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MINIMAL REGULARITY SOLUTIONS OF
SEMILINEAR GENERALIZED TRICOMI EQUATIONS

ZHUOPING RUAN, INGO WITT AND HUICHENG YIN

We prove the local existence and uniqueness of minimal regularity solu-
tions u of the semilinear generalized Tricomi equation Btzu —t"Au = F(v)
with initial data (x(0,-),d,u(0,-)) € HY (R") x H?~2/m+2) (") ynder
the assumptions that |F(u)| S |u|* and |F’(u)| S |u]*~! for some x > 1.
Our results improve previous results of M. Beals and ourselves. We estab-
lish Strichartz-type estimates for the linear generalized Tricomi operator
3,2 —t™ A from which the semilinear results are derived.

1. Introduction

In this paper, we are concerned with the local well-posedness problem for minimal
regularity solutions u of the semilinear generalized Tricomi equation

Pu—t"Au= F(u) in[0,T]xR",

1-1 . .
(=0 u(0,-) =¢ € H'(R"), 9,u(0,-) =y € HY "2/ (pn),

wheren >2, meN,yeR, A= ZLI 8?, and 7 > 0. The nonlinearity F € Cl([R{)
obeys the estimates

(1-2) IF@)l < lul,  |F' )] < u!

for some ¥ > 1. For n > 3 and x > k3 (see below) we further assume that x € N
and F(u) = *u*.

The main objective of this paper is to find the minimal number y for which (1-1)
under assumption (1-2) possesses a unique local solution

ueC([0,T], HY (R") N L*((0, T); LY(R™))

for certain s, ¢ with min{s,gq} > k. Then F(u) € L/*((0,T); LY/*(R")) C
Llloc((O, T) x R™) holds, and (1-1) is understood in distributions.
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We first introduce notation used throughout this paper. Set

_ (m+2)n+2 . — Ux+2  (m+2)n+6

Hox 2 *T =2 (mt2n—2
6
K0:1+M*—-|-i71 ifn>30rn=2m>3,
M (m +2)n
2 ifn=2m=1;

1 =1 (e +2)m+ 2D —1) +38
(s —2)(m+2)(n—1)+8
. M*(M* + 2)(7’1 — 1) —2(1’1 + 1)

T -2 — D=2+ 1)

k3= 2T >3
Usx —m —4

ifn>3o0rn=2,m>2;

Note that pt« is the homogeneous dimension of the degenerate differential operator
92 —t™ A and k. is the power « for which the equation 3?u — t™ Au = = |u|[*"lu
is conformally invariant.

Note further that 1 < kg < k1 < ks < k2 < k3 Whenever it applies.

Next we state the main results of this paper.

Theorem 1.1. Let n > 2 and F be as above. Suppose further k > k1 and (¢, V) €
HY (R") x HY~2/m+2) (R \where

n+1 m
Px(k=1)  2ps(m+2)
1,4
27 (m+2)(k-1)

Then problem (1-1) possesses a unique solution

Tn+1)- if k1 <K < ex,

(1-3) y=y(k,m,n) =
ifk > K.

u e C([0.T]: HY(R") N L*((0.T): LY([R"))
for some T > 0, where
(1-4) Nl e o187 ey T 1 llLs (0, 7): L9 )

< ”(0”[-'11/([}@11) + ||w||[-'1y—2/(m+2)(Rn)

and q = px(k —1)/2,
1 11 m
1 Z(m+2)(n—1)(§—a)+4 .

§ é ific> Kx.

ifk] <Kk < Kx,

Remark 1.2. As a byproduct of the proof of Theorem 1.1, we see that problem (1-1)
admits a unique global solution u € C([0, co); HY (R™)) N L°((0, 00); HY (R™"))N
LH=&=D/2(R, x R") in case n > 2, k > kyx if (¢, ¥) = e(ug, u1), (o, u1) €
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HY (R")x HY~2/m+2) (R") and ¢ > 0 is small (see Section 5.1.2 and Section 5.1.3
in the proof of Theorem 1.1 below). With a different argument, the global result
u € LM==D/2(R, x R") for problem (1-1) was obtained in [He et al. 2017].

Remark 1.3. For y <n/2—4/((m + 2)(k — 1)), one obtains ill-posedness for
problem (1-1) by scaling. More specifically, if u = u(¢, x) solves the Cauchy
problem (1-1), where F(u) = =% |u|“"'u, then

Ug(t, x) = 8_2/(K_1)u(8_1l, 8_(m+2)/2x), e>0,

also solves (1-1), with ug(0, x) = @.(x), d;u-(0, x) = ¥(x) for some resulting
@e, We. Observe that

”(psllHy(Rn) . ”wEHHV(Rn) _ 8%(,"_,_2)(%”_),)_’(731

”(p”Hy(Rn) ”wnHV(Rn) ,

and %(m +2)(5—y)—2/(k —1)>0fory <n/2—4/((m+2)(kx — 1)). Hence,
y <n/2—4/((m+2)(k — 1)) implies that both the norm of the data (¢, V) and
the lifespan Ty = T of the solution u, go to zero as ¢ — 0, where 7 is the lifespan
of the solution u.

In case kx < k < k2, as a supplement to Theorem 1.1, we consider the local
existence and uniqueness of solutions u of problem (1-1) in the space C([0, T];
HY(R*))N L5((0, T); L1(R™)) for certain s # q.

Theorem 1.4. Let n > 2, F be as above, y = y(k,m, n) be as in Theorem 1.1, and
suppose that Kk« < K < k2. Then the unique solution u of problem (1-1) also belongs

to the space L°((0,T); L4(R™)), where
1 _ 1 ( 8 ﬂ) _n—1
g Mm+2)(n—D)\k—1 s/ 2m+1)

and

I (m4+2)n—-1)/1 1 m
;—f(z‘g)ﬂu*-

Moreover, estimate (1-4) is satisfied.

If n >3 orn=2,m> 3, then we find a number y(k, m, n) also for certain « in
the range ¢ < k < k1.

Theorem 1.5. Letn >3 orn =2 withm > 3. Let F be as above and ko < k < k1.
In addition, let the exponent y = y(k,m,n) in (1-1) be given by

(1-5) y(k,m,n)
_n+l  n+l .M*(m+2)(n—1)+12,u*+2m_ m
4 Adus(m+2) 2nk—(n+1) 2ux(m+2)°
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Then problem (1-1) possesses a unique solution u € C([0, T]; HY (R*))NL5((0, T);
L4(R™)) for some T > 0, where

r__ 1
g 2nk—(n+1)

6 m
(%(n -+ m+2 + /L*(M-I-Z))

and
1 m

1_1 _ (l _ _) m_
Moreover, estimate (1-4) is satisfied.
Remark 1.6. Other than for the wave equation when m = 0 (see also Remark 1.8
below), here y can be negative in certain situations. In fact, y(k, m,n) < 0 holds in
the following cases:
() k1 <k <3 (<ko)ifn=2,m=1landk <k <2 (<ky)ifn=2,m=2
(see Theorem 1.1);
2 1
(11) Ko <K < I’L*(I’L* + )(”l + ) (S Kl)
P (s — 1) (n +1) —mn
if n >3 orn =2, m >3 (see Theorem 1.5).
Remark 1.7. For initial data (¢, ) belonging to HY (R") x HY~2/(m+2)(gm),
where y > y(k,m,n), Theorems 1.1, 1.4, and 1.5 remain valid.

Remark 1.8. For m =0, (1-1) becomes
u—Au=Fu) in(0,T)xR",
u(0.)=¢ € H'(R"). 9u(0.-)=vy e H(R"),

while the exponents k«, kKo, K1, k2, and k3 are

n+3 n+1)2%2-6 n+102%
Kx = . k= ————5——, KI=——5 — ifn>3,
n—1 (n—12-2 (n—1)2+4
K():w, K3:n+1 ifn>4.
n n—

For n > 3, y defined in (1-3) equals

%(l’l-ﬁ-l)—l/(l(—l) if K1 <k <Ky,

1-6 k,0,n) =
(16) 4 ) %n—2/(lc—1) if k> K,

whereas, for n > 4, y defined in (1-5) equals
L
2nk—(n+1)"

Note that the numbers in (1-6) and (1-7) are exactly those in [Lindblad and Sogge
1995, (2.1) and (2.5)]. In that paper, the local existence problem for minimal
regularity solutions of the semilinear wave equation was systematically studied.

(1-7) y(k,0,n)=3(n+1)— L+ 1)(n+5)
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The results were achieved by establishing Strichartz-type estimates for the linear
wave operator 92 — A. Under certain restrictions on the nonlinearity F(u, Vu), for
the more general semilinear wave equation

afu —Au=Fu,Vu), u(0,x)=¢(x), d:u0,x)=1v(x),

many remarkable results on the ill-posedness or well-posedness problem on the
local existence of low regularity solutions have been obtained; see [Kapitanski
1994; Lindblad 1998; Lindblad and Sogge 1995; Ponce and Sideris 1993; Smith
and Tataru 2005; Struwe 1992].

Remark 1.9. There are some essential differences between degenerate hyperbolic
equations and strictly hyperbolic equations. Amongst others, the symmetry group
is smaller (see [Lupo and Payne 2005]) and there is a loss of regularity for the
linear Cauchy problem (see, e.g., [Dreher and Witt 2005; Taniguchi and Tozaki
1980]). Therefore, when compared to the semilinear wave equation, a more delicate
analysis is required when one studies minimal regularity results for the semilinear
generalized Tricomi equation in the degenerate hyperbolic region.

The Tricomi equation (i.e., (1-1) for n = 1, m = 1) was first studied by Tricomi
[1923], who initiated work on boundary value problems for linear partial differ-
ential operators of mixed elliptic-hyperbolic type. So far, these equations have
been extensively studied in bounded domains under suitable boundary conditions
and several applications to transonic flow problems were given (see [Bers 1958;
Germain 1954; Tricomi 1923; Morawetz 2004]). Conservation laws for equations
of mixed type were derived by Lupo and Payne [2003; 2005]. In [Ruan et al.
2015b], we established the local solvability for low regularity solutions of the
semilinear equation 8%14 —t"™Au = F(u), where n > 2, m € N is odd, in the
domain (—7, T) x R" for some T > 0. In [Barros-Neto and Gelfand 1999; 2002;
Yagdjian 2004; 2015], fundamental solutions for the linear Tricomi operator and
the linear generalized Tricomi operator have been explicitly computed. In the case
n =2 and m = 1, Beals [1992] obtained the local existence of the solution u of the
equation 3?u —t Au = F(u) with initial data of H*-regularity, where s > %n. For
the equation 0%u —¢™ Au = a(t) F (u), where n > 2, m € N is even, and both a and
F are of power type, Yadgjian [2006] obtained global existence and uniqueness for
small data solutions provided the solution v of the linear problem 32v — ™ Av = 0
fulfills 18 v € C([0, 00); LI (R™)) for certain f8, ¢ depending on 1, m, and the powers
occurring in a and F.

