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THETA CORRESPONDENCE AND
THE PRASAD CONJECTURE FOR SL(2)

HENGFEI LU

We use relations between the base change representations and theta lifts,
to give a new proof to the local period problems of SL(2) over a nonar-
chimedean quadratic field extension E/F. Then we verify the Prasad
conjecture for SL(2). With a similar strategy, we obtain a certain result
for the Prasad conjecture for Sp(4).

1. Introduction

Assume that F is a nonarchimedean local field with characteristic 0. Let G be a
connected reductive group defined over F and H be a closed subgroup of G. Given a
smooth irreducible representation 7 of G (F), one may consider the complex vector
space Homp r)(r, C). If it is nonzero, then we say that v is H (F')-distinguished,
or has a nonzero H (F)-period.

Period problems, which are closely related to harmonic analysis, have been ex-
tensively studied for classical groups. The most general situations have been studied
in [Sakellaridis and Venkatesh 2017] when G is split. Given a spherical variety
X = H\ G, Sakellaridis and Venkatesh [2017] introduce a certain complex reductive
group G associated with the variety X, to deal with the spectral decomposition of
L%(H \ G) under the assumption that G is split. In a similar way, Prasad [2015, §9]
introduces a certain quasisplit reductive group G°P to deal with the period problem
when the subgroup H is the Galois fixed points of G, i.e., H = GUE/F) where E
is a quadratic field extension of F. In this paper, we will mainly focus on the cases
G = Rg/rSLy and H = SL,, where R,/ r denotes the Weil restriction of scalars,
i.e., the Prasad conjecture [2015, Conjecture 2] for SL,.

Let Wr and Wg be the Weil groups of F and E, and let WDg and WDpg be
the Weil-Deligne groups. Let i be any additive character of F and ¥ = i o
trg/r. Assume that 7 is an irreducible smooth representation of SL,(F), with a
Langlands parameter ¢, : WD — PGL,(C) and a character A of the component
group Sy, = C(¢p;)/C°(¢;), where C(¢-) is the centralizer of ¢, in PGL,(C) and
C°(¢) is the connected component of C(¢). Then ¢.|wp, gives a Langlands
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parameter of SL,(E). The map ¢, — ¢.|wp, is called the base change map.
Prasad’s conjecture for SL(2) predicts the following result, which was shown in
[Anandavardhanan and Prasad 2003].

Theorem 1.1. Let E be a quadratic field extension of a nonarchimedean local field
F with associated Galois group Gal(E/F) = {1, o} and associated quadratic char-
acter wg/r of F*. Assume that T is an irreducible smooth admissible representation
of SLy(E) with central character w, satisfying w,(—1) = 1. Then the following are
equivalent:

(1) t is SLy(F)-distinguished.

(ii) ¢r = ¢dvlwp, for some irreducible representation v’ of SLo(F) and t has a
Whittaker model with respect to a nontrivial additive character of E which is
trivial on F.

Anandavardhanan and Prasad [2003] deal with the cases for the principal series
and square-integrable representations separately, using the restriction of GLy (F)-
distinguished representations of GL,(E). There is a key lemma [Anandavardhanan
and Prasad 2003, Lemma 3.1] that if t is SL,(F)-distinguished, then 7 has a
Whittaker model with respect to a nontrivial additive character of E which is
trivial on F. Moreover, the multiplicity dim Homgy,(r)(z, C) is invariant under
the GL,(F)-conjugation action on t. In [Anandavardhanan and Prasad 2016],
they use a similar idea to deal with the case for SL,, involving the restriction
of GL, (F)-distinguished representations of GL, (E). In this paper, we will use
the local theta correspondence to give a new proof for a tempered representation
of SL,(E). Then we use Mackey theory and the double coset decomposition to
deal with the principal series, instead of involving representations of GL(2). In
order to verify Prasad’s conjecture [2015, Conjecture 2] for SL(2), we will list all
possible explicit parameter lifts

é : WDr — PGL,(C)

such that q~5|WD » = ¢, which are different from Prasad’s descriptions in [2015, §18].
Our methods can also be used for the Sp(4)-distinction problems over a quadratic
field extension; see Theorem 4.2.

Theorem 1.2. Assume that T is an irreducible SL, (F)-distinguished representation
of SLy(E), with an enhanced L-parameter (¢, L), where A is a character of the
component group Sg_, then

dim¢ Homgy, (p) (1, C) = [F(¢1)],

where F(¢) = ¢ : WD — PGLa(C) : @lwp, = ¢r and Als; O 1} and |F ()]
denotes its cardinality.
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Remark 1.3. The statement in Theorem 1.2 is slightly different from the original
Prasad conjecture for SL(2). We have used the fact that the degree of the base
change map

® : Hom(WDpg, PGL,(C)) - Hom(WDg, PGL,(C))

at each parameter ¢ is equal to the size of the cokernel

i Gal(E/F)
coker{S; — S, }

T

for q~5 € F(¢;) when G = SL(2), which is easy to check; see [Prasad 2015, §18].

Remark 1.4. Raphael Beuzart-Plessis [2017, Theorem 1] uses the relative trace
formula to give an identity for the multiplicity dim¢ Hompg' () (7', xn'), where H'
is an inner form of H defined over F, ypg is a quadratic character of H'(F) and 7’
is a stable square-integrable representation of (Rg,r H')(F) = H'(E). For example,
H' = SL;(D) and H'(E) = SL,(E), where D is a quaternion division algebra
defined over F. We plan to use the local theta correspondence to deal with the
distinction problems for the pair (SLo(E), SL;(D)) in a subsequent paper. More
precisely, we will figure out the multiplicity dim¢ Homgy,(p) (7, C) for a smooth
irreducible representation 7 of SL;(E).

