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OPERATORS ALONG THE RICCI-BOURGUIGNON FLOW

BIN CHEN, QUN HE AND FANQI ZENG

We study monotonicity of eigenvalues of the Schrodinger-type operator
—A + cR, where c is a constant, along the Ricci-Bourguignon flow. For
¢ # 0, we derive monotonicity of the lowest eigenvalue of the Schrodinger-
type operator —A 4+ cR, which generalizes some results of Cao (2008). As
an application, we rule out nontrivial compact steady breathers in the
Ricci-Bourguignon flow. For ¢ = 0, we derive monotonicity of the first
eigenvalue of the Laplacian, which generalizes some results of Ma (2006).

1. Introduction

Let (M, g) be an n-dimensional closed Riemannian manifold and g(¢) be a solution
to the following Ricci—Bourguignon flow:

(1-1) % — —2Ric+2pRg = —2(Ric —pRg),

where Ric is the Ricci tensor of the manifold, R is scalar curvature and p is a
real constant. When p = %, %, ﬁ or 0, the tensor Ric —pRg corresponds to
the Einstein tensor, the traceless Ricci tensor, the Schouten tensor or the Ricci
tensor respectively. Apart from these special values of p, for which we will call
the associated flows by the same name as the corresponding tensor, in general
we will refer to the evolution equation defined by the PDE system (1-1) as the
Ricci-Bourguignon flow. Moreover, by a suitable rescaling in time, when p is
nonpositive, they can be seen as an interpolation between the Ricci flow and the
Yamabe flow, see [Brendle 2005; Ye 1994] for instance, obtained as a limit when
0 —> —oQ.

The study of these flows was proposed by Jean-Pierre Bourguignon [1981,
Question 3.24], building on some unpublished work of Lichnerowicz in the sixties
and a paper of Aubin [1970]. Fischer [2004] studied a conformal version of this
problem where the scalar curvature is constrained along the flow. Lu, Qing and
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Zheng [Lu et al. 2014] also proved some results on the conformal Ricci-Bourguignon
flow. Recently, for suitable values of the scalar parameter involved in these flows,
Catino et al. [2017] proved short time existence and provided curvature estimates.
Moreover, Catino and Mazzieri [2016] stated some results on the associated solitons.

At present, the eigenvalues of geometric operators have become a powerful tool
in the study of geometry and topology of manifolds. Recently, there has been
a lot of work on the eigenvalue problems under the Ricci flow. On one hand,
Perelman [2002] introduced the so-called .% -entropy functional and proved that it
is nondecreasing along the Ricci flow coupled to a backward heat-type equation.
Since the functional .# is nondecreasing, this implies the monotonicity of the lowest
eigenvalue of —4 A + R along the Ricci flow.

Cao [2007] extended the operator —4A + R to the new operator —A + § on
closed Riemannian manifolds, and showed that the eigenvalues of this new operator
are nondecreasing along the Ricci flow with nonnegative curvature operator. Shortly
thereafter Li [2007] dropped the curvature assumption and also obtained the above
result for the operator —A + g.

At around the same time, Cao [2008] considered the general operator

—A+cR, wherec> %,

and derived the following exact monotonicity formula; thus he showed that the
lowest eigenvalue of this operator is nondecreasing along the Ricci flow without
any curvature assumption.

Theorem A [Cao 2008]. Let (M, g(t))ici0,1) be a solution of the unnormalized
Ricci flow on a closed manifold M. Assume that \o(t) is the lowest eigenvalue of
—A+cR, c> Alf, and f = f(x,t) > 0 satisfies

—Af(x, 1)+ cRf(x, 1) =Ao(t) f(x,1)
with f ult 2dv = 1. Then, under the unnormalized Ricci flow, we have

4c—1
2

(1-2) di,\o(t)zlf | Ric +V2¢|?e % dv + /lRiClze_“’dvzo,

where e=¢ = f2.

On the other hand, Ma [2006] obtained the monotonicity of the first eigenvalue
of the Laplacian operator on a domain with Dirichlet boundary condition along
the Ricci flow. Using the differentiability of the eigenvalues and the correspond-
ing eigenfunctions of the Laplace operator under the Ricci flow, he obtained the
following result.

Theorem B [Ma 2006]. Let g = g(t) be the evolving metric along the Ricci—
Hamilton flow with g(0) = go being the initial metric in M. Let D be a smooth
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bounded domain in (M, gog). Let 1 > 0 be the first eigenvalue of the Laplace
operator of the metric g(t). If there is a constant a such that the scalar curvature
satisfies R > 2a in D x {t} and the Einstein tensor satisfies

E,-jz—ag,-j ii’lDX{l‘},

where E;j := R;j — %g,-j, then we have %[L > 0, that is, |0 is nondecreasing in t;

furthermore, % u(t) > 0 when the scalar curvature R is not the constant 2a. The

same monotonicity result is also true for other eigenvalues.

