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SUMS OF CR FUNCTIONS FROM COMPETING
CR STRUCTURES

DAVID E. BARRETT AND DUSTY E. GRUNDMEIER

We characterize sums of CR functions from competing CR structures in two
scenarios. In one scenario the structures are conjugate and we are adding
to the theory of pluriharmonic boundary values. In the second scenario the
structures are related by projective duality considerations. In both cases
we provide explicit vector field-based characterizations for two-dimensional
circular domains satisfying natural convexity conditions.

1. Introduction

The Dirichlet problem for pluriharmonic functions is a natural problem in several
complex variables with a long history going back at least to Amoroso [1912], Severi
[1931], Wirtinger [1927], and others. It was known early on that the problem is not
solvable for general boundary data, so we may try to characterize the admissible
boundary values with a system of tangential partial differential operators. This was
first done for the ball by Bedford [1974]; see Section 2.1 for details. More precisely,
given a bounded domain 2 with smooth boundary S, we seek a system L of partial
differential operators tangential to S such that a function u € C*°(S, C) satisfies
Lu =0 if and only if there exists U € C>() such that U|g = u and 39U = 0. The
problem may also be considered locally.

While natural in its own right, this problem also arises in less direct fashion in
many areas of complex analysis and geometry. For instance, this problem plays a
fundamental role in Graham’s work [1983] on the Bergman Laplacian, Lee’s work
[1988] on pseudo-FEinstein structures, and Case, Chanillo, and Yang’s work [Case
et al. 2016] on CR Paneitz operators. From another point of view, the existence of
nontrivial restrictions on pluriharmonic boundary values points to the need to look
elsewhere (such as to the Monge—Ampere equations studied in [Bedford and Taylor
1976]) for Dirichlet problems solvable for general boundary data.

The pluriharmonic boundary value problem is closely related to the problem
of characterizing sums of CR functions from different, competing CR structures;
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indeed, when the competing CR structures are conjugate then these problems
coincide (in simply connected settings); see Propositions 3 and 4 below. Another
natural construction leading to competing CR structures arises from the study of
projective duality (see Section 3 or [Barrett 2016] for precise definitions).

In each of these two scenarios, we precisely characterize sums of CR functions
from the two competing CR structures in the setting of two-dimensional circular
domains satisfying appropriate convexity conditions. For conjugate structures we
assume strong pseudoconvexity; our result appears as Theorem A below. In the
projective duality scenario we assume strong convexity (the correct assumption
without the circularity assumption would be strong C-convexity, but these notions
coincide in the circular case; see Section 3.1), and the main result appears as
Theorem B below (with an expanded version appearing later in Section 3.2). Our
techniques for these two related problems are interconnected to a surprising extent,
and the reader will notice that the projective dual scenario actually turns out to have
more structure and symmetry.

Theorem A. Let S C C? be a strongly pseudoconvex circular hypersurface. Then
there exist nowhere-vanishing tangential vector fields X, Y on S satisfying the
following conditions:

(1-1a) If u is a smooth function on a relatively open subset of S, then u is CR if and

only if Xu =0.
(1-1b) If u is a smooth function on a relatively open subset of S, then u is CR if and
only if Yu =0.

(1-1c) If S is compact, then a smooth function u on S is a pluriharmonic boundary
value (in the sense of Proposition 3 below) if and only if X XYu = 0.

(1-1d) A smooth function u on a relatively open subset of S is a pluriharmonic
boundary value (in the sense of Proposition 4 below) if and only if X XYu =
0=XXYu.

Theorem B. Let S C C? be a strongly convex circular hypersurface. Then there
exist nowhere-vanishing tangential vector fields X, T on S satisfying the following
conditions:

(1-2a) If u is a smooth function on a relatively open subset of S, then u is CR if and
only if Xu =0.

(1-2b) If u is a smooth function on a relatively open subset of S, then u is dual-CR
ifand only if Tu = 0.

(1-2¢) If S is compact, then a smooth function u on S is the sum of a CR function
and a dual-CR function if and only if XX Tu = 0.

(1-2d) If S is simply connected (but not necessarily compact), then a smooth function
u on S is the sum of a CR function and a dual-CR function if and only if
XXTu=0=TTXu.
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This paper is organized as follows. In Section 2 we focus on the case of conjugate
CR structures (the pluriharmonic case). In Section 3 we study the competing CR
structures coming from projective duality. In Section 4 we prove Theorem B, while
Theorem A is proved in Section 5. The final Section 6 includes a discussion of
uniqueness issues.

2. Conjugate structures

2.1. Results on the ball. Early work focused on the case of the ball B” in C". In
particular, Nirenberg observed that there is no second-order system of differential
operators tangent to S> that exactly characterize pluriharmonic functions (see
Section 6.2 for more details). Third-order characterizations were developed by
Bedford in the global case and Audibert in the local case (which requires stronger
conditions). To state these results, we define the tangential operators

d

(2-1) Ly =Zki_ — 71—, Ly =Zki —Zzi for 1 <k,l <n.
0z; 02k 0z 0zk

Theorem 1 [Bedford 1974]. Let u be smooth on S**~\. Then
LigLiLiu =0
for 1 <k,l <n ifand only if u extends to a pluriharmonic function on B".

Theorem 2 [Audibert 1977]. Let S be a relatively open subset of S*~', and let u
be smooth on S. Then

ijleL_rsM =0= mml‘mu

for1 <j,k,l,m,r, s <nifand only if u extends to a pluriharmonic function on a
one-sided neighborhood of S.

For a treatment of both of these results along with further details and examples,
see §18.3 of [Rudin 1980].

2.2. Other results. Laville [1977; 1984] also gave a fourth order operator to solve
the global problem. Bedford and Federbush [1974] solved the local problem in the
more general setting where H$2 has nonzero Levi form at some point. Later Bedford
[1980] used the induced boundary complex (3d); to solve the local problem in
certain settings. In Lee’s work [1988] on pseudo-Einstein structures, he gives
a characterization for abstract CR manifolds using third order pseudohermitian
covariant derivatives. Case, Chanillo, and Yang [Case et al. 2016] study when the
kernel of the CR Paneitz operator characterizes CR-pluriharmonic functions.



260 DAVID E. BARRETT AND DUSTY E. GRUNDMEIER

2.3. Relation to decomposition on the boundary. Outside the proof of Theorem 30
below, all forms, functions, and submanifolds will be assumed C°°-smooth.

Proposition 3. Let S C C" be a compact, connected and simply connected real
hypersurface, and let 2 be the bounded domain with boundary S. Then foru:S — C
the following conditions are equivalent:

(2-2a) u extends to a (smooth) function U on Q that is pluriharmonic on ;
(2-2b) u is the sum of a CR function and a conjugate-CR function.

Proof. In the proof that (2-2a) implies (2-2b), the CR term is the restriction to S
of an antiderivative for dU on a simply connected one-sided neighborhood of S,
and the conjugate-CR term is the restriction to S of an antiderivative for U on a
one-sided neighborhood of S (adjusting one term by a constant as needed).

To see that (2-2b) implies (2-2a), we use the global CR extension result [Hor-
mander 1990, Theorem 2.3.2] to extend the terms to holomorphic and conjugate-
holomorphic functions, respectively; U is then the sum of the extensions. ]

Proposition 4. Let S C C" be a simply connected, strongly pseudoconvex real
hypersurface. Then for u : S — C the following conditions are equivalent:

(2-3a) there is an open subset W of C" with S C bW (with W lying locally on the
pseudoconvex side of S) so that u extends to a (smooth) function U on WU S
that is pluriharmonic on W;

(2-3b) u is the sum of a CR function and a conjugate-CR function.

Proof. The proof follows the proof of Proposition 3 above, replacing the global CR
extension result by the Hans Lewy local CR extension result as stated in [Boggess
1991, Section 14.1, Theorem 1]. O

3. Projective dual structures

3.1. Projective dual hypersurfaces. Let S C C" be an oriented real hypersurface
with defining function p. Then S is said to be strongly C-convex if S is locally
equivalent via a projective transformation (that is, via an automorphism of projective
space) to a strongly convex hypersurface; this condition is equivalent to either of
the following two equivalent conditions:

(3-1a) the second fundamental form for S is positive definite on the maximal
complex subspace H,S of each T.S;

(3-1b) the complex tangent (affine) hyperplanes for S lie to one side (the “concave
side”) of S near the point of tangency with minimal order of contact.

Theorem 5. When S is compact and strongly C-convex the complex tangent hyper-
planes for S are in fact disjoint from the domain bounded by S.
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Proof. [Andersson et al. 2004, §2.5]. O

We note that strongly C-convex hypersurfaces are also strongly pseudoconvex.

A circular hypersurface (that is, a hypersurface invariant under rotations z — e'?z)
is strongly C-convex if and only if it is strongly convex [Cerne 2002, Proposi-
tion 3.7].

The proper general context for the notion of strong C-convexity is in the study
of real hypersurfaces in complex projective space CP" (see for example [Barrett
2016] and [Andersson et al. 2004]).

We specialize now to the two-dimensional case.

Lemma 6. Let S C C? be a compact strongly C-convex hypersurface enclosing the
origin. Then there is a uniquely determined map

BD:S— CI\{0}, z+ w(z)= (W), wr(z))

satisfying
(3-2a) zjwi+zowr=10nS;
(3-2b) the vector field
def ad d

Y=w— —w;—
Zazl lazz

is tangent to S. Moreover, Y annihilates conjugate-CR functions on any
relatively open subset of S.

Proof. 1t is easy to check that (3-2a) and (3-2b) force

dp dp

971 022
wi(z) = o wO=—g
gt dZ] +Z2 9022 Zl 321 +Z23Zz

establishing uniqueness. Existence follows provided that the denominators do not
vanish, but the vanishing of the denominators occurs precisely when the complex
tangent line for S at z passes through the origin, and Theorem 5 above guarantees
that this does not occur under the given hypotheses. U

Remark 7. It is clear from the proof that the conclusions of Lemma 6 also hold
under the assumption that S is a (not necessarily compact) hypersurface satisfying

(3-3) no complex tangent line for S passes through the origin.

Remark 8. Any tangential vector field annihilating conjugate-CR functions will
be a scalar multiple of Y.

Remark 9. The complex line tangent to § at z is given by

(3-4) £ eC*: wi ()0 +wa(2)e = 1}
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Remark 10. The maximal complex subspace H,S of each 7,S is annihilated by
the form wj dz; + wy dz».

Proposition 11. For S strongly C-convex satisfying (3-3), the map 9 is a local
diffeomorphism onto an immersed strongly C-convex hypersurface S*, with each
maximal complex subspace H.S of T,S mapped (not C-linearly) by @’ onto the
corresponding maximal complex subspace of Hy,;)S* For S strongly C-convex and
compact, S* is an embedded strongly C-convex hypersurface and % is a diffeomor-
phism.

Proof. [Barrett 2016, §6], [Andersson et al. 2004, §2.5]. O

For S strongly C-convex satisfying (3-3) we may extend & to a smooth map on an
open set in C?; the extended map %* will be a local diffeomorphism in some neigh-
borhood U of S. We may then define vector fields /0wy, d/9w,, d/dwq, d/dw>
on U by applying ((2*)~!)’ to the corresponding vector fields on %*(U); these
newly defined vector fields will depend on the choice of the extension &*.

Lemma 12. The nonvanishing vector field

deefZ2 0 0

— <1

— =2
8w1 8w2
is tangent to S and is independent of the choice of the extension %*.

Proof. From (3-2a) we have
0=d(ziwi + zow2) = z1dwi +z2dwy + w1 dz1 +wadza on T,S.

From Remark 10 we deduce that the null space in 7.C? of z; dw; + z» dw»
is precisely the maximal complex subspace H.S of 7.S (and moreover the null
space in (T,C?) ® C of z; dw; + z2 dw, is precisely (H,S) ® C). If we apply
z1dwy + 22 dw, to V we obtain

21-Vwi+z2-Vua=21-20—22-21=0

showing that V takes values in (H,S) ® C and is thus tangential.
If an alternate tangential vector field V is constructed with the use of an alternate
extension 9* of 9%, then

ij=:|:Z3_j=ij, ‘717)]=0= VIT)j
along S, so V =V along . ([

Definition 13. A function u on a relatively open subset of S will be called dual-CR
if Vu=0.

Example 14. If S is the unit sphere in C?, then w(z) = Z and the set of dual-CR
functions on S coincides with the set of conjugate-CR functions on S.



SUMS OF CR FUNCTIONS FROM COMPETING CR STRUCTURES 263

The set of dual-CR functions will only rarely coincide with the set of conjugate-
CR functions as we see from the following two related results.

Theorem 15. If S is a compact strongly C-convex hypersurface in C?, then the set
of dual-CR functions on S will coincide with the set of conjugate-CR functions on S
if and only if S is a complex affine image of the unit sphere.

Theorem 16. If S is a strongly C-convex hypersurface in C?, then the set of dual-CR
functions on S will coincide with the set of conjugate-CR functions on S if and only
if S is locally the image of a relatively open subset of the unit sphere by a projective
transformation.

For proofs of these results see [Jensen 1983], [Detraz and Trépreau 1990], and
[Bolt 2008].

Remark 17. The constructions of the vector fields ¥ and V transform naturally
under complex affine mappings of S. The construction of the dual-CR structure
transforms naturally under projective transformation of S. (See for example [Barrett
2016, §6].)

Lemma 18. Relations of the form

V=xY+4+0Y, Y=kV+EV
hold along S with o and & nowhere vanishing.
Proof. This follows from the following facts:

e V,V,Y and Y all take values in the two-dimensional space (H;S) ® C;
e V and V are C-linearly independent, as are ¥ and Y;

o the map 9’ : (H,S)®C — (H,S*) ® C is not C-linear (see Proposition 11). [

Lemma 19. If fi, f> are CR functions and gy, g» are dual-CR functions on a
connected relatively open subset W of S with fi+g1= fo+go>.then go—g1= f1— f>
is constant.

Proof. From Lemma 18 we deduce that the directional derivatives of go—g1 = f1— f>
vanish in every direction belonging to the maximal complex subspace of TS.
Applying one Lie bracket we find that in fact all directional derivatives along S of

g2 — &1 = f1 — f2 vanish. O

Corollary 20. If W is a simply connected relatively open subset of S and u is a
function on W that is locally decomposable as the sum of a CR function and a
dual-CR function, then u is decomposable on all of W as the sum of a CR function
and a dual-CR function.
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3.2. Circular hypersurfaces in C2. We begin the section with an expanded restate-
ment of the main theorem in the projective setting.

Theorem B [expanded statement]. Let S C C? be a strongly (C-)convex circular
hypersurface. Then there exist scalar functions ¢ and W on S so that the vector
fields

(3-52) X=V+¢V,

(3-5b) T=Y+yY

satisfy the following conditions.

(3-6a) Ifu is a smooth function on a relatively open subset of S, then u is CR if and
only if Xu = 0; equivalently, X is a nonvanishing scalar multiple aY of Y.

(3-6b) Ifu is a smooth function on a relatively open subset of S, then u is dual-CR
if and only if Tu = 0; equivalently, T is a nonvanishing scalar multiple BV
of V.

(3-6¢) If S is compact, then a smooth function u on S is the sum of a CR function
and a dual-CR function if and only if XXTu = 0.

(3-6d) If S is simply connected (but not necessarily compact), then a smooth
function u on S is the sum of a CR function and a dual-CR function if
andonly if XXTu=0=TT Xu.

As we shall see the vector field X in Theorem B will also work as the vector
field X in Theorem A.

Example 21 (cf. [Audibert 1977]). The function z;/w, satisfies XX T (z;/w2) =0
but is not globally defined. Since 7T X (z;/w2) =2 # 0, this function is not locally
the sum of a CR function and a dual-CR function.

Conditions (3-5a), (3-6a) and (3-6b) uniquely determine X and 7. See Section 6.1
for some discussion of what can happen without condition (3-5a).

4. Proof of Theorem B

To prove Theorem B we start by consulting Lemma 18 and note that (3-5a), (3-6a)
and (3-6b) will hold if we set

a=1/E, B=1/5, ¢=Fk/E, ¢ =x/o;

it remains to check (3-6¢) and (3-6d).
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We note for future reference and the reader’s convenience that

Xw; = 22, Xwy = —z1, Yw; =£z,, Yw, = —&zy,
Xw = ¢22, Xy = —¢Pz1, Xz1=Y71=0, Xz=Yz,=0,
4-1) Xz; =awo, X7 = —aw;, Tz1=ws, Tz = —w,
Vzi =ows, Voo=—ow), Tz =y, T2 =—vywy,
Twi=Vw, =0, Tw,=Vw,=0, Tw; = Bz, Twy; =—Bz;.
Lemma 22.
¥, ¥1= 5(“%”2322)_5( agl +22822>

0 0 8 a
v, V]—“(“’la—+ aw)—"( P +w8_u)2>

Proof. The first statement follows from
> — .0 _ . 0 > ) > 0
Y, Y] =Y wy) o — Ywi) o — Ywr) o~ + Ywi) —
021 922 921 022
along with (4-1).
The proof of the second statement is similar. ([

We note that the assumption that S is circular has not been used so far in this
section. We now bring it into play by introducing the real tangential vector field

def | 0 0 _ 0 _ 0
i(z1 ) + 20— 922 — 21 97 ZzaZ2

generating the rotations of z > ez of S.

Lemma 23. The following equalities hold.

(4-2a) £ =&.
(4-2b) 5 =o.
(4-2¢c) @ =«.
(4-2d) =8
(4-2¢) R = —i<w1 33)1 + wzaiz W 8%1 _ ’7’28187)2)

(4-2f) [Y,Y]= —i&R.

(4-2g) [V, V]=ioR.

(4-2h) [X,Y]=iR— (Ya)Y.

Proof. We start by considering the tangential vector field

¥ F1+i6R = € =) (2170 +225 )
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if (4-2a) fails, then z; d/9z; + z2 /92> is a nonvanishing holomorphic tangential
vector field on some nonempty relatively open subset of S, contradicting the strong
pseudoconvexity of S.

To prove (4-2¢) we first note from Lemma 6 that w(e'?z) = e P w(z); differenti-
ation with respect to 6 yields (4-2e).

The proof of (4-2a) now may be adapted to prove (4-2b). (4-2c) and (4-2d)
follow immediately.

Using Lemma 22 in combination with (4-2a) and (4-2b) we obtain (4-2f) and

(4-2g).
From (3-6a) and (4-2f) we obtain (4-5b). U
Lemma 24. [X,T]=iR.

Proof. On the one hand,
(X, T1=[V+¢V,BVI=(V +¢V)B—B(Ve)V +iBoR
=((V+¢V)B—B(VP)V +iR.
On the other hand,
(X, T1=[aY,Y+yY]=@Xy¥)— Y +vyY)a)Y +iaER
=@¥y)— Y +y¢vY)a)Y +iR.
Since V and Y are linearly independent, it follows that [X, T]=iR. ([
Lemma 25. The following equalities hold.
(4-3a) [R,Y]= —2iY.
(4-3b) [R,Y]=2iY.
(4-3¢c) [R,V]=2iV.
(4-3d) [R,V]=—-2iV.
(4-3e) [R, X]=2iX.
(4-3) [R, X] = —2iX.
(4-3g) [R, T]1= —2iT.
(4-3h) [R, T1=2iT.
(4-3i) Ra =0.
(4-3j) RB =0.

Proof. (4-3a), (4-3b), (4-3c) and (4-3d) follow from direct calculation.
For (4-3g) first note that writing 7 = BV and using (4-3d) we see that [R, T'] is
a scalar multiple of 7. Then writing

[R,T]=[R,Y +¢Y]=—2iY + (multiple of ),
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we conclude using (3-5a) that [R, T] = —2iT. The proof of (4-3e) is similar, and
(4-3f) and (4-3h) follow by conjugation.

Using (3-6a) along with (4-3b) and (4-3e) we obtain (4-3i); (4-3j) is proved
similarly. (]
Lemma 26. XXf =0 ifand only if f = fiw1 + forwp with fi, f>» CR.

Proof. From (3-6a) and (4-1) it is clear that X X (fiw; + fowy) =0 if f; and f>
are CR.
For the other direction, suppose that X X f = 0. Then if we set

def def
AS af+wmXf, [H=znf-—wXf,

it is clear that f = fiw; + fow,; with the use of (3-6a) and (4-1) it is also easy to
check that f; and f, are CR. U

Lemma 27. Suppose that XXTu = 0 so that by Lemma 26 we may write Tu =
fiwy + frwy with f1, f» CR. Then

0 0
(4-4) TTXuzi-l-ﬁ.
dz1 022

In particular, TT Xu is CR.

The nontangential derivatives appearing in (4-4) may be interpreted using the
Hans Lewy local CR extension result mentioned in the proof of Proposition 4, or
else by rewriting them in terms of tangential derivatives (as in the last step of the
proof below).

Proof. TTXu=TXTu+TI[T, X]u
=TX(fiwy+ frwy) —iTRu (Lemma 24)
—T(fizo— foz1) — iRTu —i[T, Rlu (3-62), (4-1)
=T(fiz2 — foz1) —iR(fiw1 + fowz) +2Tu  (4-3g)
=T 1z — fiwi —(Tfa)z1 — frwz

—i(Rf)w; — rwr —i(R2)wr — frws
+2(fiwy + fowo) (4-1), (4-2e)

= (ZZT — iwlR)fz — (Z]T +iw2R)f2
= (ZZY — iw]R)fz — (Z]Y +iw2R)f2
_on o

T 9z 0z

Lemma 28. The following statements hold.

(4-5a) The operator XT maps CR functions to CR functions.
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(4-5b) The operator XY maps CR functions to CR functions.
(4-5¢) The operator T X maps dual-CR functions to dual-CR functions.

(4-5d) The operator XY maps conjugate-CR functions to conjugate-CR functions.

Proof. To prove (4-5a) and (4-5b) note that for # CR we have XTu = XYu =
—z10u/0z1 — zp du/0zp, which is also CR. The other proofs are similar. O

Proof of (3-6d). To get the required lower bound on the null spaces, it will suffice
to show that XX T and T T X annihilate CR functions and dual-CR functions. This
follows from (3-6a) and (3-6b) along with (4-5a) and (4-5c).

For the other direction, if XX7Tu = 0= TT Xu, then from Lemma 27 we have a
closed 1-form & %= f>dz1— f1dzo on S where f1 and f, are CR functions satisfying
Tu= fiw; + fow,. Since S is simply connected we may write w = df with f CR.
Then from (3-5a) we have

Tf=Yf=wfr+w fi=Tu.
Thus u is the sum of the CR function f and the dual-CR function u — f. ]

To set up the proof of the global result (3-6¢) we introduce the form
(4-6) Udéf(szZl—Zlez)/\dwl/\dwz

and the C-bilinear pairing

4-7) (e, ) dg/ Un-v

S

between functions on S (but see Technical Remark 32 below).
Lemma 29. ((Ty, n)) = —{(y, Tn)).
Proof. In the sequence of equalities below we will use

o the definition (4-7) of the pairing ({-, - )),

« the Leibniz rule (7(¢1 A ¢2) = (t7¢1) A @2 + (=101 A (17¢,) for the
interior product ¢7,

« the fact that S is integral for 4-forms,
o Stokes’ theorem,
o the rules (4-1),

o the relation (3-2a).
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(Ty,m+{y.Tn) = / T(yn)-v

s
=/£Td()/n)-v
Ky
=/d(yn)-trv
s
:/d(V’I"TV)—/VU'd(tTV)
s s
=0—/Vﬂ'd(tT((Z2dZ1—ZleQ)Adwl/\dwz))
S
:—/Wl'd((Zz'TZl—Zl-T22)-dw1/\dw2)
S
+fyn'd((22d21—Zldzz)‘Twl/\dwz)
S
_/Vrl'd((szZl—Z1d22)/\dw1~Tw2)
S
=—/yn-d((z2w2+zlw1)dw1Adw2)+0—0
Ky
=—/yn~d(dw1/\dw2)
S
=0. 0

Theorem 30. Let p be a CR function on a compact strongly C-convex hypersurface
S. Then pu =0 if and only if (i, n)) = 0 for all dual-CR 1 on S.

Proof. [Barrett 2016, (4.3d) from Theorem 3]. (Note also definition enclosing
[Barrett 2016, (4.2)].) O

Proof of (3-6¢). Assume that X X Tu = 0. Noting that S is simply connected, from
(3-64) it suffices to prove that 7T Xu = 0. From Lemma 27 we know that 7T Xu
is CR. By Theorem 30 it will suffice to show that

(TTXu,n)=0
for dual-CR 5. But from Lemma 29 we have, as required,

(TTXu,n)) =—{TXu, Tn)) =0. O
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Remark 31. From symmetry of formulas in Lemmas 6 and 12 we have
X« =D, Ts, Tg» =D Xg, S™*=8.

These facts serve to explain why the formulas throughout this section appear in
dual pairs.

Technical Remark 32. In [Barrett 2016] the pairing (4-7) applies not to functions
w, v but rather to forms p(z) (dz1 A dz2)*3, w(w) (dwy A dwy)*/3; the additional
notation is important there for keeping track of invariance properties under projective
transformation but is not needed here.

Note also that (4-7) coincides (up to a constant) with the pairing (3.1.8) in
[Andersson et al. 2004] with s = wq dz; + wy dzs.

5. Proof of Theorem A

For the reader’s convenience we restate the main theorem in the conjugate setting.

Theorem A. Let S C C? be a strongly pseudoconvex circular hypersurface. Then
there exist nowhere-vanishing tangential vector fields X, Y on S satisfying the
following conditions:

(5-1a) Ifu is a smooth function on a relatively open subset of S, then u is CR if and
only if Xu =0.

(5-1b) If u is a smooth function on a relatively open subset of S, then u is CR if and
only if Yiu =0.

(5-1¢) If S is compact, then a smooth function u on S is a pluriharmonic boundary
value (in the sense of Proposition 3 below) if and only if XXYu = 0.

(5-1d) A smooth function u on a relatively open subset of S is a pluriharmonic
boundary value (in the sense of Proposition 4 below) if and only if

XXYu=0=XXYu.
It is not possible in general to have ¥ = X.
Lemma 33. Suppose that X XY u = 0 so that by Lemma 26 we may write
Yu= fiwy + frws
with f1, fo CR. Then
oh | %),

(5-2) XXYu:a(
dz1 023

In particular, « ' X XYu is CR.
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Proof. We have

XXYu=XYXu+X[X,Y]u
= XY (a(fiw+ rwr)+X(—iR—Ya)Y)u (3-6a),(4-2c), (4-5b)
=X (@Y (fiwi+ frwz)) —iXRu
= X(fizo— frz1) —iRXu—i[X,Ru (3-6a), (4-1)
= X(fiza— frz1) —iR(@(frw1 + fawn)) +2Xu (3-6a), (4-3f)
=(Xf1) 22— fi-aw— (X f)-z21— fr-aw
—ia((Rf1) -wi— fi-((w1) + (Rf2) - wa— fa-((wa)) (4-1),(4-30),
+2a( fiwi + frwr) (4-2e), (3-6a)
=(Xf1) 22— (X f2)-z1 —ia((Rf1) - w1+ (Rf2) - wn)
=a((z2Y —iwiR) fi — (21Y +iwaR) f5)

:a(%+%>. [l

dz1 022
Proof of (1-1d). To get the required lower bound on the null spaces, it will suffice
to show that XXY and X XY annihilate CR functions and conjugate-CR functions.
This follows from (1-1a) along with (4-5b) and (4-5d).
For the other direction, if XXYu = 0= X XYu, then from Lemma 27 we have a
closed 1-form @ def f>dz1 — f1dzo on the open subset of S where f| and f, are

CR functions satisfying Yu = fiw; 4+ fow;. Restricting our attention to a simply
connected subset, we may write w = df with f CR. Then we have

Yf=wrfo+wfi=Yu.

Thus u is the sum of the CR function f and the conjugate-CR function u — f.
The general case follows by localization. (I

Lemma 34. div Y & dw,/dz, — dw1 /92, and div ¥ & 9,/37, — 9w /922 vanish
on S.

Proof. Since S is circular, any defining function p for S will satisfy

ap ap Rp
Im( @ _) - o
Zlazl +223Z2 >

Adjusting our choice of defining function we may arrange that

ap ap
71 921 +Z23Z2
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in some neighborhood of S. Then from the proof of Lemma 6 we have

3 d 92 3
(5-3) Wy owi _ b p__
dz; 0z 0710z 02207y
The remaining statement follows by conjugation. O
Lemma 35. /(Xy)ncfx—s=—fy(Xn)i—S
s
Proof. /(Xy)n f(Yy)n ds (3-6a)

=— / y(¥Yn)dS (Lemma 34)
S

ds
- / y(Xn) 2 (360

s
(The integration by parts above may be justified by applying the divergence theorem
on a tubular neighborhood of § and passing to a limit.) ([

Proof of (1-1c). Assume that XXYu = 0. Noting that S is simply connected,
from (1-1d) it suffices to prove that X XYu = 0. From Lemma 27 we know that
a~'XXYu is CR. The desired conclusion now follows from

/|XXYu|2§=f I XxX7u- xxvi &
(07 o
S S
pp— _ds
X "XXYu) -XYu a (Lemma 35)
S
/O XYﬁC{TS (Lemma 33)

N
=0. ]

6. Further comments

6.1. Remarks on uniqueness.

PI‘OpOSlthIl 36. Suppose that in the setting of Theorem B we have vector fields
X, T satisfying (suitably modified) (3-6a) and (3-6b). Then XXT annihilates CR
functions and dual-CR functions if and only if there are CR functions fi, f and f3
so that fiw, + frwy and f3 are nonvanishing and

. - 1
X = + ’X, T=—T
Hfiwr + frwo) Tt s
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Proof. From (3-6a) and (3-6b) we have X = y X, T= nT with nonvanishing scalar
functions y and 7.

Suppose that XXT annihilates CR functions and dual-CR functions. By routine
computation we have

XXT =y*nXXT +y(Qy(Xn) +n(Xy)XT + X (y (Xn)T).

The operator 2y (Xn)+n(Xy))XT + X (y(Xn))T must in particular annihilate
CR functions. But if f is CR, then using Lemma 24 we have

(Qy Xm+n(XyNXT+X (v (Xn)T) f= (i Qy Xm+n(Xy)R+X (v (Xn)T) f

Since R and T are C-linearly independent and f is arbitrary it follows that

X(ynh) =2y(Xn) +n(Xy)=0, X(y(Xn)=0

We set f3 = yn? which is CR and nonvanishing. Then the second equation
above yields

—f3- XX HY =X (Xn) =X (y(Xn) =0

and hence X X (n~!) = 0. From Lemma 26 we have n = 1/( fiw; + frw») with f;
and f, CR. The result now follows.
The converse statement follows by reversing steps. O

Proposmon 37. Suppose that in the setting of Theorem A we have vector fields
X, T satisfying (suitably modified) (1-1a) and (1-1b). Then XXY annihilates CR
functions and conjugate-CR functions if and only if there are CR functions fi, f>
and f3 so that fiw, + frw, and f3 are nonvanishing and

1
—_— Y.
fiwi+ frwr

The proof is similar to that of Proposition 36, using (4-2h) in place of Lemma 26.

X = fa(fiwi + pwr)’X, Y=

6.2. Nirenberg-type result.

Proposition 38. Given a point p on a strongly pseudoconvex hypersurface S C C,
any 2-jet at p of a C-valued function on S is the 2-jet of the restriction to S of a
pluriharmonic function on C2

Proof. After performing a standard local biholomorphic change of coordinates we
may reduce to the case where p =0 and § is described near O by an equation of
the form

v2=z1Z1+ O(ll(z1, x2))°.
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The projection (z1, x2 + iy2) — (21, x2) induces a bijection between 2-jets at 0
along S and 2-jets at 0 along C x R. It suffices now to note that the 2-jet

A+ Bz1+C71+Dxy+ EZi + FZ3+ Gz1zi + Hzpxp + 17160+ J X3

is induced by the pluriharmonic polynomial

A+Bz,+CZ,+ D_2lG22+ DJ;ZGZZ+Ez%+Fz%+HZ1zz+lzlzz+ng. O
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ON TATE DUALITY AND
A PROJECTIVE SCALAR PROPERTY
FOR SYMMETRIC ALGEBRAS

FLORIAN EISELE, MICHAEL GELINE,
RADHA KESSAR AND MARKUS LINCKELMANN

We identify a class of symmetric algebras over a complete discrete valuation
ring O of characteristic zero to which the characterisation of Knorr lattices
in terms of stable endomorphism rings in the case of finite group algebras can
be extended. This class includes finite group algebras, their blocks and source
algebras and Hopf orders. We also show that certain arithmetic properties of
finite group representations extend to this class of algebras. Our results are
based on an explicit description of Tate duality for lattices over symmetric
O-algebras whose extension to the quotient field of O is separable.

1. Introduction

Let p be a prime. Let O be a complete discrete valuation ring with maximal
ideal J(O) = 7w O for some 7w € O, residue field k = O/J(O) of characteristic
p, and field of fractions K of characteristic zero. An O-algebra A is symmetric
if A is isomorphic to its O-dual A* as an A-A-bimodule; this implies that A is
free of finite rank over O. The image s of 14 under a bimodule isomorphism
A = A* is called a symmetrising form for A; it has the property that s(ab) = s(ba)
for all a, b € A and that the bimodule isomorphism A = A* sends a € A to the
map s, € A* defined by s,(b) = s(ab) for all a, b € A. Since the automorphism
group of A as an A-A-bimodule is canonically isomorphic to Z(A)*, any other
symmetrising form of A is of the form s, for some z € Z(A)*. If X is an O-basis
of A, then any symmetrising form s of A determines a dual basis XV = {x" | x € X}
satisfying s(xx") = 1 for x € X and s(xy¥) =0 for x, y € X, x # y. We denote
by Tr’l‘\ : A — Z(A) the Z(A)-linear map defined by Trf‘ (a) =) ,.cxxax" forall
a € A. This map depends on the choice of s but not on the choice of the basis X.
We set z4 = Tr?(l 4) and call z4 the relative projective element of A in Z(A) with
respect to s. This is also called the central Casimir element in [Broué 2009]. If
z€ Z(A)* and s’ = s., then the dual basis of X with respect to s’ is equal to Xz,

MSC2010: primary 20C20; secondary 16H10.
Keywords: symmetric algebras, Tate duality, Knorr lattices.
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where XV is the dual basis of X with respect to s, and hence the relatively projective
element in Z(A) with respect to s’ is equal to 7/, =z Az~ If we do not specify a
symmetric form of a symmetric algebra A, then the relative projective elements
form a Z(A)*-orbit in Z(A). See Broué [2009] for more details.

The purpose of this paper is to examine situations in which some relative projec-
tive element is a scalar multiple of the identity.

Definition 1.1. A symmetric O-algebra A is said to have the projective scalar
property if there exists a symmetrising form s of A such that the corresponding
relative projective element z 4 is of the form z4 = A14 for some A € O.

Throughout the paper we will be working with a symmetric O-algebra A such
that the K -algebra K ®o A is separable. Since K has characteristic zero, K ® A is
separable if and only if it is semisimple. This in turn is equivalent to the condition
that the relative projective element with respect to some, and hence any, symmetris-
ing form on A is invertible in Z(K ®¢ A), see [Broué 2009, Proposition 3.6].
In particular, when A has the projective scalar property, the separability of K ®¢ A
is equivalent to the property that the relative projective elements of A are nonzero.

Matrix algebras, finite group algebras, blocks and source algebras of finite group
algebras, as well as Hopf algebras whose extension to K is semisimple have the
projective scalar property (see Examples 5.1, 5.2, and 5.3), but Iwahori—-Hecke
algebras and rings of generalised characters do not typically have this property (see
Examples 5.4, 5.5, and 5.6). The projective scalar property is invariant under taking
direct factors and tensor products but not under direct products, and is not invariant
under Morita equivalences (see Example 5.1).

Our motivation for studying algebras with the projective scalar property comes
from a characterisation of Knorr lattices for a finite group algebra in terms of the
relatively O-stable module category of the algebra. Recall that an A-lattice is a left
unital A-module which is free of finite rank as an O-module. An indecomposable
A-lattice U is called a Knorr lattice if the linear trace form try; on Endp (U) satisfies
try (@) O C rankp(U)O for every o € End 4 (U), with equality precisely when « is
an automorphism.

Now for two finitely generated A-modules U and V, we denote by Hom , (U, V)
the homomorphism space in the O-stable category mod(A) of finitely generated
A-modules; that is, Hom , (U, V) is the quotient of Hom,4 (U, V) by the subspace
Homir(U , V) of A-homomorphisms U — V which factor through a relatively
O-projective A-module. We write

End’ (U) = Hom!{ (U,U) and End,(U)=Hom,(U,U).

For an A-lattice U, let a(U) denote the smallest nonnegative integer such that
7¢U) annihilates End,(U). In [Carlson and Jones 1989], the element 74U s
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referred to as the exponent of U. If U is indecomposable nonprojective, U is said
to have the stable exponent property if the socle of End ,(U) as a (left or right)
module over itself is equal to JTa(U)_lE_IldA(U).

Carlson and Jones [1989], and independently Thévenaz [1988] and Knorr [1987]
proved that for G a finite group, an absolutely indecomposable nonprojective OG-
lattice is a Knorr lattice if and only if it has the stable exponent property. The
projective scalar property guarantees such an equivalence:

Theorem 1.2. Let A be a symmetric O-algebra such that K ®» A is separable.
Suppose that A has the projective scalar property. Then an indecomposable nonpro-
Jjective A-lattice U is a Knorr lattice if and only if U is absolutely indecomposable
and has the stable exponent property.

The converse to this theorem is false. In Example 5.8, we shall see a symmetric
algebra without the projective scalar property for which the Knorr lattices coincide
with those having the stable exponent property. Thus, the equivalence between the
Knorr and stable exponent properties does not provide a characterisation of the
projective scalar property. Also, in Example 5.7, we shall see both Knorr lattices
which do not have the stable exponent property, as well as lattices with the stable
exponent property which are not Knorr.

Example 5.7 will, in addition, show that the property of being a Knorr lattice
is not invariant under Morita equivalences. However, it is easy to see that the
stable exponent property is invariant under such equivalences. Thus, two subclasses
can be identified within a given Morita equivalence class of symmetric algebras,
namely, those for which the above two types of lattices coincide, and those with
the projective scalar property.

The basic ingredient for the proof of Theorem 1.2 is a description of Tate duality
for lattices over symmetric O-algebras with separable coefficient extensions which
makes the role of the relative projective element explicit. Note that Hom 4 (U, V) is
a torsion O-module for any A-lattices U and V when K ®o A is separable. This fol-
lows from the Gaschiitz—Ikeda lemma (cf. [Geck and Pfeiffer 2000, Lemma 7.1.11]),
which is a special case of Higman’s criterion for modules over symmetric algebras
in Broué [2009].

Theorem 1.3. Let A be a symmetric O-algebra with symmetrising form s such
that K ®o A is separable. Set 7 = z4. Let U and V be A-lattices. The map
sending (o, ) € Homy (U, V) x Homuy(V, U) to trK®OU(z_1,B o) € K induces
a nondegenerate pairing

Hom, (U, V) x Hom,(V,U) — K/O.

Here, trK®OU(Z_1 B o) is the trace of the K-linear endomorphism of K ®p U
obtained from extending the endomorphism Sow of U linearly to K ® o U, composed
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with the endomorphism given by multiplication on K ® U with the inverse z~!

of zin Z(K ®p A). If A has the projective scalar property, then the Tate duality
pairing admits the following description (which is well known in this form for finite
group algebras, see [Brown 1982, Theorem 7.4]).

Corollary 1.4. Let A be a symmetric O-algebra such that K Qo A is separa-
ble. Suppose that z4 = n''14 for some choice of a symmetrising form of A
and some positive integer n. Let U and V be A-lattices. The map sending
(a0, B) e Homyu (U, V) xHomy (V, U) to try (Bow) induces a nondegenerate pairing

Hom , (U, V) x Hom, (V,U) - O/x"O.

Remark 1.5. Theorem 1.3, applied to U =V, shows that if U is an indecomposable
nonprojective lattice for a symmetric O-algebra A such that K ®o A is separable,
then the socle of End, (U) as a module over itself is simple, since it is dual to
End, (U)/J(End, (U)) = k. This fact is well known (see Roggenkamp [1977]) and
this is the key step in the existence proof of almost split sequences of A-modules.
Applying Theorem 1.3 to Heller translates of V' yields nondegenerate pairings

Ext, (U, V) x Ext,"(V,U) = K /O

for any integer n. Applied to U = V = A as a module over A ®» AP this yields
nondegenerate pairings in Tate—Hochschild cohomology;

HH"(A) x HH "(A) > K/O.

Theorem 1.2 is a special case of the following consequence of Theorem 1.3
which gives a characterisation of absolutely indecomposable modules with the
stable exponent property for symmetric O-algebras. Denote by v a r-adic valuation
on K.

Theorem 1.6. Let A be a symmetric O-algebra with symmetrising form s such that
K ®o A is separable. Denote by z the associated relatively projective element of A
in Z(A). Let U be an indecomposable nonprojective A-lattice. The following are
equivalent:

(i) Forany o € Ends(U) we have v(trK®oU(z_la)) > v(trK®oU(z_IIdU)), with
equality if and only if « is an automorphism of U.
(i) The A-lattice U is absolutely indecomposable and has the stable exponent
property.
Symmetric O-algebras with split semisimple coefficient extensions to K having
the projective scalar property can be characterised as follows.

Theorem 1.7. Let A be a symmetric O-algebra such that K @ o A is split semisimple.
Denote by p : A — O the regular character of A. The following are equivalent:
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(i) The algebra A has the projective scalar property.

(ii) There exists a nonnegative integer n such that 7" p is a symmetrising form
of A.

(ii1) There exists a nonnegative integer n such that for any A-lattice U we have
try (Enda (U)) = 7" W 0.

Moreover, if these three equivalent statements hold, then the integers n in (ii)
and (iii) coincide, and ™14 is a relative projective element with respect to some
symmetrising form of A.

We also have a characterisation, in terms of the decomposition matrix, of symmet-
ric O-algebras A such that some algebra in the Morita or derived equivalence class
of A has the scalar projective property. Recall that if B is a split finite-dimensional
algebra over a field F' then the set of characters of simple A-modules is a linearly
independent subset of the F'-vector space of functions from B to F (see, for instance,
[Nagao and Tsushima 1989, Chapter 3, Theorem 3.13]), and hence may be identified
with a set of representatives of the isomorphism classes of simple B-modules.

Theorem 1.8. Let A be a symmetric O-algebra such that K Qo A is split semisimple
and k ®p A is split. Denote by Itrg (A) the set of characters of simple K ®o A-
modules and by Irri(A) the set of characters of simple k @ o A-modules. For
x €Irrg (A) and ¢ € Irri (A), denote by d,, , the multiplicity of S as a composition
factor of k @0 V, where V is an A-lattice such that K @ » V has character x, and
S is a simple k @ o A-module with character ¢. The following are equivalent:

(1) There exists an algebra Morita equivalent to A with the projective scalar
property.

(ii) There exists an algebra derived equivalent to A with the projective scalar
property.

(iii) There exist a nonnegative integer n and positive integers my,, where ¢ €Irri (A),

such that setting
ay = Z mydy 4,
pelrmy (A)
where x €Irrg (A), the form w™" 3, (10 (a) Ay X s a symmetrising form for A.
(iv) There exist a nonnegative integer n and integers my,, where ¢ € Irri(A),
such that setting a, := Z%Irrk(A) mydy o, where x € Irrg (A), the form
T " erlrrx (A) Ax X is a symmetrising form for A.
We point out that certain arithmetic features of finite group representations carry

over to algebras with the projective scalar property. Recall that the degree of an
ordinary irreducible character of a finite group G divides the order of G and that if
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U is a projective OG-lattice, then the p-part of |G| divides the p-part of the O-rank
of U.

Proposition 1.9. Let A be a symmetric O-algebra such that K @ o A is split semisim-
ple. Assume that A has the projective scalar property and let ©"*1 4 be a relative
projective element with respect to some symmetrising form on A.

(1) If U is a Knorr A-lattice, then the p-part of the O-rank of U divides " in O.

(ii) If U is a projective A-lattice, then the p-part of the O-rank of U is divisible in
O bynr"

Theorem 1.7 and Proposition 1.9 combine to give the following generalisation
of the Brauer—Nesbitt theorem of classical modular representation theory.

Proposition 1.10. Under the assumptions of Proposition 1.9, suppose that U is a
Knorr lattice. Then U is projective if and only if the p-part of the O-rank of U is
equal to ".

Remark 1.11. Note that if A = OG, then |G|-1¢¢ is the relative projective element
with respect to the standard symmetrising form, see [Broué 2009, Examples and
Remarks after Proposition 3.3]. Moreover, an absolutely irreducible OG-lattice is
a Knorr OG-lattice. Hence, letting p vary across all primes in (i), one sees that
the above does generalise the corresponding results for group algebras. A related
global divisibility criterion for irreducible lattices of symmetric algebras has been
given by Jacoby and Lorenz [2017, Corollary 6] in the context of Kaplansky’s sixth
conjecture.

For U an A-lattice, define the height of U to be the number 4 (U) such that
rank(U), = prh ),

where m is defined by
p"t= mVin{rank(V)p}

as V ranges over all irreducible A-lattices. Note that 4(U) is a nonnegative integer.

It is well known that a Morita equivalence between blocks of finite group algebras
or between a block algebra and the corresponding source algebra preserves the height
of corresponding irreducible characters, see [Broué¢ 1990; 1994]. The following
theorem generalises this to algebras with the projective scalar property and to Knorr
lattices.

Theorem 1.12. Let A be a symmetric O-algebra such that K @» A is split semisim-
ple. Let A’ be an O-algebra Morita equivalent to A, and suppose that both A and
A’ have the projective scalar property. Let U be a Knorr A-lattice and let U’ be
an A'-lattice corresponding to U through a Morita equivalence between A and A'.
Then U’ is a Knorr A'-lattice and h(U) = h(U").
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Finally we point out that although the stable exponent property does not apply
to projective lattices, we can, following Knorr [1989, Lemma 1.9], characterise
projective Knorr lattices in the presence of the projective scalar property.

Proposition 1.13. Let A be as in the previous theorem. Assume that U is an A-
lattice which is both projective and Knorr. Then U /U is a simple A /m A-module.
In particular, K ®» U is an irreducible K ® o A-module.

Section 2 contains the proof of Theorems 1.3, 1.6 and 1.2. We prove Theorems 1.7
and 1.8 in Section 3. This section also contains a characterisation of the projective
scalar property in terms of rational centres. Section 4 discusses arithmetic properties
of Knorr lattices in the presence of the projective scalar property, including the
proof of Proposition 1.9 and Theorem 1.12. Section 5 contains various examples.

2. Tate duality for symmetric algebras

The proof of Theorem 1.3 is an adaptation of ideas from Thévenaz [1988, Section 1].
We keep the notation used in Theorem 1.3. For simplicity, we write in this section
KA=K®nA, KU=K®opU,and KV =K ®» V. We write KHomn (U, V) =
K ® o Homp (U, V) and identify this space with Homg (KU, K'V) whenever con-
venient. Similarly, we write KHomu4 (U, V) = K ® pHom4 (U, V) and identify this
space with Homg 4 (KU, KV). Let X, X" be a pair of O-bases of A dual to each
other with respect to the symmetrising form s; in particular, the relative projective
element with respect to s is
A= ijxv = vax,
xeX xeX
where x" denotes the unique element in X" satisfying s(xx") =1, for x € X. We
denote by B
Tr{ : KHomp (U, V) — KHomyu (U, V)
the K-linear map which sends & € Homp(U, V) to ),y xax". Here xax"” €
Home (U, V) is defined by (xax")(u) = xa(xVu) foru € U and x € X. Clearly, Trf
restricts to a map Homp (U, V) — Homyu (U, V). By Higman’s criterion for sym-
metric algebras (cf. [Broué 2009]), we have Trf (Homp (U, V)) = Homir(U , V).
Denote by
¢ : KHomp (U, V) x KHomp(V,U) - K
the K -linear map sending (¢, 8) € Homp (U, V) x Homp(V, U) to try (B o), and
denote by
¢4 KHomy (U, V) x KHomy(V,U) - K

the map sending («, 8) € Homu4 (U, V) x Homu4(V, U) to trKU(zZIﬁ oa), where
o and B are extended linearly to maps between KU and K'V. The following fact
generalises [Thévenaz 1988, Proposition 1.1].
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Proposition 2.1. Using the same notation as above, for « € Homp(U, V) and
B € Homu (V, U) we have N
Pa(Tri (@), B) = ¢(a, p).

Similarly, for y € Homy (U, V) and § € Homp(V, U) we have
oAy, Tr{' (8)) = p(¥, 8).

In particular, ¢4 is nondegenerate.

Proof. We regard Home (U, V) and Homp (V, U) as A-A-bimodules in the canoni-
cal way. If u € Homp (U, V) and v € Homp (V, U), then for any a € A, we have
voau=vaou. If e e Endp(U) and a € A, then try (ea) = try (ae). Thus we have

@a(Tri (), B) = trxy (ZAI Z Bo xoexv> =trgy (ZAI Z xVB oxa)

xeX xeX
=trgy <ZZI Z x" Bx oa) =trgy (zgl Z xVxBo a)
xeX xeX

= trky (2, 2aB o) = p(a, B).

This shows the first equality, and the proof of the second is analogous. Clearly ¢ is
nondegenerate, and hence so is ¢4. (]

Proof of Theorem 1.3. For E an O-submodule of Homg 4 (KU, K'V) denote by E+
the O-submodule in Homg 4 (K'V, KU) consisting of all 8 € Homg4(KV, KU)
such that p4(e, B) € O for all € € E. By the previous proposition, ¢4 is non-
degenerate, and hence if E is a lattice in Homg 4 (KU, KV), then E L is a lat-
tice in Homg A(KV, KU), and we have (E+)- = E. We need to show that
(Hom" (U, V))* = Homu(V,U). Let B € Homga(KU, KV). We have B €
(Hom", (U, V))* if and only if ¢4 (Tr{ (), B) € O for all « € Homp (U, V). By
Proposition 2.1, this is equivalent to trgy (8 o ) € O for all @ € Homp (U, V).
This, in turn, is the case if and only if 8 belongs to the subspace Homu4 (U, V) of
Homg A (KU, KV). (To see this, choose a basis of U, a basis of V, and let o range
over the maps sending exactly one basis element in U to a basis element in V and
all other basis elements of U to 0). [l

Proof of Corollary 1.4. We have z4 = " 1,4. The nondegenerate pairing
Hom, (U, V) x Hom,(V,U) - K/O
from Theorem 1.3 has image contained in the submodule 7 7" O/O of K /O. Multi-

plication by " yields an isomorphism 7" O/0O = O/x"O. Thus Corollary 1.4
follows from Theorem 1.3. ([

In order to prove Theorem 1.6, we need the following generalisation of [Carlson
and Jones 1989, Proposition 4.2].
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Proposition 2.2. Let A be a symmetric O-algebra with symmetrising form s such
that K Qo A is separable. Set 7 = z4. Let U be an A-lattice and let a be the
smallest nonnegative integer such that 7 annihilates End , (U). Then

7%rgy (z 'Endy (U)) = O.

Proof. Let o € End4 (U). By the assumptions we have 7%« € Endir(U ). Applying
Theorem 1.3 with U = V and B = Idy implies that 7%rgy(z"'a) € O. Thus
7%rxy (z 'Ends (U)) € O. For the reverse inclusion, consider first the case that
U is nonprojective. Then a > 1, and 7% dy is not contained in EndI:(U );
equivalently, its image in End 4 (U) is nonzero. Again by Theorem 1.3, there exists
o € End4(U) such that 7% try (z7 o) ¢ O. Thus 7%rxy (z”'Ends (U)) is not
contained in 7 O, whence the equality in this case. Suppose U is projective, so
a =0. Let o € Endp(U) be such that try (¢) = 1 and set 8 = Trf(oz) € End, (U).
By Proposition 2.1, we have

try (27 B) = pa(Tr} (@), Idy) = ¢(a, Idy) = try (@) = 1.
The result follows. ]

Proof of Theorem 1.6. Let a be the smallest positive integer such that 7¢ annihilates
End, (U). The algebra End, (U) is local, as U is indecomposable nonprojective.
The duality in Theorem 1.3 implies that soc(End , (U)) is simple.

Suppose that (i) holds. We show first that U is absolutely indecomposable. The
inequality in (i) applied to the endomorphism « given by multiplication with z
shows that

v(ranko (V) = v(try (dy)) = v(trgy (2~ 1dp)),

so in particular, trgy (z~'1dy) is nonzero. The inequality in (i) applied to an arbitrary
o € End4 (U) implies that the scalar 7 defined by

T =trgy (2 o)trgy (27 Tdy) ™!
belongs to O. One then has
trgy (2 (@ — tldy)) = 0.

Thus (i) implies that « — 71dy is not an automorphism, and is hence in J (End4 (U)).
It follows that End4(U) = O - Idy + J(End4(U)), and hence U is absolutely
indecomposable.

We show next that U has the stable exponent property. Since the socle of
End, (U) is simple, we have

soc(End, (U)) € 7~ 'End, (U),

and it thus suffices to show that 7*~'End 4(U) is a semisimple End , (U)-module.
That is, it suffices to show that 7*~'End 4(U) is annihilated by J(End 4(U)). Let
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o € J(Endyg(U)). The assumptions in (i) together with Proposition 2.2 imply
that m%rgy(z o) € 7O, hence 7% trgy (z ') € O. By Theorem 1.3, this is
equivalent to 7 ' € Endir(U ), or equivalently, to 7% 'a = 0. This shows that
(i) implies (ii).

Suppose conversely that (ii) holds. In particular, the socle of End, (U) is simple
and equal to n“*IEﬁlA(U). Let o € J(End4(U)). The image « in End 4 (U) is
contained in J (End 4 (U)), and hence ¢ annihilates n“‘lmA (U). Thus ¢ 'a =0.
Theorem 1.3 implies that 7% 'trgy (z ') € O, hence mrgy (z o) € TO.

By Proposition 2.2, there exists ¢ € End4(U) such that Ty (z7 ') = 1.
By the previous argument, this forces o ¢ J(Enda(U)). Since U is absolutely
indecomposable, it follows that End4 (U) is split local, and hence we have o =
AIdy + p for some A € O* and some p € J(End4 (U)). Since 7%trxy (z~ ' p) € O,
it follows that

7rgy (z7'Aldy) € 0%

Then in fact 7%trgy (z~'Aldy) € O for any A € O, and hence 7 %trgy (z ') € O
for any automorphism « of U. This shows that (ii) implies (i). [l

Proof of Theorem 1.2. Let n be the positive integer such that z4 = 7" 14, for some
choice of a symmetrising form. Theorem 1.6(i) is then equivalent to stating that U
is a Knorr lattice. Thus Theorem 1.2 follows from Theorem 1.6. (]

3. Characterisations of the projective scalar property

Throughout this section, A will denote an O-order such that K ® A is separable.
We identify A with its canonical image in KA = K ® A. Denote by Irrg (A) the
set of the characters of the simple K A-modules. For x € Irrx (A) denote by e(x)
the unique primitive idempotent in Z(K A) satisfying x (e(x)) # 0. We will use
this notation for other orders as well.

Proof of Theorem 1.7. Suppose that K ®¢ A is split semisimple. Proposition 2.2
shows that (i) implies (iii).

By the assumptions, K Ae()) is a matrix algebra over K of dimension yx (1)
In particular, K Ae(y) is symmetric with symmetrising form x, and we have
Z(KA)= erlrrK A) Ke(x). Fix a symmetrising form s of A. Then s extends to a
symmetrising form of K A, still denoted s, and we have

s= D) ok
xelrrg (A)

for some o, € K. The relative projective element of the matrix algebra K Ae(x)
with respect to x is x (1) -e(x), and hence the relative projective element of A with
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respect to s is

=y, ot x()-ex).

x€lrrg (A)
Suppose that (ii) holds; that is, we may assume that s satisfies
s=n""p= Z T "ex)-x.
x €lrrg (A)

Comparing coefficients in the two expressions for s now gives o, =7~ " - x(1).
Plugging this into the expression for z4 yields z4 = 7" - 14. So (ii) implies (i).

Suppose finally that (iii) holds. We need to show that (ii) holds. For U an A-
lattice, write as before KU = K ® U, and denote by a(U) the smallest nonnegative
integer such that 7*Y) annihilates End ,(U). By the assumptions in (iii) and by
Proposition 2.2, there is a nonnegative integer n such that

" 'trKU(ZZI “End,(U)) = try (Ends (U)) = "¢V 0

for any A-lattice U. We apply this first to U = A. Since A is projective as a left
A-module, we have a(A) = 0, and hence

" -trga(z,' -Enda(A)) = tra(Endy (A)) = 7" 0.

Any A-endomorphism is given by right multiplication with an element a in A. By
elementary linear algebra, the trace of this endomorphism is equal to the trace of
the linear endomorphism given by left multiplication with a, and hence this trace is
equal to p(a). Thus try (End4(A)) = p(A) = " O, which implies that 7 ™" p sends
A to O. Thus we have

—n
T p:Sw’

for some w € Z(A). In order to show that 7 ™" p is a symmetrising form on A we
need to show that w € Z(A)*. Writing

w= ) w0

x€lrrg (A)

with coefficients w, € O, we need to show that w, € O*.
In terms of the coefficients o, already introduced in the expression for s, we have

Sy = E OyWy X.

x €lrrg (A)
Comparing coefficients with 7 =" p yields therefore

oywy, =1 " x(1),
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for all y € Irrg (A), and hence

v(oywy) =v(T " x(1)).

Let x eIrrx (A), and let V be an A-lattice such that KV = K ® V has character yx.
Using that End4 (V) = O - Idy, we get from the above that

(" - trgy(z;)) = vdy) = v(x(1)).

By the above formula for z4, we have zgl =D ey (A) Ox -x (D)~ e(x), and
hence trKV(zgl) = 0,. Thus

v(r"oy) =v(x(1).

Combining the previous statements yields

V(wax) = U(]T_n)((l)) = V(Ux)

and hence w, is invertible in O. This shows that (iii) implies (ii). The last statement
in Theorem 1.7 on the integer # is obvious from the proofs of the implications. [

Remark 3.1. The coefficients o !'in the above proof are called Schur elements in
[Geck and Pfeiffer 2000, §7.2].

Next, we prove Theorem 1.8. As in the theorem, let Irry(A) denote the set
of characters afforded by the simple £k ®» A-modules, and for x € Irrg (A) and
¢ €Irr (A), denote by d , the multiplicity of S as a composition factor of k @ V,
where V is an A-lattice such that K ® V has character x, and S is a simple
k ®» A-module with character ¢. We adopt the analogous notation for other orders.

Lemma 3.2. Let A’ be an O-order which is derived equivalent to A. Then we have
|Irri (A)| = |Irrg (A)) | and |Irrg (A)| = |Irrg (A')|. Further, there exists a bijection
x — x fromTrrg (A) to Trrg (A'), signs €, € {1}, x € Irrg (A), and integers u
@ € Irri (A), Y € Irri (A') such that:

(1) For x € Irrg (A), ¥ € Irr (A",
dy'y = €y Z dy.pltgy -
pelm (A)

(i) The forms=">_ yelrg(A) Ox X> Oy € K is a symmetrising form of A if and only
if the form s’ =3 i (a) €xOx X is a symmetrising form of A'.
If A and A’ are Morita equivalent, then in addition there is a bijection ¢ — ¢’
from Tt (A) to Trrg (A') such that dyr y = dy , and €, =1 for all x € Irrg (A),
@ € Irrp (A).

Proof. The first statement follows from [Zimmermann 2014, Theorem 6.8.8]. The
transfer of symmetrising forms as in (ii) is proved in [Eisele 2012, Theorem 4.7]. [J
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Proof of Theorem 1.8. Suppose that the O-order A" is Morita equivalent to A and
let x — x’, and let ¢ — ¢’ be the bijections of Lemma 3.2. Denoting by n,,
the k-dimension of the simple A’-module labelled by ¢’ (¢ € Irri(A)), we have
that x'(1) = >~ cr(a) Mo - dy,p Tor all x € Irrg (A). The equivalence between
(i) and (iii) is now immediate from Lemma 3.2 and the equivalence between (i)
and (ii) of Theorem 1.7. We now prove that (iv) implies (iii). Let n and m,,
@ € Irrg (A), be integers such that 7 =" > yelir (4) Ax X 1s @ symmetrising form of A,
where a, = Zwelrrk(A) mydy o, x €Irrg(A). Let X be an O-basis of A. Choose
a positive integer ¢ such that 7 =" - p' - dy  x (x) € 7O and m;, := m, + p' > 0 for
all x € Irrg (A), ¢ € It (A) and x € X. Sets' =7~ " erlrrK(A) a, - x, where
a, = Z(pemk(A) m:p -dy .y, x €Itrg(A). Then for all a € A, s'(a) —s(a) € 7O.
Hence by considering the determinant of the Gram matrices of the bilinear forms
associated to s and s’, it follows that s’ is also a symmetrising form of A. This
proves that (iii) holds. Since (i) clearly implies (ii) and (iii) implies (iv), in order to
complete the proof, it suffices to show that (ii) implies (iv). Suppose that A’ has
the projective scalar property and that A’ and A are derived equivalent. Then (iii)
holds for A’, say for the integers m,, ¥ € Irrg (A”). Then by Lemma 3.2, we have

that (iv) holds for A with the integers n, = Z‘/fEIrrk(A/) myug g, ¢ €l (A). O

For the rest of this section we will expand on the question of the extent to which
the characterisations of the projective scalar property up to Morita equivalence
given in Theorem 1.8(iii) and (iv) are constructive. The point here is that the set
of symmetrising forms for an order A is actually a Z(A)*-orbit, and Z(A) is an
O-order for a (potentially) quite large ring O. But in fact, as we will see, the
criterion can be reduced to linear algebra over Q.

The following proposition shows that the projective scalar property is essentially
independent of the choice of the ring O. This is particularly interesting to note
since we often make the assumption that K is a splitting field.

Proposition 3.3. Let A be an O-order and let £ O O be a discrete valuation ring
containing O such that J(£) N O = J(O). Then the O-order A has the projective
scalar property if and only if the £-order £ @ A has the projective scalar property.

Proof. By the characterisation in Theorem 1.7, A having the projective scalar
property is equivalent to some multiple of the regular trace being a symmetrising
form for A. But the regular trace on A and the regular trace of £ ®» A have the same
Gram matrix (when the same basis is chosen for both of them), and invertibility of
a multiple of said Gram matrix over O is equivalent to invertibility over &£, provided
of course that we multiplied by an element of O.

So the only thing that still requires proof is that if 7 is a generator of J (£), then the
integer m such that T - p is a symmetrising form for £ ® A, satisfies t"E =n"E
for some n € Z>¢ (since this means that 77" - p is a symmetrising form for A). But
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by Theorem 1.7 we have 1€ = treg , 4 (Endgg, 4 (E®p A)) = E Qo tra(Enda(A)),
and trs (End4 (A)) is certainly of the form 7" O for some nonnegative integer n. [

Definition 3.4. Let A be an O-algebra which is free of finite rank as an O-module
such that K A is split semisimple. Fix an isomorphism

¢:Z(KA) = K x---xK.
We define the rational centre Z™ (K A) of K A to be the Q-algebra
e ' Qx-xQ).

We define the rational centre of A, denoted by Z™'(A), as the intersection of A
with Z(K A).
We say that A is rationally symmetric if there is an element

&= Z Gey € Z™(A)
x€lrrg (A)

a " Z Gy - X

x€lrg (A)

and an n € Z such that

is a symmetrising form for A.

We should note that o, = 77" -5, with o, defined as earlier. Therefore rational
symmetry is not the same as asking that the o, be rational. Not even the projective
scalar property implies rationality of the o, .

The rational centre of A is a Zp)-order, and the projective scalar property implies
rational symmetry. We should remark that, if O is ramified over Z,, then rational
symmetry is not necessarily preserved under direct sums. Neither is the projective
scalar property, or even the property of being Morita-equivalent to an order which
satisfies the projective scalar property. This is due to the possibility that the rational
symmetrising forms involve different powers of 7, whose quotient may have a
nonintegral p-valuation (using the convention v(p) = 1).

Remark 3.5. An element ¢ (together with an n € Z) as above and the central
projective element z4 are related by the formula

aa=a"6" YT x(1) ey
x €lrrg (A)
In particular, & can be chosen in Z™(A) if and only if z4 € K™ - Z™(A). Now we
can reinterpret the projective scalar property and rational symmetry in the following
way: we consider the orbit Z(A)* -z,. If it intersects nontrivially with K * - Z™'(A),
then A is rationally symmetric, and if it intersects nontrivially with K> - 14, then
A has the projective scalar property.
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In view of everything we have seen so far, the following is fairly straightforward.

Proposition 3.6. Assume that A is rationally symmetric, and 6 € Z™(A) is as
before. Then A has the projective scalar property if and only if

~ X(Z) rat
M <erlrrK(A) Do X |¢EIHk(A)>@m{erlrrK<A> AT | ez (A)}

properly contains

@) <ermm> dyo-x | eIrrk(A)>@ﬂ {ermm) &y ;‘g; x|ze 1}

for all maximal ideals I in Z™(A).