Remark 1.5. Anandavardhanan and Prasad [2006; 2013] discuss the global period
problems for SL, over a quadratic number field extension E/[F. More generally, there
are several results for the global period problems of SL; (D) in [Anandavardhanan
and Prasad 2013, §9], where SL; (D) is an inner form of SL, defined over a number
field F. We hope that we can also use the global theta correspondence to revisit
these questions in future.

Now we briefly describe the contents and the organization of this paper. In §2, we
set up the notation about the local theta lifts. In §3, we give the proof of Theorem 1.1,
and then we verify Prasad’s conjecture for SL(2), i.e., Theorem 1.2 in §4. Finally,
we give a partial result for the Prasad conjecture for Sp,, i.e., Theorem 4.2.

2. The local theta correspondences

In this section, we will briefly recall some results about the local theta correspon-
dence, following [Kudla 1996].

Let F be alocal field of characteristic zero. Consider the dual pair O(V) x Sp(W).
For simplicity, we may assume that dim V is even. Fix a nontrivial additive character
Y of F. Let wy be the Weil representation for O(V) x Sp(W), which can be
described as follows. Fix a Witt decomposition W = X @ Y and let P(Y) =
GL(Y)N (Y) be the parabolic subgroup stabilizing the maximal isotropic subspace Y.
Then

NY)={beHom(X,Y)|b' =b},
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where b’ € Hom(Y*, X*) =Hom(X, Y). The Weil representation w,, can be realized
on the Schwartz space S(X ® V) and the action of P(Y) x O(V) is given by the
usual formula

wy (M) (x) = p(h~'x), for h € O(V),

wy (@) (x) = xv(dety (a))|dety a2V (@' x),  for a € GL(Y),

wy (D)p(x) = Y ({bx, x))¢(x), for b e N(Y),
where yy is the quadratic character associated to the disc V € F*/F *2 and (—, =)

is the natural symplectic form on W ® V. To describe the full action of Sp(W),
one needs to specify the action of a Weyl group element, which acts by a Fourier
transform.
If 7 is an irreducible representation of O(V) (resp. Sp(W)), the maximal -
isotypic quotient has the form
7 X Oy ()

for some smooth representation of Sp(W) (resp. O(V)). We call Oy () the big
theta lift of 7. It is known that ®y, (;r) is of finite length and hence is admissible.
Let 6y, (7r) be the maximal semisimple quotient of ®, (), which is called the small
theta lift of . Then there is a conjecture of Howe which states that

e Oy () is irreducible whenever ® () is nonzero.
e the map 7 > 6y (77) is injective on its domain.
This has been proved by Waldspurger [1990] when the residual characteristic p of

F is not 2. Recently, it has been proved completely in [Gan and Takeda 2016a;
2016b].

Theorem 2.1. The Howe conjecture holds.

First occurrence indices for pairs of orthogonal Witt towers. Let W, be the 2n-
dimensional symplectic vector space with associated symplectic group Sp(W,,) and
consider the two towers of orthogonal groups attached to the quadratic spaces with
nontrivial discriminant. Let V¢ and € Vg be 2-dimensional quadratic spaces with
discriminant £ and Hasse invariants +1 and —1, respectively, and let H be the
2-dimensional hyperbolic quadratic space over F,

VIi=VioH ™' and V =eVpoH ',

and denote the orthogonal groups by O(V,*) and O(V,"), respectively. For an
irreducible representation 7 of Sp(W,), one may consider the theta lifts 6 (7r)
and 6 () to O(V,") and O(V,"), respectively, with respect to a fixed nontrivial
additive character . Set

{r‘“(n) =inf {2r : 67 () # 0};
() = inf {2r : 6 () # 0}
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Then Kudla and Rallis [2005] and B. Sun and C. Zhu [2015] showed the following:

Theorem 2.2 (conservation relation). For any irreducible representation w of
Sp(W,), we have

r+(7-[)+r_(7'[) =4n+4=4+2d1mWn.

On the other hand, one may consider the mirror situation, where one fixes an
irreducible representation of O(V, ") or O(V,”), and consider its theta lifts 6, () to
the tower of the symplectic group Sp(W,,). Then with n(r) defined in the analogous
fashion, due to [Sun and Zhu 2015, Theorem 1.10], we have

n(mw) +n(mr ® det) = dim V,i.

See-saw identities. Let (V, g) be a quadratic vector space over E of even dimension.
Let V' =Resg,r V be the same space V but now thought of as a vector space over
F with a quadratic form

q'(v) = %trE/F q(v).

If Wy is a symplectic vector space over F, then Wy ® ¢ E is a symplectic vector
space over E. Then we have the following isomorphism of symplectic spaces:

Resg r[(Wo®F E)@E VIEWo® V' =W.
There is a pair
(Sp(Wo), O(V")) and (Sp(Wo ® E), O(V))

of dual reductive pairs in the symplectic group Sp(W). A pair (G, H;) and
(G», H») of dual reductive pairs in a symplectic group is called a see-saw pair if
H{ C G, and H, C G;.

Lemma 2.3 [Kudla 1984]. For a see-saw pair of dual reductive pairs (G, Hy) and
(G, Hy), let | be an irreducible representation of Hy and ) of H,, then we have
the isomorphism

Homy, (®y (), 1) = Hompy, (O (1), m2).

