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MONOTONICITY OF EIGENVALUES OF GEOMETRIC
OPERATORS ALONG THE RICCI-BOURGUIGNON FLOW

BIN CHEN, QUN HE AND FANQI ZENG

We study monotonicity of eigenvalues of the Schrodinger-type operator
—A + cR, where c is a constant, along the Ricci-Bourguignon flow. For
¢ # 0, we derive monotonicity of the lowest eigenvalue of the Schrodinger-
type operator — A + cR, which generalizes some results of Cao (2008). As
an application, we rule out nontrivial compact steady breathers in the
Ricci-Bourguignon flow. For ¢ = 0, we derive monotonicity of the first
eigenvalue of the Laplacian, which generalizes some results of Ma (2006).

1. Introduction

Let (M, g) be an n-dimensional closed Riemannian manifold and g(¢) be a solution
to the following Ricci—Bourguignon flow:

(1-1) % = —2Ric+2pRg = —2(Ric —pRyg),
where Ric is the Ricci tensor of the manifold, R is scalar curvature and p is a
real constant. When p = %, %, m or 0, the tensor Ric —pRg corresponds to
the Einstein tensor, the traceless Ricci tensor, the Schouten tensor or the Ricci
tensor respectively. Apart from these special values of p, for which we will call
the associated flows by the same name as the corresponding tensor, in general
we will refer to the evolution equation defined by the PDE system (1-1) as the
Ricci—-Bourguignon flow. Moreover, by a suitable rescaling in time, when p is
nonpositive, they can be seen as an interpolation between the Ricci flow and the
Yamabe flow, see [Brendle 2005; Ye 1994] for instance, obtained as a limit when
0 —> —00.

The study of these flows was proposed by Jean-Pierre Bourguignon [1981,
Question 3.24], building on some unpublished work of Lichnerowicz in the sixties
and a paper of Aubin [1970]. Fischer [2004] studied a conformal version of this

problem where the scalar curvature is constrained along the flow. Lu, Qing and
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2 BIN CHEN, QUN HE AND FANQI ZENG

Zheng [Lu et al. 2014] also proved some results on the conformal Ricci—-Bourguignon
flow. Recently, for suitable values of the scalar parameter involved in these flows,
Catino et al. [2017] proved short time existence and provided curvature estimates.
Moreover, Catino and Mazzieri [2016] stated some results on the associated solitons.

At present, the eigenvalues of geometric operators have become a powerful tool
in the study of geometry and topology of manifolds. Recently, there has been
a lot of work on the eigenvalue problems under the Ricci flow. On one hand,
Perelman [2002] introduced the so-called .%-entropy functional and proved that it
is nondecreasing along the Ricci flow coupled to a backward heat-type equation.
Since the functional .% is nondecreasing, this implies the monotonicity of the lowest
eigenvalue of —4A + R along the Ricci flow.

Cao [2007] extended the operator —4A + R to the new operator —A + § on
closed Riemannian manifolds, and showed that the eigenvalues of this new operator
are nondecreasing along the Ricci flow with nonnegative curvature operator. Shortly
thereafter Li [2007] dropped the curvature assumption and also obtained the above
result for the operator —A + g.

At around the same time, Cao [2008] considered the general operator

—A+cR, wherec> %,

and derived the following exact monotonicity formula; thus he showed that the
lowest eigenvalue of this operator is nondecreasing along the Ricci flow without
any curvature assumption.

Theorem A [Cao 2008]. Let (M, g(t)):c[o0,1) be a solution of the unnormalized
Ricci flow on a closed manifold M. Assume that Ly(t) is the lowest eigenvalue of
—A+cR, c> L and f = f(x, 1) > 0 satisfies

E— 4?
—Af(x, 1) +cRf(x, 1) =2ro(t) f(x, 1)
with | ult 2dv = 1. Then, under the unnormalized Ricci flow, we have

4c—1
2

(1-2) iko(t):l/ | Ric +V2¢|2e ™ dv + /|Ric|2e—¢duzo,
dt 2 Ju M

where e =¥ = f2

On the other hand, Ma [2006] obtained the monotonicity of the first eigenvalue
of the Laplacian operator on a domain with Dirichlet boundary condition along
the Ricci flow. Using the differentiability of the eigenvalues and the correspond-
ing eigenfunctions of the Laplace operator under the Ricci flow, he obtained the
following result.

Theorem B [Ma 2006]. Let g = g(t) be the evolving metric along the Ricci—
Hamilton flow with g(0) = go being the initial metric in M. Let D be a smooth
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bounded domain in (M, go). Let u > 0 be the first eigenvalue of the Laplace
operator of the metric g(t). If there is a constant a such that the scalar curvature
satisfies R > 2a in D x {t} and the Einstein tensor satisfies

E,-jz—ag,-j ian{t},

where E;j := R;j — ggij, then we have %M > 0, that is, u is nondecreasing in t;
furthermore, % u(t) > 0 when the scalar curvature R is not the constant 2a. The
same monotonicity result is also true for other eigenvalues.

Motivated by the above work, we also consider the eigenvalue of —A + c¢R
with ¢ a constant. For ¢ # 0, inspired by [Cao 2007; 2008; Li 2007], we can
derive the following monotonicity of the lowest eigenvalue of —A + ¢R under the
Ricci-Bourguignon flow (1-1). That is, we obtain:

Theorem 1.1. Let (M, g(t)):c[o,7) be a compact maximal solution of the nontrivial
Ricci—-Bourguignon flow (1-1) and ,o(t) be the lowest eigenvalue of the operator
—A + cR corresponding to the normalized eigenfunction f, that is,

(—A+cR)f =rof, /jdeu=1.
M

2
CEFH n }U[U—M—Dm’+m)
474 —1)] L4 -2(n—1)p)

and the scalar curvature is nonnegative at the initial time, then the lowest eigenvalue

(D Ifp =<0,

of the operator — A + cR is nondecreasing in [0, T') under the Ricci—-Bourguignon
flow (1-1). Furthermore, if p #0 or c # ;ll, then the lowest eigenvalue of the operator
—A + cR is strictly monotone increasing in [0, T) under the Ricci—-Bourguignon
flow (1-1).

1
(2)Ifo<,0<m,

. 3n-D>/p 1
T2(1-2(n—1p) 4

and the curvature operator is nonnegative at the initial time, then the quantity

(1-3) (T" —1)"" o (1)
is strictly monotone increasing under the Ricci—Bourguignon flow (1-1) in [0, T'),
where
/ 1 1Y
=—— €=maxRO) and a=-——>0.
2(1 —p)e M 1—p

Remark 1.1. When p =0, where the Ricci-Bourguignon flow is the Ricci-Hamilton
flow, our (1) reduces to the corresponding result of Cao [2008]. When p # 0, we
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don’t know the differentiability for the lowest eigenvalue, so we show that the lowest
eigenvalue is strictly monotone increasing by using the sign-preserving property.

Remark 1.2. According to the proof, it is obvious that (2) will hold whenever
the Ricci curvature is nonnegative, but in general, the nonnegativity of the Ricci
curvature is not preserved along the Ricci—-Bourguignon flow. Nevertheless, the
nonnegativity of the Ricci curvature is preserved in dimension three.

Corollary 1.2. In dimension three, let g(t) and Ao(t) be the same as in Theorem 1.1.
But here we assume the Ricci curvature is nonnegative at the initial time. If 0 < p < %

and 6 |
c> VP + -,
1—4p 4
then the quantity
(1-4) (T"—1)"*ho(t)

is strictly monotone increasing under the Ricci—Bourguignon flow (1-1) in [0, T'),
where
/ 1 1Y
=—— e=maxR0) and a=-——
2(1 —p)e M 1—p
Next, as an application of our Theorem 1.1, we rule out nontrivial compact steady
breathers. That is, we obtain:

> 0.

Theorem 1.3. (1) If p =0, ¢ > le’ there is no compact steady breather other than
the one which is Ricci-flat.

@) If p <0,
1 n (1—(n—1)p)?
c€ (1’ T 1)] . [40 2 Dp)’ +°°)’

there is no compact steady breather with nonnegative scalar curvature other than
the one which is Ricci-flat.

For ¢ = 0, we derive the following monotonicity of eigenvalues on Laplacian
under the Ricci—-Bourguignon flow (1-1). That is, we obtain:

Theorem 1.4. Let (M, g(t)):c[o,7) be a compact maximal solution of the nontrivial
Ricci—Bourguignon flow (1-1) and p < m Let A(t) be the first eigenvalue of

the Laplace operator of the metric g(t). If there is a nonnegative constant a such
that

1 2—
(1-5) R;j — wl?gij > —ag;j inMx[0,T),
2a .
(1-6) R>—— in M x {0},

“1—np
then A1(t) is strictly monotone increasing and differentiable almost everywhere
along the Ricci—Bourguignon flow in [0, T).
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Remark 1.3. (1) Wu et al. [2010] proved a similar result about the p-Laplace
operator along the Ricci flow, where they assumed R > ap and R £ ap in M x {0},
which are a little stronger than (1-6). The key difference is that we use Lemma 2.3.

(2) It should be pointed out that for p = 0, the above theorem is similar to the main
result for the first eigenvalue of the Laplace operator in [Ma 2006]. Moreover, our
assumptions are weaker than Ma’s.

(3) If a < 0, there doesn’t exist any scalar curvature which satisfies (1-5) and (1-6)
at the same time.

(4) The result may be useful in the study of blow-up models of Ricci—-Bourguignon
flow on a complete Riemannian manifold (M, go).

2. Preliminaries

We begin with the definition for the first eigenvalue (the lowest eigenvalue) of
the Laplace operator (the Schrédinger-type operator —A 4 cR) under the Ricci—
Bourguignon flow on a closed manifold. Then, we will show that the first eigenvalue
of the Laplace operator is a continuous function along the Ricci-Bourguignon flow.
Finally, under the Ricci—-Bourguignon flow, we show that if R(gg) := R(0) > B, for
some B € R, then either max,; R(¢) > B or the flow is trivial (i.e., g(¢) = g(0)) for
every t € (0, 7).

Throughout, M will be taken to be a closed manifold (i.e., compact without
boundary). We use moving frames in all calculations and adopt the index convention

1<i,j,k,---<n
throughout this paper.

Now we recall the definition of the first eigenvalue of the Laplace operator on a
closed manifold under the Ricci-Bourguignon flow. Let (M, g(¢)) be a solution of
the Ricci-Bourguignon flow on the time interval [0, 7). Consider the first nonzero
eigenvalue of the Laplace operator at time ¢, where 0 <t < T,

Aﬂﬂ:hﬁ{/|Vdev:fe$Vm,/Lﬂdu:laml/‘fdvzok
M M M

where dv denotes the volume form of the metric g = g(¢). Meanwhile the corre-
sponding eigenfunction f satisfies the equation

—Af(t) =11 f(2),

where A is the Laplace operator with respect to g(t), given by
1 .
DNgry = ——=0i(/1g(®)|g()" 3)),
VIO ’

and g(t)V = g(t)i_j1 is the inverse of the matrix g(¢) and |g| = det(g;;).
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Note that it is not clear whether the first eigenvalue or the corresponding eigen-
function of the Laplace operator is differentiable under the Ricci-Bourguignon
flow. When p = 0, where the Ricci—-Bourguignon flow is the Ricci-Hamilton flow,
many papers have pointed out that its differentiability under the Ricci-Hamilton
flow follows from eigenvalue perturbation theory; e.g., see [Kato 1984; Kleiner
and Lott 2008; Reed and Simon 1978]. But for p # 0, as far as we are aware, the
differentiability of the first eigenvalue and eigenfunction of the Laplace operator
under the Ricci—Bourguignon flow has not been known until now. So we cannot use
Ma’s trick to derive the monotonicity of the first eigenvalue of the Laplace operator.
Although, we do not know the differentiability for A;(¢), following the techniques
of [Wu et al. 2010], we will see that A;(¢) in fact is a continuous function along the
Ricci—Bourguignon flow on [0, T').

Lemma 2.1 [Wu et al. 2010]. If g; and g, are two metrics on M which satisfy

(1+e)'gr<g=<(1+e)g,
then, we have

A
2-1) (1+8)_(”+1) < 1(81) < (1+8)(n+1).

T A(g2) T
In particular, A1 (g(t)) is a continuous function in the t-variable.

Proof. This can be proved using arguments similar to those for Theorem 2.1 in [Wu
et al. 2010]. O

Next we recall the definition of the lowest eigenvalue of —A 4 cR. Let Ag(¢) be
the lowest eigenvalue of —A + c¢R. Given a metric g on a closed manifold M, we
define the functional 1 by

(2-2) Ao(?) :inf{g(g, ) :/ fldv=1, f>0and f € W“},
M

where

Y(g. f) = fM (F(—Af) +cRFY) dv = /M (Y £+ cRf2) dv.

We also do not know the differentiability for Aq(#) and the corresponding eigen-
function. But, following the techniques of [Chow et al. 2008], we will see that
Ao() in fact is a continuous function along the Ricci-Bourguignon flow on [0, T).

Lemma 2.2 [Chow et al. 2008]. If g, and g, are two metrics on M which satisfy
(I+e) 'gi<g<(+e)g and R(g) —e < R(g) < R(g) +e,

then
(2-3) Ro(g2)=ho(g1) = ((1+8) 3+ —(1+e)73) (1+£)% (ho(g1) —min|c| R(81)

+|C|((1+5)mﬂf}x|R(82)—R(81)|+28mﬁxIR(81)|)(1+8)%,
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where § — 0 as ¢ — 0. In particular, Ag is a continuous function with respect to
the C?-topology.

Proof. This can be proved using arguments similar to those for Lemma 5.24 in
[Chow et al. 2008]. O

At last, we present the following lemma.

Lemma 2.3. Let (M, g:)ici0,1) be a compact maximal solution of the Ricci—
Bourguignon flow (1-1). If p < ﬁ and R(0) > B for some B € R, then
either maxy R(t) > B or g(t) = g(0) for everyt € (0, T).

Proof. From Lemma 2.6, we know that R(t) > B for every t € [0,7). If
maxys R(t9p) = B for some ty € (0, T), we have R(t)) = B and 88—15 o < 0. From
(2-7), we have

R (1o).

R 0) = [Rief (1) < pR(0) < 50t
Obviously, we have R(fy) = 0 and Ric(zp) = 0. Hence, maxy R(#p) = 8 = 0.
Therefore, if 8 # 0, we have maxys R(¢) > g forevery t € [0, T).

When 8 =0, let I = {t > 0: maxys R(t) > 0}. If ] = &, then we have R(¢) =0
and Ric(#) = 0. Hence we have g(¢) = g(0). When [ # & and ¢, € I, for any 79 and
0 <ty < 11, if maxys R(ty) = 0, then R(fp) = 0 and Ric(#p) = 0. Hence, in [fy, T),
g(t) = g(tp). So we have Ric(t;) = Ric(fg) = 0, which is in contradiction with
maxys R(¢;) > 0. Hence, g € I. Since ty € (0, t1) is arbitrary, we have (0, #;] C I.
By the strong maximum principle, we have (0, T') C 1. O

For the reader’s convenience, we will recall some basic knowledge about the
Ricci-Bourguignon flow.

Lemma 2.4 [Catino et al. 2017]. Under the Ricci—Bourguignon flow (1-1), we have
0

(2-4) 587 =2(R —pRg"),

(2-5) %(dv) = (np— R dv,

@6) DT = —Rij — Riji+ Rips+pGLR j +85R — giiR o),

(2-7) %R:[l —2(n—1)p]AR +2|Ric|> — 2pR>.

Lemma 2.5 (short time existence [Catino et al. 2017]). Let p < —L _ Then, the

2n—1)"
evolution equation (1-1) has a unique solution for a positive time interval on any

smooth, n-dimensional, compact Riemannian manifold M (without boundary) with
any initial metric go.
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Lemma 2.6 (preserved curvature conditions [Catino et al. 2017]). Let (M, g/):e[0,1)
be a compact maximal solution of the Ricci—-Bourguignon flow (1-1). If p < ﬁ
the minimum of the scalar curvature is nondecreasing along the flow. In particular,
if R(go) > «, for some a € R, then R(g;) > « for every t € [0, T). Moreover, if
oa>0thenT <n/2(1 —np)x).

Lemma 2.7 (conditions preserved in three dimensions [Catino et al. 2017]). Let
(M, g:)tefo.1) be a compact, 3-dimensional, solution of the Ricci—Bourguignon flow
(1-1). If p < §, then

(1) nonnegative Ricci curvature is preserved along the flow;

(2) the pinching inequality Ric > ¢ Rg is preserved along the flow for any ¢ < %
Lemma 2.8 [Catino et al. 2017]. Let (M, gt),e[o Ty be a compact solution of
the Ricci—Bourguignon flow (1-1) with p < 55— 2(n 0 and such that the initial data 1 80

has nonnegative curvature operator. Then Ryy > 0 for every t € [0, T), where Re
End(A%M) is the Riemann curvature operator

Lemma 2.9 [Catino et al. 2017]. Let p < 2(n g If g(t) is a compact solution of
the Ricci—Bourguignon flow on a maximal time interval [0, T), T < 400, then

lim sup max | Riem( -, 1)| = 400,
t—T M

where Riem( -, t) is Riemann tensor.

3. Proof of Theorem 1.1

We will now prove Theorem 1.1. In order to achieve this, we first prove the following
two lemmas. Our proof uses some tricks from [Cao 2007, 2008].

Let M be an n-dimensional closed Riemannian manifold, and g(¢) be a smooth
solution of the Ricci—-Bourguignon flow on the time interval [0, T'). Let Aq(t) be
the lowest eigenvalue of the operator —A + cR corresponding to the normalized
eigenfunction f, that is,

(—A+cR)f=hof, / frdv=1.
M

From Theorem 7.2 in [Guo et al. 2013], we know that, for any ¢y € [0, T'), there
exists a smooth function ¢(¢) > 0 satisfying

(3-1) / P*()dv =1
M
and ¢(ty) = f(tp). Let

(3-2) M(t)ZL(fp(t)(—A@(t))JrcR(pQ(Z)) dv
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then w(¢) is a smooth function by definition. And at time 7y, we conclude that

n(t0) = o(to).
We first give the following lemma.

Lemma 3.1. Let (M, g;):cjo,1) be a solution of the Ricci—-Bourguignon flow on
an n-dimensional closed manifold M, and let Ly(t) be the lowest eigenvalue of
—A+cR under the Ricci—Bourguignon flow. Assume that f (ty) is the corresponding
eigenfunction of ,o(t) at time ty € [0, T). Let u(t) be a smooth function defined by
(3-2). Then we have

(3-3) %,u(t)‘ =(A—2,0)c/ R2f2du+(A—2,o)/ RIV f|*dv
=iy M M
—A,\o/ szdv—i—Z/ Ric(V f, Vf)dv
M M

—|—20/ [Ric|? f2 dv,
M
where
A=—1+np+2c[l1-2(n—1)p].

Proof. The proof is by straightforward computation. Notice that
0
(3-4) 3, (A9 =2Rijpij + Alg) —2pRA¢ — 2 —n)pR ki

Using Lemma 2.4, we have

G5 L

_ / 9(—Ap+ cR@)pdv+ / (= A + R, (¢ dv)
M M

1=ty

_ / [0,(— Ag) + cgd, R + cRplp dv
M
—I—f (=A@ +cRp)d; (¢ dv)
M
=/ [=2Rijpij — Alp) +2pRA@ + (2 —n)pR rprle dv
M
+/ [CgoatR—FcRa,go]godv—l—/ (—A@+cRp)o;(pdv)
M M
=/ [—2Rijpijo +20RpAp + (2 —n)pR rprpldv
M
+c/ {[1 —2(n—1)p]AR +2|Ric|*> — 2pR*}¢? dv
M

+ / (= Ag + RO, (@)dv + (9 dv)].
M
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From R; =2R;; ; and the Stokes formula, we have

(3-6) /¢2ARdu=/ 2R(|Vo|* + ¢ Ap) du,
M M

(3-7) f R kg dv = / 2R(IVol* + ¢ Ap) dv,
M M

and

(3-8) /_Rij(Pij(/’dU=/ (Rijp)jpidv
M M

2/ Rij,j§0¢idv+/ Rijpjpidv
M M

1
=§/ R,i§0§0idU+f Rijpjpidv
M M

1
=—§/ R(<P<Pi)idv+/Rij</2j<PidU
M

:_l/ RA</)<pdv—1/ R|V<p|2dv+/ Rijpjpidv.
2 M 2 M M

On the other hand, at time 7y, we know ¢ is the eigenfunction of Ay(#), i.e.,
(—A+cR)p = App, and we have

(3-9) /(—A<o+cR<p)[8z(<p)dv+8t(<pdv)]z)»o/ @l0;(p)dv+9; (¢ dv)]=0.
M M

The last equality holds because of (3-1). Inserting (3-6)—(3-9) into (3-5), at t = 1y,
yields

4

(3-10) 77

u(t)‘t L= (—1+np+2c[1—2(n—1)p])/ RopAgpdvu
=lp M

+(—1+(n—2)/)+2c[1—2(n—1),o])f R|Ve|>dv

M
+2/ R[,-(p,-cpjdv—i-ZC/ |Ric|2g02dv—26p/ R¢?dv.
M M M

Inserting A = cR¢ — Aop into (3-10), at ¢t = tg, gives
(3-11) i,w)’ =(A— 2p)c/ R*p*dv+ (A — 2p)/ R|Ve|>dvu

dt t=I1o M M
— A,bLf R§02 dv+ 2/ Rijpip; dv

M M
—|—2c/ IRic|?¢? dv.
M

Therefore we finish the proof of Lemma 3.1. U
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Now we give the second lemma.

Lemma 3.2. Let (M, g;):cjo0,1) be a solution of the Ricci—-Bourguignon flow on
an n-dimensional closed manifold M, and let Ao(t) be the lowest eigenvalue of
—A+cR under the Ricci—Bourguignon flow. Assume that f (ty) is the corresponding
eigenfunction of Ao(t) at time ty € [0, T). Let u(t) be a smooth function defined by
(3-2). Then we have

(3-12) %um\t

=Ip

__ b L o
_2]{(2—]()'/M|RU 2k(10gf)lj| f-dv

+ 2c—; /|Ric|2f2du
2k2—k) ) Iy

_ (a—bk)dc—(d — ek)/\Of Rf?dv
2k M
2k 1

where

a=1-2mn—1Dp, b=1—(1m-1)p,
d=1-2np, e=1—np and 0<k<?2.

Proof. The proof is by straightforward computation:
(3-13) / |R;;—2k(log f),-j|2f2dv=/ |Ric|2f2dv—|—4k2/ IV2(log f)I* f2dv
M M M

—4k/ Rij(log f)i; f*dv.
From [Cao 2008], we can get "
(3-14) 4k2f IV2(log /)I? f*dv
Y :2k2c/ RAfsz—4k2/ Rij f; f; dv
M M
=4kZC/ R(fAf+|Vf|2)dv—4k2/ Rij fi fj dv
and ! '
(3-15) —4k/ Rij(log [f)ij f* dv
" :—2k/MR(fAf+|Vf|2)dv+8kaRijﬁJ?dU-
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Combining (3-14) and (3-15), we arrive at

(3 16) |R1] _2k(10gf)l_]| f dv
f|R1c| frdv + 8k — 4k2)/ Ri; fifjdv

—|—2k(2kc—1)(c/ szzdv—ko/ szdu)
M M
+2k(2kc—1)/ R|V f|*dv.
M

Multiplying by m on both sides of (3-16), we conclude that

! o 12 2
(3-17) 2k(2—k)/M|R” 2k(log f)ij|= f~dv
_ 1 o2 £2 / L f f
= %e b /M|Rlc| fedv+2 MR,]f,fjdv

+ c/ R°f du—kO/ Rf~dv
2—k M M

ke — 1 )
RV f|*dv.
2—k Iy

Subtracting (3-17) from (3-3), we see that

(3-18) dtu(t)|_t0 m[ |Rij—2k(log f);; 1> f2dv

+(Zc 2 k))f |R1c| f dv

+<A—2p— 2_; )/M(CR2f2+R|Vf|2—AORf2)dU

—2,0/ rMRf2dv,
M

where A = —14np +2c¢[1 —2(n — 1)p]. Note that
2ke—1  H{[1-2(n—1)p]—[1-(n—1)plk}c—[(1-2np)—(1—np)k]

A— =
2—k 2—k
_ (a—bk)c—(d—ek)
= S .
Therefore we finish the proof of Lemma 3.2. ([

Proof of Theorem 1.1. We first prove (1). If p < 0, inserting

k_a_l—Z(n—l)p
b 1—=(m—=1Dp
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into (3-12), we obtain

2
319 L) frdv

dt

I—(n—1)p)? 1—2(n—1
_ (== )p)/‘RU__ M( log /)y

=ty 2—4(n— Dp —Dp

(1—(’1—1)/0)2 .2 2 2
+(2C—m>‘/]‘4|RIC| f dU—pAOLRf dv

—,oic/M R2f2dv+/MR|Vf|2a’v}.

If R>01in M x {0}, from Lemmas 2.3 and 2.6, we know that either max; R(¢) > 0
or g(t) = g(0) for every ¢ € (0, T). Assume maxy R(¢) > 0 (otherwise the proof
is trivial). By (3-19), when

(1-(m—=Dp)* 1

CA0-2m—Dp) &

we obtain

> 0.

=ty

(3-20) o)

Moreover, setting k = 1 in (3-12), we obtain
d 1 22 1 -2 2
(3-21) —M(z)) =L [ \R;—200g )12 f du+(2c—-) IRic|? 2 dv
dt 1=ty 2 M 2 M
—p[4(n—l)c—n+2]{c/ szzdu—i—/ R|Vf|2du}
M M
+p[4(n—1)c—n]x0/ Rf%dv.
M

Then when zlt <c<n/(4(n—1)), we also obtain (3-20).

Since the eigenfunction of the lowest eigenvalue is not equal to O along the
Ricci—Bourguignon flow, see Lemma 5.22 in [Chow et al. 2008], and w(¢) is a
smooth function with respect to the z-variable, we have

d
(3-22) E,u(t) >0
in (tp — &, to + &), where § > 0 is sufficiently small. So we get

(3-23) u(to) > pu(t)

for any #, € (fg — 8, o+ 6) and 1] < 19.
Notice that

u(to) = Ao(to) and  wu(ty) = Ao(ty).
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This implies Ag(2p) > Lo(#1) for any 7y > t;. Since Ag(¢) is continuous and ¢y € [0, T')
is arbitrary, Ag(?) is strictly monotone increasing in [0, 7). Therefore we finish the
proof of (1).

Next we prove (2). If 0 < p < ﬁ, in (3-18), we pick k such that

Then
r— 4c—D[l =2(n—-1)p]—=2p

(4c=Dll=@m—=Dpl=p
Taking 4c — 1 = B > 0, we have

po BU-20=Dpl=20 . B _
B[l —(n—1Dpl-p B[1—(n—1pl—p

For 0 < k < 2, we need

2p

(3-24) B> ———.
1-2(n—1)p

Now, we need 2¢ — > 0, which is

®D
(325) BB+ 1)(B[l—2(n—1)p]—2p) = (B[l — (n — 1)p] — p)>.

It is true when B — +o00. Next, we will prove that given

6(n —1)?
(3-26) 4c—1:Bzm—W,
1-2(n—1)p
both (3-24) and (3-25) are true. Firstly, since 0 < p < m < 1, we have
—_1)2 _1\2
g S=D2D  6(n—1)% 2p

“1-2(mn—Dp 1=2(n—1p ~ 1-2(n—1p’
Thus, (3-24) holds. Secondly, let’s show (3-25):
B(B+1)(B[1-2(n—1)p]—2p)—(B[1—(n—1)p]—p)*
= B*(B[1-2(n—1)p]—2p)+B(B[1-2(n—1)p]—2p)— (B[1—(n—1)p]—p)*
= B*(B[1-2(n—1)p]—2p)—((n—1)Bp+p)*
> B*(6(n—1)*\/p—2p)—((n—1)Bp+p)’
> B*(4(n—1)>/p)—((n—1)Bp+p)’
=[2B(n—1)Jp+m—1)Bp+pl[2B(n—1)Y/p—(n—1)Bp—p].
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The first factor is clearly positive. For the second factor, note p% > p% > P,
2B(n—1)Yp—(n—1)Bp—p=Bn—1Yp—p
6(n— 1)’/
P, Sy -
= T2 —npVP T F
> 61— 1)°p% —p > 1201 —1)°p — p > 0.
Therefore, given
6(n—1)?
4e—1> (n_)Jﬁ
1-2(n—1)p
we have

d

(3-27) T

> —2,0;1,/ Rf2dv.
=ty M

By Lemma 2.8, we know that the nonnegativity of the curvature operator is preserved
by the Ricci—-Bourguignon flow. This implies that the Ricci curvature is also nonneg-
ative, and we have |Ric|?> < R2 The evolution equation of scalar curvature satisfies

d

(3-28) o

R=[1-2(n—1)p]AR+2|Ric|> = 2pR?
<[1=2(n—1)p]AR+2(1 — p)R>.
Let o (¢) be the solution of the following ODE with initial value:

{80(1‘)/81‘ =2(1 —p)o?,
o0 (0) = maxy; R(0).

By the maximum principle, letting € = maxys R(0), we can get

(3-29)

-1
R() <o) = (—2(1 — )i+ é)

on [0, T"), where T =min{T’, T} and T' = m. Arguing now as in [Hamilton
1982, Section 14], it follows that the metrics g(#) converge to some limit metric
g(T) in the C* topology if T < T"; hence, we can restart the flow with this initial
metric g(T), obtaining a smooth flow in some larger time interval [0, T + §), in
contradiction with the fact that 7 was the maximal time of smooth existence. So we
have T’ < T. Hence R(¢) < o (t) on [0, T"). Since the eigenfunction of the lowest
eigenvalue is not equal to O along the Ricci—-Bourguignon flow, see Lemma 5.22

in [Chow et al. 2008], from Lemma 2.3 and (3-27), we have

(3-30)

“ul  >=2pu| Rf*dv=-2ppuo,
dt 1=ty M

which implies
> 0.

=ty

<%M+2,0M0>
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By arguments similar to those in the proof of (1), we know that
(T" =)™ Xo(1)

is strictly monotone increasing under the Ricci-Bourguignon flow (1-1) on [0, T”’) and

, 1
I=50= 0)e’
where
€e=max R(0) and o= P > 0,
M 1—p
which shows (2) holds. Therefore we finish the proof of Theorem 1.1. U

4. Proof of Theorem 1.3
We will now prove Theorem 1.3. First, we recall the definition of breathers.

Definition 4.1. A metric g(¢) evolving from the Ricci-Bourguignon flow is called
a breather if for some #; < f, and o > 0 the metrics ag(¢1) and g(#,) differ only by a
diffeomorphism; the cases « = 1, o < 1 and @ > 1 correspond to steady, shrinking
and expanding breathers, respectively.

Proof of Theorem 1.3. For a steady breather, let #; and #, be the same as above; we
have

Ao(t1) = Ao(12).
When p =0and ¢ > 1 by (1-2) of Theorem A, we have
Ao(t1) < Ao(f2)
provided #; < #;. And the equality holds if and only if for any #; <t <1,
d
a)»()(l‘) =0.

Since the eigenfunction f cannot be identical to zero, from (1-2) of Theorem A we
must have Ric = 0.
But when p <0,

2
Ce(l’ n ]U[(l—(n—l)p) ’+oo>
4 4(n—1) 4(1=2(n—-1p)

and the scalar curvature is nonnegative at the initial time, because of Theorem 1.1(1)
for a nontrivial flow we have

Ao(t1) < Ao(f2)
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provided t; < . When (M, g(¢)):e[0,1) is a compact maximal solution of the trivial
Ricci—Bourguignon flow (1-1), i.e., Ric = 0, we have 1¢(¢;) = Ag(f2). Hence we
have proved Theorem 1.3. (I

5. Proof of Theorem 1.4

We will now prove Theorem 1.4. In order to achieve this, we first prove Lemma 5.1.
Our proof involves choosing a proper smooth function, which seems to be a delicate
trick.

Let M be an n-dimensional closed Riemannian manifold, and g(¢) be a smooth
solution of the Ricci—-Bourguignon flow on the time interval [0, T). Let A;(¢) be
the first eigenvalue of the Laplace operator under the Ricci—-Bourguignon flow and
f (%) be the corresponding eigenfunction of A;(¢) at time #y € [0, T), i.e.,

(5-1) —Ag(ip) f(t0) = A1 (1) f (t0).

For any 79 € [0, T)), Wu et al. [2010] pointed out that there exists a smooth function

o) = Lﬂ where ¥ (1) = f(to)(lg(to)| )2
(fM W(l‘)zdv)i lg(@)]
satisfying
(5-2) / o) dv=1, f ¢ (1)dv =0,
M M

and ¢(fp) = f(ty). Now we define a general smooth function

(5-3) u(t) = / ¢ (1) (—A¢(1)) dv.
M
In general, w(¢) is not equal to A; (). But at time ¢y, we conclude that

wu(to) = A1 (fo).

Lemma 5.1. Let (M, g;):c(0,1) be a solution of the Ricci-Bourguignon flow on an
n-dimensional closed manifold M and let A1 (t) be the first eigenvalue of the Laplace
operator under the Ricci—Bourguignon flow. Assume that f (ty) is the corresponding
eigenfunction of ,((t) at time tn € [0, T), i.e.,

—Ag(0) f (10) = A1 (20) f (20)-

Let 1u(t) be a smooth function defined by (5-3). Then we have

54 Suw| _ = /M (2R fif;+(1=np) R = [2=m)p+11R|V f P} dv.

Proof. The proof is by direct computation:
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d
(5-5) Eu(t)‘ =/ 0 (=¢pAp)dv +/ (—¢AP)d,(dv)
1=l M M

_ / [—2Rijd5; — A(d) +2pRAS + 2 — )pR 1 i1 dv
M

+/ (—A¢)8z¢dv+/ (=A¢p)p(np—1)Rdv
M M

=/ —2R,-‘,-¢,-.,-¢dv+/ —2(A¢)81¢dv
M M
+@-mp [ Ridrpdv-+11+@-np) /M R(A$)$ dv.
M
From (3-7) and (3-8), we have
(5-6) di,u(t)’ =—/ RA¢¢dv—/ R|V¢|2dv+2/ Rijb;bi dv
t t=1 M M M
+/ —2(A¢))3,q§dv—(2—n)p/ RA¢¢ dv
M M
—(2—n)pf RIV¢[* dv
M

F+ Q=] / R(AG)$ dv
M

:2/ Rij¢j¢>idv+2u/ ¢8t¢>dv
M M

—I1 —I—(Z—n),o]/ RIV¢|*dv.
M

Under the Ricci—-Bourguignon flow, from the constraint condition (5-2), we get

(5-7) 2/ ¢ dv = —(np — 1)/ ®*R dv.
M M
Hence, at time £, the desired lemma follows from substituting (5-7) into (5-6). [J

Proof of Theorem 1.4. We assume that for any time 79 € [0, T), if f(ty) is the
corresponding eigenfunction of the first eigenvalue A (%), then we have A (#y) =
u(ty). By Lemma 5.1, we have

d

-8 7

w0 _ = [ (=01 RE 2R - @-mp HIRIV S Py
=/ 2R;j—[Q2—n)p+11Rgi;} fi fidv+ [ (1—np)ri Rf*dv
M M
3/ (1—np)A1Rf2dv—2a/ IV f12dv
M M

:/ (l—np)klszdv—Zaklzklf FH(A—np)R—2a}dv,
M M
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where we used the first assumption of Theorem 1.4.

From Lemma 2.3, we know that either max,; R(z) > 0 or g(¢) = g(0) for every
t € (0,T). Assume maxy R(t) > O (otherwise the proof is trivial). Since the
eigenfunction of the first eigenvalue is not equal to 0 along the Ricci—-Bourguignon
flow, by (5-8), we obtain

(5-9) %u(t) - 0.

=ty

By arguments similar to those in the proof of Theorem 1.1, we have 1 () is strictly
monotone increasing in [0, 7).

As for the differentiability for A (¢), since A;(¢) is increasing on the time interval
[0, T) under curvature conditions of the theorem, by the classical Lebesgue’s
theorem, see for example Chapter 4 in [Mukherjea and Pothoven 1984], it is easy
to see that A (¢) is differentiable almost everywhere on [0, T'). O

Remark 5.1. (1) In the course of proving Theorem 1.4, we do not use any differ-
entiability of the first eigenvalue or the corresponding eigenfunction of the Laplace
operator under the Ricci-Bourguignon flow.

(2) Using this method, we cannot get any monotonicity for higher-order eigenvalues
of the Laplace operator under the Ricci—Bourguignon flow.
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COMPOSITION SERIES OF
A CLASS OF INDUCED REPRESENTATIONS,
A CASE OF ONE HALF CUSPIDAL REDUCIBILITY

IGOR CIGANOVIC

We determine the composition series of the induced representation

§(v="p, v*pl) x §([v2p, v'p]) x 0,

where a, b, c € %(ZZ + 1) satisfy % <a < b < ¢, p is an irreducible cuspidal
unitary representation of a general linear group and o is an irreducible
cuspidal representation of a classical group.

Introduction

In this paper we determine the composition series of a class of standard repre-
sentations in terms of Moeeglin—Tadi¢ classification of discrete series [Moeglin
2002; Mceglin and Tadi¢ 2002]. Interesting on its own, this result should also prove
valuable for extending results about Jacquet modules of segment type representations
obtained in [Mati¢ and Tadi¢ 2015].

To describe our results we introduce some notation. Fix a local nonarchimedean
field F of characteristic different from 2. Let p be an irreducible cuspidal unitary
representation of GL(m,, F) (this definesm ) and x, y € R, such that y—x+1€Z~o.
The set [v*p, vV p]={v*p, ..., V¥ p}iscalled a segment. The parabolically induced
representation v¥p x --- X v*p has a unique irreducible subrepresentation; it is
essentially square integrable and we denote it by §([v*p, V¥ p]). Also we denote
e([vip,vVp) =e(S([vip, vp]) = %(x + ). If § is an essentially square integrable
representation of GL(ms, F'), there exists a segment A such that § = §(A).

Let G, be a symplectic or (full) orthogonal group having split rank n. Given
a sequence of segments Ay, ..., Ag, e(A;) >0,i =1,...,k and an irreducible
tempered representation T of some G, we denote by Lang(§(A1) X - - - X §(Ag) X T)
the unique irreducible quotient, called the Langlands quotient, of the parabolically
induced representation § (A1) X - - - X 8(Ayk)) X T where ¢ is a permutation of the
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set {1, ..., k} such that e(Ay1)) > --- > e(Ayx)). These induced representations
are called standard representations and are important because by the Langlands
classification every irreducible representation of G,, can be described as a Langlands
quotient. Further if 7 is a discrete series representation then by the Mceglin—Tadié
classification of discrete series it is described by an admissible triple (Jord, Tcusp, €).
Here Jord is a set Jordan blocks, 7y a partial cuspidal support and € a function
from a subset of Jord U(Jord x Jord) into {#1}. Results of Mui¢ about reducibility
of the generalized principal series 8 ([v*p, v¥p]) X T [Muié 2004; 2005] are stated
case by case depending on Jord and x and y where the case x = % plays an important
role. In our situation, we provide some additional information, see Proposition 2.4.
These results are used to compute composition series of the induced representation

S(v™p. vep]) x 8([vp, vipl) X o,

where a, b, c € %(ZZ + 1) such that % <a < b <c, pis an irreducible unitary cus-

pidal representation of GL(m,, F) and o is an irreducible cuspidal representation
1

of G, such that v2 p x o reduces.

1. Preliminaries

Let F be a local nonarchimedean field of characteristic different from 2. Groups
that we consider are as follows. As in [Mceglin and Tadi¢ 2002] we fix a tower of
symplectic or orthogonal nondegenerate F' vector spaces V,,, n > 0 where n is the
Witt index. We denote by G, the group of isometries of V,,. It has split rank n. Also
we fix the set of standard parabolic subgroups in the usual way. Standard parabolic
proper subgroups of G, are in bijection with the set of ordered partitions of positive
integers m < n. Given positive integers ny, ..., ng suchthatm =n;+---+n; <n
the corresponding standard parabolic subgroup Py, s = (1, ..., ny) has the Levi
factor M, isomorphic to

GL(n,F)x---xGLny, F) x Gy_p.

Further, if §; is a smooth representation of GL(n;, F),i =1, ..., k and T a smooth
representation of G,_,,, denote by m = §; ® - - - @ §; ® 7 the representation of M

and by 81X~--x8k>qr=Indf,I’;(7r)

the representation induced from 7 using normalized parabolic induction. If o
is a smooth representation of G, we denote by r;(0) =1),(0) = Jacqf,l’; (o) the
normalized Jacquet module of o. We have the Frobenius reciprocity

Homg, (o, IndAG,[’; ()) = Homy, (J acqf,l'z (o), m).

Let p be an irreducible cuspidal unitary representation of G L (m,,, F) (this defines
mp)and x,y € R, such that y —x +1 € Z>¢. The set [V p, vV p]={v'p, ..., v’ p}
is called a segment. The induced representation v¥p X - -- X v*p has the unique
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irreducible subrepresentation; it is essentially square integrable, and we denote it
by §([v*p, v¥p]). We also denote
e p. v o)) = e[, v ) = 1

For y—x+1 € Z_g define [v* p, v¥p] = & and § () is the irreducible representation
of the trivial group. Let A = [v*p, v p] and A= [v™Yp, v™*p] where p denotes
the contragredient of p. We have S(A)Nz 8(5). By [Zelevinsky 1980] if § is an
essentially square integrable representation of G L (ms, F'), there exists a segment A
such that § =38 (A). If A’ and A” are segments such that A” C A’ then §(A") x§(A”)
is irreducible and § (A") x §(A”) = §(A”) x §(A').

Given a sequence of segments Aj,..., Ag, e(A;) >0,i =1,...,k and an
irreducible tempered representation 7 of some G,/, we denote by

Lang(§(A1) x -+ x §(Ag) X 1)
the unique irreducible quotient, called the Langlands quotient, of
S(Aw(l)) X e X 5(A¢(k)) X T,

where ¢ is a permutation of the set {1, ..., k} such that e(Ay1)) > -+ > e(Ayr)).
It appears with multiplicity 1 in the induced representation and is the unique
irreducible subrepresentation of 6(&/)(1)) X+ X S(Zw(k)) x 7. By the Langlands
classification every irreducible representation of G, can be written as a Langlands
quotient.

If o is a discrete series representation of G, then by the Mceglin—Tadi¢ classi-
fication of discrete series [Moeglin 2002; Mceglin and Tadi¢ 2002] it is described
by an admissible triple (Jord, ocysp, €). We note that the classification, written
under a natural hypothesis, is now unconditional; see page 3160 of [Mati¢ 2016].
Here Jord is a set of pairs (a, p) where p is an irreducible self-dual cuspidal
representation of GL(m,, F'), a is a positive integer of parity depending on p and
S([v=@=D72p5 y@=D/25]) % o is irreducible. We write Jord, ={a : (a, p) € Jord}
and for a € Jord, let a_ be the largest element of Jord, strictly less than a, if
such exists. Next, ocysp is the unique irreducible cuspidal representation of some
G, such that there exists an irreducible representation = of G L(m,, F) such that
0 <> T X Ocusp. It is called the partial cuspidal support of o. Finally, € is a
function from a subset of Jord U(Jord x Jord) into {£1}. It is defined on a pair
(a, p), (@', p') € Jord if and only if p = p’ and a # a’. In such a case we formally
denote the value on the pair by €(a, p)e(a’, p)~! and it is equal to the product of
e(a, p) and e(d@’, p)~ ' if they are defined. Suppose that (a, p) € Jord and a_ is
defined. Then

€(a, p)e(a_, ,0)*1=l < there exists a representation 7’of some G,

(@-+D/2,, (@=D)/2 /

such that o < §([v o) X'
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If (a, p) € Jord and a is even then € (a, p) is defined. Additionally, if a =min(Jord,),

€(a, p)=1 <= there exists a representation 7" of some G,_,
such that o <> §([v'/%p, v @ V2p)) x 7",

Now we recall the Tadi¢ formula for computing Jacquet modules. Let R(G,,) be
the Grothendieck group of the category of smooth representations of G, of finite
length. It is the free abelian group generated by classes of irreducible representations
of G,. If o is a smooth finite length representation of G, denote by s.s.(o) the
semisimplification of o, that is the sum of classes of composition series of o.
Put R(G) = ®,>0R(G,). For my, my € R(G) we define ) < mp if mp — my is
a linear combination of classes of irreducible representations with nonnegative
coefficients. Similarly we have R(GL) = @,>0R(GL(n, F)). We have the map
uw*: R(G) > R(GL)® R(G) defined by

W) =190+ s5.(r@ (@), o€R(Gy).
k=1

The following result is derived from Theorems 5.4 and 6.5 of [Tadi¢ 1995]; see
also Section 1 in [Mceglin and Tadi¢ 2002]. They are based on Bernstein and
Zelevinsky’s geometrical lemma [1977, Lemma 2.11].

Theorem 1.1. Let 0 be a smooth representation of a finite length of G,, p an

irreducible unitary cuspidal representation of GL(m,, F) and x, y € R, such that
y—x+1€Zsy. Then

(1-1) p*@S(v*p, v’ phxo) =
y—x+1 i

Yo D DM A v A XS o, v p))
8'®@c'<p*(o) i=0 j=0 . .
o'=pu(o) 1 J X5/®3([Vy+l_l,0, Vy_‘/p])Xl(f/,

where 8’ ® o’ denotes an irreducible subquotient in the appropriate Jacquet module.

We also note that in the appropriate Grothendieck group

(1-2) S(vp, v’ pl) xo =87 p, v p) 1o

2. Basic reducibilities

In this section we fix the notation and prepare some reducibility results. Let p be
an irreducible unitary cuspidal representation of GL(m,, F) and o an irreducible
cuspidal representation of G, such that v%p x o reduces. By Proposition 2.4 of
[Tadi¢ 1998] p is self-dual. Let a, b,c € 1(2Z+ 1) such that § <a <b <c.

The following result is Theorem 2.3 from [Mui¢ 2004] proved using Jacquet
module computation.
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Theorem 2.1. (i) The induced representation 8([1)%/0, vip]) x o is of length 2.
Besides its Langlands quotient it has the unique irreducible subrepresentation,
the discrete series o1. In the appropriate Grothendieck group we have

5([v2p, v%p]) x o = oy +Lang(8([v2 p, v p]) 3 o).

Here Jord(o1) ={(2a+1, p)} and €5,2a+ 1, p) = 1.

(i) The induced representation S(v=tp,vep)) x o is of length 3. Besides its
Langlands quotient it has two nonisomorphic irreducible subrepresentations
oy and o3. In the appropriate Grothendieck group we have

S([v™p,vp]) Mo =03 + 03+ Lang(8([v""p, v p]) x o).

Here,
Jord(on) =Jord(o3) = {(2b+ 1, p), 2c+ 1, p)}

€, (2b+1,p) =€5;,(2c+1,p) =1
€ 2b+1,p) =€;2c+1,p) =—1.
The next proposition follows from Theorem 2.1 of [Mui¢ 2004].

Proposition 2.2. The induced representation 8([v="p, v¢pl) x oy is of length 3.
Besides its Langlands quotient it has two nonisomorphic irreducible subrepre-
sentations, the discrete series o4 and os. In the appropriate Grothendieck group
we have

8(v™"p, v°pl) x 01 = 0y + 05+ Lang(8([v " p, v p]) x 07).

Here,
Jord(oy) =Jord(os) = {(2a+ 1, p), 2b+ 1, p), 2c+ 1, p)},

€,2a+1,p)=¢€;,,2b+1,p)=¢€;,,2c+1,p) =1,
€52a+1,p)=1,6;2b+1, p) =€52c+1, p) =—1.

Proposition 2.3. The representation §([v="p, v°p]) x 8([1)%,0, vip]) X o has two
irreducible subrepresentations o4 and o5 and they appear with multiplicity 1.

Proof. By Theorem 2.1 and Proposition 2.2 we have
04 @05 = (v "p, v p]) x o1 > 8V p, v pl) x (2 p, v p]) X 0.
To see that there are no other irreducible subrepresentations let
7 <> 8(v ", 1 p]) x 8([v2p, vp]) X 0
be an irreducible subrepresentation. Frobenius reciprocity implies

1) = ([ p. v pl) x 8([v2p, vip]) ®o.
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We show that §([v="p, v°p]) x 5([1)%,0, V9p]) ® o appears with multiplicity 2
in u*S(v="p,vp]) x 6([1)%,0, v¥p]) x o). Looking for possible occurrences,
formula (1-1) implies that there exist i, j,k,/l € Z suchthat 0 <[l <k <a+ %
0<j<i<b+4+c+1and

, 1 _ _1
8(v="p, vpl) x 8([v2p, v p]) <8V p v 2p])
xS (o, vipl) x S TP VP pl) x ST p vEp]),
o <8 v p]) x (v T o, v p]) o
Comparing cuspidal support in the first equation we see i —c=—borc+1—j=—b.
The second inequality implies k =/ and i = j. So we have i = j =c—b or
i=j=c+b+1. Nowk=I[l=a+ % This shows that there are at most two

irreducible subrepresentations in 8 ([v="p, v<p]) x 8([1)% 0, vp]) ® o, so there are
no others than o4 and os. O

Proposition 2.4. In the appropriate Grothendieck group we have

8([v2p, v¥pl) x 02 = a4 + Lang(8([v7 p, v* p]) X 72),
5([v2p, v’ pl) x 03 = 05 + Lang(3([v2 p, v p]) 3 03).

Proof. By Lemma 6.1 of [Mui¢ 2005] the induced representations on the left
side of the equations reduce. The proof of that lemma claims that all irreducible
subquotients of the induced representations other than Langlands quotients are
discrete series. The argument as in the proof of Theorem 2.1 of [Mui¢ 2004]
implies that they are all subrepresentations.

Let 4 be a discrete series subrepresentation of 8([\)% 0,v%p]) X op and 75 a
discrete series subrepresentation of § ([U%,O, v4p]) X 03. By Theorem 2.1, oo, ®o3 —
S8([v=p, v¢p]) x o so we have

T4 ®7s <> 8([V2p, v9p]) % 02 ®8([V7p, v p]) % 03
= 5([v2p, 1 p]) % (02 ® 03)
2-1) 1
= 8([v2p,v0]) x 8([v""p, v p]) x o
= 5([v"p, v p]) x 8([v1p, vip]) X 0.
By Proposition 2.3 74 and 75 are not isomorphic and we have
(2-2) §([vip, 19 p]) x 0y =4 + Lang(8([v2p, v p]) X 02),
(2-3) §([v2p. 19 p]) x o3 =5 + Lang(8([v2 p, v*p]) X 03),

where {4, 5} = {04, 05}.
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We now prove that w4 = o4 and 75 = o5. It is enough to see that
€x,Ra+1,p)er, 2b+1,0)7 ' =1.

Since €,,(2b+1, p) =1 and min(Jord, (02)) =2b+1 € 27 there exists an irreducible
representation 7 of Gn+(c+%)mp such that oo < §([v2p, vb,o]) x 7. Now we have
74 > 8([v2p, v p]) x 02 = 8([v2p, v p]) x 8([v2p, v p]) 1 T

=5([v2p, vPpl) x 8([v2p, v p]) X T

a+1

< 8(v*H p, v pl) x 8([v2p, v9p]) x 8([v2p, v¥p]) X T.

By Lemma 3.2 of [Mceglin and Tadi¢ 2002] there exists an irreducible representation

/
7’ of Gn+(20+c+%)mp such that

a+1

s> S(W 1 p, vPp]) x 7.

Now €,(2a +1, p)e, (2b+1, p) ' =1. As we proved that 74 = 04 and 75 = o5,
(2-2) and (2-3) give the claim of the proposition. U
3. The main theorem

Theorem 3.1. The induced representation 8([v="p, v¢p]) x 5([1)%,0, vipl) X o is
of length 6, and it has two nonisomorphic irreducible subrepresentations. They are
discrete series. In the appropriate Grothendieck group we have

5(v"p, vp]) x 8([v2p, v p]) X0 =
a4+ 05+ Lang(8 ([v2 p, v p]) % a2) + Lang(3([v2 p, v p]) x 03)
+Lang(8([v"p, v“p]) x 01)
+Lang(3([v"p, vp]) x 8([v2 p, v9p]) X 0).
Moreover,
Lang((S([V%p, v9p]) NOz)@Lang(S([v%p, v9p]) >463)EBLang(5([v_bp, vep]) xoq)
> Bl p, v pl) x 8([v2p, v p]) X 0) /(04 B 05).

Proof. Suppose that —b + ¢ > % + a. Otherwise we have a similar proof. We look
at the composition of some intertwining operators:

S(v~p, vp]) x 8([vip, vipl) Mo — 8([vip, vipl) x 8([v"p. 1 p]) ¥ &
— 8([vip.19p]) x 8(v " p. vPp]) X o
— (v p, vPp]) x 8([v1p, vp]) x o

= 8([vp. vPpl) x 8(vp, v 2p]) X 0.
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Since % <a < b < c the first and the third map are isomorphisms. By Theorem 2.1

the kernel of the second map is in the appropriate Grothendieck group

8(v2p, vpl) x 02+ 8([v2p, v¥pl) x o3.

By Proposition 2.4 this equals

04+ 05+ Lang (8 ([v? p, v*p]) % 02) + Lang(8([v2 p, v p]) % 03).

By Theorem 2.1 and equation (1-2), the kernel of the last map is in the appropriate
Grothendieck group

S(v™p.v"p) 3o =8(v""p, v p]) ¥ 0y
which is, by Proposition 2.2, equal to
04 + 05+ Lang(3([v"p, vp]) x 01).

The image of the composition is

Lang(8([v™"p., v*p]) x 8([vZp,19p]) x o).

We see that 04 and o5 appear in two kernels, but by Proposition 2.3 they appear with
multiplicity 1 in the induced representation, so we have proved the first formula of
the theorem.

To prove the second formula of the theorem, observe that by Theorem 2.1 and
Propositions 2.2 and 2.3 we have

04 ®0s > 8(v™"p, v pl) X101 > S p, v p]) x 8([v2p, ¥ p]) X &
and
(3-1) Lang(8([v~"p, v p]) ¥ 01) —

1
G(v~"p, vp]) x 8([v2p, v p]) ¥ 0) /(04 ® 05).

Additionally, Proposition 2.4 and (2-1) imply

04 ® 05 > 8([v2p, V") X 02 ® 5([v2 p, V1) X 03
< 8([v"p, vp]) x 8([v2p, ) X &
and
(3-2) Lang((S([v%,o, v4p]) X or) @Lang(é([v%p, V4p]) X o3) —

("0, 1p]) x 8([v2 p, v9p]) X &) /(04 B T5).

Now equations (3-1) and (3-2) prove the second formula of the theorem. U
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4. Consequences

We have the following result:

Corollary 4.1. In the appropriate Grothendieck group we have

5([v2p, 1 p]) xLang(3([v"p, v p]) x0) =

Lang(8([v™"p., v° p]) xi01)+Lang(8([v ™" p. v p]) x8([v p, v* p]) 7).
5([v"p, v p]) xLang(3([v2 p, V% p]) 310) =

Lang(3(Iv™"p, v p]) x5([v2 p, v p]) x10)
+Lang(3([v? p, v* p]) xo2)+Lang(3([vZ p, v* p]) X 073).

Except for Lang(é([v_bp, Vep]) x 8([1)%,0, vep]) x o) all irreducible subquotients
of induced representations on the left-hand side appear as subrepresentations.
Proof. Using the exactness of the parabolic induction, Theorem 2.1, Proposition 2.4,
(2-1) and Theorem 3.1 we have
5([v2p, v p])xLang(B([v " p, v p]) x0)
(w2 p. v p]) x 8([v™"p. v p]) %1 ) /(B([v2 p. v p]) % (02 @ 53))
= 3([v"p, v x8([v2 p, v 1) 90) /(B([V2 p, v p]) X2 @B ([v7 p, V" p]) ¥03).

12

Comparing this with the result of the main theorem gives the first formula of the
corollary. Similarly, for the second formula use Proposition 2.2 and observe that

5(v"p, vp]) x Lang(8([v2 p, v¥p]) x &) =
G0, 1)) x 8([2p, v9p]) x ) /B (v"p. v p]) ¥ 07). O
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The purpose of this paper is to extend the Donaldson—Corlette theorem to
the case of vector bundles over cell complexes. We define the notions of a
vector bundle and a Higgs bundle over a complex, and describe the associ-
ated Betti, de Rham and Higgs moduli spaces. The main theorem is that the
SL(r, C) character variety of a finitely presented group I is homeomorphic
to the moduli space of rank-r Higgs bundles over an admissible complex X
with 1 (X) =T. A key role is played by the theory of harmonic maps defined
on singular domains.
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1. Introduction

Higgs bundles were first introduced by Hitchin [1987] as a PDE on a vector bundle
over a Riemann surface obtained by the dimensional reduction of the anti-self-
dual equations on R* Since then, the field has seen a remarkable explosion in
different directions, most notably the work of Simpson [1988; 1992] on variations of
Hodge structures and applications to Kihler groups. The work of Donaldson [1987]
and Corlette [1988] provided links with the theory of flat bundles and character
varieties of groups. Higgs bundles have been generalised over noncompact manifolds
[Corlette and Simpson 2008; Simpson 1990; Jost et al. 2007; Jost and Zuo 1996]
and singular curves [Balaji et al. 2013]. The goal of this paper is to push this even
further by considering Higgs bundles over more general singular spaces; namely,
finite simplicial complexes.
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As pointed out by Hitchin, Donaldson and Corlette, a key role in the relation
between character varieties and Higgs bundles is played by the theory of harmonic
maps. Harmonic maps have been used in the study of representations of Kihler
manifold groups starting with the work of Siu [1980], also see [Carlson and Toledo
1989], and have seen some remarkable applications in providing new proofs of the
celebrated Margulis superrigidity theorem, see [Jost 1997], and the only existing
proof of the rank-1 superrigidity theorem due to Corlette [1992] and Gromov and
Schoen [1992]. But these directions involved showing that the representations are
rigid, in contrast with Hitchin’s point of view, which is to study the moduli space
of such representations.

In all the above references, one studies representations of fundamental groups of
smooth manifolds rather than arbitrary finitely presented groups. In other words, the
domain space of the harmonic map is smooth. Chen [1995] and Eells and Fuglede
[2001] developed the theory of harmonic maps from a certain class of singular
domains including admissible simplicial complexes. By admissible they mean
complexes that are dimensionally homogeneous and locally chainable in order to
avoid certain analytic pathologies (see the next section for precise definitions). Since
any finitely presented group is the fundamental group of an admissible complex,
there is no real restriction in considering admissible complexes. The key property
of harmonic maps shown in the above references is that they are Holder continuous
but in general they fail to be Lipschitz. In fact, the work of the first two authors
[Daskalopoulos and Mese 2008; 2009] shows that Lipschitz harmonic maps often
imply that the representations are rigid.

The starting point of this paper is a finitely presented group I" and a 2-dimensional
admissible complex without boundary X with fundamental group 71 (X) >~ I". We
also fix a piecewise-smooth vector bundle E over X that admits a flat SL(r, C)
structure. Such bundles are parametrised topologically by the (finitely many)
connected components of the SL(r, C) character variety of 71 (X). One can write
down Hitchin’s equations

(I-1) Fa+y Ay =0,
(1-2) day =0

for a sufficiently regular unitary connection A and Higgs field {. Again, as in
the smooth case, the SL(r, C) connection d4 + v is flat and one can ask what
the precise condition is so that the pair (d4, ¥) corresponds to a representation
o :m(X)— SL(r, C).

Given a representation p as above, we can associate as in the smooth case a
p-equivariant harmonic map from the universal cover X to the symmetric space
SL(r, C)/ SU(r). The first two authors [Daskalopoulos and Mese 2008] studied
harmonic maps from simplicial complexes to smooth manifolds and discovered the
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following crucial properties:

(1) The harmonic map is smooth away from the codimension-2 skeleton of X.

(2) The harmonic map satisfies a balancing condition at the codimension-1 skeleton
of X in the sense that the sum of the normal derivatives vanishes identically.

(3) The harmonic map blows up in a controlled way at the codimension-2 skeleton
of X.

All the above properties are described precisely in Theorem 3.3. This allows
us to prove that the derivative of the harmonic map belongs in an appropriate
weighted Sobolev space Li s (see Proposition 4.5). The definition of weighted
Sobolev spaces is given in Section 3B. Finally, the main theorem describing the
correspondence between equivalence classes of balanced Higgs pairs of class L% 5
and representations is given in Section 4 (see Theorem 4.3).

