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YU Fu AND MIN-CHUN HONG

Let M" be a biharmonic hypersurface with constant scalar curvature in a
space form M"+1(c). We show that M" has constant mean curvature if ¢ > 0
and M” is minimal if ¢ < 0, provided that the number of distinct principal
curvatures is no more than 6. This partially confirms Chen’s conjecture and
the generalized Chen’s conjecture. As a consequence, we prove that there
exist no proper biharmonic hypersurfaces with constant scalar curvature in
Euclidean space ["*! or hyperbolic space H"**! for n < 7.

1. Introduction

In 1983, Eells and Lemaire [1983] introduced the concept of biharmonic maps
in order to generalize classical theory of harmonic maps. A biharmonic map ¢
between an n-dimensional Riemannian manifold (M", g) and an m-dimensional
Riemannian manifold (N™, k) is a critical point of the bienergy functional

Ez(¢>=§/M|r<¢>|2dvg,

where 7(¢) = trace Vd¢ is the tension field of ¢ that vanishes for a harmonic map.
More clearly, the Euler-Lagrange equation associated to the bienergy is given by

0 (¢) = —At($) — trace RN (d¢, T(¢))d¢ =0,

where RY is the curvature tensor of N (see, e.g., [Jiang 1987]). We call ¢ to be a
biharmonic map if its bitension field 72(¢) vanishes.

Biharmonic maps between Riemannian manifolds have been extensively studied
by geometers. In particular, many authors investigated a special class of biharmonic
maps named biharmonic immersions. An immersion ¢ : (M", g) — (N™, h) is
biharmonic if and only if its mean curvature vector field H fulfills the fourth-order
semilinear elliptic equations (see, e.g., [Caddeo et al. 2001]):

(1-1) AH +trace RN (d¢, H)dp = 0.
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It is well known that any minimal immersion (satisfying H= 0) is harmonic. The
nonharmonic biharmonic immersions are called proper biharmonic.

We should mention that biharmonic submanifolds in a Euclidean space E”" were
independently defined by B. Y. Chen in the middle of 1980s (see [Chen 1991])
with the geometric condition AH = 0, or equivalently A%2¢ = 0. Interestingly, both
biharmonic submanifolds and biharmonic immersions in Euclidean spaces coincide
with each other.

In recent years, the classification problem of biharmonic submanifolds has
attracted great attention in geometry. In particular, there is a longstanding conjecture
on biharmonic submanifolds due to Chen:

Chen’s conjecture [1991]. Every biharmonic submanifold in Euclidean space E™
is minimal.

Chen’s conjecture still remains open, even for hypersurfaces. In three decades,
only partial answers to Chen’s conjecture have been obtained, e.g., [Akutagawa and
Maeta 2013; Alias et al. 2013; Chen 2015; Ou 2012]. In the case of hypersurfaces,
Chen’s conjecture is true for the following special cases:

o Surfaces in E3 [Chen 1991; Jiang 1987].

Hypersurfaces with at most two distinct principal curvatures in E” [Dimitrié
1992].

Hypersurfaces in E* [Hasanis and Vlachos 1995] (see also [Defever 1998]).
8(2)-ideal and §(3)-ideal hypersurfaces in E”* [Chen and Munteanu 2013].
Weakly convex hypersurfaces in E” [Luo 2014].

o Hypersurfaces with at most three distinct principal curvatures in E” [Fu 2015a].

o Generic hypersufaces with irreducible principal curvature vector fields in E”
[Koiso and Urakawa 2014].

o Invariant hypersurfaces of cohomogeneity one in E” [Montaldo et al. 2016].

In 2001, Caddeo, Montaldo and Oniciuc [Caddeo et al. 2001] proposed the
following generalized Chen’s conjecture:

Generalized Chen’s conjecture. Every biharmonic submanifold in a Riemannian
manifold with nonpositive sectional curvature is minimal.

Recently, Ou and Tang [2012] constructed a family of counterexamples, where
the generalized Chen’s conjecture is false when the ambient space has nonconstant
negative sectional curvature. However, the generalized Chen’s conjecture remains
open when the ambient spaces have constant sectional curvature. For more recent
developments of the generalized Chen’s conjecture, we refer to [Chen 2014; 2015;
Montaldo and Oniciuc 2006; Oniciuc 2012; Nakauchi and Urakawa 2011; Ou 2016].
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The classification of proper biharmonic submanifolds in Euclidean spheres is
rather rich and interesting. The first example of proper biharmonic hypersurfaces
is a generalized Clifford torus S”(1/+/2) x $9(1/+/2) < S"t! with p # ¢ and
p +¢q = n, given by Jiang [1986]. The complete classifications of biharmonic
hypersurfaces in S* and S* were obtained in [Caddeo et al. 2001; Balmus et al.
2010]. Moreover, biharmonic hypersurfaces with at most three distinct principal
curvatures in S” were classified in [Balmus et al. 2010; Fu 2015b]. For more details,
we refer the readers to [Balmus et al. 2013; Loubeau and Oniciuc 2014; Oniciuc
2002; 2012; Ichiyama et al. 2010].

