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SCALAR CURVATURE AND SINGULAR METRICS

YUGUANG SHI AND LUEN-FAI TAM

Let M", n > 3, be a compact differentiable manifold with nonpositive
Yamabe invariant o (M). Suppose gy is a continuous metric with volume
V(M, gy) = 1, smooth outside a compact set X, and is in Wlf)’cp for some
p > n. Suppose the scalar curvature of g is at least o (M) outside X. We
prove that g, is Einstein outside X if the codimension of X is at least 2. If
in addition, g is Lipschitz then g, is smooth and Einstein after a change
of the smooth structure. If ¥ is a compact embedded hypersurface, g
is smooth up to X from two sides of X, and if the difference of the mean
curvatures along X at two sides of X has a fixed appropriate sign, then
go is also Einstein outside X. For manifolds with dimension between 3
and 7, without a spin assumption we obtain a positive mass theorem on
an asymptotically flat manifold for metrics with a compact singular set of
codimension at least 2.

1. Introduction

There are two celebrated results on manifolds with nonnegative scalar curvature.
The first result is on compact manifolds. It was proved by Schoen and Yau [1979a;
1979c] that any smooth metric on a torus 7", n < 7, with nonnegative scalar
curvature must be flat. Later, the result was proved to be true for all n by Gromov
and Lawson [1983]. The second result is the positive mass theorem on noncompact
manifolds. Schoen and Yau [1979b; 1981; Schoen 1989] proved that the Arnowitt—
Deser—Misner (ADM) mass of each end of an n-dimensional asymptotically flat
(AF) manifold with 3 <n <7 with nonnegative scalar curvature is nonnegative and
if the ADM mass of an end is zero, then the manifold is isometric to the Euclidean
space. Under the additional assumption that the manifold is spin, the same result
is still true and was proved by Witten [1981]; see also [Parker and Taubes 1982;
Bartnik 1986]. In the two results the metrics are assumed to be smooth.

There are many results on positive mass theorem for nonsmooth metrics. Miao
[2002] and the authors [Shi and Tam 2002] studied and proved positive mass

Shi was partially supported by NSFC 11671015. Tam was partially supported by Hong Kong RGC
General Research Fund #CUHK 14305114.

MSC2010: primary 53C20; secondary 83C99.

Keywords: Yamabe invariants, positive mass theorems, singular metrics.

427


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2018.293-2
http://dx.doi.org/10.2140/pjm.2018.293.427

428 YUGUANG SHI AND LUEN-FAI TAM

theorems for metrics with corners. The metrics are smooth away from a compact
hypersurface, which are Lipschitz and satisfy certain conditions on the mean cur-
vatures of the hypersurface. The result was used to prove the positivity of the
Brown—York quasilocal mass [Shi and Tam 2002]. Lee [2013] considered a positive
mass theorem for metrics with bounded C? norm and are smooth away from a
singular set with codimension greater than n/2, where n is the dimension of the
manifold. On the other hand, McFeron and Székelyhidi [2012] were able to prove
Miao’s result using Ricci flow and Ricci—-DeTurck flow, which was studied in
detail by Simon [2002]. There is a positive mass theorem for spin manifolds or
manifolds with dimension # less than eight obtained by Grant and Tassotti [2014]
under the assumptions that the metric is continuous and in Sobolev space W2/2.
More recently, Lee and LeFloch [2015] were able to prove for spin manifolds,
under rather general conditions, a positive mass theorem for metrics which may
be singular. Their theorem can be applied to all previous results for nonsmooth
metrics under the additional assumption that the manifold is spin.

Motivated by these studies of singular metrics on AF manifolds, we want to
understand singular metrics on compact manifolds. One of the questions is to see
if there are nonflat metrics with nonnegative scalar curvature on 7" which may
be singular somewhere. Another question can be described as follows. It is now
well known that in every conformal class of smooth metrics on a compact manifold
without boundary there is a metric with constant scalar curvature; see [ Yamabe
1960; Trudinger 1968; Aubin 1976a; 1976b; Schoen 1984]. One motivation for the
result is to obtain Einstein metric. It is well known that if a smooth metric on a
compact manifold attains the Yamabe invariant and if the invariant is nonpositive,
then the metric is Einstein. See [Schoen 1989, pp. 126-127]. In this work, we will
study the question whether this last result is still true for nonsmooth metrics.

Let us recall the definition of Yamabe invariant, which is called o -invariant in
[Schoen 1989]. Let C be a conformal class of smooth Riemannian metrics g on a
smooth compact manifold M"; then the Yamabe constant of C is defined as

. fMSgdvg
YCC)=inf ———————>—,
© =1V, gy

where S, is the scalar curvature and V (M, g) is the volume of M with respect to g.
The Yamabe invariant is defined as

o (M) =sup, Y(C).

The supremum is taken among all conformal classes of smooth metrics. It is finite;
see [Aubin 1976a]. If g attains o (M) > 0, then in general it is still unclear whether
g is Einstein or not; see [Macbeth 2017].
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To answer the question on Einstein metrics, let M" be a compact smooth mani-
fold without boundary and let gg be a continuous Riemannian metric on M with
V (M, go) = 1 such that it is smooth outside a compact set X. The first case is that
Y. has codimension at least 2 and gy is in WIL’CP for some p > n (see Sections 3
and 5 for more precise definitions).

Theorem 1.1. Let (M", go) be as above. Suppose o (M) < 0 and suppose the
scalar curvature of go outside X is at least o (M). Then gg is Einstein outside . If
in addition g is Lipschitz, then after changing the smooth structure, gg is smooth
and Einstein.

In the case that X is a compact embedded hypersurface, as in [Miao 2002] we
assume that near X, gy = dr* + g+(z, 1),z € X, t € (—¢, €) such that (¢, z) are
smooth coordinates and g_(-,0) = g4 (-, 0), where g, g_ are defined on the
neighborhood of ¥ where r > 0 and ¢t < O respectively and are smooth up to X.
Moreover, with respect to the unit normal % the mean curvature H, of X with
respect to g+ and the mean curvature H_ of ¥ with respect to g_ satisfies H_ > H,.
Under these assumptions, we have:

Theorem 1.2. Let (M", go) be as above with V (m, go) = 1. Suppose o (M) <0
and suppose the scalar curvature of gy outside X is at least o (M). Then g is
Einstein outside ¥. Moreover, Hy = H_.

Note that it is easy to construct examples so that the theorem is not true if the
assumption H_ > H, is removed.

In the process of proving the theorems, one also obtains the following: In the case
that M" is T", under the regularity assumptions in Theorem 1.1 or Theorem 1.2
and if go has nonnegative scalar curvature outside X, then gg is flat outside X.

The method of proof of the above results can also be adapted to AF manifolds. We
want to discuss the positive mass theorem with singular metric on an AF manifold
with dimension 3 < n < 7 without assuming that the manifold is spin. We will
prove the following:

Theorem 1.3. Let (M", go) be an AF manifold with 3 < n <7, where gy is a
continuous metric on M with regularity assumptions as in Theorem 1.1. Suppose
8o has nonnegative scalar curvature outside . Then the ADM mass of each end
is nonnegative. Moreover, if the ADM mass of one of the ends is zero, then M is
diffeomorphic to R" and is flat outside X.

We should mention that all the results mentioned above for nonsmooth metrics,
all the metrics are assumed to be continuous. On the other hand, one can construct
an example of AF metric with a cone singularity and nonnegative scalar curvature
and with negative ADM mass; see Section 2. One can also construct examples of
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metrics on compact manifolds with a cone singularity so that Theorem 1.1 is not
true. In these examples, the metrics are not continuous.

The structure of the paper is as follows. In Section 2, we construct examples which
are related to results in later sections; in Section 3 we obtain some estimates for the
Ricci-DeTurck flow; in Section 4 we use the Ricci—DeTurck flow to approximate
singular metrics; in Sections 5 and 6 we prove Theorems 1.1 and 1.2; in Section 7
we prove Theorem 1.3. In this work, the dimension of any manifold is assumed to
be at least three. We will also use the Einstein summation convention.

2. Examples of metrics with cone singularities

In previous results on positive mass theorems on AF manifolds with singular metrics
mentioned in Section 1, the metrics are all assumed to be continuous. To understand
this condition on continuity and to motivate our study, in this section, we construct
some examples with cone singularities which are related to the study in the later
sections.

The following lemma is standard. See [Petersen 1998].

Lemma 2.1. Consider the metric g = dr? 4+ ¢>(r)hg on (0, ro) x S*~', where hy is
the standard metric of S" ' n >3, and ¢ is a smooth positive function on (0, rg).
Then the scalar curvature of g is given by

20" 1— (&' 2
sz(n—l)[—iﬂn—z)#]
¢ ¢
Suppose ¢ = arf , witha, 8 >0. Then S >0ifa < 1,B=10rif 0<p <2/n. In
both cases, the metric is not continuous up tor =0. If « > 1, 8 =1, then S < 0 for
r small enough.

We can construct asymptotically flat manifolds with nonnegative scalar curvature
defined on R? \ {0} such that the metric behaves like dr? + (ar)*hg near the origin
for some 0 < o < 1 with positive mass.

Proposition 2.2. Let 0 < € < % and let n(x) = n(r), with r = |x|, be a smooth
function on R3\ {0} such that

nr)=—e(l—er—<2? if0<r<l,
nr)<0 ifl1<r=<2,
nr)=0 if r=2.

Let ¢ be the function defined on R> \ {0} with

P(r)= / 12(/ 2n(1) dt) ds.
1S 0
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Then there are constants a, b > 0 such that if
a
u=¢+b+§+1

then u > 0. Moreover, if g = u*g., where g, is the standard Euclidean metric, then
near infinity,
a\
g= 1+~ ¢,
r

g =dp”+((1=26)*p* + 0(p**"))ho

o= /r uz(t) dt.
0

The metric g has nonnegative scalar curvature and has zero scalar curvature outside
a compact set. Moreover, the end near infinity is asymptotically flat in the sense of
Definition 7.1 in Section 7, and has positive mass 2a.

and nearr =0,

for some § > 0, where

Proof. Let Ag be the Euclidean Laplacian. Then one can check that

Aop =n=0.
ForO0<r <1,
dp(r)y=r——1.