Note that the right-hand side in both (1) and (2) is the intersection of a Q-vector
space and a Zp)-lattice, which can be computed by means of linear algebra.

We conclude this section with an example of a symmetric algebra which is not
rationally symmetric, to show that the two notions are not equivalent.

Example 3.7. Assume that k has characteristic two and O is unramified, i.e.,
7 = p=2. Let x € O* be an arbitrary unit in O. We consider the order A =
(A1, A2, A3, A4) 0 in the commutative split-semisimple K-algebra K x K x K x K,

where
AM=1111),
A =0 2 0 2x),
3
A3=(0 0 2 2x),
A =(0 0 0 4x).

We claim that the map

-1
(4)s:KxKxKxK—>K:(al,az,a3,a4)+—>2j a+ -~ az—l— a3—|——a4

defines a symmetrising form for A. The Gram matrix of s with respect to the basis
()\.1, ...,)\.4) is

1 1 1 1

I 1+x X 2x
1 x 14+x 2x
1 2x 2x  4x

(&) (s(hi - Aj))ij =

The determinant of this matrix is congruent to 1 mod 20, which implies that it is
invertible over O, which in turn implies that A is a self-dual lattice with respect
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to s. So, clearly, A is a symmetric O-order. However, if x + 20 # 1 + 20, then A
is not rationally symmetric. To see this we consider the family of forms

(6) su:KxKxKxK—>K:(al,az,ag,a4)+—>;{-Zui-ai,

i=1

where u € (K *)* By definition, the order A is rationally symmetric if and only if s,
is a symmetrising form for A for some u € (@*)* We know that the symmetrising
forms for A are exactly the forms s(z - —) with z € Z(A)* and s as in (4). The
form s(z - —) is equal to s.., with v =(2—x"', 1, 1, x~1). Since z is a unit each
z; lies in O, and so do all v;. So if A is symmetric with respect to s,, then each
u; needs to lie in O*. Moreover, A being symmetric with respect to s, would
necessitate A being integral with respect to s,, which in particular would require
suho) =27 oup + 271wy - x € O. That is, —us/us +20 = x + 20, which can
only hold true for rational u; if x 420 lies in the prime field of k, which means
x4+20 =14 20 (since we asked that x be a unit, the case x +20 =0+20 is
impossible).

4. Heights and degrees of Knorr lattices

Proof of Proposition 1.9. Let U be a Knorr lattice. Then, try(Ends(U)) =
rank(U)O. By Theorem 1.7(iii), we have that try (Ends (U)) = 7"~ ¢ 0. By
Theorem 1.7(i1), we have
rank(A)  p(la)
n}’l - an e

0.

It then follows that
rank(A)0 € "0 € 7"~ O = rank(V)0.
This proves (i). Now suppose that U is a projective lattice. Then, by Theorem 1.7(iii)

we have that tr;y (End 4 (U)) =" O. On the other hand, rank(U)O C tryy (End 4 (U)).
This proves (ii). U

The next lemma is needed to prove Theorem 1.12.

Lemma 4.1. Let A be a symmetric O-algebra such that K ® o A is split semisimple.
Assume that A has the projective scalar property and let t" 1 4 be a relative projec-
tive element with respect to some symmetrising form on A. Let ag = maxy{a(V)} as
V ranges over all A-lattices. There exists x € Irrg (A) such that x (1)O =g"~%0.

Proof. By Theorem 1.7(ii), ap < n and we have that x (1)O C #"~%O for all y €
Irrg (A). Let U be an A-lattice and o € End4 (U) be such that try ()0 = =4 O.
Let f € O[x] be the characteristic polynomial of « and let g € O[x] be an irreducible
monic factor of f. Let K be an algebraic closure of K, let A;, where i € Z, be the
roots of g in K and fori € Z let W; be the generalised A;-eigenspace of « in K ®¢ U.
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Set A, = Zid Ai € O and Wy := @z W;. We have dim(W;) = dim(W;) =: d,
forall i, j € Z. So,
tng (@) = )»gdg.

Since try (@) is the sum of try, («) as g runs through the irreducible factors of f
and since Ag € O, replacing g by some other irreducible factor of f if necessary,
we may assume that

"m0 =try ()0 € d,0.
Now « € End4 (U), hence U; is a K ®» A-submodule of K @ A. In particular, d,
is the dimension of a K ® o A-module. Since K Q¢ A is split it follows that there
exists some x € [ such that

"0 =try ()0 S d,0 C x(1)O S x""“0.
Hence, x (1)O = a"~%Q© as desired. O

Proof of Theorem 1.12 . The fact that U’ is a Knorr A’-lattice is a consequence of
Theorem 1.2. Let ayp = maxy{a(V)} as V ranges over all A-lattices. Then ag also
equals maxy/{a(V')} as V' ranges over all A’-lattices. Further, a(U) = a(U’). Let
7¢O = pO and let 7”1 4 be a relative projective element of A. For any A-lattice V,
rank(V)O C try (End4(V)), hence by Lemma 4.1 and Theorem 1.7,

p(n—ao)/e = mvin{rank(v)p}

as V ranges over all A-lattices. Since U is a Knorr A-lattice and using again
Theorem 1.7, it follows that
7= = pl—a)/e+hW) o

and hence
—a(U
hvy = 2=

Applying the same argument to A’ and U’ gives the desired result. O

Proof of Proposition 1.13. Let u be an element of U \ wU. Let ¢ : U — U be an
O-linear projection onto Ou, and let Trf‘ (¢) be the corresponding A-endomorphism
of U. A calculation similar to that in Proposition 2.1 and using the assumption that
714 is a relative projective element as in Theorem 1.7, shows that

try (Trj! (@) = 7"
Now because U is projective, we have a(U) = 0. It follows that
try (Ends (U)) =#"O.

Because U is a Knorr lattice, we can conclude that Tr‘l4 (p) is an invertible element of
End4 (U). In particular, it is surjective. However, the image of Trf‘ (¢) is contained
in the A-lattice Au. We thus have Au = U. The result follows because u was an
arbitrary element of U \ 7w U. ]
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5. Examples

Example 5.1. If A = Mat, (O) for some positive integer n or if A = OG for some
finite group G, then A has the scalar projective property, see [Broué 2009, Examples
and Remarks after Proposition 3.3]. If an O-algebra A has the projective scalar
property, and if B is a direct factor of A, then B has the projective scalar property.
This is immediate from the fact that the relative projective element with respect to a
symmetrising form on A is independent of the choice of an O-basis. If O-algebras
A and B have the projective scalar property, then so does A ® o B. However, the
projective scalar property is not preserved under taking direct products, whilst the
property of being symmetric is. For instance if p = 2, then by Proposition 1.9,
O x Mat,(0O) does not have the projective scalar property. Further, O x Mat,(O) is
Morita equivalent to O x O from which we see that the scalar projective property
is not invariant under Morita equivalence.

Example 5.2. Source algebras of blocks of finite groups have the projective scalar
property. More precisely, if A is a source algebra of a block of a finite group algebra
with defect group P, and £ is a splitting field for the underlying finite group and its
subgroups, then there is a symmetrising form on A such that the relative projective
element of A is equal to |P|- 1. To see this, let G be a finite group, B a block
algebra of OG, P adefect group of B, and i a source idempotent of B; thatis, i is a
primitive idempotent in B” satisfying Brp (i) # 0, where Brp : (0G)? — kCg(P)
is the Brauer homomorphism. Assume that k is a splitting field for G and all of its
subgroups. The source algebra A =i OGi is again symmetric, and any symmetrising
form on OG restricts to a symmetrising form on A. Denote by s : OG — O the
canonical symmetrising form, sending 15 to 1p and x € G \ {15} to zero. With
respect to this form, the relative trace Tr?G on OG is equal to the relative trace map
Trf, sendinga e OG to ) xax~'. The relative trace map Tr’l“ with respect to
the symmetrising form s restricted to A satisfies Tr’l“ (a) = Tr? (a)i. In particular,
we have TrlA (i) = TrIG (i)i. As a consequence of [Picaronny and Puig 1987] or
[Thévenaz 1988, 9.3], the element u = Trg (i) is invertible in Z(B). Moreover, we
have Trf (i) = |P|Trg (i) = | Plu. Denote by ¢ the symmetrising form given by
t(a) = s(ua). The relative trace map on A with respect to the form ¢ sends the unit
element i of A to |Pluu™'i = |P|i as required.

Example 5.3. If A is a Hopf algebra over O such that K ®¢ A is semisimple, then
A has the projective scalar property. This is well known to Hopf algebra experts —
we just sketch the trail of ideas. By [Larson and Radford 1988a, Theorem 3.3]
and [Larson and Radford 1988b, Theorem 4], the antipode of K ®» A and of
K ®0 A* = (K ®» A)* has order 2. Hence the same is true for the antipode of A
and A*. By the main theorem of [Larson and Sweedler 1969], A has a nonsingular
left integral, say, A. Then A is also a nonsingular left integral for K ® A. Hence by
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Propositions 3 and 4 of the same paper, €(A) # 0 and A is unimodular. Since the
antipode of A* also has order 2, by the second corollary to [Larson and Sweedler
1969, Proposition 8], applied with the roles of A and A* reversed, we have that
if A € A* is a nonsingular integral (A exists by the main theorem of [Larson and
Sweedler 1969] applied to A*), then A is a symmetrising form on A. Further, by
[Lorenz 2011, Section 5.3], the corresponding projective element is a scalar.

Example 5.4. This example shows that very few local commutative symmetric O-
algebras of O-rank 2 have the projective scalar property. Let A be an indecomposable
O-algebra such that K ® » A = K x K; in particular, A is commutative. Then there
is a unique positive integer m such that

A={(a,B) eOxO|B—aca™O)={(a,a+B) |acO, Bea™0O}.

The algebra A is local commutative and symmetric, with symmetrising form s
sending (o, @ + ) € A to 77" 8. We are going to show that A has the projective
scalar property if and only if p =2 and 2 e ™ O.

The O-basis X = {(1, 1), (0, ™)} of A has, with respect to s, the dual basis
{(—=x",0), (1, 1)}. Thus the relative projective element with respect to the sym-
metrising form s is z4 = (—n™, 7). Wehave A* = {(o, a+7"y) |l € O, y € O}.
Thus the A*-orbit of z4 is

2m

{(—n"a, m"a+7"y |la e OF, y € O).

An element in this set is a scalar if and only if 7y = —2«. For p odd, this is
impossible as the right side is invertible in O whereas the left side has a positive
valuation of at least m. This shows that for p odd, A does not have the projective
scalar property. For p = 2, the algebra A has the scalar property if and only if 7™
divides 2 in O.

Note that since A is local, any O-algebra Morita equivalent to A is a matrix
algebra over A. Hence if A does not have the projective scalar property, then neither
does any algebra Morita equivalent to A.

Example 5.5. Let (W, S) be a finite Coxeter group with length function ¢ and
g € O*. Let H =H,(W, S) be the associated Iwahori—-Hecke algebra over O with
parameter g. That is, H has an O-basis {T,,},cw, with multiplication given by
Ty Ty =Ty if w, y € W such that £(wy) = £(w)+£(y), and (T})> =g T+ (1—¢) T,
for s € S. By [Geck and Pfeiffer 2000, Proposition 8.1.1], the algebra # is symmetric,
with a symmetrising form sending 77 to 1 and T, to O for w € W \ {1}. The dual
basis of {Ty}wew with respect to this form is {q—i(w) T,-1}wew, and hence the
associated relative projective element is

Iy = Z qiz(w)TwTw—l .
weW
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Whether H has the projective scalar property seems to be difficult to read off this
expression. If p=2and W = S, = 5 = {1, s}, and if ¢ is an odd integer, then the
map sending 7 to (1, 0) and 7 to (1, 1 —g) is an injective algebra homomorphism
from H to O x O. The previous example shows that H has the scalar property if
and only if g =3 mod 4.

Example 5.6. Let G be a finite group and assume that O contains the values of all
irreducible characters of G. Let

A =0[Irr(G)] = O ®z Z[Irr(G)].

The irreducible characters of G form an O-basis for A. For K -valued functions «
and 8 on G, define the usual

o 1= 15 2 (@B € K.
geG

For x € Irr(G), let ¥ denote the character of the contragredient representation, so
%(g) = x(g~") for all g € G. Finally, let 15 denote the trivial character of G.

For x, ¥ € Irr(G), the identity [x¥, 16] = [x, ¥] = 8., implies that the
O-linear function s : A — O given by

s(a) = coefficient of 15 in o

is a symmetrising form on A. The same identity makes it clear that the basis of A
dual to Irr(G) with respect to s is given by x¥ = x. The corresponding relative
projective element, z = ) elm(G) X X» coincides with the function on G sending g
to |Cs(g)|. Clearly, z is a scalar multiple of 14 if and only if G is abelian. In this
case, we have z = |G|- 1. However, to see exactly when A has the projective scalar
property, it is necessary to consider the action of A* on z. Let u be an invertible
element of A. Then u is a function from G to O*. Assume that uz = A - 15 for
some element A € O. We must then have

X

(N u(g) = €O

ICc(8)l

for all g € G. Thus, |Cs(g)|, 1s independent of g. We deduce that every element
of G must centralise a Sylow p-subgroup. So, let P be a Sylow p-subgroup. By
Sylow’s theorem, every element of G is conjugate to an element of Cg(P). A
well known application of Burnside’s counting lemma allows us to conclude that
Cg(P) = G. Thus, P is abelian, and G = P x H for some group H of p’ order.
Conversely, we claim that if G = P x H, with P an abelian p-group and H a group
of p’-order, then A has the projective scalar property. All that remains to do is to
verify that the function u(g) =1/(|Cg(g)l,) for g € G actually lies in A, assuming
G = P x H as above. So let x € Irr(G). We must show that [x, u] € O. We can
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write x = 6 ® ¥ for irreducible characters 6 of P and y of H. One verifies
1 vy
— ———— iff=1p,
. ul= ] 1H] 2 e ICr ()] F
0 if 6 #£ 1p.

In both cases, we have [x, u] € O.

Finally, we remark that if O is a Dedekind domain in which no prime dividing
the order of G is invertible, then A has the projective scalar property if and only if
G is abelian.

Example 5.7. The Knorr property is not preserved by Morita equivalences in
general. The idea is that all absolutely indecomposable A-lattices of p’-rank are
Knorr, but among those of rank divisible by p, only the absolutely irreducible lattices
tend to have the property. Indeed, the proof of [Knorr 1989, Corollary 1.6] does
not require the O-algebra to be a group ring (nor even a symmetric algebra). Thus,
any Morita equivalence that sends a lattice of p’-rank which is indecomposable but
not irreducible to a lattice of rank divisible by p is likely to give an example.

Specifically, let p = 2 and assume that O is unramified and k is algebraically
closed. Let A be the principal block algebra of OAs, where As is the alternating
group of degree 5. Then |Irrg (A)| =4, |Irry (A)| = 3, and the decomposition matrix
of A with respect to some ordering of Irrg (A) is

P12 3
x1|1 0 O
(®) vl 1 0 1
x3| 1 1 0
x4 1 1 1

where ¢ corresponds to a one-dimensional k A-module, and ¢, and ¢3 correspond
to simple kA-modules of dimension 2.

For each i, where 1 <i <3, let P; denote a projective indecomposable A-module
such that P;/rad(P;) is isomorphic to a simple k A-module corresponding to ¢;.
Let e be an idempotent in A such that Ae = P; + 2P, + Ps as left A-modules. Then
A and eAe are Morita equivalent via the functor sending an A-module M to the
eAe-module eM and an A-module homomorphism « : M — N to the e Ae-module
homomorphism e -« : eM — eN defined through restriction to eM. The simple
eAe-modules corresponding to ¢; and ¢3 have dimension 1 whereas the simple
eAe-module corresponding to ¢, has dimension 2.

From the decomposition matrix above, one sees that the character afforded by
K P has two irreducible constituents, one of degree 5 and the other of degree 3. It
follows from [Knorr 1989, Lemma 1.9] that P; is not a Knorr A-lattice. However,
the rank of the e Ae-lattice e P; is 7. Thus e P; is a Knorr e Ae-lattice.
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To obtain an example in which neither lattice is projective, it is enough to inflate
the P; above to lattices for the group As x C,, where C; is a cyclic group of order 2.

Notice also that although e Py is Knérr, it does not have the stable exponent
property. This is the case for both the A5 and A5 x C, situations. Next, we produce
a lattice with the stable exponent property which is not Knorr.

First, we have Q(+/5) C K, so KA is split semisimple. Let M be the unique
quotient lattice of P; such that K M has character y; + x2 + x3. Since M has rank 7,
M is a Knorr A-lattice. Because A has the projective scalar property, M and hence
eM also have the stable exponent property. We shall show that eM is not Knorr.

Let L be the unique O-free quotient of M affording the character x3 and let
o : M — L be the projection map. Since « is surjective, and L and M are not
projective, o ¢ HornE;r(M , L). Thus, by Corollary 1.4, there exists 8 € Homy4 (L, M)
such that try; (B o) ¢ 40 (since 4 - 14 is a projective scalar element of A).

Let T = Ba and denote also by t the K-linear extension of T to KM. For
each i, 1 <i <4, let ¢; be the primitive central idempotent of K A corresponding
to x;. Since T(K M) is contained in e3(K M), we have that (e; + e4)(K M) is
contained in the kernel of . On the other hand, 1 — e = (e3 + e4)(1 — ¢). Thus,
trg pm(T) = trecx m) (). 1t follows that

trop(e- 1) =trgpy(v) =try(v) ¢ 40.

Since eM has rank 6, we have that v, (treps (e - 7)) < va(rankp(eM)). Since T is
not invertible, neither is e - T, hence eM is not a Knorr e Ae-lattice.

Example 5.8. Let O = Z3, and consider the O-order A = 0S3, that is, the group
ring of the symmetric group on three points. The decomposition matrix of A is

P3) P2,
©) Xo b9
xen| 1 1
X(] 3) 0 1

Here we use the standard indexing of ordinary and modular irreducible characters
of symmetric groups via partitions. Let e(3), e(2,1) and e(;3) denote the primitive
idempotents in Z(K A). The inertial index of this block is 2, and, according
to [Bessenrodt 1982], that means that this block has six isomorphism types of
indecomposable lattices (one can also show this in an elementary way). It is
also easy to enumerate those isomorphism types: there are two indecomposable
projective lattices, which are nonirreducible. Then there is a unique lattice with
character x(3) and a unique lattice with character x;3y. Moreover there is a lattice
with character x(2,1) whose top has Brauer character ¢(3) and there is a lattice
with character x(,1) whose top has Brauer character ¢ 1) (those two lattices
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are the projective lattices over the order Ae(» 1)). As there are but six lattices in
total we know that there can be no further indecomposable lattices. In particular,
all indecomposable lattices are either projective or absolutely irreducible. This
implies that each algebra in the Morita equivalence class of A has the property
that Knorr-lattices and absolutely indecomposable nonprojective lattices with the
stable exponent property coincide. Any algebra in the Morita equivalence class of
A which does not possess the projective scalar property will therefore provide a
counterexample to the converse of Theorem 1.2.

Choose B in the Morita equivalence class of A such that the Morita equivalence
sends the simple module with character ¢(3) to a one-dimensional module and the
simple module with character ¢, 1) to a two-dimensional module. Note that

(10) T (xa) +2- xe.n (=) + xa5 ()

is a symmetrising form for A, and therefore also for B (with the characters replaced
by the corresponding characters of B). It follows that

(11) 28 =3"(e3 +3 eay+2-eqs)

and this element is determined uniquely up to multiplications by units in Z(A) =
Z(B). But multiplication by units cannot turn the above element into a scalar, since
it will leave the 3-valuation of the coefficients of the idempotents e3), e(2,1) and
e(13 invariant. Hence B does not possess the projective scalar property.
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COACTION FUNCTORS, 11

S. KALISZEWSKI, MAGNUS B. LANDSTAD AND JOHN QUIGG

In their study of the application of crossed-product functors to the Baum—
Connes conjecture, Buss, Echterhoff, and Willett introduced various prop-
erties that crossed-product functors may have. Here we introduce and study
analogues of some of these properties for coaction functors, making sure
that the properties are preserved when the coaction functors are composed
with the full crossed product to make a crossed-product functor. The new
properties for coaction functors studied here are functoriality for general-
ized homomorphisms and the correspondence property. We also study the
connections with the ideal property. The study of functoriality for gener-
alized homomorphisms requires a detailed development of the Fischer con-
struction of maximalization of coactions with regard to possibly degenerate
homomorphisms into multiplier algebras. We verify that all “KLQ” func-
tors arising from large ideals of the Fourier-Stieltjes algebra B(G) have all
the properties we study, and at the opposite extreme we give an example of
a coaction functor having none of the properties.

1. Introduction

As part of their study of the Baum—Connes conjecture, [Baum et al. 2016] considered
exotic crossed products between the full and reduced crossed products of a C*-
dynamical system, and a crucial feature was that the construction be functorial
for equivariant homomorphisms. In [Kaliszewski et al. 2016a], we introduced
a two-step construction of crossed-product functors: first form the full crossed
product, then apply a coaction functor. Although this recipe does not give all
crossed-product functors, there is some evidence that it might produce the functors
that are most important for the program of [Baum et al. 2016].

In [Baum et al. 2016], the applications to the Baum—Connes conjecture lead to
the desire that the crossed-product functors be exact and Morita compatible, and it
was proved that there is a smallest (for a suitable partial ordering) crossed product
with these properties. The idea is that every family of crossed-product functors has
a greatest lower bound, and that exactness and Morita compatibility are preserved

MSC2010: primary 46L55; secondary 46M15.
Keywords: crossed product, action, coaction, Fourier—Stieltjes algebra, exact sequence, Morita
compatible.
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by greatest lower bounds. In [Kaliszewski et al. 2016a] we proved analogues of
these facts for coaction functors.

In further study of the application of crossed-product functors to the Baum—
Connes conjecture, Buss et al. [2014] studied various other properties that crossed-
product functors may have. This motivated us to investigate in the current paper
the analogous properties of coaction functors.

There is a subtlety regarding the appropriate choices of categories. To study short
exact sequences, the morphisms should be homomorphisms between the C*-algebras
themselves, and we call the resulting categories classical. On the other hand, some
of the properties considered in [Buss et al. 2014] (hereafter cited as [BEW]) require
homomorphisms into multiplier algebras. Most of the literature on noncommutative
C*-crossed-product duality uses nondegenerate categories, where the morphisms
are nondegenerate homomorphisms into multiplier algebras; the nondegeneracy
guarantees that the maps can be composed. On the other hand, for some of the
properties studied in [BEW] it is actually important to allow possibly degenerate
homomorphisms into multiplier algebras. Of course this is problematic in terms of
composing morphisms, but nevertheless Buss et al. introduced a reasonable notation
of functoriality for generalized homomorphisms, involving such possibly degenerate
homomorphisms. In this paper we chose to develop the theory along three parallel
tracks: first we prove what we can in the context of generalized homomorphisms,
then we specialize to the classical and the nondegenerate categories. However, our
main interest is in the classical categories, and for much of this paper the classical
case will be our default, with occasional mention of nondegenerate categories.

Nondegenerate equivariant categories have been well studied, but (perhaps un-
expectedly) the classical counterparts have not, especially in noncommutative
crossed-product duality. In [Kaliszewski et al. 2016a], we began to fill in some of
these gaps in the theory of classical categories, and here we will continue this, to
prepare the way for our study of analogues for coaction functors of some of the
properties introduced in [BEW]. In [Kaliszewski et al. 2016a], we gave a brief
indication of how maximalization of coactions is a functor on the classical category
of coactions, which we make more precise in Section 3.

We begin Section 2 by recording a few of our conventions for coactions and
actions. We also discuss the distinction between nondegenerate and classical
categories of C*-algebras with extra structure. For the study of exactness of coaction
functors, the classical categories are appropriate, so we focus upon them in this paper.
Coaction functors involve maximalization of coactions, and we outline Fischer’s
construction of maximalization as a composition of three simpler functors. We finish
Section 2 with a short discussion of coaction functors, taken from [Kaliszewski et al.
2016a; 2016b]. In particular, we recall a few properties that coaction functors may
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have: exactness, Morita compatibility, and the ideal property. The first of these occu-
pies a central position in the application of coaction functors to the crossed-product
functors of [Baum et al. 2016], while the second and third are analogues of properties
of action-crossed-product functors discussed in [BEW]. In Proposition 2.3, we
record a more precise statement of a result in [Kaliszewski et al. 2016a] regarding
greatest lower bounds of exact or Morita compatible coaction functors. The whole
point of coaction functors is that they give a large (albeit not exhaustive) source
of crossed-product functors in the sense of [Baum et al. 2016]. There are numerous
open problems regarding the relationship between these two types of functors, and in
Section 2 we mention one of these, involving greatest lower bounds. We also recall
another type of coaction functor: decreasing, which include those coaction functors
arising from large ideals of the Fourier—Stieltjes algebra B(G); the associated
crossed-product functors for actions have been referred to as “KLQ functors” [Buss
et al. 2014; 2016] or “KLQ crossed products” [Baum et al. 2016].

In Section 3, we discuss how to maximalize possibly degenerate equivariant
homomorphisms into multiplier algebras, with an eye toward developing an analogue
for coaction functors of the functoriality for generalized homomorphisms discussed
in [BEW]. This requires consideration of generalized homomorphisms for each of
the three steps in the Fischer construction. As a side benefit, we close Section 3
by remarking how Theorem 3.9 gives a more precise justification than the one
in [Kaliszewski et al. 2016a, Section 3] that maximalization is a functor on the
classical category of coactions.

In Section 4, we introduce an analogue for coaction functors of the property called
Sfunctoriality for generalized homomorphisms in [BEW]. Here the term “generalized
homomorphism” refers to a possibly degenerate homomorphism ¢ : A — M (B);
these are somewhat delicate, and some care must be exercised in dealing with
them. We prove some analogues for coaction functors of results of [BEW]; for
example, coaction functors that are functorial for generalized homomorphisms in
the sense of Definition 4.1 satisfy a limited version of the usual composability
aspect of actual functors, and every functor arising from a large ideal of B(G) has
this generalized functoriality property. We also give a further discussion of the ideal
property, in particular proving that it is implied by functoriality for generalized
homomorphisms. This is weaker than the corresponding result of [BEW], namely
that for crossed-product functors these two properties are equivalent. We also prove
that both the ideal property and functoriality for generalized homomorphisms are
inherited by greatest lower bounds.

In Section 5, we introduce the correspondence property for coaction functors,
which is an analogue of the correspondence crossed-product functors of [BEW].
This is much stronger than Morita compatibility, and we need to do a bit of work
to develop it. As a side benefit of this work, we prove that if a coaction functor
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is Morita compatible then the associated crossed-product functor for actions is
strongly Morita compatible in the sense of [BEW], and we also prove a technical
lemma showing that, in the presence of the ideal property, the test for Morita
compatibility can be relaxed somewhat. We prove that a coaction functor has the
correspondence property if and only if it is both Morita compatible and functorial
for generalized homomorphisms, which is an analogue of a similar equivalence for
crossed-product functors in [BEW]. It follows that if a coaction functor has the
correspondence property then the associated crossed-product functor for actions
is a correspondence crossed-product functor in the sense of [BEW]. Among the
consequences, we deduce that every coaction functor arising from a large ideal of
B(G) has the correspondence property, and that the correspondence property is
inherited by greatest lower bounds, so that in particular there is a smallest coaction
functor with the correspondence property. Also, a result of [BEW] showing that the
output of a correspondence crossed-product functor carries a quotient of the dual
coaction on the full crossed product strengthens our belief that the most important
crossed-product functors are those arising from coaction functors.

2. Preliminaries

Throughout, G will be a locally compact group, A, B, C, D will be C*-algebras,
actions of G are denoted by letters such as «, 8, y, and coactions of G by letters
such as §, €, ¢. Throughout, we assume that G is second countable, so that the
Hilbert space L2(G) will be separable; second countability of G is needed for the
use of Fischer’s result, and in that proof separability of L*(G) is essential. We refer
to [Echterhoff et al. 2004; 2006, Appendix A] for conventions regarding actions and
coactions, and to [Echterhoff et al. 2006, Chapters 1-2] for C*-correspondences'
and imprimitivity bimodules.

We write A x4 G for the crossed product of an action (A, &), and (ia, ig)
for the universal covariant homomorphism from (A, G) to the multiplier algebra
M (A x4 G), occasionally writing ig; to avoid ambiguity. We write @ for the dual
coaction.

We write A x5 G for the crossed product of a coaction (A, §), and (4, jg) for the
universal covariant homomorphism from (A, Co(G)) to M (A x5 G), occasionally
writing jg to avoid ambiguity. We write § for the dual action.

Given a coaction (A, §), we find it convenient to use the associated B(G)-module
structure given by

fra={d®f)od(a) forf e B(G),acA,

and in [Kaliszewski et al. 2016a, Appendix A] we recorded a few properties. We will
need the following mild strengthening of [Kaliszewski et al. 2016a, Proposition A.1]:

I These are called right-Hilbert bimodules in [Echterhoff et al. 2006].
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Proposition 2.1. Let (A, §) and (B, €) be coactions of G, and let ¢ : A — M(B)
be a homomorphism. Then ¢ is § — € equivariant if and only if it is a module map,
that is,
o(f-a)=f-¢p(a) forall f e B(G), acA.

Proof. As we mentioned in [Kaliszewski et al. 2016b, proof of Lemma 3.17], the
argument of [Kaliszewski et al. 2016a, Proposition A.1] carries over, with the minor
adjustment that in the expression “(id ® f)((¢ ® id) o §(a))” there, the map ¢ ® id
must be replaced by the canonical extension

$®id: M(A® C*(G)) > M(B®C*(G)),

which exists by [Echterhoff et al. 2006, Proposition A.6], and where we recall the
notation

M(A® C*(G))
=meMAQRCH(G)  m1QIC*(GHUIRXC*"(G)mCARQRCH(G)}). O

Classical and nondegenerate categories. In all of our categories, the objects will
be C*-algebras, usually equipped with some extra structure, and the morphisms will
be homomorphisms that preserve this extra structure in some sense. We consider two
main types of homomorphisms: nondegenerate homomorphisms ¢ : A — M (B),
and what we call classical homomorphisms ¢ : A — B, and these give rise to what
we call nondegenerate and classical categories, respectively. We are concerned
mainly with the classical case, but occasionally we will refer to the nondegenerate
case, and sometimes we will develop the two in parallel. We also need to consider
what Buss, Echterhoff, and Willett call generalized homomorphisms ¢ : A — M (B),
which are allowed to be degenerate. Perhaps surprisingly, in the noncommutative
crossed-product duality literature, the nondegenerate categories are used almost
exclusively; here we will devote more attention to developing the tools we need for
the classical categories.

Warning: in this paper we will slightly modify some of the notation from
[Kaliszewski et al. 2016a]: given a coaction (A, §), recall from [Echterhoff et al.
2004] that § is called maximal if the canonical map ®: Ax ;G x3G — AQK(L?*(G))
is an isomorphism. Recall also that an arbitrary (A, §) has a maximalization, which
is a maximal coaction (A™, §"") and a §" — § equivariant surjection, which we will

m

write as ¥4 : A™ — A, rather than ¢’j', having the property that
YarNG:A" xgn G —> AxsG

is an isomorphism. On the nondegenerate category of coactions, Fischer proves
that ¥4 gives a natural transformation from maximalization to the identity functor;
in [Kaliszewski et al. 2016a] we stated this for the classical category, and we will
make this more precise in Theorem 3.9.
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On the other hand, we will use the same notation as in [Kaliszewski et al. 2016a]
for the surjections A4 : A — A" giving a natural transformation from the identity
functor to the normalization functor (A, §) — (A", §") (for both the classical and
the nondegenerate categories).

Given a coaction (A, §), we call a C*-subalgebra B of M (A) strongly §-invariant if

span{é(B)(1® C*(G))} = B® C*(G),

in which case, by [Quigg 1994, Lemma 1.6], § restricts to a coaction §p on B. If
[ is a strongly §-invariant ideal of A, then by [Nilsen 1999, Propositions 2.1 and
2.2, Theorem 2.3] (see also [Landstad et al. 1987, Proposition 4.8]), I x5, G can
be naturally identified with an ideal of A x5 G, and § descends to a coaction §” on
A/I in such a manner that

0=>1Ix5,G—>Ax;G— (A/]) ¥ G—0
is a short exact sequence in the classical category of C*-algebras.

Remark 2.2. Given a coaction (A, §) and an ideal I/ of A, the existence of a
coaction 8’ on the quotient A/I such that the quotient map A — A/l is § — 8!
equivariant is a weaker condition than the above strong invariance, and when it is
satisfied we say that § descends to a coaction on A/1.

The Fischer construction. For convenient reference we record the following rough
outline of Fischer’s construction of the maximalization of a coaction (A, §) [Fischer
2004, Section 6] (see also [Kaliszewski et al. 2016¢; 2017]). First of all, letting
denote the algebra of compact operators on a separable infinite-dimensional Hilbert
space, a K-algebra is a pair (A, t), where A is a C*-algebra and ¢ : L — M(A) is a
nondegenerate homomorphism. Given a K-algebra (A, ), the A-relative commutant
of K is
CA,0):={me M(A) :muk)=u(kyme A forall k € K}.
The canonical isomorphism 6, : C(A, 1) ® K —=> A is determined by
Os(a ®@k) =ai(k)

fora e C(A, 1), k € K (see [Fischer 2004, Remark 3.1; Kaliszewski et al. 2016c,
Proposition 3.4]). If (B, j) is another K-algebra and ¢ : A — M(B) is a nonde-
generate homomorphism such that ¢ ot = j, then there is a unique nondegenerate
homomorphism C(¢) : C(A, 1) > M(C(B, j)) making the diagram

A ¢ M(B)

J I

C(A’L)®KWM(C(B, J)®’C)

commute.
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A K-coaction is a triple (A, 8, t), where (A, §) is a coaction and (A, ¢) is a K-
algebra such that ot =1®1. If (A, §, ¢) is a K-coaction, then the relative commutant
C(A, ) is strongly §-invariant, and the restricted coaction C(§) =8¢ a,,) 1S maximal
if § is, and 6,4 is (C(§) ®, id) — § equivariant [Kaliszewski et al. 2017, Lemma 3.2].

An equivariant action is a triple (A, «, ), where (A, «) is an action of G and
u: Co(G) — M(A) is a nondegenerate rt —¢ equivariant homomorphism, and
where, in turn, rt is the action of G on Cy(G) given by rty(f)(¢) = f(ts).

A cocycle for a coaction (A, §) is a unitary element U € M (A® C*(G)) such that

(id®3c)(U)=(U®1)(®id)(U) and AdUoS(A)(1RQC*(G)) CARC*(G).

Then AdU o § is a coaction on A, and is Morita equivalent to §, and hence is
maximal if and only if § is. If U is a é-cocycle, (B, €) is another coaction, and
¢: A— M(B) is anondegenerate § —e equivariant homomorphism, then (¢ ®id) (U)
is an e-cocycle and ¢ is AdU o § — Ad(¢ ®1d)(U) o € equivariant.

Given an equivariant action (A, «, ), the unitary element

Vai=((iaop) ®id)(weg)

is an @-cocycle, and we write @ = Ad V4 o&. Then (A X, G, &, i X G) is a maximal
K-coaction [Kaliszewski et al. 2017, Lemma 3.1].
Now, if (A, §) is a coaction, then (A X5 G, §, jg) is an equivariant action, so

(A5G x5 G, 3, jo % G)
is a KC-coaction, and hence
(A™,8™) := (C(A %5 G %13 G, jg % G), C(3))
is a maximal coaction. Letting

®A2A>45G>48G—>A®K

be the canonical surjection, which is 5 — (8 ®+1d) equivariant, Fischer proves that
there is a unique 6™ — § equivariant surjective homomorphism ¥4 : A — A such
that the diagram

AxsGx;G

QW &

m
A" QR K i AQK

commutes, and moreover {4 : (A", §") — (A, §) is a maximalization of (A, §).
Fischer goes on to prove that maximalization is a functor on the nondegenerate
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category of coactions, by showing that if ¢ : A — M (B) is a nondegenerate § — €
equivariant homomorphism then there is a unique homomorphism

¢ A" — M(B™)
making the diagram

A>45G><I(§G

Am
K Ya®id
L/MGXG

" ®id M(B X G x:G) #®id

~ Dp
OBxcGx ;G

M(B™ ® K) Y®id M(BQK)

ARQK

commute. Consequently, the diagram

am — " MM

S

A — M(B)
also commutes, and ¢™ is nondegenerate and 6™ — €™ equivariant.

Coaction functors. A functor t : (A, §) — (A%, §%), ¢ — ¢ on the classical
category of coactions is a coaction functor if it fits into a commutative diagram

(A™, &™)
N
2-1) (A, $) (A%, 8Y)
k AY
(A", ")

of surjective natural transformations. In [Kaliszewski et al. 2016a, Lemma 4.3], we
proved that the existence of the natural transformation A® is automatic, provided
we insist that ker g} C ker A o v4.

We observed in [Kaliszewski et al. 2016a, Example 4.2] that maximalization,
normalization, and the identity functor are all coaction functors.
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Given two coaction functors T and o, we say o is smaller than t, written o < 7,
if there is a natural transformation I'*? fitting into commutative diagrams

(A™,8™)
q% a3
roe
(A%, 8%) (A%,687)
A A7
(A", 8")

in other words, kerg} C kerq{. In [Kaliszewski et al. 2016a, Theorem 4.9], we
proved that every nonempty family 7 of coaction functors has a greatest lower
bound glb T, characterized by

eb7 — Spankerg®.

teT

ker g

A coaction functor 7 is exact [Kaliszewski et al. 2016a, Definition 4.10] if for
every short exact sequence

0— (I, y) % (4,8) L (B,e) > 0
in the classical category of coactions the image
0— (1%, y") 25 (A7, 69 L5 (BT, €") > 0

under 7 is also exact. Maximalization is exact, see [Kaliszewski et al. 2016a,
Theorem 4.11].

A coaction functor t is Morita compatible (as defined in [Kaliszewski et al. 2016a,
Definition 4.16]) if for every (A, §) — (B, €) imprimitivity-bimodule coaction (X, ¢),
with associated (A", §™) — (B™, €™) imprimitivity-bimodule coaction (X", ™),
the Rieffel correspondence of ideals satisfies

kergy = X"-Indkerqyp,

equivalently there are an A*— B* imprimitivity bimodule X* and a surjective g, —q
compatible imprimitivity-bimodule homomorphism g3 : X" — X* [Kaliszewski
et al. 2016a, Lemma 4.19]. Trivially, maximalization is Morita compatible, and
routine linking-algebra techniques show that the identity functor is Morita com-
patible [Kaliszewski et al. 2016a, Lemma 4.21]. In [Kaliszewski et al. 2016a,
Theorem 4.22], we proved that the greatest lower bound of the family of all exact
and Morita compatible coaction functors is itself exact and Morita compatible. It is
easy to check that the arguments can be used to prove the following more precise
statement:
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Proposition 2.3. Let T be a nonempty family of coaction functors. If every functor
in T is exact, then so is glb T, and if every functor in T is Morita compatible then
soisglbT.

In particular, there are both a smallest exact coaction functor and a smallest
Morita compatible coaction functor.

Every coaction functor 7 determines a crossed-product functor CP* on actions
by composing with the full-crossed-product functor (A, @) — (A x4 G, &). If
T is exact or Morita compatible then so is CP?, and if T < o then CP* < CP°.
However, if 7 is a nonempty family of coaction functors, and S = {CP* : 7 € T} is
the associated family of crossed-product functors, with respective greatest lower
bounds glb S and glb T, then

CpP7 < olb S,

but we do not know whether this is always an equality. In particular (see [Kaliszewski
et al. 2016a, Question 4.25]), we do not know whether the smallest exact and Morita
compatible crossed-product functor is naturally isomorphic to the composition with
the full crossed product of the smallest exact and Morita compatible coaction functor.

A coaction functor t is decreasing if there is a natural transformation QF fitting

into the embellishment
(A}’ﬂ’ 8)71)

y &
Q4
A

(A,9) (A7, 8Y)

(A", 8")

of the diagram (2-1), equivalently 7 < id (the identity functor). This property
tends to simplify considerations of various properties of coaction functors, mainly
by replacing ¢g* by QF. For example, a decreasing coaction functor 7 is Morita
compatible if and only if whenever (X, ¢) is an (A, §) — (B, €) imprimitivity-
bimodule coaction, there are an A* — BT imprimitivity bimodule X* and a Q% — Q}
compatible imprimitivity-bimodule homomorphism Q5% : X — X [Kaliszewski
et al. 2016a, Proposition 5.5].

The most studied decreasing coaction functors are those determined by large
ideals of the Fourier-Stieltjes algebra B(G), i.e., nonzero G-invariant weak* closed
ideals E of B(G). The preannihilator *E is an ideal of C*(G), and, denoting the
quotient map by

qe : C*(G) - C3(G) := C*(G)/E,
for any coaction (A, §) we let

AF = A/ker((id ®qg) 0 8).
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Then § descends to a coaction 8% on the quotient AZ, and the assignments (A, §) >
(AE, §F) determine a decreasing coaction functor 7. We write

0F =07 : A — AL,

The maximalization functor is not decreasing, so is not of the form 7z for any
large ideal E. Moreover, [Kaliszewski et al. 2016b, Example 3.16] gives an example
of a decreasing coaction functor t such that for every large ideal E the restrictions
of 7 and 7 to the subcategory of maximal coactions are not naturally isomorphic;
in particular, 7 is not itself of the form 7.

We call the large ideal E exact if the coaction functor g is exact. It is quite
frustrating that so far we have few exact large ideals; for arbitrary G we only know
of one exact large ideal, namely B(G), and tp(c) is the identity functor. If the group
G is exact, then it seems plausible — although we have not checked this — that
B, (G) is also an exact large ideal, and would obviously be the smallest one. The
frustrating thing is that for arbitrary G we do not know whether there is a smallest
exact large ideal E. On the other hand, for every large ideal E the coaction functor
T is Morita compatible [Kaliszewski et al. 2016a, Proposition 6.10]. We do not
know whether the intersection of all exact large ideals is exact; the best we can say
for now is that the set of all exact large ideals is closed under finite intersections
[Kaliszewski et al. 2016b, Theorem 3.2]. In a similar vein, if F is a collection of
large ideals, with intersection F, we do not know whether 7 is the greatest lower
bound of {tz : E € F}.

A coaction functor t has the ideal property [Kaliszewski et al. 2016b, Defini-
tion 3.10] if for every coaction (A, §) and every strongly §-invariant ideal / of A,
letting ¢ : [ < A denote the inclusion map, the induced map ¢* : I* — A" is injective.
For every large ideal E, the coaction tg has the ideal property [Kaliszewski et al.
2016b, Lemma 3.11]. We do not know an example of a decreasing coaction functor
that is Morita compatible and does not have the ideal property (see [Kaliszewski
et al. 2016b, Remark 3.12]).

3. Maximalization of degenerate homomorphisms

Our main objects of study are coaction functors, which involve maximalization
of coactions. We will need to maximalize possibly degenerate homomorphisms.
Maximalization can be characterized by a universal property (see [Fischer 2004,
Lemma 6.2] for nondegenerate morphisms, and [Kaliszewski et al. 2016a] for the
classical case), but this does not seem well-suited to handling possibly degenerate
homomorphisms. Instead, we rely upon the Fischer construction, which involves
three steps: first form the crossed product by the coaction, then the crossed prod-
uct by the dual action, and finally destabilize, which roughly means extract A
from A ® K.
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Our strategy for maximalizing possibly degenerate homomorphisms is to do it
for each of the three steps in the Fischer construction, then combine. The steps are
Lemmas 3.1, 3.7, and 3.8, which will be combined in Theorem 3.9.

Lemma 3.1. Let (A, §) and (B, €) be coactions, and let ¢ : A — M(B) be a
possibly degenerate 5 — € equivariant homomorphism. Then there is a unique
homomorphism

PdXNG:AXsG—> M(Bx:G)

such that
(B-1) ($xG)(ja(@)j&(9))=jsod(a)j&(g) forall acA, geCe(G)CC*(G).

Moreover, ¢ X G is nondegenerate if ¢ is, and is §—¢ equivariant, and if p(A) C B
then
(p X G)(A x5G) C B xG.

Finally, given a third action (C, y) and a possibly degenerate € — y equivariant
homomorphism v : B — M (C), if either ¢ (A) C B or  is nondegenerate then

(¥ % G)o(@xG)=(Yod)xG.
Proof. The first part is [Echterhoff et al. 2006, Lemma A.46], and the other
statements follow from direct calculation. |

For the next step, we need some ancillary lemmas. Lemmas 3.2-3.4 are com-
pletely routine— we record them for convenient reference. Lemmas 3.5-3.6 are
included to prepare for Lemma 3.7.

Lemma 3.2. Let B be a C*-algebra, and let D and E be C*-subalgebras of M (B).
Suppose that
span{ED} =D,

so that also span{D E} = D. Then there is a unique homomorphism p : E — M (D)
such that
p(m)d=md forall me E,deD,

and moreover p is nondegenerate.

Lemma 3.3. Let D, B, F be C*-algebras, with D C M(B), and letv: F — M(B)
be a nondegenerate homomorphism. Suppose that span{v(F)D}=D. Let E =v(F).
Let p : E — M(D) be the homomorphism from Lemma 3.2. Then

T:=pov:F — M(D)
is the unique nondegenerate homomorphism satisfying

(3-2) v(fYd=1t(f)d forall feF,deD.
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Lemma 3.4. Keep the notation from Lemma 3.3, and let C be another C*-algebra.
Let w € M(F ® C). Define

U=0Qidw) eM(EQC)CMBRC),
W=(r®id)(w) e M(D®C).

Then
W=(p®id)(U),

and ~
Wm=Um forall me M(DQC).

Let D, B, and C be C*-algebras, with D C M(B). Leto : D — M(B) be
the inclusion map. Then, by [Echterhoff et al. 2006, Proposition A.6], o ® id :
D ® C — M (B ® C) extends canonically to an injective homomorphism,

c®id: M(D®C)—> M(B®C),

that is continuous from the C-strict topology to the strict topology, and we frequently
identify M (D ® C) with its image in M(B ® C).

Lemma 3.5. Keep the notation from the Lemmas 3.2-3.4, and let F = Cy(G),
C = C*(G), and w = wg. Also let € be a coaction of G on B. Suppose that D
is strongly e-invariant, and let { = €p. Suppose that U := (v ® id)(wg) is an
e-cocycle,and W := (1 ® id)(w¢) is a ¢-cocycle. Define

& =AdUoe and ¢:=AdWo(.
Then D is also strongly &-invariant, and ¢ = &p.
Proof. For d € D, we have
€(d)=AdU oce(d)

=AdUot¢(d) (since £ = €p)

=AdWo¢(d) (by Lemma 3.4)

= ().
Since  is a coaction of G on D, we conclude that D is strongly é-invariant. O

Lemma 3.6. Let (A, §) and (B, €) be coactions, and let ¢ : A — M(B) be a
possibly degenerate § — € equivariant homomorphism. Let i : Co(G) — M (A) and
v : Co(G) — M(B) be nondegenerate homomorphisms, and assume that

¢(an(f)) =¢@v(f) forall aeA, feCo(G).
Define
V=ueid)(ws) e M(A®C*(G)) and U= (v®id)(ws) € M(BRC*(G)).
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Suppose that V is a §-cocycle and U is an €-cocycle. Define
§=AdVos and Eé=AdUoec.

Then ¢ is also § — € equivariant.

Proof. Define D = ¢ (A). Then there is a unique coaction { of G on D such that the
surjection ¢ : A — D is § — ¢ equivariant. It follows that D is strongly e-invariant.

Moreover, { = €p, since for all d € D we can choose a € A such that d = ¢ (a),
and then, regarding M (D ® C*(G)) as a subset of M (B ® C*(G)),

{d)=¢0¢(d)=(p®id)od(a)
=cop(a)=€(d).
The canonical extension ¢ : M(A) — M (D) takes p to the unique nondegenerate
homomorphism t : Co(G) — M (D) satisfying (3-2) with F = Co(G), and the
unitary
W :=(¢pQid)(V) = (r ®id)(wg)

is a ¢-cocycle. The hypotheses imply that v(Co(G))D = D. Thus we can apply
Lemma 3.5: the right-front rectangle (involving D and M (B)) of the diagram

M(B)

é

¢
- Peid
M(A® C*(G)) M(B® C*(G))
m /
M(D ® C*(G))

commutes, and the left-front rectangle (involving A and D) commutes by naturality
of cocycles, and therefore the rear rectangle (involving A and M (B)) commutes,
giving 8 — & equivariance of ¢. ([

We are now ready for the second step of the Fischer construction for possibly
degenerate homomorphisms:

Lemma 3.7. Let (A, o, ) and (B, B, v) be equivariant actions, and ¢ : A — M (B)
be a possibly degenerate o — B equivariant homomorphism such that

blan(f)) =¢(@v(f) forall ae A, feCo(G).
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Then there is a unique ( possibly degenerate) homomorphism

PXG:AXyG—> M(B xgG)
such that

(3-3) (¢ % G)(ia(@)ig(c)) =ip o¢(a)i§(c) forall aec A, ce C*G).
Moreover, ¢ x G is nondegenerate if ¢ is, and is & — p equivariant, and
(3-4) (@ xG)(c(uxG)(k))=(pXG)()(vxG)(k) forall ceAx,G, kek.
Also, if p(A) C B then

(¢ X G)(AxyG)C BxgG.

Finally, given a third action (C, y) and a possibly degenerate  — y equivariant
homomorphism v : B — M (C), if either ¢ (A) C B or  is nondegenerate then

(Y xG)o(@xG)=(yop)xG.

Proof. The first statement, up to and including (3-3), is [Echterhoff et al. 2006,
Remark A.8(4)], the preservation of nondegeneracy is well known, and the last part,
starting with “Also”, follows from direct calculation. We must verify the & — f8
equivariance and (3-4). We first claim that for all c € A x4 G, d € C*(G), a € A,

and f € Co(G) we have

(3-5) (¢ % G)(ci&(d)) = (¢ % G)(©)if(d)
(3-6) (@ % G)(cia(@) = (¢ x G)(c)ipop(a)
(3-7) (@ x G)(ciaou(f)) =@ xG)(cigov(f).

Equations (3-5) and (3-6) follow by first replacing ¢ by appropriately chosen
generators, and to see (3-7) we use nondegeneracy of i 4 and the Cohen factorization
theorem to write

c=clig(b) forc’ e Ax,G,beA,

and then compute

(@3 G)(ciaon(f) =@ xG)(c ia()iaon(f))
= (¢ x G)(c'ia(b(f)))
= (¢ x G)(igop(bu(f))
= (@ x G)(ig@D)v(/))
= (¢ x G)(Nip(p(b)ip(v(f))
= (¢ x G)(c'ia())ig(v(f))
= (@ 2 G)(o)ipov(f).
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Combining (3-7) with the other hypotheses, we can apply Lemma 3.6 to conclude
that ¢ x G is @ — B equivariant.
For (3-4), it suffices to consider a generator

k=icyc)(ig(d) for f € Co(G),d € C*(G),
and then compute
(@ % G)(c(u x G)(K)) = (¢ x G)(cia 0 u()i&(d))
= (¢ G)(ciaon(f))igd)  (by (3-5)
= (¢ X G)(Qigov(fikd)  (by (3-7)
=(p xG)(c)(v xG)(k). O

Finally, we are ready for the third step of the Fischer construction for possibly
degenerate homomorphisms:

Lemma 3.8. Let (A, 8, ) and (B, €, j) be K-coactions, and let ¢ : A — M (B) be
a possibly degenerate 6 — € equivariant homomorphism such that

plark))=¢(a)jk) forall ac A, kekK.

Then there is a unique ( possibly degenerate) homomorphism,

C(¢):C(A, 1) > M(C(B, ),
making the diagram

CANRK —2 A

(3-8) C(¢)®idl l(b

M(C(B.))®K) —— M(B)
commute. Moreover, C(¢) is nondegenerate if ¢ is, and is C(§) — C(€) equivari-
ant. Also, if (A) C B then C(¢)(C(A,v)) C C(B, j). Finally, given a third
K-coaction (C, ¢, w) and a possibly degenerate € — ¢ equivariant homomorphism
Y B — M(C) satisfying ¥ (bj(k)) = v (b)w (k) for all b € B and k € K, if either
¢ (A) C B or  is nondegenerate then
(3-9) CW)oC(p) =C(Yog).

Proof. By [Deaconu et al. 2012, Lemma A.5], ¢ extends uniquely to a homomor-
phism B
¢ : My (A) - M(B)

that is continuous from the C-strict topology to the strict topology. Since C(A, t) C
My (A), we can define B
C(@) =dlcay-
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We will show that the diagram (3-8) commutes, and then the uniqueness will be
obvious. Form € C(A, () and k € K we have

05 0 (C(¢) ®id)(m @ k) = 05 ($(m) @ k)
= ¢(m) (k)
= ¢ (mu(k))
=¢obs(m®k),
where the equality at * follows from K-strict to strict continuity. The preservation
of nondegeneracy is proven in [Kaliszewski et al. 2016¢, Theorem 4.4], and follows
from a routine approximate-identity argument.

For the equivariance, let f € B(G), m € C(A, ), and k € K. Since C(A, ¢) is a
B(G)-submodule of M(A), we can compute as follows:

C@)(f -m)j (k) =(f -m)j (k) (since C(¢) = Plc(an)
=¢((f -m)u(k)) (by [Deaconu et al. 2012, Lemma A.5])
=¢(f - (mu(k))) (since Sot=1®1)
= f-¢(muk)) (by Proposition 2.1)
= f-(p(m)j (k)
= f - (¢(m)); (k)
= f-(C(@)(m)) k).
Thus C(¢)(f -m) = f-C(¢)(m) since j : K — M (B) is nondegenerate, and hence

¢ is equivariant by Proposition 2.1.
Now suppose that ¢ (A) C B. Then for all m € C(A, ¢) and k € K we have

C(¢)(m) (k) = p(m) (k)
= ¢ (m(k)) = ¢ (t(k)m)
= J()p(m) = j (k) C($)(m),

which is an element of B since mt(k) € A.

The final statement, regarding composition, seems to not be recorded in the
literature, so we give the proof here. First suppose that ¢ (A) C B. Then by
[Deaconu et al. 2012, Lemma A.5] the extension ¢ maps My (A) into My (B) and
is continuous for the KC-strict topologies. Also, 1,_0 : My (B) — M(C) is continuous
from the K-strict topology to the strict topology. Let {a;} be a net in A converging
KC-strictly to m € M (A). Then ¢ (a;) — d(m) IC-strictly in M (B), and so

Y (¢(a)) — Y (@(m)) strictly in M(C).
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On the other hand, the composition

Vo : Mi(A) — M(C)
is continuous from the C-strict topology to the strict topology, so

Vop(ai) = Y op(m).
Since V¥ (¢ (a;)) = (Y o @) (a;) for all i, we conclude that

Vop(m) =y o(m).
Since C(¢) and C () are the restrictions to the relative commutants C (A, ¢) and
C(B, ), respectively, we get C (¥ o @) = C(¢¥r) o C(¢).

For the other case, where 1 is nondegenerate, we use the canonical extension of i
to M (B) to compose, getting a § — ¢ equivariant homomorphism ¥y o¢: A — M (C)
such that
(Y o) (at(k)) = (Y op)(@)w(k) forall aeA, kek,

so that C( o ¢) makes sense. Since C(¢) is computed by restricting the canonical
extension ¢ : Mic(A) — M(B), and similarly for C (¢ o ¢), and since we can
compute the extension of i on all of M (B), (3-9) follows. [l

We are now ready to maximalize possibly degenerate homomorphisms:

Theorem 3.9. Let (A, 8) and (B, €) be coactions, and let ¢ : A — M(B) be a
possibly degenerate 6 — € equivariant homomorphism. Then there is a unique
(possibly degenerate) homomorphism ¢™ : A™ — M (B™) making the diagram

AxsG A3 G
m
A ?IC Ya®id A®K
(3_10) | lq)xGxG
I
" ®id | M(B X G % G) P®id
: ~ Dp
4 OBxcGx,G
m
M(B" ®K) Vs®id M(B®K)

commute, where s : (A™,§) — (A, ) is the maximalization (and similarly
for Yrg). Moreover, " is nondegenerate if ¢ is, the diagram

Aam — " pm

(3-11) lﬁAl J‘/’B

ATM(B)
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also commutes, and ¢™ is 8" — €™ equivariant. Further, if $(A) C B then
@™ (A™) C B™. Finally, given a third coaction (C, {) and a possibly degenerate
€ — ¢ equivariant homomorphism w : B — M(C), if either ¢ (A) C B or 7 is
nondegenerate then

mTo)" =a" 0"

Proof. The right-rear rectangle in the diagram (3-10) (involving A X G x G and
A ® K) commutes by direct computation.
Now, (A5G, 3, jg) and (B .G, €, J¢;) are equivariant actions. By Lemma 3.1,
the homomorphism
PdXG:AXsG—> M(B x:G)

isd—¢ equivariant and satisfies
(¢ % G) (/o) = @ X G)e)jG(f) forall ceAx; G, feCo(G).
Thus, by Lemma 3.7 the homomorphism
PHNGHNG:AXsG N3G —> M(B X G % G)
is § — & equivariant and satisfies
(¢ % G % G)(c(jé 1 GY(K) = (¢ % G x G)(©)(j§ % G)(k)

for all c € A x5 G %3 G and k € K. Furthermore, (A x5 G x; G, 5, jg x G) and
(BxcGx:G, €, j&xG) are K-coactions. Thus, by Lemma 3.8 the homomorphism

C(@xGxG):C(AxsG x;G, j&xG)— M(C(B %G %G, j& xG))

makes the diagram

0 .
A><1(;G><BG

C(AxsG %3G, joéxG) QK AxsGx;G

C(¢><16><1G)®idl J/¢><G><1G

M(C(B %G %z G, j& % G)®K) ————— M(B % G x; G)

BXeGXpG

commute. Since
Am = C(A As G NS G, iA><15G Ojg)7

by Lemma 3.8 we can define
" =C(p %G xG),

which is then the unique homomorphism making the left-rear rectangle in the
diagram (3-10) (involving A” ® K and A x G x G) commute. The preservation
of nondegeneracy follows immediately from the corresponding properties of the
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functors whose composition is ¢ +— ¢™. Then the front rectangle (involving
A" ® K and A ® K) commutes, and hence so does the diagram (3-11). Moreover,
since 6" = C(§) and €™ = C(¢), by Lemma 3.8 again we see that ¢ is §™ — €™
equivariant.

For the final statement, involving composition, suppose that we have C, ¢, and 7.
We consider the two cases separately: first of all, assume that ¢ (A) C B. Then
from Lemma 3.1 we conclude that the equivariant actions

and the homomorphisms
¢xG:AxsG— Bx.G,
7XG:Bx.G—> M(C x;G)

satisfy the hypotheses of Lemma 3.7. Thus, Lemma 3.7 now tells us that the
KC-coactions

(AxsGx;G,38, jExG),
(BxeGx:GLéE, jixG),
(Cx; GG, L, js%G)
and the homomorphisms
PHGXNG:AXsGX5G—> Bx:G X G,
nxGxG:BxEGngaM(Cx;GNEG)

satisfy the hypotheses of Lemma 3.8, and hence, by construction of the maximal-
izations 8™, €™, ™ of §, €, ¢, we get

a" o™ = (mop)".
On the other hand, if we assume that 7 is nondegenerate instead of ¢(A) C B, the

argument proceeds similarly, except we keep tacitly using the canonical extension
to multiplier algebras of any homomorphism constructed from . (]

Remark 3.10. Theorem 3.9 gives a precise justification that the assignments
(A,8) — (A", 8"),
¢ —> 9"

define a functor on the classical category of coactions.
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4. Generalized homomorphisms

Definition 4.1. We say that a coaction functor t is functorial for generalized
homomorphisms if whenever (A, §) and (B, €) are coactions and ¢ : A — M(B)
is a possibly degenerate 6 — € equivariant homomorphism there is a (necessarily
unique) possibly degenerate homomorphism ¢* making the following diagram
commute:

am — " M

4-1) q;l lqlﬂ

AT = =~ = 5 M(BY)

Note that the existence of the homomorphism ¢™ is guaranteed by Theorem 3.9.
If ¢° is only presumed to exist when ¢ is nondegenerate, then we say that t is
functorial for nondegenerate homomorphisms. Note that if T is functorial for gener-
alized homomorphisms, it automatically sends nondegenerate homomorphisms to
nondegenerate homomorphisms. This follows immediately from the corresponding
property for the maximalization functor A +— A™.

Remark 4.2. Let t be a coaction functor, and let CP* be the associated crossed-
product functor for actions, given by full crossed product followed by . If 7 is
functorial for generalized homomorphisms, then CP® is also functorial for gener-
alized homomorphisms in the sense of Buss et al. — see the paragraph following
Definition 3.1 in [BEW].

Thus, a coaction functor 7 is functorial for generalized homomorphisms if and
only if for every possibly degenerate § —e equivariant homomorphism ¢ : A — M (B)
we have

kergy C kergpo¢™,
and similarly for nondegenerate functoriality.

Example 4.3. The maximalization functor is functorial for generalized homomor-
phisms, by Theorem 3.9. Thus the identity functor id is functorial for generalized
homomorphisms, since we can take qi{i =4 and ¢'9 = ¢.

Remark 4.4. Suppose that t is functorial for generalized homomorphisms, and
that ¢ : A — B is § — € equivariant. Then the map ¢* vouchsafed by Definition 4.1
agrees with the one that we get by the assumption that 7 is a coaction functor. In
particular, if ¢ : A < M (A) is the canonical embedding then (* coincides with the
canonical embedding AT < M(A").

Lemma 4.5. Let t be a coaction functor that is functorial for generalized homo-
morphisms, let (A, ), (B, €), and (C, ) be coactions, and let ¢ : A — M(B)
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and W : B — M (C) be possibly degenerate equivariant homomorphisms. If either
¢ (A) C B or { is nondegenerate, then (Y o )" = % o p.
Proof. First assume that ¢(A) C B. Then v o¢p : A — M(C) is § — ¢ equivariant.

Consider the following diagram:
¢m

A B™
m‘ %
44 M(C™) qp
T qé
T ¢ T
M /
M(CY)

The top triangle commutes by Theorem 3.9. The rear, right-front, and left-front
rectangles commute since 7 is functorial for generalized homomorphisms. Since
the left vertical arrow g is surjective, it follows that the bottom triangle commutes,
as desired.

On the other hand, assume that i is nondegenerate. Then again we have a § — ¢
equivariant homomorphism ¥ o ¢ (extending ¥ canonically to M (B)), the above
diagram becomes

a4 M(C™) a5
ac
T ¢T T
A M(B")
m ‘/
M(CY)
and the argument proceeds as in the first part. ([

Essentially the same techniques as in the above proof can be used to verify the
following:

Lemma 4.6. Let T be a coaction functor that is functorial for nondegenerate
homomorphisms, let (A, §), (B, €), and (C, ¢) be coactions, and let ¢ : A — M(B)
and W : B — M(C) be possibly degenerate equivariant homomorphisms. If ¥ is
nondegenerate, and if either ¢ (A) C B or ¢ is nondegenerate, then (Y o )" =
YT o@'. In particular, every coaction functor that is functorial for nondegenerate
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homomorphisms in the sense of Definition 4.1 is also a functor on the nondegenerate
category of coactions.

As usual, things are simpler for decreasing coaction functors:

Lemma4.7. A decreasing coaction functor t is functorial for generalized homomor-
phisms if and only if whenever (A, §) and (B, €) are coactions and ¢ : A — M(B)
is a possibly degenerate § — € equivariant homomorphism there is a (necessarily
unique) possibly degenerate homomorphism ¢* making the diagram

A— M

(4-2) Q;l l%

AT == = =3 M(B")

commute. If ¢ is only presumed to exist when ¢ is nondegenerate, then t is
Jfunctorial for nondegenerate homomorphisms.

Proof. The above diagram fits into a bigger one:

Am va A
a4 o5
¢m AT ¢
|
(4_3) w : ¢r
M(B™) ——= M(B)
|
\ |
qp 1 0%
M(BY)

The top and bottom triangles commute since t is a decreasing coaction functor.
The rear rectangle commutes since the identity functor is functorial for generalized
homomorphisms. If there is a homomorphism ¢* making the left-front rectangle
commute, then the right-front rectangle also commutes since ¥4 is surjective.
Conversely, if there is a homomorphism ¢* making the diagram (4-2) commute,
then the right-front rectangle in the diagram (4-3) commutes, and hence so does
the left-front rectangle. (]

Thus, a decreasing coaction functor t is functorial for generalized homomor-
phisms if and only if for every possibly degenerate § — € equivariant homomorphism
¢ :A— M(B) we have

ker Q7 C ker Qp 0 ¢.
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Example 4.8. We apply Lemma 4.7 to show that for every large ideal E of B(G),
the coaction functor 7 is functorial for generalized homomorphisms. Let ¢ :
A — M (B) be a § — € equivariant homomorphism, and let

ackerQf ={beA:E-a=/{0}).
Then for all f € E we have

f-9@=9¢(f-a) (by equivariance)
= 0’

so a € ker Qg o ¢. In particular, the identity functor and the normalization functor
are functorial for generalized homomorphisms. For the identity functor this fact
was already noted in Example 4.3.

