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We refine a theorem due to Gursky (2000). As applications, we give some
rigidity theorems on four-manifolds with positive Yamabe constant. We re-
cover some of Gursky’s results (1998, 2000). We prove some classification
theorems of four-manifolds according to some conformal invariants, which
reprove and generalize the conformally invariant sphere theorem of Chang,
Gursky and Yang (2003).

1. Introduction and main results

In [Fu 2017], the author proved that an n-manifold with harmonic curvature is
isometric to a quotient of the standard sphere or Einstein manifold, if the upper
bound of some curvature functional is given by Yamabe constant. By this we mean
that we can precisely characterize the case of equality. The aim of this paper is to
present some rigidity results in the subject of curvature pinching on four-manifolds
with positive Yamabe constant.

Let (M", g) be an n-dimensional Riemannian manifold. The decomposition of
the Riemannian curvature tensor Rm into irreducible components yields

1 R
Rm—W—I- 2R10®g+mg@g,

where W, Ric, Ric = Ric —(R/n)g and R denote the Weyl curvature tensor, Ricci
tensor, trace-free Ricci tensor and scalar curvature, respectively. When the diver-
gence of the Weyl curvature tensor W is vanishing, i.e., sW =0, (M", g) is said to
be a manifold with harmonic Weyl tensor. The norm of a (k, [)- tensor T = Tl’ i
deduced by the Riemannian metric g is defined as

|T|2 — gi1m1 . ’gikmkgjlnl . gjln]TJI ][T

A Tmpe mk

The sphere theorem for A—ll-pinched Riemannian manifolds, conjectured by Rauch
in 1951, is a good example of the deep connections between the topology and the
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geometry of Riemannian manifolds. Now we know that the answer is positive, due
to the fundamental work of Klingenberg, Berger and Rauch for the topological
statement and the recent proof of the original conjecture by Brendle and Schoen
[2008], based on the results of Bohm and Wilking [2008].

From the work of Huisken [1985] and Margerin [1998], we know that there
exists a positive-dimensional constant C(n) such that if

W +1/(n—2)Ricog|> < C(n)R?,

then M" is diffeomorphic to a quotient of the standard unit sphere. In particular,
Margerin improved the constant in dimension four, and obtained the optimal theorem
in [Margerin 1998].

The common feature of all the above results is to give topological information on
a manifold that carries a metric whose curvature satisfies a certain pinching at each
point. The question one raises here is whether one can characterize the topology and
the geometry of Riemannian manifolds by means of integral pinching conditions
instead of pointwise ones. Some results in this direction on four manifolds were
obtained in [Bour and Carron 2015; Chang et al. 2003; Chen and Zhu 2014; Gursky
1998; Gursky 2000; Hebey and Vaugon 1996].

In four-manifolds, the Weyl functional [ |Wg|2 has long been an object of in-
terest to physicists. Suppose M* is a 4-dimensional manifold. Then the Hodge
s-operator induces a splitting of the space of two-forms A2 = /\3L + A2 into the
subspace of self-dual forms /\?F and anti-self-dual forms A2 . This splitting in turn
induces a decomposition of the Weyl curvature into its self-dual and anti-self-dual
components W, A four-manifold is said to be self-dual (resp., anti-self-dual) if
W~ =0 (resp., W =0). It is said to be a manifold with half harmonic Weyl tensor
if sSW* = 0. By the Hirzebruch signature formula (see [Besse 1987]),

(1-1) /|W+|2—/ W™ |? = 48720 (M),
M M

where o (M) denotes the signature of M. A consequence of (1-1) is that the
study of the Weyl functional is completely equivalent to the study of the self-dual
Weyl functional |, M|W+|2. M. J. Gursky [1998; 2000] has obtained some good
and interesting results by studying |’ M|W+|2 (see Theorems A, B and C). For
background material on this condition we recommend [Besse 1987, Chapter 16]
and [Derdzinski 1983].

Our formulation of some results will be given in terms of the Yamabe invari-
ant. Now we introduce the definition of the Yamabe constant. Given a compact
Riemannian n-manifold M, we consider the Yamabe functional

4(n—1) 2 2
Su=l) [V f12dug + [, Rf? dv
Q,:CX(M) = R: f > Qu(f) = "2 Ju e+ Ju s,

n=2

(fM f"% dvg) !
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where R denotes the scalar curvature of M. It follows that Q, is bounded below
by the Holder inequality. We set

n(lgh) =inf{Q,(f) | f € CT (M}

This constant @ ([g]) is an invariant of the conformal class of (M, g), called the
Yamabe constant. The important works of Aubin, Schoen, Trudinger and Yamabe
showed that the infimum in the above is always achieved; see [Aubin 1998; Lee and
Parker 1987]. The Yamabe constant of a given compact manifold is determined by
the sign of scalar curvature [Aubin 1998]. The scalar curvature R; of a conformal
metric § = f*"=2g is equal to u([g])/Vol(g)*". We call such a metric g a
Yamabe minimizer.

Gursky [1998; 2000] proved the three striking Theorems A, B and C, and as
byproducts obtained these integral pinching results, which are generalizations of
the Bochner theorem in dimension 4 (see Propositions E, F and G).

Theorem A [Gursky 1998]. Let (M*, g) be a 4-dimensional compact Riemannian

manifold with positive Yamabe constant and the space of self-dual harmonic two-
forms H_% (M*) 0. Then

/ WHR = 62225 (M*) + 30 (M*)),
M

where x (M) is the Euler—Poincaré characteristic of M. Furthermore, equality holds
in the above inequality if and only if g is conformal to a positive Kdihler—Einstein
metric.

Theorem B [Gursky 2000]. Let (M*, g) be a 4-dimensional compact Riemannian
manifold with positive Yamabe constant and W+ = 0. Then either (M*, g) is
anti-self-dual, or

[ WP = e ort) + 3008
M

Furthermore, equality holds in the above inequality if and only if g is a positive
Einstein metric which is either Kdhler, or the quotient of a Kdhler manifold by a
free, isometric, antiholomorphic involution.

Theorem C [Gursky 1998]. Let (M 4, g) be a 4-dimensional compact Riemann-
ian manifold with positive Yamabe constant and the space of harmonic 1-forms
H'(M*) #0. Then

/ WP > 872 Qx (M) + 30 (M),
M

Furthermore, equality holds in the above inequality if and only if (M*, g) is confor-
mal to a quotient of R' x S3 with the product metric.
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Chang, Gursky and Yang [Chang et al. 2003] proved that a four manifold
with positive Yamabe constant which satisfies the strict inequality for the Weyl
functional [ W |? is actually diffeomorphic to a quotient of the sphere and precisely
characterizes the case of equality. We state this result of Chang, Gursky and Yang
as follows:

Theorem D [Chang et al. 2003]. Let (M?, g) be a 4-dimensional compact Rie-
mannian manifold with positive Yamabe constant. If

f W ? <1622 (M),
M

then one of the following must be true:
(1) M* is diffeomorphic to the round sphere S* or the real projective space RP*,

(2) M* is conformal to a manifold which is isometrically covered by S' x S3 with
the product metric.

(3) M* is conformal to the complex projective plane CP? with the Fubini—Study
metric.

Bour and Carron [2015] reprove and extend to higher degrees and higher dimensions
Propositions F and G obtained by Gursky. Bour [2010] gives a new proof of
Theorem D under a stronger pinching assumption, which is entirely based on
the study of a geometric flow, and doesn’t rely on the pointwise version of the
theorem, due to Margerin. Chen and Zhu [2014] proved a classification theorem
of 4-manifolds according to some conformal invariants, which generalizes the
conformally invariant sphere theorem in [Chang et al. 2003], i.e., Theorem D under
the strict inequality assumption, and relies on Chen, Tang and Zhu’s classification
on four-manifolds with positive isotropic curvature [Chen et al. 2012].