In [Ruan et al. 2014; 2015a], for the semilinear generalized Tricomi equation
92u — t™ Au = F(u) with initial data of a special structure, i.e., homogeneous
of degree 0 or piecewise smooth along a hyperplane, we obtained local existence
and uniqueness via establishing L°° estimates on the solutions v of the linear
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equation 3?v — ™ Av = g. Note that when the nonlinear term F () is of power
type, for higher and higher powers of «, these L °° estimates are basically required to
guarantee existence. In this paper, where the initial data in HY (R") is of no special
structure and y is minimal to guarantee local well-posedness of problem (1-1), the
arguments of [Ruan et al. 2014; 2015a] fail. Inspired by the methods in [Lindblad
and Sogge 1995], however, we are able to overcome the technical difficulties related
to degeneracy and low regularity and eventually obtain the local well-posedness of
problem (1-1).
We first study the linear problem

Pu—t"Au= f(t,x) in(0,T)xR",
M(O,)=(p()€), alu(o")ZW(x)’

and establish Strichartz-type estimates of the form

(1-8)

(-9 Mullcogy s,y T lullsrecsr
< Cllell gy @y + 1V gy—2/ent2 @y + 1 f s L2(s,))

for certain s, ¢, r, p (see below) and some constant C = C(T, y,s,q,r, p) > 0,
where ST = (0, T) x R". Note that, by scaling, a necessary condition for this
estimate in case 7" = oo to hold is

(1-10) %(m+2)n<l—l)+l—1=2.
P q roos

In doing so, in Section 2, we introduce certain Fourier integral operators W
(= W% and W for « € C. These operators depend on a parameter 1 > 2, introduced
in (2-15), which plays an auxiliary role for the linear problems and agrees with
the homogeneous dimension px when applied to the semilinear problems. Along
with the operators W and W% we also consider their dyadic parts W; and Wj"‘,
respectively, resulting from a dyadic decomposition of frequency space. Continuity
of the operators W; and Wj"‘ between function spaces which holds uniformly in j
ultimately provides linear estimates on the solutions u of (1-8).

In Section 3, we prove boundedness of the operators W/-‘" from L} L? ([R?f”) to
L;/Lﬁ/(RrL”) (see Theorem 3.1) and from L?Lﬁ(ﬂ?{}ﬁ") to L?OL)ZC(IR{EP”) (see
Theorem 3.4), where p has to satisfy the lower bound p > max{2, m/2}. Combining
Theorem 3.1 and Stein’s analytic interpolation theorem, we show boundedness
of the operators W from Lq(Rrr”) to LPO(RLJF"), where gg < g < oo (see
Theorem 3.6). Through an additional dyadic decomposition now with respect to the
time variable ¢, using Theorems 3.1 and 3.6 together with interpolation, we prove
boundedness of the operators W; from L, LL((0,T) x R") to LSLL((0, T) x R")
for any T > 0 (see Theorems 3.7 and 3.8), where u has to satisfy the new lower
bounds @ > ju« (Theorem 3.7) and u > max{2, mn/2} (Theorem 3.8), respectively.
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In the sequel, we shall use the following notation:

1 1 2u—m 1 1 2u—m 1 2 1

— =t """, —=z+t—FF —=—-—
po 2 uQ@ux—m)" pr 2 pum+2)(n—=1)" p>  po p1
Note that
l<pi1<po<p2<2 ifn>3orn=2,m=>2,

while 1 < pq in case of n =2 and m = 1 requires ;& = 2 (and then p; = 1). For 1 <
p <2, p’ denotes the conjugate exponent of p definedby 1/p+1/p’ = 1. Further, ¢,
denotes pé for £ =0, 1,2, while ¢ equals go when 1 = i« (see Remark 4.2). We of-
ten abbreviate function spaces CtOI-'I;' (S7)=C([0,T]; HY (R")) and LT LE(St)=
L"((0,T); LP(R")), and A < B means that A < CB holds for some generic constant
C >0.

The paper is organized as follows: In Section 2, we define a class of Fourier
integral operators associated with the linear generalized Tricomi operator 9 — ™ A
in Ry x R". Then, in Section 3, we establish a series of mixed-norm space-
time estimates for those Fourier integral operators. These estimates are applied,
in Section 4, to obtain Strichartz-type estimates for the solutions of the linear
generalized Tricomi equation which in turn, in Section 5, allow us to prove the
local existence and uniqueness results for problem (1-1).

2. Some preliminaries

In this section, we first recall an explicit formula for the solution of the linear
generalized Tricomi equation obtained in [Taniguchi and Tozaki 1980] and then
apply it to define a class of Fourier integral operators which will play a key role in
proving our main results.

Consider the Cauchy problem of the linear generalized Tricomi equation

Q2-1) Pu—t"Au= f(t,x) inRyxR", u(0,-)=¢, 3u,)=1.

Its solution u can be written as u = v 4+ w, where v solves the Cauchy problem of
the homogeneous equation

(2-2) Pv—t"Av=0 inRyxR", v(0,-)=¢, 3v(0,)=1,
and w solves the inhomogeneous equation with zero initial data:
(2-3) Pw—1"Aw= f(t,x) inRyxR", w(0,-)=03w(0,-)=0.

Recall that (see [Taniguchi and Tozaki 1980] or [Yagdjian 2006]) the solutions v
and w of problems (2-2) and (2-3) can be expressed as

v(t.x) = Vo(t. Dx)e(x) + V1(t, Dx)¥ (x)
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and
t
(2_4) w(lvx):/ (Vl(t7 DX)VO(T'/ DX)_VO(Z9 D)C)Vl(r’ Dx))f(‘("x)dt’
0
where the symbols V; (¢, ) (j =0, 1) of the Fourier integral operators V; (¢, D) are

—z/
Vo(t,§) = e 2(I’(z(erz) m+2’ )

- t4 mtd
Vi(t,§) =te Z/2<1>(281n+2) Z+2 )

(2-5)

with z = 2i¢(1)|€| and ¢(r) = (2/(m + 2))t™+t2/2 Here, ®(a,c;z) is the
confluent hypergeometric function which is an analytic function of z. Recall (see
[Erdélyi et al. 1953, p. 254]) that

a’ d(a,c;z) = (@)n

dzn 7T (O

where (a)o =1, (a)p =a(a+1)...(a +n—1). In addition, for 0 < arg(z) < &,
one has that (see [Yagdjian 2006, (3.5)-(3.7)])

T(c)
T(a)

(2-6)

d(a+n,c+n;z),

I'(c)

—Z/2H .
e i),

2-7) e 2 ®(a,c;z) = ¢*?Hy(a,c;z) +

where

Hi(a,c;z) pmin(c—a) | 0+) H\a—1
_ La—c / 8—990—‘1—1(1—2) de.

ein(c—a) _p—in(c=a) T'(¢c —a) o0

1 1 0+ —a-1
H_(a,c;z) = — . z_“/ 6_09"_1<1+§)C “ae.

elna_e—zna F(a) 00

Moreover, it holds that
|0 (H 4 (a.c:2ip()[ED)| S@O1ED (1 + 15D if (0)18] = 1.
|0 (H_(a.c:2ip (0)[ED)| S@IENT (1 +1ENTH it p(r)]g] = 1.

Choose n € CX°(R4) suchthat 0 <n <1 withn(r)=1ifr <landn(r)=0
if » > 2. Then from (2-5) and (2-7), we can write

(2-8)

(2-9) Vo(t. Dx)g(x)
= /R PO (1. £)p(5) g + /R I ERO DD, (1. 6)¢(6) d§
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and
(2-10)  Vi(t. D) (x)
= /R el CEPORDpy (1 )y (6) d + /R el CEROEDp 1. 61 (6) .

where
b1l 6) = nOIED® (50,75 1 572)
m m
(1= n@OENH- (350 )
ba(t.8) = (1= n@OEN) s (55,055 507):

m+4 m+4.Z)
2(m+2)’ m+2’

(1= n@O)ED) H- (5t 2,2,

2(m+2)" m+2
ba(t, &) =1(1— n(¢(t)lél))H+(2$;42)v %;2)

and d& = (2m)™" d&. We can also write

ba(t,§) = (g (1)) (

(2-11) /Ot Vo(t, Dx)Vi(z, Dy) f(z,x)dt
:/’f A CEHGOHODNED by (¢ )ba(1. £) f (1. 6) dE d

0 n

+ / | / I EF@O—0DIED (1 E)ps(1,8) f (1. £) dE d T
0 JR?
t

*/ / A CEGOIOED (1 £)bs (v, £) f (. §) dE d e
0 n

N / ' [ o1 CE=@O—0NED, (1 £Vba (1. 8) f (z.E) dE d
0 JR"?

and

(2-12) /0 Vit Dx)Vo(z, D) f(z.x) d
- / (A CEFOORIDED (1 )by (v, 8) f (1. ) dE d
0 JR t | )
+/ / e E=@OSENED (1 £)by (1. 8) f (2. 8) dE d
0 JR?