The ideal property. A coaction functor t has the ideal property [Kaliszewski et al.
2016b, Definition 3.10] if for every coaction (A, §) and every strongly invariant
ideal I of A, letting ¢ : I — A denote the inclusion map, the induced map

(F 1" — AT
is injective.
Example 4.9. The identity functor trivially has the ideal property.

Example 4.10. Every exact coaction functor has the ideal property, and hence by
[Kaliszewski et al. 2016a, Theorem 4.11] maximalization has the ideal property.
However, normalization has the ideal property, but is not exact unless G is, since by
[Kaliszewski et al. 2016a, Proposition 4.24] the composition of an exact coaction
functor with the full-crossed-product functor is an exact crossed-product functor,
and the composition of normalization with the full-crossed-product functor is the
reduced crossed product, which is not an exact crossed-product functor unless G is
an exact group.

Remark 4.11. If a coaction functor t has the ideal property, then the associated
crossed-product functor for actions has the ideal property in the sense of [BEW,
Definition 3.2], since the full-crossed-product functor is exact [Green 1978, Propo-
sition 12]. For crossed-product functors, [BEW, Lemma 3.3] includes the fact that
functoriality for generalized homomorphisms and the ideal property are equivalent.
In the following proposition we show that part of this carries over to coaction
functors. However, our naive attempts to adapt the argument from [BEW] to show
that the ideal property implies functoriality for generalized homomorphisms seem
to require that if ¢ : A — M (B) is a § — € equivariant homomorphism then there
is a strongly e-invariant C*-subalgebra E of M (B) containing both B and ¢ (A),
which we have unfortunately been unable to prove.
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Proposition 4.12. If a coaction functor t is functorial for nondegenerate homomor-
phisms, in particular if T is functorial for generalized homomorphisms, then T has
the ideal property.

Proof. We adapt the proof from [BEW]: let (A, §) be a coaction and let I be a
strongly §-invariant ideal of A. Let ¢ : I < A be the inclusion map, lety: A — M (1)
be the canonical map, and let ¢ : I < M (I) be the canonical embedding. Note
that ¢ and y are nondegenerate equivariant homomorphisms, and ¢ is a classical
equivariant homomorphism. We have i o ¢ = ¢, so by Lemma 4.6 we also have
YT o@" =1. Since (" is the canonical embedding I* < M(I"), we conclude that
@7 is injective. O
Remark 4.13. By combining Example 4.8 with Proposition 4.12, we recover
[Kaliszewski et al. 2016b, Lemma 3.11]: for every large ideal E of B(G) the
coaction functor tg has the ideal property. In particular, the identity functor and
the normalization functor have the ideal property (and for the identity functor we
already noted this in Example 4.9).

Example 4.14. We adapt the techniques of [Kaliszewski et al. 2016b, Example 3.16]
(which was in turn adapted from the techniques of [Buss et al. 2014, Section 2.5
and Example 3.5]) to show that if G is nonamenable then there is a decreasing
coaction functor for G that does not have the ideal property, and hence is not exact,
and also, by Proposition 4.12, is not functorial for nondegenerate homomorphisms,
and a fortiori is not functorial for generalized homomorphisms. Let

R ={(C[0,1) ® C*(G),id ®35)}.

and for every coaction (A, §) let R4,s) be the collection of all triples (B, €, ¢),
where either (B,e¢) e R and ¢ : A — B is a § — € equivariant homomorphism or
(B,e)=(A",8") and ¢ : A — A" is the normalization map. Then let

B, e), )
<@(3,€,¢)€RA,5( €) @(3,6,(}5)67@\.56

be the direct-sum coaction. Define a nondegenerate § — P ¢ 4)cr, ,€ €quivariant
homomorphism

R _ .
Ox= @w,e,mem,ad) A= M(@w,e@)em.aB)’

and let AR = QZ}(A). Then there is a unique coaction 8 of G on A such that Q}
is 8 — 8™ equivariant. Moreover, for every morphism ¢ : (A, §) — (B, €) in the clas-
sical category of coactions there is a unique homomorphism ¢ making the diagram

(A.8) — 5 (B. )

| Jos

(AR, 8%) — — + (BR, ®)
¢



326 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

commute, giving a decreasing coaction functor t® with (A™?, §7R) = (A%, §%)
and ™R = ¢,

We will show that (assuming that G is nonamenable) the coaction functor v
does not have the ideal property. Consider the coaction

(A,8) = (C[0,1]1® C*(G), id ®d¢).

Then
I:=C[0,1)®C*(G)

is a strongly invariant ideal of A, because § restricts on / to the coaction
o8 = idc[(),l) ®d¢.

To see that Q7,z is faithful, note that R(; 5, contains the triple (/, §7, id). On the
other hand, to see that Q} is not faithful on 7, note that, since / has no nonzero
projections, there is no nonzero homomorphism from C[0, 1] to /, and hence no
nonzero homomorphism from A = C[0, 1]® C*(G) to I, and so the only morphism
in R(4,s) is the normalization map

id®A:C[0,11® C*(G) — CJ[0, 1] ®C;k(G),
which is not faithful on 7/ because G is nonamenable.

Proposition 4.15. Let T be a nonempty family of coaction functors. If every functor
in T is functorial for generalized homomorphisms, then so is glb T.

Proof. Let ¢ : A— M(B) be a § — € equivariant homomorphism. We must show
ker g% C ker(q% o¢™),
equivalently
4-4) ¢" (kerqy)B™ C kerqgy.
For each T € 7 we have
¢" (kergy)B™ C kerqp C kergg,
so by linearity

¢" (spanker g} ) B" = span @™ (ker ) B" C kerq§,
teT teT
and hence by density and continuity
¢" (spankerqj) B" C kerg§,.
TeT

By definition of greatest lower bound, we have verified (4-4). ]
Proposition 4.16. Let T be a nonempty family of coaction functors. If every functor
in T has the ideal property, then so does glb T.
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Proof. Let (A, §) be a coaction, let I be a strongly invariant ideal of A, and let
t: I — A denote the inclusion map. We must show that the induced map

017 > A°
is injective, equivalently
4-5) M(kergy) =1"(I") Nkerg$.
We know that for every T € 7 the map

(It AT

is injective. The computation justifying (4-5) is the same as part of the proof of
[Kaliszewski et al. 2016a, Theorem 4.22]:

(" (kergy)
= (" (spankergq; )
TeT

=span (" (kergq;)
teT

=Span (" (I"™) Nkerg}) (since T has the ideal property)
teT

=/"(I")Nspankergy  (since all spaces involved are ideals in C*-algebras)
TeT

=/"(I")Nkerq9. O

This might be an appropriate place to record a similar fact for decreasing coaction
functors:

Proposition 4.17. The greatest lower bound of any family of decreasing coaction
functors is itself decreasing.

Proof. We first point out a routine fact: if o and t are coaction functors, and if
o <t and 7 is decreasing, then o is decreasing. To see this, let (A, §) be a coaction.
Since o < 7,

kerg, C kergj.

Since 7 is decreasing,
keryra Ckergj.

Thus ker 4 C kerg, so o is decreasing.
Now let o be the greatest lower bound of 7. For every T € 7 we have 0 <t
and 7 is decreasing, so o is decreasing. (]
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5. Correspondence property

Given C*-algebras A and B, recall that an A — B correspondence is a Hilbert
B-module X equipped with a homomorphism ¢4 : A — L(X), inducing a left
A-module structure via ax = ¢4 (a)x. We sometimes write X = 4 X g to emphasize
A and B. If A = B we call X an A-correspondence.

The closed span of the inner product, written span{(X, X) g}, is an ideal of B, and
X is full if this ideal is dense. By the Cohen—Hewitt factorization theorem, the set
AX ={ax:a e A, x € X}is an A — B subcorrespondence, and X is nondegenerate
if AX =X.

If ¢ : A— M(B) is a homomorphism, the associated standard A — B correspon-
dence, denoted by 4 Bp, has left-module homomorphism ¢4 = ¢.

If X is an A — B correspondence and Y is a C — D correspondence, a corre-
spondence homomorphism from X to Y is a triple (7, ¥, p), where 7 : A — C
and p : B — D are homomorphisms and i : X — Y is a linear map such that
V(ax) = (@)Y (x), ¥(xb) =y (x)p(b), and (¥ (x), ¥ (y))p = p((x, y)p) (and
recall that the second property, involving xb, is automatic). If 7 and p are understood
we sometimes write i for the correspondence homomorphism. If 7, ¥, and p are
all bijections then v is a correspondence isomorphism, and we write X >~ Y. If
A=C, B=D, m =idy, and p =idp, we call { an A — B correspondence homo-
morphism, and an A — B correspondence isomorphism is an A — B correspondence
homomorphism that is also a correspondence isomorphism.

An A — B Hilbert bimodule is an A — B correspondence X equipped with a
left A-valued inner product 4 (-, -) that is compatible with the B-valued one. X is
left-full if span{4 (X, X)} = A; to avoid ambiguity we sometimes say X is right-full
if span{(X, X)p} = B. If X is both left- and right-full, it is an A — B imprimitivity
bimodule. We write X* for the reverse B — A Hilbert bimodule.” The linking
algebra of an A — B Hilbert bimodule X is L(X) = ( )?* g), but we frequently just
write (f: g ) because the lower-left corner takes care of itself. The linking algebra
of the reverse bimodule is L(X*) = (2 %'). The linking algebra of an A — B
correspondence X is defined as the linking algebra of the associated (left-full)
K(X) — B Hilbert bimodule.

Recall from [Echterhoff et al. 2006, Definition 1.7] that if X is an A — B
correspondence and / is an ideal of B, then X/ is an A — B subcorrespondence
of X, and the ideal

X-IndI =X-Indy I :={acA:aX C XI}

of A is said to be induced from I via X. If X ~ Y as A — B correspondences, then
X-Ind I = Y-Ind [ for every ideal I of B.

2Although the notation X is perhaps more common, it would conflict with another usage of ~ we
will need later.
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The quotient X/ X1 becomes an (A/X-Ind I) — (B/I) correspondence.
Let J =span{(X, X)p}. Then X is a nondegenerate right J-module and J is an

ideal of B, so
XI=XNHI=X{JDH=X{JI).

Thus X-Ind I = X-Ind(J 7). Moreover, X may also be regarded as an A — J corre-
spondence, and the quotient X/ X I may also be regarded as an (A/ X —Ind’,4 JI))—
(J/(J 1)) correspondence.

If I and J are ideals of B, and we regard J as a J — B correspondence with the
given algebraic operations, then

J-IndjI={aeJ:aJ CJI}=JI.

On the other hand, regarding B as a J — B correspondence with the given algebraic
operations, then, since BI = I, we nevertheless still get the same result:

B-IndjI={aeJ:aBCcl}=JNI=JI.

Given a homomorphism ¢ : A — M (B) and an ideal I of B, and regarding B
as the associated standard A — B correspondence (with left-module multiplication
givenby a-b =¢(a)b fora € A and b € B), then

B-IndgI={acA:¢(a)BCI)}

is sometimes denoted by ¢*(1).
Regarding A as a standard A — A correspondence, for every ideal / of A we
have A-Ind} I = 1.
If X is an A — B correspondence and Y is a B — C correspondence, we write
X ®p Y for the balanced tensor product, which is an A — C correspondence. Letting
K = K(X), X becomes a left-full K — B Hilbert bimodule, and
AXp >~ (aKk)®k (kYp).
Letting J = span{(X, X) g}, X becomes a full A — J correspondence, and
AXp > (aX))®y (;Bp).

By Rieffel’s induction in stages theorem, if X is an A — B correspondence, Y is a
B — C correspondence, and [ is an ideal of C, then

(X ®p Y)-Ind2 I = X-Indj Y-IndZ 1.
If X is an A — B imprimitivity bimodule then
X*®4 X ~ pBp,
so if I is an ideal of B, then

X*-Ind8 X-Ind} 1 = 1.
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Given actions o and 8 of G on A and B, respectively, and an o — 8 compatible
action y on X, we say (X, y) is an (A, o) — (B, B) correspondence action. The
crossed product X x,, G is an (A Xy G) — (B xg G) correspondence, and we let
ix : X - M(X %, G) denote the canonical iy — ip compatible correspondence
homomorphism. Writing (! for the induced action of G on K(X), there is a
canonical isomorphism

KX %, G) ~K(X) x,0 G,
and, blurring the distinction between these two isomorphic algebras, the left-module
homomorphism of the crossed-product correspondence is given by

OAx,G =PAX G AXy G — M(K(X) Xy, G).

In particular, if X is a left-full A — B Hilbert bimodule, then X x,, G is a left-full
(A X¢ G) — (B xg G) bimodule, and is moreover an imprimitivity bimodule if X is.

Let (X,y)bean (A,a)—(B, B) correspondence action, and let J =span{(X, X)z}.
Then J is a S-invariant ideal of B, and we write n for the action on J gotten by
restricting 8. As in [Echterhoff et al. 2006, Proposition 3.2],3

span(X x, G, X x,, G)Bxﬁg =J %G,

where the latter is identified with an ideal of B x4 G in the canonical way.

If (X, y)isan (A, o) — (B, B) Hilbert bimodule action (so that 4 (y,(x), ys(y)) =
a5 (4{x, y)) also), there are a canonical 8 — o compatible action y* on X* and a
canonical isomorphism

(X %, G)" = X" %= G.

Dually, given coactions 6 and € of G on A and B, respectively, and a § — €
compatible coaction ¢ on X, we say (X, ¢) is an (A, §) — (B, €) correspondence
coaction. The crossed product X X G is an (A xsG)— (B xG) correspondence, and
we let jx : X — M (X x; G) denote the canonical j4 — jp compatible correspondence
homomorphism. Writing ¢ () for the induced coaction of G on K(X), there is a
canonical isomorphism

K(X x¢ G) = K(X) ¥, G,
and, blurring the distinction between these two isomorphic algebras, the left-module
homomorphism of the crossed-product correspondence is given by

VaxsG =Pa NG :AXs G— M(K(X) X G).

In particular, if X is a left-full A — B Hilbert bimodule, then X x, G is a left-full
(A x5 G) — (B X G) bimodule, and is moreover an imprimitivity bimodule if X is.

Suppose that (X, ¢) is an (A, §) — (B, €) correspondence coaction, and let
J =span{(X, X)pg}. Then J is a strongly e-invariant ideal of B [Echterhoff et al.

3The theory of [Echterhoft et al. 2006] uses reduced crossed products, but for the results of concern
to us here the same techniques handle the case of full crossed products.
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2006, Lemma 2.32], and we write n for the coaction on J gotten by restricting €.
As in [Echterhoff et al. 2006, Proposition 3.9],

span(X X; G, X X; G)pu.c =J X, G,

where the latter is identified with an ideal of B x. G in the canonical way.
If (X, ¢)isan (A, §) — (B, €) Hilbert-bimodule coaction (so that

MG (E(X), C(¥)) =8(alx, y))

also), there are a canonical € — § compatible coaction {* on X* and a canonical
isomorphism
(X A G)* ~ X* M= G.

If (X, y)is an (A, @) — (B, B) correspondence action, the dual coaction y on
Xx,G is &—3 compatible, and dually if (X, ¢) isan (A, §)—(B, €) correspondence
coaction, the dual action ;: on X X G is S§—¢é compatible. Moreover, if (X, y) is an
(A, @) — (B, ) Hilbert-bimodule action, the isomorphism (X X, G)* >~ X* x,+ G
is p* — );* equivariant, and dually if (X, ¢) is an (A, §) — (B, €) Hilbert bimodule
coaction, the isomorphism (X X, G)* >~ X* X+ G is ¢* — ¢* equivariant.

Given equivariant actions (A, «, u) and (B, 8, v), and an (A, @) — (B, B) cor-
respondence action (X, y), by [Kaliszewski et al. 2017, Lemma 6.1], there is an
& — B compatible coaction* 7 on X X, G given by

y() =Vay (V.

Moreover, if (X, y) is a Hilbert bimodule action, the isomorphism (X x, G)* ~
X" X+ G is p* — y* equivariant.’

Given K-algebras (A,t) and (B, j), and an A — B correspondence X, Theo-
rem 6.4 of [Kaliszewski et al. 2016¢] and its proof construct a C(A, 1) — C(B, j)
correspondence C (X, ¢, j) given by

CX,t,))={xeM(X):u(k)-x=x-j(k)e X forall k € £}

Writing « : L — M (K(X)) for the induced nondegenerate homomorphism, there is
a canonical isomorphism

K(C(X, ¢, ) = C(K(X), k),

and, blurring the distinction between these two isomorphic algebras, the left-module
homomorphism of the relative-commutant correspondence is given by

Pcan = Clpa) 1 C(A, 1) = M(C(K(X), k).

“4Recall from Section 2 the definition of & We define 8 similarly.
SHere is where the notation * for the reverse bimodule is important.
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In particular, if X is a left-full A — B Hilbert bimodule, then C (X, ¢, ;) is a left-full
C(A, 1) — C(B, j) bimodule, and is moreover an imprimitivity bimodule if X is.

Given K-coactions (A, §, t) and (B, €, j), and an (A, ) — (B, €) correspondence
coaction (X, ¢), by [Kaliszewski et al. 2017, Lemma 6.3] there is a C(6) — C(¢)
compatible coaction C(¢) on C(X, ¢, j) given by the restriction of the canonical
extension to M (X) of {. As before, let J =span{(X, X)p}, and let = €; be the
restricted coaction. Letting p : B — M (J) be the canonical homomorphism, which
is nondegenerate, we can define a nondegenerate homomorphism

w=poj: K— M),
and (J, n, w) is a K-coaction. It is not hard to verify that
span{(C(X, ¢, 1), C(X, ¢, ))c.pt =CU, w),

which we identify with an ideal of C(B, j).
If (A,6,1) and (B, €, j) are K-coactions and X is an (A, §) — (B, €) Hilbert
bimodule coaction, there is an isomorphism

C(X,t, )" ~C(X*, j,0)

of C(B, j)—C (A, v) Hilbert bimodules, and moreover this isomorphism is C ({)* —
C(Z™) equivariant.
Recall that the maximalization of a coaction (A, §) is the coaction

(A™,8™) = (C(A x5 G x5 G, j& x G),C($)),

where s A
8=94§ =AdVA>45G 03d.

Definition 5.1. Given coactions (A, §) and (B, €), the maximalization of an (A, §)—
(B, €) correspondence coaction (X, ¢) is the (A", §™) — (B™, €™) correspondence
coaction

(X™, ™) = (C(X % G %4 G, J& %G, j&ExG), C(©)),

where _ ~ A
) =¢() =Vax;6 CM V.o

fory e X™.
There is a canonical isomorphism
(5-1) (ex™, (¢™®) = (Ko™, ¢ ).

Blurring the distinction between these two isomorphic algebras, the left-module
homomorphism of the A™ — B correspondence X" is given by

pan =@y 1 A" > M(K(X)™) = M(K(X™)).
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In particular, if X is a left-full A — B Hilbert bimodule, then X™ is a left-full

A™ — B™ Hilbert bimodule, and is moreover an imprimitivity bimodule if X is.
Letting J = span{(X, X)} with coaction n = € as before, it follows from the

above properties of the functors in the factorization of the Fischer construction that

span{(X", X")gm} = J",

which we identify with an ideal of B™.

If (X, ¢)is an (A, §) — (B, €) Hilbert bimodule coaction, then it follows from
the properties of the steps in the Fischer construction that there is a canonical
isomorphism

(Xm*’ é.m*) ~ (X*m’ C*m).

Let T be a coaction functor, and let (X, ¢) be a Hilbert (B, €)-module coaction
(equivalently, a (C, duiv) — (B, €) correspondence coaction, where &y is the trivial
coaction on C). Then X™ ker g, is a Hilbert B™-submodule of X™. We define

X" =X"/X"kerqp,
which is a Hilbert B"-module, and we further write
gy : X" —> X©

for the quotient map, which is a surjective homomorphism of the Hilbert B"-
module X" onto the Hilbert B*-module X°. It follows quickly from the definitions
that there is a (necessarily unique) Hilbert-module homomorphism ¢* making the
diagram

xm L BHX™ ® CHG))

i e

XT— =~ - =+ M(XT®C"(G))

commute, and that £ is moreover a coaction on the Hilbert B*-module X*. Let
(g0 K(X™) = K(XT)

be the induced surjection, which is equivariant for the induced coactions ()" on
K(X™) and (¢7)™M on K(X7).

Recall from [Kaliszewski et al. 2016a, Definition 4.16] that we call a coaction
functor T Morita compatible if whenever (X, ¢) is an (A, §) — (B, €) imprimitivity-
bimodule coaction we have

kergy = X"-Indkergyp.



334 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

Remark 5.2. Lemma 4.19 of [Kaliszewski et al. 2016a] says that a coaction functor
7 is Morita compatible if and only if for every (A, §)— (B, €) imprimitivity-bimodule
coaction (X, ¢) the maximalization X" descends to an A — B' imprimitivity
bimodule X*. Thus, if CP® is the crossed-product functor given by t composed
with the full crossed product, then Morita compatibility of T implies that CP? is
strongly Morita compatible in the sense of [BEW, Definition 4.7].

Example 5.3. The maximalization functor, and also the functors tg for large ideals
E of B(G), are Morita compatible, by [Kaliszewski et al. 2016a, Lemma 4.15,
Remark 4.18, and Proposition 6.10].

Remark 5.4. Proposition 5.5 of [Kaliszewski et al. 2016a] can be equivalently
stated as follows: a decreasing coaction functor t is Morita compatible if and only
if whenever (X, ¢) is an (A, §) — (B, €) imprimitivity-bimodule coaction we have

ker Q7 = X-Ind’s ker Q5.

Remark 5.5. Let (A, §) be a coaction, and let / be a strongly §-invariant ideal
of A. The diagram
m L pm

(5-2) q,’J lqi

IT—I>AT
L

commutes because 7 is a coaction functor. The top arrow is always injective, so we
can identify /" with the ideal " (1) of A™. Thus we always have

kerq; Cker(gyot™)=1" Nkerg},

and since kerg; C I™ we have kerg; C kergj. The ideal property for T means
that the bottom arrow is injective, equivalently

(5-3) kerg; = 1" Nkerqj,
in which case the quotient map g; may be regarded as the restriction of ¢}, to the
ideal 1.

Lemma 5.6. Let t be a coaction functor that has the ideal property. Then t is
Morita compatible if and only if for every left-full (A, §) — (B, €) Hilbert-bimodule
coaction (X, {) we have

(5-4) ker g% = X™-Ind4, ker g§.

Proof. The condition involving (5-4) of course implies Morita compatibility, so
suppose that t is Morita compatible and (X, ¢) is a left-full (A, §) — (B, €) Hilbert-
bimodule coaction.
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As before, let J/ =span{(X, X) g} with the restricted coaction n =¢€;. Then (X, ¢)
is an (A, §) — (J, n) imprimitivity-bimodule coaction, so by Morita compatibility
we have

(5-5) ker g% = X™-Ind%, kerq?.

Identify J™ with an ideal of B™ in the usual way. Regarding B™ as a standard
J™ — B™ correspondence, we have

(5-6) kergl = J™ Nkerg§ = B"-Ind%. kerg}.
Thus by induction in stages we can combine (5-5) and (5-6) to conclude that
ker ¢} = X™-Ind, ker g 5. O

Definition 5.7. We say that a coaction functor t has the correspondence property
if for every (A, §) — (B, €) correspondence coaction (X, ¢) we have

kerg’ C X™-Ind4, ker g5.
Note that we have a commutative diagram

Am L pxm

| Js
Am /XM Indker gF, —— L£(XT)

with
X"-Indker gy =ker(gg o @am).

The composition g o g4n gives X* a left A™-module multiplication, and 7 has
the correspondence property if and only if this left A”™-module multiplication
on X* factors through a left A*-module multiplication, making (X7, ¢%) into a
(A%, 8%) — (BY, €") correspondence coaction.

Example 5.8. Trivially the maximalization functor has the correspondence property.

Theorem 5.9. A coaction functor t has the correspondence property if and only if
it is Morita compatible and functorial for generalized homomorphisms.

Proof. First assume that 7 has the correspondence property. For the Morita compat-
ibility, let (X, ¢) be an (A, §) — (B, €) imprimitivity bimodule coaction. We must
show that

(5-7) kergy = X" —Indkerqp.

By the correspondence property the left side is contained in the right side. Since



336 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

(X*,¢*)isa (B, €) — (A, §) imprimitivity bimodule coaction, we also have
kergp C X*"-Indkerq}.
By induction in stages and the properties of reverse bimodules,
kergy C X"-Indkergyp C X™-Ind X*™"-Indkergj =kerqgj,

so we must have equality throughout, and in particular (5-7) holds.

For the functoriality, let ¢ : A — M (B) be a § — € equivariant homomorphism.
Then (B, €) is a standard (A, §) — (B, €) correspondence coaction. By assumption,
we have kergj C B™-Indkergqp,. Since

B"-Indkergp ={a € A™ : " (a)B" C kerqg} =ker(qg o ¢™),

7 is functorial for generalized homomorphisms.

Conversely, assume that T is Morita compatible and functorial for generalized
homomorphisms. Let (X, ¢) be an (A, §) — (B, €) correspondence coaction. We
need to show that

(5-8) kerg’ C X™-Ind4, ker g5.

Let K = K(X), with induced coaction u. Let ¢4 : A > M(K) be the left-
module homomorphism, which is § — u equivariant. We use the associated §” — u™
equivariant homomorphism ¢’} : A™ — M(K™) to regard (K™, ™) as a standard
(A™,8™) — (K™, u™) correspondence coaction. By functoriality for generalized
homomorphisms we have

(5-9) kerg} C K™-Ind, kerg%.

Note that (X, ¢) may be regarded as a left-full (K, u) — (B, €) Hilbert-bimodule
coaction. Since 7 is functorial for generalized homomorphisms, by Proposition 4.12
it has the ideal property, so, since t is also assumed to be Morita compatible, by
Lemma 5.6 we have

(5-10) ker gk = X™-Indk,, kerg5.
By induction in stages we can combine (5-9) and (5-10) to deduce (5-8). U

Remark 5.10. Although we do not need it in the current paper, it is natural to
wonder whether a coaction functor with the correspondence property will auto-
matically be functorial under composition of correspondences. More precisely,
let T be a coaction functor with the correspondence property, and let (X, ¢) and
(Y, n)be (A, 8)— (B, €) and (B, €) — (C, v) correspondence coactions, respectively.
Then the balanced tensor product (X ®p Y, ¢ § 1) is an (A, §) — (C, v) correspon-
dence coaction (see [Echterhoff et al. 2006, Proposition 2.13]). The assumption
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that 7 has the correspondence property implies that there are (A", §%) — (B7, €7),
(B%,€") — (C*,v"), and (A", §") — (C*, v") correspondence coactions (X*, %),
(Y*,n%),and (X ®p Y)", (¢ 8 1n)"), respectively. The functoriality property we
are wondering about here is whether there is a natural isomorphism

(X®pY)', (£ M) = (X" ®p: Y*, L7 10")

of (A%, 8%) — (C*, v") correspondence coactions. It seems plausible that this could
be checked via a tedious diagram chase, or via linking algebras.

Example 5.11. Combining Example 4.8, Example 5.3, and Theorem 5.9, we see
that tg has the correspondence property for every large ideal E of B(G).

Remark 5.12. Theorem 5.9 is similar to the equivalence (2)<=(3) in [BEW,
Theorem 4.9], except that, as we mentioned in Remark 4.11, we have not been able
to prove that for coaction functors the ideal property is equivalent to functoriality
for generalized homomorphisms.

Remark 5.13. [BEW, Theorem 5.6] shows that every correspondence crossed-
product functor produces C*-algebras carrying a quotient of the dual coaction on
the full crossed product. This reinforces our belief in the importance of studying
crossed-product functors arising from coaction functors composed with the full
cross product.

Corollary 5.14. Let T be a nonempty family of coaction functors. If every functor
in T has the correspondence property, then so does glb T. In particular, there is a
smallest coaction functor with the correspondence property.

Not surprisingly, the correspondence property is simpler for decreasing functors:

Lemma 5.15. A decreasing coaction functor t has the correspondence property if
and only if for every (A, 8) — (B, €) correspondence coaction (X, ¢) we have

ker Q% C X-Ind% ker Q5.

Proof. We must show that the stated condition involving Q° holds if and only if
kergj C X’"-Indgz kergpg. Let

I =Kkerry, J =keryp, K =kergq}, L =kergqg.

Then I C KNX"-IndJ, I C K, and J C L, and we can identify A with A" /I,
ker Q% with K /I, X with X" /X™J, B with B™/J and ker QF with L/J, so the
desired equivalence follows from the general Lemma 5.16 below, which is probably
folklore. U

Lemma 5.16. Let X be an A — B correspondence, let I C K be ideals of A, and let
J C L beideals of B. Suppose that I C X-Ind J, so that X/ X J isan (A/I)—(B/J)
correspondence. Then K C X-Ind L ifand only if K/I C (X/XJ)-IndL/J.
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Proof. Let
p:A— A/l, Vv:X—>X/XJ, p:B— B/J

be the quotient maps. First assume that K C X-Ind L. Then

(K/D(X/XT) = ¢(K)Y(X)
=y (KX) Cy(XL)
=¥ (X)p(L) = (X/XJ)(L/J),

soK/I C(X/XJ)-IndL/J.
Conversely, assume that K /I C (X/XJ)-Ind L/J. Then

KX Cy'W(KX) =y (p(K)Y (X))
cy ' (v(X)pL)) =y '(Y(XL) = XL,

where the equality at * holds since ¥ is a surjective homomorphism of correspon-
dences and X L is a closed subcorrespondence containing ker ¢ = K J. ([
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CONSTRUCTION OF A RAPOPORT-ZINK SPACE FOR GU(, 1)
IN THE RAMIFIED 2-ADIC CASE

DANIEL KIRCH

Let F|Q; be a finite extension. In this paper, we construct an RZ-space Nz
for split GU(1, 1) over a ramified quadratic extension E| F. For this, we first
introduce the naive moduli problem A/7*"¢ and then define Nz € N 2*" as
a canonical closed formal subscheme, using the so-called straightening con-
dition. We establish an isomorphism between Nz and the Drinfeld moduli
problem, proving the 2-adic analogue of a theorem of Kudla and Rapoport.
The formulation of the straightening condition uses the existence of certain
polarizations on the points of the moduli space N/, g"‘ive. We show the exis-
tence of these polarizations in a more general setting over any quadratic
extension E|F, where F|Q, is a finite extension for any prime p.

1. Introduction 341
2. Preliminaries on quaternion algebras and hermitian forms 347
3. The moduli problem in the case R-P 353
4. The moduli problem in the case R-U 368
5. A theorem on the existence of polarizations 382
Acknowledgements 388
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1. Introduction

Rapoport—Zink spaces (RZ-spaces for short) are moduli spaces of p-divisible
groups endowed with additional structure. Rapoport and Zink [1996] studied two
major classes of RZ-spaces, called EL type and PEL type. The abbreviations
EL and PEL indicate, in analogy to the case of Shimura varieties, whether the
extra structure comes in the form of Endomorphisms and Level structure or in the
form of Polarizations, Endomorphisms and Level structure. Rapoport and Zink
[1996] developed a theory of these spaces, including important theorems about the
existence of local models and nonarchimedean uniformization of Shimura varieties,
for the EL type and for the PEL type whenever p # 2.
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341


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2018.293-2
http://dx.doi.org/10.2140/pjm.2018.293.341

342 DANIEL KIRCH

The blanket assumption p # 2 made by Rapoport and Zink in the PEL case is
by no means of a cosmetic nature, but originates with various serious difficulties
that arise for p = 2. However, we recall that one can still use their definition in that
case to obtain “naive” moduli spaces that still satisfy basic properties like being
representable by a formal scheme.

In this paper, we construct the 2-adic Rapoport-Zink space Ng corresponding to
the group of unitary similitudes of size 2 relative to any (wildly) ramified quadratic
extension E|F, where F|Q; is a finite extension. It is given as the closed formal
subscheme of the corresponding naive RZ-space N, gaive described by the so-called
“straightening condition”, which is defined below. The main result of this paper is a
natural isomorphism n : Mp, => Ng, where Mp, is Deligne’s formal model of the
Drinfeld upper half-plane (cf. [Boutot and Carayol 1991]). This result is in analogy
with Kudla and Rapoport’s construction [2014] of a corresponding isomorphism for
p # 2 and also for p =2 when E|F is an unramified extension. The formal scheme
Mp, solves a certain moduli problem of p-divisible groups and, in this way, it
carries the structure of an RZ-space of EL type. In particular, Mp, is defined even
for p =2.

As in [Kudla and Rapoport 2014], there are natural group actions by SL,(F’) and
the split SU,(F) on the spaces Mp, and Ng, respectively. The isomorphism 7 is
hence a geometric realization of the exceptional isomorphism of these groups. As a
consequence, one cannot expect a similar result in higher dimensions. Of course,
the existence of “good” RZ-spaces is still expected, but a general definition will
probably need a different approach.

The study of residue characteristic 2 is interesting and important for the following
reasons: First of all, from the general philosophy of RZ-spaces and, more generally,
of local Shimura varieties [Rapoport and Viehmann 2014], it follows that there
should be a uniform approach for all primes p. In this sense, the present paper is in
the same spirit as the recent constructions of RZ-spaces of Hodge type of W. Kim
[2013], Howard and Pappas [2017] and Biiltel and Pappas [2017]. Second, Rapoport—
Zink spaces have been used to determine the arithmetic intersection numbers of
special cycles on Shimura varieties [Kudla et al. 2006]; in this kind of problem, it
is necessary to deal with all places, even those of residue characteristic 2. Finally,
studying the cases of residue characteristic 2 also throws light on the cases previously
known. In the specific case at hand, the methods we develop also give a simplifi-
cation of the proof for p # 2 of Kudla and Rapoport [2014]; see Remark 5.3 (2).

We will now explain the results of this paper in greater detail. Let F be a finite
extension of Q; and E|F a ramified quadratic extension. Following [Jacobowitz
1962], we consider the following dichotomy for this extension (see Section 2):

(R-P) There is a uniformizer 7o € F such that E = F[I1] with [1?> 4+ o = 0. Then
the rings of integers O of F and Of of E satisfy O = Op[I1].
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(R-U) E|F is given by an Eisenstein equation of the form 1> — ¢IT+ 7 = 0. Here,
7o is again a uniformizer in F and t € Op satisfies mp|¢|2. We still have
Of = Or[I1]. Note that in this case E|F is generated by a square root of
the unit 1 —4my/t> in F.

An example of an extension of type R-P is @1 (v/—2)|Q,, whereas Q,(v/—1)|Q>
is of type R-U. Note that for p > 2, any ramified quadratic extension over Q,, is of
the form R-P.

Our results in the cases R-P and R-U are similar, but different. We first describe
the results in the case R-P. Let E|F be of type R-P.

We first define a naive moduli problem N gai"e, which merely copies the definition
from p #2 (cf. [Kudla and Rapoport 2014]). Let F be the completion of the maximal
unramified extension of F and Of its ring of integers. Then N, gaive is a set-valued
functor on Nilp 5 , the category of Op-schemes where 7 is locally nilpotent. For
S € Nilp, , the set NFAVE(S) is the set of equivalence classes of tuples (X, ¢, A, 0).
Here, X/S§ is a formal Op-module of height 4 and dimension 2, equipped with an
action ¢ : O — End(X). This action satisfies the Kottwitz condition of signature
(1, 1), i.e., for any o € Og, the characteristic polynomial of ¢ («) on Lie X is given by

char(Lie X, T | t(@)) = (T —a)(T — @).

Here, o — « denotes the Galois conjugation of E|F. The right side of this equation
is a polynomial with coefficients in Og via the structure map O < Op — Os.
The third entry A is a principal polarization A : X — X" such that the induced
Rosati involution satisfies («)* = ¢(@) for all « € Of. (Here, XV is the dual of X
as a formal Op-module.) Finally, ¢ is a quasi-isogeny of height O (and compatible
with all previous data) to a fixed framing object (X, tx, Ax) over k= ép /mo. This
framing object is unique up to isogeny under the condition that

{p € End’(X, 1x) | 9*(Ax) = Ax} = U(C, h),

for a split E|F-hermitian vector space (C, i) of dimension 2; see Proposition 3.2.
Recall that this is exactly the definition used in [Kudla and Rapoport 2014] for
the ramified case with p > 2. There, Ng =N, ,’;aive and we have natural isomorphism

n:Mp, = Ng,

where Mp, is the Drinfeld moduli problem mentioned above.

However, for p = 2, it turns out that the definition of A2 is not the “correct”
one in the sense that it is not isomorphic to the Drinfeld moduli problem. Hence this
naive definition of the moduli space is not in line with the results from [Kudla and
Rapoport 2014] and the general philosophy of (conjectural) local Shimura varieties
(see [Rapoport and Viehmann 2014]). In order to remedy this, we will describe a
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new condition on N gaive, which we call the straightening condition, and show that
this cuts out a closed formal subscheme Ng C N, gaive that is naturally isomorphic
to Mp,. Interestingly, the straightening condition is not trivial on the rigid-analytic
generic fiber of A/ Eaive (as originally assumed by the author), but it cuts out an
(admissible) open and closed subspace; see Remark 3.13.

We would like to explicate the defect of the naive moduli space. For this, let
us recall the definition of Mp,. It is a functor on Nilp; , mapping a scheme S to
the set Mp, (S) of equivalence classes of tuples (X, tp, 0). Again, X/S is a formal
Or-module of height 4 and dimension 2. Let B be the quaternion division algebra
over F' and Op its ring of integers. Then (5 is an action of Op on X, satisfying
the special condition of Drinfeld (see [Boutot and Carayol 1991] or Section 3C
below). The last entry o is an O p-linear quasi-isogeny of height O to a fixed framing
object (X, tx_p) over k. This framing object is unique up to isogeny (cf. [Boutot
and Carayol 1991, II. Proposition 5.2]).

Fix an embedding Og < Op and consider the involution b+ b* = [15'T1~! on B,
where b+ b’ is the standard involution. By work of Drinfeld (see Proposition 3.14
below), there exists a principal polarization Ax on the framing object (X, tx p) of
Mp, such that the induced Rosati involution satisfies tx p(b)* = tx p(b*) for all
b € Op. This polarization is unique up to a scalar in O:. Furthermore, for any
(X, t, 0) € Mp,(S), the pullback L = p*(Ax) is a principal polarization on X.

We now set

n(X, g, 0) = (X, tlog, », 0).

By Lemma 3.15, this defines a closed embedding n : Mp, < ./\/'gaive. But n is far
from being an isomorphism, as the following proposition shows:

Proposition 1.1. The induced map n(k) : Mp, (k) = N gai"e (k) is not surjective.

Let us sketch the proof here. Using Dieudonné theory, we can write A/ g"‘i"e (k)

naturally as a union
Ny = | Pa/may @),
ACC

where the union runs over all Og-lattices A in the hermitian vector space (C, h)
that are IT~'-modular, i.e., the dual A* of A with respect to 4 is given by A =
IT~'A® (see Lemma 3.7). By [Jacobowitz 1962], there exist different types (i.e.,
U(C, h)-orbits) of such lattices A C C that are parametrized by their norm ideal
Nm(A) = ({h(x, x)|x € A}) C F. In the case at hand, Nm(A) can be any ideal
with 20r € Nm(A) C Op. It is easily checked (see Section 2) that the norm ideal
of A is minimal, that is Nm(A) =2Op, if and only if A admits a basis consisting of
isotropic vectors, and hence we call these lattices hyperbolic. Now, the image under
n of Mp, (k) is the union of all lines P(A / [TA) (k) where A C C is hyperbolic.
This is a consequence of Remark 3.12 and Theorem 3.16 below.
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On the framing object (X, tx, Ax) of N, gai"e, there exists a principal polarization
Ax such that the induced Rosati involution is the identity on Og. This polarization
is unique up to a scalar in OE (see Theorem 5.2 (1)). On C, the polarization
Ax induces an E-linear alternating form b, such that detb and det & differ only
by a unit (for a fixed basis of C). After possibly rescaling b by a unit in O, a
I~ '-modular lattice A C C is hyperbolic if and only if b(x, y) + h(x, y) € 20F
for all x, y € A. This enables us to describe the “hyperbolic” points of N 4" (i.e.,
those that lie on a projective line corresponding to a hyperbolic lattice A € C) in
terms of polarizations.

We now formulate the closed condition that characterizes Mg as a closed formal
subscheme of N fg‘aive. For a suitable choice of (X, tx, Ax) and XX, we may assume
that %(Ax +Ax) is a polarization on X. The following definition is a reformulation
of Definition 3.11.

Definition 1.2. Let S € Nilp; . An object (X,¢,1,0) € N gaive(S) satisfies the
straightening condition if A| = %(A 4+ A) is a polarization on X. Here, A = o™ (Lx).

We remark that A = Q*(Xx) is a polarization on X. This is a consequence of
Theorem 5.2, which states the existence of certain polarizations on points of a larger
moduli space M containing N2Y¢; see below.

For S € NilpovF, let Ng(S) gNgaive(S) be the subset of all tuples (X, ¢, A, o) that
satisfy the straightening condition. By [Rapoport and Zink 1996, Proposition 2.9],
this defines a closed formal subscheme Ng C N fg‘aive. An application of Drinfeld’s
proposition (Proposition 3.14; see also [Boutot and Carayol 1991]) shows that the
image of Mp, under 7 lies in Nz. The main theorem in the R-P case can now be
stated as follows; see Theorem 3.16.

Theorem 1.3. 1 : Mp, — Ng is an isomorphism of formal schemes.

This concludes our discussion of the R-P case. From now on, we assume that
E|F is of type R-U.

In th@ case R-U, we have to make some adaptations for N24"¢. For S € Nilps,.,
let N'g#V¢(S) be the set of equivalence classes of tuples (X, ¢, A, o) with (X, ¢) as
in the R-P case. But now, the polarization A : X — X" is supposed to have kernel
ker & = X[IT] (in contrast to the R-P case, where A is a principal polarization). As
before, the Rosati involution of A induces the conjugation on Of. There exists a
framing object (X, tx, Ax) over Spec k for \V, gaive, which is unique up to isogeny
under the condition that

{o € End’(X, 1x) | 9* (Ax) = Ax} = U(C, h),

where (C, h) is a split E|F-hermitian vector space of dimension 2 (see Proposition
4.1). Finally, o is a quasi-isogeny of height O from X to X, respecting all structure.
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Fix an embedding E < B. Using some subtle choices of elements in B (these
are described in Lemma 2.3 (2)) and by Drinfeld’s proposition, we can construct
a polarization A as above for any (X, tg, 0) € Mp,(S). This induces a closed
embedding

n:Mp, = NEYe (X, 153,0) — (X, 15|0. 7> 0).

We can write N7*V¢(k) as a union of projective lines,

NEve() = | Pa/may@),

ACC

where the union now runs over all self-dual Og-lattices A € (C, h) with Nm(A) C
moOF. As in the R-P case, these lattices A C C are classified up to isomorphism
by their norm ideal Nm(A). Since A is self-dual with respect to A, the norm ideal
can be any ideal satisfying t O € Nm(A) C Or. We call A hyperbolic when the
norm ideal is minimal, i.e., Nm(A) =t Or. Equivalently, the lattice A has a basis
consisting of isotropic vectors. Recall that here ¢ is the element showing up in the
Eisenstein equation for the R-U extension E|F and that y|7|2. Hence there exists
at least one type of self-dual lattices A € C with Nm(A) C m9Of. In the case
R-U, it may happen that |¢| = |mg|, in which case all lattices A in the description of
Npaive (k) are hyperbolic.

The image of Mp, (k) under 1 in N gaive (k) is the union of all projective lines
corresponding to hyperbolic lattices. Unless |¢t| = |, it follows that n(k) is
not surjective and thus n cannot be an isomorphism. For the case |t| = |mg|, we
will show that 7 is an isomorphism on reduced loci (M p;)red => (N, gaive)red (see
Remark 4.11), but 7 is not an isomorphism of formal schemes. This follows from
the nonflatness of the deformation ring for certain points of N g“i"e; see Section 4D.

On the framing object (X, tx, Ax) of N gaive, there exists a polarization Xx such
that ker Xx = X[IT] and such that the Rosati involution induces the identity on Og.
After a suitable choice of (X, tx, Ax) and Xx, we may assume that %(AX + Xx) is a
polarization on X. The straightening condition for the R-U case is given as follows
(see Definition 4.10).

Definition 1.4. Let S € Nilp; . An object (X, ¢, %, 0) € N gaive(S) satisfies the
straightening condition if A = %(A + A) is a polarization on X. Here, A = 0™ (Ax).

Note that A = Q*(ix) is a polarization on X by Theorem 5.2.

The straightening condition defines a closed formal subscheme NV € N84V that
contains the image of Mp, under 1. The main theorem in the R-U case can now
be stated as follows; compare Theorem 4.14.

Theorem 1.5. 1 : Mp, — Ng is an isomorphism of formal schemes.
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When formulating the straightening condition in the R-U and the R-P case, we
mentioned that A = 0*(Ax) is a polarization for any (X, ¢, A, 0) € NV, fg‘aive(S). This
fact is a corollary of Theorem 5.2, which states the existence of this polarization in
the following more general setting.

Let F|Q, be a finite extension for any prime p and E|F an arbitrary quadratic
extension. We consider the following moduli space Mg of EL type. For § € Nilp 5,
the set Mg (S) consists of equivalence classes of tuples (X, (g, 0), where X is a
formal Op-module of height 4 and dimension 2 and (g is an Og-action on X
satisfying the Kottwitz condition of signature (1, 1) as above. The entry o is an
Og-linear quasi-isogeny of height O to a supersingular framing object (X, tx g).

The points of M are equipped with polarizations in the following natural way;
see Theorem 5.2.

Theorem 1.6. (1) There exists a principal polarization XX on (X, tx g) such that
the Rosati involution induces the identity on Og, i.e., t((a)* = () for all
« € Og. This polarization is unique up to a scalar in Op;.

(2) Fix XX asinpart (1). Forany S € NilvaF and (X, tg, 0) € MEg(S), there exists
a unique principal polarization ) on X such that the Rosati involution induces
the identity on Og and such that A = 0™ (Ax).

If p=2and E|F is ramified of R-P or R-U type, then there is a canonical closed
embedding Ng < Mg that forgets about the polarization A. In this way, it follows
that X is a polarization for any (X, ¢, X, 0) € Ngai"e(S).

The statement of Theorem 1.6 can also be expressed in terms of an isomorphism of
moduli spaces Mg po1 => M. Here ME 01 is @ moduli space of PEL type, defined
by Irlapping S € Nilpg, to the set of tuples (X, ¢, x, o) where (X, t, 0) € Mg(S)
and A is a polarization as in the theorem.

We now briefly describe the contents of the subsequent sections of this paper. In
Section 2, we recall some facts about the quadratic extensions of F, the quaternion
algebra B|F and hermitian forms. In Sections 3 and 4, we define the moduli spaces
Npaive introduce the straightening condition describing Nz € A" and prove our
main theorem in both the cases R-P and R-U. Although the techniques are quite
similar in both cases, we decided to treat these cases separately, since the results in
both cases differ in important details. Finally, in Section 5 we prove Theorem 1.6
on the existence of the polarizations .

2. Preliminaries on quaternion algebras and hermitian forms

Let F|Q, be a finite extension. In this section we will recall some facts about
the quadratic extensions of F, the quaternion division algebra B|F and certain
hermitian forms. For more information on quaternion algebras, see for example the
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book by Vignéras [1980]. A systematic classification of hermitian forms over local
fields has been done by Jacobowitz [1962].

Let E|F be a quadratic field extension and denote by Op, resp. O, the rings of
integers. There are three mutually exclusive possibilities for E|F:

e E|F is unramified. Then E = F[§] for § a square root of a unit in F. We can
choose 8 such that 82 = 1+4u for some u € Oy . In this case, O = Of[(1+5)/2].
The element y = (1 + 8)/2 satisfies the Eisenstein equation y> —y —u = 0.
In the following we will write F® instead of E and 01(,2) instead of O when
talking about the unramified extension of F.

o E|F is ramified and E is generated by the square root of a uniformizer in F.
That is, E = F[I1] and II is given by the Eisenstein equation IT> + 7y = 0
for a uniformizing element 79 € Op. We also have Og = Of[I1]. Following
Jacobowitz, we will say E|F is of type R-P (which stands for “ramified-prime”).

« Finally, E|F can be given by an Eisenstein equation of the form 1% —¢TT1+m( =0
for a uniformizer my and ¢t € OF such that my|t|2. Then E|F is ramified and
O = Of[I1]. Here, E is generated by the square root of a unit in F. Indeed,
for ® =1 —2I1/t we have 92 = 1 —4my/t> € O . Thus E|F is said to be of
type R-U (for “ramified-unit”).

We will use this notation throughout the paper.

Remark 2.1. The isomorphism classes of quadratic extensions of F correspond to
nontrivial equivalence classes of F*/(F*)2. We have F*/(F*)> ~HY(GF, Z/27)
for the absolute Galois group Gr of F and dimH'(GF, Z/27) = 2 + d, where
d = [F : (] is the degree of F over (), (see, for example, [Neukirch et al. 2008,
Corollary 7.3.9]).

A representative of an equivalence class in F*/F*? can be chosen to be either a
prime or a unit, and exactly half of the classes are represented by prime elements,
the others being represented by units. It follows that there are, up to isomorphism,
21+4 different extensions E|F of type R-P and 2!+ —2 extensions of type R-U. (We
have to exclude the trivial element 1 € F*/F>? and one unit element corresponding
to the unramified extension.)

Lemma 2.2. The inverse different of E|F is given by ”}DE‘]F = %OE in the case

R-P and by ®E|1F = %OE in the case R-U.
Proof. The inverse different is defined as

Dplp =f{a € E | Trgyr(aOg) € OF}.
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It is enough to check the condition on the trace for the elements 1 and IT € Og. If
we write o = o1 + [Map with oy, oy € F, we get

Trejp(o- 1) = o + & = 201 + o (1T + 1),
Trep(ec- T1) = a1 + ol = o (T + IT) + (117 + I17).

In the case R-P we have IT+ IT = 0 and I1? + I1? = 27, while in the case R-U,
I+ 11 =t and 1% 4+ T1> = ¢*> — 2m. It is now easy to deduce that the inverse
different is of the claimed form. |

Over F, there exists up to isomorphism exactly one quaternion division algebra B,
with unique maximal order Op. For every quadratic extension E|F, there exists an
embedding E < B and this induces an embedding O < Ogp. If E|F is ramified,
a basis for Og as Op-module is given by (1, [T). We would like to extend this to
an Op-basis of Op.

Lemma 2.3. (1) If E|F is of type R-P, there exists an embedding F® — B such
that §T1 = —I18. An Og-basis of Op is then given by (1, y, I1, y - 1), where
y=(1+198)/2

(2) IfE|F is of type R-U, there exists an embedding E| — B, where E||F is of type
R-P with uniformizer 1| such that 911; = —TI119. The tuple (1, ¥, I1y, V1)
is an F-basis of B.

Furthermore, there is also an embedding E<> BwithE |F of type R-U with
elements T1 and © as above, such that 9D = —D0 and D =1+ (t?/m0) - u
for some unit u € F. In terms of this embedding, an Of-basis of Op is given
by (1, 1, T1, T - T /7). Also,

I1-T1
(2-1) JT_O =Y
for some embedding F® < B of the unramified extension and y* —y —u = 0.
Hence, Op = Of[I1, y] as Of-algebra.

Proof. (1) This is [Vignéras 1980, II. Corollary 1.7].

(2) By [Vignéras 1980, 1. Corollary 2.4], it suffices to find a uniformizer H% €
F*\ Nmg|r(E*) in order to prove the first part. But Nmg|r(E*) € F* is a
subgroup of order 2 and F %2 C Nm £|F (E™). On the other hand, the residue classes
of uniformizing elements in F*/F*? generate the whole group. Thus they cannot
all be contained in Nmg p(E™).

For the second part, choose a unit § € F® with 62 = 1 +4u € F* \ F*? for
some u € O and set y = (1+68)/2. Let E|F be of type R-U, generated by # with
92 =1+ (tz/m)) u. We have to show that 92 is not contained in Nmg p(EX).
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Assume it is a norm, so 92 = Nmg r(b) for aunit b € E*. Then b is of the form
b=1+x-(t/I1) for some x € Of. Indeed, let £ be the IT-adic valuation of b — 1,
ie,b=14+x-Tfand x € Oy . We have

(2-2) 14 (t2/m0) - u = Nmg g (b) = 1 4 Trg p (xT1°) + Nmg| p (x 1),

Let v be the mp-adic valuation on F'; then v(Nmg| £ (x [1%)) =¢ and v(Trg p(x %)) >
v(t)+ | £ |, by Lemma 2.2. On the left-hand side, we have v((t2/mo) -u) = 2v(t) — 1.
Comparing the valuations on both sides of (2-2), the assumption £ < 2v(¢) — 1 now
quickly leads to a contradiction.

Hence ¢ > 2v(t) — 1 and b =1+ x - (¢/I1) for some x € Og. Again,

1+ (¢%/m0) - u = Nmpgp(b) = 1 + Trg|p(xt/TT) + Nmg p (xt/T0).

An easy calculation shows that the residue x € k = Og/I1 = Of/m of x satisfies
u = x +x2. But this equation has no solution in k, since a solution of y2 —y —u =0
generates the unramified quadratic extension of F. It follows that 92 cannot be a
norm.

Using again [Vignéras 1980, 1. Corollary 2.4], we find an embedding E<> B
such that 99 = —99.

We have I[T=1¢(1+9)/2 and = mo(1+ 5‘)/t; thus

-0 (1+49)-(1+0) _ 1494+0+0-0
0 o 2 o 2 ’

and
O +0+9-0)2 =02 +092—92.p?
= (1 —4mo/1*) + (1 + *u/mo) — (1 — 4o/ *) (1 + t*u/mo)
=1+4+4u.

Hence y +— I1- I /o induces an embedding F® < B.

It remains to prove that the tuple u = (1, I, ﬁ IT- ﬁ/m)) is a basis of Op as
Ofr-module. By [Vignéras 1980, I. Corollary 4.8], it suffices to check that the
discriminant

disc(u) = det(Trd(u;u;)) - Of

is equal to disc(Op). An easy calculation shows det(Trd(u;u ;)) - O = moOF and
then the assertion follows from [Vignéras 1980, V, II. Corollary 1.7]. ]

For the remainder of this section, we will consider lattices A in a 2-dimensional
E-vector space C with a split E|F-hermitian' form 4. Recall from [Jacobowitz
1962] that, up to isomorphism, there are two different F|F-hermitian vector

'Here and in the following, sesquilinear forms will be linear from the left and semilinear from the
right.
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spaces (C, h) of fixed dimension n, parametrized by the discriminant disc(C, h) €
F>*/Nmg|r(E™). A hermitian space (C, h) is called split whenever disc(C, h) = 1.
In our case, where (C, h) is split of dimension 2, we can find a basis (e, ep) of C
with h(e;, e;) =0 and h(eq, ey) = 1.

Denote by A the dual of a lattice A € C with respect to h. The lattice A is
called IT'-modular if A = TI' A* (resp. unimodular or self-dual when i = 0). In
contrast to the p-adic case with p > 2, there exist IT'-modular lattices of more than
one type in our case (cf. [Jacobowitz 1962]):

Proposition 2.4. Define the norm ideal Nm(A) of A by
(2-3) Nm(A) = ({h(x,x)|x € A}) C F.

Any TI'-modular lattice A C C is determined up to the action of U(C, h) by the
ideal Nm(A) = ng Or C F. Fori =0 or 1, the exponent £ can be any integer such
that

12| <|mol* <|1|  for E|F R-P, unimodular A,

|270| < |mo|® < |mo| for E|F R-P, II-modular A,
lt| < |mol <|1|  for E|F R-U, unimodular A,
It] < |mol® <|mo|l for E|F R-U, M-modular A,

where | - | is the (normalized) absolute value on F. Two T -modular lattices A and
A’ are isomorphic if and only if Nm(A) = Nm(A'). ([

For any other i, the possible values of £ for a given IT'-modular lattice A are
easily obtained by shifting. In fact, we can choose an integer j such that I/ A is
either unimodular or IT-modular. Then Nm(A) =7,/ Nm(T1/ A) and we can apply
the proposition above.

Since (C, h) is split, any IT'-modular lattice A contains an isotropic vector v
(i.e., with h(v, v) = 0). After rescaling with a suitable power of I1, we can extend
v to a basis of A. Hence there always exists a basis (eg, e2) of A such that /4 is
represented by a matrix of the form

x T
(2-4) HA:(Hi ), xeF.

If x = 0 in this representation, then Nm(A) = J'r(f Or is as small as possible, or in
other words, the absolute value of |7p|® is minimal. On the other hand, whenever
|7ro|¢ takes the minimal absolute value for a given IT'-modular lattice A, there exists
a basis (e1, ep) of A such that & is represented by H, with x = 0. Indeed, this
follows because the ideal Nm(A) already determines A up to isomorphism. In
this case (when x = 0), we call A a hyperbolic lattice. By the arguments above, a
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IT'-modular lattice is thus hyperbolic if and only if its norm is minimal. In all other
cases, where A is IT'-modular but not hyperbolic, we have Nm(A) = x OF.

For further reference, we explicitly write down the norm of a hyperbolic lattice
for the cases that we need later. For other values of i, the norm can easily be
deduced from this by shifting (see also [Jacobowitz 1962, Table 9.1]).

Lemma 2.5. A I[T'-modular lattice A is hyperbolic if and only if
Nm(A) =20fr for E|F R-P,i=0o0r —1,
Nm(A)=tOfr for E|F R-U,i=0orl.

The norm ideal of A is minimal among all norm ideals for T1'-modular lattices
in C. ([

In the following, we will only consider the cases i =0 or —1 for E|F R-P and
the cases i = 0 or 1 for E|F R-U, since these are the cases we will need later. We
want to study the following question:

Question 2.6. Assume E|F is R-P. Fix a IT~!-modular lattice A_; € C (not
necessarily hyperbolic). How many unimodular lattices Ao € A_; are there and
what norms Nm(Ag) can appear? Dually, for a fixed unimodular lattice Ay C C,
how many [T~ !'-modular lattices A_; with Ag € A_; exist and what are their
norms?

We can ask the same question for E|F R-U and unimodular, resp. I1-modular,
lattices.

Of course, such an inclusion is always of index 1. The inclusions Ag € A_; of
index 1 correspond to lines in A_;/IIA_;. Denote by g the number of elements
in the common residue field of Or and Og. Then there exist at most g 4+ 1 such
[T-modular lattices Ag for a given A_;. The same bound holds in the dual case,
i.e., there are at most ¢ + 1 IT~'-modular lattices containing a given unimodu-
lar lattice Ag. Propositions 2.7 and 2.8 below provide an exhaustive answer to
Question 2.6. Since the proofs consist of a lengthy but simple case-by-case analysis,
we will leave them to the interested reader.

Proposition 2.7. Let E|F be of type R-P.

(1) Let A_y € C be a 1" '-modular hyperbolic lattice. There are q + 1 hyperbolic
unimodular lattices contained in A_;.

(2) Let A_; C C be a 1™ -modular nonhyperbolic lattice. Let Nm(A_1) = ng Or.
Then A _ contains one unimodular lattice Ao with Nm(Ag) = ng'H Or and q
unimodular lattices of norm ng Or.

(3) Let Ay C C be a unimodular hyperbolic lattice. There are two hyperbolic TT™!-
modular lattices A_1 D Ay and g — 1 nonhyperbolic T1~'-modular lattices
A_1 D AgwithNm(A_;) =2/myOF.
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(4) Let Ay € C be unimodular nonhyperbolic. Let Nm(Ag) = JTé Op. There exists
one TI ' -modular lattice A_; D Ay withNm(A_;) = ﬂg Op and, unless £ =0,
there are q nonhyperbolic [T~ "-modular lattices A_; D Ao with Nm(A_;) =

-1
Or.

Note that the total number of unimodular, resp. [T~ !-modular, lattices found
for A = A_1, resp. Ag, is g + 1 except in the case of Proposition 2.7 (4) when
¢ =0. In that particular case, there is just one IT~!-modular lattice contained in Ay.
The same phenomenon also appears in the case R-U; see part (2) of the following
proposition.

Proposition 2.8. Let E|F be of type R-U.

(1) Let Ay € C be a unimodular hyperbolic lattice. There are q + 1 hyperbolic
[T-modular lattices A1 C Ay.

(2) Let Ay C C be unimodular nonhyperbolic with Nm(Ag) = 710 There is
one Il-modular lattice A1 C Ao with norm ideal Nm(A1) = JIHIOF and
if £ # 0, there are also q nonhyperbolic T1-modular lattices A1 C Ay with
Nm(A) = 7§ Op.

(3) Let Ay C C be a ITI-modular hyperbolic lattice. There are two unimodular

hyperbolic lattices containing A1 and q — 1 unimodular lattices Ao with
A € Ag and Nm(Ag) =t/moOF.

(4) Let Ay C C be a I1-modular nonhyperbolic lattice and let Nm(Al) = 71 OrF.
The lattice A is contained in q unimodular lattices of norm 710 “1op and in
one unimodular lattice Ao with Nm(Ag) = no Or.

If E|F is a quadratic extension of type R-U such that |t| = |mg], there exist only
hyperbolic IT-modular lattices in C and hence case (4) of Proposition 2.8 does not
appear.

3. The moduli problem in the case R-P

Throughout this section, E|F is a quadratic extension of type R-P, i.e., there exist
uniformizing elements 77 € F and I1 € E such that [1? 47y =0. Then O = Ofp[I1]
for the rings of integers Of and Of of F and E, respectively. Let k be the common
residue field with ¢ elements, k an algebraic closure, and F the completion of the
maximal unramified extension of F, with ring of integers OF = Wo, (k). Let o be
the lift of the Frobenius in Gal(k|k) to Gal(épl OF).

3A. The definition of the naive moduli problem N Eaive. We first construct a func-
tor gaive on Nilps , the category of Op-schemes § such that 7oOs is locally
nilpotent. We consider tuples (X, ¢, ), where

e X is a formal Or-module over § of dimension 2 and height 4.
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e 1 : O — End(X) is an action of O satisfying the Kottwitz condition: The
characteristic polynomial of ((«) on Lie X for any « € O is

char(Lie X, T | t(@)) = (T —a)(T — @).

Here o — « is the nontrivial Galois automorphism and the right-hand side is
a polynomial with coefficients in Oy via the composition Op[T] < Ofr[T] —
OslT].

e A: X — XV is a principal polarization on X such that the Rosati involution
satisfies ((a)* = t(a) for a € Og.

Definition 3.1. A quasi-isogeny (resp. an isomorphism) ¢ : (X, t, A) — (X', (', V)

of two such tuples (X, ¢, ) and (X', ', ") over S is an Og-linear quasi-isogeny of

height O (resp. an Og-linear isomorphism) ¢ : X — X’ such that A = ¢*(1').
Denote the group of quasi-isogenies ¢ : (X, ¢, 1) = (X, ¢, A) by QIsog(X, ¢, A).

For S = Spec k we have the following proposition:

Proposition 3.2. Up to isogeny, there exists precisely one tuple (X, tx, Ax) over
Specl; such that the group Qlsog(X, tx, Ax) contains SU(C, h) as a closed sub-
group. Here SU(C, h) is the special unitary group for a 2-dimensional E-vector
space C with split E|F-hermitian form h.

Remark 3.3. If (X, tx, Ax) is as in the proposition, we always have QIsog(X, tx, Ax)
= U(C, h). This follows directly from the proof and gives a more natural way to
describe the framing object. However, we will need the slightly stronger statement
of the proposition later, in Lemma 3.15.

Proof of Proposition 3.2. We first show uniqueness. Let (X, ¢, 1)/ Spec k be such a
tuple. Its (relative) rational Dieudonné module Ny is a 4-dimensional vector space
over F with an action of E and an alternating form (, ) such that for all x, y € Ny,

(3-1) {(x, Iy) = —(Ix, y).

The space Nx has the structure of a 2-dimensional vector space over E=EQpF
and we can define an E|F-hermitian form on it via

(3-2) h(x,y) = (Ilx, y) + TI(x, y).
The alternating form can be recovered from & by

1
(3-3) (.3 =Trgp (57 - hr).

Furthermore we have on Nx a o-linear operator F, the Frobenius, and a o ~L-linear
operator V, the Verschiebung, that satisfy VF = FV = m(. Recall that o is the lift
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of the Frobenius on Of. Since (, ) comes from a polarization, we have

(Fx,y)=(x,Vy)’
and
h(Fx,y)=h(x, Vy)°

for all x, y € Ny. Let us consider the o-linear operator = [TV ~!. Its slopes are
all zero, since Ny is isotypical of slope % (This follows from the condition on
QIsog(X, 1x, Ax).) We set C = Ny. This is a 2-dimensional vector space over E
and Ny = C ®f E. Now h induces an E | F-hermitian form on C since

h(tx,ty) =h(—FI 'x, TV~"'y) = —h(IT"'x, TTy)° = h(x, y)°.

A priori, there are up to isomorphism two possibilities for (C, h), either & is
split on C or nonsplit. But automorphisms of (C, &) correspond to elements of
QIsog(X, tx, Ax). The unitary groups of (C, h) for h split and & nonsplit are not
isomorphic and they cannot contain each other as a closed subgroup. Hence the
condition on QIsog(X, tx, Ax) implies that # is split.