In this note, we refine Theorems B and Proposition E due to Gursky, and obtain
Theorem 1.1 which can not be deduced from the Gursky’s proof [2000] of Theorem B
as follows:

Theorem 1.1. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
SWE=0 and positive Yamabe constant w([g]). If

(1-2) /M WER = L2 (g,

then VW= =0 and W* has exactly two distinct eigenvalues at each point. Hence
(M*, g) is a Kihler manifold of positive constant scalar curvature.

Theorem 1.2. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic Weyl tensor and positive Yamabe constant. If

/M|W|2 = 1u2((g)),
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then (M*, g) is CP? with the F ubini—Study metric.

Combing some results due to Gursky, and Chen, Tang and Zhu’s classification
on four-manifolds with positive isotropic curvature with Theorem 1.1, we give the
following Theorem 1.3 which generalizes the conformally invariant sphere theorem
of [Chang et al. 2003], i.e., Theorem D.

Theorem 1.3. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant. If

/M|W|2 < (gD,

then one of the following must be true:
(1) g is a Yamabe minimizer and (M*, g) is CP? with the Fubini-Study metric.

(2) (M*, g) is diffeomorphic to S*, RP* S* x R/ G or a connected sum of them.
Here G is a cocompact fixed point free discrete subgroup of the isometry group
of the standard metric on S* x R.

Theorem 1.4. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic Weyl tensor and positive Yamabe constant. If

/ WI* < &r?x (M),
M

then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, §) is the round sphere S* or the real
projective space RP*.

(2) (M*, g) is CP? with the Fubini-Study metric.

Theorem 1.5. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic Weyl tensor and positive Yamabe constant. If

f W2 = 82 (),
M

then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, g) is the manifold which is isometrically
covered by S' x S* with the product metric or S' x S* with a rotationally
symmetric Derdziriski metric (see [Catino 2016b; Derdzinski 1982]).

(2) (M*, g) is isometric to a quotient of S* x S* with the product metric.

Theorem 1.6. Let (M*, ) be a 4-dimensional compact Riemannian manifold
which is not homeomorphic to S* or RP* with positive Yamabe constant. If

16n2x(M)</ (W < Sa?x (M),
M
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then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, g) is isometric to a quotient of S* x S?
with the product metric.

2) (M, g) has x(M) =3, by =0 and by = 1, where b; denotes the i-th Betti
number of M, and does not have a harmonic Weyl tensor.

Theorem 1.7. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If

f WI2 < L2(e)).
M

then one of the following must be true:

(1) (M?, g) is conformally flat with positive constant scalar curvature.
(2) (M*, g) is CP? with the Fubini-Study metric.

(3) (M*, g) is isometric to a quotient of S* x S* with the product metric.

Corollary 1.8. Let (M*, g) be a 4-dimensional complete Einstein manifold with
positive scalar curvature. If

/ W2 < L2(e)).
M

then one of the following must be true:

(1) (M*, g) is isometric to either S* or RP4.
(2) (M*, g) is isometric to CP? with the Fubini—Study metric.

3) (M4, g) is isometric to a quotient of S? x S? with the product metric.

Remark 1.9. For Riemannian manifolds with harmonic curvature and dimensions
n > 4, the author proved some similar results in [Fu 2017].

2. Four manifolds with half harmonic Weyl tensor

In order to prove some results in this article, we need the following Weyl estimate
proved by Gursky [2000].

Proposition E [Gursky 2000]. Let (M 4. g) be a 4-dimensional compact Riemann-
ian manifold with SW* = 0 and positive Yamabe constant 1([g]). If

/ WER < Lu2(g)),
M

then (M*, g) is anti-self-dual (resp., self-dual).
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Remark 2.1. Gursky [2000] obtained an improved Kato inequality |VW*|> >
%|V|W+| |2. Thus using the Bochner technique, Gursky proved Theorem B and
Propositions E, F and G by introducing the corresponding functional and conformal
invariant with the modified scalar curvature R — /6| W=*| in [Gursky 2000]. Based
on Gursky’s improved Kato inequality, we can reprove Theorem B and Proposi-
tions E, F and G only by using the modified Bochner technique (see [Bour and
Carron 2015; Fu 2017; Fu and Li 2010]). In order to prove Theorem 1.1 which can
not be deduced from Gursky’s proofs of Theorem B and Proposition E, we also
need the following different proof of Proposition E.

Proof. First, we recall the following Weitzenbock formula (see [Besse 1987] and
[Bour 2010])

(2-1) AIWF P =2|VW*? + RIWF|* — 144 det,, W

From (2-1), by the Kato inequality |[VWT|*> > §|V|W+||2 ([Gursky 2000]), we
obtain

(2-2) |[WE|A|WE| > %|V|Wi||2 + IRIWE)? - 72det,, W™
By a simple Lagrange multiplier argument it is easily verified that
(2-3) —144 det,, WF > —V6|W*?

and equality is attained at a point where W # 0 if and only if W has precisely
two eigenvalues. By (2-2) and (2-3), we get

4 WEIAIWS] 2 3VIWH 4 JRIWSP — 2 WP
Letue = /|W*|2 + €2 and u = |W=|. Thus we have
217,12
» _ u”|Vul )
V| —m <|Vul~.

By (2-4), we compute
(2-5) ug Au? =uf (a(o — l)ug‘_2|Vu|2 +au‘;‘_1Au€)

a—1 g a2 2a—2
=T|Vu€| +ou" ueAu,

a—1 _
= T|V142‘|2 +au§°‘ 2(%Au§ — |Vu€|2)

= O‘T_l|wg|2 + o2 (uAu + |Vu|? — |Vue|?)

1 2 V6 2@-1).3 , Ra 2a-1) 2
2(1—5)|Vu‘€"| —Tome(“ u —i-Tue(“ u?,
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where « is a positive constant. Integrating (2-5) by parts, choosing o = %, and

letting € go to zero, we get

@6 (2-) [ vt [ et g | <o
3a/ Jy 2 M 2 Ju

By the Holder inequality and (2-6), we have

1 a2 V6 401% 2% o 2a
(2-7) (2—5)/M|w | —Ta(/jwu ) </Mu> —|—§/MRu <0.

By the definition of Yamabe constant and (2-7), we get

4o %
@8 0z (2-1)} M([g])< [ )
_ﬁO[(/ u4a>2(/ @uM/ Ru™,
2 M M 18« M
that is,

(2-9) 02[%M([g])—(/]wu2ﬂ(/ﬁ/ )

We choose (fM |W* |2) < %,uz([g]) such that the above inequality imply [, u*3 =0,
that is, W+ =0, i.e., (M*, g) is anti-self-dual, or self-dual. O

IS

Remark 2.2. For 0 < k < 5, by the Kato 1nequahty for harmonic k-form w (see
[Bourguignon 1990]) (n + 1 —k)/(n— k)|V|a)|| < |Vw|? and the two Weitzen-
bock formulas in [Gursky 1998], one has

2
LAlo)? = Vo> — Lo \WH|jw]? + 1R|of? = 3| V]wl|* — LW + 1Rl
for all w € H2(M*) and
1A |w* = 3IV]wl)* — §|ﬁic||w|2 +iRlw>, forall we H'(M?).

Based on the above two Weitzenbock formulas, using the same argument as in the
proof of Proposition E, we can obtain two results of Gursky as follows:

Proposition F [Gursky 1998; 2000]. Let (M*, g) be a 4-dimensional compact
Riemannian manifold with positive Yamabe constant 1([g]).

) If
/M WER < Lu2(g)),

then HX(M*) = 0 and b3 (M) =
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(i) If
/ RicP < Lu2((g)).
M
then H'(M*) = 0 and b, (M) = 0.