In general, the classification problem of proper biharmonic hypersurfaces in
space forms becomes more complicated when the number of distinct principal
curvatures is 4 or more.

In view of the above aspects, it is reasonable to study biharmonic submanifolds
with some geometric conditions. In geometry, hypersurfaces with constant scalar
curvature have been intensively studied by many geometers for the rigidity problem
and classification problem, for instance, see [Cheng and Yau 1977]. Some estimate
for scalar curvature of compact proper biharmonic hypersurfaces with constant
scalar curvature in spheres was obtained in [Balmus et al. 2008]. Recently, it was
proved in [Fu 2015c] that a biharmonic hypersurface with constant scalar curvature
in the 5-dimensional space forms M3 (¢) necessarily has constant mean curvature.

Motivated by above results, in this paper we consider biharmonic hypersurfaces
M" with constant scalar curvatures in a space form M” (¢). More precisely, we get:

Theorem 1.1. Let M" be an orientable biharmonic hypersurface with at most six
distinct principal curvatures in M"T1(c). If the scalar curvature R is constant, then
M" has constant mean curvature.

In general, it is difficult to deal with the biharmonic immersion equation (1-1)
due to its high nonlinearity. In order to prove Theorem 1.1, we use some new ideas
to overcome the difficulty of treating the equation of a biharmonic hypersurface.
More precisely, we transfer the problem into a system of algebraic equations (see
Lemma 3.3), so we can determine the behavior of the principal curvature functions
by investigating the solution of the system of algebraic equations (see Lemma 3.4).
Then, we are able to prove that a biharmonic hypersurface with constant scalar
curvatures in a space form M"(c) must have constant mean curvature, provided
that the number of distinct principal curvature is no more than 6. We would like
to point out that our approach in this paper is different from those in [Fu 2015b;
2015¢; Defever 1998; Balmus et al. 2010].

Remark 1.2. Balmug, Montaldo and Oniciuc in [Balmus et al. 2008] conjectured
that the proper biharmonic hypersurfaces in $"! must have constant mean curvature.
Theorem 1.1 with ¢ = 1 gives a partial answer to this conjecture.
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We should point out that the complete classification of proper biharmonic hyper-
surfaces with constant mean curvature in a sphere is still open in the case where
the number of distinct principal curvatures is more than 3 (see [Oniciuc 2012]).

Moreover, combining these results with the biharmonic equations in Section 2,
we have:

Corollary 1.3. Any biharmonic hypersurface with constant scalar curvature and
with at most six distinct principal curvatures in Euclidean space E"*' or hyperbolic
space W'+ is minimal.

Thus, this result gives a partial answer to Chen’s conjecture and the generalized
Chen’s conjecture.
Further, as a direct consequence, we get the following characterization result:

Corollary 1.4. Any biharmonic hypersurface with constant scalar curvature in
Euclidean space E"*! or hyperbolic space H"*! for n <7 has to be minimal.

Remark 1.5. We could replace or weaken the constant scalar curvature condition in
Theorem 1.1 by constant length of the second fundamental form or linear Weingarten
type, i.e., the scalar curvature R satisfying R = a H + b for some constants a and b.
In fact, the discussion is extremely similar to the proof of Theorem 1.1 and the
same conclusion holds true as well.

The paper is organized as follows. In Section 2, we recall some necessary
background theory for hypersurfaces and equivalent conditions for biharmonic
hypersurfaces. In Section 3, we prove some useful lemmas (Lemmas 3.1-3.6),
which are crucial to prove the main theorem. Finally, in Section 4, we give a proof
of Theorem 1.1.

2. Preliminaries

In this section, we recall some basic material for the theory of hypersurfaces
immersed in a Riemannian space form.

Let ¢ : M" — M"*!(¢) be an isometric immersion of a hypersurface M”" into a
space form M™t1(¢) with constant sectional curvature ¢. Denote the Levi-Civita
connections of M” and M"*!(c) by V and V, respectively. Let X and Y denote the
vector fields tangent to M" and let & be a unit normal vector field. Then the Gauss
and Weingarten formulas (see [Chen 2015]) are given, respectively, by

(2-1) VxY =VyxY +h(X,Y),
(2-2) Vyé = —AX,

where 4 is the second fundamental form and A is the Weingarten operator. Note
that the second fundamental form % and the Weingarten operator A are related by

(2-3) (h(X,Y), &) =(AX,Y).
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The mean curvature vector field H is defined by
(2-4) H= % trace h.
Moreover, the Gauss and Codazzi equations are given, respectively, by

RX,Y)Z=c((Y, Z)X — (X, Z)Y) + (AY, Z)AX — (AX, Z)AY,
(VxA)Y = (VyA)X,

where R is the curvature tensor of M" and (VxA)Y is given by
(2-5) (VxA)Y =Vx(AY) — A(VxY)

for all X, Y, Z tangent to M".