+/’/ o FE=@OTSIED b (1 )by (1.6) F (1. §) dE d
0 Jrn
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+/’/ I EHOO—0DEN, (1 )b (1, €) (¢, E) dE d,
0 n

where f (7, &) is the Fourier transform of f(t, x) with respect to the variable x.
In view of the analyticity of ®(a, c¢; z) with respect to the variable z, identity
(2-6), and estimates (2-8), we have that, for (¢, §) € Rf’",

@13) b B S (1 + o) 2 gL =12,
and
@14)  [38by.H)| < 1(1+ P20 gL ¢ =34,

Thus, for£ =1,2,k =3,4, u>2,¢t,t >0, and £ € R", one has from (2-13) and
(2-14) that

(2-15) [0 (be(t, §)be(z. £))|
S 11+ $(OIEN 207 (1 + ¢ (x)[£]) 2007 || 1A

m m

S (L (O [E) 27 (1 + ¢ (1) ) ~2007 ||z 1F|

m

< (141 (0) — ¢ (0)|[g]) " mome g~ ma 1AL

Furthermore, estimates (2-13)—(2-15) yield that, for £ = 1,2, k = 3,4, or £ = 3,4,
k=1,2and for u>2,t,5 >0, and £ € R", one has

(2-16) 'ag’ ( | B BB e b £0) )

m

S (1 +16(1) — p(s)||E]) w2 || 2~ IA]

and

) ([ B e B b bute tuts. £

m

< (1+ (1) — p(s)|[E]) " momra || ~m2 1Al

In order to study the function w in (2-4), in view of (2-11), (2-12), and (2-15)—
(2-17), it suffices to consider, for a given p > 2, the Fourier integral operator W':

t
(2-18) Wf(t,x)z// ! FEF@O—SODEDp (¢ 5. &) f (5, 8) dE ds,
0 JR”

where b € C®° (R4 x Ry x R") satisfies the following:

(i) fort,s > 0and § € R",

m

(2-19) 025Gt 5. 6)] S (1+ 19(1) - p(s)] &)~ 7087 [g| "2 1A;
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(ii) fort,s > 0 and § € R",

a‘;(/t b(r,t,é)arb(r,s,é)dr)‘
< (1+ (1) — p(s)|[E]) " monTa ||~ 1Al

(2-20)

and

2-21) 'ag (/oo b(t,1,£) d:b(1, s, €) dr)‘

_ m __4 _
< (1L + () — p(s)||g]) " momF |g|mr2 1Al
Let ® € C2°(Ry) satisfy supp ® C [%, 2] and

CXJ .
> e@/2/)=1 fort>0.
Jj=—00
Then, as in [Lindblad and Sogge 1995], for j € Z and o € C, we define dyadic
operators W; and W as

t . R
ij(,,x)=// (I CEH@O-OONEN, (¢ s £) (s, £) dE ds
0 Jre

and

t
(2-22) Wj“f(;, x) = / / ei(x-§+(¢(t)—¢(s))lél)bj (s, g)f(s, £) —dé ds
0 JRr"

gl
where b;(t,5,§) = O(E]/27)b(t,s,£). Here, b € C®(Ry x Ry x R") satisfies
estimates (2-19)—(2-21).

Littlewood—Paley theory gives us a relationship between W and W; f (= Wj0 )
which will play an important role in our arguments in Section 4.
Proposition 2.1. Letn >2. For 1 <p<2,1<r<2,2<g<oo,and?2 <s < o0,
let

(2-23) Wi fllLspe S W fllprpe

hold uniformly in j. Then

IWAllLsee < W rpp-
Proof. This is actually an application of [Lindblad and Sogge 1995, Lemma 3.8].
For the sake of completeness, we give the proof here. By Littlewood—Paley theory
(see, e.g., [Stein 1970]), for any 1 < p < oo,
( o

j=—o0

IWf(E )lLe@n) < SIWfE ) lLe@n-

Lo(R7)

1/2
|W,-f<z,->|2)
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Together with the Minkowski inequality, this yields

oo 1/2
2
(2:24) ||Wf||L;Lgs(.Z ||vvjf||L§Lg)
j=—00
and
oo 1/2
(2-25) ( >, IIijIIi,t-L;) SIWSf e
Jj=—00

Notice that
o0
> i
k=—00

where fi (1, x) = O(t/2F) f(x, x). Therefore, for some My € N,

2

o0
S D IWiflZ . (by (2-24))
| =—00
o0
= Z ‘ W; ( Z fk) . (due to the compact support of ®)
j==00 j—klsMo 7 MEilx

[e’e) 2
Y ( Do W fills L%) (by Minkowski inequality)
j=—00 " |j—k|<Mjo

o0
> 2 Il (by (2-23)
Jj=—00|j—k|<My
o
o W, SIS, by 225)),
j=—00
which completes the proof of Proposition 2.1. O

3. Mixed-norm estimates for a class of Fourier integral operators

In this section, for j € Z, @ € C, and p > 2, we shall study mixed norm estimates
for the class of Fourier integral operators W"‘ defined in (2-22).

We start by considering the boundedness of the operator W"‘ from L} L? to
L} ij ,where 1 <r, p <2. We denote A; = =2/ All the followmg estimates hold
uniformly in j .

Theorem 3.1. Letn > 2 and ju > max{2,m/2}. Then:



MINIMAL REGULARITY SOLUTIONS OF GENERALIZED TRICOMI EQUATIONS 193

(1) Formax{py,1} < p <2and

(3-1) %:1—@— (m+2)(n—1)(——%)’

we have that

1
(5-3) ot D=tz — s —Rea
G0 NWEf Ly iy S 47 8 1A Ny 2 ity

Consequently,

(3'3) ||I/Vjaf”L;’L)1CJ’(R}'_+n) 5 ”f”L?Lﬁ(RLj”)

ifRea:(%—%)(n+1)—

m 2
uim+2) m+2°

(ii) For p1 > 1and 1 < p < py1, we have that

2

o n(f—l)—mi_i_z—Rea
G4 WP Sl guin SA 1712 0ty
In particular,

o . i 2 4
(3-5) W} f”L%Lﬁ'(Rf”) S “f”L%Lf([Rf'”) if Rea = ”(; - 1) Tra

To prove Theorem 3.1, for fixed #, = > 0, we first consider the operator BJ‘?‘:

quf(t,t,x) — /I:&n i(x-E+(p()— ¢(f))|$|)b (t,1, f)f(f £) ﬁ

Lemma 3.2. Letn >2and 1 < p <2. Then, fort,t >0,
(3-6) 1B} f(t, 7, )l Lo g
< Aj(%—%)W“)—m—m‘Rw
><()&j_’”i+2 + |t — r|)_(m+2)(%_%)n%l_% £ (2 )P @n).-
Proof. Denote
(3-7) Kt t,x,y) =/Rn o= E+ @O @ED p (1 1, g)ﬁ

Then BJ‘?‘ f can be written as

By = [ KGrxnf(ey)dy.
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Since suppg bj € {§ € R" | 4;/2 < || < 2A;}, we have from (2-19) that

_m 2 _
(3-8) |8§bj (t,7,.8)| < Aj w2 ~ma Bl

2 m
()Lj M2t —1|)T2m,
We now apply (3-8) to derive estimate (3-6) by Plancherel’s theorem when p = 2
and by the stationary phase method when p = 1. By interpolation, we then obtain
(3-6)for 1 < p <2.

Indeed, it follows from Plancherel’s theorem that

(3-9) 1B} f(t. 7. )12 @n
= || GO, (1, 7.8) f (v E)IEI ™ | 2y

2

(A" 4 =) 724 f (@) L2y

—L—%—Rea

On the other hand, by the stationary phase method (see, e.g., [Sogge 1993, Lemma
7.2.4]), we have that, for any N > 0,

(3-10) |K¥(t.7.x., )|
WA+ 10— A7 o)
(1427l =y = 1p () —p@)I) ™

(m+4+2)(n—=1) _ m
4 I

m 2

XA, u(im=+2) m+2
J
n+1

<).2

——m____ 2 _ _Rag ——2_ _
u(m—+2) m—+2 € (AJ m—+2 + |l __L_D

-N
x (144 |lx =y = ¢ —p@I[) .
Choosing N = 0 in (3-10) gives

I(BS )7, )| Loo@m)
=< ||K]a(t9 T,, )”L;’C"y ”f(-[’ ')”LI(R”)

n+1 m 2 m

—aon D " ma—Rea . —pis - -D—2
gka wm¥2) " m+2 (Aj +2+|[_1,|) Fm+2)(n—1)— 4 ||f(77»')||L1(R")'

Interpolation between (3-9) and this last estimate yields (3-6) incase 1 < p <2,
which completes the proof of estimate (3-6). O

Proof of Theorem 3.1. Now we return to the proof of Theorem 3.1. From (3-7),
we have

(3-11) Wi f(t, x) = /0 (B f)(t, v, x)dr.
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Using Minkowski’s inequality and estimate (3-6), we thus have that

(3-12) [IWEF (o am
< )L(%_%)("“)_u(rﬂz)_m%rz_ka
J
-2 _ 1_1)\n=i_m
x [0 = e G T e d
0
Case 1: max{py, 1} < p <2. In this case, we have 1 < r < 2. Note that

1 1 1 1I\n—-1 m
o= (5= 5) g g

Then it follows from the Hardy—Littlewood—Sobolev theorem and (3-12) that esti-
mate (3-2) holds.

Case2: py > 1and 1 < p < p;. In this case,

(m+2)(%—%)”;1 + % > 1.
Thus,
sup/oo()kj_miz + |t — r|)_(m+2)(%_%)%_% dt < oo,
t>0J0
which together with Schur’s lemma and (3-12) yields (3-4). O

We would like to stress that in the proof of Theorem 3.1 only condition (2-19)
on the function b € C*° (R4 xR x R") was used, whereas the conditions (2-20)
and (2-21) were not required,

Remark 3.3. Note that the adjoint operator (Wj"‘)* of Wj"‘ is of the form

(3-13) (WS)* £(t, %) = /t °°[R OO T (. % i

By duality, we infer from Theorem 3.1 that
o\ *
(3_14) ||(I/Vj ) f”L'/L;{(Rhﬁ”)

1 1 m 2
(5=2) (D)~ grghteny — s —Rew
5Aj ||f||LfL§(R1++")

if max{py,1} < p <2 and

n(2-1 —%—Rea
G190 sy S AT

if py >1and 1 < p < p;. Here, r is given in (3-1).

As an application of Theorem 3.1, we obtain the boundedness of the operator
Wj"‘ from L;L,’g to L?OLJZC, where 1 <r, p <2.
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Theorem 3.4. Letn > 2 and o > max{2,m/2}. Then:

(1) Formax{py,1} < p <2andr asin (3-1), we have that
1 1yn+1 m 2

G s — i —Rea
(3-16) ”I/Vjaf”L?OLi(Rrr”) s Ajp 2772 2u(m+2) +2 ||f||L;L§(R}|_+n).