Proof of Theorem 1.1. Equation (1-2) implies that the equality holds in (2-9).
When the equality holds in (2-9), all the inequalities leading to (2-7) become
equalities. From (2-8), the function u“ attains the infimum in the Yamabe functional.
From (2-7), the equality for the Holder inequality implies that u is constant, i.e.,
|W¥| is constant. Hence at every point, it has an eigenvalue of multiplicity 2
and another of multiplicity 1, i.e., W= has eigenvalues {_1_R2’ —%, %}, and R is
constant. From (2-1), we get VW* = 0. By Proposition 5 in [Derdzinski 1983],
(M*, g) is a Kihler manifold of positive constant scalar curvature. O

Remark 2.3. Since [, |W*|> > 16 [,, 02(A), we have

(2-10) / (WH? = B2y (M*) £30 (M%),
M

In fact, we recall the following lower bound for the Yamabe invariant on compact
four-manifolds which was proved by Gursky [1994]:

(2-11) % / o2(A) = / R —12 / Ric? < 12 (g,
M M M

where 0,(A) denotes the second-elementary function of the eigenvalues of the
Schouten tensor A; the inequality is strict unless (M*, g) is conformally Einstein.
By the Chern—Gauss—Bonnet formula (see Equation 6.31 of [Besse 1987])

/|W|2—2/ |1°{ic|2+é/ R? = 32724 (M),
M M M
we obtain

(2-12) /|Wi|22—2/ |1°2ic|2+é/ R2=32n2)((M)—[ |W|>.
M M M M

Combining (1-1) with (2-12), we can prove (2-10).
Since [,,|W*|* =16 [,, 02(A), we have

(2-13) / (W= = L7222y (M*) £30 (MY).
M

In fact, by Proposition E and (2-11), we have [, |W*|? = L u2([g]) = 16 [, 02(A).
Hence from (2-12), (2-13) holds.

For four-manifolds M* with harmonic Weyl tensor and positive Yamabe constant
1 ([g]) which is not locally conformally flat, the lower bound for w([g]) is given
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by u*([g]) <6 [,,IW~|*if M is anti-self-dual; *([g]) <6 [,,IWT|? if M is self-
dual; and 2([g]) < 6 min{ [,, W%, [,,IWT|?} if M is neither anti-self-dual nor
self-dual. The Yamabe constant u>([g]) of a compact positive Kihler—Einstein
manifold (M*, g) is equal to 32722y (M*) + 30 (M*)).

By Remark 2.3, we can rewrite Theorem B as follows:

Theorem B*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
SWT = 0 and positive Yamabe constant j1([g]). Then either (M*, g) is anti-self-
dual, or

(2-14) /|W+|2216/ 02(A).
M M

Furthermore, equality holds in (2-14) if and only if (M*, g) is a positive Einstein
manifold which is either Kdhler, or the quotient of a Kdhler manifold by a free,
isometric, antiholomorphic involution.

Proof. By Proposition E and (2-11), we get

/ W1 > L)) > 16/ o2 (A).
M M

Since the equality holds in (2-14), we have
[ WP = baen =16 [
M M

So g is conformal to an Einstein metric g. By Theorem 1.1, we get that (M*, g) is
a Kéhler manifold of positive constant scalar curvature.

Assume that § = A2g. We now claim that A is constant, i.e., g is an Einstein
metric. To see this, first notice that g being an Einstein metric implies that § W; =0.
We recall this transformation law about W, i.e.,

Wt — + +( V2
(2-15) S W =8, W — W, (T)
It is easy to see from (2-15) that
+( V2 _
(2-16) W, (T’ .. ) —0.

Now any oriented four-manifold W satisfies (see [Derdziriski 1983])
(2-17) (WHY LW jipg = IWTH2S".

Pairing both sides of (2-17) with (dk®dk){ and using (2-16) we get |W(gj|r [2|VA|2=0.
Since |W{gj|r | is constant, W never vanishes, so VA = 0 and A is constant.

We conclude that (M*, g) is an Einstein manifold which is either Kihler, or the
quotient of a Kdhler manifold by a free, isometric, antiholomorphic involution. O
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3. Four manifolds with harmonic Weyl tensor

Proof of Theorem 1.2. By Proposition E, we have that W+ = 0 and fM|W_| =
tu*((gD, or W™ =0and [,,|W¥|=¢u*([g]). By Theorem 1.1, (M*, g) is a
Kihler manifold of positive constant scalar curvature.

When W = 0, by Corollary 1 in [Derdzifiski 1983], the scalar curvature of
(M*, ) is 0, and 1.([g]) = 0. This is a contradiction.

When W~ =0, by Lemma 7 in [Derdzinski 1983], (M 4, g) is locally symmetric.
By the result of Bourguignon [1981], (M*, g) is Einstein. Then g is both Einstein
and half conformally flat. By the classification theorem of Hitchin (see [Besse
1987]), (M*, g) is isometric to either a quotient of S* with the round metric or CP?
with the Fubini—Study metric. Since we are assuming that is not locally conformal
flat, (M*, g) is CP? with the Fubini-Study metric. O

Corollary 3.1. Let (M*, g) be a 4-dimensional complete Einstein manifold with
positive scalar curvature. If

(3-1) / W2 = L2(g)),
M

then M* is CP? with the Fubini-Study metric.

Remark 3.2. If the equality in (3-1) is replaced by a strict inequality, we have
proved in [Fu and Xiao 2017a; 2017b] that M* is a quotient of the round S*, which is
proved by Proposition E. For dimensions n > 4, under some L3 pinching condition,
we proved in [Fu and Xiao 2017a; Fu and Xiao 2017b], as did G. Catino in [Catino
2016a], that M" is a quotient of the round S".

Proposition 3.3. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic Weyl tensor and positive Yamabe constant. If

/|W|2+2/ |f{ic|2§é/ R?, ie. /|W|2516n2X(M),
M M M M

then one of the following must be true:

(1) M* is a locally conformally flat manifold. In particular, g is a Yamabe mini-
mizer and (M*, &) is the round sphere S* the real projective space RP%, or the
manifold which is isometrically covered by S' x S* with the product metric,
or S! x §? with a rotationally symmetric Derdzifiski metric.

(2) (M*, g)is CP? with the Fubini—Study metric.

Proof. By the Chern—Gauss—Bonnet formula, we get

(3-2) /|W|2+2/ |§ic|2—1/ R =
M M 6 M

2f \W|?>=327%x (M) <0, ie., /|W|2§16n2X(M).
M M
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From (2-11), we get

(3-3) /|W|2—1u2([g])sf |W|2+2/ |ﬁic|2—1/ R>.
M 6 M M 6 Ju

Moreover, the above inequality is strict unless (M*, g) is conformally Einstein.
In the case of strict inequality, we have

f W < L2(gD. e / WER < L2(g)).
M M

By Proposition E, we get that M* is conformally flat. Since f | W12 n*(lg]) and
f v 02(A) are conformally invariant, there exists a conformal metric g of g such

that w2([g]) = [, Rg, and

(3-4) / |Wg|2+2/ |1°<ic§|2—1/ R§=/ |W|2+2/ |§ic|2—1/ R% <0,
1.e

L.

2 [ IiicgP? = 41 ((gD) <0.
M

By Theorems 1.5 and 1.6 in [Fu and Xiao 2018], (M*, g) is isometric to the
round S* the real projective space RP? or a manifold which is isometrically
covered by S! x §? with the product metric, or S' x S* with a rotationally symmetric
Derdziniski metric.

In the case of equality, we have

f WI* = 5> ([gD-
M
Here g is conformally Einstein. By Theorem 1.2, (M*, g) is CP? with the Fubini—

Study metric. O

Remark 3.4. Any compact conformally flat 4-manifold with w([g]) > 0 and
x (M) > 0 has been classified [Gursky 1994; 1998]. Gursky proved that M*
is conformal to the round S* the real projective space RP?, or a quotient of R! x S3
with the product metric in [Gursky 1994; 1998]. Comparing with Theorem D, it is
easy to see that the condition and conclusion in Proposition 3.3 are both strong.

