0, 0,0), (0, 1,0, 0)
it follows that £ is tangent to C at (1,0, 0, 0) or at (0, 1,0, 0). Since the two
cases are similar we assume that ¢ is tangent to C at (1, 0, 0, 0). It follows that
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¢ = {K' = F = 0}. The scheme-theoretic intersection £ N (C U C’) is the zero locus
of the ideal

(K,F)+(KK',g)=(K,F,KK' .k 2EF+K*>+K'*)= (K, F,K'?).

Hence £ N (C U C’) is a finite scheme of length 2.

(<) Suppose ¢ is a line that meets C U C” with multiplicity 2.

If ¢ lies on the plane {K’ =0}, then K’ € £ so the ideal (K') of D is contained
in D¢+ and D/ D¢+ is a module over A = D/(K’). However, the dual of the map
Dy — A embeds P(A}) in P(D}) and the image of this embedding is {K’ = 0}.
In short, £ is a line in P(AY). This implies that A/ A¢t is a line module for A and
hence a line module for D. But A/A¢+ = D/D¢* so D/D¢* is a line module
for D. Therefore S/S¢* is a line module for S. A similar argument shows that if £
lies on the plane {K = 0}, then S /8¢t is a line module.

For the remainder of the proof we assume that £ Z {K K’ = 0}.

A line that meets C with multiplicity two lies in the plane K’ = 0, so £ meets C
and C’ with multiplicity one. Let p = (&1, &, &3, 0) be the point where £ meets C
and p = (11, 12, 0, n4) be the point where £ meets C’. Since p is the vertex of Q,,
and C' C Q,, £ passes through the vertex of Q,, and another point on Q ,. Hence
< Qp. O

4C6. Lemmas 4.4 and 4.5 are analogous to results for the 4-dimensional Sklyanin
algebras: the line modules correspond to the lines in 3 that lie on the quadrics
that contain the quartic elliptic curve E, and those are exactly the lines in P that
meet £ with multiplicity two, i.e., the secant lines to E. Similar results hold for
the homogenization of sl [Le Bruyn and Smith 1993].

4C7. Notation for line modules. By Theorem 4.5, the lines that correspond to line
modules for S are the secant lines to C U C’. If (p) + (p’) is a degree-two divisor
on CUC’ we write M, , for the line module M, = S/Se+, where £ is the unique
line that meets C U C’ at (p) + (p’). Thus, up to isomorphism, the line modules for
S are

{M, | p, peCcuc’}.

4D. Incidence relations between lines and points in Proj,.(S). Let (p)+ (p’) be
a degree-two divisor on C U C’. There is a surjective map M, ,, — M, in Gr(S)
and, by [Levasseur and Smith 1993, Lemma 5.3], the kernel of that homomorphism
is isomorphic to My (—1) for some £’. Our next goal is to determine ¢'. We do that
in Proposition 4.8 below.

First we need the rather nice observation in the next lemma.

We call a degree-three divisor on a plane cubic curve linear if it is the scheme-
theoretic intersection of that curve and a line.
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Lemma 4.6. Let C be a nondegenerate conic in P2, o an automorphism of C
that fixes two points, and L the line through those two points. Let p, p' € C
and p” € L. The divisor (p) + (p') + (p”) € Div(C U L) is linear if and only if
(op)+ (7' p))+ (p") is.

Proof. By symmetry, it suffices to show that if (p) + (p’) + (p”) is linear so is
(op)+ (e~ 'p') + (p”). That is what we will prove. So, assume (p) + (p') + (p”)
is linear.

If 7 is an automorphism of P! that fixes two points, there are nonzero scalars A
and p and a choice of coordinates such that T (s, t) = (As, ut) for all (s, 1) € P'.
We assume, without loss of generality, that (C, o) is the image of (P!, T) under
the 2-Veronese embedding. Thus, we can assume that C is the curve xy —z2 =0
and o (e, B, y) = (A%a, u?B, Auy). The line L is the line through (1,0, 0) and
0, 1,0).

Let p= (o, 8,y), p = (', B,y), and p” = (a, b, 0). By hypothesis, these
three points are collinear. Therefore

QR

b 0
det B y|=0.
/ IB/ y/
Le.,a(By’' —B'y) —b(ay'—a'y) =0.

To show that (op) + (¢~ 'p’) + (p”) is linear we must show that the points
op=WM\la, W?B, ruy), o p =02, w28, A" =y, and p”, are collinear.
This is the case if and only if

Q

a b 0
det| Ao w?p ALY = 0.
)\—20[/ M_Z,B/ )\_l,u,_l)//

This determinant is a(A~'uBy’ — A~ 'B'y) —b(u'ay’ — 1" ua'y). It is zero
if and only if

(ay =) upy —anBy) — By — By)Gu ay’ — 2 pua'y) =0.
This expression is equal to
A By = BlyH +auT (@ By — apy?).

Butaf —y> =o' —y'?=0s0 afy’? —a’f’'y? = 0. Thus, the determinant is
zero and we conclude that o~ p’, op, and p”, are collinear. O

Remark 4.7. For an alternative approach to Lemma 4.6, note first that the statement
can be recast as the claim that if » is the involution of C obtained by “reflection
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across p”’” meaning that

n(p) = the second intersection of the line pp” with C,

then w = n o o is an involution.

In turn, the involutivity of & follows from the fact that it interchanges the points
p and p’, and any automorphism of P! that interchanges two points is, after a
coordinate change identifying said points with 0, co, of the form z > tz~! for some
constant 7. ¢

The next result is analogous to [Levasseur and Smith 1993, Theorem 5.5], which
shows for the 4-dimensional Sklyanin algebras that if (p) + (p’) is a degree-two
divisor on the quartic elliptic curve E, then there is an exact sequence

0= Mpirp—o(=1)—> M, — M, —0,

where 7 is the point on E such that op = p+ 7 forall p € E.