Forr > 2, let

a= —/ szn(s)ds > 0,
0

21 K 5
bz—f s—2</ rn(r)dr)ds>0.
1 0
¢(r)=—b+/2rsi2<fost2n(t)dt> ds

and

Then

"1
—b— —d
a M s
a a
:—b—— —
2+r

Henceifu = ¢ +b+a/2+ 1, then Aqu =n < 0. Since u — oo as r — 0 and
u— 1asr — 0o, u > 0 by the strong maximum principle. The metric

8= u4ge
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is defined on R3\ {0}, has nonnegative scalar curvature and has zero scalar curvature
near infinity. g is also asymptotically flat. Near r =0,
a
u=b+—-+r"-
2

Since 0 < € < % we let

-
1
2 1-2¢ 1—€
= Hdt = —— @ .
0 /Ou() (1_26)r +0@F ™)
So
1
2 2—4e 2—-3e
=— (0] .
P a _26)21" +0@r)
Hence near r =0,
g =dp*+u*r*hg
— dpz + (r2—4€ + 0(”2_36))]’10
=dp*+ (1 —26)?p*+ 0r*>)hy
=dp® + (o’ p* + O (> ))ho,
where o = 1 — 2¢. Note that r273¢ = O (p>*?%) for some § > 0. [l

The following example is the type of singularity which is called zero area
singularity in [Bray and Jauregui 2013].

Proposition 2.3. Let m > 0 and let =1 —2m/r. Then the metric
8= ¢4ge

is asymptotically flat defined on r > 2m in R3, with zero scalar curvature and with
negative mass —m. Moreover, near r = 2m,

g =dp* +cp*P(1+0(p*)ho
for some ¢ > 0, where

r—2m
,0=/ &> (1 +2m) dr.
0

Hence near p = 0 the metric is asymptotically of the form as in Lemma 2.1 with
p=2

Proof. We only need to consider g near r = 2m. The rest is well known. Let
t=r—2m,r > 2m. Then

oo R ¢ 12 3
¢(Z)_¢(I+2m)_t+2m_%(1_%+W+O(I))
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and

t t 2
| & _ 5
,0—/0 ¢ (s)ds—/0 G 1 om)? ds.

Note that as r — 2m, p — 0. In terms of p, near p =0,

g =dp* +¢*r’ho.

Near p =0,
4
4.2 2
=—(t+2
o= ampr T
=cp* (14 0(p*?))
for some ¢ > 0. (]

We can also construct a conical metric on 73\ {a point}, with nonnegative scalar
curvature and with positive scalar curvature somewhere.
First, we have

Proposition 2.4. Let m > 0. There is a metric g on R>\ B(2m) such that

(1) the scalar curvature R is nonnegative and R > 0 somewhere;

(ii) there exist ro and ry with ry > ro > 2m such that g = (1 — 2m/r)4ge for any
r € 2m,ry) and g = g, for any r > ry, where g, is the Euclidean metric.

Proof. Let ri > rp > 2m to be chosen later. Let n(r) be a smooth nonincreasing
function with

1) ) 2m, 2m <r <r,
- ) =
7 0, r>ri.
For any p > 2m, let
0
n(r)
o= [ 1 ar
om T

By choosing suitable rg, r;, we may get y(p) = 1 for any p > ry; then we see that

1-2m/r, 2m<r<ry,
(22) y(r) = { /
1, r>ri.
We claim that
Aoy <0 on R\ By

here Ay is the standard Laplace operator on R>. By a direct computation, we see that
(23) Aoy ="+ 2y =r202y) =7 <0,

For any x € R3\ Bay, let u(x) = y(|x|); then g = u*(dr* +r?hyo) is the required
metric. O
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Suppose T7(r) is a flat torus, by taking r large enough we may glue (B, \ Ba,, g)
with T3(r) \ B, directly. As in Proposition 2.3, near r = 2m, the metric can be
considered as a metric with cone singularity. The question is whether we have
a metric on n-torus which has a cone singularity of the form dr? + a®r2hg with
0 < o < 1 and with nonnegative scalar curvature. This will be answered in Section 4.
The problem can be reduced to the study of singular metrics on 7" with nonnegative
scalar curvature.

3. Gradient estimates for solutions to the i-flow

We want to use the Ricci—-DeTurck flow to deform a singular metric to a smooth
one. We need some basic facts about the flow.

Let (M", h) be a complete manifold without boundary. We assume that the
curvature of & and its covariant derivatives are bounded:

(3-1) |IVORm| < k;

for all 3 >i > 0. Here V is the covariant derivative with respect to i and Rm is the
curvature tensor of 4. A smooth family of metrics g(t) on M x (0, T], T > 0, is
said to be a solution to the A-flow if g(¢) satisfies

(3-2) %gij = 8"V Vpgij — 8 giph"IRM;aqp — 8 gjph" RiMjagp
+3 : aﬂ (Vigpa ) ngqﬂ +2Vagjp qglﬂ 2§agjp : eﬁgiq
- zngap ' Vﬂgiq - 2%80117 : %ﬁgjq)-
The h-flow is closely related to the Ricci flow

ad .
378 = —2Ric(g).

Suppose go is a smooth metric with bounded curvature; then the solution to the
h-flow with h = gg such that g(0) = go is the solution to the usual Ricci—-DeTurck
flow. Using the solution to the Ricci—-DeTurck flow, one can obtain a solution to
the Ricci flow through a smooth family of diffeomorphisms. Hence i-flow can
be considered as a generalization of Ricci flow with initial data which may not be
smooth.

Let

d

(3-3) ==

- gij %j %j.
For a constant § > 1, A is said to be § close to a metric g if

s~ 'h < g <ésh.
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Theorem 3.1 [Simon 2002]. There exists € = €(n) > 0 depending only on n such
that if (M", go) is an n-dimensional compact or noncompact manifold without
boundary with continuous Riemannian metric go which is (1 + €(n)) close to a
smooth complete Riemannian metric h with curvature bounded by ko, then the
h-flow (3-2) has a smooth solution on M x (0, T] for some T > 0 with T depending
only on n, kg such that g(t) — go as t — 0 uniformly on compact sets and such that

~ C;
sup [Vig(1)|* < —
xeM t

foralli,where C; depends only onn, ko, ..., ki where k; is the bound ofﬁij(h) |
Moreover, h is (1 4 2¢) close to g(t) for all t. Here and in the following | - | is the
norm with respect to h.

In the case that g¢ is smooth, and if ﬁ go| is bounded, then it is also proved in
[Simon 2002] that

Vgl <C, Vg <cr 2

We want to obtain estimates in the case that go € WIL’CP in the sense that ﬁ gol 1s in
sz)c, for p > n. We have the following:

Lemma 3.2. Fix p > 2. There is b = b(n, p) > 0 depending only on n, p, with
e’ < 14€(n), where €(n) is the constant in Theorem 3.1, such that if go is a smooth
metric which is €? close to h, where h is smooth and satisfies (3-1) for 0 <i <2,
then the solution g(t) of the h-flow with initial metric gy on M x [0, T'] described in
Theorem 3.1 satisfies the following estimates. There is a constant C > 0 depending
only n, p, h such that for any xo € M with injectivity radius ((xo) with respect to h,

- ,_ D
Vet 20l < s

for T >t >0, where D is a constant depending only n, the lower bound of 1 (x¢) and
the L*P norm of |V go| in B(xo, t(x0)), which is the geodesic ball with respect to h.

Proof. Suppose go is e’ < 1 + €(n) close to h; then for any A > 0, Agg is also
e’ close to Ah. Moreover, if g(t) is the solution to the A-flow, then )Lg(%t) isa
solution to the Ah-flow. Hence by scaling, we may assume that ko + k1 + k& < 1.
The solution g(z) constructed in [Simon 2002] is %’ close to 4. Moreover, we may
assume that 7 < 1.

Denote ¢(xp) by (o and we may assume that ¢y < 1. In the following c; will denote
a constant depending only on n. Let m > 2 be an integer, which will be chosen
depending only on 7, p. Let b = 1/(2m). First choose m so that e’ < 1+ €(n). Let
fi= ﬁgl and Y = (a +>0, A;”)flz with @ > 0, where A; are the eigenvalues of
g(t) with respect to 4. By choosing a depending only on n and m large enough



436 YUGUANG SHI AND LUEN-FAI TAM

depending only on 7, as in [Shi 1989; Simon 2002] (see also [Huang and Tam 2015,
(5.8)]), we have

(3-4) Oy <) —com? fi.

Let x’ be normal coordinates in B(xo, t9). Since ko +k; +ky <1, by [Hamilton
1995, Corollary 4.11] on B(xg, tp) we have

(3-5) [%|5|25hijéi$j <2|&)? for& eR",

|Df/lij| <c for all i, j,
where

0 0
hij=h\ —, —

ax! dxJ

and 8 = (B4, ..., By) is a multi-index with |8| <2 and

Let n be a smooth function on [0, 1] suchthat0 <n <1, n(s) =0 for s > %, nis)=1
forO0<s < % Still denote 1 (|x|/tp) by n(x). Then |Vn| < C4Lal. We have

d
dt B(xo,t0)

= p/ Yy, dvy,
B(x0,t0)

n* P dvy,

SP/ flzlﬁp_lgij%i%jlﬁdvh-i-l?/ WP et — com® £ dy
B(x0,t0) B

(x0,t0)

<—p(p—1Des / P2V | doy, + pes / P~ IV doy,
B(x0,t0) B(x0,t0)
+ perty! f ' yP V| du, 4 p / 2P (e — com® £ dvy,
B(x,t0) B(xo,t0)
Cé 2.2 C% "2
<6 _ fnwpdvh+—/ () yP dvy
2¢s(p— 1) JBixoun) 2¢5(p— 12 o)

+P/ n* P~ er — com? £} duy,
B(x0,t0)
2

csp - ¢
<SP et T [ apyran,
P — 1 JBxou0) 2¢s(p — Dig JBxo.o)

+p / P~ cr — com? £ duy,
B(x0,t0)
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where we have used the fact that ¢ <c¢ f12 for some constant ¢ depending only on n
by the fact that 2bm = 1 so that A" < 1 for all i. We have also used the fact that

6 / PP I du
B(x0,t0)

2

~ C
<lesip—1) Y2V P doy + 5 20y dy,
B(xo,t0) CS(P— ) B(x0,t0)
and
ety f ' yP V| duy,
B(xg,t0)
2
_n,= C
<lesp-1[ Py T Pdu - — f Y7 du.
B(x0,10) 2¢5(p — Dy JBxowo)

Hence by choosing m large enough depending only on n, p and if b = 1/(2m),
we have

d -
af vrazer?( [ arvrans |
! JB(xo.10) B(x0,t0)

B(x0,0)

Py dvh)-

By replacing n by n? for ¢ > 1, we may assume that |n'| < Cn'~'/4, where C
depends only on ¢g. Let ¢ = 2p, say; then we have

d
dt B(xo,t0)

_2 2 1—5- p 2. p—1
< Ciy, (/ ) >y dUh+/ ny dUh)
B(xo,t0) B(xo,t0)
1—5- L 1—1
_ 2., p 2p p 2p 2. p P
< Ciy, n Yy dvy YPdv, | + n Yy dvp
B(x0,0) B(x0,0) B(xo,t0)
=55 -3
< Cay” [( / n*y? dvh) e ( / Y’ dvh) }
B(xo,t0) B(xo,t0)

Here and below upper case C; denote a positive constant depending only on n, p
and h. Here we have used the estimates in Theorem 3.1. Let

F:f P dv, + 1.
B(x0,t0)

n* P dvy,

Then we have

d S SS N
SF <Gyt F

Let I = |, Bxo.t0) |V g0l?? dv,. We conclude that

F(t) < C4(I +15*"),
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or

/ YP dv, < Cs(I +15").
B(XOailO

Hence 0 < fyp < T, by the mean value equality [Lieberman 1996, Theorem 7.21]
applied to (3-4) to B(xg,r) X (to — r2, to) with r = % tp, we have

¥ (x0, 10) < Cor "(I 415 +1).
From this the result follows. O

Assume 2p > n and let § =n/(2p). Let b as in Lemma 3.2. Assume 4 satisfies
(3-1),for0<i <2.