We would like to end this introduction with a brief discussion of some motivation
and future applications of this paper that we will explore elsewhere. Note that,
with the exception of [Balaji et al. 2013], the theory of Higgs bundles on singular
varieties is not very well understood. For example, one of the important questions
about fundamental groups of singular projective varieties is whether fundamental
groups of normal varieties behave more like the ones of smooth manifolds, or in
the other extreme, if there are very few restrictions on them [Arapura et al. 2016;
Kapovich and Kollar 2014]. The connection with the results of this paper is as
follows: By [Eells and Fuglede 2001, Example 8.9], an n-dimensional normal
projective variety X admits a bi-Lipschitz triangulation with its singular set as a
subcomplex of dimension at most n—2. Furthermore, X is admissible in the sense of
Definition 2.2. Thus, studying harmonic maps on X, or more generally constructing
moduli spaces of bundles on X, could imply restrictions on fundamental groups as
in [Carlson and Toledo 1989; Simpson 1992].

2. Vector bundles over complexes
2A. Basic definitions of smooth bundles.

Definition 2.1 [Lojasiewicz 1964]. Let EV be an N-dimensional affine space. A
cell of dimension i is a nonempty, open, convex, bounded subset in some ' C EY.
We will use the notation o’ to denote a cell of dimension i and call E/ the extended
plane defined by o'. A locally finite convex cell complex, or simply a complex X
in EY, is a locally a finite collection F = {c} of disjoint cells in EV such that for
any o € F its closure ¢ is a union of cells in F. The dimension of a complex X is
the maximum dimension of a cell in X.

For example, a simplicial complex is a cell complex whose cells are all simplices.
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Definition 2.2. A connected complex X of dimension 7 is said to be admissible
[Chen 1995; Eells and Fuglede 2001] if the following two conditions hold:

(i) X is dimensionally homogeneous, i.e., every cell is contained in a closure of
at least one n-cell, and

(i) X is locally (n—1)-chainable, i.e., given any (n—2)-cell v, every two n-cells
o and o' incident to v can be joined by a sequence o = 0y, 01, ...,0r =0’
where o; and o} are two adjacent n-cells incident to v fori =0, 1, ..., k—1.

The boundary 0 X of X is the union of the closures of the (n—1)-cells contained in
the closure of exactly one n-cell. Using a regular barycentric subdivision we obtain
that given any locally finite complex there is a locally finite simplicial complex
such that any cell is a union of simplices.

Definition 2.3. Let U be a subset of a complex X. A function f : U — R s called
smooth if for any n-cell o of X, the restriction f|,ny can be extended to a smooth
function on ' N U in the extended plane defined by 0. Amap f:U — Z C EM
into a complex Z is called smooth if with respect to some affine coordinate system
on EM we have f = (f!,..., fM) where f/ is smooth forevery j =1,..., M.

Definition 2.4. A Riemannian metric g, on a cell o is the restriction to o of a
smooth Riemannian metric on its extended plane. A Riemannian metric g on X
is a smooth Riemannian metric g, on each n-cell o of X satisfying the additional
property that if 7 is a face of o, then g, |, = g, where g, |, denotes the restriction
of the extension of g, to the extended plane of o. In particular, the expressions
of g, with respect to some affine coordinates in the extended plane are smooth
functions in the sense of Definition 2.3.

Definition 2.5. A smooth complex vector bundle of rank r over a complex X is a
topological space E and a continuous, surjective map 7 : £ — X such that:

(1) foreach x € X the fibre 7 ~! (x) has the structure of a complex vector space, and

(2) there exists an open cover {U, },<; of X such that for each o € I there exists a
homeomorphism ¢y : 7~ (U,) — U, x C" such that

(i) @q restricts to a linear isomorphism 7 ~! (x) = {x} x C" for each x € Uy, and
(i) if U,NUpg # &, then the transition function g, = ¢y ogolgl :UNUgxC" —
U, NUg x C" induces a smooth map g : Uy, N Ug — GL(r, C).

A section of w : E — X is a continuous map s : X — E satisfying w os = idy.
The section is smooth if on each local trivialisation 7 ~'(U,) = U, x C" with
projection onto the second factor denoted by p, : 7 ~!(U,) — C’, the composition
of Uy = 7~ 1(Uy) 42> C” is a smooth map as in Definition 2.3. Let QYX, E)
denote the vector space of all smooth sections of 7 : E — X. If E is a smooth
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vector bundle, then so is any associated bundle formed by taking the dual, tensor
product, etc. In particular, if £ is smooth then End(E) is smooth.

Definition 2.6. A smooth complex p-form on a cell ¢ is the restriction to o of
a smooth complex p form on the extended plane of the cell. A smooth p-form
o ={ws}ser on acomplex X with values in a smooth vector bundle E is a collection
of smooth p-forms w, with values in E for each cell o of X, with the additional
property that if 7 is a face of o, then w,|; = w;. In particular, the expressions
of w, with respect to some affine coordinates in the extended plane are smooth
functions in the sense of Definition 2.3. We define Q27 (X, E) as the space of all
smooth p-forms with values in E. If E is the trivial line bundle, then we write
QP (X) =QP(X, E) and this is the space of smooth p-forms on X. Given a smooth
p-form v = {w, }oecr € RF(X), we define dw = {dws }scr and note that this is
a well-defined smooth (p+1)-form. Clearly, d> = 0 and the complex (Q*(X), d)
denotes the smooth de Rham complex. We denote by HdpR(X ) the cohomology
groups associated with this complex; see [Griffiths and Morgan 1981, Chapter VIII].

Definition 2.7. A smooth connection on a smooth vector bundle 7 : E — X is a
C-linear map D : QU(X, E) — Q!(X, E) that satisfies the Leibniz rule

D(fs)=(df)s+f(Ds), feQ'X), seQX, E).
We denote the space of all smooth connections by A®(E).

The definition of D can be extended to bundle-valued forms in the usual way.
More precisely, any element in o € Q7 (X, E) can be written as a linear combination
of elements of the form o = sw with w € QP(X) and s € QU(X, E), and define

2-1) Do =s(dw)+ (Ds) A w.

Remark 2.8. Implicit in the definition of Q!(X, E) is that 1-forms with values in
E must agree on the interfaces between the cells in the complex X. Therefore,
the definition above implies that a connection must map sections that agree on the
interfaces to bundle-valued 1-forms that agree on the interfaces.

As for the case of a smooth vector bundle over a smooth manifold, with respect to
a trivialization, ¢y : 7' (Uy) = Uy x C", D =d + Ay, where (Ay)ij is a complex-
valued smooth 1-form. A, is called the connection form of D with respect to the
trivialization ¢, . In a different trivialization ¢g and with gug = ¢, © go,;l we have,

(2-2) Ap =85 dgup + 8ug Awup-

Definition 2.9. The curvature of a smooth connection D is the matrix-valued
2-form Fp defined by

D?*s = Fps forall s € QU(X, E).
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Locally, we have (Fp), =dAy + Ay N Ay, Wwhere A, is the connection form of D.
Furthermore,

(2-3) (Fp)g = 84y (FD)a8ap:
and so the curvature form Fp is an element of Q%(X, End(E)).

Definition 2.10. The complex gauge group is the group GE(E) of all smooth auto-
morphisms of E. If D is a smooth connection on E and g € GE(E), then we define
g(D) =g "o Dog. Inlocal coordinates, the action of GE(E) on A(E) is

(2-4) gd+Ay)=d+g 'dg+g 'Aqg.

Definition 2.11. A smooth Hermitian metric h = (h,) on a rank-r complex vector
bundle 7 : E — X is a smooth section 4 of End(E) such that for each cell o its
restriction A, is a Hermitian metric and if 7 is a face of o, then hy|; = h;. A
Hermitian metric in a trivialization ¢, : 7~ (U,) — U, x C’ is given locally by
a smooth map ﬁa from U, into the positive definite matrices in GL(r, C), and the
induced inner product on the fibres of E is

(51(x), $2(x)) = 0o (51 ()7 he(x) g (52(x)) € C.

Definition 2.12. A connection D on a vector bundle E with a Hermitian metric %
is a unitary connection if the following equation is satisfied:

d(s1, s2) = (Dsy, s2) + (s1, Ds2),

where (-, -) is the pointwise inner product on the fibres of E induced by the
metric h. The space of smooth unitary connections on E is denoted by A(E, h).
If D € A(E, h), then the curvature Fp is a section of Q%(ad(E)). In other words,
with respect to a unitary frame field the curvature satisfies F;, = — Fp.

Definition 2.13. The unitary gauge group G(E) is the subgroup of GE(E) that
preserves the Hermitian metric /4 on each fibre of E. The action on G(E) on AC(E)
preserves the space A(E, h).

Definition 2.14. A connection D on a vector bundle E is flat if Fp = 0. Given a
flat connection, we can define the twisted de Rham complex (Q*(X, E), D). The
cohomology groups will be denoted by H” (X, E).

Definition 2.15. A flat structure on a vector bundle 7 : E — X is given by an
open cover {Uy}qer and trivialisations {¢g}ye; for which the transition functions
8ap = Pu © goﬂ_l are constant. A vector bundle with a flat structure is also called a
flat bundle.
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Remark 2.16. Equation (2-2) shows that the connection D = d (with zero connec-
tion form) is globally defined on a flat bundle. Thus a flat bundle clearly admits a
connection of curvature zero. The converse is also true.

Theorem 2.17. Let X be n-complex, U an open subset of X and E a smooth vector
bundle with a smooth flat connection on U. Then E admits a flat structure.

Proof. Given a flat connection D on E, fix a cell o, a point xg € 0 N U and
consider a contractible neighbourhood V,; of xg in the extended plane of o. Choose
a local frame s? of E on V, and let A° be the corresponding connection form.
We are assuming that the local frames sg patch together to define a piecewise
smooth frame sq in a neighbourhood of xy in X. We are going to choose a different
trivialisation s, for which the connection can be written as D = d. This can be
done by solving the equation

(2-5) 8 'A%+, dg, =0 = dg,=—-A%g,

locally for a gauge transformation g,. By the result in the smooth case (this is
an application of the Frobenius theorem) a solution g, exists and by multiplying
by a constant matrix we may assume without loss of generality that g, (xg) = id.
This makes the solution unique and thus if a cell 7 is a face of a cell o then, since
A%|, = A", it must be g, |, = g;. It follows that the new frames s, = g, o sg patch
together to define a piecewise smooth frame s in a neighbourhood of x¢ in X. The
flat structure is now defined by the local frames {s}. [l

Definition 2.18. A section s € QU(X, E) is parallel with respect to D if Ds = 0.
Given a smooth curve c : [a, b] — X, a section s is parallel along c with respect
to D if Dy(sys =0. Givena curve ¢ : [a, b] — X and s, € 7~ (c(a)) the parallel
transport of s along c with respect to D is the section s : 7~ Yc([a, b])) = E which
is given locally by the solution to the equation

ds(c(t))

dt
Lemma 2.19. Let ¢y, c; : [a, b] = X be two closed smooth curves in X which are
homotopy equivalent, and which satisfy xo = c1(a) = c1(b) = ca(a) = ca(b). Let
D be a smooth flat connection on a rank-r bundle w : E — X, and let 5| and s, be

the parallel transport with respect to D along c| and c; respectively, with initial
condition sy € w1 (xo). If Fp =0 then s1(c1 (b)) = s2(c2(b)).

+ Aciry (' (1))s(c(1)) = 0.

Proof. As usual, note that it suffices to show that the holonomy is trivial around a
homotopically trivial loop. If there is a homotopy equivalence between two loops
that is constant except on a single cell, then standard theorems for smooth manifolds
show that the holonomy around the two loops is the same. Given a homotopically
trivial loop y, there is a sequence of homotopy equivalences y ~ y1, y1 ~ V2, ...,
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yn ~ id between y and the trivial loop (denoted id), such that each homotopy
equivalence is constant except on a single n-cell. For example, one can do this by
identifying the fundamental group with the edge group of a simplicial complex; see
[Armstrong 1983, Section 6.4]. Therefore, the holonomy of y is the same as the
holonomy of each y, along this sequence of homotopy equivalences, and so the
holonomy of y is trivial. (]

Definition 2.20. A flat connection D on a rank-r vector bundle 7 : E — X defines
a representation p : 71 (X) — GL(r, C) called the holonomy representation of D. A
flat connection is called irreducible if its holonomy representation is irreducible.
The space of irreducible, flat smooth connections is denoted by A% (E).

Lemma 2.21. A representation p : 7w (X) — GL(r, C) defines a flat connection on a
bundle v : E,, — X with holonomy representation p. Moreover, the flat connection
on E, depends continuously on the representation p.

Proof. In the standard way, from a representation p : 1 (X) — GL(r, C) we construct
a flat vector bundle E, — X, with total space

(2-6) E,=Xx,C,

where X is the universal cover of X, and the equivalence is by deck transformations
on the left factor X, and via the representation p on the right factor C". On each
trivialisation we have the trivial connection d, and since the transition functions of
E are constant, this connection is globally defined. Since the deck transformations
depend continuously on the representation p, the flat connection on E, depends
continuously on p. (]

Corollary 2.22. A flat connection on a vector bundle over a simply connected
complex X is complex gauge-equivalent to the trivial connection d on the trivial
vector bundle.

Definition 2.23. The SL(r, C) character variety is the space of irreducible repre-
sentations p : 71(X) — SL(r, C) modulo conjugation by SL(r, C):

2-7) M har = {irreducible reps p : 71 (X) — SL(r, C)}/ SL(r, C).

The next lemma is a trivial consequence of the path-lifting property and is
standard.

Lemma 2.24. [f two characters defined by the representations p and p’ belong to
the same connected component of Mcnar then the vector bundles E, and E, are
smoothly isomorphic.

In view of the above, let C denote the set of connected components of M pq,.
Then we can write
Mchar = |_| Mﬁhar

ceC
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and write E. = E, for any representative in the isomorphism class of bundles
defined by p € M¢

char*

Remark 2.25. Since we are interested in the SL(r, C) character variety instead of
the GL(r, C) character variety, we need to fix determinants in our definitions of
connections and gauge transformations. Henceforth we will impose the condition
that all connection forms are traceless and all gauge transformations have deter-
minant 1. For the sake of notational simplicity we will keep the same notation as
before for the various spaces of SL(r, C) connections and gauge groups.

Proposition 2.26. AGT(E) /G (Eo) = M
Proof. The holonomy map applied to an irreducible flat connection D gives
an irreducible representation p : m(X, xg) — GL(r, C). The action of a com-
plex gauge transformation g € G®(E,.) on D induces the conjugate action of
an element £ = g(xg) € GL(r, C) on p. Therefore we have a continuous map
gdirr(E )/GE(E;) — M. Note that 7([D1]) = t([D,]) implies that the flat
structures associated to Dy and D, by Theorem 2.17 are complex gauge-equivalent,
and so D and D, are complex gauge-equivalent. Therefore 7 is injective.
Similarly, given a representation p : (X, x9) — GL(r, C) we construct a flat
connection d on the flat bundle E, as in the proof of Lemma 2.21. If we conjugate
the representation by an element £ € GL(r, C), then the flat connection associated
to this new representation is related to E, by a global change of coordinates using
the action of & on the fibres of E,. Therefore the two flat bundles are complex
gauge-equivalent, and so conjugate representations give G©(E.)-equivalent flat
connections, which gives us a continuous map ¢ : Mchar — Ag;rr(Ec) /QC(EC).
Lemma 2.21 shows that T o ¢ = id. Since 7 is injective then this implies that

¢ ot =id and so  is a homeomorphism Agai"(Ec)/gC(E ) = O

char

2B. Relationship to Higgs bundles. Given a complex X with universal cover X,
fix an irreducible representation p : 771 (X) — SL(r, C), and let E = X x =X
be as before. We also fix a p-equivariant map u : X — SL(r, C) / SU(r), locally
Lipschitz away from the 0-skeleton X of X. We now recall the basic construction
from [Corlette 1988; Donaldson 1987]:

(1) The complexified tangent space ThC(SL(r, C)/ SU(r)) can be identified (inde-
pendent of /) with the space of traceless matrices and this gives a trivialization of the
complexified tangent bundle T (SL(r, C)/ SU(r)) = SL(r, C)/ SU(r) x sl(r, C).

(2) In the trivialization given in (1) the Levi-Civita connection at a point & €
SL(r, C)/ SU(r) has the form

VxY =dY(X) — (dh(X)h™'Y + Yh™'dh(X)),



40 GEORGIOS DASKALOPOULOS, CHIKAKO MESE AND GRAEME WILKIN

where we use the notation / to indicate left translation by A.

(3) The identification 4! (ThC(SL(r, O)/SUr))= Tig (SL(r,C)/SU(r))=sl(r, C)
gives another isomorphism 6 : T¢(SL(r, C)/ SU(r)) — SL(r, C)/ SU(r) x sl(r, C).
It follows immediately from (2) that in the coordinates given by 6, the Levi-Civita
connection is given by

Vys =h"'Vy(hs) =ds(X)+ 5[~ 'dh(X), 5].
We thus conclude that in the above coordinates
(2-8) V=d+3[h'dh,-].

(4) The isomorphism 6 is equivariant with respect to the PSL(r, C) action on the
complexified tangent bundle T(SL(r, C) / SU(r)) and the adjoint representation
on Tig(SL(r, C)/SU(r)) =sl(r, C).

(5) Given u as above, consider the pullbacks D = u*d and d4 = u*V on the trivial
bundle X x Tig(SL(r, C)/SU(r)) = X x sl(r, C). First notice, that since u*d is
trivial and u is p-equivariant, D descends to a flat connection of holonomy p
on E,. Again, by the p-equivariance of u and (4), the connection d4 descends to
a connection on ad(E),) over X. Moreover, since its connection form acts by the
adjoint representation, it defines an SL(r, C) connection on the bundle E, over X
and (2-8) implies

(2-9) D=ds+Vy, ¥ =—1u""du.
Since D is a flat connection,

(2-10) Fa+y Ay =0,

(2-11) day =0.

2C. The balancing condition.

Definition 2.27. A smooth 1-form o = {wy }secr € Q' (X) satisfies the balancing
condition if for every (n—1)-cell t, we have

(2-12) Y ws(eq) =0,

o>T
where o > t implies that t is a face of o, and ¢, is an inward-pointing normal
vector field along 7 in o. The set Qéal(X ) is the subset of Q' (X) consisting of
forms satisfying the balancing condition.

Definition 2.28. Let E be smooth vector bundle on X of rank r and let p : X—>X
be the universal cover. We assume that the pullback bundle p*(E) over X is
trivial with a fixed trivialization p*(E) = X x Cr (if the connection is flat then
this is always valid by Corollary 2.22). A connection D € A®I(E) is called
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balanced if its pullback p*(D) to p*(E) can be written (in the given trivialization)
as p*(D) =d + A where all the components satisfy A;; € Qéal(?( ). Let Agélm(E ) be
the space of irreducible, smooth, balanced GL(r, C) connections, and let A{gl(E )
denote the space of irreducible, smooth, balanced connections compatible with the
Hermitian metric 2 on E. In what follows, if the meaning is clear then the notation
for the metric is suppressed.

Definition 2.29. Let E be as in the previous definition. Given g € GE(E), let
g denote the induced gauge transformation of p*(E). We define g{?al(E) (resp.
Gpa1(E)) to be the group of complex (resp. unitary) gauge transformations such that
gE Q&I(E) (resp. g € Gpal(E)) implies that dg;; € Qéal(i).

Remark 2.30. Via (2-4), the group Q&(E ) acts on the space A&li“(E ), and Gpa(E)
acts on Ag;l(E ).

Remark 2.31. In this paper we are interested in flat bundles. Corollary 2.22 implies
that the pullback of a flat bundle to the universal cover is trivial. By choosing a
trivialization it thus makes sense to talk about balanced connections and gauge
transformations.

3. Harmonic maps and Higgs bundles

In this section we describe the relationship between Higgs bundles and harmonic
maps from a complex X into the space SL(n, C)/ SU(n), a generalisation of the
construction of [Donaldson 1987; Corlette 1988]. From now on X will denote an
admissible 2-dimensional simplicial complex without boundary. We will further
assume that X is equipped with a Riemannian metric g such that for any 2-simplex o,
(0, 8») is isometric to an interior of an equilateral triangle in R*> and for any
1-simplex T, (7, g;) is isometric to the open unit interval in R. It is not hard to
extend the results of this section to general Riemannian metrics and also general
2-dimensional complexes. We endow SL(n, C)/ SU(n) with a Riemannian metric
of nonpositive sectional curvature such that SL(n, C) acts by isometries.

3A. Estimates of harmonic maps.

Theorem 3.1. Let X be a 2-complex as before with universal cover X and o
71(X) — SL(n, C) be an irreducible representation. Then there exists a unique
p-equivariant harmonic map u : X — Y := SL(n, C)/ SU(n).

Proof. The existence is a special case of Theorem 4.5 of [Daskalopoulos and Mese
2006]. Uniqueness follows from [Mese 2002]. O

Let p be a vertex (i.e., O-cell) of X. Given a 1-cell T of X, define S;(t) be the
set of 2-cells of X containing t in its closure.
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Theorem 3.2. If u : X — Y is a harmonic map, then for any 1-simplex T and
2-simplex o € S>(t) we have u € C*° (o U t). (In other words, the restriction of u
to o is C™ up to T in the extended plane of o). Moreover, for every 1-simplex T
and p € t assume that u is given in a neighbourhood of u(p) in local coordinates
byu:(ul,...,uM).

Then,

(3-1) > 5 =0.

o>T

where o > t implies that T is a face of o, and e, is an inward-pointing normal
vector field along T in o.

Proof. The fact that ™ € C*°(o U t) follows from Theorem 4 and Corollary 6 of
[Daskalopoulos and Mese 2008]. Equation (3-1), follows from Corollary 5 of the
same paper. U

For an edge t and o € S;(7), we define polar coordinates (r, 8) of o Ut centred
at p by setting r to be the distance from p to a point ¢ € 0 Ut and 6 to be the
angle between t and the line pg connecting p and g. The next theorem is one
of the main technical results of the paper and describes the singular behaviour of
harmonic maps near the lower-dimensional strata.

Theorem 3.3. Let u: X — Y be a harmonic map. If (r, 0) are the polar coordinates
of 0 Ut centred at a O-cell p and u is given in local coordinates (u', ..., uM)
in a neighbourhood of u(p), we have the following derivative bounds for u™ in a
neighbourhood of p:

8 u m 8 u m

<cro !, <Cr*,
or | — 20 | —

2.,.m 2.m 2..m

0u <Cre 2, 07u <cre 't 0u <Cr*,

or? Jor 06 062
3..m 3..m 3.m 3.m
aau3 =Crt ;2uae =Crt aa ;29 scrt aag* =crt

r r r -

for some constants C > 0 and o > 0 depending on the total energy of u and the
geometry of the complex X. Furthermore, a can be chosen independently of the
choice of the 0-cell p of X.

Proof. Let 0 =01, ...,0; be the 2-cells in S>(7). Foreach j =1,..., J, we let
(x, y) be the Euclidean coordinates of o; U T so that (i) p is given as (x, y) = (0, 0),
(i1) if (x, y) € T then x > 0 and y = 0 and (iii) if (x, y) € oj then x, y > 0. Let

ul =u"|,,.
J J
We will now compute the first-derivative bounds with respect to the polar coor-

dinates  and 8. By Theorem 6.2 of [Daskalopoulos and Mese 2006], we have the
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inequality
Vul*(r,6) < Cr2e?

for some o > 0. More specifically, o can be chosen to be the order of u at p; i.e.,

rfs (p)|Vu|2du

o = lim
r—0 faB( )d (u,u(p))ds
Hence,
ou'l ) ou |
(3-2) —Ll<cr*7! and <crot,
dx ay

Using the fact that x =r cos @ and y =r sin6, we get

ou™  oum ou™ ou™ ou ou™
—L =7 cos®+—Lsind and —L =——Lrsind+ —Lrcosé.
or ox dy a0 ox ay
This immediately implies
ou m
—Jl<cr*! and |—L| < Cr.
or a9

We will now establish the second derivative estimates of u for a points (r, 6)
on o; Ut with 6 sufficiently small. We will need the f0110w1ng notation: for a
function ¢ and a domain Q C R?, we set

lolo;2 =sup [p(p)],
pEN

L

dp
|Dglo,@ = sup max
pe Gl

3¢
"|axady

2
@
) a—yz(P)H,

*p
|D2<p|0;g = sup max{ ~—
pef el
lp(p)—¢(q)l

[plp.o = sup

P.qe IP—QI’S
P#q

’

|

(D] 1 { R1%

¢lg.q= sup ——— max

P P,gER |P—CI|’3 0
P#q

82

[D*¢lp.0= sup 5 max{ -
P.geQ [p—q|
P#q ‘ 82

82
(p )——(61)‘ ' (p)— ( )}
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Let
T:={(x,y)e[R2:yzO,y<«/§x,y<—«/§x+«/§},
T~ ={(x,—y) eR*: (x,y) e T},
T=TUT".

Fix m and j and define U : 7T >R by setting

uf' (x, y) if y >0,
Ulx,y) = m I m ,
—u(x, =y)+@2/) Y uf(x, —y) if y <O.
Let
M P o P a4
ou; ou:  Jdu; ou;
3-3 = | | e e I
( ) J Z pq(uf)(ax ox + ay ay
p.q=1
where I}, are the Christoffel symbols of ¥ with respect to the local coordinates
(u', ..., u™). Since the harmonic map equation
Au;1 = FJ’."

is satisfied in 7, if we set
I (x, y) ify>0,
—T7 @, =)+ @/ ) T, —y) if y <0,

then U satisfies the Poisson equation

f(x,y)={

(3-4) AU = f

weakly in T. Indeed, let & be a test function supported in a neighbourhood Br(q)
of a point ¢ = (xg,0) € 7. Since U is a C' function we have by the divergence
theorem,

/Adiv(SVU) dx dy
T

:/ div(EVU)dxdy—I—/ div(§VU)dxdy
T T-

xo+R m x0+R / gy™ 2 L. oum
_ J J j _
__/x 5—(x,0)dx—|—/ (éW(X,O)—ij:;SW(x,O))dx_O,

0—R 8}’ xo—R

where the last equality is because of (3-1). On the other hand,
/AdiV(EVU) dxdy =/AVS -VU —i—/ASfdxdy,
T T T

which along with the previous equation implies (3-4). If Bor(g) C T, then elliptic
regularity theory, see [Gilbarg and Trudinger 1983; Simon 1996, Lemma 3, p. 13],
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implies
R"™PIDU1:8,0q) < C(\Ul0:Borq) + R*|f 10: B2 g))-

If we choose R to be the largest number so that Byr(q) C T", then R is proportional
to r, where r is the distance of g to the vertex p. Furthermore, the distance from
p to any point of Bg(g) is bounded uniformly by some constant multiple of r.
Hence, assuming U (0, 0) = 0 without a loss of generality, we have

[DUg:Byo(p) < CO ™ P1UN0:Bsrp) + 7' P f10: o)
5 C(r—l—ﬂ'H)l +r—ﬂ+2(¥—l) S Cr—ﬂ-i—cl—l.

Here, we have used the Holder continuity of u;” (hence of U) near p with Holder
exponent «, see Theorem 3.7 of [Daskalopoulos and Mese 2006], and the inequalities
of (3-2) along with the fact that f is quadratic in Du;?1 from (3-3). Thus, with
B3k 2(@) = Bary2(g) N {y = 0}, we obtain

m —B+a—1
[Dui'lg. g, ) = C7 :

This equation along with (3-2) and (3-3) implies that

< Cr—ﬂ+2a—2'

m k J4
(3-5) (051 g: B3 p @) = C1PUj lo: B3, @) [PU ;83 () =

We are now ready to prove the second-derivative bounds of u;” Note that we have
the set of partial differential equations

(3-6) Au}":F]’-”, j=1,...,J, m=1,...M,
in T, along with boundary conditions
(3-7) u;ﬁ—u’lnz(), j=2,...,J, m=1,..., M,
J m
au'
(3-8) Y —L=0 m=1..M,
y

inB={(x,y)eR?>:y=0, 0<x <1}. Thisisa system of J M equations containing
J M unknowns (i.e., u}") along with J M boundary conditions. If we assign weights
s]’." = 0 to the equations, weights tJ’." = 2 to the unknowns, weights rJ’." = —2 for
j=2,..., M and r{" = —1 to the boundary conditions, then this system is said
to be elliptic with complementing boundary condition according to the elliptic
regularity theory of [Agmon et al. 1964] (or elliptic and coercive in [Kinderlehrer
et al. 1978]). Hence, we have the Schauder estimates, see Theorem 9.1 of [Agmon
et al. 1964],

2 2 2+ 2
R* DUl .5t (g + R*TPIDu g 1 )

m 24+-Brpm m
< C(I07 o5,y T BI85 o0 + 147 l0: 85, )
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With the same choice of ¢ and R as above, we obtain
2. .m m Brrm —2|..m
1D*u 0.5 q) = CUTT N0:85 000 T 770} Vg5 i 77145 0,83, (00
The above inequality, along with (3-5), implies

1D, Bi@) < Cr22 4,22 422y < Cro2,

Since
Bzu;” 82u;" 8214’" 8214;"
= cos?04+2—2L sin® cos§+—=L sin® 9,
or? 0x2 0x 8y ay?
8214;” 8214;” azu;” Bu;ﬁ ) Bzu;" .
=— rsinf cos@+—7rcos’——2_ sinf— —7rsin®0
or a6 0x2 0x dy 0x 0xdy
32u;” 0 cosd au}" 9
sinf cos+——cos0,
+ 0y? s + dy
3214'." 82um 2um 2um
_ J .2 J
592 = a2 r<sin 9+28 ayr sin?9+—2L 502 — ¥2cos0
au}" Bu;"
=——"rcosf———rsinb,
ox ay
we immediately obtain
9Zu" 2ym 92u"
Ll<crt? | —L|<cr*! and Ll <Cr®
ar? or 06 062

at (r, 0) for 0 sufficiently small. This restriction on 8 is due to the choice of R
and ¢g. For (r, 8) with 6 sufficiently large, we can use a similar argument using
standard elliptic regularity theory, see, e.g., [Gilbarg and Trudinger 1983; Simon
1996, Lemma 3, p. 13], in the interior of o. The third-derivative estimates follow
the same way as the first two by bootstrapping the elliptic equations (3-6) with
boundary conditions (3-7) and (3-8).

Section 4 of [Daskalopoulos and Mese 2008] shows the that order of u at p can
be bounded from below by 21 where 1™ is the combinatorial eigenvalue
of the link of v, which is always a positive quantity. Hence choosing « to be the
minimum of 215°™ over all O-cells of X, we have established the last assertion of
the Theorem. U

3B. Weighted Sobolev spaces. In this subsection we recall the important features
of the weighted Sobolev spaces used in this paper. The main references are [Adams
1975; Daskalopoulos and Wentworth 1997; Lockhart and McOwen 1985]. In the
following we fix a smooth vector bundle E of rank r over a 2-complex X with a
Hermitian metric, and a fixed Riemannian metric on the base space X. Define the
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space C;°(E) to be the space of smooth sections s € QY(X, E) that satisfy s(p) =

whenever p is a vertex of X. In the local model B (r) around each vertex p, we define
local coordinates (¢, 8) = (— log r, ), where (r, 0) are the standard polar coordinates
in a neighbourhood of the vertex p. To define a norm on C{°(E), let {x;}i=1,...v
denote the vertices of X and choose disjoint open neighbourhoods U,,; for each
vertex x;. Then cover the rest of X with open sets {V,}4=1,... x that do not contain
any of the vertices. For § € R, the space L g is the completion of C°(E) in the norm

14 K 1/p
(3-9) Isllzy = (Z/ els|P —I—Zf |s|”) ,
i=1 YUy a=1""Ve

where we use e’® to denote the coordinates in a neighbourhood of a vertex. Away
from all of the vertices, ¢’® is bounded and s is continuous, and so the question of
whether the norm || - || L is finite only depends on the choice of coordinates near
each vertex. Different choices of V,, will lead to equivalent norms.

Given a vertex p and a trivialization of E near p, we say that a connection is
trivial in a neighbourhood of p if with respect to the above trivialization V = d.
Given a fixed connection Vj trivial near the vertices, and a positive integer k, we
define the weighted Sobolev space LZ’ s (E) as the completion of C;°(E) in the norm

(3-10) lIslz, Z Vsl e

Note that in this paper we are considering bundles with a fixed trivialization on
the universal cover (see Remark 2.31). Since the star of a vertex p in X is simply
connected it follows that we have a fixed trivialization of E in a neighbourhood
of p. It thus makes sense to talk about connections on E trivial near the vertices.

It is a standard fact that the spaces LZ, s do not change if we either (a) change
the connection V; outside a neighbourhood of the vertices of X, or (b) change
the coordinates outside a neighbourhood of the vertices. The usual multiplication
theorems for Sobolev spaces on compact manifolds carry over to the weighted
Sobolev spaces studied here. To be more precise, we have that the multiplication map
Lfl 5 ><L2 5 Lza is continuous if 51, 50 > 5, § <s1+s2—— and § < 81+52+2,
where 7 is the dimension of the complex X.

Following Section 3.1 of [Daskalopoulos and Wentworth 1997] we define the
space of weighted connections Ag:(E ) to be the space of all connections whose
connection form is an element of L%’ s» and the space A;(E) C Ag(E) to be the
subset of all unitary connections. The weighted gauge group Gs(E) is defined as
follows. Let Vj be a connection as above and define

(3-11) = {v € L3 1o (Bnd(E)) : [[ Vo]l 2, < o0},
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Then the weighted gauge group is defined as

(3-12) Gs(E)={veR:vv"=id, detv =1}
and the complexified gauge group is

(3-13) GL(E)={veR:detv=1)}.

The multiplication theorem for weighted Sobolev spaces shows that both Gs(E)
and Qgi(E ) have a group structure, and that there are well-defined actions of Gs(E)
on As and gj;?(E ) on Af;:(E ) respectively.

Similarly we have balanced versions of these spaces Gpar s (E), Apars(E) and
Qéal,a(ad(E)). When a smooth pair (d4, ¥) € Apars(E) X Qllmlﬁs(ad(E)) solves
(2-10) and (2-11), then the holonomy of the pair (da, ) refers to the holonomy of
the flat connection d4 + ¢ € Agal,ﬂat,a(E)-

Proposition 3.4. If D; € ‘Agal,ﬂat,é(E)’ i = 1,2, are smooth and gf):al’(s(E)-gauge-
equivalent then they are Q&(E )-gauge-equivalent.

Proof. Since the result is local, it follows by elliptic regularity. U

Proposition 3.5. Let D € Agal,ﬂat, s(E) be smooth. Then D has trivial holonomy
around the vertices of X.

Proof. For D =d + A write A(t,0) = B(t,0)dt + C(t, 0) d6. Consider the family
of loops ¢; : [0,27] — X given by ¢,;(#) = (¢,0) and consider the holonomy
equation from Definition 2.18 along ¢, (6)
ds; (9)
do

Lemma IV.4.1 on p. 54 of [Hartman 1964] implies

(3-14)

+C(t,60)s,(0) =0 with s,(0) =1id.

0 2w
(3-15)  [s/(0)] < ISz(O)IeXP{/ IC(t,9)|d9} < KGXP{/ IC(t,G)IdG},
0 0
where K is a dimensional constant. Since

[e%) 2T
/ e"S/ |C(t,0)>d6 dt < oo,
0 0

there exists a sequence #; — 0o such that fozn |C(t;,0)|>d6 — 0. By Cauchy—
Schwarz we also have

2
(3-16) / IC(t:,0)|d6 — 0.
0
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Combined with (3-15) this implies that |s;, (9)] is uniformly bounded. By integrating
(3-14) with respect to 8, we obtain from (3-16)

21
(3-17) sy, (2m) — 5, (0)| < / s, () |C (i, 0)| d6 — 0.
0

Since the holonomy is independent of ¢ we obtain that s, (27) = s,,(0) and thus it
must be trivial. O

Propositions 3.4 and 3.5 allow us to define the notion of conjugacy class of

holonomy for a smooth flat connection D € Afélirgat s(E) as follows.

Definition 3.6. Let D € A&fﬁat’ s(E) be a smooth flat connection and let p, :
m1(X,) — SL(r, C) be the holonomy of D, where X, = X\X? and X° denotes
the O-skeleton of X. Since the star of a vertex is contractible, Van Kampen’s
theorem implies that 771 (X) = 71 (X,) /7, where  denotes the subgroup of 71 (X)
generated by pex0 1 (Lk(p)). By Proposition 3.5, the restriction of p, to 7 is
trivial; hence it induces a homomorphism p : 7 (X) — SL(r, C). We say that the
conjugacy class of holonomy of D is [p]. Notice that the map is well-defined since
gauge-equivalent pairs yield conjugate holonomies. Furthermore, p is irreducible
because D is irreducible.

4. Equivalence of moduli spaces

4A. Higgs moduli space. We fix a vector bundle E, = E of rank r over a 2-
complex X with a Hermitian metric, and a fixed Riemannian metric on the base
space X.

Definition 4.1. The Higgs moduli space is the space Mpjges(E) of Gpgy s(E)-
equivalence classes of pairs (dg, ¥) € Apas(E) X Qéal,a(“/_l ad(E)) that are
smooth, irreducible and solve the equations

4-1) Fa+y Ay =0,
4-2) daty =0,
4-3) &5y = 0.

We endow Myjges (E) with the L%, s-topology.

Given [(da, V)] € MHuiges(E), we can assign by Definition 3.6 the holonomy [p]
of the flat connection d4 + v and set «[(d4, V)] :=[p]. The map « is well-defined.
The next proposition follows from continuous dependence of solutions of ODE
upon the initial condition.

Proposition 4.2. The map a : Myiges(E) — Mg, .., where a[(da, V)] = [p], is
well-defined and continuous.
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The following is the main theorem of this paper.

Theorem 4.3. The map o : Muiggs(E) — Mg, is a homeomorphism.

In the next section we will construct the inverse map. We end this section with a
proposition that will be used later.

Proposition 4.4. Let (da,, Y1) and (da,, ¥2) be solutions to (4-1)~(4-3) and as-
sume that they are gf):al’a(E)-gauge-equivalent. Then they are Gpa s(E)-gauge-
equivalent.

Proof. Assume that there exists g € Q&I’S(E) such that (da,, Y1) = g - (da,, ¥2),
and we have to show that g is unitary. Let 7 = g*g and we will show that # is
constant. By [Simpson 1988, Lemma 3.1(d)] we have the following pointwise
estimate away from the vertices (notice that the sign of our Laplacian is the opposite
from Simpson’s):

(4-4) Atr(h) <O0.

Now since g is balanced, so is tr /2, and therefore an application of Stokes’ theorem
on each face of X shows that

(4-5) / Atrhdx = lim Atrhdx
X r—0 X\UO—cellsv BV (v)

= lim Z / Atrhdx
r=0 2-cellso F\UO—cells v B, (v)

dtrh
— lim / T s,

r=0 2-cellso B(F\UOfcellsv Br(v)) al)

where v is the outward-pointing normal vector on 8(0 \ UO_CGHSU B, (v)). The
boundary 8(0 \ Uvertices » Ba(v)) consists of points on the 1-cells of o, and points
on d B, (v) No. Breaking the integral into these two parts, we obtain

4-6) Z otrh s

2-cellso (0 \Up-cetisy B- () v

_y ( 3 /T Btrhds)+

dv
2-cellso “l-cellst:tNo#Y \U, Br ()7

/ atrh
Z ds.
U, 8B, (w)ne 9V

2-cellso

The balancing condition shows that the first term is zero. Therefore we are left with

dtrh
(4-7) fAtrhdx:lirn 3 / T2 s
X r—0 U, 8B, w)no OV

2-cellso

In polar coordinates, each component of this integral becomes

atrh T otrh
(4-8) f ' ds=r/3 L
0 0

B (wnF OV r
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Since h € G(E )ga]’ s (and in particular, the integral of 9%h / dr? is bounded), we have

T

) < 3 oh
(4-9) lim (o f tr<—> d9> _o
r—0 0 Br

and so (4-7) becomes
(4-10) / Atrhdx =0.
X

Combined with A tr i <0 from (4-4), we see that A tr i = 0. The second-to-the-last
formula in [Simpson 1988, p. 876] implies that D(h) = 0 pointwise away from the
vertices. This implies that the connection D splits according to the eigenspaces
of h, and since the connection D is indecomposable, 7 must be a constant multiple
of the identity matrix, which concludes the proof. ]

4B. The inverse map. For an irreducible representation p : 71(X) — SL(r, C),
with [p] € Mg, . and E = E., Theorem 3.3 then shows that there exists a unique
p-equivariant harmonic map u : X — SL(r, C)/ SU(r). As in Section 2B, let d4
and i be the associated unitary connection and Higgs field. Since u is harmonic,
dy is the pullback of the Levi-Civita connection on SL(r, C)/ SU(r), and ¥ is the

derivative of u, we also have the equation
(4-11) iy =0
almost everywhere (in fact by Theorem 3.3 everywhere away from the 0-skeleton).

Proposition 4.5. If u is harmonic, « is as in Theorem 3.3 and § < o, then D €
Agal’ﬂat’ s(E). The metric on the bundle E induces a decomposition of D into
skew-adjoint and self-adjoint parts, D = ds + W, where dy € Apa.s(E) and ¥ €
Qéal,a(i ad(E)). Furthermore, D, dy and W are smooth (over X).

Proof. The construction in Section 2B shows that the connection D is induced
from the trivial connection on the universal cover; hence it is clearly balanced, flat
and L%,a- Furthermore, since d4 = u*V and ¥ = u~'du, Theorem 3.3 and (2-9)
imply that d4 and i are balanced. Therefore, since u : X — SL(r, C)/ SU(r) is
a Lipschitz map over the compact space X, in order to show d4 € Apa s(E) and
/NS Qtlm(i ad(E))s, it suffices to show du € L%,a-

First we show du € Lg. By Theorem 3.3, |0u/dr| < Cr® ! and |du/86| < Cr®
for some positive «. Using the coordinate transformation r = e¢~' we see that
[0u/00| < Ce™*" and

ou

— udr <Cr*'r=Cce™™.
ot

Therefore, du € L(% if § < . Similarly, we use the estimates on the second
derivatives of u to show that du € L% s We have 18%u/06%) < Ce™®, and we can
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compute
8°u = &u dr <Cr*lr=Cce™
at 96 ar a0 dt | —
and similarly
0%u |9 (OudrY\| 2u (dr\N*> ou [ d dr\dr
02|~ 5(55)‘— T(E) *5(53)5

< Cra—2r2 + Crol—]rz < Ce—oll + Ce—(ot-i—l)l‘ < Ce_at,

where in the last step we use the fact that + > 0 near a vertex. Therefore, du € L% 5
if § <a. O

Theorem 4.6. The map B : M, . — Muiggs(E) defined by B([p]) = [(da, ¥)] is
a continuous inverse of «.

Proof. The first step is to show the map S is well-defined. Given p, Proposition 4.5
implies that d4 € Apa s(E) and ¢ € Qpart 5 ad(E)). Moreover, we claim that the
pair (dy4, V) is irreducible. If p, : 71 (X,) — SL(r, C) denotes the holonomy of the
flat connection d4 + ¥ then, as pointed out in Definition 3.6, p, = p o p, where
p:m(Xy) —> m(X) =m(X,)/m is the natural quotient map. Since by assumption
p is irreducible, it follows that p, is also irreducible, proving our claim.

Now, let p and p’ = ypy~! be two representatives of [p] and let u and u’
be the two corresponding equivariant harmonic maps. It follows that u’ =y - u,
where - denotes the action of SL(r, C) on SL(r, C)/ SU(r). It follows that the
induced decompositions D = d4 + ¥ on the universal cover agree; hence after
taking the quotients by p and p’ = ypy ! respectively, the corresponding pairs
are complex gauge-equivalent by y. Proposition 4.4 then shows that they are
Gbal,s-gauge-equivalent, which completes the proof that 8 is well-defined.

Next we will show that a(B([p])) = [p]. Let B([p]) = [(d4, ¥)]. According
to (2-9), we have ds + ¢ = D, where D is the connection on ad(E,) induced
by the trivial connection on the universal cover which has holonomy p. Hence,
a(B(pD) =Ipl.

Conversely, B(ax([(da, ¥)])) = [(da, ¥)]. Indeed, let (dp, ¢) be a smooth
representative of B(a([(da, ¥)])). By applying « on both sides and what we
just proved, a([(da, ¥)]) = a([(dp, ¢)]). In other words, (da, ¥) and (dg, ¢)
have conjugate holonomies. Since the holonomies of these pairs near the vertices
are trivial by Proposition 3.5, Proposition 2.26 implies that the corresponding
flat connections (and hence also the pairs) are complex gauge-equivalent. Thus
Proposition 4.4 implies that (d4, ¥) and (dp, ¢) are Gy, s-gauge-equivalent; hence
Ba([(da, ¥)1) = [(da, ¥)].

In order to prove continuity, let p; — p € M¢

char @nd let u;, u be the associated
equivariant harmonic maps. Fix a compact fundamental domain F C X for the
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action of I" and define p;-equivariant maps i; by setting #; = u on F' and extending
pi equivariantly on X. Since the u; are harmonic, the energy E* satisfies

E“ < E" = E".

The global Holder bound, see [Daskalopoulos and Mese 2006, Theorem 3.12],
implies that there is a subsequence (we call it again by {i} by a slight abuse of
notation) such that u; — u, uniformly on F. Furthermore, the convergence of
the representations p; — p implies that u., is p-equivariant and Theorem 5.1
of [Daskalopoulos and Mese 2006] implies that u, is harmonic. Finally, the
uniqueness theorem, Theorem 4.6 of the same paper, implies that u., = u. We have
thus shown so far
u; — u locally uniformly.

Let (da,, ;) denote the unitary connection and Higgs field associated with the
harmonic map u;. By Theorem 3.3 together with the proof of Proposition 4.5 (in
this we use the third-derivative estimates) we obtain that the L% s-norm of (A;, v¥;)
is uniformly bounded, and thus there exists a subsequence (we’ call it again by {i}
by a slight abuse of notation) such that (dy,, ¥;) — (da, ¥) weakly in L% s and
hence strongly in L7 ;. O
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BESOV-WEAK-HERZ SPACES AND
GLOBAL SOLUTIONS FOR NAVIER-STOKES EQUATIONS

LucAS C. F. FERREIRA AND JHEAN E. PEREZ-LOPEZ

We consider the incompressible Navier-Stokes equations (NS) in R” for
n > 2. Global well-posedness is proved in critical Besov-weak-Herz spaces
(BWH-spaces) that consist in Besov spaces based on weak-Herz spaces.
These spaces are larger than some critical spaces considered in previous
works for NS. For our purposes, we need to develop a basic theory for
BWH-spaces containing properties and estimates such as heat semigroup
estimates, embedding theorems, interpolation properties, among others. In
particular, we prove a characterization of Besov-weak-Herz spaces as inter-
polation of Sobolev-weak-Herz ones, which is key in our arguments. Self-
similarity and asymptotic behavior of solutions are also discussed. Our
class of spaces and its properties developed here could also be employed to
study other PDEs of elliptic, parabolic and conservation-law type.

1. Introduction
This paper is concerned with the incompressible Navier—Stokes equations

M —Au+u-Vu+Vp=0 inR"x (0, 00),
(1-1) V-u=0 in R" x (0, 00),
u(0) = ug in R",

where n > 2, p is the pressure, u = (uj);?ZI is the velocity field and u is a given
initial velocity satisfying V - ug = 0.

After applying the Leray—Hopf projector P and using Duhamel’s principle, the
Cauchy problem (1-1) can be reduced to the integral formulation

(1-2) u(t) = G(t)ug — / Gt — )P div(u ® u)(t)dt := G()uo+ Bu, u)(),
0
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where u ® v := (u;v;)1< j<x 18 a matrix-valued function and G(¢) = e'® is the
heat semigroup. The operator P can be expressed as P = (P; j),x, where P; ; :=
8,j +RiR;, 8 is the Kronecker delta and R; = (—A)~1/23; is the i-th Riesz
transform. Divergence-free solutions for (1-2) are called mild solutions for (1-1).
Note that if u is a smooth solution for (1-1) (or (1-2)), then

(1-3) u; (x, 1) == Au(rx, A21)
is also a solution with initial data

(1-4) (10)5.(x) = Auo(Ax).

Recall that given a Banach space Y we say that it has scaling degree equal to
ke Rif | f(Ax)|ly = AX||flly for all A > 0 and f € Y. Motivated by (1-4), a
Banach space Y is called critical for (1-1) if it has scaling degree equal to —1,
that is, if || f|ly = [|[Af(Ax)||y for all . > 0 and f € Y. In turn, a solution of (1-1)
which is invariant by the scaling (1-3), i.e., u = u,, is called a self-similar solution
of (1-1). Note that in order to obtain self-similar solutions, the initial data should
be homogeneous of degree —1.

Over the years, global-in-time well-posedness of small solutions for (1-1) in
critical spaces has attracted the interest of a number of authors. Without making a
complete list, we mention works in the following spaces: homogeneous Sobolev
HY 2(R3) [Fujita and Kato 1964], Lebesgue L™ (R") [Kato 1984], Marcinkiewicz
L™ (R") [Barraza 1996; Yamazaki 2000], Morrey Mg (R") [Giga and Miyakawa
1989; Kato 1992; Taylor 1992], weak-Morrey MZ, o (R") [Miao and Yuan 2007;
Lemarié-Rieusset 2015; Ferreira 2016], PM ”*l—spaces [Cannone and Karch 2004],
Besov BZ{ 2= (R") for p > n [Cannone 1997], Fourier-Besov FBZLK"/ P [Twabuchi
and Takada 2014; Konieczny and Yoneda 2011], homogeneous weak-Herz spaces
WK . (R") [Tsutsui 2011], Fourier—Herz B;! = FB; ) with r € [1, 2] [Cannone
and Wu 2012; Iwabuchi and Takada 2014; Lei and Lin 2011], homogeneous Besov—
Morrey J\/ri{fo;‘ with 7 > n [Kozono and Yamazaki 1994; Mazzucato 2003], and
BMO™! [Koch and Tataru 2001]. The reader can find other examples in the nice
review [Lemarié-Rieusset 2002]. Up until now, to the best of our knowledge,
BMO™" and Nrf’l/ ,gl are maximal critical spaces for (1-1) in the sense that a larger
critical space in which small solutions of (1-1) are globally well-posed is not known.

The purpose of this paper is to provide a new critical Besov type class for global
well-posedness of solutions for (1-1) by assuming a smallness condition on initial
data norms. Here we consider homogeneous Besov-weak-Herz spaces BWI'(Z:;J,
which are a type of Besov space based on homogeneous weak-Herz spaces WK, .
They are a natural extension of the spaces BK ;‘,‘:;’ . Introduced in [Xu 2005] (see
Definition 2.5 in Section 2B). The Herz space K7 | was introduced by Herz [1968]
but his definition is not appropriate for our purposes. Later, Johnson [1974] obtained
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a characterization of the K ,-norm in terms of L?-norms over annuli which is
the base for the definition of the spaces WK g, q in [Tsutsui 2011] and is the same
one that we use. In order to achieve our aims, we need to develop properties
for WK;‘," q,r- and BWI'(;‘:;’ ~-spaces such as the Holder inequality, estimates for
convolution operators, embedding theorems, interpolation properties, among others
(see Section 2). In particular, a characterization of Besov-weak-Herz spaces in
terms of interpolation of Sobolev-weak-Herz ones is proved, which is key in our
arguments (see Lemma 2.14). Moreover, we prove estimates for the heat semigroup,
as well as for the bilinear term B(u, v) in (1-2), in the context of BWK g.r-Spaces.
We also point out that these spaces and their basic theory developed here could be
employed to study other PDEs of elliptic, parabolic and conservation-law type. It
is worth observing that some arguments in this paper are inspired by some of those
in [Kozono and Yamazaki 1994] that analyzed (1-1) in Besov—Morrey spaces.

In what follows, we state our global well-posedness result.

Theorem 1.1. Let1 <g <oo, n/2<p<ooand <o <min{l—n/2p),n/(2p)}.
There exist € > 0 and 6 > 0 such that if ug € BWK;:Z;S/”_l with V -ug = 0 and

luoll gy geatnr-1 <8, then problem (1-1) has a unique mild solution
P.q,00
. R so,a+n/p—1
u € L®((0, 00); BWK§at1/PT)
such that
. L (a/24n/4
lullx 1= el o oy wicctoror, +sup 2= 2 E e < e,

t>0

-1

o 000 @S t = 0T, and solutions depend continuously on

Moreover, u(t) = ug in B
initial data.

As a matter of fact, one can show that the solution in Theorem 1.1 is time-
continuous for # > 0. We have the continuous inclusions L" C L™ C WK,?’oo C
BWK99 (see Lemmas 2.7 and 2.12) and

n,00,00

HY2l " ¢ B;{é’o_l c BWKYn/p—1 for p > n (see Remark 2.6).

p,00,00

So our initial data class extends those of some previous works; for instance, the
ones in [Fujita and Kato 1964; Kato 1984; Barraza 1996; Cannone 1997; Yamazaki
2000; Tsutsui 2011].

Notice that the parameter s corresponds to the regularity index of the Besov type

space BWI'(Z‘:‘;J. Considering the family {B Wkgjgéf’ogl} p>n/2, in the positive
regularity range n/2 < p < n we are dealing with spaces smaller than those with
p > n (negative regularity), because of the Sobolev embedding BWK 2;’?@,2021 C
BWK%{Z&;I when py < p; (see Lemma 2.13). For p > n, it is not clear to us

whether there are inclusion relations between BWK 21’&/}‘7 o ! and BMO™ or between
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BWK 2%{7 ogl and /\/’r"l/ ;1 with r > n. In this sense, our result seems to give a new
critical initial data class for existence of small global mild solutions for (1-1). In
any case, it would be suitable to recall that well-posedness involves more properties
than only existence of solutions, namely existence, uniqueness, persistence, and
continuous dependence on initial data, which together characterize a good behavior
of the Navier—Stokes flow in the considered space.

We finish with some comments about self-similarity and asymptotic behavior
of solutions. It is not difficult to see that for n < p < oo the function f(x) = |x|~!
belongs to BWK 2:%{;1. So, the homogeneous Besov-weak-Herz spaces (at least
some of them) contain homogeneous functions of degree —1. Thus, if one assumes
further that the initial data uq is a homogeneous vector field of degree —1, then a
standard procedure involving a Picard type sequence gives that the solution obtained
in Theorem 1.1 is in fact self-similar. Moreover, following some estimates and
arguments in the proof of Theorem 1.1, with some extra effort, it is possible to prove

that if we have ug and vg satisfying lim ||G(¢)(ug — Vo) |l gy geatnro—1 =0, then
[—00 P.q,00
lim u(-,1)—v(-,t 5 'aun—:O,
Bim (1) =0 D g

where u and v are the solutions obtained in Theorem 1.1 with initial data 1 and vy,
respectively.

The plan of this paper is as follows. Section 2 is devoted to function spaces, with
Herz and Sobolev—Herz spaces considered in Section 2A, while Sobolev-weak-Herz
and Besov-weak-Herz spaces are addressed in Section 2B. The proof of Theorem 1.1
is performed in the final section: In Section 3A we provide linear estimates for
the heat semigroup. Section 3B is devoted to bilinear estimates for B( -, -) in our
setting. After obtaining the required estimates, the proof is concluded in Section 3C
by means of a contraction argument.

2. Function spaces

In this section we recall some definitions and properties about function spaces that
will be considered throughout this paper.

2A. Weak-Herz and Sobolev-weak-Herz spaces. For an integer k € Z, we define
the set Ay as

(2-1) Ar={x e R": 21 < x| < 2Ky,
and observe that R" \ {0} = UkeZ Ay. Taking x € A, we have that

veEAy,andm <k = 2k_1—2m§|x—y|<2k+2m,
yeApandm >k = 2" 1 -2k < |x —y| <2 42K,
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Consider also the sets

02, gm,k={s:2k—1—2m§|s|<2"+2’"},
Cop=1&:2"1 =2k <& < 2™+ 2K},
We now define the weak-Herz spaces:

Definition 2.1. Let 1 < p <00, 1 <¢g < oo and @ € R. The homogeneous weak-
Herz space WK g = WK g q (R™) is defined as the set of all measurable functions
such that the following quantity is finite:

1/q
(Z 2"“4||f||w(m)> if g < oo,

(2-3) 1 f iy, = | k<2
sup 25| fll zroo(ap) ifg=o00
keZ
Fora eR, 1 < p<oocand 1 <g < oo, the quantity || - ”WK“ defines a norm in
p-q
WK o and the pair (WK o Il - ||WKg ) is a Banach space (see, e. g., [Herndndez
q

and Yang 1999; Tsutsui 2011]).
The Holder inequality holds in the setting of homogeneous weak-Herz spaces
(see [Tsutsui 2011]). To be more precise, if 1 < p, p1, p2 <oo, 1 <q,q1,q2 <00

1_ 1,1 1_ 1,1
and o, o1, @z € R are such that = —i-pz, 7= @ +q2 and a = o1 + ap, then

(2-4) Ifgllwks, = Cllfllwger, I18wge

1’2 ‘12

where C > 0 is a universal constant. In fact, for all k € Z, we have

Il fgllLroecay < ClfllLreoapligllLrooa,),

and therefore

1/q
25 1 fsllwkg, = (Z 2"“q||fg||‘£p,mk))

keZ

1/q
= C<Z 2N F oo a2 N8N s Oo(Ak)>

keZ
= Cllfllwgar, Iglwge

pran”

Taking in particular (1, p1, q1) = (0, 00, 00) in (2-5), we obtain

(2-6) ||f8||wkg_q < CllfllLoo(R”)llé’llWKg,q-

Later, we will need to estimate some convolution operators, particularly the heat
semigroup, in weak-Herz and Besov-weak-Herz spaces. The following lemma will
be useful for that purpose.
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Lemma 2.2 (convolution). Let 1 < p; < ocoand 1 < r, py < o0 be such that
1—|—% = %+i2. Further, let 1 < g < o0, —% <o <n(1 —i),and@ e LP1(R")
be such that 0] - |"/P' € L®(R"). There exists a positive constant C independent

of 0 such that
(2-7) 16 % fllwge, = C max{||0]l e, |- I"/p‘QIILoc}IIfIIWIegQ.q»

forall f € WK} .

Proof. Denote f,, = f|a,. Recalling the decomposition (2-1), for k € Z we can
estimate

(2-8) 2116 f || Lroay
k+1

= 2ka{ > Ok +| D Oxfu +| D7 ot }
m<k-—2 L7 (Ag) m=k—1 L7 (Ay) m>k+2 L7 (Ap)
=If+15+1j.

Using the notations in (2-2) and the change of variable z = k — m, we handle the
term 13" as follows:

D Ot

m>k+2

> 0%

m>k+2

(],
(],

r 1/r
dx)
<CJl|- [P0 12"

r 1/r
><< fA ( > |x—y|—n/p1x5m.k(x—y)x|fm<y>|dy) dx>

m>k+2 R

r 1/r
sC|||-|"/P'9||Loo2k“( / ( > 2m"/"1||f||L1<A,,l>> dx) :
Ap

m>k+2

(2-9) If <2k

L% (Ag)

< 2kol

L (Ap)

> [ o-sardy

m=>k+2

r 1/r
dx>

2 /RnG(X—y)xam,k(x—y)fm(y)dy

m>k+2

Recalling the inclusion LP>*°(A,,) — L'(A,,), we can continue to estimate the
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right-hand side of the fifth inequality in (2-9) in order to obtain

(2-10) If < C||- P16 g2k

(L2

r 1/r
o—mn/pronm(1=1/ps) ||f||LP2»°°(A,n)> dx)
m>k+2

< CI|I- P02t 2T Y 0 2T f e,

m>k+2
—k
< CllI- [P0l Y 25CH2EOY fl ey,
—2>z
< CllI- 170l Y 242 2 (90l f
2>z
k,
<CII- POl Y 20 02E L.
2>z

This estimate and the Minkowski inequality lead us to (with the usual modification
in the case g = 00)

L 1/q
(Z(g)‘f) < CMpll fllwgy, -

keZ
For the summand Ié‘ , we estimate

k+1

Iy <25 3" 010% fullLreocan
m=k—1
k+1

<25 3" 10 % full Loy
m=k—1
k+1

<25 3" 0llne || fnll Lo
m=k—1
1

k+1
<ClOlLn Y 2% fll Lraeocay.
[=—1

which implies

1/q
(Zabr) " =M rigg,
kez

Proceeding similarly to the estimates (2-9)—(2-10) but considering C,, i in place
of Cp k, the summand / 1" can be estimated as
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R»

@-11) If sC|||-|"/me||m2k“(f ( Do =y e, (x = y)
Ag

m<k—2 r 1/r
><|fm<y>|dy) dx)
r 1/r
sc|||-|"/p'9||mo2’“"< f ( Y 2 IIL1<A,,,>> dx)
Ak m<k—2

< CII- [P0 22T N 2T P fl )

m<k—2
<CI- P10 Y 2P Fl s
m<k—2
< CI|- [P0 e Y 2H T P DA F e,
2=z
< CI|- P10 oo Y 27D EO £l o).
2=z

It follows from (2-11) that

1/q
(Z(zb’f) < CMy|l fllwgs, -
keZ

Finally, the desired estimate is obtained after recalling the norm (2-3) and using the
above estimates for / jk in (2-8). O

Let ¢ € C°(R™\ {0}) be radially symmetric and such that

suppgp C {x:2 < x| <%}

and
Y @i =1, forall&eR"\{0},

JjeN

where ¢;(§) :=¢(§ 277). Now we can define the well-known localization operators
Ajand §;: .
Ajf=¢iD)f=(F ¢j)*[,

Scf =) Ajf.

i<k
It is easy to see that we have the identities
AjArf=0if |[j—kl>2 and A;j(Sk—28Arf)=0if |j—k|=35.
Finally, Bony’s decomposition gives (see, €.g., [Bony 1981])

fe=Trg+T,f+R(fg),
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where
Trg=Y) Sj2fAjg. R(fe)=) A;jfAjg and Ajg= Y Ajg.
jez jez j=i'I=1

The next lemma will be useful in order to estimate some multiplier operators in
Besov-weak-Herz spaces.