Quadratic spaces. Let K /E be a quadratic field extension and V = Vg be a 2-
dimensional quadratic space over E with the norm map Ng,g. Set @ to be the
uniformizer of O and Gal(K /E) = (s). Let u be a unit in O \ O;Z. Assume that
the Hilbert symbol (&, u)f is —1.

Example 2.4. Assume that p is odd. Let L = F(y/—w ) be a quadratic field exten-
sion over F' with associated quadratic character wy/r = wp( /=), by local class
field theory. Let K be a quadratic field extension over E, then Vi is a 2-dimensional
quadratic space over E with norm map Nk ,r. We may regard Vi as a 4-dimensional
quadratic space V' over F with quadratic form ¢’(k) = %trE /F Ngg(k) for k € K.
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(i) If E = F (/o) is ramified, then:
o If K = E(y/u), then the discriminant disc(V’) =1 € FX/FX2 and the
Hasse invariant (V') = —1.
¢ If K = E(J@), then V' = V;, ® H and disc(V') = - € F*/F**
o If K = E(J/w - /u), then disc(V') = L.
(ii) If E = F(4/u) is unramified, then:
o If K = E(,/w), then disc(V') = 1 and
+1 if —1euF*?;

V)= —(—1, m)p =
«Vi=-ClLa)r {—1 if —1e P2

o If K = E(v/w') and u’ ¢ F*, then disc(V') = N, p(u') € F*/F**.

If —1 e (F*)?isa square in F* and the discriminant of V' = Resg,r Vi is
the same as the discriminant of the 2-dimensional vector space E over F, i.e.,
disc(V') = E, then xy' is wg,r and its special orthogonal group, denoted by
SO(V’") =S0(3, 1), is isomorphic to
{(g,2) € GLo(E) x F* : A>Ng r(detg) = 1}

{(t, Neyp()™Y) 1t € EX)
. (g €GLy(E) : det(g) € F*}
= FX .
Set K' = {k € K* : k- k* = 1}, then there is a natural embedding

SO0@3, 1) =

O(Vk) =K' xpur cSO@3,1) where K' =SO(Vg) C GL,(E).

In general, the discriminant disc(V’) may not be equal to E. There is a group
embedding K' < GL,(L') where L' = F(8) and 8> = Ng,r(u') if K = E(v/u').

Remark 2.5. If V' = Resg/r Vg has discriminant 1 € F*/F x2 and Hasse in-
variant +1, then V' is called a split 4-dimensional quadratic space over F. Set
SO, (F) = SO(V’) to be the special orthogonal group.

Degenerate principal series representations. Let Vi be a 2-dimensional quadratic
space over E with the norm map Nk, g. Assume that V' =Resg /F Vi is a split
4-dimensional quadratic space over F. There is a natural embedding O(Vk) «—
022(F). Let P be a Siegel parabolic subgroup of Oy 2(F). Assume that Z(s)
is the degenerate principal series of Oy 2(F). Let us consider the double coset
decomposition P\ O22(F)/O(Vk).

 If K is a field, then there are four open orbits in P \ O22(F)/O(Vk).

o If K = E @ E, then there are one closed orbit and three open orbits in
P\ O22(F)/O1,1(E).
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Assume that there is a stratification P\O22(F)/O(Vk)=U;_,X; such that |_|f.‘:0 X;
is open for each k lying in {0, 1,2, ..., r}. Then there is an O(Vk)-equivariant
filtration {Ii}i:O,l,Z,...,r of I(S)|0(VK) such that

O=I1clhhchcC---ClI :I(s)|O(VK)

and the smooth functions in the quotient /; /I;_; are supported on a single orbit X;
in P\ 022(F)/O(Vk).

Definition 2.6. Given an irreducible representation w of O(Vg), if

Homovy)(1i+1/1;, w) #0

implies that /;1/1; is supported on the open orbits in P \ O, 2(F)/O(Vk), then
we say that the representation 7 does not occur on the boundary of Z(s).

It is well known that only the open orbits can support supercuspidal representa-
tions. Due to the Casselman criterion for a tempered representation, only the open
orbits can support the tempered representations in our case if s = %; see [Lu 2017,
Lemma 4.2.9].

3. Proof of Theorem 1.1

Before we prove Theorem 1.1, let us recall some facts.

Lemma 3.1. If the discriminant of V' = Resg,r Vi is E, then the theta lift of the
trivial representation from SLy(F) to SO(3, 1) = SO(V’) is a character, i.e.,

@w(l) =1 ‘XC{)E/F.

Proof. Due to [Lu 2017, Theorem 2.4.11], the big theta lift of the Steinberg
representation St from GL;(F) to GSO(3, 1) is Oy (St) =Stg Xwg,r. By a similar
argument, one can get ©y (1) = 1 X wg,r. Notice that

Oy (AsL,) = Oy (D)[soaG.1)s
then we are done. U

Remark 3.2. In fact, the theta lift % (1) from SL, (F) to O(3, 1) remains irreducible
when restricted to SO(3, 1), see [Prasad 1993, §5].

Now we begin the proof of Theorem 1.1, which we will complete in Section 4.

Proof of Theorem 1.1. According to the representation t, we separate the proof
into four cases:

e T is a supercuspidal representation; see (A).

« 7 is an irreducible principal series representation; see (B).
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e T is a Steinberg representation Stg; see (C).