Consequently,

(3'17) ||VI/jaf||L§>OL§C(R1++") < ”f”L;Lﬁ([Rr'")

) _ (1 T\n+l m 2
’fRe“_(p 2) 2 " 2u(m+2) m+2

(ii) For p1 > land 1 < p < p1, we have that

n
(3-18) ||W;‘f||L?oL%(R1++n) <A IIfIIL;L;;(an)-

In particular,
(3-19) W f] <SI£ fRea =n(L 1) 3
j Moz @itny S W ll2e@itny “\p T 2) m+2

Proof. For given j € Z and « € C, denote U = Wj“ f. Then from (2-22) we have

t .
U(t) = /0 e @O=0O=Dp .t ¢ D) (~A)"2 f(1)dT,

where b; (t, T, Dy) is the pseudodifferential operator with full symbol b; (¢, 7, §).
Then U(t) solves the Cauchy problem

10, U(t) = —t™2/=AU(t) +ibj(t.t, Dx)(=A) "2 f (1)
t .
i / d@O—9NV=By (1 7 D)(—A)2 (1) dx.
0
U@©)=0.
Multiplying by U(z) and then integrating over R” yields

i(9:U(t), U(1))
= "2 (VZAU@), U(t)) +i by (1,1, Dx)(—A) /2 £ (1), U(1))

t
+i</0 QGO V=Ry p (1 7. D) (—A) "2 f(7) d, U(l)>’



MINIMAL REGULARITY SOLUTIONS OF GENERALIZED TRICOMI EQUATIONS 197
and, therefore,
2
2 o Lyuw)
t
- Re< f e GO=SOIV=Ly b (1,7, Dx)(—A) "2 f(2) dx, U(t)>
0

+Re(b} (1,1, Dx)(=A)2U@), £(1)).
Consequently,

1U@s)I1?
S t
—2Re / < / e @O—0OV=05 b (1 7. D) (~A) "2 f(7) dr, U(z)>dt
0 0

+2Re/s<b;‘(r,z,Dx)(—A)—“/ZU(t),f(z))dr
0

S —_—
L8 f(t.x)WT f(t.x) dx dt
Rﬂ

S S —
+ f bX(t,1, D)W £(t, x) (7, %) dx dr
0 JR"
=I+11,
where s
I= Lj-‘f(z,x)Wj“f(t,x) dx dt‘,
Rn
by (t.t. D)WP® f(t.x) f(t.x) dx dt|,
Rn
and

t
« _ (5O (D)]ED a8
wren=[ [ ouby .5, (r.8)

From (2-19), one has that, for any fixed # > 0, b;(z,, Dy) € W2/ +2(R"), and
then bj’.k (1,1, Dy) € W~2/m+2)(R™) which yields that the term II is essentially

S
[0 Rn(sz““/ M2 £y, x) Ft. x) dx di |,

and thus by application of Theorem 3.1 it follows that

A(’H_l)(p 2) M(m+2) m+2 2Rea||f”2
J TLY YT
(3-20) M < if max{py.1}<p<2,

n(2-1)-585—2Rea )
A‘j(p w2 ||f||Lsz(R1+n) ifl<p<p.
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As for the term I, note that
s —
— AN o
= | [ [ v s e e marr
a\k 7 O

= ||(VVJ ) Lj f”L'f/L)@,(Rr_n)”f”Lfog(Rlﬁ”)'

For any ¢ > 0, we have from (3-13) that

(321 (W LY f(t,%)

o0 T
_ / / / RIEESCIORION)
t 0 JR”

xbj (2,1, 6)dbj (.5, €) [ (5, 8) 3o

t
_ / / o (CE+G O~ ($)IED
0 n

as

BE: dsdt

(/ b (‘L' t, é)a b (T S, E)d‘[)f(s E)|$|2éa
P e+ @O—-d6)ED
o [
(/ b (r,t,8)0, b (T, s, i‘-)df)f(s %-)l%-éa

Due to conditions (2-19)—(2-21), one has that the first and second term in (3-21)
are essentially Wf“+2/ (m+2) f and (Wj2a+2/ (m+2))* [, respectively, where b €
C>® (R4 x Ry x R") satisfies condition (2-19). Then, by applying Theorem 3.1
and estimates (3-14) and (3-15), we have that

; LA, gt

pS if max{p;,1}<p <2,

/\n(%—l) S5 —2Re

||f||L2LP(R1+I’I) 1fp1>1and1<p<p17

which together with (3-20) yields that

A(.n+l)(%_%)_u(ﬂ’1n+2) m+2 2Real|f”2
/ LR
IU®I? 5 if max{py,1} <p <2,

nl=—1 n —2Rea .
,\j(ﬁ ) 2 ||f”L2L”(R'+”) if py>land 1< p < p;.
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Note that ||Wj°‘ S, )L2@ny = IIU()||. Therefore, we have obtained estimates
(3-16)—(3-19), which completes the proof of Theorem 3.4. O

Remark 3.5. With similar arguments as in the proof of Theorem 3.4, we have from
Theorem 3.1 and estimates (3-14) and (3-15) that the operator (Wj"‘)* also satisfies
the estimates (3-16)—(3-19).

Note that if r = p for r defined in (3-1), then »r = p = pp. Combining Theorem 3.1
and the kernel estimate (3-10), we obtain boundedness of the operator Wj"‘ from

LPO([R?L"'”) to Lq([RRf”) for certain o € C when gg < ¢ < co.

Theorem 3.6. Let i > max{2,m/2} and qo < q < oo. Then
(3'22) ”I/Vjaf”Lq(RLj‘") S ”f”LI?o(RLj‘")’
where
2 2 1 1
teomne s (oo ) ()
e =n p— n+m+2 q+qo
Proof. Case (1): ¢ = qo. Note that
2 ( 2 ) ( 1 1) m
_ = = V=(=—-= | Jp—L—
"o\ T po 2 4D p(m+2)

An application of (3-3) with r = p yields that

2 2 2
(3—23) ”VVjaf”L‘/O(Rr'”)S”f”L”O(Rr‘”)’ Rea:n—m+2—q—0(n+m—+2).

Case (ii): ¢ = oco. In order to derive (3-22), it suffices to show that the integral
kernel K]‘?‘ defined in (3-7) satisfies

sup / K(t.7.x. )| d dy < oo,
(3-24) (oeritn SRY
2 1

Reoc=n————(n+—).
m—+2 qo

In fact, from (3-7) we have

t
Wjaf(t,x) =/0 /Rn K;?‘(t,r,x,y)f(r,y)dy dr.

By Holder’s inequality, then

2 1 2
(3-25) ||W/jaf”Loo(R£r+”)§||f||LI’0(R1++")a Rea:n_m+2_q_0(n+m—+2)'

Now it remains to derive estimate (3-24). In fact, due to the kernel estimate (3-10),
forany N >nandae e CwithRea =n—2/(m+2)—1/qo(n +2/(m +2)), we
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have by (3-10)

a q0
/{Rl+n|Kj (t,t,x,y)|*drdy
+

—+1 2
A3 —Rea—onty _m+2)‘10

[ (07 4 = oy (I 0 g

o

x/ (14 A5 1x — ] = @) — @Y dy
Rﬂ

ntl_peg——m_____2
<k( L Reo—jates 53 ) 4o

(m+2)(n D, m
/ ()L m+2+|t |) ( + )quT

<27 [T 0 eI dr

n+1 2
H—Rea— 7t — 53 ) do—1

)

((m+2)(ﬂ 1)+ m )CIO

X/O (A7 4 =)y
A7 1) — (D))" dr
© (TR0 @)
X/(; 0 —s@)
n+1

2
7 —Rea— 5y _m+2)‘10_1

<l

o 2 (m+2)(n—1) (m42)(n—1)
x/ (A, m+2+|z—f|)—(’” = g ) ot rBe=l.
0

J
< k(”_Rea_%ﬂ)qo_”_#ﬁ —1
R A ,
and hence (3-24) holds.

Case (iii): qo < g < co. Applying Stein’s interpolation theorem, one obtains that
estimate (3-22) holds by interpolating between estimates (3-23) and (3-25). O

Now we consider boundedness of the operator W; from L} L 2(St)to LSLL(ST),
where 1/ p is symmetric around 1/ po.

Theorem 3.7. Let n > 2. Furtherlet py < p < prifn=2,m=>2,orif n >3,
and 1 < p <Tu/(4u—2)if n =2, m = 1. Then, for any L > pi and T > 0,

(3-26) Wi fllseacsyy < W lLrLeisyy:
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where r is defined as in (3-1) and

1 1 4 m
- T p (m+2)(n+1) (1 +ﬂ)

q
1_ (m+2)(n— 1)( 1)+ﬂ
s 4 2 gq 4u’
Proof. Since 1/ p is symmetric around 1/ pg, by duality it suffices to consider the
case max{pi, 1} < p < po.

In order to derive (3-26), we now need a further dyadic decomposition with
respect to the time variable 7. Choose a function n € C2°(R4) such that 0 <n <1,
suppn € [%, 2], and

(3-27)

o0

> ety =1.

{=—00

Let us fix A = 2/ and set

no(t) =Y n(A27%1).  ne(t) =n(A27") forLeN.
k<0
Then,

flt.x) = Zka(r x).
k=0
where

(3-28) Gy f(t,x)
t
:[O /R I CETGOSNED (¢ 7y p (1. 7.E) f (. ) dE d.