Motivated by the above work, we also consider the eigenvalue of —A 4 cR
with ¢ a constant. For ¢ # 0, inspired by [Cao 2007; 2008; Li 2007], we can
derive the following monotonicity of the lowest eigenvalue of —A + ¢R under the
Ricci—Bourguignon flow (1-1). That is, we obtain:

Theorem 1.1. Let (M, g(t)):ef0,1) be a compact maximal solution of the nontrivial
Ricci—Bourguignon flow (1-1) and Ly(t) be the lowest eigenvalue of the operator
—A + cR corresponding to the normalized eigenfunction f, that is,

(—A+cR) f=xrf, / frdv=1.
M

2
Ce[g’ n }U[(l—m—l)p) ,+Oo>
4 4n-1 ][40 -20-1)p)

and the scalar curvature is nonnegative at the initial time, then the lowest eigenvalue

(M Ifp =0,

of the operator —A + cR is nondecreasing in [0, T') under the Ricci-Bourguignon
Sflow (1-1). Furthermore, if p =0 or c # zlt’ then the lowest eigenvalue of the operator
—A + cR is strictly monotone increasing in [0, T') under the Ricci—Bourguignon
flow (1-1).
@) I 0 < p < 35

3n—D%*/p 1

‘Z 0 -2m—1p) T3

and the curvature operator is nonnegative at the initial time, then the quantity

(1-3) (T" =)0 (0)
is strictly monotone increasing under the Ricci—Bourguignon flow (1-1) in [0, T"),
where
/ 1 P
I'=——, e€e=maxRO) and oa=—>0.
2(1 —p)e M 1—p

Remark 1.1. When p =0, where the Ricci-Bourguignon flow is the Ricci-Hamilton
flow, our (1) reduces to the corresponding result of Cao [2008]. When p # 0, we
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don’t know the differentiability for the lowest eigenvalue, so we show that the lowest
eigenvalue is strictly monotone increasing by using the sign-preserving property.

Remark 1.2. According to the proof, it is obvious that (2) will hold whenever
the Ricci curvature is nonnegative, but in general, the nonnegativity of the Ricci
curvature is not preserved along the Ricci—-Bourguignon flow. Nevertheless, the
nonnegativity of the Ricci curvature is preserved in dimension three.

Corollary 1.2. In dimension three, let g(t) and Ao(t) be the same as in Theorem 1.1.
But here we assume the Ricci curvature is nonnegative at the initial time. If 0 < p < le

and 6 |

c Z \/ﬁ + )

1—4p 4
then the quantity
(1-4) (T" =)o (1)
is strictly monotone increasing under the Ricci—Bourguignon flow (1-1) in [0, T'),
where
/ 1 P
T'=——, €e=maxR0) and a=-—>0.
2(1 —p)e M 1—p

Next, as an application of our Theorem 1.1, we rule out nontrivial compact steady
breathers. That is, we obtain:

Theorem 1.3. (1) If p =0, ¢ > %, there is no compact steady breather other than
the one which is Ricci-flat.

(2) If p <0,
1 n (1—(n—1)p)*
€€ (Z’ 4(n — 1)] U [4(1 —2(n— 1>p>’+°°)’

there is no compact steady breather with nonnegative scalar curvature other than
the one which is Ricci-flat.

For ¢ = 0, we derive the following monotonicity of eigenvalues on Laplacian
under the Ricci—-Bourguignon flow (1-1). That is, we obtain:

Theorem 1.4. Let (M, g(t)):c[o,7) be a compact maximal solution of the nontrivial
Ricci—Bourguignon flow (1-1) and p < ﬁ Let L (t) be the first eigenvalue of
the Laplace operator of the metric g(t). If there is a nonnegative constant a such
that

14+@2—
(1-5) Rij—wzegij > —agi; inMx[0,T),
(1-6) R> in M x {0},

then L (t) is strictly monotone increasing and differentiable almost everywhere
along the Ricci—Bourguignon flow in [0, T).
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Remark 1.3. (1) Wu et al. [2010] proved a similar result about the p-Laplace
operator along the Ricci flow, where they assumed R > ap and R £ ap in M x {0},
which are a little stronger than (1-6). The key difference is that we use Lemma 2.3.

(2) It should be pointed out that for p = 0, the above theorem is similar to the main
result for the first eigenvalue of the Laplace operator in [Ma 2006]. Moreover, our
assumptions are weaker than Ma’s.

(3) If a < 0, there doesn’t exist any scalar curvature which satisfies (1-5) and (1-6)
at the same time.

(4) The result may be useful in the study of blow-up models of Ricci—-Bourguignon
flow on a complete Riemannian manifold (M, go).

