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BESOV-WEAK-HERZ SPACES AND
GLOBAL SOLUTIONS FOR NAVIER-STOKES EQUATIONS

LucAs C. F. FERREIRA AND JHEAN E. PEREZ-LOPEZ

We consider the incompressible Navier-Stokes equations (NS) in R” for
n > 2. Global well-posedness is proved in critical Besov-weak-Herz spaces
(BWH-spaces) that consist in Besov spaces based on weak-Herz spaces.
These spaces are larger than some critical spaces considered in previous
works for NS. For our purposes, we need to develop a basic theory for
BWH-spaces containing properties and estimates such as heat semigroup
estimates, embedding theorems, interpolation properties, among others. In
particular, we prove a characterization of Besov-weak-Herz spaces as inter-
polation of Sobolev-weak-Herz ones, which is key in our arguments. Self-
similarity and asymptotic behavior of solutions are also discussed. Our
class of spaces and its properties developed here could also be employed to
study other PDE:s of elliptic, parabolic and conservation-law type.

1. Introduction
This paper is concerned with the incompressible Navier—Stokes equations

W —Autu-Vu+Vp=0 inR"x (0, 00),
(1-1) V-u=0 in R" x (0, 00),
u(0) = uo in RY,

where n > 2, p is the pressure, u = (u j)’}zl is the velocity field and ug is a given
initial velocity satisfying V - ug = 0.

After applying the Leray—Hopf projector P and using Duhamel’s principle, the
Cauchy problem (1-1) can be reduced to the integral formulation

t
(1-2) u(t) =G@{)ugy —/ Git—1Pdiviu @u)(t)dt := G()ug+ B(u, u)(t),
0
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where u ® v := (4;v;)1<;, j<n 15 a matrix-valued function and G(1) = e’ is the
heat semigroup. The operator P can be expressed as P = (P; j),,x, Where P; ; :=
3i,j + RiR;j, & is the Kronecker delta and R; = (—A)~1/29; is the i-th Riesz
transform. Divergence-free solutions for (1-2) are called mild solutions for (1-1).
Note that if u is a smooth solution for (1-1) (or (1-2)), then

(1-3) u; (x, 1) == Au(rx, A2t)
is also a solution with initial data

(1-4) (10)x(x) = Auo(Ax).

Recall that given a Banach space Y we say that it has scaling degree equal to
k € Rif || f(Ax)|ly = AK|| flly for all A > 0 and f € Y. Motivated by (1-4), a
Banach space Y is called critical for (1-1) if it has scaling degree equal to —1,
that is, if || f|ly = [|[Af (Ax)||y for all A > 0 and f € Y. In turn, a solution of (1-1)
which is invariant by the scaling (1-3), i.e., u = u;,, is called a self-similar solution
of (1-1). Note that in order to obtain self-similar solutions, the initial data should
be homogeneous of degree —1.

Over the years, global-in-time well-posedness of small solutions for (1-1) in
critical spaces has attracted the interest of a number of authors. Without making a
complete list, we mention works in the following spaces: homogeneous Sobolev
H'/2(R?) [Fujita and Kato 1964], Lebesgue L"(R") [Kato 1984], Marcinkiewicz
L™*°(R") [Barraza 1996; Yamazaki 2000], Morrey M;(IR”) [Giga and Miyakawa
1989; Kato 1992; Taylor 1992], weak-Morrey MZ’OO([R") [Miao and Yuan 2007;
Lemarié-Rieusset 2015; Ferreira 2016], P M"~! -spaces [Cannone and Karch 2004],
Besov B;/ &_1 (R™) for p > n [Cannone 1997], Fourier—Besov FB;;)_"/ P Iwabuchi
and Takada 2014; Konieczny and Yoneda 2011], homogeneous weak-Herz spaces
WK ., (R") [Tsutsui 2011], Fourier—Herz B! = FB| | with r € [1, 2] [Cannone
and Wu 2012; Iwabuchi and Takada 2014; Lei and Lin 2011], homogeneous Besov—
Morrey /\f,f’q/,i.gl with r > n [Kozono and Yamazaki 1994; Mazzucato 2003], and
BMO™! [Koch and Tataru 2001]. The reader can find other examples in the nice
review [Lemarié-Rieusset 2002]. Up until now, to the best of our knowledge,
BMO~! and /\frnl/ ;1 are maximal critical spaces for (1-1) in the sense that a larger
critical space in which small solutions of (1-1) are globally well-posed is not known.

