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A POSITIVE MASS THEOREM AND PENROSE INEQUALITY
FOR GRAPHS WITH NONCOMPACT BOUNDARY

EZEQUIEL BARBOSA AND ADSON MEIRA

We prove a version of the positive mass theorem for graph hypersurfaces
with a noncompact boundary, in Euclidean space. We also prove a Penrose
inequality for such hypersurfaces.

1. Introduction

Let (M", g) be an asymptotically flat Riemannian manifold. Suppose that the scalar
curvature of g is nonnegative, S, > 0. The Riemannian positive mass theorem states
that, if either 3 <n <7 or n > 3 and the manifold is spin, the ADM-mass of g is
nonnegative: mapym > 0. Moreover, mapy = 0 if and only if (M", g) is isometric
to the Euclidean space (R”, §). Recently, Almaraz, Barbosa and de Lima [Almaraz
et al. 2016] defined a kind of ADM-mass for asymptotically flat manifolds with a
noncompact boundary, and they proved that, if either 3 <n <7 or if n > 3 and the
manifold is spin, then that ADM-mass is nonnegative, assuming the scalar curvature
of the manifold and the mean curvature of the boundary are nonnegative. A similar
positive mass theorem for all dimensions and with no spin condition has not been
proved yet.

Although graphical hypersurfaces in Euclidean spaces are spin, Lam [2011]
used an elementary method for such manifolds — asymptotically flat graphical
hypersurfaces with an empty boundary — without invoking the spin structure, and
proved the positive mass conjecture for graphical hypersurfaces with compact
boundary. A version of the positive mass theorem for manifolds with compact
boundary is known as the Penrose inequality. The main goal of this work is to
provide an elementary proof for the positive mass theorem for graph hypersurfaces
with noncompact boundary in Euclidean spaces, and a kind of Penrose inequality
for such hypersurfaces. For more about the positive mass theorem and the Penrose
inequality, see [Almaraz et al. 2016; Huang and Wu 2015; Lee and Sormani 2014;
Mirandola and Vitério 2015].
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Let us be a little bit more precise with respect to the case where the manifold
has a noncompact boundary. Let (M", g) be an oriented Riemannian manifold
with a noncompact boundary ¥ and dimension n > 3. We denote by S, the scalar
curvature of the manifold (M, g). We also assume that X is oriented by an outward
pointing unit normal vector 7, so that its mean curvature is H, = div, n. We say that
(M, g) is asymptotically flat with decay rate t > 0 if there exists a compact subset
K C M and a diffeomorphism W : M \ K — R” \ El_ (0) such that the following
asymptotic expansion holds as r — +o0:

(1-1) 181 (X) = 8ij1 + r18ijk () + 1 gijar (X)| = O (™).

Here, x = (x1, ..., x,) is the coordinate system induced by W; r = |x| and g;; are
the coefficients of g with respect to x; the comma denotes partial differentiation;
R* ={x e R"; x, <0}, and l_?l_(O) ={x € R"; |x| < 1}. The subset My, = M\ K
is called the end of M. In this paper, we use the Einstein summation convention
with the index ranges i, j,...=1,...,nand o, 8,...=1,...,n— 1. Observe that
along ¥, {04}y spans T2 while d, points inwards.

The most important example of a manifold in this class is the half-space R"
endowed with the standard flat metric §; see Figure 1.

Definition 1.1. Suppose that T > %(n —2) and S, and H, are integrable on M

and X, respectively. In terms of asymptotically flat coordinates as above, the mass

of (M, g) is given by

(1-2)  m@ug = lim {/ (ij.j — gjj)m' dS)~! +[ Zan?* de_z},
r——4o00o Srn:I S;_l—Z

where S 'cMisa large coordinate hemisphere of radius » with outward unit

normal /4, and ¥ is the outward pointing unit conormal to S"~2 = oS, ~! oriented
as the boundary of the bounded region ¥, C X.

