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Let F|Q; be a finite extension. In this paper, we construct an RZ-space Nz
for split GU(1, 1) over a ramified quadratic extension E| F. For this, we first
introduce the naive moduli problem A/7*"¢ and then define Nz € N 2*" as
a canonical closed formal subscheme, using the so-called straightening con-
dition. We establish an isomorphism between Nz and the Drinfeld moduli
problem, proving the 2-adic analogue of a theorem of Kudla and Rapoport.
The formulation of the straightening condition uses the existence of certain
polarizations on the points of the moduli space N/, g"‘ive. We show the exis-
tence of these polarizations in a more general setting over any quadratic
extension E|F, where F|Q, is a finite extension for any prime p.
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1. Introduction

Rapoport—Zink spaces (RZ-spaces for short) are moduli spaces of p-divisible
groups endowed with additional structure. Rapoport and Zink [1996] studied two
major classes of RZ-spaces, called EL type and PEL type. The abbreviations
EL and PEL indicate, in analogy to the case of Shimura varieties, whether the
extra structure comes in the form of Endomorphisms and Level structure or in the
form of Polarizations, Endomorphisms and Level structure. Rapoport and Zink
[1996] developed a theory of these spaces, including important theorems about the
existence of local models and nonarchimedean uniformization of Shimura varieties,
for the EL type and for the PEL type whenever p # 2.

MSC2010: 11G18, 14G35.
Keywords: Rapoport—Zink spaces, Shimura varieties, bad reduction, unitary group, exceptional
isomorphism.

341


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2018.293-2
http://dx.doi.org/10.2140/pjm.2018.293.341

342 DANIEL KIRCH

The blanket assumption p # 2 made by Rapoport and Zink in the PEL case is
by no means of a cosmetic nature, but originates with various serious difficulties
that arise for p = 2. However, we recall that one can still use their definition in that
case to obtain “naive” moduli spaces that still satisfy basic properties like being
representable by a formal scheme.

In this paper, we construct the 2-adic Rapoport-Zink space Ng corresponding to
the group of unitary similitudes of size 2 relative to any (wildly) ramified quadratic
extension E|F, where F|Q; is a finite extension. It is given as the closed formal
subscheme of the corresponding naive RZ-space N, gaive described by the so-called
“straightening condition”, which is defined below. The main result of this paper is a
natural isomorphism n : Mp, => Ng, where Mp, is Deligne’s formal model of the
Drinfeld upper half-plane (cf. [Boutot and Carayol 1991]). This result is in analogy
with Kudla and Rapoport’s construction [2014] of a corresponding isomorphism for
p # 2 and also for p =2 when E|F is an unramified extension. The formal scheme
Mp, solves a certain moduli problem of p-divisible groups and, in this way, it
carries the structure of an RZ-space of EL type. In particular, Mp, is defined even
for p =2.

As in [Kudla and Rapoport 2014], there are natural group actions by SL,(F’) and
the split SU,(F) on the spaces Mp, and Ng, respectively. The isomorphism 7 is
hence a geometric realization of the exceptional isomorphism of these groups. As a
consequence, one cannot expect a similar result in higher dimensions. Of course,
the existence of “good” RZ-spaces is still expected, but a general definition will
probably need a different approach.

The study of residue characteristic 2 is interesting and important for the following
reasons: First of all, from the general philosophy of RZ-spaces and, more generally,
of local Shimura varieties [Rapoport and Viehmann 2014], it follows that there
should be a uniform approach for all primes p. In this sense, the present paper is in
the same spirit as the recent constructions of RZ-spaces of Hodge type of W. Kim
[2013], Howard and Pappas [2017] and Biiltel and Pappas [2017]. Second, Rapoport—
Zink spaces have been used to determine the arithmetic intersection numbers of
special cycles on Shimura varieties [Kudla et al. 2006]; in this kind of problem, it
is necessary to deal with all places, even those of residue characteristic 2. Finally,
studying the cases of residue characteristic 2 also throws light on the cases previously
known. In the specific case at hand, the methods we develop also give a simplifi-
cation of the proof for p # 2 of Kudla and Rapoport [2014]; see Remark 5.3 (2).

We will now explain the results of this paper in greater detail. Let F be a finite
extension of Q; and E|F a ramified quadratic extension. Following [Jacobowitz
1962], we consider the following dichotomy for this extension (see Section 2):

(R-P) There is a uniformizer 7o € F such that E = F[I1] with [1?> 4+ o = 0. Then
the rings of integers O of F and Of of E satisfy O = Op[I1].
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(R-U) E|F is given by an Eisenstein equation of the form 1> — ¢IT+ 7 = 0. Here,
7o is again a uniformizer in F and t € Op satisfies mp|¢|2. We still have
Of = Or[I1]. Note that in this case E|F is generated by a square root of
the unit 1 —4my/t> in F.

An example of an extension of type R-P is @1 (v/—2)|Q,, whereas Q,(v/—1)|Q>
is of type R-U. Note that for p > 2, any ramified quadratic extension over Q,, is of
the form R-P.

Our results in the cases R-P and R-U are similar, but different. We first describe
the results in the case R-P. Let E|F be of type R-P.

We first define a naive moduli problem N gai"e, which merely copies the definition
from p #2 (cf. [Kudla and Rapoport 2014]). Let F be the completion of the maximal
unramified extension of F and Of its ring of integers. Then N, gaive is a set-valued
functor on Nilp 5 , the category of Op-schemes where 7 is locally nilpotent. For
S € Nilp, , the set NFAVE(S) is the set of equivalence classes of tuples (X, ¢, A, 0).
Here, X/S§ is a formal Op-module of height 4 and dimension 2, equipped with an
action ¢ : O — End(X). This action satisfies the Kottwitz condition of signature
(1, 1), i.e., for any o € Og, the characteristic polynomial of ¢ («) on Lie X is given by

char(Lie X, T | t(@)) = (T —a)(T — @).

Here, o — « denotes the Galois conjugation of E|F. The right side of this equation
is a polynomial with coefficients in Og via the structure map O < Op — Os.
The third entry A is a principal polarization A : X — X" such that the induced
Rosati involution satisfies («)* = ¢(@) for all « € Of. (Here, XV is the dual of X
as a formal Op-module.) Finally, ¢ is a quasi-isogeny of height O (and compatible
with all previous data) to a fixed framing object (X, tx, Ax) over k= ép /mo. This
framing object is unique up to isogeny under the condition that

{p € End’(X, 1x) | 9*(Ax) = Ax} = U(C, h),

for a split E|F-hermitian vector space (C, i) of dimension 2; see Proposition 3.2.
Recall that this is exactly the definition used in [Kudla and Rapoport 2014] for
the ramified case with p > 2. There, Ng =N, ,’;aive and we have natural isomorphism

n:Mp, = Ng,

where Mp, is the Drinfeld moduli problem mentioned above.

However, for p = 2, it turns out that the definition of A2 is not the “correct”
one in the sense that it is not isomorphic to the Drinfeld moduli problem. Hence this
naive definition of the moduli space is not in line with the results from [Kudla and
Rapoport 2014] and the general philosophy of (conjectural) local Shimura varieties
(see [Rapoport and Viehmann 2014]). In order to remedy this, we will describe a
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new condition on N gaive, which we call the straightening condition, and show that
this cuts out a closed formal subscheme Ng C N, gaive that is naturally isomorphic
to Mp,. Interestingly, the straightening condition is not trivial on the rigid-analytic
generic fiber of A/ Eaive (as originally assumed by the author), but it cuts out an
(admissible) open and closed subspace; see Remark 3.13.

We would like to explicate the defect of the naive moduli space. For this, let
us recall the definition of Mp,. It is a functor on Nilp; , mapping a scheme S to
the set Mp, (S) of equivalence classes of tuples (X, tp, 0). Again, X/S is a formal
Or-module of height 4 and dimension 2. Let B be the quaternion division algebra
over F' and Op its ring of integers. Then (5 is an action of Op on X, satisfying
the special condition of Drinfeld (see [Boutot and Carayol 1991] or Section 3C
below). The last entry o is an O p-linear quasi-isogeny of height O to a fixed framing
object (X, tx_p) over k. This framing object is unique up to isogeny (cf. [Boutot
and Carayol 1991, II. Proposition 5.2]).

Fix an embedding Og < Op and consider the involution b+ b* = [15'T1~! on B,
where b+ b’ is the standard involution. By work of Drinfeld (see Proposition 3.14
below), there exists a principal polarization Ax on the framing object (X, tx p) of
Mp, such that the induced Rosati involution satisfies tx p(b)* = tx p(b*) for all
b € Op. This polarization is unique up to a scalar in O:. Furthermore, for any
(X, t, 0) € Mp,(S), the pullback L = p*(Ax) is a principal polarization on X.

We now set

n(X, g, 0) = (X, tlog, », 0).

By Lemma 3.15, this defines a closed embedding n : Mp, < ./\/'gaive. But n is far
from being an isomorphism, as the following proposition shows:

Proposition 1.1. The induced map n(k) : Mp, (k) = N gai"e (k) is not surjective.

Let us sketch the proof here. Using Dieudonné theory, we can write A/ g"‘i"e (k)

naturally as a union
Ny = | Pa/may @),
ACC

where the union runs over all Og-lattices A in the hermitian vector space (C, h)
that are IT~'-modular, i.e., the dual A* of A with respect to 4 is given by A =
IT~'A® (see Lemma 3.7). By [Jacobowitz 1962], there exist different types (i.e.,
U(C, h)-orbits) of such lattices A C C that are parametrized by their norm ideal
Nm(A) = ({h(x, x)|x € A}) C F. In the case at hand, Nm(A) can be any ideal
with 20r € Nm(A) C Op. It is easily checked (see Section 2) that the norm ideal
of A is minimal, that is Nm(A) =2Op, if and only if A admits a basis consisting of
isotropic vectors, and hence we call these lattices hyperbolic. Now, the image under
n of Mp, (k) is the union of all lines P(A / [TA) (k) where A C C is hyperbolic.
This is a consequence of Remark 3.12 and Theorem 3.16 below.
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On the framing object (X, tx, Ax) of N, gai"e, there exists a principal polarization
Ax such that the induced Rosati involution is the identity on Og. This polarization
is unique up to a scalar in OE (see Theorem 5.2 (1)). On C, the polarization
Ax induces an E-linear alternating form b, such that detb and det & differ only
by a unit (for a fixed basis of C). After possibly rescaling b by a unit in O, a
I~ '-modular lattice A C C is hyperbolic if and only if b(x, y) + h(x, y) € 20F
for all x, y € A. This enables us to describe the “hyperbolic” points of N 4" (i.e.,
those that lie on a projective line corresponding to a hyperbolic lattice A € C) in
terms of polarizations.

We now formulate the closed condition that characterizes Mg as a closed formal
subscheme of N fg‘aive. For a suitable choice of (X, tx, Ax) and XX, we may assume
that %(Ax +Ax) is a polarization on X. The following definition is a reformulation
of Definition 3.11.

Definition 1.2. Let S € Nilp; . An object (X,¢,1,0) € N gaive(S) satisfies the
straightening condition if A| = %(A 4+ A) is a polarization on X. Here, A = o™ (Lx).

We remark that A = Q*(Xx) is a polarization on X. This is a consequence of
Theorem 5.2, which states the existence of certain polarizations on points of a larger
moduli space M containing N2Y¢; see below.

For S € NilpovF, let Ng(S) gNgaive(S) be the subset of all tuples (X, ¢, A, o) that
satisfy the straightening condition. By [Rapoport and Zink 1996, Proposition 2.9],
this defines a closed formal subscheme Ng C N fg‘aive. An application of Drinfeld’s
proposition (Proposition 3.14; see also [Boutot and Carayol 1991]) shows that the
image of Mp, under 7 lies in Nz. The main theorem in the R-P case can now be
stated as follows; see Theorem 3.16.

Theorem 1.3. 1 : Mp, — Ng is an isomorphism of formal schemes.

This concludes our discussion of the R-P case. From now on, we assume that
E|F is of type R-U.

In th@ case R-U, we have to make some adaptations for N24"¢. For S € Nilps,.,
let N'g#V¢(S) be the set of equivalence classes of tuples (X, ¢, A, o) with (X, ¢) as
in the R-P case. But now, the polarization A : X — X" is supposed to have kernel
ker & = X[IT] (in contrast to the R-P case, where A is a principal polarization). As
before, the Rosati involution of A induces the conjugation on Of. There exists a
framing object (X, tx, Ax) over Spec k for \V, gaive, which is unique up to isogeny
under the condition that

{o € End’(X, 1x) | 9* (Ax) = Ax} = U(C, h),

where (C, h) is a split E|F-hermitian vector space of dimension 2 (see Proposition
4.1). Finally, o is a quasi-isogeny of height O from X to X, respecting all structure.
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Fix an embedding E < B. Using some subtle choices of elements in B (these
are described in Lemma 2.3 (2)) and by Drinfeld’s proposition, we can construct
a polarization A as above for any (X, tg, 0) € Mp,(S). This induces a closed
embedding

n:Mp, = NEYe (X, 153,0) — (X, 15|0. 7> 0).

We can write N7*V¢(k) as a union of projective lines,

NEve() = | Pa/may@),

ACC

where the union now runs over all self-dual Og-lattices A € (C, h) with Nm(A) C
moOF. As in the R-P case, these lattices A C C are classified up to isomorphism
by their norm ideal Nm(A). Since A is self-dual with respect to A, the norm ideal
can be any ideal satisfying t O € Nm(A) C Or. We call A hyperbolic when the
norm ideal is minimal, i.e., Nm(A) =t Or. Equivalently, the lattice A has a basis
consisting of isotropic vectors. Recall that here ¢ is the element showing up in the
Eisenstein equation for the R-U extension E|F and that y|7|2. Hence there exists
at least one type of self-dual lattices A € C with Nm(A) C m9Of. In the case
R-U, it may happen that |¢| = |mg|, in which case all lattices A in the description of
Npaive (k) are hyperbolic.