The purpose of this paper is to provide a new critical Besov type class for global
well-posedness of solutions for (1-1) by assuming a smallness condition on initial
data norms. Here we consider homogeneous Besov-weak-Herz spaces BWK g:;,,,
which are a type of Besov space based on homogeneous weak-Herz spaces WK, .
They are a natural extension of the spaces BK z;;’ , introduced in [Xu 2005] (see
Definition 2.5 in Section 2B). The Herz space K ;‘," g Was introduced by Herz [1968]
but his definition is not appropriate for our purposes. Later, Johnson [1974] obtained
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a characterization of the K ,-norm in terms of LP-norms over annuli which is
the base for the definition of the spaces WK;‘,‘, q in [Tsutsui 2011] and is the same
one that we use. In order to achieve our aims, we need to develop properties
for WK;’," q.r- and BWK lq.r-Spaces such as the Holder inequality, estimates for
convolution operators, embedding theorems, interpolation properties, among others
(see Section 2). In particular, a characterization of Besov-weak-Herz spaces in
terms of interpolation of Sobolev-weak-Herz ones is proved, which is key in our
arguments (see Lemma 2.14). Moreover, we prove estimates for the heat semigroup,
as well as for the bilinear term B(u, v) in (1-2), in the context of BWK;:;’r—spaces.
We also point out that these spaces and their basic theory developed here could be
employed to study other PDEs of elliptic, parabolic and conservation-law type. It
is worth observing that some arguments in this paper are inspired by some of those
in [Kozono and Yamazaki 1994] that analyzed (1-1) in Besov—Morrey spaces.

In what follows, we state our global well-posedness result.

Theorem 1.1. Let1 <g <oo, n/2<p<oocand <o <min{l—n/2p),n/2p)}.
There exist € > 0 and 6 > 0 such that if ug € BWK;:Z?;’S/”_I with V -ug = 0 and

||u0”BWkot.ot+n/p—l <6, then problem (1-1) has a unique mild solution
p.q.©
00 . R ca,otn/p—1
u € L®((0, 00); BWK o t1/P1)
such that
. L —(a/24n/@4
allx = Nl e oo wigasoroty +sup e~ @2 D e < 2e.

t>0

-1

~.000 a8 t = 0T, and solutions depend continuously on

Moreover, u(t) = ug in B
initial data.

As a matter of fact, one can show that the solution in Theorem 1.1 is time-
continuous for ¢ > 0. We have the continuous inclusions L" C L™ C WK,?’OO C
BWK%0 _ (see Lemmas 2.7 and 2.12) and

n,00,00

)2 e Bl’;fé’o“ c BWKOn/p-1 for p > n (see Remark 2.6).

p,00,00

So our initial data class extends those of some previous works; for instance, the
ones in [Fujita and Kato 1964; Kato 1984; Barraza 1996; Cannone 1997; Yamazaki
2000; Tsutsui 2011].

Notice that the parameter s corresponds to the regularity index of the Besov type

space BWK;‘:;J. Considering the family {B Wkgj'ééf’ogl} p>n/2, in the positive
regularity range n/2 < p < n we are dealing with spaces smaller than those with
p > n (negative regularity), because of the Sobolev embedding BWK 2;’%@;1 C
BWKgfégloZl when p; < p; (see Lemma 2.13). For p > n, it is not clear to us

whether there are inclusion relations between BWK 2%? 021 and BMO™! or between
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BWK P! and ./\/'rnl/ "' with r > n. In this sense, our result seems to give a new
critical initial data class for existence of small global mild solutions for (1-1). In
any case, it would be suitable to recall that well-posedness involves more properties
than only existence of solutions, namely existence, uniqueness, persistence, and
continuous dependence on initial data, which together characterize a good behavior
of the Navier—Stokes flow in the considered space.

We finish with some comments about self-similarity and asymptotic behavior
of solutions. It is not difficult to see that for n < p < oo the function f(x) = lx| !
belongs to BWK 2;;’{{’; ' So, the homogeneous Besov-weak-Herz spaces (at least
some of them) contain homogeneous functions of degree —1. Thus, if one assumes
further that the initial data uq is a homogeneous vector field of degree —1, then a
standard procedure involving a Picard type sequence gives that the solution obtained
in Theorem 1.1 is in fact self-similar. Moreover, following some estimates and
arguments in the proof of Theorem 1.1, with some extra effort, it is possible to prove

that if we have ug and vg satisfying lim ||G(¢)(up — Vo) ll gy goactn/o-1 = 0, then
t—00 p.q,%0
llm I/l‘,t _v',t ' 'ct,ozn7=0,
Am (1) — v, Dl gygaatnr

where 1 and v are the solutions obtained in Theorem 1.1 with initial data u¢ and vy,
respectively.

The plan of this paper is as follows. Section 2 is devoted to function spaces, with
Herz and Sobolev—Herz spaces considered in Section 2A, while Sobolev-weak-Herz
and Besov-weak-Herz spaces are addressed in Section 2B. The proof of Theorem 1.1
is performed in the final section: In Section 3A we provide linear estimates for
the heat semigroup. Section 3B is devoted to bilinear estimates for B( -, -) in our
setting. After obtaining the required estimates, the proof is concluded in Section 3C
by means of a contraction argument.

2. Function spaces

In this section we recall some definitions and properties about function spaces that
will be considered throughout this paper.

