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GLOBAL EXISTENCE AND BLOWUP OF
SMOOTH SOLUTIONS OF 3-D POTENTIAL EQUATIONS
WITH TIME-DEPENDENT DAMPING

FEI Hou, INGO WITT AND HUICHENG YIN

In this paper, we are concerned with the global existence and blowup of
smooth solutions of the 3-D irrotational compressible Euler equation with
time-dependent damping

9 p +div(pu) =0,
9 (pu) +div(pu @ u + pl3) = —a(t) pu,
p0,x)=p+epp(x), u(0,x)=cuyx),

where x € R?, the frictional coefficient o (£) = ./ (1+¢)* with & > 0 and A > 0,
p > 0is a constant, py, ug € C3°(R?), (po, ) #0, p(0, x) > 0, curl ug =0, and
& > 0 is sufficiently small. For 0 < A < 1, we show that there exists a global
C>®([0, 00) x R3)-smooth solution (p, u) by introducing and establishing
some uniform time-weighted energy estimates of (p, u), while for A > 1, in
general, the smooth solution (o, u) blows up in finite time. Therefore, A =1
appears to be the critical value for the global existence of small amplitude
smooth solution (p, u).

1. Introduction

In this paper, we are concerned with the global existence and blowup of smooth
solutions of the three-dimensional irrotational compressible Euler equations with
time-dependent damping

0:p +div(pu) =0,
(1-1) 0 (pu) +div(pu @ u + pl3) = —a(t) pu,
p(0,x) =p+epo(x), u(0,x)=cup(x),
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where x = (x1, x2, X3), p, u = (u, uz, u3), and p stand for the density, velocity,
and pressure, respectively, I3 is the 3 x 3 identity matrix, the frictional coefficient
a(t) = pu/(1+1)* with w > 0and A > 0, and ug = (uy,0, U2,0, 43,0),

curl ug = (du3,0 — 03120, d3u1,0 — 01U3,0, 0120 — dau1,0) = 0.

The equation of state of the gases is assumed to be p(p) = Ap?, where A > 0
and y > 1 are constants. Furthermore, p > 0 is a constant, pg, ug € C8°(R3),
(po, ug) = 0, p(0,x) > 0, and ¢ > O is sufficiently small. With respect to the
physical background of (1-1), it can be found in [Dafermos 1995].

For u =0 1in «a(?), (1-1) is the standard compressible Euler equation. It is well
known that C*°-smooth solution (p, u) of (1-1) will in general blow up in finite
time. For the extensive literature on blowup results and the blowup mechanism for
(p, u), see [Alinhac 1999a; 1999b; 1993; Christodoulou 2007; Christodoulou and
Miao 2014; Christodoulou and Lisibach 2016; Ding et al. 2016; Hérmander 1997;
Sideris 1997; 1985; Speck 2016; Yin and Qiu 1999; Yin 2004] and so on.

For A = 0 in «(¢), it has been shown that (1-1) admits a global C°°-smooth
solution (p, u) and the large time behavior of (p, u) is governed by a parabolic
equation derived by using Darcy’s law; see [Dafermos 1995; Hsiao and Serre 1996;
Hsiao and Liu 1992; Kawashima and Yong 2004; Nishihara 1997; Pan and Zhao
2009; Sideris et al. 2003; Tan and Guochun 2012; Wang and Yang 2001].

For > 0 and A > 0 in «(?), an interesting problem arises: does the C*°-smooth
solution (p, u) of (1-1) blow up in finite time or does it exist globally? In this paper,
we will systematically study this problem under the assumption of curl uy = 0.
In this case it is not hard to see that curlu(¢, -) = 0 for all + > 0 as long as the
smooth solution (p, u) of (1-1) exists. Then one can introduce a potential function
¢ = @(t, x) such that u = Vg (here and below, V = V,), where the C* scalar
function ¢ has a compact support in x (as u(¢, - ) has a compact support for any
fixed ¢ > 0 in view of ug € Cgo([R3) and admits a finite propagation speed which
holds for hyperbolic systems). Substituting # = V¢ into the second equation of
(1-1), we obtain

(1-2) dp + 3IVel* +h(p) +

"
:O,
A+

where h'(p) = ¢*(p)/p with c(p) = /p’(p) and h(p) = 0.
From h'(p) > 0 for p > 0 we have that

-1 1 2 M
(1-3) p=h < (8z<p+2|V<p| +(1+t)k<p>>,

where p = h~'(0) and A~! is the inverse function of & = h(p).
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Substituting (1-3) into the first equation of (1-1) yields

(1-4) 3p—c <p>A¢+2Z<ak<o>a 0+ Z(a,@(akgo)a,kw
k=1 i,k=1

122 2 w
_ M VeP+a -
HET A f<(1+z)k‘p)

As for the initial data ¢(0, x) and 9,¢(0, x) for (1-4): Obviously, ¢(0, x) =
e@o(x), where

xi
¢0(X)=f u1,0(s, x2, x3) ds.

—0o0

Note that ¢ € Cgo([R3) in view of curlug = 0 and ug € C(‘)’Q([R{3). Furthermore,
from (1-2) we infer that 3,¢(0, x) = e¢; (x) + &g (x, €), where

2 -
c“(p)
$1=- (/Mpo + F ,00)

2(p) I
g(x, ) =—pjlx ) dQ—EZui’O(x).
i=1

Notice that g(x, &) is smooth in (x, ¢) and has compact support in x. Conse-
quently, studying problem (1-1) under the assumption curl uy = 0 is equivalent to
investigating the problem

and

p=p+0epp(x)

oo —c <p>A¢+22<ak¢>a 0+ Z (30) (3) 070
k=1 i,k=1

(1-5) 22 2 M .
HETAA +a’((1+x)ﬁ‘p>_

9(0,x) =e@o(x), 89(0, x) = ep1(x) +&°g(x, &).

Here we mention that

o) =A@ — (v — 1)(8“” IOl + g0)

which follows by direct computation.
We now state the first main result of this paper.

Theorem 1.1 (global existence for 0 <X <1). Suppose that curlug=0. If >0 and
0 < A <1, then, for e > 0 small enough, (1-5) admits a global C*°-smooth solution
¢. As a consequence, (1-1) has a global C*-smooth solution (p, u) which fulfills
o > 0 and which is uniformly bounded for t > 0 together with all its derivatives.
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Remark. The principal part of the linearization of the equation in (1-5) about
(0, 9) =(p,0) s

UA

(1-6) L) =076 —(P) A+ ———— 0§ — RETTEEZ

(1+t)

For the linear operator £y with

Lo$) =86 = F DAY+ i

which appears as part of (1-6), it is shown in [Wirth 2006; 2007] that the large-term
behavior of solutions ¢ of L£y(¢) = 0 depends on the value of A. For 0 <A < 1
it is the same as the large-term behavior of solutions of the linear heat equation
0, — cz(ﬁ)A(/') 0, while for A > 1 it is the same as the large-term behavior of
solutions of the linear wave equation 32¢ — c?(p)A¢ = 0. In addition, precise
microlocal large-term decay properties of solutions ¢ of L£(¢) = 0 have been
established in [do Nascimento and Wirth 2015] for a special range of values of
A and pu. It seems to be difficult, however, to apply these microlocal estimates
to attack the quasilinear problem (1-5). (In general, those microlocal estimates
are useful when treating semilinear damped wave equations; see [D’ Abbicco and
Reissig 2014; D’ Abbicco et al. 2015].)