Lemma 2.3. Let 1 < p <00, l =g <00, =% <a<n(1—%), m € R and
Dj={x: %Zj <|x| < §2j}f0rj € Z. Let P be a C"-function on
51' = Dj,1 UDJ' UDJ'+1
such that |a§P(g)| < C2=1BVJ for all € € D and multi-index B satisfying |B| <
[n/2]+ 1. Then, we have that
1P lwis, = C2™ I Flgs
forall f € WK such that supp f C D;.

Proof. We start by defining ¢; = ¢;j_1 +¢; +¢j4+1 and K(x) = (P¢;). Since
supp f C D; we have that P(£) f(§) = P(£)¢; (&) f(£), and therefore (P f) =
(Po;jf) =K=xf.

Using Lemma 2.2 we get

1P Y iy, < € max (K I I K e H L s -

It remains to show that max{|| K ||;1, ||| - |"K ||~} < C2™ . For that, let N € N be
such that n/2 < N < n and proceed as follows:

1Kl = / KO)+ / KO

B(0,277) Iy|=27

1/2 12
() (s, x07)
B(0,277) B(0,277)
1/2 1/2
+(f ,|y|—2N) (/ .|y|2N|K(y>|2)
ly[=2~/ ly|=2-/

< C27"2|| PGyl 2+ C2TIEND N )P K
|BI=N

< C2I"2| PG 2+ C2TIEND N 9P (PG 2
|BlI=N

< C2in2cominini2  cp=i(=N+n/2)cpim=N)yjn/2

< C2M,
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For the norm ||| - |"K || ., we have that
1" Kl < D0 1P K e <€ Y 108 (PGII L
|Bl=n |Bl=n
<C Z i (m=mojn — comi
|Bl=n
as required. U

2B. Sobolev-weak-Herz spaces and Besov-weak-Herz spaces. In this section we
introduce the homogeneous Sobolev-weak-Herz spaces and Besov-weak-Herz
spaces. We also shall prove a number of properties about these spaces that will be
useful in our study of the Navier—Stokes equations. These spaces are a generalization
of Sobolev-Herz and Besov—Herz spaces found in [Xu 2005].

Definition 2.4. Let 1 < p <00, 1 <g <00 and ¢, s € R. Recall the Riesz operator
IS f = |&]° f. The homogeneous Sobolev-weak-Herz spaces Wf(g:; = WKIO,‘:;(IR”)
are defined as

(2-12) WK ={f e S'R")/P: I2° fllwgs , < oo},

Definition 2.5. Let 1 < p <00, 1 <g,r < oo and «, s € R. The homogeneous

Besov-weak-Herz spaces BWK ;. = BWK ) . (R") are defined as

BWKES, = (f €8 ®)/P: I fwrs;, <o)

p.q.r
where
1/r
S 2BTAG I ) if r < oo
(2-13) Il pwges, = (jez WK
SUp ez 2JS||Ajf||Wk%’q if r = o0.
Remark 2.6. (i) The spaces Wkg:; and BWK .- are Banach spaces endowed
with the norms || - || WKk, and || - || BWEES > respectively.

(ii) The continuous inclusion B;’F(R”_) C BWK'S, .(R") holds for all s € R,
l < p<o0,and 1 <r < o0, where By, , stands for homogeneous Besov spaces.
To show that, it is sufficient to recall the definition of Besov spaces (see [Bergh
and Lofstrom 1976, p. 146]) and (2-13) and to use the inclusion L? C WK 2’ o

that is going to be shown in the lemma below.

The next lemma contains relations between weak-L?, weak-Herz and Morrey
spaces. For the definition and some properties about Morrey spaces we refer the
reader to [Kozono and Yamazaki 1994] (see also [Kato 1992] for an equivalent
definition and further properties).
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Lemma 2.7. For 1 < p < 00, we have the continuous inclusion
(2-14) L ¢ LP® ¢ WK

Moreover, let M, stand for homogeneous Morrey spaces, 1 < q <r < oo and
n/r #a+n/p when q < p. Then

(2-15) WK;”OO gZ/\/l;.

Proof. The first inclusion in (2-14) is well known, so we only prove the second one.
For that, it is sufficient to note that || f || Lr.co(a,) < || f || Lr-oo () for all k € Z and after
to take the supremum over k. In order to see the strictness of the inclusion, take
Xp = %2k—1é’1 and h(x) := Y oo |x — xk| P xp(0.1/8)(x — x¢). It is clear that / is
an element of Wl(g’c><> but not of LP->°(R").

Now we turn to (2-15). For f(x) = |x|~"/7, we have that f € LP"*° C WK |
On the other hand, for any g > p note that ||f||Lq(B(o R)) = 00, and then f ¢ /\/lr
for any r. Finally, if n/r # « + n/p then WK s C M (and the reverse) never
could hold. This follows from an easy scaling analysis of the space norms; in fact,

. ro: 5 0 .
the scaling of M is —n/r and that of WK, . is —a —n/p. U

In the next remark, we recall some inclusion and noninclusion relations involving
Herz, weak-Herz, Besov and bmo~! spaces that can be found in [Tsutsui 2011].
Remark 2.8. (i) Forl < p <o <oocand 0 <o <n(l —1/p), we have

WKG <> B e/p=lio) ge s B¢ and WK, < B n/P7),
(ii) For 1 < p <ocoand 0 <a <n(l—1/p), we have WK% < BS"7.
(iii) For 0 < & < n, we have K& < B3%,
(iv) For 1 < p <ocoand 0 <a <n(l —1/p), we have WK¢ | — B5"/".
(v) We have L' = K| < B . Forn < p <ocoand 0 <a < 1 —n/p, the
inclusion WK o bmo~" holds.
(vi) For1 <p <o <ocoand —n(1/p—1/0) <a <0, WK%  — B, gt V/P=1/o)
does not hold.

(vil) For 1 < p<ooand —n/p <a <0, WK;‘,"OO — B;O(,Oé:,r"/p) does not hold.

Remark 2.9. Using the interpolation properties of homogeneous Besov spaces and
homogeneous Besov-weak-Herz spaces (see Lemma 2.14 below) and item (ii) of
Remark 2.8, for 1 < p <ooand 0 <o <n(l —1/p) we can obtain

(2-16) BWKSS, <> B @t/P),
In particular, BWK;‘:&T%” e B_1 and
(2-17) BWKP s BY s L

p,00,1
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Moreover, from Remark 2.8(vi) and Lemma 2.12 below, it follows that the inclusion

> >0, 3 ps—n(l/p—1
BWKO*, < By 2t/p=l/o)

p,00,00
does not hold forany s e R, 1 < p <ocoand 1 <o < o0.

Remark 2.10. Note that for s — (¢ +n/p) <Oandr > 1,0ors —(¢+n/p) <0 and
r = 1, the inclusion (2-16) implies that for f € BWK 1o, the series Z;’-o:_oo A f
converges in S’ to a representative of f in §’/P (see, e.g., [Lemarié-Rieusset 2002]).
So, in these cases the space B WKZ‘:QOJ can be regarded as a subspace of S

Hereafter, we say that f € S’ belongs to BWK;‘,‘:QOJ with s — (¢ +n/p) < 0 and
r>1,ors —(e+n/p)<0and r =1,if f is the canonical representative of the

class in 8'/P, namely f =32 A, finS.

j=—00

A multiplier theorem of Hormander—Mihlin type will be needed in our setting.
This is the subject of the next lemma. In fact, the main part of the proof has already
been done in Lemma 2.3.

Lemma 2.11. Let 1 < p <00, 1 <qg,r <00, —n/p <a <n(l—1/p) and
m,s € R. Let P € C"(R"\ {0}) be a function such that |3§P(§)| < C|g|"m=1BD for
all multi-index B satisfying |B| < n. Then

IPDY fll gwresm < CUf N gwies

par’

Proof. Note that for each j € Z we have that |£|" 18| < C2/™=IFD for all £ € D;,
and therefore |8§8 P(&)] < C2/m=IFD_ On the other hand, since supp A; f C D; we
can use Lemma 2.3 in order to get

(2-18)  18;(P(D) Pllwgs = IPDYA; Pllwis, < C2"IA; Fllygs -
The result follows by multiplying (2-18) by 2/~ and then taking the /"-norm. [J

In what follows we present some inclusions involving Sobolev-weak-Herz and
Besov-weak-Herz spaces.

Lemma 2.12. LetseR, 1<p<oo, 1 <g<oocand —n/p <a <n(l—1/p).
We have the following continuous inclusions:

(2-19) BWKS) | C WK, C BWKED
(2-20) BWKS" | C WK C BWKS .

Proof. For f € BWI'(;’;’S |» we can employ the decomposition f =)
order to estimate

jez Ajfin

L lpeecay < D NIA;Fllrecay.

Jjez
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Thus, using the Minkowski inequality, we arrive at (with the usual modification in
the case g = 00)

1/q a\1/q
I lwg, = (Z 2k“q||f||ip,°c(Ak)> = (Z(Z 2ka||AJf||L"~°O<Ak)> )

keZ keZ “jeZ
) . 1/q
< Z(Zz “"IIAijILp.w(Ak)> =2 18, fllwgs,
j€Z Nkez jez
= ||f||gwkg:2’1»

which implies the first inclusion in (2-19). Now, let f € Wf(g, q and note that in
fact we have that f € §’/P. Moreover, using Lemma 2.2 we get

. - — . e < - b
I iwisg . =0 18 £ Lk, < € up kg, =€l i,
and then the second inclusion in (2-19) holds.
For (2-20), we can use Lemma 2.3 in order to estimate

1/ lwigg = 12" Fllwgg, < 1S lgwgeo =D 1A Fllwg,
jez
< Js . . — L s
<C Y 218 fllwky, = CIf lwies -
Jjez
Moreover, Lemma 2.3 also can be used to obtain
I flgwges . =sup2/|A; fllywge =sup2[T5AGL fllyga
pr.q, ]EZ p.q ]EZ p.q
<Csup |A; I’ fllwga =< CsupllI® fllyga
jez e jez b4
— s - s
=CII* fllwgs, = Cll f s
forall f e WK;:;;, as required. U
Now we present an embedding theorem of Sobolev type.
Lemma2.13. Lets eR, 1 <p<oo, 1 <qg,r<o00, p<p;1 <00, 1 <py<p
1 L1
and—% <« <n(1+a————). Then
(2-21) ||f||BWI'(;‘,‘j§,_, = C”f”BWK;“;ZFV”’1/”1)'””“/”2’””1)'
In particular, for 5 < p < oo and 0 <a <min{l — %, %}, it follows that
(2-22) I/ ||Bwkg;fq,r =CIfl BWE Xk / @)

Proof. Using the Holder inequality, it follows that

1A Fllwks, = C||Aff||wk;’,‘lf§fl/”*‘/”>'
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Also, we have that <pjf = (,Z)jwjf, that is, A; f = (¢;) * Ajf. So, using
Lemma 2.2 we get
||Aff||wk;fl+_;f}./”*””'> = [[(@;)* Ajfllwkgi;g/p—l/m
< Cmax{[[@) e, 117 (@) Lo JIAj £ 1Ly gecencro-1m0,
WKy o
LI B S O
where 1+ or = T It is easy to check that
~ S W in(1/pr—1
max{[|(@;) o, - 1"/7*(@;) Il } < €2/ P21/P0),
and then
. Jn(1/p2=1/pO A .
1A fllygnaro-iop < €2 1A F Wy gsnaro=iim,

which gives (2-21). We conclude the proof by noting that for 0 < o < n/2p there

exists p; such that p1 > 2p and o = n(; pl) Moreover, & < n+ 2= — l -5

)4
because o < 1 — 2p < 2 . So, (2-22) follows from (2-21) by choosing thlS value
of Pi1. O

We finish this section with a result that provides a characterization of homo-
geneous Besov-weak-Herz spaces as interpolation of two homogeneous Sobolev-
weak-Herz ones.

Lemma 2.14. Let sg, s;,s €R, 1 < p < o0, 1§q,r§ooand—% <a<n(l—%).
If so #s1and s = (1 —0)sg+0s, with0 € (0, 1), then

(WK %S0 WK“ 31)9 , =BWK%

p.q’ pqr

Proof. Let f = fo+ fi with f; € WK% i =0, 1. By using Lemma 2.3 we get
(2-23) A fllwge, = 1A follwge, + 1A fillwga,

<CQNI A follwgy, +27 I A fillwgy,)

< CQII follwgg, +27 I fillwgy )

< C27 (|| follygeso + 27| fill ).
It follows from (2-23) that

18 Fllwgy, < C27TK @S, fLWK o WKy

Noting that s — sg = —0(so — s1) and multiplying the previous inequality by 2/,
we arrive at

28] ”Ajf”Wf(g’q < C(Z(SO*SI)]')*GK(2(SO*51)J" f, WK; (S]o’ WK“ \S1

and then (see [Bergh and Lofstrom 1976, Lemma 3.1.3]) we can conclude that

I swres, = ClUAlwgen wien,, -
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To prove the reverse inequality, note that by using Lemma 2.3 again we have

2 (s=50)J J(Z(SO_SI)J’ Ajf, WKg:;O’ WKZ:;

— 5(5—50)] max{llA; £ llygeo, 2<SO_S1)]||Ajf||WI€ﬁIZ‘}
<2070T max{2% A Fllygs 27 1A Fllwgs )
<28 max{l[A; fllwgs IA; fllwga )

= ZSjllAijWK;:,q’

Now the equivalence theorem (see [Bergh and Lofstrom 1976, Lemma 3.2.3]) leads
us to

Il wgeso wiesn,, < CIFlpwges -

The remainder of the proof is to show that in fact f € BWK g, implies that

fe Wkgj;}) + WKg:;l. Suppose that 5o > 51 (without loss of generality). Using the
decomposition f =Y A;f+ Y Ajf = fo+ fi and Lemma 2.3, we obtain

j<0 j=>0

QS ; s a.s J(so—=8)nJjs . .

I follwgeo < 3 IA; Fllygan < D 270D NA fllygy
j<0 j<0
1/r' 1/r
j (so—s)r' i
< C(Z 0J (s0=s)r ) (Z 2Jsr||AJf||;;ng.q)
Jj<0 j<0
= Cliflswges.,-

Similarly, one has

| fillygen < 1A flygen <D 2792718 Fllygs,

j=0 Jj=0
. ) 1/r ' 1/r
< C(Z 2/br=er ) (Z 27NA F Iy )
=0 j=0 e
< Cllflpwess,
and then we are done. |

3. Proof of Theorem 1.1

In the previous sections, we have derived key properties about homogeneous Besov-
weak-Herz spaces. With these results in hand, we prove Theorem 1.1 in the present
section.
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3A. Heat kernel estimates. We start by providing estimates for the heat semigroup
{G(?)};>0 in Besov-weak-Herz spaces. Recall that in the whole space R" this

semigroup can be defined as G(¢) f = (exp(—tlélz)f)v forall f € S"and ¢t > 0.
Lemma3.1. Lets, 0 eR, s<o, 1 <p <o, lfq,rfooand—% <a<n(1—%).
Then, there is C > 0 (independent of f) such that

(3-1) IGO) fllpwrss, < CLO2N Fll gyges

sq.r

forallt > 0. Moreover, if s < o, then we have the estimate

(3-2) GO fllswies, < CrO™P1 f lswies -

P.q,00

forallt > 0.

Proof. Firstly, observe that for each multi-index B there is a polynomial pg(-) of
degree | 8| such that

of (exp(—1|£1%)) = 17112 py (V1) exp(—1|£|7).
Therefore, for some C > 0 it follows that
18 (exp(—11£[?))|< Ct—m2|g |~ 1Al,
By employing Lemma 2.11, we obtain

”G(t)f”BWk;f;;;’" = Cf_m/2||f||BWk“-S .

Pqr
Taking now m = s — o we arrive at the inequality (3-1).
Next we turn to (3-2) and let s < 0. From (3-1) with r = co we get

IGO Fllpwgsznzr < CENf N pwges

Pq,00

and

IGO fllgwies . < CIflpwies

p.g.o0”
By using Lemma 2.14 and the reiteration theorem (see [Bergh and Lofstrom 1976,
Theorem 3.5.3 and its remark]) we conclude that

o s . S ,20—5 D 0, D <D
G(1): BWKG oo > (BWKG " BWK L o)y = BWK G o,

with |G ()|l gwges

P4,

_ pwkee | < C18792, which gives (3-2). 0
r.q,
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3B. Bilinear estimate. Let us define the space X as

‘ S . . _
X= {u (0, 00) > BWKe /P WK, . with V-u=0 such that [|ulx < oo},
where

1 a n
(3-3) +sup 2”28 u || e

Il = Wl e ity S0P
We are going to prove the bilinear estimate
(3-4) 1B, v)llx < Kllullxllvllx.

We start by estimating the second part of the norm (3-3). For that, we use (2-19),
(2-22), (3-2) and Lemma 2.11 in order to get

1B v Ollwgs, , < 1B Ol ygen,

< IBu, v)(®|l

; > 20,a+n/(2p)
BWKp,ZqJ

t
<C | IGt—1)Pdiviu @ v)|| 41 srecctnscn dT
/0 BWK 5"
! 1 o n
< c/ (t—0) 2 W P divu @ v)ll gy g1 dT
0 p.2q.,00
! 1 o n
< C/ =0 T lu@ull g0 dr
0 p.2q,00

t 1 a n
§C/ (t—1:)_7_(7+@)||u®v||wkﬁaqdr
0 s

c [t p
< t—t1 P ully g vllwg T
=c| lallws , I0hwis

! 1 a n 1 o n
<C / (t—1) 27 9T 20 G D) g ¢ vl x
0

1 o, n
—2t(3+g,) n 1 o n
<Ct B(a —,-—(- —)) wllx vl
< +2p 5 2+4p lullx vl x

where B( -, -) denotes the beta function. The previous estimate leads us to

(3-5) sup 12~ G | B(u, v)(0) |y g
>0

« = Clullxlvlx.
P.2q

Moreover, for the first part of the norm (3-3), we have
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t
1B, v)O) gyygaesnnt < /0 1G (= T)P diviu @ vlll gy geararot d
t
< C/(; |G —t)Pdiviu ® v]llgwkﬁgé?go+n/p—1 dt
t n
<C f (t— 1) T2 | P diviu ® v]ll 4y g1 dT
0 P-q,00
t (@+45)
o
SC/(; (l—T) 27 ||u®v”BWK[2)(,XL}(,)OOdT
t n
<C / (t—1) "2 Ju @ vllyp dr
0 P.q
t n 2 1 o n
< CllullyIvlx / (t — )@ E) 2 gy
0

n n
< CB(a+ 51— (a2 ) ) lulixlvllx.
2p 2p

In other words, we have obtained the estimate

(3-6) 1B (u, v)l = Cllulixllvlx-

Lw((o,oo);BWk;‘:Z;g/p—l)
Finally, notice that the estimates (3-5) and (3-6) together give (3-4).

3C. Proof of Theorem 1.1. Existence and uniqueness. For € > 0 (to be chosen
later) let B(0, €) denote the closed ball in X and define the operator W : B(0, 2¢) —
B(0, 2¢) as

V(u)=G@t)ug+ B(u, u).

First, note that by using (2-19), (3-2) , o + % —1 < 0 and (2-21) it follows that

1_ayn 1_ayn
(3-7) supr>” NG Ouollyge < Csupt>” TE G Ouol gy oo
t>0 peq t>0 2p:29,1

< Clluol sy e -1 < Clluoll 4y oo —1.
= ” 0||BWK2qu2+qr-Lé<(J -1 = ” OHBWKZ,Z;Z/])
Moreover, using (3-1) we obtain

”G(I)MOHBWKﬁ;;;g/”‘I < C””()”BWK;‘;Z;Q/”"'
From the last two estimates, we get

(3-8) G (@uollx < Clluol

BWK g/t
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Take 0 <€ < 1/4K and 0 < § < €/C where C is as in (3-8). It follows from
(3-8) and (3-4) that
[W@)llx = 1G@uollx + | B, u)llx

< Cllull g + Kllullxllo]lx < 2e.

So, W is well defined; moreover for u, v € B(0, 2¢) we have that

(3-9) W) =V lx=[Bu—v,u)+ B, u—-v)lx
< Klu—vllxllulx + Kllvlxllu—vlx
<4Kelu—v|x.

Since 4K e < 1, we get that W is a contraction and then this part is concluded by the

Banach fixed-point theorem. Notice that the continuous dependence with respect to
the initial data u( follows from estimates (3-8) and (3-9).

Time-weak continuity at ¢ = 0. The proof of the weak-* convergence follows from
the two following lemmas.
The first one is due to Kozono and Yamazaki [1994, p. 989.].

N

Lemma 3.2. For every real number s and ug € BOO oos We have G(t)ug X ug in

3s +
B, oast— 0T

The second one is concerned with the weak-convergence of the bilinear term
B(u, u) and it concludes the proof.

Lemma 3.3. Let v € X. We have that B(v, v)(t) converges to 0 in the weak-*
topology of By ast — 0.

Proof. Let ¢ € B 11,1 and € > 0 be an arbitrary number. We can choose ¢ € S such
that ||¢p — <;~>||1;111 < €. Then we have that

(3-10)  |{B(v, v)(1), ¢ — )]
< IB@. YOl 16—l
< ClIB@, v)O)|l gy gaeinrilld = Pl g < Kllvlke < Ce.

BWK, g

On the other hand,
(3-11) |<B(v,v)<r>,q3>|s/0 (Gt =P divy @ v](r), §)|d
t
5/ (P div[v ® v](1), G(t — 1)) |dt
0

t
S / || diV[v ® v](f) ”371720:7)1/]1 ”G(t - T)(p”BlHl»Qa#»n/pdT
0 00,00 ,
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t
= Ct{)/ ”[U® v](r)”B—hx—n/pdT

0 00,00

t
<Cs [ Iv®vI(D)lygudr

0 p.q

t

[=3H+(§+45)12 3= (5 +45)12 2

< C~ " 2 2 "4p T2 2T 4p v(T o dT
= ¢/0 l[v( )”Wsz,zq

t
_ n n
< Cylvli [ e < Cylol .
0

From (3-10) and (3-11), we obtain
0 < limsup|(B(v, v)(1), ¢)|

t—0t
< lim sup|(B(v, v)(1), ¢ — @)| + limsup|(B(v, v)(¢), §)| < Ce +0.
t—0t t—0t

Since € > 0 is arbitrary, we conclude that lim,_, o+ |[(B(v, v)(¢), ¢)| = 0. Now, using
that ¢ € Bll’l is arbitrary, we get the desired convergence. U
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FOUR-MANIFOLDS WITH POSITIVE YAMABE CONSTANT

HAI-PING FU

We refine a theorem due to Gursky (2000). As applications, we give some
rigidity theorems on four-manifolds with positive Yamabe constant. We re-
cover some of Gursky’s results (1998, 2000). We prove some classification
theorems of four-manifolds according to some conformal invariants, which
reprove and generalize the conformally invariant sphere theorem of Chang,
Gursky and Yang (2003).

1. Introduction and main results

In [Fu 2017], the author proved that an n-manifold with harmonic curvature is
isometric to a quotient of the standard sphere or Einstein manifold, if the upper
bound of some curvature functional is given by Yamabe constant. By this we mean
that we can precisely characterize the case of equality. The aim of this paper is to
present some rigidity results in the subject of curvature pinching on four-manifolds
with positive Yamabe constant.

Let (M", g) be an n-dimensional Riemannian manifold. The decomposition of
the Riemannian curvature tensor Rm into irreducible components yields

1 R
Rm = ——Ri —
m= W—|— — 1c®g+2n(n_1)g®g,

where W, Ric, Ric = Ric —(R/n)g and R denote the Weyl curvature tensor, Ricci
tensor, trace-free Ricci tensor and scalar curvature, respectively. When the diver-
gence of the Weyl curvature tensor W is vanishing, i.e., sW =0, (M", g) is said to
be a manifold with harmonic Weyl tensor. The norm of a (k, [)- tensor T = le i
deduced by the Riemannian metric g is defined as

2 _iymy ixmyg . JuJi
IT"=¢ 8 8jiny - gjzan T,

i Ty mk

The sphere theorem for A—ll-pinched Riemannian manifolds, conjectured by Rauch
in 1951, is a good example of the deep connections between the topology and the
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geometry of Riemannian manifolds. Now we know that the answer is positive, due
to the fundamental work of Klingenberg, Berger and Rauch for the topological
statement and the recent proof of the original conjecture by Brendle and Schoen
[2008], based on the results of Bohm and Wilking [2008].

From the work of Huisken [1985] and Margerin [1998], we know that there
exists a positive-dimensional constant C(n) such that if

|W +1/(n—2)Ricog|> < C(n)R?,

then M" is diffeomorphic to a quotient of the standard unit sphere. In particular,
Margerin improved the constant in dimension four, and obtained the optimal theorem
in [Margerin 1998].

The common feature of all the above results is to give topological information on
a manifold that carries a metric whose curvature satisfies a certain pinching at each
point. The question one raises here is whether one can characterize the topology and
the geometry of Riemannian manifolds by means of integral pinching conditions
instead of pointwise ones. Some results in this direction on four manifolds were
obtained in [Bour and Carron 2015; Chang et al. 2003; Chen and Zhu 2014; Gursky
1998; Gursky 2000; Hebey and Vaugon 1996].

In four-manifolds, the Weyl functional [ |Wg|2 has long been an object of in-
terest to physicists. Suppose M* is a 4-dimensional manifold. Then the Hodge
s-operator induces a splitting of the space of two-forms A2 = /\3L + A2 into the
subspace of self-dual forms /\?F and anti-self-dual forms A% . This splitting in turn
induces a decomposition of the Weyl curvature into its self-dual and anti-self-dual
components W, A four-manifold is said to be self-dual (resp., anti-self-dual) if
W~ =0 (resp., W =0). It is said to be a manifold with half harmonic Weyl tensor
if sSW* = 0. By the Hirzebruch signature formula (see [Besse 1987]),

(1-1) /|W+|2—/ |W™|? = 48720 (M),
M M

where o (M) denotes the signature of M. A consequence of (1-1) is that the
study of the Weyl functional is completely equivalent to the study of the self-dual
Weyl functional |, M|W+|2. M. J. Gursky [1998; 2000] has obtained some good
and interesting results by studying [ M|W+|2 (see Theorems A, B and C). For
background material on this condition we recommend [Besse 1987, Chapter 16]
and [Derdzinski 1983].

Our formulation of some results will be given in terms of the Yamabe invari-
ant. Now we introduce the definition of the Yamabe constant. Given a compact
Riemannian n-manifold M, we consider the Yamabe functional

4(n—1) 2 2
Yol [V fPPdvg + [, Rf?dv
Q,:CX(M) = R: f > Qu(f) = "2 Ju ¢ fM s

(fM f"% dvg) !
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where R denotes the scalar curvature of M. It follows that Q, is bounded below
by the Holder inequality. We set

n(lgh) =inf{Q,(f) | f € CT (M)}

This constant @ ([g]) is an invariant of the conformal class of (M, g), called the
Yamabe constant. The important works of Aubin, Schoen, Trudinger and Yamabe
showed that the infimum in the above is always achieved; see [Aubin 1998; Lee and
Parker 1987]. The Yamabe constant of a given compact manifold is determined by
the sign of scalar curvature [Aubin 1998]. The scalar curvature R; of a conformal
metric § = f*"=2g is equal to u([g])/Vol(g)*". We call such a metric g a
Yamabe minimizer.

Gursky [1998; 2000] proved the three striking Theorems A, B and C, and as
byproducts obtained these integral pinching results, which are generalizations of
the Bochner theorem in dimension 4 (see Propositions E, F and G).

Theorem A [Gursky 1998]. Let (M*, g) be a 4-dimensional compact Riemannian

manifold with positive Yamabe constant and the space of self-dual harmonic two-
forms H_% (M*) 0. Then

/ WHR = 162225 (M*) + 30 (M*)),
M

where x (M) is the Euler—Poincaré characteristic of M. Furthermore, equality holds
in the above inequality if and only if g is conformal to a positive Kdihler—Einstein
metric.

Theorem B [Gursky 2000]. Let (M*, g) be a 4-dimensional compact Riemannian
manifold with positive Yamabe constant and W+ = 0. Then either (M*, g) is
anti-self-dual, or

/ (WP = B2’ Qx(M*) 430 (MY).
M

Furthermore, equality holds in the above inequality if and only if g is a positive
Einstein metric which is either Kdhler, or the quotient of a Kdhler manifold by a
free, isometric, antiholomorphic involution.

Theorem C [Gursky 1998]. Let (M 4, g) be a 4-dimensional compact Riemann-

ian manifold with positive Yamabe constant and the space of harmonic 1-forms
H'(M*) #0. Then

/ WHP = 87221 (M*) + 30 (M*)).
M

Furthermore, equality holds in the above inequality if and only if (M*, g) is confor-
mal to a quotient of R' x S3 with the product metric.
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Chang, Gursky and Yang [Chang et al. 2003] proved that a four manifold
with positive Yamabe constant which satisfies the strict inequality for the Weyl
functional [ W |? is actually diffeomorphic to a quotient of the sphere and precisely
characterizes the case of equality. We state this result of Chang, Gursky and Yang
as follows:

Theorem D [Chang et al. 2003]. Let (M*?, g) be a 4-dimensional compact Rie-
mannian manifold with positive Yamabe constant. If

f W ? <1622 (M),
M

then one of the following must be true:
(1) M* is diffeomorphic to the round sphere S* or the real projective space RP*,

(2) M* is conformal to a manifold which is isometrically covered by S' x S3 with
the product metric.

(3) M* is conformal to the complex projective plane CP? with the Fubini—Study
metric.

Bour and Carron [2015] reprove and extend to higher degrees and higher dimensions
Propositions F and G obtained by Gursky. Bour [2010] gives a new proof of
Theorem D under a stronger pinching assumption, which is entirely based on
the study of a geometric flow, and doesn’t rely on the pointwise version of the
theorem, due to Margerin. Chen and Zhu [2014] proved a classification theorem
of 4-manifolds according to some conformal invariants, which generalizes the
conformally invariant sphere theorem in [Chang et al. 2003], i.e., Theorem D under
the strict inequality assumption, and relies on Chen, Tang and Zhu’s classification
on four-manifolds with positive isotropic curvature [Chen et al. 2012].

In this note, we refine Theorems B and Proposition E due to Gursky, and obtain
Theorem 1.1 which can not be deduced from the Gursky’s proof [2000] of Theorem B
as follows:

Theorem 1.1. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
SWE=0 and positive Yamabe constant u([g)). If

(1-2) /M WER = L2(g)),

then VW* =0 and W has exactly two distinct eigenvalues at each point. Hence
(M*, g) is a Kdhler manifold of positive constant scalar curvature.

Theorem 1.2. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic Weyl tensor and positive Yamabe constant. If

/M IWI* = 18D,
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then (M*, g)is CP? with the F ubini—-Study metric.

Combing some results due to Gursky, and Chen, Tang and Zhu’s classification
on four-manifolds with positive isotropic curvature with Theorem 1.1, we give the
following Theorem 1.3 which generalizes the conformally invariant sphere theorem
of [Chang et al. 2003], i.e., Theorem D.

Theorem 1.3. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant. If

[M IWI* < Lu2(gD),

then one of the following must be true:
(1) g is a Yamabe minimizer and (M*, g) is CP? with the Fubini-Study metric.

(2) (M*, g) is diffeomorphic to S*, RP* S? x R/ G or a connected sum of them.
Here G is a cocompact fixed point free discrete subgroup of the isometry group
of the standard metric on S* x R.

Theorem 1.4. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic Weyl tensor and positive Yamabe constant. If

/ WI* < &r?x (M),
M

then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, g) is the round sphere S* or the real
projective space RP*.

(2) (M*, g) is CP? with the Fubini-Study metric.

Theorem 1.5. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic Weyl tensor and positive Yamabe constant. If

f W2 = 82 (),
M

then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, g) is the manifold which is isometrically
covered by S' x S* with the product metric or S' x S* with a rotationally
symmetric Derdziriski metric (see [Catino 2016b; Derdzinski 1982]).

(2) (M*, g) is isometric to a quotient of S* x S* with the product metric.

Theorem 1.6. Let (M*, g) be a 4-dimensional compact Riemannian manifold
which is not homeomorphic to S* or RP* with positive Yamabe constant. If

167r2x(M)</ (W2 < Sa?x (M),
M
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then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, §) is isometric to a quotient of S* x S?
with the product metric.

2) (M, g) has x(M) =3, by =0 and by = 1, where b; denotes the i-th Betti
number of M, and does not have a harmonic Weyl tensor.

Theorem 1.7. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If

/ WI2 < L2(g)).
M

then one of the following must be true:

(1) (M*, g) is conformally flat with positive constant scalar curvature.
(2) (M*, g) is CP? with the Fubini-Study metric.

(3) (M*, g) is isometric to a quotient of S* x S* with the product metric.

Corollary 1.8. Let (M*, g) be a 4-dimensional complete Einstein manifold with
positive scalar curvature. If

/ WI2 < L2(e)).
M

then one of the following must be true:

(1) (M*, g) is isometric to either S* or RP*.
(2) (M*, g) is isometric to CP? with the Fubini—Study metric.

3) (M4, g) is isometric to a quotient of S? x S? with the product metric.

Remark 1.9. For Riemannian manifolds with harmonic curvature and dimensions
n > 4, the author proved some similar results in [Fu 2017].

2. Four manifolds with half harmonic Weyl tensor

In order to prove some results in this article, we need the following Weyl estimate
proved by Gursky [2000].

Proposition E [Gursky 2000]. Let (M*, g) be a 4-dimensional compact Riemann-
ian manifold with SW* = 0 and positive Yamabe constant 1([g]). If

/ WER < L2(g)),
M

then (M*, g) is anti-self-dual (resp., self-dual).
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Remark 2.1. Gursky [2000] obtained an improved Kato inequality |VW™*|> >
%|V|W+| \2. Thus using the Bochner technique, Gursky proved Theorem B and
Propositions E, F and G by introducing the corresponding functional and conformal
invariant with the modified scalar curvature R — /6| W=*| in [Gursky 2000]. Based
on Gursky’s improved Kato inequality, we can reprove Theorem B and Proposi-
tions E, F and G only by using the modified Bochner technique (see [Bour and
Carron 2015; Fu 2017; Fu and Li 2010]). In order to prove Theorem 1.1 which can
not be deduced from Gursky’s proofs of Theorem B and Proposition E, we also
need the following different proof of Proposition E.

Proof. First, we recall the following Weitzenbock formula (see [Besse 1987] and
[Bour 2010])

(2-1) AIWFP? =2|VW*]? + RIWF|* — 144 det,, W

From (2-1), by the Kato inequality [VW*[* > 3|V|WH| |2 ([Gursky 2000]), we
obtain

(2-2) [WE|A|WE| > %|V|Wi||2 + IRIWE? - 72det,, W,
By a simple Lagrange multiplier argument it is easily verified that
(2-3) —144 det,, WF > —V6|W*?

and equality is attained at a point where W # 0 if and only if W has precisely
two eigenvalues. By (2-2) and (2-3), we get

4 WEIAIWS| 2 3VIWH 4 JRIWSP — 2 WP
Let ue = /|W*|2 4 €2 and u = |W=|. Thus we have
219,12
» _ u”|Vul 5
A —m <|Vul".

By (2-4), we compute
(2-5) ug Au? =uf (a(e — l)ug‘_2|Vu|2 +au‘:_1Au€)

a—1 -
= TqufF + ou*u Au,

oa—1 _
= T|Vu‘2‘|2 +au§“ 2(%Au§ — |Vu€|2)

—1 _
= 0‘7|w‘;‘|2 + au® 2 (uAu+ |Vul* — |Vu[?)

1 2 V6 2@-1).3 , Ra 2a-1) 2
2(1—£)|Vuf| —Taue(“ u —i-Tue(“ u?,
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where « is a positive constant. Integrating (2-5) by parts, choosing o = %, and

letting € go to zero, we get

(2-6) (2—i)/ IW“IZ—ﬁa/ u2““+9/ Ru* <.
3a M 2 M 2 M

By the Holder inequality and (2-6), we have

1 w2 6 401% 2% o 2a
(2-7) (2—£>/M|Vu | —Ta(/Mu ) (/Mu) +§/MRM <0.

By the definition of Yamabe constant and (2-7), we get

4o %
@8 0= (2 L) ludg ])(/Mu )
_ﬁa(/ 4>(f @ZM/ R
that is,

(2-9) OZ[%M([g])—(//wuz)é}(/]wué)%

We choose (f,,|W*|?) < ¢2([g]) such that the above inequality imply [,, u*/*=0,
that is, W =0, i.e., (M*, g) is anti-self-dual, or self-dual. |

Remark 2.2. For 0 < k < 5, by the Kato 1nequa11ty for harmonic k-form w (see
[Bourguignon 1990]) (n + 1 —k)/(n— k)|V|a)|| < |Vw|? and the two Weitzen-
bock formulas in [Gursky 1998], one has

2
Salof = Vol — SE W o + IRIol = 3| Vil - 2 W|ol + R,
for all w € HZ(M*) and
1A |w* = §IV]wl]* — %ﬁﬁicuwﬁ +iRlw>, forall we H'(M?).

Based on the above two Weitzenbock formulas, using the same argument as in the
proof of Proposition E, we can obtain two results of Gursky as follows:

Proposition F [Gursky 1998; 2000]. Let (M*, g) be a 4-dimensional compact
Riemannian manifold with positive Yamabe constant 1([g]).

) If
fM WER < Lu2(g)),

then H2(M*) = 0 and b (M) =
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(i) If
/ RicP < Lu2(g)).
M
then H'(M*) =0 and b; (M) = 0.

Proof of Theorem 1.1. Equation (1-2) implies that the equality holds in (2-9).
When the equality holds in (2-9), all the inequalities leading to (2-7) become
equalities. From (2-8), the function u“ attains the infimum in the Yamabe functional.
From (2-7), the equality for the Holder inequality implies that u is constant, i.e.,
|W¥| is constant. Hence at every point, it has an eigenvalue of multiplicity 2
and another of multiplicity 1, i.e., W= has eigenvalues {_TRz’ —%, %}, and R is
constant. From (2-1), we get VW* =0. By Proposition 5 in [Derdzifiski 1983],
(M#, g) is a Kihler manifold of positive constant scalar curvature. O

Remark 2.3. Since [, |W*[> > 16 [,, 02(A), we have

(2-10) / IWH? = B2y (M*) £30 (M%),
M

In fact, we recall the following lower bound for the Yamabe invariant on compact
four-manifolds which was proved by Gursky [1994]:

2-11) 96/ 02(A)=/ R2—12/ Ricl? < 12((g)),
M M M

where 07(A) denotes the second-elementary function of the eigenvalues of the
Schouten tensor A; the inequality is strict unless (M*, g) is conformally Einstein.
By the Chern—Gauss—Bonnet formula (see Equation 6.31 of [Besse 1987])

/|W|2—2/ |l°2ic|2+é/ R? = 32722 (M),
M M M
we obtain

(2-12) /|Wi|22—2/ |ﬁic|2+é/ R2:32nzx(M)—f |W|>.
M M M M

Combining (1-1) with (2-12), we can prove (2-10).
Since [,,|W*|* =16 [,, 02(A), we have

(2-13) / (WE? = L7222 (M*) £30 (MY).
M

In fact, by Proposition E and (2-11), we have [, |W*|? = L u2([g]) = 16 [, 02(A).
Hence from (2-12), (2-13) holds.

For four-manifolds M* with harmonic Weyl tensor and positive Yamabe constant
u([g]) which is not locally conformally flat, the lower bound for ©([g]) is given
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by u*([g]) <6 [,,IW~|%if M is anti-self-dual; u*([g]) <6 [,,IWT|? if M is self-
dual; and p2([g]) < 6 min{ [,, W%, [},IWT|?} if M is neither anti-self-dual nor
self-dual. The Yamabe constant 1?([g]) of a compact positive Kihler—Einstein
manifold (M*, g) is equal to 32722 (M*) + 30 (M*)).

By Remark 2.3, we can rewrite Theorem B as follows:

Theorem B*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
SWT = 0 and positive Yamabe constant j1([g]). Then either (M*?, g) is anti-self-
dual, or

(2-14) /|W+|2216/ 02 (A).
M M

Furthermore, equality holds in (2-14) if and only if (M*, g) is a positive Einstein
manifold which is either Kdhler, or the quotient of a Kdhler manifold by a free,
isometric, antiholomorphic involution.

Proof. By Proposition E and (2-11), we get

/ W2 > Lu(g)) > 16/ o2 (A).
M M

Since the equality holds in (2-14), we have
[ WP = biaen =16 [ o
M M

So g is conformal to an Einstein metric g. By Theorem 1.1, we get that (M*, g) is
a Kihler manifold of positive constant scalar curvature.

Assume that § = A2g. We now claim that A is constant, i.e., g is an Einstein
metric. To see this, first notice that g being an Einstein metric implies that § Wg =0.
We recall this transformation law about W, i.e.,

_wt — + +( VA
(2-15) S W =8, W, — W, (T)
It is easy to see from (2-15) that
+( V2 _
(2-16) W, (T’ .. ) —0.

Now any oriented four-manifold W satisfies (see [Derdziriski 1983])
(2-17) (WHY LW jhpg = IWTH2S"

Pairing both sides of (2-17) with (d)\®d)»){ and using (2-16) we get |W; [2IVA|>=0.
Since |W<g;|r | is constant, W never vanishes, so VA = 0 and A is constant.

We conclude that (M*, g) is an Einstein manifold which is either Kihler, or the
quotient of a Kdhler manifold by a free, isometric, antiholomorphic involution. O
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3. Four manifolds with harmonic Weyl tensor

Proof of Theorem 1.2. By Proposition E, we have that W = 0 and fM|W_| =
tu*(lgD, or W™ =0 and [,,|W¥|=¢u*([g]). By Theorem 1.1, (M*, g) is a
Kihler manifold of positive constant scalar curvature.

When WT = 0, by Corollary 1 in [Derdzifski 1983], the scalar curvature of
(M*, ) is 0, and 1.([g]) = 0. This is a contradiction.

When W~ =0, by Lemma 7 in [Derdzinski 1983], (M 4, g) is locally symmetric.
By the result of Bourguignon [1981], (M*, g) is Einstein. Then g is both Einstein
and half conformally flat. By the classification theorem of Hitchin (see [Besse
19871), (M*, g) is isometric to either a quotient of S* with the round metric or CP?
with the Fubini—Study metric. Since we are assuming that is not locally conformal
flat, (M*, g) is CP? with the Fubini-Study metric. O

Corollary 3.1. Let (M*, g) be a 4-dimensional complete Einstein manifold with
positive scalar curvature. If

(3-1) / W12 = L2 (LD,
M

then M* is CP? with the Fubini-Study metric.

Remark 3.2. If the equality in (3-1) is replaced by a strict inequality, we have
proved in [Fu and Xiao 2017a; 2017b] that M* is a quotient of the round S*, which is
proved by Proposition E. For dimensions n > 4, under some L3 pinching condition,
we proved in [Fu and Xiao 2017a; Fu and Xiao 2017b], as did G. Catino in [Catino
2016a], that M" is a quotient of the round S".

Proposition 3.3. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic Weyl tensor and positive Yamabe constant. If

/|W|2+2/ |f{ic|2§é/ R?, ie. /|W|2516n2X(M),
M M M M

then one of the following must be true:

(1) M* is a locally conformally flat manifold. In particular, g is a Yamabe mini-
mizer and (M*, g) is the round sphere S* the real projective space RP%, or the
manifold which is isometrically covered by S' x S* with the product metric,
or S! x S? with a rotationally symmetric Derdzifiski metric.

(2) (M*, g)is CP? with the Fubini-Study metric.

Proof. By the Chern—Gauss—Bonnet formula, we get

(3-2) /|W|2+2/ |1°zic|2—1/ R? =
M M 6 M

2f \W|?>=327%x (M) <0, ie., /|W|2§16n2X(M).
M M
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From (2-11), we get

(3-3) /|W|2—1u2([g])sf |W|2+2/ |ﬁic|2—1/ R>.
M 6 M M 6 Ju

Moreover, the above inequality is strict unless (M*, g) is conformally Einstein.
In the case of strict inequality, we have

/ WP < L2(lgD). e f WER < L2(g)).
M M

By Proposition E, we get that M* is conformally flat. Since / M|W|2, w?([g]) and
f v 02(A) are conformally invariant, there exists a conformal metric g of g such

that 1 2([g]) = [, Rg, and

(3-4) / |Wg|2+2/ |l°{icg:|2—l/ R§=/ |W|2+2/ |1°zic|2—1/ R% <0,
1.e

L.

2 [ [RicgP? -~ (gD <0.
M

By Theorems 1.5 and 1.6 in [Fu and Xiao 2018], (M*?, g) is isometric to the
round S* the real projective space RP? or a manifold which is isometrically
covered by S! x §? with the product metric, or S! x S* with a rotationally symmetric
Derdziniski metric.

In the case of equality, we have

f [WI* = g1 (gD
M
Here g is conformally Einstein. By Theorem 1.2, (M*, g) is CP? with the Fubini—

Study metric. O

Remark 3.4. Any compact conformally flat 4-manifold with w([g]) > 0 and
x (M) > 0 has been classified [Gursky 1994; 1998]. Gursky proved that M*
is conformal to the round S* the real projective space RP?, or a quotient of R! x S3
with the product metric in [Gursky 1994; 1998]. Comparing with Theorem D, it is
easy to see that the condition and conclusion in Proposition 3.3 are both strong.

Proof of Theorem 1.4. By the Chern—Gauss—Bonnet formula, we get

(3-5) /|W|2+4/ |1°aic|2—l/ R =
M M 3 u

3f |W|?> —647%x (M) <0, ie., /|W|Z<%n2X(M).
M M
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From (2-11), we get

1 °. 1
/|W|2—§u2([g])s/ |W|2+4f |R1c|2—§/ R>.
M M M M

Moreover, the above inequality is strict unless (M*, g) is conformally Einstein.
Then we have

/ IWI* < 1u*([g)).
M

Since [ M|W|2, w?>([g]) and / 1 02(A) are conformally invariant, there exists a
conformally metric g of g such that u2([g]) = / v Ré%, and from (3-5) we have

4 [ RicgP — L (igD) <.
M

(@) W =0. By Theorem 1.5 in [Fu and Xiao 2018], (M*?, g) is the round S* or the
real projective space RIP*,

(b) W #0. By Proposition F, b; (M) =0. Hence yx (M) =2+b,. By Proposition 3.3,
we assume 1672y (M) < fM|W|2. Since 1?([g]) < n?*(S*) = 38472 and the in-
equality is strict unless (M*#, g) is conformal to sS4, f M|W|2 < %Mz([g]) implies
that x (M) <7. By Proposition E, we have that W =0and [, |W~|>> %/ﬂ([g]), or
W~ =0and [,,|W*> > tu*([g]). By Proposition F and the Hirzebruch signature
formula, by (M) = b, (M) #0 or by(M)=b3 (M) #0. Hence 3 < x (M) =2+b, <7.

When W~ =0and [, |WF?> > $1%([g]), 3 < x(M)=2+b3 (M) <7. By the
Hirzebruch signature formula

4x (M) - 1 |W+|2=b+
9 T agn2 )¢ ’

only the case b; = 1 occurs. Thus we have x (M) =3,0(M) =1, and

2
/|W;|2=48n2=—163” Q2x (M) + 30 (M)).
M

/|W|2=/ |W+|2=M2([g])
M M & 6 ‘

Hence by Theorem 1.2, (M*, g) is CP? with the Fubini-Study metric.
When W =0and [,,|W~|* > {u*([g]). Similarly, we obtain

2
2 _o_ pno(gh
/M|W| _/M|Wg| 6

From the proof of Theorem 1.2, this can’t happen. O

By Remark 2.3,
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Proof of Theorem 1.5. (i) When x (M) = 0. This pinching condition implies W = 0.
From (3-4), there exists a conformally metric g of g such that u2([g]) = f M R; and

2 f Ricg|* — tu’(Ig]) =0.
M

By Theorem 1.6 in [Fu and Xiao 2018], (M*, &) is a manifold which is isometrically
covered by S! x S with the product metric, or a manifold which is isometrically
covered by S' x S3 with a rotationally symmetric Derdzifiski metric.

(i) When x (M) # 0. Since [,,|W[*> < 1u2([gD), [,,IW|* =& n2x (M) implies
that x (M) <5. Since f,,|W|*= St7%x (M), by (3-3) and Proposition F, b; (M) = 0.
Hence x (M) =2+ b;.

Case 1: In the case of strict inequality, we have
f WI? < 512 (8D.
M

From the proof of Theorem 1.4, we have W+ =0 and fMleE|2 > éuz([g]), and
3<xM)=24+b(M)=2+ b; (M) < 5. By the Hirzebruch signature formula

dxm) _ 1 +2 g+
- nZ/M|Wg|_b2’

9 48

we get that b;ﬁ is not an integer. Hence there exists no such manifold.

Case 2: In the case of strict equality, we have
[ WP = 4ae.
M

Here g is conformal to an Einstein metric. Since (M*, g) has harmonic Weyl
tensor, from the proof of Theorem B*, we get that (M*, g) is also Einstein. By
Corollary 1.8, (M*, g) is a quotient of S? x S? with the product metric. |

Proposition 3.5. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic Weyl tensor and positive Yamabe constant. If

L2 (lg)) < f W2 < L2 (L)),
M

then one of the following must be true:

(1) (M4, g) is self-dual, but is not anti-self-dual, which has either even x (M <4
and 192+ =2 orodd x(M*) <1 and b; =1.

(2) (M*, g) is anti-self-dual, but is not self-dual, which has either even y (M%) <4
and b; =2 orodd x(M*) <1and b; =1.

(3) (M*, g) is a CP? with the Fubini—Study metric.
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(4) (M*, g) is a quotient of a quotient of S x S? with the product metric.

Proof. By Proposition E, we get that W~ =0, Wt =0or fM|WjE|2 6,u 2([gD.
When WT =0, fMIWi|2 > 6,u ([g]) By Proposition F, we have b;F =0. By
the Hirzebruch signature formula

1 1 _ _
6 s [ WER= g [ WP-IW R =bf =y =20 = ().
M M

we get o (M) = l)2i > 1. Since fM|W|2 < %,u2([g]), by the fact that p,z([g]) <
w?(S*) = 38472 and the inequality is strict unless (M*, g) is conformal to S* we
get b;t < 2. Then we get x (M) < 4.

If (M) =3, then b; =1 and b; = 0. By Remark 2.3, we have

/ |WH? > L8722y (M*) £30(M?)).
M
Combining with (3-6), we have
4877 = +487%0c (M*) = / IWE2 > L72(2) (M*) £ 30 (M*)) = 487>

By Remark 2.3, [,,|W|* = $1%([g]). By Theorem 1.2, (M*, g) is CP? with the
Fubini—Study metric.

When fMleE|2 6”“ 2(LgD, by Theorem 1.1, (M*, g) is a Kihler manifold of
positive constant scalar curvature, and the Weyl tensor is parallel. Since (M*, g) is a
Kihler manifold with harmonic Weyl tensor, by Proposition 1 in [Derdzifiski 1983],
the Ricci tensor is parallel. Hence VRm =0, i.e., M is locally symmetric. From
(2-4), by the maximum principle we get |W*|> = R?/6, and W* has eigenvalues
{—&,—2&, £} Thus Rm has eigenvalues {0, 0, 1, 0, 0, 1}. By the classification
of 4-dimensional symmetric spaces, it is isometric to a quotient of S? x S? with

the product metric. O

4. Four manifolds with harmonic curvature

Proposition 4.1. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If

bedeh = [ WP < dede,
M
then one of the following must be true:

(1) (M*4, g) is CP? with the Fubini-Study metric.

(2) (M*, g) is isometric to a quotient of S? x S? with the product metric.
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Proof. By Proposition 3.5, We just need to consider whether (M*, g) is self-dual or
anti-self-dual.

When (M*, g) is self-dual, since it has harmonic curvature, it is analytic [DeTurck
and Goldschmidt 1989]. By Proposition 7 in [Derdziriski 1983], we get that (M*, g)
is Einstein. By the classification theorem of Hitchin, (M 4. g) is isometric to CP?
with the Fubini—Study metric g.

When (M*, g) is anti-self-dual, %I —-Wt = %I > 0. Since (M*, g) is not
self-dual, by Theorem 4.3 of [Micallef and Wang 1993], only (c) and (d) therein
occur, i.e., (M 4 g) is a Kéhler manifold of positive constant scalar curvature. By
Corollary 1 in [Derdzifiski 1983], the scalar curvature of (M*, g) is 0. This is a
contradiction. O

By Theorem 1.1 and Propositions 4.1 and E, we have Theorem 1.7.

Proposition 4.2. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If

@1 f |W|2+4/ Ricl? = L2 (1g)),
M M

then one of the following must be true:
(1) M* is a quotient of S? x S? with the product metric.
(2) M*is covered isometrically by S! x S* with the product metric.
(3) M* is covered isometrically by S' x S with a rotationally symmetric Derdz-
inski metric.
Proof. Case 1: Ric = 0, i.e., M is Einstein. By Corollary 1.8, (M*, g) falls
under (1).

Case 2: Ric # 0. It is easy to see from (4-1) that fM|W|2 < %,uz([g]). By
Theorem 1.7, we have W =0, i.e., M is locally conformally flat and f M|l°{ic|2 =
1% ([g]). By Theorem 1.6 in [Fu and Xiao 2018], (M*, g) falls under (2) or (3). O

Proposition 4.3. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If

4-2) f W24 / Ric? < 12 (1g).
M M

then one of the following must be true:

(1) M* is a quotient of the round S*.
(2) M* is CP? with the Fubini—Study metric.

Proof. Suppose Ric #0. It is easy to see from (4-2) that fM|W|2 < %Mz([g]). By
Theorem 1.7, we have W =0, i.e., M is locally conformally flat and | M|ﬁic|2 <
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S u((g]). By Theorem 1.5 in [Fu and Xiao 2018], that (M*, g) is a quotient of
the round S* This is a contradiction.

Thus (4-2) implies that Ric = 0, i.e., M is Einstein, and [,,|W|* < 1u2([g]). By
Theorem 1.7, M is CP? with the Fubini—Study metric, or locally conformally flat.
Hence M* is a constant curvature space. Since the Yamabe constant is positive, M*
is a quotient of the round S* O

Corollary 4.4. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If

(4-3) /|W|2+8/ |1°{ic|251f R2,
M M 3Ju

then one of the following must be true:

(1) M* is isometric to a quotient of the round S*.
(2) M* is a quotient of S? x S? with the product metric.
(3) M*is CP? with the Fubini—Study metric.

Remark 4.5. The pinching condition (4-3) in Corollary 4.4 is equivalent to

1 128
[ wes k[ R < By,
M M

Proofs of Corollary 4.4 and Remark 4.5. From (2-11), we get

o . 1 o . 1
[wesa [ Rk~ Luagn < [ wies [ Rier -1 [ &
M M M M M

Moreover, the inequality is strict unless (M*, g) is conformally Einstein.
In the case of strict inequality, Proposition 4.3 immediately implies Corollary 4.4.
In the case of equality, we have that g is conformally Einstein and

/M|W|2+4/M|ﬁic|2=§u2<[g]).

Since g has constant scalar curvature, g is Einstein from the proof of Obata’s
theorem. By Proposition 4.2, we complete the proof of this corollary.

By the Chern—Gauss—Bonnet formula, the right-hand sides of the above can be
written as

/|W|2+8/ |1°<ic|2—1/ R2=5/ |W|2+1/ R* — 12872 (M).
M M 3 M M 3 M

This proves Remark 4.5. O
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5. Four manifolds with positive Yamabe constant

Chang, Gursky and Yang’s proof of Theorem D is based on establishing the existence
of a solution of a fourth order fully nonlinear equation. Avoiding the requirement for
the existence of a fourth order fully nonlinear equation, we can reprove Theorem D
which is rewritten as follows:

Theorem D*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant. If

/ WE < 16725 (M),
M

then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, g) is the manifold which is isometrically
covered by S' x S3 with the product metric, or S' x S3 with a rotationally
symmetric Derdziriski metric.

(2) M* is diffeomorphic to the round sphere S* or the real projective space RP*,

(3) & is a Yamabe minimizer and (M*, §) is CP? with the Fubini-Study metric.

Proof. (i) When x (M) = 0. This pinching condition implies W = 0. Since [, W%
;Lz([g]) and f 1y 02(A) are conformally invariant, there exists a conformally metric
g of g such that u2([g]) = fM Ré%, and from (3-2) we have

2 [ IRics P~ Liie) =0,
M

By Theorem 1.6 in [Fu and Xiao 2018], (M 4 £) is a manifold which is isometrically
covered by S! x §? with the product metric, or S! x S* with a rotationally symmetric
Derdzinski metric.

(ii) When x (M) # 0. Case 1: If [, |W|* < 167%x (M) or [,,|W[* = 1677 x (M)
and —2 fM|l°Qic|2 + % [y R* < é;ﬁ([g]), then from (3-2) we have

fM|W|2 <+ (IgD.

By Proposition F, by(M) = 0.

(a) W =0. Since f M|W|2, /Lz([g]) and f v 02(A) are conformally invariant, there
exists a conformally metric g of g such that w>([g)) = f M R&%, and from (3-2)
we have

> / Rics — Li2(g]) <.
M

Since x (M) # 0, by Theorem 1.5 in [Fu and Xiao 2018], (M*, ) is the round S,
the real projective space RP%.
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(b) W #0. Since [,,|W|% u*([g]) and [,, 02(A) are conformally invariant, and
W # 0, there exists a conformally metric g of g such that u2([g]) = [ W Ré, and

2 [ IRies P~ g <0,
M

By Proposition F, b; (M) = 0. By Freedman’s result [1982], M* is covered by a
homeomorphism sphere. For any metric g’ of unit volume in the conformal class
of g, we have

(5-1) /Rg/—x/Ef|ng|zu([g]>—%(f|ng|2)2=
M M M

u([g])—f6</M|W|2> ~ 0.

Thus by [Chen and Zhu 2014, Section 2] and [Gursky 2000, Section 3], from (5-1)
there is a metric g of unit volume in the conformal class of g such that

o=

\/g| Wil < R;.
Let A¥ > A3 > A5 be the eigenvalues of W¥. Since W¥ is trace free, we have
AT +Ay +25 =0, and
BP0 <P+l D+ + L0y +a)7

=P+ AT F T AT 45D

= 1W< LR,
i.e., )L;—L < %R. Hence A;E +A§E > — %R, ie., A;E + kf + %R > 0. This implies the
sum of the least two eigenvalues of ﬁR + W is positive. So (M*, g) has positive
isotropic curvature. Since M* is covered by a homeomorphism sphere, by the main

theorem of [Chen et al. 2012], M* is diffeomorphic to the standard sphere S* or
the real projective space RP*;

Case 2: If [,,|W|* = 1672 (M) and -2 [,,[Ric|> + § [,, R> = Lu2([g]), then
from (3-2) and (3-3) we have

[ WP = biasn
M
and g is conformal to a Einstein metric g. Thus we have
[ Wi = ke,
M

By Corollary 3.1, (M*, g) is CP? with the Fubini-Study metric. Hence (M*, g) is
conformal to CP? with the Fubini—Study metric. O
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Remark 5.1. The proof of Chang, Gursky and Yang consists of two steps. First,
they prove the case for strict inequality, and second, based on the first step, they
prove the case for equality. We unify the two cases. Chen and Zhu [2014] prove a
classification theorem of 4-manifolds which generalizes Theorem C under the strict
inequality assumption.

Based on the first Weitzenbock formulas in Remark 2.2, using the same argument
as in the proof of Theorem 1.1, we can obtain the following result of Gursky [2000].

Proposition G [Gursky 2000]. Let (M*, g) be a 4-dimensional compact Riemann-
ian manifold with positive Yamabe constant u([g]). If b;ﬁ # 0 and

(5-2) /M WER = La2(g)),

then (M*, g) is conformal to a Kdihler manifold of positive constant scalar curva-
ture.

