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NONEXISTENCE RESULTS FOR SYSTEMS
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DIFFERENTIAL INEQUALITIES
IN EXTERIOR DOMAINS OF R"

YUHUA SUN

We present a unified approach for the investigation of nonexistence results of
systems of elliptic and parabolic differential inequalities. Our results accord
with those on elliptic differential inequalities given by Bidaut-Véron and Po-
hozaev. The results on systems of parabolic differential inequalities are new.

1. Introduction

In this paper, we study the nonexistence of nonnegative solutions to systems of the
following elliptic and parabolic differential inequalities

Au+|x|%P <0 in D¢,
(1-1) Av+|x)Pu? <0 in D¢,
ux) = f(x), v(x)=gx) ondaD,
and
Au — dqu+ |x|vP <0 in D¢ x (0, 00),
12) Av— v+ |y|Pu? <0 in D¢ x (0, 00),

ulx,t) > f(x), vx,t)>gkx) on 0D x (0, 00),
u(x,0) =up(x), v(x,0)=uvp(x) in D,

where D is a bounded Lipschitz domain in R" with n > 3 containing the origin,
and D¢ = R"\ D. The exponents satisfy a, b > —2 and p, ¢ > 1, and f(x), g(x)
are L'(3D) nonnegative and positive somewhere functions, and ug(x), vo(x) are
nonnegative functions.

It is well known that the nonexistence theorems for elliptic equations started from
the seminal work by Gidas and Spruck [1981], where they proved the following
results for the semilinear problem

(1-3) Au+uf? =0, inR".

MSC2010: primary 35K51; secondary 35M87.
Keywords: system of differential inequalities, critical exponents, exterior domain.

245


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2018.293-1
http://dx.doi.org/10.2140/pjm.2018.293.245

246 YUHUA SUN

If

(1-4) l<p<

n—2’
then the only nonnegative solution of (1-3) is identically zero.

In 1986, Ni and Serrin showed that the exponent (n + 2)/(n — 2) in (1-4) is
critical; namely, if p > (n+2)/(n — 2), then there exist nontrivial positive solutions
to (1-3). We refer to the papers [Ni and Serrin 1986a; 1986b] for more information.

In the study of equation (1-3) in the exterior domain R\ B; (0) instead of the entire
Euclidean space R”, some incredible phenomena arise. Here B, (0) is the ball of ra-
dius r centered at the origin. This marvelous result is due to Bidaut-Véron [1989]: if

n
(1-5) l<p=-to,

then the only nonnegative solution of (1-3) in the exterior domain is identically zero.
Actually Bidaut-Véron [1989] obtained more generalized results on the problem
Apu~+u? =0 in the exterior domain under additional restrictions on m and p. Here
to compare with Gidas and Spruck’s result profitably, we only list the nonexistence
result for m = 2. However, if p > n/(n — 2), the nonexistence result does not hold
any more. A simple counterexample is given by the function

u(@) = M7,

which is a well-defined solution to (1-3) in R" \ B;(0), where

A=(p— 1)_2/(1’—“[2(;1 _2) (p B niz)]l/(p_l)~

Let us turn our attention to the elliptic differential inequality case; namely,
consider the problem

(1-6) Au+uf <0, inR",
with n > 2. Ni and Serrin [1986a] proved that if
n

- 1 < —
(1-7) <p=5.
then the only nonnegative solution of (1-6) is identically zero. For more elliptic
differential inequality cases, we refer to the papers [Caristi et al. 2008; 2009;
Mitidieri and Pohozaev 1998; 2001].

Bidaut-Véron and Pohozaev [2001] showed that in the exterior domain R\ B;(0),
if under the same condition (1-7) as in the entire Euclidean space, then the only
nonnegative solution of (1-6) in the exterior domain R" \ B (0) is identically zero.

It is easy to see that in the inequality case, the critical exponents arising from the
entire Euclidean space and exterior domain settings are the same. The difference
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between the entire Euclidean space and exterior domain vanishes when we move
our focus from equation to differential inequality problems.