Proof of Theorem 1.4. By the Chern—Gauss—Bonnet formula, we get

(3-5) /|W|2+4/ |1°zic|2—l/ R =
M M 3 u

3f |[W|? —647%x (M) <0, ie., /|W|2<%n2X(M).
M M
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From (2-11), we get

1 .. 1
/Ile—gﬂz([g])Sf |W|2+4/ |Rlc|2—§/ RZ.
M M M M

Moreover, the above inequality is strict unless (M*, g) is conformally Einstein.
Then we have

/ (WI* < 11> ([g)).
M

Since |, M|W|2, w?([g]) and / 1 02(A) are conformally invariant, there exists a
conformally metric g of g such that u?([g]) = / ” Rgg, and from (3-5) we have

4 [ Ricgl ~ i igD <.
M

(@) W =0. By Theorem 1.5 in [Fu and Xiao 2018], (M*?, g) is the round S* or the
real projective space RIP*.

(b) W #0. By Proposition F, b; (M) =0. Hence yx (M) =2+b,. By Proposition 3.3,
we assume 1672y (M) < fM|W|2. Since u?([g]) < n*(S*) = 3847 and the in-
equality is strict unless (M4, g) is conformal to S*, f M|W|2 < %,uz([g]) implies
that x (M) <7. By Proposition E, we have that W =0 and fMlW_ |2 > éuz([g]), or
W~ =0and [,,|W¥ > > tu*([g]). By Proposition F and the Hirzebruch signature
formula, by (M) = b, (M) #0 or by(M) = b3 (M) #0. Hence 3 < x (M) =2+b, <.

When W~ =0and [, |WF?> > $1%([g]), 3 < x(M)=2+b3 (M) <7. By the
Hirzebruch signature formula

4x (M) - 1 |W+|2=b+
9 T 4gn2 ), s ’

only the case b; = 1 occurs. Thus we have x (M) =3,0(M) =1, and

2
/ WP = 487> = —163” Q2x (M) + 30 (M)).
M

2_ +12 _ 18D
Jwe= [ e = b,

Hence by Theorem 1.2, (M*, g) is CP? with the Fubini-Study metric.
When W =0and [,,|W~|* > £u([g]). Similarly, we obtain

2
2 PN (F4))
/M|W| _/M|Wg| 6

From the proof of Theorem 1.2, this can’t happen. O

By Remark 2.3,
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Proof of Theorem 1.5. (i) When x (M) = 0. This pinching condition implies W = 0.
From (3-4), there exists a conformally metric g of g such that u2([g]) = f M Rg and

2 f IRicg|* — tu*(Ig]) =0.
M

By Theorem 1.6 in [Fu and Xiao 2018], (M*, &) is a manifold which is isometrically
covered by S! x S with the product metric, or a manifold which is isometrically
covered by S' x S3 with a rotationally symmetric Derdzifiski metric.

(ii) When x (M) # 0. Since [, |W[*> < 1u>([gD), [,,|WI* = &x2x (M) implies
that x (M) <5. Since f,,|W|*>= St7%x (M), by (3-3) and Proposition F, b; (M) = 0.
Hence x (M) =2+ b;.

Case 1: In the case of strict inequality, we have
f WI? < 512 (8D.
M

From the proof of Theorem 1.4, we have W+ =0 and fM|Wi|2 > %uz([g]), and
3<xM)=24+by(M)=2+ b;’ (M) < 5. By the Hirzebruch signature formula

dxm) _ 1 12 .4+
- 7_[2/M|Wg| = b7,

9 48

we get that b;ﬁ is not an integer. Hence there exists no such manifold.

Case 2: In the case of strict equality, we have
[ WP = 4ae.
M

Here g is conformal to an Einstein metric. Since (M*, g) has harmonic Weyl
tensor, from the proof of Theorem B*, we get that (M*, g) is also Einstein. By
Corollary 1.8, (M*, g) is a quotient of S? x S? with the product metric. O

Proposition 3.5. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic Weyl tensor and positive Yamabe constant. If

L2 (L)) < f W12 < L2 (L)),
M

then one of the following must be true:

(1) (M4, g) is self-dual, but is not anti-self-dual, which has either even xy (M H<4
and bz+ =2 orodd x(M*) <1 and b; =1.

(2) (M*, g) is anti-self-dual, but is not self-dual, which has either even y (M%) <4
and b; =2 orodd x(M*) <1and b; =1.

(3) (M*, g) is a CP? with the Fubini—Study metric.
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(4) (M*, g) is a quotient of a quotient of S x S? with the product metric.

Proof. By Proposition E, we get that W~ =0, WH =0or fM|WjE|2 6,u 2([gD.
When WT =0, fM|WjE|2 > 6pc ([g]) By Proposition F, we have b;c =0. By
the Hirzebruch signature formula

1 1 - _
() gger [ W= gy [ (W PoIWE Y= b by =45 =0 ),
M M

we get o (M) = b;c > 1. Since fM|W|2 < %,uz([g]), by the fact that p,z([g]) <
w?(S*) = 38472 and the inequality is strict unless (M*, g) is conformal to S* we
get bf < 2. Then we get x (M) < 4.

If x(M) =3, then 172jE =1 and b; = 0. By Remark 2.3, we have

/ (WP = R2r2 2y (M*) 30 (M%)).
M
Combining with (3-6), we have
487% = +487%0 (M*) = / (W= > L7 (2 (M*) £30 (M*)) = 487>
M

By Remark 2.3, [,,|W|? = $1%([g]). By Theorem 1.2, (M*, g) is CP? with the
Fubini—Study metric.

When fMletl2 6“ 2(LgD, by Theorem 1.1, (M*, g) is a Kihler manifold of
positive constant scalar curvature, and the Weyl tensor is parallel. Since (M*, g) isa
Kihler manifold with harmonic Weyl tensor, by Proposition 1 in [Derdzifiski 1983],
the Ricci tensor is parallel. Hence VRm =0, i.e., M is locally symmetric. From
(2-4), by the maximum principle we get |W*|> = R?/6, and W* has eigenvalues
{—&,—£, %} Thus Rm has eigenvalues {0, 0, 1, 0, 0, 1}. By the classification
of 4-dimensional symmetric spaces, it is isometric to a quotient of S? x S? with

the product metric. O

4. Four manifolds with harmonic curvature

Proposition 4.1. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If

bedeh = [ WP < dide,
M
then one of the following must be true:

(1) (M*, g) is CP? with the Fubini-Study metric.

(2) (M*, g) is isometric to a quotient of S? x S? with the product metric.
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Proof. By Proposition 3.5, We just need to consider whether (M*, g) is self-dual or
anti-self-dual.

When (M*, g) is self-dual, since it has harmonic curvature, it is analytic [DeTurck
and Goldschmidt 1989]. By Proposition 7 in [Derdziniski 1983], we get that (M*, g)
is Einstein. By the classification theorem of Hitchin, (M*, g) is isometric to CP?
with the Fubini—Study metric g.

When (M*, g) is anti-self-dual, gl —-Wt = %I > 0. Since (M*, g) is not
self-dual, by Theorem 4.3 of [Micallef and Wang 1993], only (c) and (d) therein
occur, i.e., (M 4 g) is a Kéhler manifold of positive constant scalar curvature. By
Corollary 1 in [Derdzifiski 1983], the scalar curvature of (M*, g) is 0. This is a
contradiction. O

By Theorem 1.1 and Propositions 4.1 and E, we have Theorem 1.7.

Proposition 4.2. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If

@-1) f |W|2+4/ Ricl? = L2 ((g)),
M M

then one of the following must be true:
(1) M* is a quotient of S? x S? with the product metric.
(2) M*is covered isometrically by S! x S? with the product metric.
(3) M* is covered isometrically by S' x S with a rotationally symmetric Derdz-
inski metric.
Proof. Case 1: Ric = 0, i.e., M is Einstein. By Corollary 1.8, (M*, g) falls
under (1).