Remark. For the 1-D Burgers equation with time-dependent damping term

I
ow+wohw=————w, (({,x)eRLxR,

w(0, x) = gwp(x),

where 1 > 0 and A > 0 are constants, wo € C;°(R), wo #0, and & > 0 is sufficiently
small, one concludes by the method of characteristics that

T,=00 if0<Ai<lori=1,u>1,
T, <oo ifA>loraA=1,0<u<l,

where T is the lifespan of the C°°-smooth solution w of (1-7). Therefore, A = 1
again appears to be the critical value for the global existence of smooth solutions w
of (1-7) in the presence of the damping term

_r
(I1+0)*

Remark. The smallness of ¢ > 0 in Theorem 1.1 is necessary in order to guarantee
the global existence of smooth solution (p, u). Indeed, as in [Sideris et al. 2003],
large amplitude smooth solution of (1-1) may blow up in finite time even for
0 <A <1. See also Theorem 4.1.
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Next we concentrate on the case of A > 1. As in [Sideris 1985], introduce the
two functions

. (Ix] = 1)? _
qo(l) = ——(p(0,x) — p) dx,
=1 x|

X2 =12
a1() = / (o (0.x)dx.
st |x]

Before stating our blowup result for problem (1-1) with A > 1, we require to
introduce a special hypergeometric function ¥ (a, b, c; z), where the constants a
and b satisfy a+b =1 and ab = %;M, c € RT, the variable z € R, and

+00
W beny =y DO

= nl(c),
with (@), =a(@+1)---(a+n—1) and (a)o = 1. It is known from [Erdélyi et al.
1953] that W (a, b, c; z) is an analytic function of z in (—1, 1) and W(a, b, c; 0) =
W(a+1,b+1,c;0)=1. Therefore, there exists a small constant §y > 0 depending
on a and b (i.e., ; and A) such that for —160 <z<0,

(1-8) 1<V, b 1;2),¥a+1,b+1,2;2) < 3.

Theorem 1.2 (blowup for A > 1). Suppose supp po, suppug C {x : |x| < M} and
let

(1-9) go() > 0,

(1-10) q1(1) =0

hold for all | (M, M), where M is some fixed constant satlsfymg 0<M < M.
Moreover, we assume that there exist two constants My > M and A > 2;/)» such
that

(1-11) q1(1) = Ago(D),

holds for all | € (My, M), where M — My < 8y and &g is given in (1-8). If © > 0
and A > 1, then there exists an g9 > 0 such that, for 0 < ¢ < gy, the lifespan T, of
C°-smooth solution (p, u) of (1-1) is finite.

Remark. It is not hard to find a large number of initial data (o, u)(0, x) such that
(1-9)—(1-11) are satisfied. For instance, choosing pg(x) > 0 and ug(x) =xpo(x)A/p,
then we get (1-9)—(1-11).

Remark. Sideris [1985] showed the formation of singularities in three-dimensional
compressible equations under the assumptions of (1-9)—(1-10). However, in order to
prove the blowup result of smooth solution (p, u) to problem (1.1) and overcome the
difficulty arisen by the time-dependent frictional coefficient 1 /(1 +¢)* with > 0
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and A > 1, we pose an extra assumption (1-11) except (1-9)—(1-10), which leads to
the nonnegativity of P (¢, /) in (3-7) so that an ordinary typed blowup inequalities
(3-23)—(3-24) can be established. One can see more details in Section 3.

Let us indicate the proofs of Theorems 1.1 and 1.2. To prove Theorem 1.1,
we first introduce the function ¥ = ¢/(1 +¢)* which fulfills the second-order
quasilinear wave equation

21 Al — )
= AV o = Y = 0 v 5,

where Q (¥, 3y, 32y) stands for an error term which is of the second order in
(Y, 0, 821//); d = (0, V). Then, in order to establish the global existence of ,
we introduce the time-weighted energy

Evn0= Y [ roParey iyl d
0<la|<N
where N > 8 is a fixed number, I' = (I'g, I'1,...,I'7) = (9, 2, S) with Q =
(1,2, 2) =x AV, S =18 + Y ;_, xxd, and T = TET{"...T%. Note
that the vector fields I" which appear in the definition of the energy Ey (¥)(¢)
only comprise part of the standard Klainerman vector fields {9, 2, S, H}, where
H = (H,, Hy, H3) = (x10;, + 101, x29; +19;, x30; +t03). This is due to the fact that
the equation in (1-5) is not invariant under the Lorentz transformations H in view
of the presence of the time-dependent damping. By a rather technical and involved
analysis of the resulting equation for ¢, we eventually show that En () (¢) < %K 2g2
when Ey(¥)(t) < K 2¢2 is assumed for some suitably large constant K > 0 and
small ¢ > 0. Here we emphasize that the condition of 0 < A <1 plays an essential
role in the process of deriving the uniform boundedness of Ex (¥)(¢) (see Lemmas
2.3-2.5). This, together with the continuous induction argument, yields the global
existence of i and further completes the proof of Theorem 1.1 for 0 <A < 1. To
prove the blowup result of Theorem 1.2 for A > 1, as in [Sideris 1985], we derive a
related second-order ordinary differential inequality. From this and assumptions
(1-9)—(1-11), an upper bound of the lifespan T is derived by making essential use of
A > 1. In this way the proof of Theorem 1.2 is completed. In Theorem 4.1, we show
that for large data smooth solution (p, u) of (1-1), evenin case 0 <A <1, (p, u)
will in general blow up in finite time. In addition, the proof on the nonnegativity of
P(¢, 1), which is introduced in (3-1), is given in the Appendix.
Throughout, we shall use the following notation and conventions:

e V stands for V,;

o r=|x| :,/x12+x22+x32;

o (r—1)=(1+@—-0*)"%
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12
o flut, )l = (fo lut, 0)1*dx)"? and Ju(t, )|z = sup,egs |u(t, ©)];
» [" denotes one of the vector fields {0, S, 2} on Ry x R3, where 9 = (07, V),
S=1d4+ Y 0_ xxd, Q= (Ql, Q, Q) =xAV;

e B is the solution of 8'(¢) = B(t) fort >0, 8(0)=1,i.e.,

(1+ 1>

Al =1 S0 £,
140+, A=1;

(1-12) B(1) =

e c(p) =1 will be assumed throughout (introduce X = x/c(p) as a new space
coordinate if necessary).

2. Global existence for small amplitude in case 0 <A <1

Throughout this section, C > 0 stands for a generic constant which is independent
of K, ¢, and t.
We start by recalling a Sobolev-type inequality (see [Klainerman 1987]).

Lemma 2.1. Let u = u(t, x) be a smooth function of (¢, x) € [0, 00) x R3. Then
@-1) ut, )l < CA+r)"" Y ITu, x|
la|<2

Moreover, we shall make use of the following inequalities (see [Klainerman and
Sideris 1996, Lemma 3.1 and Theorem 5.1]).

Lemma 2.2. For u € C2([0, 00) x R%),

(2-2) I(r = 1) Vou(t, x)|| < c( > 19T u(e, )| +r||Du<t,x>||),
|b|<1

(2-3) (I4+r){r—1)|Vou(t, x)| < C( Z ||8Fbu(t, | | 0w, x)||),
|b|<3

where =92 — A =8} =31 _, 92.