Assume that H = H & and H denotes the mean curvature.

By identifying the tangent and the normal parts of the biharmonic condition (1-1)
for hypersurfaces in a space form M"*!(¢), the following characterization result
for M" to be biharmonic was obtained (see also [Caddeo et al. 2002; Balmus et al.
2010]):

Proposition 2.1. The immersion ¢ : M" — M"*1(c) of a hypersurface M™ in an
n+1-dimensional space form M+ (¢) is biharmonic if and only if

{AH + H trace A2 = ncH,

(2-6)
2A grad H +nH grad H =0.

The Laplacian operator A on M" acting on a smooth function f is given by

Q7)) Af=—div(V) ==Y <V,(Vf)ei>=—) (eie;—Vee))f.

i=1 i=1
The following result was obtained in [Fu 2015b]:

Theorem 2.2. Let M" be an orientable proper biharmonic hypersurface with at
most three distinct principal curvatures in M1 (¢). Then M™ has constant mean
curvature.

3. Some lemmas

We now consider an orientable biharmonic hypersurface M" (n > 3) in a space
form M+ (¢).

In general, the set M4 of all points of M”, at which the number of distinct
eigenvalues of the Weingarten operator A (i.e., the principal curvatures) is locally
constant, is open and dense in M". Since M" with at most three distinct principal
curvatures everywhere in a space form M"*!(c) is CMC, i.e., the mean curvature
is constant (Theorem 2.2), one can work only on the connected component of M 4
consisting of points where the number of principal curvatures is more than 3 (by
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passing to the limit, H will be constant on the whole M"). On that connected
component, the principal curvature functions of A are always smooth.

Suppose that, on the component, the mean curvature H is not constant. Thus,
there is a point p where grad H(p) # 0. In the following, we will work on a
neighborhood of p where grad H (p) # 0 at any point of M".

The second equation of (2-6) shows that grad H is an eigenvector of the Wein-
garten operator A with the corresponding principal curvature —nH /2. We may
choose e; such that e is parallel to grad H, and with respect to some suitable

orthonormal frame {ey, ..., e,}, the Weingarten operator A of M takes the form
3-1) A =diag(A1, X2, ..., Ap),
where A; are the principal curvatures and A1 = —n H /2. Therefore, it follows from

(2-4) that ', »; = nH, and hence
n
(3-2) > k=3
i=2

Denote by R the scalar curvature and by B the squared length of the second
fundamental form / of M. It follows from (3-1) that B is given by

n n
(3-3) B=trace A=) A7 =) Al +A].
i=1 i=2
From the Gauss equation, the scalar curvature R is given by
n
(3-4) R=n(n—Dc+n*H*—B=n(n—1c+32]-> .
i=2
Hence
n
(3-5) Y af=n@m—1lec—R+3A].

i=2

Since grad H = )\, ¢;(H)e; and e, is parallel to grad H, it follows that
el(H) #0, ei(H)=0, 2<ic<n,

and hence

(3-6) e1(A) #0, ei(A) =0, 2<i=<n.

Put Veej =), a)f.‘j er (1<i,j<n). A direct computation concerning the com-
patibility conditions V,, {(e;, ¢;) =0 and V., (e;, e;) =0 (i # j) yields, respectively,
that

(3-7) ol =0, ol +aol; =0, i#]
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The Codazzi equation yields

(3-8) ei(hj) = (i = ko,
(3-9) (ki = A ))f; = (i = A}y

for distinct i, j, k.
Moreover, from (3-6) we have

lei, ej1(A1) =0,
which yields directly

(3-10) w} =}, 2<i,j<n and i#j.

Lemma 3.1. Let M" be an orientable biharmonic hypersurface with nonconstant
mean curvature in M"T1(¢c). Then the multiplicity of the principal curvature i
(which equals —nH [2) is 1, i.e., Lj # X for2 < j <n.

Proof. If A; = Ay for j # 1, by putting i = 1 in (3-8), we get
0= (41— Aol =e1()) =e1(h),
which contradicts (3-6). (]

Lemma 3.2. The smooth real-valued functions A; and a)ili (2 <i < n) satisfy the
following differential equations:

n
(3-11) ererG) =10 (3, @h) + 3 (an = 2)c = R+ 433,
(3-12) e1(hi) = hiwf; — hwf;,
(3-13) el(@);) = (@) + ki +e.