Case 2: Ric # 0. It is easy to see from (4-1) that fM|W|2 < %,uz([g]). By
Theorem 1.7, we have W =0, i.e., M is locally conformally flat and f M|l°2ic|2 =
1 ([g]). By Theorem 1.6 in [Fu and Xiao 2018], (M*, g) falls under (2) or (3). O

Proposition 4.3. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If

4-2) / W44 / RicP < 12(1g).
M M

then one of the following must be true:

(1) M* is a quotient of the round S*.
(2) M* is CP? with the Fubini—Study metric.

Proof. Suppose Ric #0. It is easy to see from (4-2) that fM|W|2 < %Mz([g]). By
Theorem 1.7, we have W =0, i.e., M is locally conformally flat and | M|f{ic|2 <
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S u((g]). By Theorem 1.5 in [Fu and Xiao 2018], that (M*, g) is a quotient of
the round S* This is a contradiction.

Thus (4-2) implies that Ric =0, i.e., M is Einstein, and [,,|W|> < $u2((g]). By
Theorem 1.7, M is CP? with the Fubini—Study metric, or locally conformally flat.
Hence M* is a constant curvature space. Since the Yamabe constant is positive, M*
is a quotient of the round S* O

Corollary 4.4. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If

(4-3) /|W|2+8/ |1°zic|251/ R2,
M M 3Ju

then one of the following must be true:

(1) M* is isometric to a quotient of the round sS4,
(2) M*is a quotient of S? x S? with the product metric.
(3) M*is CP? with the Fubini—Study metric.

Remark 4.5. The pinching condition (4-3) in Corollary 4.4 is equivalent to

1 128
[ wes k[ R < By,
M M

Proofs of Corollary 4.4 and Remark 4.5. From (2-11), we get

o . 1 o . 1
[wesa [ Rk - Luagn < [ wies [ i -1 [ &
M M M M M

Moreover, the inequality is strict unless (M*, g) is conformally Einstein.
In the case of strict inequality, Proposition 4.3 immediately implies Corollary 4.4.
In the case of equality, we have that g is conformally Einstein and

/A4|W|2+4A4|ﬁic|2=§u2<[g]>.

Since g has constant scalar curvature, g is Einstein from the proof of Obata’s
theorem. By Proposition 4.2, we complete the proof of this corollary.

By the Chern—Gauss—Bonnet formula, the right-hand sides of the above can be
written as

/|W|2+8/ |1°<ic|2—1f R2=5/ |W|2+1/ R> — 12872 (M).
M M 3 M M 3 M

This proves Remark 4.5. O
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5. Four manifolds with positive Yamabe constant

Chang, Gursky and Yang’s proof of Theorem D is based on establishing the existence
of a solution of a fourth order fully nonlinear equation. Avoiding the requirement for
the existence of a fourth order fully nonlinear equation, we can reprove Theorem D
which is rewritten as follows:

Theorem D*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant. If

/ W2 < 1672 (M),
M

then one of the following must be true:

(1) g is a Yamabe minimizer and (M*, g) is the manifold which is isometrically
covered by S' x S3 with the product metric, or S' x S3 with a rotationally
symmetric Derdziriski metric.

(2) M* is diffeomorphic to the round sphere S* or the real projective space RP*,

(3) g is a Yamabe minimizer and (M*, §) is CP? with the Fubini-Study metric.

Proof. (i) When x (M) = 0. This pinching condition implies W = 0. Since [}, |W %
Mz([g]) and f » 02(A) are conformally invariant, there exists a conformally metric
g of g such that u2([g]) = fM Ré%, and from (3-2) we have

2 [ IRics P~ gD =0,
M

By Theorem 1.6 in [Fu and Xiao 2018], (M 4 £) is a manifold which is isometrically
covered by S! x S? with the product metric, or S! x S* with a rotationally symmetric
Derdzinski metric.

(ii) When x (M) #0. Case 1: If [, |W|* < 16725 (M) or [,,|W|* = 167%x (M)
and —2 fM|l°2ic|2 + % [y R* < %/,Lz([g]), then from (3-2) we have

/M|W|2 < +u*(IgD).

By Proposition F, by(M) = 0.

(a) W =0. Since f M|W|2, ,uz([g]) and f 1 02(A) are conformally invariant, there
exists a conformally metric g of g such that w>([g)) = f M Ré, and from (3-2)
we have

> f Rics” — Lu2(Lg]) <O.
M

Since x (M) # 0, by Theorem 1.5 in [Fu and Xiao 2018], (M*, ) is the round S*,
the real projective space RP%,
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(b) W #0. Since [,,|W|% n*([g]) and [,, 02(A) are conformally invariant, and
W # 0, there exists a conformally metric g of g such that ?([g]) = /, W RE, and

2 [ IRies P~ (gD <0,
M

By Proposition F, b1 (M) = 0. By Freedman’s result [1982], M* is covered by a
homeomorphism sphere. For any metric g’ of unit volume in the conformal class
of g, we have

(5-1) /Rgf—%f |ng|zm[g]>—f6(/ |ng|2)2=
M M M i
M([g])—x/g(/Mlle) - 0.

Thus by [Chen and Zhu 2014, Section 2] and [Gursky 2000, Section 3], from (5-1)
there is a metric g of unit volume in the conformal class of g such that

\/8|W§| <R§.

Let AT > A5 > A7 be the eigenvalues of W*. Since W¥ is trace free, we have
AT+ AT +A7 =0, and

L7 <P+l D+ + l()r +23)7
2 2 2

=T+ AT A+)+(A +25 +/\ %)

= 1W< LR,
. + + - + 5%
e, Al <g R Hence)» + 23 Rle Ay +2A3 -|—6R>O This implies the
sum of the 1east two elgenvalues of R + WjE is positive. So (M*, g) has positive
isotropic curvature. Since M* is Covered by a homeomorphism sphere, by the main

theorem of [Chen et al. 2012], M* is diffeomorphic to the standard sphere S* or
the real projective space RP*;

Case 2: If [,,|W|* = 1672 (M) and -2 [,,[Ric|> + § [,, R> = Lu2((g]), then
from (3-2) and (3-3) we have

[ WP = biasn
M
and g is conformal to a Einstein metric g. Thus we have

f Wel? = L2 (Lg)).
M

By Corollary 3.1, (M*, g) is CP? with the Fubini-Study metric. Hence (M*, g) is
conformal to CP? with the Fubini—Study metric. O
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Remark 5.1. The proof of Chang, Gursky and Yang consists of two steps. First,
they prove the case for strict inequality, and second, based on the first step, they
prove the case for equality. We unify the two cases. Chen and Zhu [2014] prove a
classification theorem of 4-manifolds which generalizes Theorem C under the strict
inequality assumption.

Based on the first Weitzenbock formulas in Remark 2.2, using the same argument
as in the proof of Theorem 1.1, we can obtain the following result of Gursky [2000].

Proposition G [Gursky 2000]. Let (M*, g) be a 4-dimensional compact Riemann-
ian manifold with positive Yamabe constant u([g]). If b;ﬁ # 0 and

(5-2) /M WER = L2(g)),

then (M*, g) is conformal to a Kihler manifold of positive constant scalar curva-
ture.