« T is a constituent of a reducible principle series I (x) with x* = 1; see (D).
These exhaust all irreducible smooth representations of SLy(E).
(A) If 7 is supercuspidal, then there exists a character p : K* — C* such that
¢ =1io (Ind% W), where

o Wk is the Weil group of K, where K is a quadratic field extension over E;

e 1 does not factor through the norm map N g, so the irreducible Langlands
parameter
Indy? 11 : Wg — GLo(C)

corresponds to a dihedral supercuspidal representation of GL,(E) with respect
to K;
e i :GL,(C) — PGL,(C) is the projection map, which coincides with the adjoint
map
Ad: GL(2) - SO(3).

In fact, the Langlands parameter ¢ of the representation ¥ of O(Vk), where
T =0y (X), is given by

(XK(g) ) ¢
1 if g € Wk,
b(s) = X (&)
01 ifg=s
1 O g_ )

where s € Wg \ Wk and the character yx : Wx — C* is the pull back of a
nontrivial character u; of K I under the map K* - K U'via k — Kk ie.,
xx (k) = 1 (k°k~1), see [Kudla 1996, §6.4]. Furthermore, there is an isomorphism
between two Langlands parameters of O(2),

S
¢ ® wi/p = Indyy” %

In other words, one has xx = /,LS/L_I

Moreover, if 42 # 1, then

and p; = | g is the restricted character.

v =0, (Indgoi), (1))

If ;L% =1, then there are two extensions of w; from SO(Vk) to O(Vk), denoted by
MT For convenience, if ,u,% # 1, we denote the irreducible representation

OV,
Indgy vy, (1)

by ;LT as well. Assume that T = ®¢,(uf) is supercuspidal.
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If the discriminant disc V' = L € F*/(F*)? is nontrivial, by the see-saw diagram

T SL,(E) oV Oy (1)
1 SL,(F) O(Vg) wrt

one has an isomorphism
Homsr, () (t, ©) = Homov (1R wpF, 1})

which is nonzero if and only if u; = 1. But Homgi (1, u;) = 0, and therefore
HOInSLz(F)(‘L’, (C) =0.

If the discriminant of V' is 1 € F*/(F*)? and its Hasse invariant is —1, then the
theta lift 6y, (1) from SL,(F) to O(V’) is zero by the conservation relation, so that

HomSLz(F)(‘[, (D) = Homo(vk)(®¢(1), 91/, (‘L’)) =0.

If V' = H? is a split 4-dimensional quadratic space over F, we denote by
Z(s) the degenerate principal series of O, 2(F) and we assume that F* /(F )2 5
{1, u, @, uw} and E = F (,/u) with associated Galois group Gal(E /F) = (o). Then

4
(3-1)  Homsy,(r)(t, C) = Homo(v) (Z(3), 1) = €D Homow, (17, ©),
j=1

where K = F (/@ , 4/u) is a biquadratic field over F, and

e Vi = Vg (where E' = F(4/w) is a quadratic field extension over F) is a
2-dimensional quadratic space over F with quadratic form g(e’) = Ng//r ('),
Hasse invariant +1 and quadratic character xy, = wg//F = wp( J&)/F>

o Vo=€'Vi(e' € F*\Ng/p(E')*) is the 2-dimensional quadratic space F (/@)
with quadratic form €'Ng/,r, Hasse invariant —1 and quadratic character
XV, = XV

o V3 = Vg is a 2-dimensional quadratic space over F with quadratic character
wp(/wm,r and Hasse invariant +1, where E” = F (/@ u) is a quadratic field
extension over F; and

V4 = €"V3 with Hasse invariant —1, where €” € F* \ Ng»/p(E")*.
In the latter case, (3-1) can be rewritten as the identity

4
(3-2) dime Homsy,(r) (7, ©) = ) dime Homogy) (147 . ©),
j=1

which is nonzero if and only if one of the following holds:
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e u(x —yJo)=ukx+yJw)forx,yeF.
o wx —yJuw)=ulx +yJ/uw) forx,y e F.

Remark 3.3. Because u® # u, these two conditions cannot hold at the same time
unless p = 2.

We would like to highlight a fact about the group embeddings O(V;) — K Uy (s)
for j € {1, 2}. There is a natural group embedding SO(V;) x (s) — K! x (s). Via
the isomorphism between two quadratic E-vector spaces (Vg Qf E, €' Ng//p) =
(Vk, Nk/E), one has an identity

dim Homo(e'v,,) (1], ©) = dim Homoy, ) (1), C),
where (/,LT)gf’ is a representation of O(Vk) given by
(D) () =p (g xge), x€O(Vk), g €GSO(Vx)=K* with Nk, (ge) =€

Further, if the Whittaker datum is fixed, then the enhanced L-parameter of (,uf)ge’ is
known if the enhanced L-parameter of MT is given; see [Atobe and Gan 2017, §3.6].

The case p #2. (i) If 13 # 1, then Indgy¥) (1) is irreducible and

dim Homo(vz)(lndso(vx)(m) C) = dim Homo(vl)(Indso(VK)(,ul) C).
(ii) If u? =1, then u® = xg o N g and pu* = —pu, s0
dim Homov,) (14}, C) = dim Homov,) (1], C).