Hence, to derive (3-26), it suffices to show that, for any k € Ny,

(3-29) 1Gk f Ly racsry S 27 1S e Lecsy
for some ¢, > 0. From (3-1) and (3-27), we know that
(m+2)n( _ 1)+1_1:2.
2 P q ros

Due to scaling invariance, we need to consider only the case A = 1 (by a change of
variable if A # 1). Repeating the arguments which are used to prove (3-2), we get
that, for any k € N,

(3_30) “ka”L;/Lp ) § 2~ k((m+2)(l/p_l/Z)(n—l)/Z-‘rm/(Z,U«))”f”L;,L)pC(ST)

Note that (m +2)(1/p — ) (n — 1) +m/(2p) > 1, since p < po.
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Furthermore, an immediate consequence of (3-16) for « = 0 is

”ka”L?OL%(ST) < ||f||L§L§(ST)’

and thus, for any 1 < p < oo,

(3-31) ||ka||L’[0L)26(ST) < ”f”L;'L)f(ST)'
Choose
(3-32) 9 4p2u+m)

= W rhe—p

Then 0 < 6 < 1 and, for the number g from (3-27),
0 1-6
A
For s from (3-27) and 6 from (3-32), we define 59 by
1 1 1 1\n-—1 m
25—) =0 +2(,-3)" 5 +2;)
and then set p = px such that

so T px

L_0,1-6

Since 2 < s < 59, by interpolating between (3-30) and (3-31) when p = px, we
obtain that

(3-33) ”ka”LfoLﬁ’c(Sr) < 2_2k(1/s_1/s0)||f||L§L§(ST)~

Let {I;} be nonoverlapping intervals of side length 2 and U¢ Ie = R4, and
denote by x; the characteristic function of /. In view of (3-28) and the compact
support of 1y, we have that if f(¢,x) =0 for ¢ ¢ Iy, then Gy f(t,x) =0fort ¢ I,
where [ e* is the interval with the same center as I, but of side length Cy2* with
some constant Co = Co(n) > 0. Thus, from Minkowski’s inequality,

(3-34) Gk f (1) o qany < (Z 1Gr e, ). -)||Lq<Rn))
4

<3 MGGz N0y
Y/
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Denote 17 = 1; N (0, T). Estimate (3-34) together with Holder’s inequality and
(3-33) yields that, for any k € Ny,

164 180512 = 00kt M7
< T*1=5/s0 K L

52k(1—S/So)2—2]”(1/5_1/S0) E ||Xlef||2r
t
l

LY (ST)

< 2_k(1_s/s0)||f||L§L_€(ST)~
Therefore, we get estimate (3-29) with &, = 1 —s/s0 and, hence, (3-26) holds. [J

By a similar argument as in the proof of Theorem 3.7, we obtain the boundedness
of operator W; from L%L,’C’(ST) to LiL,qC(ST) when p; >1land 1 < p < py.

Theorem 3.8. Let n > 3 orn =2, m > 2. Suppose 1 < p < p1. Then, for
w>max{2,mn/2} and T > 0, we have that

(3-35) Wi fllLseacsry S W l2re s,y
where

1_ 2n n-1 m-+6u
(3-36) ?_P(HH) 2n+1)  pm+2)(n+1)’

F= (3= () + 4

Proof. Note that when 1 < p < p;, we have

1 1\/n—-1 m
Then we can apply similar arguments as in the proof of Theorem 3.7 to obtain
(3-35). We omit the details. O

Remark 3.9. By similar arguments as above one can show that under assumptions
(3-27) and (3-36), adjoints (W;)* of W; also satisfy estimates (3-26) and (3-35),
respectively.

4. Mixed-norm estimates for the linear generalized Tricomi equation

In this section, based on the mixed-norm space-time estimates of the Fourier integral
operators Wj"‘ obtained in Section 3, we shall establish Strichartz-type estimates
for the linear generalized Tricomi equation.

First we consider the inhomogeneous equation with zero initial data, i.e., problem
(2-3).
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Theorem 4.1. Let n > 2. Suppose w is a solution of (2-3) in St for some T > 0.
Then:

(@) For ju = fix,
4-1) lwllzs2e(sry < W LrLeisyy:

providedthat py < p < p2ifn=>30orn=2,m=>2;and 1 < p <7u/(4u—2)
ifn=2andm = 1. Herer =r(p, ) is asin (3-1) and q and s are taken from
(3-27).

(i1) For u > max{2,m/2},
(4-2) lwllzacsyy S MDx” 77 fllLrocsyy. 9o <g < oo,

where

2
y=y(mnq=5%-—(n+—5
4-3) 2 ( m+2>

1

q
Yo = yo(m,n, u) = i( ) 2__n
Y q0 m+2 m+2 2

(iii) For u > max{2,m/2}, max{p1,1} < p<2,and0 <t <T,
(4-4) lw . gy S 1 s L2csyy:

where r =r(m,n, p, ) is defined in (3-1) and

m (l_l)n—{—l
p 2/ 2

2
y=ym.n p p)= m+2 +2;L(m+2) N

(iv) For u > max{2,m/2},y e R,and0 <t <T,

(4-5) lw(. )l gy @ery S NP7 f | oo sy
where Yy is from (4-3).

Remark 4.2. If we choose (1 = ju«, then

Po=pi =25 go=qp =
0 M*+2’ 0 M*—Z’
and for y and yo defined in (4-3),
1
y(m,n,qq) = yo(m,n, jix) = mt2

Thus, we have from (4-2) that

<
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which, for any p € R, together with [| Dx|?, 8% — ™ A] = 0 implies that

105 = 191 s

Proof of Theorem 4.1. (1): One obtains (4-1) by applying Proposition 2.1 and
Theorem 3.7 directly.

(i1): For « € C, the Fourier transform of | Dy
x is |§|% f(¢,£). Thus, we can write W; f as

W; £z, x)

- / t / O GODDED @ (([/27) b(t. 7. )| DA ) (x. E) €] dE de
0 JR?

|“ f(z, x) with respect to the variable

and W; (f) = W*(|Dx|* f).
Therefore, applying Theorem 3.6, we get that

IW; Fllzacsry = W7 7AD" 77 1) pacsry S 1P 70 | Loogs,y-
which together with Proposition 2.1 yields (4-2).
(iii): Note that [| Dx|”,d? —t™ A] = 0 and then

(4-6) (@7 =t A)(IDx|"w) = [Dx|" f.

From (ii) we know that W;(|Dx|” f) = Wj_y(f). Thus, for y =2/(m +2) +
m/Qum+2))—(/p—1/2)(n + 1)/2, we have from estimate (3-17) that

W AD<” £ | pany = W7 £ r2@ny S 1l e
Thus, by (4-6) and Proposition 2.1 it follows that
”(leP/U))(Z, .)”L2(R”) 5 ”f”L;L;?’
which together with Plancherel’s theorem implies that
”LU([, )”HV(RH) = H |%—|Vﬁ)(z’ S)HLE(Rn) = H(|DX|yw)(t’ )HL)%(R”) < ||f||L§L§’

and estimate (4-4) holds.
(iv): From (ii) we also know that

Wi(g) = W, "(IDx|7"g).
In (3-1), we have r = p = pg when r = p. The estimate (3-17) for

o=— _(i_l)n-l—l_ m 2
=Th= po 2/ 2 2u(m+2) m+2
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with p = pg yields that

W @)@ izgny = [W 70D 708)0 ) | gy < 101708 | Lr0(Sm)’

and then, for g = |D«|" f, where y € R,

(4-7) [ W AD” )@ | 2y S NP7 F [ Loocs,yy-

Therefore, one has from Plancherel’s theorem, Proposition 2.1, (4-6), and (4-7) that

”U)([, )||HV(RY!) = H (|Dx|VU))(Z, ')HLZ(R") 5 ” |Dx|y_y0f“LP0(ST)
Hence, estimate (4-5) holds. O

In case n > 2 and m > 2 if n = 2, we have a more complete set of inequalities
for the solution of the linear generalized Tricomi equation.

Theorem 4.3. Letn > 3 orn =2 withm > 2. Suppose w solves (2-3) in St. Then:

(1) For p>max{2,mn/2}and 1/py <1/p < % +(m4+6u)/Qunim+2)),

(4-8) ”w”L;‘L?C(ST) < ”f”L%L_’Q(ST)’
where q and s are defined in (3-36).

(i1) For u>max{2,mn/2} and % <l/p< %—I—(Z,u(n—?a)—l—m(i%n—l))/(u(m +2)
(n*—1)),

(4-9) ”w”L?Lﬁ’c(ST) < ||f||L’,‘L§(ST),
where r is defined in (3-1) and

1 n+1  n—-1 m+6u
4-1 == — .
(4-10) q 2np + 4n 2u(m—+2)n

(iii) For u > max{2,m/2}and 1 < p < pyandy =3/(m +2)—n(1/p— %),
(“-11) Jw (e g oy S 1F L2225,

Proof. (1) Note that, under these assumptions,

2un(m+2)
un(m-+2)+6u+m

<p<p;, 2<g<o0, 2<s<o0.

Thus, we get estimate (4-8) by applying Proposition 2.1 and Theorem 3.8.
(i1): This will follow from the dual version of Theorem 3.8. Indeed, when

1 < 1 - 1 n 2,u(n—3)+m(3n—l)’
2= "2 w2 =0
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then, for g defined in (4-10),

2u(m+2)n <
<
um—+2)n+6u+m =9 =hn

and
1 2n n—1 m—+6u

g+ 2+ pm+2)(n+1)

For r defined by (3-1), the conjugate exponent r’ can be expressed by

o 8up’ _
um+2)y(n—1)(p’—=2)+2mp’

Thus, from Remark 3.9, we have that

E3
W Sy e s =1 L2 sy
and then, by duality,
||I/ij||L%LZ(ST) =< “f“LfL)’é(ST)'

Therefore, from Proposition 2.1 we have that estimate (4-9) holds.

207

(iii): Note again that W;(|Dx|” ) = Wj_y (f). Then, in view of (4-6) and estimate
(3-19) fora = —y =n(1/p—1)—3/(m+2), one has that estimate (4-11) holds. O

Now we consider the Cauchy problem (2-2).

Theorem 4.4. Let n > 2 and p > max{2,m/2}. Suppose v solves the Cauchy

problem (2-2). Then:

(1) Forqo < q < o0,
(4-12) ”v”Lq(R1++") < ”(p”HV(R”) + ”w”[-']y—Z/(m-i-Z)(Rn)’

where y =n/2—((m+2)n +2)/(q(m + 2)).