We now reformulate problem (1-5). Let ¢ = ¢ /(1 4+ )*. From (1-5) and ¢(p) =1
we then have

m 2 A(1 = 1)

EDE Y+ ——0 ¢

1+¢ " (1+[)2‘/’:QW’3‘/’, 1Y),

(2-4) Uy + ———

where
QW 3y, 8°Y) = (F(p)— DAY =2(14+0"8, V-V =241+ VY|
—u VY P =140 Y @) 0905

1<i,j<3



396 FEI HOU, INGO WITT AND HUICHENG YIN

We define a time-weighted energy for (2-4),

Ex@@®)= > /R3((1+r)2*|ara¢|2+|r“w|2)dx,

0<la|<N

where N > 8 is a fixed number. Moreover, we assume that for any ¢ > 0,
(2-5) En(y (1) < K?¢?,

where K > 0 is a suitably large constant. It follows from (2-1) and (2-5) that, for
all |a| < N -2,

(2-6) ey < C+r~" Y T a0y e, )|
|b]<2

<CU+r)"" Y 19Ty, x|

|b|<N

<CA+r"'a+0*VENW (1)
<CKe(l+nrn~'a+n?

and

2-7) Dyl < CA+n7" Y IT %@, 0l < CKe(14+r)7"
|b|<N

In view of Lemma 2.2 and (2-5), we have

Lemma 2.3. Let  be a solution of (2-4). Then, forall la| <N —3and 0 <A <1,
we have the pointwise estimate

(2-8) VALY || < CKe(l +1)"2*.
Moreover, for 0 <[ < N — 1, the weighted L? estimate

29 > = Varty x|

b=l
<C Y Ty @0l +CA+0" Y VI, )l
le|<l+1 lel<l
+CA=NA+D7" Y TY (@, x|

le|=<l

holds.
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Proof. 1t follows from (2-3)—(2-4) and (2-6)—(2-7) that

(I+1) Y [Vary|

la|<N-3

<C Y (+r)r—1|Vorty|

la|l<N-3

<C Y Ty |+Cr Y Ory|

le|<N la|<N-3

<CKe(l+n+CA+0"% Y gDyl +CcA+0"" Y My
la|<N-3 la|<N-3

+CA+0 Y IVATPYT Y+ CA+n0" > D@, Vy - V)|

|b|+]c|<N—=3 la|l<N-3

<CKe(1+0" 4+ CKe(1+1) Y [|VOr*y||r,
la|l<N-3

which derives (2-7) in view of the smallness of ¢ > 0.
By (2-2), (2-6)—(2-8) and (2-4), we have that, for/ < N — 1,

(2-10)
> lr—n)varty|

[bl<l

<C ) Ty l+Ce Yy T Oy |

le|<l+1 |b|<l

<C Y AP+ CU+0" D IVIY+CA =M1+ Y ITy|

le|<i+1 le|=<l le|<I

+CA+0)T Y TP @ VY- VY|

1b|<l

+CU+0) Y r =07 T sl (r =) VT |

lc|<N -3,
[bl<l—|c]

+CU+) Y A+nVArty <141y |

2—N<el<l,
|b|<l+2—N
<C Y AP +CU+0" Y IVEY+CA =M (1+07" Y IITy |
le|<I+1 lel=<l lel<l

+CKe Y |[(r—t)VAr y | +CKe(1+0' > [A+n)7'Ty.
|bl<I 2—=N=lel=l
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Note that ['“v (¢, x) is supported in {x : |x| <+ M}. Then it follows from Hardy

inequality that

(2-11) I(L4+r)"'Téy || < CIVTy]l.

Substituting (2-11) into (2-10) and applying the smallness of ¢, we derive (2-9). [J
Next we derive the time-weighted energy estimate for the solution i of (2-4).

Lemma 2.4. Let 1 > 0 and A € (0, 1]. Under assumption (2-5), for all t > 0 and
N > 8, it holds that

@-12) /Ra((l+t)“|aa“¢|2+¢2)dx+cZ /O/W(Hr)ﬂaa“wzdxdr

0<|a|<N 0<la|=N
t
§C82+C(1+K8)/A(‘L’) Z /((1+r)2*|aa“x//|2+w2)dxdr,
0 O<la|=N R

where A(-) stands for a generic nonnegative function such that A € L'((0, 00)),
and || Al is independent of K but dependent on . and A.

Proof. First we show (2-12) in case |a| = 0. Multiplying (2-4) by m (1 + )% 9,¢ +
(141)**~14 yields by a direct computation

2-13)  13,[m1+0% 0y P20+ Y ay + 1+ T 420 (140 )y ?]
+div(-- )+ (pm 1+ 0" + (m — DA+ D7) (@3,9)?
+ (1 =am)(A+ 0P\ Vy P+ %(1 — )1+ 1) 2y?
+C1 = DA+ P72y + Co(0— D1+ g2
= (m+00y + A +0""Y) 0, 3y, 0*y),

where the constant m > 0 will be determined later and C; (i = 1, 2) are suitable
constants. Note that in the square bracket of the first line in (2-13),

2-14) m(1+029y [+ 200+ 077 Y d g + (1 +0* 7 200+ 0Py
=m0 (§10 PHVYP)+ (11402 (205 ) (1402722

2m 3 1 ’
A A—
+( F A+ + 5 (1 +1) w>.

A< % < min{p + A, 2A};

We choose m > 0 to fulfill

together with A <1 (i.e., 2A —2 < A — 1 <0), this yields that (2-14) is equivalent to
A+ 9y + (1 + 0y,
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On the other hand, the coefficients

um(1+)* + (m — (1 + 1)
and
(1 =am)(1+0)*!

of (3,%)? and |V|? in the left-hand side of (2-13) are both positive.
Then integrating (2-13) over [0, t] x R? yields

(2-15) [((1+t)2x|31//|2+(1+t)x_11//2)dx
R3
+C/ f (140" @)% + (1 + P VYR + (1 + 02292 dx dr
0 R3
§C82+/ A(r)/ 1+ ) "2 dxdr
0 R3

+C

f / (m(1+0)* 8y + A+ ') 0, ay, 3*y) dx dz|.
0 JR3

Next we improve the time-weighted estimate of i in the left-hand side of (2-15).
Multiplying both sides of (2-4) by (1 +1)*v yields by direct computation

0 (L + 0 pary +597) +div() = (02 @) =20+ yay
+ A +DMVY P+ 200+ dy + A — DA+ 22
=1+ O, 3y, ).

From this and (2-15), we can choose the multiplier
m(1+0" 0y + A+ D>y +(1+0*y
for (2-4) with a small x > 0 and then obtain
t
(2-16) / ((L+ D23y |* + y?) dx—l—Cf / A+10)* oy |>dxdr
R3 0 Jm?

13
§C82+/ A(t) | v?dxdr
0 R3

+C

t
/ (140 @) O, 99, %) dx d
0 R3

+C

f f (1+D Y Q. 3y, 8°y) dx dt
0 R3
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Next we derive the time-weighted estimates of 3%y with 1 < |a| < N. Taking
a“ on both sides of (2-4) yields

A

2
o“ 9,0
Y+ T 2

7
9,0
T v+

=0'Q(, 9y, V) + Y

1=<|b|<lal

(1+ 0 +n"h)dy

1
— 2O —1)d ((1 +t)2>1ﬁ.

(1+0)*

Exactly as for (2-16), multiplying this by

m(1+ 028,00 + 1+ 02719 + k(1 +1)* 0%y,

we obtain
t
Q@17 > /((1+t)2*|aa“w|2+w2)dx+c > //(1+r)k|aa“1//|2dxdr
0<lal<n ’® 0<|aj<N YOI

t
§C82+/A(‘[) vrdxdr
0

R3
+C )

0<la|<N

+C Y

0<la|=N

f , / (14 0230913 Oy, 9y, %) dx de
0 JR3

/ / (14 1) (@“9)3° Oy, 3, 929 dx d
0 JR3

We now deal with the last two terms in the right-hand side of (2-17). We first
analyze the integrand (1 + t)ﬂ(ataaw)aa oW, 0, 821ﬁ) of the penultimate term.
Direct computation yields

QY. 0, 3*Yr)
= (A(P)— DAY —2(1+1)V 3,3y - Vi — (1+0)> (3;9)(3;9)970“ ¥ +Lo.t.

and

(2-18) (1 +0*(3,0y)3° Q(¥, 0, 3*y)
=div((1+1)"(c*(p)— 1) (3,9 )VI* ) —div((1+1)**[3,3 % |* V)
— 33 ((1+0*((p) — DIVa*y )
+ (1+ 073,80 Ay + A1+ (P (p) — DIVI*y|?
+ 3L+ (0) 3p VO Y
— (L + 0" @) (@,;9)(0750°9)9,0%9 + Lo,
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where here and below l.o.t. designates lower-order terms which are of the form

@) (@7y) ... (3" y)

(multiplied by 90y or d%y) with [ > 2 and 1 < |by| + --- 4+ |b;] < |a| + 1.
Here we are concerned with the top-order derivatives only. Note that the term
(1+ t)“(a,-w)(ajw)(afjaaw)ata“w in (2-18) can be expressed as

(2-19)  (1+0" @) (9;9)(30°9)9,0°Y
= 1{3: (1 + O™ @ 9) (3;9)(3;99)3,0°9)
+0; (1 + O™ (@) (3;9)(3; 993,99
— B, (140" (3;9) (3;9)(3;0“9)0;0°¥)
+ 3, (L + "™ (@9)0;9) (3;0°9)9;0°¢ + Lo.t.}.