Lemma 3.3. Let xo € M and let ro > 0. Let

I :=/ |Vgol?” dvy.
B(xo,r0)

Let ¢ be the infimum of the injectivity radii ((x), x € B(xg, ro). Then there is a
constant C depending only on n, p, h, ro, the lower bound of t and the upper bound
of I such that

IV2g(xo, 1) < Ct7173,

Proof. In the following, C; will denote a constant depending only on the quantities
mentioned in the lemma. By Lemma 3.2, we have

(3-6) sup Vg, 0> <Cit’.

xeB(xo,%o)

Let fi = ﬁ"gl. As in [Shi 1989; Simon 2002] (see also [Huang and Tam 2015,
(5.11)]), one can find a > 0 depending only on the quantities mentioned in the
lemma such that if ¥ = (at~° + f7) 7, then

(3-7) Oy <—2fi +Cat™®

on B(xg, r9/2) x (0, T]. We may assume that ((xg) < ro/2. Let n be a cutoff
function such that (')2 + |1”| < cn for some absolute constant as in the proof of
Lemma 3.3, let F = ¢!'72nyr. Since g is smooth up to ¢ = 0, and f12 <C1t7%, we
have F(-,0) = 0. If F has a positive maximum, then there is x; € B(xg, t) and
T > t; > 0 such that
Fxi,n)= sup F.
B(x0,0)x[0,T]
Hence at (x1, 1), we have

Vi + ¢ Vin=0
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and

0<0OF
=t} "2 Oy + ¢ On — 287 Viyr Vi) + (1 +28)17 ' F
= ’11+28[’7(_%f24 +Cot ™) — Vg ViVin +2gijn_1w§in§/n] +(1+28)'F
<t [n(=L £+ Coat ™) + C3y ] + (1 +28)1 ' F.

Multiply the inequality by t11+25n(at_5 + f12)2 =Fyar + flz)’ we have

0<—4F2+C3t| (@™ + fOF + (1 +28)t% (at ™ + f)*F
< —1F>+C4F.

Hence F < 8C4. From this it is easy to see that the result follows. ([

4. Approximation of singular metrics

Let (M", b) be a smooth complete Riemannian manifold of dimension n without
boundary. Let gg be a continuous Riemannian metric on M satisfying the following:

(al) There is a compact subset X such that gg is smooth on M \ X.

(a2) The metric gg is in Wli’cp for some p > 1 in the sense that gg has weak derivative

and |gole, |°Vgols € L{;C with respect to the metric b.

We want to approximate go by smooth metrics with uniform bound on the W7
norm locally. As in [Lee 2013], cover X by finitely many precompact coordinate
patches Uy, ..., Uy and cover M with Uy, ..., Uy and Uy such that Uy is
an open set with Uy N X = &. We may assume that there is a partition of unity
Y, with supp(¥) C Uyg. Since gg is continuous, we may assume that gg, b and
the Euclidean metric are equivalent in each Uy, 1 < k < N. For any a > 0, let
Y(a)={x e M |dy(x,X) <a}. By [Lee 2013, Lemma 3.1], foreach 1 <k < N,
there is a smooth function € > p; > 0 in Uy, such that for € > 0 small enough

Pk =€, X(e) NUs;
=0 Ui \ 2(2¢);
4-1) Pk > ©\ 2(2¢);
|0pr| < C;
1020k < Ce™!

for some C independent of € and k. Here dp; and 82 are derivatives with respect
to the Euclidean metric. Let gg =1Yrgoand for 1 <k <N, let

@) oy = [ gyt =anoe)dy.
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Here ¢ is a nonnegative smooth function in R" with support in B(1) and integral
equal to 1. A > 0 is a constant independent of € and k, to be determined. Finally,
define

N
4-3) 8e,0 = Z 85,0 +Y¥n+180-
k=1

Lemma 4.1. For € > 0 small enough, g. o is a smooth metric such that g¢ o con-
verges to go in C% norm as € — 0, and 8e.0 = 8o outside X (2€). Moreover, there is
a constant C independent of € such that

/ °Vgeol? dvy < C.
(1)

Proof. 1t is easy to see that g. ¢ is smooth and converges to gp uniformly as € — 0.
In order to estimate the Wli’cp norm of g o, it is sufficient to estimate the norm in
each Uy, 1 <k < N. Moreover, we may assume that b is the Euclidean metric. So it
is sufficient to prove the following: For fixed k, 1 <k < N, and for any u € WIL’CP if

v(x) = / u(x — Aok (X)y)p(y) dy,

then the W'? norm of v in (1) can be estimated in terms of the W!? norm of
u in X(2), say. For fixed y with |y| <1, let z =x — Apx(x)y. Then

3 o

oxJ xi’
By (4-1), we can choose A > 0 small enough independent of € and & so that

-0
2> det(Sij —)\yl#> = %,
X!

= 8ij — yi)\,

and so that z = z(x) is a diffeomorphism with the Jacobian being bounded above
and below by some constants independent of €, k. Hence

; ;1
( / |v|”<x)dx) 5[ / ( |u(x—xpk<x>y>|<a<y>dy) dx]
2 (HNUg X(HNU R~
< / w(y)< / |u<x—xpk<x>y)|f’dx)"dy
n (HNUg

= f (ﬂ(y)(/ lu(x — App (xX)Y)|? dx)p dy
B(1) S()NUx

< cl(f |u(z>|sz)”
22)
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for some constant C independent of €, k provided € is small enough, where we have
used Minkowski’s integral inequality [Stein 1970, Section A.1]. Now, if x ¢ ¥ (2¢),
then v(x) = u(x) and if x € X(¢€), then v(x) is the standard mollification. If
x € X(2¢) \ Z(¢), then

l0v[(x) < ; 01| (x — Ao (x) y) A0 (x) [ (y) dy -

Since |dpk| is bounded by (4-1), we can prove as before that

1 1
(f |8v|p(x)dx)p < Cz(/ |au|P<z>dz>p
S(HNUy 2(2)

for some constant C, independent of €, k provided € is small enough. U
In addition to (al) and (a2), assume
(a3) The scalar curvature S of g satisfies Sy) > o in M\ X, where o is a constant.

We want to modify g ¢ to obtain a smooth metric with scalar curvature bounded
below by o. We first consider the case that M is compact. Let ¢g > 0 be small
enough so that for all ¢ > € > 0,

(14+€() " gep.0 < ge.0 < (1 +€(n)) gep 0,

where €(n) > 0 is the constant depending only on 7 in Theorem 3.1. Hence if we
let i = g¢,.0, then the h-flow has solution g.(f) on M x [0, T'] for some T > 0
independent of €, with initial data g¢ ¢ in the sense that lim, ¢ g¢(x, 1) = ge 0(x)
uniformly in M; see Theorem 3.1. The curvature and all the covariant derivatives
of curvature of 1 are bounded because M is compact.

By [Simon 2002] and Lemmas 3.2, 3.3 and 4.1 we have the following:

Lemma 4.2. Let M be compact and suppose g satisfies (al)—(a3). Suppose p > n.
Letb=n/p < 1. Then

"Vec(t)z <Ct™ and |"V?g.(t)]* <Ct™'7?

for some constant C independent of €,t. Moreover, g.(t) subconverges to the
solution g(t) of the h-flow with initial data gy in C*™ norm in compact sets of
M x (0, T] and in compact sets of M\ £ x [0, T].

For € > 0 small enough, let

(4-4) W = (8 (1) (T, (8c (1)) — T (),
and let @, be the diffeomorphism given by
0

(4-5) 3,10 =—W(P;(x), 1),  Polx)=x.
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Let g¢(t) = ®} g (t). Then g(¢) satisfies the Ricci flow equation with initial data
ge.0- Note that W and @, depend also on €. Recall the Ricci flow equation is

ad
(4-6) 5781 = ~2Rij.

Lemma 4.3. With the same assumptions and notation as in Lemma 4.2, for € small
1 1
enough, |W|, < Ct™2%, |IRm(ge(1))| < Ct~2%9 and
C™'h < ge(t) < Ch
for some C, independent of €, t.

Proof. The bound of W is given by Lemma 4.2. Since the bound of curvature is
unchanged under diffeomorphism, [Rm(g.(¢))| < C =20+9 by Lemma 4.2. From
this we conclude from the Ricci flow equation that g.(¢) is uniformly equivalent to
80.e which is uniformly equivalent to /. U

Lemma 4.4. Let S(t) be the scalar curvature of g(t). Then there is a constant
C > 0 independent of t, € such that

exp(—Cr2(179) f (S(1) —0)-dvgq)
M

is nonincreasing in (0, T], where f_ = max{— f, 0} is the negative part of f.
Proof. As in [McFeron and Székelyhidi 2012], fix 6 > 0, and for € > 0, let
1/2
v= (S —0)2+6)* = (Sc(1) — o),

where S, (¢) is the scalar curvature of g.(z). Let A and V be the Laplacian and
covariant derivative with respect to g¢(¢). Using the evolution equation of the scalar
curvature in Ricci flow, we have

<£_A> _( Se(0—o —1>(3_A)3 0 OIvSP
ot v= ((Se() —0)2+06)1/2 at € (Sc(t)—0)2+6)172

_( Se(t)—o _1).2|VRiC(I)|2_ 01VS. (1))
T\ ((Se()—0)2+6)1/2 (Sc(t)—0)2+0)3?