Almaraz—Barbosa—de Lima [Almaraz et al. 2016] showed that the limit on the
right-hand side of (1-2) exists and its value does not depend on the particular asymp-
totically flat coordinates chosen. Thus, m(y ¢ is an invariant of the asymptotic
geometry of (M, g). Moreover, they considered the following conjecture:

Conjecture 1.2. If (M, g) is asymptotically flat with decay rate T > %(n —2)as
above and satisfies Sq > 0 and Hy > 0 then my ¢y > 0, with the equality occurring
if and only if (M, g) is isometric to (R", ). Here, Hy is the mean curvature of the
noncompact boundary, related to the outward pointing unit normal vector.

This conjecture has been confirmed in some special cases in [Escobar 1992;
Raulot 2011]. Finally, Almaraz—Barbosa—de Lima [Almaraz et al. 2016] showed
that the following result holds.
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Figure 1. Asymptotically flat manifolds.

Theorem 1.3. Conjecture 1.2 holds true if either 3 <n <7 orif n >3 and M is
spin.

An immediate consequence of the rigidity statement in Theorem 1.3 is also worth
noticing.

Corollary 1.4. Let (M, g) be as in Theorem 1.3 and assume further that there exists
a compact subset K C M such that (M \ K, g) is isometric to (R" \ EI_(O), 8). Then
(M, g) is isometric to (R", §).

Now, we consider a graphical hypersurface with a noncompact boundary in the
Euclidean space.

Definition 1.5. Let Q C R” be a bounded subset. Let F : R?\Q — R™, F(x) =
(f1(x), ..., f™(x)) be a C? application. We will denote by G(F) the graph of F.
We say that F is asymptotically flat, with order p > 0, if the scalar curvature S of
the graph of F with the metric of R"*™ is an integrable function over G(F), and if
there exists a compact subset K C R” such that Q C K and, over R" \ K, the partial
derivatives f* = 0f%/0x;, i‘;f = 82f°‘/(8x,~8xj) satisfies
|f2@) = 0x[7P?), 1f5@I=0x|""*™h, | fH@]=0(x[7P7*7)

foralla=1,...,mandi, j,k=1,...,n.

From here, g will denote § +df ® df, where § is the canonical metric of the
Euclidean space. Our main result is the following:

Theorem 1.6 (positive mass theorem). Let f : R" — R be a C? function up to
boundary, asymptotically flat over R" \2, with order p > %(n —2). Let (R, gr)
be the graph of f. Suppose that f, = 0 over dR", that S € L'(R"), and S > 0.
We also assume that the mean curvature H of the boundary of (R", g f), Seen as a
submanifold of (R™, gr) is such that H > 0and H € L' (3R"). Then, the mass of
G (f) is nonnegative. Moreover, it is null if and only if G(f) is a half-plane.

As a consequence of [Lee and Sormani 2014], we obtain the stability of the
rigidity supposing that the graph is rotationally symmetric. We can also consider
the Penrose inequality for such graphs.

Theorem 1.7 (Penrose inequality). Let Q C R \{x, = 0}, n > 3, be an open
bounded set whose boundary is smooth and mean-convex. Suppose that 02 is outer-
minimizing or each connected component of 2 is star-shaped. Let f : R" \Q — R
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be a function that is C? up to boundary, asymptotically flat, constant over each
connected component of 02 and such that |Df| — oo when x — 02. We also
suppose that f,, =0 over 0R", the scalar curvature of the graph is nonnegative, the
mean curvatures of the compact boundaries are nonnegative, and that the mean
curvature of the noncompact boundary (viewed as a submanifold of the graph) is
nonnegative. Then,

’

[0Q2] | —2/(r=1)
m(M.8) = Z(a),,_1>

where |092| is the (n — 1)-volume of 0€2.

2. Proof of the positive mass theorem

We start this section considering a very important proposition.

Proposition 2.1. Let Q@ C R" be an open set and f : Q@ — R be a C? function. Let
X : Q — R" be the vector field given by

(2-1) X = U(fi fix — frfindei

where U =1/U, U =1+ (Df, Df), and (-, -) is the Euclidean metric. Consider
the function s : Q — R given by

s =U(fii fie — fix fix) — U2 £ fui Cfs ik — fiefi)-

Then, s = div X and the scalar curvature of (G(f), g) is s. Here, g is the induced
metric and G (f) is the graph of f.