Proposition 4.8. If (p) + (p') is a degree-two divisor on C U C’, there is an exact
sequence
0> My o-1,(—=1) > Mp y > M, — 0.

Proof. Let £ be the unique line in P3 = P(S7) such that £NC = (p) + (p'); ie.,
M, , =M,;. By [Levasseur and Smith 1993, Lemma 5.3], there is an exact sequence
0— My (—1)— My — M, — 0 for some line module M,. We complete the proof
by showing that £’ NC = (op) + (6 ' p/)sie., My = Mg, 51,y There are several
cases depending on the location of p and p’.

Case 0. Suppose £ = L. Then KMy = K'My; =0 so My, and consequently M, is a
module over S/(K, K'). Since §/(K, K') is a commutative polynomial ring on two
indeterminates it has a unique line module up to isomorphism, itself. In particular,
¢’ = £. Hence there is an exact sequence 0 — M, ,(—1) - M, ,, — M, — 0. But
o is the identity on L by Theorem 4.2, so M), ,y = M, -1,,. Thus, the previous
exact sequence is exactly the sequence in the statement of this proposition.

Case 1. Suppose p, p’ € C. Then £ meets C with multiplicity two and therefore
the plane {K’ = 0} with multiplicity > 2. Hence £ C {K’ = 0}. It follows that M,
and M, are modules over S/(K"). Given Case 0 treated above, for the remainder
of Case 1 we can, and do, assume that £ £ L.

Since £ # L, ¢N(C+L)=(p)+(p)+(p”), where p” is the point where ¢ and L
meet. Since S/(K’) is a 3-dimensional Artin—Schelter regular algebra, [Artin et al.
1991, Proposition 6.24] tells us that £’ is the unique line such that £’N(C+L) contains
the divisor (o ~!p’) + (6! p”).> By Theorem 4.2, op” = p” so £’ is the unique

3Since [Artin et al. 1991, Proposition 6.24] is for right modules and we are working with left
modules we replaced o by o~ ! in the conclusion of that result.
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line in {K/ 0} such that ¢/ N (C 4 L) contains (6! p’) + (p”). By Lemma 4.6,
op,o~p/, and p”, are collinear. Therefore ' N (C + L) = (op)+ (o' p") + (p").

Case 2. If p, p’ € C’, the “same” argument as in Case 1 proves the proposition.

Case 3. Suppose pe C —C'and p’ € C' —C. Let p = (£1,&2,&3,0) and p’ =

(11,2, 0,1m4). Since p ¢ C’, & #0. Since p' ¢ C, na #0.
By (4-1), £ is given by the equations

X :=&n4E — &K — &, K' =0,
Y =& F —&mK —&mK' =0.

The corresponding linear modules are

S
Me=Mp.p = gx sy
Mo — S
P SK'+SX+SY’
M, )

P SK+SX+SY"

By (4-1), the line through the points op = (¢&i, q—lgz, &3,0) and a—lp’ =
(gn1, g ', 0, n4) is {X' =Y’ = 0}, where

X' :=&En4E — g&imK —q&mK',
Y :=&mF —q &K —q &K
The corresponding line module is M, ,-1,, = S/SX'+ SY'.

op,o
The image of K’ in M, generates thI:e kernel of My — M. Since X'K' =gK'X
and Y'K’ =¢~'K'Y, X’ and Y’ annihilate the image of K’ in M,. It follows that
there is a map from M, ,-1,/(—1) onto the kernel of M, — M,. Thus, the kernel of
My — M, is isomorphic to a quotient of M, ,-1,. But every nonzero submodule
of a line modules has GK dimension 2, and every proper quotient of a line module
has GK dimension 1, so every nonzero homomorphism map M, ;-1 p (—=1)— M, is

injective. This shows that the kernel of My — M, is isomorphic to M, 5-1,/(—1).

Case4. If p' € C —C’" and p € C’' — C, the “same” argument as in Case 3 proves
the proposition. (]

We continue to write L for the line {K = K’ = 0}.
Proposition 4.9. Let £ be a line in Proj,.(S)* and suppose p” € £N L.

(1) There are points p, p’ € C U C' such that the scheme-theoretic intersection
£N (C U L) contains the divisor (p) + (p") + (p").

4This means that My = S/S£L is a line module.
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(2) There is an exact sequence
0—> My-1)6-1,(=1) > My y — My — 0.

Proof. Since My is a line module, ¢ meets C U C’ with multiplicity two. It therefore
meets either CU L or C"U L with multiplicity > 2. We can, and do, assume without
loss of generality that £ meets C U L with multiplicity > 2. Hence ¢ meets the plane
{K’ = 0} with multiplicity > 2. Therefore £ C {K’ = 0}. By Bézout’s theorem, ¢ is
either equal to L or meets C U L with multiplicity 3.

Suppose £ = L. Then M, is a module over the commutative polynomial ring
S/(K, K’) and there is an exact sequence 0 — My(—1) - My — M, — 0. Let p
and p’ be the points where L meets C UC’. Then My = M = M, ,y and, since o
is the identity on L, My = M,;,, ;-1 ,s. Thus, (1) and (2) hold when ¢ = L.