The image of Mp, (k) under 1 in N gaive (k) is the union of all projective lines
corresponding to hyperbolic lattices. Unless |¢t| = |, it follows that n(k) is
not surjective and thus n cannot be an isomorphism. For the case |t| = |mg|, we
will show that 7 is an isomorphism on reduced loci (M p;)red => (N, gaive)red (see
Remark 4.11), but 7 is not an isomorphism of formal schemes. This follows from
the nonflatness of the deformation ring for certain points of N g“i"e; see Section 4D.

On the framing object (X, tx, Ax) of N gaive, there exists a polarization Xx such
that ker Xx = X[IT] and such that the Rosati involution induces the identity on Og.
After a suitable choice of (X, tx, Ax) and Xx, we may assume that %(AX + Xx) is a
polarization on X. The straightening condition for the R-U case is given as follows
(see Definition 4.10).

Definition 1.4. Let S € Nilp; . An object (X, ¢, %, 0) € N gaive(S) satisfies the
straightening condition if A = %(A + A) is a polarization on X. Here, A = 0™ (Ax).

Note that A = Q*(ix) is a polarization on X by Theorem 5.2.

The straightening condition defines a closed formal subscheme NV € N84V that
contains the image of Mp, under 1. The main theorem in the R-U case can now
be stated as follows; compare Theorem 4.14.

Theorem 1.5. 1 : Mp, — Ng is an isomorphism of formal schemes.
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When formulating the straightening condition in the R-U and the R-P case, we
mentioned that A = 0*(Ax) is a polarization for any (X, ¢, A, 0) € NV, fg‘aive(S). This
fact is a corollary of Theorem 5.2, which states the existence of this polarization in
the following more general setting.

Let F|Q, be a finite extension for any prime p and E|F an arbitrary quadratic
extension. We consider the following moduli space Mg of EL type. For § € Nilp 5,
the set Mg (S) consists of equivalence classes of tuples (X, (g, 0), where X is a
formal Op-module of height 4 and dimension 2 and (g is an Og-action on X
satisfying the Kottwitz condition of signature (1, 1) as above. The entry o is an
Og-linear quasi-isogeny of height O to a supersingular framing object (X, tx g).

The points of M are equipped with polarizations in the following natural way;
see Theorem 5.2.

Theorem 1.6. (1) There exists a principal polarization XX on (X, tx g) such that
the Rosati involution induces the identity on Og, i.e., t((a)* = () for all
« € Og. This polarization is unique up to a scalar in Op;.

(2) Fix XX asinpart (1). Forany S € NilvaF and (X, tg, 0) € MEg(S), there exists
a unique principal polarization ) on X such that the Rosati involution induces
the identity on Og and such that A = 0™ (Ax).

If p=2and E|F is ramified of R-P or R-U type, then there is a canonical closed
embedding Ng < Mg that forgets about the polarization A. In this way, it follows
that X is a polarization for any (X, ¢, X, 0) € Ngai"e(S).

The statement of Theorem 1.6 can also be expressed in terms of an isomorphism of
moduli spaces Mg po1 => M. Here ME 01 is @ moduli space of PEL type, defined
by Irlapping S € Nilpg, to the set of tuples (X, ¢, x, o) where (X, t, 0) € Mg(S)
and A is a polarization as in the theorem.

We now briefly describe the contents of the subsequent sections of this paper. In
Section 2, we recall some facts about the quadratic extensions of F, the quaternion
algebra B|F and hermitian forms. In Sections 3 and 4, we define the moduli spaces
Npaive introduce the straightening condition describing Nz € A" and prove our
main theorem in both the cases R-P and R-U. Although the techniques are quite
similar in both cases, we decided to treat these cases separately, since the results in
both cases differ in important details. Finally, in Section 5 we prove Theorem 1.6
on the existence of the polarizations .

2. Preliminaries on quaternion algebras and hermitian forms

Let F|Q, be a finite extension. In this section we will recall some facts about
the quadratic extensions of F, the quaternion division algebra B|F and certain
hermitian forms. For more information on quaternion algebras, see for example the
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book by Vignéras [1980]. A systematic classification of hermitian forms over local
fields has been done by Jacobowitz [1962].

Let E|F be a quadratic field extension and denote by Op, resp. O, the rings of
integers. There are three mutually exclusive possibilities for E|F:

e E|F is unramified. Then E = F[§] for § a square root of a unit in F. We can
choose 8 such that 82 = 1+4u for some u € Oy . In this case, O = Of[(1+5)/2].
The element y = (1 + 8)/2 satisfies the Eisenstein equation y> —y —u = 0.
In the following we will write F® instead of E and 01(,2) instead of O when
talking about the unramified extension of F.

o E|F is ramified and E is generated by the square root of a uniformizer in F.
That is, E = F[I1] and II is given by the Eisenstein equation IT> + 7y = 0
for a uniformizing element 79 € Op. We also have Og = Of[I1]. Following
Jacobowitz, we will say E|F is of type R-P (which stands for “ramified-prime”).

« Finally, E|F can be given by an Eisenstein equation of the form 1% —¢TT1+m( =0
for a uniformizer my and ¢t € OF such that my|t|2. Then E|F is ramified and
O = Of[I1]. Here, E is generated by the square root of a unit in F. Indeed,
for ® =1 —2I1/t we have 92 = 1 —4my/t> € O . Thus E|F is said to be of
type R-U (for “ramified-unit”).

We will use this notation throughout the paper.

Remark 2.1. The isomorphism classes of quadratic extensions of F correspond to
nontrivial equivalence classes of F*/(F*)2. We have F*/(F*)> ~HY(GF, Z/27)
for the absolute Galois group Gr of F and dimH'(GF, Z/27) = 2 + d, where
d = [F : (] is the degree of F over (), (see, for example, [Neukirch et al. 2008,
Corollary 7.3.9]).

A representative of an equivalence class in F*/F*? can be chosen to be either a
prime or a unit, and exactly half of the classes are represented by prime elements,
the others being represented by units. It follows that there are, up to isomorphism,
21+4 different extensions E|F of type R-P and 2!+ —2 extensions of type R-U. (We
have to exclude the trivial element 1 € F*/F>? and one unit element corresponding
to the unramified extension.)

Lemma 2.2. The inverse different of E|F is given by ”}DE‘]F = %OE in the case

R-P and by ®E|1F = %OE in the case R-U.
Proof. The inverse different is defined as

Dplp =f{a € E | Trgyr(aOg) € OF}.
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It is enough to check the condition on the trace for the elements 1 and IT € Og. If
we write o = o1 + [Map with oy, oy € F, we get

Trejp(o- 1) = o + & = 201 + o (1T + 1),
Trep(ec- T1) = a1 + ol = o (T + IT) + (117 + I17).

In the case R-P we have IT+ IT = 0 and I1? + I1? = 27, while in the case R-U,
I+ 11 =t and 1% 4+ T1> = ¢*> — 2m. It is now easy to deduce that the inverse
different is of the claimed form. |

Over F, there exists up to isomorphism exactly one quaternion division algebra B,
with unique maximal order Op. For every quadratic extension E|F, there exists an
embedding E < B and this induces an embedding O < Ogp. If E|F is ramified,
a basis for Og as Op-module is given by (1, [T). We would like to extend this to
an Op-basis of Op.

Lemma 2.3. (1) If E|F is of type R-P, there exists an embedding F® — B such
that §T1 = —I18. An Og-basis of Op is then given by (1, y, I1, y - 1), where
y=(1+198)/2

(2) IfE|F is of type R-U, there exists an embedding E| — B, where E||F is of type
R-P with uniformizer 1| such that 911; = —TI119. The tuple (1, ¥, I1y, V1)
is an F-basis of B.

Furthermore, there is also an embedding E<> BwithE |F of type R-U with
elements T1 and © as above, such that 9D = —D0 and D =1+ (t?/m0) - u
for some unit u € F. In terms of this embedding, an Of-basis of Op is given
by (1, 1, T1, T - T /7). Also,

I1-T1
(2-1) JT_O =Y
for some embedding F® < B of the unramified extension and y* —y —u = 0.
Hence, Op = Of[I1, y] as Of-algebra.

Proof. (1) This is [Vignéras 1980, II. Corollary 1.7].

(2) By [Vignéras 1980, 1. Corollary 2.4], it suffices to find a uniformizer H% €
F*\ Nmg|r(E*) in order to prove the first part. But Nmg|r(E*) € F* is a
subgroup of order 2 and F %2 C Nm £|F (E™). On the other hand, the residue classes
of uniformizing elements in F*/F*? generate the whole group. Thus they cannot
all be contained in Nmg p(E™).

For the second part, choose a unit § € F® with 62 = 1 +4u € F* \ F*? for
some u € O and set y = (1+68)/2. Let E|F be of type R-U, generated by # with
92 =1+ (tz/m)) u. We have to show that 92 is not contained in Nmg p(EX).
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Assume it is a norm, so 92 = Nmg r(b) for aunit b € E*. Then b is of the form
b=1+x-(t/I1) for some x € Of. Indeed, let £ be the IT-adic valuation of b — 1,
ie,b=14+x-Tfand x € Oy . We have

(2-2) 14 (t2/m0) - u = Nmg g (b) = 1 4 Trg p (xT1°) + Nmg| p (x 1),

Let v be the mp-adic valuation on F'; then v(Nmg| £ (x [1%)) =¢ and v(Trg p(x %)) >
v(t)+ | £ |, by Lemma 2.2. On the left-hand side, we have v((t2/mo) -u) = 2v(t) — 1.
Comparing the valuations on both sides of (2-2), the assumption £ < 2v(¢) — 1 now
quickly leads to a contradiction.

Hence ¢ > 2v(t) — 1 and b =1+ x - (¢/I1) for some x € Og. Again,

1+ (¢%/m0) - u = Nmpgp(b) = 1 + Trg|p(xt/TT) + Nmg p (xt/T0).

An easy calculation shows that the residue x € k = Og/I1 = Of/m of x satisfies
u = x +x2. But this equation has no solution in k, since a solution of y2 —y —u =0
generates the unramified quadratic extension of F. It follows that 92 cannot be a
norm.

Using again [Vignéras 1980, 1. Corollary 2.4], we find an embedding E<> B
such that 99 = —99.

We have I[T=1¢(1+9)/2 and = mo(1+ 5‘)/t; thus

-0 (1+49)-(1+0) _ 1494+0+0-0
0 o 2 o 2 ’

and
O +0+9-0)2 =02 +092—92.p?
= (1 —4mo/1*) + (1 + *u/mo) — (1 — 4o/ *) (1 + t*u/mo)
=1+4+4u.

Hence y +— I1- I /o induces an embedding F® < B.

It remains to prove that the tuple u = (1, I, ﬁ IT- ﬁ/m)) is a basis of Op as
Ofr-module. By [Vignéras 1980, I. Corollary 4.8], it suffices to check that the
discriminant

disc(u) = det(Trd(u;u;)) - Of

is equal to disc(Op). An easy calculation shows det(Trd(u;u ;)) - O = moOF and
then the assertion follows from [Vignéras 1980, V, II. Corollary 1.7]. ]

For the remainder of this section, we will consider lattices A in a 2-dimensional
E-vector space C with a split E|F-hermitian' form 4. Recall from [Jacobowitz
1962] that, up to isomorphism, there are two different F|F-hermitian vector

'Here and in the following, sesquilinear forms will be linear from the left and semilinear from the
right.
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spaces (C, h) of fixed dimension n, parametrized by the discriminant disc(C, h) €
F>*/Nmg|r(E™). A hermitian space (C, h) is called split whenever disc(C, h) = 1.
In our case, where (C, h) is split of dimension 2, we can find a basis (e, ep) of C
with h(e;, e;) =0 and h(eq, ey) = 1.

Denote by A the dual of a lattice A € C with respect to h. The lattice A is
called IT'-modular if A = TI' A* (resp. unimodular or self-dual when i = 0). In
contrast to the p-adic case with p > 2, there exist IT'-modular lattices of more than
one type in our case (cf. [Jacobowitz 1962]):

Proposition 2.4. Define the norm ideal Nm(A) of A by
(2-3) Nm(A) = ({h(x,x)|x € A}) C F.

Any TI'-modular lattice A C C is determined up to the action of U(C, h) by the
ideal Nm(A) = ng Or C F. Fori =0 or 1, the exponent £ can be any integer such
that

12| <|mol* <|1|  for E|F R-P, unimodular A,

|270| < |mo|® < |mo| for E|F R-P, II-modular A,
lt| < |mol <|1|  for E|F R-U, unimodular A,
It] < |mol® <|mo|l for E|F R-U, M-modular A,

where | - | is the (normalized) absolute value on F. Two T -modular lattices A and
A’ are isomorphic if and only if Nm(A) = Nm(A'). ([

For any other i, the possible values of £ for a given IT'-modular lattice A are
easily obtained by shifting. In fact, we can choose an integer j such that I/ A is
either unimodular or IT-modular. Then Nm(A) =7,/ Nm(T1/ A) and we can apply
the proposition above.

Since (C, h) is split, any IT'-modular lattice A contains an isotropic vector v
(i.e., with h(v, v) = 0). After rescaling with a suitable power of I1, we can extend
v to a basis of A. Hence there always exists a basis (eg, e2) of A such that /4 is
represented by a matrix of the form

x T
(2-4) HA:(Hi ), xeF.

If x = 0 in this representation, then Nm(A) = J'r(f Or is as small as possible, or in
other words, the absolute value of |7p|® is minimal. On the other hand, whenever
|7ro|¢ takes the minimal absolute value for a given IT'-modular lattice A, there exists
a basis (e1, ep) of A such that & is represented by H, with x = 0. Indeed, this
follows because the ideal Nm(A) already determines A up to isomorphism. In
this case (when x = 0), we call A a hyperbolic lattice. By the arguments above, a
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IT'-modular lattice is thus hyperbolic if and only if its norm is minimal. In all other
cases, where A is IT'-modular but not hyperbolic, we have Nm(A) = x OF.

For further reference, we explicitly write down the norm of a hyperbolic lattice
for the cases that we need later. For other values of i, the norm can easily be
deduced from this by shifting (see also [Jacobowitz 1962, Table 9.1]).

Lemma 2.5. A I[T'-modular lattice A is hyperbolic if and only if
Nm(A) =20fr for E|F R-P,i=0o0r —1,
Nm(A)=tOfr for E|F R-U,i=0orl.