Proof. See [Huang and Wu 2013; Lam 2011; Mirandola and Vitério 2015; Reilly
1973]. O

Now we can prove the following result.

Theorem 2.2. Let f : R* — R be an asymptotically flat function over R" \Q2 of
class C? up to boundary, with order p > %(n —2). Let (R", g¢) be the graph of f.
We suppose the following items:

e f, =0f/0x, > 0 over dR" and 9, = (e, f,) is normal to the noncompact
boundary (this occurs when f, = 0 over 0R" , for example);
e SeL'(R")and S > 0;

e The mean curvature H of the boundary of (R™, g £), viewed as a submanifold
of (R, gr) be such that H >0 (with respect to the unit normal inward pointing
vector field) and H € L' (3R™);

o The scalar second fundamental form h (with respect to the unit normal upward
pointing vector field) of the boundary of (R", g ), viewed as a submanifold of
(R*, 8) = (OR™ x R, 8), be such that Y~ h(3;, ;) = 0 and 37— h(3;, 8;) €
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L'(dR™). Here, &; € R"! is a canonical vector and 9 = (e, fi) is a tangent
vector field.

Then,

(2-2) cm)mp.g = 2+ |DfI%) dx;

H
sd 7
fw xﬁfaw V14 (f)?
f1?
Ve D hal,a
+/3R'1f el (Z( ))1+|Df|2 K

where D f = (fi, ..., fa_1). In particular, the mass mm,g) IS nonnegative.

Proof. Note that 0 B, =S, UD,, where S, ={x e R" | ||x|| =r}, D, ={x € 0R" |
x| <r} and Sf_z = dD,. Remembering that S = div X, we have

/ Sdxs = lim Sdxs = lim div X dxs = lim (X, N)dA,

r—oo Jp- r—oo Jp- r—o0 Jqp-

lim ( ||>dcrr+11m (X, e,) dxs.
Sy

r—0o0 r—00 D
r

By hypothesis, f; = O(|x|7?/?) and fiy = O(|x|7P/>"Y) foralli,k =1,...,n
Since U — 1 = (Df, Df) = O(|x|™"), we have lim|,|_.o U = 1, therefore we have
limjy| oo U = 1, where U = 1/U. Therefore, U — 1 = —U(Df, Df) = O(|x|~P).
With this, we conclude that

(U = D(fi fx — fefi) = O(x| 7277,
Since p > %(n —2),wehave 2p+1>n—1=dimS, . Thus,
_ i
lim / (T =D fia— fif S do < tim [ €127 o
r—o0 S |x| r—00 S
<C lim r2r7ls7| =0.
r—00

Then

Jim S_(U = D(fi fur = fkfzk)| | dUr =0.

Therefore,
) — x! . x!
tim [ O fu— i) S dor = fim [ (Gisia S do
r—00 fg- |x| r—00 J¢- |x|
Thus,

lim <
r—oo Jg-

X, ) do, = lim / i fo = fifi) i do
a9 =i B
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Now, see that (X, e,) =U (f fik— fi fu) =U ZZ;II (fa fik— fi fak), because when
k = n the terms are canceled. On the other hand, since U = 1 — |Df|>/(1 +|Df|?),
we obtain

IDfP

(X, en) Z(fnfkk Fiehu) = 7 +|Df|22<fnfkk SeFut)-

k=1
This implies that

n—1

[ savs=tim [ hif = gy don ot Jim |3 fesi

’k 1
n—1
. |Df|?
~ lim / T NP f— fi for) dxs
r—oo Jp 1+|Df|2k2:1:

= lim (8kik — gk.i)(vy) do,
r—>o0 Jg-

+ lim | (divge—1(fuDf) —2(Df, D f))dx;
r—00 D,

1
. _IDfP ¢
1 — dxs.
rinéo/,) 1+|DfP E(f"fkk i) s
Here, Bf = (0f/0x1,...,9f/0x,—1), vr is the normal vector field to S, and 7,

is the normal vector field to S"~2. Using that

L diVR"—l(anf)MSZA’lZ fn(Df’ ny) doy,

we find

/n Sdxs = hrn / (8kik — &kk.i) (V) doy + / Fufem)k ddr}

li |Df?
rinolo Df Dfn ) dxs — (fnfkk fkfnk)1+|Df|2 dxs

= h (gkl k — 8kk, 1)(Vr) dar /S”z gnk(nr)k dar}
fim =2 (B, B dx - f oo fe o —2IE g1
r—o0 ’ ! "1+IDfI?

Thus,

c(n)m(Mg)—/ S dxs+2 hm/ mef, dxs
R™

'tl

. |Df|?
+rll)n;o D(fnfkk fi) ———=

dx
1+ D
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Now we will calculate the second fundamental form of the boundary viewed as a
submanifold of the graph of f. Note that N = —9,, = —(e,, f,) is a normal field to
the boundary, and moreover, inward pointing and tangent to the graph. We have that

§3[8,, =@0,...,0,0: ) =(,...,0,(Dfy, ;)
- (Ov "'707 <(fnl7 "'afnn’o)v (eiv .fl))) = (Ov ""05 fm)

Since 3; = (e;, f;), we have that (V,,, 3;) = fu: fj. Thus,
<§3[N7 3]) = _<§aianv a]) = _fl’llf]

Here we used the fact that (§3I.N, 0j) =—(N, 11(0;,9;)), where I1 is the second
fundamental form of the boundary viewed as a submanifold of the graph, and we find
that (11(0;, 9;), N)) = fui f;. Therefore, denoting the scalar second fundamental
form of the boundary viewed as a submanifold of the graph by &, we find

fnifj ]
V1+(f)?

With this, we see that the mean curvature of dG (f) viewed as a submanifold of

G(f)is

h(@;,9;) = (I1(3;,9;), N/IN|) =

n—1

H= zjh(al’a)_ (l i J ) J
Zg 2\~ o) At e
=Zl< Sytifi  hifihifi )
ij_l JI+ (2 (4 IDFDVT+ (f)?

n—1

Z i fi Z fmfz(fj
T Ao 1<1+|Df|2>m

Z fmfl Z fmfl Z (fj)z
T G0? ST+ G S 141077
Ffui £ — ()2 ]

Zm[ 2;lJrIDfI2 '

Hence,

=l HJ1+(f,)?
mefl= n_lw o
1=37 21D/ A+ DfI?)
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Therefore,

c(n)m(M,g)

o 2

:/ Sdxs+2 lim ﬁm

" =00 Jp, 1 =352 (f)?/(1+|Df1?)

|DfI?
1+|Df|2

2
L+ (f)? {2_ |Df| }dx(S
1+|Df?

Xs§

+ lim (o Sk — fi k) ———
r—o0 Jp.

=/ Sdxs + lim |
R" r=oo)p, 1=32 1 (fD?/ (A1 +IDfI?)

+ lim fnfkkﬂ dxs.
r=>o0 Jp, "1+ IDf P
By hypothesis, f, > 0 over R . Also, Y12 fux = V14 |DfI> Y0 h(?;, 8).
In this way,

c(m)m.q) :/ S dxs + Q2+ |Df%) dxs
R"

7]
R 1+ (f,)>

IDf 2
Vet D E ha,,a 0.
e VI f( ( )> iR

In order to conclude, we will show that Zk | fue=V1+|Df? Z?:_ll h(d;, 9;).
Viewed as a submanifold of dR” x R, the boundary is the graph of f = f|sm» .