Suppose £ # L. Let p and p’ be the points in £NC;i.e., £NC = (p)+ (p). By
[Artin et al. 1991, Proposition 6.24], there is an exact sequence 0 — My (—1) —
My =M, , — M, — 0, where £ is the unique line whose scheme-theoretic
intersection with CU L is > (6! p) + (¢ ' p’). Hence My = M, U

U_IP,O’_]p/‘

5. Relation to U, (sl2)-modules

In this section, we relate our results about fat point and line modules for S to
classical results about the finite-dimensional irreducible representations and Verma
modules of U, (sl). Briefly, fat points in Proj,.(S) correspond to finite-dimensional
irreducible U, (sl;)-modules and lines in Proj,.(S) correspond to Verma modules.

SA. Facts about U;(sly). First, we recall a few facts about U, (sl>) that can be
found in [Jantzen 1996, Chapter 2].

5A1. Verma modules. For each A € C, we call

Uq (5 [2)

M) =
Uy (sh)e + Uy (sl) (k — 2)

a Verma module for U, (sl), and A its highest weight.

5A2. Casimir element. The Casimir element

g 'k +qk™! gk+q k!
—— = fet————5
(g—q7") (g—q7")

is in the center of U, (sl;) and acts on M (A) as multiplication by

(5-1) C:=ef +

q)»+q_1)»_1
(g—q=1H?
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5A3. Finite-dimensional simple modules. For each n > 1, there are exactly two
simple U, (sl;)-modules of dimension n + 1. They can be labeled L(n, +) and
L(n, —) in such a way that there are exact sequences

(5-2) 0— M(+q™"% — M(£q") - L(n, +) — 0.
The module L(n, +) has basis my, ..., m, with action

km; = :I:q”_Zimi,

(5-3) mis1 ifi <n, +Hilln+1—ilmi—, ifi>0,
fm; = e em; = e
0 ifi =n, 0 ifi =0,
where we have made use of the quantum integers
m __ ,,—m
fm) =1 —1_
q9—49

5B. Lines in Proj, (S) <— Verma modules for U, (sl,). First, we show that
Verma modules are “affine pieces” of line modules.

Proposition 5.1. Let A € CU{oo} = P! and let € be the line E = K —\K' = 0.
(1) £ lies on the quadric Q()).
(2) §/Se* is a line module.
(3) If A ¢ {0, 00}, then (S/SLH[(KK) o= M(1).

Proof. A simple calculation proves (1), and then (2) follows from Theorem 4.4.

(3) The functor j*m* : Gr(S) — Mod(U, (sl>) defined by j*m*M = M[(KK)™
is exact, so (S/S€H)[(K K')~'y is isomorphic to S(K K)o/ (SLH[(KK")™o.
Using the isomorphism given by (2-7), it is clear that (SEH[(K K™ is the left
ideal of U, (sly) generated by e and k — A. U

SB1. “Heretical” Verma modules. Proposition 5.1 illustrates the importance of
line modules for Artin—Schelter regular algebras with Hilbert series (1 —¢)~*. Line
modules are just like Verma modules. Indeed, Verma modules for U (sl;) and
U, (slp) are “affine pieces” of line modules.

From the point of view of noncommutative projective algebraic geometry, the
line modules that correspond to Verma modules are no more special than other line
modules. One is tempted to declare that if £ is any line on any Q(A), A # 0, oo,
then (S/S¢)[(K K’)~']o should be considered as a Verma module.

Doing that would place U, (s[>) on a more equal footing with U (sl>): if one varies
both the Borel subalgebra and the highest weight, then U (sl,) has a 2-parameter
family of Verma modules; if were to define Verma modules for U, (sl,) as “affine
pieces” of line modules, then U, (sl;) would also have a 2-parameter family of
Verma modules.
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5B2. Central (Casimir) elements. We define ©Q(0) = Q(00) = K K’ and, for each

A € C—{0, oo}, we define

q—1K2+qK/2 B q)\‘_i_q—l)\’—l
(g—q7")? (g—q~")?

=EF +«*(q7 'K — gAK"Y (K —27'K)

=FE+«*(qK —qg '"A7'K")(K — AK").

Q(\) :=EF + KK’

The elements Q (), A € P!, belong to the center of S and span a 2-dimensional
subspace of S,.
We take note that Q(A) = (g 2A~") and Q () # Q) if i ¢ (A, g 2271},
Under the isomorphism S[(K K Ny = U, (slp) given in (2-7), we have

gr+qa!
(g—q=H? "’
where C is the Casimir element defined in (5-1).

The reader will notice similarities between the pencil of central subspaces
CQ(X) € S, and the pencil of quadrics Q(A) € P(ST). For example, exactly one
Q (1) is a product of two degree-1 elements, namely 2 (0) = Q(c0) = KK’, and
exactly one Q () that is a union of two planes, namely Q(0) = Q(c0) ={K K’ =0}.
In a similar vein, we expect that S/(€2())) is a prime ring if and only if X is not
0 or co. The precise relation between the €2(1)’s and the Q(A)’s is established in
Proposition 5.3.

QO)NKKH)'=cC

Lemma 5.2. Let . € C*. The central element Q2(\) annihilates M, for all lines £
of the form

E—ks(K—AK)=sF+k(K—-2"'K)=0, seP.

Proof. Let s be any point on P!. Since Q(}) equals

R
(g —q1)?
= F(E—«s(K—2""K")+x (@K —qg "2 K'Y (s F + k(K — 1K),

FE (gK —q "\7'K') (K — AK)

it belongs to the left ideal generated by E —ks(K —A~'K’) and s F +« (K —LK").
That left ideal is S¢* so, since Q(A) is in the center of S, it annihilates S/S¢+. O

Proposition 5.3. Let My be a line module. If A € C*, then Q2(\) annihilates M, if
and only if either

(1) £ € Q1) and is in the same ruling as the line E = K —AK' =0, or
2) L C Q(q_z)\_l) and is in the same ruling as the line E = K — q_zk_l K'=0.
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Furthermore, Q(0) = Q(00) annihilates My if and only if £ € Q(0) = Q(0c0) =
{KK' =0}.
Proof. 1t is easy to see that the last sentence in the statement of the proposition

is true so we will assume that £ £ {K K’ = 0}. Since M, is a line module, £ lies
on Q(u) = Q(u~") for some u € C*. We fix such a A. Since £ Z {KK' = 0},
u #= 0, oo.