(1) For2<g<oowhenn=2andm=1,and2 <q <qy whenn>2andm > 2

ifn =2,
(4-13) ”v”LngIC(RLj'”) < ||§0||[-'IJ/(Rn) + ||W“Hy—2/(m+2)([}:gn)’

where

l_(m+2)(n—1)(l_l)+ﬂ _n+1(l_l)_ m

s 4 2 ¢ Taw VT2 0T T 2umr2y
(iii) Forq; <qg <ocaswellasn>2andm > 2 ifn =2,
(4-14) ”v”L%Lz(R}ﬁ_n) < ”(p”[-']V(Rn) + ”w”]-]y—z/(m-i-z)([@n),

where y =n(%—1/q) —1/(m +2).
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Proof. The goal is to prove that
(4-15) ”vHL‘t’Lﬁ(Rlﬁ'") < ”(/)”]-'])/(Rn) + ||w||]-'1y—2/(m+2)(Rn)

for certain 2 <o < oo and 2 < p < 0.
Note that
m+4 m

{1+ GO EN 2D < (1 + §(1)]g)) 2002 [g| "z

m

< (1+ (o) [g]) "m0 |g| =2,

In order to establish (4-15), from the expression of the function v in (4-22) together
with (2-9) and (2-10) and the estimates of by (¢, £)(1 < £ <4) in (2-13) and (2-14),
it suffices to show that

(4-16) ”P(p”L?Lﬁ(Rf_") < ”(p”]-]y(Rn),

where the operator P is of the form

(Po)tx) = [ EIODa 6)5(6)
Rn
with a € C*° (R4 x R") and, for any (7, £) € R}F’L",

(4-17) 92a(t,£) S (1 + ¢ (o)) ™/ om 2D g 11,

Note that P ¢ can be written as

i(x- 17 dt
(PoEx) = [ CHOODa Do)

and, for i = | Dy | ¢, by Plancherel’s theorem,
121l 2@y = NIEN @lliL2@ny = N0l v gny-
Therefore, in order to prove (4-16), it suffices to show that the operator Q, where
as

@18) @)= [ O, e T

is bounded from L2(R") to LY L% ([R{f'” ). By duality, it suffices to show that the
adjoint O* of Q,

19 Q")) = /OOO/R o CEPODa( g f(r.6) dt .

satisfies

(4-20) 197 Fllz@my SIS NLgr gy iy
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Note that

19" F1ageny = [ (@" NG

1y QO S ) f6,x)dtdx <|Q Q" FllLg el fll Loy
n t X
Thus, in order to get (4-20), we only need to show that

(4-21) 100" Fllzgrs S 1/l

From (4-18) and (4-19), we have that

QO f(t,x) = / / HEF@O-EED (1 £ya(r B £ (r. ) |§|§V _

By (4-17), we further have that

|02 (a(t, ©)a(@ E)| 5 (1 + o () — $(0)][g]) "7 || AL,

Thus, by Proposition 2.1, in order to get (4-21), it suffices to show that
16 S gz 1S g g

where the operator G, is defined as

G; f(t.x)= f fR ! CEHOOSDNEDS(|¢|/2)alt. §a(w §) f (r.6) |§|§y v

Note that G; f is essentially szy—z/ (m+2) f. Therefore, in order to get (4-14), it
suffices to show that

2y—2 +2
(4-22) W2 =212 £l g S0 Ny

We first show (4-12): For y =n/2— (n(m +2) +2)/(¢(m + 2)) and ¢ = qo,
we have that

(2 _mi+2) - (%—%)(n +h- ;L(mm+2) B mi—2'

Thus, we have from estimate (3-3) when r = p = pg that

2y—2/(m+2)
(4-23) HVVJ ”qu(Rr'") < ”f”L”O(Rf'")'
On the other hand, from (2-22) and the compact support of ®,

2y—2 +2
(4_24) ”VVJ y—=2/(m )f||L°°(|R}i_+n) S ||f||L1(R1’_+")-
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By interpolation between (4-23) and (4-24), we obtain that
2y—2/(m+2
W27 2D 1l iy S WS | gimy: o =g < oo,

where ¢’ is the conjugate exponent ¢g. Therefore, we get estimate (4-12).
Next we derive (4-13). Since

I (m+2)n—1)(1 1 m
=Gy T

1_1_w<1_1)_m
s’ 4 qg 2/ 4u

we can write

Thus, when y = (n +1)/2 (3 — 1/q) —m/(2j.(m + 2)), applying estimate (3-3)
for max{py, 1} < ¢’ <2, we have
2y—2/(m+2)
” VI// f ”L;LZ(R}:"”) 5 || f ||L‘§/L‘/€/(|R}i_+n)’
and, therefore, estimate (4-13) holds.
Finally we prove (4-14). When y =n( —1/q) —1/(m +2), we have from (3-5)
that, for p; > 1 and 1 < ¢’ < py,
2y—2/(m+2)
”I/V] f”L%LSIC(R}i_—Fn) 5 ||f||L%L§1c/(R}~_+n).
Thus, estimate (4-14) holds. O
Combining Theorems 4.1, 4.3, and 4.4, we obtain the following results:

Theorem 4.5. Let u solve the Cauchy problem (2-1) in the strip St. Then

@25 Nullcogry sy +ullzs (s
s ”(p”Hy(Rn) + ”w”H)/—Z/(m-i-z)(Rn) + ”f”L;LfZ(ST)’

provided that the exponents p, q, r, and s satisfy scaling invariance condition (1-10)
and one of the following sets of conditions:

. 1 1 4 m
L » g~ mrae o)
1:w(1_1)+ﬂ
s 4 2 q 4’
:”+1(l_l)_L
2 \2 ¢ 2u(m+2)’
where L > Ly,
—$<y<g—z+% ifn=2,m=1,

B  2Qu—m)(n+1)
Y =vsl <va= w(m—+2)(n—1)(2us—m)

ifn>30rn=2,m=>2,
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and
2 m _ 2u=—m)(n+1)

T m+2 + 2u(m—+2) 2uux—m)

) n>3orn=2,m>2andr =2,

Vx

l_w(l_l)Jrﬂ _”+1(l_l)_L
s 4 2 ) Taw VT 2\ 4) T 2umt2)
where > max{2,mn/2} and

m <y< 3 n(2u—m)

“2u(m+2) m+2  pm+2)(n—1)

(i) n>30orn=2,m>2ands = 2,

1_1_m_w(1_1) _n(1_1>_L
ro A 4 p 2) TN Tg) T mry

where 0 > max{2,mn/2} and

umn+1)—mn ey < 2 m
wm+2) =0~V Smr2 T 2umt2)

Remark 4.6. We can rewrite the conditions of (4-5) in terms of gq.

(1) For j = fix,

§(1—i)<151 ifn=2.m=1,

63 nm q — 2

(4-26) 1 1 4 m 1
L . S 1+—)<— ifn>3orn=2m>2.
P2 q (m+2)(n+1)( 2u/  pr

(i1) For u > max{2,mn/2},

2n n—1 1 m
“4-27) i+ Dp1 2041 m+2D)n+1) (6 + ﬁ) <

(iii) For u > max{2,mn/2},

1 1 m 1 1
4-2 —— —)<=<—.
(4-28) 2 2(m—|—2)n(6+,u)<q<q1

Theorem 4.7. Let u solve the Cauchy problem (2-1) in the strip St. Then
4-29) ullcogy (s, + Iullzacsr)
<101 g1 ary + 19 ggr—2s0m523gany + 11 D177 Fll o sy

provided that the exponents p, q, r, and s satisfy (1-10) and p > max{2,m/2},
qo < q < 00, where

_1, nm+2)+2 2 m _n—i—l(L_l)
V=T T imr2) o P T w2 T aumy T 2 \p 2)
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Corollary 4.8. Under the conditions of Theorem 4.7, one has

(4-30) |l cory sy + Mllzacsry + NP~ Dull e oo

S0l gy oy + 19 1 gry—2/ome gy + 11DV OFD LY e o
where y =n/2—((m+2)n +2)/(q(m+2)) and q5 < q < .
Proof. This follows by combining estimate (4-29) and Remark 4.2 when p = pts. O
An application of Theorem 4.5 yields the following:
Corollary 4.9. Let u solve the Cauchy problem
FPu—t"Au= f(t,x)g(t,x) inSr,
u(0,-) =0,u(0,-) =0.

Then, for any u > i« and 0 < R < oo,
(4-31) ”u”CtOch'(STﬂAR) + ||”||L§L?C(STHAR) + ”uHL?"LfC(STmAR)

S ||f||L?L§(STﬂAR)”g”L;'LS’C(STﬂAR)»

where q is as in (4-26),

um+2)y(n+1) n(n+1)
(4-32) IO= ) oO=———,
2Q2u + m) 2u—mn
m+2)n—1),1 1 m n n 2 1 m
T T R O )
s 4 2 q 4u § q m+2\s 4u
and

AR ={(t.x) Ry xR" | |x|+¢() < R}.
Proof. First we study the case R = co. Note that (4-33) gives that
n(l_l) _ w<l_l)_L.
2 48 2 \2 ¢ 2u(m+2)
Applying estimate (4-25) in case (i) together with the Sobolev embedding
Hn(l/Z—l/S)(Rn) s LS(Rn),
we have
lellco sy esp + s csr + Wl gerssp S 178y Loy
where 1 /p=1/g+1/pand 1/r =1/s+1/0. In addition, from Holder’s inequality,

(4-34) Ifellzrrecsyy < I lLoresmllgls s,
Thus, estimate (4-31) holds for R = oo.
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Now let R < co. Let y denote the characteristic function of ST N A g. If u solves
92u—1™Au = fg with vanishing initial data and u, solves 0?u, —t™Auy, = y fg
with vanishing initial data, then u = u,, in S7 N A g due to finite propagation speed
(see [Taniguchi and Tozaki 1980]). Therefore,

”u”C?H}'(STﬂAR) + ||”||L§L§(STHAR) + ”u”L?"LSSC(STﬂAR)
= lluxllcogrycspy + MuxllLs Lacsry + 1xllpoors sy
<lxfllgerosllxglioseacsy:
Consequently, estimate (4-31) holds. O
As another application of Theorem 4.5 we have the following:

Corollary 4.10. Let u be a solution of

0%u —t"Au = F(v) inSrT,
u(0,-) = d;u(0,-) =0.

Ifg<ooand1/(m+2)<y=n/2—m(m+2)+2)/(g(m+2)) <(m+3)/(m+2),
then

|y—1/(m+2)

(435 ulleogr sy + IllLocsr) +11Dx u

L9 (S7)

< ||F/(v)llLu*ﬂ(sr)”|Dx|y_1/(m+2)””Lq6‘(sT)'

Proof. This follows from estimate (4-30) by taking fractional derivatives. Indeed,
for0 <y —1/(m+2) < 1, one has

lulleo iy spy + ellLacsyy + 11D~ g

<10« D EOD ] g s

SIF @)piwerz(sp 1D~ D0] e o

5. Solvability of the semilinear generalized Tricomi equation

In this section, we will apply Theorems 4.5 and 4.7 and Corollaries 4.8—4.10 with
I = [« to establish the existence and uniqueness of the solution u of problem
(1-1). Thereby, we will use the following iteration scheme: For j € N, let u; be

the solution of
G5.1) FPuj —t"™Au; = F(uj—1) in Ry x R",
uj(0,-) =9, 0:u;0,-)=1,

where u_; =0.
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Notice that, for u© = W+, the exponents from (4-25) in case (i) are

N _ 2(n+1)
mt2 1T L mr2)(n—1)

Vx

In order to get the existence of solutions of the Cauchy problem (1-1) as stated in
Theorems 1.1, 1.4, and 1.5, we need to show that, for the sequences {u; }}";0 and
{F(u j)}jo'io defined by (5-1), there exist a T > 0 and a function u such that

(5-2) uj —u in LL.(ST) asj — oo,

(5-3) F(uj)— F(u) inLL.(ST) asj— oo.