Proof. Since bf # 0, there exists a nonzero w® € Hi(M ). Setting u = |wT|. Based
on the first Weitzenbodck formulas in Remark 2.2, using the same argument as in
the proof of Theorem 1.1, we get

3 0= (2= 1) ])(/Mu“°‘>é
) (o) o

We choose o = %, from (5-3) we get

| L _ +2 : 42 :
(5-4) o_[%mg]) </M|W |) }(/M )

Equation (5-2) implies that the equality holds in (5-4). When the equality holds
in (5-4), all inequalities leading to (5-3) become equalities. From (5-3), the function
u® attains the infimum in the Yamabe functional. Hence the metric § = u’*g is
a Yamabe minimizer. Then we get |w™| ¢ = 1. Since f MlWilz is conformally
invariant, the equality for the Holder inequality implies that |Wi|§ is constant.
From (5-2), we get |Wi| 1R2 By the first Weitzenbock formula and the
maximum principle, we get that |a)| is constant, thus Vo = 0, i.e., (M*, g) is a
Kihler manifold of positive constant scalar curvature. Hence (M 4, g) is conformal
to a Kihler manifold of positive constant scalar curvature. O

Based on Propositions F and G, using the same arguments as in the proof of
Theorem B*, we can reprove Theorems A and C proved by Gursky by using some
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results on functional determinant and the Bochner technique which are rewritten as
follows:

Theorem A*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant u([g]) and HJZr (M) #0. Then

/ W > 16/ o2 (A).
M M

Furthermore, equality holds in the above inequality if and only if g is conformal to
a positive Kdhler—Einstein metric.

Theorem C*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant and the space of harmonic 1-forms H' (M%) # 0. Then

/ (W2 = 8722 (M*) + 30 (M*)) — 8 f 02(A) > 87 2x (M*) + 30 (M™)).
M M

Furthermore, the equality holds in the above inequalities if and only if (M*, g) is
conformal to a quotient of R' x S3 with the product metric.

Proof. By Proposition F, fM|I°{ic|2 > %;ﬂ([g]) for H'(M*) # 0. Since M* is
compact, there exists a conformally metric g of g such that u?([g]) = f M Rg.
Hence we get

—2/ |ﬁic§|2+luz([g]):—2/ |faic§|2+1/ R§=—2/ |1°zic|2+1/ R? <0,
M 6 M 6Ju M 6Ju

1.e.,

16/ 02(A) <0.
M

By the Chern—Gauss—Bonnet formula,

/|W+|2=8n2(2X(M4)+30(M4))—8/ o2 (A).
M M

Hence
/ IWH? > 8722 x (M*) + 30 (M™)).
M

From the proof of Proposition F and the above, the equality holding in the above
inequalities implies that |V|w||> = 3|Vw|? and [,,[Ric|” = 512(g]) = & [, R>
By [Bour and Carron 2015, Proposition 5.1 and Section 7.2], (M 4, g) is conformal
to a quotient of R! x S3 with the product metric. O

Itis easy to see from the proof of Theorem A* that the assumption that H_% (M)+0
in Theorem 1 of [Gursky 1998] can be dropped for metrics with zero Yamabe
constant.
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Proposition 5.2. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with zero Yamabe constant ;£ ([g]). Then

/ W= L2722 (M*) + 30 (M*Y).
M

Furthermore, equality holds in the above inequality if and only if g is conformal
to a Ricci-flat and anti-self-dual metric, if and only if the universal cover of M is
conformal to either R* or a K3 surface.

Proof of Theorem 1.3. Case 1: [, |W*|?> < [, |W|*> < £1%([g]). By Proposition F,
we get b;c = 0. From the proof of Theorem D*, we get that (M*, g) has positive
isotropic curvature. According to the main theorem in [Chen et al. 2012], it is
diffeomorphic to S RP4, S? x R/G or a connected sum of them. Here G is a
cocompact fixed point free discrete subgroup of the isometry group of the standard
metric on S* x R.

Case 2: WT =0, [,|W= = {12([g]), or W™ =0, [, IWT* = ¢u*(lgD). By

the Hirzebruch signature formula

1
4872

[ awg e —wg P =5t~ b7 =otan,
M

we get b, # 0 or b;“ # 0. By Proposition G, (M*, g) is conformal to a Kihler
manifold of positive constant scalar curvature.

When W* = 0, by Corollary 1 in [Derdzinski 1983], the scalar curvature of
(M*, %) is 0, and 1([g]) = 0. This is a contradiction.

When W~ =0, by Lemma 7 in [Derdzifiski 1983], (M#, ) is locally symmetric.
By the result of Bourguignon, (M*, g) is Einstein. Then g is both Einstein and half
conformally flat. By the classification theorem of Hitchin, (M*?, g) is isometric to
either a quotient of S* with the round metric or CP? with the Fubini-Study metric.
Since we are assuming that is not locally conformal flat, (M*, g) is CP? with the
Fubini—Study metric. m|

Remark 5.3. We do not know whether Theorem 1.3 can be deduced directly from
[Chen and Zhu 2014, Theorem 1.6], which has weaker conditions. For their proof,
Chen and Zhu used Micallef and Wang’s result [1993], which we do not use in the
proof of Theorem 1.3. Theorem D can be deduced from the proof of Theorem D*
and Theorem 1.3.

Proof of Theorem 1.6. From the proof of Theorem 1.4, we have b; = 0 and
2<xM) =T

Case 1: In the case of strict inequality, we have

f IWI* < 2u (D).
M
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When [,,|W*[?> < ;11*([g]), by Proposition F, b (M) = b, (M) =0. Hence M*
is covered by a homeomorphism sphere, i.e., M* is homeomorphic to the standard
sphere S* or the real projective space RP*.

When [, [W*]* < g1 ([gD and [, IW™ 1> = gr([gD), or [, |W 1> < gu*(g])
and f M|W+|2 > % ,u2([g]). By Proposition E and the Hirzebruch signature formula,
by(M) = b, (M) # 0 or br(M) = b;(M) #0. Hence 3 < y(M) =2+b, <7.
From the proof of Theorem 1.4, we have b; =1 and x(M) = 3. If (M*, g)
has harmonic Weyl tensor, by Theorem 1.4 we have f M|W|2 = %,uz([g]), which
contradicts [y, |W[* > é,uz([g]).

Case 2: In the case of equality, we have
/ (WP = 3u2(gD) = §rx (M).
M

Hence g is conformal to an Einstein metric g. By Corollary 1.8, (M*, g) is confor-
mal to a quotient of S? x S? with the product metric. O

Proposition 5.4. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with positive Yamabe constant. If

Lu*(gh < fM IWI* < 1u?((gD,

and the universal cover of (M*, g) is not homeomorphic to S* then one of the
following must be true:

(1) (M*, g) has x(M*) <4and 1 <b,=bF <2.

(2) (M*, g) has x(M*) <4and 1 <by=b; <2.

(3) The universal cover of (M*, g) is conformal to a Kéhler manifold of positive
constant scalar curvature. In particular, (M 4 g) is a quotient of (X1, g1) X
(22, g2), where the surface (¥;, g;) has constant Gaussian curvature k;, and
ki +ky, > 0.

Proof. When [,,|WT]* < %uz([g]) and [, |W™|* < %uz([g]). By Proposition F,
we have by = 0. Hence the universal cover of (M*, g) is homeomorphic to s

When [, |[WF|* < éuz([g]) and [, |W*|? > éuz([g]). By Proposition E, we
have b5 = 0. By the Hirzebruch signature formula

1
4872

(5-5) [ aw = wg P =t — by = b =,

M
we get £0 (M) = by > 1. Since [,,|W|*> < 1u>([g]), by the fact that p([g]) <
w?(S*) = 38472 and the inequality is strict unless (M 4. g) is conformal to S* we
get bzi < 2. Then we get x (M) < 4.
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When [,,IW*H? = [,IW= > = $1%([g]). We have that (M) =0 and x (M) is
even. For any metric g’ of unit volume in the conformal class of g, we have

fRgf—«@/|W;|zu([g]>—f6<f|wj|2)2=
M M M 1
u([g])—%(/Mwﬂz) —0.

Case 1: [, Ry — \/EfM|W;| > 0. By [Chen and Zhu 2014, Section 2] and
[Gursky 2000, Section 3], there is a metric g of unit volume in the conformal class

of g such that
VOIW | < Rg.

From the proof of Proposition G, we have b, =0 for o (M) = 0. Hence the universal
cover of (M*, g) is homeomorphic to S*

Case2: [, Ry — \/ng|W;?| = 0. Thus there are two metrics g1 and g> of unit
volume in the conformal class of g such that

VoIWS I=Rg, Vo6IW_|=Rg.

+12 _ -2_1 2 _ 1 2 _ 1.9
[wee=[wep=1 [ & =1 k=L,

Hence g1 and g, are the Yamabe minimizers of g. So (M*?, £1) has nonnegative
isotropic curvature. If b, = 0, by Theorem 4.10 of [Micallef and Wang 1993],
(M*, 1) becomes positive isotropic curvature. By the proof of Theorem 1.3(1),
the universal cover of (M*, g) is diffeomorphic to S*. If b, > 0, from the proof
of Proposition G, the universal cover of (M*, g1) is a Kihler manifold of positive
constant scalar curvature. Since the scalar curvature is positive, the universal
cover of (M?, g1) is diffeomorphic to (X1, g1) x (X2, g2), where (¥;, g;) is a 2-
dimensional manifold, and the Gaussian curvature k; of g; must be a constant and
satisfies k1 +kp > O. ]

We have

By Theorems 1.6 and D* and Corollary 1.8, we obtain the following theorem:

Theorem 5.5. Let (M*, g) be a 4-dimensional compact Riemannian manifold
which is not homeomorphic to S* or RP* with positive Yamabe constant. If

[ wera [ kil < e,
M M
then one of the following must be true:

(1) (M*, g) is a quotient of S* x S? with the product metric.
(2) (M*, g) is CP? with the Fubini-Study metric.



FOUR-MANIFOLDS WITH POSITIVE YAMABE CONSTANT 103

(3) (M*, g) is conformal to a quotient of R' x S* with the product metric.

4) (M4, g) has x(M) =3, by =0 and b, = 1, and does not have harmonic Weyl
tensor.
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ON THE STRUCTURE OF
CYCLOTOMIC NILHECKE ALGEBRAS

JUN HU AND XINFENG LIANG

In this paper we study the structure of the cyclotomic nilHecke algebras
Jflf(,?, where £, n € N. We construct a monomial basis for jﬁf?f which ver-
ifies a conjecture of Mathas. We show that the graded basic algebra of
yf(ﬂ) is commutative and hence isomorphic to the center Z of Jf(m. We
further prove that J7; © s isomorphic to the full matrix algebra over Z and
construct an explicit ba51s for the center Z. We also construct a complete set
of pairwise orthogonal primitive idempotents of .7, o, Finally, we present
a new homogeneous symmetrizing form Tr on %( 3 by explicitly specifying
its values on a given homogeneous basis of Jf( ) and show that it coincides
with Shan—Varagnolo—Vasserot’s symmetrlzmg form TrS"Y on %(0)

1. Introduction

Quiver Hecke algebras %, and their finite dimensional quotients Z2 (i.e., cyclo-
tomic quiver Hecke algebras) have been hot topics in recent years. These algebras
are remarkable because they can be used to categorify quantum groups and their
integrable highest weight modules; see [Kang and Kashiwara 2012; Khovanov and
Lauda 2009; Rouquier 2008; 2012; Varagnolo and Vasserot 2011]. These algebras
can be regarded as some Z-graded analogues of the affine Hecke algebras and their
finite dimensional quotients. Many results concerning the representation theory
of the affine Hecke algebras and the cyclotomic Hecke algebras of type A have
their Z-graded analogues for the quiver Hecke algebras 4, and the cyclotomic
quotients %’é‘; see [Brundan and Kleshchev 2009b; Brundan et al. 2011; Lauda and
Vazirani 2011]. It is natural to expect that the structure of the affine Hecke algebras
and the cyclotomic Hecke algebras of type A also have their Z-graded analogues
for the algebras %, and %Z2. In fact, this is indeed the case for the quiver Hecke
algebras %, . For example, we have faithful polynomial representations, standard
basis and a nice description of the center for the algebra %, in a similar way as in
the case of the affine Hecke algebras of type A. However, the situation turns out to
be much more tricky for the cyclotomic quiver Hecke algebras %2 . Only partial

MSC2010: 16G99, 20C08.
Keywords: cyclotomic nilHecke algebras, graded cellular bases, trace forms.
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progress has been made for the structure of the cyclotomic quiver Hecke algebras
Z2 so far. For example:

(1) The cyclotomic quiver Hecke algebra of type A has a Z-graded cellular basis
by [Hu and Mathas 2010].

(2) The cyclotomic quiver Hecke algebra is a Z-graded symmetric algebra by
[Shan et al. 2017].

(3) The center of the cyclotomic quiver Hecke algebra Z2 is the image of the
center of the quiver Hecke algebra %, whenever the associated Cartan matrix
is symmetric of finite type by [Webster 2015].

Apart from the type A case, one does not even know any explicit bases for
arbitrary cyclotomic quiver Hecke algebras. On the other hand, for the classical
cyclotomic Hecke algebra of type A, we have not only a Dipper—James—Mathas’s
cellular basis [Dipper et al. 1998] but also a monomial basis (or Ariki—Koike basis
[Ariki and Koike 1994]). But even for the cyclotomic quiver Hecke algebra of
type A we do not know any explicit monomial basis. This motivates our first
question:

Question 1.1. Can we construct an explicit monomial basis for any cyclotomic
quiver Hecke algebra?

Shan, Varagnolo and Vasserot [Shan et al. 2017] have shown that each cyclotomic
quiver Hecke algebra can be endowed with a homogeneous symmetrizing form
TrVV which makes it into a graded symmetric algebra (see Remark 4.7 and [Hu
and Mathas 2010, §6.3] for the type A case). However, the SVV symmetrizing
form TrSVV is defined in an inductive manner. It is difficult to compute the explicit
value of the form Tr3VY on any specified homogeneous element. On the other hand,
it is well-known that the classical cyclotomic Hecke algebra of type A is symmetric
[Malle and Mathas 1998; Brundan and Kleshchev 2008] and the definition of its
symmetrizing form is explicit in that it specifies its value on each monomial basis
element. This motivates our second question:

Question 1.2. Can we determine the explicit values of the Shan—Varagnolo-Vasserot
symmetrizing form Tr>YY on some monomial bases (or at least a set of K -linear
generators) of the cyclotomic quiver Hecke algebra?

An explicit basis for the center of %2 is unknown. Even for the classical
cyclotomic Hecke algebra of type A, except in the level one case [Geck and Pfeiffer
2000] or in the degenerate case [Brundan 2008], one does not know any explicit
basis for the center.

Question 1.3. Can we give an explicit basis for the center of the cyclotomic quiver
Hecke algebra?
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The starting point of this paper is to try to answer the above three questions. As
a first step toward this goal, we need to consider the case of the cyclotomic quiver
Hecke algebra which corresponds to a quiver with a single vertex and no edges.
That is, the cyclotomic nilHecke algebra of type A. Let us recall its definition.

Definition 1.4. Let £, n € N. The nilHecke algebra ,%’;(0) of type A is the unital
associative K-algebra generated by ¥, ..., ¥,—1, y1, ..., y» Which satisfy the
following relations:

Y2 =0, Vi<r<n,
Ve = Yy, Vi<k<r—1l<n-—1,
Ve 1V = Vet Ve s, Visr<n-—l,
YrYk = YiYr V1<rk=n,
Vryrr =¥+ 1L yea¥r =¥y, +1, VI<r<n,
Yr vk = YkY¥rs Vk#£r,r+1.

The cyclotomic nilHecke algebra %@f? of type A is the quotient of %‘;1(0) by the
two-sided ideal generated by yf.

The nilHecke algebras %,(0) was introduced by Kostant and Kumar [1986]. It
plays an important role in the theory of Schubert calculus; see [Hiller 1982]. Mathas
[2015, §2.5] has observed that the Specht module over %”,,E?f can be realized as
the coinvariant algebra with standard bases of Specht modules being identified
with the Schubert polynomials of the coinvariant algebras. It is clear that both
%,(O) and %’é?’) are Z-graded K -algebras such that each 1, is homogeneous with
deg ¥, = —2 and each y, is homogeneous withdeg y, =2 forall 1 <r <n, 1 <s <n.
Mathas [2015, §2.5] has conjectured a monomial basis of the cyclotomic nilHecke
algebra %,{?3. In this paper, we shall construct a monomial basis of the cyclotomic
nilHecke algebra %ﬂ((ﬁ) for arbitrary £ (Theorem 2.34) that, in particular, verifies
Mathas’s conjecture. As an application, we shall construct a basis for the center
Z of Ky © (Theorem 3.7). Thus we shall answer Question 1.1 and Question 1.3
for the cyclotomlc nilHecke algebra %AO) Furthermore, we shall construct a new
homogeneous symmetrizing form Tr (Pr0p0s1t10n 4.13) by specifying its values on
a homogeneous basis element of %”ef?. We prove that this new form Tr actually
coincides with Shan—Varagnolo—Vasserot’s symmetrizing form Tr>V" [Shan et al.
2017] on %(n) Thus we also answer Question 1.2 for the cyclotomic nilHecke
algebra éfe(n).

The content of the paper is organized as follows. In Section 2, we shall first
review some basic knowledge about the structure and representation of %f(r)’).
Lemma 2.12 provides a useful commutator relation which will be used frequently in
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later discussion. In Corollary 2.18 and 2.19 we determine the graded dimensions of
the graded simple modules and their graded projective covers as well as the graded
decomposition numbers and the graded Cartan numbers. We construct a monomial
basis of the cyclotomic nilHecke algebra jﬂfg) for arbitrary £ in Theorem 2.34.
We also construct a complete set of pairwise orthogonal primitive idempotents in
Corollary 2.25 and Theorem 2.31. In Section 3, we shall first present a basis for
the graded basic algebra of %@f? and show that it is isomorphic to the center Z
of %”ef?z) in Lemma 3.2. Then we shall give a basis for the center in Theorem 3.7
which consists of certain symmetric polynomials in yi, ..., y,. We also show
in Proposition 3.8 that %’jzfg) is isomorphic to the full matrix algebra over Z. In
Section 4, we shall first show in Lemma 4.4 that the center Z is a graded symmetric
algebra by specifying an explicit homogeneous symmetrizing form on Z. Then we
shall introduce two homogeneous symmetrizing forms: one is defined by using its
isomorphism with the full matrix algebra over the center Z (Lemma 4.6); another is
defined by specifying its values on a homogeneous basis element (Definition 4.11
and Proposition 4.13). We show in Proposition 4.14 that these two symmetrizing
forms are the same. In Section 5 we show that the form Tr also coincides with
Shan—Varagnolo—Vasserot’s symmetrizing form Tr>¥" (which was introduced in
[Shan et al. 2017] for general cyclotomic quiver Hecke algebras).

After the submission of this paper, Professor Lauda emailed us that he won-
ders if our results have some connections with his papers [Khovanov et al. 2012;
Lauda 2012]. In the latter paper he proved that the cyclotomic nilHecke algebra is
isomorphic to the matrix ring of size n! over the cohomology of a Grassmannian.
Combining it with Proposition 3.8 in this paper this implies that the center of the
cyclotomic nilHecke algebra is isomorphic to that cohomology of a Grassmannian.
He also proposed an interesting question of comparing the trace form Tr in this paper
with the natural form on the matrix ring over the cohomology of the Grassmannian
which can be defined using integration over the volume form.

2. The structure and representation of j‘q(’?,)

Let &, be the symmetric group on {1,2,...,n}and lets; ;== (i,i +1) € G, for
1 <i <n. Then {sq, ..., s,—1} is the standard set of Coxeter generators for G,,. If
w € G, then the length of w is

L(w) :=min{k eN|w=s;, ...s;, for some 1 <iy, ..., iy <n}.
Ifw=s;, ...s, with k =£(w) then s;, ...s;, is a reduced expression for w. In this
case, we define v, := ¥;, ... ;. The braid relation in Definition 1.4 ensures that

Yy, does not depend on the choice of the reduced expression of w. Let wy , be the
unique longest element in G,,. When 7 is clear from the context we shall write wy
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instead of wy,, for simplicity. Then wo = w, Iand L(wg) =n(n—1)/2. Let % be
the unique K-algebra antiautomorphism of Jfég) which fixes each of its ¢ and y
generators.

Lemma 2.1 [Manivel 2001]. The elements in the set
{wwyfl...yz” lweS,,ci,...,cn €N}

form a K-basis of the nilHecke algebra %(0) and the center of %(0) is the set of
symmetric polynomials in yy, ..., Y.

Letm : %’;,(0) —» %‘2(2) be the canonical surjective homomorphism.

Definition 2.2. An element z in jﬁ(g) is said to be symmetricif z=m(f (y1, ..., Yn))
for some symmetric polynomial f(tq,...,1,) € K[t1,...,,], where t1, ..., t, are
n indeterminates over K.

Corollary 2.3. Any symmetric element in 3@%2) lies in the center of ijzfg).
Proof. This follows from Lemma 2.1 and the surjective homomorphism 7. |

Let I' be a quiver without loops and [/ its vertex set. For any i, j € I let d;; be
the number of arrows i — j and set m;; := d;; +d;;. This defines a symmetric
generalized Cartan matrix (a;;);, jes by putting a;; :== —m;; fori # j and a;; := 2 for
any i € I. Let u, v be two indeterminates over Z. We define Q;; := (— 1) (4 —v)™ii
forany i # j € I and Q;;(u, v) :=0 for any i € I. Let (b, IT, IT") be a realization
of the generalized Cartan matrix (a;;); je;- Let P be the associated weight lattice
which is a finite rank free abelian group and contains IT = {o; | i € I}, let P¥ be
the associated coweight lattice which is a finite rank free abelian group too and
contains ITY = {a” | i € I}. Let Q" := NIT C P be the semigroup generated by I1
and PT C P be the set of integral dominant weights. Let A € P* and 8 € Q;F". One
can associate it with a quiver Hecke algebra %4 as well as its cyclotomic quotient
%’é\ We refer the readers to [Khovanov and Lauda 2009; Rouquier 2012; Shan
et al. 2017] for precise definitions.

Let {A; | i € I} be the set of fundamental weights. The nilHecke algebra and
its cyclotomic quotient can be regarded as a special quiver Hecke algebra and
cyclotomic quiver Hecke algebra. That is, the quiver with single one vertex {0} and
no edges. More precisely, we have

0
2.4) '%’;L(O) = Knay> %fn) = B

nog

Throughout this paper, unless otherwise stated, we shall work in the category
of Z-graded %fg)—modules. Note that %@fg) is a special type A cyclotomic quiver
Hecke algebra so that we can apply the theory of graded cellular algebras developed
in [Hu and Mathas 2010]. We now recall the definition of graded cellular basis in
this special situation (i.e., for ijf?l)).
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We use & to denote the empty partition and (1) to denote the unique partition
of 1. Set |@] :=0, |(1)] := 1. We define

¢ .
Py = {x = 0D, 20 } S D =0, 20 e (@, (D), Y1 <i < z}.
i=1

Definition 2.5. If A = A\, ..., 1(9) € 2, then we define #(X) to be the unique
n-tuple (ky, ..., k) suchthat 1 <k; <ky <--- <k, < and

RO if j =k; for some 1 <i <n,
|2 otherwise.

Given any two n-tuples (ki, ..., k,), (k, ..., k) of increasing positive integers,
we define
ktveoo k) = Koo k) S ke = KLV <i<n,

and (ky, ... kp) > (K. K if (ki k) = (KL, k) and (i, . .., k) #
(ki, ..., k). Forany A, p € %, we define

A>psS0) <0(w).

Then “>" is a partial order on .
The following is a special case of [Hu and Mathas 2010, Definition 4.15].

Definition 2.6. Let A € &) with O(A) = (kq, ..., k,). We define

n
W= yf_k' oyt R degyy i=2tn _2Zki‘
i=1

By the main results in [Hu and Mathas 2010], the elements in the set
2.7) W w = Vantulhe Py, w,u ey}

form a graded cellular K -basis of jﬁfg). Each basis element w,}}’u is homogeneous
with degree equal to

n
degyh , = deg yi — 20(w) —20(u) =20n —2) ki — 20(w) — 2£(u).

i=1

In particular, dimg ) = €(¢ —1)... (£ —n + l)n!. Note that 2) # @ if and
only if £ > n. Therefore, %@f? = 0 whenever £ < n. Henceforth, we always assume
that £ > n.

By the general theory of (graded) cellular algebras [Graham and Lehrer 1996; Hu
and Mathas 2010], for each A € &, we have a graded Specht module S*, which is
equipped with an associative homogeneous bilinear form (—,—),. Let rad(—,—),
be the radical of that bilinear form. We define D* := S*/rad(—,—);. By [Hu and
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Mathas 2010, Corollary 5.11], we know that D* # 0 if and only if A is a Kleshchev
multipartition with respect to (p; 0,0, ..., 0), where p =char K.

LetA € ZywithO (L) = (ky, ..., k,). A A-tableau is a bijection t: {ky, ..., k,} —
{1,2,...,n}. We use Tab(A) to denote the set of A-tableaux. For any t € Tab(),
we define

n

degt:= Y (#{ki < j < | cither j & {ki, ..., ky} or j =kp with t(j) > t(k)}
i=1 —#lki <j<tl|jelki, ... ki}and t(j) < tk)}).

It is clear that in our special case (i.e., for &) the above definition of deg t coincides
with that in [Brundan et al. 2011; Hu and Mathas 2010].

Definition 2.8. We define

A-max = ((1)5"'a(1)5®a"'a®)9 )\-min:= (Qva®5(1)79(1))
—_— ) —— —— —
n copies £—n copies £ —n copies n copies

It is clear that for any p € 22 \ {Amax, Amin}, We have that

(2.9) Amin < M < Amax, degyi,, <degy, <degyi,..

Using [Brundan and Kleshchev 2009a] and the definition of the Kleshchev multi-
partition in [Ariki and Mathas 2000], it is clear that A, is the unique Kleshchev
multipartition in &y. Therefore, for any A € Z, D* # 0 if and only if A = Apin.
Furthermore, D*»i is the unique (self-dual) graded simple module for jﬁfg). Let
Pmin be its graded projective cover.

Definition 2.10. We define
Do := D*vin| Py = phoin,

For each u € &, we use (% (0))>" to denote the K -subspace of Ay © spanned
by all the elements of the form v yy ¥, where A > u, w, u € S,,. Then (% (0))> s
is a two-sided ideal of %”(0) By [Hu and Mathas 2012, Corollary 3.11], for any
1<r<n,if0(u)= (kl,.. k) then

0)\>
@.11) Yy =y Ky Ry, e ()

Lemma 2.12. Forany 1 <i <n, 1 < j < n, there exists elements h; ;, h; j € %(2)
such that

(2.13) e e O ) D LML 4

1<i<n
1<j<n
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Similarly, we have

(2.14) T et = (=DM Y gkt

1<i<n
1<j<n

Proof. We only prove the first equality as the second one follows from the first one
by applying the anti-involution *. We use induction on n. If n = 1, it is clear that
(2.13) holds. Suppose that the lemma holds for the nilHecke algebra jﬁ(g)_l We
are going to prove (2.13) for e%”gf?l).

Recall that the unique longest element wg := wq ,, of &,, has a reduced expression

wo = 51(5251) ... (Sp—280-3 ... S (Sp—15p—-2 . .. 51).
Recall that wg ,—; denotes the unique longest element in &,,_; and
Wo = W, n—1(Sp—181-2 - - . 1)

and s1(s281) ... (Sp—28p—3 ... s1) is a reduced expression for wg ,—1.
We define
n
0
A
i=1

Then we have, with all congruences modulo J,,

Vuo Y] ! vy 2 Y
= Yuwy(V1Y2- - Yu—1)¥
=Wwo_n_l(llfn—lllfn—z---1/11)’1)’2 V=DV %y - e Yna
= Yy s Wn 1 V12 -+ Vi1 V2 - YDV 23 . yua (by Corollary 2.3)
=Yg, V12 - Yn2Wn—1Yn—1¥n—2 .. lﬂl)y" D A
= Yug s 132 - - Ynm2On Vi1 — Dz ... Y1)y}~ 2y§ 2

~Vugus 1Y2 - Ynm2W¥n—z e DY} 2V yaa (by (2.11))

= Vg, Wn2Vn—3 .. Y1132 Y2) Wz - VDYV o Yn2

= Vg Wn2Y1Y2 - Yne2¥n—3 - WD) Wz - Y)Y 2V o yna

Yo V1Y2+ - Yn—3(Wn—2Yn-2)Vn—3 ... Y1) (W¥n—2...¥1)

n—2_n-—3
Xy] y2 <o Yn-2

Vw12 o Yn-3Vn—1¥n—2— D¥u—3 ... Y1) Wn—2...¥1)
X YT s
= (=D g, 012+ Yn=3Vn—3 - VD Wz VDY 2V yna

= (=D*Wup, s 0132+ Ve (s - o WD Wz o WD) YT 2057 yaa

n—2 n 3
o Yn2
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= (—1)*Vug, s Wn—3Vn—a ... VIVI1Y2 - . Yn—3)
X ((Yne3 o VD) W YD OF 2957 yas2)

= D" WY)Wz VD Wz YD GV vs2))

= (=1)" "W, 72V )
= (=)' (=)= DE=D/2 = (_qyne=D/2,

as required, where we have used induction in the second-to-last congruence.
Therefore, we have proved that

Yyl V32 e = (=) 3 e,

1<i<n
1<j<n

where h; € %”Efg). Comparing the degree on both sides, we can assume that each 4;
is homogeneous with h; # 0 only if deg(h;) = —2 < 0. On the other hand, we can
express each nonzero h; as a K-linear combination of some monomials of the form
¥i' o n" Y, where ¢y, ..., ¢, € N, w € &,. Since each y; has degree 2, we can
thus deduce that each nonzero &; must be equal to a K -linear combination of some
monomials of the form y{" ...y, ¥, with ¢, ..., c, € Nand 1 # w € &,. This
completes the proof of the lemma. O

Lemma 2.15. (1) Foranyu, w € &, if £(u) + £(w) > £(uw), then Y, ¥, = 0.
(2) Forany 1 <r <n, Y, Yy, =0 =Yy ¥,

Proof. (1) follows from the defining relations for %fg), while (2) follows from
the defining relations for ffé? and the fact that wg has both a reduced expression
which starts with s, as well as a reduced expression which ends with s, for any
1<r<n. (|

Let s € Z. For any Z-graded %@f? -module M, we define M (s) to be a new
Z-graded jﬁfg)—module as follows:

e M(s) = M as an ungraded jﬁf?l)—module.

e As a Z-graded module, M (s) is obtained by shifting the grading on M up by s.
That is, M (s)y = M _, ford € Z.

Lemma 2.16. Let u € &y with0(n) = (ky, ..., k,). Then

dimDy=n!, dimPy=()n!, S*= D0<n£ - @ —Zki>.
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Proof. By the definitions of £, and Specht modules over L%’jgf?l), it is clear that
Sk = Shuin(n¢ —n(n—1)/2—_"_, k;). Thus it suffices to show that Stmin = pmin,
To this end, we need to compute the bilinear form between standard bases of the
Specht module §min,

By definition, S* has a standard basis

D2 Y + (D) | € &),
For any w, u € G,, by Lemma 2.15, we see that

A LA R VANl s VA A
=y T et W)Y T Y T a1 =0
unless £(wu~") = £(w) +£w™).
Now we assume that £(wu~!) = £(w) 4+ £(u~"). By the commutator relations

between y and i generators, (2.11) and the fact that £(wg) = n(n — 1)2, we can
deduce that

Yy ()Y YTy
n—1_.n-2

— — 0 .
— yl yz . yn—]l/fwuflyll,l 1y121 2 . yn—] c (%fn))>k.mm

1

unless wu ™" = wy. In that case, by Lemma 2.12, we have that

n—1_n-2 * . n—1_n—2
A4 S L S VI L /95 5 s VA VA
n—1_n-2 n—1_n-2

=Y1 Yy e Yn—1VuweYy Yy Co--Yn—i
_ _ _ 0 )
= (= 1"y g2y (mod () 7R

Thus we have proved that if £(wu~™') = £(w) 4+ £(u~!) and wu~" = wy, then

—_ —_ 0 > H —_ — 0 > i
D12 W+ G T i ) A,
— (_l)n(n—l)/2;

min

otherwise it is equal to 0. This means the Gram matrix of S*mn is invertible
and hence the bilinear form (—,—),_, on S*min is nondegenerate. It follows that
Shmin — D)‘m“f = Dy as required. Therefore, dim Dy = dim S*m» = n!. Finally, since
fe%fg) = py 9™, we can deduce that dim Py =dim ")) / dim Do = () (n)?/n! =

n!. (]

n

Let g be an indeterminate. The graded dimension of M is the Laurent polynomial

2.17) dim, M =) "(dimg Ms) q* € Nlg,q7"1,
dez

where M, is the homogeneous component of M which has degree d. In particular,
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dimg M = (dimy; M)|,—1. As a consequence, we can determine the graded dimen-
sion of the unique self-dual graded simple module Dy and its projective cover Py,
and compute the graded decomposition number dj, 3, (¢) := [S* : D*min], and
graded Cartan number c; ;. 3, (q) := [P*min : DAmin] .

Corollary 2.18. We have

: degt
dim, Dy = Z gt
t € Tab(Amin)
. deg t4+2nl—n(n—1)—=>"_, 2k;
dim, Py = Z Z q°ce (D=2 2k
kiy..., kn,eN teTab(Amin)

1<ki<ky<--<k,<t

Corollary 2.19. Let p € Py with () = (ki, ..., k,). We have

Ay (q) = g™ DR2R K e 5,5 4 gNIg],

Cpnden @ = > g™ TTDTEL2 € 14 gN[g].
l] ..... lnGN
I<li<b<--<l, <t

Lemma 2.20 [Hoffnung and Lauda 2010, Proposition 7]. Forany 1 <s <n, we

have
Il ,
Z Nyg oy =0.
ll ..... lx eN
LA Aly=t—s+1
Remark 2.21. Note that one should identify our generator y, with the generator
—Xxr; in [Hoffnung and Lauda 2010] so that the relation ¥, y,+1 = y-¥» + 1 in
Definition 1.4 matches up with the relation x, ; 6, ; — 6, jX,+1.; =e(i) when i, =i,4;.

Lemma 2.22 [Hoffnung and Lauda 2010, Proposition 8]. Let 1 <m <n and b € N.
Ifyf;_l =0 then yf’” =0.

Lemma 2.23. Forany 2 <m < n and w,, > £ —m, we have

(2.24) yf—1y§—2 o ye—m+1 On

m—1 m

Proof. We use induction on m. If m = 1, then (2.24) reduces to y{"' = 0 for
w1 > £ — 1, which certainly holds by the fact that yf =0.

If m = 2, then we need to show that yf_lyg’z = 0 whenever w, > ¢ — 2. By
Lemma 2.22, we can deduce that yﬁ = 0 from the equality yf = 0. Therefore, it

remains to show that yf_l yf_] = 0. In this case, applying Lemma 2.20, we get that

— I
y; 1_ Z y11y22'

ll,lzeN,ll;&O
Li+h=0—1
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It follows that

=1 -1 =140 1
Yi Yo =— Z 1 1)’22:0,
I1,leN, 110
LiAlh=t—1
as required.
Now assume that (2.24) holds for 2 < k <m. Hence yf_] y§_2 .- y,f:]frl y,‘c"" =0

whenever w; > £ — k.
Applying Lemma 2.20 for s = m + 1, we get that

l—m _ I b I+
Ym41 = § : 1Yo Ym+r
l] ..... lm+1€N
Inp1 ZL—m, [+ -+l 1 =C—m

It follows that for any w41 > £ — (m + 1),

—1_¢-2 L—m—+1_ Om+1
Y1 » e Ym—1 ym+1
_ —1_£0-2 L—m+1 wm«#lf(efm) —m
=Y Y2 Vet Yt Ymt1
— -1 6—2-‘1-12 a)m“—(ﬁ—m)-i-lmﬂ
= — E yl y2 "'ym+1
12 ..... lm+1EN
lm+17é£7m712+"'+lm+1:efm
_ -1 -2 —m~+1 C—m—+ly , @mt1—EC=m)+lpni1
=- E : YiY2 T Yt Ym " Ym
lmalm+16N
I EL—m Lyl 1=C—m
=0,

where we have used the induction hypothesis in the third and fourth equalities. This
completes the proof of the lemma. ([

Corollary 2.25. Forany z1, 22 € S,, we define F., , :=(—1)""=D/2y kmin  Then
F;, .z, #0is a homogeneous element of degree 2£(z1) — 2€(z22). Suppose that £ = n.
Then ) Fyw=1and

wed,

FoooFuvun =080, Fzyuys Yur,uz € 6,

In particular, %{?1) is isomorphic to the full matrix algebra My «,,1(K) over K with
{Fywluwee, being a complete set of matrix units.

Proof. As a cellular basis element, we know that 1//1})31;"1 2, 7 0 and hence F;, ,, #0.
By definition, F, ., is a homogeneous element of degree 2¢(z;) — 2€(z2).

Suppose that £ = n. By Lemma 2.23, for any 1 <r < n, we have

(2:26) Y'Y ynoy

_ n—1_n=2 n—r—1_n—r+1\y , n—r+1_n—r+2 _
=07 Yy TV Yy Vo1 Ve oo Yn—1=0.
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For any uy, u; € G,,

* n—1_n-2

“1.n-2
le,zZFul,m:W:jozly? yﬁ’ ---)’nflwzgwwoul)ﬁ Yo e Yn—1Vu,.

By Lemma 2.15, this quantity is zero unless £(z2(wou1) ™) = £(z2) + £ ((wou1) ™).
So we can assume that £(z2(wou1) ™ ") = £(z2) + £((wou1)~"). Then we get

oo i = Yage 195 e 0Vt V1 052 it V-
Note that wy is the unique longest element in &,, with length (n — 1)n/2. If
Zzul_lw()_l # wo then we must have

n
—1.n-2 0
wzzuflwaly? y’21 <o Yn-1€ E :yj%(,n)'
j=1

In that case, F;, ;, Fy, 4, = 0 by (2.26). Therefore, we can further assume that
zgul_lwgl = wop and hence z, = u;. In the latter case, F;, ., Fy, u, = F7.u, DY
Lemma 2.12 and (2.26). This proves the first part of the corollary.

The second part of the corollary follows from Corollary 2.25 and the fact that
dim%(f,? = (n)? and {Fz,.z, 1 21,22 € 6,} is a basis of jﬁ(ﬂ). O

Recall that the weak Bruhat order “>" on &,, is defined as follows (see [Dipper
and James 1986]): For u, w € G,, let u > w if there is a reduced expression
w=sj...5; forwandu=s; ...s; for some! < k. We write u > w if u > w
and u # w.

Corollary 2.27. Let £,n € N. For any z1, 20 € G, we define

/ ek n—1_n-2 n—1_n-2
le,zz = wwozl)ﬁ Yo T Yn—1VueY] Yy e V-1V,
/ .
Then F, ., # 0 is a homogeneous element of degree 2¢(z1) — 2¢(z2), and
1 2 _ g / _ 1 o/ ’
(FZI,Z]) - FZI,Zl’ qum - qum FZ];ZZ - FZ1,22FZ2,22’
F, _F. ,  =F F/ _F. =0, Vuj,uye&,withzy;" uj'
21,227 22,U2 T T Z1,u2” 21,227 u,u2 T 1, %2 n 2 -

Proof. By Lemma 2.12 and (2.11), we have

(2.28) Fli = (=D 2ydon - (mod (#5)74).

21,22 woz1,22

In particular, this implies that F/ _ # O by the cellular structure of %(O). By

,n

definition, it is clear that FZ/] 2, 1s a homogeneous element of degree 2¢(z1) —2£(z2).
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Again by Lemma 2.12 and Lemma 2.15, we have

(Fl )= V! ™ Y 2 e (W W)
SO AN O MENEV A W S
e 2P O T (VA 1y§ 2 V1Y)
X et T Y T 1Y,
= (=D 2y VTR 1<ww0y" Y Y1 Wu)
Xy~ 1y§ 2 e,
—F .
A similar argument shows that F,, . =F, . F. =F F, andF, F, =
FZ/I uz*

Finally, let uy, up € G, such that zz_l i ul_l. We have

12 1yn=2
Fz/1 22 L:I uz_wwozly;l y; - Yn— lwwan y; - Yn— 1(W22W:;0u1)
Lyn=2 2
S (S VAR MEREV Ui VA HIREY
Note that the assumption z, ?f uy 1mp11es that E(z;ul wy h #4(22) —I—E(u1 1)
because otherwise we would have some x € G,, such that xz, = u; and

£(x) = €(wo) — £(zauy 'wy) = L(wo) — (L(z2) + Ly 'wy ™))
= £(wo) — £(z2) — (E(wo) — L(u7 ")) = L(uy) — €(z2).

By Lemma 2.15, Z(zzul_lwo_]) # £(z2) + € "wy ") implies that .,y , =0.

wol |
We thus proved that F/,  F; , =0 as required. g

Definition 2.29. We fix a total order on &,, and list the elements in &, as 1 =
wi, Wy, ..., W, such that

-1 -1 . .
w, >w; = i<].

We define a set of elements {Fwi,w./ |1<i,j<n!}in jﬁfg) inductively as follows:
Fupw; = Fruw, = Fl ., Y1<j=<nl

Suppose that ﬁwk,w_/ was already defined forany 1 <k <i and 1 < j <n!. Then
we define

n I % - / .
Fwi,wj = Fw,-,wj — E ka:kaw,-,wj’ V1<j<n

By construction and Corollary 2.27, we see that

(2.30) Fuow, Fly . = Fujw,, Y1<a=nl.

Wj,Wq
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Theorem 2.31. Forany 1 <i, j <n!, we have that ﬁw,-,wj % 0 is a homogeneous
element of degree 2¢(w;) — 24(w ;) and

(2.32) Fupw, Fuow, =8k Fuwpw, Y1 <k/I<nl.

Moreover, for each 1 <i <n!, ﬁw w,ffi,(g) = Py is an ungraded right %(0)_
module, 1 = Z 1 Fu; wi» and {Fw w; | 1 <i <nl}isacomplete set 0fpa1rw1se
orthogonal primitive idempotents of 7 , 9

Proof. By (2.28), for any u € &, with u™! > wl_l, we have the following relations
modulo jﬁfg))*mi":

A-min )Vmin
Fu qui)l wy — wwou uv/wgwl wy
1 2 1 2
= wwouyllfl y; yn I(Wu(Wwowl) )yn )’121 -)’n—Isz

1 2 2
_wwouy? y; - Yn— lwuw woyil ly; -yn—ld’wz

= Z /wwouy;l lygz . ‘y”—lyjhjwwz
=1
:O,

where r; € K, hj € %@f? for any z, j. Combining this with Corollary 2.27 and
(2.28) we can deduce that
(2.33) Fupw, = (=170 2y (mod (£,()> ).

WoW; , W

In particu~lar, F‘wi,w/- # 0. By definition, Corollary 2.27, and an easy induction, we
see that Fy, ,; is a homogeneous element of degree 2¢(w;) — 2¢(w)).

We are going to prove (2.32). We use induction on k. Suppose that k = 1. If
Jj # 1, then j > 1. By construction,

(0) I _
Fum € Y A5 Foy s Fruy =Fl,,.

wes,

By Corollary 2.27, we have F,, , F{ , = 0. It follows that F,, ,,, Fyy w, = 0. If
j =1, then by (2.30) we have

Fwi,wl leywl = ﬁwiylFl/,wl = Fwiawl
as required.
In general, suppose that (2.32) holds for any k < m. Let us consider the case
when k = m. By construction, we have

I 2 : ©0) v I } : / 0)
Fwi,wj € %n Fw,wj’ me,wl € Fwa,u%,n :
wed, ue®,
1<a<m



120 JUN HU AND XINFENG LIANG

Therefore, if j > m then I:"w,.,wj Fy,,.w, = 0 by Corollary 2.27.
Suppose that j < m. Then

_r ’ _ ’
Fu,w; Fu,ow = Fuyw; (me,w, > ka wi F, w,)

1<k<m

r / /
Fwi,w_/ (me,w1 - Z 8/( J L wg, kaw w,)
1<k<m

= Fu,w, Fly v — Furu, F,

Wi~ wy,w; W, WY

as required, where we have used induction hypothesis in the second and the third
equalities.
Suppose that j = m. Then

” % T / L /
Fwi s W me sWp T Fwi <me wy - Z ka, Wk me s w1>

1<k<m
I - r- /
_F Wi, mem w; Z Fwismewkykawm,wl
1<k<m
— I / — L
- Fwi,w,,, me w; 0 - le‘,wlv

as required, where we used (2.30) in the last equality, and used the induction
hypothesis in the second last equality.
Since

@ dim D !~ 0) ~ I 0 I 0
PR = port = O = (1= % Fuu) 40 @ (@ Fuwrti),

wes, wes,

and Fw wy © # 0 for each w € G,,. By the Krull-Schmidt theorem we can deduce
that for each we 6, F, wjﬁ(g) = Py is an ungraded right jf( )_module and
1= ZweG Fw w- In other words, {Fw w; | 1<i<nl}isa complete set of pairwise
orthogonal primitive idempotents of e%@f’ol). (]

The following result was first conjectured by A. Mathas [2015, §2.5, before
Corollary 2.5.2] in the special case when ¢ = n.

Theorem 2.34. The elements in the set
235 [Puf P 0<a<t—i, Vi<i<nwe®,)
. 0)
form a K-basis of 7, .
Proof. We first claim that for any by, ..., b,—1, 0, e NWith0<b; <[ —j, V1<

j<m,

by by 1. on c1,,C2 Cm—1 ¢
(236) Y1 y2 : ymm lymm - § : FerpoemY1 Y2~ - ymm 1ymm’
ClyeeesCm €N
0<c¢;<tl—i,Y1<i<m
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where r¢, .., € K for each m-tuple (cy, ..., cn).
We use induction on m. If m = 1, there is nothing to prove as y;"' = 0 whenever
w1 > £ — 1. Suppose that (2.36) holds for any 1 <k < m.
We now consider the case where k =m + 1. Applying Lemma 2.20 for s =m+1,
we get that
Vot == > WyE .yt

11,...,lm+1€N
Ing1ZEL—m, [+ A+l 1 =—m

It follows that
bl hz m 1 Wm+1

Y1 Yoy o Ve 1ym m+l

m 1,by  Om+1— (Z m) {—m

:yl yz o Ym—1Ym Ym+1 Yim+1

_ b1+l b+l bn—1+ln—1 b+, +1

- Z Y1 Y2 “‘ymmfl " ym mymm+1’
Iyl 1€N

lm+l #E—m,ll+...+lm+1:g_m

where b, | = wp1 — (L —=m) + Ly
Our purpose is to show that

@37) Wy
€ K-Span{y'y;* .. ymym’”jll|cieN,0§ci§€—i,V1§i§m+1}.

We use induction on wy,,+;. Suppose that for any by, ..., b, € N and any
0<b < wpy+1, we have
by b b b
YYD Y Y
€ K-Span{y{'y;* ... yor ym”j:ll lc;eN,0<c¢; <l—i,V1<i<m+1}.

We are now going to prove (2.37). If b, | </—m, then by our induction hypothesis
we have

b1+ b2+lz 1Hm-1 b+,
R B A
€ K-Span{y;'y. y;’” e, ., em €N,0<¢ <€—i,V1<i<m},
hence
b1+ b2+12 1+Hln—1_ b+l +1
R S i ’"ym’il

Cm+1

€ K- Span{y1 y2 B i Vet [ctyooisCmr1 €ENL,O<c¢ <l—i,V]1<i<m+1}.

Therefore, it remains to consider those terms which satisfy b;, . | > £ —m. Since
h+ - -+lpy1=C—mandl, | #€—m,wehave 0 <[, | <{—m—1; furthermore,
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we have b .| < wy11 — 1. By our induction hypothesis on w1, we have

b1+l br+1> bm—1+Hm-1 b, +l +1
iV e Y " Y ’"ym’il

€ K-Span{y;'y;’ y;;"y:n’":f lc;eN,0<¢; <l—i,V1<i<m+1}.
Therefore, we can conclude that (2.37) always holds. This completes the proof of
(2.36).
Now we have proved that the elements in (2.35) form a K -linear generator of
%(0) Since the set (2.35) has cardinality equal to ( )(n1)?, which is equal to the
d1mens1on of %( ) , the elements in (2.35) must form a K -basis of j‘f( ) U

Remark 2.38. We shall call the basis (2.35) a monomial basis of 7. It bears
much resemblance to the Ariki—Koike basis of the cyclotomic Hecke algebra of type
G (¢, 1, n). For arbitrary cyclotomic quiver Hecke algebras, Question 1.1 (on how
to construct a monomial basis) remains open. Anyhow, we regard Theorem 2.34 as
a first step in our effort of answering that open question.

3. A basis of the center
The purpose of this section is to give an explicit basis of the center of .77, O et
= Z (%, (O)) be the center of B O
Definition 3.1. For each u € &, we define

1 2
IL —‘ﬂwoyulﬂwo)’" y; c e Yn—1-

By Definition 2.29, Corollary 2.27, Lemma 2.12, and Lemma 2.15, we have

1 2

- 1 2

Fii=F =y Y o Yn1VuwY] Yy v Yno1
(T o P D U1 A B

= (=" 1>/2ww0y’f YTy = Fup

Note that each y, has a left factor y{'~ ! V5 2 . yp_1. It follows that
~ O ~
bﬂ € Fl,l%fn)Fl,l = Endiféz)(Fl’l‘%ﬁﬁfn)) = Endjé;?(Po).

Suppose further that 0 (p) = (ky, ..., k), where 1 <k; <k, <--- <k, <. Then
by (2.11),

L—ky L~k
bu =Wy Vs eV WiV
— k k - 0
= (- Dy, oy‘f Y (mod (57
— 0
= (=1)"=D2y R (mod ()M,

It follows that {b, | p € Py} are K -linearly independent elements in F 1,1%?2) F 1.1
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Lemma 3.2. The elements in {b, | p € Py} form a K-basis of F1 1%”( )Fl 1.
Moreover, the basic algebra End 2 (Py) of %’Q(n) is commutative and is lsomorphlc
to the center Z of%( ). In partlcular dimg Z = ([)

Proof. Since #%7) = (n) and Fl,ljfg(n) Fi = End%ﬂ(m (Pp), it suffices to show that
’ ““Un
dimg End .0 (Po) = (,)-

By Lemma 2.16 and Corollary 2.18, we know that [Py : Dg] = (ﬁ) and hence
dimg End yf(m(Po) = ( ) as required. Thus, the first part of the lemma follows
from this together with the discussion in the paragraph above this lemma.

It remains to show that the endomorphism algebra End 2 (Py) is commutative.
Once this is proved, and since jﬁ( n) is Morita equivalent to End A (Po), it will
follow from [Curtis and Reiner 1981, (3.54)(iv)] that

Z=Z()) = Z(End 0 (P0) =End o (Py),

as required.

To show that End fw)(Po) of %( ) is commutative, it suffices to show that
F1 1%( F 1.1 18 commutatrve Furthermore it is enough to show that b,b, = b, b,
for any p, v € .

By definition,

1 2 1 2
buby = Yoy YuVuwo Y] Yy - Y1 Wuwg Yo Wuwo Y] Yy e Yl

= (=1~ ”ﬂwwoowwoyv)wwoy” YT Yt
We set
n—1 n—1
0 0
Ji1:= Zl//ﬁ%’zfn) —I-Zjﬁfn)lﬁj.
j:l j:l

Using the graded cellular basis {w,’,f, ul e Py} of Jfég), we can write

YuWugdy = Y €p¥p (mod Ji 1),
PEP)

“ ER)

where ¢, € K for each o € #%). Applying the anti-involution on both sides of

the above equality, we get that
vawoyu = Z CoYp (mod Jy1).
PEZy
Now using Lemma 2.15 we can deduce that
buby = (=" """ oy yp Wy Y5 et = buby,
PES

as required. U
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Definition 3.3. Let u € 2y with 0 () = (ky, ..., ky), where 1 <k <k <--- <
k, < £. Inside the quiver Hecke algebra %(0)’ we define z(n) € K[y1, ..., ynl
such that

n—1

W g, =2+ Wy,

r=1
where h, € %,(0) for each 1 <r < n. We define
0
=) € A,

It is clear that z, is a homogeneous element with degree 2¢n —n(n — 1) —
23 i ki
Lemma 3.4. Let p € &y. Then z(p) is a symmetric polynomial in yi, ..., y,.

In particular, z(p) lives inside the center of %1(0) and hence z, lives inside the

center of %f?z)' Moreover, Z(Amax) = (— 1" D2y .y )" and z(Amin) =
(_l)n(n—l)/Z'

Proof. 1t suffices to show that z(p) is symmetric in y,, y,4+| foreach 1 <r <n —1.
In fact, forany 1 <r <n—1anda, b €N, if a > b then

yﬁly;{)-q-]llfr == y;l_b(yryr-‘rl)bl//r == yra_bl/fr (yryr-‘rl)b
a—b—1

n—1
= _( Z y;]fyf:f_l_k) ()’r)’r+1)b (mod Z Wr%;l(o)>;
k=0

r=I1

if a < b, then

YL = Y Or ) e = 3 (e yr1)”
b—a—1 n—1
= ( > yi‘yi’;f“l‘k)(y,ym)“ (mod > r/f,%';f‘”);
k=0 r=1
if a = b, then yrayf_;_ﬂﬁr = Oryr+D)"Vr = Yr(ryr+1)” € Zf;ll wr%z(())- This
implies that for any monomial y{' ...y," € 249,

n—1
Yy = SO ) (modZwr%;,@),
r=1

where f.(y1,...,¥Y,) € K[y1, ..., y,] is symmetric in y,, y,41.

Since for each 1 <r < n, wg has a reduced expression which ends with s, and
the element z(u) is uniquely determined by by Lemma 2.1, it follows that z(u) is
symmetric in y,, y,41 forany 1 <r <n—1. Hence z(u) is symmetric in yy, ..., yj.
This completes the proof of the first part of the lemma. The second part of the
lemma follows from Lemma 2.12 and direct calculation. U
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Lemma 3.5. (1) For each p € &y, we have that

—1 —1
wwoy[LWwoy? N | :1//woy;l < Yn—12p-

In particular,
_ 0)>
Yoy = (=102, yi 792y 1z, (mod ()71,

(2) As a left Z-module, Py = Z®". In particular, Py is a free Z-module of rank
n!.

Proof. First, since %”efg) = POEB"!, it follows that the center Z must act faithfully
on Py. In other words, the left multiplication defines an injective homomorphism

: Z — End /«»(PO) Comparing the dimensions of both sides, we can deduce
that tis an 1sornorph1srn On the other hand, by Lemma 3.2,

= 07 ~
0# by € Fi ) Fi i = End 0 (Po).
It follows that there exists a unique nonzero homogeneous element Z;/u with degree

26—k +---+4£€—k,) — (n— 1)n such that

l 1

- Yn— l—Zﬂwwan <o Yn—1
lﬂwOZ,JI’ 1 - Yn— 1—1ﬂwoy" ! --yn—IZ;L-

(3.6) wwoyuwwoy

By Lemma 3.4 and Lemma 2.15, we can see that zj, = z,. In particular, z,, # 0.
Since

1pwoyllv‘ﬁwoyn : e Yn—-1 = (_l)n(n_l)/zwwo)’ﬂ
— 0)\ >
= (=" VYR (mod (45))7M),

we see that Y,y = (= 1" D2y, vyt =1y =2y, 1z, (mod (%)) #). This
proves (1).

Recall that Fi = F| | = (=1)"®=D/ 2y, y7 =1 y572 y,_1. Tt follows from (1)
that for any p € &, and weS,,

Fl,ﬂ;ﬂﬂw = wo » (mod (%(O))>ﬂ)

In particular, the elements in the set {fﬁ 1ZuYw | [,L € Yy, w € G,} must be K-
linearly independent. Since it has the cardlnahty ( )n!, we can deduce that it is a
K -basis of the right %” © )—module Py = F 1, 1%’2 . Since Py is a faithful Z-module,
it follows that for any z ez, Fl’lz =0 if and only if z = 0. For each w € G, the
subspace spanned by the basis elements in {ﬁ 11ZpVw | € P} is a Z-submodule of
Py which is isomorphic to Z. This proves that P is a free Z-module with rank n!. [
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Theorem 3.7. The elements in the set {z, | B € Po} form a K -basis of the center
Z:=27 (jszfg)) of ,%’zf?l). In particular, the center of %’22) is the set of symmetric
polynomials in yy, ..., y,.

Proof. Since the elements in {b, | p € Py} are K -linearly independent, it follows
that the elements in {z, | p € &} are K-linearly independent and hence form a
K -basis of the center Z :=Z (%(,2)) by dimension consideration. By Lemma 3.4,
each z, is a symmetric polynomial in y, ..., y,, hence the center of %’zf? is the
set of symmetric polynomials in yy, ..., y,. U

The following proposition gives a generalization of Corollary 2.25. It can be
regarded as a cyclotomic analogue of the results in [Lauda 2010, Proposition 3.5]
and [Kleshchev et al. 2013, Theorem 4.5].

Proposition 3.8. Let {E; ; | 1 <1, j < n!} be the matrix units of the full matrix
algebra M, «,1(K). Then the map

Eij®zt> Fy oz, Y1<i j<nl,zeZ,

extends linearly to a well-defined K -algebra isomorphism n from My x(K) ®k Z
onto %”22). In particular, %’2? = Myn(2).

Proof. In view of Theorem 2.31, it is clear that 5 is a well-defined K-algebra
homomorphism. By Lemma 3.2, it suffices to show that 7 is an injective map.
Suppose that n(x) = 0, where x = Zlgi,jgn! E; jzi j, where z; j € Z for each
pair (i, j). Then
> Fuwyzij=n()=0.

1<i,j<n!

For any pair (i, j) with 1 < i, j < n!, left multiplying with Fw,-,wi and right
multiplying with Fy,; ., we get (by Theorem 2.31) that
ﬁwj,wjzi,j = Z (ij,w,- ka,wlﬁwj,wj)zk,l

1<k,l<n!

= ﬁw_/-,w,-( Z ﬁwk,wlzk,l) ﬁW[,Wj =0.

1<k,l<n!

Since I:"wj,wj %@f? = Py is ungraded right Jfé?—module and Z acts faithfully on
Py, it follows that z; ; = 0. This proves that x = 0 and hence 7 is injective. Finally,
comparing the dimensions of both sides, we see that 1 is an isomorphism. ([

. . (0)
4. A homogeneous symmetrizing form on o

By the work of Shan, Varagnolo and Vasserot [Shan et al. 2017], each cyclotomic
quiver Hecke algebra can be endowed with a homogeneous symmetrizing form
which makes it into a graded symmetric algebra (see Remark 4.7 and [Hu and
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Mathas 2010, §6.3] for the type A case). In particular, the nilHecke algebra %@fg)
is a graded symmetric algebra. However, the SVV symmetrizing form Tr3VV is
defined in an inductive manner which relies on some deep results about certain
decompositions of the cyclotomic quiver Hecke algebras which come from the
biadjointness of the i-induction functors and i-restriction functors in the work
of Kang and Kashiwara [2012] and of Kashiwara [2012]. It is rather difficult to
compute the explicit value of the form Tr>YY on any specified homogeneous element
in the cyclotomic quiver Hecke algebra because its inductive definition involves
some mysterious correspondence (i.e., 7 — Z, £ — 7y in [Shan et al. 2017, Theorem
3.8]) whose explicit descriptions are not available. In this section, we shall introduce
a new homogeneous symmetrizing form Tr such that the value of the form Tr on
each graded cellular basis element of jﬁf? is explicitly given. We will prove in the
next section that this form Tr actually coincides with Shan—Varagnolo—Vasserot’s
symmetrizing form Tr>¥Y on %@f?}.

The following result seems to be well-known. We add a proof as we can not find
a suitable reference.

Lemma 4.1. Let A, B be two finite dimensional (ungraded) K -algebras. Suppose
that B is Morita equivalent to A. Then there exists a K -linear map p : A* — B*
such that for any symmetrizing form t € A* on A, p(t) € B* is a symmetrizing
form on B. In particular, if A is a symmetric algebra over K, then B is a symmetric
algebra over K too.

Proof. By assumption, B°°? =End 4 (P) for a finite dimensional (ungraded) projective
left A-module P. Moreover, there exists a natural number k such that A®* = p@ P’
as left A-modules. Let e be the idempotent of M. (A) which corresponds to the
map A® 2 p <'s A9 Then B = End (P) = eMyxi (A)e.

We define pg : A* — (Mixx(A))* as follows: for any f € A* and (a;, j)kxk €
My <k (A),

k
PO (@ i) = f(Zai,-).
i=1

We define res : (M« (A))* — (eMjxx(A)e)* as follows: for any f € (M« (A))*
and (a; j)ixk € Mygxi(A),

res(f)(e(ai j)ixke) = f(e(ai j)ixke).