(=) Fix A € C* and suppose that Q (1) annihilates M,. The lines on Q(u) are
given by (4-2) and (4-3). Replacing p by ™! if necessary, we can assume that £
belongs to the same ruling on Q(u) as E = K — u K’ = 0. Hence M, is annihilated
by Q(w). If Q(u) # Q(L), then M, is annihilated by K K’. That is not the case,
so Q(u) = Q(1). Hence u € {X, ¢g~>A~'}. Hence either (1) or (2) holds.

(«=) This implication follows from Lemma 5.2. If £ € Q () and is in the same ruling
as the line E = K — AK' =0, then M, is annihilated by Q(1). If £ C Q(qu)Fl)
and is in the same ruling as the line E = K —g2A~!K’ =0, then M, is annihilated
by Qg2A"H =Q0). O

We only care about the ideal generated by €2 (1) and the matter of which modules
are annihilated by which ©(1)’s. Thus, we only care about €2()1) up to nonzero
scalar multiples. For this reason it is often better to think of €2(1) as an element in P!,

SC. Fat points in Proj,.(S) «<— finite-dimensional simple U,(sl;)-modules.
As the title suggests, this subsection establishes a connection between the finite-
dimensional simple U, (sl)-modules L(n, &) discussed in Section 5A3 and certain
fat points F'(n, &) of the noncommutative scheme Proj,.(S) that are defined below.
Proposition 5.6 makes this connection explicit. We have not addressed the question
of whether the F(n, £)’s are all the fat points.

5C1. Some finite-dimensional simple S-modules. We fix a square root, ,/q, of
¢ and adopt the convention that ¢"/>~" = (,/g)" "% and ¢'~"/* = ((/g)* ™. Let

V(n, &) be the vector space with basis vy, ..., v, and define
Kv; =~/£1¢"* "y, K'vi =+£/%1¢7";,
Fu, = [n—ilvis lfl <n, Ev, = *H[i]vi—1 1fz >0,
0 ifi =n, 0 ifi =0.

5C2. Automorphisms of S and autoequivalences of Gr(S). Let 6 : S — S be the
algebra automorphism defined by 0(K) = —K,0(K')=K',0(E) =E,0(F)=F.
If e € C* let ¢ : S — S be the algebra automorphism ¢, (a) = &"a for all a € S,,.
Let ¢ be a degree-preserving algebra automorphism of S. The functor ¢* :
Gr(S) — Gr(S) is defined as follows: if M € Gr(S), then ¢*(M) is M as a graded
vector space and if a € S and m € M*, then a - m = ¢ (a)m. The functor ¢* is an
autoequivalence.
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Proposition 5.4. Let ¢ = —+/—1.

(1) V(n, L) is a simple S-module of dimension n + 1.

(2) V(n, %) is a S[(K K'Y~ -module with (K K")~" acting as the identity.

(3) Identifying U, (sl2) with S[(K K Yoasin Proposition2.4,V(n,£)=L(n, %)

as a Uy (slp)-module.

(4) Q(£q") annihilates V (n, £).

(5) V(n, =) = ¢r0*V(n, +).
Proof. (1) First we check that the action makes V (n, ) a left S-module. If v_; =0,
then EKv; = ++/£1¢"* [ilvi_1 and K Ev; = +/£1 ¢"/* " [ilvi.1 =g EKv;.
Hence KE — gEK acts on V(n, £) as 0. With the understanding that v,+; =0,
FKvi=+~%1¢">"[n—ilvi_; and K Fv; = /%1 ¢"> " n—ilvip1 =g ' FKv;,
so KF — qle K acts on V(n, £) as 0. Similar calculations show that K'E —
g 'EK'and K'F —qFK' act on V(n, %) as 0 also. Furthermore,

[E, Flv; = £([n = i1Evi+1 — [i1Fv;—1)
=(ln—illi + N[illn —i + 1)v;

==x[n —2i]v;
KZ _ K/2

=7 U
q9—9

so V(n, £) really is a left S-module.

To see it is simple, first observe that the v; are eigenvectors for K with pairwise
distinct eigenvalues. It follows that if V (n, £) is not simple, then there it has a
proper submodule that contains some v;. However, looking at the actions of E and
F on the v;, a submodule that contains one v; contains all v;. Hence V(n, &) is
simple.

(2) Since KK’ acts on V (n, &) as multiplication by 1, the module-action of S on
V (n, +) extends to a module-action of S[(KK')™'].

(3) Since e = \—EK-!, f = - F(k’)~!, and k = K (K')"",
N

Va
kvi — _qn_ZiUi,
1 ; . . +1 ip.

= n/2=i _ . ==t i—n/21:7,,.

q [n—ilviy ifi <n, q [iJvi.y ifi >0,

fv,~ = \/Fq ev; = \/?6]
0 ifi =n, 0 ifi =0.
Choose nonzero scalars Ao, ..., A, such that

Aic1/Ai =Eqq"*  n+1—1].
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The linear isomorphism ¢ : V(n,+) — L(n, =) defined by ¢ (v;) = A;m; is a
U, (sl2)-module isomorphism because ¢ (kv;) = k¢ (v;),

$(ev;) = j—%

G Pl —imi—y = £[in 4+ 1 —ilmi_y = ed (v;),

and

1 i .
d(fu)= Eqn/z ‘[n—ilhig1vipr = Aimip1 = fo(vp).
Hence V(n, &) = L(n, ) as claimed.