The norm ideal of A is minimal among all norm ideals for T1'-modular lattices
in C. ([

In the following, we will only consider the cases i =0 or —1 for E|F R-P and
the cases i = 0 or 1 for E|F R-U, since these are the cases we will need later. We
want to study the following question:

Question 2.6. Assume E|F is R-P. Fix a IT~!-modular lattice A_; € C (not
necessarily hyperbolic). How many unimodular lattices Ao € A_; are there and
what norms Nm(Ag) can appear? Dually, for a fixed unimodular lattice Ay C C,
how many [T~ !'-modular lattices A_; with Ag € A_; exist and what are their
norms?

We can ask the same question for E|F R-U and unimodular, resp. I1-modular,
lattices.

Of course, such an inclusion is always of index 1. The inclusions Ag € A_; of
index 1 correspond to lines in A_;/IIA_;. Denote by g the number of elements
in the common residue field of Or and Og. Then there exist at most g 4+ 1 such
[T-modular lattices Ag for a given A_;. The same bound holds in the dual case,
i.e., there are at most ¢ + 1 IT~'-modular lattices containing a given unimodu-
lar lattice Ag. Propositions 2.7 and 2.8 below provide an exhaustive answer to
Question 2.6. Since the proofs consist of a lengthy but simple case-by-case analysis,
we will leave them to the interested reader.

Proposition 2.7. Let E|F be of type R-P.

(1) Let A_y € C be a 1" '-modular hyperbolic lattice. There are q + 1 hyperbolic
unimodular lattices contained in A_;.

(2) Let A_; C C be a 1™ -modular nonhyperbolic lattice. Let Nm(A_1) = ng Or.
Then A _ contains one unimodular lattice Ao with Nm(Ag) = ng'H Or and q
unimodular lattices of norm ng Or.

(3) Let Ay C C be a unimodular hyperbolic lattice. There are two hyperbolic TT™!-
modular lattices A_1 D Ay and g — 1 nonhyperbolic T1~'-modular lattices
A_1 D AgwithNm(A_;) =2/myOF.
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(4) Let Ay € C be unimodular nonhyperbolic. Let Nm(Ag) = JTé Op. There exists
one TI ' -modular lattice A_; D Ay withNm(A_;) = ﬂg Op and, unless £ =0,
there are q nonhyperbolic [T~ "-modular lattices A_; D Ao with Nm(A_;) =

-1
Or.

Note that the total number of unimodular, resp. [T~ !-modular, lattices found
for A = A_1, resp. Ag, is g + 1 except in the case of Proposition 2.7 (4) when
¢ =0. In that particular case, there is just one IT~!-modular lattice contained in Ay.
The same phenomenon also appears in the case R-U; see part (2) of the following
proposition.

Proposition 2.8. Let E|F be of type R-U.

(1) Let Ay € C be a unimodular hyperbolic lattice. There are q + 1 hyperbolic
[T-modular lattices A1 C Ay.

(2) Let Ay C C be unimodular nonhyperbolic with Nm(Ag) = 710 There is
one Il-modular lattice A1 C Ao with norm ideal Nm(A1) = JIHIOF and
if £ # 0, there are also q nonhyperbolic T1-modular lattices A1 C Ay with
Nm(A) = 7§ Op.

(3) Let Ay C C be a ITI-modular hyperbolic lattice. There are two unimodular

hyperbolic lattices containing A1 and q — 1 unimodular lattices Ao with
A € Ag and Nm(Ag) =t/moOF.

(4) Let Ay C C be a I1-modular nonhyperbolic lattice and let Nm(Al) = 71 OrF.
The lattice A is contained in q unimodular lattices of norm 710 “1op and in
one unimodular lattice Ao with Nm(Ag) = no Or.

If E|F is a quadratic extension of type R-U such that |t| = |mg], there exist only
hyperbolic IT-modular lattices in C and hence case (4) of Proposition 2.8 does not
appear.

3. The moduli problem in the case R-P

Throughout this section, E|F is a quadratic extension of type R-P, i.e., there exist
uniformizing elements 77 € F and I1 € E such that [1? 47y =0. Then O = Ofp[I1]
for the rings of integers Of and Of of F and E, respectively. Let k be the common
residue field with ¢ elements, k an algebraic closure, and F the completion of the
maximal unramified extension of F, with ring of integers OF = Wo, (k). Let o be
the lift of the Frobenius in Gal(k|k) to Gal(épl OF).

3A. The definition of the naive moduli problem N Eaive. We first construct a func-
tor gaive on Nilps , the category of Op-schemes § such that 7oOs is locally
nilpotent. We consider tuples (X, ¢, ), where

e X is a formal Or-module over § of dimension 2 and height 4.
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e 1 : O — End(X) is an action of O satisfying the Kottwitz condition: The
characteristic polynomial of ((«) on Lie X for any « € O is

char(Lie X, T | t(@)) = (T —a)(T — @).

Here o — « is the nontrivial Galois automorphism and the right-hand side is
a polynomial with coefficients in Oy via the composition Op[T] < Ofr[T] —
OslT].

e A: X — XV is a principal polarization on X such that the Rosati involution
satisfies ((a)* = t(a) for a € Og.

Definition 3.1. A quasi-isogeny (resp. an isomorphism) ¢ : (X, t, A) — (X', (', V)

of two such tuples (X, ¢, ) and (X', ', ") over S is an Og-linear quasi-isogeny of

height O (resp. an Og-linear isomorphism) ¢ : X — X’ such that A = ¢*(1').
Denote the group of quasi-isogenies ¢ : (X, ¢, 1) = (X, ¢, A) by QIsog(X, ¢, A).

For S = Spec k we have the following proposition:

Proposition 3.2. Up to isogeny, there exists precisely one tuple (X, tx, Ax) over
Specl; such that the group Qlsog(X, tx, Ax) contains SU(C, h) as a closed sub-
group. Here SU(C, h) is the special unitary group for a 2-dimensional E-vector
space C with split E|F-hermitian form h.

Remark 3.3. If (X, tx, Ax) is as in the proposition, we always have QIsog(X, tx, Ax)
= U(C, h). This follows directly from the proof and gives a more natural way to
describe the framing object. However, we will need the slightly stronger statement
of the proposition later, in Lemma 3.15.

Proof of Proposition 3.2. We first show uniqueness. Let (X, ¢, 1)/ Spec k be such a
tuple. Its (relative) rational Dieudonné module Ny is a 4-dimensional vector space
over F with an action of E and an alternating form (, ) such that for all x, y € Ny,

(3-1) {(x, Iy) = —(Ix, y).

The space Nx has the structure of a 2-dimensional vector space over E=EQpF
and we can define an E|F-hermitian form on it via

(3-2) h(x,y) = (Ilx, y) + TI(x, y).
The alternating form can be recovered from & by

1
(3-3) (.3 =Trgp (57 - hr).

Furthermore we have on Nx a o-linear operator F, the Frobenius, and a o ~L-linear
operator V, the Verschiebung, that satisfy VF = FV = m(. Recall that o is the lift
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of the Frobenius on Of. Since (, ) comes from a polarization, we have

(Fx,y)=(x,Vy)’
and
h(Fx,y)=h(x, Vy)°

for all x, y € Ny. Let us consider the o-linear operator = [TV ~!. Its slopes are
all zero, since Ny is isotypical of slope % (This follows from the condition on
QIsog(X, 1x, Ax).) We set C = Ny. This is a 2-dimensional vector space over E
and Ny = C ®f E. Now h induces an E | F-hermitian form on C since

h(tx,ty) =h(—FI 'x, TV~"'y) = —h(IT"'x, TTy)° = h(x, y)°.

A priori, there are up to isomorphism two possibilities for (C, h), either & is
split on C or nonsplit. But automorphisms of (C, &) correspond to elements of
QIsog(X, tx, Ax). The unitary groups of (C, h) for h split and & nonsplit are not
isomorphic and they cannot contain each other as a closed subgroup. Hence the
condition on QIsog(X, tx, Ax) implies that # is split.

Assume now we have two different objects (X, ¢, A) and (X', , 1)) as in the
proposition. These give us isomorphic vector spaces (C, h) and (C’, h’) and an iso-
morphism between these extends to an isomorphism between Ny and N (respecting
all rational structure) which corresponds to a quasi-isogeny between (X, ¢, A) and
(X', /, M.

The existence of (X, tx, Ax) now follows from the fact that a 2-dimensional
E-vector space (C, h) with split E|F-hermitian form contains a unimodular lat-
tice A. Indeed, this gives us a lattice M = A ®o, éE CCQ®g E. We extend h to
N=CQ®g E and define the F-linear alternating form (, ) as in (3-3). Now M is
unimodular with respect to (, ), because % éE is the inverse different of E |1:" (see
Lemma 2.2). We choose the operators F and V on M such that FV =V F =
and A = M7 for t = [TV ~!. This makes M a (relative) Dieudonné module and we
define (X, tx, Ax) as the corresponding formal Og-module. O

We fix such a framing object (X, tx, Ax) over Spec k.

Definition 3.4. For arbitrary S € Nilp; , let S=Sx Spt O SPEC k. Define N/ gaive(S )
as the set of equivalence classes of tuples (X, ¢, A, 0) over S, where (X, ¢, A) as
above and

Q:XXSS'—>X><Spec,;S'

is a quasi-isogeny between the tuple (X, ¢, A) and the framing object (X, tx, Ax)
(after base change to S). Two objects (X, ¢, A, 0) and (X', ¢/, A, ¢') are equivalent
if and only if there exists an isomorphism ¢ : (X, ¢, 1) — (X', , 1) such that
0=0"0(pxs9).
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Remark 3.5. (1) The morphism g is a quasi-isogeny in the sense of Definition 3.1,
i.e., we have L = o*(Ax). Similarly, we have A = ¢*()) for the isomorphism ¢.
We obtain an equivalent definition of A" if we replace strict equality by the
condition that, locally on S, A and o*(Ax) (resp. ¢*(A)) only differ by a scalar
in O . This variant is used in the definition of RZ-spaces of PEL type for p > 2 in
[Rapoport and Zink 1996]. In this paper we will use the version with strict equality,
since it simplifies the formulation of the straightening condition; see Definition 3.11
below.

2) N, gai"e is pro-representable by a formal scheme, formally locally of finite type
over Spf Op. This follows from [Rapoport and Zink 1996, Theorem 3.25].

As a next step, we use Dieudonné theory in order to get a better understanding
of the special fiber of N, gai"e. Let N = Nx be the rational Dieudonné module of
the base point (X, tx, Ax) of NV, Eaive. This is a 4-dimensional vector space over F,
equipped with an E-action, an alternating form (, ) and two operators V and F.
As in the proof of Proposition 3.2, the form (, ) satisfies condition (3-1):

(3-4) {x, Iy) = —(Ilx, y).

A point (X, ¢, A, 0) € N2¥¢(k) corresponds to an Op-lattice My € N. It is
stable under the actions of the operators V and F and of the ring Of. Furthermore
My is unimodular under (, ), i.e., Mx = My, where

My ={xeN|(x,y) e Op forall y € My}.

We can regard N as a 2-dimensional vector space over E with the E|F-hermitian
form £ defined by

(3-5) h(x,y) = (Ilx, y) + IT{x, y).
Let éE = Ofr Qo ép. Then Mx C N is an éE—lattice and we have
My =My =M%,

where Mg( is the dual lattice of My with respect to /. The latter equality follows
from the formula

(3-6) (x. y) :Trm(% h(x.y))

and the fact that the inverse different of E|F is @E‘lF = % Or (see Lemma 2.2).
We can thus write the set AV, E“i"e(lz) as

(3-7)  NPEVe(k) = {Og-lattices M € Ny | M* = M, moM C VM C M},

Let = TV ~!. This is a o-linear operator on N with all slopes zero. The elements
invariant under t form a 2-dimensional E-vector space C = N*. The hermitian form
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h is invariant under 7, hence it induces a split hermitian form on C which we denote
again by i. With the same proof as in [Kudla and Rapoport 2014, Lemma 3.2], we
have:

Lemma 3.6. Let M € N}*¥(k). Then:

(1) M+t (M) is t-stable.

(2) Either M is t-stable and Ao = M* C C is unimodular (AO = Ag) or M is not
t-stable and then A_; = (M +t(M))* C C is 1™ ' -modular (Aﬁ = IA ).

Under the identification N = C ®f E ,we get M = Ay Qo, OE for a t-stable
Dieudonné lattice M. If M is not t-stable, we have M +tM = A_| Qo, Or and
MCA_|1®o, éE is a sublattice of index 1. The next lemma is the analogue of
[Kudla and Rapoport 2014, Lemma 3.3].

Lemma 3.7. (1) Fix a [1™"-modular lattice A_, C C. There is an injective map
in_,  P(A_1/TIA_;)(k) < Npve(k)

mapping a line £ € (A_/TIA_)) ®k to its preimage in A_, ® O. Identify
P(A_;/TIA_ (k) with its image in Nn‘“ve(k) Then P(A_1/TIA_1) (k) C
P(A_/TIA_ (k) is the set of t-invariant Dieudonné lattices M T A_ 1 ® OE

(2) The set N ane (k) is a union
(3-8) NEveky = | P(a_/mA_)®),

A_1CC
ranging over all T1™'-modular lattices A_, C C. The projective lines cor-
responding to the lattices A_y and A", intersect in N, gaive(l;) if and only if
Ag=A_1N A’_l is unimodular. In this case, their intersection consists of the
point M = Ay ® O € N2V (k).

Proof. We only have to prove that the map i, , is well-defined. Denote by M
the preimage of £ C (A_;/I1A_}) Rkin A ® 65. We need to show that M is
an element in gaive (k) under the identification of (3-7). It is clearly a sublattice of
index 1in A_ |1 ® OE, stable under the actions of F, V and Og.