2A. Weak-Herz and Sobolev-weak-Herz spaces. For an integer k € Z, we define
the set Ay as

(2-1) Ap={xeR": 2K < |x| <28},
and observe that R" \ {0} = ;.7 A«. Taking x € A; we have that

yEAm andmfk :> 2](71_2’"§|x—y| <2k+2m’
yeApandm >k = 2" =2 <|x —y| <2" + 28,
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Consider also the sets
0) Ci ={E: 281 —2m < &) <2k 4 2m),
Cge = (£ 2" =2k < g <2m 424},

We now define the weak-Herz spaces:

Definition 2.1. Let 1 < p <00, 1 <¢g < o0 and « € R. The homogeneous weak-
Herz space WK ;‘," = WK ;‘," q (R™) is defined as the set of all measurable functions
such that the following quantity is finite:

1/q
(Z 2’<“q||f||§p,%)> if ¢ < o0,
(2-3) | f iy, = § k<2
sup 2X| £ Loocay) if ¢ = oo.
kez
Fora €R, 1 < p<ocand 1 <g < o0, the quantity || - ||y x. defines a norm in
. . pP.q
WKg’q and the pair (WK;’,"q, I| - ||WKg_q) is a Banach space (see, e.g., [Herndndez

and Yang 1999; Tsutsui 2011]).

The Holder inequality holds in the setting of homogeneous weak-Herz spaces
(see [Tsutsui 2011]). To be more precise, if 1 < p, p1, pp <00, 1 <gq,q1,q2 <0
and «, o1, @z € R are such that % = %—I—é, Cl] = qi] + qiz and o = ;] + ap, then
(2-4) I fellwgs, = Cllf g, lglwge, .

where C > 0 is a universal constant. In fact, for all £k € Z, we have
Il fellLroecay < ClfllLrieo@apligllLrea,).
and therefore

1/q
25 I fsllwgy, = (Z 2"”"||fgllip,mk)>

keZ

1/q
k k
< c(Zz N NG 1o a2 “zqngnzmmk)
keZ

< Cll S llwge, N8 lwiss, -
Taking in particular («, p1, q1) = (0, 00, 00) in (2-5), we obtain
(2-6) I fellwgs, < Cllflx@nliglygs

Later, we will need to estimate some convolution operators, particularly the heat
semigroup, in weak-Herz and Besov-weak-Herz spaces. The following lemma will
be useful for that purpose.
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Lemma 2.2 (convolution) Let 1 < p; < o0 and 1 < r, pp < 00 be such that
1+——p—-|-172 Further,let 1 <g <o0, -2 <« <n(1—p—) and 6 € LP'(R")

be such that 0| - |"/P' € L®(R"). There extsts a positive constant C independent
of 0 such that

@7 0% Fllygg, < Cmax{100er 11170} fllwgs,

forall f € WKP2 -

Proof. Denote f,, = f|a,. Recalling the decomposition (2-1), for k € Z we can
estimate

(2-8) 2116 % fllzreo(ar)

k+1
52"“{ > Oxfm | D Oxfu +| D Oxfu }
m<k—2 Lree(Ar) N=k—1 LA Vp>kq2 Lreo(Ar)
= I+ +1}.

Using the notations in (2-2) and the change of variable z = k — m, we handle the
term I_é‘ as follows:

> %

m>k+2

> Ot

m>k+2

(]
=,

r 1/r
dx)
<C|l|-|"/P10] 2%

r 1/r
(/ ( > / =y ™"y, (- y)x|fm<y>|dy) dx)

m>k+2

r 1/r
SC|||-|"/"'9||L002’“"(/ ( > 2‘”’”/’”||f||mm>) dx) -
Ag

m>k+2

(2-9) IF <2k

Lr.OO(Ak)

< 2ka

L"(Ap)

> [ ot fatdy

m>k+2

r 1/r
dx)

> /R O0(x=y)x¢,, (x=) fn(¥)dy

m>k+2

Recalling the inclusion LP>*°(A,,) — L'(A,,), we can continue to estimate the
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right-hand side of the fifth inequality in (2-9) in order to obtain

(2-10) I3 < C||- 176 L=2"

(L2

r l/r
g/ pigrm=1/p2) ||f||m~°°<Am>> dx>
m>k+2

< CIL-PPel 282 T 27 f e a,

m>k+2
< CI- 170l Y 22O f o,
—2>z
< CII- P8l Y 2R Cm Db f oy,
—2>z
< CII- [P0l Y 252 fl e,
—2>z

This estimate and the Minkowski inequality lead us to (with the usual modification
in the case g = 00)

1/q
(Z(,éc)q) < CMy || fllwiy, -

keZ
For the summand Ié‘ , We estimate

k+1

k ki

1§ <25 3" 110 % fullreecay
m=k—1
k+1

<25 3" 10 % full oo
m=k—1

k+1

k
<2 3" 0lLo |l fnllpr
m=k—1
1

<ClOlLn Y 2% fll Lrzeocary.
1=—1

which implies

1/q
(Z(If)q) < CMo| fllwks, -
kezZ

Proceeding similarly to the estimates (2-9)—(2-10) but considering C,, x in place
of Cp, k, the summand / lk can be estimated as
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(2-11) 1"§C|||-|"/p‘9||m2"°‘<f(Z e = yI7" P x, (= )
Ag

m<k—2 R r 1/r
X|fm(y)|dy) dx)
r 1/r
<C|l|- "7 0] 2" < / ( > aknin ||f||L1(Am>) dx)
Ak \p<k—2
S CI 17Ol 2528 Y 27 f
m<k—2