It is easy to check that p :=reso py has the property that for any symmetrizing form
T € A*on A, p(r) € B* is a symmetrizing form on End (P) = e M xx(A)e = B°P.
It is clear that p(7) is a symmetrizing form on B too. U

The following lemma is clear.
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Lemma 4.2. Let A = ®)'_,Ax be a finite dimensional positively Z-graded K -
algebra. Let T be a (not necessarily homogeneous) symmetrizing form on A. We
define T : A* — K as follows: for any homogeneous element y € A,

) 1= {r(x) if degx =m,

0 otherwise.

Then T can be linearly extended to a well-defined homogeneous symmetrizing form
on A.

The following definition comes from [Shan et al. 2017, 3.1.5].
Definition 4.3. We define
dp :=20n — 2n’.

Recall that by Theorem 3.7, the center Z is a positively Z-graded K -algebra with
each homogeneous component being one dimensional. In particular, deg z < d for
all z € Z, and deg zy,,,, =da.

Lemma 4.4. The center Z can be endowed with a homogeneous symmetrizing form
of degree —d as follows: for any homogeneous element z € Z,

1 if‘z:zlmax’
0 ifdegz <da.

In particular, Z is a graded symmetric algebra over K.

tr(z) := {

Proof. By Lemma 3.2, we know that Z is Morita equivalent to ji”zfg). Since %@fg)
is a symmetric algebra by [Shan et al. 2017], we can deduce from Lemma 4.1 and
Lemma 4.2 that Z is a graded symmetric algebra too.

On the other hand, by Lemma 3.2 and Corollary 2.19, we know that the center
Z is a positively graded K -algebra with each homogeneous component being
one dimensional. Therefore, we are in a position to apply [Hu and Lam 2017,
Proposition 3.9] or Lemma 4.1 and Lemma 4.2 to show that tr is a well-defined
homogeneous symmetrizing form on Z. U

Since tr is a homogeneous symmetrizing form on Z, for each nonzero homoge-
neous element 0 # z € Z, there exists a homogeneous element z € Z with degree
dx — deg z such that tr(zZ) # 0. This motivates the following definition.

Definition 4.5. For each A € &, we fix a nonzero homogeneous element Z) € Z
with degree d, — deg z; such that tr(zyzx) # 0.

Now we are using Proposition 3.8 and Lemma 4.4 to define a homogeneous sym-
metrizing form Tr on j‘fi,(g) as follows: for any 1 <1i, j < n! and any homogeneous
element z € Z,

~ ¢ ifi=jandz=cz,, forsomecek,
Tr(Fwi,ij) = in. J
0 ifis# jordegz <dj.
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Lemma 4.6. The map Tr extends linearly to a well-defined homogeneous symmetriz-
; _ ©)
ing form of degree —dx on ;.

Proof. This follows directly from Lemma 4.4 and Proposition 3.8. (I

Remark 4.7. Shan, Varagnolo, and Vasserot [Shan et al. 2017] show that each
cyclotomic quiver Hecke algebra %/‘} can be endowed with a homogeneous sym-
metrizing form TrSVV of degree dj g which makes it into a graded symmetric

algebra, where
Be Oy, AeP’, dyp:=2A,B8) — (BB

In the type A case we consider the cyclic quiver or linear quiver with vertices labeled
by Z/eZ, where e # 1 is a nonnegative integer. In this case, %é\ can be identified
with the block of the cyclotomic Hecke algebra of type A which corresponds to
B by Brundan—Kleshchev’s isomorphism [Brundan and Kleshchev 2009a] when
the ground field K contains a primitive e-th root of unity or e is equal to the
characteristic of the ground field K. There is another homogeneous symmetrizing
form Tr"™ which can be defined (see [Hu and Mathas 2010, §6.3]) as follows:
let = be the ungraded symmetrizing form on f@é\ defined in [Malle and Mathas
1998] (nondegenerate case) and [Brundan and Kleshchev 2008] (degenerate case).
Following [Hu and Mathas 2010, Definition 6.15], for any homogeneous element
x € Z4, we define

THM () = {T(X) if deg()'c) =dp.g,

0 otherwise.
By the proof of [Hu and Mathas 2010, Theorem 6.17], Tr'™ is a homogenous
symmetrizing form on %’é‘ of degree —dj g. The associated homogenous bilinear
form (—,—) on %}Q of degree —d g can be defined as follows: (x, y) := TriM (x y).
We take this chance to remark that the bilinear form (—,—)g in the paragraph above
[Hu and Mathas 2010, Theorem 6.17] should be replaced with the bilinear form
(—,—) we defined here.

Conjecture 4.8. The two symmetrizing forms Tr>VY and Tr'™ on %’é\ differ by a
nonzero scalar in K.

Definition 4.9. For each u € & and z1, zp € G,,, we define

—1.n-2 —1.n-2
L/ A VAR S 100 UPR 1/ U e GO MO L /o

Lemma 4.10. (1) Foreach p € Py and 71, 70 € S, we have

n _ ok n—1_n-2 n—1_n-2
woz1,22 _FZI,ZZZM’_I/IU)OZlyl y2 ---yn—IWwoyl y2 ---Yn—lzuwzz
and

R’ O)y>pn

21,22 T 21,22 (I'IlOd (‘}iﬂﬁn ) )
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(2) The elements in the set {¢Z,Z2 | € Py, 21,22 € G,} form a homogeneous
K-basis of ,%”Z(?l)

Proof. The first part of (1) follows from Lemma 3.5, while the second part of (1)
follows from Lemma 2.12. Finally, (2) follows from (1) and (2.7). ]

We are going to define another homogeneous symmetrizing form “Tr” on jﬁ(g).
Let A € &y and w, u € G,,. By the same argument used in the proof of Lemma 3.4,
there is an element z,, , in the center Z(%’Q(?) of %(2) such that

‘//woy" lyg 2 Yn—1Vu V- w()yn lyg 2 ~yn—1'§//wo:¢w02w,u~

If degzy + degzy., = da, then we denote ¢, € K the unique scalar which
satisfies that z,, ,za = cy.u2a,,, . Note that deg z) 4 degz,, , = dx if and only if
deg ¢1)l\)()w,u = dA-

Definition 4.11. For any u € %, and w, u € G,,, we define

¢ if deg F), ,zu = da
Tr(F  z,) = Tr(¢” =1 " vt ’
( w,u [L) (¢w0wvu) {0 otherwise.

In particular, if w = u and g = Anax then Tr(qb,’f,, «) = 1. Note that

1 _Tr(¢ "“‘X) = Tr(F1 1% mar)
= Tr(y s Y s Y Y T Y T Va1 Zhe)
= (="~ ”/ZTr(wwoy;‘ Y i1 ZA)
= Tr(¥ o Vimar)»

which implies that

(4.12) Te(Yr, Yame) = 1.

Proposition 4.13. The map Tr can be linearly extended to a well-defined homoge-
. B ©)
neous symmetrizing form of degree —dx on i, .

Proof. By construction, it is clear that the map Tr can be linearly extended to a
well-defined homogeneous linear map of degree —d on J7; )

We want to show that Tr = Tr. Once this is proved, it is automatlcally proved
that Tr is symmetrlc and nondegenerate. To this end, by Lemma 4.10, it suffices to
show that Tr(FZ/1 Hip) = Tr(F. _ zyu) forany p € Py and z1, 22 € S,.

21,22
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Without loss of generality we can assume that deg(F,, _ z,) = dx. Since Trisa
trace form and z, is central, we have

Tr( 21, 22 )
_Tr(Fm anm zz )
_ * n—1_n— 2 n—1_n-2
=Tr(y . i 2 ey
1 2 1 2
X Yn— n//zn/fwozly’f Yy WYt YA Y1V 2a)
= 1 2 1 -2
=Tr(vy Y Y Y1V, y§
1 2 1 2
X Yn— 1ww0y” Yy Y1V Y T a1V Za)

Te(yr 072 a1y Y 2-'-

X Y- 1wwoy" T etV Y TS T a1 Wz

=T Y2y Yy s R -)’n—IWwoZzl,ZZZ;L)
= (=" 1>/2Tr(y" Y I 1VugCe 20T

= (1" D¢, zzTr(vfwoy" Y i1 T
=cy, ZzTr(F1 1Z0ma) = Cz1.22

=Tr(F’

21, 22 )

This completes the proof of Tr=Tr. In particular, this implies that Tr is sym-
metric and nondegenerate. That says, Tr can be linearly extended to a well-defined

homogeneous symmetrizing form of degree —d, on %@f?. O
Proposition 4.14. Tr=Tr.
Proof. This follows from the proof of Proposition 4.13. (I

5. Comparing Tr with the Shan—Varagnolo—Vasserot
symmetrizing form Tr5VY

In this section, we compare the symmetrizing form Tr with the Shan—Varagnolo—
Vasserot symmetrizing form Tr>VY introduced in [Shan et al. 2017] and show that
they are actually the same.
Let A, B be two K-algebras and i : B — A is a K-algebra homomorphism. Let
= {x € A | xb =bx,Vb € B} be the centralizer of B in A. For any f € A5,
we set
pr:A®pA— A, a®ad > afd.

Recall that %(O) %ﬁé\oo In the notations of [Shan et al. 2017, §3.1.4], we set

(5.1) Ao = (EAg— (n — Dag, af) = £ —2(n — 1).
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We first recall the definition of TrSVV in the case of nilHecke algebra 925900.

Definition 5.2 [Kang and Kashiwara 2012; Shan et al. 2017, Theorem 3.6, (6), (8)].

If A¢p > O then for any z € %ﬁé\oo there are unique elements py(z) € %f,f\fl)ao and
KAO EAO

7(2) € 2y "1y, ®Rf'f\—02)a0 A1) SUCh that

ro—1

2=ty (T@)+ Y pe(@)yh,

k=0

where the above summation is understood as 0 when Ao = 0.
If L9 <O then for any z € %5300, there is a unique element 7 € %frf\fl) a0 B4
T (n-2)aq

%an_O]) « Such that

My, (2) =z and /“‘y,ﬁ,l(Z) =0,Vke{0,1,...,—Ao—1},
where the range of k is understood as @ when Ag = 0.
Definition 5.3 [Shan et al. 2017, Theorem 3.8]. For each n € N, we define &, :

%ﬁolt\oo — ,@f,f\_ol)ao as follows: for any z € %’5300, if Ag:=£€—2(n—1) > 0 then

€n(2) 1= pe—2(-1)-1(2); if ko 1= € =2(n — 1) < 0 then &,(2) := w1201 (2).
Definition 5.4 [Shan et al. 2017, A.3.]. For any z € %ﬁﬁoo,

SVV/ N ._a o2 A .o gptho LAy
Tr (z)._slogzo---osn.%nao—>,%’Oa0_K.

Definition 5.5. For each n € N, we define
0—1.0-2 - 0
ZO,n = wwoynyl b yﬁ " e‘%ﬂﬁ(,n)‘

We want to compute the value TrSVV(ZO’n). According to Definition 5.2, we
need to understand the value p;_>4—1)—1(Zo,,) when £ > 2(n — 1) and the value
[Lyfz+2(n71)(ZO7n) when £ <2(n—1).

n—1

Lemma 5.6. Suppose that Ao ;=€ —2(n—1) > 0. Then
(Zon) = (Y1 . Yu2)y'™)
QW1+ Yna¥n2) ... (W) Yyl 1ys 2.yttt

ZA() ZAO
€ 2o Bt Z(u "1y’
(n—2)a

and for any k € {0, 1, ..., ko — 1},
pk(ZO,n)
= W1 Y)W Yn3) L gy TRy Ry T

In particular, py,—1(Zo.n) = Zo.n—1.
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Proof. By definition, we have

—1_4¢-2 l—n
Zon=Ywe, Y1 Y2 -V

=1 V2V )Wt YU 2) . (W) Py T iRy
= (W1 V) W1y g,y YTy

=W ... z/fn_z)(yﬁz';z/fn_l + > y,i“_ly,‘,”)

ay+ay=€—n—1

ay,a>0 0—1_2-2 f—n+1

X Ywou 1 Y1 Yo oo Vuli
= W1 V) O T W D)W, v eyt

—1_¢-2 —n+1
+ Z W1... wanyZI_1ww0,n71y1 Yo .- yn_’11+ yzz

aj+ar=0—n—1
ap,az>0

= W1 Y)W D Wy, v s 2y

+ Y (WY W Y3V ) (W Ynaas)

aj+a=0—n—1 _ _ _
Vatar=0 x (Y1) yt tyi TRyl )
= (W1 V) O T Y )Y,y IRyt
+ Y (W YD W Yns)
+ay=t—n—1
=0 X (W1 Wna) oo 1Y (Y2 Wn3 - . Y2t)
x yi Iy TRyt ya)

= sy (W1 V29 T @ W, I 972y

—1_¢-2 l—n+1
+ D Y O Yoy s e

aj+ay=t—n—1
ay,a;>0

Using the uniqueness in Definition 5.2, we see that to prove the lemma, it suffices
to show that

—1_¢-2 f—n+1
Z Wwo,n—l (yyalLlwn—Z B wal)yl y2 e yni}f—’_ yZZ

ay+ay=0—n—1

ay,a>>0 Aol

_ —1_¢-2 0—n+2 L—n+ro—k _k
- wao,n—lyl Yo oo Yn2 Yn—a Yn-
k=0
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In fact,

-1, ¢-2 l—n—+1
Z Wwo,n—| (yZLlwn—Z e wzw])yl y2 . yn77+ yZZ

ay+ay=0—n—1
ay,a>0
a —1_¢-2 {—n+1
= Z Ww().n—l (yni11”n—2 <. WZWI)yl Yo Vi yf,‘z
ay+ay=0—n—1
ap,a;>0
a —1_¢-2 {—n+1
= Z Vo (ynLHﬁn—Z Y)Y Ty, Ty yf,‘z
ay+ay=0—n—1

ajzn—2,a,>0

_ —1_¢-2 —n+2 L—n+1_0-2n+1
=Y Yn—2--- 201y Yy " Voo Va1 Vn

-1 ¢-2 L—n+2 L—n+2_ {—2n
+ww0.nflyl y2 yn—Z yn—l n

£—1_£-2 L—n+2_ L—n+3_ €—2n—1
+ww0,n—1yl Y2 o Yn2 Yu1

—1_¢-2 —n+2 _ 20—3n+1
+ww0,n—|y1 Y2 e Yn2 Y Yn

£—1_4£-2 l—n+2_2¢0—3n+2
+ww0,n—|y1 Yo o Vn2 n—1

ro—1
— -1 £0-2 L—n+2_ L—n+ro—k _k
- waov"*lyl Yo e Vp2 Y Yn>
k=0

where we have used the commutator relations for the ¥ and y generators of %‘Q(g)
and the fact that

K[’wo,n,ﬂ//r:() forany1§r<n—]
in the second and the last equalities. This completes the proof of the lemma. [J

Lemma 5.7. Suppose that Ao :=4€ —2(n — 1) <0. Then

2O,n =
(Y12 Y)Y D @ (W1 -+ Y3 ¥n2) ... Y)Yyt ys 2yl ith

Ao Ao
€ Zin—nay O, H -1
n— (10

and
/Jtyix?(?o,n) =Zon—-1
= W1 V) (W1 Y3 o ()Y ) syt
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Proof. By definition, we have

Zon=Vue, i ' ¥s "
= W1 Vn2Yn D W1 Yne3¥n2) o (Y1) Yy s ey
=1 Y ) Wnyy W1 Va3V ) -
x () Ynyy syt

=W1...¥n-2) (yﬁ:':wnl + > yﬁjl_]y,‘;z)

ay+ay=0—n—1

ar,ax>0 £—1,£0-2 £—n+1

XWwo,n,l)ﬁ Yo e Vua
= (Y1 V) O T Y DYy, y YTyl
D SN Z R VA G o LV s OB e R o

ayt+ay=€—n—1
ar,az>0

We now claim that

(5.8) Yo Y20 Wyt s e =0,

aj+ay=0—n—1
ay,a=>0

In fact, we have

D 2 PR VA G I LA ¢ PO W

ay+ay=£0—n—1
ay,a2>0

= D Y Y208 D@ Va3V ) (W1 - VneaYn3) -

ai+ay=—n—1 —1_ -2 {—n+1
VMt =0 RG22 1C 2D P I R
a L—1_0-2 L—n+1
= Z 1/fw0,,1,1 (ynl_l Yu_2... 1ﬁ2¢1)y1 Y .. yn_rll y;llz
ajt+ay=€—n—1
al,LZzZO

= > Y O Vv Ty e,

ay+ar=0—n—1
a1>0,a,>0

where the last equality follows from the fact that ¥, ,¥,—2 = 0. Now by as-
sumption, a; <€ —n—1<2mn—-1)—n—1=n-3 <n—2. It follows that
ysl_ﬂﬁn—z ... Y is a sum of some elements which have a left factor of the form
Y, for some 1 <r < n — 1. Therefore, using the fact that ¥, ¥, = 0 for any
1 <r <n —1 again, we can deduce that the above sum is 0. This completes the
proof of the claim (5.8).
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By Definition 5.2, to complete the proof of the lemma, it remains to show that
forany 0 <k < —Xp—1,

59wy (@2 Y2y D ® W,y YD) =0,
In fact, we have
o (@2 Y2y, "D ® W, vy s 23 1)
=y (Wi Y2y, D)
® (W1 -+ Vne3¥n—2) ... i)Yyt 'ys 2.yttt
= W1 V)OO W Y3V (W1 - Vnan3) -
x () Yyt syt
= Y)W Y3) .
X (Y1) L o Yes )y sy
= Yug, (y5:111+kwn72¢n73 Yy s y,f:'f“ =0,

where the last equality follows from the fact that v, ,, ¥, =0forany  <r <n—1
and the assumption that

—n+k<l—n—X2g—1=L—n—U—-2mn—-1)—1=n—-3<n-2

so that yﬁ:'f+k Yn—oWn—3...Y is a sum of some elements which have a left factor
of the form v, for some 1 <r <n — 1. This completes the proof of (5.9) and hence

the proof of the lemma. (]
Corollary 5.10. TSVV(Zo,) = 1.

Proof. This follows from Definition 5.3, Definition 5.4, Lemma 5.6, Lemma 5.7,
and an induction on #. O

SVV

Theorem 5.11. The two symmetrizing forms Tr>"" and Tr on the cyclotomic nil-

Hecke algebra %@(2) coincide with each other.

Proof. Let 1 <i, j <n!,and z € Z. Suppose that i # j. Then as Tr>VV is a
symmetrizing form and z is central, we have

TSV (Fuy0,2) = TV (Fuy o, Fugwy 2) = TV (Fyy o, 2F ;)
=TSV (Fuy, w; Fuyw 2) = TV (02) = 0.
It remains to consider the case when i = j.
If deg z < dy, then as Tr>VY is homogeneous of degree —d and deg Fwi,wi =0,
we have TrSVV(Fwi,wiz) = 0. Therefore, without loss of generality, we can assume
that z = z)_. . Our purpose is to compare TrSVY (Fy, v, za,.) and Tr(Fy, w.2a,.)-
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Note that for any pu € &y with g > A, we have that
deg(YuZane) > n(n— 1) +2n( —n) =2n—n(n+1) =deg(yi 'y5 2 ... yf™),

which implies that y,zy, . = 0 by Theorem 2.34. By (2.33) and Lemma 3.5, we
have

SVV /1 -1)/2 SVV Ami _ SVV A
TSV (Fuy o, 2ama) = (= D" D2 TV (grdmn | zmae) = TV (grhmax )

=T W Vi )

=T Wy 'y )

=Tr’VV(Zyp,,) =1, (by Corollary 5.10)
Tr(Fuyw,2amax) = (= D" Tr(yhmin | z3max) = Tr(¥pmes )

=TV, Voo, Y1 Vs V5™

= Tr(Yueyt 'ys 2.9 =1. (by (4.12))

This shows that TrSVV (Fy, w. 2amax) = Tr(Fu; w; Zhmax)-
As a result, we have shown that TrSVV(Fw,.,wjz) = Tr(Fuy,; w;z) forany 1 <1,
Jj <n!, and z € Z. It follows that TrSVY = Tr, as required. O
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TWO APPLICATIONS OF THE SCHWARZ LEMMA

BINGYUAN L1U

We exhibit two applications of Schwarz lemmas in several complex vari-
ables. The first application extends Fornzess and Stout’s theorem on mono-
tone unions of balls to monotone unions of ellipsoids. The second applica-
tion extends Yang’s theorem on bidiscs to the generalized bidisc defined by
the author in his previous work. These applications reveal a connection
between the geometry of domains and their curvatures. The proof contains
a careful study of biholomorphisms, a detailed analysis on convergences,
and a modified argument of Yang.

Introduction

The most striking and influential result in complex analysis of one variable is
the Riemann mapping theorem. It asserts that all proper simply connected open
subsets in C are biholomorphic onto the unit disc. Thus, it was hoped that a similar
theorem could be proved in C" for higher dimensions n > 1. In 1906, Poincaré
showed the bidisc D? = {(z, w) : |z| < 1 and |w| < 1} is not biholomorphic to the
ball B = {(z, w) : |z]> + |w|? < 1}. This negated the expectation and motivated a
new study on biholomorphism in several complex variables.

On the other hand, Fornass and Stout [1977] showed that a Kobayashi hyperbolic
manifold M is biholomorphic onto the unit ball B", provided that M admits a
monotone union of B™. Their theorem gives a version of the Riemann mapping
theorem in high dimensions under some circumstances. In this paper, we follow
this fashion and exhibit a theorem about monotone unions of ellipsoids E, :=
{(z, w) € C?: |z]? + |w|*" < 1}. More precisely, we obtain the following theorem.

Theorem 1. Let M be a two-dimensional Hermitian manifold with a real bisec-
tional curvature bounded from above by a negative number — K , and assume M is a
monotone union of ellipsoids E, for some n € Z". Then M is either biholomorphic
onto E, or onto the unit ball B>.

This theorem generalizes Fornass and Stout’s theorem on monotone unions of
balls to monotone unions of ellipsoids in dimension 2. We remark that Fornaess

MSC2010: 32M17, 32Q05, 32Q15.
Keywords: the Schwarz lemma, applications, the generalized bidisc, ellipsoids.
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and Stout’s original proof is hard to be adapted into our theorem. Among other
difficulties, the situation that biholomorphisms converge to a constant map is hard
to be excluded. This difficulty is easy to be resolved in Fornass and Stout’s theorem
because of symmetries of balls. However, the shape of ellipsoids is more irregular
than balls. Hence, in order to resolve this difficulty we make local estimates around
accumulation points and use the estimates to reconstruct biholomorphisms. This
new technique is exhibited in Section 2.

The readers are reminded that this theorem does not belong to a classical topic
on automorphism groups. For the classical topics on automorphism groups, readers
are referred to [Bedford and Pinchuk 1991; 1998; Greene and Krantz 1991; 1993;
Wong 1977].

The other application of Schwarz lemmas in this article is about curvature bounds.
In the 1970s, Yang [1976] showed that on polydiscs, there do not exist complete
Kihler metrics with bounded holomorphic bisectional curvatures. Yang’s discovery
was recently generalized to product manifolds by Seshadri and Zheng [2008] and
Seo [2012]. On the other hand, the author introduced a new type of domains called
the generalized bidiscs in [Liu 2017]. It is known that some generalized bidiscs are
biholomorphic to bounded domains in C2. The generalized bidiscs are defined to be
D xg HT :={(z, w) : z € D and w € ¢!?@H*}. Here D denotes the unit disc, H+
denotes the upper half plane, 6 denotes a continuous real function depending on z,
and ¢/ @H* denotes the upper half plane rotated by the angle 6 (z). The generalized
bidiscs are, in general, not product manifolds. However, in this paper, we show
they share similar geometric properties with bidiscs. That is, some generalized
bidiscs do not admit complete K#hler metrics with bounded negative holomorphic
bisectional curvatures. More precisely, we show:

Theorem 2. Let k € (0, ) and 0(z) € [0, k) for all z € D. Then there do not exist
two numbers d > ¢ > 0 and a complete Kiihler metric on D xg H such that the
holomorphic bisectional curvature is between —d and —c.

These results about curvature bounds are discussed in Section 3.

1. Preliminary and fundamental facts

Let n € Z7. It is classical to define ellipsoids E, C C? by
E,={(z, w):|zl* +|w* < 1}.

Let M be a manifold with dimension m. In this paper, we say M is a monotone
union of ellipsoids E, via f; if

(1) there exists a sequence of open subsets M; C M so that M; @ My,
(2) each M; is biholomorphic, by f;, onto the ellipsoids E,, and
3 M= iM;.
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Remark 1.1. We sometimes omit “via f;” and only say “M is a monotone union
of ellipsoids E,”.

Remark 1.2. Similarly, one can define a monotone union of 2 for an arbitrary
domain €.

We also recall some terminologies on Kihler manifolds. Let (M, J, h) be a
Kihler manifold M of dimension m with a Kéhler metric 4 and a complex structure J.
The curvature tensor R on (M, J, h) is given by

275, m _ B
R i 3 o g Oha
KT 70 07 0z 07
o,f=1
in local coordinates (zy, ..., 2,). The holomorphic bisectional curvature for X €
T,M at p € M is given by
> kit RipXiX YY)
oot i Xi X 5) (2 2 hisYiY )

B(X,Y)=—

where

= I d SN I d

X= 2L XNgo 42 Kigge  Y=2 Vg + 2. Vige

j=1 Ioj=1 J j=1 j=1 J

We are going to remind readers with backgrounds on Schwarz lemmas and almost
maximal principles.

Theorem 1.3 (the Schwarz lemma of [ Yau 1978]). Let f: M — N be a holomorphic
mapping from a complete Kdhler manifold (M, g) with its Ricci curvature bounded
Jfrom below by a negative constant —k into a Hermitian manifold (N, h) with its
holomorphic bisectional curvature bounded from above by a negative constant —K .
Then

. k
thEg-

Theorem 1.4 (the almost maximal principles of [Yau 1978]; see also [Kim and
Lee 2011]). Let M be a complete Riemannian manifold M with the Ricci curvature
bounded from below. Then for any C* smooth function f : M — R that is bounded
from above, there exists a sequence {py} such that

lim [VT (px)| =0, limsup AT (pr) <0, lim T(py) =supT.

k— 00 k— 00 k— o0 M

Recently Yang and Zheng [2016] defined a new notion of curvatures on Hermitian

manifolds called real bisectional curvature. We will briefly give the definition and
discuss a version of Schwarz lemma in terms of real bisectional curvature as follows.
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Definition 1.5 [Yang and Zheng 2016]. Let (M", g) be a Hermitian manifold,
and denote by R the curvature tensor of the Chern connection. We say the real
bisectional curvature of M is bounded from above by a constant C if

Z R;5i6ijéu < C (&),

ij.k,l
for all nontrivial, nonnegative, Hermitian n x n matrices &.

Observe Theorem 4.5 in [ Yang and Zheng 2016], and use the identity Av =20v
for Kihler manifolds (here A is the regular Laplacian, [ is the complex Laplacian,
and v is an arbitrary smooth function). One can easily obtain the following Schwarz
lemma as a corollary of Theorem 4.5 in [Yang and Zheng 2016].

Theorem 1.6 (the Schwarz lemma of [Yang and Zheng 2016]). Let f : M — N
be a holomorphic mapping from a complete Kdhler manifold (M, g) with its Ricci
curvature bounded from below by a negative constant —k into a Hermitian manifold
(N, h) with its real bisectional curvature bounded from above by a negative constant
—K. If v is the maximal rank of the map f, then

kv
*h< —g.
S =8

2. Monotone unions of ellipsoids

We discuss monotone unions of ellipsoids E, := {(z, w) : |z|> + |w|*" < 1} in C?
in this section.

Let M be an m-dimensional complex manifold which is a monotone union of €2
via f;. Take an arbitrary point g € M, and let j — oo; then { f; (q)}?oz1 has a limit
point, possibly after passing to a subsequence, because of the boundedness of €.
Then the location of limit point of { f; (q)};’; | has two possibilities. The limit point
of { f; (q)}?‘; | can be either an interior point of €2 or a boundary point at 9€2.

The following lemma settles the case that the limit of f;(g) is an interior point
of Q. From now on, we will not distinguish between the convergence of sequences

and the convergence after passing to subsequences.

Lemma 2.1. Let M be a m-dimensional Hermitian manifold with a real bisectional
curvature bounded from above by a negative number — K. Assume M is a monotone
union of Q@ C C" via f; where Q is a bounded domain in C" with a complete Kiihler
metric of which the Ricci curvature is bounded from below by a negative number —k.
We also assume there exists an interior point g € M so that fj(q) — p € Q. Then
M is biholomorphic onto Q2.

Proof. Since 2 is bounded, f; is a normal family of biholomorphisms. Let f;

converge to a holomorphic map F. Considering the inverses { f j_l};’.ozl, we want
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to show they are locally bounded in a small geodesic ball B, centered p € 2 with
radius € > 0. Let dj; be the Hermitian metric of M and dq be the Kihler metric
of Q. Indeed, by Theorem 1.6,

(f;)*du < Cdg

for each j > 0, where C =km/K. Let N > 0 be so that f;(q) € B, forall j > N.
Considering arbitrarily w € B, we have

() du(q. f7'(w)) < Cda(f;(q), w) < 2Ce,

for j > N. This means f ]7 is locally bounded (hence a normal sequence) in B),.
We denote the limit of {f] } | by G. One can see that F o G(w) = w in B
because { f; }°° ; 18 uniformly convergent on compact subsets of M and { f
is uniformly convergent on compact subsets of B,.

More generally, { f }OO | is locally bounded on €2. Indeed we consider two
interior points w’, w” € M and use Theorem 1.6 for f again:

j 1

) dy (f;' "), f7 ") < Cdo(w', w").

From this, we can see that f; o G is well defined everywhere in €2. Hence, F o G is
well defined on 2. Since F o G(w) = w for w € B, and F o G is a holomorphic
map, by the identity theorem, we obtain that F' o G(w) = w for all w € Q2. This
implies F is surjective.

Since fj(g) — p € Q as j — oo, it follows that det J f;(¢) # 0 by Cartan’s
theorem. We claim the limit of (det Jf;)(z) is nowhere vanishing for arbitrary
z € M, where J denotes the Jacobian. The reason is as follows. By the Cauchy
estimates, the fact that { f ]}"O | is normal implies that {det J f; }°° | 1s also normal.
But {det J f ]}"OZ1 is nowhere zero for each j > 0 because f; is a biholomorphism
and then by Hurwitz’s theorem, det J F is a zero function or nowhere zero. And the
claim follows by the fact that det J f;(q) # 0. Now det J fj(z) /> O for all z € M,
and hence, det J F'(z) is nonzero everywhere. This also implies F (M) is open by
the open mapping theorem.

We are going to show F is 1-1. For this, we consider two interior points 7/, 7" € M
and use Theorem 1.6 for f J._l for each j > 0 again:

3) du(Z',7") < Cda(fi (@), f;(@").

Since det J fj(z) does not approach zero for all z € M, f(z) does not approach the
boundary 92 for fixed z € M. In particular, f;(z’) and f;(z”) do not approach the
boundary 92 where the Kéhler metric dg blows up. From this, F(z') = F(z”) im-
plies do(fj(z), fj(z")) — 0. By (3), we obtain that z’ =z”. Consequently, F is 1-1.

Hence, M is biholomorphic onto €2 via bijective F. ]
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By a similar argument, we can verify the following corollary. Instead of looking
at only the exhaustive subsets of M in the previous lemma, the following corollary
considers both exhaustive subsets of M and €.

Corollary 2.2. Let M be an m-dimensional Hermitian manifold with a real bi-
sectional curvature bounded from above by a negative number —K. Assume
M = Uj M; where M; C Mjy and f; is a biholomorphism from M; onto
Q; C Q C C". Suppose Q is a bounded domain in C" and Q; is a complete
Kdhler manifold with the Ricci curvatures bounded from below by a same negative
number —k (independent with j). We also assume there exists a point g € M so that
det Jfj(q) /> 0. Then F is 1-1, and hence, M is taut.

For the sake of completeness, we also include a short outline of the proof.

Outline of proof. Since Q2 is bounded, 2; C 2 is bounded too for each j > 0. Hence,
{fj}?il is still normal. By det J f;(g) # 0, we can see det J f;(z) # 0 everywhere
for z € M, where {det J f; (z)}?il is normal because of the Cauchy estimates. This

means, for any z € M, f;(z) does not approach d€2. So by Theorem 1.6, we find
the limit F of f; is 1-1. Moreover, this means M is taut. U

Lemma 2.1 and Corollary 2.2 tell us that if there exists one point g such that
fi(q) — p € Q, then for any point z € M, we have f;(z) approaching an interior
point of €2. Furthermore, the limit of f; forms a biholomorphism. However, this is
not the only case. Indeed, sometimes f;(g) can approach a boundary point of €2,
and this brings trouble for getting the biholomorphism. For example, the image of
F =1lim;_, » f; might be just a constant map into a boundary point under some
circumstances. The constant map of course cannot be a biholomorphism. What’s
behind this phenomenon is that under this situation det J f;(¢) — 0 as j — oo. Thus,
we need to compose each f; with a biholomorphic map ¢; so that the resulting map
det J¢; o f; has a nonzero limit. To find the appropriate ¢; we need to estimate
the speed of decay for det Jf;(q). It appears the speed of decay can be arbitrary,
but indeed, the decay is constrained by the location of f;(g) due to an application
of the Schwarz lemma as follows. The following proposition is one of our main
techniques.

Proposition 2.3. Let M be an m-dimensional Hermitian manifold with a real
bisectional curvature bounded from above by a negative number —K. Assume M is
a monotone union of Q@ C C" via f; where Q is a bounded domain in C™ with a
complete Bergman metric of which the Ricci curvature is bounded from below by a
negative number —k. We also assume there exists a point g € M so that f;(q) —
p € 0Q2 where p is strongly pseudoconvex. Then |J f;(q)|/5(f; (q)" D2 >y for
some n > 0, where § is the Euclidean distance function of 2, i.e., 6 (z) = dist(z, 92).
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Proof. Applying Theorem 1.6 for f j_l, we have (f j_l)*gM < Cgq for some
C > 0 where gy, is the metric on M and gg is the Bergman metric of €2. In local
coordinates, we have for any tangent vector X, € 7,2 at o € Q2

((f7 DX Cu (f7 @)(f7 )Xo < CX[Ga(0) X,

where we denote the conjugate transpose by " and matrices of gy and gq by G i
and Ggq, respectively. For each j > 0, we let 0 = f;(g) and have

(7 DX 600 O (F @D DeX ) = Xy Gal i @)X 00

Without loss of generality, we pick up the coordinates on M at g so that G, is the

identity matrix at ¢. Hence, (Jf; ' (fi(@))' Jf; ' (fi(9)) < CGa(f;(g)) and by
the Minkowski determinant theorem, we also have

@) et J £ (f1(@))I? < Cldet Ga(f;(@))].

But G is a metric around a strongly pseudoconvex point p, so by [Fefferman 1974],
it is equivalent to the dd(log §) up to nonzero constant. Moreover, by computing
the second-order Taylor expansion of § at p, we also have

€0
|det Ga(o)| < Sy

for some ¢y > 0, when o is close to p. Again, putting o = f;(g), we have

co
5) |det Ga(fj(g))] < W

for sufficiently big j > 0. Since det ij_l(fj (@) -det Jfj(g) = 1, we have, by (4)
and (5), that |det J£;(q)|/8(fj(g))"TV/? > 1//coC for sufficient j > 0. We let
n=1/4/coC, and thus get the desired result. (I

Another technique in this section was motivated by a simple observation in one
variable.

Lemma 2.4. Suppose there is a family of Mdbius transforms on the unit disc
Vi) =(z+aj)/(1+a;z) where a; € Rand aj — 1. Fixing s € (0, 1), we define
the disc contained in D:

Gy =1{zeC:|z—b| <1—b)

where s =1 —b. Then lﬁj_l (@5) = D as j — oo in the sense of convergence in
increasing subsets.

Proof. We compute the preimage 1//]._1 (%,). By calculation, we see that

Z+a;
1+56jZ

—b‘<1—b
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is equivalent to the inequality
(a; —b)Y(1 —a;b) — (1 —b)?a; |?
11 —a;bl>— (1 —0b)?|ej|?
- 11 —b>—|a; —b|? l(a; —b)(1 —a;b) — (1 —b)a;|?
11 —a;bl>— (1 —b)?|ej|? (11 —a;bl>— (1 —b)?|e|?)?

This is a disc centered at
(aj —b)(1 —a;b) — (1 —b)?a;
0j=— — 2 21012
[1—a;bl*— (1 —b)*|oj]

with radius

o |1 —b|2 —|a; — |2 l(a; —b)(1 —a;b) — (1 —b)2a,|?
TV I =@;b = (1 —b)2|a;|? (11 —a ;b2 — (1 —b)2|a;|)?

By a straightforward calculation, lim; ., 0; =0 and lim; o r; — 1. O
The imitation to balls is also available.
Lemma 2.5. Suppose there is a family of automorphisms

z+a; ‘/1—|a,~|2w>

l+ajz’ 14ajz

lﬁj(z,w)=<

of the unit ball B>, where aj € Rand a; — 1. Fixing s € (0, 1), we define a ball
contained in B:

Py = {(z, w)eC:|(z,w)—(b,0)] <1 —b},
where s =1 —b. Then Wj_l(%s) — B™ as j — o0 in the sense of convergence in
increasing subsets.

Proof. We want to compute the preimage 1//1._1 (Bs). For this, we need to calculate
the (z, w) € C?, such that Wj_l(z, w) — (b, 0)| < 1 —b. By calculation, this is
equivalent to the inequality

(aj —b)(1 —ajb) — (1 —b)2a; 2+' J1=la;? 2
— w
Il —a;b|* — (1-b)?a,|? VI —=a;b? = (1—b)?|a;?
- (1=b)>—la; —b? l(aj —b)(1 —a;b) — (1 —b)%a;|
[1—a;jb|*> — (1 —0b)?la;|? (I1—a;bl>— (1 —b)?|a;|*)?

6) |z+

Again, as in the previous lemma, one can see the formula in (6) approaches
lz)> + lw|* < 1. a

Due to symmetries of balls, one can see the following lemma is also true.
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Lemma 2.6. Suppose there is a family of automorphisms

,/1—|aj|2 w—i—aj)

1+&jw © 1+szw

Yi(z, w) = (

of the unit ball B> where aj € Rand a; — —1. Fixing s € (0, 1), we define a ball
contained in B:

B :={(z, w) € C: [(z, w) — (0, b)| < 1+ b}

where s =1+ b. Then 1//{1(97&;) — B™ as j — oo in the sense of convergence in
increasing subsets.

Proof of Theorem 1. Let g € M and fj(q) — p as j — oo. There are two
possibilities for the location of g: g € E,, or g € dE,,.

If p € E,, then by Lemma 2.1, M is biholomorphic to E,,. Now we analyze the
cases that p € 0E,. Suppose that f;(q) = (a;, b;). We define

—4j el mw>
1—a,2¢  gi—ag )
Here v, is a family of automorphisms of E, and 6; is defined so that ¥; o f;(p) =
(0, b/ ) with b’ € R. Since (0, b’ ) € E,, by the boundedness we have that (0, b’ ) —>
(0, b/) Where -1 <b, =<1 If by € (=1,1), then (0, by) € E,. And then by
Lemma 2.1 for ¥; o f;, we know that M is biholomorphic to E,. If b, =1 or —1,
we discuss it as follows.

Without loss of generality, we now assume b, = —1. This means it approaches a
strongly pseudoconvex point pg = (0, —1). The ellipsoid E,, by translation, has a
defining function

1//](1 w) = (

1
p(z, w)=|w—1—/1—|z]2=—2Rew + IW|2+;|Z|2+0(IZI2)-

Here, the point pg has been translated to (0, 0).

On the other hand, we define &, := {(z, w) € C? : |z]*> + |w|*> —2Rew < 0}.
It is not hard to see %, is a ball centered at (0, 1) with radius 1. We also define
B = {(z, w) € C*: (1/n)|z|> + (1/n)|w|> —2Rew < 0}. We can see that B, is
a ball centered at (0, n) with radius n. So B, C E, C By, and they are tangent to
each other at (0, 0). We translate and rescale B;, B, and E,, so that B; = B2. This
setup is good for applying Lemma 2.6 to our situation. Due to the translation and
rescaling, ¥; o f;(p) becomes (0, (b;- +1—mn)/n) and py is once again relocated
at (0, —1). Since py is strongly pseudoconvex, by Proposition 2.3, we see there
exists > 0 so that

[T (Wjo @] =180 fi(g)>.
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This implies that
n
[Ty o f) @) Z = =12,
n

where the 7 is due to the rescaling %; into B>. We define a family of automorphisms

of B, = B2,
2 /
j <‘/1—(b9~) w+bj )

[+ 5w & [+ 0w

and consequently, their inverses are

. (1/1 ) w-b )
J

/ <, /
l—bjw l—bjw

Consider

Jol(z w):w (Jo:H(Wofi(q) = (1_(%)2)3/2
;e (1 —bw)’ J ! (=0, +1—n)/n)*

We see that

det(f(¢j_1 oo fi)g) = det((f¢j_l)(1/fj o fi(g)))det(J (¥ o f)(q))
(1- (b})z)3
(1 —b}(b} +1—n)/n)3’

>N
~n

where the last term is bounded below by a positive number. This can be seen by a
calculation using I’Hopital’s rule on x = b;. — —1.

Thus, the limit F of d)j_l o ¥ o f; has nontrivial image. Moreover, the image
of F is B? because by Lemma 2.6, ¢j_l(%5) C ¢j_1(En) and ¢j_1(973s) grows up to
B = B2

Finally, we check the injectivity of F. The readers are reminded that the Bergman
metric on E, is invariant under qﬁj_l. Suppose there are 7', 7 € M so that

lim ¢7 o0 f5(z) = lim @7 o0 f;(2").
Jj—>00 Jj—00
We can find big N > 0 so that for all j > N,
¢ oo fi(@) edy (En). ¢ ovjo fi(@) €dy (En.
Consequently, by Theorem 1.6, we have that
dy (2, 2") < Cdyor g (@] 0 Wj0 fi(2), 87 ovrjo fi ).

The assumption that lim;_, o (/5]._1 oyjo fi(z)=1limj_ qu_l ovjo fj(z") implies
7/ =7”. This proves the injectivity of F. O

Without much effort, one can show the following corollary.
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Corollary 2.7. Let M be an m-dimensional Hermitian manifold with a real bisec-
tional curvature bounded from above by a negative number —K , and assume M
is a monotone union of balls with the same dimension. Then M is biholomorphic
onto B™.

3. An application to the generalized bidiscs

In [Liu 2017], the author defined a generalized bidisc D xy H' := {(z, w) : z € D,
w € e!@HT}. It has a noncompact automorphism group and shares some properties
with the bidisc. Indeed, when 6(z) is a zero function, [) xg H* is biholomorphic to
a bidisc.

In this section, we prove that the generalized bidisc cannot have a complete
Kéhler metric with holomorphic bisectional curvature bounded by two negative
numbers. This is a result of Yang type. Recall that Yang’s theorem [1976] on
bidiscs has certain requirements on both variables of the bidisc, but in the proof, we
show that it is possible to relax the requirement for one of them. Of course similar
results for higher dimensions hold for the same reason. But we will not discuss
them here. Our proof is modified from [Seo 2012].

Proof of Theorem 2. We assume the conclusion is not true. Let us denote the
Poincaré metric of D by g and the complete Kéhler metric on D x4 HT by h. For
each z, we define i.(w) = (z, i@ (1 + w)/(1 — w)) from D onto Y@ H*. We
get i*h < (4/c)g by the Schwarz lemma of Yau [1978] because the Ricci curvature
of D is —4. Thus,

- . i@l"r‘w - . i91+w

P E—— —2ie 0@
(I—w)? o 14w o 14w —
_ LN _ LN 1— 2
hyil z,ie — hys| z,ie Tw (1-w)
R A O WL LA
2\» l—w/ |[l—w* ~ (1l —|wl|?)?

The last inequality gives
Y
hnzdﬁwl+w < Mzwlh o
l—w c(I—[w?)? = e(l —|w*)?
Since k < 7, there exists € > 0 such that k + ¢ < 7. Because of 0 < 0(z) < k, the
following is true: (z, e!®T¢/2) e D 1y H*. We also have, for all z € D,

(8) %<k+%—m@<k+§<k+e<m

We fix wo = (¢! k+</2=0@) _j) /(e!*k+€/2=0()) 1) for all z € D, and by the inequality
(8), we can see |1 — |wg|| > n > 0 for some positive number 1 depending on €.
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Also by the inequality (7), we have

L 14+ wy : . _ . 16
hzi (Z, lete(z)l__wo) - hzi(Z» 2102 pi(lk+e/2) G(Z))) — hzi(Z» el(k+€/2)) < 6_,72

Let F(2) := h,5(z, e!k+€/2)) We see F is a real bounded positive function on D.
We check its Laplacian with respect to Poincaré metric on D; we have (considering
the bound of R,3,7)

92F
AF _ 1_ 2\2
F@) ==k )
2
4 oz 9 -
2\2 k+e/2 N ol 7}
= (-2 (Rzzu(zve‘( MR DR e e )

o, =1
>c(l — |Z|2)2h22(z, ei(k+€/2))h”(z’ ei(k+e/2))

=cF(2)(1 —|z)*)?h i (z, & *F</?),

because Zi’ﬂzl h“5(8h25/81)(8ha2/82) is nonnegative. Let 7 : D xg HT — D,
7(z, w) = z. We also have n*g < (d/4)h, which is (1 — |z|*)?h,i(z, w) < 4/d.
Hence, AgF(z) > (¢/d)F. Calculate

AgF(z) |V, F(2)|? 2 |V, F(2)]?

Aeloe O ="40) F@? —d  F@?

By Theorem 1.4, a real function 7' bounded from above on a complete Riemannian
manifold M with Ricci curvature bounded below admits a sequence {py}72, C M
such that

lim |[VT (px)| =0, limsup AT (px) <0, lim T(px) =supT.
k— 00 k— 00 k— o0 M

Although log F(z) is a real function bounded from above on D, it can not have such
sequence {pi}ro, C D. This contradiction completes the proof. U

A natural question is if we can relax the restriction for 6(z) in the theorem above.
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MONADS ON PROJECTIVE VARIETIES

SIMONE MARCHESI, PEDRO MACIAS MARQUES AND HELENA SOARES

We generalize Flgystad’s theorem on the existence of monads on projective
space to a larger set of projective varieties. We consider a variety X, a line
bundle L on X, and a basepoint-free linear system of sections of L giving a
morphism to projective space whose image is either arithmetically Cohen—
Macaulay (ACM) or linearly normal and not contained in a quadric. We
give necessary and sufficient conditions on integers a, b and c for a monad
of type
0> (LV)"—> 0% - L= 0

to exist. We show that under certain conditions there exists a monad whose
cohomology sheaf is simple. We furthermore characterize low-rank vector
bundles that are the cohomology sheaf of some monad as above.

Finally, we obtain an irreducible family of monads over projective space
and make a description on how the same method could be used on an ACM
smooth projective variety X. We establish the existence of a coarse moduli
space of low-rank vector bundles over an odd-dimensional X and show that
in one case this moduli space is irreducible.

1. Introduction
A monad over a projective variety X is a complex
M:0>A-LB2Cc—0

of morphisms of coherent sheaves on X, where f is injective and g is surjective. The
coherent sheaf E :=ker g/im f is called the cohomology sheaf of the monad M,.
This is one of the simplest ways of constructing sheaves, after kernels and cokernels.

The first problem we need to tackle when studying monads is their existence.
Flgystad [2000] gave sufficient and necessary conditions for the existence of monads
over projective space whose maps are given by linear forms. Costa and Miré-Roig
[2009] extended this result to smooth quadric hypersurfaces of dimension at least
three, and Jardim [2007] made a further generalization to any hypersurface in
projective space. We can find additional partial results on the existence of monads in

MSC2010: primary 14F05; secondary 14J10, 14J60.
Keywords: monads, ACM varieties.
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the literature, by means of construction of examples of monads over other projective
varieties (for instance, blowups of the projective plane [Buchdahl 2004], Abelian
varieties [Gulbrandsen 2013], Fano threefolds [Faenzi 2014] and [Kuznetsov 2012],
complete intersection, Calabi—Yau threefolds [Henni and Jardim 2013], and Segre
varieties [Macias Marques and Soares 2014]). In [Jardim and Mir6-Roig 2008], the
authors expressed the wish of having a generalization of the results on existence
by Flgystad and by Costa and Miré-Roig to varieties other than projective space
and quadric hypersurfaces. Here we generalize Flgystad’s theorem to a larger set
of projective varieties. We let X be a variety of dimension n and L be a line bundle
on X. We consider a linear system V C H%(L), without base points, defining a
morphism ¢ : X — P(V) and suppose that its image X’ C P(V) is arithmetically
Cohen—Macaulay (ACM) (see Definition 2.2 and Theorem 3.3) or linearly normal
and not contained in a quadric hypersurface (Theorem 3.4). Then we give necessary
and sufficient conditions on integers a, b and c for the existence of a monad of type

(M) 0— (LV)* - 0% - L° = 0.

Once existence of a monad over a variety X is proved, we can study its cohomol-
ogy sheaf. One of the most interesting questions to ask is whether this sheaf is stable
and this has been established in special cases (see [Ancona and Ottaviani 1994]
and [Jardim and Miré-Roig 2008], for instance). Since stable sheaves are simple, a
common approach is to study simplicity (in [Costa and Mir6-Roig 2009] the authors
show that any mathematical instanton bundle over an odd-dimensional quadric
hypersurface is simple, and in particular that it is stable over a quadric threefold).
We show that under certain conditions, in the case when X’ is ACM, there exists a
monad of type (M) whose cohomology sheaf is simple (Proposition 4.1).

As we said, monads are a rather simple way of obtaining new sheaves. When
the sheaf we get is locally free, we may consider its associated vector bundle, and
by abuse of language we will not distinguish between one and the other. There is
a lot of interest in low-rank vector bundles over a projective variety X, i.e., those
bundles whose rank is lower than the dimension of X, mainly because they are
very hard to find. We characterize low-rank vector bundles that are the cohomology
sheaf of a monad of type (M) (Theorem 5.1).

Finally, we would like to be able to describe families of monads, or of sheaves
coming from monads. There has been much work done on this since the nineties.
Among the properties studied on these families is irreducibility (see for instance
[Tikhomirov 2012; 2013] for the case of instanton bundles over projective space).
Here we obtain an irreducible family of monads over projective space (Theorem 6.1),
and make a description on how the same method could be used on another ACM
projective variety. Furthermore, we establish the existence of a coarse moduli
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space of low-rank vector bundles over an odd-dimensional, ACM projective va-
riety (Theorem 6.5), and show that in one case this moduli space is irreducible
(Corollary 6.6).

2. Monads over ACM varieties

Let X be a projective variety of dimension n over an algebraically closed field k,
L be aline bundle on X, and V € H%(L) yield a linear system without base points,
defining a morphism ¢ : X — P(V). Our main goal is to study monads over X of type

0= (LV)*" - 0% - L° - 0.

In this section we recall the concept of monad, as well as the results that were
the starting point for the present paper, i.e., Flgystad’s work [2000] regarding the
existence of monads on projective space.

Let us first fix the notation used throughout the paper.

Notation 2.1. Let Y € PV be a projective variety of dimension n over an alge-
braically closed field k. Let Ry be the homogeneous graded coordinate ring of Y
and Zy pv its ideal sheaf.

If £ is a coherent sheaf over Y we will denote its dual by £Y. We also denote the
graded module H.(Y, £) = @z H (Y, E(m)) and h' () = dim H' (Y, &).

Given any k-vector space V, we will write V* to refer to its dual.

Definition 2.2. Let Y be a projective variety of dimension n over an algebraically
closed field k. We say that Y is arithmetically Cohen—Macaulay (ACM) if its graded
coordinate ring Ry is a Cohen—Macaulay ring.

Remark 2.3. If Y C PV is a projective variety then being ACM is equivalent to
the following vanishing:

H (PN, Iy pv) =0, HL(Y,0y)=0,0<i <n.
Moreover, we note that the notion of ACM variety depends on the embedding.

The first problem we will address concerns the existence of monads on projective
varieties (see Section 3) and the generalization of the following result.

Theorem 2.4 [Flgystad 2000, Main Theorem and Corollary 1]. Let N > 1. There
exists a monad of type

(1) 0— OPN(—l)“LC)ﬁ;N -5 Opv (1) = 0
if and only if one of the following conditions holds:

) b>a+candb>2c+ N —1,
(i) b>a+c+N.



158 SIMONE MARCHESI, PEDRO MACIAS MARQUES AND HELENA SOARES

If so, there actually exists a monad with the map f degenerating in expected
codimension b —a — c + 1.

If the cohomology of the monad (1) is a vector bundle of rank < N then N =2[+1
is odd and the monad has the form

) 0 — Oparri (1) —> O — Opari (1) — 0.

Conversely, for every c, | > O there exist monads of type (2) whose cohomology is a
vector bundle.

Observe that the vector bundles which are the cohomology of a monad of the
form (2) are the so-called instanton bundles.

The next construction uses standard techniques of projective geometry and it
explains why we thought Flgystad’s case could be generalized to other projective
varieties.

Let X’ be the image of X in P(V). Taking N = dimV — 1, let PV := P(V)
and m := codimpvy X’. Consider a monad of type (1) and take a projective linear
subspace A C PV of dimension m — 1 such that A N X’ = @. Fixing coordinates
20, .., zn in PV we may assume that /(A) = (2o, ..., ZN—m)-

Let A and B be the matrices associated to the morphisms f and g, respectively,
in (1). Consider the induced morphisms f and g whose matrices are, respectively,
A and B, obtained from A and B by the vanishing of the linear forms that define a
linear complement of A, i.e., f = A TP — ) andg 8l{znmpr=-=2y=0}-

By construction, BA = 0. If x € A then the ranks of A and B evaluated at x are
no longer maximal, that is, rk(A) < a and rk(B) < c. In particular, the complex

Opy (=1)* L5 08, 5 Opn (1)°
is not a monad on PV anymore. Nevertheless, for a general x € X', the matrices
A(x) and B(x) have maximal rank and hence the complex

0— (L)L 0b 28 1 0,

where L = ¢*(Opn (1)), is a monad on X.

3. Existence of monads over ACM varieties
The aim of this section is to prove two characterizations of the existence of monads
on projective varieties. We start by giving sufficient conditions for a monad to exist.

Lemma 3.1. Let X be a variety of dimension n, let L be a line bundle on X, and let
V € HO(L) be a linear system, with no base points, defining a morphism X — P(V).
Suppose a, b and c are integers such that one of the following conditions holds:

Q) b>a+candb>2c+n-—1,

(1) b=a+c+n.
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Then there exists a monad of type
(M) 0— (L) L 0b &5 1 > 0.

Moreover, the map f degenerates in expected codimension b —a —c+ 1 and g can
be defined by a matrix whose entries are global sections of L that span a subspace
of V whose dimension is min(b —2c + 2, dim V).

The main ideas of the proof follow Flgystad’s construction, combined with
the projective geometry standard results described at the end of the last section.
Observe that, under the hypotheses of the theorem, the existence of a monad (M) is
equivalent to the existence of a monad

0— Ox(=1)* L5 08, &5 Ox (1) = 0.

Proof. Let N = dimV — 1 and write PV for P(V). Suppose that one of the
conditions (i) and (ii) holds. If b is high enough with respect to a and ¢ so that
b>2c+ N —1orb>a+c+ N, then by Theorem 2.4, there is a monad

0= Opn (=) L5 O, =5 Opy (1)¢ = 0.

By restricting morphisms f and g to X', we get a monad of type (M). So from here
on we may assume thatb <a+c+ N and b <2c+ N — 1.
Suppose first that condition (i) is satisfied. Then N —1 > b —2c>n —1, so

0<N—-(b—-2c+2)<N-n—1.

Therefore we can take a projective linear subspace A C PV, disjoint from X, of di-
mension N — (b—2c+2), and choose linearly independent sections zg, ..., Zp—2c+1 €
H%(Ox/(1)) such that I(A) = (z0,---»2b—2¢+1). Let us divide the coordinate set
{20, ..., Zp—2¢+41} into two subsets: xo,...,x, and yo,..., Y4, With |p —g| < 1 and
such that b — 2¢ = p 4 g. Define the matrices

Xo X1 -0 Xp Yo Yt - Vg

X0 X1 occc Xp Yo Y1 ot Vg
Xeoetp= . . and Y g = .

Xo X1 -0 Xp Yo Y1 -t Yq

of sizes ¢ X (c+ p) and ¢ x (c + q), respectively. Therefore, the matrices

Y,
B=[Xeerp Yeor]s A= [_ th:;]

allow us to construct the following complex on X':

Ox (= )+rra L 02trta £ 0, ) 0,
A B
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By construction BA =0 and rk B(x) = c, for each x € X".
Our next goal is to construct an injective morphism on X',

3) Ox (= D)HPH=s 5 0y (—1)Hrta

so that we are able to compute the expected codimension of the degeneracy locus
of the composition f o ¢, i.e., the codimension of

Zi={xeX |tk(fo)(x) <c+p+qg—s).

Observe that the matrices A and B define two more complexes: one complex on an
n-dimensional projective subspace P" C PV,

Opn (— 1)+ > OF 7 5 Op (1) 0,
such that P" N A = &, and another one on PV given by
OpN(-l)C+p+q _j;) OUZ:DC+p+q 8 N(l)

Consider a generic injective morphism

O[FD" (_1)c+p+q—s & OP" (_1)C+P+l]’

s > 0, inducing both a morphism Opw (—1)+P+4=5 25 Opy (= 1)°+P+4 and a
morphism ¢ as in (3). Note that the three morphisms are represented by the same
matrix.

From Lemmas 2 and 3 in [Fl;zsystad 2000] it follows that the expected codimension
of the degeneracy locus Z of f q‘) is at least s + 1. Moreover, denoting the
degeneracy locus of f o¢ by Z,, we have the following relations:

Z;=J A z,=2Z,nX.
xeZ,

Observe that the fact that qAS is injective implies that ¢ is also injective. Computing
dimensions, we obtain that codimpy Z; > s + 1 and thus

codimy Z, > s + 1.
Then, taking s =c+p+g —a=b—a—c >0, the complex
0 — Ox(=1)" = 0% — Ox/(1)° = 0

is amonad on X’ since we have codimy: Z; >s+1=b—c—a-+1 (so,dim Z, <n—1).

Now, suppose condition (ii) holds, i.e., b > a + ¢ + n, and suppose that b <
2¢ + n — 1 (otherwise we would be again in case (i)). Hence, ¢ > a + 1 and
b>2a+n+1>2a+n—1.
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Applying case (i) to the inequalities b>a+c+n>a+cand b >2a+n—1,
we know there is a monad on X’ of type

0 — Oy (=) = 0%, — Ox/(1)* = 0,

where the map Ox/(—1)¢ — (’)’}’(, degenerates in codimension at leastb—a —c+1 >
n + 1. Dualizing this complex, we get

0— Ox/(—1)* > 0% — Ox/(1)° >0,

which is still a monad on X’, for the codimension of the degeneracy locus of
Ox(=1)* — 0%, isatleastb—a —c+1. O

Remark 3.2. We could have constructed a monad on X just by taking the pullback
of a monad on P" and applying Flgystad’s result. In fact, we could have defined a
finite morphism X — [P” by considering precisely dim X + 1 linearly independent
global sections of L (and not vanishing simultaneously at any point x € X). The
pullback via this morphism of a monad on P" would give us a monad on X.
Nevertheless, we note that the construction above is far more general. It allows us to
use a bigger number of global sections and it also provides an explicit construction
of the monad on X.

We next prove the two main results of this section, which generalize Flgystad’s
theorem on the existence of monads on projective space. We consider a variety X,
a line bundle L on X, and a basepoint-free linear system of sections of L giving a
morphism to projective space. Each result asks different properties on the image
X' C P(V) of the variety X.

Our first result characterizes the existence of monads of type (M) in the case
when X’ is an ACM projective variety.

Theorem 3.3. Let X be a variety of dimension n and let L be a line bundle on X.
Suppose there is a linear system V. C H(L), with no base points, defining a
morphism X — P(V) whose image X' C P(V) is a projective ACM variety. Then
there exists a monad of type

(M) 0— (L)L 04451 >0
if and only if one of the following conditions holds:

) b=a+candb>2c+n-1,

(i) b>=a+c+n.

If so, there actually exists a monad with the map f degenerating in expected
codimension b —a — c + 1. Furthermore, g can be defined by a matrix whose
entries are global sections of L that span a subspace of V whose dimension is
min(b —2c+2,dim V).
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Note that if condition (i1) in the above theorem is satisfied then there exists a
monad whose cohomology is a vector bundle of rank greater than or equal to the
dimension of X.