Similarly, for the integrand of

V / (14 1) (3°9)3° O, v, 029 dx d,
0 R3
one has

(2:20) (1+0)*390*Q(y, 0, 3°Y)
=div((1+0)*(c* ()= DV (@*¥)3°%) —38; (1+0)* @0;9)3* (| VY[ ¥)
— 0 ((1+ 0" (VYY) — A+ (P (p) — DIVI*y |
— 1+ 0™ (P)' Vo - V@ Y)d*y + 11+ )13V )y
+ A+ (VY Py + S0+ (A (V)Y
+ 1A+ VY V@ YI*(VY D) + Lot
From the expression (3”1 y)(3%2v) ... (3% ¢) (1 =>2,1 < |bi|+---+|b)| < N+1) of

the lower-order terms one readily obtains that there exists at most one b; (1 < j <1)
such that

N +3
[ + :|<|bj|SN+1.

Moreover, [%] < N —2 by N > 8. Thus, applying (2-5)—(2-7) and subsequently
substituting (2-18)—(2-20) into (2-17) completes the proof of Lemma 2.4. O

Next we focus on the general time-weighted energy estimate of dI'“ys with
O0<l|al] <N and N > 8.
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Lemma 2.5 (time-weighted energy estimate of dI'* for |a| < N). Let u > 0 and
A € (0, 1]. Under assumption (2-5), we have that, fort > 0,

(2-21) Z /I;{?((I+I)ZA|8F“1//|2+|F”1//|2)dx

0<la|=N

t
+C > /0 R3(1+I)A|8F”1//|2dxdr

0<|a|<N

scercrke [Am Y [ (@+0PoruP ) drdr
0 R3

0<lal<N
where the function A has been defined in Lemma 2.4.

Proof. Writing ' = ['?9¢ with I € {2, S}, we will use induction on |b| to prove
(2-21). In view of Lemma 2.4, it is enough to assume that |c¢| = 0.

Suppose that (2-21) holds for |b| <! — 1, where 1 <[/ < N. We then intend to
establish (2-21) for |b| = 1.

Acting with e (where @ = b and |b| =) on both sides of (2-4) yields

w ~ 20~
25T 9,7
A+0*" ler1+z’ 4

= Y "0y + Q. ay. 9°y)

|bi]<[bl

~a /,L . ~a 2)\. ~a _ -2
_[r ,(ana,}p |:F , 1+ta,}zf+r (A=DA+0""y).

(2-22) OM% +

Starting from (2-22), as in the proof of Lemma 2.4, we can choose the multiplier
m(14+0)%9,T% + (1 + )27 'T + k(1 + )" Ty

to derive (2-21). For the commutators, we see from (2-4) that

t ~a 12 S\ ~a
/0/R3|:F ’ (1+t)18’]w(1+’) Iy dxdr

<Cc ) /Ofw(prr)mf”lwﬁ“z//dxdr

lar|<lal

+C Y

lai|<lal

+C Y

lail<lal

(2-23)

/ / (1+0)' T Q(y, 0y, 3*y) Ty dx dt
0 JR3

/1/ (1+0)* T (3, T Y +-(1-2) (14+7) "' Ty ) dx dt
0 JR3
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<Cé&*+C Z

lai|<lal

+C Yy 1+ T Q(y, 3y, 3*y) Ty dx dt
0 JR3

f3(1+t)A8,FHIWf“w dx
R

+0 Y| [ [ oy Fw g By dede

lai|<lal

t
+C > (14+0) 0Ty oT Y dx dt
0 JR3

lat|<lal

By the finite propagation speed, we have for a > 0

(2-24) Byl <c+n Y [afmyl.

lai|<lal

It follows from (2-23)—(2-24) and a direct computation that

(2-25)

> f((1+t)“|afbacw|2+|Fba°'w|2)dx

b=, VR ! -

le|<N=1 +C Z //(1+r)*|arbacw|2dxdr
b|=l, 0 JR3
[e|=N—I

SC+CEL () +C )Y //(l—i—r)xlafblaclwfdxdr
0 JR3

[b1]<l,
[c1|<N—1b1]

t
+C(1+K€)/ ATy Y f (L +0)*aTP 9y |2 + TP 9 ¢ |?) dx dt
0 R3

|b1|=L,
lc1|<N—1b1]

e Y f / 1+ 1) 0, T T 99 O, 9, 929) dix de
i<, 170 IR
lc1|<N—|by]

+C Y

b1,
[c1]=N—I|b1]

/ / 1+ T YT Oy, dyr, °y) dx dt
0 JR3

Next we deal with the last two terms in the right-hand side of (2-25). Note that

1
*(p)—1=—G{, 3Y) fo (D) (=sG(¥, dy)) ds,
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where G(, ) = (14+*3, % + (1 +)* "1 + (1 +16)** |V |?/2+ . From this,
it is readily seen that the typical terms in Q(, 3y, 3%v) are of the form ¥ Ay,
(1+ 628, Vy - Vi, and (1 + )2 (8;%)(3;4)d;j¥. We analyze them separately.
Without loss of generality, we assume |c| = O in the last two terms of (2-25); the
treatment of the other cases is easier.

Part A: Estimates of

2

[bi|=N

f (1+ 0@, Ty TP (Y Ay) dx dt
0 R3

and

2

|b1|<N

t
/ f (1 4+ )" (T T (Y AY) dx dt
0 R3

Note that
M (yAy) =1+ L+1,
where
I, =y ATy,
L= Y (TPy)ArPy,
|b1|=ba|+|b3],
1<|b2|<N-2
L= Y ([y)arhy.

b1 |=b2|+1bs],
N—1<|by|<lI

In view of b; = a and

(1+ %@, T* Y)Y ATy
= div((1 + 0> @, T )y V) + 19, (1 + P VT Py)
—(1+02 @, TY) V- VI Y —a(14+0)" VT Py — L (1402 VT |28, ¥,

we have by an integration by parts and (2-6)—(2-7)

(2-26) '//(1+T)2)”(3tf“1ﬁ)lldxd‘[
0 JR3

<Ce+CKe Y. /(Ht)”laf“wlzdx
R3

0<la|<N .
+CKe ) //(1+r)*|af“¢|2dxdr.
0 JR3

0<la|<N



SOLUTIONS OF 3-D POTENTIAL EQUATIONS WITH TIME-DEPENDENT DAMPING 405
Moreover, it follows from (2-7) and (2-9) that
(2-27) f |(14+ 023, TY) | dx
R3

<A+ =)' TP e - 1T W I - r — ) ATy |
<CKe(1+0Ma T Y (IVT*yll+A =) A+0) " [Ty )

bal<|b3 |41

<CKe( 08Ty Y7 IVE" Yl +CKe(l+ 08,y
|ba|<|b3|+1
+CKe(l=0)(A+0"2 Y | Thy .

lba|<|b3|+1

On the other hand, we have that by (2-6) and Hardy’s inequality

(2-28) / |(1+ 02, T*y) 13| dx
R3
< A+ 0210+ ATl 3T I+ T Ty

<CKe(l+na Tyl Y (IVEPy.
|b4| <|b2]

Combining (2-26)—(2-28) together with 0 < A < 1 (this means that the coeffi-
cient CKe(1 —A)(14+0*7% of 37, <p41 IT?9 (1% in the last line of (2-27) is
nonnegative and in L' (0, 00)) yields