Thus, 9; = (¢;, fi),i=1,...,n—1, are tangent vector fields. Here ¢; € R"~!,
Moreover, n = (—D f, 1) is a normal field. We have

Vi =(=0ifi,. .., =0 fu1,0) = (=(Df1, %), ..., =(D fu-1, ), 0).
Using that

Dfi=(fi1,--s fim-1)=(fi1, - fin-1),0)
and 9; = (¢;, ﬁ), we obtain that —(Df_j, 9;) = fj, Thus
Vi =(—fiir-..s = fa-1i 0) = (=D f;, 0).

With this, (ﬁgiﬁ, 0j) =— f]l Using the Weingarten equation, we find
(I1(3;,9)). 1) = fji = fii-

Therefore,
S S5 AR
h(3;, ;) = <11(5k, 3. 4>: P -
i=1 k=1 |71 — 1+|Df|2
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In the next theorem, we will use a doubling argument to produce an asymptotically
flat manifold without a compact boundary; more specifically, given f : R" — R,
we will consider f: R" — R given by f(xl, ces X)) = f(x1, ..., xn) if X, <0,
and f(xl, ey Xn) = f(x1, ..., —x,) if x, > 0. Then, using (2-2) and some results
and arguments of [Huang and Wu 2013], we obtain the following result:

Theorem 2.3. Let f : R" — R be a C"*! function up to boundary, asymptotically
flat, over R \ 2, with order p > %(n —2) and such that f defined as above is C"*!.
Let (R, g ) be the graph of f. We suppose that f, =0 over dR”, that § € L'(R")
and S > 0. We also suppose that the mean curvature H of the boundary of (R™, g 1)
viewed as a submanifold of (R, g ) is such that H>0and H € L'(OR"). If the
mass of G(f) is null, then G(f) is a half-plane.

Proof. We will assume that f is asymptotic to {x,+; =0, x, <0} and that f # 0O;
if not the result will be trivially true. Consider f and note that £ is asymptotically
flat, and its graph has integrable and nonnegative scalar curvature. By [Huang and
Wu 2013, Theorem 4], we can suppose that the mean curvature of the graph of f is
nonnegative, H(f) > 0, with respect to v, where v is the vector field

(=Df, 1)
V1+IDfP?

(because we can reflect the graph over {x, 1| = 0}). Let B, be an open ball in R"
centered at the origin of radius r; by [Huang and Wu 2013, Lemma 3.10],
max f:maxf Vry>r >0.
B, \By, 3By,

Because maxyp,, f — 0 when r, — o0 (since f is asymptotic to {x,+; = 0}),
we conclude that f < 0 outside of B,,. Moreover, applying the strong maximum
principle to H(f) > 0, we have f < 0 outside of B,,, unless f =0. In the latter
case we can, moreover, conclude that G ( f ) is identical to {x,+; = 0}, repeating the
argument over B,,\ B, for 0 < ro < ry, and making ro — 0. With this we conclude
that if f #0, then f <0, i.e., G(f) C {xy41 < 0}. Therefore, for € > 0 sufficiently
small, some connected components of the level set {x € {x,4+; =0} | f (x) =—€} lie
over G(f) and have no boundary. We define X _, as being the connected component
outermost, i.e., X_ is not enclosed by the others components. By Sard’s theorem,
> _. 1s smooth for almost all €. Moreover, because f tends to zero, for some small
€ > 0, we see that n = —D f/| D f] is the unit normal vector on ¥_, pointing
inward to the limited region in {x,4+; = 0}, which is delimited by ¥_.. Let Hx__ be
the mean curvature of ¥_. defined by 5. Then, using that H ( f ) >0 and S( f ) >0,
by [Huang and Wu 2013, Theorem 2.2] we have Hx _ > 0. Since S(f) > 0 and
c(m)m(g)(G(f)) =0, by (2-2) we conclude that S(f) = 0; then S(f) =0 and
c(m)m ¢ (G(f)) = 0. This implies that G(f) = {x,41 = 0}. If not, by [Huang
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and Wu 2013, Lemma 5.6] (or more generally by [Mirandola and Vitério 2015,
Theorem 1.2]) we will have Hy, , =0 and therefore X_, will be a compact minimal
hypersurface without boundary, and embedded in R”; this will be a contradiction. [

3. Penrose inequality

Let we start this section with a simple proposition that will be very useful in the
next one.