Proof. The existence of the monad in case conditions (i) or (ii) are satisfied follows

from Lemma 3.1. Let us show that these conditions are necessary. Suppose we
have a monad on X’

0— Ox (=1)* L5 0%, =55 0y (1)° - 0.

This immediately implies that » > a +c. The image of the induced map H°(©0%,) —
H(Ox (1)) defines a vector subspace U’ C H 0(Ox (1)) which globally generates
Ox(1)“. In particular, there is a diagram

o, — 5 0x (1) —0
g
U ®0Oyx

!

0

Since Ox/(1)¢ is globally generated via g, we have dim U’ > ¢ + n, otherwise the
degeneracy locus of ¢ would be nonempty.

Let U C U’ be a general subspace with dimU = ¢ +n — 1. Hence the map
p:UQ®Ox — Ox /(1) induced by g, degenerates in dimension zero. Take a
splitting

HO(Ob,) <:> U’

and define W = H%(0%,)/U. Denote T = Z(X') C klzo,...,zn]. Let S =
k(zo, - .., zn]1/Z be the coordinate ring of X’. Since X’ is projectively normal, S is
integrally closed and therefore S = H?(Oy), so we have the following commutative
diagram of graded S-modules:

URS=U®S

T

S(=1D¢ —— 8P —— S(1)°

S(=D* i Wes
Sheafifying the above diagram, we get a surjective map

coker g — coker p — 0.

Because p degenerates in the expected codimension we have, by [Buchsbaum and
Eisenbud 1977, Theorem 2.3],

Fitt; (coker p) = Ann(coker p),
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and so we obtain the following chain of inclusions
Fitt; (coker ¢) C Ann(coker g) C Ann(coker p) = Fitt; (coker p),
where the first inclusion follows from [Eisenbud 1995, Proposition 20.7.a]. Thus,
Fitt; (coker ¢) C HC(Fitt, (coker §)) C HC(Fitt; (coker p)).

Since p degenerates in expected codimension n and X’ is ACM, S/Fitt; (coker p)
is a Cohen—Macaulay ring of dimension 1; see [Eisenbud 1995, Theorem 18.18]. In
particular, Fitt; (coker p) is a saturated ideal because the irrelevant maximal ideal
m C S is not an associated prime of it, and thus

Hf (Fitt; (coker p)) = Fitt; (coker p).

By definition, Fitt; (coker p) is generated by polynomials of degree at least c, so all
polynomials in Fitt; (coker ¢) must also have degree at least ¢. Note that the map g
may be assumed to have generic maximal rank for f is injective and S* — W® S is
a general quotient. This leads to two possibilities: either dim W > c or dim W > a.
Recalling that dim W = b — ¢ —n 4 1, we obtain respectively

b>2c+n—1, or b>a+c+n. |

We now state the second characterization result, with a similar setting as in
Theorem 3.3, except that we drop the hypothesis that the image X’ of X in P(V) is
ACM, and assume instead that it is linearly normal and not contained in a quadric.

Theorem 3.4. Let X be a variety of dimension n and let L be a line bundle on X.
Suppose there is a linear system V. C H(L), with no base points, defining a
morphism X — P(V) whose image X' C P(V) is linearly normal and not contained
in a quadric hypersurface. Then there exists a monad of type

(M) 0> L)L 0h 4510
if and only if one of the following conditions holds:

Q) b>a+candb>2c+n-—1,

(i) b>a+c+n.

If so, there actually exists a monad with the map f degenerating in expected
codimension b — a — ¢ + 1. Furthermore, g can be defined by a matrix whose
entries are global sections of L that span a subspace of V whose dimension is
min(b —2c+ 2, dim V).

Proof. The proof of the existence of a monad of type (M) follows again from
Lemma 3.1. Let us check that at least one of conditions (i) or (ii) is necessary. Let
N =dim V — 1 and denote PV = P(V).
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Suppose that there is a monad
0— (LV)* L 0b &5 L¢ 0.

Let A and B be matrices defining f and g, respectively. Since the entries of both
matrices are elements of H°(L) and X’ is linearly normal, we can choose linear
forms on PV to represent them, so the entries in the product BA can be regarded
as elements of H%(Opn (2)). Since X’ is not cut out by any quadric, BA is zero on
PV yielding a complex

Opn (—1)* L5 08, &5 Opn (1)°.

Furthermore, denoting by Z, and Zjp the degeneracy loci in PV of A and B,
respectively, we know that dim(Z4 N X’) < n — 1 and Zp does not intersect X".
Therefore their dimensions satisfy dimZ4 < N — 1 and dimZg < N —n — 1.
We can consider a general subspace P"* that does not meet Zp and also satisfies
dim(Z4 NP") <n —1. So if we consider the complex

Opn (—1)* -1 08, &5 Opi (1),

also defined by the matrices A and B, we see that f is injective and ¢ is surjective,
so we have a monad on P" and by Theorem 2.4 at least one of conditions (i) and
(i1) is satisfied. U
Example 3.5. In [Macias Marques and Soares 2014], two of us presented a collec-
tion of examples of monads on Segre varieties. Using the same approach, we can
think of similar examples of monads of some varieties that are cut out by quadrics,
such as the Grassmannian. The simplest case that is not a hypersurface is (2, 5),
the Grassmannian that parametrizes planes in the projective space P, which is
embedded in P!° with Pliicker coordinates [X j,j, j,Jo<jo< ji < j»<5 Satisfying

3

@) YD Xt Xyt =0

s=0
forO<jo<ji=5and0=<lp <l; <l <l3 <5, where Xjj;\i, = (—=1)7 Xi, i, iy,
for any permutation o, and X,;,;, = 0 if there are any repeated indices. One of
these quadrics is

X012 X345 — X013 X245 + X014 X235 — X015 X234
= 1((Xo12 + X345)” — (Xo12 — X345)> — (X013 + X245)> + (X013 — X245)°
+ (Xo14 + X235)* — (Xo14 — X235)* — (Xo1s + X234)* + (Xo1s — X234)?),

obtained by using the sextuple (jo, j1,lo, 1, 02,13) =(0,1,2,3,4,5) in (4). Now,
for any pair (a, b), with 1 <a < b <5, consider the linear forms

Uagh = XOab + Xi1i2i3 and Vab ‘= XOab - Xilizigv
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where i1, ip and i3 are the unique integers satisfying {a, b, i1, i2, i3} ={1, 2, 3,4, 5}
and i; < iy < i3. Then the twenty forms in {u,p, Vap}1<a<b<5 form a new basis of
the coordinate ring of ' and the above quadric can be rewritten as

1,2 2 2 2 2 2 2 2
Uiy —vip —ujz + i +ujy — vig — uis + vis).

So if seven of the eight linear forms occurring in this quadric vanish at a point of
G(2, 5), so does the eighth. Similarly, using (0, 3, 1, 2,4, 5), (0,4, 1, 2, 3, 5), and
0,5, 1,2,3,4) for (jo, ji,lo, 1,12, 13) in (4), we see that G(2, 5) is also cut out by

1 2 2 2 2 2 2 2 2

3(—uiz +vis +ups — vyt uzy — vy —uzs +v3s),

1 2 2 2 2 2 2 2 2

3(—uiy +viy +uyy — vy —uzy 3y —ugs +vgs),

1 2 2 2 2 2 2 2 2

3(—uis +vis +uss — V35 — uzs + vis + ugs — vis).
Therefore, the sixteen linear forms u»3, . . ., U4s, V12, . . ., V45 cannot simultaneously
vanish at a point of the Grassmannian, otherwise so would the remaining four u»,
U3, U4, and ujs. So let us write

Wy = U3, W2 =1Uz, W3=U5, W4=U34,
W5 = U3zs, We = U445, W7 =7V12, W§=UV]3,
w9 = V14, Wi =V]5, Wil =123, W2 = V24,
W13 = V25, W4 =V34, W15=1V35, W16 = V45.

Letk>1andlet A, Ay € M(k+7)><k(S) and By, B € ka(k+7)(S) be the matrices

with entries in S := K[Xo12, . . ., X345], given by
rwsg W16
A= | wi wg |, Ay = | wo wie6 |,
L wi i wo
_wl PR wS _w9 PR w16
B = and B, = ,
L wy ---owg L wo - Wie

and note that BjA, = BoA;. Let A and B be the matrices

_A2
5) A=[ AJ and B=[B B],
and let

0— OG(2,5)(—1)1{ L) Oék(zg i) O@(z,s)(l)k — 0

be the sequence with maps « and g8 defined by matrices A and B, respectively.
Now A and B fail to have maximal rank k if and only if wy, ..., wig are all zero,
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which, as we have seen, cannot happen in the Grassmannian variety. In particular,
« is injective and B is surjective, and since BA = 0, this sequence yields a monad.
We can reduce the exponent of the middle term in the monad, by using the method
we described in the proof of Theorem 3.3, combined with this construction. Let
A C P! be the projective subspace defined by the following ten linear forms:

Xo12 — X345, Xo13 — X245,  Xo14— X235, X015 — X234,
Xo23 — X145, Xooa — X135, Xo2s — Xo3e, Xozs — X123,
Xoas + X134+ X124, Xoas +2X134 —3X 124 — 5X125 + 7 X012 + 11 X013.

With the help of a computer algebra system such as Macaulay [Grayson and Stillman
> 2018], we can check that A is disjoint from G(2, 5), so if w, ..., w}, are linear
forms that complete a basis for the coordinate ring of P'°, we can use them to
construct matrices analogous to A and B above and obtain a monad

0— O@(z’s)(—l)k i) Oékgi) i) O@(zﬁ)(l)k — 0.

4. Simplicity

Recall that a vector bundle E is said to be simple if its only endomorphisms are the
homotheties, i.e., Hom(E, E) = C. The cohomology of a monad on PV of type (1)
is known to be simple when it has rank N — 1 (see [Ancona and Ottaviani 1994]).
Moreover, every instanton bundle on the hyperquadric Q%*! c P?*?2 is simple;
see [Costa and Mir6-Roig 2009].

We next address the problem of the simplicity of the cohomology of monads on
projective varieties of the form (M).

Proposition 4.1. Let X be a variety of dimension n and let L be a line bundle
on X. Suppose there is a linear system V C H O(L), with no base points, dim 'V > 3,
defining a morphism X — P (V') such that the ideal sheaf of its image X' satisfies

h' Ty (=1)) = B*(Zx (= 1) = h*(Tx (=2)) = h* Ty (~2)) = 0.
Let a and b be integers such that
max{n+1,a+1} <b<dimV.
Then there exists a monad
(6) 0— (L)L 08 %5 L 0.

whose cohomology sheaf is simple.
Moreover, when b is minimal, that is b = n + 1, then any monad of type (6) has a
simple cohomology sheaf.
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Proof. Let N =dim V — 1 and write PV for P(V). Since b > max{n + 1, a + 1},
Lemma 3.1 guarantees the existence of a monad of type (6). Moreover, since
b < dim V, we can choose linearly independent linear forms for the matrix that
represents g. Consider the display

0 0

|

0—(ULV)Y!—K—FE—0

[

0— (LV)* — 0% — 0 —0
&
L=—1L
L
0 0

Dualizing the first column and tensoring with K we get
(7) 0> K®L - K> K®KY—0.

We claim that K is simple, i.e., hO(K ® KY) = 1. To see this, we first observe
that, by construction, L = ¢*Opny (1), where ¢ : X — PV is the morphism given
by L. So, considering Oy as a sheaf over P, we have ¢, L = Ox/(1), and therefore
0LV =Ox(—1) and ¢, (LY ® L") = Ox/(—2). Consider the exact sequence on PV

0— Zx/(—=1) = Opn(=1) = @, LY — 0.

Taking cohomology, we get that h°(LY) = h!(LY) = 0 from the vanishing of the
groups H'(Zx/(—1)), H*(Zx(—1)) and H! (Opn~ (—1)). Now, if we tensor the first
column of the display by L" and take cohomology, we get A (K®L")=h"(Ox)=1.
Note also that H 0(g) H 0((’)[)’() — H%L) is injective, since the linear forms we
chose to construct the matrix for g are linearly independent, hence h°(K) = 0.
Therefore we get an injective morphism

0> HKQKY)—> H(K®LY)

induced by the exact sequence in (7), and we get 1°(K ® KV) = 1, as we wished.
We now consider the exact sequence

00— IX/(—Z) — OPN (—2) — (p*(LV ® Lv) -0

and take cohomology to get &' (LY ® L) = h*(LY ® L) = 0, from the vanishing
of the groups H?(Zx/(—2)), H*(Zx/(—2)) and H' (Opn(—2)), since N > 2. We
dualize the first row in the display and tensor by E to obtain

(8 0> EQREY—->EQK'Y—>EQL*—0,
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which induces an injective morphism
0> HYE®EY) > H (E®K").

By dualizing the first column and tensoring by LV, we may take cohomology and
see that 'KV QL) =h'"(KVQ®LY) =0, for k' (LVY®LY)=h>(LY® L") =0
and h°(LY) = h!'(LV) = 0, as we saw above. Now tensoring the first row of the
display by KV and taking cohomology we get h*(KY ® E) = h°(KY ® K) = 1.
Therefore h°(EY @ E) =1, i.e., E is a simple sheaf.

Finally, given any monad of type (6) with b =n 4+ 1 = dim X + 1, the entries
of the matrix defining g must be linearly independent, otherwise it would not
have maximal rank and g would not be a surjective morphism. Since the linear
independence of these linear forms is a key step in the beginning of the proof, we
see that in this case, any monad of type (6) has a simple cohomology sheaf.  [J

The next example shows that the statement in Proposition 4.1 is accurate, that is,
there are monads of type (6) whose cohomology is not simple.

Example 4.2. Consider the monad over the quadric X C P? embedded in P° by
L=0x(2),

0— Ox(=2) —£> 0% > 0x(2) > 0,

where
2 .2 .2 .2 2 .2 2 .2

B=[xg xi x3 xf x3]. A=[-xf —x3 x] x5 O]T ’
and x; are the coordinates in P such that X is defined by the form xJ +x7 +x3 +x3.
Then max{3, 2} < b < h°(Ox(2)) = 10 = N + 1, however E is not simple. In fact,
first note that K = ker g is not simple since it admits the endomorphism

@ (flv f25 f3’ f49 f5) = (fl’ f2’ f3’ f5’ f4)a

clearly not a homothety of K: if f1 # f5 then ¢ (f1, f2, f3, fa, f5) is not a multiple
of (f1, f2, f3, fa, f5). Therefore the endomorphism induced on E = K/im f by ¢
is not a homothety of E (the class of a 5-uple of the same form is not mapped into
a multiple of itself).

5. Vector bundles of low rank

In this section we characterize monads whose cohomology is a vector bundle of
rank lower than the dimension of X and, in particular, we restrict to the case when X
is nonsingular. Moreover, we will deal with the problem of simplicity and stability
of this particular case.

Generalizing Flgystad’s result, we start by proving the following theorem.
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Theorem 5.1. Let X be a nonsingular, n-dimensional, projective variety, embedded
in PN by a very ample line bundle L. Let M be a monad as in (M) and E its
cohomology. If E is a vector bundle of rank lower than n, then n = 2k + 1,
rk E = 2k and the monad is of type

©) 0— (L) Lo 0%+ 8, 1¢ 0,

Conversely, for each odd dimensional variety X with an associated ACM embedding
given by a line bundle L and for each ¢ > 1 there exists a vector bundle which is
cohomology of a monad of type (9).

Proof. Suppose we have a vector bundle E of rank lower than dim X = n which is
the cohomology of a monad M of type (M). Then its dual E is the cohomology of
the dual monad M. Since both E and E" are vector bundles which do not satisfy
condition (ii) of Theorem 3.3, we must have

b>2c+n—1 and b>2a+n-—1.
On the other hand, the hypothesis rk E < n implies that
b<a+c+n-1.
Combining the three inequalities we get that
a=c and b=2c+n-—1.
Then the monad M is of type
0— (L) BEAN Off‘”’_l S5 1¢ -0,

therefore rk £ = n — 1 which implies that ¢, (E) = 0.
Hence, since the Chern polynomial of Oy is ¢;(Ox) = 1 (for X is nonsingular),
we have

1
E)= =0+ 41+ ),
“B) = e - AT+

where [ denotes ¢ (L). If n =2k, for some k € Z, then cox (E) = aaxl?*, where oo > 0
is the binomial coefficient of the expansion of the series of ¢;(E). Observe that
1% = ¢op (L?*) and, by the projection formula, see [Fulton 1998, Theorem 3.2 (¢)],
this Chern class cannot be zero, contradicting the assertion above. So we conclude
that n is odd and that the monad is of type (9).

Conversely, for any ¢ > 1 and (2k + 1)-dimensional variety X, there exists a
monad of type (9) whose cohomology is a vector bundle E of rank 2k constructed
using the technique described in the proof of Lemma 3.1. U
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Minimal rank bundles defined using “many” global sections. In Theorem 3.3
we showed that the morphism g in (M) can be defined by a matrix B whose
entries are global sections of L that span a subspace of H°(L) of dimension
min(b — 2c +2, h°(L)). This was done by giving an example of such a matrix, but
surely there are others. Moreover, the dimension of the subspace spanned by the
entries of these matrices can be bigger as we shall see in the following examples.

Take the quadric hypersurface Q3 C P4 defined by x(z) + x12 + x22 + x% + xi =0,
and L = O, (2). Following the techniques used in Section 3 to construct a monad,
we are able to obtain

(10) 00, (=2)* 25 0% 25 00, (2)%,
where
pEReY
0 —x%
—x2 0 220 x2 %20
(11) A=|"3 | and B=|07 7 2B
X0 X 0 x5 x1 0 x5 x
0 xg
[ 0

We have BA =0, and A and B have maximal rank when evaluated at every point
of Q3. Indeed, the rank of both A and B is not maximal only when evaluated at
the point (0: 0:0:0: 1) € P4 that does not belong to the quadric.

In order to use more global sections in the matrices defining the monad, we could
simply “add another diagonal” whose entries involve an additional global section.
Unfortunately, this method will increase the rank of the sheaf. For example, take
the monad

A B
(12) 0g;(=2)* = 0}, = 0g,(2)°
given by the matrices
—x% — x32 —xﬁ 7]
- =X

0 Xy T Xy 2 .2 2 .2 .2
x5 x5 0 x5 x5 x2 0
(13) A'=| x}+x} 0 and B'=|"0") " 72750
0 x5 xy 0 x3 x3 xj

2 2

X0 X
2

0 Xy
0 x12

with maximal rank evaluated at each point of Q3. The cohomology of this monad
is a rank 3 vector bundle on the quadric.
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Therefore, our goal is to construct examples of minimal rank vector bundles
whose monads are defined by matrices using a number of independent global
sections of L strictly bigger than dim X + 1. Indeed, the monads obtained this way
cannot be the pullback of some monad over a projective space via a finite morphism
(as described in Remark 3.2).

In the following two examples we will achieve such a goal in the particular case
of the quadric considered above. However, the technique is easily reproducible for
other varieties. The key point is to consider two matrices such that the union of
their respective standard determinantal varieties does not intersect the base variety.

We get such examples by slightly modifying the matrices A and B. Consider a
monad of type (10) but defined by the matrices

_ ) -
X T3
2
0 —x;
2 .2 )
—x3x4 O xi x5 0 x5 x 0
149 A=) 57 | and B = 00 ) 202 ] .
Xy xj X5 X Xy X3X4
2
0 X
xp 0

Then, BjA; =0, and both A; and B; have maximal rank at every point of P4 except
atpoints (0:0:0:1:0) and (0: 0:0:0: 1), neither belonging to the quadric.

It is possible to insert an additional global section in the previous matrices, by
considering, for example, the monad defined by the matrices

_ —x% —ng_
0 —xz2
2 .2 2 .2
a5 Ar=| % 01 ang Bg=|:x0 o0 a0 }
X X 0 x5 x{+xixa 0 x5 x3x4
0 xg
_x12+x1X4 0 |

Again, ByA, =0, and A, and B; have maximal rank when evaluated at all points
of projective space exceptat (0:0:0:1:0),(0:0:0:0:1)and (0:1:0:0: —1),
that do not belong to the quadric.

As we wanted, in both examples we used a number of global sections strictly
bigger than dim Q3+ 1; it would be interesting to determine all the possible matrices
obtained with this technique, once one fixes the base variety and the monad.

Simplicity and stability. We note that it is straightforward to construct examples
of vector bundles on X, with Pic X = Z, satisfying properties of simplicity and
stability. In fact, it is enough to consider, as observed in Remark 3.2, dim X + 1
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generic sections of L in order to get a finite morphism ¢ : X — P?"*1, Using the
flatness miracle and the projection formula, it is possible to prove that ¢,Oyx is
locally free and, moreover, ¢,Ox = @fzo Op2i+1(—a;), for some positive p and
nonnegative a;; see [Barth et al. 1984, Lemma 1.17.2]. Finally, using once again
the projection formula (to the cohomology bundle) as well as commutativity of the
tensor product with the pullback, we can conclude that the pullback of a simple
(respectively stable) bundle E on P?**! is a simple (respectively stable) bundle on
the projective variety X.
Nevertheless, we always have the following property.

Theorem 5.2. Let X be a variety of dimension n and let L be a line bundle on X.
Suppose there is a linear system V. C HY(L), with no base points, defining a
morphism X — P(V) whose image X' C P(V) satisfies h*(Zx/(—1)) = 0 and at
least one of the following conditions:

(1) X' is a projective ACM variety;
(2) X' is linearly normal and is not contained in a quadric hypersurface.

Suppose in addition that there is a monad of type (9) over X whose cohomology
sheaf E is locally free. Then H°(E) = 0.

Proof. From the hypotheses, we see that X satisfies the conditions in Theorem 3.3
or Theorem 3.4. A monad of type (9) over X admits the following display:

0 0

|

0— (L)Y —K——E—0

|, L]

0— (LY)* 15 0%+, 0 — 0

¢ ]

L =—=1L¢
|
0 0

Taking cohomology on the exact sequence
0— Zyx/ (—1) = Opn(=1) = @, LY — 0,

we get that hO(LY) =h' (L) =0, since h' (Zx/(—1)) =h*(Zx(—1)) =0. Therefore,
taking cohomology on the first row of this display we have that H*(E) = H°(K).
Let us suppose that H*(K) # 0, and let § = h°(K). Applying Lemma 1.6 in
[Arrondo et al. 2016], we see that K >~ K’ & 0%, since KV is an (LY, Ox)-Steiner
bundle (see Definition 1.3 in [Arrondo et al. 2016]). Therefore, the matrix defining g,
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with a suitable change of variables, may be assumed to have § zero columns. So,
again by Lemma 1.6, (K')" is itself an (LY, Ox)-Steiner bundle, sitting on a short
exact sequence

0— (LV)" — OFF2= 5 (K')Y — 0.

Dualizing this, we get
0— K — OFT7° L -0,

with HO(K’") = 0. Therefore, we would get a new monad, whose cohomology might
be a sheaf, defined as

0— (LY)" — Oi”zc*‘s — L= 0.

But this contradicts the conditions of existence of Theorems 3.3 and 3.4, thus
proving the statement. O

Corollary 5.3. Every rank 2 vector bundle E on a three dimensional ACM smooth
projective variety X with Pic(X) = Z, defined by a monad of type (9), is stable.

Proof. The result follows directly from the previous theorem and the Hoppe’s
criterion for stability; see [Hoppe 1984, Theorem 12]. O

6. The set of monads and the moduli problem

The existence part in Theorem 3.3 is proved by explicitly constructing a monad on
a given projective variety X. The construction therein does not, however, give an
answer to the question of “how many” monads of type (M) exist. We would like to
know more about the algebraic structure of the set of pairs of morphisms which
define a monad over a projective variety. In the case of projective space we prove
the following:

Theorem 6.1. Let a, b, ¢ satisfy the conditions of Theorem 2.4, and suppose that
1 < ¢ < 2. Then for any surjective morphism g € Hom(O%,, Op: (1)) there is a
morphism f € Hom(Opr(—1)7, (’)f,ﬁ,n) vielding a monad of type (1).

Furthermore, the set of pairs

(f. 8) € Hom(Opr (—1)*, Op) x Hom(O, Opn (1))
vielding such a monad is an irreducible algebraic variety.

Proof. Let g € Hom(O%,, Op:(1)€) be a surjective morphism and let K ¢ :=kerg.
Then for any injective morphism f € H oK ¢(1))4, the pair (f, g) yields a monad
of type (1). If we consider the exact sequence

0— Kg — 08, -5 Opa (1) — 0,
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tensor by Opx (1) and take cohomology, we can see that
hO(Kg(1)) =b(n+1) —c("3?) + 1" (K, (1).

Now following the arguments in the proof of Theorem 3.2 in [Costa and Mir6-Roig
2007] we see that K, is m-regular for any m > c. Therefore, since ¢ < 2, K, is
2-regular, i.e., h! (K4 (1)) =0. Since an injective morphism f € HO(Kg(l))“ comes
from a choice of a independent elements in H oK ¢(1)), we wish to show that
hO(Kg(l)) >a,ie,bn+1)— c(";rz) —a > 0. We can check that the conditions
in Theorem 2.4 imply this inequality.

The irreducibility of the set of pairs (f, g) that yield a monad of type (1) comes
from the fact that the subset of surjective morphisms g € Hom(Oﬁ;n, Opn (1)€) is
irreducible and the fiber of the projection

Hom(Opn (—1)%, 05,) x Hom(O%,, Op: (1)) — Hom(OB,, Opr (1)),

at a point corresponding to the surjective morphism g is the irreducible set of injec-

tive morphisms in H(K ¢(1))%, which has fixed dimension a (b (n+1)— c(" erz)) U

Before discussing the more general setting of monads on ACM smooth projective
varieties we give an example of reducibility with ¢ = 5 on projective space.

Example 6.2. Consider the set of instanton bundles defined by a monad of the form
0= Ops(—1)° L5 0/ 5 0ps(1)° - 0.

It was proved in [Jardim et al. 2018] that the moduli space of instanton sheaves of
rank 2 and charge 5 is reducible. Furthermore, the set of pairs

(f. 8) € Hom(Op: (—1)°, Og3) x Hom(Og3, Ops (1))
yielding such a monad is a reducible algebraic variety.

Remark 6.3. It was brought to our attention that the Main Theorem in [Jardim
et al. 2017] shows that the moduli space of instanton sheaves of rank 2 and charge
3 is reducible, which means that Theorem 6.1 is sharp.

The general setting. When X is a projective variety the general setting is the
following. Let X be a projective variety embedded on PV by a very ample line
bundle L. Consider the set of all morphisms g : Oé’( — L, described by the
vector space B* ® C ® H(L), where B and C are, respectively, k-vector spaces of
dimensions b and c.

Denote P(B*® C ® H(L)) by P and consider the map

(16) Op(—=1) > B*®@CQH"(L)® Op
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of sheaves over P, whose fiber at a point in P(B*® C @ H O(L)) corresponds to
the natural inclusion. So, from (16) we get a map

BRH'(L)® Op(—1) - C® H'(L)® H'(L) ® Op,
and hence also a map
B HY(L)QOp(-1) L CRHNL®L)Q Op,

induced by the natural morphism HY(L)® H' (L) > HY (L ®L).
Now recall that 2°(L) = N + 1 and suppose that a, b, ¢ are positive integers that
satisfy the conditions of Theorem 3.3. Then the degeneracy locus

Z={geP(B*®@C@H(L))|1ky(9) <b(N +1)—a}
describes the set of morphisms g in a short exact sequence
0— Kg— 0% 255 1L°—0

such that h*(K ¢ ® L) > a and for which it is thus possible to construct a monad of
type (M). Note furthermore that

codim Z < a(c(V3?) —b(N + 1) +a).

Hence, whenever Z is irreducible (for example when codim Z < 0) and h°(K <)
is constant for every morphism g we see that the set of the pairs (f, g) yielding a
monad (M) on X is an irreducible algebraic variety. In this case, Theorem 6.1 can
be extended to ACM varieties.

The moduli space of vector bundles of low rank. Let X be an ACM smooth pro-
jective variety of odd dimension 2k + 1, for some k € N, with an embedding in PV
by a very ample line bundle L on X, where h’(L) = N + 1.

Consider the set Vo . of rank 2k vector bundles which are the cohomology of a
monad of type

(17) 0— (LV) Ls 0¥+ 8, 1¢ 0,
with 1 <¢<2.

Remark 6.4. Observe that the hypotheses in Corollary 1, §4 Chapter 2, in [Okonek
et al. 1980], hold for monads defined by (17). Hence the isomorphisms of monads
of this type correspond bijectively to the isomorphisms of the corresponding coho-
mology bundles. In particular, the two categories are equivalent and we will not
distinguish between their corresponding objects.

We want to construct a moduli space M (Vy ) of vector bundles in Vy .. In
order to do this we will use King’s framework of moduli spaces of representations
of finite dimensional algebras in [King 1994].
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We first note that according to [Jardim and Prata 2015, Theorem 1.3], the category
M. of monads of type (17) is equivalent to the full subcategory G5'. of the category
R(Qk.c) of representations R = ({C¢, CHA+2e ey, (AN {Bj}ll.\fjll) of the quiver

i=1 >
QOp.c of the form

(N+1) (N+1)
which are (o, y)-globally injective and surjective and satisfy
(18) > (BiAj+ BjA) ® (0;¥) =0.

Let us briefly recall here the definitions of (o, y)-globally injective and surjec-
tive (see [Jardim and Prata 2015] for more details). Given a monad as in (17),
choose bases ¥ = (yi, ..., yny+1) of Hom(LY, Ox) and 0 = (o1, ...,0n11) Of
Hom(Oyx, L). Set

N+1 N+1
O(:ZA,'(X))/I' and ,BZZB]'(X)O’J'.
i=1 j=1

The monad conditions of injectivity of f and surjectivity of g are reinterpreted in the
language of the associated representation R = ({C°, C2k+2¢ €<}, {A;) lN: ng, {B; }lN: Jql)
in Gf'? as a(P) = Y/ A; ® 4 (P) is injective and B(P) = Y1\ B; ® 0 (P) is
surjective, respectively, for all P € X. In this case, we say that R is (o, y)-globally
injective and surjective. The monad condition g o f = 0 is rewritten as in (18).

For the sake of simplicity, we will write R = (c, 2k 4+ 2¢, ¢) when we refer to
the representation R = ({C°, C2k+2¢ €}, {Ai), {B;}). The notion of semistability
for representations in Q,fy’j, as defined by King, is the following: a representation

R = (c, 2k+2c, c) is A-semistable is there is a triple A = (A1, A2, A3) € 73 such that
(A1, A2, 23), (¢, 2k +2¢,0)) =0,  ((A1,A2,23), (d, b, ")) >0,

for all subrepresentations R’ = (a’, b’, ¢’) of the representation R ({-, -) denotes
the usual dot product). The representation is A-stable if the only subrepresentations
R’ with (A1, X2, A3), (@/, b, ¢’)) =0 are R and 0.

Moreover, by King’s central result [1994, Theorem 4.1], the existence of such a A
guarantees the existence of a coarse moduli space for families of A-semistable rep-
resentations up to S-equivalence (two A-semistable representations are S-equivalent
if they have the same composition factors in the full abelian subcategory of A-
semistable representations).
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Given the equivalences of the categories My . and g,f ’f and after Remark 6.4,
we see that we can define a moduli space M (Va ) whenever we can construct a
. . gis
moduli space of the abelian category G; ..
When ¢ =1 we prove:

Theorem 6.5. There is a coarse moduli space M(Vai 1) of A-semistable vector
bundles in Vo 1.

Proof. Let R = (1, 2k +2, 1) be a representation in g,fff, let R' = (a’, V', ¢’) be any
subrepresentation of R, and let R” = (a”, b”, ¢”) be the corresponding quotient
representation. Then, we have a diagram

O .a/ .b/ .C/
0 o MELAEIR 0
J./a// lb” lc//

(the fact that R is (o, y)-globally injective and surjective implies that R’ is still
injective, though not necessarily surjective, and that the quotient representation R”
preserves surjectivity).
R is A-semistable if we can find A = (A1, A2, A3) € Z° such that
(A1, 22,43), (1,2k+2, 1)) =21 + 2k +2)A2+ 23 =0
and
(A1, A2, 43), (@, b, ¢N)) = 0.

It is immediate from the diagram that either '’ =0 or a’ = 1.
When a’ =0 and b’ =2k + 1, we see that b’ =1, ¢” =0 and hence ¢’ = 1. So,
R is A-semistable if

(A1, A2, A3), (0,2k+1, 1)) = 2k + DAy + A3 > 0.

When @’ =0 and b’ = 2k + 2, we see again that »” = ¢” =0 and so ¢’ = 1. The
A-semistability of R implies

((A1,A2,A3), (0,2 +2,1)) = Rk +2)A2+ A3 > 0.

Now suppose @’ = 1. In this case b’ = 2k + 2, so that b” = ¢” =0 and thus ¢’ =1,
that is, R’ = R and we must have

M+ QRk+2)Ary+ 23 =0.
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Hence, we can choose the triple A = (—1, 0, 1) satisfying all the required in-
equalities in order for R to be A-semistable.

The only subrepresentations left to consider are the ones of the form (0, »’, 0), but
also for these ones, the choice of the triple A = (—1, 0, 1) satisfies the semistability
condition.

The irreducibility statement follows from Theorem 6.1 and the general setting
described above. U

The following is a consequence of Theorems 6.1 and 6.5.

Corollary 6.6. Let Vo 1 be the set of rank 2k vector bundles which are the coho-
mology of a monad of type

0 — Opn(—1) L 0%+2 £, Opu(1) — 0.

Then the coarse moduli space MV 1) of A-semistable vector bundles in Vyy 1 is
irreducible.

Naturally, irreducibility of the moduli space will be guaranteed in each case
where we get an irreducible family, as mentioned in the general setting described
after Theorem 6.1.

Remark 6.7. When ¢ = 2 an analogous study leads us to the conclusion that there
is no A such that a representation R = (2, 2k + 2, 2) is A-semistable. Therefore, in
this case we are not able to construct the moduli space M (Va 2) with the help of
King’s construction.
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MINIMAL REGULARITY SOLUTIONS OF
SEMILINEAR GENERALIZED TRICOMI EQUATIONS

ZHUOPING RUAN, INGO WITT AND HUICHENG YIN

We prove the local existence and uniqueness of minimal regularity solu-
tions u of the semilinear generalized Tricomi equation a,zu —t"Au = F(v)
with initial data (x(0,-),d,u(0,-)) € H? (R") x H?~2/m+2)(gr) ynder
the assumptions that |F(u)| < |u|* and |F’(u)| S |u]|*~! for some x > 1.
Our results improve previous results of M. Beals and ourselves. We estab-
lish Strichartz-type estimates for the linear generalized Tricomi operator
33 —t™ A from which the semilinear results are derived.

1. Introduction

In this paper, we are concerned with the local well-posedness problem for minimal
regularity solutions u of the semilinear generalized Tricomi equation

Pu—1t"Au= F(u) in[0,T]xR",

1-1 . .
e u(0,-) =9 € H'([R"), d,u(0,-) =y € H' "2/ "+ (),

wheren >2. meN,yeR, A= ZLI 81.2, and 7 > 0. The nonlinearity F € Cl(IR)
obeys the estimates

(1-2) |FQ)| < [ul®  [F')| < Jul<!

for some xk > 1. For n > 3 and k > k3 (see below) we further assume that x € N
and F(u) = *u*.

The main objective of this paper is to find the minimal number y for which (1-1)
under assumption (1-2) possesses a unique local solution

u e C([0,T], H (R") N L*((0,T); LY (R"))

for certain s, ¢ with min{s,gq} > «. Then F(u) € L/%((0,T); LY/*(R")) C
Llloc((O, T) x R™) holds, and (1-1) is understood in distributions.

Ruan and Yin were supported by the NSFC (No. 11401299, No. 11571177, No. 11731007) and by the

Priority Academic Program Development of Jiangsu Higher Education Institutions.

MSC2010: primary 35L70; secondary 35L65.

Keywords: generalized Tricomi equation, minimal regularity, Fourier integral operators, Strichartz
estimates.
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We first introduce notation used throughout this paper. Set

_ (m+2)n+2 . — Ux+2  (m+2)n+6

Hox 2 T us—2 (m+2)n-=2’
6
KO:1+M*_+”” ifn>30rn=2m=>3,
P (m +2)n
2 ifn=2m=1;

k1= (s +2)(m+2)(n—1) 18
(s —2)(m+2)(n—1)+8
. Ws(sx +2)(n—1)=2(n+1)

2T (=2 —) =2+ 1)’

k3= 2T >3
Usx —m —4

ifn>30rn=2,m=>2;

Note that pt is the homogeneous dimension of the degenerate differential operator
92 —t™ A and K is the power « for which the equation 3%y — t™ Au = = |u |~ lu
is conformally invariant.

Note further that 1 < ko < k1 < ks < k2 < k3 Whenever it applies.

Next we state the main results of this paper.

Theorem 1.1. Let n > 2 and F be as above. Suppose further k > k1 and (¢, V) €
HY (R") x HY~2/m+2) (R where

n+1 m
Px(k=1)  2ps(m+2)
1,4
27 (m+2)(k-1)

Then problem (1-1) possesses a unique solution

Tn+1)- if k1 <K < iex,

(1-3) y=y(k,m,n) =
ifk > K.

ue C([0,T]; H” (R") N L*((0, T); LY(R™))
for some T > 0, where

(-4 Mullcqo.ry: v @y + 14llLs (0,11 ®))
< ”(p”[-']y([@n) + ||1/,||HV—2/(m+2)(RH)
and q = px(k —1)/2,

1 _1(l_1 m
1_ 7(m+2)(n 1)(2 q)+4M*
§ %1 ifKc> Kx.

ifk] <Kk < Kx,

Remark 1.2. As a byproduct of the proof of Theorem 1.1, we see that problem (1-1)
admits a unique global solution u € C ([0, 00); HY (R")) N L°°((0, 00); HY (R*))N
LH=&=D/2(R, x R") in case n > 2, k > ky if (¢, V) = e(ug, u1), (o, u1) €
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HY (R")x HY~2/m+2) (R") and ¢ > 0 is small (see Section 5.1.2 and Section 5.1.3
in the proof of Theorem 1.1 below). With a different argument, the global result
u € LM=&=D/2(R, x R") for problem (1-1) was obtained in [He et al. 2017].

Remark 1.3. For y <n/2—4/((m + 2)(k — 1)), one obtains ill-posedness for
problem (1-1) by scaling. More specifically, if u = u(¢, x) solves the Cauchy
problem (1-1), where F(u) = =% |u|“"'u, then

up(t, x) = e 2/ 6Dy (7, e~ m+D/25) - g0,

also solves (1-1), with ug(0, x) = @.(x), d;u-(0, x) = ¥(x) for some resulting
@e, We. Observe that

”(pE“HV(Rn) . ”wEHHV(Rn) =8%(m+2)(%n_y)_’<731

”(p”HV(RH) ||¢||HV(W) '

and %(m +2)(5—y)—2/(k —1)>0fory <n/2—4/((m+2)(x — 1)). Hence,
y <n/2—4/((m+2)(k — 1)) implies that both the norm of the data (¢¢, V) and
the lifespan T, = ¢T of the solution u, go to zero as € — 0, where T is the lifespan
of the solution u.

In case k« < k < k3, as a supplement to Theorem 1.1, we consider the local
existence and uniqueness of solutions u of problem (1-1) in the space C([0, T];
HY(R™"))N LS((0, T); L41(R™)) for certain s # q.

Theorem 1.4. Let n > 2, F be as above, y = y(k, m, n) be as in Theorem 1.1, and
suppose that k« < k < k2. Then the unique solution u of problem (1-1) also belongs
to the space L5((0, T); L4(R™)), where

1_ 1 ( 8 _ﬂ)_ n—1
g m+2)(n—D)\k—1 s/ 2(m+1)

and

I (m4+2)mn—-1)/1 1 m
s 4 (z‘a)ﬂu*-

Moreover, estimate (1-4) is satisfied.

If n >3 orn =2, m> 3, then we find a number y(x,m, n) also for certain « in
the range «o < k < k1.

Theorem 1.5. Letn >3 orn =2 withm > 3. Let F be as above and ko < k < k1.
In addition, let the exponent y = y(k,m,n) in (1-1) be given by

(1-5) y(k,m,n)
_n+l  n+4l _M*(m+2)(n—1)+12u*+2m_ m
4 dusx(m+2) 2nk —(n+1) 2ux(m+2)°
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Then problem (1-1) possesses a unique solution u € C([0, T]; HY (R*))NL*((0, T);
L9(R™)) for some T > 0, where

r__ 1
g 2nk—(n+1)

6 m
(%(n -+ m+2 + ,u*(m+2))

and
1 m

1_1 _ (l _ _) m_
.= zm+2)(n—1) 27 g + i
Moreover, estimate (1-4) is satisfied.
Remark 1.6. Other than for the wave equation when m = 0 (see also Remark 1.8
below), here y can be negative in certain situations. In fact, y(x, m,n) < 0 holds in
the following cases:

() k1 <k <3 (<ko)ifn=2,m=1landk <k <2 (<ky)ifn=2,m=2
(see Theorem 1.1);

W O S =D+ D—mn SV

if n >3 orn =2, m >3 (see Theorem 1.5).

Remark 1.7. For initial data (¢, ) belonging to HY (R") x HY~2/(m+2)(gm),
where y > y(x,m,n), Theorems 1.1, 1.4, and 1.5 remain valid.

Remark 1.8. For m =0, (1-1) becomes
Pu—Au=Fu) in(0,T)xR",
u(0,-) =9 € H'R")., 9u(0,-)=y e H' ' (R"),

while the exponents k«, kg, K1, k2, and k3 are

n+3 n+1)2-6 n+12%
Kx = . ko= ———5——, KI=——5 — ifn>3,
n—1 (n—12-2 (n—1)2+4
Kozn—+3, K3:n+1 ifn>4.
n n—

For n > 3, y defined in (1-3) equals

%(n-i—l)—l/(/(—l) if k1 <k < Kx,

1-6 k,0,n) =
(1-6) 4 ) %H—Z/(K—l) if 1 > Ky,

whereas, for n > 4, y defined in (1-5) equals
_ L
2nk—(n+1)"

Note that the numbers in (1-6) and (1-7) are exactly those in [Lindblad and Sogge
1995, (2.1) and (2.5)]. In that paper, the local existence problem for minimal
regularity solutions of the semilinear wave equation was systematically studied.

(1-7) y(k,0.n) = 3(n+1)—+(n+ 1)(n+5)
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The results were achieved by establishing Strichartz-type estimates for the linear
wave operator 92 — A. Under certain restrictions on the nonlinearity F(u, Vu), for
the more general semilinear wave equation

8?u—Au=F(u,Vu), u(0,x) =¢(x), du(0,x)=v(x),

many remarkable results on the ill-posedness or well-posedness problem on the
local existence of low regularity solutions have been obtained; see [Kapitanski
1994; Lindblad 1998; Lindblad and Sogge 1995; Ponce and Sideris 1993; Smith
and Tataru 2005; Struwe 1992].

Remark 1.9. There are some essential differences between degenerate hyperbolic
equations and strictly hyperbolic equations. Amongst others, the symmetry group
is smaller (see [Lupo and Payne 2005]) and there is a loss of regularity for the
linear Cauchy problem (see, e.g., [Dreher and Witt 2005; Taniguchi and Tozaki
1980]). Therefore, when compared to the semilinear wave equation, a more delicate
analysis is required when one studies minimal regularity results for the semilinear
generalized Tricomi equation in the degenerate hyperbolic region.

The Tricomi equation (i.e., (1-1) for n = 1, m = 1) was first studied by Tricomi
[1923], who initiated work on boundary value problems for linear partial differ-
ential operators of mixed elliptic-hyperbolic type. So far, these equations have
been extensively studied in bounded domains under suitable boundary conditions
and several applications to transonic flow problems were given (see [Bers 1958;
Germain 1954; Tricomi 1923; Morawetz 2004]). Conservation laws for equations
of mixed type were derived by Lupo and Payne [2003; 2005]. In [Ruan et al.
2015b], we established the local solvability for low regularity solutions of the
semilinear equation 8%14 —t"™Au = F(u), where n > 2, m € N is odd, in the
domain (-7, T) x R" for some T > 0. In [Barros-Neto and Gelfand 1999; 2002;
Yagdjian 2004; 2015], fundamental solutions for the linear Tricomi operator and
the linear generalized Tricomi operator have been explicitly computed. In the case
n =2 and m = 1, Beals [1992] obtained the local existence of the solution u of the
equation 3?u — ¢ Au = F(u) with initial data of H*-regularity, where s > %n. For
the equation 92u —t™ Au = a(t) F (u), where n > 2, m € N is even, and both a and
F are of power type, Yadgjian [2006] obtained global existence and uniqueness for
small data solutions provided the solution v of the linear problem 32v — ™ Av = 0
fulfills 18 v € C([0, 00); L9 (R™)) for certain f8, ¢ depending on 1, m, and the powers
occurring in a and F.

In [Ruan et al. 2014; 2015a], for the semilinear generalized Tricomi equation
9%u — t™ Au = F(u) with initial data of a special structure, i.e., homogeneous
of degree 0 or piecewise smooth along a hyperplane, we obtained local existence
and uniqueness via establishing L°° estimates on the solutions v of the linear
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equation B%U —t™Av = g. Note that when the nonlinear term F(u) is of power
type, for higher and higher powers of «, these L.°° estimates are basically required to
guarantee existence. In this paper, where the initial data in HY (R") is of no special
structure and y is minimal to guarantee local well-posedness of problem (1-1), the
arguments of [Ruan et al. 2014; 2015a] fail. Inspired by the methods in [Lindblad
and Sogge 1995], however, we are able to overcome the technical difficulties related
to degeneracy and low regularity and eventually obtain the local well-posedness of
problem (1-1).
We first study the linear problem

FPu—t"Au= f(t,x) in(0,T)xR",
M(O,)=(p()€), 3tu(0,')=‘ﬂ(x),

and establish Strichartz-type estimates of the form

(1-8)

(-9 Mullcogy s,y T lullsrecsr
< Cllell gy @y + 1V gy—2sont2 @y + 1 lLrL2(s,))

for certain s, g, r, p (see below) and some constant C = C(T, y,s,q,r, p) > 0,
where ST = (0, T) x R". Note that, by scaling, a necessary condition for this
estimate in case 7 = oo to hold is

(1-10) %(m+2)n(l—l)+l—l=2.
P q roos

In doing so, in Section 2, we introduce certain Fourier integral operators W
(= W9 and W for « € C. These operators depend on a parameter /. > 2, introduced
in (2-15), which plays an auxiliary role for the linear problems and agrees with
the homogeneous dimension p, when applied to the semilinear problems. Along
with the operators W and W% we also consider their dyadic parts W; and Wj“,
respectively, resulting from a dyadic decomposition of frequency space. Continuity
of the operators W; and Wj“ between function spaces which holds uniformly in j
ultimately provides linear estimates on the solutions u of (1-8).

In Section 3, we prove boundedness of the operators Wj‘" from L} L% ([R{f”) to
L;/Lfc’/([RrL”) (see Theorem 3.1) and from L7 L% ([R{}QL") to LL2 ([R{f”") (see
Theorem 3.4), where p has to satisfy the lower bound p > max{2,m/2}. Combining
Theorem 3.1 and Stein’s analytic interpolation theorem, we show boundedness
of the operators W from Lq(Rrr") to LPO(R}F’L"), where gg < g < oo (see
Theorem 3.6). Through an additional dyadic decomposition now with respect to the
time variable ¢, using Theorems 3.1 and 3.6 together with interpolation, we prove
boundedness of the operators W; from L} LL((0, T) x R") to LLL((0,T) x R")
for any 7 > 0 (see Theorems 3.7 and 3.8), where u has to satisfy the new lower
bounds @ > p« (Theorem 3.7) and p > max{2, mn/2} (Theorem 3.8), respectively.
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In the sequel, we shall use the following notation:

1 1 2u—m 1 1 2u—m 1 2 1

—_—=t = —=—+ == ==
po 2 puQRux—m)’ pr 2 wum+2)(n—1)" p2  po p1
Note that

l<pi1<po<p2<2 ifn>3orn=2,m=>2,

while 1 < pq in case of n =2 and m = 1 requires & = 2 (and then p; = 1). For 1 <
p <2, p’ denotes the conjugate exponent of p definedby 1/p+1/p’ = 1. Further, ¢,
denotes p% for£=0, 1,2, while g; equals go when 1 = f1« (see Remark 4.2). We of-
ten abbreviate function spaces C?FI}/ (S7)=C([0,T]; HY (R")) and LTLE(St)=
L"((0,T); LP(R")), and A < B means that A < CB holds for some generic constant
C >0.

The paper is organized as follows: In Section 2, we define a class of Fourier
integral operators associated with the linear generalized Tricomi operator 9% — ™ A
in Ry x R". Then, in Section 3, we establish a series of mixed-norm space-
time estimates for those Fourier integral operators. These estimates are applied,
in Section 4, to obtain Strichartz-type estimates for the solutions of the linear
generalized Tricomi equation which in turn, in Section 5, allow us to prove the
local existence and uniqueness results for problem (1-1).

2. Some preliminaries

In this section, we first recall an explicit formula for the solution of the linear
generalized Tricomi equation obtained in [Taniguchi and Tozaki 1980] and then
apply it to define a class of Fourier integral operators which will play a key role in
proving our main results.

Consider the Cauchy problem of the linear generalized Tricomi equation

2-1) Pu—1t"Au= f(t,x) inRyxR", u(0,-)=¢, 3u,)=1.

Its solution u can be written as u = v 4+ w, where v solves the Cauchy problem of
the homogeneous equation

(2-2) Pv—t"Av=0 inRyxR", v(0,-)=¢, 03v(0,)=1,
and w solves the inhomogeneous equation with zero initial data:
(2-3) Pw—1"Aw= f(t,x) inRyxR", w(0,-)=03w(0,-)=0.

Recall that (see [Taniguchi and Tozaki 1980] or [Yagdjian 2006]) the solutions v
and w of problems (2-2) and (2-3) can be expressed as

v(t,x) = Vo(t, Dx)p(x) + Vi(t, Dx) ¥ (x)
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and
t
@4 w0 = [ (A DIVo(e Do) = Volt. Da)Vi(z. Do) f(.2) .
0
where the symbols V; (¢, ) (j =0, 1) of the Fourier integral operators V; (¢, D) are

Vo(t.&) = e™?/2 q’(%’ miu;z)’

(2-5)
Vi(t, ) =te %/ q)(

m+4 m+4‘2)
2m+2)’ m+2"" )’

with z = 2i¢(1)|€| and ¢(r) = (2/(m + 2))t™+t2/2 Here, ®(a,c;z) is the
confluent hypergeometric function which is an analytic function of z. Recall (see
[Erdélyi et al. 1953, p. 254]) that

a d(a,c;z) = (@)n

0 dz" ©n

®(a+n,c+n;z),

where (a)o =1, (@), =a(@+1)...(a+n—1). In addition, for 0 < arg(z) < m,
one has that (see [Yagdjian 2006, (3.5)—(3.7)])

I ¢??Hy(a.c;z) + )

—z/2 .
T'(a) Te—n¢ H-@c2)

2-7) e 2 ®(a,c;z) =
where

Hi@.c:2)  inea 1 ©0+) fra-1
- 797¢ / o (1-2) ae,
zZ

T pin(c—a) _ p—in(c—a) I'(c—a) o

1 1 ©+) —a-1
H_(a,c;z) = _a/ 6_00“_1(14—8)6 “ae.

- - V4
ezna_e—lna F(a) 00

Moreover, it holds that
10 (H(a. c:2ip (0)[ED)| S@OED (1 +ENTTif p(0)[E] > 1.
|0 (H_(a.c:2ip () [ED)| S@IEN(1+1ENTH it p(r)lg] = 1.

Choose n € C°(R4) suchthat 0 <n <1withn(r)=1ifr <landn(r)=0
if » > 2. Then from (2-5) and (2-7), we can write

(2-8)

(2-9) Vo(t, Dx)o(x)
:/ ei(x-$—¢(t)|§')bl(t,g)@(g)dg+/ e/ ETOOED D, (1, £)¢ () dk
Rn

RI’I
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and
210) Vi Doy ()
= [ O e @) e+ [ RO Db, 06 d.

where
b1l 6) = n@OIED® (50,75 1 r577)
m m
+(1=n@OENH- (30 gz 2):
ba(0.8) = (1= n@OEN) s (55,755 507):

m+4 m+4.Z)
2(m+2)’' m+2’

+e(1=n(@ () [ED) H- (5t d mE2, ),

2(m+2) m+2
ba(t.£) = 1 (1=n@OIED) o (570555 t5:2).

and d& = (2m)™" d&. We can also write

ba(t,§) = (g (1)) (

(2-11) fot Vo(t, Dx)Vi(x. Dx) f(zr,x)dt
:/lf A CEHGOHONED by (¢ )by (1. £) f (1. 6) dE d
0 n

+ tf oI CEHQOONEDp, (1 b3 (1.8) f (1. 8) dE dv
0 Jrn
t

+// J CE= @O ONED Y, (1 Vb (1.8) (1. 8) dE d
0 n

N / ! / o1 CE=@O—0ED (1 £)ba(1.8) f (z. E) dE d
0 JR"

and

(2-12) [Of Vi(t, Dx)Vo(t. Dx) f(tr,x)dt
=/0’/Rn S FEF@O+ODED (1 )by (1, §) f (1, £) 2E dT
t 3 A
+/0 /R ol CE=@O—SED . (¢ £)by(1.8) f (1.6) dE d T

+/’/ e FE=@OTSIED o (1 )by (1.6) F (1. §) dE dT
0 JR"
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+/’/ I EHOO—0DNEN, (1 )b (. €) £ (¢, E) dE d,
0 n

where f (7, &) is the Fourier transform of f(t, x) with respect to the variable x.
In view of the analyticity of ®(a, c; z) with respect to the variable z, identity
(2-6), and estimates (2-8), we have that, for (¢, §) € Rf”,

@13) b B S+ o) 2 gL =12,
and
@14) (0§ S 1(1+p0le) T || L e =3.4.

Thus, for£ =1,2,k =3,4, u>2,¢t,t >0, and £ € R", one has from (2-13) and
(2-14) that

@2-15) [0 (be(t. )by (. £)) |
S 11+ $(OEN 207 (1 + ¢ (z)|€]) 207 || 1A

m m

S L+ ([E) 707 (1 + (1))~ 20F g e 1A]

m

S (L+19() — p(o)lgl)~mon e g~ 18l

Furthermore, estimates (2-13)—(2-15) yield that, for £ = 1,2, k =3,4,or £ = 3,4,
k=1,2and for u >2,¢,5 >0, and £ € R", one has

(2-16) ‘a‘; ( / be(r. OB (1, E) 0e by (. £)bi (5. £)) d7)
< (1+ (1) — p(s)||E]) " won o ||~ 1Al

and

2-17) ‘85 ( / be(e, Bk (1,8) 02 by (v, E)bi (5, £) dr)

m

< (1+ (1) — p(s)|[E]) o || ~m2 1Al

In order to study the function w in (2-4), in view of (2-11), (2-12), and (2-15)—
(2-17), it suffices to consider, for a given p > 2, the Fourier integral operator W':

t
(2-18) Wf(t,x)z[/ el FEF@D—9ONED (¢ 5. &) f (5, 8) dE ds,
0 JR”

where b € C®° (R4 x Ry x R") satisfies the following:

(i) fort,s > 0and § € R",

m

(2-19) 025Gt 5. 6)] S (14 19(1) — p(s) )~ 707 [g| w2 1A;
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(ii) forz,s > 0 and £ € R",

of (/too b(v,1,€) d:b(t, s, £) dt)‘
< (1+ (1) — p(s)||E])“mom ||~ 1Al

(2-20)

and

2-21) 'ag (/soo b(t,1,£) d:b(1, 5, €) dr) ‘

_ __4 _
< (1+ () — p(s)||€])~ mom+2 |g|~mr2 1AL,
Let ® € C2°(Ry) satisfy supp ® C [%, 2] and

o0

> e@/2/)=1 fort>0.

j=—00

Then, as in [Lindblad and Sogge 1995], for j € Z and « € C, we define dyadic
operators W; and W as

t . A
W f(t,x) = /0 /R OBV, 15, )f (5,8) dE ds

and

t
(222)  WEf(t.x) = / / (GOSN (1 ¢ ) (5, 8) L5 4y
0 JR"

gl
where b;(t,5,§) = O(E]/27)b(t,s,£). Here, b € C®(Ry x Ry x R") satisfies
estimates (2-19)—(2-21).

Littlewood—Paley theory gives us a relationship between W and W; f (= Wjo )
which will play an important role in our arguments in Section 4.
Proposition 2.1. Letn >2. For 1 <p <2,1<r<2,2<g<oo,and?2 <s < o0,
let

(2-23) Wi fllLspe S W fllprpe

hold uniformly in j. Then

IWAllLsee < WA zrpe-

Proof. This is actually an application of [Lindblad and Sogge 1995, Lemma 3.8].
For the sake of completeness, we give the proof here. By Littlewood—Paley theory
(see, e.g., [Stein 1970]), for any 1 < p < oo,

( o0

j=—oc0

IWf(E, ) lLe@n) < SIWfE ) lLe@n-

Le(®R")

1/2
|W,-f<z,->|2)
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Together with the Minkowski inequality, this yields

oo 1/2
2
224) ||Wf||L;Lgs(_Z ||ij||L§L§)
Jj=—00
and
[os) 1/2
(225) ( ) IIijIIi;L;) <IWF e
j=—oc0

Notice that
o0
> i
k=—00

where fi (1, x) = O(t/2F) f(x, x). Therefore, for some My € N,

IWFI2,
o0
S D WSl (by (2-24))
Jj=—00
o
= Z H W ( Z fk) (due to the compact support of ®)
j=—00 |j—kl<Mo LiL%

o0

2
Y ( Do W fills L%) (by Minkowski inequality)

J=—00 " |j—k|<Mo

o0
> > L (by (2-23))
Jj=—00|j—k|<My
o
Do Wil SIS, by 225),
j=—00
which completes the proof of Proposition 2.1. O

3. Mixed-norm estimates for a class of Fourier integral operators

In this section, for j € Z, @ € C, and p > 2, we shall study mixed norm estimates
for the class of Fourier integral operators W"‘ defined in (2-22).

We start by considering the boundedness of the operator W“‘ from L} L? to
L} Lfc) , where 1 <r, p <2. We denote A; = =2/ All the followmg estimates hold
uniformly in j .

Theorem 3.1. Letn > 2 and j > max{2,m/2}. Then:
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(1) Formax{py,1} < p <2and

(3-1) %:1—%—%(m+2)(n—1)(%—%),

we have that

G2 Wy @iy = 1702 e @iy

Consequently,

(3'3) ” I/Vjaf”L;’L)lg’(Rr-n) 5 ”f ||L§L£(R3r+n)

. 1 1 m 2
=(=—2= 1) — _ )
if Rea (p 2)(”+ )= im+2) m+2
(ii) For p1 > 1l and 1 < p < p1, we have that
n(2-1)—-45-Rea
(3-4) ||I/Vjaf||L%L§/(Rl++n) S )L] (‘” ) i ”f”L%L)‘IC)(R:_Jrn)
In particular,

a . _ 2 4
(3-5) ”I/V] f”L%Lf/(Rr'”) < ”f”L%Lf(R}:_n) if Rea = l’l(; - 1) - m—+2

To prove Theorem 3.1, for fixed #, T > 0, we first consider the operator BJ‘-":

. B . dE
quf(,’f,x):/Rn A EHGO-SEED (1 7 £) f(x, A

Lemma 3.2. Letn >2and 1 < p <2. Then, fort,7 >0,
(3'6) ”B](‘xf(t» T, ')”Lp’([}:gn)
3 (B8 )ity e
~
-2 _ 1_1)n=l_m
< 7 4 [t — )G T £ | oy,
Proof. Denote

as

(7 K¥rx.y) = /R NGO 1 1 gy o

Then B]‘." f can be written as

BY St = [ K rxnf(ey)dy.
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Since suppg bj € {&§ € R" | 1;/2 < || < 2A;}, we have from (2-19) that

— m _L_ _i m
38) (b r ) s A, T TG Ly

We now apply (3-8) to derive estimate (3-6) by Plancherel’s theorem when p = 2
and by the stationary phase method when p = 1. By interpolation, we then obtain
(3-6)for1 < p < 2.