Assume now we have two different objects (X, ¢, A) and (X', , 1)) as in the
proposition. These give us isomorphic vector spaces (C, h) and (C’, h’) and an iso-
morphism between these extends to an isomorphism between Ny and N (respecting
all rational structure) which corresponds to a quasi-isogeny between (X, ¢, A) and
(X', /, M.

The existence of (X, tx, Ax) now follows from the fact that a 2-dimensional
E-vector space (C, h) with split E|F-hermitian form contains a unimodular lat-
tice A. Indeed, this gives us a lattice M = A ®o, éE CCQ®g E. We extend h to
N=CQ®g E and define the F-linear alternating form (, ) as in (3-3). Now M is
unimodular with respect to (, ), because % éE is the inverse different of E |1:" (see
Lemma 2.2). We choose the operators F and V on M such that FV =V F =
and A = M7 for t = [TV ~!. This makes M a (relative) Dieudonné module and we
define (X, tx, Ax) as the corresponding formal Og-module. O

We fix such a framing object (X, tx, Ax) over Spec k.

Definition 3.4. For arbitrary S € Nilp; , let S=Sx Spt O SPEC k. Define N/ gaive(S )
as the set of equivalence classes of tuples (X, ¢, A, 0) over S, where (X, ¢, A) as
above and

Q:XXSS'—>X><Spec,;S'

is a quasi-isogeny between the tuple (X, ¢, A) and the framing object (X, tx, Ax)
(after base change to S). Two objects (X, ¢, A, 0) and (X', ¢/, A, ¢') are equivalent
if and only if there exists an isomorphism ¢ : (X, ¢, 1) — (X', , 1) such that
0=0"0(pxs9).
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Remark 3.5. (1) The morphism g is a quasi-isogeny in the sense of Definition 3.1,
i.e., we have L = o*(Ax). Similarly, we have A = ¢*()) for the isomorphism ¢.
We obtain an equivalent definition of A" if we replace strict equality by the
condition that, locally on S, A and o*(Ax) (resp. ¢*(A)) only differ by a scalar
in O . This variant is used in the definition of RZ-spaces of PEL type for p > 2 in
[Rapoport and Zink 1996]. In this paper we will use the version with strict equality,
since it simplifies the formulation of the straightening condition; see Definition 3.11
below.

2) N, gai"e is pro-representable by a formal scheme, formally locally of finite type
over Spf Op. This follows from [Rapoport and Zink 1996, Theorem 3.25].

As a next step, we use Dieudonné theory in order to get a better understanding
of the special fiber of N, gai"e. Let N = Nx be the rational Dieudonné module of
the base point (X, tx, Ax) of NV, Eaive. This is a 4-dimensional vector space over F,
equipped with an E-action, an alternating form (, ) and two operators V and F.
As in the proof of Proposition 3.2, the form (, ) satisfies condition (3-1):

(3-4) {x, Iy) = —(Ilx, y).

A point (X, ¢, A, 0) € N2¥¢(k) corresponds to an Op-lattice My € N. It is
stable under the actions of the operators V and F and of the ring Of. Furthermore
My is unimodular under (, ), i.e., Mx = My, where

My ={xeN|(x,y) e Op forall y € My}.

We can regard N as a 2-dimensional vector space over E with the E|F-hermitian
form £ defined by

(3-5) h(x,y) = (Ilx, y) + IT{x, y).
Let éE = Ofr Qo ép. Then Mx C N is an éE—lattice and we have
My =My =M%,

where Mg( is the dual lattice of My with respect to /. The latter equality follows
from the formula

(3-6) (x. y) :Trm(% h(x.y))

and the fact that the inverse different of E|F is @E‘lF = % Or (see Lemma 2.2).
We can thus write the set AV, E“i"e(lz) as

(3-7)  NPEVe(k) = {Og-lattices M € Ny | M* = M, moM C VM C M},

Let = TV ~!. This is a o-linear operator on N with all slopes zero. The elements
invariant under t form a 2-dimensional E-vector space C = N*. The hermitian form
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h is invariant under 7, hence it induces a split hermitian form on C which we denote
again by i. With the same proof as in [Kudla and Rapoport 2014, Lemma 3.2], we
have:

Lemma 3.6. Let M € N}*¥(k). Then:

(1) M+t (M) is t-stable.

(2) Either M is t-stable and Ao = M* C C is unimodular (AO = Ag) or M is not
t-stable and then A_; = (M +t(M))* C C is 1™ ' -modular (Aﬁ = IA ).

Under the identification N = C ®f E ,we get M = Ay Qo, OE for a t-stable
Dieudonné lattice M. If M is not t-stable, we have M +tM = A_| Qo, Or and
MCA_|1®o, éE is a sublattice of index 1. The next lemma is the analogue of
[Kudla and Rapoport 2014, Lemma 3.3].

Lemma 3.7. (1) Fix a [1™"-modular lattice A_, C C. There is an injective map
in_,  P(A_1/TIA_;)(k) < Npve(k)

mapping a line £ € (A_/TIA_)) ®k to its preimage in A_, ® O. Identify
P(A_;/TIA_ (k) with its image in Nn‘“ve(k) Then P(A_1/TIA_1) (k) C
P(A_/TIA_ (k) is the set of t-invariant Dieudonné lattices M T A_ 1 ® OE

(2) The set N ane (k) is a union
(3-8) NEveky = | P(a_/mA_)®),

A_1CC
ranging over all T1™'-modular lattices A_, C C. The projective lines cor-
responding to the lattices A_y and A", intersect in N, gaive(l;) if and only if
Ag=A_1N A’_l is unimodular. In this case, their intersection consists of the
point M = Ay ® O € N2V (k).

Proof. We only have to prove that the map i, , is well-defined. Denote by M
the preimage of £ C (A_;/I1A_}) Rkin A ® 65. We need to show that M is
an element in gaive (k) under the identification of (3-7). It is clearly a sublattice of
index 1in A_ |1 ® OE, stable under the actions of F, V and Og.

Letere A1 ® éE such that e; ® k generates £. We can extend this to a basis
(e1, e2) of A_j and with respect to this basis, & is represented by a matrix of the

form
x —I!
nt y )

withx, y € ! éE N OF = ép. The lattice M CA_|1 ® OE is generated by e; and
[Te,. With respect to this new basis, / is now given by the matrix

x 1
1 moy)’
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Since all entries of the matrix are integral, we have M € M*. But this already
implies M* = M, because they both have index 1 in A_; ® Og. Thus M € \V, gai"e (k)
and i5 _, is well-defined. |

Remark 3.8. (1) Recall from Proposition 2.4 that the isomorphism type of a IT'-
modular lattice A € C only depends on its norm ideal Nm(A) = ({h(x, x)|x €
A}) = né Op C F. In the case that A = A or A_; is unimodular or IT~!-modular,
¢ can be any integer such that |1| > |7ol¢ > |2]. In particular, there are always at
least two possible values for ¢. Recall from Lemma 2.5 that A is hyperbolic if and
only if Nm(A) =20rF.

(2) The intersection behavior of the projective lines in N, gai"e (k) can be deduced
from Proposition 2.7. In particular, for a given unimodular lattice Ao € C with
Nm(Ag) € moOp, there are g + 1 lines intersecting in M = Ag® éE If Nm(Ay) =
Op, the lattice M = Ay ® OE is only contained in one projective line. On the
other hand, a projective line P(A_;/TIA_;)(k) S N gai"e (k) contains ¢ + 1 points
corresponding to unimodular lattices in C. By Lemma 3.7 (1), these are exactly the
k-rational points of P(A_;/ITA_1).

(3) If we restrict the union at the right-hand side of (3-8) to hyperbolic IT1~!-
modular lattices A_y € C (i.e., Nm(A_q) = 20F; see Lemma 2.5), we obtain
a canonical subset Nz (k) C N, gaive(lé) and there is a description of Ng as a pro-
representable functor on NilpovF (see below). We will see later (Theorem 3.16)
that Vg is isomorphic to the Drinfeld moduli space Mp,, described in [Boutot
and Carayol 1991, 1.3]. In particular, the underlying topological space of N is
connected. (The induced topology on the projective lines is the Zariski topology;
see Proposition 3.9.) Moreover, each projective line in Nz (k) has ¢ + 1 intersection
points and there are two projective lines intersecting in each such point (see also
Proposition 2.7).

We fix such an intersection point P € Nz (k). Now going back to A/ ,gaive(lé),
there are ¢ — 1 additional lines going through P € N/ g“i"e (k) that correspond to
nonhyperbolic lattices in C (see Proposition 2.7). Each of these additional lines
contains P as its only “hyperbolic” intersection point, all other intersection points
on this line and the line itself correspond to unimodular, resp. IT~'-modular, lattices
A C C of norm Nm(A) = (2/mg) Of (whereas all hyperbolic lattices occurring have
the norm ideal 20 ; see Lemma 2.5). Assume P(A/TTIA)(k) C Ngaive(lz) is such
aline and let P’ € P(A/ [TA)(k) be an intersection point, where P # P’. There
are again g more lines going through P’ (always ¢ + 1 in total) that correspond
to lattices with norm ideal Nm(A) = (2/ ng) Or, and these lines again have more
intersection points and so on. This goes on until we reach lines P(A’/TTA") (k)
with Nm(A’) = Op. Each of these lines contains ¢ points that correspond to
unimodular lattices Ag € C with Nm(Ag) = Op. Such a lattice is only contained
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@e=1, f=1 b)e=2, f=1

Figure 1. The reduced locus of V, gaive for E|F of type R-P where
F|Q; has ramification index e and inertia degree f. Solid lines are
given by subschemes Ng 5 for hyperbolic lattices A.

in one IT~'-modular lattice (see part (4) of Proposition 2.7). Hence, these points
are only contained in one projective line, namely P(A’/TIA’) (k).

In other words, each intersection point P € Ng (k) has a “tail”, consisting of
finitely many projective lines, which is the connected component of P in (N gai"e )\
Ng(k)) U {P}. Figure 1 shows a drawing of (, gaive)red for the cases F = @, (on
the left-hand side) and F'|(), a ramified quadratic extension (on the right-hand side).
The “tails” are indicated by dashed lines.

Fix a [T~ !-modular lattice A = A_; C C. Let X X be the formal Opr-module
over Spec k associated to the Dieudonné lattice M = A ® O C N. It comes with
a canonical quasi-isogeny

of :X— X}
of F-height 1. We define a subfunctor Nz o C N, gaive by mapping S € Nilp to
(3-9)  Nea(S) ={(X,1, %, 0) € NF™(S) | (of x S) 0 is an isogeny}.

Note that the condition of (3-9) is closed; cf. [Rapoport and Zink 1996, Proposi-
tion 2.9]. Hence N 4 is representable by a closed formal subscheme of N, gaive.
On geometric points, we have a bijection

(3-10) N alk) = P(A/TIA) (k),
as a consequence of Lemma 3.7 (1).

Proposition 3.9. The reduced locus of N gaive is given by

(Ngaive)red = U NE,A,

ACC
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where A runs over all T1~'-modular lattices in C. For each A, there is an isomor-
phism of reduced schemes

Nea => P(A/IIA),
inducing the map (3-10) on k-valued points.
Proof. The embedding

(3-11) L Ve a)rea > VEN)rea

ACC
is closed, because each embedding Nz p € N, gaive is closed and, locally on
(N gaive)red, the left-hand side is always only a finite union of (Mg A)red. It follows
already that (3-11) is an isomorphism, since it is a bijection on k-valued points (see
(3-8) and (3-10)) and (N, g‘aive)red is reduced by definition and locally of finite type
over Spec k by Remark 3.5 (2).

For the second part of the proposition, we follow the proof presented in [Kudla
and Rapoport 2014, Lemma 4.2]. Fix a IT~'-modular lattice A € C and let
M=A® éE C N, as above. Now X X is the formal Op-module associated to M,
but we also get a formal Or-module X', associated to the dual M P =TIM of M.
This comes with a natural isogeny

naty : X, — X

and a quasi-isogeny o, : X, — X of F-height 1. For (X,(, 1, 0) € N}gaive(S) where
S € Nilp,., we consider the composition

0px=0 "oy x8): (X; x5 —X.

By [Kudla and Rapoport 2014, Lemma 4.2], this composition is an isogeny if and
only if (QX x §) o o is an isogeny, or, in other words, if and only if (X, ¢, A, o) €
Ng A(S). Let D X5 (S) be the (relative) Grothendieck—Messing crystal of X', eval-
uated at S (cf. [Ahsendorf et al. 2016, Definition 3.24] or [Ahsendorf 2011, Sec-
tion 5.2]). This is a locally free Og-module of rank 4, isomorphic to A /7oA ® ¢, Os.
The kernel of D(natp ) (S) is given by (A/ITA)®g, Os, locally a direct summand of
rank 2 of [D)XI—\(S). For any (X, ¢, 1, 0) € Ng.A(S), the kernel of 0, x is contained
in ker(natp ). It follows from [Vollaard and Wedhorn 2011, Corollary 4.7] (see also
[Kudla and Rapoport 2014, Proposition 4.6]) that ker [D(Q[_\’ ) (8) 18 locally a direct
summand of rank 1 of (A/ITA) ®o, Os. This induces a map

NEA(S) = P(A/TIA)(S),

functorial in S, and the arguments of [Vollaard and Wedhorn 2011, Section 4.7]
show that it is an isomorphism. (One easily checks that their results indeed carry
over to the relative setting over OF.) O
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3B. Construction of the closed formal subscheme Ny € N, fg‘aive. We now use a
result from Section 5. By Theorem 5.2 and Remark 5.1 (2), there exists a principal
polarization XX : X = XY on (X, 1x, Ax), unique up to a scalar in O, such
that the induced Rosati involution is the identity on Of. Furthermore, for any
(X,t,x,0) €N, gaiVC(S ), the pullback A= Q*(ix) is a principal polarization on X.

The next proposition is crucial for the construction of Ag. Recall the notion of a
hyperbolic lattice from Proposition 2.4 and the subsequent discussion.

Proposition 3.10. It is possible to choose (X, tx, Ax) and XX such that
Ax.1 = 2O+ Ax) € Hom(X, XY).

Fix such a choice and let (X, t, A, Q) € Ngaive(lé). Then, %(A + %) € Hom(X, XV)
ifand only if (X, 1, X, 0) € Ng.a (k) for some hyperbolic lattice A  C.
Proof. The polarization Ax on X induces an alternating form (, ) on the rational
Dieudonné module N = Mx ® Or F. Forall x, y € N, the form (, ) satisfies

(Fx,y)=(x,Vy)’,

(TTx, y) = (x, Iy).

It induces an E -alternating form b on N via

b(x,y) = 8((Ilx, y) + I (x, y)),

where § € Op is a unit generating the unramified quadratic extension of F, chosen
such that §° = —4 and (1 +6)/2 € OF; see page 348. On the other hand, we can
describe (, ) in terms of b,

1

(3-12) (x, y) :Tr,;lﬁ(zm

b(x, v).
The form b is invariant under 7 = [TV !, since
b(tx,ty) =b(—FIT 'x, IV~ly) = b(IT"x, TTy)° = b(x, y)°.

Hence b defines an E-linear alternating form on C = N*, which we again denote
by b. Denote by (, ) the alternating form on My induced by the polarization Ax
and let & be the corresponding hermitian form; see (3-2). On Nx, we define the
alternating form (, ); by

(, y)1 = 3, y) 4 (x, ).

This form is integral on M if and only if Ax ;| = %()»x + XX) is a polarization on X.
We choose (X, tx, Ax) such that it corresponds to a unimodular hyperbolic lattice
Ao C (C, h) under the identifications of (3-7) and Lemma 3.6. There exists a basis
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(e1, ep) of Ag such that

(3-13) hé( 1), b§< “)
1 —u

for some u € E*. Since Xx is principal, the alternating form b is perfect on Ay,
thus u € OE. After rescaling Ax, we may assume that u = 1. We now have

L(h(x, y) +b(x,)) € O,

for all x, y € Ag. Thus %(h +b) is integral on Mx = A9 ®o, OE This implies that
(v 7)1 = 50 )+ 0 ) = E T (5 ) + 5 (e, )

=Tf;§|ﬁ<%(h(x’ y) +b(x, y))) +Tr5?|F(4n3 b(x, y)) € Op

for all x, y € Mx. Indeed, in the definition of b, the unit § has been chosen such that
1+ 8) /2 € Op, so the second summand is in OF The first summand is integral,
since 5 (h + D) is integral. It follows that Ax 1 = 5 (Ax + AX) is a polarization on X.

Let (X,t,A,0) € N“awe(k) and assume that A; = (A + ) = 0*(Ax.1) is a
polarization on X. Then (, ); is integral on the Dieudonne module M C N of X.
By the above calculation, this is equivalent to %(h + b) being integral on M. In
particular, this implies that

h(x,x) =h(x,x) +b(x, x) € 20r,

forall x e M. Let A = (M + t(M))*. Then h(x,x) € 20F for all x € A;
hence Nm(A) € 20fr. By Lemma 2.5 and the bound of norm ideals, we have
Nm(A) =20p and A is a hyperbolic lattice. It follows that (X, ¢, A, 0) € Ng o/ (k)
for some hyperbolic IT~!-modular lattice A’ C C. Indeed, if M™ C A then A is
[T~ '-modular and A’ = A. If M = A then it is contained in some IT~!-modular
hyperbolic lattice A’ by Proposition 2.7.

Conversely, assume that (X, ¢, A, 0) € Ng.a (IE) for some hyperbolic lattice A C C.
It suffices to show that %(h + b) is integral on A. Indeed, it follows that %(h +b)
is integral on the Dieudonné module M. Thus (, ); is integral on M and this is
equivalent to A; = 1 (% + 1) € Hom(X, XV).

Let A’ C C be the IT~'-modular lattice generated by e; and IT~!e,, where (e, e2)
is the basis of the lattice Ay corresponding to the framing object (X, tx, Ax). By
(3-13), h and b have the following form with respect to the basis (e, T 'ey),

- —I! - !
2o ™) 02 ™)

In particular, A’ is hyperbolic and %(h + b) is integral on A’. By Proposition 2.4,
there exists an automorphism g € SU(C, h) mapping A onto A’. Since detg =1,
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the alternating form b is invariant under g. It follows that %(h + b) is also integral
on A. U

From now on, we assume (X, tx, Ax) and XX chosen in a way such that
A= 3+ Ax) € Hom(X, XY).

Note that this determines the polarization Ax up to a scalar in 1 4+ 20g. If we
replace Ax by A = Ax otx(142u) for some u € O, then A§, | = Ax 1 +Axoux(u).
We can now formulate the straightening condition.

Definition 3.11. Let S € Nilp; . An object (X,t, 4, 0) € Ngai"e(S) satisfies the
straightening condition if

(3-14) A1 € Hom(X, XV),

where A1 = 1 (A +4) = 0*(Ax.1).

This definition is clearly independent of the choice of the polarization Ax. We
deﬁne N as the functor that maps S € Nilp &, to the set of all tuples (X, ¢, 1, 0) €
NpAVe(S) that satisfy the straightening condition. By [Rapoport and Zink 1996,
Proposition 2.9], Vg is representable by a closed formal subscheme of gaive.

Remark 3.12. The reduced locus of Ng can be written as

Wedrea = | JNea > | JPA/TIA),

ACC ACC

where we take the unions over all hyperbolic TI~!-modular lattices A € C. By
Proposition 2.7 and Lemma 3.7, each projective line contains g+ 1 points correspond-
ing to unimodular lattices and there are two lines intersecting in each such point.
Recall from Remark 3.8 (1) that there exist nonhyperbolic IT~!-modular lattices
A C C; thus we have Ng (k) # N9 (k), and in particular (Ng)red # (NEY®)eq.

Remark 3.13. As has been pointed out to the author by A. Genestier, the straight-
ening condition is not trivial on the rigid-analytic generic fiber of A/ gaive. However,
we can show that it is open and closed. Since a proper study of the generic fiber
would go beyond the scope of this paper, we restrain ourselves to indications rather
than complete proofs.

Let C be an algebraically closed extension of F and Oc¢ its ring of integers. Take
apointx = (X,t, A, 0) €N, Eai"e((’)c) and consider its 2-adic Tate module 7> (x).
It is a free Og-module of rank 2 and A endows 7,(x) with a perfect (nonsplit)
hermitian form 4. If x € Ng(O¢), then the straightening condition implies that
(T»(x), h) is a lattice with minimal norm? Nm(75(x)) in the vector space V,(x) =
T2(x) ®o, E (see Proposition 2.4 and [Jacobowitz 1962]). But V,(x) also contains

2Calling this lattice “hyperbolic” doesn’t make much sense here since it is anisotropic.
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self-dual lattices with nonminimal norm ideal. Let A € V,(x) be such a lattice with
Nm(A) # Nm(7>(x)). Let A’ be the intersection of T5(x) and A in V5 (x). The
inclusions A’ < A and A’ < T,(x) define canonically a formal Or-module Y
with 75 (Y) = A’ and a quasi-isogeny ¢ : X — Y. By inheriting all data, ¥ becomes
a point in N, gai"e((’)c) that does not satisfy the straightening condition.

To see that the straightening condition is open and closed on the generic fiber,
consider the universal formal Op-module X = (X, tx, Ay) over N Eaive and let
T>(X) be its Tate module. Then T (X) is a locally constant sheaf over N, é"“ive’rig
with respect to the étale topology. The polarization Ay defines a hermitian form
h on T,(X). Since T»(X) is a locally constant sheaf, the norm ideal Nm(73(X"))
with respect to i (see Proposition 2.4) is locally constant as well. Hence the locus
where Nm(75(X)) is minimal is open and closed in N4V, But this is exactly
N]:Eig g Ngaive,rig.

3C. The isomorphism to the Drinfeld moduli problem. We now recall the Drin-
feld moduli problem Mp, on Nilp; . Let B be the quaternion division algebra
over F and Ojp its ring of integers. Let S € Nilpy . Then Mp,(S) is the set of
equivalence classes of objects (X, ¢, 0), where

e X is a formal Or-module over S of dimension 2 and height 4;

e 1p: Op — End(X) is an action of Op on X satisfying the special condition, i.e.,
Lie X is, locally on §, a free (Os ®o, Ol(pz))—module of rank 1, where 01(92) C Op
is any embedding of the unramified quadratic extension of O into Op (cf.
[Boutot and Carayol 1991));

e 0:Xx585—X X Spec i S is an Op-linear quasi-isogeny of height 0 to a fixed
framing object (X, tx) € Mp, (k).

Such a framing object exists and is unique up to isogeny. By a proposition of
Drinfeld, cf. [Boutot and Carayol 1991, p. 138], there always exist polarizations on
these objects, as follows:

Proposition 3.14 [Drinfeld 1976]. Let I1 € Op a uniformizer with 1% € Of and
let b+ b’ be the standard involution of B. Then b — b* = TIb'TI~! is another
involution on B.

(1) There exists a principal polarization Lx : X — XY on X with associated Rosati
involution b — b*. It is unique up to a scalar in Op;.

(2) Let hx be as in (1). For (X, tp, 0) € Mpr(S), there exists a unique principal
polarization
ArX — XY

with Rosati involution b — b* such that 0*(Ax) = A on S.
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We now relate Mp, and Ng. For this, we fix an embedding £ < B. Any
choice of a uniformizer IT € Op with [1? € Of induces the same involution
b+ b*=TI'T1 ! on B.

For the framing object (X, tx) of Mp,, let Ax be a polarization associated to this
involution by Proposition 3.14 (1). Denote by tx g the restriction of tx to O € Op.
For any object (X, tg, 0) € Mp,(S), let A be the polarization with Rosati involution
b — b* that satisfies o* (Ax) = A; see Proposition 3.14 (2). Let ¢ be the restriction
of tp to Og.

Lemma 3.15. (X, tx g, Ax) is a framing object for J\/Eaive. Furthermore, the map
(X, 15,0) > (X, £, %, 0)
induces a closed immersion of formal schemes
n:Mp, — Ng“ive.

Proof. There are two things to check: that QIsog(X, tx, Ax) contains SU(C, &) as a
closed subgroup and that ¢ g satisfies the Kottwitz condition. Indeed, once these two
assertions hold, we can take (X, tx g, Ax) as a framing object for N, Eai"e and the
morphism 7 is well-defined. For any S € Nilp; , the map 7(S) is inje_ctive, because
(X, tp,0) and (X', (', 0") € Mp,(S) map to the same point in N2**(S) under n
if and only if the quasi-isogeny o’ o ¢ on § lifts to an isomorphism on S, i.e., if and
only if (X, 5, @) and (X', (3, 0) define the same point in Mp,(S). The functor

F:S—{(X,1,1,0)€ Ngaive(S) | t extends to an Opg-action}

is pro-representable by a closed formal subscheme of /4" by [Rapoport and Zink
1996, Proposition 2.9]. Now, the formal subscheme 1n(Mp,) C F is given by the
special condition. But the special condition is open and closed (see [Rapoport and
Zink 2017, p. 7]), thus 7 is a closed embedding.

It remains to show the two assertions from the beginning of this proof. We first
check the condition on QIsog(X, tx, Ax). Let G(x,.y) be the group of Op-linear
quasi-isogenies ¢ : (X, tx) = (X, tx) of height 0 such that the induced homomor-
phism of Dieudonné modules has determinant 1. Then we have (noncanonical) iso-
morphisms G x,.y) 2 SLo, r and SLy r = SU(C, h), since A is split. The uniqueness
of the polarization Ax (up to a scalar in O ; ) implies that G (x .y) € QIsog(X, tx, Ax).
This is a closed embedding of linear algebraic groups over F, since a quasi-isogeny
¢ € Qlsog(X, tx, Ax) lies in Gx, ) if and only if it is Op-linear and has determi-
nant 1, and these are closed conditions on QIsog(X, tx, Ax).

Finally, the special condition implies the Kottwitz condition for any element
b € Op (see [Rapoport and Zink 2017, Proposition 5.8]), i.e., the characteristic
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polynomial for the action of ¢(b) on Lie X is

char(Lie X, T | «(b)) = (T —b)(T = b),
where the right-hand side is a polynomial in Og[T] via the structure homomorphism
Op < Of — Og. From this, the second assertion follows. O

Let 0(2) C Op be an embedding such that conjugation with IT induces the
nontrivial Galois action on O} ), asin Lemma 2.3 (1). Fix a generator y = (14+8)/2
of 0}2) with 8% € Oy . On (X, tx), the principal polarization Ax given by

)‘-X = )\'X (¢] LX((S)

has a Rosati involution that induces the identity on Og. For any (X, tp,0) €
Mp,(S), we set A = 0*(Ax) = L otp(8). The tuple (X, (g, A, 0) = n(X,tp,0)
satisfies the straightening condition (3-14), since

=1(.+%) = roup(y) € Hom(X, X).

In particular, the tuple (X, tx g, Ax) is a framing object of N and 5 induces a
natural transformation

(3-15) n: Mp, — Ng.
Note that this map .does not depend on the above choices, as N is a closed formal
subscheme of N7,
Theorem 3.16. 1 : Mp, — Ng is an isomorphism of formal schemes.
We will first prove this on k-valued points:
Lemma 3.17. 1 induces a bijection n(k) : Mp, (k) = Ng (k).

Proof. We can identify the k-valued points of Mp, with a subset Mp, (k) C
N gai"e(l;). The rational Dieudonné module N of X is equipped with an action of B.
Fix an embedding F® < B as in Lemma 2.3 (1). This induces a Z/2-grading
N = Ny @ Ny of N, where

No={x € N |t(a)x =ax forall a € F®},

Ni={x e N |ia)x =0c(a)x forall a € F?}
for a fixed embedding F® — F. The operators V and F have degree 1 with
respect to this decomposition. Recall that A has Rosati involution b — T16'TI~! on
Op which restricts to the identity on O }2). The subspaces Ny and N are therefore
orthogonal with respect to (, ).

Under the identification (3-7), a lattice M € M p, (k) respects this decomposition,
i.e., M = My® M, with M; = M N N;. Furthermore it satisfies the special condition

dimM()/VM1 =dimM1/VMO= 1.
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We already know that Mp, (k) € N (k), so let us assume M € N (k). We want to
show that M € Mp, (k), i.e., that the lattice M is stable under the action of O on
N and satisfies the special condition. It is stable under the Opg-action if and only
if M =My® M, for M\ =MNN,;.Let y e M and y = yo + y; with y; € N;. For
any x € M, we have

(3-16) (x,y) = (x, yo) + (x, y1) € OF.

We can assume that Ax | = Axotp(y) with y € 0}2) under our fixed embedding
F® < B. Recall that y® = 1 —y from page 348. Let (, ); be the alternating form
on M induced by Ax . Then,

(3-17) 1=y (x,y0) +(1—p)-(x, 1) € Op.

From (3-16) and (3-17), it follows that (x, yg) and (x, y;) lie in ép. Since x € M was
arbitrary and M = M, this gives yo, y; € M. Hence M respects the decomposition
of N and is stable under the action of Op.

It remains to show that M satisfies the special condition: The alternating form
(,) is perfect on M, thus the restrictions to My and M, are perfect as well. If M
is not special, we have M; = VM; | for some i € {0, 1}. But then, {, ) cannot be
perfect on M;. In fact, for any x, y € M; 4,

(Vx,Vy)° = (FVx,y)=m-(x,y) € mOF.

Thus M is indeed special, i.e., M € Mp, (IE), and this finishes the proof of the
lemma. U

Proof of Theorem 3.16. We already know that n is a closed embedding
n:Mpr— Ng.

Let (X, tx) be the framing object of Mp, and choose an embedding 0}2) C Op and
a generator y of 0,(72) as in Lemma 2.3 (1). We take (X, tx g, Ax) as a framing
object for Nz and set Ax = Ax 0 1x(8).

Let (X, t, A, 0) € Ng(S) and A= Q*(Xx). We have

Q_l ox(y)oo = Q_l o)&l oAX 100 = 2! o)1 € End(X),

where Ax | = %(AX +XX) and A = %(k —|—i). Since O = OF|I1, y], this induces
an Op-action ¢tz on X and makes o an Opg-linear quasi-isogeny. We have to check
that (X, tp, o) satisfies the special condition.

Recall that the special condition is open and closed (see [Rapoport and Zink
2017, p. 71), so 1 is an open and closed embedding. Furthermore, n(k) is bijective
and the reduced loci (Mp,)req and (Ng)req are locally of finite type over Spec k.
Hence 7 induces an isomorphism on reduced subschemes. But any open and closed
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embedding of formal schemes, that is, an isomorphism on the reduced subschemes,
is already an isomorphism. U

4. The moduli problem in the case R-U

Let E|F be a quadratic extension of type R-U, generated by a uniformizer I1
satisfying an Eisenstein equation of the form I1> — ¢T1 + 7y = 0 where t € O and
molt|2. Let OF and Og be the rings of integers of F and E. We have O = Op[I1].
As in the case R-P, let k be the common residue field, k an algebraic closure, F the
completion of the maximal unramified extension with ring of integers Or=Wo L (k)
and o the lift of the Frobenius in Gal(k|k) to Gal(ép |OF).

4A. The naive moduli problem. Let S € Nilp 5 . Consider tuples (X, ¢, A), where

e X is a formal Or-module over S of dimension 2 and height 4.

e 1: Op — End(X) is an action of O on X satisfying the Kottwitz condition: The
characteristic polynomial of ¢((«) for some o € Og is given by

char(Lie X, T | t(@)) = (T —a)(T — @).

Here o — « is the Galois conjugation of E|F and the right-hand side is a
polynomial in Og[T] via the structure morphism Or < O — Ogs.

e L : X — XV is a polarization on X with kernel ker A = X[I1], where X[IT] is
the kernel of ¢(IT). Further we demand that the Rosati involution of A satisfies
t(@)* =(a) for all « € Of.

We define quasi-isogenies ¢ : (X, ¢, A) — (X', ¢/, A') and the group QIsog(X, ¢, A)
as in Definition 3.1.

Proposition 4.1. Up to isogeny, there exists exactly one such tuple (X, tx, Ax) over
S = Spec k under the condition that the group Qlsog(X, tx, Ax) contains a closed
subgroup isomorphic to SU(C, h) for a 2-dimensional E-vector space C with split
E|F-hermitian form h.

Remark 4.2. Asin the case R-P, we have QIsog(X, tx, Ax) = U(C, h) for (X, tx, Ax)
as in the proposition.

Proof of Proposition 4.1. We first show uniqueness of the object. Let (X,¢,1)/Speck
be a tuple as in the proposition and consider its rational Dieudonné module Ny.
This is a 4-dimensional vector space over F equipped with an action of E and an
alternating form (, ) such that

(4'1) (x»ny>=<ﬁx,J’>
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for all x, y € Nx. Let E=F® r E. We can see Nx as 2-dimensional vector space
over E with a hermitian form 4 given by

(4-2) h(x,y) = (Ilx, y) — II{x, y).

Let F and V be the o-linear Frobenius and the o ~!-linear Verschiebung on Ny.
We have FV = VF = mg and, since (, ) comes from a polarization,

(Fx,y)=(x,Vy)°.

Consider the o-linear operator t = [1V~! = FII~!. The hermitian form # is
invariant under t:

h(tx,ty) =h(FII 'x, IV™'y) = h(Fx, V"'y) = h(x, y)°.

From the condition on QIsog(X, tx, Ax) it follows that N is isotypical of slope
% and thus the slopes of t are all zero.. Let C = Ng. This is a 2-dimensional
vector space over E with Ny = C Qg E and h induces an E|F-hermitian form
on C. A priori, there are two possibilities for (C, k), either A is split or nonsplit.
The group U(C, h) of automorphisms is isomorphic to QIsog(X, tx, Ax). But the
unitary groups for 4 split and 4 nonsplit are not isomorphic and do not contain each
other as a closed subgroup. Thus the condition on QIsog(X, tx, Ax) implies that A
is split.

Assume we are given two different objects (X, ¢, A) and (X’,(/, )) as in the
proposition. Then there is an isomorphism between the spaces (C, k) and (C’, i)
extending to an isomorphism of Nx and Ny respecting all structure. This corre-
sponds to a quasi-isogeny ¢ : (X, ¢, A) = (X', /, ).

Now we prove the existence of (X, tx, Ax). We start with a [I-modular lattice
A in a 2-dimensional vector space (C, h) over E with split hermitian form. Then
M=A®o; éE is an éE—lattice mN=CQ®g E. The o-linear operator T =1 Qo
on N has slopes are all 0. We can extend 4 to N such that

h(tx,ty) =h(x,y)’,

for all x, y € N. The operators F and V are given by r =1V ~! = FIT1~!. Finally,
the alternating form (, ) is defined via

(0, 3) = Tegyp (o5 b ),

for x, y € N. The lattice M C N is the Dieudonné module of (X, tx, Ax). We leave
it to the reader to check that this is indeed an object as considered above. O

We fix such an object (X, tx, Ax) over Speck from the proposition. We define
the functor VN, gaive on Nilp; . as in Definition 3.4.
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Remark 4.3. V, gai"e is pro-representable by a formal scheme, formally locally of
finite type over Spf OF; cf. [Rapoport and Zink 1996, Theorem 3.25].

We now study the k-valued points of the space N, gaiv"’. Let N = Nx be the rational
Dieudonné module of (X, tx, Ax). This is a 4-dimensional vector space over F ,
equipped with an action of E, with two operators F and V and an alternating
form (, ).

Let (X,(,A,0) € Ngaive(%). This corresponds to an éF—lattice M=Mxy CN
which is stable under the actions of F', V and Og. The condition on the kernel of
A implies that M = TIM " for

={xeN|(x,y)eépforallyeM}.

The alternating form (, ) induces an Ell:" -hermitian form ~ on N, seen as a 2-
dimensional vector space over E (see (4-2)):

h(x,y) = (Tx, y) — T{x, y).

We can recover the form (, ) from A via

(43) (v, y) = TrElF( hx, ).

Since the inverse different of E|F is D EI P = OE (see Lemma 2.2), this implies
that M is [1T-modular with respect to A, as Ok- lattice in N. We denote the dual of
M with respect to 4 by M*. There is a natural bijection

(4-4)  NPe(k) = {Op-lattices M C N | M = TIM*, mopM C VM C M}.
Recall that T =TTV ~! is a o-linear operator on N with slopes all 0. Further C = N*
is a 2-dimensional E-vector space with hermitian form /.
Lemma 4.4. Let M € N, }E’aive (k). Then:

(1) M+ t(M) is t-stable.

(2) Either M is t-stable and A1 = M* C C is [1-modular with respect to h, or M
is not t-stable and then Ao = (M + t(M))" C C is unimodular.

The proof is the same as that of [Kudla and Rapoport 2014, Lemma 3.2]. We
identify N with C ® E. For any t-stable lattice M € N/ naive k), we have M =
A1 ®o, Op.IfM e /\/“d“’e(k) is not t-stable, there is an inclusion M € Ag®o, Or
of index 1. Recall from Proposition 2.4 that the isomorphism class of a IT-modular
or unimodular lattice A € C is determined by the norm ideal

Nm(A) = ({h(x, x) | x € A}).

There are always at least two types of unimodular lattices. However, not all of them
appear in the description of NV, gaive (k).
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Lemma 4.5. (1) Let A C C be a unimodular lattice with Nm(A) C woOp. There
is an injection
in:P(A/TIA)(K) <= N2 (k),

that maps a line £ € AJTIA ®y k to its inverse image under the canonical
projection
A®o, Op — AJTIA @ k.

The k-valued points P(A/TIA) (k) € P(A/TIA) (k) are mapped to T-invariant
Dieudonné modules M C A ® o, O under this embedding.

(2) Identify P(A/TIA)(k) with its image under is. The set N gaive(l;) can be
written as
NEved) = [ Pa/may ),
ACC
where the union is taken over all lattices A C C with Nm(A) C moOF.

Proof. Let A C C be a unimodular lattice. For any line £ € IP(A / [TA)(k), denote
its prelmage in A® O by M. The inclusion M C A ® Op has index 1 and M
is an OE lattice with TT(A ® OE) C M. Furthermore A ® OE is T-invariant by
construction, hence IT(A ® OE) =VA® OE) =F(A® OE). It follows that M is
stable under the actions of F and V. Thus M € V' gai"e (k) if and only if M = ITM*.
The hermitian form £ induces a symmetric form s on A/ITA. Now M is [T-modular
if and only if it is the preimage of an isotropic line £ € A/TTA ® k. Note that s is
also antisymmetric since we are in characteristic 2.

We first consider the case Nm(A) C woOp. We can find a basis of A such that

h has the form
1
HA=<)IC ) x € myOpF;

see (2-4). It follows that the induced form s is even alternating (because x =
0 mod ). Hence any line in A/TTA ® k is isotropic. This implies that i, is
well-defined, proving part (1) of the lemma.

Now assume that Nm(A) = Op. There is a basis (e, e2) of A such that 4 is

represented by
11
m=(1 "),

The induced form s is given by the same matrix and £ = k - e, is the only isotropic
line in A/TIA. Since ¢ is already defined over k, the corresponding lattice M €
N gaive(lé) isof the form M = A1 ® (55 for a II-modular lattice A; € A. But, by
Proposition 2.8, any IT-modular lattice in C is contained in a unimodular lattice A’
with Nm(A’) C 7 OF.



372 DANIEL KIRCH

@e=2 f=1 v =2 b)e=2, f=1,v(t)=1

Figure 2. The reduced locus of N gaive for an R-U extension E|F
where e and f are the ramification index and the inertia degree
of F|Q, and v(z) is the mp-adic valuation of . We always have
1 < () <e. The solid lines lie in Nz C N Jaive,

It follows that we can write A/ E“aive (k) as a union

NEe () = | Pa/may @),

ACC
where the union is taken over all unimodular lattices A C C with Nm(A) C 79 OrF.
This shows the second part of the lemma. ([

Remark 4.6. We can use Proposition 2.8 to describe the intersection behavior of
the projective lines in N gaive (k). A t-invariant point M € N, g“i"e (k) corresponds
to the IT-modular lattice A| = M™ C C. If Nm(A;) C ng Opr, there are g + 1
lines going through M. If Nm(A ) = mpOF, the point M is contained in one or
two lines, depending on whether A is hyperbolic or not; see parts (3) and (4) of
Proposition 2.8. The former case (i.e., A is hyperbolic) appears if and only if
moOr = Nm(A ) =t Of (see Lemma 2.5). This happens only for a specific type
of R-U extension E|F'; see page 348. We refer to Remark 4.8, Remark 4.11 and
Section 4D for a further discussion of this special case.

On the other hand, each projective line in A2"(k) contains g + 1 t-invariant
points. Such a t-invariant point M is an intersection point of two or more projective
lines if and only if |¢| = |mg| or A{ = M* C C has a norm ideal satisfying Nm(A ) C
JTg OF.

Let A € C as in Lemma 4.5. We denote by X j{ the formal Op-module corre-
sponding to the Dieudonné module M = A ® Og. There is a canonical quasi-isogeny

of :X— X}
of F-height 1. For § € Nilp; , we define
Nea(S) = (X, 2, 0) € NEP(S) | (o x S) 0 is an isogeny}.
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By [Rapoport and Zink 1996, Proposition 2.9], the functor Nz 4 is representable
by a closed formal subscheme of N2*"¢. On geometric points, we have

(4-5) Nea(k) => P(A/TIA) (k).
as follows from Lemma 4.5 (1).

Proposition 4.7. The reduced locus of N is a union

(N;glaive)red = U NE,A,

ACC

where A runs over all unimodular lattices in C with Nm(A) C mwyOp. For each A,
there exists an isomorphism

Ng A = P(A/TIA),
inducing the bijection (4-5) on k-valued points.
The proof is analogous to that of Proposition 3.9.

Remark 4.8. Similar to Remark 3.8 (3), we let (NVg)red  (N23¥) eq be the union
of all projective lines N 5 corresponding to hyperbolic unimodular lattices A € C.
Later, we will define Mg as a functor on Nilp O and show that Ng >~ Mp,, where
Mp, is the Drinfeld moduli problem (see Theorem 4.14, a description of the formal
scheme M p, can be found in [Boutot and Carayol 1991, 1.3]). In particular, (Ng)req
is connected and each projective line in (Ng)req has g + 1 intersection points and
there are two lines intersecting in each such point.

It might happen that (Ng)red = (N, gai"e)red (see, for example, Figure 2(b)) if
there are no nonhyperbolic unimodular lattices A € C with Nm(A) € m9Of. In
fact, this is the case if and only if |¢| = |mg|; see Proposition 2.4 and Lemma 2.5.
(Note however that we still have Ng # N gaive; see Remark 4.11 and Section 4D.)

Assume |f| # |mo| and let P € N& (k) be an intersection point. Then, as in the
case where E|F is of type R-P (compare Remark 3.8 (3)), the connected component
of P in ((\V gaive)red \ (NVE)red) U { P} consists of a finite union of projective lines
(corresponding to nonhyperbolic lattices, by definition of (NVg)req). In Figure 2(a),
these components are indicated by dashed lines (they consist of just one projective
line in that case).

4B. The straightening condition. As in the case R-P (see Section 3B) we use the
results of Section 5 to define the straightening condition on N gaive. By Theorem 5.2
and Remark 5.1 (2), there exists a principal polarization X% on the framing object
(X, tx, Ax) such that the Rosati involution is the identity on Og. We set Xx =
XOX o tx(IT), which is again a polarization on X with the Rosati involution inducing
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the identity on Op, but with kernel ker Ax = X[I]. This polarization is unique up
to a scalar in Oy, i.e., any two polarizations Ax and A{ with these properties satisfy
M = Ax o L(a),

for some o € O . For any (X, ¢, A, 0) E/\/“aive(S),

)= 0"(hx) = 0* (3 o 1(TT)

is a polarization on X with kernel kerk = X [IT]; see Theorem 5.2 (2).
Recall that a unimodular or IT-modular lattice A € C is called hyperbolic if
there exists a basis (e, e) of A such that, with respect to this basis, /4 has the form

(v ")

for i =0 (resp. 1). By Lemma 2.5, this is the case if and only if Nm(A) = ¢ Op.

Proposition 4.9. For a suitable choice of (X, tx, Ax) and Ax, the quasipolarization
1 ~
Ax1= ;(kx +Ax)

is a polarization on X. Let (X, t,A, Q) € Ngaive(é) and \ = Q*()N\x). Then )| =
%(A + A) is a polarization if and only if (X, 1, A, 0) € Ng. (k) for a hyperbolic
unimodular lattice A C C.

Proof. On the rational Dieudonné module N = Mx ® 3 Or F denote by (, ), (,) and
(, )1 the alternating forms induced by A, AX and Ax 1, respectively. The form (, );
is integral on Mx if and only if Ay is a polarization on X. We have

(Fx,y)=(x,Vy)?’,
(Ix, y) = (x, ITy),

(v, )1 = (0 ) + ()

for all x, y € N. The form (, ) induces an E-bilinear alternating form » on N by
the formula

(4-6) b(x,y) =c((Mx, y) = T(x, y)).
Here, ¢ is a unit in O such that ¢ - o (¢)~! = TIIT~!. Since
o (-1 t x
ﬁ = T el+ ﬁOE,
we can even choose ¢ € 1+ tT1-'Og. The dual of M with respect to this form is
again M* =T1~'M, since

(e, 3) = Trgy (3 b0x, ),
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and the inverse different of E|F is given by ©E|1F =t"10p; see Lemma 2.2. Now
b is invariant under the o -linear operator r = ITV~! = FI1~!, because

_c .
o(c)
Hence b defines an E-linear alternating form on C.

We choose the framing object (X, tx, Ax) such that Mx is t-invariant (see
Lemma 4.4) and such that A} = My, is hyperbolic. We can find a basis (ey, e3) of

A1 such that
—~ IT ~ u

for some u € E*. Since Xx has the same kernel as Ay, we have u = [Tu’ for some unit
u' € Op. We can choose Ax such that #’ = 1 and u = T1. Now %(h(x, y)+b(x,y))
is integral for all x, y € A;. Hence %(h(x, y) 4+ b(x, y)) is also integral for all
X,y € Mx. For all x, y € Mx, we have

b(tx,ty) =b(FII 'x, IV ly) = b(TT™'x, [y)° = b(x, y)°.

1 1 1 1
(xv )’)1 = ;((xv y>+(x= y)) = ;Tréﬁ(ﬁ 'h(xv y)+Eb(xv )’))

1—c

1
= Tréllj_(% ~(h(x,y) +b(x, y))) +Trélﬁ(t2ﬂc

b(x, y))-

The first summand is integral since %(h(x, y) + b(x, y)) is integral. The second
summand is integral since 1 — c is divisible by tT1~! and b(x, y) lies in MOg. It
follows that the second summand above is integral as well. Hence (, ) is integral
on Mx and this implies that Ax ; is a polarization on X.

Now let (X, t, A, 0) € N, gaive(l_c) and denote by M C N its Dieudonné module.
Assume that A; =" (A + X) is a polarization on X. Then (, ) is integral on M.
But this is equivalent to 7Y h(x, y) +b(x, y)) being integral for all x, y € M. For
x =y, we have

h(x,x)=h(x,x)+b(x,x)€tOF.

Let A € C be the unimodular or IT-modular lattice given by A = M", resp.
A =M+ 1t(M))"; see Lemma 4.4. Then h(x,x) € tOf for all x € A. Thus
Nm(A) C tOf and, by minimality, this implies that Nm(A) = tOf and A is
hyperbolic (see Lemma 2.5). Hence, in either case, the point corresponding to
(X, ¢, A, 0) lies in N 5’ for a hyperbolic lattice A'.

Conversely, assume that (X, ¢, A, 0) € Vg, A (k) for some hyperbolic lattice A C C.
We want to show that A; is a polarization on X. This follows if (, ); is integral on
M, or equivalently, if t~' (h(x, y) +b(x, y)) is integral on M. For this, it is enough
to show that ! (h(x, y)+b(x, y)) is integral on A. Let A’ C C be the unimodular
lattice generated by [1~'e; and e,, where (eg, e3) is the basis of the IT-modular
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lattice A1 = My. With respect to the basis (TT" ey, e2), we have

h;<1 1), bg(_l 1).

In particular, A’ is a hyperbolic lattice and t~!(h + b) is integral on A’. By
Proposition 2.4, there exists an element g € SU(C, h) with gA = A’. Since
det g = 1, the alternating form b is invariant under g. Thus t~'(h + b) is also
integral on A. U

From now on, we assume that (X, tx, Ax) and XX are chosen in a way such that
Ax,1 = %(xx +ix) € Hom(X, XY).

Definition 4.10. A tuple (X, ¢, A, 0) € N2¥¢(S) satisfies the straightening condi-
tion if

(4-7) A= %(k + ) € Hom(X, XV).

This condition is independent of the choice of Xx. In fact, we can only change
XX by a scalar of the form 1 + tIT~'u, u € Og. But if ng = XX ot(1+ I 1w,
then Al | = Ax1 + Ax o t(TT ™) = Ax1 + A% o (u) and A} = A1 +0* (%) o1 (w).
Clearly, A is a polarization if and only if A; is one.

For § € Nilp;_, let NE(S) be the set of all tuples (X, ¢, A, 0) € N]E‘aive(S) that
satisfy the straightening condition. By [Rapoport and Zink 1996, Proposition 2.9],
the functor NVg is representable by a closed formal subscheme of N, gaive.

Remark 4.11. The reduced locus of N is given by
Wedea = | JNea =~ [ P(A/TIA),

ACC ACC

where the union goes over all hyperbolic unimodular lattices A € C. Note that,
depending on the form of the R-U extension E|F, it may happen that all unimodular
lattices are hyperbolic (when |¢| = |my|) and in that case, we have (Ng)red =
(N gaive)red. However, the equality does not extend to an isomorphism between Ng
and N 23¥e. This will be discussed in Section 4D.

4C. The main theorem for the case R-U. As in the case R-P, we want to establish
a connection to the Drinfeld moduli problem. Therefore, fix an embedding of E into
the quaternion division algebra B. Let (X, tx) be the framing object of the Drinfeld
problem. We want to construct a polarization Ax on X with ker Ax = X[I1] and
Rosati involution given by b — ©¥b'%~! on B. Here b — b’ denotes the standard
involution on B.
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By Lemma 2.3 (2), there exists an embedding E; < B of a ramified quadratic
extension E;|F of type R-P, such that IT;9 = —9 1, for a prime element I1; € E|.
From Proposition 3.14 (1) we get a principal polarization AOX on X with associated
Rosati involution b — IT1b’ 1'[1_1. If we assume fixed choices of E; and I, this is
unique up to a scalar in O . We define

)\.x = )\& Otx(H]ﬁ).

Since )& is a principal polarization and IT1;? and IT have the same valuation in Op,
we have ker Ax = X[I1]. The Rosati involution of Ay is b — 95’9 ~!. On the other
hand, any polarization on X satisfying these two conditions can be constructed in
this way (using the same choices for £ and I1;). Hence:

Lemma 4.12. (1) There exists a polarization Lx : X — XY, unique up to a scalar
in O ; , with ker Ax = X[I1] and associated Rosati involution b +— 9b'9 .

(2) Fix Ax asin(1)andlet (X, tp, 0) € Mp,(S). There exists a unique polarization
A on X with ker . = X[I1] and Rosati involution b + 9b' 9~ such that
0 () =hronS=1Sxg5, k.

Note also that the involution b — 5’1 ~! does not depend on the choice of ¥ € E.
We write tx g for the restriction of tx to £ € B and, in the same manner, we write
tg for the restriction of (5 to E for any (X, tg, 0) € Mp,(S). Fix a polarization
Ax of X as in Lemma 4.12 (1). Accordingly for a tuple (X, tg, 0) € Mp,(S), let A
be the polarization given by Lemma 4.12 (2).

Lemma 4.13. The tuple (X, ix g, Ax) is a framing object of N, gaive. Moreover, the
map

(X,tp,0) —> (X, 1, 2, 0)
induces a closed embedding of formal schemes
n: MDr s Ngaive‘

Proof. We follow the same argument as in the proof of Lemma 3.15. Again it is
enough to check that QIsog(X, tx, Ax) contains SU(C, h) as a closed subgroup and
that (g satisfies the Kottwitz condition.

By [Rapoport and Zink 2017, Proposition 5.8], the special condition on ¢ g implies
the Kottwitz condition for ¢g. It remains to show that SU(C, k) € QIsog(X, tx, Ax).
But the group G (x ) of automorphisms of determinant 1 of (X, tx) is isomorphic
to SLy r and G (x,.y) € QIsog(X, tx, Ax) is a Zariski-closed subgroup by the same
argument as in Lemma 3.15. Hence the statement follows from the exceptional
isomorphism SLy g >~ SU(C, h). O
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As a next step, we want to show that this already induces a closed embedding
(4-8) n:Mp, = Ng.

Let E <> B an embedding of a ramified quadratic extension E |F of type R-U as
in Lemma 2.3 (2). On the framing object (X, tx) of Mp,, we define a polarization
XX via

Ax = hx o tx (D),

where ¥ is a unit in E of the form 92 = 1 + (t?/mo) - u; see Lemma 2.3 (2). The
Rosati involution of Ax induces the identity on Og and we have
1 > 1 ~ ~
Ax,1 = ;()»X +Ax) = " “Axotpg(l+ 1) = Axotp(Il/mo)
= Ax otz(IT~'y) e Hom(X, X),
using the notation of Lemma 2.3 (2). For (X, tg, 0) € Mp,(S), we set A= )\OLB(l;).
By the same calculation, we have A| = %()\ + 1) € Hom(X, XV). Thus the tuple
(X, g, A, 0) = n(X, g, 0) satisfies the straightening condition. Hence we get a

closed embedding of formal schemes 7 : Mp, — Ng which is independent of the
choice of E.

Theorem 4.14. n : Mp, — NE is an isomorphism of formal schemes.
We first check this for k-valued points:
Lemma 4.15. 1 induces a bijection n(k) : Mp, (k) — Ng (k).

Proof. We only have to show surjectivity and we will use for this the Dieudonné
theory description of A/ gai"e (k); see (4-4). The rational Dieudonné module N = Nx
of X now carries additionally an action of B. The embedding F® < B given by

(4-9) y s LT
0

(see Lemma 2.3 (2)) induces a Z/2-grading N = No @ N,. Here,
No={xe N |t(a)x =ax forall a € F(z)},
Ni={x e N |i(a)x =o(a)x foralla e F?}

for a fixed embedding F® — F. The operators F and V have degree 1 with
respect to this grading. The principal polarization

1 ~ _
hxa = Ox+Ax) = dxox (™)
induces an alternating form (, ); on N that satisfies

(x, )1 = (x, (M 1y) - y),
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forall x,y e N. Let M € Ng(k) CN gaive(l;) be an Op-lattice in N. We claim that
M € Mp, (k). For this, it is necessary that M is stable under the action of 01(,2)
(since Op = OFp[I1, y] = 0}2)[1'[]; see Lemma 2.3 (2)) or equivalently, that M
respects the grading of N, i.e., M = My & M, for M; = M N N;. Furthermore M

has to satisfy the special condition:
dimM()/VM1 = dili/VM() =1.

We first show that M = My @ M;. Let y = yo + y1 € M with y; € N;. Since
M =TIM", we have

(o, (M)~ 1y) = (x, (M yg) + (x, (M) " y1) € OF,
for all x € M. Together with

(6, )1 = (x, o)1 + (¢, yid1 = (x, «(TT /o) yo) + (x, t(TT/70) y1)
=y (x, (T Hye) + (1 —p) - (x, (TT Hyy) € O,

this implies that (x, L(H_l)yo) and (x, (T 1) y;) lie in ép for all x € M. Hence,
Yo, y1 € M and this means that M respects the grading. It follows that M is stable
under the action of Og.

In order to show that M is special, note that

(Vx, Vy)] =(FVx,y)1 =m0- (x,y)1 € mOF,

for all x, y € M. The form (, ); comes from a principal polarization, so it induces
a perfect form on M. Now it is enough to show that also the restrictions of (, ); to
My and M are perfect. Indeed, if M was not special, we would have M; = V M;
for some i and this would contradict (, ); being perfect on M;. We prove that (, };
is perfect on M; by showing (Mo, M) C mg 0F.

Let x € My and y € M. Then,

)= —y)-{x, (M) y),
o ==y x) ==y -y x) =y (x, (M) y).

We take the difference of these two equations. From IT = IT mod g, it follows
that (x, («(IT)~'y) = 0 mod 7 and thus also (x, y); = 0 mod 7. The form (, ); is
hence perfect on My and M, and the special condition follows. This finishes the
proof of Lemma 4.15. O

Proof of Theorem 4.14. Let (X, tx) be a framing object for Mp, and let further

n(X, tx) = X, tx,E, Ax)
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be the corresponding framing object for Nz. We fix an embedding F® < B as in
Lemma 2.3 (2). For S € Nilpy_, let (X, ¢, 4, 0) € NE(S) and A = 0*(Ax). We have

0 ' oix(y)oo=0""ow(IMory' orx 100
= (I oA~ oAy € End(X)

forx; =1 ()\+X), since ker A = X[I1]. But Op = OFf[I1, y] (see Lemma 2.3 (2)),
so this already induces an Op-action (5 on X. It remains to show that (X, ¢p, 0)
satisfies the special condition (see the discussion before Proposition 3.14 for a
definition).

The special condition is open and closed (see [Rapoport and Zink 2017, p. 7]) and
1 is bijective on k-points. Hence 7 induces an isomorphism on reduced subschemes

(Mred : Mprred = (NE)reds

because (M p,)reqd and (Ng)req are locally of finite type over Spec k. Tt follows that
n: Mp, — N is an isomorphism. O

4D. Deformation theory of intersection points. In this section, we will study the
deformation rings of certain geometric points in N, Eaive with the goal of proving
that Ng C N, gaive is a strict inclusion even in the case |¢| = |mg|. In contrast to the
non-2-adic case, we are not able to use the theory of local models (see [Pappas
et al. 2013] for a survey) since there is in general no normal form for the lattices
A C C; see Proposition 2.4 and [Rapoport and Zink 1996, Theorem 3.16].> Thus
we will take the more direct approach of studying the deformations of a fixed
point (X, ¢, A, Q) €N gaive(l_c) and using the theory of Grothendieck and Messing
[Messing 1972].

Let A C C be a IT-modular hyperbohc lattice. By Lemma 4.5, there is a umque
point x = (X, t, A, 0) e N} naive () with a 7-stable Dieudonné module M € C @ E
and M" = A. Since A is hyperbolic, x satisfies the straightening condition, i.e.,
x €Ng (IE) (In Figure 2, x would lie on the intersection of two solid lines.)

Let ONnawe be the formal completion of the local ring at x. It represents the
following deformation functor Def,. For an artinian OF -algebra R with residue
field k, we have

Defy(R) ={(Y, v, Ay)/R | Y = X},

where (Y, ty, Ay) satisfies the usual conditions (see Section 4A) and the isomor-
phism Yz = X is actually an isomorphism of tuples (Yz, ty, Ay) = (X, (, A) as in
Definition 3.1.

s possible to define a local model for the nonnaive spaces Ng (also in the case R-P) and
establish a local model diagram as in [Rapoport and Zink 1996, Definition 3.27]. The local model is
then isomorphic to the local model of the Drinfeld moduli problem. This will be part of a future paper
of the author.
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Now assume the quotient map R — k is an Op-pd-thickening (see [Ahsendorf
2011]). For example, this is the case when m?> = 0 for the maximal ideal m of R.
Then, by Grothendieck—Messing theory (see [Messing 1972] and [Ahsendorf 2011]),
we get an explicit description of Def, (R) in terms of liftings of the Hodge filtration:

The (relative) Dieudonné crystal Dy (R) of X evaluated at R is naturally iso-
morphic to the free R-module A ® o, R and this isomorphism is equivariant under
the action of Of induced by ¢ and respects the perfect form ® = (,)o (1, T ")
induced by X o ((IT71). The Hodge filtration of X is given by Fx =V - Dy (k) =
M- (A®o, k) S A®o, k.

A point Y e Def, (R) now corresponds, via Grothendieck—Messing, to a direct
summand Fy € A®q, R of rank 2 lifting Fx, stable under the Og-action and totally
isotropic with respect to ®. Furthermore, it has to satisfy the Kottwitz condition
(see Section 4A): For the action of @« € O on Lie Y = (A ®¢, R)/Fy, we have

char(Lie Y, T | t(@)) = (T —a)(T — @).

Let us now fix an Og-basis (eq, e2) of A and let us write everything in terms of the
Of-basis (ey, e, I1ey, [1ey). Since A is hyperbolic, we can fix (e, ep) such that i
is represented by the matrix

and then

t/mo

-1
t

1 1\~
CD:Tr —h ',H - )=
£IF 75 : —1+1%/m

1

An R-basis (vq, vp) of Fy can now be chosen such that

yi1r Y12
Y21 Y22
1 )
1

(vivp) =

with y;; € R. As an easy calculation shows, the conditions on Fy above are now
equivalent to the following conditions on the y;;:

yir+yn=t,

Y11Y22 — Y12Y21 = 7o,

t t t t
t<&+2> =y11(£+2) = )21 (E-i-Z) =y12(&+2) =0.
0 o o 70
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Let T be the closed subscheme of Spec Or[y11, Y12, Y21, Y22] given by these equa-
tions. Let T, be the formal completion of the localization at the ideal generated by
the y;; and mo. Then we have Def, (R) = T, (R) for any Op-pd-thickening R — k.
In particular, the first infinitesimal neighborhoods of Def, and T, coincide. The first
infinitesimal neighborhood of 7\, is given by Spec Ofr[y;;1/((yi j)z, yi1+yn—t, m),
hence T, has Krull dimension 3 and so has Def,. However, Mp, is regular of
dimension 2; cf. [Boutot and Carayol 1991]. Thus:

Proposition 4.16. N3¢ =£ M, even when |t| = |-

Indeed’ dim 6N£aive,x = dim Defx =3 >2=dim 6NE,X-

5. A theorem on the existence of polarizations

In this section, we will prove the existence of the polarization X for any (X,(, A, Q)€
N, Eaive(S) as claimed in the Sections 3B and 4B in both the cases R-P and R-U.
In fact, we will show more generally that X exists even for the points of a larger
moduli space Mg where we forget about the polarization A.

We start with the definition of the moduli space Mg. Let F|Q),, be a finite exten-
sion (not necessarily p =2) and let E|F be a quadratic extension (not necessarily
ramified). We denote by Or and Of the rings of integers, by k the residue field
of O and by k the algebraic closure of k. Furthermore, F is the completion of
the maximal unramified extension of F and Oy its ring of integers. Let B be the
quaternion division algebra over F' and Op the ring of integers.

If E|F is unramified, we fix a common uniformizer 7y € O C Og. If E|F is
ramified and p > 2, we choose a uniformizer IT € O such that 7wy = [’ 0p. fE |F
is ramified and p = 2, we use the notation of Section 2 for the cases R-P and R-U.

For § € Nilp Op let MEg(S) be the set of isomorphism classes of tuples (X, tg, 0)
over S. Here, X is a formal Or-module of dimension 2 and height 4 and (g is an
action of O on X satisfying the Kottwitz condition for the signature (1, 1), i.e.,
the characteristic polynomial for the action of (g () on Lie(X) is

(5-1) char(Lie X, T | t(@)) = (T — a)(T — @),

for any @ € Og, compare the definition of NV, gaive in Sections 3 and 4. The last entry
o is an Og-linear quasi-isogeny

Q:XXSS’—>X><SPEC,;S,

of height 0 to the framing object (X, tx g) defined over Speck. The framing
object for M is the Drinfeld framing object (X, tx p) where we restrict the Op-
action to Op for an arbitrary embedding Og < Op. The special condition on
(X, tx,p) implies the Kottwitz condition for any o € Of by [Rapoport and Zink
2017, Proposition 5.8].
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Remark 5.1. (1) Up to isogeny, there is more than one pair (X, tz) over Spec k
satisfying the conditions above. Indeed, let Ny be the rational Dieudonné module
of (X, tg). This is a 4-dimensional F-vector space with an action of Og. The
Frobenius F on Nx commutes with the action of Og. For a suitable choice of a
basis of Ny, it may be of either of the following two forms,

1 0

) 1

This follows from the classification of isocrystals; see, for example, [Rapoport and
Zink 1996, p. 3]. In the left case, F is isoclinic of slope 1/2 (the supersingular
case), and in the right case, the slopes are 0 and 1. Our choice of the framing object
above assures that we are in the supersingular case, since the framing object for the
Drinfeld moduli problem can be written as a product of two formal Og-modules of
dimension 1 and height 2 (cf. [Boutot and Carayol 1991, p. 136-137]).

(2) Let p =2 and E|F ramified of type R-P or R-U. We can identify the framing
objects (X, tx g) for Ngaive, Mp, and Mg by Proposition 3.14 and Lemma 4.13.
In this way, we obtain a forgetful morphism N gaive — M. This is a closed
embedding, since the existence of a polarization A for (X, (g, 0) € Mg(S) is a
closed condition by [Rapoport and Zink 1996, Proposition 2.9].

By [Rapoport and Zink 1996, Theorem 3.25], Mg is pro-representable by a
formal scheme over Spf Or. We will prove the following theorem in this section.

Theorem 5.2. (1) There exists a principal polarization XX on (X, tx g) such that
the Rosati involution induces the identity on Og, i.e., ((a)* = () for all
« € Og. This polarization is unique up to a scalar in Oy, that is, for any two
polarizations Ax and ng of this form, there exists an element « € O such that
Xg( = XX o LX,E((X).