(4) By Schur’s lemma, €2(X) acts on V (n, &) as multiplication by a scalar. There-
fore, if (X)) annihilates vg it annihilates V (n, &). Since Evg = 0, Q(M)vg =
k2(gK — g 'A7'K')(K — AK")vg. The result follows from (K F ¢"K')vy = 0.

(5) Let vy, ..., v, be the basis for V (n, +) in Section 5C1 and, to avoid confusion,
write v; for the basis element v; in V (n, —). Thus, Kv; = —8q"/2_ivlf.

Define ¢ : ¢X60*V(n,+) — V(n, —) by ¥ (v;) := (—l)ieiv;. To show 1 is an
S-module isomorphism it suffices to show it is an S-module homomorphism. To
this end, consider v; as an element in ¢;60*V (n, +). Because 6¢.(K) = —¢K,
Kv; = —sq”/z_ivi. Hence

Y (Kvi) =Y (—eq"*'v) = —eq" 7 (=) 'v] = (=)'’ Kv] = Ky (vp).

Similarly, because 6¢.(K') = eK’ and K'v, = sqi_”/zv;,

Y(K'v) =¥ (eq" " Pu) =eq' (=) e'v) = (=1)'e"K'v] = K'Y (v)).
We also have

Y (Fu) =y (eln —ilvig) =eln—il(=D™ e | = (=)' Fo] = Fy (vy)

and

Y (Evy) =¥ (elilvi—) = eli] (=D 'e" ], = (= D'e'Ev] = Ey(v)). O
5C3. Fat points and fat point modules. For each n € N we define

Fn,£) =V, +)®Clz]

and make this a graded left S-module according to the recipe in Lemma 2.1. It is a
fat point module. Proposition 5.6 makes the statement that the fat point (module)
F(n, £) corresponds to the finite-dimensional simple U, (sl)-module L(n, %)
precise.

Lemma 5.5. If 0 is the automorphism in Section 5C2, then 0* F (n, &) = F (n, F).
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Proof. If V is any left S-module and ¢, the automorphism in Section 5C2 associated
to & € k*, then the map @ : V @ k[z] - (¢}V) ®Klz], D(v ®7) = v ® (e2), is
an isomorphism in Gr(S). Hence

F(n,—)=¢:0"V(n,+) @K[z] = 0"V (n, +) @ K[z]
=Z0*(V(n, +)®K[z) =60"F(n,+). O

Proposition 5.6. If n* : Gr(S) — QGr(S) and j* : QGr(S) — U,(slp) are the
functors in Section 1A2, then j*n*F(n, £) = L(n, t); i.e., there is an isomorphism
of U, (slp)-modules

F(n,£)[(KK) o= L(n, +).

Proof. The functor j*7* sends M € Gr(S) to M[(KK’)~']y, where the latter
is made into a U, (sl)-module via the isomorphism U, (sl,) — S[(KK' )y~ 1p in
Proposition 2.4.

Since K K’ acts on V (n, &) as the identity, it acts on F(n, £) = V(n, +) Q k[z]
as multiplication by z2. Hence, F(n, £)[(KK) o = V(n,+) ® k[z, 2%y =
Vin,t)® 1.

Let S = S[(KK)™]. Applying the functor S®s — to the surjective S-module
homomorphism F(n, £) - V(n, ), v® 7> v, produces a surjective homomor-
phism

Y FI(KK) =8®s F(n,+) > S®s V(n, £)

of S-modules. Of course, ¥ is a homomorphism of So-modules. Every homoge-
neous component of F(n, +)[(KK')~!]is an §0—subm0dule of F(n, £)[(KK)™1]
so Y restricts to a homomorphism F'(n, HI(KK) 1y — .§®S V(n,*) of §0-
modules. But § ®sV (n, L) is isomorphic to L(n, ) as an §0—m0dule by Proposition
5.4(3) and, by the previous paragraph, dim(F (n, £)[(K KN No)=dim(V(n, +£))=
n+1=dim(L(n, £)) so the restriction of ¥ to F(n, +)[(KK')" 'y is an isomor-
phism of So-modules. (]

Proposition 5.7. Let n > 0. Let £1 be any line on Q(£q") that is in the same
ruling as the line E = K F¢q"K' =0.

(1) There is a surjective S-module homomorphism M,, — V (n, L).

(2) There is a homomorphism M,, — F(n, £) in Gr(S) that becomes an epimor-
phism in QGr(S).

(3) In Proj,.(S), the fat point F (n, X) lies on the line £ .

Proof. Let s € P! be such that £ is the line

K(KFq"K')—s"E=«x(KFq "K')+sF=0.
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Thus,
S

SXi+8Yy’

12

M.

where X+ =« (K F¢"K')—s 'E and Y+ =k (K F¢"K') +sF.

(1) Since V(n, ) is a simple S-module it suffices to show there is a nonzero
homomorphism M,, — V(n, ). For this, it suffices to show there is a nonzero
element in V (n, &) annihilated by both X and Y.

If s=0,and v =vyp€ V(n, &), then X1vi =Fvg=0and Yovy =(KFq¢"K )v+
=0. If s =00 and v = v, € V(n, L), then Xy1vy = (K Fqg "K')v, = 0 and
Yivy = Fv, =0. Thus, (1) is true if s equals 0 or oco.