507

where Ric(¢) is the Ricci tensor of g.(¢). Using Lemma 4.3 we have
47 A ave = Lvdvs S.(t)v dv;
47 ar [, Va0 = | 5o~ | (v dug, )

M M

1
= Clt_z(l—"_a)/ vdvg,e(,)
M



SCALAR CURVATURE AND SINGULAR METRICS 443

for some constant C independent of ¢, €. From this and letting & — 0, we conclude
that for some constant C independent of ¢ and e,

exp(~Cr107D) / (S.(t) = o) dvg.
M

is nonincreasing in (0, 7']. Noting that g (t) = ®;(gc(¢)), by Lemma 4.2 let ¢ — 0,
the result follows. O

We first consider the case that the codimension of X is at least 2 in the following
sense:

(a4) The volume V (X (¢€), go) with respect to gg of the e-neighborhood X (¢) of X
is bounded by Ce? for some constant C independent of €. Here

Y(e)={xeM|dy(x,X) <e€}.

Lemma 4.5. With the same assumptions and notation as in Lemma 4.2, suppose
(ad) is true. Then S(t) > o forallt > 0.

Proof. By Lemma 4.4, it is sufficient to prove that
(4-8) lim / (St) —o)_dvgr =0.
t—0 M

For any € > 0, let @, be the diffeomorphisms as before so that g (1) = &7 (g (1))
is the solution to the Ricci flow. For any 6 > 0, let v as in the proof of Lemma 4.4.

Let
1 N
B= E(E - Z l/fklok)-
k=1
We may modify p; so that if € is small enough then § is a smooth function on M

such that 8 =0 1in X (2¢), B =1 outside X (4¢), 0 < 8 <1, IhVﬁ| < Ce !, and
|"V2B| < Ce? for some constant C independent of €, ¢. Let

B(t, x) = B(D,(x)).
Then

d [ % d 3 g2 0 3
E/ ﬁzvdvge<z)=/ v@(ﬁz)dvge(z)-i-/ ﬂzgvdvge(z)—/Se(t)ﬁzvdvée(ﬂ
M M M M
8 ~ ~.
5vag(ﬂ)zdng(o+/MﬂzAge<z)vdv§E<z>
+C1t;(1+5)/M Bvdvg, )

=1+11 +c1z—i<1+‘”/M B*vdvg, .
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for some constant C; > 0 independent of ¢, €,6 by Lemma 4.3. Let w(y) =
V(D ](y)). Since in local coordinates,

Ag.y f =87 (3:0; f —T};00)

with |Fk | < Ct~%? for some constant C independent of ¢, r by Lemma 4.2, we
have |w| < Ct~21+9 for some constant C independent of €, ¢, 6. Using also (a4)
and Lemma 4.1, we have

11:/ B> Ay (yw dvg, 1)
M
= / WA (B dvg, )
M

SC2/ w|€_2+€_1f_6/25|dvge(t)
T (4e)\ T (2¢)

<G <t S48 4 15 (1+3)/ ,Bwl/zdvgg(,)>
=(4e)

1
1 1 ~ 2
< C4|:t2(1+5) +t4(1+38)</ﬂ4 ,32v dvge(,)) :|

for some constants C, — C4 independent of €, ¢, 6, where we have used Lemma 4.2,
the fact that 8 = 1 outside X (4¢), the Holder inequality and the fact that V (X (4¢)) =
O (€?). To estimate I, we have

Lp=wh(L)
—dBod®, (a )

at
= dB(W).

Hence by Lemma 4.2, we have
|25 = C51'VBI@ ()] = Coe 117

for some constants Cs, C¢ independent of €, ¢, 6. Hence if w is as above, then

I< C661t8/2/ Bw(y) dvg,
Y (4¢)

< C7t 4(1+35)</ BZUCZUEE(I))
X (4e)

for some constant C7 independent of ¢, ¢, 6. To summarize, if we let

= / B*v dvg, ),
M
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then

62_1; < Cy(r=3040) |~ 30+ p | —1(1430) p1/2)

< Cg(t_%(l’”s) +10 4 Zt_%(”‘”F)
for some constant Cg independent of €, ¢, 8. Integrate from O to 7, and let 6 — O.

Since ge 0 = go outside X (2¢), g =id, and B =0 on X (2¢), and S, > o outside X,
there exist constants Cg9 — Co independent of ¢, ¢ such that

exp(—Cor2179) / BA(Se(t) — o) dug, ) < Cro(e2 17D +17%)
M

because 0 < § < 1. Letting ¢ — 0, we see that (4-8) is true and the proof of the
lemma is completed. U

By Lemmas 4.2 and 4.5, using g(¢) we have:

Corollary 4.6. Let (M", b) be a smooth compact manifold and let gy be a continu-
ous Riemannian metric satisfying the following:

(a) There is a compact set % such that gg is smooth on M\ X with scalar curvature
bounded below by o.

(b) The metric g is in /ANE

loc

(c) V(2(e), go) = O0(€?) as € — 0, where X(¢) = {(x e M |dy(x, ) <€}

for some p > n.

Then there exists a sequence of smooth metrics g; satisfying the following: (i) as i
tends to infinity g; converges to go uniformly in M, and converges to go in C* norm
on any compact subset of M \ X; (ii) the scalar curvature S; of g; satisfies S; > o.

Remark 4.7. If the codimension of X is only assumed to be larger than 1, then the
conclusions of Lemma 4.5 and Corollary 4.6 are still true under some additional
assumptions on the second derivatives of gg.

Next let us consider the case that X is an embedded hypersurface. Let (M", g¢)
be a Riemannian metric satisfying the following:

(b1l) X is a compact embedded orientable hypersurface, and gg is smooth on M \ X
with scalar curvature S,y > 0.

(b2) There is a neighborhood U of ¥ and a smooth function # defined near U such
that U is diffeomorphic to {—a <t < a} x X for some a > 0 with X = {t =0}.
Moreover, gg = dt* + g+(z, 1), z € X, such that (z, z) are smooth coordinates
and g_(-,0) = g+(-,0), where g4 is defined and smooth on ¢t > 0, g_ is
defined and smooth on t < 0.

(b3) Let Uy = {r > 0}, U_ = {r < 0}. With respect to the unit normal 3% the mean
curvature H, of ¥ with respect to g+ and the mean curvature H_ of ¥ with
respect to g_ satisfy H_ > H,..
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By [Miao 2002, Proposition 3.1], letting € > 0 be small enough, one can find
a smooth metric g¢ o such that (i) g0 = go outside U(e) = {—€ < t < €}; (ii)
80.e converges uniformly to go; (iii) |th0,€|h < C with respect to some fixed
background smooth metric 4; (iv) there exists a constant ¢ > 0 independent of €
such that the scalar curvature S, satisfies

Sgoe = Sg outside U (¢),
2
[Sgo | < ¢ in < <t <e,
(4—9) 2 100¢ 1022 62
_ _ - 7 mnm — —— < -
S (2:1) 2 —e+ (H-() = He @) 2p(151) in =S <1< S
|Sg0.e| S C6_2

for z € 3. Here ¢ > 0 is a smooth function in R with compact support in [—% %]

such that
f ¢(s)ds =1.
R

Using arguments similar to those before using s-flow, we can conclude:

Corollary 4.8. Let M" be a compact smooth manifold and let gy be a Riemannian
metric satisfying (b1)—(b3) such that the scalar curvature of go on M \ X is at
least o. Then there exists a sequence of smooth metrics g; such that as i tends to
infinity g; converges to go uniformly in M, and converges to gy in C° norm on any
compact subset of M \ . Moreover, S,, > 0.

Proof. As before, choose h = g ¢, for €p small enough, one can solve the i-flow
with initial data go . Let g¢(¢) be the solution and let S.(¢) be its scalar curvature.
From the proof of Lemma 4.4, one can conclude that

exp(—Cst'/?) / (Se(t) — o) dvg, ) < / (Sgp.— 0)— dvg,.
M M

= / (SgO,e - U)_ dng,e
U(e)

< Cie

for some C;, C3 > 0 independent of €, r. Here we used the fact that H_ — Hy > 0.
Let € — 0, we conclude that the solution g(¢) of the h-flow with initial value gg
has scalar curvature no less than o. The result follows as before. O

Remark 4.9. By [Miao 2002], suppose X is a compact orientable hypersurface,
and a neighborhood of ¥ is of the disjoint union of U}, U; and X. Assume gy is
smooth up ¥ from each side U; of ¥ and such that the mean curvatures H;, H,
with respect to unit normals in the two sides of X satisfying H + H> > 0, where
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unit normals are chosen to be outward pointing in each side. Then one can find a
smooth structure so that (b2) and (b3) are true.

We give some applications.

Corollary 4.10. Let (M", g) be a compact manifold such that M" is the topological
n-torus, g is smooth except at a point, where it has a cone singularity of the form

g =dr’ +a*r’h

with 0 < a < 1 and where hy is the standard metric on S"~'. Suppose the scalar
curvature of g is nonnegative; then g must be flat and o = 1.

Proof. For r small, the mean curvature of the level set {r} x $*~! with respect to the
normal d, is H = (n — 1)/r. Consider the Euclidean ball B(ar) of radius ar with
center at the origin. Then metric of the boundary is (ar)?h¢. Moreover, the mean
curvature is Hy = (n — 1) /(ar). Since @ < 1, Hy > H. By gluing B(ar) along
with M along {r} x S"~!, we obtain a metric with corner so that (b1)—(b3) are true
by changing the smooth structure if necessary. Still denote this metric by g. By
Corollary 4.8, there exist smooth metrics g; on the new manifold with nonnegative
scalar curvature such that g; — g in C*° away from the singular part. By [Schoen
and Yau 1979a; 1979¢; Gromov and Lawson 1983], g; is flat. Hence g must be flat
away from the singular part. Let r — 0, we conclude that the original metric g is
flat, and we must have o = 1. U

Similarly, one can prove the following:

Corollary 4.11. Let (M", g) be a compact manifold such that M" is the topological
n-torus and g is smooth away from some compact set with codimension at least 2.
Moreover, assume g is in Wl})’cp for some p > n. Suppose the scalar curvature of g
is nonnegative; then g must be flat.