(2) Fix Xx asinpart (1). Forany S € Nilp(;F and (X, tg, 0) € MEg(S), there exists
a unique principal polarization A on X such that the Rosati involution induces
the identity on Og and such that A = 0™ (Ax).

Remark 5.3. (1) We will see later that this theorem describes a natural isomorphism
between Mg and another space Mg o1 which solves the moduli problem for tuples
(X, g, A, o) where Lisa principal polarization with Rosati involution the identity
on Og. This is an RZ-space for the symplectic group GSp, (E) and thus the theorem
gives us another geometric realization of an exceptional isomorphism of reductive
groups, in this case GSp,(E) = GLy(E).
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Since there is no such isomorphism in higher dimensions, the theorem does
not generalize to these cases and a different approach is needed to formulate the
straightening condition.

(2) With Theorem 5.2 established, one can give an easier proof of the isomorphism
Ng &> Mp, for the cases where E|F is unramified or E|F is ramified and p > 2,
which is the main theorem of [Kudla and Rapoport 2014]. Indeed, the main part
of the proof in that paper consists of Propositions 2.1 and 3.1, which claim the
existence of a certain principal polarization )»9( for any point (X, ¢, A, 0) € Ng(S).
But there is a canonical closed embedding Vg < Mg and under this embedding,
kg)( is just the polarization X of Theorem 5.2, for a suitable choice of Ax on the
framing object. More explicitly, using the notation on page 2 of [loc. cit.], we take
XX = Ax O L;EI(H) = )& o tx(—3) in the unramified case and Xx = Ax 0 Lx(g‘l) in
the ramified case.

We will split the proof of this theorem into several lemmata. As a first step, we
use Dieudonné theory to prove the statement for all geometric points.

Lemma 5.4. Part (1) of Theorem 5.2 holds. Furthermore, for a fixed polarization
rx on (X, x g) and for any (X, (g, 0) € Mg (k), the pullback A = 9*(Ax) is a
polarization on X.

Proof. This follows almost immediately from the theory of affine Deligne—Lusztig
varieties (see, for example, [Chen and Viehmann 2015]) since we are comparing the
geometric points of RZ-spaces for the isomorphic groups GL,(E) and GSp,(E).

It is also possible to check this via a more direct computation using Dieudonné
theory, as we will indicate briefly. Proceeding very similarly to Proposition 3.2 or
Proposition 4.1 (cf. [Kudla and Rapoport 2014] in the unramified case), we can
associate to X a lattice A in the 2-dimensional E-vector space C (the Frobenius
invariant points of the (rational) Dieudonné module). The choice of a principal
polarization on X with trivial Rosati involution corresponds now exactly to a choice
of perfect alternating form on A. It immediately follows that such a polarization
exists and that it is unique up to a scalar in O .

For the second part, let X € M g(k)and M C C ®p E be its Dieudonné module.
Since o has height 0, we have

[M:MN(A®g E)]=[(A®gE): MN(A®F E)],

and one easily checks that a perfect alternating form b on A is also perfect on M. [J

In the following, we fix a polarization XX on (X, tx g) as in Theorem 5.2 (1).
Let (X, tg, 0) € Mg(S) for S € NilpéF and consider the pullbagk A= Q*(XX). In
general, this is only a quasipolarization. It suffices to show that X is a polarization
on X. Indeed, since o is Og-linear and of height O, this is then automatically a
principal polarization on X such that the Rosati involution is the identity on Of.
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Define a subfunctor Mg po C Mg by
ME poi(S) = {(X, tE, 0) € ME(S) | & = 0* (Ax) is a polarization on X}.

This is a closed formal subscheme by [Rapoport and Zink 1996, Proposition 2.9].
Moreover, Lemma 5.4 shows that M E,pol(l;) = Mg(k).

Remark 5.5. Equivalently, we can describe Mg 01 as follows. For S € N11p Op We
define Mg ,01(S) to be the set of equivalence classes of tuples (X, (g, A 0), where

e X is a formal Op-module over S of height 4 and dimension 2,
e Lz is an action of O on X that satisfies the Kottwitz condition in (5-1) and

e Lisa principal polarization on X such that the Rosati involution induces the
identity on Og.

 Furthermore, we fix a framing object (X, tx g, XX) over Spec k, where X, x.E)
is the framing object for Mg and Ax is a polarization as in Theorem 5.2 (1).
Then ¢ is an Og-linear quasi-isogeny

Q:XXSS‘—>X><SPGC,;§,
of height 0 such that, locally on S, the (quasi-)polarizations Q*(Xx) and  on
X only differ by a scalar in Oy, i.e., there exists an element « € Oy such that
0*(Ax) = Aotg(a). Two tuples (X, tg, A, 0) and (X', (5, A, @) are eguivalenNt
if there exists an Og-linear isomorphism ¢ : X => X’ such that ¢*(1") and A
only differ by a scalar in 0.

In this way, we give a definition for Mg ;0 by introducing extra data on points
of the moduli space Mg, instead of extra conditions. It is now clear that Mg o1
describes a moduli problem for p-divisible groups of PEL type. It is easily checked
that the two descriptions of Mg ;o1 give rise to the same moduli space.

Theorem 5.2 now holds if and only if Mg o = Mg. This equality is a conse-
quence of the following statement.

Lemma 5.6. For any point x = (X, (g, 0) € ./\/lE,pol(lE), the embedding Mg pol
ME induces an isomorphism of completed local rings Opm, .x = Omp x-

For the proof of this lemma, we use the theory of local models; cf. [Rapoport
and Zink 1996, Chapter 3]. We postpone the proof of this lemma to the end of this
section and we first introduce the local models M10C and Mlgc o for Mg and Mg po1.

Let C be a 4-dimensional F-vector space w1th an action of £ and let A C C
be an Op-lattice that is stable under the action of Og. Furthermore, let (, ) be an
F-bilinear alternating form on C with

(5-2) (ax,y) = (x, ay)
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forall @ € E and x, y € C and such that A is unimodular with respect to (, ). It is
easily checked that (, ) is unique up to an isomorphism of C that commutes with
the E-action and that maps A to itself.

For an Op-algebra R, let M%’C(R) be the set of all direct summands F C A®gp, R
of rank 2 that are Og-linear and satisfy the Kottwitz condition. That means, for
all @ € O, the action of « on the quotient (A ®, R)/F has the characteristic
polynomial

char(Lie X, T |a) = (T —a)(T —@).

The subset Mgfpol(R) - MIIE’C(R) consists of all direct summands F € Mlgc(R) that
are in addition totally isotropic with respect to (,) on A ¢, R.

The functor Mlgc is representable by a closed subscheme of Gr(2, A)o,, the
Grassmannian of rank 2 direct summands of A, and Mll‘g’fpol is representable by
a closed subscheme of Mlgc. In particular, both Mlgc and M%’fpo
schemes over Spec OF.

These local models have already been studied by Deligne and Pappas. In partic-

ular, we have:

| are projective

Proposition 5.7 [Deligne and Pappas 1994]. MY, | = M. In other words, for an

Of-algebra R, any direct summand F € MIEC(R) is totally isotropic with respect

to (,).

The moduli spaces Mg and Mg po are related to the local models Mlgc and M%’fpol

via local model diagrams; cf. [Rapoport and Zink 1996, Chapter 3]. Let Mlﬁrge be
the functor that maps a scheme S € Nilp . to the set of isomorphism classes of
tuples (X, tg, 0; v). Here,

(X, LE, Q) S ME(S)v
and y is an Og-linear isomorphism
y :Dx(S) = A®op, Os.

On the left-hand side, Dx (S) denotes the (relative) Grothendieck—Messing crystal
of X evaluated at S; cf. [Ahsendorf 2011, Section 5.2].

Let I(\/Ilgc be the mg-adic completion of Mlgc Qo 0 r. Then there is a local model
diagram:

large
Mg

SN

Crloc
Mg i
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The morphism f on the left-hand side is the projection (X, tg, 0; ) — (X, tg, 0)-
The morphism g on the right-hand side maps (X, (g, 0; y) € ./\/l?rge(S ) to

—1
F =ker(A ®o, Os ~— Dx(S) — Lie X) € A ®0, Os.

By [Rapoport and Zink 1996, Theorem 3.11], the morphism f is smooth and
surjective. The morphism g is formally smooth by Grothendieck—Messing theory;
see [Messing 1972, V.1.6], resp. [Ahsendorf 2011, Chapter 5.2] for the relative
setting (i.e., when Of # Z,).

We also have a local model diagram for the space Mg po1. We define M?fﬁgl
as the fiber pI‘Odlllct M?’rﬁzl = ME pol X My Mll?rge. Then M?’rﬁzl is closed formal
subscheme of M grge with the following moduli description. A point (X, (g, 0; ) €
M?rge(S) lies in M?fﬁzl(S) if A = Q*(ix) is a principal polarization on X. In that
case, X induces an alternating form (, )X on Dy (S) which, under the isomorphism y,
is equal to the form (, ) on A ®¢, Os, up to a unit in O ®o, Os.

The local model diagram for Mg ;01 now looks as follows.

large
ME,pol

(5-3) y &

Mg ,pol Ml]g,cpol
Here, Mffpol is the mp-adic completion of Mlgfpol ®oy Or and fpol and gpo1 are the
restrictions of the morphisms f and g above. Again, g, is formally smooth by
Grothendieck—Messing theory and f,01 is smooth and surjective by construction.
We can now finish the proof of Lemma 5.6.

Proof of Lemma 5.6. We have the following commutative diagram.

fpol lar: 8pol -~
ge P loc
ME,POI ME,pol ME,pol

w T

f 1 8 G
M +——— My —— Mg°

The equality on the right-hand side follows from Proposition 5.7. The other vertical
arrows are closed embeddings.

Let x € Mg pol (k). By [Rapoport and Zink 1996, Proposition 3.33], there exists
an étale neighborhood U of x in Mg and section s : U — MlEarge such that gos is
formally €tale. Similarly, Upol = U X a1, ME por and sy is the base change of s to

Upol- Then the composition gyl © spor s also formally €tale. These formally €tale
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maps induce isomorphisms of local rings
~ oA ~ o ,
O_/\/[E’x —> Oﬁloc X! and OME,polax — Oﬁlncpol’x/’ X :S(g(.x))

By Proposition 5.7, we have OMloc ) = OMloc . and since this identification

~

commutes with g os (resp. gpol © spol) we get the desned isomorphism 10) M porx =
OME X ]
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GROUP AND ROUND QUADRATIC FORMS

JAMES O’ SHEA

We offer some elementary characterisations of group and round quadratic
forms. These characterisations are applied to establish new (and recover
existing) characterisations of Pfister forms. We establish ‘“‘going-up”’ results
for group and anisotropic round forms with respect to iterated Laurent se-
ries field extensions, which contrast with the established results with respect
to rational function field extensions. For forms of two-power dimension, we
determine when there exists a field extension over which the form becomes
an anisotropic group form that is not round.

1. Introduction

A quadratic form is round if its value set coincides with the multiplicative group of
similarity factors associated with the form. Thus, round forms constitute a prominent
subclass of group forms, forms whose value sets are multiplicative groups. As
roundness is one of the fundamental properties of Pfister forms, the class of forms
that occupy a central role in quadratic form theory, it is unsurprising that this notion
has had a number of important consequences. However, while the structure and
behaviour of round forms has received extensive treatment in the literature, this
class of forms is still not fully understood and, as suggested in [Lam 2005], merits
further study. The broader class of group forms is, comparatively, little understood.

Our opening results, which are invoked throughout this article, record elementary
characterisations of the classes of group and round forms (see Proposition 2.2 to
Corollary 2.5). In Section 2, we apply these results to obtain new characterisations
of Pfister forms (see Theorem 2.7), in addition to reproving established ones (see
Corollary 2.8), and to extend Elman’s classification of odd-dimensional round forms
in accordance with our broader definition of roundness.

The group and round properties of a form are intrinsically linked to its base field
of definition, and thus are sensitive to scalar extension. Alpers [1991] remarks that
while general “going-down” results exist with respect to roundness, with round
forms over odd-degree extensions being round over their base fields for example,
no general results are known in the “going-up” direction. We establish such results

MSC2010: 11E04, 11E10, 11E81, 11E99, 12F20.
Keywords: quadratic forms, round forms, group forms, Pfister forms.

391


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2018.293-2
http://dx.doi.org/10.2140/pjm.2018.293.391

392 JAMES O’SHEA

for group and anisotropic round forms with respect to iterated Laurent series fields
(see Corollary 3.4), highlighting an interesting divergence in the behaviour of forms
under extension to iterated Laurent series fields as opposed to rational function
fields (see Remark 3.5).

Hsia and Johnson [1973a; 1973b] studied the problem of distinguishing between
anisotropic group and round forms over local and global fields. In this spirit, we
consider the following general question:

Question 1.1. For ¢ an anisotropic form over F, does there exist an extension K / F
such that g is an anisotropic group form that is not round?

Our characterisation of group forms allows for the construction of a generic
field extension over which a form becomes an anisotropic group form. Thus, the
adoption of Merkurjev’s method of passing to iterated field extensions obtained
by composing function fields of quadratic forms represents the natural approach
to addressing the above question. While highlighting an obstruction to resolving
Question 1.1 in general (see Proposition 3.6), we can employ this method to good
effect in certain situations. In particular, Theorem 3.8 represents a complete answer
to Question 1.1 with respect to forms of two-power dimension.

We let F denote a field of characteristic different from two, and recall that every
nondegenerate quadratic form on a vector space over F' can be diagonalised. We
write {(aj, . .., a,) to denote the (n-dimensional) quadratic form on an n-dimensional
F-vector space defined by ay, ..., a, € F*. We use the term “form” to refer to a
nondegenerate quadratic form of positive dimension. If p and ¢ are forms over F,
we denote by p L g their orthogonal sum and by p ® ¢ their tensor product. We
use aq to denote (a) ® g for a € F*. We write p ~ ¢ to indicate that p and
g are isometric, and say that p and g are similar if p >~ aq for some a € F*.
A form p is a subform of q if ¢ >~ p L r for some form r, in which case we write
p C g. For g a form over F and K/F a field extension, we will often employ
the notation gx when viewing ¢g as a form over K via the canonical embedding.
A form g represents a € F if there exists a vector v such that g(v) = a. We denote
by Dr(gq) the set of values in F* represented by ¢g. A form over F is isotropic
if it represents zero nontrivially, and anisotropic otherwise. Every form ¢ has a
decomposition g >~ g,y L i(g) x (1, —1) where the anisotropic quadratic form ga,
and the nonnegative integer i (¢q) are uniquely determined. If a form g is isotropic
over F, then Dr(q) = F*,as (a+1)/2)>—((a—1)/2)> =a foralla € F*. A form
q is hyperbolic if i(q) = % dimg.

A form q is a group form over F if Dp(q) is a subgroup of F*. The similarity
factors of g constitute the group Gr(q) ={a € F* |aq >~ q}. Equivalently, Gr(q) =
{fa e F* | (1, —a) ®q is hyperbolic}. A group form g over F is said to be round if
Dr(g) = Gr(q). Equivalently, a form ¢ is round over F if Dr(q) € Gfr(q), as if
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a€eDr(q) SGr(q),thenag ~q, whereby 1 € Dp(q) and thus Gr(q) € Dr(q). We
use Hr(q) to denote the set of products of two elements of Dr(q). Per Lemma 2.1,
we have that Hr(q) ={a € F* | {1, —a)®q is isotropic}. For n € N, an n-fold Pfister
form over F is a form isometric to (1, a;)®---® (1, a,) for some ay, ..., a, € F*
(the form (1) is the 0-fold Pfister form). Isotropic Pfister forms are hyperbolic [Lam
2005, Theorem X.1.7]. Pfister forms are round (see [Lam 2005, Theorem X.1.8]).
A form 7 is a Pfister neighbour if 7 is similar to a subform of a Pfister form 7 and
dimt > % dimr.

We recall that every nonzero square class in F ((x)), the Laurent series field in the
variable x over F, can be represented by a or ax for some a € F*, whereby every
form over F((x)) can be written as p L xg for p and g forms over F. We will often
invoke the following folkloric result regarding isotropy over Laurent series fields.

Lemma 1.2. Let p and g be forms over F. Considering p 1 xq as a form over
F((x)), we have thati(p L xq) =i(p)+i(q).

For a form g over F withdimg =n > 2 and g % (1, —1), the function field F (q)
of q is the quotient field of the integral domain F[Xy, ..., X,;]1/(¢(X1, ..., X))
(this is the function field of the affine quadric ¢(X) = 0 over F). To avoid case
distinctions, we set F(q) = F if dimg =1 or g ~ (1, —1). For g a form over F, we
note the inclusion F((x))(g) € F(q)((x)), which we will apply in combination with
Lemma 1.2. For all forms p over F and all extensions K / F' such that gk is isotropic,
we have that i (pr(,)) <i(pk) in accordance with Knebusch’s specialisation results
[1976, Proposition 3.1 and Theorem 3.3]. In particular, letting i1 (¢) denote i (qFr(g)),
we have that i1 (q) <i(gk) for all extensions K / F such that g is isotropic. Invoking
the Cassels—Pfister Subform Theorem [Lam 2005, Theorem X.4.5] of Wadsworth
[1975, Theorem 2] and Knebusch [1976, Lemma 4.5], for p and ¢ anisotropic
forms over F of dimension at least two such that pr(,) is hyperbolic, one has that
aq C bp for all a € Dp(q) and b € Dp(p). For g an anisotropic form over F of
dimension at least two, it is known that g4 is hyperbolic if and only if g is similar
to a Pfister form over F' by [Lam 2005, Theorem X.4.14], a result of Wadsworth
[1975, Theorem 5] and Knebusch [1976, Theorem 5.8]. We will regularly invoke
Hoffmann’s separation theorem [1995, Theorem 1], which we recall below.

Theorem 1.3. Let p and q be forms over F such that p is anisotropic. If
dim p < 2" <dimg
for some integer n > 0, then pr () is anisotropic.

In accordance with the above theorem and [Lam 2005, Exercise 1.16], for g an
anisotropic form over F, we note that dim ¢ and dim g —i;(¢g) belong to an interval
of the form [2", 2"*!] for some n € N U {0}. We will also invoke the following
isotropy criterion of Karpenko and Merkurjev [2003, Theorem 4.1].



394 JAMES O’SHEA

Theorem 1.4. For p and q anisotropic forms over F such that pr ) is isotropic,
() dim p —ii(p) = dimg —i1(q);
(ii) dim p —i1(p) =dimg —i1(q) if and only if qF(p) is isotropic.

We refer the reader to works by Vishik [2011] and Scully [2016a] for recent
results in the spirit of Theorem 1.3 and Theorem 1.4.

2. Characterisations of group, round and Pfister forms

As above, the forms we consider are nondegenerate and of positive dimension
over fields of characteristic different from two. In accordance with the associated
definitions, we begin our study of the properties of a form g over F being group or
round by considering the value set Dr(g), the group of similarity factors Gr(q),
and the set of products of two elements of Dr(q), usually denoted by Dr(q) Dr(q).
Roussey [2005, Lemme 2.5.4] proved the following result in his thesis.

Lemma 2.1. For p and q forms over F, we have that
Dr(p)Drp(q) ={a € F* | p L —agq is isotropic}.

Proof. The statement clearly holds if either p or g is isotropic. Thus, assuming that
p and g are anisotropic, we have that p 1 —agq is isotropic if and only if there exist
nonzero vectors v and w such that p(v) —ag(w) = 0. Thus, p(v) = aq(w) # 0,
whereby a = p(v) (q(w))_l. Hence,

1 _w
a=p) s = pWa (i) € Dr(P)Dr(@).

As 1 € Dr(dg) ford € Dp(g), we have p L —cdgq is isotropic for ¢ € Dp(p). U

Welet Hr(g)={a € F* | (1, —a)®q is isotropic}, giving Hr(q) = Dr(q)Dr(q)
in accordance with Lemma 2.1. As with Dg(g) and G r(q), we may restrict our
attention to the square classes contained in Hr(q), since Hr(q) = (F V2 Hp q).
Clearly we have that (F *)2 C Gr(q) € Hr(q) for all forms g over F. Moreover,
if 1 € Dr(q), then

(F*)> € Gr(g) € Dr(g) € Hr(q).

If g is isotropic over F, then ¢ is a group form over F, with Dp(g) = F* =
Hpr(q) in this case. Our opening result records that Lemma 2.1 may be applied to
characterise group forms.

Proposition 2.2. A form q is a group form over F if and only if Hr(q) € Dr(q).

Proof. Letting a € Dr(q), there exists a nonzero vector v such that g(v) = a,
whereby q(a‘lv) = (a‘l)zq(v) =ale Dpr(g). Thus, g is a group form over F if
andonly if Dr(q)Dr(q) € Dr(q), so the result follows by invoking Lemma 2.1. [J

As group forms represent one, we thus obtain the following corollary.
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Corollary 2.3. A form q is a group form over F if and only if Hr(q) = Dr(q).

In accordance with our definition of roundness, if ¢ is isotropic over F, then ¢
is round over F if and only if ¢ is hyperbolic or the nonzero form gy, is such that
D (gan) = F* = G g(gan). This observation follows from the fact that G g(g) =
G £ (gan), in accordance with Witt cancellation and the fact that Dg(g) = F* for g
isotropic over F. Per [Lam 2005, Example X.1.15(5)], the form ¢ ~ (1, —1, 1, 1)
over [F3 is an example of an isotropic round form that is not hyperbolic.

Corollary 2.4. A form q is round over F if and only if 1 is an element of Dr(q)
and Hr(q) € Gr(q).

Proof. If g is round over F, then 1 € Dr(g) = Gr(q) and g is a group form over F.
Invoking Proposition 2.2, it follows that Hr(g) € Dr(q), whereby Hr(q) C G r(q).

Conversely, as 1 € Dr(q), we recall that Gr(g) € Dr(q) € Hr(g), whereby the
equality Dr(q) = G r(q) follows from the assumption that Hr(q) € Gr(g). U

We note that, for ¢ a round form over F, the inclusion Hr(q) € G r(g) can also
be derived from [Wadsworth and Shapiro 1977, Proposition 1 and Theorem 1].

Addressing the question of distinguishing between the classes of group and round
forms over a given field, it is reasonable to restrict one’s consideration to those
forms that represent one, whereby the preceding characterisation may be simplified.

Corollary 2.5. Let g be a form such that 1 € D (q). The following are equivalent:
(1) q is round over F.

(i) Hr(q) € Gr(g).

(iii) g ® p is anisotropic or hyperbolic for every 1-fold Pfister form p over F.

(iv) g ® B is anisotropic or hyperbolic for every 2-dimensional form B over F.

(V) g @ & is anisotropic or hyperbolic for every n-fold Pfister form w over F, for
neN.

Proof. Statements (i), (ii) and (iii) are equivalent by Corollary 2.4. Statements (iii)
and (iv) are equivalent, as scaling does not affect isotropy. Statement (v) clearly
implies (iii). Assuming (i), it follows that g ® 7 is round for every Pfister form 7
over F, by Witt’s round form theorem [Lam 2005, Theorem X.1.14]. By repeatedly
invoking statement (iii), we see that (v) follows. U

Next, note that scalar multiples of Pfister forms representing one are Pfister forms.

Lemma 2.6. A form g over F is a Pfister form if and only if q is similar to a Pfister
formand 1 € Dp(q).

Proof. To establish the right-to-left implication, we let g ~ ax fora € F* and 7 a
Pfister form over F. As 1 € Dr(q), it follows that a € D (), whereby g >~ 7 as
7 is round. ([l
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We can apply the above characterisations of round and group forms to obtain a
new characterisation of Pfister forms.

Theorem 2.7. Let q be an anisotropic form. The following are equivalent:
(1) q is a Pfister form over F.

(ii) q is a round form over K = F(x))(g ® (1, —x)).

(iii) g is a group form over K = F((x))(q ® (1, —x)).

Proof. As Pfister forms are round, and round forms are group, it suffices to prove
that (iii) implies (i).

The field K is the function field of g®(1, —x) over F((x)), which is an anisotropic
form in accordance with Lemma 1.2. We will first show that

Dk (q) N F* = Dp(q).

Let a € F* be such that ¢ L (—a) is anisotropic over F and suppose, for the sake
of contradiction, that ¢ L (—a) is isotropic over K. Invoking Theorem 1.4 (i),

dim(g L (—a)) —ii(g L (—a)) >dim(g ® (1, —x)) —i1(qg ® (1, —x)).

In accordance with Theorem 1.3 and [Lam 2005, Exercise 1.16], there exists n € N
such that

dim(g L (—a)) —ii(g L (—a)) =dim(g ® (1, —x)) —i1(g ® (1, —x)) =2",

whereby dim g = 2". Hence, g ® (1, —x) is isotropic over F((x))(g L (—a)), in
accordance with Theorem 1.4 (ii). Invoking [Izhboldin 2000, Lemma 5.4 (3)], it
thus follows that ¢ is isotropic over F (g L (—a)). However, as dim g = 2", this
contradicts Theorem 1.3, thereby establishing the claim.

We have that 1 € Dk (g) by assumption, whereby 1 € Dr(g) by the statement
proven above. As x € Hg(g) by construction, it follows that x € Dk (q) in accor-
dance with Proposition 2.2, whereby the form ¢ L (—x) becomes isotropic over
F((x)) (g ® (1, —x)). Arguing as above, it follows that, for some n € N,

dim(g L (—x)) —i1(g L (—x)) =dim(g ® (1, —x)) —i1(g ® (1, —x)) =2,

and dimg = 2". Hence, i;(¢ ® (1, —x)) = dim ¢, in accordance with this equality,
whereby ¢ ® (1, —x) becomes hyperbolic over F((x))(¢ ® (1, —x)). Invoking
[O’Shea 2016, Proposition 3.2], it follows that g is hyperbolic over F(g). Thus, g
is similar to a Pfister form over F by [Lam 2005, Theorem X.4.14]. As 1 € Dp(q),
the result follows by invoking Lemma 2.6. ([

We can invoke the above result to reprove the following characterisations of
Pfister forms due to Pfister (see [Pfister 1965, Satz 5 and Theorem 2], [Scharlau
1985, Theorem 4.4 p.153] or [Elman et al. 2008, Theorem 23.2]).
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Corollary 2.8. Let g be an anisotropic form over F. The following are equivalent:
(1) g is a Pfister form over F.
(ii) q is round over K for every extension K/ F.
(iii) g is group over K for every extension K / F.
Similarly, we obtain the following corollary of Theorem 2.7.
Corollary 2.9. For g an anisotropic form over F, let K = F((x))(g ® (1, —x)).
(1) Then q is group over every extension of F if and only if q is group over K, and
(i1) q is round over every extension of F if and only if q is round over K.

Remark 2.10. Per [Scharlau 1985, Theorem 4.4, p.153], Pfister established that,
for g an anisotropic form of dimension 7, the three statements in Corollary 2.8 are
equivalent to each of the following statements:

1) gx1,...,x,) € Gg(q) for K = F(xq, ..., x,).

(1) g(x1, .-+, X)gXpt1, - - ., X2n) € Dr(q) for K = F(xy, ..., x2,).
Thus, for g an anisotropic form of dimension 7, it follows that ¢ is a Pfister form

over F if and only if ¢ is a round form over F(xy, ..., x,), and that ¢ is a Pfister
form over F if and only if ¢ is a group form over F(x1, ..., X2,).

In a similar spirit to the preceding results, we offer the following characterisation
of scalar multiples of Pfister forms.

Proposition 2.11. Letting q be an anisotropic form over F, the following are
equivalent:

(1) q is similar to a Pfister form over F.
(1) gk is round for all extensions K/ F such that 1 € Dg (q).
(iii) gk is round for all extensions K | F such that qk is isotropic.

Proof. Assuming (i), Lemma 2.6 implies that gg is a Pfister form for K /F such
that 1 € Dk (g), whereby (ii) follows. As (ii) clearly implies (iii), it suffices to show
that (iii) implies (i).

Letting K = F(g)((x)), we have that

Dk(q) =K™ =Gk(q).

As x € Gk(g), the form g ® (1, —x) is hyperbolic over F(gq)((x)). Invoking
Lemma 1.2, it follows that ¢ is hyperbolic over F(g). Thus, g is similar to a Pfister
form over F by [Lam 2005, Theorem X.4.14]. O

We conclude this section by characterising the odd-dimensional round forms (see
Elman’s characterisation [1973] of odd-dimensional round forms in the situation
where isotropic round forms are defined to be hyperbolic).
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Proposition 2.12. Let g be a form over F.
() If Dr(q) = (F*)? then q is round over F.
(i) If Hr(q) # (F*)? and q is round over F, then q is even-dimensional.
Proof. (1) If Dp(q) = (F*)2 then Dr(q) € Gr(g), whereby ¢ is round over F.

(i) Leta € Hr(q) \ (F*)2% As g is round over F, we have that Hr(q) € Gr(q)
by Corollary 2.4, whereby ¢ L —agq is hyperbolic over F. As a comparison of
determinants yields the contradiction that a € (F *)2 for ¢ odd-dimensional, the
result follows. ([l

Adapting Elman’s proof of [Elman 1973, Lemma], we obtain the following result
as a corollary of Proposition 2.12.

Corollary 2.13. Let g be an odd-dimensional form over F. If q is round, then
g>=Qr+1)x(1)
for some r € NU {0}. Moreover, the following are equivalent:
(1) 2k +1) x (1) is round over F for some k € N,
(i) (2n+ 1) x (1) is round over F for every n € NU {0},
(iii) F is Pythagorean.

Corollary 2.14. Let g be an odd-dimensional isotropic form over F. Then q is
round over F if and only if F is quadratically closed.

Proof. If g is round, then Dy (g) = (F*)? by Proposition 2.12. As g is isotropic, it
follows that Dr(g) = F*, whereby F is quadratically closed.
If F is quadratically closed, then g,, >~ (1), whereby ¢ is round. ([

Corollary 2.15. If q is an odd-dimensional anisotropic round form over F, then
g ® B is anisotropic over F for every anisotropic 2-dimensional form B over F.

Proof. Let B >~ b(1, —a) be anisotropic over F for a, b € F*. Suppose, for the sake
of contradiction, that ¢ ® B is isotropic over F. Hence, ¢ ® (1, —a) is hyperbolic over
F by Corollary 2.4. By repeatedly invoking [Elman and Lam 1973, Proposition 2.2],

it follows that there exist binary forms Sy, ..., 8, over F such that §; ® (1, —a) is
hyperbolic over F fori =1, ..., n and such that

g=piL---L B,
whereby ¢ is even-dimensional, a contradiction. (]

Remark 2.16. The preceding result can also be derived from the fact that F is
Pythagorean and real, whereby its Witt ring is torsion free (see [Elman et al. 2008,
Theorem 23.2]).
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3. Group and round forms over field extensions

Alpers [1991] considers roundness with respect to algebraic extensions, establishing
“going-down” and “going-up” results in certain situations. In particular, he remarks
that a general going-down result holds for odd-degree extensions by Springer’s
theorem [Springer 1952] (see [Lam 2005, Theorem VII.2.7]). We generalise this
remark below.

Proposition 3.1. Let g be a form over F and let K be an extension of F.

(1) Suppose that Dk (q) N F>* C Dr(q). If gk is a group form, then q is a group
form over F.

(ii) Suppose that every anisotropic form over F of dimension at most dimq + 1 is
anisotropic over K. If qk is a round form, then q is a round form over F.

Proof. (i) As Dg(q) N F* = Dp(g) follows from the assumption, if Dg(g) is a
group it readily follows that Dy (q) is a group.

(ii) If ¢ is anisotropic over F, the assumption on K implies that Dg (g) N F* =
Dr(q) and Gg(g)NF* = Gr(q). Applying this argument to g,, in the case where
q is isotropic over F, the result follows. (]

Thus, as a consequence of the above, group and round forms satisfy going-down
results with respect to purely transcendental extensions. Per Remark 2.10, going-up
results do not hold for group or round forms with respect to rational function fields.
However, we do have the following result with respect to Laurent series fields:

Proposition 3.2. Let g be a form over F and let K = F ((x)).

(1) q is a group form over F if and only if q is a group form over K.

(i1) If q is anisotropic, then q is round over F if and only if q is round over K.
Proof. We remark that anisotropic forms over F are anisotropic over K.

(1) As isotropic forms are trivially group, we may assume, without loss of generality,
that ¢g is anisotropic over F. We consider the set Hg(q), recalling that every
nonzero square class in K can be represented by a or ax for some a € F*. Invoking
Lemma 1.2, it is apparent that ¢ L —axgq is anisotropic over K for a € F*. For
a € F* such that g 1 —agq is isotropic over K, it follows that ¢ L. —agq is isotropic
over F, whereby g L (—a) is isotropic over F' by Proposition 2.2. Thus, as ¢ L (—a)
is isotropic over K, it follows from Proposition 2.2 that ¢ is a group form over K.

For the converse statement, we may invoke Proposition 3.1 (i).

(i) As 1 € Dp(gq) if and only if 1 € Dg(q), we may argue as in the preceding
proof of (i), with respect to Corollary 2.4 as opposed to Proposition 2.2, to estab-
lish the “only if” statement. The “if” statement can be established by invoking
Proposition 3.1 (ii). O
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Remark 3.3. We note the necessity of the restriction to anisotropic round forms in
statement (ii) of the above result. If g is isotropic and round over K = F((x)), then
it readily follows that ¢ is isotropic and round over F, but the converse does not
hold in general. In particular, the isotropic form g ~ (1, —1, 1, 1) is round over [3
but it is not round over F3((x)), as x ¢ Dk ((¢k)an) in accordance with Lemma 1.2.

Iterating the above, we obtain the following result.
Corollary 3.4. Let g be a form over F and let K = F((x1)) - - - (x,)) forn € N.
(1) q is a group form over F if and only if q is a group form over K.
(i1) If q is anisotropic, then q is round over F if and only if q is round over K.

Remark 3.5. We note that the above result demonstrates a divergence in the be-
haviour, with respect to the properties of being group or round, of forms over F
extended to iterated Laurent series fields as opposed to rational function fields.
Corollary 3.4 contrasts with Pfister’s result, per Remark 2.10, that an anisotropic
form of dimension n over F is a round form over F(xy, ..., x,) if and only if it is
a group form over F(xy, ..., x2,) if and only if it is a Pfister form over F.

Motivated by the problem of distinguishing between anisotropic group and round
forms, as studied over particular fields in [Hsia and Johnson 1973a; Hsia and
Johnson 1973b], the rest of this section is devoted to addressing Question 1.1.

In accordance with Corollary 2.5, if ¢ is an anisotropic group form over F, one
can resolve Question 1.1 by determining whether there exists a Pfister form 7w over F’
such that ¢ ® r is isotropic but not hyperbolic. If such a form ¢ is odd-dimensional,
Question 1.1 further reduces to the problem of determining whether Hr(q) \ (F*)?
is empty, in accordance with Proposition 2.12.

The natural approach towards answering Question 1.1 in the case where ¢ is not
a group form over F is to consider its extension to the generic extension K /F such
that gk is a group form. However, one encounters the following obstruction:

Proposition 3.6. Let g be an anisotropic form over F. If there exists a € Hp(q)
such that i\(q L (—a)) > 1, then there does not exist an extension K / F such that
gk Is an anisotropic group form.

Proof. Let K /F be an extension such that gg is a group form. Since

a € Hp(q) € Hk(q),

it follows that a € Dk (q) by Corollary 2.3, whereby g L (—a) is isotropic over K.
Since i1(q L (—a)) > 1, it follows that i ((¢ L (—a))k) > 1, whereby g is isotropic
(see [Lam 2005, Exercise 1.16]). O

The following example illustrates that, provided that dim g # 2" for n € NU {0},
there exist fields F, forms g over F and scalars a € F'* that satisfy the hypotheses
of Proposition 3.6.
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Example 3.7. Let L a field and a € L™ be such that ¢ 1 (—a) is an anisotropic
Pfister neighbour, where dim g # 2" for n € NU{0}. Letting F = L(q L —aq), we
have that a € Hr(q) and that ¢ L (—a) is anisotropic over F, by Theorem 1.3. As
q L (—a) is a Pfister neighbour of dimension # 2" + 1 for n € NU {0}, it follows
that iy (¢ L (—a)) > 1.

In contrast with the above example, letting g be an arbitrary anisotropic form
over F of dimension 2" for some n € N, the proof of the following theorem
demonstrates that there does exist an extension K /F such that gx is an anisotropic
group form. Moreover, when possible, we can find an extension K /F such that g
is an anisotropic group form that is not round.

Theorem 3.8. Let g be an anisotropic form over F of dimension 2" for n € N.

(1) There exists an extension K/ F such that qx is an anisotropic group form.

(i1) If q is similar to a Pfister form over F, then qk is round for every extension
K /F such that qk is a group form.

(iii) If q is not similar to a Pfister form over F, there exists an extension K/ F such
that qk is an anisotropic group form that is not round.

Proof. (i) In light of statement (iii), it suffices to prove this statement in the case
where ¢ is similar to a Pfister form over F. By Lemma 2.6, we have that g is a
Pfister form if and only if it represents one. Thus, we may let K = F in the case
where 1 € Dp(g). Otherwise, we may let K = F (g L (—1)), as gg is anisotropic
by Theorem 1.3.

(i1) Let K/ F be such that gg is a group form. As 1 € Dg(q), we have that gg is a
Pfister form by Lemma 2.6, whereby g is round.

(iii) If 1 ¢ Dfr(g), we may consider g as a form over L = F(q L (—1)), whereby
1 € Dy(q). In this case, g, remains anisotropic by Theorem 1.3. As g is not similar
to a Pfister form over F, it follows that ¢ is not hyperbolic over F(q) by [Lam 2005,
Theorem X.4.14]. Since

iqr@) =i(gr@qLi-1)

we may invoke the Cassels—Pfister subform theorem [Lam 2005, Theorem X.4.5] to
establish that g is not hyperbolic over L(g), whereby it follows that g is not similar
to a Pfister form over L by [Lam 2005, Theorem X.4.14]. Hence, we may assume,
without loss of generality, that 1 € Dr(q).

Let K = F if g is a group form over F that is not round. Otherwise, let

Lo=F((x)(g ® (1, —x)).

Since ¢ is not similar to a Pfister form over F, it follows that ¢ is not a group form
over Lo by Theorem 2.7. Hence, we have that Hy,(¢g) \ Dr,(g) is a nonempty
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set by Corollary 2.3 (in particular, the proof of Theorem 2.7 establishes that x €
Hp,(q)\ Dr,(q)). Consider the set

Q(Lo) ={q L (—a)la e Hr(q)\ DL,(9)},

which is a nonempty set of anisotropic forms over Lg. For i > 0, we inductively
define L;;; to be the compositum of all function fields of forms in Q(L;). For
all L; and a € Hy,(g) \ D1,(g), we have that g is anisotropic over L;(q¢ L (—a))
by Theorem 1.3. Hence, letting K = [ Ji2, L, it follows that g is anisotropic.
Moreover, as Hx (q) = Dk (q) by construction, it follows that gg is a group form
by Corollary 2.3.

It remains to show that gk is not round. By construction, we have that ¢ L —xgq
is isotropic over L, whereby x € Hk (q). Suppose, for the sake of contradiction,
that ¢ L —xg is hyperbolic over K. Hence, for some i € N U {0}, there exists
an extension L;/L,- and a € (L;)X such that ((¢ L —xq)L;)an is hyperbolic over
Li(g L (—a)). As a consequence of Elman and Lam’s representation theorem
[1972, Theorem 1.4], there exists a form p over L. such that dim p < dimg and

(gL —xq))amn=pL—xp
(see [Hoffmann 1996, Lemma 3.1]). Hence, invoking [Karpenko and Merkurjev
2003, Corollary 4.2], it follows that

dim(p L —xp) —i((p L —XP)L;(qu—a))) > dim(g L (—a)) —ii(g L (—a)).
Asii(q L (—a))=1Dby Theorem 1.3 and [Lam 2005, Exercise 1.16], it follows that
dim(p L —xp)

2
in contradiction to the fact that dim p < dim ¢. Hence, having obtained our desired

contradiction, we may conclude that x ¢ Gk (g), whereby gk is not round by
Corollary 2.5. U

Remark 3.9. Scully [2016b, Main Theorem] recently established that, for p and ¢
anisotropic forms over F of dimension at least two with 2 < dimg <2/ if pp(,
is hyperbolic, then dim p = 2/*'k for some k € N. One may invoke this result to
shorten the final component of the above proof.

dim(p L —xp) — > dimg,

Per Example 3.7, in order to answer Question 1.1 in the case where dim g # 2"
for n € N, we require some additional assumptions regarding the form g over F.
Orderings are a useful tool in this regard, with their behaviour with respect to
function-field extensions being governed by the following result due to Elman, Lam
and Wadsworth [Elman et al. 1979, Theorem 3.5] and, independently, Knebusch
[Gentile and Shapiro 1978, Lemma 10].

Theorem 3.10. Let g be a form of dimension at least two over a real field F. An
ordering P of F extends to F(q) if and only if q is indefinite at P.
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Invoking Theorem 3.10, we can resolve Question 1.1 in the case where ¢g is a
positive-definite form over a real field.

Proposition 3.11. Let F be a real field. Let q be a form over F that is positive
definite with respect to some ordering of F. If q is not similar to a Pfister form
over F, there exists an extension K | F such that qk is an anisotropic group form
that is not round.

Proof. Let P be an ordering of F such that g is positive definite with respect to P. If
1 ¢ Dr(q), we may consider g as a form over L = F (g L (—1)), whereby P is an
ordering of L by Theorem 3.10 and 1 € Dy, (g). Per the proof of Theorem 3.8 (iii), g
is not hyperbolic over L(q), and thus is not similar to a Pfister form over L. Hence,
we may assume, without loss of generality, that 1 € Dr(q).

Let K = F if g is a group form over F' that is not round. Otherwise, let

Lo=F((x) (g ® (1, —x)).

Since ¢ is not similar to a Pfister form over F, it follows that ¢ is not a group form
over Lo by Theorem 2.7. Hence, we have that Hz,(g) \ Dr,(g) is a nonempty set
by Corollary 2.3. Moreover, by Theorem 3.10, there exist orderings of Lg such that
q is positive definite.

Let L/Lg be an extension such that g is positive definite with respect to an
ordering P of L and Hy (q)\ D1 (g) is not empty. Let a € Hy (¢) \ D1 (g), whereby
a € P and the form g L (—a) has signature dimg — 1 with respect to P. As P
extends to L(g L (—a)), by Theorem 3.10, it thus follows that i; (¢ L (—a)) = 1.
Hence, ¢ is anisotropic over L(q L (—a)) by Theorem 1.4 (i).

Equipped with the above, we may now proceed with the argument in the proof
of Theorem 3.8 (iii) to establish the existence of an extension K /L such that g is
an anisotropic group form with x € Dk (q) \ Gk (q). U

As discussed in [O’Shea 2016], many properties of a form g over F are shared
by its generic Pfister multiple ¢ ® (1, x) over F((x)). Invoking Proposition 2.2, we
may show that this is also the case with respect to the group property.

Proposition 3.12. A form q is a group form over F if and only if ¢ ® (1, x) is a
group form over K = F((x)).
Proof. Without loss of generality, we may assume that ¢ is anisotropic over F.

Let g be a group form over F. As every nonzero square class in K can be
represented by a or ax for some a € F*, we first suppose that

g®(l,x) L —ax(qg®(1,x))

is isotropic over K for a € F*. Then, because x € Dg ({1, x)), it follows that
g®(l,x) L —a(g ® (1, x)) is isotropic over K in this case. Thus, supposing that
qg®(1,x) L —a(g ® (1, x)) is isotropic over K for a € F'*, it suffices to show that



404 JAMES O’SHEA

g®(1,x) L {(—a)and g ® (1, x) L (—ax) are isotropic over K in accordance with
Proposition 2.2. Invoking Lemma 1.2, it follows that g L —agq is isotropic over F,
whereby g L (—a) is isotropic over F' by Proposition 2.2. Hence, it follows that
g®(l,x) L (—a)and ¢ ® (1, x) L (—ax) are isotropic over K, as desired.
Conversely, let ¢ ® (1, x) be a group form over K. Letting a € F* be such that
q L —agq is isotropic over F, it follows that ¢ ® (1, x) L —a(g ® (1, x)) is isotropic
over K, whereby ¢ ® (1, x) L —a is isotropic over K by Proposition 2.2. Hence,
q L (—a) is isotropic over F' by Lemma 1.2, whereby ¢ is a group form over F by
Proposition 2.2. (|

Combining Proposition 3.12 with Proposition 3.2 (ii) and [O’Shea 2016, Propo-
sition 3.11], we obtain the following corollary.

Corollary 3.13. Let g be an anisotropic group form over F that is not round. Then
q ® (1, x) is an anisotropic group form over K = F ((x)) that is not round.
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DUAL OPERATOR ALGEBRAS CLOSE TO
INJECTIVE VON NEUMANN ALGEBRAS

JEAN ROYDOR

We prove that if a nonselfadjoint dual operator algebra admitting a normal
virtual diagonal and an injective von Neumann algebra are close enough
for the Kadison—Kastler metric, then they are similar. The bound explicitly
depends on the norm of the normal virtual diagonal. This is inspired by
E. Christensen’s work on perturbation of operator algebras and is related
to a conjecture of G. Pisier on nonselfadjoint amenable operator algebras.

1. Introduction

The starting point of this paper is the conjunction of perturbation theory of operator
algebras and a conjecture on amenable nonselfadjoint operator algebras. Let us
first recall this conjecture and propose a dual version of it, then we will explain the
connection with our main result.

A conjecture raised by G. Pisier asserts that a nonselfadjoint amenable operator
algebra A should be similar to a nuclear C*-algebra (i.e., there is an invertible
operator S such that SAS~! is a C*-algebra). Recently, this conjecture has been
proved for commutative amenable operator algebras in [Marcoux and Popov 2016].
It generalizes [Choi 2013; Willis 1995]; see also [Marcoux 2008] for more details
around this conjecture. A nonseparable counter-example to Pisier’s conjecture has
been found [Choi et al. 2014] but the separable case remains open.

In his memoir, B.E. Johnson [1972] characterized amenability of Banach algebras
by the existence of a virtual diagonal. Recall that injectivity for von Neumann
algebras can be characterized by the existence of a normal virtual diagonal (in the
sense of E.G. Effros [1988], see Section 2C below for details). Therefore, a dual
version of Pisier’s conjecture would be:

Conjecture. A unital dual operator algebra admitting a normal virtual diagonal
should be similar to an injective von Neumann algebra. In that case, it is expected
that the similarity constant is controlled by a nondecreasing function of the norm of
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the normal virtual diagonal. Note that one advantage of this conjecture is to avoid
the separability question.

In 1972, R.V. Kadison and D. Kastler defined a metric d on the collection of
all subspaces of the bounded operators on a fixed Hilbert space (see Section 2A).
They conjectured [1972] that sufficiently close C*-algebras are necessarily unitarily
conjugated. A great amount of work around this conjecture has been done since
then (see [Christensen et al. 2012] for a nice introduction on this topic). Notably,
E. Christensen proved the conjecture for the class of type I von Neumann algebras
[Christensen 1975] and for the class of injective von Neumann algebras [Chris-
tensen 1977]. Very recently, Kadison and Kastler’s conjecture has been proved
for the class of separable nuclear C*-algebras in [Christensen et al. 2012] (see
also [Christensen et al. 2010b]). The recent paper [Cameron et al. 2014] is an
important breakthrough beyond amenability. Let us state Christensen’s first result
on perturbation of injective von Neumann algebras (this result has subsequently
been improved in [Christensen 1980]):

Theorem 1 [Christensen 1977, Theorem 4.1]. Let M, N be two von Neumann
subalgebras of a fixed B(H). We suppose that M has Schwartz’s property (P) and
N has the extension property. If d(M, N) < %, then there is a unitary U in the
von Neumann algebra generated by M U N such that UMU* = N. Moreover,

U — Iy < 19d(M, N)V2

It is now well known, after the work of A. Connes [1976; 1978] and U. Haagerup
[1985], that Schwartz’s property (P), the extension property and injectivity (and
thus the existence of a normal virtual diagonal) are equivalent conditions for von
Neumann algebras.

The aforementioned conjecture leads to the following question: can we replace, in
the preceding theorem, M by a unital nonselfadjoint dual operator algebra admitting
a normal virtual diagonal? In other words, is the selfadjointness hypothesis on M
necessary? Indeed, assume for a moment that our conjecture is true, then there would
be an invertible S such that SMS~! is an injective von Neumann algebra. Moreover,

d(M, SMS™") <21+ SIS IDIS — Il

(and this last quantity is controlled by a nondecreasing function of the norm of
the normal virtual diagonal). Hence, if d(M, N) is small enough such that the
following strict inequality holds

dWN, SMS™) <d(M, N)+ 201+ ISIIIST DS = Tl < 155

then (from Theorem 1 above) the injective von Neumann algebras A" and SMS~!
would be unitarily conjugated, so M and N would be similar. Therefore, it is
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not incongruous to try to replace M by a unital dual operator algebra admitting
a normal virtual diagonal.
In this paper, we prove:

Theorem 2. Let M, N C B(H) be two unital w*-closed operator algebras. Sup-
pose that M admits a normal virtual diagonal u and N is an injective von Neumann
algebra. If d(M, N) < 1/(656|\u||), then there exists an invertible operator S in
the w*-closed algebra generated by M UN such that SMS~' = N. Moreover,
IS — Il < 656]lulld(M, N).

The proof of Theorem 2 is the consequence of Theorem 5.2 and Lemma 5.4.
Note that von Neumann algebras enjoy a self-improvement phenomenon; if a von
Neumann algebra admits a normal virtual diagonal then it admits a normal virtual
diagonal of norm 1, see [Haagerup 1985; Effros 1988; Effros and Kishimoto 1987]
(self-improvement phenomena are frequent for selfadjoint algebras, for instance
nuclearity constant and exactness constant). This may explain why in Theorem 1
the bound is a universal constant, whereas in Theorem 2, the bound depends on the
feature of the nonselfadjoint algebra involved. Moreover, from Theorem 7.4.18 (1)
in [Blecher and Le Merdy 2004] and Remark 2.1 below, if a unital dual operator
algebra admits a normal virtual diagonal of norm 1, then it is necessarily a von
Neumann algebra (no similarity is needed in this extreme case). Hence, Theorem 1
corresponds exactly to the case ||u|| equals 1 in Theorem 2 (as the unitary U is
obtained by taking the polar decomposition of S, see Lemma 2.7 in [Christensen
1975]). Our bound in this special case is not as good as Christensen’s one, but the
important point is that we have been able to remove the selfadjointness hypothesis
on M. This is not a minor modification; knowing that nonselfadjoint algebras are
less rigid than selfadjoint ones (no order structure for instance) and fewer tools
are available (no continuous or Borel functional calculus), our proof requires new
ingredients from operator space theory in particular the normal Haagerup tensor
product of dual operator spaces.

Now let us sketch the main lines of our proof. There are three steps (as in
Christensen’s work [1977]):

Step 1. Find a linear isomorphism, between the two algebras, which is close to
the identity representation.

Step 2. Find an algebra homomorphism close to the previous linear isomorphism.

Step 3. Prove this algebra homomorphism is similar to the identity representation.

For the first step, as A is injective, one just has to take the restriction to M of
a completely contractive projection onto A. This gives a linear isomorphism 7
from M onto A/ which is close to the identity representation of M. But in order
to apply certain averaging procedure for Step 2, we need a w*-continuous linear



410 JEAN ROYDOR

isomorphism. For this, Christensen used Tomiyama’s decomposition into normal
and singular parts of bounded linear maps defined on von Neumann algebras. But
when M is nonselfadjoint, such decomposition is not available. Hence, we have to
consider the normal part of T~!. This w*-continuous linear isomorphism from N\
onto M is not necessarily completely positive, and moreover the target algebra M is
not necessarily selfadjoint, thus we can not use Christensen’s averaging trick [1977,
Lemma 3.3] to accomplish the second step. The idea is to turn to Banach algebras
results and operator spaces tools. More precisely, we will use a dual operator space
version of a B.E. Johnson theorem [1988] on almost multiplicative maps. Indeed,
the issue here is that we need to preserve the w*-continuity, but we cannot use the
normal projective tensor product of dual Banach spaces (as we could not check its
associativity, see Section 3). This second step will force us to work with the normal
Haagerup tensor product of dual operator spaces.

Finally, the third step, which is related to a more general problem on neighboring
representations (already mentioned in [Kadison and Kastler 1972]), is done by an
averaging technique. However, because of the second step, we have had to work in
the operator space category and as a consequence we had to assume that the algebras
M, (M) nearly embed in M}, (N') uniformly in n (see the notion of near cb-inclusion
defined in Section 2A). As an intermediate result, we prove a perturbation theorem
with a near cb-inclusion assumption (see Theorem 5.2). Therefore, our final task
is to notice that the existence of a normal virtual diagonal is an “automatic near
cb-inclusion” condition (see Lemma 5.4).

To conclude this introduction, let us mention that an engaging objective would be
to prove an analog of Theorem 2 when both algebras are nonselfadjoint (for details
see Remark 5.6). We also should mention that after the writing and circulation of
our paper, L. Dickson has obtained an improvement of our Theorem 2 (see [Dickson
2014, Theorem 6.1.1]). His result is interesting because he was able to get rid of the
normal virtual diagonal hypothesis. His proof uses a variant of Johnson’s result on
almost multiplicative maps (like our proof) and also the characterization of injective
von Neumann algebras as the w*-closure of a net of finite-dimensional subalgebras.
This is a strong approximation property characterization, but such a characterization
is far from being available for nonselfadjoint operator algebras admitting normal vir-
tual diagonal. Hence, unfortunately, we can not use Dickson’s techniques for our per-
turbation problem (mentioned in Remark 5.6) when both algebras are nonselfadjoint.

2. Preliminaries

For background on completely bounded maps, operator space theory and nonselfad-
joint algebra theory, the reader is referred to [Blecher and Le Merdy 2004; Effros
and Ruan 2000; Paulsen 2002; Pisier 2003], especially Section 2.7 in [Blecher and
Le Merdy 2004] for background on dual operator algebras.
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2A. Perturbation theory. We first recall definitions and notations commonly used
in perturbation theory of operator algebras (see, e.g., [Christensen et al. 2010a]).
Let H be a Hilbert space, and B(H) be the von Neumann algebra of all bounded
operators on H. Let £, F be two subspaces of B(H). We denote by d the Kadison—
Kastler metric, i.e., d(£, F) denotes the Hausdorff distance between the unit balls
of £ and F. More explicitly,

d(€,F)=inf{y > 0:forall x € Bg, there exists x' € B, |x —x'|| <y and
forall y € Br, there exists y' € Bg, |y —y'll < v},

where B¢ (respectively, Br) denotes the unit ball of £ (respectively, F). Let y > 0,
then we write £ C¥ F if for any x in the unit ball of £, there exists y in F such that

lx =yl <v.

We also write £ C¥ F if there exists y’ < y such that £ 7" F. We will also need
the notion of near cb-inclusion. As usual in operator space theory, M, (£), the
subspace of n x n matrices with coefficients in £ is normed by the identification
M, (£) C M, (B(H)) = B(¢2 ® H). We write

EChF
if M, (E) S M, (F), for all n.

2B. The normal projective tensor product and normal Haagerup tensor product.
For dual operator spaces X’ and ), we denote by (X ®; ))} the space of all com-
pletely bounded bilinear forms which are separately w*-continuous (see [Blecher
and Le Merdy 2004, Paragraph 1.5.4] for the definition of completely bounded
bilinear maps). The normal Haagerup tensor product, denoted ®,, can be defined as

(2-1) X ®onY=((X®nY);)"

see [Blecher and Le Merdy 2004, Paragraph 1.6.8]. The normal Haagerup tensor
product is characterized by the following universal property: X ® ) is w*-dense
in X @, YV and, for any dual operator space Z, for any w*-continuous completely
contractive bilinear map B : X x ) — Z, there exists a (unique) w*-continuous
completely contractive linear map B : X ®y; ) — 7 such that E(x ®y)=B(x,y),
for all x € X and y € ). We will also need the normal projective tensor product
@U of dual Banach spaces. If X and ) are dual Banach spaces,

X®rY = (X®V);),

where (X @y)j; denotes the space of all bounded bilinear forms on X x ) which are
separately w*-continuous. The normal projective tensor product enjoys a similar
universal property to the normal Haagerup tensor product, but for separately w*-
continuous bounded bilinear maps instead of separately w*-continuous completely
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bounded (for von Neumann algebras, the projective normal tensor product appeared
for instance in [Effros 1988] under the name binormal projective tensor product).
These two tensor products are “functorial” in the sense that, if L; : X; — ),
i = 1,2, are bounded (respectively, completely bounded) w*-continuous linear
maps between dual Banach spaces (dual operator spaces), then there is a unique
bounded (completely bounded) w*-continuous linear map

Li®sLy: X1®s Xy — VR0 s
(L1 ®gn Ly : X Qo Xo = V1 Qon Vo) extending Ly ® Ly. Moreover,
IL1®0 Lol < [ILy || Lo

(IL1 ®on Lalleb = IIL1lleb I L2llen)-

The main difference between these two tensor products is that the normal
Haagerup tensor product is associative (see Lemma 2.2 in [Blecher and Kashyap
2008]), whereas the normal projective tensor product does not seem to be associative
in general (this difference will have an important consequence for us in Section 3).

2C. Normal virtual diagonals and normal virtual h-diagonals. Normal virtual
diagonals appeared implicitly in [Haagerup 1985] and explicitly in [Effros 1988]
(see p. 147 thereof). In this paper, we also need the notion of normal virtual A-
diagonal (called reduced normal virtual diagonal in [Effros 1988], see also [Blecher
and Le Merdy 2004, Paragraph 7.4.8] for more details). Let us just recall this
notion. Replacing the normal Haagerup tensor product by the normal projective
tensor product in the following, one can analogously obtain the definition of normal
virtual diagonal. Let M be a unital dual operator algebra, and let us recall the
M-bimodule structure of M ®,; M. Letting € M ®, M)* and a, b, c,d € M,

(b-y-a,c®d)=1(ac,db).

Hence by duality, one can define actions of M on M Q@ M = (M ®;, M):)*.
One can check that these actions are determined on the elementary tensors by

a-(c®d)-b=acQdb.

On a dual operator algebra, the multiplication is a separately w*-continuous com-
pletely contractive bilinear map [Blecher and Le Merdy 2004, Proposition 2.7.4 (1)].
Consequently, it induces a w*-continuous complete contraction,

mo‘h:M®ohM—>M.

A normal virtual h-diagonal for M is an element u € M &, M satisfying
Cl) m-u=u-m forany m € M,
(C2) mop(u) = 1.
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Note that condition (C2) implies that the norm of a normal virtual s-diagonal is
always greater than or equal to 1.

Remark 2.1. Note that the inclusion (¥ ®; V)% C (X @y)i induces, by duality, a
contraction from M®, M into M &, M and this contraction sends normal virtual
diagonals into normal virtual s-diagonals. Consequently, if M admits a normal
virtual diagonal, it admits a normal virtual /4-diagonal.

3. B.E. Johnson’s theorem revisited

The aim of this section is to find a solution to the second step mentioned in the
Introduction. Johnson [1988] proved that an approximately multiplicative map
defined on an amenable Banach algebra is close to an actual algebra homomorphism.
His result is the Banach algebraic version of an earlier result due to D. Kazhdan
[1982] for amenable groups (see also [Burger et al. 2013]). If L is a linear map
between operator algebras M and N, we denote by LY : M x M — N the bilinear
map defined by

LY(x,y) = L(xy) — L(x)L(y).

This enables us to measure the defect of multiplicativity of L.

In our present case, we have to take into account the dual operator space structure
of our algebras. Starting from a w*-continuous linear map from M into N, we
must obtain a w*-continuous algebra homomorphism. This will force us to work in
the category of operator spaces. The proof of Theorem 3.1 in [Johnson 1988] is by
induction, the algebra homomorphism is the limit (in operator norm) of a sequence
of linear maps with multiplicativity defect tending to zero. The problem is that these
linear maps are defined using the w*-topology of the target algebra (see equation ()
in the proof of [Johnson 1988, Theorem 3.1]). Here, to justify the w*-continuity of
these linear maps, we must consider a trilinear map defined on M x M x M; see
(3-1) below. But the normal projective tensor product does not seem associative.
To circumvent this difficulty, we will instead work with the normal Haagerup tensor
product, which is associative [Blecher and Kashyap 2008, Lemma 2.2]. As a
consequence, we have to control the cb-norm of the bilinear map L.

Remark 3.1. Actually, this difficulty concerning the associativity of the normal
projective tensor product has already been encountered in disguise. The main issue
in [Effros 1988] is that one cannot check whether the Banach M-bimodule M®, M
is normal or not. But if one assumes that the normal projective tensor product is
associative, then it is easy to check that M®,.M is a normal bimodule.

Theorem 3.2. Let M, N be two unital dual operator algebras. We suppose that
M has a normal virtual h-diagonal u € M Qs M. Then, for any ¢ € (0, 1), for
any | > 0, there exists § > 0 such that: for every unital w*-continuous linear map
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L : M — N satisfying ||L|co < p and ||LY ||co < 8, there is a unital w*-continuous
completely bounded algebra homomorphism 7w : M — N such that |L — 7||ep < &.

Proof. Let e € (0, 1), u > 0 and let L be a unital w*-continuous linear map from
M into N such that || L||c, < . The trilinear map

(3-1) (X, ,2) EMXMx M L(x)LY(y,2) €N

is separately w*-continuous and completely bounded. By the universal property
of the normal Haagerup tensor product, it extends to a w*-continuous completely
bounded linear map

AL M@eh Moy M — N

such that
AL(x®y®z)=Lx)LY(y,2)

and || Azlleb < | Lllebl| LY |lcb- By definition and associativity of the normal Haagerup
tensor product, the linear map

meM—u®@me MRy M) Qsh M=MQun My M
is w*-continuous; see (2-1). We can define R : M — N by
R(m) = Ap(u®m)
which is w*-continuous and
(3-2) IRllco < el I ZNlcbll L™ llcb-

As u € M@y M, there is a net (), in M ® M converging to u in the w*-topology
of M ®g;, M. For any t, there are finite families (a; )i, (b})x of elements in M

such that
U, = Z a,t( ® b,t(.
k

Now fixing m € M, once again by definition and associativity of the normal
Haagerup tensor product, the linear map

VEMQQsu M= v@m e (MQon M) Qop M=MQup MQzn M
is w*-continuous as well. Hence, using the w*-continuity of A, we obtain

R(m) = w* —lim Ar (u; ® m) = w* —lim > L(@)LY (b, m).
k

From this point, we just need to check that the computations of [Johnson 1988,

Theorem 3.1] remain valid with matrix coefficients. Fix n € N, let x, y be in the unit
ball of M}, (M) (in the following computation, ,, denotes the identity matrix in M,,,
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and the other subscripts n denote the n-th ampliation of a linear or bilinear map),
then as in [Johnson 1988], we have

(L+R), (x,y)=
L (x,y)—w*—li;nZLn (In®ayb;)L, (x,y)
X
—R,(x)R,(y)
+w*_1i[InZL;,/(xaIn®a]t()L;,/(In®b/t<vy)
X

—i—w*—li}nZL,Y(In@)a,’{, L,®b})L) (x,y)
3

-HU*—lithLn (I, ®ay) Ly ((1,®b})xy)—L, (x(I,®a;)) L, ((1,Qb})y)
3

—w*—lith(Ln (1i®ay) Ly (1, ®by)x)— Ly (x (I,Qa;)) Ly (1, @b))) Ly (y).
3

To evaluate the norm of (L + R)’, we treat each line of the right-hand side

n’
successively. As u is a normal virtual s-diagonal, w* —lim; )", a;b; = 1. But L is

unital and w*-continuous, so

w* —lim > Lu(I, ®aiby) =1
k

and the first line of the right-hand side is 0. Clearly, the norm of the term in the
second line is bounded by || R||§b. Now let us show that the norm of the term in the
third line is bounded by |ju||||L" ||§b. The quadrilinear map

(3-3) X, v, 2, ) EMXMXMXMr LY(x,y)LY(z,t) e N

is separately w*-continuous and completely bounded. By the universal property
of the normal Haagerup tensor product, it extends to a w*-continuous completely
bounded linear map I'y, : M Qup M Qo M Qg M — N such that

I(x®y®z®t)=L"(x,y)LY(z, 1)
and [Tz [lco < ILY [|cbILY [lcb- The bilinear map
B:(x, ) eMXM—=>xQu®y e MQsn MQsp M Qs M

is separately w*-continuous and || B||cb < ||u||. The bilinear map 'z 0B : M x M —
N is also separately w*-continuous and

2
ITz o Bller < ITLlle 1B llecb < Nl 1LY 15

We claim that the term of the third line is the n-th ampliation of the bilinear map
' o B applied to x, y in the unit ball of M,, (M) (and this gives the desired estimate).
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Note first that
B,(x,y) = [inl u ®)’lj]‘ =w" —li;nZ[ZXiz Qa; Qb;, ®y1j],j
i) L,
i kol
and also that (L), = (L,)" and

(L, h@a) =30 LY G, (@] =LYy a))]

] iJ iJ
and similarly
(Lv)n(ln ®b[t€, y) = [Lv(b]tw yij)]i’j-
Using these computations, we can prove our claim:
(T'LoB)u(x,y) = (TL)n(Bu(x, y))
— (FL),,(w* — lim ;[; X ®al @bl ® ylj]l_’j)
= —tim Y[ Y riuoa oK o]
kool
=w* — lim Xk:[; LY (xit, ap)LY (b, )Uj)]u
=w*— 1i}11 Z([Lv(xij, apli,j - [LY (b, yipli,j)
k
=w*— 1i}nZ LY (x, I, ®a)L) (I, DL, y).
k

Consequently, we can estimate the norm of the term of the third line

lw* —1im > 1Y (e, L @ ah Ly (1 &b, »| = T 0 Blle < IullILV13,
k

In the same manner, one can prove that the norm of the term in the fourth line is
bounded by ||u]|||L" ||§b. For the term in the fifth line, note that its (i, j)-entry is

* 13 t [ N . t 1 .
w ll{nXk:X;(L(ak)L(bkx,pyw) L(xipap) L(bLyp))) € N.
p:

But u is a normal virtual s-diagonal, so for any i and p,
w* —lim(xip - ur — g - xip) =0,
hence for any i, j, p,

w' = hf“(Z Xip - @ ® D} - ¥pj — Za,’( R b} 'xipyn/) =0.
k k
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The bilinear map
x,y)EMx M L(x)L(y) e N

extends to a w*-continuous map, consequently the term in the fifth line is 0. Analo-
gously, the term in the sixth line is also 0. Finally we obtain

G-4) L+ R) e < 20ullILVIZ + 1RIZ < Cllul + HulPILIZ LY 13-

Now we are in position to follow the induction of [Johnson 1988] with cb-norms
instead of norms (for the reader’s convenience, we reproduce it here). The important
point is that each L? (and thus each R?) defined below is w*-continuous. Define
e
8= .
Aluell + 8= |uel]

(3-5)
Suppose that ||[LY || < 8. Inductively, we define a sequence of linear maps from
M into N by Ly = L and Ry = R, and for g > 0,

LT =194 R? and RIT'()H)=Apeniu® ).