From now on, assume that s # 0, co. Let Ag, ..., A, € K* be such that
[n—i] _ 2
hip1/hi = E£VE] ——sg™
z+l/ i [i + 1] q
for all i. If
n
ve=Y A €V(n, ),
i=0
then
n
Xive =Y (kV/EL@" 7 Fq7"q 00 — s~ EDIiAvi-1)
i=0
n
= Z(_q—"/2«/11 [n— il F57 i+ Ui v;
=0
=0
and

n

Yivy = Z(KV £1(q"* " F4"¢ P nvi +sln — i1Aivig1)
i=0

= (—q"PVEL i + sl —i + 1aio)y;
=0

=0.

(2) By Lemma 2.1, the existence of a nonzero homomorphism M,, — V(n, £)
implies the existence of a nonzero homomorphism M,, — F(n,£) in Gr(S).
However, as an object in QGr(S), F(n, %) is irreducible so (2) follows.

(3) This is just terminology. ([

If one of the lines £+ = {X 1+ = Y+ =0} in Proposition 5.7 meets C at (&1, &, &3, 0),
then it meets C’ at (¢ "&;, ¢"&, 0, &3). Combining this with Theorem 4.2(5)
gives the following result.
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Corollary 5.8. Let p = (&1, &, &3, 0) € C and define p+ = (&1, &, 0, £&3). Let £+
be the secant line to C U C' passing through p and o§(p+). There is a surjective
homomorphism My, — V (n, £) in Mod(S) and an epimorphism M,, — F(n, £)
in QGr(S).

The analogue of (5-2) requires results from the next section, and can be found in
Theorem 6.2.

6. Relation to the nondegenerate Sklyanin algebras

We remind the reader that S(«, B, y) denotes one of the nondegenerate Sklyanin
algebras defined in (2-2).

In this section, we show that some of our results about S can be obtained as
“degenerations” of results in [Smith and Stafford 1992; Chirvasitu and Smith 2017;
Smith and Staniszkis 1993] about S(«, 8, y). We also complete the characterization
of those line modules that surject onto fat point modules that we alluded to in the
last section.

6A. The point scheme of a nondegenerate Sklyanin algebra. We follow [Smith
and Stafford 1992]. The point scheme of S(a, B8, y) embedded in P? with coordi-
nates xg, X1, X2, X3 18

(6-1) E'=EU{(1,0,0,0), (0, 1,0,0), (0,0, 1,0, (0,0,0, 1)},
where E is the elliptic curve defined by

1—y I1+y
6-2 2 2 2 2:0: 2 2 2'
( ) x0+x1 +xZ+X3 X3+1+axl+1_ﬁx2

Equivalently, E is the intersection of any two of the following quadrics:

xg+xf+x3+x3=0,

©3) x(i — ﬂyjf — Vx22+ﬂx3z =0,
Xy +yxi —ayx; —axy =0,
xg — ,Bxlz +ax% —ozx32 =0.

There is an automorphism o of E’ that fixes the four isolated points and on E is
given by the formula

X0 —2aBy x1x2x3 — xo(—xg + ﬂyxlz —i—otyx% + oz,Bx32)
64) o X1 . 200 Xxgx2x3 + xl(xg — ,8yx12 + ayx% +oz,3x32)
| x 28 xoxixz + xz(xg + ,8)/x12 — ayx% + oz,Bx32)

X3 2y xpxixza + X3 (xg + ,3]/)612 + oc)/xz2 — a,8x32)
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6B. Degenerate point scheme. In the degenerate case, substituting («, 8, y) =
(0, b*, —b?) into equations (6-1) through (6-4) yields the following results.
We will compare the point scheme of S = S(0, b?, —b?) to

(6-5) E(’ieg = Egeg U{(1,0,0,0),(0,1,0,0),(0,0,1,0), (0,0,0, 1)},
where the curve Ege is defined by
(6-6) X xt x5+ x3=0=x3+ (1 +bHx7 +x3,
or as the intersection of any two of the quadrics
g+ xt+x34+x5=0,
X3 +b*x} 4 b*x3 +b*x3 =0,
xg — bzx]2 =0,

2 2.2
x5 —bx7=0.

(6-7)

/

The automorphism on Ej_, fixes the four isolated points and is defined on Egeg by

deg
X0 xo(xg + b4x12)
X1 x1(x2 4 b*x?)
6-8 : 0 1
6-8) Odeg X2 ~ 2b2x0x1x3 + XQ()C(% — b4x12)
X3 —2b%xpx1x2 + X3 (xg — b4x12)

6C. Comparison with our results. We now compare (Eéeg, Odeg) With (Pg, o)

from Theorem 4.2. Recall our definitions of E, F, K, K’ from (2-5):

E=L(—ib)ratixy)., F=L(+ib)(xs—ixs).
(6-9) 2 2
K =xo+bx), K =xo—bx;.
With respect to the homogeneous coordinates E, F, K, and K’,
Ps=CUC'ULU{(0,0,1, 1)},
where C, C" and L are given by
C':EF+k*K'*=K =0,
C:EF+ik*K*=K' =0,
L:K=K'=0.
The conics C and C’ lie on the planes K’ = 0 and K = 0, respectively, and the

line L is the intersection of those two planes. With respect to the homogeneous
coordinates E, F, K, and K’, (6-5) becomes

E(/jeg = EngU{(()? 0’ 15 1)9 (07 05 19 _1)5 (Q7 15 Oa 0)7 (_q7 17 05 O)}
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The isolated points (1, 0, 0, 0) and (0, 1, 0, 0) in (6-5) remain isolated after degen-
eration, but the points (0, 0, 1, 0) and (0, 0, 0, 1) in (6-5), which are (g, 1, 0, 0) and
(—¢,1,0,0) in the E, F, K, K’ coordinates, become points on the line L in Pg
after degeneration.