Now, let us provide some motivations from the point of view of parabolic equa-
tions. The study of critical exponents of the parabolic equation also has a long story.
When D is empty, in a celebrated paper, Fujita [1966] proved that for the problem

oru —Au=u? inR" x (0, 00),
u(x,0) =up(x) inR".
(1) If 1 < p<142/nand ug > 0, then (1-8) possesses no global positive solution.

(1-8)

2) If p > 1+2/n and ug is smaller than a small Gaussian, then (1-8) has global
solutions.

Usually, we call 1 4+ 2/n the Fujita exponent. The sharpness of p =142/n is
more difficult. Several authors independently showed that p = 14 2/n belongs to
the blowup case; we refer to the papers [Aronson and Weinberger 1978; Hayakawa
1973; Kobayashi et al. 1977]. Let us replace R" by D¢ in (1-8) (here D is a bounded
nonempty domain), and we have an additional boundary condition u|3p = f(x) > 0.
If the boundary condition f(x) =0, Bandle and Levine [1989] proved the Fujita
exponent is still p =14 2/n for (1-8). But, if the boundary condition f(x) is not
identically zero, Zhang found that the Fujita exponent for (1-8) will jump from
1 +2/n to a much bigger value 14 2/(n — 2); see [Zhang 2001].

Laptev [2003] considered the scalar case of (1-2) with the nonzero boundary
condition

(1-9) du — Au > |x|“uP, D¢ x (0, 00),

and obtained thatif 1 < p < (n+ 14 a)/(n — 1), then (1-9) has no nontrivial
nonnegative global solutions.

Motivated by the above literature, we investigate systems of elliptic and parabolic
differential inequalities. First, let us explain in which sense solutions of (1-2) are
defined.

Definition 1.1. A nonnegative pair (u, v) is called a weak nonnegative global
solution of the inequality system (1-2), if

(i) Veu, Veve LY (D°);
(i1) For all compactly supported r € C%(D*x[0, 00))NC(D¢ x [0, 00)) vanishing
on 0D x [0, 00), and for all T € [0, c0), we have
Jo [pludAy +udy +1y|“vP(y, s)¥1dy ds

— Jo fop FOW/OnT)YdSyds — [5. u(x, )Y (x,)[fdx <0,

I3 [ lvAY + 8, ¥ + |y[Pud (v, s)¥1dy ds
— Jo fop 8@ /dntYdSyds — [5. v(x, )Y (x, )| dx <0.

(1-10)
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Here, nT means the outward unit normal of 8 D, relative to D¢, which is defined
almost everywhere.

Throughout, when we say that (u, v) is a global positive solution of (1-2), we
mean that #, v > 0 and u(x, 1), v(x, t) are not identically zero for each ¢ > 0.
Here are our main results:

Theorem 1.2. Assume p > gq > 1. If
{2p(1+q)+bp+a 2q(1+p>+aq+b}
max s >n,
pg—1 pqg—1

then there exist no global positive solutions to (1-2).

(1-11)

Corollary 1.3. Assume p >q > 1. If
{2p(1+q)+bp+a 2q(1+p)+aq+b}
max , >n,
pq—1 pq—1

then there exist no positive solutions to (1-1).

(1-12)

Theorem 1.2 and Corollary 1.3 require that D is not empty, since we technically
depend on Proposition 2.1. Corollary 1.3 was also obtained by Bidaut-Véron and
Pohozaev [2001]. We claim that our technique is quite different from the one in
that work, where they investigated various elliptic inequalities, and their technique
is to multiply the elliptic inequalities (1-1) by functions u%¢, v#¢ and to obtain the
integral estimates with respect to the polynomials of u, v near infinity, where ¢ has
compact support in D¢, and , 8 < 0. However, we mainly investigate the parabolic
differential inequalities. As a byproduct, we obtain the same result for the elliptic
problem. Our method, motivated by [Zhang 1998; 1999; 2001], is to show that the
integrals of Ig, Jg in (2-9) and (2-10) will blow up in some selected fixed domain.