From (5-2) and (5-3), one obviously has that the limit function u solves problem
(1-1) in St.

Furthermore, let u, u both solve the Cauchy problem (1-1) in S7. Then v =u—u
satisfies

v —t"Av = G(u,ii)v in St,

(5-4)
v(0,-) =0d;v(0,-) =0,

where G(u, 1) = (F(u)— F(i1))/(u—1) if u # % and G(u, u) = F'(u). For certain
s, q > 2, we will show that v € LS LL(ST) and

(5-5) ”v”L;'L?C(ST) = % ||U||L§L§€(ST)-
Uniqueness of the solution of the Cauchy problem (1-1) in S7 follows.

5.1. Proof of Theorem 1.1.

5.1.1. Case k1 < k < kx. From the assumptions of Theorem 1.1, we have

_n+l_n+l m
4 Ux(k—1)  2ux(m+2)

and

. _ pxk=1) 1 _ (m4+2)(n—1) (l_l) m
(5-6) 1=—>5—" ;=3 |3 p +4H*'
Thus,

:n—i-l(l l)_ m | 2(n+1) < 1

2 \2 ¢ 2ux(m+2)" m+2  us(m+2)(n—1) 4 m-+2

Existence. In order to show (5-2), set

5 H;(T) = llujllco gy s,y + 1wilspacsry-
Nj(T) = lluj —uj-1llzsra(ss)-
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We claim that there exists a constant &g > 0 small such that

(5-8) 21 Y4YS Ho(T) < o
and
(5-9) Hj(T) <2Ho(T), Nj (T) < %Nj_l(T).

Indeed, from the iteration scheme (5-1), we have
(5-10) (07 =" A) (41 —ugt1) = Guj, ug) (uj —ug).
Note that in (4-32),
p=0=73/x
when (1 = «. Thus, from (4-31) and condition (1-2),
G-10) - uj+1 —ursillcogy sy T l1uj+1 —urrrllLsLecsy
SNG ). ui)llpusrz(syylluj —ukllpsLacsy
< (lulsats,y + lulSats ) ey —uilzs o csry-
Note that s > g for k¥ < k«. By Holder’s inequality, we arrive at
(5-12) lujllacsry < TV 5 ugllps 14 57)-
Since u_; = 0, (5-11) together with (5-12) implies that

< 7W=D1/g=1/s) lu;

luj+1=uollLs L sy + 1uj+1=u0llco gy (s, IZs29¢s7)

From the Minkowski inequality, we have that there exists an g9 with 0 < gg <
272/(c=1) guch that

Hj+1(T) < Ho(T) + S H;(T) if T"/47/S Hy(T) < &p.
Therefore, by induction on j,
(5-13) H;(T) <2Ho(T) if 2TY97YS Hy(T) < &.
Taking k = j — 1 in (5-10), estimates (5-11)—(5-13) yield that
Nj41(T) < IN;(T) if 2Ho(T)TYV4715 < g,

which together with (5-13) implies that (5-9) holds as long as (5-8) holds.
Since u_; = 0 and uy is a solution of problem (2-2), we have from (4-13) that,
for o € HY (R") and ¢ € HY~2/(m+2)(Rgn),

No(T) < Ho(T) < ||¢||HV(|RH) + ||¢||Hy—2/(m+2)(ﬂqgn)-
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Thus, by choosing 7' > 0 small, (5-8) holds. Consequently, there is a function
ue COHY(ST)N LSLL(ST) such that

(5-14) uj —u in L§L9(ST) as j — oo,

and, therefore, (5-2) holds. It also follows that u; converges to u almost everywhere.
By Fatou’s lemma, it follows that

(5-15) Nullco gz sy + 1llLsLacsr

=< l}fgjgf(””j leo sz spy T 1ills Lacsy)) < 2Ho(T).

which shows that estimate (1-4) holds.

Now we prove (5-3). It suffices to show that F () is bounded in L LY (S7)
and F(u;) converges to F(u) in LTLE(ST) as j — oo, where p = g/« and
I/r=1—-m/(4ux)—(m+2)(n—1)/4 (l/p— %) In fact, ric < s if k < K4, thus,
for ¢ = pk, by condition (1-2) and Holder’s inequality, we have

) < Kk < Tl/r—«/s K
VN1 L2y S Il e sy S T Il Lo s,

Moreover, in view of 1/p—1/g = 1/r —1/s = 2/ ju«, by Holder’s inequality and
estimates (5-11)—(5-13) and (5-15), we have
1 F ;)= F)llprpesyy < NG w)llpuszsyllug —ullps s,y
< 7D fo (T |y — ullps e sy

Sy —ullpspacsy:

Applying (5-14), we have that F(u;) converges to F(u) in L} L{(S7) and, there-
fore, (5-3) holds.

From (5-2) and (5-3), we have that the limit function u € C;)H}/ St)) N
LfL;IC(ST) solves the Cauchy problem (1-1) in S7.

Uniqueness. Suppose u, it € C([0,T], HY (R")) N L3 LL(ST) solve the Cauchy
problem (1-1) in S7. Then v = u — 4 € C([0,T], HY (R")) N LSLL(ST) is a
solution of problem (5-4). From Corollary 4.9, we have that

||U||L§L;IC(ST)
< C(lulfa(syy + a5 e (s )0l Ls e (s (by (4-31) and (1-2))
< cT®-DA/a=1/s)

_ e (by Holder’s inequality)
XMz s+ 1705 s )Pl
< C2(T VO Ho(T)Y vl sy (by (5-15))

= %”U”L;‘L;{(ST) (by (5-8)).
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Thus (5-5) holds and ¥ = 1 in ST.

5.1.2. Casekx <kifn=2o0rk« <k <k3ifn>3.

Existence. From the assumptions of Theorem 1.1, we have

4 _
S P Sy 11t 3]
e -1y C 1 2
Thus,
1 <y= 1, _ (m+2)n+2 < m+3'
m—+2 2 q(m+2) m+2
To show (5-2), we set
Hj(T) = il o iy sy + o ey + 1D ™D g o
and
(5_16) N] (T) = ||u] _uJ_IHLqE)k(STﬂAR)

We claim that there exists a constant ¢ > 0 such that

(5-17) Ho(T) < &9,
and
(5-18) H;(T) <2Ho(T), Nj(T) <AN;_((T).

Indeed, since u—_; = 0, from the iteration scheme (5-1), we have
(5-19) (87 =" M) (1)1 — o) = F(u)).
Thus, estimate (4-35) together with condition (1-2) yields, for0 <y —1/(m+2) <1,

Hj1(T) < Ho(T) + CIIF )| pew sy |1 D1~ 2| e o
< Ho(T) + Cluj [ aisy Il D"~ 2051 s o

< Ho(T)+ CH;(T)".
Therefore, by induction, we have that
H;(T) <2Ho(T) if C2XHo(T)*" ! <1.

Consequently,

(5-20) Hj(T) <2Ho(T) if Ho(T) < o

for some gg > 0 small. Notice that, for ¢ and s from (5-6), wheng =s,s0g =5 =¢;.
Hence, by using estimates (5-11)—(5-13) together with (5-20), we get that for N;
defined in (5-16),

(5-21) Nj(T) < IN;1(T) i Ho(T) < so.
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Estimates (5-20) and (5-21) tell us that (5-18) holds as long as (5-17) holds. To
get (5-17), from estimate (4-30) (with f = 0) we have that, for ¢ € HY (R") and
w c I_'Iy—Z/(m-i-Z)(Rn)’

(5-22) Ho(T) < ||¢||HV(RH) + ||W”Hy—2/(m+2)([@n)~

Due to the continuity of the norm in L4(St), (5-17) holds for some 7 > 0 small.
af ||<p||Hy(Rn) + ||¢||Hy_2/(m+2)(w) is small, then (5-17) holds for any T > 0,
consequently, we get global existence.)

Note that ¢ = ju«(k —1)/2 > g5 when k > k. Thus, from Hélder’s inequality
and (5-22),

(5-23) No(T) = l[uoll oz (5, ~p o = IH0llLacsy) T Ho(T).

From estimates (5-17), (5-18), and (5-23), we get that there exists a function
ue COHY(ST)N LI(ST) with | D,|Y~Y/+2y ¢ .96 (ST) such that

(5-24) uj —>u in LqS(STﬂAR) as j — oo,
and (5-2) holds. Thus, from Fatou’s lemma and (5-18), it follows that

<2Ho(T)

(525 lullco gy sy + IelLocsr) + D Dull e o<

and u satisfies estimate (1-4).
Since ¢ = ux(k —1)/2 > k when k > k4, we have from condition (1-2) that
F(u) is locally integrable for u € L9(S7). By Holder’s inequality,

/ |F(uj)—F(u)|dtdx=/ |G(uj,u)|luj —u|dtdx
STNAR STNAR

<Gy, wl —uf

L7 (SrﬂAR)”uj L% (STNAR)

Note that pg < jx/2. Thus, from condition (1-2) we have that

1G (uj, )l “ + [l

* < Uu;
L70(S7NAR) ~ ;1 LP0“D(SrNAR) LP0 %D (SrNAR)

—1 —1 —1
< ||Mj||'£q(STnAR) + HMHIKJI(STOAR) < Ho(T)*7,

which together with (5-24) implies that F(u;) — F(u) in LllOC (ST). Hence, (5-3)
holds.

From (5-2) and (5-3), we have that the limit function u € C?FI}’ (ST)NLA(ST)
with | D [Y~1/m+2)y, ¢ 195 (S7) is a weak solution of the Cauchy problem (1-1)
in St.
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Uniqueness. Suppose u, i € CIOH%’ (S7) N LA(ST) with | Dy |~/ (m+2)y and
| D[y~ 1/m+2)y ¢ L% (ST) solving the Cauchy problem (1-1) in S7. Then v =
u—iueCp HY(ST)NL9(ST) is a weak solution of problem (5-4). Thus, it follows
from Corollary 4.9 that

lvlizacsry < C(Iulfa(s,y + il faisy) IvlLacsy) by (4-31) and (1-2))
< C2“Ho(T) vllLacsy) (by (5-25))
<5lvlrsracsn (by (5-17)).
Thus (5-5) holds and ¥ = % in ST.
5.1.3. Casen >3 and k > k3, k € N.