Next, we compare Eg4. with C U C"U L. The equation (6-6) yields

xg — b*x} = (xo — bx1)(xo + bx;) = KK’ =0.

Hence Ege; C {K =0} U{K' =0}.
On the plane K’ = 0, xo = bx; so both sides of (6-6) for Egeg become

(1 —i—bz)xl2 +x§ +x32 =0.
On the other hand, C’ is given by
0=EF+k*K'? = =214+ b)(x3 +x3) + 4*b*x}
=11+ (x3 +x3) — A +bP) 7]
= 1A +H02 + 23+ A+ D)D),

Hence Egee N{K' =0} = C’. A similar calculation yields the analogous result for
the plane K = 0. We thus conclude that

Egeg =CUC.

Finally, we compare ogey and o. On the plane K =0,

X0 (b* + b*)x?xg (1+b%)xo

S EYN O*+ohHxy | (1+b%)x
deg - f 264 %205 + (b — b2y |~ | (1= bP)xy 4 2b%x;
X3 —2b*x3xy + (b* — b*)xix3 (1 —b?)x3 —2b%x,

Changing coordinates,

X2 +ix3 (1 —ib)*(xy +ix3) q(x2 +ix3)
oo Xy —ix3 (14ib)*(xz —ix3) _ g~ (x — ix3)
| xo+bx (1+b%)(xo + bx1) (x0 + bx1)
0 0 0

Therefore, inthe E, F, K, K’ coordinates, 04eq (£1, &2, &3, 0) = (¢&1, ¢ 162, &3, 0) =
os(&1, &, &3, 0). Similar calculations on the plane K’ =0 and on the isolated points
yield ogeg = 0.

6D. Degenerations of Heisenberg automorphisms. Recall (e.g., from [Chirvasitu
and Smith 2017, Proposition 2.6]) that the Heisenberg group of order 4° acts on the
Sklyanin algebra S(«, B, y) as follows.
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X0 X1 X2 X3

¢1 | bexy —ixg —ibxy —cxp
¢y | acxy —axz —ixg —icxy

¢3 | abxs —iaxy, —bx; —ixg

Table 2. Automorphisms of S(«, 8, ).

E F K K’
o1 bgF —bg™'E  —ibK' ibK
¢ | 2A—ib)K'  J(1+iD)K 0 0

¢3 | sA—ib)K' —L(1+ib)K 0 0

Table 3. Endomorphisms of S(0, 8, —f8).

First, fix square roots a, b and ¢ of «, § and y respectively. We define automor-
phisms ¢; of S(«, B, y) via Table 2.

Now fix vy, v, v3 € k™ such that avl2 = bv% = cv32 = —iabc, and define ¢; =
v g1, &2 =v; '$a, 3=, '¢3, and 8 =i. The subgroup (g1, &2, €3, 8) C Aut(S)
is isomorphic to the Heisenberg group of order 4°, defined by generators and
relations as

Hy:=(e1,82,6 | 8‘1l = 8‘2l =5*=1, de1 = ¢€18, €26 = 8&r, £189 = ber€q).

The algebras we are considering are of the form S(0, 8, —f8). We define c = ib.
The map ¢, still extends to an algebra automorphism but ¢, and ¢3 degenerate to
endomorphisms. In terms of E, F, K, and K’, the endomorphisms ¢; act as in
Table 3.

Although ¢ and ¢;3 are not isomorphisms, there are associated endofunctors ¢3
and ¢ of Gr(S). The application of ¢ and ¢; to the point modules M,0,1,+1) €
Gr(S) produces point modules. Indeed,

$(S) =¢3(S)=C[K,K'] C S,

and the two point modules referred to above are cyclic C[K, K’']-modules. With
this in hand, the next result describes how the ¢; act on the four S(0, 8, —fB)-points
obtained by degeneration from S(«, 8, v). The proof is a direct application of the
formulas in Table 2 above.

Proposition 6.1. The endomorphisms ¢; of S move the four special point modules
of S as follows.

(1 ¢’f interchanges M o,0,1,+1) and interchanges M4 1,0,0
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(2) P53 M0,0,1,+1) = M(+4,1,0,0)5
() 3 M,0,1,+1) = M(4.1,0,0)-

6E. Degenerations of fat point-line incidences. In this section we describe reso-
lutions of fat points by line modules by degenerating the analogous statements in
[Smith and Staniszkis 1993] for the algebras S(«, 8, y).

If £ C P3 is the line passing through p, p’ € C U C’, we will sometimes denote
the line module M, by M, ,; for clarity. We will also use the following notation:
if p=(&,&,&3,0) € C, then py = (&1, &, 0, £&3) € C’ is the point for which
M, . surjects onto F (0, £). Similarly, in order to keep the notation symmetric, if
p € C’ then p. is the point on C for which M, ,, surjects onto F (0, &).

Finally, we denote by o = o5 : (C U C’)> — (C U C’)? the diagonal action of
o =0og on (CUC’)?, and by ¢ the automorphism

V= (id, o) : (CUC)?* > (CUC)H’.
By a slight abuse of notation, we use the same symbols to refer to the induced
automorphisms on the variety of lines through pairs of points on C U C’.

Theorem 6.2. Let n be a nonnegative integer, £+ a line through p, p+ € CUC’,
and £, the line " (£1). In QGr(S), there is an exact sequence

(6-10) 0—> M,-wing, (—n—1)—> My — F(n,£) - 0.