We also improve the result obtained by Laptev [2003]. Whenu =v, p=¢q,a =20,
the system (1-2) is reduced to the scalar case (1-9). From Theorem 1.2, it is
easy to obtain that if 1 < p < (n +a)/(n — 2), then (1-9) admits no nontrivial
nonnegative global solutions. Our exponent (n + a)/(n — 2) here is strictly bigger
than (n 4+ 1+ a)/(n — 1) which is obtained by Laptev. We claim that our method is
also different from Laptev’s, since his method is based on the test function approach,
which was developed by Mitidieri and Pohozaev [1998; 2001].

Notation. The letters C, C’, Cy, Cy, ... denote positive constants whose values
are unimportant and may vary at different occurrences.

2. Proof of Theorem 1.2

In this section, we show the proof of Theorem 1.2. Since every positive solution
(u, v) of the elliptic problem (1-1) can also be considered as a global nontrivial
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positive solution of the parabolic inequality system (1-2), it suffices to show that
the parabolic system (1-2) has no global positive solution, provided that

{Zp(l ta)+bp+a 2( +p)+aq+b}

max , >n
pg—1 pg—1

Before presenting the proof, let us cite a result which is proved in [Zhang 2001].

Proposition 2.1. Let §; = ¢;(x,t),i = 1, 2 be the solution of the linear problem

AL —9,.=0 in D¢ x (0, 00),
2-1) C(x,t) = f(x) (respectively g(x)) ondD x (0, c0),
{(x,00=0 in D€.

If f(x), g(x) are nonnegative and positive somewhere, then there exist positive
constants C and R such that

@D @060z o, f RySR=|x| 2R, RV <1,

Now we step into the proof of Theorem 1.2.

Proof of Theorem 1.2. Let

(2-3) w1 (x, 1) :=ulx, 1) = &i(x, 1), wx, 1) :=v(x, 1) —(x, 1),

From (1-2) and (2-1), we derive that w;, w; satisfy the following problems:
Awy — 0w + |x[* (02 + $2)P <0, in D¢ x (0, 00)

(2-4) wi(x,t) >0, on dD x (0, 00),
w1(x,0) =up(x), in D¢,

and
Awy — dwr + |x|" (01 4 £1)7 <0, in D¢ x (0, 00)

(2-5) wr(x,t) >0, on D x (0, 00),
w(x, 0) = vo(x), in D¢,

Moreover, applying the maximum principle, we know that w;, w» are nonnegative
functions.
Since

| @1+ )7 = xlof + 121, 1x1" (@24 )P = [x"wf + x|,
we obtain that
(2-6) Awy — g1 +|x|"0f +1x1¢] <0,
and

(2-7) Awy — dan + |x|P ! +|x|P¢] <O0.
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Introduce two functions ¢, n € C*°[0, co) which satisfy the following conditions:

D) 0<e<1l; or=1rel2,3]; ¢@r)=0,rel0,1)U(4,oc0);
(i) o' =<C; ()= D =0; |p"(r)]=<C;
(i) 0<n<1; n)=1,t€[0,5]; n@®)=0,re[l,o0); —C=<n'(t)=<0.

Since D is bounded, we can choose R > 0 large enough so that D C Bg(0). Denote

x|

or() =g (). ne@®:=n(

t—R4n
)

It is obvious that

2
(2-8) N L L UFL)
and also
9RO _ 6 for x| = R or x| = 4R.
ar
Denote
Or :=1[B4r(0) \ Br(0)] x [R*", R + R?],

and also

VYr(x, 1) == @r(x)ng(2).

Let us estimate the following two integrals:

(2-9) Ir ::/ |x|“a)2p(x, t)w;/(x, t)dxdt,
Or
and
(2-10) Jp = ) x P! (x, DY (x, 1) dx dt,
R

where ¢’ is Holder conjugate to g, satisfying 1/g +1/q’ = 1.
Since wi(x, t) is a nonnegative solution of (2-6), we obtain

e+ | 1xICPy% (0 dxde < | 801 — Aoyl (x, 1) dx dt,
Or Or
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Integration by parts yields

/ R4+ R?
1R+[ |x|“¢;’w,%<x,r>dxdzs/ o | d
Or

Bir©0)\Bg(0)

- 61// w1 (x, D@ Oy~ O (1) dx d

R*"+4R? q'

dpp (x)
/ f w (x, g % (t)dS, dt
R4 0B4r(0) n

R4n+R2 /a
/ / v 2 (x, 1) dS, dt
Rén 0Byp0) ~ On

RY"4+R? q (x)
/ f o (x, t) Or n% (t)dS, dt
R4n Bn

dBr(0)