(2-29) Z

/ f I+ 0@ YT (Y AY) dx dt
0 R3

|b1|<N
<Ce’+CKe Y. /(1+z)”|af“w|2dx
0<lal=N ' ®
t
+CKe Y //(1+I)A|8F“w|2dxdr
0<la|=N 0 JR®
t
+CKe Yy /A(r)/ T2y % dx d.
|bs|<N 0 R’

Note that

A+ TP Ay = Y A+ T[T y) ATy

[D2]+1b3|=b1 |

5
=div( > (1+r)*(f“1/f)<fb2w>vf"3w>+zL-,

|b2|+1b3|=|b1] i=4
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where
L=— Y A+ Ty (V) - (VI
|b2| <N -2,
[D2|+|b3]1=|b1]
s=— Y (+0 Py Vi) (Vi)
pPEE
2 |4|03|=(b1 ~ ~ ~
— ) A+ T(VTRY) - (VT

|b2]|+|b3|=|b1]

Therefore, by (2-7) and Hardy’s inequality, we have

/R3|I4|dx§CK8(1+t))‘||Vf“1p|| > IVED |

|bi|+3—N<|b3|<N
and

/ Is|dx < CKe|[(14+r) ' T2y VI |1 < CKe|VI2y ||| VT4y ).
R3

This yields

(2-30) Z

|b|<N

/ / (1+ )Ty Th (y AY) dx dt
0 R3

t
<CKke /f(1+r)k|arw|2dxdr.
0 JR3

0<la|=N

Part B: Estimates of

2

/ / 1+ @I YT ((1+10)*8, VY - V) dx dt
0 JR3

|bi|<N
and
t ~ ~
Z //(1+t))‘(F“1ﬂ)Fb1((1+r)k81V1ﬂ-Vw)dxdt.
=N 170 TR
One has

T (A +0"3, VY - Vi)
=A+0" VI - Vy+ ) 440 @ VI VETY
N-=2<|by|<l-1
+ Y A+ V) Iy
[b2|<N-3
=1I; 4+ I, + 1I5.



SOLUTIONS OF 3-D POTENTIAL EQUATIONS WITH TIME-DEPENDENT DAMPING 407

By (2-8), we have

(2-31) Z

|b|<N

!
/ 1+ )@, Ty, dx dt
0 JR3

t
<CKe )_ //(1+T))‘|3Falﬁ|2dxd‘[.
0 JR3

0<la|<N

In addition, it follows from (2-6), (2-9) and a direct computation that

(2-32) (1 -+ @, TY) Il

<A+0™ D7 =07V e (9T Y| [ r — 1), VT |
|b2|<N—4

< CKe(L+0 3Tyl Y (IVTUl+ A =0+~ Ty )
lel=<lbal+1
<CKe(U+0*a Ty Y7 IVE"yl+CKe(l+ 08,y
|ba|<|b3]|+1
+CKe(I=R A+ 37 Ty,
bal<|b3|+1

Treating 113, we obtain by (2-8)

(2-33) ‘/ / (1+1) 3, Ty) 3 dx dt gCKe//(Hr)Haf“dedr.
0 JR3 0 JR3

Collecting (2-31)—(2-33) together with 0 < A <1 (this means that the coefficient
CKe(1 =M1+ 0f Y\ pya1 IT?#W 1% in the last line of (2-32) is nonneg-
ative and in L'(0, 00)) yields

234 >

|b|<N

t
<CKe /f(1+r)*|ar”¢|2dxdz
0<lal=n V0 IR ;
+CKe )y f A(r)/ TPy 2 dx d.
0 R3

|b4] <N

t
//(1+T)2A(8,F”1/f)rb1((1+t)k8,Vl/f'V1//)dxdt
0 JR3

In addition, one notes that
21+ 1) (TY)T @,V - Vi)
= > 4 (A+0*Tyre(vyl?)
P Ep Ty ) — (40P @ T TR,
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From this, (2-6) and Hardy’s inequality, we have

(2-35) Z

|b1|<N
<Ce?+CKe Y. /(1+t)2*|85“1/f|2dx
[R3
0<la|=N

t
+CKe Z / A+ )T | dx dr.
O<jaj<n VO /R

/t/ (1 + ) T YT (1 +1)*8, VY - Vi) dx dt
0 JR3

Part C: Estimates of

2.

[b1|=N

/ / (14 0% @, )T (1 4+ 0% @) 0,99 9) di d
0 R3

and

2

[bi|<N

/ / (14 0 FY) T (1 + )P @) (0,9), ) dx d
0 JR3

A direct computation yields
TP (@) (39) ;%)
=0y po Ty + D (VAT (VI y) VI

N=2<|by|<|b1]|—1 ~ ~ ~
+ )L (VIR (VIR vy
|b2|<N-3

= III; + I, + II5.

As in the treatment of II; in Part B, we have

(2-36) Z

|b|<N

t
//(l—i—r)n(a,F”Iﬁ)HIldxdr
0 JR3

t
<Ce*+CKe ) //(1+T))‘|3Falﬁ|2dxd‘[.
0 JR3

O<la|=N

By (2-6) and (2-9), for the term III,, we have

(2-37)  (14+0)" (3, T4y (VT2 ) (VTP ) VTP |
< (1) r—1) "W (VT Y)Y VI || oo - |8, T4 || - || (r —1) VAT 224 |
<CKe(I4+0Ma Tyl Y IVE*y+CKe(1+0" |3, Ty

|ba|<|b3|+1

+CKe(1-0)(1+0*2 S Foay 2.
b4l <|b3]+1
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By (2-6) and (2-8), for the term IlI3, one has

(2-38) (14 0)*™@,TY) (VAT ) (VI ) VI || 1
<CKe(1+nM T D [VEy.

le|<lbi]

Collecting (2-36)—(2-38) together with 0 < A <1 (this means that the coefficient
CKe(1 =M (1+0D*"20f Y-\ < jpse1 IT?#W 1% in the last line of (2-37) is nonneg-
ative and in L' (0, 00)) yields

(2-39) Z

[b1|=N

t
<CKe Y /f(lﬂ)ﬂar“wdxdf
0<|a|<N 0 JR
—i= t
+CKe Yy~ /A(t)/ TPy |2 dx d.
0 R3

|bg| <N

/ f (1+ 0@ T YT ((1+ 0™ (3 9) (3;9)8; %) dx dt
0 R3

In addition,

201+ @Y (@) (0;9) 05
=div((1+0)* T (V)T (VY1) = L+ (VT (V)T (VY )
— 1+ T AYT? (VY )
+ Y A+ @YY (VTP VI (g ).

|b2|<[b1|—-1

Together with (2-6) and Hardy’s inequality this yields

2-40) >

|br|<N

t
/ f (1 + D)@Y (14 1) @ 9)(3;9) ;%) dx dt
0 R3

t
<CKe Ej/ (1+1)*ary|* dx dx.
0 JR3
la|<N

Therefore, substituting (2-29)—(2-30), (2-34)—(2-35), and (2-39)—(2-40) into (2-25)
and utilizing the smallness of ¢ > 0 gives (2-21). ]

Based on Lemmas 2.4 and 2.5, we now prove Theorem 1.1.

Proof of Theorem 1.1. By Lemmas 2.4 and 2.5, one has that, for fixed N > 8§,

En() <Ce’+C(l +K€)/ AMEN (@) dr.
0
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Choosing the constants K > 0 large and ¢ > 0 small, by Gronwall’s inequality one
gets that, for any ¢ > 0,

C1+Ke)|AD)| 12,2
Ey(n) <e W EN(0) < 1K,

Thus, Theorem 1.1 is proved by the assumption that Ey (f) < K ?s? and a continuous
induction argument. U

3. Blowup for small data in case A > 1
In this section, we shall prove the blowup result of Theorem 1.2 which is valid in
case A > 1.
Proof of Theorem 1.2. We divide the proof into two cases.