Remark 4.12. Suppose M is asymptotically flat with nonnegative scalar curvature
and with some cone singularities as in Corollary 4.10; then we still have positive
mass for each end by [Miao 2002]. The proof is similar. Compare this result with
the example in Proposition 2.3.

Let us consider the case that M" is noncompact. Let go be a continuous Rie-
mannian metric on M which is smooth outside a compact set X. Suppose there is a
family of smooth complete metrics g. o on M such that g, o converges uniformly
to go and converges smoothly on compact sets of M \ . Assume g, ¢ has bounded
curvature for all €. As before, we can find €p > O such that if & = g, ¢ then there
are solutions g.(¢) to the h-flow with initial data g, ¢, and solution to the s-flow
with initial data gy on some fixed interval [0, T], T > 0. As in [Simon 2002],
using [Shi 1989], we may assume that all the derivatives of the curvature of & are
bounded. Moreover, g¢(¢) converges uniformly on compact sets of M x (0, T'] and
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M\ £ x [0, T]. Suppose the scalar curvature of g satisfies S, > 0. We want to
find conditions so that the scalar curvature of g(¢) is also bounded below by o
Lemma 4.13. With the above assumptions and notation, suppose

(1) ge,0 = 8o outside X (2¢);

(i) "V ()| < Ct2 and |"V2g.(1)| < Ct~20% for some C independent of €, t;

(ii1) there is an Ry > 0 and a C > 0 independent of €, t such that

/ S.(t) — ol dvy < C,
M\B(0,Ro)

where B(o, Ry) is the geodesic ball with respect to h and S¢(t) is the scalar
curvature of g¢(t);

(iv) V(2(2e¢), go) = O(e?).
Then the scalar curvature S(t) of g(t) satisfies S(t) > o forall t > 0.

Proof. By [Shi 1989; Tam 2010], we can find a smooth function p such that
Crlr)+1) < pkx) <Ci(1+r(x))

for some constant C; > 0 where r(x) is the distance function to a fixed point o
with respect to 1. Moreover, the gradient and Hessian of p with respect to & are
uniformly bounded. ( Hence the constants in the lemma may depend also on the
choice of 0.)

Let 0 < n <1 be a smooth function on R such that =1 on [0, 1] and =0 on
[2, 00). We proceed as in the proofs of Lemmas 4.4 and 4.5. For R > 1, denote
n(p(x)/R) still by n(x). Let g, be the Ricci flow corresponding to the g¢(¢) and let
Se (1) be its scalar curvature. Let 6 > 0 and let v be as in the proof of Lemma 4.4.
We have

d
7 anvdvge(,)

< C2<t_§(1+8)f nv dvg,e(,)—i-/ lenIdvge(,))
M M
<G (r—%““) f v dvg, o +1 R f (1Sc(t) — o +9)dvg€(t)>
M M\B(0,2C| R)
for some positive constants C,, C3 independent of ¢, €, 6. Hence

d 1
7 (exp(—C4t 2(1+5))f nv dvge(t))
M

< Cs—2R- / (1Se(t) — | +6) dvg,
M\B(0,2C\R)
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for some positive constants C4, Cs independent of 7, €, 6. Integrating from 0 <
t; < t,let & — 0 and then let R — oo. Using condition (iii), we conclude that

exp(—C4t5“+‘”)f (Se(t) —o)—dvg )
M

is nonincreasing in ¢. Let € — 0, we conclude that

exp(—Cyr2(159) / (S(t) = 0) - dvg.)
M

is nonincreasing in ¢.

Next we proceed as in the proof of Lemma 4.5. But we need the cutoff function 7.
For € > 0 and 8 > 0 as in the proof of Lemma 4.5, let 8, ,5 as in that proof, we
have for R > 1,

(4-10) %qu < C6<z—5<1+‘”+z—“+t‘5“+‘”F+/ IAnIvEZdngsm)
M

SC7<t—;(1+5)+t—5+t—;(1+5)F

1
+E (|Se(2) —crl—l—@)dng(,))
M\B(0,2CiR)

for some constants Cg, C7 independent of ¢, ¢, & where

F=/ n;§2vdvge(t).
M

Integrate from O to ¢ and let & — 0. We have

/ nB(Se(t) — o) dvg, ;)
M

t
oo g [ (15.6) =1 dvg ) s
0 JM\B(,2CiR)

for some constant Cg independent of €, . Here we have used the fact that g o = go
outside X (2¢) and the fact that S,) > 0. Let R — 00, using (iii), and finally let
€ — 0, we conclude that

/ (S@) —0o)-dvgy) < Cg(tl_‘S + t%(l—S))'
M
Since

exp(—Cyt1079) / (S(1) —0)- dvg
M

is nonincreasing in ¢, we conclude that the lemma is true. (]
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5. Singular metrics realizing the nonpositive Yamabe invariant

In this section, we will apply the results in previous sections to study singular
metrics on compact manifolds. Let M" be a compact smooth manifold without
boundary. Then as in the Introduction, we may define the Yamabe invariant o (M).
It is well known that if o (M) < 0 and if g is a smooth metric which realizes o (M),
then g is Einstein; see [Schoen 1989, pp. 126—-127] for example. If o (M) > 0, the
situation is more complicated; for some recent results see [Macbeth 2017].

In this section we want to discuss the following question:

Suppose g is a continuous Riemannian metric on M which is smooth outside some
compact set X such that the volume of g is normalized to be 1. Suppose the scalar
curvature of g satisfies Sq > o (M) away from X. What can we say about g?

In the case that ¥ has codimension at least 2, we have the following:

Theorem 5.1. Let M" be a smooth compact manifold such that o (M) < 0. Suppose
8o is a Riemannian metric with V. (M, go) = 1 satisfying the following:

(i) There is a compact subset ¥ such that go is smooth on M \ X with scalar
curvature Sgy > o (M) away from X.

(i1) The metric go isin W, C  for some q > n in the sense that go has weak derivative

and |gole, 1°Vgole € L with respect to a smooth background metric b.

loc

(iii) The volume V (X(€), go) with respect to g of the e-neighborhood X (€) of ¥
is bounded by Ce? for some constant C independent of €. Here

Y(e)={xeM|dg(x,X) <e}.
Then g is Einstein on M \ X.

To prove the theorem, let (M", g¢) be as in the theorem. Let

o . S
Ric(gg) = Ric(go) — 7080

be the traceless part of Ric(gp) where So = S, is the scalar curvature of go. Let
xo € M\ ¥. We want to prove that Rlc(xo) = 0. Suppose RlC(g()) (x9) # 0, then
there is r > 0 such that By, (4r; go)NX = and thereis ¢ > 0, | Rlc(go) [(x0) > 2cin
B,,(3r). By Corollary 4.6, we can find smooth metrics g; such that (i) g; converges
uniformly to go and converges in C* norm on any compact sets in M \ X; (ii)
V(M, g;) = 1; (iii) the scalar curvature S; of g; satisfies S; > o — §; for all i with
8; | 0. Hence we may assume that

(5-1) IRic(g)|(x) > ¢
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in By, (2r; g;) for all i, and By, (r; g/) C By,(2r; g), By,(2r; gi) C By,(3r; g). We
may also assume that the distance function r;(x) from x¢ with respect to g; are
smooth in B,,(3r; g), provided r > 0 is small enough, independent of i.

Let ¢ be a smooth function on [0, co) with ¢ >0,¢ =1o0n [0, 1] and ¢ =0 on
[2, 00) and such that |¢’|?> < C¢, with C being an absolute constant. Let

hi(x) = d)( fix ))RIC(&)(X)

For |7| > 0, let G;.r = g; 4+ th;. Then there is o > 0 such that G;., are smooth
metrics for all i and for all 0 < |7] < 1p.

In the following, E; = Ex(x, t) (k = 1,2) will denote a quantity such that
|Ex| < C|t|* for some C independent of x, i and 7.

Lemma 5.2. We have

dvg,, =dvg,(1+ E»)
and

VM, Giy) =1+ Ey;

here dv, denotes the volume element of metric g.

Proof. Since g; — g uniformly on compact sets of M \ ¥ in C* norm and since
h; is traceless, the results follow. ([

We have the following general fact [Brendle and Marques 2011, Proposition 4]:

Lemma 5.3. Let (2", g) be a smooth Riemannian manifold. Let g = g + h with
|hlg < % Then the scalar curvatures are related as

Sz — Sg = divg(divg(h)) — Agtrg h — (h,Ric(g)) + F
where

|F| < C(IVhI> + |hlg|V?h|g + [Ric(g)| |h]})

for some constant C depending only on n. Here V is the covariant derivative with
respect to g.

Lemma 5.4. Let S; be the scalar curvature of g; and S;.; be the scalar curvature
of Gi.;. Then

Si;r = 8 + v divg, (divg, h;) — t(h;, Ric(g;))g + E2(7).

Note that S;.. = S; outside By, (2r, g;) and is bounded below by a constant indepen-
dent of i, t.
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Proof. This follows from Lemma 5.3, the fact that &; is traceless, h; = 0 outside
B,,(2r, gi), the fact that g; — g in C*° outside X and the fact that S; > o —§;. U

In the following, let

dn—1) 2n
a=———->=

-2 n—2 N

n—2"

k)

By the resolution of the Yamabe conjecture [ Yamabe 1960; Trudinger 1968; Aubin
1976b; Schoen 1984], for each i, r, we can find a smooth positive solution u;., of

(5‘3) _aAG,-;rui;r +Si;‘[ui;‘[ = )\i;rv'_Z/nup_l

iT 0T

with A;.; = Y (C; ;) which is less than or equal to o (in particular, it is nonpositive),
where C; ; is the class of smooth metrics conformal to G;... Moreover, u;., is

normalized by
/ uz,dva,-;, =1,
M

Lemma 5.5. There is 0 < 1| < 10 independent of i such that if 0 > T > —11, then

and Vi ; = V(M, G;;).

a i )
EA |(l'r)vui;T|ZGi;r dUGi;r _)\'i;T‘/i;f/n+G

< —C|t| puy., dvg, + C'8; + Ex (1)
By, (2r.8)

or some positive constants C, C' independent of i and t. Here “OV is the
p P
covariant derivative with respect to Gi.r.