Proof. Substituting H = —2A1/n into the first equation of (2-6), and using (2-7),
(3-6), (3-3) and (3-5), we get (3-11). By putting i = 1 in (3-8), combining this with
(3-9) gives (3-12).

Next, we will prove (3-13).

For j =1andi # 1 in (3-8), by (3-6) we have a)%i =0 (i #1). Combining this
with (3-7), we have

(3-14) o =0, forl<i<n.
For j =1, and k,i # 1 in (3-9) we have

(hi = Ay = (O — M)y,
which together with (3-10) yields
(3-15) w; =0, k#i, if i #A
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Fori # jand 2 <i, j <n,if A; = A}, then by putting k = 1 in (3-9) we have
(b = 2], =0,
which together with Lemma 3.1, (3-15) and (3-7) yields
(3-16) w =0, i#j, and 2<i,j<n.
From the Gauss equation and (3-1), we have (R(ey, ¢;)e1, ;) = —A1A; —c. On the
other hand, the Gauss curvature tensor R is defined by
R(X,Y)Z=VxVyZ -VyVxZ —VxyZ.

Using (3-14), (3-16) and (3-7), a direct computation gives

(R(e1, e))er, ei) = —er(w)) + (w})*.
Thus, we obtain differential equation (3-13), completing the proof of Lemma 3.2. [

Consider an integral curve of e; passing through p =y (ty) as y(¢), t € I. Since
ei(A1) =0for2 <i <mand e; (A1) # 0, it is easy to show that there exists a local
chart (U; ¢ =x',x2, ..., x™) around p, such that A (¢, x2, ..., x™)=A1(¢) on the
whole neighborhood of p.

In the following, we begin our arguments under the assumption that the scalar
curvature R is always constant. The following system of algebraic equations is
important for us to proceed further.

Lemma 3.3. Assume that R is constant. We have
n

(3-17) @ =f), fork=1,....5,
i=2

where fi(t) are some smooth real-valued functions with respect to t.

Proof. Since e1(A1) #0, A1 = A1(¢) and R is constant, (3-11) becomes
n

(3-18) Y o= fi),
i=2

where

. eie; ()»1) — X](n(l’l — 2)C +4)L% - R)
A= e1(r1) '

Taking the sum of (3-13) and (3-12) for i and taking into account (3-2) and (3-18),

respectively, we have
n

(3-19) Y (@) = Ao,

i=2

n
(3-20) D ko) =gi(0),
i=2



BIHARMONIC HYPERSURFACES WITH CONSTANT SCALAR CURVATURE 337

where f» =31 — (n — D)c+ei(f1) and g1(1) = A1 fi — 3er ().

Multiplying by a)l.li on both sides of (3-13), we have

Lei((@)?) = (@) + hniwl; + col;.
Using this and (3-18)—(3-20), we obtain
n
(3-21) > (@) = 0,
i=2

where f3 = 1e1(f2) —higi —cfi.
Differentiating (3-20) with respect to e; and using (3-12) and (3-13), we have

n n n n
(3-22) er(g) =2 i) +a Y A+ Y hi—h Y (o))
i=2 i=2 i=2 i=2
From (3-2), (3-5) and (3-19), this yields

(3-23) D hiw})? = ga(0),

i=2

where g, = %{el(gl) — Al(n(n —1)c—R+ 3)ﬁ) + 3¢ +A1f2}.
Multiplying by (a)ill.)2 on both sides of (3-13), we have

Lei((@)h) = (@) + hini(@])? + c(o))?.
Applying (3-19), (3-21) and (3-23) to this, we obtain
(3-24) Y @)= L),
i=2
where f3 = 1e1(f3) —hig2 —cfo.
Multiplying by A; on both sides of (3-12) gives
Mol =1ei (0D + Mro),

which together with (3-5) and (3-20) yields
(3-25) > el =g,
i=2

where g3 =3Xe1 (A1) +A181.
Differentiating (3-23) with respect to e; and using (3-12) and (3-13), we have

n n n n
(3-26) e1(82) =3 (@) —h Y (@) 424 Y Mol +2e ) o).
i=2

i=2 i=2 i=2
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Substituting (3-20), (3-21) and (3-25) into (3-26) gives

(3-27) D hiw})’ = gat),

i=2
where |
g4 = 3(e1(g2) +A1f3 — 2183 —2cg1).
Multiplying by (w},)* on both sides of (3-13), we have
1e1 (@) = (@) + M2 (@) +c(w))’.