We also define gy = (2 —-2"%)p and §, = 2795. By induction, we prove that
I(L?)Y]leb <84 and [|L?]|cy < pg, for all g. It is obvious for ¢ = 0. Then using the
inequality (3-4) above, we have

IELIYY Nleb < Qllull + ul® )87 < 841,
and using (3-2) to majorize the cb-norm of RY, we obtain

LT ey < g + Nulltgdy < 1ige1s
(the last inequality coming from the fact that [« ||§ < 4~!). Consequently,
IR Nl < NaelIIL lew ICLD) Nleb < 211l 1284,
50 ), R? converges in cb-norm. We can define
m=L+) R,
q=0

in other words 7 = lim, L4, so 7 is w*-continuous. Hence 7" = lim, (L?)", but
we proved that || (L?)" ||, < 84, so 7 is multiplicative. Moreover,

”n_L”Cb:”Zqu|cb§4”M||/L8<8. 0
q>0

Remark 3.3. One important point which does not appear in the statement of the
previous theorem is that § is an explicit function of u, ¢ and ||u||; see (3-5).
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4. Neighboring representations

We now show that two representations of a dual operator algebra, admitting a
normal virtual h-diagonal, which are close enough in cb-norm are necessarily
similar. Apparently, this phenomena is well known to Banach algebraists (see,
e.g., Chapter 8 of [Runde 2002]). We give here a quick proof for dual operator
algebras. This proposition will enable us to perform the third step mentioned in the
Introduction. If § € B(H) is an invertible operator, we denote by Adg the similarity
implemented by S.

Proposition 4.1. Let M be a unital dual operator algebra. We suppose that M
has a normal virtual h-diagonal u € M Qs M. Let | and m, be two unital
w*-continuous completely bounded representations on the same Hilbert space K. If
w1 — 2l < llue)|~! max{||7; ”c_b]’ ||7t2||c_b1}, then there exists an invertible operator
S in the w*-closed algebra generated by w1(M) U 1y (M) such that my = Adg oms.

Proof. Let 1, my be as above. For two completely bounded w*-continuous linear
maps F, G : M — B(K), we denote (with notation of Sections 2B and 2C)

\pF,G =My o(F Qo G),

which is a completely bounded w*-continuous linear map defined on M ® M.

Now, define
S =V 1, W) e B(K).

As u e M®y, M, there is a net (u,), in M ® M converging to u in the w*-topology
of M ®,, M. For any t, there are finite families (a,i)k, (b,’{)k of elements in M

such that
u; = Z a, ® b
k

Hence, S = w* —lim, ), m(a;)m2(b}). Let m € M, then

71 (m)S = 71 (m).w* —1im ) _ 71 (ap)ma(b)
k

=w*— lithT[] (ma/t()ffz(bit()
k

=w* —litm W (m-uy)
=V, 5 (m-u).

Analogously, we can show that

ST2(m) = Wr, (1 - m).
But u is a normal virtual s-diagonal, so m - u = u - m, hence

71(m)S = Sma(m).
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To conclude, we just need to prove that S is invertible. Without loss of generality
we can assume that ||7r; — 72|l < |lu]l | ||;)1. As above, we have W, - (1) =
w* —lim, ), m(a,’()m (b,’(). Using the condition (C2) defining a normal virtual
h-diagonal, we obtain

Wi, () =w* —lim 71 (afbf) =7 (w —lim )" a,ib,g)
k k

=m(mgp(u)) =i (1) = Ix.
Consequently,

IS — Ikl = ||\Ilm,7rz(u) - \ym,m )|l = ”"Ijm,m—m @)l

< llullllry = malleplliller < 1. O

5. Proof of the main theorems

We start this section with a very simple lemma that we will use repeatedly in the
proof of the next theorem; we just sketch the proof. Recall that TV denotes the
bilinear map from M x M into N defined by TV (x, y) = T (xy) — T (x)T (y).
Also in this section, we denote by id 4 the identity representation of a concretely
represented operator algebra A.

Lemma 5.1. Let A, B C B(H) be two operator algebras and T : A — B be a
completely bounded linear map. Then:

@ 1TVleb < C+ T leb) 1T — id allcp-

) If IT —idalley < 1, then T is injective and has closed range. Moreover, if
there exists a € [0, 1) such that for any y in the unit ball of B, there is x in A
satisfying |T (x) — y|| < «, then T is bijective and

1
IT —idallcy

Proof. Let x, y be in the unit ball of M}, (M), then (i) follows from the decomposition
(Tv)n(x’ y) = Tn(XJ’) - Tn(x)Tn(y)
= Tn(x))) — Xy +xy _XTn(y) +XTn(y) - Tn(x)Tn(y)

1T o <

The first assertion of (i1) follows from
1T, GOl = |17 (x) — x| = llxll| = (1= 1T — idallew) Il

The surjectivity of 7 is proved by induction. Let y be in the unit ball of A, then for
any integer j, we can find 7, ..., 7; in the range of T such that

ly =t +t+-+1)l <o’

As o < 1, we conclude that y belongs to the closure of the range of 7. ]
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Note that, in the following theorem, M is just assumed to be a dual operator
algebra, but we require a near cb-inclusion of M into N (see Section 2A).

Theorem 5.2. Let M, N C B(H) be two unital w*-closed operator algebras. We
suppose that N is an injective von Neumann algebra. If N' C' M and M Ei/b N,
1

with y < 1, then there exists an invertible operator S in the w*-closed algebra

generated by M UN such that SMS~! = \.

Proof. Since N is injective, there is a completely contractive projection P from
B(H) onto NV. Denote T = Pjr. Let x be in the unit ball of M, (M), then there is
y in M, (N) such that ||x — y|| < y.

1T () = x|l = 1T (x — y) — (x = M)lleb = 2y,

hence )
1T —idmller <2y < 1.

Let us prove that T is surjective. Since N C!' M, there is y’ < 1 such that N' C¥" M.
Let y be in the unit ball of N, then there exists x in M such that ||y — x| < y/,
therefore from Lemma 5.1(ii), T is a linear cb-isomorphism and

- 1
1 T ey < ——.
(5-1) 17w < =5

The problem is that 7 is not necessarily w*-continuous, so we are going to consider
the normal of 7! (see [Tomiyama 1959], we denote with an exponent n the normal
part of a linear map defined on \). Note first that
1. _ . 2

(5-2) 177 —idarlleo < 17wl T — idaqllen < 775
Let V= (T~")": N'— M be the normal part of T~!. Using Lemma 5.1(ii) again,
let us show that V is a completely bounded w™*-continuous linear isomorphism from
N onto M. As taking the normal part is a completely contractive operation, we have

. _ . _ . 2
(53) IV —idylle = T = i) loo < 177"~ idwvllop < =5
thus V is an injective map and has closed range. Now let y be in the unit ball of M,
and pick x in NV such that ||x — y|| < y. Thus ||x|| < 1+ y and

V(&) =yl < IV &) —x[[+llx =yl

2y
< 1
=< 1—2)/( +y)+y
< SV
T 1-2y

<1,

so V is surjective.
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In order to apply Theorem 3.2, we need to unitize V. From equation (5-3),
IV(1)—1] <2y)/(1—=2y) <1, hence V(1) is invertible in M and

1 _1-2y

5-4 v .
(5-4) V™| < VI = 1-4y

Denote L = V(1)~!V, so L is a unital w*-continuous completely bounded isomor-
phism from A onto M and from (5-1) we have

- - - 1
(5-5) 1Ll < VDT NIV lleo < WV ADTINT e <

Let us compute the norm of LV, the defect of multiplicativity of L (see Section 3 for
notation). Fix n, let x be in unit ball of M, (NV), then from (5-3) and (5-4) we obtain

ILn(x) — x| < 1, ® V() (V(x) =) + 11, ® V(1) x — x|

<V IV —idylles + VDIV D) — 1]

< & ,
T 1-4y

which means that

. 4
(5-6) IL —idleb < ﬁ.
—4ay

Therefore, by Lemma 5.1(i) and equation (5-5) we obtain

v . 12y
IL" b = 2+ I LIlew) IL —idprlley = e

We want to apply Theorem 3.2 to L. Put

1 12y
R d §= .
SR (1—4y)?

As N is an injective von Neumann algebra, we can find a normal virtual 4-diagonal
u of norm 1 [Effros 1988; Effros and Kishimoto 1987], and thus (see (3-5)) let

_ 201012y — 12y 8 )

We can then apply Theorem 3.2 to L and find a unital w*-continuous completely
bounded homomorphism 7 : N” — M such that

L —=mlleb <e.
Consequently, from (5-6),
7 —idpller < llm — Llleo + 1L —idarlcb

<e+4+ ——,
<t ia
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and this last quantity is strictly smaller than 1, because y < llﬂ. Therefore, we
can apply Proposition 4.1 to = and idy and find an invertible operator S in the

w*-closed algebra generated by M UN such that
Adgomr =idy

(in particular 7 is injective and has closed range). To achieve the proof, it is
sufficient to prove that the range of  is M. Let y be in the unit ball of M, then

(L™ (y) = yll < 7 — Llleo L™ lebs

so by Lemma 5.1(ii), we just need to check that this last quantity is strictly smaller
than 1. From (5-6)

1 _1-4y

1L ew < : < ,
P = I—|L—idylle ~ 1-8y

it follows that

_ 1-4
I = Ll 1L o < 726
1-8y
which is strictly smaller than 1, because y < llﬂ. U

At this point, we want to get rid of the near cb-inclusion hypothesis appearing in
the previous theorem. The task is to find conditions of “automatic near cb-inclusion”
on the algebra M. More explicitly, under which conditions does a near inclusion
M CV N automatically imply a near cb-inclusion? For C*-algebras, Christensen
isolated property Dy which ensures such an “automatic near cb-inclusion” result.
Recall that a C*-algebra A has property Dy, if for any unital x-representation (7, K)
one has

Vx e BK), dx, 7(A)) < klIS)preall,

where d denotes the usual distance between subsets and §(x) denotes the inner
derivation implemented by x on B(K). It is well known that amenable C*-algebras
(or injective von Neumann algebras) have D1, the next easy lemma is the nonselfad-
joint analog of this fact (it also works for amenable Banach algebras).

Lemma 5.3. Let M be a unital w*-closed operator admitting a normal virtual diag-
onal u € M®, M. Then, for any unital w*-continuous contractive representation
(7, K) of M which satisfies w(M) = JT(M)w , we have

(5-7) Vx e B(K), d(x, m(M)) < [ulll8CO -

Proof. Let us denote N = (M) C B(K) and v = 7®, 7 (1) € N®,N, hence
[lv]| < |lu]|. Since r has w*-closed range, v is a normal virtual diagonal for the dual
operator algebra V. Note that B(K) is obviously a normal dual Banach A/-bimodule
(in the sense of [Runde 2002, Definition 4.4.6]). Now, let x be in B(K) and consider
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the w*-continuous bounded derivation D = §(x)x : N' — B(K). Adapting the
proof of Johnson’s theorem on characterization of amenability by virtual diagonals,
we know that there is ¢ € B(K) such that D = §(¢)|». Actually ¢ = DQyidy (v),
so [l¢ll < ID|ll|v]l. As D = §(x)|x = 8(¢) x> We have x — ¢ € N'. Therefore,

d(x, 7(M)) = d(e, M) = llell < IDIlIvll < Nulllld o)zl
which ends the proof. (]

Lemma 5.4. Let M C B(H) be a unital w*-closed operator algebra admitting
a normal virtual diagonal u € M&y M. Let N be an injective von Neumann
subalgebra of B(H). Then, for any y >0, M CY N implies M gjﬂ””y N.

Proof. This follows from the previous lemma and the first lines of the proof of
Theorem 3.1 in [Christensen 1980], with D = M), (for arbitrary n), with k = ||u||
(by (5-7)) and the % must replaced by 1 because N is injective, so we get 4||u|y
instead of 6ky. ([

Now, using the previous lemma and Theorem 5.2 above, we can prove Theorem 2.

This question of “automatic near cb-inclusion” can be thought of as an analog
of the “automatic complete boundedness” question for homomorphisms (or equiva-
lently Kadison’s similarity problem). For this problem, Pisier defined the notion of
length for operator algebras (see [Pisier 1998; 2000; 2001a; 2001b; 2007]). The
connection between this notion of length and property Dy is now well known for
C*-algebras, see [Christensen et al. 2010a]. As we are working with dual operator
algebras, C. Le Merdy’s notion of length (or degree) denoted d, in [Le Merdy 2000]
is more appropriate (we call this quantity normal length in the following corollary).

Corollary 5.5. Let M, N C B(H) be two unital w*-closed operator algebras.
Suppose that M has finite normal length at most d, with constant at most C > 0.
We suppose that N is an injective von Neumann algebra. IfFN' C' M and M CV N,
withy < (1+ 1/(164C))1/d* — 1, then there exists an invertible operator S in the
w*-closed algebra generated by M UN such that SMS™" = N and consequently,
di(M) <2.

Proof. If M C7 N, then M gfb(“”)d*‘” N as in Proposition 2.10 in [Christensen
et al. 2010a]. The result follows from the similarity degree characterization of
injectivity for von Neumann algebras in [Pisier 2006]. U

Remark 5.6. As explained in the Introduction, the main benefit of Theorem 2
(compared to Theorem 1) is that we can get rid of the selfadjointness hypothesis
on one of the algebras. It would be very interesting to improve our theorem to
both algebras being nonselfadjoint. More precisely, let M, N C B(H) be two
unital w*-closed operator algebras, suppose that M has a normal virtual diagonal
u and that A is the range of a completely bounded projection P. Does there



424 JEAN ROYDOR

exist a continuous function f : [1, 00)> — [0, co) with f(1, 1) = 0 such that if
des(M, N) < f(|| Pllcb, llul), then M and NV are similar? In our proof of Theorem 2,
the only characterization of injectivity of a von Neumann algebra that we use is
that of being the range of completely contractive projection. This is one advantage
of our proof, because if one wants to positively answer the preceding question,
the only obstruction in our proof is to find a Tomiyama type decomposition (into
normal and singular parts) for nonselfadjoint dual operator algebras admitting a
normal virtual diagonal.
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SCALAR CURVATURE AND SINGULAR METRICS

YUGUANG SHI AND LUEN-FAI TAM

Let M", n > 3, be a compact differentiable manifold with nonpositive
Yamabe invariant o (M). Suppose gy is a continuous metric with volume
V(M, gy) = 1, smooth outside a compact set X, and is in Wlf)’cp for some
p > n. Suppose the scalar curvature of g is at least o (M) outside X. We
prove that g, is Einstein outside X if the codimension of X is at least 2. If
in addition, g is Lipschitz then g, is smooth and Einstein after a change
of the smooth structure. If ¥ is a compact embedded hypersurface, g
is smooth up to X from two sides of X, and if the difference of the mean
curvatures along X at two sides of X has a fixed appropriate sign, then
go is also Einstein outside X. For manifolds with dimension between 3
and 7, without a spin assumption we obtain a positive mass theorem on
an asymptotically flat manifold for metrics with a compact singular set of
codimension at least 2.

1. Introduction

There are two celebrated results on manifolds with nonnegative scalar curvature.
The first result is on compact manifolds. It was proved by Schoen and Yau [1979a;
1979c] that any smooth metric on a torus 7", n < 7, with nonnegative scalar
curvature must be flat. Later, the result was proved to be true for all n by Gromov
and Lawson [1983]. The second result is the positive mass theorem on noncompact
manifolds. Schoen and Yau [1979b; 1981; Schoen 1989] proved that the Arnowitt—
Deser—Misner (ADM) mass of each end of an n-dimensional asymptotically flat
(AF) manifold with 3 <n <7 with nonnegative scalar curvature is nonnegative and
if the ADM mass of an end is zero, then the manifold is isometric to the Euclidean
space. Under the additional assumption that the manifold is spin, the same result
is still true and was proved by Witten [1981]; see also [Parker and Taubes 1982;
Bartnik 1986]. In the two results the metrics are assumed to be smooth.

There are many results on positive mass theorem for nonsmooth metrics. Miao
[2002] and the authors [Shi and Tam 2002] studied and proved positive mass
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theorems for metrics with corners. The metrics are smooth away from a compact
hypersurface, which are Lipschitz and satisfy certain conditions on the mean cur-
vatures of the hypersurface. The result was used to prove the positivity of the
Brown—York quasilocal mass [Shi and Tam 2002]. Lee [2013] considered a positive
mass theorem for metrics with bounded C? norm and are smooth away from a
singular set with codimension greater than n/2, where n is the dimension of the
manifold. On the other hand, McFeron and Székelyhidi [2012] were able to prove
Miao’s result using Ricci flow and Ricci—-DeTurck flow, which was studied in
detail by Simon [2002]. There is a positive mass theorem for spin manifolds or
manifolds with dimension # less than eight obtained by Grant and Tassotti [2014]
under the assumptions that the metric is continuous and in Sobolev space W2/2.
More recently, Lee and LeFloch [2015] were able to prove for spin manifolds,
under rather general conditions, a positive mass theorem for metrics which may
be singular. Their theorem can be applied to all previous results for nonsmooth
metrics under the additional assumption that the manifold is spin.

Motivated by these studies of singular metrics on AF manifolds, we want to
understand singular metrics on compact manifolds. One of the questions is to see
if there are nonflat metrics with nonnegative scalar curvature on 7" which may
be singular somewhere. Another question can be described as follows. It is now
well known that in every conformal class of smooth metrics on a compact manifold
without boundary there is a metric with constant scalar curvature; see [ Yamabe
1960; Trudinger 1968; Aubin 1976a; 1976b; Schoen 1984]. One motivation for the
result is to obtain Einstein metric. It is well known that if a smooth metric on a
compact manifold attains the Yamabe invariant and if the invariant is nonpositive,
then the metric is Einstein. See [Schoen 1989, pp. 126-127]. In this work, we will
study the question whether this last result is still true for nonsmooth metrics.

Let us recall the definition of Yamabe invariant, which is called o -invariant in
[Schoen 1989]. Let C be a conformal class of smooth Riemannian metrics g on a
smooth compact manifold M"; then the Yamabe constant of C is defined as

. fMSgdvg
YCC)=inf ———————>—,
© =1V, gy

where S, is the scalar curvature and V (M, g) is the volume of M with respect to g.
The Yamabe invariant is defined as

o (M) =sup, Y(C).

The supremum is taken among all conformal classes of smooth metrics. It is finite;
see [Aubin 1976a]. If g attains o (M) > 0, then in general it is still unclear whether
g is Einstein or not; see [Macbeth 2017].
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To answer the question on Einstein metrics, let M" be a compact smooth mani-
fold without boundary and let gg be a continuous Riemannian metric on M with
V (M, go) = 1 such that it is smooth outside a compact set X. The first case is that
Y. has codimension at least 2 and gy is in WIL’CP for some p > n (see Sections 3
and 5 for more precise definitions).

Theorem 1.1. Let (M", go) be as above. Suppose o (M) < 0 and suppose the
scalar curvature of go outside X is at least o (M). Then gg is Einstein outside . If
in addition g is Lipschitz, then after changing the smooth structure, gg is smooth
and Einstein.

In the case that X is a compact embedded hypersurface, as in [Miao 2002] we
assume that near X, gy = dr* + g+(z, 1),z € X, t € (—¢, €) such that (¢, z) are
smooth coordinates and g_(-,0) = g4 (-, 0), where g, g_ are defined on the
neighborhood of ¥ where r > 0 and ¢t < O respectively and are smooth up to X.
Moreover, with respect to the unit normal % the mean curvature H, of X with
respect to g+ and the mean curvature H_ of ¥ with respect to g_ satisfies H_ > H,.
Under these assumptions, we have:

Theorem 1.2. Let (M", go) be as above with V (m, go) = 1. Suppose o (M) <0
and suppose the scalar curvature of gy outside X is at least o (M). Then g is
Einstein outside ¥. Moreover, Hy = H_.

Note that it is easy to construct examples so that the theorem is not true if the
assumption H_ > H, is removed.

In the process of proving the theorems, one also obtains the following: In the case
that M" is T", under the regularity assumptions in Theorem 1.1 or Theorem 1.2
and if go has nonnegative scalar curvature outside X, then gg is flat outside X.

The method of proof of the above results can also be adapted to AF manifolds. We
want to discuss the positive mass theorem with singular metric on an AF manifold
with dimension 3 < n < 7 without assuming that the manifold is spin. We will
prove the following:

Theorem 1.3. Let (M", go) be an AF manifold with 3 < n <7, where gy is a
continuous metric on M with regularity assumptions as in Theorem 1.1. Suppose
8o has nonnegative scalar curvature outside . Then the ADM mass of each end
is nonnegative. Moreover, if the ADM mass of one of the ends is zero, then M is
diffeomorphic to R" and is flat outside X.

We should mention that all the results mentioned above for nonsmooth metrics,
all the metrics are assumed to be continuous. On the other hand, one can construct
an example of AF metric with a cone singularity and nonnegative scalar curvature
and with negative ADM mass; see Section 2. One can also construct examples of
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metrics on compact manifolds with a cone singularity so that Theorem 1.1 is not
true. In these examples, the metrics are not continuous.

The structure of the paper is as follows. In Section 2, we construct examples which
are related to results in later sections; in Section 3 we obtain some estimates for the
Ricci-DeTurck flow; in Section 4 we use the Ricci—DeTurck flow to approximate
singular metrics; in Sections 5 and 6 we prove Theorems 1.1 and 1.2; in Section 7
we prove Theorem 1.3. In this work, the dimension of any manifold is assumed to
be at least three. We will also use the Einstein summation convention.

2. Examples of metrics with cone singularities

In previous results on positive mass theorems on AF manifolds with singular metrics
mentioned in Section 1, the metrics are all assumed to be continuous. To understand
this condition on continuity and to motivate our study, in this section, we construct
some examples with cone singularities which are related to the study in the later
sections.

The following lemma is standard. See [Petersen 1998].

Lemma 2.1. Consider the metric g = dr? 4+ ¢>(r)hg on (0, ro) x S*~', where hy is
the standard metric of S" ' n >3, and ¢ is a smooth positive function on (0, rg).
Then the scalar curvature of g is given by

20" 1— (&' 2
sz(n—l)[—iﬂn—z)#]
¢ ¢
Suppose ¢ = arf , witha, 8 >0. Then S >0ifa < 1,B=10rif 0<p <2/n. In
both cases, the metric is not continuous up tor =0. If « > 1, 8 =1, then S < 0 for
r small enough.

We can construct asymptotically flat manifolds with nonnegative scalar curvature
defined on R? \ {0} such that the metric behaves like dr? + (ar)*hg near the origin
for some 0 < o < 1 with positive mass.

Proposition 2.2. Let 0 < € < % and let n(x) = n(r), with r = |x|, be a smooth
function on R3\ {0} such that

nr)=—e(l—er—<2? if0<r<l,
nr)<0 ifl1<r=<2,
nr)=0 if r=2.

Let ¢ be the function defined on R> \ {0} with

P(r)= / 12(/ 2n(1) dt) ds.
1S 0
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Then there are constants a, b > 0 such that if
a
u=¢+b+§+1

then u > 0. Moreover, if g = u*g., where g, is the standard Euclidean metric, then
near infinity,
a\
g= 1+~ ¢,
r

g =dp”+((1=26)*p* + 0(p**"))ho

o= /r uz(t) dt.
0

The metric g has nonnegative scalar curvature and has zero scalar curvature outside
a compact set. Moreover, the end near infinity is asymptotically flat in the sense of
Definition 7.1 in Section 7, and has positive mass 2a.

and nearr =0,

for some § > 0, where

Proof. Let Ag be the Euclidean Laplacian. Then one can check that

Aop =n=0.
ForO0<r <1,
dp(r)y=r——1.

Forr > 2, let

a= —/ szn(s)ds > 0,
0

21 K 5
bz—f s—2</ rn(r)dr)ds>0.
1 0
¢(r)=—b+/2rsi2<fost2n(t)dt> ds

and

Then

"1
—b— —d
a M s
a a
:—b—— —
2+r

Henceifu = ¢ +b+a/2+ 1, then Aqu =n < 0. Since u — oo as r — 0 and
u— 1asr — 0o, u > 0 by the strong maximum principle. The metric

8= u4ge
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is defined on R3\ {0}, has nonnegative scalar curvature and has zero scalar curvature
near infinity. g is also asymptotically flat. Near r =0,
a
u=b+—-+r"-
2

Since 0 < € < % we let

-
1
2 1-2¢ 1—€
= Hdt = —— @ .
0 /Ou() (1_26)r +0@F ™)
So
1
2 2—4e 2—-3e
=— (0] .
P a _26)21" +0@r)
Hence near r =0,
g =dp*+u*r*hg
— dpz + (r2—4€ + 0(”2_36))]’10
=dp*+ (1 —26)?p*+ 0r*>)hy
=dp® + (o’ p* + O (> ))ho,
where o = 1 — 2¢. Note that r273¢ = O (p>*?%) for some § > 0. [l

The following example is the type of singularity which is called zero area
singularity in [Bray and Jauregui 2013].

Proposition 2.3. Let m > 0 and let =1 —2m/r. Then the metric
8= ¢4ge

is asymptotically flat defined on r > 2m in R3, with zero scalar curvature and with
negative mass —m. Moreover, near r = 2m,

g =dp* +cp*P(1+0(p*)ho
for some ¢ > 0, where

r—2m
,0=/ &> (1 +2m) dr.
0

Hence near p = 0 the metric is asymptotically of the form as in Lemma 2.1 with
p=2

Proof. We only need to consider g near r = 2m. The rest is well known. Let
t=r—2m,r > 2m. Then

oo R ¢ 12 3
¢(Z)_¢(I+2m)_t+2m_%(1_%+W+O(I))
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and

t t 2
| & _ 5
,0—/0 ¢ (s)ds—/0 G 1 om)? ds.

Note that as r — 2m, p — 0. In terms of p, near p =0,

g =dp* +¢*r’ho.

Near p =0,
4
4.2 2
=—(t+2
o= ampr T
=cp* (14 0(p*?))
for some ¢ > 0. (]

We can also construct a conical metric on 73\ {a point}, with nonnegative scalar
curvature and with positive scalar curvature somewhere.
First, we have

Proposition 2.4. Let m > 0. There is a metric g on R>\ B(2m) such that

(1) the scalar curvature R is nonnegative and R > 0 somewhere;

(ii) there exist ro and ry with ry > ro > 2m such that g = (1 — 2m/r)4ge for any
r € 2m,ry) and g = g, for any r > ry, where g, is the Euclidean metric.

Proof. Let ri > rp > 2m to be chosen later. Let n(r) be a smooth nonincreasing
function with

1) ) 2m, 2m <r <r,
- ) =
7 0, r>ri.
For any p > 2m, let
0
n(r)
o= [ 1 ar
om T

By choosing suitable rg, r;, we may get y(p) = 1 for any p > ry; then we see that

1-2m/r, 2m<r<ry,
(22) y(r) = { /
1, r>ri.
We claim that
Aoy <0 on R\ By

here Ay is the standard Laplace operator on R>. By a direct computation, we see that
(23) Aoy ="+ 2y =r202y) =7 <0,

For any x € R3\ Bay, let u(x) = y(|x|); then g = u*(dr* +r?hyo) is the required
metric. O
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Suppose T7(r) is a flat torus, by taking r large enough we may glue (B, \ Ba,, g)
with T3(r) \ B, directly. As in Proposition 2.3, near r = 2m, the metric can be
considered as a metric with cone singularity. The question is whether we have
a metric on n-torus which has a cone singularity of the form dr? + a®r2hg with
0 < o < 1 and with nonnegative scalar curvature. This will be answered in Section 4.
The problem can be reduced to the study of singular metrics on 7" with nonnegative
scalar curvature.

3. Gradient estimates for solutions to the i-flow

We want to use the Ricci—-DeTurck flow to deform a singular metric to a smooth
one. We need some basic facts about the flow.

Let (M", h) be a complete manifold without boundary. We assume that the
curvature of & and its covariant derivatives are bounded:

(3-1) |IVORm| < k;

for all 3 >i > 0. Here V is the covariant derivative with respect to i and Rm is the
curvature tensor of 4. A smooth family of metrics g(t) on M x (0, T], T > 0, is
said to be a solution to the A-flow if g(¢) satisfies

(3-2) %gij = 8"V Vpgij — 8 giph"IRM;aqp — 8 gjph" RiMjagp
+3 : aﬂ (Vigpa ) ngqﬂ +2Vagjp qglﬂ 2§agjp : eﬁgiq
- zngap ' Vﬂgiq - 2%80117 : %ﬁgjq)-
The h-flow is closely related to the Ricci flow

ad .
378 = —2Ric(g).

Suppose go is a smooth metric with bounded curvature; then the solution to the
h-flow with h = gg such that g(0) = go is the solution to the usual Ricci—-DeTurck
flow. Using the solution to the Ricci—-DeTurck flow, one can obtain a solution to
the Ricci flow through a smooth family of diffeomorphisms. Hence i-flow can
be considered as a generalization of Ricci flow with initial data which may not be
smooth.

Let

d

(3-3) ==

- gij %j %j.
For a constant § > 1, A is said to be § close to a metric g if

s~ 'h < g <ésh.
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Theorem 3.1 [Simon 2002]. There exists € = €(n) > 0 depending only on n such
that if (M", go) is an n-dimensional compact or noncompact manifold without
boundary with continuous Riemannian metric go which is (1 + €(n)) close to a
smooth complete Riemannian metric h with curvature bounded by ko, then the
h-flow (3-2) has a smooth solution on M x (0, T] for some T > 0 with T depending
only on n, kg such that g(t) — go as t — 0 uniformly on compact sets and such that

~ C;
sup [Vig(1)|* < —
xeM t

foralli,where C; depends only onn, ko, ..., ki where k; is the bound ofﬁij(h) |
Moreover, h is (1 4 2¢) close to g(t) for all t. Here and in the following | - | is the
norm with respect to h.

In the case that g¢ is smooth, and if ﬁ go| is bounded, then it is also proved in
[Simon 2002] that

Vgl <C, Vg <cr 2

We want to obtain estimates in the case that go € WIL’CP in the sense that ﬁ gol 1s in
sz)c, for p > n. We have the following:

Lemma 3.2. Fix p > 2. There is b = b(n, p) > 0 depending only on n, p, with
e’ < 14€(n), where €(n) is the constant in Theorem 3.1, such that if go is a smooth
metric which is €? close to h, where h is smooth and satisfies (3-1) for 0 <i <2,
then the solution g(t) of the h-flow with initial metric gy on M x [0, T'] described in
Theorem 3.1 satisfies the following estimates. There is a constant C > 0 depending
only n, p, h such that for any xo € M with injectivity radius ((xo) with respect to h,

- ,_ D
Vet 20l < s

for T >t >0, where D is a constant depending only n, the lower bound of 1 (x¢) and
the L*P norm of |V go| in B(xo, t(x0)), which is the geodesic ball with respect to h.

Proof. Suppose go is e’ < 1 + €(n) close to h; then for any A > 0, Agg is also
e’ close to Ah. Moreover, if g(t) is the solution to the A-flow, then )Lg(%t) isa
solution to the Ah-flow. Hence by scaling, we may assume that ko + k1 + k& < 1.
The solution g(z) constructed in [Simon 2002] is %’ close to 4. Moreover, we may
assume that 7 < 1.

Denote ¢(xp) by (o and we may assume that ¢y < 1. In the following c; will denote
a constant depending only on n. Let m > 2 be an integer, which will be chosen
depending only on 7, p. Let b = 1/(2m). First choose m so that e’ < 1+ €(n). Let
fi= ﬁgl and Y = (a +>0, A;”)flz with @ > 0, where A; are the eigenvalues of
g(t) with respect to 4. By choosing a depending only on n and m large enough
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depending only on 7, as in [Shi 1989; Simon 2002] (see also [Huang and Tam 2015,
(5.8)]), we have

(3-4) Oy <) —com? fi.

Let x’ be normal coordinates in B(xo, t9). Since ko +k; +ky <1, by [Hamilton
1995, Corollary 4.11] on B(xg, tp) we have

(3-5) [%|5|25hijéi$j <2|&)? for& eR",

|Df/lij| <c for all i, j,
where

0 0
hij=h\ —, —

ax! dxJ

and 8 = (B4, ..., By) is a multi-index with |8| <2 and

Let n be a smooth function on [0, 1] suchthat0 <n <1, n(s) =0 for s > %, nis)=1
forO0<s < % Still denote 1 (|x|/tp) by n(x). Then |Vn| < C4Lal. We have

d
dt B(xo,t0)

= p/ Yy, dvy,
B(x0,t0)

n* P dvy,

SP/ flzlﬁp_lgij%i%jlﬁdvh-i-l?/ WP et — com® £ dy
B(x0,t0) B

(x0,t0)

<—p(p—1Des / P2V | doy, + pes / P~ IV doy,
B(x0,t0) B(x0,t0)
+ perty! f ' yP V| du, 4 p / 2P (e — com® £ dvy,
B(x,t0) B(xo,t0)
Cé 2.2 C% "2
<6 _ fnwpdvh+—/ () yP dvy
2¢s(p— 1) JBixoun) 2¢5(p— 12 o)

+P/ n* P~ er — com? £} duy,
B(x0,t0)
2

csp - ¢
<SP et T [ apyran,
P — 1 JBxou0) 2¢s(p — Dig JBxo.o)

+p / P~ cr — com? £ duy,
B(x0,t0)
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where we have used the fact that ¢ <c¢ f12 for some constant ¢ depending only on n
by the fact that 2bm = 1 so that A" < 1 for all i. We have also used the fact that

6 / PP I du
B(x0,t0)

2

~ C
<lesip—1) Y2V P doy + 5 20y dy,
B(xo,t0) CS(P— ) B(x0,t0)
and
ety f ' yP V| duy,
B(xg,t0)
2
_n,= C
<lesp-1[ Py T Pdu - — f Y7 du.
B(x0,10) 2¢5(p — Dy JBxowo)

Hence by choosing m large enough depending only on n, p and if b = 1/(2m),
we have

d -
af vrazer?( [ arvrans |
! JB(xo.10) B(x0,t0)

B(x0,0)

Py dvh)-

By replacing n by n? for ¢ > 1, we may assume that |n'| < Cn'~'/4, where C
depends only on ¢g. Let ¢ = 2p, say; then we have

d
dt B(xo,t0)

_2 2 1—5- p 2. p—1
< Ciy, (/ ) >y dUh+/ ny dUh)
B(xo,t0) B(xo,t0)
1—5- L 1—1
_ 2., p 2p p 2p 2. p P
< Ciy, n Yy dvy YPdv, | + n Yy dvp
B(x0,0) B(x0,0) B(xo,t0)
=55 -3
< Cay” [( / n*y? dvh) e ( / Y’ dvh) }
B(xo,t0) B(xo,t0)

Here and below upper case C; denote a positive constant depending only on n, p
and h. Here we have used the estimates in Theorem 3.1. Let

F:f P dv, + 1.
B(x0,t0)

n* P dvy,

Then we have

d S SS N
SF <Gyt F

Let I = |, Bxo.t0) |V g0l?? dv,. We conclude that

F(t) < C4(I +15*"),
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or

/ YP dv, < Cs(I +15").
B(XOailO

Hence 0 < fyp < T, by the mean value equality [Lieberman 1996, Theorem 7.21]
applied to (3-4) to B(xg,r) X (to — r2, to) with r = % tp, we have

¥ (x0, 10) < Cor "(I 415 +1).
From this the result follows. O

Assume 2p > n and let § =n/(2p). Let b as in Lemma 3.2. Assume 4 satisfies
(3-1),for0<i <2.

Lemma 3.3. Let xo € M and let ro > 0. Let

I :=/ |Vgol?” dvy.
B(xo,r0)

Let ¢ be the infimum of the injectivity radii ((x), x € B(xg, ro). Then there is a
constant C depending only on n, p, h, ro, the lower bound of t and the upper bound
of I such that

IV2g(xo, 1) < Ct7173,

Proof. In the following, C; will denote a constant depending only on the quantities
mentioned in the lemma. By Lemma 3.2, we have

(3-6) sup Vg, 0> <Cit’.

xeB(xo,%o)

Let fi = ﬁ"gl. As in [Shi 1989; Simon 2002] (see also [Huang and Tam 2015,
(5.11)]), one can find a > 0 depending only on the quantities mentioned in the
lemma such that if ¥ = (at~° + f7) 7, then

(3-7) Oy <—2fi +Cat™®

on B(xg, r9/2) x (0, T]. We may assume that ((xg) < ro/2. Let n be a cutoff
function such that (')2 + |1”| < cn for some absolute constant as in the proof of
Lemma 3.3, let F = ¢!'72nyr. Since g is smooth up to ¢ = 0, and f12 <C1t7%, we
have F(-,0) = 0. If F has a positive maximum, then there is x; € B(xg, t) and
T > t; > 0 such that
Fxi,n)= sup F.
B(x0,0)x[0,T]
Hence at (x1, 1), we have

Vi + ¢ Vin=0
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and

0<0OF
=t} "2 Oy + ¢ On — 287 Viyr Vi) + (1 +28)17 ' F
= ’11+28[’7(_%f24 +Cot ™) — Vg ViVin +2gijn_1w§in§/n] +(1+28)'F
<t [n(=L £+ Coat ™) + C3y ] + (1 +28)1 ' F.

Multiply the inequality by t11+25n(at_5 + f12)2 =Fyar + flz)’ we have

0<—4F2+C3t| (@™ + fOF + (1 +28)t% (at ™ + f)*F
< —1F>+C4F.

Hence F < 8C4. From this it is easy to see that the result follows. ([

4. Approximation of singular metrics

Let (M", b) be a smooth complete Riemannian manifold of dimension n without
boundary. Let gg be a continuous Riemannian metric on M satisfying the following:

(al) There is a compact subset X such that gg is smooth on M \ X.

(a2) The metric gg is in Wli’cp for some p > 1 in the sense that gg has weak derivative

and |gole, |°Vgols € L{;C with respect to the metric b.

We want to approximate go by smooth metrics with uniform bound on the W7
norm locally. As in [Lee 2013], cover X by finitely many precompact coordinate
patches Uy, ..., Uy and cover M with Uy, ..., Uy and Uy such that Uy is
an open set with Uy N X = &. We may assume that there is a partition of unity
Y, with supp(¥) C Uyg. Since gg is continuous, we may assume that gg, b and
the Euclidean metric are equivalent in each Uy, 1 < k < N. For any a > 0, let
Y(a)={x e M |dy(x,X) <a}. By [Lee 2013, Lemma 3.1], foreach 1 <k < N,
there is a smooth function € > p; > 0 in Uy, such that for € > 0 small enough

Pk =€, X(e) NUs;
=0 Ui \ 2(2¢);
4-1) Pk > ©\ 2(2¢);
|0pr| < C;
1020k < Ce™!

for some C independent of € and k. Here dp; and 82 are derivatives with respect
to the Euclidean metric. Let gg =1Yrgoand for 1 <k <N, let

@) oy = [ gyt =anoe)dy.
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Here ¢ is a nonnegative smooth function in R" with support in B(1) and integral
equal to 1. A > 0 is a constant independent of € and k, to be determined. Finally,
define

N
4-3) 8e,0 = Z 85,0 +Y¥n+180-
k=1

Lemma 4.1. For € > 0 small enough, g. o is a smooth metric such that g¢ o con-
verges to go in C% norm as € — 0, and 8e.0 = 8o outside X (2€). Moreover, there is
a constant C independent of € such that

/ °Vgeol? dvy < C.
(1)

Proof. 1t is easy to see that g. ¢ is smooth and converges to gp uniformly as € — 0.
In order to estimate the Wli’cp norm of g o, it is sufficient to estimate the norm in
each Uy, 1 <k < N. Moreover, we may assume that b is the Euclidean metric. So it
is sufficient to prove the following: For fixed k, 1 <k < N, and for any u € WIL’CP if

v(x) = / u(x — Aok (X)y)p(y) dy,

then the W'? norm of v in (1) can be estimated in terms of the W!? norm of
u in X(2), say. For fixed y with |y| <1, let z =x — Apx(x)y. Then

3 o

oxJ xi’
By (4-1), we can choose A > 0 small enough independent of € and & so that

-0
2> det(Sij —)\yl#> = %,
X!

= 8ij — yi)\,

and so that z = z(x) is a diffeomorphism with the Jacobian being bounded above
and below by some constants independent of €, k. Hence

; ;1
( / |v|”<x)dx) 5[ / ( |u(x—xpk<x>y>|<a<y>dy) dx]
2 (HNUg X(HNU R~
< / w(y)< / |u<x—xpk<x>y)|f’dx)"dy
n (HNUg

= f (ﬂ(y)(/ lu(x — App (xX)Y)|? dx)p dy
B(1) S()NUx

< cl(f |u(z>|sz)”
22)
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for some constant C independent of €, k provided € is small enough, where we have
used Minkowski’s integral inequality [Stein 1970, Section A.1]. Now, if x ¢ ¥ (2¢),
then v(x) = u(x) and if x € X(¢€), then v(x) is the standard mollification. If
x € X(2¢) \ Z(¢), then

l0v[(x) < ; 01| (x — Ao (x) y) A0 (x) [ (y) dy -

Since |dpk| is bounded by (4-1), we can prove as before that

1 1
(f |8v|p(x)dx)p < Cz(/ |au|P<z>dz>p
S(HNUy 2(2)

for some constant C, independent of €, k provided € is small enough. U
In addition to (al) and (a2), assume
(a3) The scalar curvature S of g satisfies Sy) > o in M\ X, where o is a constant.

We want to modify g ¢ to obtain a smooth metric with scalar curvature bounded
below by o. We first consider the case that M is compact. Let ¢g > 0 be small
enough so that for all ¢ > € > 0,

(14+€() " gep.0 < ge.0 < (1 +€(n)) gep 0,

where €(n) > 0 is the constant depending only on 7 in Theorem 3.1. Hence if we
let i = g¢,.0, then the h-flow has solution g.(f) on M x [0, T'] for some T > 0
independent of €, with initial data g¢ ¢ in the sense that lim, ¢ g¢(x, 1) = ge 0(x)
uniformly in M; see Theorem 3.1. The curvature and all the covariant derivatives
of curvature of 1 are bounded because M is compact.

By [Simon 2002] and Lemmas 3.2, 3.3 and 4.1 we have the following:

Lemma 4.2. Let M be compact and suppose g satisfies (al)—(a3). Suppose p > n.
Letb=n/p < 1. Then

"Vec(t)z <Ct™ and |"V?g.(t)]* <Ct™'7?

for some constant C independent of €,t. Moreover, g.(t) subconverges to the
solution g(t) of the h-flow with initial data gy in C*™ norm in compact sets of
M x (0, T] and in compact sets of M\ £ x [0, T].

For € > 0 small enough, let

(4-4) W = (8 (1) (T, (8c (1)) — T (),
and let @, be the diffeomorphism given by
0

(4-5) 3,10 =—W(P;(x), 1),  Polx)=x.
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Let g¢(t) = ®} g (t). Then g(¢) satisfies the Ricci flow equation with initial data
ge.0- Note that W and @, depend also on €. Recall the Ricci flow equation is

ad
(4-6) 5781 = ~2Rij.

Lemma 4.3. With the same assumptions and notation as in Lemma 4.2, for € small
1 1
enough, |W|, < Ct™2%, |IRm(ge(1))| < Ct~2%9 and
C™'h < ge(t) < Ch
for some C, independent of €, t.

Proof. The bound of W is given by Lemma 4.2. Since the bound of curvature is
unchanged under diffeomorphism, [Rm(g.(¢))| < C =20+9 by Lemma 4.2. From
this we conclude from the Ricci flow equation that g.(¢) is uniformly equivalent to
80.e which is uniformly equivalent to /. U

Lemma 4.4. Let S(t) be the scalar curvature of g(t). Then there is a constant
C > 0 independent of t, € such that

exp(—Cr2(179) f (S(1) —0)-dvgq)
M

is nonincreasing in (0, T], where f_ = max{— f, 0} is the negative part of f.
Proof. As in [McFeron and Székelyhidi 2012], fix 6 > 0, and for € > 0, let
1/2
v= (S —0)2+6)* = (Sc(1) — o),

where S, (¢) is the scalar curvature of g.(z). Let A and V be the Laplacian and
covariant derivative with respect to g¢(¢). Using the evolution equation of the scalar
curvature in Ricci flow, we have

<£_A> _( Se(0—o —1>(3_A)3 0 OIvSP
ot v= ((Se() —0)2+06)1/2 at € (Sc(t)—0)2+6)172

_( Se(t)—o _1).2|VRiC(I)|2_ 01VS. (1))
T\ ((Se()—0)2+6)1/2 (Sc(t)—0)2+0)3?

507

where Ric(¢) is the Ricci tensor of g.(¢). Using Lemma 4.3 we have
47 A ave = Lvdvs S.(t)v dv;
47 ar [, Va0 = | 5o~ | (v dug, )

M M

1
= Clt_z(l—"_a)/ vdvg,e(,)
M
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for some constant C independent of ¢, €. From this and letting & — 0, we conclude
that for some constant C independent of ¢ and e,

exp(~Cr107D) / (S.(t) = o) dvg.
M

is nonincreasing in (0, 7']. Noting that g (t) = ®;(gc(¢)), by Lemma 4.2 let ¢ — 0,
the result follows. O

We first consider the case that the codimension of X is at least 2 in the following
sense:

(a4) The volume V (X (¢€), go) with respect to gg of the e-neighborhood X (¢) of X
is bounded by Ce? for some constant C independent of €. Here

Y(e)={xeM|dy(x,X) <e€}.

Lemma 4.5. With the same assumptions and notation as in Lemma 4.2, suppose
(ad) is true. Then S(t) > o forallt > 0.

Proof. By Lemma 4.4, it is sufficient to prove that
(4-8) lim / (St) —o)_dvgr =0.
t—0 M

For any € > 0, let @, be the diffeomorphisms as before so that g (1) = &7 (g (1))
is the solution to the Ricci flow. For any 6 > 0, let v as in the proof of Lemma 4.4.

Let
1 N
B= E(E - Z l/fklok)-
k=1
We may modify p; so that if € is small enough then § is a smooth function on M

such that 8 =0 1in X (2¢), B =1 outside X (4¢), 0 < 8 <1, IhVﬁ| < Ce !, and
|"V2B| < Ce? for some constant C independent of €, ¢. Let

B(t, x) = B(D,(x)).
Then

d [ % d 3 g2 0 3
E/ ﬁzvdvge<z)=/ v@(ﬁz)dvge(z)-i-/ ﬂzgvdvge(z)—/Se(t)ﬁzvdvée(ﬂ
M M M M
8 ~ ~.
5vag(ﬂ)zdng(o+/MﬂzAge<z)vdv§E<z>
+C1t;(1+5)/M Bvdvg, )

=1+11 +c1z—i<1+‘”/M B*vdvg, .
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for some constant C; > 0 independent of ¢, €,6 by Lemma 4.3. Let w(y) =
V(D ](y)). Since in local coordinates,

Ag.y f =87 (3:0; f —T};00)

with |Fk | < Ct~%? for some constant C independent of ¢, r by Lemma 4.2, we
have |w| < Ct~21+9 for some constant C independent of €, ¢, 6. Using also (a4)
and Lemma 4.1, we have

11:/ B> Ay (yw dvg, 1)
M
= / WA (B dvg, )
M

SC2/ w|€_2+€_1f_6/25|dvge(t)
T (4e)\ T (2¢)

<G <t S48 4 15 (1+3)/ ,Bwl/zdvgg(,)>
=(4e)

1
1 1 ~ 2
< C4|:t2(1+5) +t4(1+38)</ﬂ4 ,32v dvge(,)) :|

for some constants C, — C4 independent of €, ¢, 6, where we have used Lemma 4.2,
the fact that 8 = 1 outside X (4¢), the Holder inequality and the fact that V (X (4¢)) =
O (€?). To estimate I, we have

Lp=wh(L)
—dBod®, (a )

at
= dB(W).

Hence by Lemma 4.2, we have
|25 = C51'VBI@ ()] = Coe 117

for some constants Cs, C¢ independent of €, ¢, 6. Hence if w is as above, then

I< C661t8/2/ Bw(y) dvg,
Y (4¢)

< C7t 4(1+35)</ BZUCZUEE(I))
X (4e)

for some constant C7 independent of ¢, ¢, 6. To summarize, if we let

= / B*v dvg, ),
M
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then

62_1; < Cy(r=3040) |~ 30+ p | —1(1430) p1/2)

< Cg(t_%(l’”s) +10 4 Zt_%(”‘”F)
for some constant Cg independent of €, ¢, 8. Integrate from O to 7, and let 6 — O.

Since ge 0 = go outside X (2¢), g =id, and B =0 on X (2¢), and S, > o outside X,
there exist constants Cg9 — Co independent of ¢, ¢ such that

exp(—Cor2179) / BA(Se(t) — o) dug, ) < Cro(e2 17D +17%)
M

because 0 < § < 1. Letting ¢ — 0, we see that (4-8) is true and the proof of the
lemma is completed. U

By Lemmas 4.2 and 4.5, using g(¢) we have:

Corollary 4.6. Let (M", b) be a smooth compact manifold and let gy be a continu-
ous Riemannian metric satisfying the following:

(a) There is a compact set % such that gg is smooth on M\ X with scalar curvature
bounded below by o.

(b) The metric g is in /ANE

loc

(c) V(2(e), go) = O0(€?) as € — 0, where X(¢) = {(x e M |dy(x, ) <€}

for some p > n.

Then there exists a sequence of smooth metrics g; satisfying the following: (i) as i
tends to infinity g; converges to go uniformly in M, and converges to go in C* norm
on any compact subset of M \ X; (ii) the scalar curvature S; of g; satisfies S; > o.

Remark 4.7. If the codimension of X is only assumed to be larger than 1, then the
conclusions of Lemma 4.5 and Corollary 4.6 are still true under some additional
assumptions on the second derivatives of gg.

Next let us consider the case that X is an embedded hypersurface. Let (M", g¢)
be a Riemannian metric satisfying the following:

(b1l) X is a compact embedded orientable hypersurface, and gg is smooth on M \ X
with scalar curvature S,y > 0.

(b2) There is a neighborhood U of ¥ and a smooth function # defined near U such
that U is diffeomorphic to {—a <t < a} x X for some a > 0 with X = {t =0}.
Moreover, gg = dt* + g+(z, 1), z € X, such that (z, z) are smooth coordinates
and g_(-,0) = g+(-,0), where g4 is defined and smooth on ¢t > 0, g_ is
defined and smooth on t < 0.

(b3) Let Uy = {r > 0}, U_ = {r < 0}. With respect to the unit normal 3% the mean
curvature H, of ¥ with respect to g+ and the mean curvature H_ of ¥ with
respect to g_ satisfy H_ > H,..
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By [Miao 2002, Proposition 3.1], letting € > 0 be small enough, one can find
a smooth metric g¢ o such that (i) g0 = go outside U(e) = {—€ < t < €}; (ii)
80.e converges uniformly to go; (iii) |th0,€|h < C with respect to some fixed
background smooth metric 4; (iv) there exists a constant ¢ > 0 independent of €
such that the scalar curvature S, satisfies

Sgoe = Sg outside U (¢),
2
[Sgo | < ¢ in < <t <e,
(4—9) 2 100¢ 1022 62
_ _ - 7 mnm — —— < -
S (2:1) 2 —e+ (H-() = He @) 2p(151) in =S <1< S
|Sg0.e| S C6_2

for z € 3. Here ¢ > 0 is a smooth function in R with compact support in [—% %]

such that
f ¢(s)ds =1.
R

Using arguments similar to those before using s-flow, we can conclude:

Corollary 4.8. Let M" be a compact smooth manifold and let gy be a Riemannian
metric satisfying (b1)—(b3) such that the scalar curvature of go on M \ X is at
least o. Then there exists a sequence of smooth metrics g; such that as i tends to
infinity g; converges to go uniformly in M, and converges to gy in C° norm on any
compact subset of M \ . Moreover, S,, > 0.

Proof. As before, choose h = g ¢, for €p small enough, one can solve the i-flow
with initial data go . Let g¢(¢) be the solution and let S.(¢) be its scalar curvature.
From the proof of Lemma 4.4, one can conclude that

exp(—Cst'/?) / (Se(t) — o) dvg, ) < / (Sgp.— 0)— dvg,.
M M

= / (SgO,e - U)_ dng,e
U(e)

< Cie

for some C;, C3 > 0 independent of €, r. Here we used the fact that H_ — Hy > 0.
Let € — 0, we conclude that the solution g(¢) of the h-flow with initial value gg
has scalar curvature no less than o. The result follows as before. O

Remark 4.9. By [Miao 2002], suppose X is a compact orientable hypersurface,
and a neighborhood of ¥ is of the disjoint union of U}, U; and X. Assume gy is
smooth up ¥ from each side U; of ¥ and such that the mean curvatures H;, H,
with respect to unit normals in the two sides of X satisfying H + H> > 0, where
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unit normals are chosen to be outward pointing in each side. Then one can find a
smooth structure so that (b2) and (b3) are true.

We give some applications.

Corollary 4.10. Let (M", g) be a compact manifold such that M" is the topological
n-torus, g is smooth except at a point, where it has a cone singularity of the form

g =dr’ +a*r’h

with 0 < a < 1 and where hy is the standard metric on S"~'. Suppose the scalar
curvature of g is nonnegative; then g must be flat and o = 1.

Proof. For r small, the mean curvature of the level set {r} x $*~! with respect to the
normal d, is H = (n — 1)/r. Consider the Euclidean ball B(ar) of radius ar with
center at the origin. Then metric of the boundary is (ar)?h¢. Moreover, the mean
curvature is Hy = (n — 1) /(ar). Since @ < 1, Hy > H. By gluing B(ar) along
with M along {r} x S"~!, we obtain a metric with corner so that (b1)—(b3) are true
by changing the smooth structure if necessary. Still denote this metric by g. By
Corollary 4.8, there exist smooth metrics g; on the new manifold with nonnegative
scalar curvature such that g; — g in C*° away from the singular part. By [Schoen
and Yau 1979a; 1979¢; Gromov and Lawson 1983], g; is flat. Hence g must be flat
away from the singular part. Let r — 0, we conclude that the original metric g is
flat, and we must have o = 1. U

Similarly, one can prove the following:

Corollary 4.11. Let (M", g) be a compact manifold such that M" is the topological
n-torus and g is smooth away from some compact set with codimension at least 2.
Moreover, assume g is in Wl})’cp for some p > n. Suppose the scalar curvature of g
is nonnegative; then g must be flat.

Remark 4.12. Suppose M is asymptotically flat with nonnegative scalar curvature
and with some cone singularities as in Corollary 4.10; then we still have positive
mass for each end by [Miao 2002]. The proof is similar. Compare this result with
the example in Proposition 2.3.

Let us consider the case that M" is noncompact. Let go be a continuous Rie-
mannian metric on M which is smooth outside a compact set X. Suppose there is a
family of smooth complete metrics g. o on M such that g, o converges uniformly
to go and converges smoothly on compact sets of M \ . Assume g, ¢ has bounded
curvature for all €. As before, we can find €p > O such that if & = g, ¢ then there
are solutions g.(¢) to the h-flow with initial data g, ¢, and solution to the s-flow
with initial data gy on some fixed interval [0, T], T > 0. As in [Simon 2002],
using [Shi 1989], we may assume that all the derivatives of the curvature of & are
bounded. Moreover, g¢(¢) converges uniformly on compact sets of M x (0, T'] and
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M\ £ x [0, T]. Suppose the scalar curvature of g satisfies S, > 0. We want to
find conditions so that the scalar curvature of g(¢) is also bounded below by o
Lemma 4.13. With the above assumptions and notation, suppose

(1) ge,0 = 8o outside X (2¢);

(i) "V ()| < Ct2 and |"V2g.(1)| < Ct~20% for some C independent of €, t;

(ii1) there is an Ry > 0 and a C > 0 independent of €, t such that

/ S.(t) — ol dvy < C,
M\B(0,Ro)

where B(o, Ry) is the geodesic ball with respect to h and S¢(t) is the scalar
curvature of g¢(t);

(iv) V(2(2e¢), go) = O(e?).
Then the scalar curvature S(t) of g(t) satisfies S(t) > o forall t > 0.

Proof. By [Shi 1989; Tam 2010], we can find a smooth function p such that
Crlr)+1) < pkx) <Ci(1+r(x))

for some constant C; > 0 where r(x) is the distance function to a fixed point o
with respect to 1. Moreover, the gradient and Hessian of p with respect to & are
uniformly bounded. ( Hence the constants in the lemma may depend also on the
choice of 0.)

Let 0 < n <1 be a smooth function on R such that =1 on [0, 1] and =0 on
[2, 00). We proceed as in the proofs of Lemmas 4.4 and 4.5. For R > 1, denote
n(p(x)/R) still by n(x). Let g, be the Ricci flow corresponding to the g¢(¢) and let
Se (1) be its scalar curvature. Let 6 > 0 and let v be as in the proof of Lemma 4.4.
We have

d
7 anvdvge(,)

< C2<t_§(1+8)f nv dvg,e(,)—i-/ lenIdvge(,))
M M
<G (r—%““) f v dvg, o +1 R f (1Sc(t) — o +9)dvg€(t)>
M M\B(0,2C| R)
for some positive constants C,, C3 independent of ¢, €, 6. Hence

d 1
7 (exp(—C4t 2(1+5))f nv dvge(t))
M

< Cs—2R- / (1Se(t) — | +6) dvg,
M\B(0,2C\R)
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for some positive constants C4, Cs independent of 7, €, 6. Integrating from 0 <
t; < t,let & — 0 and then let R — oo. Using condition (iii), we conclude that

exp(—C4t5“+‘”)f (Se(t) —o)—dvg )
M

is nonincreasing in ¢. Let € — 0, we conclude that

exp(—Cyr2(159) / (S(t) = 0) - dvg.)
M

is nonincreasing in ¢.

Next we proceed as in the proof of Lemma 4.5. But we need the cutoff function 7.
For € > 0 and 8 > 0 as in the proof of Lemma 4.5, let 8, ,5 as in that proof, we
have for R > 1,

(4-10) %qu < C6<z—5<1+‘”+z—“+t‘5“+‘”F+/ IAnIvEZdngsm)
M

SC7<t—;(1+5)+t—5+t—;(1+5)F

1
+E (|Se(2) —crl—l—@)dng(,))
M\B(0,2CiR)

for some constants Cg, C7 independent of ¢, ¢, & where

F=/ n;§2vdvge(t).
M

Integrate from O to ¢ and let & — 0. We have

/ nB(Se(t) — o) dvg, ;)
M

t
oo g [ (15.6) =1 dvg ) s
0 JM\B(,2CiR)

for some constant Cg independent of €, . Here we have used the fact that g o = go
outside X (2¢) and the fact that S,) > 0. Let R — 00, using (iii), and finally let
€ — 0, we conclude that

/ (S@) —0o)-dvgy) < Cg(tl_‘S + t%(l—S))'
M
Since

exp(—Cyt1079) / (S(1) —0)- dvg
M

is nonincreasing in ¢, we conclude that the lemma is true. (]
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5. Singular metrics realizing the nonpositive Yamabe invariant

In this section, we will apply the results in previous sections to study singular
metrics on compact manifolds. Let M" be a compact smooth manifold without
boundary. Then as in the Introduction, we may define the Yamabe invariant o (M).
It is well known that if o (M) < 0 and if g is a smooth metric which realizes o (M),
then g is Einstein; see [Schoen 1989, pp. 126—-127] for example. If o (M) > 0, the
situation is more complicated; for some recent results see [Macbeth 2017].

In this section we want to discuss the following question:

Suppose g is a continuous Riemannian metric on M which is smooth outside some
compact set X such that the volume of g is normalized to be 1. Suppose the scalar
curvature of g satisfies Sq > o (M) away from X. What can we say about g?

In the case that ¥ has codimension at least 2, we have the following:

Theorem 5.1. Let M" be a smooth compact manifold such that o (M) < 0. Suppose
8o is a Riemannian metric with V. (M, go) = 1 satisfying the following:

(i) There is a compact subset ¥ such that go is smooth on M \ X with scalar
curvature Sgy > o (M) away from X.

(i1) The metric go isin W, C  for some q > n in the sense that go has weak derivative

and |gole, 1°Vgole € L with respect to a smooth background metric b.

loc

(iii) The volume V (X(€), go) with respect to g of the e-neighborhood X (€) of ¥
is bounded by Ce? for some constant C independent of €. Here

Y(e)={xeM|dg(x,X) <e}.
Then g is Einstein on M \ X.

To prove the theorem, let (M", g¢) be as in the theorem. Let

o . S
Ric(gg) = Ric(go) — 7080

be the traceless part of Ric(gp) where So = S, is the scalar curvature of go. Let
xo € M\ ¥. We want to prove that Rlc(xo) = 0. Suppose RlC(g()) (x9) # 0, then
there is r > 0 such that By, (4r; go)NX = and thereis ¢ > 0, | Rlc(go) [(x0) > 2cin
B,,(3r). By Corollary 4.6, we can find smooth metrics g; such that (i) g; converges
uniformly to go and converges in C* norm on any compact sets in M \ X; (ii)
V(M, g;) = 1; (iii) the scalar curvature S; of g; satisfies S; > o — §; for all i with
8; | 0. Hence we may assume that

(5-1) IRic(g)|(x) > ¢
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in By, (2r; g;) for all i, and By, (r; g/) C By,(2r; g), By,(2r; gi) C By,(3r; g). We
may also assume that the distance function r;(x) from x¢ with respect to g; are
smooth in B,,(3r; g), provided r > 0 is small enough, independent of i.

Let ¢ be a smooth function on [0, co) with ¢ >0,¢ =1o0n [0, 1] and ¢ =0 on
[2, 00) and such that |¢’|?> < C¢, with C being an absolute constant. Let

hi(x) = d)( fix ))RIC(&)(X)

For |7| > 0, let G;.r = g; 4+ th;. Then there is o > 0 such that G;., are smooth
metrics for all i and for all 0 < |7] < 1p.

In the following, E; = Ex(x, t) (k = 1,2) will denote a quantity such that
|Ex| < C|t|* for some C independent of x, i and 7.

Lemma 5.2. We have

dvg,, =dvg,(1+ E»)
and

VM, Giy) =1+ Ey;

here dv, denotes the volume element of metric g.

Proof. Since g; — g uniformly on compact sets of M \ ¥ in C* norm and since
h; is traceless, the results follow. ([

We have the following general fact [Brendle and Marques 2011, Proposition 4]:

Lemma 5.3. Let (2", g) be a smooth Riemannian manifold. Let g = g + h with
|hlg < % Then the scalar curvatures are related as

Sz — Sg = divg(divg(h)) — Agtrg h — (h,Ric(g)) + F
where

|F| < C(IVhI> + |hlg|V?h|g + [Ric(g)| |h]})

for some constant C depending only on n. Here V is the covariant derivative with
respect to g.

Lemma 5.4. Let S; be the scalar curvature of g; and S;.; be the scalar curvature
of Gi.;. Then

Si;r = 8 + v divg, (divg, h;) — t(h;, Ric(g;))g + E2(7).

Note that S;.. = S; outside By, (2r, g;) and is bounded below by a constant indepen-
dent of i, t.