Hence, if p # 2, (3-2) implies the following:
o If M% # 1 and p|g factors through the norm map Ng//r for E’ # E, then

dim Homgy,(py (7, C) =2
o If /,L% =1 and pu| g factors through the norm map Ng//r for E’' # E, then
dim Homgy,(ry (7, C) = 1.
If /’Ll =land 7 =06y (/’Ll ) is SLy (F')-distinguished, then
dim Homgy, () (8y (1, ), C) = dim Homo(vk)(I(%), p,l_)

which is equal to

4
> dim Homoyv, (1] . ©) = dim Homsp, (¢ (0 (i}, ©).
j=1
Hence ) _
dim Homg, () (0y (1] ), C) =1

if and only if u|g factors through the norm map Ng//r for E' # E.
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The case p =2. (i) Suppose that there are two distinct quadratic fields E’ and E”
over F such that u|g = xj o Ng/yr and pu|gr = xj o Ng» p. Furthermore, x5/ x
is a quadratic character of F'* that is not trivial restricted on the Weil group Wx
of K, i.e., xp/xp is different from three quadratic characters wg,/r, g/ r and
wgr/F, which may happen only when p = 2. In this case, u*(t) = u(t) - x5/ x5 (1)
fort € Wg,

dim Homov,) (1}, C) = dim Homov,) (1], C),

and dim Homgy, () (7, C) = 4 by the identity (3-2).

(i1) Given a cuspidal representation w of GL,(E) with 7|s1,g) D 7, if 7 is not
dihedral with respect to any quadratic extension K over E, then 7 |sp,(g) = 7 is
irreducible.

We consider a 4-dimensional quadratic space X over F' with discriminant E, then
the orthogonal group O(X) =O(3, 1) can be naturally embedded into the orthogonal
group O(X ®r E) = 0(2, 2)(E). Let # X be the irreducible representation of
the similitude special orthogonal group GSO(2, 2)(E). By the property of the big
theta lift ® (;7) from GL,(E) to GSO(2, 2)(E),

(m X 71)lsoe,2)E) = OG)|soe,2) ) = OlsL,y (k) = O(T)

is irreducible since T is supercuspidal. Let J(s) be the degenerate principal series
of Sp4(F). Assume that (x X )" is the unique extension from GSO(2, 2)(E) to
GO(2, 2)(E) which participates with the theta correspondence with GL,(E). Then
(X 7T)+|0(2,2)( ) is irreducible. Considering the see-saw diagram

3(3) Sp4(F) 0(2,2)(E) (r Xm)*
7 ISLa(E) SLy(E) 0@3, 1)(F) C

due to the structure of J (%) in [Gan and Ichino 2014, Proposition 7.2], one can get
an equality

dim Homgy, () (’J(%), n) = dim Homog, 1)(r) ((r X )t 0).

The supercuspidal representation 7 |sy, () does not occur on the boundary of 3(%),
therefore

dim HOIIISLZ(E) (j(%), 7'[) =dim HOIIISLZ(F) (JTV, C)

By the conservation relation, the fact that the first occurrence index of the de-
terminant map det of O(3, 1)(F) is 4 implies that ®y (det) from O(3, 1)(F) to
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Sp(W2) = Sp,(F) is zero and
Homo, 1)) ((r B 7)™, C) = Homog, 1y(r) (7 K 7)™, det)

= Homgy, gy (O (det), s, (r)) = 0.
Hence

(3-3) dimHomgp,p) (7", C)
= dim Homo3,1)(r)((r X )T, )
= dim Homo3,1)(r) ((r K1) ", C) + dim Homos 1)(r) ((r K1), C)
= dim Homog3,1)(r) (Indgc()z(’zz,)z(fé) (r X 7)lso@2) k), C)
= dim Homsos,1)(r)((r W), C)
= dim Homgsog3, 1) (r) (r X 7, C)

= dim Homgy, gy (7, 7).

Therefore, if 7 is not dihedral with respect to any quadratic field extension K over
E then t = m|s1,(k) is irreducible, and so the following are equivalent:

e 17 = 1Y, i.e., ¢ is conjugate-self-dual in the sense of [Gan et al. 2012, §3].
e dim HOInSLZ(F)(‘E, C) =1.

Remark 3.4. This method can be used to deal with the case when 7 is the Steinberg
representation Stz of SL, (E), which will imply dim Homgy , () (Stg, C) =1 directly.
It will appear in the proof of Theorem 4.2 as well.

(B) Let x be a unitary character of EX. If t =1 (z, x) = Ind%L(fE()E) x|—|% (normal-

ized induction) is an irreducible principal series, by the double coset decomposition
for B(E)\ SLy(E)/SLa(F)

SLao(E) = B(E)SLy(F) U B(E)nSLy(F) U B(E)n:SLa(F),

where

m= (\/13 1) and 1 = (6«1/3 1),

€ € F*\ Ng,r(E™), then there is a short exact sequence
(3-4) Hompgx(|—|; x, C) < Homgy,(r)(z, C)
— [T5; Homg1 (z", €) — Bxt}. (|~ 5. ©),
where 7 (“ 1) = x (a) fora € E' =ker{Ng,r : EX — F*}. Then HomgL,(r)(t, C)
is not equal to O if and only if one of the following conditions holds:
(] lex :landz:0;
* X =xroNg/F.
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In order to verify the Prasad conjecture, we need to figure out the exact dimension
dimqj HomSLz(F) (‘L’, (I:)
(i) If x is trivial and z=0, then t=1 (1) is irreducible and dim Homgy ,r)(7, C)=2.

(i) If x = xr o Ng/r with x> =1+ y and z =0, then I (x) is reducible, which
belongs to the tempered cases and we will discuss later; see (D).

(iii) If x = xr o Ng/r with x% # 1, then diim Homsy,(r)(, C) = 2.
(iv) If x does not factor through Ng,r but x|rx =1 and s =0, then

dim Homgy,(ry (7, C) = 1.