Case I: y =2. Let (p, u) be a smooth solution of (1-1). For [ > 0, we define
(3-1) P(t,1) =/ n(x, D(p(t, x) — p) dx,
x|>1

where

n(x, 1) = |x|7 (x| = 1)%

Employing the first equation in (1-1) and an integration by parts, we see that

3zP(l,l)=/ n(x,l)at(,o(l,X)—ﬁ)dX=—/ n(x, ) div(pu)(t, x) dx
|x|>1

|x|>1

:/I I(Vxn)(x,l)-(,ou)(t,x)dx,

where we have used the fact that n(x,/) = 0 on |x| = and that u(¢, x) = O for
x| >t+ M.

By differentiating 9, P (¢, /) again and using the second equation in (1-1), we find
that

(32) 92P(.D)= f (Vem) (e, )-8y (pu) (1, x)dx

|x|>1

=—Y / (1) O, (puiujydx— | (Vam)(x,D)-V(p—p)dx
— Jx|>1 |x|>1
L]

M
(1+1)*

/| T Do D
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where V,n(x, 1) = |x|3(|x|*> — [*)x vanishes on |x| = and p = p(p). Integration
by parts implies that

2 _r
(3-3) G PUD+ G P

= /| i dx+ [ @nw-pa

ij |x|>1
= Ji(t,))+ Jo(t, D),

where we have used that p — p vanishes for |x| >+ M. A direct computation of
8%, x; 71 shows that

212 X .
G4 nwn= [ Zp( ) da
|x|>1 |x| |x|

Ix2=12 [ x xP—12
— 3P|l U dx+ —3,0|I/l| dx > 0.
x>0 x| x| =1 1x]

On the other hand, notice that

(3-5) 8,2n(x, ) =2|x|’l = An(x, ).
Then
(3-6) Jz(t,l)=/|| lazzn(x,l)(p(t,X)—ﬁ)dx=312/| ln(x,l)(p(t,x)—ﬁ)dx,

where we have used the fact that n and 9;n vanish on |x| =[. Combining (3-3)-(3-6),
we arrive at

(3-7)

o
afp(z, D — afP(t, D+ matp(z, D=ft,H=0ED+GED=>G@,]),
where
(3-8)
G(r,l)=812fll ln(x,l)(p—ﬁ—(p—p'))dxzfll l2lx|‘1(p—ﬁ—(p—ﬁ))dx.

Thanks to ¥ = 2 and the sound speed ¢ = /2Ap = 1, we have
39  p=p—(p—=p) =AW’ =5 ~25(p—p) =Alp— ).
Substituting (3-9) into (3-8) gives

G(,0)>0.

For My satisfying the condition (1-11),let X ={(¢,1):t >0, t+ Mo <[ <t+ M} be
the strip domain. By applying Riemann’s representation (see [Courant and Hilbert
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1962, §5.5]) with the assumptions (1-9)—(1-11), we see that the solution P (¢, () to
(3-7) is nonnegative in . We put its proof in the Appendix. Rewrite (3-7) as

PP, )= P(t, )+ ——

e )k (0P, )= P(t, D))= f(t,)———— 0 P(t,1]).

1+ )A

By the method of characteristics we have

1
P@t.1)= 1P, 1)+ s PO.I = )+ %(lfr)*

BT B(r)
/ﬁ( )B;P(O I[+t=2t)dt+3 //lt+ B( z+z+f y)f(r,y)dydf
"B
ﬁ(t) (141)*

" B(x) w?
+5fo . B () (s | (mIAr -2t dsd

1 (" u
—= P(t,l4+t—1)dr;
2/0 Ty (t,l4+t—1)dt

see (1-12). Together with assumptions (1-9)—(1-10) and P(¢,/) > 0 in X this yields,
forl >t + M,

PO, +1—27)dt

P(t,l—t+1)dr

I+t—1 :8()
(3-10) Pz, 1)225()610( -+ //ZH A l+t+t y)G(r,y)dydt

__/ 11z )/\P(t [+t—1)dT.
0

Define the function
t T+M dl
(3-11) F(I)E/ (t—1) P(t,l)—dr.
0 T+My l

Then, by (3-10), we have that
(3-12)

t+M
F"(t) :/ P(t,l)#

t+My
t+M t+M I+t—1 dl
qo(l —f) f //l pE) G(T,y)dydrT

>
= 2B(1) Jitm, t+1 /3 H_H_T y)

1 t+M dl
_E/ f(1+ )AP(T l—H—t)dt—

=J3+J4—Js.
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From A > 1 and assumption (1-9), we see that

t+M M

1 C1 €&
3-13 J3 > [—t)dl = hHdl = ——,
( ) 3_t+M +M, 9o ) t+M Jy, q0(l) t+M

where ¢y, ¢, > 0 are constants independent of ¢. Note that P(z, y) is supported in
{y:y <7+ M} and nonnegative in . Hence, there exists a constant C; > 0 such that

(1+t)*/ /+M0 P y) (1+t)AF()

Substituting (3-14) into (3-12) gives

(3-14) Js <

(3-15) F"(t)+ F'(t) > J3+ Ja.

(141 )A
To bound J4 from below, we write

1 t—M, pt+M y+t—1 ﬂ(f) dl
(3-16)  Ji= 5/ / G(z, ) _ Y T ayde
0 T+My

ity BT

t 2t—t+My y+t—1 dl
+lf / G(t,y) L—dydr
2 t—M; Jt

My ey B(HEEEY)

y+t—t ﬂ(t) dl
G(t, )/ —dydrt
/l“ M, n/Zt T+My Y t+t ﬁ l+t+f y) l

=Jy1+ Ja2+ Jas,
where M| = (M — My)/2. Fort < My, t — M in the limits of integration is replaced
by 0. By A > 1, for the integrand in J4,1 we have that

vt Al y—t1—My (-0 —1— Mp)>
(3-17) / lli(:f)_ _ch T OZC( T)(y T2 0)
ity B(EETY T t+M (+ M)

Analogously, for the integrands in J4 » and J4 3 we have that

T B dl (1 —T)(y =T — My)?
3-18 _ P A
19 /1+M0 ,B(”’*%) [ =¢ (t+ M)?2
and
WM B(r) dl  t—t (=T (y—T1— M)
o /y—m g T 7 M T My

where ¢ > 0 is a constant. Substituting (3-17)—(3-19) into (3-16) yields

c t +M b
J4Z—f(t—r) (v — 7 — Mo)*92G (. y) dy d,
t+M)? )y oMo Y
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where G(1,1)= [, _, n(x, )(p—p—(p—p)) dx. Note that G (r, y) =3,G(r, y) =0
for y =t + M. Thus, it follows from the integration by parts together with (3-8)—
(3-9) that

c t +M N
(3-20) Jy=—C / i-v [ Gaydydr
) -

c t +M 5
>——0= | (t—1) / n(x, y)(p(r,x) —p) dxdydr
(I+M)2/O T+My Jx|>y
C
=— /.
(t+M)2"°

By applying the Cauchy—Schwartz inequality to F(¢) defined by (3-11), we arrive at

+M

t
d
(3-21) F2(t>516[ (-0 / 1, y)dx S de = Joh.
0 y<l|x|<t+M y

T+M

We estimate J; as

t +M 2
(3-22) J7:f (t—1) / (=27, —d
T+My y<\x|<t+M |X| y

+M d
/(t—t)/ / Aml(l — y)? dl—dr
‘E+M()

<C/(t—r) (r+M)(r+M ) —dr
T+M

5C/(t—r)(r+M)/ —Zdr
0 T+M y

tt—1
<C dt <C{t+M)log(t/M+1).
< ,/or—i—M T<C@{+M)log(t/M+1)

Combining (3-13), (3-15) and (3-20)—(3-22) gives the ordinary differential inequal-
ities
o€

F'(t) > ——, t>0,
1+ t))‘ ()_t—i-M -

(3-23) F"(t)+

(3-24) F'"(1)+ F'(t) > [(t+M)310g(t/M—|-1)]_1F2(t), t>0.