Proof. Since b;ﬁ # 0, there exists a nonzero w® € Hi(M ). Setting u = |wT|. Based
on the first Weitzenbodck formulas in Remark 2.2, using the same argument as in
the proof of Theorem 1.1, we get

3 0z (2- 1)1 M([g)< fM u““)é
Y ) o

We choose o = %, from (5-3) we get

| L _ +2 : 42 :
(5-4) 0_[%u([g]) </M|W |> ](/M )

Equation (5-2) implies that the equality holds in (5-4). When the equality holds
in (5-4), all inequalities leading to (5-3) become equalities. From (5-3), the function
u® attains the infimum in the Yamabe functional. Hence the metric § = u**g is
a Yamabe minimizer. Then we get |w™| ¢ = 1. Since f MlWi|2 is conformally
invariant, the equality for the Holder inequality implies that |Wi|§ is constant.
From (5-2), we get |Wi| lR2 By the first Weitzenbock formula and the
maximum principle, we get that |a)| is constant, thus Vo = 0, i.e., (M*, g) is a
Kihler manifold of positive constant scalar curvature. Hence (M 4 g) is conformal
to a Kihler manifold of positive constant scalar curvature. O

Based on Propositions F and G, using the same arguments as in the proof of
Theorem B*, we can reprove Theorems A and C proved by Gursky by using some
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results on functional determinant and the Bochner technique which are rewritten as
follows:

Theorem A*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant u([g]) and HJZr (M) #0. Then

f W > 16/ o2 (A).
M M

Furthermore, equality holds in the above inequality if and only if g is conformal to
a positive Kdihler—Einstein metric.

Theorem C*. Let (M*, g) be a 4-dimensional compact Riemannian manifold with
positive Yamabe constant and the space of harmonic 1-forms H'(M*) # 0. Then

/ WP = 87225 (M*) + 30 (M) — 8 / 02(A) = 8722 (M*) + 30 (M),
M M

Furthermore, the equality holds in the above inequalities if and only if (M*, g) is
conformal to a quotient of R' x S* with the product metric.

Proof. By Proposition F, fM|fiic|2 > 1—12,112([g]) for H'(M*) # 0. Since M* is
compact, there exists a conformally metric g of g such that u?([g]) = f M Ré.
Hence we get

—2/ |ﬁic§|2+lu2([g]):_2/ |1°zic§|2+1/ R§=—2/ |f{ic|2+1/ R? <0,
M 6 M 6Ju M 6Ju

1.e.,

16/ 02(A) <0.
M

By the Chern—Gauss—Bonnet formula,

/|W+|2=8n2(2X(M4)+30(M4))—8/ o2 (A).
M M

Hence
/ WHP = 8722y (M%) + 30 (M*)).
M

From the proof of Proposition F and the above, the equality holding in the above
inequalities implies that |V|w||> = 3|Vw|? and [,,[Ric|” = 512((g]) = & [, R%
By [Bour and Carron 2015, Proposition 5.1 and Section 7.2], (M*, g) is conformal
to a quotient of R! x S? with the product metric. O

Itis easy to see from the proof of Theorem A* that the assumption that H_% (M)+0
in Theorem 1 of [Gursky 1998] can be dropped for metrics with zero Yamabe
constant.
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Proposition 5.2. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with zero Yamabe constant p([g]). Then

f W12 > L72Qx(M*) + 30 (M*H)).
M

Furthermore, equality holds in the above inequality if and only if g is conformal
to a Ricci-flat and anti-self-dual metric, if and only if the universal cover of M is
conformal to either R* or a K3 surface.

Proof of Theorem 1.3. Case 1: [, |W*[*> < [, [W|*> < ;u*([g]). By Proposition F,
we get b;c = 0. From the proof of Theorem D*, we get that (M*, g) has positive
isotropic curvature. According to the main theorem in [Chen et al. 2012], it is
diffeomorphic to S IR[P’4, S? x R/G or a connected sum of them. Here G is a
cocompact fixed point free discrete subgroup of the isometry group of the standard
metric on S* x R.

Case 2: WF =0, [,,|W=? = {u2([g]), or W™ =0, [, IWT* = gu*(Ig]). By

the Hirzebruch signature formula

1
4872

[ aw e = 1wg P =5t~ b7 =otan),
M

we get by, # 0 or b; # 0. By Proposition G, (M*, g) is conformal to a Kihler
manifold of positive constant scalar curvature.

When W* = 0, by Corollary 1 in [Derdzifiski 1983], the scalar curvature of
(M*, %) is 0, and 1([g]) = 0. This is a contradiction.

When W~ =0, by Lemma 7 in [Derdzifiski 1983], (M*, ) is locally symmetric.
By the result of Bourguignon, (M*, g) is Einstein. Then g is both Einstein and half
conformally flat. By the classification theorem of Hitchin, (M*?, g) is isometric to
either a quotient of S* with the round metric or CP? with the Fubini-Study metric.
Since we are assuming that is not locally conformal flat, (M*, g) is CP? with the
Fubini—Study metric. O

Remark 5.3. We do not know whether Theorem 1.3 can be deduced directly from
[Chen and Zhu 2014, Theorem 1.6], which has weaker conditions. For their proof,
Chen and Zhu used Micallef and Wang’s result [1993], which we do not use in the
proof of Theorem 1.3. Theorem D can be deduced from the proof of Theorem D*
and Theorem 1.3.

Proof of Theorem 1.6. From the proof of Theorem 1.4, we have by = 0 and
2<xM) =T

Case 1: In the case of strict inequality, we have

f IWI* < $u (gD
M



FOUR-MANIFOLDS WITH POSITIVE YAMABE CONSTANT 101

When [,,IW*[?> < ;1*([g]), by Proposition F, b (M) = b, (M) =0. Hence M*
is covered by a homeomorphism sphere, i.e., M* is homeomorphic to the standard
sphere S* or the real projective space RP*.

When [, [W*[* < g1 ([g]) and [, IW™ 1> = g1 ([g]), or [, W™ 1> < gu*((g])
and f M|W+|2 > % ,uz([g]). By Proposition E and the Hirzebruch signature formula,
by(M) = b, (M) # 0 or br(M) = b;(M) #0. Hence 3 < y(M) =2+b, <7.
From the proof of Theorem 1.4, we have b2jE =1 and x(M) = 3. If (M*, g)
has harmonic Weyl tensor, by Theorem 1.4 we have f M|W|2 = %,uz([g]), which
contradicts fMlWl2 > %Mz([g]).

Case 2: In the case of equality, we have
/ (WP = 3u*(gD) = §rx (M).
M

Hence g is conformal to an Einstein metric g. By Corollary 1.8, (M*, g) is confor-
mal to a quotient of S? x S? with the product metric. O

Proposition 5.4. Let (M*, g) be a 4-dimensional compact Riemannian manifold
with positive Yamabe constant. If

Lut(gh < /M IWI* < 1u?((gD,

and the universal cover of (M*, g) is not homeomorphic to S* then one of the
following must be true:

(1) (M*, g) has x(M*) <4and 1 <b,=bF <2.

(2) (M*, g) has x(M*) <4and 1 <b,=b; <2.

(3) The universal cover of (M*, g) is conformal to a Kéhler manifold of positive
constant scalar curvature. In particular, (M 4 g) is a quotient of (X, g1) X

(22, g2), where the surface (¥;, g;) has constant Gaussian curvature k;, and
ki +kr, > 0.

Proof. When [,,|WT|? < éuz([g]) and [, |W™|* < %,uz([g]). By Proposition F,
we have b, = 0. Hence the universal cover of (M*, g) is homeomorphic to S

When [, |WF|* < éuz([g]) and [, |W*|? > éuz([g]). By Proposition E, we
have b = 0. By the Hirzebruch signature formula

1
4872

(5-5) /M(|W;|2—|W;|2>=b;—b2=ib§=a(M),

we get £0 (M) = by > 1. Since [,,|W[*> < 1u2([g]), by the fact that p>([g]) <
n?(S*) = 38472 and the inequality is strict unless (M 4. g) is conformal to S* we
get bzi < 2. Then we get x (M) < 4.
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When [, W2 = [,IW~ > = £1%([g]). We have that (M) =0 and x (M) is
even. For any metric g’ of unit volume in the conformal class of g, we have

ng/—f6/ |W;|zu([g]>—f6(f|wg%|2)2=
M M M 1

u(lg)) - x/E(fM|Wi|2>2 _o.

Case 1: [, Ry — \/ng|W;,E| > 0. By [Chen and Zhu 2014, Section 2] and
[Gursky 2000, Section 3], there is a metric g of unit volume in the conformal class

of g such that
VOIW | < Rg.