SCI- POl Y 2T fllpa,,

m<k—2
<C|I- |n/1719“Loo Z2k(a_n+n/p2)2n(k_Z)(l_1/p2)||f||L1’2’°°(Ak,Z)

2=z
<C||- |n/1719”L00 Z2Z(a7n+n/p2)2(kiz)a||f||L1’2’°°(Ak,Z_)-

2=z

It follows from (2-11) that

1/q
(Z(If‘)q) < CMyllfllws, -
keZ

Finally, the desired estimate is obtained after recalling the norm (2-3) and using the
above estimates for / ]k in (2-8). O

Let ¢ € C°(R™\ {0}) be radially symmetric and such that

suppy C {x:3 <|x| < §}

and
Z(pj(";') =1, forall & eR"\{0},

jeN

where ¢;(§) := @(£277). Now we can define the well-known localization operators
Aj and S;: »
Ajf=eiD)f=(F @)=,

Sef =Y _Ajf.

J<k
It is easy to see that we have the identities
AjArf=0if |[j—k|>2 and A;j(Si28Arf)=01if |j—k|>35.
Finally, Bony’s decomposition gives (see, e.g., [Bony 1981])

f&=Trg+ T, f +R(f2),
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where
Trg=Y) Sj2fAjg. R(fe)=) AjfAjg and Ajg= Y Ajg.
JjeZ jezZ lj—J'1=1

The next lemma will be useful in order to estimate some multiplier operators in
Besov-weak-Herz spaces.

Lemma 2.3. Let 1 < p <00, 1 < g < o0, —%<a<n(1—%), m € R and
={x: %2’ <|x| < §2j}f0rj € Z. Let P be a C"-function on

51' =D; 1UD;UDj

such that |8£P(S)| < C2m=IBDI for all & € 5j and multi-index B satisfying |B| <
[n/2]+ 1. Then, we have that

AN jm .
1P Y ks, < C2™ I Flgs
forall f € WK“ such that supp f CD;.

Proof We start by defining ¢; = - Qi1+ ¢+ @1 and K (x) = (P¢;)". Since
suppf C D; we have that P(f)f(g) P(&)gp; (S)f(s) and therefore (Pf)
(P@; f) = K * f.
Using Lemma 2.2 we get
II(Pf)VIIW,gqu < Comax{[IK Iz, I Kl f g, -

It remains to show that max{||K ||, 1, ||| - |"K ||~} < C2™ . For that, let N € N be
such that n/2 < N < n and proceed as follows:

1Kl = / K() + / K(y)

B(0,277) ly|=2-/

1/2 12
5(/ _1) (/ _|K<y>|2)
B(0,2-7) B(0,277)
12 12
+(/ _|y|—2N) (f _|y|2N|K<y>|2)
[y|=2-J |y|=2-J

< C27"2| PGyl 2+ C2TI NN OPK
|BI=N

< C27I2| PG|l 2+ C2TI NN 198 (PG| 2
|Bl=N

< C2in/2comiiniz  cp—i(=N+n/2)cpij(m=N)yjn/2

<2,
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For the norm ||| - |"K || 1.~, we have that
1Kl < D0 ICP K e <€ ) 18P (PG
|Bl=n |Bl=n
<C Y 2/lmmain < com,
|Bl=n
as required. O

2B. Sobolev-weak-Herz spaces and Besov-weak-Herz spaces. In this section we
introduce the homogeneous Sobolev-weak-Herz spaces and Besov-weak-Herz
spaces. We also shall prove a number of properties about these spaces that will be
useful in our study of the Navier—Stokes equations. These spaces are a generalization
of Sobolev-Herz and Besov—Herz spaces found in [Xu 2005].

Definition 2.4. Let 1 < p <00, 1 <g <oo and ¢, s € R. Recall the Riesz operator
I° f =& f. The homogeneous Sobolev-weak-Herz spaces WK ) = WK (R")
are defined as

(2-12) WKy =(f € S'®R)/P I fllwgy, < o0}

Definition 2.5. Let 1 < p <00, 1 <¢g,r < oo and «, s € R. The homogeneous

Besov-weak-Herz spaces BWK b = BWK g (R") are defined as

BWK®:  ={f e S'RY/P: | fllgwges < oo},

p.q.r P:q.r

where

1/r
Y 2 A £ ) 7 < o0
(2-13) ”f”BWk"” = (jEZ ! WKy

P.q,r . .
Sup ez 2js||Ajf||WKﬁq if r =o00.

Remark 2.6. (i) The spaces WK g and BWK g are Banach spaces endowed

with the norms || - ”WK;_q and || - || BWRES > respectively.