Applying (3-21), (3-24) and (3-27) to this, we have
n

(3-28) S (@) = 50,

i=2
where f5 = Je1(fa) — higs —cfs. g

Lemma 3.4. Assume that R is constant. If the number m of distinct principal
curvatures satisfies m < 6, then e;(A;) = 0 for 2 < i, j < n, i.e., all principal
curvature A; depend only on one variable t.

Proof. Since the number m of distinct principal curvatures satisfies m < 6, there
are at most five distinct principal curvatures for A; (2 <i < n) except A1. It follows
easily from (3-12) and (3-13) that

)\,i;ﬁ)\,]’ == will-;éw}j.

We now distinguish the following two cases:

Case A: Suppose that m = 6. We denote by A; the five distinct principal curvatures
with the corresponding multiplicities n; for 1 <i <5. Note that here n; are positive
integers and Zle n; =n —1 (see Lemma 3.1). According to (3-12), let

e1(A)

A=A

i =

Thus, the u; are mutually different for 1 <i <S5.
In this case, the system of polynomial equations (3-17) becomes

niu1 4 nau +n3usz + naug + nsus = fi,
nlu%+n2u%+n3u%+n4ui+n5u§ = f,
(3-29) nlu? +7’lzug +ﬂ3ug +n4ui +n5ug = f3,
niu| + nouy + nzu3 + nguy +nsus = fi,

nlu? —I—nzug +n3ug +n4ui —|—n5u2 = fs.
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Since e; (f1) = 0 for 2 < i < n, differentiating both sides of the equations in (3-29)
with respect to e; (2 <i <n), we obtain

nie;(uy) + nae;(uz) +nze;(uz) + nae;(us) +nse;(us) =0,

nyuie;(uy) +nauze;(uz) + nzuze; (uz) + nquge; ((ug) + nsuse; (us) =0,

(3-30)  myuie;(uy) + nause; () + nauie; (us) + nauzei (us) + nsuze; (us) =0,
niuye; (u1) + nauie; (uz) + nsuie; (us) + nauje; (us) + nsuse; (us) =0,

ni u‘l‘ei (uy) + nzugei (u2) + ngué‘e,- (u3) + nwjei (ug) + nsug‘e,- (us) =0.

Now consider this system of five linear equations with five unknowns e; (1;) for
1 <k<S5.

According to Cramer’s rule in linear algebra, for any k, e;(u;) = 0 holds true if
and only if the determinant of the coefficient matrix of (3-30) is not vanishing, i.e.,

1 1 1 11
Uiy Uy U3 Ugq4 Us
2 .2 .2 2 2
(3-31) uy up uz Uy Us| £,
3 .3 .3 3 3
Ml M2 M3 M4 MS

4 4 4 4 4
Ml M2 MS M4 MS

We note that the determinant in (3-31) is the famous Vandermonde determinant
with order 5 and hence

1 11 11
Ui Uy U3 U4 Us
2 .2 .2 2 2
(3-32) Uy uy uz Uy Us) — 1_[ (i —uj).

W ud il ud | 1<jeiss

4 4 4 4 4
Up Uy Uz Uy Ug

Since the u; are mutually different for 1 <i <5, (3-32) implies that (3-31) holds
true identically. Hence, we have ¢; (1) =0forany 1 <k <5and2 <i <n.
Therefore, by using e; (1) = 0 and

n
eier () — erei(ue) = le;, erl(w) = Y _ (o)) — o)e;(w),
j=2
we get
eier(ur) =0.

Noting that with the notation ug, (3-13) becomes

e1(up) = (up)? + Mrg +c.
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Differentiating the above equation with respect to e;, by taking into account
e;(ur) =0 and e;e1 (1) = 0 we derive

ei(A) =0
forany 1 <k <5and2 <i <n.

Case B: Suppose m < 5. Denote by 4; the distinct principal curvatures with the
corresponding multiplicities n; for 1 <i < 4. Then the number of different u; is
less than or equal to 4. In the case that four of the u; are mutually different, it is
only necessary to consider the system (3-17) for k =1, 2, 3, 4. A similar discussion
to the one in Case A yields the conclusion. If less than four of the u; are mutually
different, then the conclusion follows by some arguments similar to the above.
Thus, we conclude Lemma 3.4. (]

Lemma 3.5. For three arbitrary distinct principal curvatures A;, \; and Ay, where
2 <1i, j, k <n, we have the following relations:

(3-33) wf; O — M) = &5 0 = M) = @), 0 — M),
(3-34) ok, + oo + ool =0,
(3-35) a)lk/ (a)}j — a),lk) = a)lj‘-i (a)ill- — a),ik) = w};j (a)}j — a)l-ll-).

Proof. We recall from the beginning of this section that the number m of distinct
principal curvatures satisfies m > 4. Hence, by taking into account the second
expression of (3-7) and (3-9) for three distinct principal curvatures A;, A; and A
(2 <1, j, k <n), we obtain (3-33) and (3-34) immediately.