Proof. We will prove this for £,. To that end, let £ be the line through p and p..
The relation {(p, p+)} on CUC’ is the fiber over (0, b%, —b*) of a family of rela-
tions over the space of parameters (o, 8, y) for the Sklyanin algebras. Specifically,
let us write
(X0, X1, X2, X3) > (—Xo, X1, X2, X3)

for the — maps on the elliptic curves £ = E(«, B, y) and let
(XO, X1, X2, x3) = (.X(), X1, —X2, _x3)
be addition by the 2-torsion point w € E.

Claim. {(p, py)} is the limit of the graphs of the maps p — w — p.

Proof of claim. In terms of the x; coordinates, the map p — @ — p amounts
to changing the sign of xg. On the other hand, the discussion at the beginning
of Section 6E shows that in (E, F, K, K’)-coordinates the map p — p, simply
interchanges K and K’. Since CUC" is the degeneration of the family (6-2) of elliptic
curves, the truth of the claim follows from the coordinate change formulas (6-9). [J

The claim implies that the resolutions

0— Mg(p),g(w_p)(—l) —> Mp,w—p —>eo—0
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of the point modules associated to (xp, x1, X2, x3) = (1, 0, 0, 0) (e.g., from [Lev-
asseur and Smith 1993, Theorem 5.7]) degenerate to (6-10) for n = 0 in the +
case.

Similarly, for larger n we have, in the nondegenerate case, resolutions

0— Mg*<n+1>(17),0*1(w—17)(_n — D= Mporw—p) — =0

of 1-critical fat points of multiplicity n + 1 as explained in [Smith and Staniszkis
1993, Proposition 4.4(b)]. These degenerate to a resolution of the form (6-10) of a
certain fat S-point module of multiplicity #» 4 1 (denoted momentarily by the same
symbol e):

(6—11) 0 e Mo——(n+])(en)(—n — 1) —> M@n — & —> 0,

where £ is the line through p and p, and ¢, = ¢"(£); note that e is the same fat
point (up to isomorphism in QGr(S)) for all choices of p.

Finally, to argue that ¢ = F'(n, +) in the present case, simply specialize to the
line ¢ for which (6-11) is the homogenized version of the standard BGG resolution
(5-2) of the simple U, (sl;)-module L(n, +).

There is a similar argument for F(n, —), or one can use the observation in
Lemma 5.5 that F(n, —) 2 0*F(n, +). [l

Remark 6.3. Incidentally, one can give a proof of Proposition 4.8 in the same spirit
as that of Theorem 6.2 by degenerating the exact sequences

0> M;p6-1,

(=) —> M, y— M, —0

from [Levasseur and Smith 1993, Theorem 5.5] for the Sklyanin algebras S(«, 8, y),
where p, p’ belong to the elliptic curve component E = E(a, B, y) of the point
scheme of S(«, B, ¥) and o is the translation automorphism of E. The result
then follows from the observation made above that E(«, 8, y), together with its
translation automorphism, degenerates to C U C’ equipped with our automorphism

(also denoted by o throughout) when o« — O. ¢
The next result completes the description of the fat point-line incidences.

Proposition 6.4. For n > 0 the line modules M, from Theorem 6.2 are the only
ones having F (n, ) as a quotient in QGr(S).

Proof. The only central element () annihilating F(n, ) is Q(%g"). In turn,
Proposition 5.3 tells us that the only line modules annihilated by €2(£g") are the
lines My, in question and the lines M, -w+1 ) appearing as the leftmost terms in
(6-10). In conclusion, it suffices to show that there are no surjections

(6-12) Maf<n+1>(p),071(pi) — F(n,$)
in QGr(S).
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Let us specialize to F(n, +), to fix notation. Upon localizing to S[(K K’ Yy =
U = U,(sl(2)), (6-12) becomes a surjection

U
(6-13) UX+UY — L(n, +),
where X =k (1—¢" 2k~ ) —s7 g7 2eand Y =k (k—g~"+?)+54~1/2 f for some
s € P! If s = 0 or oo then the left-hand side of (6-13) is the simple Verma module
of highest weight ¢~""+2 (respectively lowest weight ¢"*2), thus contradicting
the existence of such a surjection. On the other hand, if s € C*, then we obtain

surjections (6-13) for all s € C* by applying the G,,-action on U given by
ki>k, er—sle, fr>sf forseC*

By continuity in s € P!, we then get such surjections for s = 0, co as well, and the
previous argument applies. U

We end with the following remark on certain modules over U = U, (sl>). In
the proof of Proposition 6.4 we showed that the modules (6-13) of the form
U/(UX4 + UY+) do not surject onto the simple modules L(n, £) for

X:I: — K(l :Fql’H-Zk—l) _s—lq—l/ze’

(6-14)
Yo=kkFq ") +sq717f,

where s € P!, In fact, we can do somewhat more:

Proposition 6.5. For X+ and Y+ as in (6-14) the module U/(UX+ + UY.) is
simple.

Proof. As in the proof of Proposition 6.4, we focus on X = X, and Y = Y to fix
notation.

Assume otherwise. Then, using the equivalence between the category of modules
over U = S[(KK')" ']y and a full subcategory of QGr(S), this assumption implies
that the line module

M = MU_(”'H)(p),U_l(pi)

from (6-12) has a nonobvious subobject in QGr(S). The criticality of line modules
then implies that such a subobject would be a shifted line module, and hence there
would be a surjection from M to a nonzero fat point. Localizing back to U this
would give a surjection of U/(UX + UY) onto a nonzero finite-dimensional U-
module, which would be a contradiction as in the proof of Proposition 6.4. (]

The significance of Proposition 6.5 is that it fits the simple Verma modules
of highest and lowest weights ¢~"*? and respectively ¢"*2 into “continuous”
P!-families of simple modules.
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