(i1) The continuous inclusion B‘[‘;’r(R".) - BWK&%O,,(R”) holds for all s € R,
1 < p<oo,and 1 <r < oo, where B;,r stands for homogeneous Besov spaces.
To show that, it is sufficient to recall the definition of Besov spaces (see [Bergh
and Lofstrom 1976, p. 146]) and (2-13) and to use the inclusion L? C Wkg,oo
that is going to be shown in the lemma below.

The next lemma contains relations between weak-L”, weak-Herz and Morrey
spaces. For the definition and some properties about Morrey spaces we refer the
reader to [Kozono and Yamazaki 1994] (see also [Kato 1992] for an equivalent
definition and further properties).



BESOV-WEAK-HERZ SPACES AND GLOBAL SOLUTIONS FOR NS EQUATIONS 67

Lemma 2.7. For 1 < p < 00, we have the continuous inclusion
(2-14) LP ¢ LP® ¢ WK

Moreover, let M; stand for homogeneous Morrey spaces, 1 <q <r < oo and
n/r #a+n/p when q < p. Then

(2-15) WKS o & M.

Proof. The first inclusion in (2-14) is well known, so we only prove the second one.
For that, it is sufficient to note that || f|| Lr.cc(a,) < || f |l Lr-cc () for all k € Z and after
to take the supremum over k. In order to see the strictness of the inclusion, take
xp = 32K718) and h(x) == 302 Ix — x| /P xB0,1/8) (x — x¢). It is clear that / is
an element of Wf(g’oo but not of LP*°(R").

Now we turn to (2-15). For f(x) = |x|™"/?, we have that f € LP*® C WK
On the other hand, for any g > p note that ||f||Lq(B(() R)) = 00, and then f ¢ M’
for any r. Finally, if n/r # o +n/p then WK s C M, (and the reverse) never
could hold. This follows from an easy scaling analysis of the space norms; in fact,
the scaling of My, is —n/r and that of Wlfg’oo is —a—n/p. ([

In the next remark, we recall some inclusion and noninclusion relations involving

Herz, weak-Herz, Besov and bmo™! spaces that can be found in [Tsutsui 2011].

Remark 2.8. (i) Forl <p <o <ooand 0 <a <n(l—1/p), we have
WK > B @mn/p=lo) ko o, foaand WKO e Brn0/re1),

(ii) Forl < p<ooand 0 <« <n(l1—1/p), we have WK;"OO — B;o(,oé:,r”/p).

(iii) For 0 < o < n, we have Kgo’oo — Bgo‘j‘oo.

(iv) Forl < p<oocand 0 <a <n(1—1/p), we have Wf(;‘ B_(‘Hn/p)

%) We have L' = K?, < BZ" . Forn < <ocand 0 <o <1—n/p, the
1,1 00,00 p p

inclusion WK Y o bmo~" holds.
(vi) Forl<p<o <ooand —n(l/p—1/0) <a <0, WK o B_(‘H”(l/p /o)
does not hold.

(vii) For 1 < p <ooand —n/p <a <0, WK% < B9™P) does not hold.

Remark 2.9. Using the interpolation properties of homogeneous Besov spaces and
homogeneous Besov-weak-Herz spaces (see Lemma 2.14 below) and item (ii) of
Remark 2.8, for 1 < p <ocoand 0 <o < n(l —1/p) we can obtain

(2-16) BWK®S, , — B @tn/p),

p,00,r

In particular, BWK?,‘ g‘jgé” e, B‘1 and

0,n/
(2-17) BWKP Zopl s B | L™,
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Moreover, from Remark 2.8(vi) and Lemma 2.12 below, it follows that the inclusion

0, ps—n(l/p—1
BWKO:S, = BSn/p=l/o)

p,00,00
does not hold forany s e R, 1 < p <ooand 1 <o < o0.

Remark 2.10. Note that for s — (¢ +n/p) <Oandr > 1,0ors — (¢ +n/p) <0 and
r = 1, the inclusion (2-16) implies that for f € BWK® oo, the series Z A f
converges in S’ to a representatlve of f inS’/P (see, e.g., [Lemarié- Rleusset 2002]).
So, in these cases the space BWK® oo,y Can be regarded as a subspace of S
Hereafter, we say that f € S’ belongs to BWKp .y Withs — (e +n/p) <0 and
r>1l,ors —(¢+n/p)<0andr =1,if f is the canonical representative of the
class in &'/P, namely f =% _A;finS.

j=—00

A multiplier theorem of Hormander—Mihlin type will be needed in our setting.
This is the subject of the next lemma. In fact, the main part of the proof has already
been done in Lemma 2.3.

Lemma 2.11. Let 1 < p <00, 1 <q,r <oo, —n/p <a <n(l —1/p) and
m,s € R. Let P € C"(R"\ {0}) be a function such that |a§P(s)| < C|g|"m=1BD for
all multi-index B satisfying |B| < n. Then

1P (D) fll gwges—m = Clfll pwges -

p.q.r

Proof. Note that for each j € Z we have that |&|" 718l < C2/"=1BD for all £ € DJ,
and therefore |8§ P(&)| < C2/=IfD_ On the other hand, since supp A f C D; we
can use Lemma 2.3 in order to get

2-18)  18;(P(D) Pllwgs, = IPDYA; Hllwis, < C2"IA; Fllgs -
The result follows by multiplying (2-18) by 2/~ and then taking the /"-norm. [J]

In what follows we present some inclusions involving Sobolev-weak-Herz and
Besov-weak-Herz spaces.