Indeed, it follows from Plancherel’s theorem that

(B9 B} f(t. T, )12 @n)
= |l @O-S@El (¢ 7 £) (. ONIE L2 @y

. m 2

m

Rea  ——2- —_m
< Aj wm+2) " m+2 (A] m+2 T |t —‘L'|) 21 ”f(-,;, ')”Lz(R")'

On the other hand, by the stationary phase method (see, e.g., [Sogge 1993, Lemma
7.2.4]), we have that, for any N > 0,

(3-10) |K#(t.7.x, )|

S+ 1) — (DA

m 2

X AJ u(im=+2) m+2

n—

1 —2 _m
T (A, e —]) T2k

(1425l =y =16 ) = p@)I) ™

m+2)(n—1) _ m_
4 21

n+1

<2’

—_m____ 2 —Rea . ——2— _
: um—+2) m+2 & (AJ m—+2 + |t _ T|)

x (14 2|k =y =g () —¢@I)) "
Choosing N = 0 in (3-10) gives

I(BS (.7, )| Loo@m)
= ||Kja(t7 T, )”L‘)’é’y ”f(T’ ')”LI(R")

n+1 m m

—aony ~maa—Rea . —is -3 —D—z5;
5%'2 wm¥2) " m+2 (/\j +2+|t—r|) 7m+2)(n—1)—Z ||f(77»')||L1(R")‘

Interpolation between (3-9) and this last estimate yields (3-6) in case 1 < p <2,
which completes the proof of estimate (3-6). O

Proof of Theorem 3.1. Now we return to the proof of Theorem 3.1. From (3-7),
we have

t
(3-11) WP f(t, x) = /0 (B f)(t. t.x)dr.
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Using Minkowski’s inequality and estimate (3-6), we thus have that
(3-12) ||VVjaf(Z’ ')”Lp’(Rn)

11 _om__ 2
<A(j 5) D= ity — s —Rea
J

> —3 _(m+2)(i_1)@_ﬂ
x [T 67 = e G )
0

Case 1: max{py, 1} < p <2. In this case, we have 1 < r < 2. Note that

1 1 1 1\n—1 m

roor
Then it follows from the Hardy—Littlewood—Sobolev theorem and (3-12) that esti-
mate (3-2) holds.

Case2: p1 > 1and 1 < p < p;. In this case,

(m+2)(%—%)”—21+% >1
Thus,
sup/oo()tj_m%r2 + |t — r|)_(m+2)(%_%)%l_% dt < oo,
t>0J0
which together with Schur’s lemma and (3-12) yields (3-4). O

We would like to stress that in the proof of Theorem 3.1 only condition (2-19)
on the function b € C*°(Ry xR x R") was used, whereas the conditions (2-20)
and (2-21) were not required,

Remark 3.3. Note that the adjoint operator (Wj"‘)* of Wj"‘ is of the form

(3-13) (W)* f(t,x) = /t OO/R EH OO b 1 6 f (1, 6) % e

By duality, we infer from Theorem 3.1 that
o *
(3'14) ||(W/j ) f||L;/L§/(R}i_+”)

1 1 m 2
(3=3) D~y — ez —Rea
SA; ||f||L;L§(R1++n)

if max{py,1} < p <2 and

n(2-1 —%—Rea
(3-15) um¢ffhﬁgm$ﬁsxfp )=t 1120y

if py>1land 1 < p < pj. Here, r is given in (3-1).

As an application of Theorem 3.1, we obtain the boundedness of the operator
WI."‘ from L:L,’C’ to L?OL?C, where 1 <r, p <2.
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Theorem 3.4. Let n > 2 and j > max{2,m/2}. Then:

(1) Formax{py,1} < p <2andr asin (3-1), we have that
1_1yntl m 2

(3=2)" 2 ~2amT2 ~mia Rea
(3-16) ”W/J’af”L?oL%(Rrrn) 5/\,-" 2 aumEn e ”f”L;Lf(R:r”)'

Consequently,

G-17 WWF f ez irmy = 1M o i

) _ (1 TI\n+l m 2
’fRe“_(p 2) 2 2u(m+2) m+2

(ii) For p1 > land 1 < p < p1, we have that

n
(3-18) ”VVjaf”L?oL%(R}ﬁ”) < Aj ||f||L%L§(R}|.+”)'

In particular,
(3-19) W} /] <171 fRear=n(1—2)— -2
- s ezt ~ Wollezee !ty ¥ RCC =G 75 ) T g

Proof. For given j € Z and « € C, denote U = Wj"‘ f. Then from (2-22) we have

t .
U(t) = /0 (@O =Ap. ;7 D) (—A)Y2f(1)dr,

where b; (t, T, Dy) is the pseudodifferential operator with full symbol b; (¢, 7, §).
Then U(¢) solves the Cauchy problem

i0,U(1) = —t™2/=AU(t) 4 ib; (1.1, Dx)(—A) "2 £ (1)
+i /O t e @O—SOI=R7 (¢ 7. D) (—A) Y2 f(1)dr,
U() =0.
Multiplying by U(r) and then integrating over R” yields

i(3:U(t), U(1))
= —t"2(JZAU@), Ut)) +i (b (1,1, Dx)(—=A) %2 f(1), U(1))

t
+i</0 Q@O V=R7 b (¢ 7. D) (—A) "2 f(7) d, U(t)>’
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and, therefore,
1d

2
!
t
=Re< / (GO=V=R7 p (¢ 7. D) (—A)"*2f(7) dr, U(t)>
0
+Re(b) (1,1, Dx)(=2)"*2U(), f(1)).
Consequently,
1UGs)|1?
S t
—2Re / < / e @O=0OIV=0y b (¢ . D) (~A)"2 f(7) dr. U(t)>dt
0 0
+2Re [ (0700, D=A) U, f0)) dr
0
N
< fo fR LE f(t.x)WF [(t.x) dx dt
N
+/ bY (1.1, D)W f(t,x) f(t,x) dx dt
0 JR"
— 1411,
where s
1:// L (6, YWEF (@, %) dx di |,
0 JR"?
11:/ by (t.t. D)WP® f(t.x) f(t.x) dx dt |,
0 Rﬂ
and
L2 fany= [ dEEHO-0@IEDy b o) Fre) L5 g
@ x)= | Rne tbj(t, 7, T, £ T.

From (2-19), one has that, for any fixed t > 0, b; (., Dy) € $~2/"+2(R"), and
then bj’.k (1,1, Dy) € W~2/m+2)(RM) which yields that the term II is essentially

s
[ e e d |,
0 Jrn
and thus by application of Theorem 3.1 it follows that

A(n+1)(%_%)_%_m¢+2_2126a ”f”Z
J FLY®RYT)

(3-20) II's if max{p;,1} < p <2,

n(2-1)—-5,—2Rewa
2
A (3-1)-72 (WAl

. L2LO @™ if 1l <p<p.
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As for the term I, note that
S —
— VAN o
= | [ [ over s e e maxr
a\k 7O
= ||(I/VJ ) Lj f”L';)/L)’?/(Rf'”)”f“Lf)Lf(R}ﬁ”)'
For any ¢ > 0, we have from (3-13) that

(3-21) (WF)*LE (1, %)

o0 T
_ / / / ol CEHG O~ ($)IED
t 0 JR”

xbj (z,1,6)dbj (.5, €) f (5, 8) 3o

t
_ / / RIEE IO
0 n

(/ b (t.1.£)d:bj (.5, g)dz)f(s £)——

o0
4 / / ol EEF @O~ ()]
t R”

(/ b (r.1.6)0:b; (. s, g)df)f(s £) >

as

BES dsdt

a&
ISIZ“

a&
ISIZ"‘

Due to conditions (2-19)—(2-21), one has that the first and second term in (3-21)
are essentially sza-"z/ m+2) £ and (I/I/j.za+2/ (m¥2yx £ respectively, where b €
C® (R4 x Ry x R™) satisfies condition (2-19). Then, by applying Theorem 3.1
and estimates (3-14) and (3-15), we have that

; 1712, gt

~ if max{py,1} <p <2,

n(2-1)-585—2Rea _
At )7 ||f||Lsz(R1+n) if py>Tand 1 <p<py,

which together with (3-20) yields that

)L(n+1)(%_%)_u(nr1’,1+2) m+2 2Rea”f||2
J TLERLTT

U < if max{py,1} < p <2,

nl=—1 7 —2Rea .
,\j(ﬁ ) 2 ||f”L2L”(R'+”) if ppy >land 1< p < p;.
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Note that ||Wj°‘ S, )L2@ny = IIU)||. Therefore, we have obtained estimates
(3-16)—(3-19), which completes the proof of Theorem 3.4. O

Remark 3.5. With similar arguments as in the proof of Theorem 3.4, we have from
Theorem 3.1 and estimates (3-14) and (3-15) that the operator (Wj"‘)* also satisfies
the estimates (3-16)—(3-19).

Note that if r = p for r defined in (3-1), then r = p = pp. Combining Theorem 3.1
and the kernel estimate (3-10), we obtain boundedness of the operator Wj“ from

LPO([RR}:'") to Lq([R{}r"'") for certain o € C when g¢ < ¢ < co.

Theorem 3.6. Let it > max{2,m/2} and qo < q < oo. Then
(3'22) ”VVjaf”Lq(RLj‘”) S ”f”LI)o(RL_‘i‘”)’
where
2 2 1 1
a5 )
ea=n p— n+m+2 q—i—qo
Proof. Case (1): ¢ = qo. Note that
2 ( 2 ) ( 1 1) m
= = V=(=—-= ) Jp——
"o\ T po 2 4D p(m+2)

An application of (3-3) with r = p yields that

2 2 2
(23) IVl paogatiny SIS Dpmogattny: Rea=n— s (nt ).

Case (ii): ¢ = oo. In order to derive (3-22), it suffices to show that the integral
kernel K}" defined in (3-7) satisfies

sup /1 |K7(t, 7, x,y)|[?°drdy < oo,
(3-24) (oyerltn SR

2 1
Rea:n————(n—l-—).
m+2  qo

In fact, from (3-7) we have

t
Wj“f(t,x) =/0 /R" K}x(t,f,x,y)f(r,y)dydt.

By Holder’s inequality, then

21 2
(3-25) W} /oo qttny S 1 o oy Rea:n—m+2—q—0(n+m—+2).

Now it remains to derive estimate (3-24). In fact, due to the kernel estimate (3-10),
forany N >nanda e CwithRea =n—2/(m+2)—1/qo(n +2/(m +2)), we
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have by (3-10)

/Rl+n |K7(t, T, x, y)|[?°drdy
+

n+1 2
H—Rea— o — 25 ) o

/ (07 4 = oy (0 g

N

x/ (U445 1x— 3 = 6@ — p@IY dy
Rn

ntl_peg——m_____2
<)L( L —Rea—otesy— s )0

~%j
(m+2)(n D, m
/ A7 4 g — oy~ (EEE a0

<270 [T 0 -l ar

n+1 2
(F —Rea— gt — 32 ) d0—1

:)Lj
oo __2 (m+2)(n—1)

[0
0

A7+ () —p()" dr
ey P10 =@
/o“”) Caso—ec) @

5 (B Rea gl — s )01
~
oo __2 — _
x / ()72 o — oy (R a0 i
(n—Rea—535)d0-n—5%>
)L n—Reo— q0—n—3,35 -1

J
and hence (3-24) holds.

Case (iii): qo < g < co. Applying Stein’s interpolation theorem, one obtains that
estimate (3-22) holds by interpolating between estimates (3-23) and (3-25). O

Now we consider boundedness of the operator W; from L} LE(ST)to LSLL(ST),
where 1/ p is symmetric around 1/ py.

Theorem 3.7. Let n > 2. Furtherlet py < p < pyifn=2,m=>2,orif n >3,
and 1 < p <Tu/(4u—=2)if n =2, m = 1. Then, for any L > pix and T > 0,

(3-26) W fllseacsyy < W lLrLeisyy:
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where r is defined as in (3-1) and

1 1 4 m
- T p (m+2)(n+1) (1 + ﬂ)

q
1_ (m+2)(n— 1)( 1)+ﬂ
s 4 2 gq 4u’
Proof. Since 1/ p is symmetric around 1/ pg, by duality it suffices to consider the
case max{pi, 1} < p < po.

In order to derive (3-26), we now need a further dyadic decomposition with
respect to the time variable 7. Choose a function n € C2°(R4) such that 0 < n <1,
suppn < [%, 2], and

(3-27)

oo

> ety =1.

{=—00

Let us fix A = 2/ and set

no(t) =Y n(A27%1).  ne(t) =n(A27") for LeN.
k<0
Then,

flt.x) = Zka(r x).
k=0
where

(3-28) Gy f(t,x)
t
:/0 /R I CETGOSDNED (¢ 1) (1.7.8) (2. §) dE dr.

Hence, to derive (3-26), it suffices to show that, for any k € Ny,

(3-29) IGk fllLsLasr) = 2-erk 1A llLr L2 sy
for some ¢, > 0. From (3-1) and (3-27), we know that
(m+2)n( _ 1)+l_1 9
2 P q ros

Due to scaling invariance, we need to consider only the case A = 1 (by a change of
variable if A # 1). Repeating the arguments which are used to prove (3-2), we get
that, for any k € N,

(3_30) ”ka ||L,t~/Lp ) § 2—k((m+2)(1/P—l/2)(n—1)/2+m/(2//«)) ”f”L;,L)[?(ST)

Note that (m +2)(1/p — )4 (n — 1) + m/(2p) > 1, since p < po.
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Furthermore, an immediate consequence of (3-16) for « = 0 is

||ka||L§>°L§(ST) < ||f||L§L§(ST)’

and thus, for any 1 < p < oo,

(3-31) ”ka”LfL)zc(Sr) < ”f”L;L)’C’(ST)-
Choose
(3-32) 0 4p(2pu+m)

= gD+ DE—p)

Then 0 < 6 < 1 and, for the number ¢g from (3-27),
0 1-6
R
For s from (3-27) and 6 from (3-32), we define 59 by
1 1 1 1\n-1 m
25-5) =0 +2(,-3)" 5 +25)
and then set p = px such that

so T px

L_0,1-6

Since 2 < s < 59, by interpolating between (3-30) and (3-31) when p = px, we
obtain that

(3-33) 1Gk f 0 e sy S22V £l oy

Let {I;} be nonoverlapping intervals of side length 2K and U¢ Ie = R4, and
denote by yj the characteristic function of /. In view of (3-28) and the compact
support of 1y, we have that if f(¢,x) =0 for ¢ ¢ I, then Gy f(t,x) =0fort ¢ I,
where [ e* is the interval with the same center as I, but of side length Cy2* with
some constant Co = Co(n) > 0. Thus, from Minkowski’s inequality,

(3-34) Gk St o qany < (Z |G G, ). -)||Lq(Rn))
L

< Y NGk (a1 1)y
)2
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Denote If = 1N (0, T). Estimate (3-34) together with Holder’s inequality and
(3-33) yields that, for any k € Ny,

164 150512 = 10kt
< Tx11—5/s0 K L

52k(1—S/S0)2—2ks(1/s_1/s0) E ||Xlef||2r
t
l

< 7—k(1=s/50) ¥ ||L§L§(ST)~

Therefore, we get estimate (3-29) with &, = 1 —s/s0 and, hence, (3-26) holds. [J

LE(ST)

By a similar argument as in the proof of Theorem 3.7, we obtain the boundedness
of operator W; from L2L% (S7) to LS LL(S7) when p; > 1and 1 < p < py.

Theorem 3.8. Let n > 3 orn =2, m > 2. Suppose 1 < p < p1. Then, for
w>max{2,mn/2} and T > 0, we have that

(3-35) Wi FllLseacsry S W1 l2pe sy
where

1_ 2n  n-1 m+6u
(3-36) ?_P(HH) 2n+1)  p(m+2)(n+1)°

Fm (3= () +

Proof. Note that when 1 < p < p;, we have

1 1\/n—-1 m
(m+2)(;—§)(—2 )+ 3>
Then we can apply similar arguments as in the proof of Theorem 3.7 to obtain
(3-35). We omit the details. O

Remark 3.9. By similar arguments as above one can show that under assumptions
(3-27) and (3-36), adjoints (W;)* of W; also satisfy estimates (3-26) and (3-35),
respectively.

4. Mixed-norm estimates for the linear generalized Tricomi equation

In this section, based on the mixed-norm space-time estimates of the Fourier integral
operators Wj"‘ obtained in Section 3, we shall establish Strichartz-type estimates
for the linear generalized Tricomi equation.

First we consider the inhomogeneous equation with zero initial data, i.e., problem
(2-3).
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Theorem 4.1. Let n > 2. Suppose w is a solution of (2-3) in St for some T > 0.
Then:

(@) For pu = px,
4-1) lwllzs2esry < W LrLeisyy:

providedthat p1 < p < paifn=>3orn=2,m=>2;and 1 < p <Tu/(4pu—2)
ifn=2andm = 1. Herer =r(p, ) isasin (3-1) and q and s are taken from
(3-27).

(ii) For u > max{2,m/2},
(4-2) lwllzacsyy S NDx” 77 fllLrocsyy. g0 <g < oo,

where

2
y=y(mnq=5%-—(n+—5
4-3) 2 ( m+2)

1

q
Vo=)/o(mnu)=i( ) 2 __n
T q0 m+2 m+2 2

(iii) For p > max{2,m/2}, max{p;,1} < p <2,and0<t <T,

(4-4) B, gy S 1 s Locsy
where r =r(m,n, p, ) is defined in (3-1) and

~ 2 m (L _T\n+l
Y=y p) = ms o (p )T

(iv) For p > max{2,m/2},y e R,and0 <t <T,

(4-5) lw. ) gy gery S NP7 f | oo sy
where Yy is from (4-3).

Remark 4.2. If we choose (1 = jtx, then

Po=pi = go=qp =
0 Mo +2’ 0 ,U«*—z’
and for y and yg defined in (4-3),
1
y(m.n,qg) = yo(m,n, jux) = mt2

Thus, we have from (4-2) that

<
R Vi .
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which, for any p € R, together with [| Dx|?, 9?2 —t™ A] = 0 implies that

101w ] pag sy = NP F ] o5 s,

Proof of Theorem 4.1. (1): One obtains (4-1) by applying Proposition 2.1 and
Theorem 3.7 directly.

(ii): For « € C, the Fourier transform of | Dy
x is |E|* f (¢, £). Thus, we can write W; f as

W f(t.x)

- [ t / (CEHGODDED @ ((]/27) b(t. 7. £)(| DA ) (x. E) €] dE de
0 JR?

| £ (¢, x) with respect to the variable

and W;(f) = W*(IDx|* f).
Therefore, applying Theorem 3.6, we get that

”Vij”Lq(ST) = HVij_yo(|Dx|y_yof)HLq(ST) < ”|Dx|y_y0f“Lp0(ST)’
which together with Proposition 2.1 yields (4-2).
(iii): Note that [| Dx|”,d? —t™ A] = 0 and then

(4-6) @7 =" A)(IDx|"w) = [Dx|" f.

From (ii) we know that W;(|Dx|” f) = Wj_y(f). Thus, for y = 2/(m + 2) +
m/Qum+2))—(/p—1/2)(n+ 1)/2, we have from estimate (3-17) that

[ WD ) gy = W, @ ln2ny < 1f o
Thus, by (4-6) and Proposition 2.1 it follows that
H(leP/lU)(l, ')”LZ(RH) < ||f||L;L£’
which together with Plancherel’s theorem implies that
”w(t» ')”HV(RH) = H |§-|yu§([’ E)H[é([@n) = H(|Dx|yw)(ta ')HL)%(Rn) < ”f”LfLﬁ’

and estimate (4-4) holds.
(iv): From (ii) we also know that

Wi(g) = W, 7°(IDx|70g).
In (3-1), we have r = p = pg when r = p. The estimate (3-17) for

o= _(L_l)n-l—l_ m 2
=Th= po 2/ 2 2u(m+2) m+2
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with p = pg yields that

W @)@ zgny = W7D 708)0) | gy < 1021708 | Lr0(Sm)’

and then, for g = |D|Y f, where y € R,

(4-7) [Wi (D« 1)@ Lo ny < 12217770 ]| Loo s,y

Therefore, one has from Plancherel’s theorem, Proposition 2.1, (4-6), and (4-7) that

||U)(f, )”HV(RY!) = H (le|VU))(I, .)“LZ(R") 5 ” |Dx|)/—)/()f ”LPO(ST)
Hence, estimate (4-5) holds. O

In case n > 2 and m > 2 if n = 2, we have a more complete set of inequalities
for the solution of the linear generalized Tricomi equation.

Theorem 4.3. Letn > 3 or n = 2 with m > 2. Suppose w solves (2-3) in St. Then:

(1) For p>max{2,mn/2}and 1/py <1/p < % + (m4+6u)/Qun(m+2)),

(4-8) ”w”L;‘LZ(ST) < ”f”L?L)’?(ST)’
where q and s are defined in (3-36).

(i1) For u>max{2,mn/2} and % <l/p< %—I—(2,u(n—3)—|—m(3n—1))/(pL(m+2)
(n*—1)),

4-9) ”w”L?Lﬁ’c(ST) < ||f||L;L§(ST),
where r is defined in (3-1) and

1 n+1  n-1 m+6u
4-1 == — .
(4-10) q 2np + 4n 2u(m—+2)n

(iii) For u > max{2,m/2}and 1 < p < py andy =3/(m + 2) —n(l/p — %),
(@-11) lw (e g oy S 1F L2225,

Proof. (i) Note that, under these assumptions,

2un(m+2)
un(m+2)+6u+m

<p<p1, 25g<o0, 2=<s<o0.

Thus, we get estimate (4-8) by applying Proposition 2.1 and Theorem 3.8.

(i1): This will follow from the dual version of Theorem 3.8. Indeed, when

1 1 1, 2um-3)+m@Bn-—1)
< = -
2= 2T T pmroyme—1)
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then, for ¢ defined in (4-10),

2u(m+2)n <
<
um—+2)n+6u+m =9 =n

and
1 2n n—1 m—+6u

7 g+ 2n+1)  pm+2)(n+1)

For r defined by (3-1), the conjugate exponent r’ can be expressed by

o 8up’ _
um+2)y(n—1)(p'—2)+2mp’

Thus, from Remark 3.9, we have that

E3
”I/V] f”L;/LfC)/(ST) N ”f”L%L?C/(ST)’
and then, by duality,
Wi Fllizegcsry S 1 ILreecs-

Therefore, from Proposition 2.1 we have that estimate (4-9) holds.

207

(iii): Note again that W;(|Dx|” f) = Wj_y (f). Then, in view of (4-6) and estimate
(3-19) fora = —y =n(1/p—1)—3/(m+2), one has that estimate (4-11) holds. O

Now we consider the Cauchy problem (2-2).

Theorem 4.4. Let n > 2 and p > max{2,m/2}. Suppose v solves the Cauchy

problem (2-2). Then:

(1) Forqo <q < o0,
(4-12) ||v||Lq(R1++") < ||(p||HV(Rn) + ||W”]-’[V—2/(m+2)([@n)’

where y =n/2—((m+2)n +2)/(q(m + 2)).

(i) For2<qg<oowhenn=2andm=1,and2 <q <qy whenn>2andm >?2

ifn =2,
(4-13) ”v”LiL%(Rr_n) S HQDHHV(Rn) =+ ||w||[-'1y—2/(m+2)(Rn)»
where
l:w(l_l)Jrﬂ y="H(0- 1) -
s 4 2 gq 4’ 2 \2 ¢ 2u(m+2)

(iii) Forq; <q <ocaswellasn>2andm > 2 ifn =2,
(4-14) ”v”L%L;IC(Rr‘") < ||§0||HV(|RH) + ”W”HV—Z/(m-i—z)(Rn),

where y =n(%—1/q) —1/(m +2).
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Proof. The goal is to prove that
(4-15) ”v”L‘t’Lﬁ(RLj") < ”(p”HV(RH) + ||W||HV—2/(m+2)(|Rn)

for certain 2 <o < oo and 2 < p < o0.
Note that

m+ m

{1+ SN2 < (14 (1)) 20D || "2

m

< (1+(0)[g]) "m0 |g| 72

In order to establish (4-15), from the expression of the function v in (4-22) together
with (2-9) and (2-10) and the estimates of by (¢, £)(1 < £ <4) in (2-13) and (2-14),
it suffices to show that

(4-16) ”P('DHL?Lﬁ(Rf_") < ”(/)”Hy([@n),

where the operator P is of the form

(Pox) = [ RO )5(6)

with a € C*° (R4 x R") and, for any (7, £) € R}F’L",

@-17) 02a(.6)] 5 (1+p()[g) ™/ “Om+D) g 1AL
Note that P ¢ can be written as
, —— 4
(P)(t.x) = / I EOOIED (¢ ) D () ﬁ
Rn

and, for i = |Dy|Y ¢, by Plancherel’s theorem,

121l 2@y = NIEV @llL2@ny = N0l v gy
Therefore, in order to prove (4-16), it suffices to show that the operator Q, where
as

(4-18) (Qh)(t, x) = /R Ot HhE) &P

is bounded from L2(R") to LY L% ([R{fr‘"” ). By duality, it suffices to show that the
adjoint Q* of Q,

19 Q")) = /OOO/R o CEPODa( (e f(r.6) db .

satisfies

(4-20) 107 Fllz@my S NS NLgr g iy
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Note that

19" Fageny = [ (@" D@ I

1on QO S 0T X drdx < 100" fllzg gl /e o

Thus, in order to get (4-20), we only need to show that
*

(4-21) 100" Fllzgre S 1/l

From (4-18) and (4-19), we have that

00" f(t.x) = / [ HEF@O-EED 41 £ya(r B £ (r. £) |§|§V -~

By (4-17), we further have that

|02 (a(t, ©)a(@ )| 5 (1 + o () — § (o)) "mm 7 || AL,

Thus, by Proposition 2.1, in order to get (4-21), it suffices to show that
16 S gz S 1S g g

where the operator G, is defined as

Gy fx)= [ [ SSEHGODOD6 ) /211t a5/ 0.) 15 d

Note that G; f is essentially szy—z/ (m+2) f. Therefore, in order to get (4-14), it
suffices to show that

2y—2 2
(4-22) W22 g g S0 Ny

We first show (4-12): For y =n/2— (n(m +2) +2)/(¢(m + 2)) and ¢ = qo,
we have that

(2 _mLH) - (i—%)(n +D- ;L(mm+2) B mi—2'

Thus, we have from estimate (3-3) when r = p = pg that

2y—2/(m+2)
(4—23) ” VVJ ”qu (Rr‘") S ”f”LPo (Rr‘”)'
On the other hand, from (2-22) and the compact support of ®,

2y—2 2
(4_24) ”VVJ y—2/(m+ )f||L°°(|R3i_+n) § ||f||L1(RLr+n).
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By interpolation between (4-23) and (4-24), we obtain that
2y—2/(m+2
”VV] 72/ )f”Lq([Rf'”) N ”f“Lq’(Rf'")’ qo =g =00,

where ¢’ is the conjugate exponent ¢g. Therefore, we get estimate (4-12).
Next we derive (4-13). Since

1 (m+2)n—1)¢1 1 m
s f(z‘z,) LM

1_1_w(i_1)_ﬂ
s’ 4 qg 2/ 4u

’

we can write

Thus, when y = (n +1)/2 (3 — 1/q) —m/(2j1(m + 2)), applying estimate (3-3)
for max{py, 1} < ¢’ <2, we have
2y—2/(m+2
W72 Fly g ey S0 g @rny
and, therefore, estimate (4-13) holds.
Finally we prove (4-14). When y = n(% — l/q) —1/(m+2), we have from (3-5)
that, for py > 1 and 1 < ¢’ < py,
2y—2/(m+2)
IW; Sezrg@irn S L2 pg @ieny:
Thus, estimate (4-14) holds. O
Combining Theorems 4.1, 4.3, and 4.4, we obtain the following results:

Theorem 4.5. Let u solve the Cauchy problem (2-1) in the strip St. Then

4-25)  Nullcogy(syy T lullsrecsr
S ||¢||Hy([Rn) + ”W”HV—Z/(m-i—Z)(Rn) + ”f“L;'Lf\f(ST)’

provided that the exponents p, q, r, and s satisfy scaling invariance condition (1-10)
and one of the following sets of conditions:

. 1 1 4 m
® » g~ mraen ()
lzw(l_l)+ﬂ
s 4 2 q 4’
:”+1<l_l)_L
2 \2 ¢ 2u(m+2)’
where L > Ly,
_$<y<‘8l_471+% ifn=2,m=1,

20u—m)(n+1)
pu(m+2)(n—1)2psx—m)

ly —v«l <va= ifn>30rn=2,m=>2,
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and
2 m _ 2u=—m)(n+1)

~ m+2 + 2u(m—+2) 2uux—m)

(i) n>3o0orn=2,m>2andr =2,

Vx

l_w(l_l)er _n+1(1_1)_L
s 4 27 ) Taw VT 2\ 4) T 2umt2)
where > max{2,mn/2} and

m 3 n(2u—m)

=y <

2u(m+2) m+2  pm+2)(n—1)

(i) n>30orn=2,m>2ands = 2,
1_ _ﬂ_w(l_l _ (1_1)_L
=1 2)’ Y="m3 mi2

where 0 > max{2,mn/2} and

umn+1)—mn ey < 2 m
wm+2) =1~V Smt2 T 2umt2)

Remark 4.6. We can rewrite the conditions of (4-5) in terms of ¢.

(i) For p = fix,

§(1—i)<15l ifn=2.m=1,

63 U q — 2

(4-26) 1 1 4 m 1
L . S 1+—)<— ifn>3orn=2m>2.
P2 q (m+2)(n+1)( 2u/  p1

(ii) For u > max{2,mn/2},

2n n—1 1 m
4-27) G+Dpi 2+ m+2)n+1D) (6 + ﬁ) <

(iii) For u > max{2,mn/2},

1 | my 1 1
(4-28) > 3t (6+;) < <a

Theorem 4.7. Let u solve the Cauchy problem (2-1) in the strip St. Then

4-29) Nullcogy (s, + ullzacsr)

< 10l oy + 1 gy—2sm 20, + 11Dx17770 f L rocsry
provided that the exponents p, q, r, and s satisfy (1-10) and p > max{2,m/2},
qo < q < 00, where

_1, nm+2)+2 2 m _n—i—l(i l)
Y= T it P T w2 T umr) 2

po 2/
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Corollary 4.8. Under the conditions of Theorem 4.7, one has

(4-30) el cory sy + Mllzacspy + NP~ Dull e oo

S0l gy oy + 19 L gry—2/ome gy + 11D OFD LY e o
where y =n/2—((m+2)n +2)/(q(m+2)) and g5 < q < .
Proof. This follows by combining estimate (4-29) and Remark 4.2 when @ = 4. O
An application of Theorem 4.5 yields the following:
Corollary 4.9. Let u solve the Cauchy problem
FPu—t"Au= f(t,x)g(t,x) inSr,
u(0,-) =0d,u(0,-) =0.

Then, for any u > s« and 0 < R < oo,
4-31) ”u”CZOH))C'(STﬂAR) + ||”||L§L§IC(STOAR) + Hu”L?OLfi(STnAR)

S ”f||L§’L§(STHAR)”g”L;'L%(STﬂAR)»

where q is as in (4-26),

2 1 1
4-32) pzu(er )+ 1) o= Mt
2Q2u + m) 21 —mn
m+2)n—-1),1 1 m n n 2 1 m
(4-33) 1=¢(———)+—, < == —(———),
s 4 2 q 4 § q m+2\s 4u
and

AR ={(t.x) eRy xR" | x|+ (1) < R}.
Proof. First we study the case R = co. Note that (4-33) gives that
n(l_l) _ ”l_H(l_l)_L.
2 48 2 \2 ¢ 2pu(m—+2)
Applying estimate (4-25) in case (i) together with the Sobolev embedding
Hn(1/2—1/8)(Rn) s LS(Rn),
we have
Il oy esp + el sy + Wl gorssp S 1780y Lo
where 1 /p=1/g+1/pand 1/r =1/s+1/0. In addition, from Holder’s inequality,

(4-34) Ifellzrrecsyy < I lLoresmllgls e,
Thus, estimate (4-31) holds for R = oo.
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Now let R < 0o. Let y denote the characteristic function of ST N A g. If u solves
92u—1™Au = fg with vanishing initial data and u, solves 0?u, —t™Auy, = y fg
with vanishing initial data, then u = u, in S7 N A g due to finite propagation speed
(see [Taniguchi and Tozaki 1980]). Therefore,

lullco gy (srnary T 1WlLsLssrang +1ullLeo s (srna g
= lluxllcogr sy + MuxllLy Lacsry + 1xllpoors sy
<lxfllgerospllxglioseacsy
Consequently, estimate (4-31) holds. O
As another application of Theorem 4.5 we have the following:

Corollary 4.10. Let u be a solution of

%u—t"Au = F(v) inSr,
u(0,-) =0d;u(0,-) =0.

Ifg<ooand1/(m+2)<y=n/2—m(m+2)+2)/(g(m+2)) <(m+3)/(m+2),
then

|y—1/(m+2)

@-35) ull oy sy + IllLacsy + 11Dx g (s,

< ||F’(v)llmw(sr)”|Dx|y_1/(m+2)v”L‘16‘(sT)'

Proof. This follows from estimate (4-30) by taking fractional derivatives. Indeed,
for0<y—1/(m+2) < 1, one has

lulleo iy spy + ellLacsy + 11D~ g

<10« EOD ] g s

< ”F/(U)HLM*/Z(ST) H |Dx|y—1/(m+2)v H O

L% (S7)’
5. Solvability of the semilinear generalized Tricomi equation

In this section, we will apply Theorems 4.5 and 4.7 and Corollaries 4.8—4.10 with
W = W to establish the existence and uniqueness of the solution u of problem
(1-1). Thereby, we will use the following iteration scheme: For j € N, let u; be

the solution of
5-1) Fuj —t"Au; = F(uj—1) in Ry xR”,
u;j(0,-) =9, 9u;0,-)=1,

where u_; =0.
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Notice that, for & = W+, the exponents from (4-25) in case (i) are

__1 _ 2(n+1)
mt2 1T L mr2)(n—1)

Vx

In order to get the existence of solutions of the Cauchy problem (1-1) as stated in
Theorems 1.1, 1.4, and 1.5, we need to show that, for the sequences {u; }}";0 and
{F(u j)};.”;o defined by (5-1), there exist a T > 0 and a function u such that

(5-2) uj —u in LL.(ST) asj — oo,
(5-3) F(uj)— F(u) inLL.(S7) asj— oo.

From (5-2) and (5-3), one obviously has that the limit function u solves problem
(1-1) in ST.

Furthermore, let u, u both solve the Cauchy problem (1-1) in S7. Then v =u—u
satisfies

v —1"Av = G(u,ii)v in St,

(5-4)
v(0,-) = d;v(0,-) =0,

where G(u, 1) = (F(u)— F(i1))/(u—1) if u # % and G(u,u) = F'(u). For certain
s, q > 2, we will show that v € LS LL(ST) and

(5-5) ”v”L;'L;{(ST) = % ||v||L;‘L§’C(ST)-
Uniqueness of the solution of the Cauchy problem (1-1) in ST follows.

5.1. Proof of Theorem 1.1.

5.1.1. Case k1 < k < k. From the assumptions of Theorem 1.1, we have

_n+l__—n+l m
4 Wa(k—1)  2ux(m+2)
and
. _ Mxk=1) 1 _ (m+2)(n—1) (l_l) m
(5-6) 9="—5 PO E— p +4M*'
Thus,
:n—i-l(l_l)_ m ’ | 2(n+1) <y< 1 ‘
2 \2 ¢ 2« (m—+2) m+2  us(m+2)(n—1) m-+2

Existence. In order to show (5-2), set

59 Hj(T) = lujllcogy s,y + 1uillLsLecsry,
Nj(T) = lluj —uj-1lls L4 (s7)-
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We claim that there exists a constant g9 > 0 small such that

(5-8) 2T Y4V Ho(T) < o
and
(5-9) Hj (T) <2Hy(T), NJ- (T) < %Nj_l(T).

Indeed, from the iteration scheme (5-1), we have
(5-10) (07 = 1" A) ()41 —ugt1) = Guj,ug) (uj —ug).
Note that in (4-32),
p=0=73/x
when (1 = «. Thus, from (4-31) and condition (1-2),
G-11) uj+1 = vkl cogy sy T luj+1 —urrllsLecsr
SNG ). ui) || pusrz(syylluj —ukllpsLacsy)
< (lus5ats, + lulSats ) e —uilzs o csry-
Note that s > g for k¥ < k«. By Holder’s inequality, we arrive at
(5-12) lujllacsry < TV 5 ugllps g 5p)-
Since u_; = 0, (5-11) together with (5-12) implies that

iy — N . (=D (A/q=1/5) 1, . ||©
[l +1 MOHL‘;LZ(ST)-i_”u]-I-l uO”C,OH}{(ST)ST ”uf”Lfo{(ST)'

From the Minkowski inequality, we have that there exists an g9 with 0 < gg <
272/(c=1) guch that

Hj11(T) < Ho(T) + 3 H;(T) it TV47VS H;(T) < &o.
Therefore, by induction on j,
(5-13) H;(T) <2Ho(T) if 2797V Hy(T) < &.
Taking k = j — 1 in (5-10), estimates (5-11)—(5-13) yield that
Nj41(T) < IN;(T) if 2Ho(T)THV4715 < g,

which together with (5-13) implies that (5-9) holds as long as (5-8) holds.
Since u_; = 0 and uy is a solution of problem (2-2), we have from (4-13) that,
for o € HY (R") and Y € HY~2/(m+2)(Rgn),

NO(T) = HO(T) < ”(p”HV(Rn) + ||¢||HV—2/(m+2)(Rn)-
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Thus, by choosing 7 > 0 small, (5-8) holds. Consequently, there is a function
ue COHY(ST)N LSLL(ST) such that

(5-14) uj >u in LLL(ST) as j — oo,

and, therefore, (5-2) holds. It also follows that u; converges to u almost everywhere.
By Fatou’s lemma, it follows that

(5-15) Nullco g sy + 1lLsLacsr

=< l}fg{gf(””j leo sy spy T 1uillsLacsy)) < 2Ho(T).

which shows that estimate (1-4) holds.

Now we prove (5-3). It suffices to show that F(u) is bounded in L L (ST)
and F(u;) converges to F(u) in LTLE(ST) as j — oo, where p = g/« and
1/r=1—-m/(4ux)—(m+2)(n—1)/4 (l/p— %) In fact, rx < s if K < K, thus,
for ¢ = pk, by condition (1-2) and Holder’s inequality, we have

< K < Tl/r—«/s K
VL L2y S Il e sy S T Il Lo s,

Moreover, in view of 1/p—1/qg =1/r —1/s = 2/ ju«, by Holder’s inequality and
estimates (5-11)—(5-13) and (5-15), we have
1 F ;)= F)llprpesyy < 16 w)llpusrzspllu —ullps acspy

< TODWaS) Ho (1) Ju, —ullrsrasy)
Sy —ullpspacsy:

Applying (5-14), we have that F(u;) converges to F(u) in L} L{(S7) and, there-
fore, (5-3) holds.

From (5-2) and (5-3), we have that the limit function u € Ctol-'l,’c' (S7)) N
L;?L;IC(ST) solves the Cauchy problem (1-1) in S7.

Uniqueness. Suppose u, ii € C([0,T], HY (R")) N L3 LL(ST) solve the Cauchy
problem (1-1) in S7. Then v = u — % € C([0,T], HY (R")) N LSLL(S7) is a
solution of problem (5-4). From Corollary 4.9, we have that

Ivllzs 29 (s7)
< C(lulfa(syy + a5 e (s )0l s e (s (by (4-31) and (1-2))
< CTED0/a-1/5)

_ e (by Holder’s inequality)
el s 1715 s )P Isesesn
< C2(T VO Ho(T)Y vl sy (by (5-15))

= %”U”L;‘Lz(sﬂ (by (5-8)).
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Thus (5-5) holds and ¥ = 1 in ST.

5.1.2. Casekx <kifn=2o0rk« <k <k3ifn>3.

Existence. From the assumptions of Theorem 1.1, we have

4 _
e SNy /2 Ul V)
YA i yw—1y 1 2
Thus,
1 <y:ln_(m+2)n+2§m+3.
m+2 2 q(m+2) m+2
To show (5-2), we set
Hj(T) = lujll oy sy + 1 laspy + 11Dx =12, L4 57y
and

We claim that there exists a constant g9 > 0 such that

(5-17) Ho(T) < eo,
and
(5-18) H;(T) <2Ho(T), N;j(T) < iN;_(T).

Indeed, since u—_; = 0, from the iteration scheme (5-1), we have
(5-19) (87 =" A) (1)1 — o) = F(u)).
Thus, estimate (4-35) together with condition (1-2) yields, for 0 <y —1/(m+2) <1,

Hj1(T) < Ho(T) + CIIF )| ue sy 11 D1~ 2| e o
< Ho(T) + Cluj [ fa (s I1Dx "~ " Dusl g o

< Ho(T)+ CH;(T)*.
Therefore, by induction, we have that
H;(T) <2Ho(T) if C2XHo(T) ! <1.

Consequently,

(5-20) Hj(T) <2Ho(T) if Ho(T) < o

for some g9 > 0 small. Notice that, for g and s from (5-6), when g =s,50 9 =5 =¢;.
Hence, by using estimates (5-11)—(5-13) together with (5-20), we get that for N;
defined in (5-16),

(5-21) Nj(T) < AN;—((T) if Ho(T) < &o.
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Estimates (5-20) and (5-21) tell us that (5-18) holds as long as (5-17) holds. To
get (5-17), from estimate (4-30) (with f = 0) we have that, for ¢ € HY (R") and
w c Hy—Z/(m-i—Z)(an)’

(5-22) Ho(T) < ”(p”HV(RI’I) + ||W||Hy—2/(m+2)([@n)-

Due to the continuity of the norm in L4(St), (5-17) holds for some 7 > 0 small.
(If ||(p||Hy(R,,) + ||W||Hy_2/(m+2)(Rn) is small, then (5-17) holds for any 7" > 0,
consequently, we get global existence.)

Note that ¢ = p«(k — 1)/2 > g5 when k > k. Thus, from Hélder’s inequality
and (5-22),

(5-23) No(T) = l[uoll oz (5, ~a ) = IH0llLacsy) T Ho(T).

From estimates (5-17), (5-18), and (5-23), we get that there exists a function
ue COHY(ST)N LI(ST) with | D,|Y~Y/+2y ¢ .96 (St) such that

(5-24) uj —>u in ng(STﬂAR) as j — oo,
and (5-2) holds. Thus, from Fatou’s lemma and (5-18), it follows that

<2Ho(T)

(5-25) Nl oy sy + Mellzocsr) + DO Du)l e o<

and u satisfies estimate (1-4).
Since ¢ = ux(k —1)/2 > k when k > k4, we have from condition (1-2) that
F(u) is locally integrable for u € L9(St). By Holder’s inequality,

/ |F(uj)—F(u)|dtdx=/ |G(uj,u)||luj —u|dtdx
STNAR STNAR

- . o
= NG og s 0a 1~ W 108 (5r0m )

Note that pg < jx/2. Thus, from condition (1-2) we have that

1G(uj, )l o + [l

* < Uu;
LP0(STNAR) ~ 1 LP0“=D(SrNAR) L2V (SrNAR)

—1 —1 —1
< ||uj||/£q(STmAR) + ||u||l£q(STnAR) < Ho(T)*7,

which together with (5-24) implies that F(u;) — F(u) in LllOC (ST). Hence, (5-3)
holds.

From (5-2) and (5-3), we have that the limit function u € Ctol-'I}/ (ST)NL9(ST)
with | D [Y =1/ m+2)y ¢ 195 (S7) is a weak solution of the Cauchy problem (1-1)
in ST.
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Uniqueness. Suppose u,u € C;’H;’ (S7) N LA(ST) with | D, |~/ (m+2)y and
| D[y~ 1/m+2)y ¢ L% (ST) solving the Cauchy problem (1-1) in S7. Then v =
u—ieCp HY(ST)NL9(ST) is a weak solution of problem (5-4). Thus, it follows
from Corollary 4.9 that

lvlizacsry < C(Iulfa(s,y + il fasy) IvlLacsy) by (4-31) and (1-2))
< C2“Ho(T) vllLacsy) (by (5-25))
<3lvlLsrecsm (by (5-17)).
Thus (5-5) holds and ¥ = 1 in ST.
5.1.3. Casen >3 and k > k3, k € N.

Existence. From the assumptions of Theorem 1.1, we have

_ 1, 4 _ o ps(k—=1) _ K
y_zn (m+2)(K_1)’ §=4q= 2 ’ F(U)—:l:u )
and
1 (m+2)n+2 1
=:n— 1 .
y=a" q(m+2) > m+2

To verify (5-2), we set

(m+2)n2+2_ 24 :
Hj(T) =il cppyisyy +  swp  [IDal F0ma = omemy |,
g5 <t<75x(k—1)
and
N; (T) = ”uj —Uj-1 ||Lq6(STﬂAR)'

We claim that there exists a constant g9 > 0 such that

(5-26) Ho(T) < &
and
(5-27) Hj(T) <2Ho(T), Nj(T) =< 3Nj—1(T).

In fact, applying Minkowski’s inequality and estimate (4-30) (with ¢ = ¢ = 0),

(5-28) Hj4+1(T) < Ho(T)

lp— 14
+C sup [ D | 2" m+2 " e FD6=D (uf) |

ry .
4y <t<p+(k—1)/2 L70(S7)

Note that @ = n/2—1/(m +2)—4/((m + 2)(k — 1)) > 1 when k > k3. Thus,
|Dx|°‘(uf) can be expressed as a finite linear combination of []j_; |Dx|%u;,
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where 0 < oy < a (1 <€ <«k) and Y j_; oy = . By Holder’s inequality,

[l Dx |"‘(u§) I L78 (57 is dominated by a finite sum of terms of the form

K
[T 1D« luj e s
(=1
where Y y_; 1/74 = 1/p§. We choose 7; so that

0 — nm+2)+2 4
(m+2)  (m+2)(k—1)
Then .
—1) 1 1
o 2 eg P

and, therefore,
11 Dx|*ujllrze sy < Hi(T),

which together with (5-28) yields that

Hj11(T) < Ho(T) + Cc H; (T)".
By induction, we have that
(5-29) H;(T)<2Hy(T) if Ho(T) < eo.

For ¢ and s from (5-6), when ¢ = s, then ¢ = 5 = ¢;. Hence, by estimates
(5-11)—(5-13) and together with (5-29), we get that

(5-30) Nj(T) < $N;_((T) if Ho(T) < &o.
From (5-29) and (5-30), we get that (5-27) holds as long as (5-26) holds.

Note that

nm+2)+2 4

(5-31) tm+2)  (m+2)k—1)

0,

for t = u«(k —1)/2 and
n(m+2)+2 4 . 1
tm+2)  m+2)k—-1) ' my2
for T = q(’)" . On the other hand, we have from (4-30) (with f = 0) that, for
@ € HY(R") and y € HY~2/(m+2)(Rgm),

(5-32)

(5-33) Nuollco gy (spy + ol Lusccvragsyy + I1D5 ™ Dug)| e o
< ||90||Hy(Rn) + ||W||Hy—2/(m+z>(Rn)-

By interpolation together with (5-31)—(5-33), we conclude that

HO(T) < ”(p”HV(R”) + ||W||Hy—2/(m+2)(Rn)-
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It follows that (5-26) holds by choosing 7" > 0 small. (We can take T = oo if
llell avany 1Vl gry—2/m+2 ®M) is small which then yields global existence.)
From Holder’s inequality and (5-31),

(5-34) No(T) = [luol| =< Crlluollpuso—vr2(s,)y = CRHO(T) < 00.

L90(S7NAR) —

Therefore, we have from (5-27), (5-26), and (5-34) that there exists a function
ue COHY(ST) N LA(ST) with | Dy |Y~1/m+2)y € L9 (ST) such that

uj —>u in L9 (S NAR) as j — oo,
and, therefore, (5-2) holds. Thus, from Fatou’s lemma and (5-27),

<2Ho(T)

(535 lgogz sy + Illzacsyy + [ID< =] e <

and u satisfies estimate (1-4).

Note that ¢ = «(k —1)/2 > k when k > k3. Thus, for u € L4(S7), by Holder’s
inequality and condition (1-2), we get that F'(u) is locally integrable and F(u;)
converges to F(u) in Llloc(ST), and hence (5-3) holds.

Applying (5-2) and (5-3), it follows that the limit function u € C HY(ST)N
L4(ST) with | D [y ~1/(m+2)y ¢ L496 (S7) is a weak solution of the Cauchy problem

(1-1)in ST.
Uniqueness. This follows from the same arguments as in 5.1.2. O

5.2. Proof of Theorem 1.4. From the assumption of Theorem 1.4, we have

_n__ 4
Y= T ) (k=1y’
l: 1 ( 8 _ﬂ)_ n—1
g M+2)(n+1)\k—1 s« 2(n+1)’
and
1 _ (m+2)(n—1)(l_l)+ m
s 4 2 q/)  Aus
Thus,
:(”H)(l_l)_L
4 2 )27 4¢) " 2 im+2)
and
1 2(n+1)

_ < < s
m+2 =Y “m2 T w2 =1

where kx <k < K».
To show (5-2), we set

Hi(T) = llujllcogy s,y T 1uillLsLgsry + 1uj —uollpeops (s,
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and
Ni(T) = lluj —uj-1llsL2(s7)

where

) 1 (m+2)n_(m—|—2)n_m+2(il_ )
(5-36) st 2 T T2 7))

We claim that there exist a constant 9 > 0 and a 6 € [0, 1] such that
(5-37) 2Ho(T)? 2Ho(T) + l[uoll oo 13 (5,9)" ™ < €0
and
(5-38) H;(T) <2Ho(T), N;(T) < IN;_1(T).

Indeed, due to (5-36), from Sobolev’s embedding theorem we have that

e (@, ) zs gy < M@ gy gny-
Applying Holder’s inequality, we get that
0 -0
It s < 100 g s U s,
where 0 =2/(n(m+2)+2)+4n(m+2)/(ux(m+2)(n—1)(g—2)+2mq). Note
that 0 <6 <1 fory > 1/(m+2).

By the same arguments as in the proof of Theorem 1.1, we get that (5-37)
and (5-38) hold. Consequently, (5-2) and (5-3) also hold. Hence, the limit u €
CYHY(ST)N LS LL(ST) of the sequence {u 1 1s a solution of the Cauchy problem
(1-1) in ST. Moreover, by Fatou’s lemma and (5-38), we have that

lelleo sy sy + Il L csyy < 2Ho(T).

which together with (5-37) yields that u satisfies estimate (1-4).
Further, by the same arguments as in the proof of Theorem 1.1, it follows that if
both u, i solve the Cauchy problem (1-1) in ST, then u = # in S7. O

5.3. Proof of Theorem 1.5. From the assumptions of Theorem 1.5, we have

_”+1(l_l)_L

V=727 4) T 2ucm+2)

and

. m << | 2(n+1) __3 __ nQux—m)
2;L*(m+2)_y m+2  usm+2)(n—1) m+2 pus(m+2)(n—1)

To verify (5-2), we set

Hi(T) = llujllcogy sy T 1uillsrecsry  Ni(T) = llwj —uj-1llsr9(s)-
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Let p = q/k. Then

2n 1 6pu+m n—1

m+Dp  q  pm+2)n+1) 2m+1)

Thus we can apply Theorem 4.5 in case (ii) together with Holder’s inequality to
find that
lj+1 = vrrillcofry s,y T 1j+1 = wrrilliLsLacsy)
SNFQ@p) = Fulip2pe s,
SNGj. u)llprrgsplluj —uilpsLe s,y
where 1/p = %— l/s,and 1/o=1/p—1/q=(—1)/q.
Note that s > (k — 1)p when y < 1/(m+2)—=2(n + 1)/(ux(m + 2)(n — 1)).
Due to condition (1-2) and Holder’s inequality,
. o < nk—1 Kk—1
16 g 25y = 05185k 5, F+ Ik IS b s,

1/2—1 —1 —1

As in the proof of Theorem 1.1, we get that

(5-39) H;(T) <2Ho(T), N;(T)<3iN;_i(T),
and
(5-40) No(T) < Ho(T)T'/?7%/5 < g,

for g9 > 0 small by choosing T > 0 small. Therefore, there is a function u €
CPHY (S7) N LSLL(ST) such that

uj >u in LLL(ST) as j — o0
and (5-2) holds. Combining Fatou’s lemma and (5-39), we see that

lullco gy s,y + 14l L4 sy = 2Ho(T).

Together with (5-40) we get that u satisfies estimate (1-4).
Moreover, since 2x > s, by condition (1-2) and Holder’s inequality, we have that,

for p =q/x,
K
”F(M)“L%Lfc’(ST) < ||u||L%KL5]C(ST)

< 71/2—«k/s K
~T ”M”LiLZ(ST)
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and
| F(u;)— F(u)”L?LfC’(ST)

1/2—1/s k—1 c—1
s (il g sy + 1l La s 1 =Ly Leesr

STV VS Ho(TY ™ uj —ull s 19 (sp)-

Therefore, F(u) € L%L?C/K(ST) and F(u;) — F(u) in L%L?C/K(ST) as j — oo,
hence (5-3) holds. Consequently, the limit function u € CYHY (S7) N LS LL(ST)
solves the Cauchy problem (1-1) in S7.

Now suppose u, i € C? HY(ST)N LS LL(ST) both solve the Cauchy problem
(1-1)in S7. Thenv =u—1u € CIOI-'I%’(ST) N L;‘L?C(ST) is a solution of (5-4).
Applying Theorem 4.5 in case (i1) and Holder’s inequality, it follows that

||U||L§L%(ST) = C”G(u’ 2’Nt)l)HL%Lf;(ST)

=< CTI/Z_I/S(”M”;‘;}JZ(ST) + ”a”E;II‘Z(ST))HUHL‘,YLz(ST)

- -1
< CTY2 Vs Ho(T)* Ivlizs e sy < %”U”L;‘Lg(sﬂ-

Thus (5-5) holds and u = u in ST. O
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1. Introduction

Let V be a finite dimensional vector space over R and f: V — R a smooth
nonconstant function. In the physics and mathematics literature the measure denoted
by §(f —c) figures prominently; it is a measure living on the smooth part of the zero
locus Z(f —c) of f —c, c € R [Gel’fand and Shilov 1964]. Given f and choices
of Haar measures on V and R, 6 (f — ¢) is uniquely defined for all c. Similarly if
=0, fa o, fr): V— R is a smooth map with df) A--- Adf, #0, for given
Haar measures on V and R’, there is a canonical measure on the smooth part of
the common zero locus Z(f —c¢) = Z(f1 —c1, fo—c2, ..., fr —c;) of the f; —¢;
for all ¢ = (c1, ¢2, ..., ¢;). We denote this measure by (s .. In this context, the
finiteness of w ¢ . around the singular points of Z(fi —c1, fo—c2,..., fr —¢), as
well as the behavior at infinity of the extended measure, viewed as a Borel measure
on V, are interesting questions. If the f; are polynomials and Z( f — ¢) is smooth,
then it is natural to expect that 1 7 . is tempered. That is,

Definition 1.1 (tempered measure). Let V be any finite dimensional k-vector space,
k alocal field. A Borel measure p on V is tempered if

fva F X2 dux) < oo

for some integer o (in any norm).

This is equivalent to saying that there are constants A > 0, b > 0 such that
©) u(Bg) < AR

for all R > 1, By being the closed ball in V of radius R and center 0 (in any norm).

In [Igusa 1978] Igusa and Raghavan proved that if k = R and f is a nonconstant
polynomial on V and ¢ € R is a noncritical value of f, i.e., the locus Z(f —c) is
smooth, then u 7, is tempered, and further that the growth estimate G for the measure
is uniform in a neighborhood of ¢; here we must remember that by the algebraic
Sard’s theorem (Proposition 2.4), f has only finitely many critical values, so that
every noncritical value ¢ has neighborhoods consisting only of noncritical values.

The measures 1 7, i, can be defined over any local field. Throughout this
paper by local field we mean a locally compact nondiscrete field of any characteristic,
other than C; measure theoretic questions over C usually reduce to R, and so we
do not treat the case of C separately. In [Igusa 1978] Igusa and Raghavan define
the measures w7 for any local field but do not consider their behavior at infinity,
the reason being that over a nonarchimedean field they were concerned only with
integrating Schwartz—Bruhat functions (i.e., compactly supported complex-valued
locally constant functions). However the work of Harish-Chandra [1973] shows the
necessity as well as utility of working with locally constant functions that do not
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vanish outside a compact set. The question of extending the results of [Igusa 1978]
to the nonarchimedean case and for r > 1 is certainly a natural one. In [Virtanen
and Weisbart 2014] the measures p . were shown to be tempered when f is a
nondegenerate quadratic form and ¢ # 0; moreover for the case ¢ = 0 the locus
Z(f) has 0 as its only singularity, and it was shown that the measure w y is finite
in the neighborhood of 0 if dim V' > 3, and the extended measure is tempered in V.
The work of [Virtanen and Weisbart 2014] was motivated by physical questions
arising in the theory of elementary particles over p-adic spacetimes. In this paper
we generalize the results of [Igusa 1978] and [Virtanen and Weisbart 2014] to the
measures ¢ . Where the f; (1 <i <r) are polynomials on a vector space V over a
local field k, with dim(V) =m and df; Adfo A --- Adf, 0, so that m > r. Note
that for » > 1 and k£ = R this question is already more general than the one treated
in [Igusa 1978].

We now describe our main result using the above notation. Let f: V — k" be
the polynomial map whose components are the f;, withdfi A--- Adf, 0. A
point x € V is called a critical point (CP) of f if the differentials df; , are linearly
dependent. We write C(f) for the set of critical points of f; the image f(C(f))
in k" is called the set of critical values of f, and is denoted by CV (f). By the
algebraic Sard’s theorem (Proposition 2.4) one knows that in characteristic zero
the Zariski closure in k" of CV (f) is a proper algebraic subset of k". A point
c € k" is called stably noncritical if it has an open neighborhood (in the k-topology)
consisting only of noncritical values. This is the same as saying that the fibers
above points sufficiently close to ¢ are smooth. If k£ has characteristic zero, stably
noncritical values exist and form a nonempty open set in k” whose complement in
the image of f has measure 0. Then the following is our main result. For » = 1
and k = R it was proved in [Igusa 1978]. Note that in this case the characteristic is
0 and there are only finitely many critical values and so every noncritical value is
stably noncritical.

Theorem 1.2. Fix f and write jic = [Lf ¢. Suppose c is stably noncritical. Then
We is tempered and there are constants A > 0, y > 0 such that for all d in an open
neighborhood of ¢

pa(Bg) < AR™  (R>1,deU).

Suppose k has characteristic 0; then stably noncritical values form a nonempty
dense open set whose complement in the image of f has measure 0; for r = 1, the
critical set is finite and all noncritical values are stably noncritical.

Remark 1.3. In view of the failure of Sard’s theorem over characteristic p > 0
(see page 233), we do not know if stably noncritical values of ¢ always exist when
k is a local field of positive characteristic.
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Remark 1.4. The results and ideas in the paper lie at the interface of analysis
of geometry over local fields and are motivated by the themes from quantum
theory over p-adic spacetimes. We do not know what, if any, are the arithmetic
consequences of our results.

As an application of our theory we prove that if k has characteristic 0, the orbits
of regular semisimple elements of a semisimple Lie algebra over k are closed,
and the invariant measures on them are tempered. For k£ = R this is a result of
Harish-Chandra [1957].

2. Canonical measures on level sets of polynomial maps

Canonical measures on the fibers of submersive maps. The construction below
is well known and our treatment is a very mild variant of Harish-Chandra’s [1964]
for the case k = R (see also [Varadarajan 1977]). Serre’s book [2006] is a good
reference for the theory of analytic manifolds and maps over a local field of arbitrary
characteristic. (All of our manifolds are second countable.)

Lemma 2.1. Let V, W be vector spaces of finite dimension m, r respectively, and
L:V — W be a surjective linear map. Let U =Kker L. Let o, T be exterior forms on
V., W of degrees m, r respectively, with T # 0. Then there exists a unique exterior

(m —r)-form p on U such that if {u, uy, ..., Uy—,} is a basis for U, then
D1 tin o tyy) = oy, ..., Um_r, V], ..., vr)’
t(Lvy, ..., Lv,)
where v; € V are such that {uy, ..., uy—r, v1, ..., v} is a basis for V.

Proof. For fixed v; it is obvious that this defines an exterior (m — r)-form on U. Its
independence of the choice of the v; is easy to check. O

We write p = o/t. Note that this definition is relative to L.

Theorem 2.2. Let k be a local field of arbitrary characteristic and M, N be analytic
manifolds over k of dimensions m, r respectively, and w: M — N be an analytic
map, surjective, and submersive everywhere. Let oy (resp. ty) be an analytic
exterior m-form (resp. r-form) on M (resp. N), with ty # 0 everywhere on N. Then
there is a unique analytic exterior form p := py N on M such that for any y € N, the
pull back of p to the fiber w1~ (y) is the exterior (m — r)-form x oy /Ty relative
todmy: Tc(M) — T,(N).