2. Preliminaries

We begin with the definition for the first eigenvalue (the lowest eigenvalue) of
the Laplace operator (the Schrédinger-type operator —A + ¢ R) under the Ricci—
Bourguignon flow on a closed manifold. Then, we will show that the first eigenvalue
of the Laplace operator is a continuous function along the Ricci—Bourguignon flow.
Finally, under the Ricci—-Bourguignon flow, we show that if R(gg) := R(0) > B, for
some B € R, then either max,; R(¢) > B or the flow is trivial (i.e., g(t) = g(0)) for
every t € (0, 7).

Throughout, M will be taken to be a closed manifold (i.e., compact without
boundary). We use moving frames in all calculations and adopt the index convention

1<i,j,k,---<n
throughout this paper.

Now we recall the definition of the first eigenvalue of the Laplace operator on a
closed manifold under the Ricci-Bourguignon flow. Let (M, g(¢)) be a solution of
the Ricci-Bourguignon flow on the time interval [0, 7). Consider the first nonzero
eigenvalue of the Laplace operator at time ¢, where 0 <t < T,

Al(t)zinf{/ |Vf|2dv:feW1’2,f fzdvzland/ fdu:O},
M M M

where dv denotes the volume form of the metric g = g(¢). Meanwhile the corre-
sponding eigenfunction f satisfies the equation

—Af (@) =r(0) fQ),

where A is the Laplace operator with respect to g(¢), given by

1 ..
Ayy = ——0;(V/|g(®)|g ()" 3;),
g 10l 1g@®)[g(®)” 9;)

and g(t)V = g(t)i_j1 is the inverse of the matrix g(¢) and |g| = det(g;;).
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Note that it is not clear whether the first eigenvalue or the corresponding eigen-
function of the Laplace operator is differentiable under the Ricci—-Bourguignon
flow. When p = 0, where the Ricci—-Bourguignon flow is the Ricci-Hamilton flow,
many papers have pointed out that its differentiability under the Ricci—-Hamilton
flow follows from eigenvalue perturbation theory; e.g., see [Kato 1984; Kleiner
and Lott 2008; Reed and Simon 1978]. But for p # 0, as far as we are aware, the
differentiability of the first eigenvalue and eigenfunction of the Laplace operator
under the Ricci—Bourguignon flow has not been known until now. So we cannot use
Ma’s trick to derive the monotonicity of the first eigenvalue of the Laplace operator.
Although, we do not know the differentiability for A;(¢), following the techniques
of [Wu et al. 2010], we will see that A;(¢) in fact is a continuous function along the
Ricci—Bourguignon flow on [0, T').

Lemma 2.1 [Wu et al. 2010]. If g, and g, are two metrics on M which satisfy
(1+e)'g1 =g < (1+e)gn,
then, we have

(2—1) (1+ ) (n+l)< l(gl) <(1 )(n—i-l).

T (g T
In particular, .1(g(t)) is a continuous function in the t-variable.

Proof. This can be proved using arguments similar to those for Theorem 2.1 in [Wu
et al. 2010]. O

Next we recall the definition of the lowest eigenvalue of —A + cR. Let Ao(¢) be
the lowest eigenvalue of —A + c¢R. Given a metric g on a closed manifold M, we
define the functional A by

(2-2) Xo(2) :inf{%(g, f) :f f?dv=1, f>0and f € W"Z},
M

where

9(g. f) = /M (f(=Af)+cRf?) dv = /M (IVf1>+cRf?) dv.

We also do not know the differentiability for Ag(¢) and the corresponding eigen-
function. But, following the techniques of [Chow et al. 2008], we will see that
Ao(t) in fact is a continuous function along the Ricci—-Bourguignon flow on [0, T').

Lemma 2.2 [Chow et al. 2008]. If g1 and g, are two metrics on M which satisfy

(I+e)'g1<g<(+e)g and R(g1)—e<R(g)<R(g)+e,
then

(2-3) Ao<gz>—xo(g1)s<<1+s)%“—<1+e>*%)(1+s)%(xo<g1>—rr5n|c|R<g1>>

+|C|((1+3)mﬁ3x|R(82)—R(81)|+28m13x|R(gl)|)(1+8)%,
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where § — 0 as ¢ — 0. In particular, Ly is a continuous function with respect to
the C?-topology.

Proof. This can be proved using arguments similar to those for Lemma 5.24 in
[Chow et al. 2008]. |

At last, we present the following lemma.

Lemma 2.3. Let (M, g/)ief0.7) be a compact maximal solution of the Ricci—

Bourguignon flow (1-1). If p < 2(n1_1) and R(0) > B for some B € R, then

either maxy; R(t) > B or g(t) = g(0) for everyt € (0, T).