Letere A1 ® éE such that e; ® k generates £. We can extend this to a basis
(e1, e2) of A_j and with respect to this basis, & is represented by a matrix of the

form
x —I!
nt y )

withx, y € ! éE N OF = ép. The lattice M CA_|1 ® OE is generated by e; and
[Te,. With respect to this new basis, / is now given by the matrix

x 1
1 moy)’
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Since all entries of the matrix are integral, we have M € M*. But this already
implies M* = M, because they both have index 1 in A_; ® Og. Thus M € \V, gai"e (k)
and i5 _, is well-defined. |

Remark 3.8. (1) Recall from Proposition 2.4 that the isomorphism type of a IT'-
modular lattice A € C only depends on its norm ideal Nm(A) = ({h(x, x)|x €
A}) = né Op C F. In the case that A = A or A_; is unimodular or IT~!-modular,
¢ can be any integer such that |1| > |7ol¢ > |2]. In particular, there are always at
least two possible values for ¢. Recall from Lemma 2.5 that A is hyperbolic if and
only if Nm(A) =20rF.

(2) The intersection behavior of the projective lines in N, gai"e (k) can be deduced
from Proposition 2.7. In particular, for a given unimodular lattice Ao € C with
Nm(Ag) € moOp, there are g + 1 lines intersecting in M = Ag® éE If Nm(Ay) =
Op, the lattice M = Ay ® OE is only contained in one projective line. On the
other hand, a projective line P(A_;/TIA_;)(k) S N gai"e (k) contains ¢ + 1 points
corresponding to unimodular lattices in C. By Lemma 3.7 (1), these are exactly the
k-rational points of P(A_;/ITA_1).

(3) If we restrict the union at the right-hand side of (3-8) to hyperbolic IT1~!-
modular lattices A_y € C (i.e., Nm(A_q) = 20F; see Lemma 2.5), we obtain
a canonical subset Nz (k) C N, gaive(lé) and there is a description of Ng as a pro-
representable functor on NilpovF (see below). We will see later (Theorem 3.16)
that Vg is isomorphic to the Drinfeld moduli space Mp,, described in [Boutot
and Carayol 1991, 1.3]. In particular, the underlying topological space of N is
connected. (The induced topology on the projective lines is the Zariski topology;
see Proposition 3.9.) Moreover, each projective line in Nz (k) has ¢ + 1 intersection
points and there are two projective lines intersecting in each such point (see also
Proposition 2.7).

We fix such an intersection point P € Nz (k). Now going back to A/ ,gaive(lé),
there are ¢ — 1 additional lines going through P € N/ g“i"e (k) that correspond to
nonhyperbolic lattices in C (see Proposition 2.7). Each of these additional lines
contains P as its only “hyperbolic” intersection point, all other intersection points
on this line and the line itself correspond to unimodular, resp. IT~'-modular, lattices
A C C of norm Nm(A) = (2/mg) Of (whereas all hyperbolic lattices occurring have
the norm ideal 20 ; see Lemma 2.5). Assume P(A/TTIA)(k) C Ngaive(lz) is such
aline and let P’ € P(A/ [TA)(k) be an intersection point, where P # P’. There
are again g more lines going through P’ (always ¢ + 1 in total) that correspond
to lattices with norm ideal Nm(A) = (2/ ng) Or, and these lines again have more
intersection points and so on. This goes on until we reach lines P(A’/TTA") (k)
with Nm(A’) = Op. Each of these lines contains ¢ points that correspond to
unimodular lattices Ag € C with Nm(Ag) = Op. Such a lattice is only contained
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@e=1, f=1 b)e=2, f=1

Figure 1. The reduced locus of V, gaive for E|F of type R-P where
F|Q; has ramification index e and inertia degree f. Solid lines are
given by subschemes Ng 5 for hyperbolic lattices A.

in one IT~'-modular lattice (see part (4) of Proposition 2.7). Hence, these points
are only contained in one projective line, namely P(A’/TIA’) (k).

In other words, each intersection point P € Ng (k) has a “tail”, consisting of
finitely many projective lines, which is the connected component of P in (N gai"e )\
Ng(k)) U {P}. Figure 1 shows a drawing of (, gaive)red for the cases F = @, (on
the left-hand side) and F'|(), a ramified quadratic extension (on the right-hand side).
The “tails” are indicated by dashed lines.

Fix a [T~ !-modular lattice A = A_; C C. Let X X be the formal Opr-module
over Spec k associated to the Dieudonné lattice M = A ® O C N. It comes with
a canonical quasi-isogeny

of :X— X}
of F-height 1. We define a subfunctor Nz o C N, gaive by mapping S € Nilp to
(3-9)  Nea(S) ={(X,1, %, 0) € NF™(S) | (of x S) 0 is an isogeny}.

Note that the condition of (3-9) is closed; cf. [Rapoport and Zink 1996, Proposi-
tion 2.9]. Hence N 4 is representable by a closed formal subscheme of N, gaive.
On geometric points, we have a bijection

(3-10) N alk) = P(A/TIA) (k),
as a consequence of Lemma 3.7 (1).

Proposition 3.9. The reduced locus of N gaive is given by

(Ngaive)red = U NE,A,

ACC
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where A runs over all T1~'-modular lattices in C. For each A, there is an isomor-
phism of reduced schemes

Nea => P(A/IIA),
inducing the map (3-10) on k-valued points.
Proof. The embedding

(3-11) L Ve a)rea > VEN)rea

ACC
is closed, because each embedding Nz p € N, gaive is closed and, locally on
(N gaive)red, the left-hand side is always only a finite union of (Mg A)red. It follows
already that (3-11) is an isomorphism, since it is a bijection on k-valued points (see
(3-8) and (3-10)) and (N, g‘aive)red is reduced by definition and locally of finite type
over Spec k by Remark 3.5 (2).

For the second part of the proposition, we follow the proof presented in [Kudla
and Rapoport 2014, Lemma 4.2]. Fix a IT~'-modular lattice A € C and let
M=A® éE C N, as above. Now X X is the formal Op-module associated to M,
but we also get a formal Or-module X', associated to the dual M P =TIM of M.
This comes with a natural isogeny

naty : X, — X

and a quasi-isogeny o, : X, — X of F-height 1. For (X,(, 1, 0) € N}gaive(S) where
S € Nilp,., we consider the composition

0px=0 "oy x8): (X; x5 —X.

By [Kudla and Rapoport 2014, Lemma 4.2], this composition is an isogeny if and
only if (QX x §) o o is an isogeny, or, in other words, if and only if (X, ¢, A, o) €
Ng A(S). Let D X5 (S) be the (relative) Grothendieck—Messing crystal of X', eval-
uated at S (cf. [Ahsendorf et al. 2016, Definition 3.24] or [Ahsendorf 2011, Sec-
tion 5.2]). This is a locally free Og-module of rank 4, isomorphic to A /7oA ® ¢, Os.
The kernel of D(natp ) (S) is given by (A/ITA)®g, Os, locally a direct summand of
rank 2 of [D)XI—\(S). For any (X, ¢, 1, 0) € Ng.A(S), the kernel of 0, x is contained
in ker(natp ). It follows from [Vollaard and Wedhorn 2011, Corollary 4.7] (see also
[Kudla and Rapoport 2014, Proposition 4.6]) that ker [D(Q[_\’ ) (8) 18 locally a direct
summand of rank 1 of (A/ITA) ®o, Os. This induces a map

NEA(S) = P(A/TIA)(S),

functorial in S, and the arguments of [Vollaard and Wedhorn 2011, Section 4.7]
show that it is an isomorphism. (One easily checks that their results indeed carry
over to the relative setting over OF.) O
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3B. Construction of the closed formal subscheme Ny € N, fg‘aive. We now use a
result from Section 5. By Theorem 5.2 and Remark 5.1 (2), there exists a principal
polarization XX : X = XY on (X, 1x, Ax), unique up to a scalar in O, such
that the induced Rosati involution is the identity on Of. Furthermore, for any
(X,t,x,0) €N, gaiVC(S ), the pullback A= Q*(ix) is a principal polarization on X.

The next proposition is crucial for the construction of Ag. Recall the notion of a
hyperbolic lattice from Proposition 2.4 and the subsequent discussion.

Proposition 3.10. It is possible to choose (X, tx, Ax) and XX such that
Ax.1 = 2O+ Ax) € Hom(X, XY).

Fix such a choice and let (X, t, A, Q) € Ngaive(lé). Then, %(A + %) € Hom(X, XV)
ifand only if (X, 1, X, 0) € Ng.a (k) for some hyperbolic lattice A  C.
Proof. The polarization Ax on X induces an alternating form (, ) on the rational
Dieudonné module N = Mx ® Or F. Forall x, y € N, the form (, ) satisfies

(Fx,y)=(x,Vy)’,

(TTx, y) = (x, Iy).

It induces an E -alternating form b on N via

b(x,y) = 8((Ilx, y) + I (x, y)),

where § € Op is a unit generating the unramified quadratic extension of F, chosen
such that §° = —4 and (1 +6)/2 € OF; see page 348. On the other hand, we can
describe (, ) in terms of b,

1

(3-12) (x, y) :Tr,;lﬁ(zm

b(x, v).
The form b is invariant under 7 = [TV !, since
b(tx,ty) =b(—FIT 'x, IV~ly) = b(IT"x, TTy)° = b(x, y)°.

Hence b defines an E-linear alternating form on C = N*, which we again denote
by b. Denote by (, ) the alternating form on My induced by the polarization Ax
and let & be the corresponding hermitian form; see (3-2). On Nx, we define the
alternating form (, ); by

(, y)1 = 3, y) 4 (x, ).

This form is integral on M if and only if Ax ;| = %()»x + XX) is a polarization on X.
We choose (X, tx, Ax) such that it corresponds to a unimodular hyperbolic lattice
Ao C (C, h) under the identifications of (3-7) and Lemma 3.6. There exists a basis
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(e1, ep) of Ag such that

(3-13) hé( 1), b§< “)
1 —u

for some u € E*. Since Xx is principal, the alternating form b is perfect on Ay,
thus u € OE. After rescaling Ax, we may assume that u = 1. We now have

L(h(x, y) +b(x,)) € O,

for all x, y € Ag. Thus %(h +b) is integral on Mx = A9 ®o, OE This implies that
(v 7)1 = 50 )+ 0 ) = E T (5 ) + 5 (e, )

=Tf;§|ﬁ<%(h(x’ y) +b(x, y))) +Tr5?|F(4n3 b(x, y)) € Op

for all x, y € Mx. Indeed, in the definition of b, the unit § has been chosen such that
1+ 8) /2 € Op, so the second summand is in OF The first summand is integral,
since 5 (h + D) is integral. It follows that Ax 1 = 5 (Ax + AX) is a polarization on X.

Let (X,t,A,0) € N“awe(k) and assume that A; = (A + ) = 0*(Ax.1) is a
polarization on X. Then (, ); is integral on the Dieudonne module M C N of X.
By the above calculation, this is equivalent to %(h + b) being integral on M. In
particular, this implies that

h(x,x) =h(x,x) +b(x, x) € 20r,

forall x e M. Let A = (M + t(M))*. Then h(x,x) € 20F for all x € A;
hence Nm(A) € 20fr. By Lemma 2.5 and the bound of norm ideals, we have
Nm(A) =20p and A is a hyperbolic lattice. It follows that (X, ¢, A, 0) € Ng o/ (k)
for some hyperbolic IT~!-modular lattice A’ C C. Indeed, if M™ C A then A is
[T~ '-modular and A’ = A. If M = A then it is contained in some IT~!-modular
hyperbolic lattice A’ by Proposition 2.7.

Conversely, assume that (X, ¢, A, 0) € Ng.a (IE) for some hyperbolic lattice A C C.
It suffices to show that %(h + b) is integral on A. Indeed, it follows that %(h +b)
is integral on the Dieudonné module M. Thus (, ); is integral on M and this is
equivalent to A; = 1 (% + 1) € Hom(X, XV).

Let A’ C C be the IT~'-modular lattice generated by e; and IT~!e,, where (e, e2)
is the basis of the lattice Ay corresponding to the framing object (X, tx, Ax). By
(3-13), h and b have the following form with respect to the basis (e, T 'ey),

- —I! - !
2o ™) 02 ™)

In particular, A’ is hyperbolic and %(h + b) is integral on A’. By Proposition 2.4,
there exists an automorphism g € SU(C, h) mapping A onto A’. Since detg =1,
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the alternating form b is invariant under g. It follows that %(h + b) is also integral
on A. U

From now on, we assume (X, tx, Ax) and XX chosen in a way such that
A= 3+ Ax) € Hom(X, XY).

Note that this determines the polarization Ax up to a scalar in 1 4+ 20g. If we
replace Ax by A = Ax otx(142u) for some u € O, then A§, | = Ax 1 +Axoux(u).
We can now formulate the straightening condition.

Definition 3.11. Let S € Nilp; . An object (X,t, 4, 0) € Ngai"e(S) satisfies the
straightening condition if

(3-14) A1 € Hom(X, XV),

where A1 = 1 (A +4) = 0*(Ax.1).

This definition is clearly independent of the choice of the polarization Ax. We
deﬁne N as the functor that maps S € Nilp &, to the set of all tuples (X, ¢, 1, 0) €
NpAVe(S) that satisfy the straightening condition. By [Rapoport and Zink 1996,
Proposition 2.9], Vg is representable by a closed formal subscheme of gaive.

Remark 3.12. The reduced locus of Ng can be written as

Wedrea = | JNea > | JPA/TIA),

ACC ACC

where we take the unions over all hyperbolic TI~!-modular lattices A € C. By
Proposition 2.7 and Lemma 3.7, each projective line contains g+ 1 points correspond-
ing to unimodular lattices and there are two lines intersecting in each such point.
Recall from Remark 3.8 (1) that there exist nonhyperbolic IT~!-modular lattices
A C C; thus we have Ng (k) # N9 (k), and in particular (Ng)red # (NEY®)eq.

Remark 3.13. As has been pointed out to the author by A. Genestier, the straight-
ening condition is not trivial on the rigid-analytic generic fiber of A/ gaive. However,
we can show that it is open and closed. Since a proper study of the generic fiber
would go beyond the scope of this paper, we restrain ourselves to indications rather
than complete proofs.