(C) If T = Stg is a Steinberg representation of SL,(E), then the exact sequence
(3-4) implies that
dim Homgy, (7 (I (|—1£), C) =2,

so that dim Homgy, () (Stg, C) =2 —1=1.
(D) Assume that 7 is tempered. If T C I (wk,£) is an irreducible constituent of a
reducible principal series, set x = wk/E, xT(@=1, o= ( ! 1), then from [Kudla
1996, page 86], we can see that

Hwk/e) =0y (x ) @0y (x~) where x~ = x" ®det

and T =0y (x ) = Oy (x 1), where 6y (x ") is the theta lift of x ™ from O, ;(E) to
SL,(E). By the see-saw diagram

T SLQ(E) OZ,Z(F) I(%)
C SLy(F) O1,1(E) x*t

where Z(s) is the principal series of O 2(F), we have an identity,
dim Homgy,(r) (7, C) = dim Homog, , () (I(%), X+),
which is equal to
dim Homo, ,(r)(x ™, C) 4+ dim Homo v, (x *, C) + dim Homg(ev, ) (x ", C).

If x|px =1, then dim Homo, ,(r)(x T, C) = 1 and dim Homo, ,(r)(x ~, C) =0.
If x = xr o Ng,r, then dim Homo(y,)(x ", C) = 1. Hence we have the conclusion:

o If x = WK/E = XF ONE/F with X%« =1, then
dim Homocv, (x 7, €) = dim Homo(y,)(x *, C) = 1

and
dim HOI’I’ISLZ(F)(‘L', C) =3.
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o If x = xr o Ngr with x7 = wg/F, then
dim HomO(GVE)(X+’ C) = dim HomO(VE)(X_, q:)

and
dimHomSLz(F)(Qll,(XJr), C) =dim Homgi (x, C) = 1.

o If x does not factor through the norm map Ng,r, but x|rx =1, then
dim HOIIISLZ(F)(‘[, C) =1.

In this case, if dim Homsy,r)(0y (x™), C) # 0, then dim Homg, 7y (By (x ), C)
is equal to the sum

dimHomg, , (r) (xT, det) + dim Homqv,) (xT, det) +dim Homoevy) (xT, det),

which is nonzero if and only if x = xr o Ng,r with X% = WE/F-
After the discussions for the parameter side in Section 4, we finish the proof of
Theorem 1.1.

4. The Prasad conjecture for SL(2)

Let us recall a well known result for SL,.

Proposition 4.1 [Shelstad 1979]. Let ¢ : WD — GL,(C) be an irreducible rep-
resentation and T = i(¢) = Ad(¢) : WD — PGL,(C) be the associated discrete
series L-parameter for SL,, then there is a short exact sequence of component
groups,

I — 8y = S = 1(¢p) — 1,

where [(¢) ={x: F* - C* | x*>=1 and ¢ ® x = ¢}.

Assume that 7 is SLy (F)-distinguished and £ € Wr \ Wi, wg/r(£) = —1. We
start to verify the Prasad conjecture for SL,. The main work here is to choose a
proper element A € PGL,(C) such that dB(E) = A and ¢~>|WD » = ¢ for a certain
Langlands parameter ¢3 € Hom(WDp, PGL,(C)) under the assumption that t is
SL,(F)-distinguished. In accordance with the discussions in Section 3, we separate
the possible cases for t into four parts.

Recall that FX/F><2 >{l,u,w,uw}, E=F(J/u), E' =F(J/uw) and E' =
F(J@). Let K = F(y/u, /o) be a biquadratic field extension over F with Galois
group Gal(K /F) = (1, s, 0, so) and Weil group Wg. Suppose that Gal(K /E) = (s},
Gal(K/E") = (so) and Gal(K /E’) = (o).

(A) Assume that T C 7|sL,(£) is a supercuspidal representation of SLy(E). If the
Langlands parameter of t,

e = i(Ind}yE 1) = wi /e @ IndlyE (%)
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with w|gr = xp o Ngrp, then u(t)pu’? (t) = xr(t) for t € Wg. So

fort € Wg,

<M_S>U(t) _ w0 xp@)  xrGtsTh @)
Iz ue@)y  pu@uo@)  pHpo@)  wu@)

i.e., u*/u = xg o Nk, for a character yg of E'™.
The case p #2. o If M% =1, then the Langlands parameter satisfies

¢ = wk/E D wk,/E D 0k, /E,

where each K; # K is a quadratic field extension over E:

Wr
Wg We
Wk, Wk, Wk
Set
(1) ¢ =wp/r ®Indy’, xp,

where E’ # E are two distinct quadratic field extensions over F, then ‘/~’|WE = ¢;.

« If 13 # 1, then the Langlands parameter
S
¢r = wk/E D Ind%i %

has a lift ¢~> defined in (4-1). Moreover, there is one more lift,

s N
¢/ == a)E’/F @Indw; XE_/l Wlth XE' © NK/E’ = %

since Indvvgl”; (w/u%) = Ind‘v;i (1* /) is irreducible. In the L-packet I1y contain-
ing ¢, set ¢ = Indy” u and ¢ = Ad(¢).