Proof. From Lemma 2.6, we know that R(t) > B for every t € [0,T). If
maxy; R(tg) = B for some 1y € (0, T), we have R(ty) = B and % < 0. From
(2-7), we have

fo

LR2(19) < [RicP(t0) < pR*(t0) < 5——— R2(10).

n 2(n—1)
Obviously, we have R(f) = 0 and Ric(zp) = 0. Hence, maxy; R(#p) = 8 = 0.
Therefore, if 8 % 0, we have maxy; R(¢) > B for every t € [0, T).

When 8 =0, let I = {r > 0: maxy R(t) > 0}. If ] = &, then we have R(t) =0
and Ric(#) = 0. Hence we have g(¢) = g(0). When I # @ and ¢, € I, for any #; and
0 < 19 < t1, if maxy; R(tp) =0, then R(fy) =0 and Ric(zy) = 0. Hence, in [ty, T),
g(t) = g(tp). So we have Ric(t;) = Ric(7g) = 0, which is in contradiction with
maxys R(#1) > 0. Hence, 79 € I. Since 1y € (0, #1) is arbitrary, we have (0, #;] C L.
By the strong maximum principle, we have (0, T') C 1. U

For the reader’s convenience, we will recall some basic knowledge about the
Ricci—Bourguignon flow.

Lemma 2.4 [Catino et al. 2017]. Under the Ricci—-Bourguignon flow (1-1), we have
0

@4 587 =2R—pRg"),

(2-5) %(dv) =(mp —1)Rdv,
8 .

(2-6) E(Ffi) =—Rir,j — Rij.i + Rijx + o6 R ; +(Sj-<R,i —8&ijR ),
0

(2-7) R=[1-2(n—1)p]AR +2|Ric|> —=2pR>.

at

Lemma 2.5 (short time existence [Catino et al. 2017]). Let p < ﬁ Then, the
evolution equation (1-1) has a unique solution for a positive time interval on any
smooth, n-dimensional, compact Riemannian manifold M (without boundary) with

any initial metric go.
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Lemma 2.6 (preserved curvature conditions [Catino et al. 2017]). Let (M, g/):e[0.1)
be a compact maximal solution of the Ricci—Bourguignon flow (1-1). If p < 2(+_1),
the minimum of the scalar curvature is nondecreasing along the flow. In particular,
if R(go) > «, for some a € R, then R(g;) > « for everyt € [0, T). Moreover, if
oa>0thenT <n/2(1 —np)x).

Lemma 2.7 (conditions preserved in three dimensions [Catino et al. 2017]). Let
(M, gt)iefo,1) be a compact, 3-dimensional, solution of the Ricci—-Bourguignon flow
(1-1). If p < §, then

(1) nonnegative Ricci curvature is preserved along the flow;,
(2) the pinching inequality Ric > e Rg is preserved along the flow for any ¢ < %
Lemma 2.8 [Catino et al. 2017]. Let (M, gt),e[o,r) be a compact solution of

the Ricci—-Bourguignon flow (1-1) with p < 5-— T and such that the initial data 1 80

has nonnegative curvature operator. Then Rg(,) > 0 foreveryt €10, T), where Re
End(A%M) is the Riemann curvature operator

Lemma 2.9 [Catino et al. 2017]. Let p < 2(n - If g(t) is a compact solution of
the Ricci—Bourguignon flow on a maximal time interval [0, T), T < +o00, then

lim sup max | Riem( -, t)| = 400,
t—>T

where Riem( -, t) is Riemann tensor.

3. Proof of Theorem 1.1

We will now prove Theorem 1.1. In order to achieve this, we first prove the following
two lemmas. Our proof uses some tricks from [Cao 2007, 2008].

Let M be an n-dimensional closed Riemannian manifold, and g(¢) be a smooth
solution of the Ricci—-Bourguignon flow on the time interval [0, T'). Let Aq(¢) be
the lowest eigenvalue of the operator —A + cR corresponding to the normalized
eigenfunction f, that is,

(—A+cR)f =hof, f frdv=1.
M

From Theorem 7.2 in [Guo et al. 2013], we know that, for any ¢y € [0, T'), there
exists a smooth function ¢(¢) > 0O satisfying

(3-1) / P> (1) dv=1
M
and ¢(fp) = f(t). Let

(3-2) W) = /M (0(1)(—Ap (1)) + cRG* (1)) dv



MONOTONICITY OF EIGENVALUES OF GEOMETRIC OPERATORS 9

then p(¢) is a smooth function by definition. And at time #y, we conclude that
u(to) = ro(to).
We first give the following lemma.