Let C be an algebraically closed extension of F and Oc¢ its ring of integers. Take
apointx = (X,t, A, 0) €N, Eai"e((’)c) and consider its 2-adic Tate module 7> (x).
It is a free Og-module of rank 2 and A endows 7,(x) with a perfect (nonsplit)
hermitian form 4. If x € Ng(O¢), then the straightening condition implies that
(T»(x), h) is a lattice with minimal norm? Nm(75(x)) in the vector space V,(x) =
T2(x) ®o, E (see Proposition 2.4 and [Jacobowitz 1962]). But V,(x) also contains

2Calling this lattice “hyperbolic” doesn’t make much sense here since it is anisotropic.
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self-dual lattices with nonminimal norm ideal. Let A € V,(x) be such a lattice with
Nm(A) # Nm(7>(x)). Let A’ be the intersection of T5(x) and A in V5 (x). The
inclusions A’ < A and A’ < T,(x) define canonically a formal Or-module Y
with 75 (Y) = A’ and a quasi-isogeny ¢ : X — Y. By inheriting all data, ¥ becomes
a point in N, gai"e((’)c) that does not satisfy the straightening condition.

To see that the straightening condition is open and closed on the generic fiber,
consider the universal formal Op-module X = (X, tx, Ay) over N Eaive and let
T>(X) be its Tate module. Then T (X) is a locally constant sheaf over N, é"“ive’rig
with respect to the étale topology. The polarization Ay defines a hermitian form
h on T,(X). Since T»(X) is a locally constant sheaf, the norm ideal Nm(73(X"))
with respect to i (see Proposition 2.4) is locally constant as well. Hence the locus
where Nm(75(X)) is minimal is open and closed in N4V, But this is exactly
N]:Eig g Ngaive,rig.

3C. The isomorphism to the Drinfeld moduli problem. We now recall the Drin-
feld moduli problem Mp, on Nilp; . Let B be the quaternion division algebra
over F and Ojp its ring of integers. Let S € Nilpy . Then Mp,(S) is the set of
equivalence classes of objects (X, ¢, 0), where

e X is a formal Or-module over S of dimension 2 and height 4;

e 1p: Op — End(X) is an action of Op on X satisfying the special condition, i.e.,
Lie X is, locally on §, a free (Os ®o, Ol(pz))—module of rank 1, where 01(92) C Op
is any embedding of the unramified quadratic extension of O into Op (cf.
[Boutot and Carayol 1991));

e 0:Xx585—X X Spec i S is an Op-linear quasi-isogeny of height 0 to a fixed
framing object (X, tx) € Mp, (k).

Such a framing object exists and is unique up to isogeny. By a proposition of
Drinfeld, cf. [Boutot and Carayol 1991, p. 138], there always exist polarizations on
these objects, as follows:

Proposition 3.14 [Drinfeld 1976]. Let I1 € Op a uniformizer with 1% € Of and
let b+ b’ be the standard involution of B. Then b — b* = TIb'TI~! is another
involution on B.

(1) There exists a principal polarization Lx : X — XY on X with associated Rosati
involution b — b*. It is unique up to a scalar in Op;.

(2) Let hx be as in (1). For (X, tp, 0) € Mpr(S), there exists a unique principal
polarization
ArX — XY

with Rosati involution b — b* such that 0*(Ax) = A on S.
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We now relate Mp, and Ng. For this, we fix an embedding £ < B. Any
choice of a uniformizer IT € Op with [1? € Of induces the same involution
b+ b*=TI'T1 ! on B.

For the framing object (X, tx) of Mp,, let Ax be a polarization associated to this
involution by Proposition 3.14 (1). Denote by tx g the restriction of tx to O € Op.
For any object (X, tg, 0) € Mp,(S), let A be the polarization with Rosati involution
b — b* that satisfies o* (Ax) = A; see Proposition 3.14 (2). Let ¢ be the restriction
of tp to Og.

Lemma 3.15. (X, tx g, Ax) is a framing object for J\/Eaive. Furthermore, the map
(X, 15,0) > (X, £, %, 0)
induces a closed immersion of formal schemes
n:Mp, — Ng“ive.

Proof. There are two things to check: that QIsog(X, tx, Ax) contains SU(C, &) as a
closed subgroup and that ¢ g satisfies the Kottwitz condition. Indeed, once these two
assertions hold, we can take (X, tx g, Ax) as a framing object for N, Eai"e and the
morphism 7 is well-defined. For any S € Nilp; , the map 7(S) is inje_ctive, because
(X, tp,0) and (X', (', 0") € Mp,(S) map to the same point in N2**(S) under n
if and only if the quasi-isogeny o’ o ¢ on § lifts to an isomorphism on S, i.e., if and
only if (X, 5, @) and (X', (3, 0) define the same point in Mp,(S). The functor

F:S—{(X,1,1,0)€ Ngaive(S) | t extends to an Opg-action}

is pro-representable by a closed formal subscheme of /4" by [Rapoport and Zink
1996, Proposition 2.9]. Now, the formal subscheme 1n(Mp,) C F is given by the
special condition. But the special condition is open and closed (see [Rapoport and
Zink 2017, p. 7]), thus 7 is a closed embedding.

It remains to show the two assertions from the beginning of this proof. We first
check the condition on QIsog(X, tx, Ax). Let G(x,.y) be the group of Op-linear
quasi-isogenies ¢ : (X, tx) = (X, tx) of height 0 such that the induced homomor-
phism of Dieudonné modules has determinant 1. Then we have (noncanonical) iso-
morphisms G x,.y) 2 SLo, r and SLy r = SU(C, h), since A is split. The uniqueness
of the polarization Ax (up to a scalar in O ; ) implies that G (x .y) € QIsog(X, tx, Ax).
This is a closed embedding of linear algebraic groups over F, since a quasi-isogeny
¢ € Qlsog(X, tx, Ax) lies in Gx, ) if and only if it is Op-linear and has determi-
nant 1, and these are closed conditions on QIsog(X, tx, Ax).

Finally, the special condition implies the Kottwitz condition for any element
b € Op (see [Rapoport and Zink 2017, Proposition 5.8]), i.e., the characteristic
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polynomial for the action of ¢(b) on Lie X is

char(Lie X, T | «(b)) = (T —b)(T = b),
where the right-hand side is a polynomial in Og[T] via the structure homomorphism
Op < Of — Og. From this, the second assertion follows. O

Let 0(2) C Op be an embedding such that conjugation with IT induces the
nontrivial Galois action on O} ), asin Lemma 2.3 (1). Fix a generator y = (14+8)/2
of 0}2) with 8% € Oy . On (X, tx), the principal polarization Ax given by

)‘-X = )\'X (¢] LX((S)

has a Rosati involution that induces the identity on Og. For any (X, tp,0) €
Mp,(S), we set A = 0*(Ax) = L otp(8). The tuple (X, (g, A, 0) = n(X,tp,0)
satisfies the straightening condition (3-14), since

=1(.+%) = roup(y) € Hom(X, X).

In particular, the tuple (X, tx g, Ax) is a framing object of N and 5 induces a
natural transformation

(3-15) n: Mp, — Ng.
Note that this map .does not depend on the above choices, as N is a closed formal
subscheme of N7,
Theorem 3.16. 1 : Mp, — Ng is an isomorphism of formal schemes.
We will first prove this on k-valued points:
Lemma 3.17. 1 induces a bijection n(k) : Mp, (k) = Ng (k).

Proof. We can identify the k-valued points of Mp, with a subset Mp, (k) C
N gai"e(l;). The rational Dieudonné module N of X is equipped with an action of B.
Fix an embedding F® < B as in Lemma 2.3 (1). This induces a Z/2-grading
N = Ny @ Ny of N, where

No={x € N |t(a)x =ax forall a € F®},

Ni={x e N |ia)x =0c(a)x forall a € F?}
for a fixed embedding F® — F. The operators V and F have degree 1 with
respect to this decomposition. Recall that A has Rosati involution b — T16'TI~! on
Op which restricts to the identity on O }2). The subspaces Ny and N are therefore
orthogonal with respect to (, ).

Under the identification (3-7), a lattice M € M p, (k) respects this decomposition,
i.e., M = My® M, with M; = M N N;. Furthermore it satisfies the special condition

dimM()/VM1 =dimM1/VMO= 1.
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We already know that Mp, (k) € N (k), so let us assume M € N (k). We want to
show that M € Mp, (k), i.e., that the lattice M is stable under the action of O on
N and satisfies the special condition. It is stable under the Opg-action if and only
if M =My® M, for M\ =MNN,;.Let y e M and y = yo + y; with y; € N;. For
any x € M, we have

(3-16) (x,y) = (x, yo) + (x, y1) € OF.

We can assume that Ax | = Axotp(y) with y € 0}2) under our fixed embedding
F® < B. Recall that y® = 1 —y from page 348. Let (, ); be the alternating form
on M induced by Ax . Then,

(3-17) 1=y (x,y0) +(1—p)-(x, 1) € Op.

From (3-16) and (3-17), it follows that (x, yg) and (x, y;) lie in ép. Since x € M was
arbitrary and M = M, this gives yo, y; € M. Hence M respects the decomposition
of N and is stable under the action of Op.

It remains to show that M satisfies the special condition: The alternating form
(,) is perfect on M, thus the restrictions to My and M, are perfect as well. If M
is not special, we have M; = VM; | for some i € {0, 1}. But then, {, ) cannot be
perfect on M;. In fact, for any x, y € M; 4,

(Vx,Vy)° = (FVx,y)=m-(x,y) € mOF.

Thus M is indeed special, i.e., M € Mp, (IE), and this finishes the proof of the
lemma. U

Proof of Theorem 3.16. We already know that n is a closed embedding
n:Mpr— Ng.

Let (X, tx) be the framing object of Mp, and choose an embedding 0}2) C Op and
a generator y of 0,(72) as in Lemma 2.3 (1). We take (X, tx g, Ax) as a framing
object for Nz and set Ax = Ax 0 1x(8).

Let (X, t, A, 0) € Ng(S) and A= Q*(Xx). We have

Q_l ox(y)oo = Q_l o)&l oAX 100 = 2! o)1 € End(X),

where Ax | = %(AX +XX) and A = %(k —|—i). Since O = OF|I1, y], this induces
an Op-action ¢tz on X and makes o an Opg-linear quasi-isogeny. We have to check
that (X, tp, o) satisfies the special condition.

Recall that the special condition is open and closed (see [Rapoport and Zink
2017, p. 71), so 1 is an open and closed embedding. Furthermore, n(k) is bijective
and the reduced loci (Mp,)req and (Ng)req are locally of finite type over Spec k.
Hence 7 induces an isomorphism on reduced subschemes. But any open and closed
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embedding of formal schemes, that is, an isomorphism on the reduced subschemes,
is already an isomorphism. U

4. The moduli problem in the case R-U

Let E|F be a quadratic extension of type R-U, generated by a uniformizer I1
satisfying an Eisenstein equation of the form I1> — ¢T1 + 7y = 0 where t € O and
molt|2. Let OF and Og be the rings of integers of F and E. We have O = Op[I1].
As in the case R-P, let k be the common residue field, k an algebraic closure, F the
completion of the maximal unramified extension with ring of integers Or=Wo L (k)
and o the lift of the Frobenius in Gal(k|k) to Gal(ép |OF).

4A. The naive moduli problem. Let S € Nilp 5 . Consider tuples (X, ¢, A), where

e X is a formal Or-module over S of dimension 2 and height 4.

e 1: Op — End(X) is an action of O on X satisfying the Kottwitz condition: The
characteristic polynomial of ¢((«) for some o € Og is given by

char(Lie X, T | t(@)) = (T —a)(T — @).

Here o — « is the Galois conjugation of E|F and the right-hand side is a
polynomial in Og[T] via the structure morphism Or < O — Ogs.

e L : X — XV is a polarization on X with kernel ker A = X[I1], where X[IT] is
the kernel of ¢(IT). Further we demand that the Rosati involution of A satisfies
t(@)* =(a) for all « € Of.

We define quasi-isogenies ¢ : (X, ¢, A) — (X', ¢/, A') and the group QIsog(X, ¢, A)
as in Definition 3.1.

Proposition 4.1. Up to isogeny, there exists exactly one such tuple (X, tx, Ax) over
S = Spec k under the condition that the group Qlsog(X, tx, Ax) contains a closed
subgroup isomorphic to SU(C, h) for a 2-dimensional E-vector space C with split
E|F-hermitian form h.

Remark 4.2. Asin the case R-P, we have QIsog(X, tx, Ax) = U(C, h) for (X, tx, Ax)
as in the proposition.

Proof of Proposition 4.1. We first show uniqueness of the object. Let (X,¢,1)/Speck
be a tuple as in the proposition and consider its rational Dieudonné module Ny.
This is a 4-dimensional vector space over F equipped with an action of E and an
alternating form (, ) such that

(4'1) (x»ny>=<ﬁx,J’>
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for all x, y € Nx. Let E=F® r E. We can see Nx as 2-dimensional vector space
over E with a hermitian form 4 given by

(4-2) h(x,y) = (Ilx, y) — II{x, y).

Let F and V be the o-linear Frobenius and the o ~!-linear Verschiebung on Ny.
We have FV = VF = mg and, since (, ) comes from a polarization,

(Fx,y)=(x,Vy)°.

Consider the o-linear operator t = [1V~! = FII~!. The hermitian form # is
invariant under t:

h(tx,ty) =h(FII 'x, IV™'y) = h(Fx, V"'y) = h(x, y)°.

From the condition on QIsog(X, tx, Ax) it follows that N is isotypical of slope
% and thus the slopes of t are all zero.. Let C = Ng. This is a 2-dimensional
vector space over E with Ny = C Qg E and h induces an E|F-hermitian form
on C. A priori, there are two possibilities for (C, k), either A is split or nonsplit.
The group U(C, h) of automorphisms is isomorphic to QIsog(X, tx, Ax). But the
unitary groups for 4 split and 4 nonsplit are not isomorphic and do not contain each
other as a closed subgroup. Thus the condition on QIsog(X, tx, Ax) implies that A
is split.

Assume we are given two different objects (X, ¢, A) and (X’,(/, )) as in the
proposition. Then there is an isomorphism between the spaces (C, k) and (C’, i)
extending to an isomorphism of Nx and Ny respecting all structure. This corre-
sponds to a quasi-isogeny ¢ : (X, ¢, A) = (X', /, ).