Existence. From the assumptions of Theorem 1.1, we have

_ 1, 4 _ o Mx(k—=1) _ K
y_zn (m+2)(K—1)’ §=4q= 2 ) F(u)_:l:u )
and
1 (m+2)n+2 1
=-n———>14+ ——.
vy=a" q(m+2) =i m-+2

To verify (5-2), we set

(m+2)yn+2 4
H;(T) = |lu; ”C,"H}{(Sr) + ) slup H|Dx| wnt2) T DDy ! LT(S7)
qo<t<5ux(k—1)
and
N](T) = ”uj _uj_IHng(STﬂAR)'

We claim that there exists a constant g9 > 0 such that

(5-26) Ho(T) <&
and
(5-27) Hj(T) <2Ho(T), Nj(T) =< 3Nj—1(T).

In fact, applying Minkowski’s inequality and estimate (4-30) (with ¢ = ¢ = 0),

(5-28) Hj4+1(T) < Ho(T)

ly— 1 4
+C sup [ D | 2"~ m+2 " w2 6=D (uf) |

S .
43 <t<px(k—1)/2 L70(S7)

Note that @ = n/2—1/(m +2)—4/((m + 2)(k — 1)) > 1 when k > k3. Thus,
|Dx|°‘(uf) can be expressed as a finite linear combination of [[j_; |Dx|%u;,
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where 0 < oy < a (1 < £ <«k) and Y j_; oy = . By Holder’s inequality,

I Dx |“(u§ )| L78 (5p) is dominated by a finite sum of terms of the form

K
[T D2 1wl s
(=1
where Y y_; 1/14 = 1/p§. We choose 7; so that

0 = nm+2)+2 4
m+2)  (m+2)(k—1)
Then .
—1) 1 1
o 2 ; P

and, therefore,
11 Dx|*ujllrze sy < Hi(T),

which together with (5-28) yields that

Hj1+1(T) < Ho(T) + Cc H; (T)".
By induction, we have that
(5-29) Hj(T) =2Ho(T) if Ho(T) < €o.

For ¢ and s from (5-6), when ¢ = s, then ¢ = 5 = ¢;. Hence, by estimates
(5-11)—(5-13) and together with (5-29), we get that

(5-30) Nj(T) < $N;j_(T) if Ho(T) < &o.
From (5-29) and (5-30), we get that (5-27) holds as long as (5-26) holds.

Note that

nm+2)+2 4

(5-3D tmt2)  mie—D "

for t = u«(k —1)/2 and
n(m+2)+2 4 . 1
tm+2)  mt2)k—-1) ' my2
for T = qa‘ . On the other hand, we have from (4-30) (with f = 0) that, for
@ € HY(R") and y € HY~2/(m+2)(Rgm),

(5-32)

(5-33)  Nuolleo iy sy + ol Lusc—vragsyy + 11D+ Dug)| e o
< “‘p”[-'[y(Rn) + ”W”Hy—2/(m+2)([@n)-

By interpolation together with (5-31)—(5-33), we conclude that

HO(T) < ||¢||HV(RH) + ”W”Hy—z/(m-i-Z)(Rn)-
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It follows that (5-26) holds by choosing 7" > 0 small. (We can take T = oo if
llell arany 1Vl gry—2/(m+2) ®M) is small which then yields global existence.)
From Holder’s inequality and (5-31),

(5-34) No(T) = [luol < Crlluollpuruc—vr2¢5,) = CRHO(T) < 0.

L90(STNAR) —

Therefore, we have from (5-27), (5-26), and (5-34) that there exists a function
ue COHY(ST) N L(ST) with | D, |Y~1/m+2)y € L9 (ST) such that

uj —>u in L9 (S NAR) as j — oo,
and, therefore, (5-2) holds. Thus, from Fatou’s lemma and (5-27),

<2Ho(T)

(535 Welgogzisy) + llzacsy + 1D~ e <

and u satisfies estimate (1-4).

Note that ¢ = «(k —1)/2 > k when k > k3. Thus, for u € L4(ST), by Holder’s
inequality and condition (1-2), we get that F'(u) is locally integrable and F(u;)
converges to F(u) in Llloc(ST), and hence (5-3) holds.

Applying (5-2) and (5-3), it follows that the limit function u € C? HY(ST)N
L4(ST) with | D [y ~Y/m+2)y € 196 (S7) is a weak solution of the Cauchy problem

(1-1)in ST.
Uniqueness. This follows from the same arguments as in 5.1.2. O

5.2. Proof of Theorem 1.4. From the assumption of Theorem 1.4, we have

_n__ 4
Y= 3 T ) (k=1)’
1_ 1 ( 8 _ﬂ)_ n—1
g M+2)(n+1)\k—1 s« 2(n+1)’
and
1 _ (m+2)(n—1)(l_l)+ m
s 4 2 g/ Aus
Thus,
:(”+1)<l_l)_L
4 2 )27 4) 2 m+2)
and
1 2(n+1)

_|_

—§y< ’
m+2 m+2  pux(m+2)(n—1)

where Ky <k < K>.
To show (5-2), we set

Hi(T) = llujllcogy s,y + 1uillLspg(sry + i —wollpeops (s,
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and
Nj(T) = lluj —uj-1llpsL2(s7)

where

. 1 (m+2)n _ (m+2)n _ m+2(ﬁ_ )
(5-36) st 2 T T 2 \37Y)

We claim that there exist a constant &9 > 0 and a 6 € [0, 1] such that
(5-37) 2Ho(T)’ 2Ho(T) + l[uoll e 13 (5,9)" ™" < €0
and
(5-38) H;(T) <2Ho(T), N;(T) < IN;_(T).

Indeed, due to (5-36), from Sobolev’s embedding theorem we have that

e ) Loy = 1) gy oy

Applying Holder’s inequality, we get that
. .10 .11—0
[l ”LH*("*”/Z(ST) =< llu; ”LfLSIc(ST) [l ”L?OL‘)sc(ST)’

where 0 =2/(n(m+2)+2)+4n(m+2)/(ux(m+2)(n—1)(g —2)+2mq). Note
that 0 <6 <1 fory > 1/(m+2).

By the same arguments as in the proof of Theorem 1.1, we get that (5-37)
and (5-38) hold. Consequently, (5-2) and (5-3) also hold. Hence, the limit u €
c? HY(ST)N LSLL(ST) of the sequence {u j} 1s a solution of the Cauchy problem
(1-1) in S7. Moreover, by Fatou’s lemma and (5-38), we have that

el oy sy + Il L csyy < 2Ho(T).

which together with (5-37) yields that u satisfies estimate (1-4).
Further, by the same arguments as in the proof of Theorem 1.1, it follows that if
both u, i solve the Cauchy problem (1-1) in ST, then u = # in S7. O

5.3. Proof of Theorem 1.5. From the assumptions of Theorem 1.5, we have

_"+1(l_l)_L

2 \2 g/ 2u«(m+2)

and

_ m <y < | 2(n+1) __3 _ n(2ux—m)
2;u(m+2)‘y m+2 usm+2)(n—1) m+2 pus(m+2)(n—1)

To verify (5-2), we set

Hi(T) = llujllcogy sy + 1illLraesry:  Ni(T) = luj —uj—tllLsLe(syy-
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Let p = q/k. Then

2n 1 6pu+m n—1

tDp ¢ mm+)+D) 201Dy

Thus we can apply Theorem 4.5 in case (ii) together with Holder’s inequality to
find that

) +1 =wier1llco gy s,y + 14j+1 =kl ecsr

SNF Q@)= Fuolip2pe s,

SNGW) u)llLergsy i —urllLs L sr)-
where 1/p = %— l/s,and 1/o=1/p—1/q=(k—1)/q.

Note that s > (k —1)p when y < 1/(m +2) —2(n + 1)/ (s (m 4+ 2)(n — 1)).
Due to condition (1-2) and Holder’s inequality,

k—1 k—1
L;J(K—I)L)qc(ST) + ||uk ||L?(K_1)L§15(ST)

STV (|

G (u;, uk)”L;’Lg(ST) < llujl
k—1 k—1
Lt Tl

As in the proof of Theorem 1.1, we get that

(5-39) Hj(T) <2Ho(T), N;j(T) = 3N;-1(T),
and
(5-40) No(T) < Ho(T)TY27+/s < g,

for g9 > 0 small by choosing T > 0 small. Therefore, there is a function u €
CYHY (S7) N LSLL(ST) such that

uj >u in LLL(ST) as j — o0
and (5-2) holds. Combining Fatou’s lemma and (5-39), we see that

lullco gy sy + 1l L4 sy = 2Ho(T).

Together with (5-40) we get that u satisfies estimate (1-4).
Moreover, since 2k > s, by condition (1-2) and Holder’s inequality, we have that,

for p =q/x,
HF(M)”L%L)’C’(ST) < ||u||§l%KLSIC(ST)

< 71/2—«/s K
NT ”u”L§LZ(ST)
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and

IF ()= F)l2p2 5,

1/2—-1/s k—1 k—1
STV s 15 La sy + 105 Lasr) s =g sy

S TY2VS Ho(Ty = |u, — ullLsL4(s7)-

Therefore, F(u) € L%LZ/K(ST) and F(u;) — F(u) in L%L?C/K(ST) as j — oo,
hence (5-3) holds. Consequently, the limit function u € CYHY (S) N LS LL(ST)
solves the Cauchy problem (1-1) in S7.

Now suppose u, i € C? HY(ST)N LS LL(St) both solve the Cauchy problem
(1I-1)in S7. Thenv =u—u € CtOI-.I}’(ST) N LiL?C(ST) is a solution of (5-4).
Applying Theorem 4.5 in case (ii) and Holder’s inequality, it follows that

“v“LA;LZ(ST) = C”G(M, ﬁ)v”L%Lf;(ST)

=< CTI/Z_I/S(HMHIKJ;}J;IC(ST) + ||L7||1'i;112(sr))||v”L?L‘é(ST)

- -1
<CTY2 Vs Ho(T)* Ivlizs e sy < %”U”L;'L?C(ST)-

Thus (5-5) holds and u = u in ST. O
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