Lemma 3.1. Let (M, g;):c(0,1) be a solution of the Ricci—-Bourguignon flow on
an n-dimensional closed manifold M, and let \o(t) be the lowest eigenvalue of
—A+cR under the Ricci—Bourguignon flow. Assume that f(to) is the corresponding
eigenfunction of Ag(t) at time ty € [0, T). Let u(t) be a smooth function defined by
(3-2). Then we have

(3-3) diu(z)‘ :(A—Zp)cf R2f2du+(A—2p)f RIV f>dv
4 1=ty M M
—AAO/ Rf2du+2/ Ric(V f, Vf)dv
M M

+2c/ [Ric|? f2 dv,
M
where
A=—1+np+2c[l—-2(n—-1)p].

Proof. The proof is by straightforward computation. Notice that

0
(3-4) 3 (A9 =2Rijpij + Alg) —2pRA¢ — 2 —=n)pR ki
Using Lemma 2.4, we have

4

-5 dt

wu(r)

=ty

=/ 8,(—A¢+cR<p)godU—|—/ (=A@ +cRp)d (¢ dv)
M M

=/ [0;(—A@) + cpd; R+ cROple dvu
M
+/ (=A@ + cRp)o; (¢ dv)
M
=f [—2Rijpij — Alp) + 2pRA@ + (2 —n)pR xprle dv
M
+/ [cgoatR+cR8,go]godU+/ (=A@ +cRp)d; (¢ dv)
M M
=/ [—2Rijpijo +2p0RpAp + (2 —n)pR rprpldv
M
—i—c/ {[1=2(n—1)p]AR +2|Ric|®> —2pR*}¢? dv
M

+/ (—A¢ +cR)[3; (p)dv + 9, (¢ dv)].
M
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From R; =2R;; ; and the Stokes formula, we have

(3-6) fszRdvz/ 2R(|Vo|* +9Ap) dv,
M M

(3-7) / Rygupdv = / IR(VgP + pAg) dv,
M M

and

(3-8) /—Rijwijwdv=/(Rij§0)j§0idU
M M
=/ Rij,j‘.O(PidU‘f‘/ Rijpjpidv
M M
1
25/ R,i§0¢idv+/ Rijpjpidv
M M
1
=—§/ R(¢¢i)idv+/Rij¢j§0idU
M

=—l/ RA(p(de—l/ R|V<p|2dv+/ Rijpjpidv.
2 M 2 M M

On the other hand, at time fy, we know ¢ is the eigenfunction of Ay(f), i.e.,
(=A 4+ cR)p = App, and we have

(3-9) / (= Mg+ R) (3 (@)dv+; (o dv)] = Ao / o19: (@)dv+; (¢ dv)] =0.
M M

The last equality holds because of (3-1). Inserting (3-6)—(3-9) into (3-5), at t = 1y,
yields

4

(3-10) I

/,L(l‘)‘t = (—1+n,0+26[1—2(n—1),0])/ RoApdvu
=l M

+(=1+(n—2) p+2c[1-2(n—1)p]) / R|Vo|*dv

M
+2/ Rijpip; du+2c/ |Ric|2g02dv—2c,0/ Ry*dv.
M M M

Inserting A = cRp — Aop into (3-10), at t = 1y, gives
(3-11) iu(z)) =(A— 2p)c/ R*¢*dv+ (A — 2,0)/ R|Vy|*dv

dt t=ty M M
— ApL/ Ry*dv +2/ Rijpip;dv

M M
+2c/ IRic|?¢? dv.
M

Therefore we finish the proof of Lemma 3.1. (]
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Now we give the second lemma.

Lemma 3.2. Let (M, g;):cj0,1) be a solution of the Ricci—-Bourguignon flow on
an n-dimensional closed manifold M, and let Ao(t) be the lowest eigenvalue of
— A+cR under the Ricci—Bourguignon flow. Assume that f (ty) is the corresponding
eigenfunction of Ao(t) at time ty € [0, T). Let u(t) be a smooth function defined by
(3-2). Then we have

12 Ly

=ity

__ o o
B 2k(2—k)f |R;j — 2k(log f)ij| f~dv

2
+(2c T k))/ IRic|? f2 dv

~ (a—bk)4c—(d—ek)/\0/ Rf?dv
M

2k
. <(a — bk)4c — (d — ek) _2p)/ (CR2f2+ RV f %) dv,
2k 1%

where

a=1-2mn—1)p, b=1—(n—1)p,
d=1-2np, e=1—np and 0<k<?2.