Proposition 3.1. Let (M, (-, -)) be an (n+1)-Riemannian manifold and f : M — R

a differentiable function. Let ¥ C M be an embedded hypersurface and v a unitary
normal field to X. Suppose that f is constant on X; then on ¥ we have

Af =Hess f(v,v) — HX(Df, v).
Here, H* is related to v.
Proof. Given a point x € X, we have
Af =divDf =div((Df, v)v) = (D(Df, v), v) + (Df, v)divv
= (V,Df,v) + (Df, V,v) + (Df, v) divv

Using that X is embedded in M, we take a neighborhood U of x in X such that
U = g '(a), where g : V. ¢ M — R is differentiable, U C V, and a € R is a
regular value of g. Take an orthonormal referential Ey, ..., E, 1 on V such that
E,i1 = Dg/|Dg| = v. Denote by H the mean curvature and by A the second
fundamental form of X; then
n n
H=) (A(Ei E).v)=) (VEE;v)
i=1 i=1
n+1
:—Z VEv E;)— (Vyv,v) = Z(ﬁEiU,Ei)z—divv.
i=1
Therefore, we have
Af = (V,Df,v)+ (Df, ?Uv H* Df V)

= Hess f (v, v) + (Df, v){v, V,v) — Df, V)
= Hess f (v, v)—HE(Df, V). U
The next proposition will be useful in the proof of the Penrose inequality.

Proposition 3.2. Let Q C R” be an open bounded set such that the boundary of
R\ is smooth. Let f : R" \Q — R be a C? function up to boundary, asymptoti-
cally flat, constant on each connected component of 02, and such that |Df| — oo
when x — 02. We suppose that the graph of [ has the induced metric from
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~ A -— Sn—2
Qi\ N g
- AN
» - Dr\Qi
C:@ C:@ 0€2; UOR™
Q2 N {x, <0)
Figure 2. Sets of Proposition 3.2.
R*t!. Denoting by Qi, i = 1, ..., n, the connected components of 2 such that

Qi N{x, <0} # < and Q,- N{x, > 0} # J; and by 5,-, i=1,...,n,the connected
components of 2 such that Q; C R", then

Q2+ |DfI%) dx;

H
c(mymay, :/ de5+f —
e R\ IRV v/ 1+ (fn)?

O R (Zh(&ﬁ)) DIT 4,
aR'l\us'z- 1+|Df?

Z /Q NOR™L

+/ H 45
Uas;

Here c(n) =2(n—1)wy,—1 and 1 is the unit normal vector field on Q2 pointing inward
to Q. Here, H and h are the mean curvature and the scalar second fundamental
form, respectively defined in Theorem 2.2 and H®® is the mean curvature of 32
viewed as a submanifold of the hyperplanes containing them.

fu(D f, 7)) do; + f H ds
U3 N{x, <0}

Proof. We have

(3-1) Sdys = lim div X dx;
R\ r=00 JB\Q
= lim ( >do, + lim (X, e,) dx;
r—oo f¢- | | r—=00 Jp \u;

+/ | <X,ﬁ,~>dd+/ (X7 d6,
Ua2;N{x, <0} Uo;
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where X = 1/(1+|Df1?) (fi fix — fr fix)ei. Like in the Theorem 2.2, we find

(3-2) lim <X, i>da, = lim / (fi fex — fefir) ~L do,
Sy |x| r—00 e

r—o0 |x|

On the other hand, since U = 1 — |Df|>/(1+ |Df]?):

2 n—l
(X, en) Z(fnfkk ) = 1'+|Q 77 2 Z(fnfkk e Fur)-
k=1
Thus,
tim [ (e dn = tim [ S i — i o)
r—o0 DA\UL; r—00 D\UQ’kl

n—1

2
~ lim b7 D (it = o) 05

r—o Jpug, 1+ |Df|2

= lim _(divge1 (fuDf) = 2(Df, D f,)) dxs

r—>o00 Jp. \US%

IDF?
Z(fnfkk — S fuk) dxs.
1

— lim 3
r—oo Jp v, 1+ I|Df]