452 YUGUANG SHI AND LUEN-FAI TAM

Proof. This follows from Lemma 5.3, the fact that &; is traceless, h; = 0 outside
B,,(2r, gi), the fact that g; — g in C*° outside X and the fact that S; > o —§;. U

In the following, let

dn—1) 2n
a=———->=

-2 n—2 N

n—2"

k)

By the resolution of the Yamabe conjecture [ Yamabe 1960; Trudinger 1968; Aubin
1976b; Schoen 1984], for each i, r, we can find a smooth positive solution u;., of

(5‘3) _aAG,-;rui;r +Si;‘[ui;‘[ = )\i;rv'_Z/nup_l

iT 0T

with A;.; = Y (C; ;) which is less than or equal to o (in particular, it is nonpositive),
where C; ; is the class of smooth metrics conformal to G;... Moreover, u;., is

normalized by
/ uz,dva,-;, =1,
M

Lemma 5.5. There is 0 < 1| < 10 independent of i such that if 0 > T > —11, then

and Vi ; = V(M, G;;).

a i )
EA |(l'r)vui;T|ZGi;r dUGi;r _)\'i;T‘/i;f/n+G

< —C|t| puy., dvg, + C'8; + Ex (1)
By, (2r.8)

or some positive constants C, C' independent of i and t. Here “OV is the
p P
covariant derivative with respect to Gi.r.

Proof. For simplicity of notation, in the following we denote ©:'V by V, G;.,

by G; gi by g; ui.x by u; Az by A; Si.r by Sg; Si by Sg; and V;.; by V.
Multiply (5-3) by u and integrating by parts, using the fact that

/ updvgzl,
M

(5-4) a/ \Vul|% dvg — AV 2" = _/ Sgu’ dvg
M M

we have

5—/ SGuzdvg+E2(r)/ u® dv,
M M
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by Lemmas 5.2 and 5.4 and the fact that g; converges in C* norm in By, (3r, go) D
By, (gi, 2r). On the other hand, by Lemma 5.4, for any 0 <€ < 1,

(5-5) — f Sgu?* dv,
M
§—f Sguzdvg—‘c/ (divg(divg h) — (h, Ric(g)),)u” dvg
M M

+ E5(7) u? dvg
By, (2rig)

<- / Sgu dvg + Cit| / [ Viul g (19| IRic(8) | + @IS VSol) dv,
M M
—|r|/ <Z>|Roic(g)|2u2dvg+E2(r)f u® dv,
M By, (2r;g)
5(—o+5)/ uzdvg+(cz+e—1)|f|f EVul; dv,
M M

—C3|r|/ ¢|Roic(g)|2u2dvg+(E2(r)+C26|r|)/ pu* dv,
M BXO(Zr;g)

5(—0+8)/ uzdvg—l-(Cg—{—el)lﬂf EVul; dv,
M M

+ (E1 (1) + C2e — C30) 7| pu’ dv,
By (2r;8)

for some constants Cy, C», C3 > 0 independent of i, . Here we have used the fact
that |¢’ |2 < C¢ and the fact that S, > o — §; which is negative, where we denote J;
by §. Choose € > 0 so that Cre = %C3c. Then the result follows if 77 > 0 is small
enough and independent of i, by (5-4), (5-5), the Holder inequality, the fact that
g, G are uniformly equivalent, and the fact that

/ uldvg=1, V(M,g) =1,
M
and

V(M,G) =14+ Ex(1). O

Let 0 > 1 > —11, % — 0. Since §; — 0, for each k we can find i; such that
3, < 'Ekz, iy — oo. Let us denote G,,.,, by Gy, and u;,.,, by ux. We want to prove
the following:

Lemma 5.6. There is a constant C > 0 such that for all k,

inf u; > C.
By, (3r,80)
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Proof of Theorem 5.1. Suppose the lemma is true then we will have a contradiction.
In fact, if we denote §;, by 6k, since V(M, Gx) =1+ E2(tx), A <o, by Lemma 5.5,
we have

a
> / 19 Vug|g, dvg, < —Cilnl pui dvg, + Cadi+ ot}
M B)co(zrvg[k)

< —Cilul pui dvg, +(C2+ D7}
By, (2r.8i,)

for some positive constants C1, C, independent of k. By Lemma 5.6, this is
impossible if k is large enough. Hence Ric(gg)(xg) must be zero. Theorem 5.1
then follows. O

It remains to prove Lemma 5.6. Consider the equation
(5-6) —aAu+ Su = P,

Lemma 5.7. Let (M", g) be a smooth metric with scalar curvature S > —sq, with
50 > 0. Let u > 0 be a solution of (5-6) with ||u||, = 1 and with A < 0. Then for any
q>Dp,

lully < C(so, V(M; g),n,q).
Proof. See [Trudinger 1968]; see also [Lee and Parker 1987, Proposition 4.4]. [
Lemma 5.8. Using the notation of Lemma 5.6,

(1) for any q > p, there is a constant C independent of k such that
lurllg.eo = C;

(ii) uy subconverges in C* norm with respect to go in any compact set K C M\ X;
(i) 1imy oo [y 190 Vug||3, dvg, = 0;
(iv) limg— o0 Ak = 0, Where Ay = A7, as in (5-3).

Proof. Since S;,., > 0 — & and & — 0, (i) follows from Lemma 5.7 and the fact
that C_lgo < Gy < Cgg for some C > 0 for all k.

To prove (ii), for any compact set K C M\ X, thereisanopenset K €U C M\ ¥
such that G, converges in C* norm to go on U. By Lemma 5.5, we conclude that
0 < —A¢ < C for some constant independent of k. Then by (i), and [Lee and Parker
1987, Theorem 2.4], we conclude that for any U’ € U,

n <
||Mk||Lg(U) <C

for some constant C independent of k. We then use the Sobolev embedding theorem
to conclude that the C* norm of u; are uniformly bounded in U’ € U. From this
the result follows by Schauder estimates.

Parts (iii) and (iv) follow from Lemma 5.5. O
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Corollary 5.9. After passing to a subsequence, uy converges in C* norm locally in
M\ X to a function u. Moreover,u=1in M \ X and

Sy = 0.
In particular Lemma 5.6 is true.

Proof. By Lemma 5.8, after passing to a subsequence, u; converges in C> norm
locally in M \ X to a function u. Moreover, u is constant in each component of
M \ . We claim that there is C| > 0 such that 0 < u; < C for all k.

Since the scalar curvature Sg, > —s¢ for some s¢ > 0 independent of k and since
M <0, we have

—alAg,ug — Souk < —alg, Ui +SGkuk <0.

Moreover, [,, ul dvg, = 1 and Gy is equivalent to g uniformly in k, the claim
follows from mean value inequality [Gilbarg and Trudinger 1983, Theorem 8.17].
Since u; — u almost everywhere, and G converges uniformly to go, we have

/ u? dvg, = 1.
M
In particular, u > 0 somewhere.
Next we want to prove that u is constant on M. By Lemma 5.8, there is a constant
C; independent of & such that

f (18°Vur |2, + ug) dvg, < Ca.
M

Passing to a subsequence, we may assume that u; converges weakly in W12(M, go)
to v say. We claim that v is constant. In fact, for any £ > 1, the sequence uy,
k > 1, also weakly converges to v. Then we can find convex combinations of
which converge to v strongly in W'-2(M, go). Namely, for any € > 0, there exists
o1y enny Oy With o >0, 37 ax = 1 such that if w ="} | kg1, then

lw—vllwizmm,g) <€

On the other hand, by Lemma 5.8, if £ is large enough, then

1

L 2
2 2
(/ |gOVw|§0dvgo) < </ (§ :a,{|gowg+k|go) dvg0>
M M A

2
2
< Z“"(/ 150Vurtily, dvgo)
& M

<e.
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Hence
f 180V v|? dvg, < (2€)*.
M

This implies 8Vv = 0, a.e. Since v € WI’Z(M, g0), we conclude that v =c is a
constant as claimed.
On the other hand, for any smooth function ¢ on M

lim / ((5oVe,8 Vuk)go—i—(/ﬁuk)dvgozf ((5°V .8 V) o) + ¢v) dug,
M M

k—o00
= / PV duy,.
M

Also by Lemma 5.8 again, and the fact that u; are uniformly bounded and u; — u
a.e., we have

lim / ((g0V¢,g°Vuk)gO+¢uk)dvg0=/ pudvg,.
M M

k—o00
f¢udvg0=f pvdug,.
M M

Hence u = v is a constant. Since [,, u” dvg, =1 so u= 1. Since u satisfies

So

—alAgu+ Sgu=ou’,
the last assertion follows. O

This completes the proof of Theorem 5.1. Next we want to discuss the case that
% has codimension one. We have the following:

Theorem 5.10. Let M" be a smooth compact manifold such that o (M) < 0. Sup-
pose go is a Riemannian metric with V. (M, go) = 1 satisfying (b1)—(b3) in Section 4.
Then gy is Einstein on M \ ¥ and Sg) = o (M). Moreover, H_ = H..

Proof. Let g; = g¢, o be the smooth approximation of go by [Miao 2002] as given in
Section 4. The fact that g is Einstein outside X can be proved similarly as above
using Corollary 4.8. It remains to prove that H_ = H,. Let ¢, — 0 and let u; be
the positive solution of

—1
—alAju; +Sju; = Aiuf’

/ uf’dv,- =1.
M

Here A; is the Laplacian of g; etc. Also A; < o, where o := o(M). Suppose
H_(z) > H4(z) somewhere; then one can easily check that there is a positive

normalized as
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constant b such that for i large enough,
(5-7) / Sidv; >0 +b.
M

As before, passing to a subsequence if necessary, u; — 1 outside X and uniform in
C® norm in any compact set of M \ . Moreover, u; are uniformly bounded, and
A; — o. Since S; be bounded below by —sg, for some s¢p > 0 and u; is bounded
from below, we have

. —1
o = lim A; uf’ dv;
i—00 M

= lim S,-uidvi
i—oo Juy

> 1im/8,~(ui—1)dv,-+a+b,

i—»oo Sy

where we have used the fact that V (M, go,) = V (M, go) =1 and (5-7). We claim

1lim Si(u; — 1) dv; =0.
=00 M
If the claim is true, then we have a contradiction because b > 0. To prove the claim,
note that on |#| < a, the original metric g¢ is of the form
gz, 1) = di* + gij(z, 1)dz' dz’.
We assume that g;;(z, ) (which will be denoted by hl’. ; (z)) is uniformly equivalent
to g;;j(z, 0) (which will be denoted by 4;;(z)). For any z € ¥ and for any 1 > 7 > 0,

ou; (z s)
s

lui(z, a) —u;(z, 1) S/ ds <f |80V u;|(z, s) ds.
0

By the properties of go ¢,
(5-8) / |Si (ui — Dl dvi = o(1)
2 /100<|t|<e;
because u; are uniformly bounded. So
(5-9) / Si(z, ) (ui(z, 1) — 1) dv,
|t|<€?/100
=/ Si(z, )(ui(z, 1) = 1) dvg,
|t|<€?/100

+/ Si(z, ) (ui(z, 1) —ui(z, 1)) dvy,
|f|<e?/100

=I1+1I
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Since u;(z, 1) — 1 uniformly on z € X, and f v |Sil dvg; is bounded, we conclude
that

(5-10) I =0()

as i — 00. On the other hand,

(5-11) |11 ff |Si(z, £) (ui(z, 1) —ui(z, 1))| dvg,
|t|<€?/100

€2/100 1
c/ (/ eﬁf |Vu,~(z,s)|ds>dtdvh
z€X \J —€2/100
/ </ |Vu;(z, s)Ids) dt dvy,
Z€X
/ |Vu;|dvg,

=o(1)

IA

I/\

by the Schwartz inequality and Lemma 5.8. The claim follows from (5-8)—(5-11). U

6. Singular Einstein metrics

In the conclusions of Theorem 5.1, one obtains metrics which are smooth and
Einstein outside some singular sets. In this section, we want to prove that under
certain conditions, one may introduce a smooth structure so that the Einstein metric
is actually smooth. More precisely, we have the following:

Theorem 6.1. Let M", n > 3, be a smooth manifold and g be a Riemannian metric
on M satisfying the following conditions: There is a compact set ¥ in M such that

(1) g is Lipschitz and g is smooth on M \ Z;
(ii) g = ARicon M\ X for some constant X;

(iii) the codimension of X is larger than 1 in the sense that V(2 (€), g) = O (e'1?)
for some 6 > 0, where () ={x e M |d(x, X) < €}.

Then for any open set U containing X, there is a smooth structure on M which is
the same as the original smooth structure on M \ U so that g is a smooth Einstein
metric on M.

We want to construct the required smooth structure using harmonic coordinates.
First recall the following.

Lemma 6.2. Let B(1) be the unit ball in R" with center at the origin. Let (a;;) be
a symmetric matrix such that

MEP <aVEET < AJEP,
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for some A > A > 0 for all £ € R" and where a'/ is Lipschitz with Lipschitz
constant L. Let f € L°°(B(1)). Then the boundary value problem
d .. O0u
g ) = ;
ori (a 8xf) =f inB(Q),
u=0 on dB(1)

has a unique solution in Wz’p(B(l))for any p > 1 withu € Wol’p(B(l)). Moreover,
we have

lullz,p < CClluellp +11£11)

for some constant C depending only on p,n, A, A, L. Here |lu|l>,, is the w2p
norm on B(1) and ||ul|, is the L? norm in B(1).

Proof. The results follow from [Gilbarg and Trudinger 1983, Theorem 9.15, Corol-
lary 9.13]. By taking p > n and the Sobolev embedding theorem, u is continuous
up to the boundary and u = 0 at the boundary. ([

With the same assumptions and notation as in Theorem 6.1, let ¢ € . Let
Us ={(x',...,x") | |x| < 8} be a smooth local coordinate neighborhood with ¢
being at the origin such that g;; is equivalent to the Euclidean metric and g;; is
Lipschitz with Lipschitz constant L

Lemma 6.3. With the above assumptions and notation, there is 6 > € > 0 and
functions ul, .. u" on U = {(xY, ..., x") | |x| < €} such that the mapping
(xl, x> (ul, o u) s alocal CM* diffeomorphism at the origin for some
0<a<l1,u € WrP(U,) forall p > 1 and u' is harmonic with respect to g for
1 <i <n. Moreover, u' is smooth outside ¥.

Proof. Let § > € > 0 to be chosen later. Fix £, let f = A gxz which is bounded by
the assumption on g;;. Let A, A > 0 be such that

(6-1) MEP <878’ < AIEP
in Ua.
Let y = ¢~ 'x. Consider the following boundary value problem on B(1) in the
y-space
ad . v
- ij 7 ) — 2 :
3yl <\/§g ayj>_€ \/gf m B(l)a

v=20 on 0 B(1).

(6-2)

By Lemma 6.2, the boundary value problem has a solution v satisfying the con-
clusions in that lemma. Here we have used the fact that g;; has Lipschitz constant
bounded by € L and still satisfies (6-1) as functions of y. In particular, we have

2
||v||2,p;y =< Cl(”v”p;y"'E ).
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Here and below, C; will denote positive constants independent of €. Let p > n
be fixed; then one can see that there is 1 > o > 0 such that v € C*(B(1)) in the
y-space and

(6-3) Ivllcreaay < Co(llvllpry +€%)

for some positive constants C, — C4 independent of €.
Let w(x) = v(e~'x) with x € B(¢) in the x-space. Then w satisfies

0 0w .
W(ﬁg]i)?> =./8&f in B(e),
w=0 on dB(¢)

in the x-space. Moreover, w € W2P(B(€)). Let u® = w — x¢. Then u’ is harmonic,
namely, u’ satisfies

1 9 - out ,
ﬁg(ﬁg”@> =0 in B(e),
ut = xt on dB(e).

By the maximum principle, we conclude that |ut| <€ and so |w| < 2e, and moreover,
we have

(6-4) Supp(e) 10wl = € supg g [8yv] < Coe ™ (V] iy +€).

To estimate the right-hand side, multiply (6-2) by v and integrating by parts, using
the Poincaré inequality, we have

/ vzdy§C362/ lv|dy
B(1) B(1)

1-2/p >\
vl p;y < (SuPB(l) |U|) vdy
B

< C461—2/p Lt

and so
(€8]

1+2
=C4E+/p,

where we have used the Holder inequality and the fact that |v| = |w| < 2¢. By (6-4)
we conclude that
SUpp(c) |dxw| < Cse?/?.

Hence ‘

ou ‘ )

§=(Sl +0(6 /‘D)
From this and the fact that g is smooth outside X it is easy to see that the lemma is
true, provided € is small enough. (]
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Proof of Theorem 6.1. Let U be any open set containing . For any g € X, by
Lemma 6.3, we can find smooth coordinates neighborhood V, € U around ¢ and
C!¢ functions u', ..., u" on V, near g which are in WZ”’(Vq) as functions of x.

Moreover, (x!,...,x") — @', ..., u") is a C! diffeomorphism from V, to its
image V, in the u-space. Let
6-5) ho 0 0 _ ax' dx’
b =8\ Gua oub ) T uc 9ub
where

R
80 =8\ 5ur o1 )

R Ri 9 9
=RIC| ——, — .
ab out’ Jub

Since each u“ is harmonic, and R, = Ah,, by assumption, away from X for all
a, b we have

Let

(6-6)  hhapcq=—20hap+0h ' % dh+h P« h T % dh % 0h := Q(h, Oh),
where (h°) = (hea) ™",
3

duc

hab,c - hab

etc., and 94! x 9h denotes a sum of finite terms of the form
0 0
_hab —
(auc ) (auf "e)

5 9%xt 9x/ axt 9x/ 9xk 9
(6-7) hab,c = ngﬁ‘F_———

We may assume that Vq contains the origin which is the coordinates of g. Then by

etc. By (6-5),

shrinking \7q if necessary, by Lemma 6.3, /., is bounded and %, . is in L? for all
p > 1foralla, b, c as functions of u. In particular, A, is in WLP(\Z]) for all p > 1.
Moreover, (h?) is uniformly elliptic. Since 4? is only in C* with 0 < a < 1, we
cannot apply the standard L? estimate as in [Gilbarg and Trudinger 1983, Theorem
9.19]. Hence, we want to prove that /i, is in W>?(B(8)) for all a, b for all p > n
and for some & > 0 in the u-space, where B(6) = {u | |u| < §}. Suppose this is true;
then h,y, € CO’I(B(8)) and dh € Wlf)’cp(B(S)). This implies Q(h, dh) in (6-6) is in

loc

Wl’p/z(B(cS)). Since this is true for all p > n, by [Gilbarg and Trudinger 1983,

loc
Theorem 9.19], we conclude that 4,y is in W37 (B(8)). Continuing in this way, we

conclude that i, € wkr (B(8)) for all k > 1 and p > n by a bootstrap argument.

loc
Hence &, is smooth near the origin.
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It remains to prove that i, € W?>P(B(8)) for all p > n for all a, b for some
8 > 0. Fix a, b and let w = ¢h,, where ¢ is a smooth cutoff function in B(26)
such that gb =11in B(3), ¢ =0 outside B ( 6) where § > 0 is small enough so that
B(2%) € V Then away from X, w satisfies

(6-8) hweq = Q1(h, dh, ¢, 3, 3°p).

Since Q; is in L?(B(2§)) by Lemma 6.3 and (h?) is continuous and is uniformly
elliptic, by [Gilbarg and Trudinger 1983, Theorem 9.15] for any p > n there is
ve W>P(B(28)) N WOI”’(B(28)) such that

“Dyed = Q1(h, dh, ¢, 3¢, 3%P).

Since h°¢ ¢ W!-P(B(28)) for all p, for any smooth function  with compact support
in B(26), we have

4 On ov 4 v
(6-9) f (h‘d———l—ns >du——/ nQ0: du.
B(25) du® dub dud B(28))

where s¢ = 3 -0_ped We want to prove that w also satisfies this relation.

To prove the claim, note that if we consider £ N V then the codimension of
Y in the u-space is at least 1 + 6 for some 6 > 0 because /,;, and the Euclidean
metric are uniformly equivalent. As in [Lee 2013], for € > 0 small enough, we can
find a smooth function 0 <&, <1 in Vq such that &, = 1 outside X, and is zero in
XN Vq where X, = {u € Vq | d(u, ) < €} where the distance is the Euclidean
distance. Moreover, |0&.| < C 1€~ 1. Here and below C; denotes a positive constant
independent of €. Now let n be a smooth function with compact support in B(26).
Multiply (6-8) by n&. and integrating by parts, we have

&, 4 0w
[ mseoiau= [ [rea(e gt ) et 2
/B(za) ‘ B(28) “Ou " out ) oub <

Since w, h°¢ e L7 (B(26)) for all p > 1, we have

1/2
/ In(ée—l)Q1|du§<f In(%‘e—l)Qllzdu) V(Z)? =0
B(26) B(26)

as € — 0. Similarly, one can prove that

/3(25)

he & —1) du — 0

w ldaw
8aab+’7(5e )SW
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as € — 0. On the other hand,

/3(25)

th 8«‘;-'5 ow
8u“ ou®

du < C2€_1/ |dw| du
EZE

< c36—1< / |aw|Pdu)p<V<2<26>>>l‘p
225

< C46—1+(1+9)(1—1/p)(/ |8w|pdu>p
226

-0

as € — 0 provided p is large enough. Hence we have

4 0N dw 4 0w
(6-10) / <h‘d——+ns )du——/ nQ1du
B(26) dua dub dud B(25))

for all smooth functions n with compact support B(26).
Let¢=v—w;thenv—we Wol’p for all p > 1 and

dn 9¢ IS
6-11 hed — — 4 ps? du =
( ) /3(23)( ou? 8l/lb +77 u d) "=

for all smooth functions 1 with compact support in B(28). Using the fact that
s? € LP(B(28)) we can proceed as in the proof of [Gilbarg and Trudinger 1983,
Theorem 8.1] to conclude that ¢ = 0, because s? € L?(B(24)) for all p > 1.

To summarize we have proved that &, € W2 (B(28)) for all p >nand hyp is
smooth in u for all a, b.

We can cover X by such harmonic coordinate neighborhoods V, so that the
components of g are smooth with respect to these coordinates. By [Taylor 2006,
Theorem 2.1] one can conclude that the theorem is true. |

Corollary 6.4. Suppose (M", go) is as in Theorem 5.1. If in addition, g is Lipschitz,
then there is a smooth structure on M such that g is smooth and Einstein.

7. A positive mass theorem with singular set

In this section, we will use the results in Sections 3 and 4 to study positive mass
theorems on asymptotically flat manifolds with singular metrics. We want to
discuss the theorem without assuming that the manifold is spin. There are different
definitions for asymptotically flat manifold. For our purpose, we use the following:

Definition 7.1. An n-dimensional Riemannian manifold (M", g), where g is con-
tinuous, is said to be asymptotically flat (AF) if there is a compact subset K such
that g is smooth on M \ K, and M \ K has finitely many components E, 1 <k </,
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each Ey is called an end of M, such that each E} is diffeomorphic to R" \ B(Ry)
for some Euclidean ball B(Ry), and the following are true:

(i) In the standard coordinates x’ of R”,

gij = 6ij + 0ij

with
2

Sup{z|x|r+s|aso_l]|+[|x|a+2+raao_lj] }<OO,
Ex s=0

for some 0 <@ <1, 7 > (n —2)/2, where 3f and 32 f are the gradient and
Hessian of f with respect to the Euclidean metric, and [ f], is the «-Holder
norm of f.

(i) The scalar curvature S satisfies the decay condition
ISI(x) < C(1+d(x)™
for some g > n. Here d(x) is the distance function from a fixed point in M.
The coordinate chart satisfying (i) is said to be admissible.

Without loss of generality, we assume that ¢ < n + 2. This assumption will be
used in (7-3).

In the following, for a function f defined near infinity or R", and for k£ > 0,
f = Oy (r7°) refers to Zf:o ri9' fl = O(r~7) as r — oo, where r = |x|.

Definition 7.2. The Arnowitt—-Deser—Misner (ADM) mass (see [Arnowitt et al.
1961]) of an end E of an AF manifold M is defined as

1
(7-1) mapm(E) = lim > on- 1/ (8ij.i — 8iij)v! AT}

in an admissible coordinate chart where S, is the Euclidean sphere, w,— is the
volume of the (n—1)-dimensional unit sphere, dZ? is the volume element induced
by the Euclidean metric, v is the outward unit normal of S, in R"” and the derivative
is the ordinary partial derivative.

By [Bartnik 1986], mapm(E) is well-defined, i.e., it is independent of the choice
of admissible charts.

For smooth metrics, without assuming the manifold is spin, we have the following
positive mass theorem by Schoen and Yau [1979b; 1981; Schoen 1989]:

Theorem 7.3. Let (M", g), 3 <n <7, be an AF manifold with nonnegative scalar
curvature S > 0. Then the ADM mass of each end is nonnegative. Moreover, if
the ADM mass of one of the ends is zero, then (M", g) is isometric to R" with the
standard metric.



SCALAR CURVATURE AND SINGULAR METRICS 465

We want to prove the following positive mass theorem for metrics which are
smooth outside a compact set of codimension at least 2. More precisely, we want
to prove the following:

Theorem 7.4. Let (M", go) be an AF manifold with 3 <n <71, go being a continuous
metric on M such that

(1) go is smooth outside a compact set % with codimension at least 2 as in (a4) in
Section 4,
(ii) the scalar curvature S of g¢ is nonnegative outside X,
(iii) go € Wli)’cp for some p > n as in (a2) in Section 4,

(iv) on each end E, in an admissible coordinate chart,
8ij = 8ij +oij
with o;; = Os(r~ ") witht > (n —2)/2.

Then the ADM mass of each end is nonnegative. Moreover, if the mass of one of the
ends is zero, then M is diffeomorphic to R", and gy is flat outside X.

Remark 7.5. (a) The assumption of continuity of the metric cannot be removed.
See the construction in Proposition 2.3.

(b) The case that the singular set is an embedded hypersurface has been studied in
[Miao 2002; Shi and Tam 2002]; see also [McFeron and Székelyhidi 2012].

(c) In the case that the singular set has codimension larger than 1, for spin manifolds,
positive mass theorems have been obtained under rather general assumptions in
[Lee and LeFloch 2015]. Without the spin condition, there are also results for
metrics with bounded C? norm and with singular set having codimension at least
n/2 [Lee 2013].

We proceed as in [McFeron and Székelyhidi 2012]. As in Section 4, let € > 0,
€ — 0. We can construct a family of metrics g o such that

(1) 8e,0 = go uniformly,
(i1) g0 = go outside X (2¢),

(iii) the W'? norm of g, o in a fixed precompact open set containing ¥ is bounded
by a constant independent of €.

As in Section 4, we can choose €p > 0 small enough and let & = g¢, 0. Then
there is a 7 > 0 independent of € such that if 0 < € < ¢, then there is a smooth
solution g.(¢) on M x [0, T'] to the h-flow with initial data g o. There is also a
smooth solution g(¢) on M x (0, T'] to the h-flow such that g(¢) — go uniformly on
compact sets as t — 0. Moreover, Lemma 4.2 is still true with M being noncompact
in this case because M is AF.
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Let g.(¢) be the corresponding solution to the Ricci flow with g¢ () = &} (g (1))
as in the compact case in Section 4. Then we have the following:

Lemma 7.6. (i) The metrics g¢(t), g¢(t), g(t) are AF in the sense of Definition 7.1.

(ii) For each end E of M, m(E) (e, t) = m(E) (€, 0) = m(E), where m(E)(e, t)
is the mass with respect to g¢(t) or g.(t), and m(E)(e, 0) is the mass with
respect to ge o Or go.

Proof. (i) First note that C° 'h< g<(t) < C1h for some constant C; > 0 independent
of €,¢. On the other hand, by Lemma 4.2 applied to the noncompact case, we
conclude that the curvature of g.(¢) is bounded by C t=3049 for some 0 < 8 < 1
where C, § are independent of €, 7. Hence we also have C° 1gg,o <gc() <Cigco
and Cl_]h < g¢(t) < Cih, with possible larger C;.

Using the fact that 0;; = Os(r "), we can proceed with some modifications as
in [Dai and Ma 2007; McFeron and Székelyhidi 2012] to show that outside a fixed
compact set, for 0 <[ < 3,

"V!ge(x, )] < Cod™ 7" (x)

for some constant C, independent of €, ¢, x, where d(x) is the distance function
from a fixed point with respect to /. Here we use the fact that o;; = Os(r~*). The
proof is similar to the proof for the decay rate of scalar curvature. So we only carry
out the proof for this case in more detail.

We want to prove that there is a constant C3 > 0 independent of ¢, r and a
compact set K such that if 56 () is the scalar curvature of g.(¢), then

(7-2) supyp x d4(x)|8c (x, 1)| < Cs.

We will prove this on each end. Fix €. Denote the scalar curvature of g¢(t)
simply by S and curvature by Rm etc. Let E be an end which is diffeomorphic to
R"\ B(R), say. By [Simon 2002], by choosing R large enough so that g..o =h = go
outside B(R/2) and go is smooth there, we may assume that |Rm(g.(¢))| < C4 for
some constant C4 independent of €, ¢ outside B(R/2). Here we have used the fact
that g¢ (), g.(¢) are uniformly equivalent.

Let g. be the standard Euclidean metric and let 0 < ¢ < 1 be a fixed smooth
function on R” such that ¢ = 1 in B(R) and ¢ = 0 outside B(2R). Consider the
metric ¢g. + (1 — ¢)g(¢). Still denote its curvature by Rm etc.

Let p be a fixed function p > 1, p =1in B(R), p(x) = |x| outside B(2R). Hence
the gradient and the Hessian of p with respect to g.(¢) are bounded by a constant
independent of €, 1. We have

9 @2 2
atS < AS“+C;s
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in B(2R) and
%52 = AS? 4+ 28|Ric|® —2|VS|?

outside B(2R).
Let F = ,02‘182; then outside B(2R),

(7-3) <% — A)F = p?1(28|Ric|? = 2|VS|?) —2(Vp?e, VS?) + FAp*

< Cep?™* 2" p1S —4gp~"(Vp, VF) + C6F
<C;—49p~"(Vp,VF)+C7F
for some constants Cg, C7 independent of €, t since g —4 —21 <qg—(n+2) <O0.

The inequality is still true in B(2R) because in B(R), Vp =0 and in B(2R) \ B(R),
|Vp| and |VS| are uniformly bounded. Hence if F = e~ C1'F — Ct, then

(7-4) (& —a)F < —4q07"(Vp, VE).
Let A > 0 to be chosen later. Let n = exp(2Af + p). Then

9
(E—A)HZZAn—Cn

for some constant C independent of €, r. Choose A = C; then we have

9
(E - A)n > An.

Let « > 0 be any positive number; then

<% — A)(ﬁ —kn) < —4gp~ N (Vp, VF) -k An.

Since F has at most polynomial growth, if F— k1 has a positive maximum, then the
maximum will be attained at some point (xg, f9). Suppose #o > 0; then at (xo, fp),
VF = kV.

Hence at (xq, 19),
8 ~
0< (— — A) F—
=3, (F —«n)
< —4qp~'(Vp, VF) — kA1
= —4gp~'k(Vp, V1) — Kk An
S —KAT],

which is impossible. Hence either F— kn <0, or

~

F — icn < supga (02 (x)S%(0)),
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where S(0) is the scalar curvature of ¢g. + (1 — ¢go). Let k — 0, we conclude the

(7-2) is true.

(i1) Since ge¢,0 = go outside a compact set, m(E) = m(E)(e, 0). On the other hand,

by the fact that g.(¢) and g(¢) are given by a diffeomorphism and by (i) and [Bartnik

1986], the mass of E is the same whether it is computed with respect to g, (¢) or ge(¢).
The fact that m(E) (e, 1) = m(E)(e, 0) follows from [Dai and Ma 2007]. [l

Proof of Theorem 7.4. By Lemmas 4.1 and 4.13, we conclude that g(¢) is AF and
with nonnegative scalar curvature for ¢ > 0. Let E be an end. Using the notation in
Lemma 7.6, by the lemma and [McFeron and Székelyhidi 2012, Theorem 14] (see
also [Jauregui 2014]), the mass m(E)(¢) of E with respect to g(¢) satisfies

m(E) =1lim i(I)lfm(E)(E, 0)
=liminfm(E)(e, t)
e—>0

> m(E)(7).

By Theorem 7.3, m(E)(¢) > 0, we have m(E) > 0. If m(E) =0, then m(E)(¢) =0
and (M", g(t)) is isometric to the Euclidean space. Since g(¢) converges to go in
C*® ast — 0 away from X, g is flat outside X. ([
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ON THE DIFFERENTIABILITY ISSUE
OF THE DRIFT-DIFFUSION EQUATION
WITH NONLOCAL LEVY-TYPE DIFFUSION

LIUTANG XUE AND ZHUAN YE

We investigate the differentiability property of the drift-diffusion equation
with nonlocal Lévy-type diffusion at either supercritical- or critical-type
cases. Under the suitable conditions on the velocity field and the forcing
term in terms of the spatial Holder regularity, and for the initial data with-
out regularity assumption, we show the a priori differentiability estimates
for any positive time. If additionally the velocity field is divergence-free, we
also prove that the vanishing viscosity weak solution is differentiable with
some Holder continuous derivatives for any positive time.

1. Introduction

We consider the following drift-diffusion equation with nonlocal diffusion:

Fﬁ+opvw+£9=f in RY x R,

(-1 0(x, 0) = Oy (x) on R,

where 6 is a scalar function, u is a velocity vector field of R? and f is a scalar
function as the forcing term. The nonlocal diffusion operator £ is given by

(1-2) Lg(x) =p-V-/d(g(X)—g(x+y))K(y) dy,
R
where the symmetric kernel function K (y) = K(—y) defined on R?\ {0} satisfies

(1-3) /Rdmin{l, yIPHK ()ldy < e,

and there exist two constants o € (0, 1] and o € [0, ) such that

-1

Cy (&)
(1-4) Garems <KO) < gy forall 0<lyl <1,
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with ¢; > 0 and ¢, > 1 two absolute constants. In the sequel we also consider the
special case that K satisfies the nonnegative condition

(1-5) K(y)>0 forall yeR?\{0}.
By taking the Fourier transform on £, we get

LO(&) = A E),
where the symbol A(§) is given by the Lévy—Khinchin formula

(1-6) A) = p.V./ (I —cos(x-&))K(x)dx.
Rd

The nonlocal diffusion operator £ defined by (1-2) with the symmetric kernel K
satisfying (1-3)—(1-4) corresponds to the stable-type Lévy operator, which is the
infinitesimal generator of the stable-type Lévy process (see [Chen et al. 2015; Sato
1999)). If o = 0, the operator L is referred to as the stable-like Lévy operator, and
in recent years many deep works have been devoted to studying various regularity
problems concerning this diffusion operator (one can see [Komatsu 1995; Husseini
and Kassmann 2007; Kassmann 2009; Caffarelli et al. 2011; Caffarelli and Silvestre
2011; Maekawa and Miura 2013; Dabkowski et al. 2014]). The typical example of
the stable-like Lévy operator is the fractional Laplacian operator |D|* := (—A)%/?
(a €]0, 2[), which has the following expression formula:

6(x) — 6
(1-7) |DI6(x) = cq.ap- V-/R,W

’

with ¢4 > 0 some absolute constant. The operator L=|D|% := (—A)*? (a €(0,2))
is the infinitesimal generator of the symmetric stable Lévy process (see [Sato 1999]),
and recently has been intensely considered in many theoretical problems. If o # 0,
the stable-type Lévy operator can contain more general diffusion operators. An
important class is the following multiplier operators £L = A(D) = A(|D|) defined by

B ]
(log(%.+ [ D))"’

and one can refer to [Dabkowski et al. 2014, Lemmas 5.1-5.2] for more details on
the assumptions on A(§) so that the kernel K satisfies (1-3)—(1-4) (the condition
(1-5) can also be satisfied under some additional assumption on A(£), see [Hmidi
2011; Miao and Xue 2015]). Recently, the logarithmic diffusion operator defined
by (1-8) in many systems has attracted a lot of attention and has been variously
studied (e.g., [Tao 2009; Hmidi 2011; Chae and Wu 2012; Dabkowski et al. 2014;
Miao and Xue 2015]). One can also refer to [Chen et al. 2015, Example 4.2] for
other important classes of stable-type Lévy operators.

(1-8) (xe(0,1], w=0, L >0),
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Recalling that for the drift-diffusion equation (1-1) with £ = |D|%, we conven-
tionally call the cases @ < 1, « =1 and o > 1 supercritical, critical and subcritical
cases, respectively. Thus the operator £ defined by (1-2) under the kernel conditions
(1-3)—(1-4) can be viewed as the critical- and supercritical-type cases and they are
the main concern in this paper.

For the drift-diffusion equation (1-1) with the fractional Laplacian operator
L = |D|% if the velocity field is divergence-free, the C!¥-regularity improvement
of weak solutions was obtained by Constantin and Wu [2008] by using the Bony’s
paradifferential calculus. Partially motivated by that work, without the divergence-
free restriction on the velocity, Silvestre [2012b] considered the supercritical and
critical cases (a € (0, 1]), and proved the interior C'-¥-regularity of the solution
provided that # and f belong to Lf"Ci_Hy (v € (0, @)), more precisely, the author
showed the following regularity estimate:

(1-9) 1101l oer—1/2.01:¢17 (By )y = CUlll oo (—1,01xrey + I f oo —1.01:c1-0+7 (B)))

where C > 0 depends only on d, a and |[u||p~(_1 j:c1-e+r). The proof is by
a locally approximate procedure where an extension derived in [Caffarelli and
Silvestre 2007] plays a key role. For the drift-diffusion equation (1-1) with more
general diffusion operator, so far there are not many such differentiability results. We
here only mention a related work [Chen et al. 2015], where the authors considered
the backward drift-diffusion equation

(1-10) G0 +u-Vo—(L+10=f, Ol;=1(x)=0, A=>0,

with £ defined by (1-2)—(1-4) (in fact slightly more general Lévy operator £
considered there), and by applying a purely probabilistic method, the authors
proved the C!7 -regularity of a continuous solution 6 : [0, 1] x RY — R under the
conditions that # and f are Cﬁ-H(‘)lder continuous (§ € (1 —a 4o, 1)) for each time.

If we slightly lower the regularity index in the assumption of u and f, the
solution of the equations (1-1)—(1-2) may in general not have such a differentiable
regularity. For the drift-diffusion equation (1-1) with £ = | D|%, Silvestre [2012a]
proved that if u € L;’OC";_“ fora € (0,1) and u € L;’"} fora =1,andif f € L;”‘;,
then the bounded solution becomes Holder continuous for any positive time. For
the drift-diffusion equation (1-1) with stable-like Lévy operator £, and under the
divergence-free condition of u, we refer to [Chamorro and Menozzi 2016] for
a similar improvement to Holder continuous solutions (see also [Maekawa and
Miura 2013] for a related result). Note that the condition u € LfOC"l*“ is invariant
under the scaling transformation u(x, t) — A% 'u(A%, Ax) for all A > 0. If we
further weaken the regularity condition on u in the supercritical case, the solution
of (1-1)—(1-2) may not even be continuous, indeed, as proved by Silvestre, Vicol
and Zlatos in [Silvestre et al. 2013], there is a divergence-free drift u € L°C? with
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8 < 1 —a so that the solution of the equation (1-1) with £ = |D|* and f = 0 forms
a discontinuity starting from smooth initial data.

In this paper, we are concerned with the differentiability property of the sys-
tem (1-1)—-(1-2), and if the velocity field u is divergence free, we consider the
differentiability of weak solutions, which is derived by passing to a limit of the
approximate system, while if u is not divergence free, we only consider the a priori
differentiability estimate. We impose no regularity assumption on the nonzero initial
data, and we generalize the result of Silvestre [2012b] for more general stable-type
Lévy operators.

Our first result states that if the velocity field is divergence-free, then the differen-
tiability of the vanishing viscosity weak solution can be achieved for the equations
(1-1)—(1-2) under conditions (1-3)—(1-4) and suitable assumptions.

Theorem 1.1. Let the symmetric kernel K (y) = K (—Yy) of the diffusion operator
L satisfy (1-3)—(1-4), and the velocity field u be divergence-free. Assume that for
any given T > 0, the drift u, the force f and the initial data 0y satisfy

(1-11) ue L0, T], CP(RY)) for some § € (1 —a+o0,1),
and
(1-12) feL®([0.T]: B) ,NBY  (RY), 6oeLP(R?) for some pe[2,00).

Then there exists a weak solution 6 € L°([0, T]; L? (RY)NL? ([0, T]; BZ;,U/‘D (R%))
which satisfies the drift-diffusion equation (1-1)—(1-2) in the distributional sense (see
(3-52) below). Moreover, 6 € L*°((0, T], CI’V([R{d))for anyy € (0,64+a—0 —1),
which precisely satisfies that for every t' € (0, T),

— d —
(1-13) 1101l oy, 7y, c1r @y < CE ™Y THIPC=D 00 | Lo +1| £l o852, )

p,o0
with the constant C depending onlyon T, o, 0, d, § and || u| Lo ¢

For our second result, we do not necessarily impose the divergence-free property
of the velocity field, and we mainly focus on the a priori differentiability estimates
of the drift-diffusion equation (1-1)—(1-2) under the conditions (1-3)—(1-5), or in
other words, we concentrate on the uniform-in-e differentiability estimates of the
following e-regularized drift-diffusion equation under (1-3)—(1-5)

(1-14) 80 +uc-VO+L0—eAb=fe, Oli—o =00 = e * (G0l 0):

where ue = @ xu, fe=dc* f, P (x) = e ¢ (x/€) and ¢ is the standard mollifier.
The result is as follows.

Theorem 1.2. Let the kernel K(y) = K (—y) of the diffusion operator L satisfy
the conditions (1-3)—(1-5). Let 8y € Co(R?), with Co(R?) the space of continuous
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functions which decay to zero at infinity. Suppose that for any given T > 0, the drift
u and the external force f satisfy

(1-15) ueL®(0,T]; C*(RY)) and f e L0, T]; C°NL*(RY)),

for some 8 € (1 —a + 0, 1), then the solutions 6'© of the regularized drift-diffusion
equation (1-14) uniformly-in-€ belong to

L®([0, T]; CoR) N L®((0, T1, C"Y ®RY)) forany y € (0,8 +a—o — 1).
More precisely, for any t’ € (0, T), we have
(1-16) 10l e r3:c10 ey < CE™ YTV (6o oo + | £ | 2o ).

where C is a positive constant depending only on o, o, d, § and ”MHL%CC(S and is
independent of €.

Theorems 1.1 and 1.2 (and Remark 1.3 below) can be applied to the regularity
problem of the (weak) solution of various nonlinear drift-diffusion equations, and
one can refer to the recent work [Miao and Xue 2015] for some direct applications.

The method in showing Theorems 1.1 and 1.2 is consistent with the method
of paradifferential calculus used in [Constantin and Wu 2008], but is mostly in a
different style; and by choosing some time function as a weight and developing the
technique of weighted estimates (where Lemma 3.4 is of great use), we find that the
process used here is efficient and is not sensitive to the divergence-free condition
of u so that we can get rid of such an assumption in Theorem 1.2 (noticing that the
method in [Constantin and Wu 2008] does not extend to the drift-diffusion equations
(1-1)—(1-2) without the divergence-free property of ). We use the L? (p € [2, 00))
framework in Theorem 1.1 and the L*° framework in proving Theorem 1.2, and the
key diffusion effect of the Lévy-type diffusion operator (for high frequency part) is
derived in Lemma 3.2 and Lemma 4.2 respectively. The iterative argument also
plays an important role in the proof of both theorems, and we can see clearly how
the regularity index of the solution improves step by step.

We want to point out that our approach in this paper is purely analytic, and does
not use the probabilistic representations of solutions. Note also that the approach of
[Silvestre 2012b] is not adopted here, and it seems rather hard (if not impossible) to
extend the method of that work for the drift-diffusion equation with more general
diffusion operators.

Remark 1.3 (On higher regularity). If the assumptions (1-11)—(1-12) and (1-15)
hold for any § > 1 —«a 4+ o by removing the restriction § < 1, then by following the
deduction in Subsections 3B and 4B, we infer that for the cases studied in Theorems
1.1 and 1.2, we a priori have

6 e L®((0,T];CP*r*=o1=1v)  forall y € (0,1)
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if §+a —o €N, and
6 € L°((0,T];CPT*=17y forall y € (0,6 +a—0 —[§+a—o])

if6+a—o ¢NT.

As a consequence of the above result, and if f =0 and u ="P#6 in the equation (1-1)
with P composed of zero-order pseudodifferential operators, e.g., the dissipative
SQG equation which recently has been intensely considered (see [Caffarelli and
Vasseur 2010; Chen et al. 2007; Constantin and Vicol 2012; Cérdoba and Cordoba
2004; Dabkowski et al. 2014; Kiselev and Nazarov 2009; Kiselev et al. 2007; Wang
and Zhang 2011]):

(1-17) 8,0 4+u-VO+L0 =0, u=(—Ra60,R16), 0(x,0)=0p(x), xeR>,

with R; (i =1, 2) the usual Riesz transform, we can deduce that under the assump-
tions of Theorems 1.1 and 1.2 with the condition on u replaced by

6 € L=([0, T], C°(RY)) forsome § € (1 —a +o,1),

then the corresponding weak solution @ further belongs to C*((0, T]x R?). Indeed,

after obtaining the bound of |6 ~c1.» (and ||6]| 1+y+d7p With some p < o0 in

L=B."Y
Theorem 1.1) for any y € (0, § +« — o — 1), from the éalder(’)n—Zygmund theorem,

we get Vu € L®°C?, which further leads to
6 € LoC!trte—al=Ly" forall ' € (0,1)
ifl+y+a—0oeN,and
6 e LeCUHr+e=aly’ forall y' € (0,y +a—0 —[y +a—o))

if 1+y +a—o ¢ N, (in Theorem 1.1 we in fact obtain a stronger estimate on @ in
terms of L”-based Besov spaces); noting that the regularity index can be arbitrarily
close to §+2(a—0o') by suitably choosing y and y’, thus by the bootstrapping method,
we can iteratively improve the regularity index to any large number and finally
conclude the C{°-smoothness of the solution. The C*°-smoothness in # € (0, T']
can be derived from equation (1-1) and Lemma 2.2.

Remark 1.4. In Theorem 1.2, if the velocity field u is divergence-free, and 6 €
L?> N L®(R?), and (1-15) is also assumed, then there exists a weak solution 6 to
the drift-diffusion equation (1-1)—(1-2) which satisfies (1-16) with 6 in place of
6(©). But if the velocity field is not divergence-free, and under the assumptions
of Theorem 1.2, it is not so clear for the authors to pass to the limit € — 0 in
equation (1-14) to obtain the weak solution of the drift-diffusion equations (1-1)—
(1-2). Despite that, we believe that the uniform-in-€ differentiability estimate (1-16)
is meaningful and may have its various applications.



ON THE DIFFERENTIABILITY ISSUE OF THE DRIFT-DIFFUSION EQUATION 471

Remark 1.5. By examining the proof of both theorems, the upper bound in (1-4)
does not play an essential role in the proof of (1-13) and (1-16), which indeed can
be relaxed to larger numbers. But we here include the upper bound in (1-4) is to
restrict ourselves to the critical and supercritical type cases.

Remark 1.6. In Theorem 1.2, the condition on f in (1-15) can be replaced by
felL>®(0,T]; Cg([Rd )) with Cg (R?) the closure of Schwartz class under the norm
of Holder space C 3(R?), and the same uniform estimate (1-16) holds true for a
suitable approximate system of the equations (1-1)—(1-2).

The outline of the paper is as follows. In Section 2, we present some preliminary
knowledge on Bony’s paradifferential calculus and the Besov spaces, and give a
useful lemma on the stable-type Lévy operator £. Section 3 is dedicated to the
proof of Theorem 1.1, and we first show several useful auxiliary lemmas, then we
prove the key a priori estimate (1-13) in the Section 3B, and then we sketch the
proof of the existence part and conclude the theorem. We show Theorem 1.2 in
Section 4, and the proof is also divided into three parts: the auxiliary lemmas, the a
priori estimates and the uniform-in-¢ differentiability estimates for the regularized
system (1-14), which are treated in the subsections 4A — 4C respectively.

2. Preliminaries

In this preliminary section, we shall gather some notations used in this paper, collect
some basic facts on Bony’s paradifferential calculus and Besov spaces, and show a
useful lemma on the considered Lévy operator L.

Throughout this paper, C stands for a constant which may be different from
line to line. The notation X < Y means that X < CY, and X ~ Y implies
that X <Y and Y < X simultaneously. Denote S’(R?) the space of tempered
distributions, S(R) the Schwartz class of rapidly decreasing smooth functions,
S'(RY)/P(R?) the quotient space of tempered distributions modulo polynomials.
We use ¢ of F(g) to denote the Fourier transform of a tempered distribution, that is,
g = fRd eix‘gg(x) dx. For a number a € R, denote by [a] the integer part of a.

Now we recall the so-called Littlewood—Paley operators and their elementary
properties. Let (x, ¢) be a couple of smooth functions taking values on [0, 1] such
that x € C2°(R?) is supported in the ball B:= {£ e R?, [£] < 3}, ¢ € CF(RY) is
supported in the annulus C := {5 eRY, 3 <t < %} and satisfies that (see [Bahouri
et al. 2011])

X($)+Z<p(2_j$) —=1,forall £€RY, and Zq)(z—fg) =1, for all £ eR?\ {0}.
JeN jez
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For every u € §'(RY), we define the nonhomogeneous Littlewood—Paley operators
as follows:

A_1f=xDu; Ajf =927/D)f, Sif = Z Agu forall j eN.
—1<k<j-1
And the homogeneous Littlewood—Paley operators can be defined as follows:
Aif=9Q@/D)f; Sif:= Y Aif forall jeZ
keZ k<j—1
Also, we denote
Aif =01 f+Af+Ajf.
It is clear to see that, for any f and g belonging to S"(R?), from the property of the
frequency supports, we have
AjAf=0, [j—Ill=2 and Ax(S-18A18)=0 |k—I]=5.

Now we introduce the definition of Besov spaces. Let s € R, (p,r) €[1, +00]>

Then the inhomogeneous Besov space B, . is defined as

B, = {f € SR I fllgy, = 127 1A; flle}j=—1lle < 00,
and the homogeneous space B; , 1s given by
B, , = {f € SRY/PR): 1 fllgy, = 12714, fllLr}jezlle@ < oo}

For any noninteger s > 0, the Holder space C* = Cs15~I5 is equivalent to BS,

with || flles =N fll B, .-
Bernstein’s inequality plays an important role in the analysis involving Besov
spaces.

Lemma 2.1 (see [Bahouri et al. 2011]). Ler f € L*, 1 <a < b < oco. Then for
every (k, j) € N there exists a constant C > 0 independent of j such that

sup |98 flo < C27CFe=ADS; £l 1,
loe|=k
and
CT12MA flle < sup 198 fllze < C2M|A; fllLe.
ol=
The following lemma concerning the Lévy operator £ is useful in the proof of
the existence parts.

Lemma 2.2. Let the operator L be defined by (1-2) with the symmetric kernel
K (y) = K(—Yy) under the conditions (1-3)—(1-4).
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(1) Assume that g € C"V(RY), y > 0. Then we have Lg € L®(R?) with
L8]l o®ey < Cligllcry ge)-
(2) Assume that h € S(R?) and hj(x) =2/4h(2/x), j € N. Then we have

(2-1 LR\ 1 ey < c2/e,

(3) Assume that g € L?(R?), p €[1, oo]. Then ILA;gllr < C2j°‘||z‘,~g||Lp for
every j € Nand ||[LA_1g|lr < ClIgllLr

Proof of Lemma 2.2. (1) If « € (0, 1), it follows from equation (1-2) that
Lg(x)=p. V-/Rd(g(x) —g(x+y)K(y)dy
=p. V-/l | ](g(x) —g(x+y)K(y)dy
yl<

+ /| (80— DKy
e

By virtue of inequality (1-3), one has

y[=1

(2-2) ‘p-V-fl 1(g(X)—g()H-y))K(y)dy’SCIIgllLocf| IK(y)|dy <ClgllLe~.
yi=

Thanks to the upper bound of (1-4), we have

1
p-V-/H ](g(x)—g(ery))K(y)dy' = Vu 1/0 y-(Vg)(x+sy)K (y)dsdy
Y= yI=

sC||Vg||Loo/ YK )y
lyl<1

sC||Vg||Loo/

Iyl —2_d
YI———=4ay
<1 yldte

= ClIVgllr>.
Hence for the case o € (0, 1), we get
L8l Looqrey < C UGN Looay + IV &Il Lo (mey)-

If « = 1, similarly as above, and by adopting the following equivalent formula of
Lg (from the symmetric condition K (y) = K(—Yy))

(2-3) Lg(x) = /Rd (g(x)+y-Vg) Iy <1y —gx +y)K(y)dy,

we can prove that
1Ll = rey < Cllgllcty wray-

Both in the cases @ € (0, 1) and @ = 1, we conclude || Lg|| o re) < ClIgllcry ra)-
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2) If @ € (0, 1), from (1-2), (1-4) and the Fubini theorem, we see that

1y () — Iy (x4 )]
||Ehj||L1(Rd)§Cz/Rd y N dydx
+// 1By () — Iy (x + 1K ()] dy dx
yiz1
1A (0) — By (x4 )
sc/ TN 4yt ||L1/ K ()] dy
Re [y ly|>1

= Clajllge, + Cllhjli = c2°,

where in the last line we used the characterization of homogeneous Besov spaces
(see [Bahouri et al. 2011, Theorem 2.36])

lg(x)—gx+y)llLr
[y]*

gl iz, %‘ forall s€ (0, 1), (p.r) €[, 0ol.

Lr®d,dy/Iyl*)

If « = 1, we use the following equivalent formula for Lg:
(2-4) Lg(x) = /Rd(g(X) + Vg jyze) — 8(x + y) K () dy,

with € > 0. Thus by choosing € =27/, we get

||£hj||L1502/ / 100+ VIO = It Dy g,
R J|y|<2-i |ylat

|hj(x) —hj(x +y)|
+02/ / dydx
Rd J2-i<|y<1 |y[d+!

+// |hj(x) — h;(x + VIIK (y)] dy dx
Re Jy|>1
< C|IV?h| / : dy
J— / I 7 1
o lyj<2-i [y

1
+ Cllhjllp (f T dy+f IK(y)Idy>
Iyl=2-4 1)1 lyl=1

Hence (2-1) follows for every o € (0, 1].

< C2/.

(3) Denoting h := F~ ((p) h=F" '(x), we have Ajg=h; j*8 = Q427 ) xg
(jeN)yand A_jg=rh=xg. By virtue of the facts that A; A = A; (j € N) and
L(f xg)=(LSf)*g, and thanks to the statement (2), we 1nfer that

ILA gl = ILAA gl = I(Lh) % (Aj&)llLr < C27*||AjgllLr

forall j €N, and [|LA _1gllr = [(Lh) % gllLr < CligllLr. U
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3. Proof of Theorem 1.1

3A. Auxiliary lemmas. In this section we introduce some useful auxiliary lemmas.
The first lemma is about the pointwise lower bound estimate of the Fourier symbol
of the operator L.

Lemma 3.1. Let the operator L be defined by (1-2) with the kernel K (y) = K(—y)
satisfying (1-3)—(1-4). Then the associated symbol A (&) given by (1-6) satisfies

(3-1) A =CE* 7 =,

where @ €]0, 1], 0 € [0, a[ and C = C(d, a, o) is a positive constant.

Proof of Lemma 3.1. Recalling that one has (see Equation (3.219) of [Jacob 2005])
(3-2) |1 = cq.0 P- V./Rd(l —cos(y - 5))|y|++°‘ dy forall a €]0,2],

and by virtue of (1-3)—(1-4), we get
A© =p.v. | (1=cos(y- K0y

_ 1
> [ aecosteen gl ar- [ KOGy
0<lyl<l N yl=1

_ _ _ 1
ZC21<cd,<11|S|a "—/ Wdy>—01
yi=1 11

> ¢; 'y |61 = Caao —c1,
which corresponds to (3-1). U

Next we derive the following lower bound estimates of some quantities involving
the Lévy operator £ given by (1-2).

Lemma 3.2. Let p > 2 and the kernel function K (y) = K (—y) satisfy the conditions
(1-3)=(1-4), then for every 6 € S(RY), we have

(3-3) f 0)IP20(0)L0()dx = C[ (ID1°27 10 2)2dx—C [ |6(x) P dx,
R4 R4 R4

and for every j € N,

(3-4) /Wc(A,e)(m,-mp—zA,H) dx > 2/ @ A;011%, - C|1A,017,,

where the constants ¢, C > 0, C > 0 depend only on the coefficients p, a, o, d.
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Proof of Lemma 3.2. First we claim that the following estimate holds true:
(3-5) 10(N)IP*720(x) L6 (x)

> 2/1ra<£|0|”/2)<)c>—2/| | 1<|e<x)|”/2+|9(y>|”/2)|1<<x—y)|dy.
xX—=y|=

Indeed, according to (1-2) and the following estimate deduced from Young’s in-
equality

(3-6) 10(xX)IP/*720(x)0(y) < 10() P> (y)| < ijzwa)V’/z + %w(y)v”/z,
we have

(3-7)  10()|P/*726(x)LO(x)

= p'V'fR d(|9(x)|”/2 — 10X PP (x)0 () K (x — y) dy
=p.v./ | 1(|9<x>|f’/2—|9<x>|f’/2—26><x)9<y>>1<<x—y)oly
x—=y|=
+ / | 1<|9<x>|f’/2—|9<x>|f’/2—2e<x>e<y>>1<<x—y)dy
x=yl=

zp.v./l | 1(|9(x)|1’/2—|9(x)|1’/2_20(x)0(y))K(x—Y)d)’
x—=yl=
_2p—2
p

/ B+ B0 -y
x—y|>

Due to the positivity property of K (y) on 0 < |y| <1 and the inequality (3-6) again,
we see that

(3-8) p.v-/| |1<|6(x)|f’/2—|9<x>|f’/2—29<x>9<y>>1f(x—y)dy
x—yl=
-2
=pe [ (0002 (PRI 42/ pio0)1) ) K - )y
lx—y|<1 p
2
= —p-v.f (18()P2 =10 (MIP/*)K (x — y)dy
P [x—y|=1

2 2
=;<£|0|1’/2><x>——/| (1P I DK )y
x=yl|>

2 2
> —<£|9|P/2>(x>——/ (10C)IP2+10(M|P/*)|K (x — y)|dy.
14 P Jix—y|=1

Gathering the above estimates leads to (3-5).
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As a consequence of (3-5), we get

(3-9) f 1000720 (x) £O(x) dx
Rd
= f 160.(x)[P/216 () |P/27260 (x) LO(x) dx
Rd
> % /Rdw(x)v’/z(mmf’/z)(x)dx

-2 : |e(x>|f’/2/| | l(|9(x)|f’/2+|9<y>|P/2)|K(x—y)|dydx
d x y>

= N| + N>.
In view of the Plancherel theorem and the estimate (3-1) concerning the symbol of
L, this leads to

_2 / [B1P2@ AE)61P72(E) d&

aad/ E1T01P2(€)]01P72(E) d§ — _Caad/ 61P72()[0172(3) de

=f, m/ (s ")/2|9|P/2(s>>2ds——cm/ 01P72(€)[01P72(&) dt

=2 W,f (1D~ /39 (x)|P/?)? dx——ca(,d/ 16(x)|” dx.

The Young inequality and the condition (1-3) ensure that

N>
—75f |9<x)|f’/2/ 9)IP2IK (x — y)] dy dx
R4 [x—y[=1
+/ |0<x>|f’/2/ OOIP2IK (x — y)] dy dx
R4 lx—y|>1

s/ |9<x>|f’/ K (r— )| dy dx
R oylz1

+ 16117, /d|e(y>|l’/2|1<<x—y>|1{|x_y|zudy
R

L3
2
< ||9||§,,/ K ()l dx + 1161175 |||9(x>|p/2||uf K (x)] dx
lx|>1 lx|>1
<2c1]16117,-
Inserting the estimates of N; and N, into (3-9) yields the desired estimate (3-3).
Recalling the following inequality (see [Chen et al. 2007, Proposition 3.1]),

IIDIP (14017313, = E27P | A;017,  forevery B e (0,2], p €[2,00), j €N,

with a constant ¢ > 0 independent of j, then the estimate (3-4) follows by combining
the above lower bound estimate with (3-3). We thus conclude Lemma 3.2. O
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Now we can show the key a priori L?-estimate of the drift-diffusion equations
(1-DH—(1-2).
Lemma 3.3. Let u be a smooth divergence-free vector field and f be a smooth
forcing term. Assume that 6 is a smooth solution for the drift-diffusion equations
(1-1)—(1-2) under the assumptions (1-3)—(1-4) with 6y € LP(RY). Then for any
T >0,

T
(3-10) max ||9(t)||Lp+/ IIG(T)IIB(a —op T<€CT(||90llfp+/0 IF O, dt),

with C’ > 0 depending only on p, «, o, d.

Proof of Lemma 3.3. Multiplying both sides of (1-1) by |6 ~20(x) and integrating
over the spatial variable, we use the divergence-free condition of u and Holder’s
inequality to get

1d _ _
— =017, +/ch<x>(|9|” 20)(x) dx < | fllLr 10117, "
Thanks to (3-3), we have
f £6(|01P7%0)dx > C (|D|<“—”)/2|9(x)|”/2>2dx — 5/ 6.(x)|? dx
R4 R4

> cnen” —Clel%,,

(a=0)/p
Bp.p

where in the last line we have used the following inequality (see [Chamorro and
Lemarié-Rieusset 2012, Theorem 2] or [Chamorro and Menozzi 2016, Theorem 5])
for all y € (0, 1).

V/p

f(|D|V|9<x>|P/2) dx = cfl6]”,
We thus obtain

1d ~ 1
——l617, +CI|9IIP(E, o = CIONL, < I f el
pdt Bylp
which directly implies
||9(t)||Lp + I|9IIp<a oy SCINODONT, +CUF O
p P

Gronwall’s inequality guarantees the desired inequality (3-10). ([

The final lemma is concerned with a (time function) weighted estimate, which
plays a key role in proving our main results.
Lemma 3.4. Let A > 0 and 0 < u < 1. Then for any t > 0, there exists a constant
C,, depending only on v such that

t
(3-11) / e T T dr < C AT
0
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In particular, for any t > ty > 0, we have

t )i 1—1y )i
(3-12) / e~ =2 (o gy dr = / e~ 1=i0=T2 " —p g p
Io 0
< €27 (1 —1p) M

Proof of Lemma 3.4. First, by changing of the variable (f — t)A = s, one deduces

1 th o\~
/e_(’_T)At_“dt =A_1/ e_s<t——> ds
0 0 A
11/2 —u 178 —u
= ([T () e [ e (-3) ")
0 A )2 A
="' (Bi+By).
For the first term Bj, noting that  —s/A > %t for all 0 <s <rA/2, we directly get
tA/)2 00
B < 2“t‘“/ e ¥ds < 2“t‘“/ e Sds <2Mt™H,
0 0

For the second term B,, by changing of the variable t — s /A = s’ and using the fact
the ™% < Cy, we deduce that

N
S\ —H
B, < e_’A/Z/ (t — —) ds
112 A

1/2 n—1 n—1
= tl_"ke_“p/ (sH*ds' = Z—I_“(t)\e_m/z) < &f“.

0 l—p l—p
Combining the above two estimates, we obtain
! Co2~!

/ e Ui g < (2“ + —)/\‘lt‘“ =C 7t
0 l—p
which corresponds to (3-11). O

3B. A priori estimates. In this subsection, we assume 6 is a smooth solution for
the drift-diffusion equations (1-1)—(1-2) with smooth u# and f. We shall show the
estimate (1-13) and the proof consists of four steps.

Step 1: the estimation of ||9||L°0([z0,T];B;000) for any s € (0, — o) and 1o € (0, T').
By applying the dyadic operator A; (j € N, j > 4) to the equation of 6 in (1-1),
we get

(3-13) QA0 +u-VAO+LAO=—[Aj,u-VIO+A,;f,
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where [A, B] = AB — BA denotes the commutator of two operators A and B.
Bony’s paraproduct decomposition leads to

(G-14) —[Aju-VI0 == Y [Aj, Soqu- VIA®
lk—jl<4
— Y (Aj(Aqu - VS10) — Agu - VA Si_10)
lk—jl<4
— D (Aj(Agu - VAD) — A - VA AL)
k>j—2
=L+ L+ 5.