Proof. The proof is by straightforward computation:
G13) [ 1Ry=2kog N Pdv= [ Ricl f2avak® [ 1930 £ P
M M M
_4k/ R;;(log f)i; fdv.
M
From [Cao 2008], we can get
(3-14) 4k2/ IV2(log f)I? f* dv
M
= 2k2c/ RAf?dv —4k2f Rij fi fj dv
M M
:4k2c/ R(fAf + |Vf|2)dv—4k2/ R;; fi fj dv
M M
and
(3-15) —4k/ Rij(log f);j f*dv
M
= —2k/ R(fASf + |Vf|2)dv+8k/ Rij fi fj dv.
M M
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Combining (3-14) and (3-15), we arrive at

(3-16) f IRij — 2k(log £)ij[2 £ dv
/|R1c| frdv+ 8k — 4k2)f Ri; fi f; dv

+2k(2ke — 1)((:/ R?f*dv —,\0/ szdu>
M M

+ 2k (ke — 1)/ RIV f|? dv.
M

Multiplying by m on both sides of (3-16), we conclude that

1 L 242
(3-17) 2k(2_k)/M|le 2k(10gf)l]| fodv
= 5o k)/ IRic| f du+2/ Ry fif dv

ke —1
+ 2 c/ szzdv—ko/ Rf2dv
21—« \“J, "
2ke—1
RIV f? dv.
+ 5 [ RIVSRa

Subtracting (3-17) from (3-3), we see that

' (R o
~ 2k(2—k) /M|Ru 2k(log f);j* f*dv

+ 2c—; /|Ric|2f2dv
2k(2—k)

2ke—1 )
+<A—2,0— )/ (cR2f24+RIV fI2=hoRf2) dv

318 Lpuay

=ty

—pr rMoRf2dv,
M

where A = —1+np +2c[1 —2(n — 1)p]. Note that

kel _Alll=2(—Dpl-[1—(—Dplkic—[(1—2np) — (1 —np)k]

2—k 2—k
B (a—bk)c—(d—ek)
B 2—k '
Therefore we finish the proof of Lemma 3.2. U

Proof of Theorem 1.1. We first prove (1). If p < 0, inserting
1-2(n—1)p

a
k:—:—
b I1—-(n—1p
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into (3-12), we obtain

d 2
(3-19) Lue)| log f)i;| f2dv

=ty 2—4(n—1)p 1)

(1-(n—1)p)? S22 2
+< c—m) /M Ricl fdv—pio | Rf*dv

—p{c/Mszzdv+/MR|Vf|2dv}.

If R >0in M x {0}, from Lemmas 2.3 and 2.6, we know that either maxy; R(t) >0
or g(t) = g(0) for every ¢t € (0, T). Assume maxy R(t) > 0 (otherwise the proof
is trivial). By (3-19), when

_d=(n— 1);0)2/‘ 1= 2(n l)p

- (1—(n—1)p)* 1

Cc = )
4(1—2(n—)p) 4

we obtain

> 0.

1=ty

d
(3-20) Pl

Moreover, setting k = 1 in (3-12), we obtain
d 1 242 1 )
(3-21) —M(z)‘ =L [ |R;—200g )12 f a’v—i—(Zc——) IRic|? f2dv
dt t=ty 2 M 2 M
—,0[4(n—l)c—n+2]{c/ szzdu—i—/ R|Vf|2du}
M M
+p[4(n—1)c—n]x0/ Rf*dv.
M

Then when 1 < ¢ <n/(4(n — 1)), we also obtain (3-20).

Since the eigenfunction of the lowest eigenvalue is not equal to 0 along the
Ricci—-Bourguignon flow, see Lemma 5.22 in [Chow et al. 2008], and w(¢) is a
smooth function with respect to the z-variable, we have

d
(3-22) %u(t) >0
in (t9 — 8, to + &), where & > 0 is sufficiently small. So we get

(3-23) wu(to) > u(t)

for any #; € (f9 — 8,0+ 96) and 1| < 19.
Notice that

u(to) = ro(to) and wu(t)) > Ao(ty).
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This implies Ao(#p) > Lo(#1) for any 7 > #;. Since Ag(¢) is continuous and ¢y € [0, T')
is arbitrary, Ao(¢) is strictly monotone increasing in [0, T'). Therefore we finish the
proof of (1).

Next we prove (2). If 0 < p < in (3-18), we pick k such that

2(n 1)°

Then
_ @e—=D[1=2(n—1)p] —

(4c—D[l—(m—Dp]—
Taking 4c — 1 = B > 0, we have

B[1-2(n—1)p]—2p B
= and 2—k=
B[l—(n—1p]—0p B[l —(n—1)p]—
For 0 < k < 2, we need
2
(3-24) >
1-2(n—1)p

Now, we need 2¢ — m > (0, which is
(3-25) B(B+1)(B[1—2(n—1)p] —2p) = (B[l — (n—1)p]— p)*.