Lemma 2.12. Lets eR, 1<p<oo, 1 <g<ococand —n/p <a <n(l—1/p).
We have the following continuous inclusions:

(2-19) BWKS) | C WK, C BWKS)
(2-20) BWI'(;‘:;’I C WK% C BWKSS .

Proof. For f € B WK
order to estimate

q |» we can employ the decomposition f = Z,‘ez Ajfin

L lroecay < D NA;Fllroscay.

jez
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Thus, using the Minkowski inequality, we arrive at (with the usual modification in
the case g = 00)

1/q a\1/q
17wk, = (Z zkaq”fll‘ip.oc(Ak>) < (Z(Z 2"“I|A,-f||u,oomk>) )

kez keZ “jeZ
k q 1
< XA M) = 185 g,
jeZ “kez jez
=1/l gwgeo -

which implies the first inclusion in (2-19). Now, let f € WI'(;‘,‘, q and note that in
fact we have that f € S’/P. Moreover, using Lemma 2.2 we get

I Vgwigs. =S 1A Flwig, < €50l Fllwig, = €1 i,
J J

and then the second inclusion in (2-19) holds.
For (2-20), we can use Lemma 2.3 in order to estimate

. — s . s .. — IS .
I Fllwiss =00 Fllwig, <1 Fllgwgeo =D NAGL Fllygs,
jez
<C ) 2718 flwkg, = CIflswres -
jez '
Moreover, Lemma 2.3 also can be used to obtain
1F sk o = SuP 2 1A Fllwiy , = sup 27 117 AL fllygy
* jez P ez -
< Csup | A1 fllwgy, < Csup I fllwgs
jez P jez P4
— s I Cus
=CIII° fllwkg, = CIf lwksy.

for all f € WK pg» as required. O

Now we present an embedding theorem of Sobolev type.

Lemma2.13. Lets eR, l <p<oo, 1 <g,r<o0, p<pi<oo, l <pry<p;
and—%<a<n(l+ﬁ—L—%). Then

P
(2‘21) ”f”BWKf,‘; ; =< C”f”BWI'(;HZ(i/p*I/m>.x+n(1/p2*1/p1)-
4. S
In particular, for 5 < p < oo and 0 < a < min{l — %, ip}, it follows that
(2-22) ||f||3wkg:q‘r = C||f||BWK1277éfxr+s+n/(2p)-

Proof. Using the Holder inequality, it follows that

”Ajf”WKg,q‘, = C||Ajf||WK‘p'l+,gf,l./p71/”')'
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Also, we have that <pjf = (,ZJ-(pjf, that is, A;f = (¢;) * Ajf. So, using
Lemma 2.2 we get

||Ajf||WkZm1/p—1/m> = [[(@;)* A4/‘f||W,-(z]+;§:/p—1/m>
o
< Cmax{[[(@;llLre -7 (@) ||L°°}||A‘/fllwkmg/n—l/pn,
2.9
where 1 + E = —* + é. It is easy to check that

max{[[(@;) Lo, ]+ 1"P*(§;) oo} < €2/ P2=1/P0),

and then
A f N ygesnp-rimn = 2= A ) gm0/,

which gives (2-21). We conclude the proof by noting that for 0 <o <n/2p there

exists p; such that p1=> 2p and o = n(% — E) Moreover, « <n + &+ — % — 2”p
because o < 1 — 3y = % — 2p' So, (2-22) follows from (2-21) by choosing this value
of Pi. ([

We finish this section with a result that provides a characterization of homo-
geneous Besov-weak-Herz spaces as interpolation of two homogeneous Sobolev-
weak-Herz ones.

Lemma 2.14. Let s, s, s €R, 1 < p <00, lfq,rfooand—% <o <n(1—%).
Ifso sy and s = (1 —0)sg+0s; with 6 € (0, 1), then

(WK%, WKy, = BWKYS .
Proof. Let f = fo+ f1 with f; € WK}5 i =0, 1. By using Lemma 2.3 we get
2-23) 1A fllwks, 1A follwke, + 14, fillwge,

<c@E™ ||Is0Ajf0||W1'(<;’q +27IINA lws,)

< CQII® follywgy, +27 I fillwgy )

< C27 (I follyges + 2%V fillygesn)-
It follows from (2-23) that

”Ajf”WK;’;_q < C2_S0jK(2(SO_Sl)j, f, WKg [s]o’ WK“ S

Noting that s — s = —0(so — s1) and multiplying the previous inequality by 2/,

we arrive at

23j||Ajf”Wf(qu < C(z(so—n)j)—éK(z(so—n)j’ f. WKZ Lsio’ WK“ .51

and then (see [Bergh and Lofstrom 1976, Lemma 3.1.3]) we can conclude that

I s wrgs, = CU lowii wig, -
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To prove the reverse inequality, note that by using Lemma 2.3 again we have