(1+ t*

Next, we apply (3-23)—(3-24) to prove that the lifespan T, of smooth solution F'(¢) is
finite for all 0 < & < &y. The fact that F(0) = F’(0) = 0, together with (3-23), yields

(3-25) F'(1) > Celog(t/M + 1), >0,
(3-26) F(t) > Ce(t + M) log(t/M + 1), >t =Meé,
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where the constant C > 0 is independent of e. Substituting (3-26) into (3-24) derives

Cq
(141)*

which leads to the improvement

F//(t) +

F'(t) > Ce*(t + M) 'log(t/M +1), t>1,

(3-27) F(t) = Ce2(t+M)log®>(t/M +1), t>t=Me >1.
Substituting this into (3-24) derives

Ci
1+n*

It follows from (3-25) that F'(t) > 0 for ¢+ > 0. Then multiplying (3-28) by F'(z)
and integrating from #3 (which will be chosen later) to ¢ yield

(3-28) F'(t)+ F'(t) > Ce?(t + M) 2log(t/M + 1)F(1), t> 1.

t
F'(t)* > CoF'(13)* + C3¢? / (s + M) 2log(s/M + 1)[F(s)*] ds.
13

Integrating by parts yields
(3-29)
F'(1)* > CoF'(13)?
+C3e”((1+M) 2 log(t/M+1)F (1)> — (134 M) > log(13/ M+ 1) F (13)°)

" (log(s/MADY
L(—(HM)Z )F(s) ds, t>1t3,

where
(log(s/M—i— 1)>/ -0
(s + M)?2 -

for t > t3 > ;. On the other hand, (3-23) implies
(e_/\%ll[(“”)H_”F’(t))/ >0, t>0,

which yields for0 <t <t

(3-30) F'(1) < et =40 pr

Together with F'(0) = 0, this yields

(3-31) F(t) = /Ot F'(s)ds < C4tF'(t), t>0.

Choose

Co

(3-32) 3= M(e*%* —1)
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which satisfies 2C3C4 log(t3/M + e = Co. Together with (3-29) and (3-31), this
yields

(3-33) F'(t) > VCse(t + M) og2 (t/M + DF (1), t>t.

By integrating (3-33) from #3 to ¢, we arrive at

F(t t+M
log ()zCslogg( + ) > 1.
F(t3) Bn+M

Ifr>y= Ct32, we then have

F(1)
log m > 8log(t/M +1).

Together with (3-27) for F(t3), this yields
(3-34) F(t)>Ce?t+M)%, t>u.
Substituting this into (3-24) derives

Ci
(1+0*

Multiplying this differential inequality by F’(¢) and integrating from #4 to ¢ yields

F'(t)+ F'(t) > CSF(I)%, t>t.

F'(1)* = Ce(F (1)} — F(1)?).
On the other hand, (3-30) and (3-31) imply that, for t > #4,

t—1

F(t)=F'(&)(t —t4) + F(ta) > CF'(t4)(t —t4) > CF (1s) .

where 14 <& <t. If t > t5 = Cty4, then we have

F()I — F(t)? > LF (1),

1
2
Thus
(3-35) F'(0)2 CVeF()i, 1215,
If T, > 2ts, then integrating (3-35) from #5 to T, derives

F(1s)™1 — F(T,)™% = C\/¢T..
We see from (3-34) and t5 = C t32 that

F(ts) > Ce2eC/%,

which together with F(7;) > 0 is a contradiction. Thus, T, <2t5 =C t32. From the
choice of #3 in (3-32), we see that T, < eCre?,
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Case2: y > 1 and y # 2. Recall that the sound speed is ¢ = /yApY—! = 1.
Instead of (3-9) we have

p=p—(p=p)=A(p" =p" —yp" " (p—P) = AY(p, p).
The convexity of p¥ for y > 1 implies that ¥ (p, p) is positive for p # p. Applying

Taylor’s theorem, we have

Yv(p,p) = C(y, p)Py(p, p),

where C(y, p) is a positive constant and ®,, is given by

(ﬁ - Io)yv P < %ﬁa
Oy (p,P) =\ (p=p)* 3P =p=2b
(p—p), p>2p.
For y > 2, we have that (5 — p)” = (o — p)*(p — p)* > = C(y, p)(p — p)* for
2p < pand (o —p) =(p—p)*(p— p)Y "> = C(y, p)(p — p)* for p > 2. Thus,
V(p, p) > C(y, p)(p — p)>. In this case, Theorem 1.2 can be shown completely

analogously to Case 1.
Next we treat the case 1 < y < 2. We define F(¢) as in (3-11),

+M N2
Fvyi//‘ 1/ (M|D(Mrm—pMmﬂM
T+M, =l X

Similarly to the case of y =2, we have

(3-36) F'(t) > J3+ Js— s,
where
Ce
J3 > ,
t+M

Ji>C@+M)2Je,

F'(1),

1
Js <
> (I41)

» t T+M )’)2
J6=/ (t—r)/ / —— &, (p(tr,x)—p)dxdydr.
0 T [x|>y

+My

and

Denote 21 = {(t,x) : p < p(t,x) <2p}, 2 = {(t,x) : p(r,x) > 2p}, and
Q3 ={(tr,x): p(r, x) < p}. Divide F(¢) into a sum of the three integrals over the
domains 2; (1 <i <3)

F(f):F](I)+F2(I)+F3(t)E/ +/ +/
Q2 Q0 Q3
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Corresponding to the three parts of F(¢), we define f6 = j6,1 + j6,2 + J~6,3. In view
of F(t) > 0and F3(t) <0, we have

F@) = Fi() + Fx(1).

Applying Holder’s inequality for the domains €2; and €2;, we obtain that

B M ) 1
F(t)fJél(/ (t—1) 7 dedydt)
T+My y<l|x|<t+M |)C|

s T+M B 2 r-1
J7 (/ (t—r)/ / dedydt>y
+Mo yV 7=T Jy<|x|<t+M x|

~1 L —1
< J2(t+M)? log? (t/M + 1)+ J7 (1 + M) 7

= (Jolt + MY~ (t + M) log? (t/M + 1) + (Jo(t + M)™)7 (¢ + M),

In view of 1 <y <2, we have % < % < % Applying Young’s inequality yields

- EER 1 -

F@) < ((Js+M)7")7 +(Js(t+M)~")7) 1+ M) logz (t/M+1), 1211 =Me.

Together with the fact that F'(t) > Ce(t + M) log(t/M + 1), this yields
Jo=CF®)(t+M)" Vlog Z(t/M+1), t>1.

Substituting this into (3-36) yields

Fiz-S5 1>,
(+) t+M’

F'(t)> CF@)Y (t+M) "V log 2(t/M+1), t>17.

(3-37) F'(n)+

(3-38)  F'()+

(1+ H*
Substituting F(t) > Ce(t + M) log(t/M + 1) into (3-38) yields

F'(t) + F'(t) > Ce¥(t+M) log? (t/M + 1).

Ci
(14+1)*
Integrating this yields

F(t) > Ce” (1 + M) log™> (t/M + 1).