It is true when B — +o00. Next, we will prove that given
_ 6 —1)

(3-26) 4e—1=p= 20" DVP
1 —2(n—1p’

both (3-24) and (3-25) are true. Firstly, since 0 < p < < 1, we have

2(n )
6(n—1 2 _1)\2
_O6-D2p 6= 2
“1-2m—-Dp 1=-2m—1Dp 1-2mn—-1p
Thus, (3-24) holds. Secondly, let’s show (3-25):

B(B+1)(B[1-2(n—1)p]—2p)—(B[1—(n—1)p]—p)
= B*(B[1-2(n—1)p]—2p)+B(B[1-2(n—1)p]—2p)— (B[1—(n—1)p] - p)’
= B*(B[1-2(n—1)p]—2p)—((n—1)Bp+p)’
> B*(6(n—1)>\/p—2p)—((n—1)Bp+p)°
> B*(4(n—1)>\/p)—((n—1)Bp+p)*
=[2B(n—1)yp+(n—1)Bp+pl[2B(n—1)yp—(n—1)Bp—pl.
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The first factor is clearly positive. For the second factor, note ,0% > ,0% > p,
2Bn—1)p—(n—1)Bp—p>Bn—1)Jp—0p
6(n—1)>3/p
> T ¥ 45
T 2, VPP
>6(n— 15 —p= 1201 —1)*p — p > 0.
Therefore, given
6(n—1)>2
4e — 1> (n—)\/ﬁ’
1-2(n—1)p
we have

d

(3-27) a7

> —2,0;1,/ szdu.
=ty M

By Lemma 2.8, we know that the nonnegativity of the curvature operator is preserved
by the Ricci—-Bourguignon flow. This implies that the Ricci curvature is also nonneg-
ative, and we have |Ric|?> < R? The evolution equation of scalar curvature satisfies

(3-28) %R:[l —2(n—1)p]AR +2Ric|> — 2pR>

<[1=2(n—1)plAR+2(1 — p)R>.
Let o (¢) be the solution of the following ODE with initial value:

3o (1)/9t =2(1 — p)o?,

(3-29) {
0 (0) = maxy R(0).

By the maximum principle, letting € = max,s R(0), we can get
—1
R0 <o) = (=201 -py+1)

on [0, T"), where T =min{T’, T} and T' = Z(IlW' Arguing now as in [Hamilton
1982, Section 14], it follows that the metrics g(#) converge to some limit metric
g(T) in the C* topology if T < T”; hence, we can restart the flow with this initial
metric g(7'), obtaining a smooth flow in some larger time interval [0, T+ §), in
contradiction with the fact that 7 was the maximal time of smooth existence. So we
have T’ < T. Hence R(t) < o (¢) on [0, T'). Since the eigenfunction of the lowest
eigenvalue is not equal to 0 along the Ricci—-Bourguignon flow, see Lemma 5.22
in [Chow et al. 2008], from Lemma 2.3 and (3-27), we have

d

(3-30) T

> —Zpr Rf?dv > —2ppuo,
1=l M
which implies

d
(Gon-+20m)|_, >0
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By arguments similar to those in the proof of (1), we know that
(T =)™ *%o(1)

is strictly monotone increasing under the Ricci—-Bourguignon flow (1-1) on [0, T”) and

T = ;
2(1 —p)e’
where
e=max R(0) and o= _r > 0,
M 1—p
which shows (2) holds. Therefore we finish the proof of Theorem 1.1. (]

4. Proof of Theorem 1.3
We will now prove Theorem 1.3. First, we recall the definition of breathers.

Definition 4.1. A metric g(¢) evolving from the Ricci—-Bourguignon flow is called
a breather if for some #; < #; and @ > 0 the metrics g (#;) and g(z,) differ only by a
diffeomorphism; the cases « = 1, @ < 1 and @ > 1 correspond to steady, shrinking
and expanding breathers, respectively.

Proof of Theorem 1.3. For a steady breather, let #; and #, be the same as above; we
have

Ao(t1) = Ao(f2).

When p =0 and ¢ > %, by (1-2) of Theorem A, we have

ho(t1) < Ao(t2)
provided #; < #;. And the equality holds if and only if for any 1| <t <1,

d _
%AOU) =0.

Since the eigenfunction f cannot be identical to zero, from (1-2) of Theorem A we
must have Ric = 0.
But when p <0,

1 1—(n—1)p)?
A I T CEICE IV S
4 4(n—1) 4(1=2(m—1p)
and the scalar curvature is nonnegative at the initial time, because of Theorem 1.1(1)
for a nontrivial flow we have

Ao(t) < Ao(r2)
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provided #; < . When (M, g(#)):c[0,1) 1s a compact maximal solution of the trivial
Ricci—-Bourguignon flow (1-1), i.e., Ric =0, we have Ay(¢;) = Ag(f2). Hence we
have proved Theorem 1.3. (]

5. Proof of Theorem 1.4

We will now prove Theorem 1.4. In order to achieve this, we first prove Lemma 5.1.
Our proof involves choosing a proper smooth function, which seems to be a delicate
trick.