Multiplying both sides of the equation (4-8) with |A j9|p_2A ;0 and integrating
on the spatial variable over R? we use the divergence-free property of u and the
Holder inequality to get

1d _
(3-15) —d—IIAj9||€p+/ L(AJH)(IAJ-QIP 2A]H)dx
pat R4
<A fller + HillLe + 1 20lLr + ||I3||Ll’)||Aj9||Zp_l-

According to (3-4) in Lemma 3.2, we see that
(3-16) AJL(A,-@)(mjeszjmdx = 2/ ONAOIL — Cill AL,

where ¢ and C; are constants depending on p, «, o, d. Inserting (3-16) into (3-15)
and dividing [|A;6]7," lead to

d o
(3-17) EHAJ‘@HLP-FCZJ(“ A0 L
<CillA;OllLr + 1A fllr + i llze + 1 2llLe + 1131l e

For || 11| », noting that I} can be expressed as

(18  h=- Y fwh,(x—y>(Sk_1u<y>—Sk_1u(x>)-vw(y)dy,
lk—jl=<4

where hj(x) = 204(F _1(,0) (2/x) and peC fo([Rd) is the test function introduced
in Section 2, thus from Hoélder’s inequality, Bernstein’s inequality and Young’s
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inequality, one has

il < Y

/ = (S ) ~ St ) - VAG() dy

le—j| <4 L
<C ) /|h,~<x—y)|||u||c-a|x—y|5|VAk9(y>|dy
k—j|<all /R Ly
scnunc-a/ B OlIxP dx D (IVALG Lo
Rd -
lk—jl=<4
(3-19) <C27 P Nulles D 21 A0l

lk—jl<4
By virtue of Holder’s inequality and Bernstein’s inequality again, we see that
Ihallr < D 1A (A VS 1O+ D Ak VSi_i A0 Lo
lk—jl<4 lk—jl<4
<C Y Al IVScifllr +C Y 1 Agull= VA0 o

lk—jl<4 lk—jl<4

<c2 /Y 2“||Aku||m(Zzlumeuu)

lk—jl<4 I<j
(3-20) < C27|ul| s (Zz"nAkenu),
k<j
and by using the divergence-free property of u, we get
1lle < D IV Aj(AuBid) o+ Y | Acu - VARA;O| Lo
kzj=2 k>j—-2

<C Y YAwulli=|AiO]Lr
k>j—2

<C2 Y 290 Apull =27 Arhl| o
k>j—2
(3-21) < cnuncazf( > 2“||Ak9||m).
k>j—2

Gathering the above estimates leads to
d (o
A0l + 27N A0 e < CLllAO e + 1A L

+Cllulles2 Y 2K Ahl|
k<j+4

+Cllulles2” Y 27 AL
k>j-3
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Let jo € N be a number chosen later (see (3-32)) which satisfies (¢/2)2/0@=9) >
C1, or more precisely,

(3-22) joz[ ! log2(2C1>]+l.

a—0 c

We infer that for all j > jj,

d i (a—
(3-23) A8l + 5277 A61ILs

<A, fller + Cllulles27 > 25| A 1o
k<j+4

+Cllulles2’ > 278 A0 o
k>j—3

= A fller + H' + H.
Thus Gronwall’s inequality yields that for every j > jo >4 and t > 0,
Jj(a—0o)

(3-24) A0 |Ir < e P A 00 Lo

t
—(c _ Jjla—o)
+ / e DDA flle (T) + H (1) + H (1)) d.
0

According to Lemma 3.3, we also have the L?-estimate for equation (1-1):

13
(3-25) 0Ly < ec’(ll%llu +/ lf()ler dt)-
0
Observing that for all t >0, j e Nand s € (0, — 0),

s _Cirjla—0o) _ s S _S  _Cjla—o)
275e7 2 TN A0l L < 1@ (127 @) a=a "2 | A6l Lo

(3-26) < Caost @7 6ollLr.
thus collecting (3-24), (3-25) and (3-26) leads to

(3-27) 105,
< sup 277 A;0(0)llzr + sup 2| A6 (1) |
J=<Jo J=Jo
. S5
< C27 e (160l + 1 fll 1 20) + Caorst” = 1601

! _C— jla—0) _ -
—i—sup/ e 2T (1A £l (D) + H (1) + HE (1)) dr.
J=Jjo J0
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For the term containing ||A; f||.», we infer that for every s € (0, — o +§),

U e i)
(3-28) sup / e 8O0 A fl () dr
Jj=Jjo J0
! —£@t—1)2/@" 5 (s—5)
<Csup [ e 2 2/ If(D)llg dr
J'ZJ'O 0 17,00
jo- [ —Su-mpieo
< Cllfllgoeps sup2 e 2 de
t Pp,oo i>jo 0
< C”f”Lths sup 2j(S—0(+0—5)
p.oo

J=Jo

=< C”f”L[OOBf,OO'

For the term including Hj1 in (3-27), thanks to (3-12) in Lemma 3.4, we deduce
that forevery s € (0,0 —o)and e (1 —a +o, 1),

ro .
329 sup [ 8T ) 0y e
Jj=joJ0

t C j(a—o .
— Csup / 300! )||u(r>||c-szf“—5>< 3 2k||Ak9(T)||LP)dT
0

J=Jo k§j+4

b yite—o)
< C”M”L?OCB Supf e 5@t—0)2/ 2](38)( Z 2k(1s)||9(.[)”3200)d.[

S
< C||u||L,ooc-s( sup T@7 ||9<r)||3;00)
7€(0,¢]
. 4 _Cos jla—o) _ _ S
Xsupzj(lé)/ e 2= T dr
0

J=Jo

T —gi= j(1—8—a+ta)
= Cllullpees| sup T@=10(0)lIBy , |t @7 sup2
" \re) " >

S . N
< CtH2_10(8_(1_a+0))||u||p°c'6( sup 1@ [|0(7) | 55 m).
! 7€(0,1] ”

For the term including H jz in (3-27), by using (3-12) again, we similarly get that
foralls € (0, —o)and € (1 —a+a, 1),
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13 (-0 .
(3-30) sup / e 2Tl B2 (1) dr
Jj=joJ0
t o .
—cswp [5 u20(( 2B1a0 )l Jar
0

ijO ij_3

t
. _ —C(t—1)2/(@—0)
< Cllullgees supzf““)( 2.2 "“*”) fo A (1P

J=Jo ij*?)

N . N
< Crm @ 2 IO o (sup 7@ 6(0)]n, ).
" M) "

Plugging the estimates (3-28), (3-29), (3-30) into (3-27) yields that for any 0 < s <
a—ocand 0 <t <T,

3-31) 2/ N0W sy, < CT =T 2060 lILe + 11 fll g 1)

+Caosllolly + CT " fll oy

Cllull oo (

2joG—(i—atoy \ SUP ts/(““’)lle(t)llB;m)'

te(0,7]

Now, by choosing jy € N such that C2/o(1=¢+0=%) lull o < 1 and (3-22) holds,
or more precisely,

o 10g2(2C||M||L;0C8) log,(C1/c)
(3-32) jo_max{[ 5—(—ato) :|,|: o :|,4}+1,

we have that forall0 <s <o — o,
(3-33)  sup (/0@ lIps )
1€(0,T] P
< C(T+ D2 Uolle + 1y o) + 1 ey .

which implies that for arbitrarily small 7y € (0, T') and every so € (0, ¢ — o),

(3-39)  sup 10l

telty,T]

< Ct TN T 1) 2 (6oll e + 1 F ) + 1 Nugeis -

where jj is given by (3-32).

Step 2: the estimation of ||0||

o+t for every sg,s1 € (0,0 — o) and
p,00
ty € (to, T).

Loo([1,T); B
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For every j > jo with jj € N satisfying (3-22) chosen later (jo may be different
from that number in Step 1), adapting the Gronwall inequality to (3-23) over the
time interval [#y, ¢] (for t > to > 0) yields

_Cs Jla—0o)
(3-35)  [1A,60) e <e 27O A 610 | 1o

! _C_ Jjla—o)
+ / TV (A Fllo () + H (1) + HA (D) dr.
]

Noting that for j € N, 59 € (0, — o) and every s € (0, ¢ — o),

—C— j(a—0) _ - —C— j(a—0) _ -
(3-36) e 2T TR COMIA0(10) 1 < €72 TR T2 6 t0) | o,

__s
=< Cu,o,s(t - tO) ®—0 ”9(&))”3;{?0@’
thus we get that for all t > 79 > 0,

(3-37) 10|l s
< sup 27 A;0(8) | + sup 27| A6(1) [ Lo
Jj<Jjo Jj=Jo

. __ 5
=< CZJO(S0+S)€CI(”‘90”LP + “f”Ltle) + Coz,a,s (t - tO) L ”0([0)”32(,)00

t o) .
+ sup / e_%(l‘—f)z/( )ZJ(S0+S)(||Ajf”LI’ (.L.) + H]] (T) + HJZ(_L,)) df.
fo

J=Jo

For the term containing ||A; f||.», similarly as obtaining (3-28), we get that for
every s € (0, —o)andsp+s <§+a —o,

t o)
(3-38) sup / ¢~ (/D=0 j ot A Ly dr
1o

J=Jo

t
- — j(a—0) _ ; _
SCSupf e /D=2 J (so+s B)Hf(f)”];a dr
jZJO fo p.oo
t
j - — — j(a—0)
SC”f”Lth;s)m sup 27 Gso+s 5)/ e (/D= dr
J=Jo to
E C” f”L?OB‘\ Sup 2j(50+5—(¥+0—5)
PO .

JZJo

= Cllfllges,.
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For the term including H; !in (3-37), by arguing as (3-29), we deduce that for every
s€0,aa—0) ands0+s <1,

t a—o X
(3-39) sup / e 20T it gl (1) de
4]

J=Jo
t
_C(t—1)2i(@—0) i (s0+s—38 k
= Csup / e 2T u (o) | 27 0 )< o o2 ||Ak9<r>||m>dr
JZJod o —1<k<j+4
< Cllully s
C e i)
sup / e 20 2J<SO+S—5>( > 2k(1_s_“°))||9(r)||BJ0+sdr
Jj=Jjod1to —1<k<j+4 oo
EC”u”LooC'-é( sup (T—t) @ ‘7”9(77)” SO+S>
! T€(fp,1]
i(1=5) ! —£S(t—1)2/ @) __S5_
sup (27 | e 2 (t—1tp) @—odr
J=Jo )
scnuuLwca( sup (r—10)@7 [0(0)1, )
! T€(tp,1]
(t—t9)” @7 sup 27/ 0~ (174D j)
J=Jo
PREEIER)
= Cllulles (5P (e=0)T7 [0, J—t0) @ T2
! T€(tp,t]

andforl <sp+s<d8+a—o

t o .
(3:40) sup [ 80TT2 ] (1) e
4]

J=Jo

t
_rpila=o) _ —g—
<C||u||Looc5 sup/ S—tR J(so+s 8)( Z ok(1=s so)”@(r)HB;O;) dr
t »

JZJo —l<k<j+4

< cuuuLtwc-a( sup (r —10) 7 61(7) )

Te(t() t]

, b _pie—o) s
sup ZJ(SOH‘S)/ e 2TV ()@ dr
JjZJo fo
SCllulle¢a< sup (t —1fp)@=< “IIG(T)II vo+v>
! T€(ty,t]
(t - to)_ﬁ sup (Z—j(s—(so+s—a+a)))
JiZJo

scnunwc-a( sup (7 — 1) 0(0)] vo+r)(f—lo) =g 9 0=Grts—ata),
t

‘[E(t() t]
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For the term including sz in (3-37), by using (3-12) again, we estimate similarly
as (3-30) to get that for all s € (0, @ — 0),

o o
(3-41)  sup / 202 i 0t 2 (1) de
J=JoJ 1o

t (o .
= Csup / 2! )||u(r>||c-azf“°“+”( ) :2“||Ak9(r>||”)dr
fo

ijo ij_3

< Cllul s sup 2/ S0 HHD

J=Jo
_C(t_7\2ila—0o)
(Z 2 k<3+~‘0+5>> f 2O (0 |

k>j—3

< Cllull g sup (T=10)T7 [0 grx)

TE(ty,1]

. T e ynia—o) s
sup21(1_3)/ e 2D (t—1p) @—odr

J=Jo fo

< Cllull g sup (=10)T T 0D o) (1 —19) & w2701 mex)

00 (8
Lre T€(tp,t]

Inserting the estimates (3-38)—(3-41) into (3-37), we obtain that for every ¢ € (fy, T],
s€0,a—o)andsog+s <d+a—o,

s s ,
(t—1rg)a=o ||9(t)||B;o;ros <CTa= T (||6o)lLr + ||f||L1TLp)210(S°+S)

5
+ Ca,a,s ”9(1’0)”32000 +CTa—0 ”fHL,OQBf,OO

CH”HLOOCri .
Sroo—aatonz SUPe(ry 71 — 1)@ ||9||Bso+s) if so+s <1,
C”“HLOOCrS .
W(sup,e(to T](t to)oz—a HQHB;,O:OX)’ if 1 <so+s<d+a—o.

Hence by selecting jo € N as

L 2logy 2C|[ullL2¢s) ] 1log,(2Cy/c)
(3-42) ]O_max{[ S—(—ato) }[ “—o ]’4}+1

if so+s <1, and

1 2C 00 8
(3-43)  max {[ 082 2C w5z ¢+) } [1og2<2cl/c>],4}+1

§—(o+s—a+o0) oa—0
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ifl <sp+s<d+a—o,wefindthat foralls € (0,0 —0o) and so+s <5+a—o,

sup (1 — 1)/ 0@) | yots)
te(t,T] pree

< C(T 4+ DUI60llr + 11 fll g1 £)27F
+ClO@) 5o +CT+ DI fllzgeps

which ensures that for any #; € (fy, T) and every sg, s1 € (0, — o) satisfying
Sso+s1<d+a—o,

(3-44) sup ||6(¢) ||Bs0+sl
te[t,T] P:00

) i
< C(ti—10)" @7 (T+1)e T (I60llr+11£ 14 £,)22 0 +116G0) 0.)
_ 51
+C(t1—10)" @ (T + DIl flleey -

where jj is given by (3-42)—(3-43).

Step 3: the estimation of ||0|| < r}.c1.») for some y > 0 and any re(0,7).
Ifoa—0oe€ (%, l), we can choose appropriate indexes s, 51 € (0, @ — o) so that
1 <so+s1 <8+ a— o, more precisely, denoting by

2(—0)—1 8+oe—0—1}
2 ’ 2 ’

5o+ s1 can be chosen so that so +s7 = 1+ vy, thus in view of (3-44), we obtain that

V] = min{

_ sup [0 140 < C < 0.
(3-45) te[n,T] Bp.oo
If p > d /vy, then from the Besov embedding B[l:;l”l — Béofgé_d/ P we get the bound

of |01l oo (7.77.c1vy WithT =1y and y = vy —d/p > 0. If p <d /vy, and we have the
embedding B;og' < LP! with some p; > d /vy, by repeating the above Step 1 and

Step 2 with p; in place of p, we can obtain the estimate of ||0 || Ly with

L®([t],T1; Bp, o0
any tl1 € (t1, T), which implies the bound of ||9||Lm([,11’T];C14V) with y =v; —d/p;.
Otherwise, for p < d/v; and p; satisfying d/p; = d/p — (1 + vy) is such that

p1 € (p,d/v1], as above we can obtain the bound of ”9”L°°([tl 718 with any
14 5 Bpy,00

tl1 € (1, T), then if the embedding B;tgg < LP2 with some p, > d/v;, we can
repeat the above Step 1 and Step 2 to conclude the proof, while if p; satisfying
d/pr=d/p1— (1 +vy)=d/p—2(14vy) is still such that p; € (p1, d/v1], we can
iterate the above steps for several times, say m times, to find some number p,,4+| >
d /v and obtain the bound of ||6 ”Lw([zf”“ vT];B;;:_l],oo with t{"“ € (t)", T) any chosen,
which further implies the bound of ||9||Lm([tin+1’T];C],y) withy =14+v —d/pm+1-

Fora—o € (O, %], we need to iterate the above procedure in Step 2 more times.
Assume that for some small number #; > 0, k € N, we already have a finite bound
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on ||9(tk)|| KONAS with sq, 51, . .., S € (0, « — o) satisfying so+s;+- - -+ < 1.
Then by argumg as (3-44), we deduce that for any 41 > %, Sk+1 € (0,0 —0)
satisfying so +s1+ - -+ S¢+1 <d+a —o0,

(3-46) sup “0([)||B;‘)0:Ox|+‘,,+sk+l

1€[tg11,7T]
<Cltsi—k ‘W«T+1)(||90||Lp+||f||L |2 0 )

FClt =100 T+ DIl
where jj is also given by (3-42)—(3-43) with so +s; replaced by So+S1+- -+ Skt1.
Hence if @« —o € (1/(k+2), 1/(k+1)], k € NT, we can select appropriate numbers
805 S1s---,8k+1 €0, —0)sothat 1 <sg+s1+---+ 841 <8+ o — 0o, or, more
precisely, so + 51+ - - - + Sg+1 = 1 + ve41, with
k+2)(x—0)—1 §4+a—0c—1 }

2 ’ 2 ’
and by repeating Step 2 in the above manner for (k 4+ 1)-times, we obtain

Vil 1= min{

(3-47) sup ”9(0”3;22"“ <C < o0.

1€[tir1,T]
The following deduction is similar to that stated below (3-45). If p > d/vi41, then
from BHvk+1 — Béj,;g*‘*"/p, we naturally get the estimate of |6l oo(iy,.,,.7):c17)
with y =1+ vg41 —d/p. Otherwise, there exists a unique number m € N so that
G48) T om v Z v, and G n e D) < v,

and by denoting p; € [p, 00) by

d d . .

= (1+Uk 1)7 :07172""7m’

;P J + J
we see that p = pg < p1 <+ < p <d/vk+1, thus by repeating the above process
in obtaining (3-47) with p; replaced by p; iteratively (j =0, 1, . —1), we

have the bound of ||0]| e 3B with any 7! 1 €0, T) (with the convention
pm .0

=t fori=0,1,...,k + 1) which ensures that there is some p,,;, 11 > d/vi41
SO that 1ol Lo (g, T LPmt1) is bounded, and then iterating the above process once

again leads to the estimate of ||0]] with any t,’{’fll € (. T)and

Loo([thrl T Bl+vk+1 )
moreover implies that for 1 +y =14+ vy — a’"/pm“ m+2)(14+vey1) —d/ p,

||9||L90([[m+| T);CLy) ~ ”9”L°°([tm+l Tl; BH'V)

m+1 k - )
(3-49) < (Hl_[(t,+1—t,-’>w<to’ —iDE )

j=0i=0
(160lle + 11 F s a5 ms, )
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where tl.o =t fori=0,1,...,k+1, tkjrll :=0, C > 0 1is a constant depending
only on p,«,0,6,d, T and ||M||L%OC5. i

Therefore, for every « € (0, 1], 0 € [0, @), p € [2, 00), and for any ¢ € (0, T),
there is some k € N so that —o € (1/(k+2), 1/(k+1)], and there is some number
m € N so that (3-48) holds, and thus we can choose

tj_j(k+2)+i+1t~

= fori=0,1,...,k+1, j=0,1,2,..., 1,
; *k+2m+2) or 1 + J m—+

and appropriate sq, Sy, ...,Sk+1 € (0,0 — o) such that so+s1 +--- +sk11 =1 4+ vy 1.
Then we use (3-49) to get that for some y > 0,

- _y+l+d/p
(3-50) 101 Loo 7. 77: 01y ety < Ct@=o(||6ol e + ||f||L;°(B;mmBgm)),

with the constant C depending only on p, «, ¢, §, T, d and ||u“Lc%oC5.

Step 4: the estimation of ||0|| ooy 7).c1.v) for any y € (0,8 +a — o — 1) and any
t'e(0,T).

This is achieved by pursuing the above iteration process more times. In fact, for
any y € (0, §+a —o —1), there exists some p <ocosothat y +d/p <d+a—o—1,
and according to the above Step 3, we may suppose that there is already a bound of
||9||LOC([[ 2,71 BY with some 1 <s’ <147y +d/p, but by repeating the deduction
in Steps 1-2 for several times and due to the increment of regularity index s in each
time belonging to (0, « — o), we can derive an upper bound of ||6 ”LOO([:/,T];BI.*;*"/")’
which also satisfies (3-50) with ¢’ in place of 7. "

3C. The existence part. We consider the approximate system

-V —€eNO =
(3-51) {8;9—1—(14E )0+ LO —eAO = fe,

Ue = e * U, fe:¢e*f’ 9|t:0290,e = e * O,

where ¢.(x) = e 4¢(e'x) for all x € R? and ¢ € CSO(R") is a test function
supported on the ball By (0) satisfying0 <¢ <1, ¢ =10n By,2(0) and f[R{d ¢dx=1.
Due to that for all s > 0, ||906||B‘ ,(RY) Se 16oll r ey and luell Lo cs mey Se
llll oo and || fe ||LooBr 5 Se ||f||LocBa by using a classical procedure (the operator
L can be treated as Lemma 3.2), we obtam a smooth approximate solution 8(©) ¢
C([0,T: B;’Z(Rd)) NCl([0, T1; C°(R?)), s > d/p+ 1 for the system (3-51).
Notice that we have the following uniform-in-€ estimates that |6 ¢ || .» < ||60|l L7,
luellger < lullipes and I fellipamy nms o) < 1 s s, .- According to
Lemma 3.3, we mfer that the solutlons 9<E) uniformly-in-€ belong to the space
L®([0, T]; LP(R))NLP ([0, T1; B, 77 (RY)). From the system (3-51), we also
claim that 9,6€ € L?([0, T); Bp’p([R{d)) uniformly in € > 0. Indeed, it is derived
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from the following uniform-in-€ estimates:
Ifellpr g2 = Cllifellprr = Clf N rr = CTY|| fllLLr,
and (thanks to Lemma 2.2(3))

126N 1z < CILA1O o+ Y 27 NLAE L
jeN
<ClO N g +C Y 27227109 1p
jeN
<CT7)16 | 5o Lo,

(€) < (€) < /pno®; s
and [ A6 2 < CIO@llLp 5y < CTVP6 |10, and

1
IGue 900Nl p gz < Cllucdllppy < CTP el 110 Ieseer

< CTYP\lull o110 oo

Since the embedding Bf,‘;,g/ P < LP is locally compact, the classical Aubin—Lions
lemma (see, e.g., [Constantin and Foias 1988, Lemma 8.4]) ensures the strong
convergence of #©) (up to the subsequence, still denoting by 6(°)) to  in L’;sz)c.
From Fatou’s lemma, we get 0 € L*°([0, T']; LP(RY)NLP([0, TT; Bg;a/p([R{d)).
Noticing also that from u € L‘;OC‘S we have ue — u in LFL™ as € — 0, by
using Holder’s inequality, it is not hard to check that for any test function ¢ €
CE?O([RR‘! x [0, T]) (assuming supp ¢ € O x [0, T'] with a compact set O C R%),

T T
/fé(e)ue-V¢dxdt—/ f Ou - Vo dx dr
0 JRd 0 JRA

T T
//(0(6)—9)146-V<pdxdt f/@(ue—u)-Vgodxdt
0 JR 0 JRd

= CI00 =0l Ly ooy e L~ V9l i

+

=

+llue —ull g =10l Le IVl Ly Lo
< C10Q =0l p oo llullgrre + Cllue —ullppr= 0l grr

—-0 as e—0.
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By passing € to 0 in (3-51), from fe — f in L3°L? and 6y — 6p in L?, we deduce
that 6 is a distributional solution of (1-1) such that for every ¢ € C “(Rd [0, 7D

(3-52) /Q(X,t)go(x,t)dx—/ Qo(x)go(x,O)dx—/t/ 0(x, T)d:0(x, T) dx dt
Rd Rd 0 JRd

t
:f/ u0)(x,t)Ve(x, t)dxdr
0 JRd

// O(x, T)L*¢(x, T)dx dt
// f(x, De(x, 7)dx dr,
where £* is the adjoint operator of L.

Moreover, from Lemma 3.3, the weak solution 0 also satisfies

(3-53) max [0l < e UbollLr +11fllLpLo).

with some constant C' = C’'(p, «, 0, d). Moreover, by repeating the process in
Section 3B for the approximate system (3-51) and using the Fatou lemma, we get

6 € C((0, T]; CHY (RY))

for any y € (0,8 + o — 1 — o). Therefore, we conclude Theorem 1.1.

4. Proof of Theorem 1.2

4A. Auxiliary lemmas. Before proceeding with the main proof, we introduce
several auxiliary lemmas. First is the maximum principle for the drift-diffusion
equations (1-1)—(1-2).

Lemma 4.1. Let the vector field u and the forcing term [ be smooth. Assume that
6 € L2([0, T1; H*(RY))

(s > d/2+1) is a smooth solution for the drift-diffusion equations (1-1)—(1-2) under

the assumptions of K (1-3)—(1-5). Then we have

T
(4-1 Jmax {|6(t)]|L= = [l6oll > +/ I f (@Ol dt.
<i< 0

Proof of Lemma 4. 1. Thanks to the nonnegative condition (1-5), the proof is similar
to [Cérdoba and Cérdoba 2004, Theorem 4.1]. We here sketch the proof for the
sake of completeness. Since 6(-,1) € H® withs > d/2+ 1 forany 0 <t < T,
there exists a point x; € R? where |0| attains its maximum value;with no loss of
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generality we set

O(xi, 1) = [10(0)[| Lo~

It should be noted that V,60(x;, ) =0 and due to K(y) > 0 we find
(£0) 101 =pvof (B0 =05+ . DK )y 0.
We thus get
%lle(t)||L°° <000, 1) < f()lz~ forall 0<r=<T.

Integrating in time yields the desired estimate (4-1). (]

The second is the maximum principle with diffusion effect for the following
frequency localized drift-diffusion equation

(4-2) B A0 +u-VAO+LA =g jeN,

where the operator £ defined by (1-2) with the symmetric kernel K satisfying
(1-3)—(1-5).

Lemma 4.2. Assume that u and f are suitably smooth functions, and 0 is a smooth

solution to the equation (4-2) satisfying A ;0 € Co(R?) forallt >0 and j € N. Then
there exist absolute positive constants ¢ and C depending only on «, o, d such that

d e
(4-3) E”AjellLoo + 27D ABl L < CIA;O e+ 1IgllLe-
Proof of Lemma 4.2. Denote by 6; := A;6, and from 0;(¢) € Co(R?) for j e N,
there exists a point x;,; € R? such that 10;(t, x:, /)| = 1161 L= > 0. Without loss of
generality, we assume 6; (¢, x; ;) = [|6; ||~ > O (otherwise, we consider the equation

of —6; and replace 6; by —6; in the following deduction). Now by using (1-2),
(1-5), (1-7) and the fact 6(z, x; ;) — 0(t, x; j +y) = 0, we get

£6;(xi.;) =p. . /R 650~ F DK dy
:p.v./|| l(ej(x;’j)—Qj(xz,j+Y))K(y)dy
Y=<

+ /| ) =0 KD
y>



500 LIUTANG XUE aND ZHUAN YE

which then gives

0;(xs,j) — 0 (x;,j +y) d
|y|dta—o

4-4) L0, ))=>c;'p.v. /

[yl=1

+ /| 600 =0 DK ) dy
y|>

0; ) —0; i
Zczlp'v.fdj(xt,]) ](xl‘,j +y) dy
R

|y|d+a—a
0;(xe. 1) — 0; (xp.j +
—C_l/ _]( t,]) _ j( t,j y) dy
ly|>1 |y|dta—e
> DI 000 ~ 26 16 s | ey
|y\>l|y|

> ¢y e L IDI70;(x1.5) — ClG)ll e
According to [Wang and Zhang 2011, Lemma 3.4], we have
(4-5) IDI*776; (xr, ) = €277 |16 L,
with some generic constant ¢ > 0. Inserting (4-5) into (4-4) yields
(4-6) £6; (xr, ) = €27 “7|6; | 1 — Cjl| e
Hence, by arguing as Lemma 3.2 of the same work and using the fact V0, (¢, x; ;) =0,
we get
@D Lyl = 00;05)
= —u(t,x;;)-VOi(t,x; ;) —LOi(t,x; ;) +g(t,x: ;)
< —c2/“716; ]| L+ ClI6; [l L + | gl L=
which finishes the proof of (4-3). [l

4B. A priori estimates. In this subsection, we assume 6 is a smooth solution with
suitable spatial decay for the drift-diffusion equations (1-1)—(1-2) with sufficiently
smooth u and f. We intend to show the key a priori differentiability estimate. The
proof is divided into four steps.

Step 1: the estimation of (|0 | o (4., 77: cs (rey) forany s € (1—6, a—o) and 1o € (0, T).
For every j € N and j > 4, applying the inhomogeneous dyadic operator A; to
the equation (1-1), we get

(4-8) 3;A]’9+M~VA]'9+[,AJ'9 = Ajf—[Aj,u'V]e = Ajf-l—ll + I, + I,

where [1—1I3 defined by (3-14) are the Bony’s decomposition of the commutator
term —[A;, u - V]0. Taking advantage of Lemma 4.2 in the frequency localized
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equation (3-13), we get
d j@=o)
4-9) 11401~ +c2 A0 L
< CillAjOlle + [l + 12l + 1 3]l + 1A fll Lo

Similarly to the derivation of (3-19) and (3-20), we see that

(4-10) Ihlle < C27 7P ulles Y 21 A0 L=,
lk—jl<4
and
(4-11) 1ol < cz—”nunc-s(Z 2k||Ak9||L°°>,
k<j

and for || I3]| ., by virtue of Holder’s inequality and Bernstein’s inequality, we find

@12) Bl < D0 1A (A VAD) e+ Y ([ Agu- VALA;O] L
k>j—2 k>j—=2

<C ) A2 Aeh]| Lox
k>j—2

<C Y 20 Apul Lo | Ak Lo
k>j—2

§C||u||c's< > 2"“‘”||Ake||m>.

k>j—3

Inserting the upper estimates (4-10)—(4-12) into (4-9), we have

d (-
(4-13) A0l + 27 A0 1o

< Coll A0l + 1Al + Cllullgs2 ™ Y 25| A
k<j+4

+Clulles Y 2 A0 v
k>j—3

In particular, by some j; € N chosen later (see (4-24)) so that ¢2/1©@~9) > 2C,, or
more precisely

(4-14) 1= [ ! logz(?)} + 1,
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we see that for j > j,

d [ (a—
(@-15) IABl L0 +527 )46 L~

<A flle+Clull 27 > 24| A0 ]~
k<j+4

+Cllulles Y 2V ANI L
k>j—3

=14 fllL=+ F + F}.
Consequently, Gronwall’s inequality guarantees that for every j > j; and ¢ > 0,

_Cyjla—o
zﬂ

)
(4-16) [|[A;0(1)|L= <e 1460l

U e ypi—o)
+fe 2D (AL () + F () + FA(D) de.
0

On the other hand, we have the classical maximum principle (4-1) for (1-1):

(4-17) 0@l < 160l Jrfotllf(f)llLoo dr.

By arguing as (3-26), we get that for all t > 0, j e Nand s € (0, ¢ — o),
(4-18) 2ise= 5127 A6l < Ca,a,st_a%a 16oll Lo,

we gather (4-16) and (4-17) to obtain

(@-19) [0l ~ 16Ol
< sup 27| A0, oo+ sup 27 | A0, o
J=i1 ES
. __5
< C2* (100l oo + 11 1l 10+ Cars? @7 160l

T e ypit—o)
+ sup / e 2T (|A £, (1) +F] (1) + FA(1)d.
j=hJ0

For the term containing [|A; f||z~ and F 1 in a similar way as obtaining (3-28) and
(3-29), we obtain that for every s € (0,0 —o +8)andd e (1 —a +o, 1),

t (o ) ‘
(4-20) Supf e300 )2JS||Ajf||L°0('L’)d‘L' = Cllfllpse¢s sup pJ(s—ato=5)
jzjiJ0 VESI

<Cllfllmes.
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and
L js 1
(4-21) j51>153 Oe 2 27°F; (r)dr
=ZJ1

-5 S ji(l—a+o—35) =S
<(Ct a=2 |ullpoogs( sup Ta=o [|0(T)lBs, . |-
! 7e(0,1] ’

For the term including sz in (4-19), by using (3-12) again, we similarly get that
forallse (1—-6§,a—o)andse(l —a+o,1),

t Ha—0) -
(4-22) sup / e 2V P2 vy de

J=j1v0
! _C(— j(@—0) :
—Csup [ e ||u<r>||c-52“( 2 2"““”||Ak9<r>||m) dr
J=j1J0 k> -3
P ! _Cs Jjla—o)

< Cllull oo sup 2”( > 2"““3‘”) f e 2P0 () gy de

jzjl k2j73 0 '

_s

< cuuumes( sup Ta—o ||9<r)||3&m>

t€(0,7]

t
(- _C(_pyieo) __s
sup 2/ (1 ‘”/ A e [
Jjz 0

S . S
< cra—o2—““—“—“+f’”||u||poc-s( sup T [|6(7)| By, M>.
! 7€(0,1] ’

Inserting the estimates (4-20), (4-21), (4-22) into (4-19) yields that for any 1 —§ <
s<a—ocandO0 <t <T,

@-23) 177 0],
s oo o s
< C1a7 (0l + 1f )27 + Coas 1601l o CTTT I f I

. S
+c21'“‘°‘+““”||ullLooc-s< sup 7@ [|6(7) ], )
p rE(O,I] 00,00

< CTT7 (00l + 1 £ 11 ;)2 + Cas Mol o + CTT | fll s

. S
+C2—11(5—(1—0!+0))||u||Looca( sup 14=9 [|6(2) |l )
r 1€(0,T] =

Since 1 —a+0 —8 > 0, by further choosing j; such that C2/1(1=e+o=d)| 3, lpsees < i
and (4-14) holds, or more precisely,

log, 2C|ull oo ¢ log,(2C
(4-24) Jj1 = max 2 LFC , 08, (2C2/) LAY+ 1,
—(l—a+o0) oa—0
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we have that forall 1 - § <s <o — o,

_s_
(4-25)  sup (te= [|6(t)|Bs, )
1€(0,T1]

< C(T+DQ@" 6ol + 1l 1) + 1 f I pe0)s

which implies that for arbitrarily small 7y € (0, T') and every so € (1 — 3, — 0),

S0

D@ U0l + 1y )

(4-26)  sup [[0(1)]y0 =Ct

telto, T
with j; given by (4-24).

Step 2: the estimation of ||| forspe(1-656,a—0), s1€(0,a—0)
and any #; € (t9, T).

For every j > j; with j; € N satisfying (4-14) chosen later (j; is slightly different
from that number in Step 1), applying the Gronwall inequality to (4-15) over the

time interval [ty, ¢] (for t > #o > 0) gives

L=([1,T1; BYRY

_ _ j(a—0o)
(4-27)  [|Aj0() | 1 < e CPE02TT ) A0 (1) || oo

! j(a—o
+/ e~ (A f g + Fl + FA)(0) dr.
to

Noticing that for j e N, so € (1 -3, —o) and all s € (0, ¢ — 0),

e 2T QIO A0 (1) | e < € 27X 2 0 tg) o
(4-28) < Coros(t —10)" T [0(10) 1 30 .
by arguing as (4-19) we obtain that for all # > ¢y > 0,

(4-29) 10D g

< sup 2/ A0 (1)1 oo + sup 27TV A;0(1) ||
J<i J=j

. __5
< C21 (|60l e + 11 f 1l ) ) + Corors (¢ = 10) "7 [|0(t0) | g0
L -y J(s0+s) 1 2
+sup [ 2 2 Aj [l () + F (0) + Ff (1) dr.
J=zhJn

In a similar fashion as the estimation of (3-38), (3-39)-(3-40), we find that for every
s€0,a—o)andso+s <d+a—o,

t

- —1)2ie0) 4

(4-30) sup/ e c/D=1)2! 2J(SO+S)||Ajf”LOO(T) dr < C”f”L?"Bﬁooo’
Jjzi v ’
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and

t . Ha—o .
4-31)  sup / 20X it (1) de
izt
Cllul e (.

S SiG(—aronz\ SUP (t — 1)@ |0 soﬂ)(l‘—fo) @

Te(tp,t]

if0<sg+s <1,and

t o)
(4_32) Sup/ e—%(z—r)ﬂ( )2](SO+S)F}-1(‘E)d‘L'
J=J

Clull e (

= St —atoy \ SUP (T —l)ee < lel W)(I_IO) =

Te(to,t]

if 1 <sgp+s <&+ o —o. For the term including sz in (4-29), by using (3-12)
again and the fact that sy € (1 —§, @ — o), we get that for all s € (0, ¢ — 0),

o .
(4-33)  sup / 20X it P2 (1) de
J=ihJi

t (o .
=Csup / e 2! ’||u<r>||c-52/“0“>< 3 k- ‘”nAke(r)an)dr
fo

J= k>j-3

_C— j(@—0)
< Cllull s sup2’(s°+s)< Y ok S>) / 22 ()] g de

JZn k>] -3

< Cllall s (5P (T=10)T7 [0D)]

T€(tp,1] )
sup2/ (1= 5)/ S-m2ie- a)( —to)_ﬁdr
Jz
= Clltlses (5P (=107 [6(D)] g1 ) 1 —t0) &0 27/ O=1r%),
! T€(to, 1]
Plugging the estimates (4-30)—(4-33) into (4-29), and in a similar way as obtaining
(4-23), we have that for every r € (9, T], s€ (0,0 —o) and so+s5s <é+a — o0,
s s .
@-34) (1 =10)T7 [0)] gors < CTT7 (|60l + 1| fll 1 )27
s
+ Ca,c,s 16 (o) ”B;g,oc +CToe=a | f”Lf”CfS

+ additional term
where the additional term is given by

Cllul e (

Sy S (=TT 0] )

te(to,T]



506 LIUTANG XUE aND ZHUAN YE

if sp+s <1, and

Cllull s (

2hGra—o—Gots) \ SUP (t—1tp)a= “||9(t)|| VOH)

te(to,T]

if 1 <sp+s <8+ a—o. Hence we choose j; € N as

210g,2C [ull o 7 log,(2C2/c)
4-35 | = — || =2 At+1
( ) / max{[ d—(1—-a+o) i| [ a—o ] }+

ifso+s <1, and

log, 2C |lull oo log,(2C»/c)
4-36 | = r | —==2 L4t 41
(4-30) Jt max{[é—l-oz—a—(so—l-s)] [ a—0o ] }+

if 1 <sp+s <8+a—o. We thus find that forall s € (0, « —0) and so+s <5+a—o,

4-37)  sup ((t=10)" "N gger) < CT+D UM o1 1 )27
te(ty,T]

+CIOW gy +CT+DIF g

which specially guarantees that for any #; > #p > 0 (which may be arbitrarily close
to tp) and every so € (1 -8, —0), 51 € (0, ¢ —0) satisfying so+s5; <d+o —o0,

(4-38)  sup [O(D)llpt
te[t,T]

< C(t —10)" @7 (T + D(ll6oll, + 1 /1, Lm>2“<’°+“>+||9(to>|| 0 )
+C(t —10)" @ (T + 1)||f||LooC5,
with j; given by (4-35)—(4-36).

Step 3:the estimation of |6 ;7. 7}.c1.vy for some y > 0 and any 7 € (0, T).
fa—0o € (%, 1), we can select appropriate so € (1 -8, —0), s1 € (0, —0) so
that 1 < so+s; <8+ o —o, thus from (4-38) we obtain that for y =sg+s1—1>0,

sup [[0@)llcr &~ sup (O] gron = C,
telt,T] telt,T]

with C the bound on the right-hand side of (4-38).
For the remained scope o —o € (0, %], we have to iterate the above procedure in
Step 2 for more times. Assume that for some small number #, > 0, k € N, we have

a finite bound on ||9(tk)|| R withspe (1-6,a—0), s1,...,5: €0, x—0)
satisfying so + 51 + - + s < < 1, then by arguing as (4-38), we 1nfer that for any
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terl >ty Skr1 € (1 =68, ¢ — o) satisfying so+s51+ -+ Sp+1 <8 +a — o0,

_ Sk+1
(4-39) sup [0l grotsittsirs < Cllggr — 1) @
1€[tg11,7T] oo

ok

(T + DUl +11£ 1l )2 E20 0 10| o)
_ Skl

+ Cltisr — 1)~ @0 (T + DI fll s,

where ji is also given by (4-35)—(4-36) with 5o+ s replaced by so+s1+- - - + Sg+1-
Hence if @ — o € (1/(k +2),1/(k + 1)], k € NT, we can choose appropriate
numbers sg, Sy, ...,5+1 € (1 =8, — o) sothat 1 < 59+ 51+ -+ Sgp1 <
8 +a — o, and by repeating the above process for (k + 1)-times, we deduce that for
y=s0+s1+ - +8+1—1>0,

sup (10Ol sup [ ] grotsietoen

t€lty+1,T] t€lty+1,T]
k _Sitl S0
(4-40) sC(]‘[(r,-+1—r,-> gy ")<||eo||Loo+||f||L%ocs),
i=0

with C a finite constant depending on «, o, §, T, d and ||M||Lc%oc'v8.

Hence for every o € (0, 1], o € [0, @), and for any € (0, T), there is some
k eNsothata—o € (1/(k+2),1/(k+1)], and we can choose t; = (i +1)/(k+2)f
fori =0,1,...,k+1 and appropriate numbers so € (1 =8, ¢ —0), §1, ..., Sk+1 €
(0,0 —o) such that 1 < so+ 51+ -+ sg+1 < 8 + o — o, thus from (4-40) we
deduce that for some y > 0,

(4-41) 161 L g7 7, c1r ey < CT- YD C=D (60| oo + || £ 1| oo ),

with the constant C depending only on «, o, §, T, d and |[u|| Les-

Step 4:the estimation of [|0]| (7, 7).c1») for any y € (0,6 + @ —o — 1) and any
t'e0,T).

After obtaining the estimate of |0l /2, 7); B3, o) with some 1 <§ < 14y for
any y € (0, 5+« —o —1), we can repeat the deduction in Steps 1-2 for several times
and due to the increment of regularity index s at each time belonging to (0, « — o),
we can derive an upper bound of ||6|| by establishing (4-41) with ¢’

~ Lo((#',T1; Bad L)
in place of 7.

4C. Uniform-in-¢ differentiability estimates of the regularized system. We con-
sider the approximate system

00 4+ (ue - V)0 + LO —eAO = fe,
(4-42) Ue =P xU, fe:=dcx*f,

Oli=0 = 00,e := Pe * (B0l (0))-
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Here 1¢(x) is the standard indicator function on the set €2 and ¢ = e 4o x) e
cx (R?) is the function introduced in Section 3C.

Due to 6y € Co(R?%), we see that B0 = ¢e * (90131/5(0)) is smooth for ev-
ery € > 0, and [|6o.cll gs ey Se 160l poomey for all s > 0. Similarly from u
L®([0, T]; C3(RY)) and f(¢) € C° N L*(RY) for every t € [0, T], we get u, €
L®([0, T1; C*(RY)) for all s > 8 and fe€e L*®([0, TY; H*(R?)) for all s > 0. Hence,
for every € > 0, by the classical method (e.g., [Miao and Xue 2015, Proposition 7.1]),
we obtain an approximate solution 6 € C([0, T1; H*(RY))NC'((0, T1; C;°(RY)),
s > d /241 for the system (4-42).

Since we have the uniform-in-€ estimates that ||6p ¢ |z~ < [|60llz, [lucll Lred =
|u ||L;°C<5 and || fe ||L‘}°C5 < ||f||Lc;oCa, we consider the equation of 0© and by arguing
as (4-41) and Step 4 in the above subsection, we can derive the uniform-in-€ estimate
of 10 oo 73: 17 ey With any ¥ € (0,8 +a —o — 1) and ¢’ € (0, T).

Therefore, we have finished the proof of Theorem 1.2.

Acknowledgements

The authors would like to thank the anonymous referee and the corresponding
editor for their insightful comments and many valuable suggestions, which greatly
improved the exposition of the manuscript. L. Xue was supported by the National
Natural Science Foundation of China (Nos. 11401027, 11671039) and Youth Schol-
ars Program of Beijing Normal University. Z. Ye was supported by the Foundation
of Jiangsu Normal University (No. 16XLR029), the Natural Science Foundation of
Jiangsu Province (No. BK20170224), the National Natural Science Foundation of
China (No. 11701232).

References

[Bahouri et al. 2011] H. Bahouri, J.-Y. Chemin, and R. Danchin, Fourier analysis and nonlinear
partial differential equations, Grundlehren der Math. Wissenschaften 343, Springer, 2011. MR Zbl

[Caffarelli and Silvestre 2007] L. Caffarelli and L. Silvestre, “An extension problem related to the
fractional Laplacian”, Comm. Partial Differential Equations 32:7-9 (2007), 1245-1260. MR Zbl
[Caftarelli and Silvestre 2011] L. Caffarelli and L. Silvestre, “Regularity results for nonlocal equations
by approximation”, Arch. Ration. Mech. Anal. 200:1 (2011), 59-88. MR Zbl

[Caffarelli and Vasseur 2010] L. Caffarelli and A. Vasseur, “Drift diffusion equations with fractional
diffusion and the quasi-geostrophic equation”, Ann. of Math. (2) 171:3 (2010), 1903-1930. MR Zbl

[Caffarelli et al. 2011] L. Caffarelli, C. H. Chan, and A. Vasseur, “Regularity theory for parabolic
nonlinear integral operators”, J. Amer. Math. Soc. 24:3 (2011), 849-869. MR Zbl

[Chae and Wu 2012] D. Chae and J. Wu, “The 2D Boussinesq equations with logarithmically
supercritical velocities”, Adv. Math. 230:4-6 (2012), 1618-1645. MR Zbl

[Chamorro and Lemarié-Rieusset 2012] D. Chamorro and P. G. Lemarié-Rieusset, “Quasi-geostrophic
equations, nonlinear Bernstein inequalities and «-stable processes”, Rev. Mat. Iberoam. 28:4 (2012),
1109-1122. MR Zbl


http://dx.doi.org/10.1007/978-3-642-16830-7
http://dx.doi.org/10.1007/978-3-642-16830-7
http://msp.org/idx/mr/2768550
http://msp.org/idx/zbl/1227.35004
http://dx.doi.org/10.1080/03605300600987306
http://dx.doi.org/10.1080/03605300600987306
http://msp.org/idx/mr/2354493
http://msp.org/idx/zbl/1143.26002
http://dx.doi.org/10.1007/s00205-010-0336-4
http://dx.doi.org/10.1007/s00205-010-0336-4
http://msp.org/idx/mr/2781586
http://msp.org/idx/zbl/1231.35284
http://dx.doi.org/10.4007/annals.2010.171.1903
http://dx.doi.org/10.4007/annals.2010.171.1903
http://msp.org/idx/mr/2680400
http://msp.org/idx/zbl/1204.35063
http://dx.doi.org/10.1090/S0894-0347-2011-00698-X
http://dx.doi.org/10.1090/S0894-0347-2011-00698-X
http://msp.org/idx/mr/2784330
http://msp.org/idx/zbl/1223.35098
http://dx.doi.org/10.1016/j.aim.2012.04.004
http://dx.doi.org/10.1016/j.aim.2012.04.004
http://msp.org/idx/mr/2927350
http://msp.org/idx/zbl/1248.35156
http://dx.doi.org/10.4171/RMI/705
http://dx.doi.org/10.4171/RMI/705
http://msp.org/idx/mr/2990136
http://msp.org/idx/zbl/1256.35191

ON THE DIFFERENTIABILITY ISSUE OF THE DRIFT-DIFFUSION EQUATION 509

[Chamorro and Menozzi 2016] D. Chamorro and S. Menozzi, “Fractional operators with singular drift:
smoothing properties and Morrey—Campanato spaces”, Rev. Mat. Iberoam. 32:4 (2016), 1445-1499.
MR Zbl

[Chen et al. 2007] Q. Chen, C. Miao, and Z. Zhang, “A new Bernstein’s inequality and the 2D
dissipative quasi-geostrophic equation”, Comm. Math. Phys. 271:3 (2007), 821-838. MR Zbl

[Chen et al. 2015] Z.-Q. Chen, R. Song, and X. Zhang, “Stochastic flows for Lévy processes with
Holder drifts”, preprint, 2015. arXiv

[Constantin and Foias 1988] P. Constantin and C. Foias, Navier—Stokes equations, Univ. Chicago
Press, 1988. MR Zbl

[Constantin and Vicol 2012] P. Constantin and V. Vicol, “Nonlinear maximum principles for dissipa-
tive linear nonlocal operators and applications”, Geom. Funct. Anal. 22:5 (2012), 1289-1321. MR
Zbl

[Constantin and Wu 2008] P. Constantin and J. Wu, “Regularity of Holder continuous solutions of
the supercritical quasi-geostrophic equation”, Ann. Inst. H. Poincaré Anal. Non Linéaire 25:6 (2008),
1103-1110. MR Zbl

[Cérdoba and Cérdoba 2004] A. Cérdoba and D. Cérdoba, “A maximum principle applied to quasi-
geostrophic equations”, Comm. Math. Phys. 249:3 (2004), 511-528. MR Zbl

[Dabkowski et al. 2014] M. Dabkowski, A. Kiselev, L. Silvestre, and V. Vicol, “Global well-posedness
of slightly supercritical active scalar equations”, Anal. PDE 7:1 (2014), 43-72. MR Zbl

[Hmidi 2011] T. Hmidi, “On a maximum principle and its application to the logarithmically critical
Boussinesq system”, Anal. PDE 4:2 (2011), 247-284. MR Zbl

[Husseini and Kassmann 2007] R. Husseini and M. Kassmann, “Markov chain approximations for
symmetric jump processes”, Potential Anal. 27:4 (2007), 353-380. MR Zbl

[Jacob 2005] N. Jacob, Pseudo differential operators and Markov processes, 11l: Markov processes
and applications, Imperial College Press, London, 2005. MR Zbl

[Kassmann 2009] M. Kassmann, “A priori estimates for integro-differential operators with measurable

kernels”, Calc. Var. Partial Differential Equations 34:1 (2009), 1-21. MR Zbl

[Kiselev and Nazarov 2009] A. Kiselev and F. Nazarov, “A variation on a theme of Caffarelli and
Vasseur”, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. 370 (2009), 58—72. In Russian;
translated in J. Math. Sci. (N.Y.) 166:1 (2010), 31-39. MR Zbl

[Kiselev et al. 2007] A. Kiselev, F. Nazarov, and A. Volberg, “Global well-posedness for the critical
2D dissipative quasi-geostrophic equation”, Invent. Math. 167:3 (2007), 445-453. MR Zbl

[Komatsu 1995] T. Komatsu, “Uniform estimates for fundamental solutions associated with non-local
Dirichlet forms”, Osaka J. Math. 32:4 (1995), 833-860. MR Zbl

[Maekawa and Miura 2013] Y. Maekawa and H. Miura, “On fundamental solutions for non-local
parabolic equations with divergence free drift”, Adv. Math. 247 (2013), 123-191. MR Zbl

[Miao and Xue 2015] C. Miao and L. Xue, “On the regularity issues of a class of drift-diffusion
equations with nonlocal diffusion”, preprint, 2015. arXiv

[Sato 1999] K. Sato, Lévy processes and infinitely divisible distributions, Cambridge Studies in
Advanced Mathematics 68, Cambridge Univ. Press, 1999. MR Zbl

[Silvestre 2012a] L. Silvestre, “Holder estimates for advection fractional-diffusion equations”, Ann.
Sc. Norm. Super. Pisa CL. Sci. (5) 11:4 (2012), 843-855. MR Zbl

[Silvestre 2012b] L. Silvestre, “On the differentiability of the solution to an equation with drift and
fractional diffusion”, Indiana Univ. Math. J. 61:2 (2012), 557-584. MR Zbl


http://dx.doi.org/10.4171/RMI/925
http://dx.doi.org/10.4171/RMI/925
http://msp.org/idx/mr/3593532
http://msp.org/idx/zbl/1365.35203
http://dx.doi.org/10.1007/s00220-007-0193-7
http://dx.doi.org/10.1007/s00220-007-0193-7
http://msp.org/idx/mr/2291797
http://msp.org/idx/zbl/1142.35069
http://msp.org/idx/arx/1501.04758
http://msp.org/idx/mr/972259
http://msp.org/idx/zbl/0687.35071
http://dx.doi.org/10.1007/s00039-012-0172-9
http://dx.doi.org/10.1007/s00039-012-0172-9
http://msp.org/idx/mr/2989434
http://msp.org/idx/zbl/1256.35078
http://dx.doi.org/10.1016/j.anihpc.2007.10.001
http://dx.doi.org/10.1016/j.anihpc.2007.10.001
http://msp.org/idx/mr/2466323
http://msp.org/idx/zbl/1149.76052
http://dx.doi.org/10.1007/s00220-004-1055-1
http://dx.doi.org/10.1007/s00220-004-1055-1
http://msp.org/idx/mr/2084005
http://msp.org/idx/zbl/1309.76026
http://dx.doi.org/10.2140/apde.2014.7.43
http://dx.doi.org/10.2140/apde.2014.7.43
http://msp.org/idx/mr/3219499
http://msp.org/idx/zbl/1294.35092
http://dx.doi.org/10.2140/apde.2011.4.247
http://dx.doi.org/10.2140/apde.2011.4.247
http://msp.org/idx/mr/2859855
http://msp.org/idx/zbl/1264.35173
http://dx.doi.org/10.1007/s11118-007-9060-6
http://dx.doi.org/10.1007/s11118-007-9060-6
http://msp.org/idx/mr/2353972
http://msp.org/idx/zbl/1128.60071
http://dx.doi.org/10.1142/9781860947155
http://dx.doi.org/10.1142/9781860947155
http://msp.org/idx/mr/2158336
http://msp.org/idx/zbl/1076.60003
http://dx.doi.org/10.1007/s00526-008-0173-6
http://dx.doi.org/10.1007/s00526-008-0173-6
http://msp.org/idx/mr/2448308
http://msp.org/idx/zbl/1158.35019
http://mi.mathnet.ru/znsl3531
http://mi.mathnet.ru/znsl3531
https://doi.org/10.1007/s10958-010-9842-z
http://msp.org/idx/mr/2749211
http://msp.org/idx/zbl/1288.35393
http://dx.doi.org/10.1007/s00222-006-0020-3
http://dx.doi.org/10.1007/s00222-006-0020-3
http://msp.org/idx/mr/2276260
http://msp.org/idx/zbl/1121.35115
http://projecteuclid.org/euclid.ojm/1200786472
http://projecteuclid.org/euclid.ojm/1200786472
http://msp.org/idx/mr/1380729
http://msp.org/idx/zbl/0867.35123
http://dx.doi.org/10.1016/j.aim.2013.07.011
http://dx.doi.org/10.1016/j.aim.2013.07.011
http://msp.org/idx/mr/3096796
http://msp.org/idx/zbl/1284.35208
http://msp.org/idx/arx/1507.04806
http://msp.org/idx/mr/1739520
http://msp.org/idx/zbl/0973.60001
http://dx.doi.org/10.2422/2036-2145.201009_004
http://msp.org/idx/mr/3060702
http://msp.org/idx/zbl/1263.35056
http://dx.doi.org/10.1512/iumj.2012.61.4568
http://dx.doi.org/10.1512/iumj.2012.61.4568
http://msp.org/idx/mr/3043588
http://msp.org/idx/zbl/1308.35042

510 LIUTANG XUE aND ZHUAN YE

[Silvestre et al. 2013] L. Silvestre, V. Vicol, and A. Zlatos, “On the loss of continuity for super-critical
drift-diffusion equations”, Arch. Ration. Mech. Anal. 207:3 (2013), 845-877. MR Zbl

[Tao 2009] T. Tao, “Global regularity for a logarithmically supercritical hyperdissipative Navier—
Stokes equation”, Anal. PDE 2:3 (2009), 361-366. MR Zbl

[Wang and Zhang 2011] H. Wang and Z. Zhang, “A frequency localized maximum principle applied
to the 2D quasi-geostrophic equation”, Comm. Math. Phys. 301:1 (2011), 105-129. MR Zbl

Received March 1, 2017. Revised August 30, 2017.

LIUTANG XUE

SCHOOL OF MATHEMATICAL SCIENCES

BEIJING NORMAL UNIVERSITY

LABORATORY OF MATHEMATICS AND COMPLEX SYSTEMS
MINISTRY OF EDUCATION

BEIJIING

CHINA

xuelt@bnu.edu.cn

ZHUAN YE

DEPARTMENT OF MATHEMATICS AND STATISTICS
JIANGSU NORMAL UNIVERSITY

XUzHOU

CHINA

yezhuan815@126.com


http://dx.doi.org/10.1007/s00205-012-0579-3
http://dx.doi.org/10.1007/s00205-012-0579-3
http://msp.org/idx/mr/3017289
http://msp.org/idx/zbl/1264.35077
http://dx.doi.org/10.2140/apde.2009.2.361
http://dx.doi.org/10.2140/apde.2009.2.361
http://msp.org/idx/mr/2603802
http://msp.org/idx/zbl/1190.35177
http://dx.doi.org/10.1007/s00220-010-1144-2
http://dx.doi.org/10.1007/s00220-010-1144-2
http://msp.org/idx/mr/2753672
http://msp.org/idx/zbl/1248.35211
mailto:xuelt@bnu.edu.cn
mailto:yezhuan815@126.com

CONTENTS

Volume 293, no. 1 and no. 2

David E. Barrett and Dusty E. Grundmeier: Sums of CR functions from competing
CR structures

Brian H. Bowditch: Large-scale rigidity properties of the mapping class groups

Esteban Calvifio-Louzao, Eduardo Garcia-Rio, Ixchel Gutiérrez-Rodriguez and
Ramoén Vazquez-Lorenzo: Bach-flat isotropic gradient Ricci solitons

Florian Eisele, Michael Geline, Radha Kessar and Markus Linckelmann: On Tate
duality and a projective scalar property for symmetric algebras

Eduardo Garcia-Rio with Esteban Calvifio-Louzao, Ixchel Gutiérrez-Rodriguez and
Ramén Vazquez-Lorenzo

Michael Geline with Florian Eisele, Radha Kessar and Markus Linckelmann
Dusty E. Grundmeier with David E. Barrett

Ixchel Gutiérrez-Rodriguez with Esteban Calvifio-Louzao, Eduardo Garcia-Rio
and Ramoén Vazquez-Lorenzo

S. Kaliszewski, Magnus B. Landstad and John Quigg: Coaction functors, 11
Radha Kessar with Florian Eisele, Michael Geline and Markus Linckelmann

Daniel Kirch: Construction of a Rapoport—Zink space for GU(1, 1) in the ramified
2-adic case

Magnus B. Landstad with S. Kaliszewski and John Quigg
Markus Linckelmann with Florian Eisele, Michael Geline and Radha Kessar
Yong Luo: Contact stationary Legendrian surfaces in S°

Nicole Mestrano and Carlos Simpson: Irreducibility of the moduli space of stable
vector bundles of rank two and odd degree on a very general quintic surface

Colm Patric Mitchell: A capillary surface with no radial limits
James O’Shea: Group and round quadratic forms
John Quigg with S. Kaliszewski and Magnus B. Landstad

Nathan Reading and Salvatore Stella: Initial-seed recursions and dualities for
d-vectors

Jean Roydor: Dual operator algebras close to injective von Neumann algebras

257

75

277

75
277
257

75
301
277

341
301
277
101

121
173
391
301

179
407



512

Yuguang Shi and Luen-Fai Tam: Scalar curvature and singular metrics

Alok Shukla: Codimensions of the spaces of cusp forms for Siegel congruence
subgroups in degree two

Carlos Simpson with Nicole Mestrano
Salvatore Stella with Nathan Reading

Yuhua Sun: Nonexistence results for systems of elliptic and parabolic differential
inequalities in exterior domains of R"

Luen-Fai Tam with Yuguang Shi

Ramén Vazquez-Lorenzo with Esteban Calvifio-Louzao, Eduardo Garcia-Rio and
Ixchel Gutiérrez-Rodriguez

Liutang Xue and Zhuan Ye: On the differentiability issue of the drift-diffusion
equation with nonlocal Lévy-type diffusion

Zhuan Ye with Liutang Xue

427

207
121
179

245
427

75

471
471



Guidelines for Authors

Authors may submit articles at msp.org/pjm/about/journal/submissions.html and choose an
editor at that time. Exceptionally, a paper may be submitted in hard copy to one of the
editors; authors should keep a copy.

By submitting a manuscript you assert that it is original and is not under consideration
for publication elsewhere. Instructions on manuscript preparation are provided below. For
further information, visit the web address above or write to pacific@math.berkeley.edu or
to Pacific Journal of Mathematics, University of California, Los Angeles, CA 90095-1555.
Correspondence by email is requested for convenience and speed.

Manuscripts must be in English, French or German. A brief abstract of about 150 words or
less in English must be included. The abstract should be self-contained and not make any
reference to the bibliography. Also required are keywords and subject classification for the
article, and, for each author, postal address, affiliation (if appropriate) and email address if
available. A home-page URL is optional.

Authors are encouraged to use IATEX, but papers in other varieties of TgX, and exceptionally
in other formats, are acceptable. At submission time only a PDF file is required; follow
the instructions at the web address above. Carefully preserve all relevant files, such as
IATEX sources and individual files for each figure; you will be asked to submit them upon
acceptance of the paper.

Bibliographical references should be listed alphabetically at the end of the paper. All ref-
erences in the bibliography should be cited in the text. Use of BibTgX is preferred but not
required. Any bibliographical citation style may be used but tags will be converted to the
house format (see a current issue for examples).

Figures, whether prepared electronically or hand-drawn, must be of publication quality.
Figures prepared electronically should be submitted in Encapsulated PostScript (EPS) or
in a form that can be converted to EPS, such as GnuPlot, Maple or Mathematica. Many
drawing tools such as Adobe Illustrator and Aldus FreeHand can produce EPS output.
Figures containing bitmaps should be generated at the highest possible resolution. If there
is doubt whether a particular figure is in an acceptable format, the authors should check
with production by sending an email to pacific @math.berkeley.edu.

Each figure should be captioned and numbered, so that it can float. Small figures occupying
no more than three lines of vertical space can be kept in the text (“the curve looks like
this:”). It is acceptable to submit a manuscript will all figures at the end, if their placement
is specified in the text by means of comments such as “Place Figure 1 here”. The same
considerations apply to tables, which should be used sparingly.

Forced line breaks or page breaks should not be inserted in the document. There is no point
in your trying to optimize line and page breaks in the original manuscript. The manuscript
will be reformatted to use the journal’s preferred fonts and layout.

Page proofs will be made available to authors (or to the designated corresponding author)
at a website in PDF format. Failure to acknowledge the receipt of proofs or to return
corrections within the requested deadline may cause publication to be postponed.


http://msp.org/pjm/about/journal/submissions.html
mailto:pacific@math.berkeley.edu
mailto:pacific@math.berkeley.edu

ANIEL KIRCH

Group and round quadratic forms
JAMES O’ SHEA

Dual operator algebras close to injective von Neumann algebras
JEAN ROYDOR

Scalar curvature and singular metrics
YUGUANG SHI and LUEN-FAI TAM

On the differentiability issue of the drift-diffusion equation with
nonlocal Lévy-type diffusion

LIUTANG XUE and ZHUAN YE

391

407

427

471



	 vol. 293, no. 2, 2018
	Masthead and Copyright
	David E. Barrett and Dusty E. Grundmeier
	1. Introduction
	2. Conjugate structures
	2.1. Results on the ball
	2.2. Other results
	2.3. Relation to decomposition on the boundary

	3. Projective dual structures
	3.1. Projective dual hypersurfaces
	3.2. Circular hypersurfaces in C2

	4. Proof of 0=MThm.81=B
	5. Proof of 0=MThm.21=Theorem A
	6. Further comments
	6.1. Remarks on uniqueness
	6.2. Nirenberg-type result

	References

	Florian Eisele and Michael Geline and Radha Kessar and Markus Linckelmann
	1. Introduction
	2. Tate duality for symmetric algebras 
	3. Characterisations of the projective scalar property
	4. Heights and degrees of Knörr lattices
	5. Examples
	References

	S. Kaliszewski and Magnus B. Landstad and John Quigg
	1. Introduction
	2. Preliminaries
	3. Maximalization of degenerate homomorphisms
	4. Generalized homomorphisms
	5. Correspondence property
	References

	Daniel Kirch
	1. Introduction
	2. Preliminaries on quaternion algebras and hermitian forms
	3. The moduli problem in the case R-P
	3A. The definition of the naive moduli problem NE@naive
	3B. Construction of the closed formal subscheme N`ENE@naive
	3C. The isomorphism to the Drinfeld moduli problem

	4. The moduli problem in the case R-U
	4A. The naive moduli problem
	4B. The straightening condition
	4C. The main theorem for the case R-U
	4D. Deformation theory of intersection points

	5. A theorem on the existence of polarizations
	Acknowledgements
	References

	James O'Shea
	1. Introduction
	2. Characterisations of group, round and Pfister forms
	3. Group and round forms over field extensions
	Acknowledgements
	References

	Jean Roydor
	1. Introduction
	2. Preliminaries
	2A. Perturbation theory
	2B. The normal projective tensor product and normal Haagerup tensor product
	2C. Normal virtual diagonals and normal virtual h-diagonals

	3. B.E. Johnson's theorem revisited
	4. Neighboring representations
	5. Proof of the main theorems
	Acknowledgements.
	References

	Yuguang Shi and Luen-Fai Tam
	1. Introduction
	2. Examples of metrics with cone singularities
	3. Gradient estimates for solutions to the h-flow
	4. Approximation of singular metrics
	5. Singular metrics realizing the nonpositive Yamabe invariant
	6. Singular Einstein metrics
	7. A positive mass theorem with singular set
	Acknowledgments
	References

	Liutang Xue and Zhuan Ye
	1. Introduction
	2. Preliminaries
	3. Proof of 0=theorem.121=1.1
	3A. Auxiliary lemmas
	3B. A priori estimates
	3C. The existence part

	4. Proof of Theorem 1.2
	4A. Auxiliary lemmas
	4B. A priori estimates
	4C. Uniform-in- differentiability estimates of the regularized system

	Acknowledgements
	References

	Index
	Guidelines for Authors
	Table of Contents