Substituting this into (3-38) again gives

F//(t) +

< TF'(1)
(I+n)*

-1 rr+D 2 1 M
> ce”’ (t+ M) 'log 2 1)=Ce" (t+ M) log20-0 (t/M +1).
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Repeating this process n times, we see that

Cy

(1+4+1)
where n = [logy 2]. Solving (3-39) yields

(3-39) F'(t) + _F/(1) = Ce”" (t + M) log 31 (¢/M + 1),

n y(y"—l)+1 ~
F(@t)>CeV (t+M)log2=0 " (t/M+1), t>1,
where 7, > 0 is a constant only depending on y. Substituting this into (3-38) derives

Ci
(1+t))\ +1

n T2 ~

>CF@0)e”" " Ve +M)2log™ 7 (t/M+1), t>0,

(3-40) F"(t)+ F' (1)

where %(J/"Jrl —2) > 0 by the choice of n = [logy 2]. Since (3-40) is analogous
to (3-28), as in Case 1, we can choose

_2y"(y=D

- n+l_p
13 = 0<ecg ’ )

such that

Yy yn+l _2

M) og T (/M + DF (1), 1>,

F'(t)>Ce

which is similar to (3-33) and yields

2(y+2)

(3-41) Fit)>Ce“(t+M) 7T, t>i=CH,

where C,, > 0 is a constant depending on y. Substituting (3-41) into (3-38) yields

(3-42) F'()+ —C' Pl > Ce oy, t>7
A+ = =

Multiplying (3-42) by F’(¢) and integrating over the variable ¢ as in Case 1, we have
/ C v+ ~ ~
F't)>Ce""F(t) *, t>t=Cl.
Together with > 1 and the choice of 73, this yields T, < oo.
Both Case 1 and Case 2 complete the proof of Theorem 1.2. ([
4. Blowup for large data

In this section, we establish a blowup result for large amplitude smooth solutions
of (1-1) which is valid for all A > 0. More precisely, instead of (1-1) we consider
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the Cauchy problem
0 p +div(pu) =0,
: w
4-1) 0 (pu) +div(pu @ u + plz) = —mpu,

p0,x) =p+po(x), u(0,x)=uo(x),

where fo, iig € C§°(R?), supp fo, supp o € B(0, M) ={x:|x| < M}, and p(0, -) > 0.
Motivated by the treatment of the special case of A = 0 in [Sideris et al. 2003], we
introduce the functions

H(1) E/Rgx'(pu)(t,X)dx, L(I)E/Rs(p(t,X)—ﬁ) dx,

7%p

3

2 4 3
y()=@+M) (L(O)-i- (t+M)),

and also remind the reader of the definition of the function g in (1-12).
Then we have the following result:

Theorem 4.1. Suppose that L(0) > 0 and

(4-2) H(0) / T_dr
o v(@B()

for some T* > 0. Then T < T* holds for any solution (p, u) € C'([0, T] x R?) of
4-1).

Proof. From the first equation of (4-1), we see that

L'(t)= —/ div(pu)dx =0,
R3

which implies L(¢) = L(0). Applying the second equation of (4-1), we find that

4 = . — 0 =di J— — M
H(t)_/R}x or(pu)(t, x)dx /I;@x |: div(pu®u) —Vp (1+I)Apu:|dx.

An integration by parts gives

, p _ > o
@3 H W HO) = /R (plul® +3(p(p) ~ p(3))) .

Note that the convexity of p = Ap” for y > 1 and ¢(p) = 1 imply that

(4-4) /R (p(0) = p(@) dx > /R Ay (o~ ) dx = LO).
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Furthermore, by applying the Cauchy—Schwartz inequality to H (¢) and taking into
account supp u(t, - ) € B(0, M +t) for any fixed t > 0, we have

4-5) H(z>2s(/ p|u|2dx)(f p|x|2dx>
R3 |x|<t+M

2

g
p(t+M)3>/ plul? dx
R3

) 4
=@+M)"(L©O)+

3
- y(r)/ plul® dx.
R3
Substituting (4-4)—(4-5) into (4-3) yields
, I H(t)*
(4-6) H(t)+ TEDL H(t) > () +3L(0).

Together with L(0) > 0 and H (0) > 0 due to (4-2), this shows that H(¢) > 0 for all
t €0, T]. Denoting G(t) = B(¢)H (t), from (1-12) and (4-6) we then get that

G (1)
y(OB@)
Now suppose that T > T*. Then integrating (4-7) from 0 to T yields

4-7) G'(1) =

1 >fT dt >/T* dt
HO) G ~Jo y@B@ ~Jo y@BGE)

which is a contradiction in view of G(T) > 0 and (4-2). [l

Appendix: Proof of the nonnegativity of P (¢, /) in
T={t,D:t>20,t+My<l=<t+M)}

We fixed a point A = (¢4, [4) € X. In the characteristic coordinates £ =1+t —/
and ¢ =141+, (3-7) can be written as

)»—2M

e

B,

(A-1) LP=0; P (3 P+, P) =

’

where P(£,7) = P(% -1, %) The adjoint operator .Z* of . has the form

2 ertoR)+ g

E+or T T e
For the point A = (§4, §4) With &4 + ¢4 =2(1 +14) > 2, write B = (2 — {4, £4)
and C = (4,2 —£4), and let & the domain surrounded by the triangle ABC (see
Figure 1 below).

(A-2) L*R=03R
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¢
A4, Ca)

2

Figure 1. (&, ¢)-plane.

Let the numbers a and b satisfy a +b =1 and ab = % ur. We define
B =50

A-3 =
(A3 T et ETD
and
BE+c—1) 1%
A-4 R(E, C; &y, =|—F——"— W(a,b, 1; 2);
(A-4) (£,2:84,Ca) [ﬁ(§A+§A—1)] (a 2)

here the definition of function 8 is given in (1-12) and W is the hypergeometric
function. From this and direct calculation, we infer

2)\._2 A A 4A—2 2
(A-5) z*n:[ i i i ] .

- — R
E+OM 26+ E+OP
On the other hand, from (A-1)—(A-2) we arrive at

_ _ B 2)L72,1L _ _ 2)L72,u _
RLP—PL*R =0, (Ragp + ARP) — 3 (PB;R - —ARP)
E+¢) E+0)

Integrating this over & yields

(A-6) P(A)=3R(C; A)P(C)+5R(B; A)P(B)
+//@(Rgﬁ—Pg*n)dgdH/BC(%RagP—%PagRJr%RP) d&
+(3Po,R—4Ro, P-ERP) de.
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t

£\t

My C M B
Figure 2. (z,[)-plane.

Returning to the variable (¢, [) (see Figure 2), we find in the second line of (A-6)
that

C
Aan | .= / [%R(a, — )P —L1P@® — )R+ %RP](—dl)
BC B

+[4P@+ @R~ IR @+ )P~ ERP]al

Ia+ta
:/ [ERP+3ROP—LPOR]| _ al
2 =0
la—ta
la+ta 1 1 |
= [ pun 2w btz (oo + b )
la—ta

— L@+ 1,b+1,2 2ieogo®ali=o | dl,
where we have used the formula ¥/ (a, b, ¢; 2) = %\D(a +1,b+1,c+1;2) (see
[Erdélyi et al. 1953, page 58]). From the definition (A-3), we arrive at

__(ZA—IA—I+I)(tA+lA—t—l)
o 4(1+14)(141)

and

(A-8) = — A
Ztlt=0 = 2(1 +tA) Z|t=0-

If (t,1) € XN 2, we infer

(A-9) 0>z>—35(M— M) > —3b,

which implies that (1-8) holds. This, together with (A-7)—(A-9) and the assumption
(1-11) of A > % A, yields that the integral in the second line of (A-6) is nonnegative.
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Next we prove that P(¢z,[) > 0 for all (¢,]) € . Define
f=inf{t:31 € (t + My, t + M) such that P(z,[) < 0}.

From assumption (1-9), we get f > 0. If f < 400, we see that there exists [ €
(f + My,  + M) such that P(f,1) = 0. Moreover, we have P(¢,1) >0 fort < 1.
Choose A= (t4, 1) = (7, ) in (A-6). From (A-4)—(A-5) and (1-8) we infer £*R <0
for A > 1 and (¢,1) € X N 2. It follows from f(¢,1) > 0 in (3-7), (1-8), (1-9), and
(A-6) that

P(t,1) = $R(C; A)P(0, Z—z‘)+// (RZLP—PL*R)dE dt > 1q0(—1) >0,
=N2

which is a contradiction with P(z, ) = 0. Consequently, we conclude that 7 = 400

and P(t,1) =0 for all (¢,]) € X.
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