Let M be an n-dimensional closed Riemannian manifold, and g(¢) be a smooth
solution of the Ricci—-Bourguignon flow on the time interval [0, T'). Let A;(¢) be
the first eigenvalue of the Laplace operator under the Ricci—-Bourguignon flow and
f (to) be the corresponding eigenfunction of A;(¢) at time #y € [0, T), i.e.,

(5-1) —Agao) [ (t0) = A1 (to) f (10).
For any #y € [0, T'), Wu et al. [2010] pointed out that there exists a smooth function
b(t) = Lﬂ where (1) = f(t0)<|g(to)|>z
(fMI//(t)ZdU)i lg(®)]
satisfying
(5-2) [ sarav=1. [ p@rav=o.
M M

and ¢(#y) = f(t9). Now we define a general smooth function

(5-3) M(t)=/ ¢ (1) (=A¢(1)) dv.
M
In general, w(¢) is not equal to A;(#). But at time ¢y, we conclude that

wu(to) = A1 (o).

Lemma 5.1. Let (M, g;):el0,1) be a solution of the Ricci-Bourguignon flow on an
n-dimensional closed manifold M and let A1 (t) be the first eigenvalue of the Laplace
operator under the Ricci—Bourguignon flow. Assume that f (ty) is the corresponding
eigenfunction of A(t) at time tn € [0, T), i.e.,

—Ag 1) f (10) = A1 (t0) f (10).

Let u(t) be a smooth function defined by (5-3). Then we have
d
(541 n)|_ = [ @R fF+ (0= n0h R (@ =mp+ LRIV AP dv.
=1y M

Proof. The proof is by direct computation:
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4

(5-5) a7

wu(r)

:f at(—¢A¢)du+f (—¢Ap)0;(dv)
M M

1=l

=/ [—2Rij¢ij — A0 9) +2pRAP + (2 —n)pR kpilp dv
M

+/ (—A¢)Bz¢dv+f (=A¢)p(np—1)Rdv
M M

=/ —2Rl~j¢ij¢>dv+/ —2(A¢)81¢dv
M

M
+Q@2- n)p/ R dv+[1+4(2—n)p] / R(A@)p dv.
M M
From (3-7) and (3-8), we have

(5-6) %/L(l)‘[zzo:—‘/MRA(P¢dU—/MR|V¢|2dU+2‘/MR,‘j(ﬁj(f)l‘dv
+/ —2(A¢)at¢dv—(2—n),o/ RA¢@ dvu
M M
—<2—n)p/ R|V¢|* dv
M

F 42— f R(AG)p dv
M

22/ Rij¢j¢idv+2uf ¢8t¢dv
M M

- +(2—n)p]f RIV¢|*dv.
M

Under the Ricci—-Bourguignon flow, from the constraint condition (5-2), we get

(5-7) 2/ ¢>3,¢dv=—(n,o—1)/ ®*R dv.
M M
Hence, at time 7, the desired lemma follows from substituting (5-7) into (5-6). [J

Proof of Theorem 1.4. We assume that for any time 79 € [0, T), if f(#p) is the
corresponding eigenfunction of the first eigenvalue A;(#), then we have A;(#y) =
1 (tg). By Lemma 5.1, we have

d

(5-8) o

wo|_ = /M ((A=np)2 RF*+2Ry; fi fi=[2=m)p+1IRIV fI*}dv
:/ {(2R;j—[(2—n)p+11Rgi;} fi fidv+| (1—np)ri Rf?dv
M M
z/ (1—np)A1Rf2du—2a/ IV F|>dv
M M

=/ (1—np)x1Rf2du—2ax1:x1f FH(1—np)R—2a}dv,
M M
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where we used the first assumption of Theorem 1.4.

From Lemma 2.3, we know that either max,; R(¢) > 0 or g(¢) = g(0) for every
t € (0,7T). Assume maxy R(t) > O (otherwise the proof is trivial). Since the
eigenfunction of the first eigenvalue is not equal to 0 along the Ricci-Bourguignon
flow, by (5-8), we obtain

(5-9) % w0l >o

=iy

By arguments similar to those in the proof of Theorem 1.1, we have A (¢) is strictly
monotone increasing in [0, 7).

As for the differentiability for A;(¢), since A () is increasing on the time interval
[0, 7') under curvature conditions of the theorem, by the classical Lebesgue’s
theorem, see for example Chapter 4 in [Mukherjea and Pothoven 1984], it is easy
to see that A (¢) is differentiable almost everywhere on [0, T'). Ul

Remark 5.1. (1) In the course of proving Theorem 1.4, we do not use any differ-
entiability of the first eigenvalue or the corresponding eigenfunction of the Laplace
operator under the Ricci-Bourguignon flow.

(2) Using this method, we cannot get any monotonicity for higher-order eigenvalues
of the Laplace operator under the Ricci—Bourguignon flow.
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