If the component group Sy, has order 4, then we denote the four characters of
Sp. by {(AT1, 277, 27", A7} which corresponds to the L-packet

Mg, ={z", ¢ttt L

If the order of Sy 1is 2, then we denote its two characters as {AT, A7}, which
corresponds to [Ty, = {tT, 7).
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o If ,u% =1, then |/ (¢)| =4, two representations in I1y4_are SL,(F)-distinguished
and of dimension 1, say t+* and T~ . Since the component group S; = u, <~
Sy, is the diagonal embedding, T~ and v~ are not SL,(F)-distinguished,
which is compatible with the fact that neither the restricted representation
)L+_|Sé nor A~ 1| s; contains the trivial character of Sz, where AT and A7
correspond to the representations T+~ and T, respectively.

o If ,u% # 1, then |1(¢)| = 2 and only one of them is SL,(F)-distinguished,

say 7 =0y v w(('/m)T). If 17 =0y cve, w((n®/)™) corresponds to the
nontrivial character of Sy _, denoted by A~, where € Vi is the 2-dimensional

quadratic space K over E with a quadratic form € Ng /g, € € E*\ Ng/p(K™)
and the Hasse invariant of Resg,r(e Vi) is —1, then

dim HomSLz(F) (‘L'_, C) =0
Note that S 5= M2 = S4,, then A~ |S& is nontrivial.

The case p = 2. There are some special cases if p = 2.

o If dim Homgy,(#)(t, C) = 4, then 13 = 1 and there is a quadratic field extension
D over K such that xx = wp,kx and D is the composite field K E4, where Ey4 is
the quadratic field extension of F corresponding to the quadratic character x ./ x -
where w|g = xp o Ngyp, lgr = xf o Ngryp and E’ and E” are two distinct
quadratic field extensions over F, which are different from E:

//\
/\\\/

Set{l,u,w,d,du, wu, wd, wdu} C FX/FXZ, Es= F(\/Z), K =F(J/u, o),
K> = F(Ju,~/d), and K| = F(\/u, ~/dw). There are four distinct Langlands
parameter lifts of ¢, :

‘131 = wEF O Or(ymu)F D Op/amuy/F

$2 = O£ F @ OF(Jm)/F @O (Jdm)/F>

b3 = Opauy F O OF(Jmu)/ F O Op(Jam)

b4 = O p(yauyF DOy F O Cp(ymudy F

where wp( /), 1s the quadratic character associated to the quadratic field extension
F(yw)/F, and similarly for the other quadratic characters wp. /z,),r and so on.
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Since S5 = Sp, = wa X p2, only T+ can survive, i.e., the rest of the elements in
the L-packet Ty, cannot be SL, (F)-distinguished.

o If dim Homsy,(r) (7, C) =1 and 7 is not dihedral, i.e., T = 7 |s1,(E) is irreducible,
then ¢, = ¢2. There exists one element A € PGL,(C) such that

Go(l-t-=A-p (1) - A

fort € WDg. Set q~5(£) = A and qg(t) = ¢, (t) for t € WDg. Since ¢, is irreducible, A
is unique. Hence ¢, admits a unique lift ¢ : Wy — PGL,(C) such that @|w, = ..

(B) If ¢, (r) = (XU)W 1) € PGL,(C), then
. o ¢ 1 1\,
o if z=0and y is trivial, ¢(£) can be chosen as (a)E/F( ) 1) = ( 1) or( 1),

o if =0, x does not factor through the norm Ng,r but x|px =1, set x =v° /v
for a quadratic character v of E*, then there is only one lift,

¢ =i(Indyy’ v);
o if x = xroNgF, x2 # 1, then there are two lifts

5O =10 ) or (T1r©) ),

(©C) If ¢ = Ad(1® S») corresponds to the Steinberg representation Stg of SLo(E),
then there is only one lift (/3 =Ad(1® $;) : WDr — PGL,(C).

D) Ifp.(t) = <a)1( /E() 1) € PGL,(C), then there are several subcases.

o If wg/g = xr o Ngsr with x7 =1, then
$(0) = <xF(€) 1) or <—xF(€) 1).

Moreover, wk /g|px = X% =1, and wg /g = v? /v so for a quadratic character
v of E*, we may set

~ (e
dy = i(Indy7 v) = wp/r & Indyr (2-).

o If wg /g = xr o Ng/r with X% = wg/F, then there is only one extension

(Z)(g) — (XF(E) 1>.

o If wg/r does not factor through the norm map Ng,r but wg,/g|rx =1, then
é= i(Ind‘VAV,; v) where wg g =7 /v.

Hence, we finish the proof of Theorem 1.1 and Theorem 1.2. U
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Further discussion. Inspired by the case that T = sy, (g) is an irreducible rep-
resentation of SL,(E), where 7 is a representation of GL,(E), we have a certain
result of the Prasad conjecture for G = Sp,.

Theorem 4.2. Let E be a quadratic field extension over a nonarchimedean local
field F with characteristic zero. Assume that T is an irreducible representation of
Spy(E). Let 7t be an irreducible representation of GSp,(E) and 7 |sp,(g) D T, then

(i) if m is tempered and nongeneric, then Homsy, () (t, C) = 0;

(i) if 7w is a generic square-integrable representation of GSp,(E) and 7 |sp, (k) is
irreducible, then the L-packet I1y_is a singleton and

dimHomsp4(F)(T, C) =|F(¢o)l,

where F(¢;) = {¢ : WD — SOs(C) | ¢~>|WDE = ¢.} and |F (¢;)| denotes its
cardinality.

Proof. (i) If m is tempered and nongeneric, then # = ®(X) where ¥ is an
irreducible representation of GSO(Vp, ), where Vp, is the nonsplit 4-dimensional
quadratic space over E with trivial discriminant and Hasse invariant —1. Since
Resg/r Vp, is an 8-dimensional quadratic space over F with trivial discriminant
and Hasse invariant —1, the conservation relation implies that the theta lift of the
trivial representation from Sp,(F) to O(Resg,r Vp,) is zero. Due to the see-saw
diagram

T Spy(E) OResg/r(Vp,)) 0
C Spa(F) O(Vp,) 0(7)

one has the desired equality, Homgy, (r)(t, C) = 0.