Now we prove the existence of (X, tx, Ax). We start with a [I-modular lattice
A in a 2-dimensional vector space (C, h) over E with split hermitian form. Then
M=A®o; éE is an éE—lattice mN=CQ®g E. The o-linear operator T =1 Qo
on N has slopes are all 0. We can extend 4 to N such that

h(tx,ty) =h(x,y)’,

for all x, y € N. The operators F and V are given by r =1V ~! = FIT1~!. Finally,
the alternating form (, ) is defined via

(0, 3) = Tegyp (o5 b ),

for x, y € N. The lattice M C N is the Dieudonné module of (X, tx, Ax). We leave
it to the reader to check that this is indeed an object as considered above. O

We fix such an object (X, tx, Ax) over Speck from the proposition. We define
the functor VN, gaive on Nilp; . as in Definition 3.4.
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Remark 4.3. V, gai"e is pro-representable by a formal scheme, formally locally of
finite type over Spf OF; cf. [Rapoport and Zink 1996, Theorem 3.25].

We now study the k-valued points of the space N, gaiv"’. Let N = Nx be the rational
Dieudonné module of (X, tx, Ax). This is a 4-dimensional vector space over F ,
equipped with an action of E, with two operators F and V and an alternating
form (, ).

Let (X,(,A,0) € Ngaive(%). This corresponds to an éF—lattice M=Mxy CN
which is stable under the actions of F', V and Og. The condition on the kernel of
A implies that M = TIM " for

={xeN|(x,y)eépforallyeM}.

The alternating form (, ) induces an Ell:" -hermitian form ~ on N, seen as a 2-
dimensional vector space over E (see (4-2)):

h(x,y) = (Tx, y) — T{x, y).

We can recover the form (, ) from A via

(43) (v, y) = TrElF( hx, ).

Since the inverse different of E|F is D EI P = OE (see Lemma 2.2), this implies
that M is [1T-modular with respect to A, as Ok- lattice in N. We denote the dual of
M with respect to 4 by M*. There is a natural bijection

(4-4)  NPe(k) = {Op-lattices M C N | M = TIM*, mopM C VM C M}.
Recall that T =TTV ~! is a o-linear operator on N with slopes all 0. Further C = N*
is a 2-dimensional E-vector space with hermitian form /.
Lemma 4.4. Let M € N, }E’aive (k). Then:

(1) M+ t(M) is t-stable.

(2) Either M is t-stable and A1 = M* C C is [1-modular with respect to h, or M
is not t-stable and then Ao = (M + t(M))" C C is unimodular.

The proof is the same as that of [Kudla and Rapoport 2014, Lemma 3.2]. We
identify N with C ® E. For any t-stable lattice M € N/ naive k), we have M =
A1 ®o, Op.IfM e /\/“d“’e(k) is not t-stable, there is an inclusion M € Ag®o, Or
of index 1. Recall from Proposition 2.4 that the isomorphism class of a IT-modular
or unimodular lattice A € C is determined by the norm ideal

Nm(A) = ({h(x, x) | x € A}).

There are always at least two types of unimodular lattices. However, not all of them
appear in the description of NV, gaive (k).
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Lemma 4.5. (1) Let A C C be a unimodular lattice with Nm(A) C woOp. There
is an injection
in:P(A/TIA)(K) <= N2 (k),

that maps a line £ € AJTIA ®y k to its inverse image under the canonical
projection
A®o, Op — AJTIA @ k.

The k-valued points P(A/TIA) (k) € P(A/TIA) (k) are mapped to T-invariant
Dieudonné modules M C A ® o, O under this embedding.

(2) Identify P(A/TIA)(k) with its image under is. The set N gaive(l;) can be
written as
NEved) = [ Pa/may ),
ACC
where the union is taken over all lattices A C C with Nm(A) C moOF.

Proof. Let A C C be a unimodular lattice. For any line £ € IP(A / [TA)(k), denote
its prelmage in A® O by M. The inclusion M C A ® Op has index 1 and M
is an OE lattice with TT(A ® OE) C M. Furthermore A ® OE is T-invariant by
construction, hence IT(A ® OE) =VA® OE) =F(A® OE). It follows that M is
stable under the actions of F and V. Thus M € V' gai"e (k) if and only if M = ITM*.
The hermitian form £ induces a symmetric form s on A/ITA. Now M is [T-modular
if and only if it is the preimage of an isotropic line £ € A/TTA ® k. Note that s is
also antisymmetric since we are in characteristic 2.

We first consider the case Nm(A) C woOp. We can find a basis of A such that

h has the form
1
HA=<)IC ) x € myOpF;

see (2-4). It follows that the induced form s is even alternating (because x =
0 mod ). Hence any line in A/TTA ® k is isotropic. This implies that i, is
well-defined, proving part (1) of the lemma.

Now assume that Nm(A) = Op. There is a basis (e, e2) of A such that 4 is

represented by
11
m=(1 "),

The induced form s is given by the same matrix and £ = k - e, is the only isotropic
line in A/TIA. Since ¢ is already defined over k, the corresponding lattice M €
N gaive(lé) isof the form M = A1 ® (55 for a II-modular lattice A; € A. But, by
Proposition 2.8, any IT-modular lattice in C is contained in a unimodular lattice A’
with Nm(A’) C 7 OF.
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@e=2 f=1 v =2 b)e=2, f=1,v(t)=1

Figure 2. The reduced locus of N gaive for an R-U extension E|F
where e and f are the ramification index and the inertia degree
of F|Q, and v(z) is the mp-adic valuation of . We always have
1 < () <e. The solid lines lie in Nz C N Jaive,

It follows that we can write A/ E“aive (k) as a union

NEe () = | Pa/may @),

ACC
where the union is taken over all unimodular lattices A C C with Nm(A) C 79 OrF.
This shows the second part of the lemma. ([

Remark 4.6. We can use Proposition 2.8 to describe the intersection behavior of
the projective lines in N gaive (k). A t-invariant point M € N, g“i"e (k) corresponds
to the IT-modular lattice A| = M™ C C. If Nm(A;) C ng Opr, there are g + 1
lines going through M. If Nm(A ) = mpOF, the point M is contained in one or
two lines, depending on whether A is hyperbolic or not; see parts (3) and (4) of
Proposition 2.8. The former case (i.e., A is hyperbolic) appears if and only if
moOr = Nm(A ) =t Of (see Lemma 2.5). This happens only for a specific type
of R-U extension E|F'; see page 348. We refer to Remark 4.8, Remark 4.11 and
Section 4D for a further discussion of this special case.

On the other hand, each projective line in A2"(k) contains g + 1 t-invariant
points. Such a t-invariant point M is an intersection point of two or more projective
lines if and only if |¢| = |mg| or A{ = M* C C has a norm ideal satisfying Nm(A ) C
JTg OF.

Let A € C as in Lemma 4.5. We denote by X j{ the formal Op-module corre-
sponding to the Dieudonné module M = A ® Og. There is a canonical quasi-isogeny

of :X— X}
of F-height 1. For § € Nilp; , we define
Nea(S) = (X, 2, 0) € NEP(S) | (o x S) 0 is an isogeny}.
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By [Rapoport and Zink 1996, Proposition 2.9], the functor Nz 4 is representable
by a closed formal subscheme of N2*"¢. On geometric points, we have

(4-5) Nea(k) => P(A/TIA) (k).
as follows from Lemma 4.5 (1).

Proposition 4.7. The reduced locus of N is a union

(N;glaive)red = U NE,A,

ACC

where A runs over all unimodular lattices in C with Nm(A) C mwyOp. For each A,
there exists an isomorphism

Ng A = P(A/TIA),
inducing the bijection (4-5) on k-valued points.
The proof is analogous to that of Proposition 3.9.

Remark 4.8. Similar to Remark 3.8 (3), we let (NVg)red  (N23¥) eq be the union
of all projective lines N 5 corresponding to hyperbolic unimodular lattices A € C.
Later, we will define Mg as a functor on Nilp O and show that Ng >~ Mp,, where
Mp, is the Drinfeld moduli problem (see Theorem 4.14, a description of the formal
scheme M p, can be found in [Boutot and Carayol 1991, 1.3]). In particular, (Ng)req
is connected and each projective line in (Ng)req has g + 1 intersection points and
there are two lines intersecting in each such point.

It might happen that (Ng)red = (N, gai"e)red (see, for example, Figure 2(b)) if
there are no nonhyperbolic unimodular lattices A € C with Nm(A) € m9Of. In
fact, this is the case if and only if |¢| = |mg|; see Proposition 2.4 and Lemma 2.5.
(Note however that we still have Ng # N gaive; see Remark 4.11 and Section 4D.)

Assume |f| # |mo| and let P € N& (k) be an intersection point. Then, as in the
case where E|F is of type R-P (compare Remark 3.8 (3)), the connected component
of P in ((\V gaive)red \ (NVE)red) U { P} consists of a finite union of projective lines
(corresponding to nonhyperbolic lattices, by definition of (NVg)req). In Figure 2(a),
these components are indicated by dashed lines (they consist of just one projective
line in that case).

4B. The straightening condition. As in the case R-P (see Section 3B) we use the
results of Section 5 to define the straightening condition on N gaive. By Theorem 5.2
and Remark 5.1 (2), there exists a principal polarization X% on the framing object
(X, tx, Ax) such that the Rosati involution is the identity on Og. We set Xx =
XOX o tx(IT), which is again a polarization on X with the Rosati involution inducing
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the identity on Op, but with kernel ker Ax = X[I]. This polarization is unique up
to a scalar in Oy, i.e., any two polarizations Ax and A{ with these properties satisfy
M = Ax o L(a),

for some o € O . For any (X, ¢, A, 0) E/\/“aive(S),

)= 0"(hx) = 0* (3 o 1(TT)

is a polarization on X with kernel kerk = X [IT]; see Theorem 5.2 (2).
Recall that a unimodular or IT-modular lattice A € C is called hyperbolic if
there exists a basis (e, e) of A such that, with respect to this basis, /4 has the form

(v ")

for i =0 (resp. 1). By Lemma 2.5, this is the case if and only if Nm(A) = ¢ Op.

Proposition 4.9. For a suitable choice of (X, tx, Ax) and Ax, the quasipolarization
1 ~
Ax1= ;(kx +Ax)

is a polarization on X. Let (X, t,A, Q) € Ngaive(é) and \ = Q*()N\x). Then )| =
%(A + A) is a polarization if and only if (X, 1, A, 0) € Ng. (k) for a hyperbolic
unimodular lattice A C C.

Proof. On the rational Dieudonné module N = Mx ® 3 Or F denote by (, ), (,) and
(, )1 the alternating forms induced by A, AX and Ax 1, respectively. The form (, );
is integral on Mx if and only if Ay is a polarization on X. We have

(Fx,y)=(x,Vy)?’,
(Ix, y) = (x, ITy),

(v, )1 = (0 ) + ()

for all x, y € N. The form (, ) induces an E-bilinear alternating form » on N by
the formula

(4-6) b(x,y) =c((Mx, y) = T(x, y)).
Here, ¢ is a unit in O such that ¢ - o (¢)~! = TIIT~!. Since
o (-1 t x
ﬁ = T el+ ﬁOE,
we can even choose ¢ € 1+ tT1-'Og. The dual of M with respect to this form is
again M* =T1~'M, since

(e, 3) = Trgy (3 b0x, ),
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and the inverse different of E|F is given by ©E|1F =t"10p; see Lemma 2.2. Now
b is invariant under the o -linear operator r = ITV~! = FI1~!, because

_c .
o(c)
Hence b defines an E-linear alternating form on C.

We choose the framing object (X, tx, Ax) such that Mx is t-invariant (see
Lemma 4.4) and such that A} = My, is hyperbolic. We can find a basis (ey, e3) of

A1 such that
—~ IT ~ u

for some u € E*. Since Xx has the same kernel as Ay, we have u = [Tu’ for some unit
u' € Op. We can choose Ax such that #’ = 1 and u = T1. Now %(h(x, y)+b(x,y))
is integral for all x, y € A;. Hence %(h(x, y) 4+ b(x, y)) is also integral for all
X,y € Mx. For all x, y € Mx, we have

b(tx,ty) =b(FII 'x, IV ly) = b(TT™'x, [y)° = b(x, y)°.

1 1 1 1
(xv )’)1 = ;((xv y>+(x= y)) = ;Tréﬁ(ﬁ 'h(xv y)+Eb(xv )’))

1—c

1
= Tréllj_(% ~(h(x,y) +b(x, y))) +Trélﬁ(t2ﬂc

b(x, y))-

The first summand is integral since %(h(x, y) + b(x, y)) is integral. The second
summand is integral since 1 — c is divisible by tT1~! and b(x, y) lies in MOg. It
follows that the second summand above is integral as well. Hence (, ) is integral
on Mx and this implies that Ax ; is a polarization on X.

Now let (X, t, A, 0) € N, gaive(l_c) and denote by M C N its Dieudonné module.
Assume that A; =" (A + X) is a polarization on X. Then (, ) is integral on M.
But this is equivalent to 7Y h(x, y) +b(x, y)) being integral for all x, y € M. For
x =y, we have

h(x,x)=h(x,x)+b(x,x)€tOF.

Let A € C be the unimodular or IT-modular lattice given by A = M", resp.
A =M+ 1t(M))"; see Lemma 4.4. Then h(x,x) € tOf for all x € A. Thus
Nm(A) C tOf and, by minimality, this implies that Nm(A) = tOf and A is
hyperbolic (see Lemma 2.5). Hence, in either case, the point corresponding to
(X, ¢, A, 0) lies in N 5’ for a hyperbolic lattice A'.

Conversely, assume that (X, ¢, A, 0) € Vg, A (k) for some hyperbolic lattice A C C.
We want to show that A; is a polarization on X. This follows if (, ); is integral on
M, or equivalently, if t~' (h(x, y) +b(x, y)) is integral on M. For this, it is enough
to show that ! (h(x, y)+b(x, y)) is integral on A. Let A’ C C be the unimodular
lattice generated by [1~'e; and e,, where (eg, e3) is the basis of the IT-modular
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lattice A1 = My. With respect to the basis (TT" ey, e2), we have

h;<1 1), bg(_l 1).