From the proof of Proposition G, we have b, =0 for o (M) = 0. Hence the universal
cover of (M*, g) is homeomorphic to ¥

Case2: [, Ry — \/ng|W;?| = 0. Thus there are two metrics g1 and g> of unit
volume in the conformal class of g such that

VoW I =Rg, V6IW_|=Rg.

+12 _ -2_1 2 _ 1 2 _ 1.9
Jwze=[wep=1 [ & =1 [ K =leae.

Hence g and g, are the Yamabe minimizers of g. So (M*?, g1) has nonnegative
isotropic curvature. If b, = 0, by Theorem 4.10 of [Micallef and Wang 1993],
(M*, 1) becomes positive isotropic curvature. By the proof of Theorem 1.3(1),
the universal cover of (M*, g) is diffeomorphic to S If b, > 0, from the proof
of Proposition G, the universal cover of (M*, g1) is a Kihler manifold of positive
constant scalar curvature. Since the scalar curvature is positive, the universal
cover of (M*, g1) is diffeomorphic to (X1, g1) X (22, g2), where (X;, g;) is a 2-
dimensional manifold, and the Gaussian curvature k; of g; must be a constant and
satisfies k1 +kp > 0. O

We have

By Theorems 1.6 and D* and Corollary 1.8, we obtain the following theorem:

Theorem 5.5. Let (M*, g) be a 4-dimensional compact Riemannian manifold
which is not homeomorphic to S* or RP* with positive Yamabe constant. If

[ wea [ kel < e,
M M
then one of the following must be true:

(1) (M*, g) is a quotient of S* x S? with the product metric.
(2) (M*, g) is CP? with the Fubini-Study metric.
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(3) (M*, g) is conformal to a quotient of R' x S* with the product metric.

4) (M*, g) has x(M) =3, by =0 and b, = 1, and does not have harmonic Weyl
tensor.

Acknowledgements

The author would like to thank Professor M. J. Gursky for some helpful suggestions.
The author is very grateful for Professors Haizhong Li, Kefeng Liu and Hongwei
Xu’s encouragement and help.

References

[Aubin 1998] T. Aubin, Some nonlinear problems in Riemannian geometry, Springer, 1998. MR Zbl

[Besse 1987] A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik (3) 10, Springer, 1987.
MR Zbl

[Bohm and Wilking 2008] C. Bohm and B. Wilking, “Manifolds with positive curvature operators
are space forms”, Ann. of Math. (2) 167:3 (2008), 1079-1097. MR Zbl

[Bour 2010] V. Bour, “Fourth order curvature flows and geometric applications”, preprint, 2010.
arXiv

[Bour and Carron 2015] V. Bour and G. Carron, “Optimal integral pinching results”, Ann. Sci. Ec.
Norm. Supér. (4) 48:1 (2015), 41-70. MR Zbl

[Bourguignon 1981] J.-P. Bourguignon, “Les variétés de dimension 4 a signature non nulle dont la
courbure est harmonique sont d’Einstein”, Invent. Math. 63:2 (1981), 263-286. MR Zbl

[Bourguignon 1990] J.-P. Bourguignon, “The ‘magic’ of Weitzenbock formulas”, pp. 251-271 in
Variational methods (Paris, 1988), edited by H. Berestycki et al., Progr. Nonlinear Differential
Equations Appl. 4, Birkhéuser, Boston, 1990. MR Zbl

[Brendle and Schoen 2008] S. Brendle and R. M. Schoen, “Classification of manifolds with weakly
1/4-pinched curvatures”, Acta Math. 200:1 (2008), 1-13. MR Zbl

[Catino 2016a] G. Catino, “Integral pinched shrinking Ricci solitons”, Adv. Math. 303 (2016), 279—
294. MR Zbl

[Catino 2016b] G. Catino, “On conformally flat manifolds with constant positive scalar curvature”,
Proc. Amer. Math. Soc. 144:6 (2016), 2627-2634. MR Zbl

[Chang et al. 2003] S.-Y. A. Chang, M. J. Gursky, and P. C. Yang, “A conformally invariant sphere
theorem in four dimensions”, Publ. Math. Inst. Hautes Etudes Sci. 98:1 (2003), 105-143. MR Zbl

[Chen and Zhu 2014] B.-L. Chen and X.-P. Zhu, “A conformally invariant classification theorem in
four dimensions”, Comm. Anal. Geom. 22:5 (2014), 811-831. MR Zbl

[Chen et al. 2012] B.-L. Chen, S.-H. Tang, and X.-P. Zhu, “Complete classification of compact
four-manifolds with positive isotropic curvature”, J. Differential Geom. 91:1 (2012), 41-80. MR
Zbl

[Derdziriski 1982] A. Derdzinski, “On compact Riemannian manifolds with harmonic curvature”,
Math. Ann. 259:2 (1982), 145-152. MR Zbl

[Derdzifiski 1983] A. Derdzinski, “Self-dual Kihler manifolds and Einstein manifolds of dimension
four”, Compositio Math. 49:3 (1983), 405-433. MR Zbl


http://dx.doi.org/10.1007/978-3-662-13006-3
http://msp.org/idx/mr/1636569
http://msp.org/idx/zbl/0896.53003
http://dx.doi.org/10.1007/978-3-540-74311-8
http://msp.org/idx/mr/867684
http://msp.org/idx/zbl/0613.53001
http://dx.doi.org/10.4007/annals.2008.167.1079
http://dx.doi.org/10.4007/annals.2008.167.1079
http://msp.org/idx/mr/2415394
http://msp.org/idx/zbl/1185.53073
http://msp.org/idx/arx/1012.0342
http://smf4.emath.fr/en/Publications/AnnalesENS/4_48/html/ens_ann-sc_48_41-70.php
http://msp.org/idx/mr/3335838
http://msp.org/idx/zbl/1317.58021
http://dx.doi.org/10.1007/BF01393878
http://dx.doi.org/10.1007/BF01393878
http://msp.org/idx/mr/610539
http://msp.org/idx/zbl/0456.53033
http://dx.doi.org/10.1007/978-1-4757-1080-9_17
http://msp.org/idx/mr/1205158
http://msp.org/idx/zbl/0774.35003
http://dx.doi.org/10.1007/s11511-008-0022-7
http://dx.doi.org/10.1007/s11511-008-0022-7
http://msp.org/idx/mr/2386107
http://msp.org/idx/zbl/1157.53020
http://dx.doi.org/10.1016/j.aim.2016.08.021
http://msp.org/idx/mr/3552526
http://msp.org/idx/zbl/1352.53038
http://dx.doi.org/10.1090/proc/12925
http://msp.org/idx/mr/3477081
http://msp.org/idx/zbl/1335.53046
http://dx.doi.org/10.1007/s10240-003-0017-z
http://dx.doi.org/10.1007/s10240-003-0017-z
http://msp.org/idx/mr/2031200
http://msp.org/idx/zbl/1066.53079
http://dx.doi.org/10.4310/CAG.2014.v22.n5.a2
http://dx.doi.org/10.4310/CAG.2014.v22.n5.a2
http://msp.org/idx/mr/3274950
http://msp.org/idx/zbl/1333.53046
http://dx.doi.org/10.4310/jdg/1343133700
http://dx.doi.org/10.4310/jdg/1343133700
http://msp.org/idx/mr/2944961
http://msp.org/idx/zbl/1257.53053
http://dx.doi.org/10.1007/BF01457307
http://msp.org/idx/mr/656660
http://msp.org/idx/zbl/0489.53042
http://www.numdam.org/item?id=CM_1983__49_3_405_0
http://www.numdam.org/item?id=CM_1983__49_3_405_0
http://msp.org/idx/mr/707181
http://msp.org/idx/zbl/0527.53030

104 HAI-PING FU

[DeTurck and Goldschmidt 1989] D. DeTurck and H. Goldschmidt, “Regularity theorems in Rie-
mannian geometry, II: Harmonic curvature and the Weyl tensor”, Forum Math. 1:4 (1989), 377-394.
MR Zbl