(ii) By the assumption, T = m|sp,(£) is a square-integrable representation. Fix
le Wr \ We.

« If the theta lift ©®>2(rr) from GSp4(E) to GSO(2, 2)(E) is zero, then one can
use a similar method appearing in the proof of [Lu 2017, Theorem 4.2.18(iii)] to
obtain the equality

dim Homs,, (r) (77, C) = dim Homso 3 3)(r) (07 (), ©),
which is equal to the number
|{x : F* — C* | Homgso@.3)(r) (@3 (), x o 1) # 0},

where @%3(xr) is the theta lift of 7 from GSp,(E) to GSO(3, 3)(E) and A is
the similitude character of the group GSO(3, 3)(F). Therefore, the dimension
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dim Homgp, (g) (7, C) = 1 if and only if the Langlands parameter ¢, of 7 is
conjugate-self-dual, i.e., ¢ = ¢2.
On the parameter side, ¢, : WDg — PGSp,(C) = SO5(C) is irreducible and
¢ = ¢, = ¢?. There exists a unique element A € SOs(C) such that
Ge(lot- L) =A (1) A7
for t € WDg. Set (£) = A and ¢(r) = ¢, (¢) for t € WDg. Then ¢ is what we
want.

o If ©%2(7) £ 0, then ¢, = ¢1 D ¢ where ¢; : WDr — GL,(C) is irreducible and
¢1 # ¢o. Moreover, ¢, =1 (¢1V ® ¢»); see [Gan and Takeda 2010, page 3008].
Let ¥ be the irreducible representation of GSO(2, 2)(E) satisfying 0y, (%) = m,
then X|so(2,2)(k) is irreducible since 7 |sp, (k) is irreducible. Using a similar method
appearing in [Lu 2017, Theorem 4.2.18(ii)], one can get that the dimension

dim Homygy,, (r) (7, C)
has an upper bound
(4-2) dim Homgo 3 3)(r) (© (1), ©) + dim Homgo,0(r) (2, C)
and a lower bound

(4-3) Z dim Homso(x,p) (%,0),
X

where X runs over all elements in the kernel ker{ H!(F, 0(4)) — H'(E, O(4))}.
We will show that both the lower bound (4-3) and the upper bound (4-2) are equal
to 2 if 7|sp, (k) is an irreducible Sp,(F)-distinguished representation. Then

dim@ H0m5p4(F)(T, C) =2.

There are two subcases.

(a) If ¢ = ¢7, then ¢ # ¢J, otherwise ¢; = ¢, which contradicts ¢ # ¢,.
Since ¢ is irreducible, the Langlands parameter ¢ is either conjugate-orthogonal
or conjugate-symplectic, but cannot be both. Note that there is an equality

dim Homgo3,3)(r) (@ (1), ©)
= |[{x : F* — C* | Homgsog,3)(7) (@2 (1), x 0 1) # 0}].

We have a similar result for dim Homso4,0y(r) (2, C) and dim Homso2,2)(r) (2, ©).
If ¢y = @9 is conjugate-self-dual with the same sign as ¢y, then

dim H0m5p4(E)(‘E, C) =2.

Otherwise, 7 is not Sp, (F')-distinguished.
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On the parameter side, 1/det¢; = (det¢;)°. Without loss of generality, sup-
pose that ¢ is conjugate-orthogonal, i.e., det¢; = v /v = det¢,, then v ® ¢; is
Gal(E/ F)-invariant. For each j, there exists a parameter ¢ j WDr — GL,(C)
such that ¢]|WDE =¢; ®v. Set p; = ¢1 @ ¢2 and pp = ¢>1 ® ¢2a)E/p Let

i : GSp,(C) — SO5(C) be the natural projection map. Then the parameters i (p;)
and i (p,) are what we want.

(b) If ¢ = ¢5, then dim Homgp, (s (7, C) = 2 since the upper bound (4-2) is 2
and the lower bound (4-3) is at least 2. On the parameter side, ¢, = 1® (¢ ® ¢2)
is Gal(E / F)-invariant. There exist two natural parameters bi: i WD — GLs(C)
such that ¢]|WDE = ¢, which are wg,r ® As™ (¢,) and wg/F D As™ (¢2), where
As®(¢,) are the Asai lifts of ¢; see [Gan et al. 2012, §7]. Then the i images of (,b ]
lie in SO5(C). Therefore, we have finished the proof. O

Remark 4.3. If T = 7|sp, () 1s irreducible, one can also use the method appear-
ing in [Anandavardhanan and Prasad 2003] directly to get that the dimension
dim Homgp, (r) (7, C) equals the sum

(4-4) > dimHomgsp,(r) (T, X).
X:F>*/(F*)2—C*

Combining this with the results in [Lu 2017, Theorem 4.2.18], we can obtain
dim Homgp, (r) (7, C) if 7 is tempered.

Remark 4.4. Let U, (D) be the unique inner form of Sp,(F) defined over F. Sup-
pose that 7 is a generic representation of GSp,(E). Thanks to [Beuzart-Plessis

2017, Theorem 1], if 7w |sp,(£) = T is an irreducible square-integrable representation
of Sp,(E) and ©2%2(7r) is 0, then

dim Homy,(p)(7, C) = 1.
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