Proof. For simplicity of notation, in the following we denote ©:'V by V, G;.,

by G; gi by g; ui.x by u; Az by A; Si.r by Sg; Si by Sg; and V;.; by V.
Multiply (5-3) by u and integrating by parts, using the fact that

/ updvgzl,
M

(5-4) a/ \Vul|% dvg — AV 2" = _/ Sgu’ dvg
M M

we have

5—/ SGuzdvg+E2(r)/ u® dv,
M M
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by Lemmas 5.2 and 5.4 and the fact that g; converges in C* norm in By, (3r, go) D
By, (gi, 2r). On the other hand, by Lemma 5.4, for any 0 <€ < 1,

(5-5) — f Sgu?* dv,
M
§—f Sguzdvg—‘c/ (divg(divg h) — (h, Ric(g)),)u” dvg
M M

+ E5(7) u? dvg
By, (2rig)

<- / Sgu dvg + Cit| / [ Viul g (19| IRic(8) | + @IS VSol) dv,
M M
—|r|/ <Z>|Roic(g)|2u2dvg+E2(r)f u® dv,
M By, (2r;g)
5(—o+5)/ uzdvg+(cz+e—1)|f|f EVul; dv,
M M

—C3|r|/ ¢|Roic(g)|2u2dvg+(E2(r)+C26|r|)/ pu* dv,
M BXO(Zr;g)

5(—0+8)/ uzdvg—l-(Cg—{—el)lﬂf EVul; dv,
M M

+ (E1 (1) + C2e — C30) 7| pu’ dv,
By (2r;8)

for some constants Cy, C», C3 > 0 independent of i, . Here we have used the fact
that |¢’ |2 < C¢ and the fact that S, > o — §; which is negative, where we denote J;
by §. Choose € > 0 so that Cre = %C3c. Then the result follows if 77 > 0 is small
enough and independent of i, by (5-4), (5-5), the Holder inequality, the fact that
g, G are uniformly equivalent, and the fact that

/ uldvg=1, V(M,g) =1,
M
and

V(M,G) =14+ Ex(1). O

Let 0 > 1 > —11, % — 0. Since §; — 0, for each k we can find i; such that
3, < 'Ekz, iy — oo. Let us denote G,,.,, by Gy, and u;,.,, by ux. We want to prove
the following:

Lemma 5.6. There is a constant C > 0 such that for all k,

inf u; > C.
By, (3r,80)
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Proof of Theorem 5.1. Suppose the lemma is true then we will have a contradiction.
In fact, if we denote §;, by 6k, since V(M, Gx) =1+ E2(tx), A <o, by Lemma 5.5,
we have

a
> / 19 Vug|g, dvg, < —Cilnl pui dvg, + Cadi+ ot}
M B)co(zrvg[k)

< —Cilul pui dvg, +(C2+ D7}
By, (2r.8i,)

for some positive constants C1, C, independent of k. By Lemma 5.6, this is
impossible if k is large enough. Hence Ric(gg)(xg) must be zero. Theorem 5.1
then follows. O

It remains to prove Lemma 5.6. Consider the equation
(5-6) —aAu+ Su = P,

Lemma 5.7. Let (M", g) be a smooth metric with scalar curvature S > —sq, with
50 > 0. Let u > 0 be a solution of (5-6) with ||u||, = 1 and with A < 0. Then for any
q>Dp,

lully < C(so, V(M; g),n,q).
Proof. See [Trudinger 1968]; see also [Lee and Parker 1987, Proposition 4.4]. [
Lemma 5.8. Using the notation of Lemma 5.6,

(1) for any q > p, there is a constant C independent of k such that
lurllg.eo = C;

(ii) uy subconverges in C* norm with respect to go in any compact set K C M\ X;
(i) 1imy oo [y 190 Vug||3, dvg, = 0;
(iv) limg— o0 Ak = 0, Where Ay = A7, as in (5-3).

Proof. Since S;,., > 0 — & and & — 0, (i) follows from Lemma 5.7 and the fact
that C_lgo < Gy < Cgg for some C > 0 for all k.

To prove (ii), for any compact set K C M\ X, thereisanopenset K €U C M\ ¥
such that G, converges in C* norm to go on U. By Lemma 5.5, we conclude that
0 < —A¢ < C for some constant independent of k. Then by (i), and [Lee and Parker
1987, Theorem 2.4], we conclude that for any U’ € U,

n <
||Mk||Lg(U) <C

for some constant C independent of k. We then use the Sobolev embedding theorem
to conclude that the C* norm of u; are uniformly bounded in U’ € U. From this
the result follows by Schauder estimates.

Parts (iii) and (iv) follow from Lemma 5.5. O
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Corollary 5.9. After passing to a subsequence, uy converges in C* norm locally in
M\ X to a function u. Moreover,u=1in M \ X and

Sy = 0.
In particular Lemma 5.6 is true.

Proof. By Lemma 5.8, after passing to a subsequence, u; converges in C> norm
locally in M \ X to a function u. Moreover, u is constant in each component of
M \ . We claim that there is C| > 0 such that 0 < u; < C for all k.

Since the scalar curvature Sg, > —s¢ for some s¢ > 0 independent of k and since
M <0, we have

—alAg,ug — Souk < —alg, Ui +SGkuk <0.

Moreover, [,, ul dvg, = 1 and Gy is equivalent to g uniformly in k, the claim
follows from mean value inequality [Gilbarg and Trudinger 1983, Theorem 8.17].
Since u; — u almost everywhere, and G converges uniformly to go, we have

/ u? dvg, = 1.
M
In particular, u > 0 somewhere.
Next we want to prove that u is constant on M. By Lemma 5.8, there is a constant
C; independent of & such that

f (18°Vur |2, + ug) dvg, < Ca.
M

Passing to a subsequence, we may assume that u; converges weakly in W12(M, go)
to v say. We claim that v is constant. In fact, for any £ > 1, the sequence uy,
k > 1, also weakly converges to v. Then we can find convex combinations of
which converge to v strongly in W'-2(M, go). Namely, for any € > 0, there exists
o1y enny Oy With o >0, 37 ax = 1 such that if w ="} | kg1, then

lw—vllwizmm,g) <€

On the other hand, by Lemma 5.8, if £ is large enough, then

1

L 2
2 2
(/ |gOVw|§0dvgo) < </ (§ :a,{|gowg+k|go) dvg0>
M M A

2
2
< Z“"(/ 150Vurtily, dvgo)
& M

<e.
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Hence
f 180V v|? dvg, < (2€)*.
M

This implies 8Vv = 0, a.e. Since v € WI’Z(M, g0), we conclude that v =c is a
constant as claimed.
On the other hand, for any smooth function ¢ on M

lim / ((5oVe,8 Vuk)go—i—(/ﬁuk)dvgozf ((5°V .8 V) o) + ¢v) dug,
M M

k—o00
= / PV duy,.
M

Also by Lemma 5.8 again, and the fact that u; are uniformly bounded and u; — u
a.e., we have

lim / ((g0V¢,g°Vuk)gO+¢uk)dvg0=/ pudvg,.
M M

k—o00
f¢udvg0=f pvdug,.
M M

Hence u = v is a constant. Since [,, u” dvg, =1 so u= 1. Since u satisfies

So

—alAgu+ Sgu=ou’,
the last assertion follows. O

This completes the proof of Theorem 5.1. Next we want to discuss the case that
% has codimension one. We have the following:

Theorem 5.10. Let M" be a smooth compact manifold such that o (M) < 0. Sup-
pose go is a Riemannian metric with V. (M, go) = 1 satisfying (b1)—(b3) in Section 4.
Then gy is Einstein on M \ ¥ and Sg) = o (M). Moreover, H_ = H..

Proof. Let g; = g¢, o be the smooth approximation of go by [Miao 2002] as given in
Section 4. The fact that g is Einstein outside X can be proved similarly as above
using Corollary 4.8. It remains to prove that H_ = H,. Let ¢, — 0 and let u; be
the positive solution of

—1
—alAju; +Sju; = Aiuf’

/ uf’dv,- =1.
M

Here A; is the Laplacian of g; etc. Also A; < o, where o := o(M). Suppose
H_(z) > H4(z) somewhere; then one can easily check that there is a positive

normalized as
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constant b such that for i large enough,
(5-7) / Sidv; >0 +b.
M

As before, passing to a subsequence if necessary, u; — 1 outside X and uniform in
C® norm in any compact set of M \ . Moreover, u; are uniformly bounded, and
A; — o. Since S; be bounded below by —sg, for some s¢p > 0 and u; is bounded
from below, we have

. —1
o = lim A; uf’ dv;
i—00 M

= lim S,-uidvi
i—oo Juy

> 1im/8,~(ui—1)dv,-+a+b,

i—»oo Sy

where we have used the fact that V (M, go,) = V (M, go) =1 and (5-7). We claim

1lim Si(u; — 1) dv; =0.
=00 M
If the claim is true, then we have a contradiction because b > 0. To prove the claim,
note that on |#| < a, the original metric g¢ is of the form
gz, 1) = di* + gij(z, 1)dz' dz’.
We assume that g;;(z, ) (which will be denoted by hl’. ; (z)) is uniformly equivalent
to g;;j(z, 0) (which will be denoted by 4;;(z)). For any z € ¥ and for any 1 > 7 > 0,

ou; (z s)
s

lui(z, a) —u;(z, 1) S/ ds <f |80V u;|(z, s) ds.
0

By the properties of go ¢,
(5-8) / |Si (ui — Dl dvi = o(1)
2 /100<|t|<e;
because u; are uniformly bounded. So
(5-9) / Si(z, ) (ui(z, 1) — 1) dv,
|t|<€?/100
=/ Si(z, )(ui(z, 1) = 1) dvg,
|t|<€?/100

+/ Si(z, ) (ui(z, 1) —ui(z, 1)) dvy,
|f|<e?/100

=I1+1I
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Since u;(z, 1) — 1 uniformly on z € X, and f v |Sil dvg; is bounded, we conclude
that

(5-10) I =0()

as i — 00. On the other hand,

(5-11) |11 ff |Si(z, £) (ui(z, 1) —ui(z, 1))| dvg,
|t|<€?/100

€2/100 1
c/ (/ eﬁf |Vu,~(z,s)|ds>dtdvh
z€X \J —€2/100
/ </ |Vu;(z, s)Ids) dt dvy,
Z€X
/ |Vu;|dvg,

=o(1)

IA

I/\

by the Schwartz inequality and Lemma 5.8. The claim follows from (5-8)—(5-11). U

6. Singular Einstein metrics

In the conclusions of Theorem 5.1, one obtains metrics which are smooth and
Einstein outside some singular sets. In this section, we want to prove that under
certain conditions, one may introduce a smooth structure so that the Einstein metric
is actually smooth. More precisely, we have the following:

Theorem 6.1. Let M", n > 3, be a smooth manifold and g be a Riemannian metric
on M satisfying the following conditions: There is a compact set ¥ in M such that

(1) g is Lipschitz and g is smooth on M \ Z;
(ii) g = ARicon M\ X for some constant X;

(iii) the codimension of X is larger than 1 in the sense that V(2 (€), g) = O (e'1?)
for some 6 > 0, where () ={x e M |d(x, X) < €}.