Here, D f = (3f/dx1, ..., df/dx,—1). Using that

lim divga—1 (f, D f) dxs
r—00 Dr\UQi
= lim fn(ﬁf,nr)da,+2f fu(Df, 1) dé;,
r—o0 S;'t72 Q NOR"

where 7, is the unit normal vector field on $"~2 pointing outward to D,, we find

(33) lim / (X.eddy=lm [ fuDfn)do,
DA\UQ

r— 00 r—00 Sn72

+Z/ £.(D f, ) dé;

92 NOR"

—2 lim (D f, D f,) dxs
r—00 Dr\UQ-

n—1

2
~lim DT D) d

r—=>00 Jp \uo; 1+|Df|2
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Using (3-1), (3-2), and (3-3), we find

. Xi . =
f Sdxs = lim f (fi frx — fkfik)— do, + lim fa(Df,n,)do,
RZ\Q r—=o0 Js- |x| r—>00 Jgn-2

+Z/ Fu(D £, i) d6; —2 lim (Df. D f,)dx
QiNIR™ =00 J DU

; DI
— lim T+ 1D7T 2 Z(fnfkk Je o) dxs

r—o Jp\ug, 1+ IDf

+/ | <X,m>dd+f (X, d6.
U9, Nixp <0} Uas;

That is,

i

3 ALY
A2;NAR™

(3—4) C(I’L)M(M,g) Z/ Sd)C5
R \Q i=1

+2 lim (Df, Df,)dxs
r—00 D,~\UQi

f|2 n—1

+ lim > U= ficfut) dxs
=1

r=o Jp\ug; | + |Df|2

—/ | <X,m>dd—f (X, d5.
UBQ,-ﬁ{x,l<0} UBQ,-

Like in the Theorem 2.2 we have

. IDf? }
3-5) lim o dx
(3-5) L A Jifi k{ 1+|Df|2 5

2+ |DfI?) dxs,

H
B /BRE\UQ,- vV 1+ (fn)2

where H is the mean curvature of 9G( f), viewed as a submanifold of G(f), and
we also have

(3-6) lim fofutPIE
r~o0 Jp\ue, T 1+ |Df?

—- - -\ |Df?
= 1+|D (0;, 0;) | ————— duxs,
/aR”_\us'z,f 1P/l (Z_ )1+|Df|2 .

X
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where 7 is the scalar second fundamental form of dG(f), viewed as a submanifold
of dR™ . Therefore,

H
3.7 = Sd +/ B )
@7 ctme = [ S Lo T

O Y (Zh(a,,a)) DIV .,
AR \USY 1+|Df|?

—Z/ fa(D f, 1) d6;

92 NAR"

—/ (X, 7) d6 —/ (X, 7)) d&.
U2 Nx, <0} U

The next computations of the mean curvature of the level set d<2 can also be found in
[Lam 2011, Equation 5.3] or [Mirandola and Vitério 2015, Equation 33]. Since f is
constant on 9€2, we have that Df is normal to this set. Denote by Q¢ a component
of Q such that f increases when x — 99Q€, thus Df/|Df| is the unity normal
vector field outward pointing to the graph on dQ2° (Df/|Df| points inward to £2¢
in the hyperplane containing Q°). Denote by ¢ a component of € such that f
decreases when x — 3Q¢, thus —Df/|Df| is the unity normal vector field outward
pointing to the graph on Q¢ (—Df/|Df| points inward to Q¢ in the hyperplane
containing ©2¢). For an illustration, see Figure 3.