[Freedman 1982] M. H. Freedman, “The topology of four-dimensional manifolds”, J. Differential
Geom. 17:3 (1982), 357-453. MR Zbl

[Fu 2017] H.-P. Fu, “On compact manifolds with harmonic curvature and positive scalar curvature”,
J. Geom. Anal. 27:4 (2017), 3120-3139. MR

[Fu and Li 2010] H. Fu and Z. Li, “The structure of complete manifolds with weighted Poincaré
inequality and minimal hypersurfaces”, Internat. J. Math. 21:11 (2010), 1421-1428. MR Zbl

[Fu and Xiao 2017a] H.-P. Fu and L.-Q. Xiao, “Einstein manifolds with finite L”-norm of the Weyl
curvature”, Differential Geom. Appl. 53 (2017), 293-305. MR Zbl

[Fu and Xiao 2017b] H.-P. Fu and L.-Q. Xiao, “Rigidity theorem for integral pinched shrinking Ricci
solitons”, Monatsh. Math. 183:3 (2017), 487-494. MR Zbl

[Fu and Xiao 2018] H.-P. Fu and L.-Q. Xiao, “Some L7 rigidity results for complete manifolds with
harmonic curvature”, Potential Anal. 48:2 (2018), 239-255. MR Zbl

[Gursky 1994] M. J. Gursky, “Locally conformally flat four- and six-manifolds of positive scalar
curvature and positive Euler characteristic”, Indiana Univ. Math. J. 43:3 (1994), 747-774. MR Zbl

[Gursky 1998] M. J. Gursky, “The Weyl functional, de Rham cohomology, and Kihler—Einstein
metrics”, Ann. of Math. (2) 148:1 (1998), 315-337. MR Zbl

[Gursky 2000] M. J. Gursky, “Four-manifolds with §W ¥ = 0 and Einstein constants of the sphere”,
Math. Ann. 318:3 (2000), 417-431. MR Zbl

[Hebey and Vaugon 1996] E. Hebey and M. Vaugon, “Effective L, pinching for the concircular
curvature”, J. Geom. Anal. 6:4 (1996), 531-553. MR Zbl

[Huisken 1985] G. Huisken, “Ricci deformation of the metric on a Riemannian manifold”, J. Differ-
ential Geom. 21:1 (1985), 47-62. MR Zbl

[Lee and Parker 1987] J. M. Lee and T. H. Parker, “The Yamabe problem”, Bull. Amer. Math. Soc.
(N.S.) 17:1 (1987), 37-91. MR Zbl

[Margerin 1998] C. Margerin, “A sharp characterization of the smooth 4-sphere in curvature terms”,
Comm. Anal. Geom. 6:1 (1998), 21-65. MR Zbl

[Micallef and Wang 1993] M. J. Micallef and M. Y. Wang, “Metrics with nonnegative isotropic
curvature”, Duke Math. J. 72:3 (1993), 649-672. MR Zbl

Received January 16, 2017. Revised July 27, 2017.

HAI-PING Fu

DEPARTMENT OF MATHEMATICS
NANCHANG UNIVERSITY
NANCHANG

CHINA

mathfu@ 126.com


http://dx.doi.org/10.1515/form.1989.1.377
http://dx.doi.org/10.1515/form.1989.1.377
http://msp.org/idx/mr/1016679
http://msp.org/idx/zbl/0727.53025
http://dx.doi.org/10.4310/jdg/1214437136
http://msp.org/idx/mr/679066
http://msp.org/idx/zbl/0528.57011
http://dx.doi.org/10.1007/s12220-017-9798-z
http://msp.org/idx/mr/3708008
http://dx.doi.org/10.1142/S0129167X10006550
http://dx.doi.org/10.1142/S0129167X10006550
http://msp.org/idx/mr/2747735
http://msp.org/idx/zbl/1205.53063
http://dx.doi.org/10.1016/j.difgeo.2017.07.003
http://dx.doi.org/10.1016/j.difgeo.2017.07.003
http://msp.org/idx/mr/3679187
http://msp.org/idx/zbl/1371.53033
http://dx.doi.org/10.1007/s00605-017-1042-1
http://dx.doi.org/10.1007/s00605-017-1042-1
http://msp.org/idx/mr/3662078
http://msp.org/idx/zbl/1372.53047
http://dx.doi.org/10.1007/s11118-017-9636-8
http://dx.doi.org/10.1007/s11118-017-9636-8
http://msp.org/idx/mr/3748393
http://msp.org/idx/zbl/06837317
http://dx.doi.org/10.1512/iumj.1994.43.43033
http://dx.doi.org/10.1512/iumj.1994.43.43033
http://msp.org/idx/mr/1305946
http://msp.org/idx/zbl/0832.53032
http://dx.doi.org/10.2307/120996
http://dx.doi.org/10.2307/120996
http://msp.org/idx/mr/1652920
http://msp.org/idx/zbl/0949.53025
http://dx.doi.org/10.1007/s002080000130
http://msp.org/idx/mr/1800764
http://msp.org/idx/zbl/1034.53032
http://dx.doi.org/10.1007/BF02921622
http://dx.doi.org/10.1007/BF02921622
http://msp.org/idx/mr/1601401
http://msp.org/idx/zbl/0902.53031
http://dx.doi.org/10.4310/jdg/1214439463
http://msp.org/idx/mr/806701
http://msp.org/idx/zbl/0606.53026
http://dx.doi.org/10.1090/S0273-0979-1987-15514-5
http://msp.org/idx/mr/888880
http://msp.org/idx/zbl/0633.53062
http://dx.doi.org/10.4310/CAG.1998.v6.n1.a2
http://msp.org/idx/mr/1619838
http://msp.org/idx/zbl/0966.53022
http://dx.doi.org/10.1215/S0012-7094-93-07224-9
http://dx.doi.org/10.1215/S0012-7094-93-07224-9
http://msp.org/idx/mr/1253619
http://msp.org/idx/zbl/0804.53058
mailto:mathfu@126.com

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan
Mathematics Department
National University of Singapore
Singapore 119076
matgwt@nus.edu.sg

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

PRODUCTION

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA

KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY

UNIV.
UNIV.
UNIV.
UNIV.

UNIV

OF BRITISH COLUMBIA

OF CALIFORNIA, BERKELEY
OF CALIFORNIA, DAVIS

OF CALIFORNIA, LOS ANGELES

. OF CALIFORNIA, RIVERSIDE
UNIV.
UNIV.

OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2018 is US $475/year for the electronic version, and $640/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLoW® from Mathematical Sciences Publishers.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/

© 2018 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:yang@math.princeton.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

WILKIN

Besov-weak-Herz spaces and global solutions for Navier—Stokes equations 57
Lucas C. F. FERREIRA and JHEAN E. PEREZ-LOPEZ

Four-manifolds with positive Yamabe constant 79
HAI-PING FU
On the structure of cyclotomic nilHecke algebras 105

JUN HU and XINFENG LIANG
Two applications of the Schwarz lemma 141
BINGYUAN LIU

Monads on projective varieties 155
SIMONE MARCHESI, PEDRO MACIAS MARQUES and HELENA
SOARES
Minimal regularity solutions of semilinear generalized Tricomi equations 181
ZHUOPING RUAN, INGO WITT and HUICHENG YIN
Temperedness of measures defined by polynomial equations over local 227
fields
DAVID TAYLOR, V. S. VARADARAJAN, JUKKA VIRTANEN and

DAVID WEISBART

0030-8730(201809)296:1;1-N



	1. Introduction and main results
	2. Four manifolds with half harmonic Weyl tensor
	3. Four manifolds with harmonic Weyl tensor
	4. Four manifolds with harmonic curvature
	5. Four manifolds with positive Yamabe constant
	Acknowledgements
	References
	
	