Then for any open set U containing X, there is a smooth structure on M which is
the same as the original smooth structure on M \ U so that g is a smooth Einstein
metric on M.

We want to construct the required smooth structure using harmonic coordinates.
First recall the following.

Lemma 6.2. Let B(1) be the unit ball in R" with center at the origin. Let (a;;) be
a symmetric matrix such that

MEP <aVEET < AJEP,
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for some A > A > 0 for all £ € R" and where a'/ is Lipschitz with Lipschitz
constant L. Let f € L°°(B(1)). Then the boundary value problem
d .. O0u
g ) = ;
ori (a 8xf) =f inB(Q),
u=0 on dB(1)

has a unique solution in Wz’p(B(l))for any p > 1 withu € Wol’p(B(l)). Moreover,
we have

lullz,p < CClluellp +11£11)

for some constant C depending only on p,n, A, A, L. Here |lu|l>,, is the w2p
norm on B(1) and ||ul|, is the L? norm in B(1).

Proof. The results follow from [Gilbarg and Trudinger 1983, Theorem 9.15, Corol-
lary 9.13]. By taking p > n and the Sobolev embedding theorem, u is continuous
up to the boundary and u = 0 at the boundary. ([

With the same assumptions and notation as in Theorem 6.1, let ¢ € . Let
Us ={(x',...,x") | |x| < 8} be a smooth local coordinate neighborhood with ¢
being at the origin such that g;; is equivalent to the Euclidean metric and g;; is
Lipschitz with Lipschitz constant L

Lemma 6.3. With the above assumptions and notation, there is 6 > € > 0 and
functions ul, .. u" on U = {(xY, ..., x") | |x| < €} such that the mapping
(xl, x> (ul, o u) s alocal CM* diffeomorphism at the origin for some
0<a<l1,u € WrP(U,) forall p > 1 and u' is harmonic with respect to g for
1 <i <n. Moreover, u' is smooth outside ¥.

Proof. Let § > € > 0 to be chosen later. Fix £, let f = A gxz which is bounded by
the assumption on g;;. Let A, A > 0 be such that

(6-1) MEP <878’ < AIEP
in Ua.
Let y = ¢~ 'x. Consider the following boundary value problem on B(1) in the
y-space
ad . v
- ij 7 ) — 2 :
3yl <\/§g ayj>_€ \/gf m B(l)a

v=20 on 0 B(1).

(6-2)

By Lemma 6.2, the boundary value problem has a solution v satisfying the con-
clusions in that lemma. Here we have used the fact that g;; has Lipschitz constant
bounded by € L and still satisfies (6-1) as functions of y. In particular, we have

2
||v||2,p;y =< Cl(”v”p;y"'E ).
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Here and below, C; will denote positive constants independent of €. Let p > n
be fixed; then one can see that there is 1 > o > 0 such that v € C*(B(1)) in the
y-space and

(6-3) Ivllcreaay < Co(llvllpry +€%)

for some positive constants C, — C4 independent of €.
Let w(x) = v(e~'x) with x € B(¢) in the x-space. Then w satisfies

0 0w .
W(ﬁg]i)?> =./8&f in B(e),
w=0 on dB(¢)

in the x-space. Moreover, w € W2P(B(€)). Let u® = w — x¢. Then u’ is harmonic,
namely, u’ satisfies

1 9 - out ,
ﬁg(ﬁg”@> =0 in B(e),
ut = xt on dB(e).

By the maximum principle, we conclude that |ut| <€ and so |w| < 2e, and moreover,
we have

(6-4) Supp(e) 10wl = € supg g [8yv] < Coe ™ (V] iy +€).

To estimate the right-hand side, multiply (6-2) by v and integrating by parts, using
the Poincaré inequality, we have

/ vzdy§C362/ lv|dy
B(1) B(1)

1-2/p >\
vl p;y < (SuPB(l) |U|) vdy
B

< C461—2/p Lt

and so
(€8]

1+2
=C4E+/p,

where we have used the Holder inequality and the fact that |v| = |w| < 2¢. By (6-4)
we conclude that
SUpp(c) |dxw| < Cse?/?.

Hence ‘

ou ‘ )

§=(Sl +0(6 /‘D)
From this and the fact that g is smooth outside X it is easy to see that the lemma is
true, provided € is small enough. (]
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Proof of Theorem 6.1. Let U be any open set containing . For any g € X, by
Lemma 6.3, we can find smooth coordinates neighborhood V, € U around ¢ and
C!¢ functions u', ..., u" on V, near g which are in WZ”’(Vq) as functions of x.

Moreover, (x!,...,x") — @', ..., u") is a C! diffeomorphism from V, to its
image V, in the u-space. Let
6-5) ho 0 0 _ ax' dx’
b =8\ Gua oub ) T uc 9ub
where

R
80 =8\ 5ur o1 )

R Ri 9 9
=RIC| ——, — .
ab out’ Jub

Since each u“ is harmonic, and R, = Ah,, by assumption, away from X for all
a, b we have

Let

(6-6)  hhapcq=—20hap+0h ' % dh+h P« h T % dh % 0h := Q(h, Oh),
where (h°) = (hea) ™",
3

duc

hab,c - hab

etc., and 94! x 9h denotes a sum of finite terms of the form
0 0
_hab —
(auc ) (auf "e)

5 9%xt 9x/ axt 9x/ 9xk 9
(6-7) hab,c = ngﬁ‘F_———

We may assume that Vq contains the origin which is the coordinates of g. Then by

etc. By (6-5),

shrinking \7q if necessary, by Lemma 6.3, /., is bounded and %, . is in L? for all
p > 1foralla, b, c as functions of u. In particular, A, is in WLP(\Z]) for all p > 1.
Moreover, (h?) is uniformly elliptic. Since 4? is only in C* with 0 < a < 1, we
cannot apply the standard L? estimate as in [Gilbarg and Trudinger 1983, Theorem
9.19]. Hence, we want to prove that /i, is in W>?(B(8)) for all a, b for all p > n
and for some & > 0 in the u-space, where B(6) = {u | |u| < §}. Suppose this is true;
then h,y, € CO’I(B(8)) and dh € Wlf)’cp(B(S)). This implies Q(h, dh) in (6-6) is in

loc

Wl’p/z(B(cS)). Since this is true for all p > n, by [Gilbarg and Trudinger 1983,

loc
Theorem 9.19], we conclude that 4,y is in W37 (B(8)). Continuing in this way, we

conclude that i, € wkr (B(8)) for all k > 1 and p > n by a bootstrap argument.

loc
Hence &, is smooth near the origin.
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It remains to prove that i, € W?>P(B(8)) for all p > n for all a, b for some
8 > 0. Fix a, b and let w = ¢h,, where ¢ is a smooth cutoff function in B(26)
such that gb =11in B(3), ¢ =0 outside B ( 6) where § > 0 is small enough so that
B(2%) € V Then away from X, w satisfies

(6-8) hweq = Q1(h, dh, ¢, 3, 3°p).

Since Q; is in L?(B(2§)) by Lemma 6.3 and (h?) is continuous and is uniformly
elliptic, by [Gilbarg and Trudinger 1983, Theorem 9.15] for any p > n there is
ve W>P(B(28)) N WOI”’(B(28)) such that

“Dyed = Q1(h, dh, ¢, 3¢, 3%P).

Since h°¢ ¢ W!-P(B(28)) for all p, for any smooth function  with compact support
in B(26), we have

4 On ov 4 v
(6-9) f (h‘d———l—ns >du——/ nQ0: du.
B(25) du® dub dud B(28))

where s¢ = 3 -0_ped We want to prove that w also satisfies this relation.

To prove the claim, note that if we consider £ N V then the codimension of
Y in the u-space is at least 1 + 6 for some 6 > 0 because /,;, and the Euclidean
metric are uniformly equivalent. As in [Lee 2013], for € > 0 small enough, we can
find a smooth function 0 <&, <1 in Vq such that &, = 1 outside X, and is zero in
XN Vq where X, = {u € Vq | d(u, ) < €} where the distance is the Euclidean
distance. Moreover, |0&.| < C 1€~ 1. Here and below C; denotes a positive constant
independent of €. Now let n be a smooth function with compact support in B(26).
Multiply (6-8) by n&. and integrating by parts, we have

&, 4 0w
[ mseoiau= [ [rea(e gt ) et 2
/B(za) ‘ B(28) “Ou " out ) oub <

Since w, h°¢ e L7 (B(26)) for all p > 1, we have

1/2
/ In(ée—l)Q1|du§<f In(%‘e—l)Qllzdu) V(Z)? =0
B(26) B(26)

as € — 0. Similarly, one can prove that

/3(25)

he & —1) du — 0

w ldaw
8aab+’7(5e )SW
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as € — 0. On the other hand,

/3(25)

th 8«‘;-'5 ow
8u“ ou®

du < C2€_1/ |dw| du
EZE

< c36—1< / |aw|Pdu)p<V<2<26>>>l‘p
225

< C46—1+(1+9)(1—1/p)(/ |8w|pdu>p
226

-0

as € — 0 provided p is large enough. Hence we have

4 0N dw 4 0w
(6-10) / <h‘d——+ns )du——/ nQ1du
B(26) dua dub dud B(25))

for all smooth functions n with compact support B(26).
Let¢=v—w;thenv—we Wol’p for all p > 1 and

dn 9¢ IS
6-11 hed — — 4 ps? du =
( ) /3(23)( ou? 8l/lb +77 u d) "=

for all smooth functions 1 with compact support in B(28). Using the fact that
s? € LP(B(28)) we can proceed as in the proof of [Gilbarg and Trudinger 1983,
Theorem 8.1] to conclude that ¢ = 0, because s? € L?(B(24)) for all p > 1.

To summarize we have proved that &, € W2 (B(28)) for all p >nand hyp is
smooth in u for all a, b.

We can cover X by such harmonic coordinate neighborhoods V, so that the
components of g are smooth with respect to these coordinates. By [Taylor 2006,
Theorem 2.1] one can conclude that the theorem is true. |

Corollary 6.4. Suppose (M", go) is as in Theorem 5.1. If in addition, g is Lipschitz,
then there is a smooth structure on M such that g is smooth and Einstein.