Q2+ |DfI?) dx;

We have
= e i\ AT |
< |Df|> <U(flfkk Jefinei, |Df|ej> |Df|(f’fk" )
=_(f Sk = frfi fix) = —(lDfl Af —Hess f(Df, Df))

|Df] |Df|

_IbfiP s ( ~ ( Df Df))
BRI AT YT T

Figure 3. Illustration of the argument above.
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Since v = Df/|Df] is the unity normal vector field pointing inward to Q€¢, using
Proposition 3.1 and that U = 1/(1 4+ |Df|?), we find

<X’ @jl'): 1+|l|)£|f|2( < br ﬁ»

__IDfP Hmc< Df Df>:_ DI oe
1+|Df? |Df1” |Df| 1+I|Df?
Since v = —Df/|Df| is the unity normal vector field pointing inward to ¢, using
the Proposition 3.1 and that U = 1/(1 +|Df|?), we find
D D D
T e S L)
IDfI] ~ 1+IDf] |Df|
__IDfP Haszd<_ Df _Df>=_ IDfEP oo
1+|Df? IDfI" |Df| 1+ |Df?

Here, H? is related with the vector field pointing inward to €. We know that
lim,_, 5o | Df (x)| = 0o, thus lim,_, 3 | Df |>/(14+|Df|?) = 1, therefore, supposing
that v is the unity normal vector field pointing inward to €2 on 9€2, on 92 we have

(X,v)=—H.

Using (3-7), we have

Q2+ |DfI?) dx;

H
c(n)my, :/ SdX5+/ —_—
o) R™\Q ORI\US: v/ 14 (f)?
+/ SV 141D ] (Zh(a,,en) f'22 dxs

AR \US 1+ |Df]

—Z/

+ Hd5. O
UBS~2,»

(D f, 7)) do; + / H"d&
<Y maR" UaQ;Nix, <0}

Now we will enunciate some auxiliary results.

Proposition 3.3 [Guan and Li 2009, Theorem 2]. Let Q C R"*! be a limited and
star-shaped set. We also suppose that 02 is smooth and mean-convex. Denote by
H?? the mean curvature of 92 with respect to the normal unit vector field inward
pointing to Q and by B C R"*! a unit ball. Then,

1 i1e) (|39|>(” 1)/”
H
2nw, /39 duag = 2

Moreover, the equality will occur if and only if Q2 is a ball.
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Proposition 3.4 [Freire and Schwartz 2014, Theorem 5, item (V)]. Let Q C R" be
a set (not necessarily connected) limited, with a smooth mean-convex and outer-
minimizing boundary. Denote by H? the mean curvature of 32 with respect to
the normal unit vector field inward pointing to Q2. Then,

(n=2)/(n—1)
1 / HanSQzl(wQ') .
Q2 2

2(n—1Dw,—1 Wn—1

Moreover, the equality will occur if and only if each connected component of 2 is
a rounded ball.

Lemma 3.5 [Huang and Wu 2015, Proposition 5.2]. Let ay, ..., ar be nonnegative
real numbers and 0 < B < 1. Then,

k B
Y df = ( 3 ) |
i=1 i=1
If 0 < B < 1, then the equality holds if and only if at most one element of {ay, ..., ar}
is nonzero.

Using these results we obtain the following theorem:

Theorem 3.6. Let Q CR” \{x,, =0}, n >3, be an open bounded set whose boundary
is smooth and mean-convex. Suppose that 02 is outer-minimizing or each connected
component of Q is star-shaped. Let f :R" \Q — R be a C? function up to boundary,
asymptotically flat, constant on each connected component of 92 and such that
|Df| — oo when x — 0K2. We also suppose that f,, =0 on 0R" , and the curvatures
that appears at the Proposition 3.2 are nonnegative. Then,

El

|3Q|>(n—2)/(n—1)

; <

m > =
(M,g) = 2\,
where |0S2| denotes the area measure on 052.

Proof. By the Proposition 3.2, we have

2(n—1)w,_1m(g) =/ Sdxs+

H
R™\Q R /14 ( f)?

Q+|Df %) dx5+/ H 43,
a2

Denoting by ©;,i =1, ..., k, the connected components of €2, we have
1 o0Q; 1 <|8Qi|)("—2)/("—1)
> — H”do2; > =
M = 2D Z 2 ‘=2 Z D1
i ! i

(n=2)/ (1) e
T2\ op 2\wp—1 O
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