26T J QOO A f, WK, WK
=207 max{| A fllygeo. 2% IA fllyge)
=207 max (2714 fllwig, 2% 1A fllwkg, )
<29 max{|A; flwgg, - 14 f s, }
=214 fllwks,
Now the equivalence theorem (see [Bergh and Lofstrom 1976, Lemma 3.2.3]) leads
us to

”f”(WK;:_’;O,WK;‘:;I)g,, = C”f”BWK;;,

The remainder of the proof is to show that in fact f € BWK g, implies that
fe Wf(g:;o + WK g - Suppose that 5o > 51 (without loss of generality). Using the

decomposition f =Y A;f+ Y Ajf = fo+ fi and Lemma 2.3, we obtain
j<0 Jj=0

. J (0= sy A . .

I follwieso < D NA; Fllygesn < Y0270 V27 1A Fllyge
Jj<0 Jj<0
1/r 1/r
j (so—s)r’ j .
Sc(ZZJ 50 sr) (Zz]erAJfH;VKgq)
j<0 j<0 '
<Clfllgwges, -

p.q.r

Similarly, one has

Wil = 2187 il = 2202704, fllwg,

Jj=0 j=0
_ 1/r _ 1/r
< C(Z 2fbr=ar ) (Z 274G f g )
j=0 j=0 "
< Clifl swkes,
and then we are done. O

3. Proof of Theorem 1.1

In the previous sections, we have derived key properties about homogeneous Besov-
weak-Herz spaces. With these results in hand, we prove Theorem 1.1 in the present
section.
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3A. Heat kernel estimates. We start by providing estimates for the heat semigroup
{G(t)};>0 in Besov-weak-Herz spaces. Recall that in the whole space R" this

semigroup can be defined as G(¢) f = (exp(—t|§|2)fA)V forall f € S’ and ¢ > 0.
Lemma3.1. Lets,0 €R, s<o, | <p<oo, 1=q,r<ocoand -7 <a<n(1—%).
Then, there is C > 0 (independent of f) such that

(3-1) G fllgwias, < Ct" ) fllgwies

par’

forallt > 0. Moreover, if s < o, then we have the estimate

(3-2) GO fllswies, < CrO™ 21 f lpwks;

p,q.oc’
forallt > 0.

Proof. Firstly, observe that for each multi-index 8 there is a polynomial pg(-) of
degree |B| such that

of (exp(—t[£[%)) = 1P py (V1E) exp(—t[£[2).
Therefore, for some C > 0 it follows that
|0 (exp(—t[E %)< Crm/2|g |71l
By employing Lemma 2.11, we obtain

—m/2
IGW [l gwgssm < CO" 2N f  swies

pigr’
Taking now m = s — o we arrive at the inequality (3-1).

Next we turn to (3-2) and let s < o. From (3-1) with r = oo we get

IGO l swgser < CE N F D pwiss

p.q,%0

and

IG@) fllgwies . < Cllfll pwges

pg.00 pg.00”

By using Lemma 2.14 and the reiteration theorem (see [Bergh and Lofstrom 1976,
Theorem 3.5.3 and its remark]) we conclude that

o Sa, . 0,208 D >, 7 -0,
G(): BWK ) o = (BWKG 7' BWKLG o)1 = BWK, 0,

with |G (Ol gwiss o pwies | < Ct©=9)/2 which gives (3-2). O
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3B. Bilinear estimate. Let us define the space X as
X= {u (0, 00) > BWK S/~ \NWKS, . with V-u=0 such that |ux <oo},
where

(3—3) aa+n/p 1 +Supt2 ( +4P)||u|| WEKY

u = (|U
” ”X ” ||L°°((Ooo) BWK s 2p.2q

We are going to prove the bilinear estimate
(3-4) 1B(u, v)llx < Kllullxlvllx.

We start by estimating the second part of the norm (3-3). For that, we use (2-19),
(2-22), (3-2) and Lemma 2.11 in order to get

1B, )Dllwgg, , < IB@ Ol zyggo, |

= [I1B(u, U)(I)HBWK%Z?/(ZP)
t
5 C/ ”G(t _f)[I:D div(u®v)||BWK2a,Ot+n/(2])) dT
0 p.2q,1
! _l_(g+L) .
<C | @t—1) 2 27| |Pdiviu @ )|l gy g1 dT
0 p.2q,00
t
<C‘/‘(t—f)_£_(;+4nf’)||u®v||‘ w0 dT
= 0 BWK%0
t
_l_(g+L)
<C | (t—1) 2 27" % u®|lygundr
0 P9
t 1 (ot_,’_n)
< _ 2 Gt Y Y
_Cfo (t—1) 4 ”u”Wsz,zqHUHWsz,zqdr
! _l_ayny _ol_cay n
ch (t =) 2 20T G g ¢ |lv)lx
0
1 o n
—2HG5+55) 1
<t (et 22 L (2 ) )ikl