R4n+R2 8
f v 2 (x 1) dS, dt
R4 Br(0)

on
- / o1 (x, 1) Agh (' () dx dt.
Or
Noting here that —3/dn = d/dn™, w;(x, R*") >0,

dg? Y
PR =4/t 19R _ 5 on dBRr(0)UdB4g(0)
on on

and Y¥g(x, ) = 0 on the lateral boundary of Q g, we obtain

Q-11) I+ / x|“cPyd (x,0)dxdt <—q' f w1 (x. 0% O~ (O () dxdt
ORr

R

—/ o1 (.0 AQY (' (tdxdt.
Or

Since A% =q'9% ' Apr+q'(q' — )% 2| Vg % combining with (2-11), we get

(2-12) Ix+ |x|“;5’x/fg’dxdt5—q’/ o1 (x, )% ()t (O (1) dx dt
Or Or

- CI’/ w1 (x, D@~ () Agr(x)n% (1) dx dr.
Q

R
By the definition of ¢ and ng, and applying Proposition 2.1, for large R, we obtain

R¥+R2/4
[ ez f x°e! dx dt
B3r(0)\B2r(0)

R4n
- CRn+2+a—p(n—2)
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It follows from (2-12) that

(2-13) Ig + CRI2+a=pi=d < _ o / 01 (x, NP D~ Onp() dx dt
Or

¢ [ oty WA (0 dx dr
Or
Noting that ¢ is radial, we obtain Apr = ¢y + (n — 1) /r¢%. For large enough R,

7 for x € B4g(0) \ Bg(0).

C
(2-14) [Agr| = =2
Combining (2-13) and (2-14), we obtain

IR + CRn+2+a—p(n—2)

R¥+R? , -
<< / o1 (. D@ o™ (1) dx dr
R4 B4r(0)\Br(0)
R4n+R2 ' ,
ol w16, 064 COn% (1) dx d.
R B4r(0)\Bg(0)

Accordlng to the assurnptlons that er(x), nR(t) <1 and wR(x t) = pr(x)ng (1),

we have ¢R (X)T]R (Z) <¢’R (x 1), and ¢R (X)UR (1) < ‘//R (X 7). Applying
the Holder inequality to the above, we obtain

IR + CR;1+2+a—p(n—2)

R4n+R2 l/q
< R2 |:/ / |b QwQ(‘] _])(X,t)dde]
RAn B4R(0)\BR(0)
R4n+R2 ) ]/q/
[/ / |x|_b4/qudt]
Ré4n Bsr(0)\Br(0)
R+ R? 1/q
U / x Py D (x, 1) dx dt:|
R Bar(0)\Br(0)

R4n+R2 ) ]/q/
[/ / |x|_b4/qudt] .
Rén Bar(0)\Br(0)

Hence

IR + CRn+2+a—p(n—2)

R +R? R ¢ o2-D-b_,
<C[/ / |x| a)‘flﬂlz (x,t)dxdt] R q
R4 B4r(0)\Br(0)

R¥ 4R . , @ HDG-D-b_,
/ / Ix|’w{yg (x,t)dxdt | R q :
Rén B4r(0)\Br(0)
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which yields

(n+2)(g—1)—>b
g 2

’

1
(2-15) Ig + CR" 2 Ha—p(n=2) < CJRq R

where we have used the definition of Jg in (2-10).
Using the same arguments with Jg, we obtain an analogous inequality for Jg.
Since wy (x, t) is a solution of (2-7), we have

Tt | xlPeiyd e ndxdi < | 02— AwnlWl (x, 1) dx dt.
Or ORr

It follows that

C R4”+R2 ) -
Jg 4 CRM2Hb=a(n=2) _ = / / wa(x, Dk nt T (1) dx dt
Rin B4r(0)\Bg(0)

C R4n+R2 - /
+ 23 / w2 (x, 9 o'k (1) dx dt.
Rin Bar(0)\Br(0)

Applying the Holder inequality, we obtain

Jr + CRn+2+b—q (n—-2)