Let us consider (3-35). It follows from the Gauss equation that

(R(ej,ej)er,er) =0.

Moreover, since wi]j =0 for i # j from (3-7) and (3-16), from the definition of the
curvature tensor we have

(3-36) ol (@] — o) = o (0 — o).

Similarly, by considering (R(e;, e;)e;, e;) = 0 one also has

i1 1 i1 1
wjk(wkk_wii):a)kj(wjj_wii)’

which together with (3-7) and (3-36) gives (3-35). [l

Lemma 3.6. Under the assumptions as above, we have
n
(3-37) a)ilia)}j — Z wajwlj‘-i =—AiAj—c, fork; #Arj,
k=2, k#lg. j)

where l; j) stands for the indexes satisfying A;; ; = Ai or Aj.
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Proof. In the following, we consider the case that the number m of distinct principal
curvatures is 6.

Without loss of generality, except in the case of A1, we assume A, Ay, Ay, Ay, Ay
are the five distinct principal curvatures in sequence with the corresponding multi-
plicities ny, ny, n3, na, ns, respectively, i.e.,

Ay Apseoos hps Agoeons gy Arseeosrs hus oo os My Ay ones A

ni ny n3 ng4 ns

We now compute (R(ep, e,4)ep,, eq). On one hand, it follows from the Gauss
equation and (3-1) that

(3-38) (R(ep, eg)ep, eg) = —Aphy —cC.

On the other hand, since

n

n n
— k k !
VepVeqep_ E ep(a)qp)ek—l— E Wyp E e,
=1

k=1 k=1
n n n
_ k k i
Veq Vepep - Z €q (wpp)ek + Z Opp Z Dgk€l
k=1 k=1 =1
n n
_ k k I}
Viep.e1€p = Z(wpq — &) Z Orpls
k=1 =1

it follows that

(3-39) (R(ep,eg)ep, eq) =

n n n

q k . aqa q N _ Z kK 4 Z kK k q

€p (wqp) + Z DgpPpk ~ €q (wpp) @ ppPgk (wpq wqp)wkp‘
k=1 k=1 k=1

Since A, # A4, from (3-8), (3-7) and Lemma 3.4 we have

n
- 4 — P — 1 = ko4 _
(3-40) of,=0p =0l,=0 and ) of ol =0.
k=2

Moreover, if 2 <k <n; + 1, then A, = A, by the second expression of (3-7) and
(3-9) we get

(p = M)@h, = (g =), and (= Aol = (hp — Ag)wf,,
which imply that

(3-41) w’;q = a)?)k = a)Zp =0.
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Similarly, if ny +2 <k <n;+ny+ 1, we also have

(3-42) o, =l = o, =0.

Hence, by taking (3-40)—(3-42) into account, (3-39) becomes

n
(R(ep, eq)ep, eq) = w;pw;q + Z {a)];pa)?,k - (w];q - w]c;p)wzp}’
k=ni14+ny+2
which together with (3-38), (3-7) and (3-34) gives
n
11 ko k
(3-43) wh,op,— Y. 20b0k, =—ng —c.
k=ni+ny+2

Similarly, we can deduce other equations for different pairs w! w!  w! ol

ppUrr? pp~Tuu’ ot

Hence we get (3-37).
In the case that the number m of distinct principal curvatures is equal to 4 or 5,
a very similar argument gives (3-37) as well. (|

4. Proof of Theorem 1.1

Assume that the mean curvature H is not constant.
Differentiating (3-2) with respect to e; and using (3-12) and (3-13), we obtain

n
(4-1) Bey(h) =Y (1 — Ao}
i=2
Following the previous section, we only deal with the case where the number of
distinct principal curvatures is 6, i.e., m = 6. In fact, the proofs for the cases
m =4, 5 are very similar, so we omit them here without loss of generality.
According to Lemma 3.5, we consider the following cases:

Case A: a);q £ 0, w;‘,q £ 0, and w;q # 0. Since Ap, Ay, Ar, Ay, Ay are mutually
different, equations (3-33) and (3-35) reduce to

ol — ol ol —ol, ol —ol

rp —“aq _ Cpp _ Paqg — Crr
A.p_)\.q )\.p_)\.r )\.q—)\.r
1 1 1 1

wpp — Wy _ wqq — Wyy

Ap—Ay Ag—Hy
Thus, there exist two smooth functions ¢ and ¥ depending on ¢ such that

(4-2) W =i+
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Differentiating with respect to e; on both sides of (4-2), and using (3-12) and (3-13)
we get

(4-3) e1(@) = rg” + 1) + oy,
(4-4) e (¥) =Yy (g +9) +c.