In particular, A’ is a hyperbolic lattice and t~!(h + b) is integral on A’. By
Proposition 2.4, there exists an element g € SU(C, h) with gA = A’. Since
det g = 1, the alternating form b is invariant under g. Thus t~'(h + b) is also
integral on A. U

From now on, we assume that (X, tx, Ax) and XX are chosen in a way such that
Ax,1 = %(xx +ix) € Hom(X, XY).

Definition 4.10. A tuple (X, ¢, A, 0) € N2¥¢(S) satisfies the straightening condi-
tion if

(4-7) A= %(k + ) € Hom(X, XV).

This condition is independent of the choice of Xx. In fact, we can only change
XX by a scalar of the form 1 + tIT~'u, u € Og. But if ng = XX ot(1+ I 1w,
then Al | = Ax1 + Ax o t(TT ™) = Ax1 + A% o (u) and A} = A1 +0* (%) o1 (w).
Clearly, A is a polarization if and only if A; is one.

For § € Nilp;_, let NE(S) be the set of all tuples (X, ¢, A, 0) € N]E‘aive(S) that
satisfy the straightening condition. By [Rapoport and Zink 1996, Proposition 2.9],
the functor NVg is representable by a closed formal subscheme of N, gaive.

Remark 4.11. The reduced locus of N is given by
Wedea = | JNea =~ [ P(A/TIA),

ACC ACC

where the union goes over all hyperbolic unimodular lattices A € C. Note that,
depending on the form of the R-U extension E|F, it may happen that all unimodular
lattices are hyperbolic (when |¢| = |my|) and in that case, we have (Ng)red =
(N gaive)red. However, the equality does not extend to an isomorphism between Ng
and N 23¥e. This will be discussed in Section 4D.

4C. The main theorem for the case R-U. As in the case R-P, we want to establish
a connection to the Drinfeld moduli problem. Therefore, fix an embedding of E into
the quaternion division algebra B. Let (X, tx) be the framing object of the Drinfeld
problem. We want to construct a polarization Ax on X with ker Ax = X[I1] and
Rosati involution given by b — ©¥b'%~! on B. Here b — b’ denotes the standard
involution on B.
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By Lemma 2.3 (2), there exists an embedding E; < B of a ramified quadratic
extension E;|F of type R-P, such that IT;9 = —9 1, for a prime element I1; € E|.
From Proposition 3.14 (1) we get a principal polarization AOX on X with associated
Rosati involution b — IT1b’ 1'[1_1. If we assume fixed choices of E; and I, this is
unique up to a scalar in O . We define

)\.x = )\& Otx(H]ﬁ).

Since )& is a principal polarization and IT1;? and IT have the same valuation in Op,
we have ker Ax = X[I1]. The Rosati involution of Ay is b — 95’9 ~!. On the other
hand, any polarization on X satisfying these two conditions can be constructed in
this way (using the same choices for £ and I1;). Hence:

Lemma 4.12. (1) There exists a polarization Lx : X — XY, unique up to a scalar
in O ; , with ker Ax = X[I1] and associated Rosati involution b +— 9b'9 .

(2) Fix Ax asin(1)andlet (X, tp, 0) € Mp,(S). There exists a unique polarization
A on X with ker . = X[I1] and Rosati involution b + 9b' 9~ such that
0 () =hronS=1Sxg5, k.

Note also that the involution b — 5’1 ~! does not depend on the choice of ¥ € E.
We write tx g for the restriction of tx to £ € B and, in the same manner, we write
tg for the restriction of (5 to E for any (X, tg, 0) € Mp,(S). Fix a polarization
Ax of X as in Lemma 4.12 (1). Accordingly for a tuple (X, tg, 0) € Mp,(S), let A
be the polarization given by Lemma 4.12 (2).

Lemma 4.13. The tuple (X, ix g, Ax) is a framing object of N, gaive. Moreover, the
map

(X,tp,0) —> (X, 1, 2, 0)
induces a closed embedding of formal schemes
n: MDr s Ngaive‘

Proof. We follow the same argument as in the proof of Lemma 3.15. Again it is
enough to check that QIsog(X, tx, Ax) contains SU(C, h) as a closed subgroup and
that (g satisfies the Kottwitz condition.

By [Rapoport and Zink 2017, Proposition 5.8], the special condition on ¢ g implies
the Kottwitz condition for ¢g. It remains to show that SU(C, k) € QIsog(X, tx, Ax).
But the group G (x ) of automorphisms of determinant 1 of (X, tx) is isomorphic
to SLy r and G (x,.y) € QIsog(X, tx, Ax) is a Zariski-closed subgroup by the same
argument as in Lemma 3.15. Hence the statement follows from the exceptional
isomorphism SLy g >~ SU(C, h). O
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As a next step, we want to show that this already induces a closed embedding
(4-8) n:Mp, = Ng.

Let E <> B an embedding of a ramified quadratic extension E |F of type R-U as
in Lemma 2.3 (2). On the framing object (X, tx) of Mp,, we define a polarization
XX via

Ax = hx o tx (D),

where ¥ is a unit in E of the form 92 = 1 + (t?/mo) - u; see Lemma 2.3 (2). The
Rosati involution of Ax induces the identity on Og and we have
1 > 1 ~ ~
Ax,1 = ;()»X +Ax) = " “Axotpg(l+ 1) = Axotp(Il/mo)
= Ax otz(IT~'y) e Hom(X, X),
using the notation of Lemma 2.3 (2). For (X, tg, 0) € Mp,(S), we set A= )\OLB(l;).
By the same calculation, we have A| = %()\ + 1) € Hom(X, XV). Thus the tuple
(X, g, A, 0) = n(X, g, 0) satisfies the straightening condition. Hence we get a

closed embedding of formal schemes 7 : Mp, — Ng which is independent of the
choice of E.

Theorem 4.14. n : Mp, — NE is an isomorphism of formal schemes.
We first check this for k-valued points:
Lemma 4.15. 1 induces a bijection n(k) : Mp, (k) — Ng (k).

Proof. We only have to show surjectivity and we will use for this the Dieudonné
theory description of A/ gai"e (k); see (4-4). The rational Dieudonné module N = Nx
of X now carries additionally an action of B. The embedding F® < B given by

(4-9) y s LT
0

(see Lemma 2.3 (2)) induces a Z/2-grading N = No @ N,. Here,
No={xe N |t(a)x =ax forall a € F(z)},
Ni={x e N |i(a)x =o(a)x foralla e F?}

for a fixed embedding F® — F. The operators F and V have degree 1 with
respect to this grading. The principal polarization

1 ~ _
hxa = Ox+Ax) = dxox (™)
induces an alternating form (, ); on N that satisfies

(x, )1 = (x, (M 1y) - y),
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forall x,y e N. Let M € Ng(k) CN gaive(l;) be an Op-lattice in N. We claim that
M € Mp, (k). For this, it is necessary that M is stable under the action of 01(,2)
(since Op = OFp[I1, y] = 0}2)[1'[]; see Lemma 2.3 (2)) or equivalently, that M
respects the grading of N, i.e., M = My & M, for M; = M N N;. Furthermore M

has to satisfy the special condition:
dimM()/VM1 = dili/VM() =1.

We first show that M = My @ M;. Let y = yo + y1 € M with y; € N;. Since
M =TIM", we have

(o, (M)~ 1y) = (x, (M yg) + (x, (M) " y1) € OF,
for all x € M. Together with

(6, )1 = (x, o)1 + (¢, yid1 = (x, «(TT /o) yo) + (x, t(TT/70) y1)
=y (x, (T Hye) + (1 —p) - (x, (TT Hyy) € O,

this implies that (x, L(H_l)yo) and (x, (T 1) y;) lie in ép for all x € M. Hence,
Yo, y1 € M and this means that M respects the grading. It follows that M is stable
under the action of Og.

In order to show that M is special, note that

(Vx, Vy)] =(FVx,y)1 =m0- (x,y)1 € mOF,

for all x, y € M. The form (, ); comes from a principal polarization, so it induces
a perfect form on M. Now it is enough to show that also the restrictions of (, ); to
My and M are perfect. Indeed, if M was not special, we would have M; = V M;
for some i and this would contradict (, ); being perfect on M;. We prove that (, };
is perfect on M; by showing (Mo, M) C mg 0F.

Let x € My and y € M. Then,

)= —y)-{x, (M) y),
o ==y x) ==y -y x) =y (x, (M) y).

We take the difference of these two equations. From IT = IT mod g, it follows
that (x, («(IT)~'y) = 0 mod 7 and thus also (x, y); = 0 mod 7. The form (, ); is
hence perfect on My and M, and the special condition follows. This finishes the
proof of Lemma 4.15. O

Proof of Theorem 4.14. Let (X, tx) be a framing object for Mp, and let further

n(X, tx) = X, tx,E, Ax)
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be the corresponding framing object for Nz. We fix an embedding F® < B as in
Lemma 2.3 (2). For S € Nilpy_, let (X, ¢, 4, 0) € NE(S) and A = 0*(Ax). We have

0 ' oix(y)oo=0""ow(IMory' orx 100
= (I oA~ oAy € End(X)

forx; =1 ()\+X), since ker A = X[I1]. But Op = OFf[I1, y] (see Lemma 2.3 (2)),
so this already induces an Op-action (5 on X. It remains to show that (X, ¢p, 0)
satisfies the special condition (see the discussion before Proposition 3.14 for a
definition).

The special condition is open and closed (see [Rapoport and Zink 2017, p. 7]) and
1 is bijective on k-points. Hence 7 induces an isomorphism on reduced subschemes

(Mred : Mprred = (NE)reds

because (M p,)reqd and (Ng)req are locally of finite type over Spec k. Tt follows that
n: Mp, — N is an isomorphism. O

4D. Deformation theory of intersection points. In this section, we will study the
deformation rings of certain geometric points in N, Eaive with the goal of proving
that Ng C N, gaive is a strict inclusion even in the case |¢| = |mg|. In contrast to the
non-2-adic case, we are not able to use the theory of local models (see [Pappas
et al. 2013] for a survey) since there is in general no normal form for the lattices
A C C; see Proposition 2.4 and [Rapoport and Zink 1996, Theorem 3.16].> Thus
we will take the more direct approach of studying the deformations of a fixed
point (X, ¢, A, Q) €N gaive(l_c) and using the theory of Grothendieck and Messing
[Messing 1972].

Let A C C be a IT-modular hyperbohc lattice. By Lemma 4.5, there is a umque
point x = (X, t, A, 0) e N} naive () with a 7-stable Dieudonné module M € C @ E
and M" = A. Since A is hyperbolic, x satisfies the straightening condition, i.e.,
x €Ng (IE) (In Figure 2, x would lie on the intersection of two solid lines.)

Let ONnawe be the formal completion of the local ring at x. It represents the
following deformation functor Def,. For an artinian OF -algebra R with residue
field k, we have

Defy(R) ={(Y, v, Ay)/R | Y = X},

where (Y, ty, Ay) satisfies the usual conditions (see Section 4A) and the isomor-
phism Yz = X is actually an isomorphism of tuples (Yz, ty, Ay) = (X, (, A) as in
Definition 3.1.

s possible to define a local model for the nonnaive spaces Ng (also in the case R-P) and
establish a local model diagram as in [Rapoport and Zink 1996, Definition 3.27]. The local model is
then isomorphic to the local model of the Drinfeld moduli problem. This will be part of a future paper
of the author.
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Now assume the quotient map R — k is an Op-pd-thickening (see [Ahsendorf
2011]). For example, this is the case when m?> = 0 for the maximal ideal m of R.
Then, by Grothendieck—Messing theory (see [Messing 1972] and [Ahsendorf 2011]),
we get an explicit description of Def, (R) in terms of liftings of the Hodge filtration:

The (relative) Dieudonné crystal Dy (R) of X evaluated at R is naturally iso-
morphic to the free R-module A ® o, R and this isomorphism is equivariant under
the action of Of induced by ¢ and respects the perfect form ® = (,)o (1, T ")
induced by X o ((IT71). The Hodge filtration of X is given by Fx =V - Dy (k) =
M- (A®o, k) S A®o, k.

A point Y e Def, (R) now corresponds, via Grothendieck—Messing, to a direct
summand Fy € A®q, R of rank 2 lifting Fx, stable under the Og-action and totally
isotropic with respect to ®. Furthermore, it has to satisfy the Kottwitz condition
(see Section 4A): For the action of @« € O on Lie Y = (A ®¢, R)/Fy, we have

char(Lie Y, T | t(@)) = (T —a)(T — @).

Let us now fix an Og-basis (eq, e2) of A and let us write everything in terms of the
Of-basis (ey, e, I1ey, [1ey). Since A is hyperbolic, we can fix (e, ep) such that i
is represented by the matrix

and then

t/mo

-1
t

1 1\~
CD:Tr —h ',H - )=
£IF 75 : —1+1%/m

1

An R-basis (vq, vp) of Fy can now be chosen such that

yi1r Y12
Y21 Y22
1 )
1

(vivp) =

with y;; € R. As an easy calculation shows, the conditions on Fy above are now
equivalent to the following conditions on the y;;:

yir+yn=t,

Y11Y22 — Y12Y21 = 7o,

t t t t
t<&+2> =y11(£+2) = )21 (E-i-Z) =y12(&+2) =0.
0 o o 70
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Let T be the closed subscheme of Spec Or[y11, Y12, Y21, Y22] given by these equa-
tions. Let T, be the formal completion of the localization at the ideal generated by
the y;; and mo. Then we have Def, (R) = T, (R) for any Op-pd-thickening R — k.
In particular, the first infinitesimal neighborhoods of Def, and T, coincide. The first
infinitesimal neighborhood of 7\, is given by Spec Ofr[y;;1/((yi j)z, yi1+yn—t, m),
hence T, has Krull dimension 3 and so has Def,. However, Mp, is regular of
dimension 2; cf. [Boutot and Carayol 1991]. Thus:

Proposition 4.16. N3¢ =£ M, even when |t| = |-

Indeed’ dim 6N£aive,x = dim Defx =3 >2=dim 6NE,X-

5. A theorem on the existence of polarizations

In this section, we will prove the existence of the polarization X for any (X,(, A, Q)€
N, Eaive(S) as claimed in the Sections 3B and 4B in both the cases R-P and R-U.
In fact, we will show more generally that X exists even for the points of a larger
moduli space Mg where we forget about the polarization A.