7. A positive mass theorem with singular set

In this section, we will use the results in Sections 3 and 4 to study positive mass
theorems on asymptotically flat manifolds with singular metrics. We want to
discuss the theorem without assuming that the manifold is spin. There are different
definitions for asymptotically flat manifold. For our purpose, we use the following:

Definition 7.1. An n-dimensional Riemannian manifold (M", g), where g is con-
tinuous, is said to be asymptotically flat (AF) if there is a compact subset K such
that g is smooth on M \ K, and M \ K has finitely many components E, 1 <k </,
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each Ey is called an end of M, such that each E} is diffeomorphic to R" \ B(Ry)
for some Euclidean ball B(Ry), and the following are true:

(i) In the standard coordinates x’ of R”,

gij = 6ij + 0ij

with
2

Sup{z|x|r+s|aso_l]|+[|x|a+2+raao_lj] }<OO,
Ex s=0

for some 0 <@ <1, 7 > (n —2)/2, where 3f and 32 f are the gradient and
Hessian of f with respect to the Euclidean metric, and [ f], is the «-Holder
norm of f.

(i) The scalar curvature S satisfies the decay condition
ISI(x) < C(1+d(x)™
for some g > n. Here d(x) is the distance function from a fixed point in M.
The coordinate chart satisfying (i) is said to be admissible.

Without loss of generality, we assume that ¢ < n + 2. This assumption will be
used in (7-3).

In the following, for a function f defined near infinity or R", and for k£ > 0,
f = Oy (r7°) refers to Zf:o ri9' fl = O(r~7) as r — oo, where r = |x|.

Definition 7.2. The Arnowitt—-Deser—Misner (ADM) mass (see [Arnowitt et al.
1961]) of an end E of an AF manifold M is defined as

1
(7-1) mapm(E) = lim > on- 1/ (8ij.i — 8iij)v! AT}

in an admissible coordinate chart where S, is the Euclidean sphere, w,— is the
volume of the (n—1)-dimensional unit sphere, dZ? is the volume element induced
by the Euclidean metric, v is the outward unit normal of S, in R"” and the derivative
is the ordinary partial derivative.

By [Bartnik 1986], mapm(E) is well-defined, i.e., it is independent of the choice
of admissible charts.

For smooth metrics, without assuming the manifold is spin, we have the following
positive mass theorem by Schoen and Yau [1979b; 1981; Schoen 1989]:

Theorem 7.3. Let (M", g), 3 <n <7, be an AF manifold with nonnegative scalar
curvature S > 0. Then the ADM mass of each end is nonnegative. Moreover, if
the ADM mass of one of the ends is zero, then (M", g) is isometric to R" with the
standard metric.
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We want to prove the following positive mass theorem for metrics which are
smooth outside a compact set of codimension at least 2. More precisely, we want
to prove the following:

Theorem 7.4. Let (M", go) be an AF manifold with 3 <n <71, go being a continuous
metric on M such that

(1) go is smooth outside a compact set % with codimension at least 2 as in (a4) in
Section 4,
(ii) the scalar curvature S of g¢ is nonnegative outside X,
(iii) go € Wli)’cp for some p > n as in (a2) in Section 4,

(iv) on each end E, in an admissible coordinate chart,
8ij = 8ij +oij
with o;; = Os(r~ ") witht > (n —2)/2.

Then the ADM mass of each end is nonnegative. Moreover, if the mass of one of the
ends is zero, then M is diffeomorphic to R", and gy is flat outside X.

Remark 7.5. (a) The assumption of continuity of the metric cannot be removed.
See the construction in Proposition 2.3.

(b) The case that the singular set is an embedded hypersurface has been studied in
[Miao 2002; Shi and Tam 2002]; see also [McFeron and Székelyhidi 2012].

(c) In the case that the singular set has codimension larger than 1, for spin manifolds,
positive mass theorems have been obtained under rather general assumptions in
[Lee and LeFloch 2015]. Without the spin condition, there are also results for
metrics with bounded C? norm and with singular set having codimension at least
n/2 [Lee 2013].

We proceed as in [McFeron and Székelyhidi 2012]. As in Section 4, let € > 0,
€ — 0. We can construct a family of metrics g o such that

(1) 8e,0 = go uniformly,
(i1) g0 = go outside X (2¢),

(iii) the W'? norm of g, o in a fixed precompact open set containing ¥ is bounded
by a constant independent of €.

As in Section 4, we can choose €p > 0 small enough and let & = g¢, 0. Then
there is a 7 > 0 independent of € such that if 0 < € < ¢, then there is a smooth
solution g.(¢) on M x [0, T'] to the h-flow with initial data g o. There is also a
smooth solution g(¢) on M x (0, T'] to the h-flow such that g(¢) — go uniformly on
compact sets as t — 0. Moreover, Lemma 4.2 is still true with M being noncompact
in this case because M is AF.
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Let g.(¢) be the corresponding solution to the Ricci flow with g¢ () = &} (g (1))
as in the compact case in Section 4. Then we have the following:

Lemma 7.6. (i) The metrics g¢(t), g¢(t), g(t) are AF in the sense of Definition 7.1.

(ii) For each end E of M, m(E) (e, t) = m(E) (€, 0) = m(E), where m(E)(e, t)
is the mass with respect to g¢(t) or g.(t), and m(E)(e, 0) is the mass with
respect to ge o Or go.

Proof. (i) First note that C° 'h< g<(t) < C1h for some constant C; > 0 independent
of €,¢. On the other hand, by Lemma 4.2 applied to the noncompact case, we
conclude that the curvature of g.(¢) is bounded by C t=3049 for some 0 < 8 < 1
where C, § are independent of €, 7. Hence we also have C° 1gg,o <gc() <Cigco
and Cl_]h < g¢(t) < Cih, with possible larger C;.

Using the fact that 0;; = Os(r "), we can proceed with some modifications as
in [Dai and Ma 2007; McFeron and Székelyhidi 2012] to show that outside a fixed
compact set, for 0 <[ < 3,

"V!ge(x, )] < Cod™ 7" (x)

for some constant C, independent of €, ¢, x, where d(x) is the distance function
from a fixed point with respect to /. Here we use the fact that o;; = Os(r~*). The
proof is similar to the proof for the decay rate of scalar curvature. So we only carry
out the proof for this case in more detail.

We want to prove that there is a constant C3 > 0 independent of ¢, r and a
compact set K such that if 56 () is the scalar curvature of g.(¢), then

(7-2) supyp x d4(x)|8c (x, 1)| < Cs.

We will prove this on each end. Fix €. Denote the scalar curvature of g¢(t)
simply by S and curvature by Rm etc. Let E be an end which is diffeomorphic to
R"\ B(R), say. By [Simon 2002], by choosing R large enough so that g..o =h = go
outside B(R/2) and go is smooth there, we may assume that |Rm(g.(¢))| < C4 for
some constant C4 independent of €, ¢ outside B(R/2). Here we have used the fact
that g¢ (), g.(¢) are uniformly equivalent.

Let g. be the standard Euclidean metric and let 0 < ¢ < 1 be a fixed smooth
function on R” such that ¢ = 1 in B(R) and ¢ = 0 outside B(2R). Consider the
metric ¢g. + (1 — ¢)g(¢). Still denote its curvature by Rm etc.

Let p be a fixed function p > 1, p =1in B(R), p(x) = |x| outside B(2R). Hence
the gradient and the Hessian of p with respect to g.(¢) are bounded by a constant
independent of €, 1. We have

9 @2 2
atS < AS“+C;s
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in B(2R) and
%52 = AS? 4+ 28|Ric|® —2|VS|?

outside B(2R).
Let F = ,02‘182; then outside B(2R),

(7-3) <% — A)F = p?1(28|Ric|? = 2|VS|?) —2(Vp?e, VS?) + FAp*

< Cep?™* 2" p1S —4gp~"(Vp, VF) + C6F
<C;—49p~"(Vp,VF)+C7F
for some constants Cg, C7 independent of €, t since g —4 —21 <qg—(n+2) <O0.

The inequality is still true in B(2R) because in B(R), Vp =0 and in B(2R) \ B(R),
|Vp| and |VS| are uniformly bounded. Hence if F = e~ C1'F — Ct, then

(7-4) (& —a)F < —4q07"(Vp, VE).
Let A > 0 to be chosen later. Let n = exp(2Af + p). Then

9
(E—A)HZZAn—Cn

for some constant C independent of €, r. Choose A = C; then we have

9
(E - A)n > An.

Let « > 0 be any positive number; then

<% — A)(ﬁ —kn) < —4gp~ N (Vp, VF) -k An.

Since F has at most polynomial growth, if F— k1 has a positive maximum, then the
maximum will be attained at some point (xg, f9). Suppose #o > 0; then at (xo, fp),
VF = kV.

Hence at (xq, 19),
8 ~
0< (— — A) F—
=3, (F —«n)
< —4qp~'(Vp, VF) — kA1
= —4gp~'k(Vp, V1) — Kk An
S —KAT],

which is impossible. Hence either F— kn <0, or

~

F — icn < supga (02 (x)S%(0)),
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where S(0) is the scalar curvature of ¢g. + (1 — ¢go). Let k — 0, we conclude the

(7-2) is true.

(i1) Since ge¢,0 = go outside a compact set, m(E) = m(E)(e, 0). On the other hand,

by the fact that g.(¢) and g(¢) are given by a diffeomorphism and by (i) and [Bartnik

1986], the mass of E is the same whether it is computed with respect to g, (¢) or ge(¢).
The fact that m(E) (e, 1) = m(E)(e, 0) follows from [Dai and Ma 2007]. [l

Proof of Theorem 7.4. By Lemmas 4.1 and 4.13, we conclude that g(¢) is AF and
with nonnegative scalar curvature for ¢ > 0. Let E be an end. Using the notation in
Lemma 7.6, by the lemma and [McFeron and Székelyhidi 2012, Theorem 14] (see
also [Jauregui 2014]), the mass m(E)(¢) of E with respect to g(¢) satisfies

m(E) =1lim i(I)lfm(E)(E, 0)
=liminfm(E)(e, t)
e—>0

> m(E)(7).

By Theorem 7.3, m(E)(¢) > 0, we have m(E) > 0. If m(E) =0, then m(E)(¢) =0
and (M", g(t)) is isometric to the Euclidean space. Since g(¢) converges to go in
C*® ast — 0 away from X, g is flat outside X. ([
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