Taking into account (4-2), and using (3-2), (3-5) one has
n
Y ol =-3np+ -1y,
i=2

and (4-1) and (3-11), respectively, become
4-5) 3e1(A) = (R—n(n—1)c—6)\%)g0+(n+2))\1w,
(4-6) ere1(A) =et(A)(=3re+m— DY) + kl(n(n —2)c—R +4)»%).

Differentiating (4-5) with respect to e;, we may eliminate eje; (A1) by (4-6). Using
(4-3), (4-4) and (4-6) we have

4-7) 3(n—4er(A)Y = A1 (6R — (4n* — 12n — 3)c — 277).

Note here, n > 4 since the number of distinct principal curvatures is 6.
Eliminating e; (A1) between (4-5) and (4-7) gives
4-8) (n—H{(R—n(n—)c—6.])py + (n+2)1192)
= 11(6R — (4n* — 12n — 3)c — 27A7).

Further, differentiating (4-7) with respect to e;, by (4-4), (4-6), (4-7), (4-5) we have
(4-9) (43201 +aiA] + @)e + {—54(n +3)A] +azhi Jy¥ = 12(n — HA] + ashy,
where

a; = (97n% — 111n + 60)c — 105R,

ay = ((4n* —9n +9)c —6R)(n(n — 1)c — R),

a3 = 12R — (4n* —6n+21)c,

as=3n(n—4)(n —2)c.
Differentiating (4-9) with respect to e; and using (4-3) and (4-4), we get
(17283 + 2a121)pe1 (1) + (43201 + a1 2] + a) {1 (9* + 1) + pv)

H{=162(n +3)A% + az}er (A1) + {—54(0n 4+ 3)A3 +az i Hy (L +¥) + ¢}
= (36(n — H)A] +as)ei (h).
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Multiplying by 3(n — 4) on both sides of the above equation and using (4-5) and
(4-7) we have
(4-10) (n —4)(17281] +2air1)¢f{(R —n(n — Dc — 6A7)@ + (n +2) A1y}
+30n— 4 (43208 + a1xd + a2) (@ + 1) + ovr)
+ 21 {=162(n +3)A] + a3 }{6R — (4n* — 12n — 3)c — 2727}
+3(n — {54 + 3] +azii H{y (e +¥) +c}
= (n—4)(36(n — HA2 +as){(R—n(n — e —632)p + (n+ 219 }.

Note that Equation (4-10) could be rewritten as

@10 q1(a)@” + )9y + @)V + s + a5y +gs(h) =0,
where ¢g; are nontrivial polynomials concerning the function A; and given by:

q1 = (n —4) (172817 +2a111) (R —n(n — e — 67)
+3(n — 4)(43247 + a1A] + az) Ay,
g2 = (n—4)(n +2)A1 (17281] +2a1 1)

+3(n —4) (43247 + ar1A] + @) +3(n — H{—54(n + 3)A] +azh JAy,
g3 =3(n —H{-54(n + 3)A] +azh },
qa = (n—4)(36(n — A7 +as) (R — n(n — 1)c — 617),
gs = —(n —4)(n+2)(36(n — HAT +as) A1,
ge = —3(n —4) (43211 + ar1A] + ax) Ay
+ 11 (—162(n +3)A7 +a3) {6R — (4n* — 12n — 3)c — 2717}
+3c(n — 4 {—54(n +3)A] + asr ).

(4-12)

In the same manner, (4-8) and (4-9) could be also rewritten, respectively, as:

(4-13) P1OD@Y + 2o ¥? = p3(ha),

(4-14) hy (M) + ha(A) Y = ha(dy),

where p;, h; (i =1, 2) are polynomials concerning the function A; and given by
p1=m—4(R—nn—1)c—61}),

p2=m—4)1n+2)x,

p3 =M (6R — (4n* —12n — 3)c — 2717),

hy = 43207 +a1Af +a,

hy = —54(n +3)A3 +azri,

hy = 12(n — A3 +agh.

(4-15)
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Multiplying by h% on both sides of (4-11), by taking into account (4-14) we may
eliminate ¢ and get

(4-16) Piy* + Pyyr = P,

where
Py = qih5 — qahihy + g3h3,

(4-17) Py = —2q1hah3 + q2hihs — qsh1hy + gshy,
Py = —qh3 — qsh1h3 — qehy.

Similarly, eliminating ¢ in (4-13) by using (4-14) yields

(4-18) QY + 0¥ = 03,
where

Q1 = p2h1 — p1ha,
4-19) Q2 = pihs,

03 = p3h;.