We start with the definition of the moduli space Mg. Let F|Q),, be a finite exten-
sion (not necessarily p =2) and let E|F be a quadratic extension (not necessarily
ramified). We denote by Or and Of the rings of integers, by k the residue field
of O and by k the algebraic closure of k. Furthermore, F is the completion of
the maximal unramified extension of F and Oy its ring of integers. Let B be the
quaternion division algebra over F' and Op the ring of integers.

If E|F is unramified, we fix a common uniformizer 7y € O C Og. If E|F is
ramified and p > 2, we choose a uniformizer IT € O such that 7wy = [’ 0p. fE |F
is ramified and p = 2, we use the notation of Section 2 for the cases R-P and R-U.

For § € Nilp Op let MEg(S) be the set of isomorphism classes of tuples (X, tg, 0)
over S. Here, X is a formal Or-module of dimension 2 and height 4 and (g is an
action of O on X satisfying the Kottwitz condition for the signature (1, 1), i.e.,
the characteristic polynomial for the action of (g () on Lie(X) is

(5-1) char(Lie X, T | t(@)) = (T — a)(T — @),

for any @ € Og, compare the definition of NV, gaive in Sections 3 and 4. The last entry
o is an Og-linear quasi-isogeny

Q:XXSS’—>X><SPEC,;S,

of height 0 to the framing object (X, tx g) defined over Speck. The framing
object for M is the Drinfeld framing object (X, tx p) where we restrict the Op-
action to Op for an arbitrary embedding Og < Op. The special condition on
(X, tx,p) implies the Kottwitz condition for any o € Of by [Rapoport and Zink
2017, Proposition 5.8].
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Remark 5.1. (1) Up to isogeny, there is more than one pair (X, tz) over Spec k
satisfying the conditions above. Indeed, let Ny be the rational Dieudonné module
of (X, tg). This is a 4-dimensional F-vector space with an action of Og. The
Frobenius F on Nx commutes with the action of Og. For a suitable choice of a
basis of Ny, it may be of either of the following two forms,

1 0

) 1

This follows from the classification of isocrystals; see, for example, [Rapoport and
Zink 1996, p. 3]. In the left case, F is isoclinic of slope 1/2 (the supersingular
case), and in the right case, the slopes are 0 and 1. Our choice of the framing object
above assures that we are in the supersingular case, since the framing object for the
Drinfeld moduli problem can be written as a product of two formal Og-modules of
dimension 1 and height 2 (cf. [Boutot and Carayol 1991, p. 136-137]).

(2) Let p =2 and E|F ramified of type R-P or R-U. We can identify the framing
objects (X, tx g) for Ngaive, Mp, and Mg by Proposition 3.14 and Lemma 4.13.
In this way, we obtain a forgetful morphism N gaive — M. This is a closed
embedding, since the existence of a polarization A for (X, (g, 0) € Mg(S) is a
closed condition by [Rapoport and Zink 1996, Proposition 2.9].

By [Rapoport and Zink 1996, Theorem 3.25], Mg is pro-representable by a
formal scheme over Spf Or. We will prove the following theorem in this section.

Theorem 5.2. (1) There exists a principal polarization XX on (X, tx g) such that
the Rosati involution induces the identity on Og, i.e., ((a)* = () for all
« € Og. This polarization is unique up to a scalar in Oy, that is, for any two
polarizations Ax and ng of this form, there exists an element « € O such that
Xg( = XX o LX,E((X).

(2) Fix Xx asinpart (1). Forany S € Nilp(;F and (X, tg, 0) € MEg(S), there exists
a unique principal polarization A on X such that the Rosati involution induces
the identity on Og and such that A = 0™ (Ax).

Remark 5.3. (1) We will see later that this theorem describes a natural isomorphism
between Mg and another space Mg o1 which solves the moduli problem for tuples
(X, g, A, o) where Lisa principal polarization with Rosati involution the identity
on Og. This is an RZ-space for the symplectic group GSp, (E) and thus the theorem
gives us another geometric realization of an exceptional isomorphism of reductive
groups, in this case GSp,(E) = GLy(E).
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Since there is no such isomorphism in higher dimensions, the theorem does
not generalize to these cases and a different approach is needed to formulate the
straightening condition.

(2) With Theorem 5.2 established, one can give an easier proof of the isomorphism
Ng &> Mp, for the cases where E|F is unramified or E|F is ramified and p > 2,
which is the main theorem of [Kudla and Rapoport 2014]. Indeed, the main part
of the proof in that paper consists of Propositions 2.1 and 3.1, which claim the
existence of a certain principal polarization )»9( for any point (X, ¢, A, 0) € Ng(S).
But there is a canonical closed embedding Vg < Mg and under this embedding,
kg)( is just the polarization X of Theorem 5.2, for a suitable choice of Ax on the
framing object. More explicitly, using the notation on page 2 of [loc. cit.], we take
XX = Ax O L;EI(H) = )& o tx(—3) in the unramified case and Xx = Ax 0 Lx(g‘l) in
the ramified case.

We will split the proof of this theorem into several lemmata. As a first step, we
use Dieudonné theory to prove the statement for all geometric points.

Lemma 5.4. Part (1) of Theorem 5.2 holds. Furthermore, for a fixed polarization
rx on (X, x g) and for any (X, (g, 0) € Mg (k), the pullback A = 9*(Ax) is a
polarization on X.

Proof. This follows almost immediately from the theory of affine Deligne—Lusztig
varieties (see, for example, [Chen and Viehmann 2015]) since we are comparing the
geometric points of RZ-spaces for the isomorphic groups GL,(E) and GSp,(E).

It is also possible to check this via a more direct computation using Dieudonné
theory, as we will indicate briefly. Proceeding very similarly to Proposition 3.2 or
Proposition 4.1 (cf. [Kudla and Rapoport 2014] in the unramified case), we can
associate to X a lattice A in the 2-dimensional E-vector space C (the Frobenius
invariant points of the (rational) Dieudonné module). The choice of a principal
polarization on X with trivial Rosati involution corresponds now exactly to a choice
of perfect alternating form on A. It immediately follows that such a polarization
exists and that it is unique up to a scalar in O .

For the second part, let X € M g(k)and M C C ®p E be its Dieudonné module.
Since o has height 0, we have

[M:MN(A®g E)]=[(A®gE): MN(A®F E)],

and one easily checks that a perfect alternating form b on A is also perfect on M. [J

In the following, we fix a polarization XX on (X, tx g) as in Theorem 5.2 (1).
Let (X, tg, 0) € Mg(S) for S € NilpéF and consider the pullbagk A= Q*(XX). In
general, this is only a quasipolarization. It suffices to show that X is a polarization
on X. Indeed, since o is Og-linear and of height O, this is then automatically a
principal polarization on X such that the Rosati involution is the identity on Of.
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Define a subfunctor Mg po C Mg by
ME poi(S) = {(X, tE, 0) € ME(S) | & = 0* (Ax) is a polarization on X}.

This is a closed formal subscheme by [Rapoport and Zink 1996, Proposition 2.9].
Moreover, Lemma 5.4 shows that M E,pol(l;) = Mg(k).

Remark 5.5. Equivalently, we can describe Mg 01 as follows. For S € N11p Op We
define Mg ,01(S) to be the set of equivalence classes of tuples (X, (g, A 0), where

e X is a formal Op-module over S of height 4 and dimension 2,
e Lz is an action of O on X that satisfies the Kottwitz condition in (5-1) and

e Lisa principal polarization on X such that the Rosati involution induces the
identity on Og.

 Furthermore, we fix a framing object (X, tx g, XX) over Spec k, where X, x.E)
is the framing object for Mg and Ax is a polarization as in Theorem 5.2 (1).
Then ¢ is an Og-linear quasi-isogeny

Q:XXSS‘—>X><SPGC,;§,
of height 0 such that, locally on S, the (quasi-)polarizations Q*(Xx) and  on
X only differ by a scalar in Oy, i.e., there exists an element « € Oy such that
0*(Ax) = Aotg(a). Two tuples (X, tg, A, 0) and (X', (5, A, @) are eguivalenNt
if there exists an Og-linear isomorphism ¢ : X => X’ such that ¢*(1") and A
only differ by a scalar in 0.

In this way, we give a definition for Mg ;0 by introducing extra data on points
of the moduli space Mg, instead of extra conditions. It is now clear that Mg o1
describes a moduli problem for p-divisible groups of PEL type. It is easily checked
that the two descriptions of Mg ;o1 give rise to the same moduli space.

Theorem 5.2 now holds if and only if Mg o = Mg. This equality is a conse-
quence of the following statement.

Lemma 5.6. For any point x = (X, (g, 0) € ./\/lE,pol(lE), the embedding Mg pol
ME induces an isomorphism of completed local rings Opm, .x = Omp x-

For the proof of this lemma, we use the theory of local models; cf. [Rapoport
and Zink 1996, Chapter 3]. We postpone the proof of this lemma to the end of this
section and we first introduce the local models M10C and Mlgc o for Mg and Mg po1.

Let C be a 4-dimensional F-vector space w1th an action of £ and let A C C
be an Op-lattice that is stable under the action of Og. Furthermore, let (, ) be an
F-bilinear alternating form on C with

(5-2) (ax,y) = (x, ay)
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forall @ € E and x, y € C and such that A is unimodular with respect to (, ). It is
easily checked that (, ) is unique up to an isomorphism of C that commutes with
the E-action and that maps A to itself.

For an Op-algebra R, let M%’C(R) be the set of all direct summands F C A®gp, R
of rank 2 that are Og-linear and satisfy the Kottwitz condition. That means, for
all @ € O, the action of « on the quotient (A ®, R)/F has the characteristic
polynomial

char(Lie X, T |a) = (T —a)(T —@).

The subset Mgfpol(R) - MIIE’C(R) consists of all direct summands F € Mlgc(R) that
are in addition totally isotropic with respect to (,) on A ¢, R.

The functor Mlgc is representable by a closed subscheme of Gr(2, A)o,, the
Grassmannian of rank 2 direct summands of A, and Mll‘g’fpol is representable by
a closed subscheme of Mlgc. In particular, both Mlgc and M%’fpo
schemes over Spec OF.

These local models have already been studied by Deligne and Pappas. In partic-

ular, we have:

| are projective

Proposition 5.7 [Deligne and Pappas 1994]. MY, | = M. In other words, for an

Of-algebra R, any direct summand F € MIEC(R) is totally isotropic with respect

to (,).

The moduli spaces Mg and Mg po are related to the local models Mlgc and M%’fpol

via local model diagrams; cf. [Rapoport and Zink 1996, Chapter 3]. Let Mlﬁrge be
the functor that maps a scheme S € Nilp . to the set of isomorphism classes of
tuples (X, tg, 0; v). Here,

(X, LE, Q) S ME(S)v
and y is an Og-linear isomorphism
y :Dx(S) = A®op, Os.

On the left-hand side, Dx (S) denotes the (relative) Grothendieck—Messing crystal
of X evaluated at S; cf. [Ahsendorf 2011, Section 5.2].

Let I(\/Ilgc be the mg-adic completion of Mlgc Qo 0 r. Then there is a local model
diagram:

large
Mg

SN

Crloc
Mg i
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The morphism f on the left-hand side is the projection (X, tg, 0; ) — (X, tg, 0)-
The morphism g on the right-hand side maps (X, (g, 0; y) € ./\/l?rge(S ) to

—1
F =ker(A ®o, Os ~— Dx(S) — Lie X) € A ®0, Os.

By [Rapoport and Zink 1996, Theorem 3.11], the morphism f is smooth and
surjective. The morphism g is formally smooth by Grothendieck—Messing theory;
see [Messing 1972, V.1.6], resp. [Ahsendorf 2011, Chapter 5.2] for the relative
setting (i.e., when Of # Z,).

We also have a local model diagram for the space Mg po1. We define M?fﬁgl
as the fiber pI‘Odlllct M?’rﬁzl = ME pol X My Mll?rge. Then M?’rﬁzl is closed formal
subscheme of M grge with the following moduli description. A point (X, (g, 0; ) €
M?rge(S) lies in M?fﬁzl(S) if A = Q*(ix) is a principal polarization on X. In that
case, X induces an alternating form (, )X on Dy (S) which, under the isomorphism y,
is equal to the form (, ) on A ®¢, Os, up to a unit in O ®o, Os.

The local model diagram for Mg ;01 now looks as follows.

large
ME,pol

(5-3) y &

Mg ,pol Ml]g,cpol
Here, Mffpol is the mp-adic completion of Mlgfpol ®oy Or and fpol and gpo1 are the
restrictions of the morphisms f and g above. Again, g, is formally smooth by
Grothendieck—Messing theory and f,01 is smooth and surjective by construction.
We can now finish the proof of Lemma 5.6.

Proof of Lemma 5.6. We have the following commutative diagram.

fpol lar: 8pol -~
ge P loc
ME,POI ME,pol ME,pol

w T

f 1 8 G
M +——— My —— Mg°

The equality on the right-hand side follows from Proposition 5.7. The other vertical
arrows are closed embeddings.

Let x € Mg pol (k). By [Rapoport and Zink 1996, Proposition 3.33], there exists
an étale neighborhood U of x in Mg and section s : U — MlEarge such that gos is
formally €tale. Similarly, Upol = U X a1, ME por and sy is the base change of s to

Upol- Then the composition gyl © spor s also formally €tale. These formally €tale
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maps induce isomorphisms of local rings
~ oA ~ o ,
O_/\/[E’x —> Oﬁloc X! and OME,polax — Oﬁlncpol’x/’ X :S(g(.x))

By Proposition 5.7, we have OMloc ) = OMloc . and since this identification

~

commutes with g os (resp. gpol © spol) we get the desned isomorphism 10) M porx =
OME X ]
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