C RI+RE -1 /p
= ﬁ[/ f x“@y (e, YR (x, 1) dxdt]
R B4r(0)\Bg(0)

R4H+R2 , l/p,
X [/ |x|“”/pdxdt:|
Rén B4r(0)\Br(0)

C R*1 1 R? o 1p
+ ﬁ[/ f x|“@y (x, YR (x, 1) dx dt]
Rén Bar(0)\Br(0)

R4H+R2 , l/p,
X [/ |x|‘”’/pdxdt:| ,
Rén B4r (0)\Bg(0)

where 1/p+1/p’=1. Using that Yz (x, t) <1, p>gq and l//g(q’—l) Sl/flqe(q/_l) :1[[1%/’
we obtain

-~ ( 2) C R4n+R2

n+2+b—q(n—

Jr+CR q < ﬁ[/
R

, 1/p
|x|“@y (x, )Y (x, 1) dx dt:|
n Big(0)\BR(0)

R4"+R2 / 1/]7/
X |:f / |x|_“”/pdxdt}
R B4z (0)\Bg(0)

C R4n+R2 / ]/p
+ﬁ[/ x| @y (x, YR (X,t)dxdt]
RAn Byg(0)\Bg(0)

R4n+R2 / 1/]7/
X [/ / |x|_"”/pdxdt} .
R B4z (0)\Bg (0)
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which is
1 42 (p—D—
(2-16) JR+CRn+2+b—q(n—2) < CIRPR%_%
Case 1: If
2p(g+D+bp+a {2p(q+1)+bp+a 2q(1+p)+aq+b}
= max , -

Combining (2-15) and (2-16), we obtain

L (42 (pg—D)—b—aq _2(1+p)
(2—17) Jr +C0Rn+2+b—q(n—2) < Cl Jqu R Pq 2

Denote

ko:=n+2+b—qn-—2),
(2-18) k- nm+2)(pg—1)—b—aq 2(1+p)
1= — .
bq p

From (2-17), we obtain
(2-19) Jg > (@)M Rko(p9)—ki(pq)
=\¢,

Substituting (2-19) into the left-hand side of (2-17), we obtain

c'ra)’
> —% Rk0(pa)*~ki(pg)* =k (pq)
— ~Pa+(pg)
¢

Repeating the above procedure, we obtain for any integer j > 1

cre’ , .
(2-20) Jg > mRko(pq)f—kl[pq+~~~+(pq)f]‘
G

The exponent of R in the right-hand side of (2-20) gives

j ; j (pg)! =1
ko(pq)’ —kilpg +---+ (pq)’1=ko(pq)’ — kll”]ﬁ
; ki ki
=<pq>f[ko— Al ]+ AR
pg—11 pg—1
From (2-20), we obtain
(2-21) T > Cépq)” R(Pa) ko—k1pa/(pa—D)] pkipa/(pg—1)

= (CZRko—klpq/(pq—l))(pq)f Rkipa/(pg—1)
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Combining with (2-18), we obtain

k 2 —1)—b— 2(1
ko K1pa :n+2+b_qm_2)_[M%—)UW ) aq (+1ﬂ] pq
pq—1 rq p pq—1
_ 2pq(+q)+bpg+aq—nq(pg—1)
pq—1 '

Obviously, if

2p(1+q)+bp+a
>n
pq —1

then kg — k1 pqg/(pq — 1) > 0. Whence, if R is chosen large enough, we have
Cszo—klpq/(pq—l) > 1.

’

From (2-21), for fixed R, letting j — oo, we obtain

(2-22) Jr= | Ixlof (x, DY (x, 1) dx d = co.

Or
However, the above contradicts (2-17), since (2-17) implies that Jg < CR*pa/(pa=1),
Moreover, by the definition of Jg, (2-22) means that u(x, t) has to blow up when
t < R+ RZ

Case 2: If
2g(1+p)+aqg+b {2p(q+1)—|—bp+a 2q(1+p)+aq+b}
= max 3 > n7
pg—1 pqg—1 pqg—1
one can argue in the same way as with /g and obtain the same contradiction. Hence,
we finish the proof. (]
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