Moreover, multiplying by @ and P; on both sides of the equations (4-16) and
(4-18), respectively, after eliminating the ‘y>* part we obtain

(4-20) (P2Q1— P1Q2)Y = P3Q1 — P1 Q3.
Multiplying (4-20) by P;y and then combining this with (4-16) gives

(4-21)  {Pi(P3Q1 — P1Q3) + Py(P,Q1 — PLO2) ¥ = P3(P,Q1 — P1 Q).
At last, after eliminating ¥ between (4-20) and (4-21) we get
(4-22)  P{(P3Q1— P1Q3)* + Po2(P,Q1 — P1Q2)(P3Q1 — P Q3)
= P3(P,Q — P10»)*.

We observe from (4-12), (4-15), (4-17) and (4-19) that both P; and Q; (1 <i <3)
are polynomials concerning A; with constant coefficients. Hence, it follows that

Py = —10077696(n —4)(n +3)(n — DA 4+ -+,
P, = —839808(n —4)*(11n4+5A +-- -,

Py = —69984(19n + 113)A° + - -+,

Q1 =108(n —4)(n — DA +- - -,

Qr=-T2(n -4+,

Q3= —116641]+- - -,

where we only need to write the highest order terms of ;.
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By substituting P; and Q; into (4-22), we get a polynomial equation concerning
A1 with constant coefficients ¢; = ¢;(n, ¢, R):

(4-23) Zio ciMi =0,
where the coefficient c47 of the highest order term satisfies
cyr = —10077696(n — 4)*(n 4 3)(n — 1)2[69984 x 108(19n + 113)
+10077696 x 11664(n +3)]” # 0.

Therefore, A has to be constant and H = —2X;/n is a constant, which is a contra-
diction.

Case B: ), #0, ), #0, and a)lkj = 0 for all other distinct triplets {i, j, k} and
distinct principal curvatures A;, A ;, Ax. Then, (3-37) implies that

(4-24) @Dy = —Aphy =€,
(4-25) Wy, 0y, = —hghy —C,
w}rwl]w =—AAy—c,
a);uw})v = —AyAy —C.

Similar to Case A, since a);q # 0 and qu # 0, (3-33) and (3-35) imply that
(4-26) o} =@hi+vy, fori=p.q.ru,

where ¢ and i satisfy the differential equations (4-3) and (4-4).
Substituting (4-26) into (4-24) and (4-25), we obtain

(4-27) w! = _% Ay,
(4-28) M =co,

which means that ! and A, are determined completely by ¢ and .

Substitute (4-26)—(4-28) into (4-1), and then differentiate it with respect to e;. By
using (4-3), (4-4) and (3-11), a similar discussion as in Case A gives a polynomial
concerning the function A; with constant coefficients. Hence, A has to be constant,
which yields a contradiction as well.

Case C: a);q %0 (or a);q =0), and all the a)fj = 0 for distinct triplets {i, j, k} and
distinct principal curvatures A;, A j, Ax. Then, (3-37) implies that

(4-29) Wy 0h, = —dphy—C, @y 0L =—kphy —C,
(4-30) a);qa),iu = —AgAu —C, a)(lma)llw = —Aghy —c,
(4-31) ol ol =-ar—c, o ol =-1r—c,
(4-32) ol ol =1, —c.
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We first consider A; # 0 fori = p, g, r, u, v. Consequently, (4-29)—(4-32) reduce to

1 1 1
Pop _ Pag _ P Pu—ho
p Aq Ar Wy — Wy
wl}m — wll)v _ )“P _ )“61
Au Ay a)})p — a)éq ’
and hence
! ! wl
(4-33) _pp_ 49 _ Trro _ 0,
Ap Ag Ar
! wl
4_34 uu — Vv —
(4-34) . . Y

for two functions ¢ and .
Substituting (4-33) and (4-34) back to (4-29) gives
(I+ W‘//)Ap)tv = —C,
which imply that A, = A,. This is impossible.

If A, =0, then (3-12) and (4-29) imply that a)},p =0 and ¢ = 0. Then (4-30) and
(4-31) yield

4_35 uu — Vv —
(4-35) e
for some function y. However, combining (4-35) with (4-32) gives y2 = —1. Hence

it is a contradiction.
Lastly, we consider A, = 0. Then (3-12) and (4-29) reduce to a)llm =c=0. The
second equations of (4-29)—(4-31) show that

1 1 1
w w
(4-36) _pp_ 499 _ Drr =0,
Ap Ag Ay
a)l 1
4-37 W_—_=,
(4-37) . 7

By taking into account (4-36) and (4-37) together with (3-11) and (4-1), a very
similar and direct computation as in Case A also gives a polynomial concerning
the function A; with constant coefficients. Hence, this is a contradiction and the
mean curvature H must be constant.

In conclusion, the proof of Theorem 1.1 is completed.
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