Proof. The pointwise definition of p is clear after the preceding lemma. For

analyticity we use local coordinates around x and y = 7 (x), say xi, ..., X», such
that 7 is the projection (xy, ..., X,) — (X1, ..., X,). Then

oy =51, ..., xp)dxy---dx,, T=t(X1,...,x)dx;---dx,,
and

,0=(s(xl,...,xm)/t(xl,...,xr))dan---dxm. O
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Remark 2.3. Let s, (resp. ty) be the measures defined on M (resp. N) by |oy|
(resp. |Ty|). We denote by ry/n,, the measures defined on 7~ '(y) by |p|. The
smooth functions in the nonarchimedean case are the locally constant functions.
Then we have [Harish-Chandra 1964]

/adSM=f Sfodtn, fa(Y)=f adryn,y
M N 7=1(y)

for all smooth compactly supported complex-valued functions « on M.

It is easy to show, using partitions of unity that the map o — f,, is surjective, and
continuous when k = R. This gives rise to an injection of the space of distributions
on N into the space of distributions on M, say T+ T*. Then ry/n y = 86()* 8(y)
being the Dirac distribution at y € N. Replacing §(y) by its derivatives, we get
distributions on M, supported by 7 ~!(y). If F is a locally integrable function on
N, it defines a distribution on N, say Tr, and T} is Tr.; Where F o7 is a locally
integrable function on M. Thus the map 7'+ T™* is the natural extension of the map
F +— F om from the space of locally integrable functions on N to the corresponding
space on M. The map T — T* plays a fundamental role in Harish-Chandra’s theory
[1964] of characters on real semisimple Lie groups. Finally, in algebrogeometric
terminology, p above is the top relative exterior form.

We shall now apply this result to polynomial maps f: V — k" where V is a
vector space of finite dimension m over a local field k of arbitrary characteristic
such that df; A--- Adf, #£0on V, the f; being the components of f;let V> be
the set of points where this exterior form is nonzero in V, so that V* is nonempty
Zariski open in V; let N(f) = f(V*). Clearly m > r and N(f) is nonempty open
(in the k-topology) in k". Then, by Theorem 2.2 with M = V>, N = N(f), we
have a measure p, forc € N on L, := L, N V> where L, is the level set

2-1) Le=Z(fi—ct,--.. =) =lxeV]filkt)=ci,..., fr(x) =c}.

Exactly as before, we may view the iy . as distributions living on L, which
is all of L if ¢ is a noncritical value. The derivatives of 1 r . with respect to the
differential operators of k" (when k = R) then yield distributions supported by L.
Examples of such distributions have important applications ([Gel’fand and Shilov
1964],[Kolk and Varadarajan 1992]) in analysis and physics.

Fix a noncritical value ¢ of f. Let J = {i; <>, ..., <i,} be an ordered subset
of r elements in {1, 2, ..., m}. Let
o(fi,...,
(2-2) dy = u
8()6[1, ey xir)

Then L, is smoothand L. = JLC, J where the sum is over all sets J as above and

(2-3) Ley:={x€Lc|d;(x)# 0}
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Locallyon L¢ y, (f1, ..., frs Y15 -+, Ym—r) is anew coordinate system, the y; being
some enumeration of the x; (i #i,). Obviously dy; - - - dy,, = €d;(x)dxy - - - dxp,
where ¢ is locally constant and equal to +1. Another way of interpreting this
formula is the following: if m; is the projection map from L. ; that takes x to
(Y15 -+, Ym—r), then 7y is a local analytic isomorphism and

1 *
(2-4) pc—emn/(dyl dym—r),

where ¢ is locally constant and +1-valued. Hence to control the growth of the
measure defined by |p| at infinity, we must find lower bounds of the ||d;(x)| on
L j for ||x] > 1. Let

Vi (x) = (9 (x)).

We call V, the generalized gradient of (f1, ..., f»). Then we must find lower bounds
for |V, (x)|| :=maxy [|0;(x)]| for |[x|| > 1 on L, ;. In this quest we follow [Igusa
1978], and our techniques force us to assume c to be stably noncritical. For r =1,
V| is just the gradient V, and that work reduces the issue of the lower bounds for the
gradient field by replacing Vf (for k = R) by lejSm |8jf|2, where 9; f = 0f/0x;.
For nonarchimedean local fields and for r > 1 we have to replace the sum of squares
by suitable definite forms whose degrees will grow with m. Igusa and Raghavan find
lower bounds for |V| using Hormander’s inequalities [1958] over R. We generalize
Hormander’s inequalities to any local field and use them with the existence of definite
forms of sufficiently high degree to get lower bounds for || V|| on the level sets L ;.

The Hormander inequalities over R are of two types: H1 and H2. H1 is local
and is essentially the Lojasiewicz inequality [1959]; Hormander derives H2 from
H1 by inversion. Over nonarchimedean &, H1 turns out to be a consequence of a
Henselization lemma of Greenberg [1966], as observed in [Bollaerts 1990]. The
reduction of H2 to H1 is more subtle in the nonarchimedean case. We prove it by
embedding V in a division algebra D, central over k, prove H2 for D, and then
deduce H2 for V. The descent from D to V is elementary. To prove H2 in D we
use the map x — x~!' on D\ {0} to reduce H2 to HI. The existence of central
division algebras over k of arbitrarily high dimension is nontrivial and follows
from the theory of the Brauer group of k. The lower bounds of V, f obtained from
these arguments allow us to prove that when c is a stably noncritical value of f,
wre(Br) = O (R™"*7) for some y > 0, uniformly near ¢. We do not know if we
can take y = 0 always. If ||V, f|| is bounded away from zero at infinity on L., then it
is obvious that we may take y =0; but inf ||V, f|| may be zero on L.. (See page 252).

Algebraic Sard’s theorem in characteristic 0 for polynomial maps. Let V be a
vector space over k of finite dimension m. Recall the definitions of C(f) and

CV(f).
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Proposition 2.4. Let k be of characteristic 0. The Zariski closure, CI(CV (f)) is a
proper subset of k" in particular, if r = 1, then CV (f) is finite.

Proof. Fix a basis of V so that V >~ k™. The field generated by the coefficients of
the f;, say k1 D k, can be embedded in C. It is thus enough to prove Proposition 2.4
over C itself, where it is just the statement that the fibers of f are generically
smooth. Over C this is essentially Sard’s lemma for affine algebraic varieties treated
by Mumford [1995]. O

Analytic Sard’s theorem in characteristic p > 0. In characteristic p > 0, the
algebraic Sard’s lemma fails abysmally [Mumford and Oda 2015, p. 179] over
algebraically closed fields. Indeed, let f be a polynomial in two variables X, Y
giving rise to a map K> — K where K is algebraically closed and of characteristic

p > 0, for example,
f=XxP1 g xPy 4yP.

Then the gradient of f vanishes precisely on the Y-axis, and f on the Y-axis is the
map y — y? which is surjective. So the image of the singular set is all of K, and
every fiber has a singular point. But if we replace K by a local field, then y +— y?
is not surjective, and in fact the image under f of the singular set is k” which is a
closed proper subset of k (in the k-topology), and is of measure zero in k. Thus the
generic fiber (in the k-topology) is smooth in k.

We shall now consider the situation over local fields of characteristic p > 0.
From Sard [1942] we know that when k = R and the map is of class C'? (a > 0),
f(C) has measure zero when a > m — r. Now, when k has characteristic p > 0,
the derivatives of f are not enough to determine the coefficients of the power series
expansion of f whose order is greater than p — 1. So there is an analogy with the
case of C?~D over R, suggesting that over k the condition p > m —r + 1 would
be sufficient to guarantee that f(C) is a null set. This suggestion, which leads to
Theorem 2.5, is due to Professor Pierre Deligne (personal communication, 2016),
which we gratefully acknowledge.

Theorem 2.5. Let X, Y be analytic manifolds over a local field k of characteristic
p > 0, of dimensions m, r respectively. Let f: X — Y be an analytic. Let C be the
critical set for f. Then f(C) has measure zeroinY if p >m —n+1.

Proof. The proof that f(C) has measure zero in Y when p > m —r 4 1 is a minor
adaptation of [Guillemin and Pollack 1974], needed because we have an additional
restriction on p.

The result is local and so we may take X to be a compact open set U € k™. We
use induction on m. We define the filtration C =Co D Cy D --- D Cp_1, where C;
(1 <s < p—1) is the set where all derivatives of the components of f of order <s
vanish. The sets C, C, are compact while Cs \ Cs4 is locally compact and second
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countable, hence a countable union of compact sets. So f(C), f(C) are compact,
and f(C;\ C,41) is a countable union of compact sets.

The inductive proof that f(C \ C) is a null set reduces to the case when (m, r)
becomes (m — 1,r — 1). Since m —r = (m — 1) — (r — 1), the condition on p
remains the same and induction applies.

The inductive proof that f(Cs \ Cs41) is a null set reduces to the case when
(m,r) becomes (m —1,r). Since p>m —r+1> (m —1) —r + 1, induction
applies again.

It remains to show that f(C,_y) is a null set when p > m —r + 1. We shall
show actually that f(C,_1) is a null set when p > m/r. This is enough since
m/r <m —r+1. This is a local result and so we may work around a point of C,,_;
which can be taken to be the origin. We use the max norm on k™ and k" so that the
norms take values in g7, where g > 1 is the cardinality of the residue field of k. By
scaling, if necessary, we may assume that all components of f are given by power
series expansions, absolutely convergent on the ball B(g) := {x € k" | ||x|| < ¢}.
Note that B(1) = R™, where R is the ring of integers of k. In order to estimate the
growth of these series we need a lemma:

Lemma 2.6. Let g be an analytic function on B(q) given by an absolutely con-
vergent power series expansion about 0 on B(q). Let D be the set in B(1) where
38 f =0 for all B with |B| < p — 1. Then we have

lg(x +h) — g(x)| < Alln|I”

uniformly for x € D, ||h|| <1 < q — 1, the constant A > 0 depending only on g.
Proof. We use [Serre 2006, pp. 67-75]. We have

g(X)=anX“, Z|C0[|=A<OO.
o o
For x € B(1) we have g(x +h) =} AP g(x)hP, where

APg(x) =) cq (;>x“—ﬁ, BIAPg(x) =37 g(x).

a>p
Then |APg(x)] < Aon B(1). f x € D, |h|| <1 <gq —1, then x +h € B(1).
Moreover, for |B] < p —1, ﬂ!Aﬂg(x) =0 so that Aﬁg(x) = 0. Hence,

g+ =g+ ) (APg)n’.
|Bl=p

IAPg(] =D leal = A.

But, for y € B(1),

So,
g+ 1) — g < AlRI?  (xeD, Al <),

proving the lemma. U
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We now divide B(1)™ into very small “cells”. Let P be the maximal ideal in R.
Let N be any integer > 1. Then B(1) is the disjoint union of g"V cosets of P" each
of which is a compact open set that has diameter < ¢—" and volume ¢—". This
gives a partition of B(1)"™ into ¢"" compact open sets (“cells”) of diameter < g~V
and volume q_N . By the above lemma, if x, x + /& € D and are in one of these
cells, say y, then

(2-5) If G +h) = FOIl < AllRl)? < Ag~"7,

where A is a constant independent of x. Hence, f(y) is contained in a set of
diameter < ¢~"” and hence volume < ¢~"?". Thus f(D N C,_;) is enclosed in a
set of volume < g™V =N = g=Nwr=m_If p > m/r this expression goes to 0 as
N — 00, and we are done. |

Remark 2.7. If f = (f1,..., f+) is a polynomial map of k™ into k" such that
dfiA---Adfy #0, then f (k™) is open and Sard’s theorem shows that almost every
fiber of f is smooth in k. So there are always noncritical values. Whether some of
them are stable is not known to us.

Remark 2.8. When r =1, the above condition reduces to p > m. Both this condition
and the fact that when m > p + 1 it is possible that the image of the critical set can
be all of k¥ were communicated to us by Professor Pierre Deligne (2016). We are
grateful for his generosity and for giving us permission to discuss his example.

Example 2.9 (Deligne). We take m = p + 1 with coordinates y, x1, ..., x,. The
field k := [F[[¢]I[1/¢], where [ is a finite field of characteristic p, is a local field of
characteristic p. Then k is a vector space of dimension p over kP = {xP | x k).
Let (a;)1<i<p be a basis for k/k(p), for instance q; =t~} (1 <i < p). Consider,
for an integer n > 1, prime to p,

f=Y"+ax] +-- +apxh.

Then the critical locus is given by y = 0. Its image under f is obviously all of k. If
we do not insist that df £ 0, we can omit y so that f maps the critical set k” onto k.

This example is easily modified for the case r > 1. We consider k?*" with
coordinates yi, ..., yr—1, Y, X1 ..., X, and take the map f: kP*T — k" defined by

p
FrOn e Yy X xp) (yl,...,yr_1,y"+zaixip),
i=1

where the notation is as before. The critical set is again given by y = 0, and the
map restricted to this set is

)4
f: (ylv'-~9yr—1’09x1"'7xp)'_) (ylv"’7yr—1’ Zaixl'[))v
i=1
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whose range is k”. Exactly as before, if we omit y, we get a map where dfi A- - -Adf;
is zero but f maps the critical set k”*"~! onto k’.

3. Construction of definite forms and their associated norms

As mentioned in Remark 2.3 we begin by discussing the construction of definite
forms in an arbitrary number of variables over k.

Proposition 3.1. Let V be a finite dimensional vector space over a local field. If

12 is a norm

k =R, and v(x) is a positive definite quadratic form on V, then |v(x)|
on V. If k is nonarchimedean, and r is an integer such that r2 > m, then there is a

homogeneous polynomial v: V — k of degree r such that
(a) v is definite, i.e., for x € V, v(x) =0 if and only if x = 0;
(®) [v(x)|Y" is a nonarchimedean norm on V.

Proof. We deal only with the case of nonarchimedean k. By the theory of the
Brauer group of k [Weil 1967, chapter XII, theorem 1] and its corollary we can
find a division algebra D over k which is central over k and dimg (D) = r2. Since
V < D, it is enough to prove the proposition for V = D. The advantage is that
we can use the algebraic structure of D.

Let v be the reduced norm [Weil 1967, chapter IX, proposition 6] of D. Then,
v: D — k is a homogeneous polynomial function on D of degree r, and v(x)" =
det(A(x)) where A(x) is the endomorphism y + xy of D. Note that det(}) is a
polynomial function on D with values in k, homogeneous of degree r2 As A(x)
is invertible for any x # 0 in D, det(A(x)) and hence v(x), is nonzero for x # 0
in D. Hence, v is a definite form of degree r on D. It remains to prove that
N(x) := |v(x)|"/" is a nonarchimedean norm on D. This reduces to showing that
N +4+u)<lifue D and N(u) <1, or equivalently, that [A(14+u)| <1ifu e D
and |A(u)| < 1, which follows from [Weil 1967, chapter I, section 4]. U

Remark 3.2. Actually, v(x)" =det A(x) will serve our purposes as well and is obvi-
ously a homogeneous polynomial of degree 72 Then |v(x)|"/" = |det A(x)|"/  We
introduced v because it is of smaller degree and this may be of use in other contexts.

4. Hormander’s inequalities over nonarchimedean local fields

Let V be a finite dimensional vector space over a local, nonarchimedean field k,
with its canonical norm |-|. Let ||-|| be a nonarchimedean norm on V. We may
assume that the norms on k and V take values in the set {0, qil, qiz, ...}, where g
is the cardinality of the residue field of k. Also, let f: V — k be a polynomial
function, and let Z( f) denote its zero locus. For x € V and nonempty E C V let
dist(x, E) :=infycg ||x — y]l.



TEMPEREDNESS OF MEASURES OVER LOCAL FIELDS 237

Theorem 4.1 (H1). Let f: V — k be a polynomial function on V. Suppose that
Z(f) # @. Then there exist constants C > 0, a > 0 such that

(4-1) |f ()] = C-dist(x, Z(f))"
forall x € V with ||x|| < 1.
Theorem 4.2 (H2). Let f: V — k be a polynomial function, Z( f) as above. Then

(a) if Z(f) = 9, then there exist constants C > 0 and B > 0 such that
1
4-2) |f(x)|ZC'W (x eV, [x]l = 1),

() if Z(f) # O, then there exist constants C > 0 and o, B > 0 such that

dist(x, Z(f))"

4-3 C
(4-3) ILf el = G

(x eV, [xll = 1)

Remark 4.3. Theorem 4.1 and 4.2 were proved by Hormander [1958] when k = R.
Also, H1 is a special case of the Lojasiewicz inequality for f a real analytic function
[Lojasiewicz 1959].

In proving H1 we may assume that V =&™ and f € R[x1, ..., x,], R being the
ring of integers in k. Let P C R be the maximal ideal of R. Suppose that Z(f) # &
but Z(f) N R™ = &. Then there exists a constant » > 0 such that | f(x)| > b >0
for x € R™. On the other hand, as R™ is compact, there exists b; > 0 such that
dist(x, Z(f)) <b; forall x € R™. Hence | f (x)| > bb] 'by > bb| " dist(x, Z(f)) for
all x € R™. Hence we may assume in addition that Z( f)NR™ # & in the proof of H1.

Proof of H1: k nonarchimedean. We follow [Greenberg 1966], specialized to the
case of a single polynomial.

Proof. By theorem 1 there, applied to the single polynomial f, we can find integers,

N,c>1ands >0 such thatif v > N and f(x) =0 (mod P"), and x € R™, then

there exists y € R” such that f(y) =0 and x; — y; =0 (mod P!V/¢1=%) for all i.
Assume | f(x)| = ¢~ V*9, £ > 0. Then there exists y € Z(f) N R™ such that

”X _y” < q—[(N-i-Z)/C]-i-S Sq—[(N-i-e)/C—l]-i-S < qS+1|f(x)|1/C’

which implies that

dist(x, Z(f)NR™) < ¢* T f0)'e,

so that
dist(x, Z(f)NR™)¢ dist(x, Z(f))°
[f Ol = c(s+1) z c(s+1)
q q




238 DAVID TAYLOR, V. S. VARADARAJAN, JUKKA VIRTANEN AND DAVID WEISBART

Thus, H1 is proved for x € R™ with | f(x)| <¢~". For x in R™ with | f(x)| > gV,
we have ¢V < | f(x)| < 1, while dist(x, Z(f) N R™) < 1 since ||x — y|| < 1 for
X,y € R™ Hence

| £ ()| =g N dist(x, Z(f)NR™) =gV dist(x, Z(f)NR™)¢ =g~ dist(x, Z(f))°.
If C =min(g~", ¢g~“*D¢), then we have H1 with o = c. O

Remark 4.4. That the local version of the Lojasiewicz inequality comes out of
[Greenberg 1966] has been observed in [Bollaerts 1990]; we give this proof since it
includes the case when k has characteristic > 0. Greenberg’s result is applicable
here because R is then complete (k* = k in his notation).

Proof of H2.

Lemma 4.5. If H2 is true for a k-vector space V, then it is also true for any
subspace W of V. In particular, for a central division algebra, D, over k, of
dimension r*> > dimy V, it is enough to prove H2 for D,.

Proof. Let W C V be a subspace,and U C V suchthat V=W @& U ~ W x U. Let
f be a polynomial on W. Define the polynomial g on V by g(w 4+ u) := f(w).
For w € W,u € U, we take ||w + u| = max(||u||, ||w]|); because U and W are
complementary, this is nonarchimedean. Clearly Z(g) = Z(f) x U.

Suppose Z(f) = &. Then Z(g) = @. Since H2 is true for V and W C V, there
exist constants C > 0, 8 > 0 such that | f (w)| > C|lw|~# forw e W, |w| > 1. We
may therefore assume that Z(f) # &, so Z(g) # 2.

Then, |g(x)| > Cdist(x, Z(g))*|lx||~# forx € V, ||x|| > 1 where C >0, a, B >0
are constants. If x =w € W, dist(w, Z(g)) = dist(w, Z(f)). O

Now we prove H2 for D,. Our proof is inspired by Hérmander’s [1958]. It
replaces the inversion in his proof by the involution x > x~! of DX := D, \ {0}.

For a division algebra D, of dimension r2, central over k, let us recall v :=
v, D, — k of Proposition 3.1, and note that it has the following property: if k’
is any field containing k such that there exists an isomorphism F: k' ®; D, =~
M, (k') = M, where M, is the algebra of r x r matrices over k’, then v(a) =det F (a)
for a € D, [Weil 1967, Proposition 6, p. 168],

Lemma 4.6. For any polynomial function f: D — k of degree d, f not necessarily
homogeneous, let £*(x) :== f(x Y (x)? for x # 0; then f*(x) extends uniquely to
a polynomial function D, — k. Moreover, for nonzero x, x € Z(f) if and only if
x~ e Z(f.

Proof. Uniqueness is obvious. To prove that f* has a polynomial extension it
suffices to prove it for k' ®; D,, where k' is a separable extension of k such that
k'®i D, >~ M, (k"). The required result is compatible with addition and multiplication
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of the f so that it is enough to verify it for f =1 (obvious) and f = a;;, a matrix
entry; then f* =a'/ det = A; ;» the corresponding cofactor. The last statement of

the lemma is obvious O
Remark 4.7. From now on we use the norm ||x|| = [v(x)|"/" for D,, r > 2.
Lemma 4.8. If x, y, x — y are all nonzero, then ||x — y|| = |lx =" =y~ [ |lx|/[| ]
Proof. Use y —x = x(x~' — y~!)y and the multiplicativity of ||-|. O

The next two lemmas are auxiliary before we prove H2 for D,.

Lemma 4.9. If Z(f) is nonempty, there exists a constant A > 1 such that
dist(x, Z(f)) < Alx|| forall x with ||x|| > 1.

Proof. Choose zg € Z(f). Then dist(x, Z(f)) < ||x — zoll < max(||x]|], lzoll). If
lx]l > llzoll, then dist(x, Z(f)) < ||x|| and we can take A = 1. If ||x|| < ||zo]| then
lx — zoll = llzoll < llzollllx|| for ||x|| > 1; and as ||zo|| > 1, the lemma is proved if
we take A =1+ ||z0]|. O
Lemma 4.10. Suppose Z(f) contains a nonzero element. Then there exists a
constant C > 0 such that

dist(x, Z(f))

I [12

Proof. First assume 0 ¢ Z(f*). Then Z(f*) = Z(f*) \ {0} # @. Then, with
lxll =1,

(4-4) distx ™!, Z(f*) > C (lx]l > 1).

distc™", Z(FH\{OH= inf |x'—=z|= inf |x'—y Y= inf E,
FONO 0#2€Z(f*) | | o;&yezm” vl 0£yeZ(f)
where E := [lx — y|/|lx] = [yl

We consider cases: (a) [yl > ||lx]l and (b) ||y|| < [lx||. In case (a) [[x — y|| = Iyl

sothat E = || x|~ = |x||lx]|72 = A~  dist(x, Z(f))|lx]| "% where A > 1 is as in
Lemma 4.9. In case (b) E > ||x — y||[|lx|| =2 so that inf E > dist(x, Z(f))|lx]| =%
These give (4-4) with C =1/A.

If0e Z(f*), then dist(x~", Z(f*)) = min(dist(x "', Z(f*)\{0}), [Ix~'|}). Now
Ix~" = llx|llx ]| 72 = C|lx|| 2 dist(x, Z(f)) by Lemma 4.9 where C =1/ A, while
dist(x~1, Z(f*)\ {0}) > C|lx |2 dist(x, Z(f)), by above. O

Proof of H2 for D,. We consider two cases: (a) Z(f) =&, (b) Z(f) # @.

Case (a): Then Z(f*) =@ or {0}. If Z(f*) = @, then there exists a constant C > 0
such that | f*(x)| = C > 0 with ||x|| < 1. So, | f*()| =/ DIIyI™®=C >0
for 0 < ||y|| < 1, which becomes | f(x)| > C|x||" > C > 0 for ||x] > 1.

If Z(f*)={0}, then dist(z, Z(f*))=|z|l. and | f*(y)| = C|ly||f withO < ||y[| <1
for constants C > 0, 8 > 0 by Theorem 4.1. Then LF DIy > Clly|lf with
Iyll <1 or|f@)] = Cllx|I"|lx|7# = Cllx|=F with ||lx|| > 1.
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Case (b): Z(f) is now nonempty, and hence either Z( f) = {0} or Z(f) contains
a nonzero element. If Z(f) = {0}, then Z(f*) = @ or {0}. This comes under case
(a), above, and we have | f(x)| > C||x||~# with ||x|| > 1 which gives (a).

Suppose Z(f) contains a nonzero element. By H1, there exists constants C; > 0,
a>0such that | f*(x~1)| > Cy dist(x~!, Z(f*))* with | x| > 1. So by Lemma 4.10,
for C; = C1C% | f(x)| = Cadist(x, Z(f))*|lx]| =2 for ||x|| > 1, proving (b). [

Criterion for a polynomial not to be rapidly decreasing on a set S. In [Igusa 1978]
Igusa and Raghavan develop what is essentially a criterion for a polynomial on
an real vector space not to be rapidly decreasing on a set of vectors of norm > 1.
In this section we generalize that method to all local fields, introducing several
polynomials in the criterion.

Lemma 4.11. Let f: V — k" be a polynomial map and d the maximum of the
degrees of its components. Then there exists a constant C > 0 such that for all
x,y € Vwith|x| >1,

1fC) = FOIl = Cllel| ™ max (llx = y[I").

Proof. 1t is enough to prove this for r = 1, f = f. The estimate is compatible
with addition in f and so we may assume f to be a monomial of degree d in some
coordinate system on V. Assume the result for all monomials of degree d — 1. Then
f = x;g, where g is a monomial of degree d — 1. We have

xig(x) —yig(y) =xi(g(x) —g(y) + (xi —y)(g(y) —g(x)) + (xi —yi)g(x),
and the estimate is obvious for each of the three terms. O

Proposition 4.12. Let S CV be a set with ||x|| > 1 forall x € S. Let g be polynomial
on'V. If Z(g) = &, we have

C
llx1l”

g ()] = (lxll = 1)

for some C >0, y > 0. Suppose Z(g) # @ and suppose that there exist polynomials
fi: V—k,i=1,...r,and a constant b > 0 such that max | f;(x) — fi(y)| >b >0
forallx € S, y € Z(g). Then there exist constants C > 0 and y > 0 such that

(4-5) lg(x)] = (x €9).

llx (1

Proof. The first statement is (a) of H2. We now assume Z(g) # &. We identify
V >~ k™ and work in coordinates. Set d := max;(deg(f;)). In what follows,
Cy, Cy, ..., are constants > 0.

For all x € S and y € Z(g), by Lemma 4.11 for some constant C > 0, we
have 0 < b < max; i< | f;(x) — fi(»)| < Cllx[[~" max <<, [lx — ylI" forall x € S,
y € Z(g).
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Choose y € Z(g) such that ||x — y|| =dist(x, Z(g)). Then for all x € S, we have

0<b = Cillx|"" max (dist(x, Z(2)")-

We consider the two cases (a) dist(x, Z(g)) < 1, so the maximum above is
dist(x, Z(g)), and (b) dist(x, Z(g)) > 1, so the maximum is dist(x, Z(g))d.
By H2, there exist constants C, > 0, «, 8 > 0 such that

|g(x)| = Cadist(x, Z(g)*IlxII 77,

sodist(x, Z(g)) < Cs|g(x)|"/*||x||#/ In case (a), 0 < b < C3|g (x)|"/*||x || /2 +d=D),
and in case (b), 0 < b < Cy4|g(x)|%/||x||?/*T@=D S0 in both cases, with § =
dB/a + (d — 1), one has

0 < b < Csllx[|° max(|g(x)|"/*, [g(x)|4/*).

Hence, max(|g(x)[, |g(x)|?) > Cg|lx||7%% giving in all cases |g(x)| > C7]|x| %
with x € S. O

Lower bounds of ||V, f || on stably noncritical level sets. LetV and f=:V — k"
(f=Uf,... fr), r <m=dimg V) be as usual. Let C(f) be the critical set of f,
and CV (f) = f(C(f)) have their usual meanings. Write W =CV (f). We assume
that the closure W, in the k-topology of k”, of W is a proper subset of k". Our
assumption is equivalent to assuming that stably noncritical values of f exist, which
is true in characteristic zero (see page 232). Let L., V, f, and d; f be defined as in
Section 2.

fwck \Wisa compact set, then there exists b > 0 such that ||y —v|| > b >0
for u € w, v € W. This means max;| f; (x) — fi(y)| > b >0, withcew,x € L, y €

C(H).

Proposition 4.13. Let w C k" be an open set whose closure consists entirely of
noncritical values of f = (f1, ..., fr). For ¢ € w, let L. be defined as above. Then
there exist constants, C, y > 0 such that

(4-6) IV f )l =

C
||)/ (-x € LL‘s cc w, ||-x|| 2 1)

l|x

Proof. We write (y;) for the coordinates on k(") and select a definite homogeneous
form v, which is positive definite of degree 2 if k archimedean, and of degree R
on k(*), where R is any integer > 2 such that R > (':l), with the property that
[v(y)|'/® is a norm on k(’r), if k is nonarchimedean. Then v(V, f(x)) =0 if and only
if V. f(x) =0, i.e., if and only if x is a critical point of f. Let g(x) = v(V, f(x)).
Then Z(g) is the set of critical points of f. Suppose first that Z(g) # &. Now
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there exists b > 0 such that

lu—v||=max|u; —vi|>b>0 (Wew,veW)
1<i<r

Hence, as f(x) ewforx e L. (cew)and f(y)e W forye Z(g), || f(x) — f()| >
b > 0. So by Proposition 4.12 there exist constants C > 0, § > 0 such that

W £ ()] = [g()] = ﬁ (eLe cew, x| =1).

But v is homogeneous of degree d (d = 2 for archimedean and R for nonar-
chimedean k) and definite. So there exist constants Cy, C, > 0 such that

CilIV, fFONIY < (V% FED = 1g(0)| < G2V, f ()%

So for suitable C > 0, y >0, we have |V, f(x)|| > C||x|| 7. The case Z(g) = &
is taken care of by the first statement of Proposition 4.12. U

Remark 4.14. We cannot make y = 0 in all cases. For instance, let chark = 0
andr =1, f(x,y,2) = x’z2>+ y’z and ¢ = —1. Consider x, =n, z, = 1/n,
yu=—2n)/3 Then F (x,, yu, z0) =1—2=—1, dF/dX (X4, Y, Zn) = 2,22 — 0,
and F /3Y (Xu, Yn» 2n) =322 —> 0, 0F /O Z (X, Yu» 2n) =2X22,+y. =2n—2n =0,
But || (xn, Yn, 20l =1, IV (Xns Yns Zm) || ~ Const-1/n'/3. So y > 1/3. We do not
know the minimal value of y.

5. Proof of temperedness of canonical measures on stably noncritical level
sets

Consequences of Krasner’s lemma. The well-known lemma of Krasner [Artin
1967] has an important consequence (Corollary 5.3). Let k be a local field of
arbitrary characteristic and K its algebraic closure. The following lemma must be
well known, but we prove it in this form.

Lemma 5.1. We can find a countable family {k,} of finite extensions of k with the
property that any finite extension of k is contained in one of the k,. In particular

K =U, kn.

Proof. We first work with separable extensions of fixed degree n over k. Let S, be
the set of monic, irreducible and separable elements of k[ X] of degree n. Then it
follows from Krasner’s lemma that if f € S, there is an ¢ = ¢(f) > 0 with the
following property: if g is monic and || f — g|| < ¢, then g€ S, and K(f) = K(g)
in K, where K (k) denotes the splitting field of 4. Since S, is a separable metric
space, it follows that there are at most a countable number of these splitting fields,
and any separable extension of degree n over k is contained in one of these. Let
us enumerate these splitting fields as {k,;} (j = 1,2, ...). If k has characteristic 0
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we are already finished. Suppose k has characteristic p > 0. Let F(x +— x?)
be the Frobenius automorphism of K. Define the extension k,;, = F~"(k,;) for
r=1,2,..., which are clearly finite over k. Clearly, any finite extension of k of
finite degree is contained in one of the k. (I

Remark 5.2. If k has characteristic 0, then there are only a finite number of
extensions of fixed degree n. But in prime characteristic this is not true: the field
k = F>[ XT[X '] of Laurent series in X with F» a finite field of characteristic 2
has a countably infinite number of separable quadratic extensions. Indeed, the
extensions defined by 72 — T — ¢ = 0 are distinct for infinitely many values of c.

Corollary 5.3. If M is an affine subvariety of some A% and M (k') is countable for
all finite extensions k' of k, then M is finite.

Proof. By Lemma 5.1, M(K) = |J,, M (k') is countable, hence finite. O

A consequence of the refined Bézout’s theorem. The refinement of Bézout’s theo-
rem due to Fulton [1998, Example 8.4.7, p. 148, and Section 12.3] (see also [Vogel
1984, Corollary 2.26, p. 85]), is the statement that if Z; (1 <i <r)arer (r > 2)
pure dimensional varieties in [P, then the number of irreducible components of
(; Zi is bounded by the Bézout number [ [; deg(Z;). It has the following simple
consequence.

Lemma 5.4. Let U be a nonempty Zariski open subset of Ay so that U C Al C P
Leth; (i=1,2,...,r) be polynomials on Ay with degh; =: d;, and let Z; be the
zero locus of h;. Let Z = Z; NU and Z; the closure of Z; in Py If (", 2 =F
is nonempty and finite, then F has at most D := [, d; elements.

Proof. Since A’ is Zariski dense in Px we have ZiN A’y = Z;; moreover, Z; is of
pure degree d;. Let Wy be an irreducible component of W := (") Z; that meets U.
Since Wy is irreducible and Wy N U is nonempty open in Wy, it is dense in Wy. Let
w € WoNU. Then w is in each of the Z; NU and so w € F. So WoNU is finite and
contained in F. Since Wy N U is dense in W, it follows that Wy N U must consist
of a single element of F and Wj itself consists of that point. Moreover all points of
F are accounted for in this manner as F is contained in the union of irreducible
components of W which meet U. Hence the cardinality of F is at most the number
of irreducible components of W, which is at most D. (I

The maps nj and a universal bound for the cardinality of their fibers. Let V ~k™
so that f = (f1,..., fr) with f; € k[x1,...,x,,]. Assume that ¢ is a noncritical value
of f so that L. has no singularities. Fix J Cm :={1,...,m}, and let 7wy : k" — k"""
map (xq,...,Xn) to (¥1,..., ym—r), Where {yj};.":_{ ={x; |i em\ J}. We wish to
prove that the map m; restricted to L. has fibers of cardinality < D :=d;---d,,
where d; := deg(f;). Without loss of generality assume J = {1,...,r}, so that
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Tyt (X1yeeesXim) B> (Xpg1yeees X)) Write x = (X1,...,%5) and y = (Xp41,...,Xm).
Define z so that x = (z, y).

We regard L, as an affine variety and L. ; as an affine open subvariety. For any
k" with k C k" C K we have the respective sets of k’-points, L.(k") and L. ;(k').
Denote the restriction of 7ty to L ; by 7.

Proposition 5.5. Let D = [] d;. Then the fibers of ; are all of cardinality < D.

1<i<r

Proof. Note that d7w; is an isomorphism on L. (k). Hence Uj (k) := 7 (L, j(k))
is open in k™" and 7 is a local analytic isomorphism of L. j(k) onto Uy (k). For
any field k" between k and K, we write again 77, for the map L. ; (k') — k'™,
and U, (k") for its image. If k’ is a finite extension of k, then k' is again a local field,;
exactly as for k, we have diwj: L. j(k') — U;(k’) is an analytic isomorphism. For
any k', k C k' C K with k’/k finite, U; (k") is open in k=" and the fibers of 7,
on L, j(k) are discrete and at most countable. If we then fix y € U, (k), and write
W, for the affine variety ﬁj_l(y), then W, (k") is at most countable for all finite
extensions k'/ k. Hence, by Corollary 5.3, Wy (K) is finite. Let F':= W, (K).

On the other hand, 7, (y)(K) K" x{y} >~ K" Let h;(z) := fi(z,y) —ci
Then h; is a polynom1a1 on K" of degree < d;. Moreover, since ﬁj_l(y)(k)
is nonempty, d(hy, ..., h,)/9(x1,...,x,) = d;(z, y) is not identically zero on
K. Thus, {z|0;(z,y) # 0} is a nonempty affine open U; in K". Moreover,
F =(),<i<, Z(h;)* where Z(h;)* := Z(h;) N U;. So Lemma 5.4 applies and
proves that #F < D. O

Lemma 5.6. Let 05 be as on page 232. Then if w,,—, is the exterior form corre-
sponding to the Haar measure on k"7, the exterior form

Pc = 3, ( )ﬂj(wm —r)
on L j has the property that |p.| generates the measure i := [Lf . In particular,
if A is the Haar measure on k™" and v is the measure generated by |7 (wp—)|,
then 1 takes v to A in small open neighborhoods of each point of L. j(k), and
dpe =19;(x)| " dv.

Proof. This is clear from (2-4). O

Proof of Theorem 1.2. This follows from three things: the lower bounds on ||V, ||
when c is a stably noncritical value of f, the relationship between A, v, u f ¢, and the
temperedness of A. The simple measure-theoretic lemma below explains this. Let
R, S be locally compact metric spaces which are second countable, with Borel mea-
sures r, s respectively on them, and 7 : R — § a continuous surjective map which is
a local homeomorphism, and takes r to s in a small neighborhood of each point of R:
this means that for each x € R there are open sets My, Ny (,) containing x and m (x)
respectively, such that 7 is a homeomorphism of M, with Ny () and takes r to s.



TEMPEREDNESS OF MEASURES OVER LOCAL FIELDS 245

Lemma 5.7. If there is a natural number d such that all fibers of w have cardinality
at most d, then for each Borel set E C R, w(E) is a Borel set in S, and we have

r(E) <d-s(n(E)).

Moreover if f > 0 is a continuous function on R and t is the Borel measure on R
defined by dt = fdr, then for any Borel set E C R we have

1(E) < sup |fl-d-s(m(E)).

Proof. The second inequality follows trivially from the first, so that we need only
prove the first. We use induction on d. For d = 1,  is a continuous bijection of
R with S; being a local homeomorphism, it is then a global homeomorphism. It
is easy to see that it takes r to s globally, and so the results are trivial. Let d > 1,
assume the results for d — 1, and suppose that there are points of S the fibers over
which have cardinality exactly d. Let S; be the set of such points in S. Now, if the
fiber above a point has e elements, the fibers of neighboring points have cardinality
>e,and so Sy is openin S. Let Ry = 7-1(S;). Then w: Ry — Sy is a d-sheeted
covering map. If x € Ry, we can find an open set M containing 7 (x) such that
N:=n"'(M)= |_|15j5d N; where 7w : N;j — M is a homeomorphism taking r to
s. If E C N is a Borel set, then E = |_|j ENNj,sothat m(E) = Uj 7(ENN;)is
Borel as 7 is a homeomorphism on each N;. Moreover,

r(E) = Zr(E NN;) = Zs(n(E NN;) < d-s((E)).
J J

These two properties are true with any Borel M’ C M and N’ = n’(M’) replacing
M, N respectively. Write now S; = J,, M, where the M, are open and have
the properties described above for M. Then S; = | |, M, where M, C M,, so
that R; = ||, n~1(M!). The two properties above are valid for any Borel set
contained in any 7 ~!(M!), hence they follow for any Borel set E C R;. Write
S"=8\S;, R =n"'(S) = R\ Ry. Then (R’, S', w) inherit the properties of
(R, S, ) with d — 1 instead of d. The result is valid for (R’, S’, =) and hence for
(R, S, ), as is easily seen.

We are now ready to prove Theorem 1.2. Assume that ¢ is a stably noncritical
value of f. For simplicity of notation we will suppress mentioning ¢, because all
of our estimates are locally uniform in ¢. On L, = L we have the estimate

C
IV GOl =m;1X|3J(X)I > T (lx[ = 1,
where C > 0, y > 0 are constants that remain the same when ¢ is varied in a small

neighborhood of ¢. Let us write L™ for the subset of L where ||x|| > 1. Now, at
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each point x € L™ some |3, (x)| equals ||V, (x)|. Hence if we write

My ={xeL"13;(x)] > ClxlI7"},

Lt = UM,.
J

The map 7 is open on M; onto its image W, and is a local analytic isomorphism.
Moreover, if A, v, u = u. have the same meaning as before, we have, on My,

then

dp=10;(x)|"" dv
and hence, for any Borel set E C M;, with D as in Lemma 5.4,

W(E) < D- sup 19 () Ay (E)).

Remembering that |3, (x)|~! < C~!||x||”, we get from this that

n(E)y < DC™ ! sup x| A (s (E)).

If we take E = Br N\ M; where Bgr = {x € k™ | ||x|]| < R}, we see that ;(E) is a
subset of the open ball of k" of radius R, and hence A(7;(E)) < AR™™" where
A is a universal constant. Hence

w(BgR N M;) < ADC~L.R" T+,

Since this is true for all J, the temperedness of i together with the growth estimate
is proved, as well as the assertion that the last estimate remains unchanged if ¢
varies in a small neighborhood of its original value. This finishes the proof of
Theorem 1.2. (]

6. Invariant measures on regular adjoint orbits of a semisimple Lie algebra

As an application of our Theorem 1.2 we shall prove that the invariant measures on
regular semisimple orbits of a semisimple Lie algebra g := gx over a local field k
of characteristic O are tempered.

The restriction to regular orbits is a consequence of the methods we use; the
result is expected to be true without any condition on the orbit of the adjoint action.

For the moment let £ be any field of characteristic 0 and K the algebraic closure
of k. We write gx = K ®; gx. Let P(K) be the K-algebra of polynomial functions
on gg with values in K. Since such a polynomial is determined by its restriction to
gk, the restriction to k defines an isomorphism of P (K) with the K-algebra Py (K)
of K-valued polynomial functions on gy.

Let G be the connected adjoint group of gy. It is a linear algebraic group defined
over k and we write G (k") for the group of its points over k’, k C k' C K. We



TEMPEREDNESS OF MEASURES OVER LOCAL FIELDS 247

regard G (k') as a subset of G = G(K). From [Borel 1991] we know that G (k)
is Zariski-dense in G(K). Now G (K) acts on P(K) and we denote by J(K) the
K -algebra of invariants of this action, which is a graded algebra in the obvious way.
By a theorem of Chevalley, J(K) is freely generated by homogeneous elements
p1, ..., pr of degrees dy, ..., d, respectively, where r is the rank of g;. In view of
our remarks above, J(K) is isomorphic to the graded K -algebra of invariants of
G (k) in P¢(K). The action by G (k) leaves Py (k) invariant, and we write J (k) for
the graded k-subalgebra of G (k)- invariants in Py (k). It is clear that

T (k) =~ J (K)SIK/

as graded k-algebras.
The following lemma is surely known but we include it for the sake of complete-
ness.

Lemma 6.1. The graded k-algebra J (k) is freely generated by homogeneous ele-
ments q1, ..., qr of degrees dy, . .., d, respectively.

Proof. There is a finite extension k’ of k with k C k€’ C K such that the free
homogeneous generators p; of J(K) have their coefficients in k". Hence we may
come down from K to k. Let (e,) be a k-basis for k”. Then we can write each p; as

pi=) Piata (Pia € Pik)).
o

Since the p; o are k-valued, the G (k)-invariance of the p; implies that the p; , are
in J (k). Now the p; are algebraically independent, and so, w :=dpi A---Adp, #0.
Let

Then

w= E Wy, ...,y N €ay - Neg, FO.
a

Hence we can choose a1, . .., «, such that @y, o 7 0. With this choice, let

.....

qi = Di,a; (I<i<r).

Then the ¢; are homogeneous elements of J(k) and deg(q;) = d;, and they are
algebraically independent.

Now J (k') is freely generated by the p; of degree d;. Hence, its Poincaré series
is [[,(1 — T%)~!. For any integer m > 1 let D,, be the dimension of J (k’),, the
subspace of degree m in J (k). So dim(J (k),,) < D,,. On the other hand, let J; (k)
be the subalgebra of J (k) generated by the g;. Since the g; are homogeneous, this
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is a graded subalgebra of J(k), and it has the same Poincaré series as J (k’). Now
Ji(k) C J(k),, for all m, and so

D,, = dim Jy(k),, < dim J (k),;, <dim J(k"),, = Dy,.

This proves that J (k),, = J (k)m for all m, so that J; (k) = J (k). This finishes the
proof of the lemma. 0

Let r = rank(g). Then by assumption we can choose g1, ..., g € J (k) freely
generating J (k), hence also J(K) (over K). An element H € gk is semisimple
(resp. nilpotent) if ad X is semisimple (resp. nilpotent). A semisimple element H
is called regular if its centralizer is a Cartan subalgebra (CSA) of gx. There is an
invariant polynomial D € J(k), called the discriminant of g, such that if X € gi, X
is semisimple and regular if and only if D(X) #0. If Y € g is any element, we can
write Y = H + X where H is semisimple and X is a nilpotent in the derived algebra
of the centralizer of H in gx (which is semisimple). It is known [Kostant 1963]
that the orbit of H + X has H in its closure, and so, for any g € J(K), we have
g(H)=g(H+X). If hg is a CSA of gk, it is further known that the restriction map
from gg to hg is an isomorphism of J(K) with the algebra J(hg) of polynomials
on hg invariant under the Weyl group Wx of hg. It is known that the differentials
dgi, ..., dg, are linearly independent at an element Y of g if and only if ¥ lies in
an adjoint orbit of maximal dimension, which is dim(gx ) —rank(gg) =n—r, where
n =dim(gg) [Kostant 1963]. If Y is semisimple, this happens if and only if Y is
regular. Let g, be the invariant open set of regular semisimple elements. We write

F:(gl”gr)gKHKr

and view it as a polynomial map of gg into K" commuting with the action of the
adjoint group. Before we apply Theorem 1.2 to this set up, we need some preliminary
discussion. Let R = F (g’K). The next lemma deals with the situation over K.

Lemma 6.2. We have g}, = F~Y(R). Moreover R is Zariski open in K', and is
precisely the set of noncritical values of F, so that all the noncritical values are
also stably noncritical. Moreover, for any ¢ € R, the preimage F~'(c) is an orbit
under the adjoint group, consisting entirely of regular semisimple elements, hence
smooth.

Proof. Since dgi A --- Adg, # 0 everywhere on g/, the map F is smooth on g/ .
Hence it is an open map [Gortz and Wedhorn 2010, Corollary 14.34], showing that
F(gy) =R isopenin K".

We shall prove that if Y € gx and X € g’K are such that F(Y) = F(X), then Y
is regular semisimple, and is conjugate to X under the adjoint group. Suppose Y
is not regular semisimple. Write Y = Z 4+ N, where Z is semisimple and N is a
nilpotent in the derived algebra of the centralizer of Z. The F(Y) = F(Z) = F(X).
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Using the action of the adjoint group separately on X and Z we may assume that
X, Z € hg where hi is a CSA, and F(X) = F(Z). Then all Weyl group invariant
polynomials take the same value at Z and X and so Z and X are conjugate under
the Weyl group. But as X is regular, so is Z, hence N = 0 or Y itself is regular
semisimple. So, g = F ~1(R). But then the above argument already shows that ¥
and X are conjugate under the adjoint group. Since the fibers of F above points
of R are smooth, all points of R are stably noncritical. It remains to show that
there are no other noncritical values. Suppose Y € gg is such thatd = F(Y) is a
noncritical value where d ¢ R. Then Y ¢ g%. Now Y = Z + N as before, where Z
is no longer regular (it is semisimple still). Then F(Z)=F(Y) andso Z € F ().
But as Z is semisimple but not regular, dg; A --- Adg, is zero at Z [Kostant 1963].
Thus Z is a singular point of F~!(d), contradicting the fact that d is noncritical.
The lemma is thus completely proved. (I

We now come to the case where the ground field is k, a local field of charac-
teristic 0. We assume that the g; have coefficients in k. Fix a regular semisimple
element Hy in gy. Let

W(k) := Wy (k) ={X € g(k) | gi(X) = gi(Ho)(1 =i <r)}.

Theorem 6.3. Then the canonical measure on W (k) is tempered, and the growth
estimate G (see Section 1) is uniform when H varies in a neighborhood of Hy.

Proof. For the map F on g; we know that (g;(Hp), ..., g (Hp)) is a stably non-
critical value and so the theorem follows at once from Theorem 1.2. O

Although W (K) is a single orbit under G(K), this may no longer true over k.
W (k) is a k-analytic manifold of dimension n — r. On the other hand, the stabilizer
in G(k) of any point of W (k) has dimension r and so its orbit under G (k) is
an open submanifold of W (k). If we do this at every point of W (k) we obtain
a decomposition of W (k) into a disjoint union of G (k)-orbits which are open
submanifolds of dimension n — r and so all these submanifolds are closed also.
Thus the orbit G (k).Hp is an open and closed submanifold of W (k) of dimension
n —r. Now the canonical measure on W (k) is invariant under G (k) and so on the
orbit G (k).Hy it is a multiple of the invariant measure on the orbit. Note that the
orbit being closed, the invariant measure on it is a Borel measure on g;. Since the
canonical measure is tempered on W (k) by Theorem 6.3, it is immediate that the
invariant measure on the orbit G (k).Hy is also tempered. Hence we have proved
the following theorem:

Theorem 6.4. The orbits of regular semisimple elements of g; are closed, and the
invariant measures on them are tempered.

For temperedness of invariant measures on semisimple symmetric spaces at the
Lie algebra level over R; see [Heckman 1982].
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Remark 6.5. Ranga Rao [1972] and Deligne have independently shown that for
any X € gy, there is an invariant measure on the adjoint orbit of X, and this measure
extends to a Borel measure on the k-closure of the adjoint orbit of X. It is natural to
ask if these are tempered in our sense when k is nonarchimedean. We shall consider
this question in another paper since it does not follow from the results proved here.

7. Examples

In this section we give some examples. We consider only single polynomials
(r = 1) of degree d > 3, defined over a local field k of characteristic 0. Let
feklxy,. ..., xul

Elementary methods when r =1 and f is homogeneous. For f homogeneous we
have Euler’s theorem on homogeneous functions, which asserts that ) ", x;df/3x; =
d-f. LetL,={x €k™| f(x) =c} for ¢ € k. Then, for any critical point x of f,
we have f(x) =0, i.e., Lo contains all the critical points. So every c € k\ {0} is a
noncritical value and so is also stably noncritical. Moreover, Euler’s identity for
x €L, c#0,gives ) . x;df/dx; = dc, so that we have

of
dlle] =Y xi—
d]le] ‘leBXi

giving the estimate, with A a constant > 0,

= ClxIIVFf @Il (€ >0,

IVf @)l = Allx~' lxl =1, x € L.

Moreover the projection (xi, ..., X,) — (X1, ..., X, ... X;) has the property that
all fibers have cardinality < d. We thus have Theorem 1.2 with

mre= O(R™) (R — 00),
where O is uniform locally around c¢. We can actually say more.

Proposition 7.1. Suppose 0 is the only singularity in Ly, i.e., the projective locus
of Ly is smooth. Then for any compact set W C k \ {0}, we have

(7-1) inf IVfx)| > 0.

ceW,xeLe,|x||=1

Moreover, the measure i 1o defined on Lo\ {0} is finite in open neighborhoods of 0
if m > d, so that it extends to a Borel measure on Ly. Finally, for all c € k,

ir.e(B)=O(R"").

If m < d, there are examples where w1, is not finite in neighborhoods of 0.
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Proof. To prove (7-1) assume (7-1) is not true. Then we can find sequences ¢, € W,
Xp € L., suchthatc, = ce W, Vf(x,) = 0 as n — 0o. By passing to a subsequence
and permuting the coordinates we may assume that x, = (x,1, ..., Xun) Where
|xn1| > |xnj| (J = 2) and |x,1| — 00. Now,

d -1 -1
Sty ooy Xam) :xnlf(laxnl Xn2s -+ -5 X Xnm) = Cp —> €
and

(Vf)(xnla e Xnm) = X (Vf)(l xnl Xn2y .- xnm) — 0.

Now |x;11x,1 i1 < 1for2 < j <m and so, passing to a subsequence, we may assume
—1 .
that x ;" x,; — v; for j > 2. Hence,

f(,vy,...,v,)=0 and (Vf)(,v2,...,0,)=0

showing that (1, va, ..., v,) # (0, ..., 0) is a singularity of L. Then (7-1) leads
to the conclusion
pre(Br)=O(R"™") (R— o)

locally uniformly at each ¢ # 0.

For pro defined on Lo \ {0}, one must first show that it is finite on small
neighborhoods of 0, i.e., it extends to a Borel measure on Lg, if m > d. Let
S={ueLy|||ul|=1}. Then there exist constants a, b >0 such thata < ||Vf(x)|| <b
for all x € S. Hence, by homogeneity,

allx |7V < IVF) < blIx 970 (x € Lo\ {O)).
Hence
IVf(x)|=a>0  (x€Lg, x| >1).

As before, this leads to u ¢,0(Bg \ B1) = O(R™ ') as R — 0o. Around 0 we obtain
the finiteness of 1 7,0 from the estimate bl x|~ D < VF )|~ <a” x| =@
and the fact that

x| ~@=D gm=1x
xekm=1 0<|x| <1

<0

if m > d for both kK = R and k nonarchimedean. We shall now suppose that
f=X*+Y*— Z* Then 0 is the only critical point. The map (x, y, z) — (x, y)
on LoN{(x,y,z) | x > 0} is a diffeomorphism and the measure w 7,9 is

1  dxdy

4 (x4 + y4)3/4

1
dxdy=
10f/0z]

and it is easy to verify that
/ [ dxdy
v Gy

for any neighborhood N of (0, 0). ]
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Remark 7.2. It follows from Proposition 7.1 that to have

(7-2) inf [IVF()[[=0 (c#0)

X€ELe,|lx[|=1
we must look for f such that Ly has singular points # 0. In the next section we
describe some of these examples.

Some hypersurfaces in P?"l with [1:0:...:0] as an isolated singularity. We
do not try to give a “normal form” for such hypersurfaces; nevertheless large families
of these can be described. We work in k", k a local field of characteristic 0. Since
the first coordinate axis in k™ is chosen to be an isolated critical line (ICL), the first
variable will be distinguished in what follows. Let us write X, Y1, ..., Y,,,_; as the
variables. Write Y = (Y1, ..., Y,_1). Let C(e) = {(X, Y) | |[Y || < €| X|}

Lemma 7.3. Suppose (X,,,Y,) is a sequence of points in L. (c # 0) such that they
are in C(g) for some ¢ < 1. Let F(X,,Y,) =c#0and VF(X,,Y,) = 0. Then if
the X-axis is an (ICL) for F, we must have X,, — 00, 1/ X, Y, — 0 as n — oo.

Proof. By Euler’s theorem, there is no singularity on L. (¢ # 0). Hence |V F|| is
bounded away from 0 on each compact subset of L.. Hence, item 2 above implies
(X, Yl =|X,| = oo. Then || X,~'Y,|| <1 and has a limit point . Passing to a
subsequence, if necessary, we have X, Y, — n as n — oo. If d =deg(F) we have
X4F(1, X, 7Y, =c, X9 1oxF(1, X,7'Y,) = 0,and X? 1oy, F(1, X,,~'¥,)) = 0.
So F(1,9) =0and VF(1,n) =0, while n € C(¢). Hence » = 0 since & can be
arbitrarily small. U

Lemma 7.4. If (1, 0) is a critical point of F, then F has the form
F=X"py+ X" p3+- 4 pa
where p, is a homogeneous polynomial in Y of degree r.
Proof. Write F = X% 2p, + X?3p3 + ... + py. Then py is a constant, and
F(1,0) =0 gives po =0. Then, 0F/dY;(1,0) =0 gives p; =0. U
From now on we let d > 3 and write
F=X"py+---4ps. G=prt--+pu

Note that G is a polynomial in Y, but not necessarily homogeneous.

Lemma 7.5. If 0 is an isolated critical point (ICP) of G, then the X -axis is an ICL
of F. In particular, this is so if the quadratic form p; is nondegenerate.

Proof. We must prove that if (1, Y,) is a CP for F with Y,, — 0, then Y,, = O for
n > 1. The conditions for (1, Y,,) to be a CP of F are

d 0 .
F(1,Y,) =0, ﬁF(l, Y,) =0, 8_Y,-F(1’ Y,) =0 for all i.
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Consequently G(Y,) =0 and dG/9Y;(Y,) =0 for all i. Since Y, — 0 and 0 is an
ICP for G, Y, =0 foralln> 1.

For the second statement, suppose p; is nondegenerate. By Morse’s lemma [Duis-
termaat 1973] for local fields k, ch. =0, there is a local diffeomorphism of k1 fix-
ing 0 taking G to p,. But 0 is an isolated CP for p,, which makes it isolated for G. [J

We remark that Duistermaat’s proof [1973] of Morse’s lemma is over R, but its
proof applies to the nonarchimedean case without any change, so we omit it.

Lemma 7.6. The converse to the first statement of Lemma 7.5 is true if
F=X""p,+ps (r=2).

Proof. We must show that G = p, + pg4 has 0 as an ICP if (1, 0) is an ICP for F. Sup-
pose w,, are CPs for G = p, + p4 with w, — 0. Then G(w,) = F(1, w,) =0 for all
n,and G;(w,) =0F/dY;(1, w,) =0 for all n. Hence, p; ; (w,)+ p4.i(w,) =0 forall
n. By Euler’s theorem, rp, (w,) +dps(w,) = 0 for all n. But, p,(w,)+ ps(w,) =0
for all n as well. So, p,(w,) = ps(w,) = 0 for all n. Hence, 0F/0X (1, w,) =
(d—r)pr(w,) =0forall n. So (1, w,) is a CP of F for all n. As (1, 0) is assumed
to be an ICP for F, w, =0 for n > 1. So 0 is an ICP for F. O

Study of condition (7-2) for F = X?~2p, + pq where G = p> + pg has 0 as
an ICP. Let us consider F = X2 + P4(Y) where Py is a homogeneous quartic
polynomial in Y, Z. For this to have (¢, 0, 0) as and ICL we must have (0, 0) as an
ICP for G = Z*> + P4(Y, Z).

Lemma 7.7. G = Z?+ P4(Y, Z) has 0 as an ICP if and only ifZ2 tPy(Y, 2),i.e.,
PiY,Z)=aoY*+a\Y>Z+arY*Z* 4+ asY Z° + as Z2*

where at least one of ay, ay is nonzero. In this case 0 is its only CP.

Proof. The equations which determine whether (y, z) is a CP of G are

2L Py(y.2) =0 aP“( )=0 and ZZ+8P4( )=0
< 4va - Y 8Y y7Z - 8Z y7Z - Y-

From the second and third equations just defined, using Euler’s theorem, we
have 272 4+ 4P4(y, z) = 0, which implies z2 = 0 and P4(yz) =0.

So the only critical points are of the form (y, 0). Then (0, 0) is certainly a CP. If
(y, 0) is a critical point for some y # 0, then 4agy> =0, a;y> = 0 which implies
aop, a1 both vanish. The entire Y-axis consists of critical points, and so for (0, 0) to
be an ICP, at least one of ag, a; # 0. in which case (0, 0) is the only CP.

We consider the cases (I) ag # 0 and (II) ag = 0, a; # 0. We consider case (I).
We shall now verify that infj, > [VF(@)| > 0 if u € L., |lu|]l > 1. Assume
F=X*72+ P4(Y, Z), and in view of Lemma 7.3, choose a sequence (X, yn, Z»)
such that x, — oo, y,/x, — 0, z,/x, — 0 and:
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(i) x2y2+ Pa(yn. 20) =c,
(i) 9F/8X = 2x,22 — 0,
(iii) dPs/dY (yn,zn) — O,
(iv) 2x22, + 0 Ps/OZ (Y, 20) — O.

From (ii) we get z, — 0. Assuming we are in case (I), y, is bounded. Otherwise,
by passing to a subsequence we may assume y, — oo giving 9 Py/0Y (v, 2n) =
4aoy3+3a1y,%zn+- -+—0. Ifag #0, then d P4/0Y (Y, 71) :4aoy2(1+0(zn/yn)) —
oo, which is a contradiction. But if n # 0 is a limit point of y,, then

0Py

Y
which is a contradiction. So, y, — 0 necessarily. Then, P4(y,,z,) — 0 and
0P4/0Z(yy, zn) — 0. Hence by (iv), x,%zn — 0, by (1) x,%z,% — ¢ #0, a contradiction.
This finishes case (I).

Assuming we are in case (II), ap =0, a; # 0, we claim y,, — o00. Otherwise, by
passing to a subsequence, we may assume y,, — 1. Then P4(y,, z,) = a; y,fzn +---
so that P4(y,, z,) — 0. Hence, x,%z,% —c. But 0 Py/0Z(yy, z,) =a1yn3—|-- R
Hence, by (iv), x,zlzn =o0(1). So, as z, — 0, we have x,zly,% — 0. Hence, c=01isa
contradiction.

We are left with the case x,, — 00, y, = 00, 2, — 0, (¥,/x,)(z,/x,) — 0, and
Py(Y,Z)=a1Y3Z+---,fora; #0. But 3 Ps/dY (Yn,2n) =3a1y2 20 (1+0(21/yn)) —
0 if and only if y2z, — 0. In this case may we have a counterexample to statement
(7-2). Remark 4.14 gives an example of this kind. Note that case (I) is generic
among the families we consider. ]

(Zns yn) = 46107]3 #0
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