2p’ 2 2  4p

where B( -, - ) denotes the beta function. The previous estimate leads us to

(3-5) sup 12~ G+ B(u, VOl , < Clulxlvllx.

t>0

Moreover, for the first part of the norm (3-3), we have
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t
| B(u, vxt)”éwk;ﬁ;g;ﬁ“’*‘ < /0 G —1)Pdiviu ® v]lléwk;‘;gf“’}/”" dt

t
E C / ||G(t - T)Pdiv[u ® v]”BWK'.Zoz,ZOH»n/pfl dT
0 p.q.,00

t
<C / (t—7) "2 |Pdiviu ® Vil g2 dT
0 v}

t
—(a+755)

< _ 2 Lo
_C/O (t—1) P ””®U|IBWK,%,L;?OOdT

t n
§C/ t—1) "% Ju @ || g dT

0 pP.q
t n 2 1 a n
< Cllulxlvllx / (t —1) @t ¢ 2GR
0

n n
< CB(a+ - 1= (a+ 2= ) ) lulixlvllx.
2p 2p

In other words, we have obtained the estimate
(3-6) 1B V) o ey gz < Cllullxvllx.
Finally, notice that the estimates (3-5) and (3-6) together give (3-4).

3C. Proof of Theorem 1.1. Existence and uniqueness. For € > 0 (to be chosen
later) let B(0, €) denote the closed ball in X and define the operator W : B(0,2¢) —
B(0, 2¢) as

V(u)=G@)ug+ B(u, u).

First, note that by using (2-19), (3-2) , o + % —1 < 0and (2-21) it follows that

1_(a, n 1_(a, n
(3-7) supt? (2+4P)||G(t)uo||WK¢21 _ <Csupt? GG Ouoll 3y goo
t>0 P24 t>0 2p.2q.1

< Clluo|| sy e emn—-1 < Cllugll 4y, e —1.
= ” OHBWKZapD.tZt]’?éo p)—1 = ” OHBW[(E‘;;Z/P
Moreover, using (3-1) we obtain

||G(t)M0||BW,gg:3t“g/p—l < C||M0||3wk;r:gg/p—l.
From the last two estimates, we get

(3-8) IG@uollx = Clluoll gy gaasnio-t.
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Take 0 <€ < 1/4K and 0 < § < €/C where C is as in (3-8). It follows from
(3-8) and (3-4) that
W@)llx < 1G@uollx + I B, u)llx

< Clluoll gyy gt + K llullx ollx < 2¢.

So, V¥ is well defined; moreover for u, v € E(O, 2¢) we have that

(3-9) W) —¥@lx =IBu—v,u)+ B, u—v)lx
= Kllu—vlxllullx + Kllvlxllu—vlx
<4Ke|u—v|x.

Since 4K e < 1, we get that W is a contraction and then this part is concluded by the

Banach fixed-point theorem. Notice that the continuous dependence with respect to
the initial data ug follows from estimates (3-8) and (3-9).

Time-weak continuity at ¢ = 0. The proof of the weak-* convergence follows from
the two following lemmas.
The first one is due to Kozono and Yamazaki [1994, p. 989.].

N

Lemma 3.2. For every real number s and ug € Boo’oo, we have G(t)uy = ug in

- L
B, ast— 0T

The second one is concerned with the weak-convergence of the bilinear term
B(u, u) and it concludes the proof.

Lemma 3.3. Let v € X. We have that B(v, v)(t) converges to 0 in the weak-*
topology of By, ast — 0%,

Proof. Let ¢ € Bll,l and € > 0 be an arbitrary number. We can choose ¢ € S such
that ||¢ — <t~>||3111 < €. Then we have that

(3-10)  [{B(v,v)(1), ¢ — )]
<IB@, vz 16— Pls,
< ClIB@, VYOl et |d =Gl < Klvle < Ce.

On the other hand,
(3-11) |<B<v,v><t),<is>|sf0 (GGt = DPdivv ®vl(e). §)|de
5/ ‘([Pdiv[v@v](f),G(f—f)@’df
0

t
S / ” diV[U ® U](f) ”371720(771/1) ||G([ - f)¢||BlHl~2a+n/pdt
0 00,00 X
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t

< ¢ [ @I mnde
t

<G [ M@l o

t
. [—3+(§+7)12_[3—(§+75)12 2
SC(b/O T2t Gtz =Gy, HU(T)”Wkg,,,zqdr

t
— o o
§C¢;||v||§(f T l+a+2pd7:§c¢~)||v||%(t“+2p,
0

From (3-10) and (3-11), we obtain
0 < limsup[(B(v, v)(), ¢)|

t—0t
< lim sup|(B(v, v)(1), ¢ — @)| + limsup|(B(v, v)(r), §)| < Ce +0.
t—0t t—0t

Since € > 0 is arbitrary, we conclude that lim,_, o+ |{B(v, v)(¢), ¢)| = 0. Now, using
that ¢ € Bll’ | 18 arbitrary, we get the desired convergence. (]
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