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CONGRUENCE SUBGROUPS AND
SUPER-MODULAR CATEGORIES

PARSA BONDERSON, ERIC C. ROWELL,
ZHENGHAN WANG AND QING ZHANG

A super-modular category is a unitary premodular category with Miiger
center equivalent to the symmetric unitary category of super-vector spaces.
Super-modular categories are important alternatives to modular categories
as any unitary premodular category is the equivariantization of a either a
modular or super-modular category. Physically, super-modular categories
describe universal properties of quasiparticles in fermionic topological phases
of matter. In general one does not have a representation of the modular
group SL(2, Z) associated to a super-modular category, but it is possible to
obtain a representation of the (index 3) §-subgroup: I'y < SL(2, Z). We study
the image of this representation and conjecture a super-modular analogue of
the Ng—Schauenburg congruence subgroup theorem for modular categories,
namely that the kernel of the I'y representation is a congruence subgroup. We
prove this conjecture for any super-modular category that is a subcategory of
modular category of twice its dimension, i.e., admitting a minimal modular
extension. Conjecturally, every super-modular category admits (precisely 16)
minimal modular extensions and our conjecture would be a consequence.

1. Introduction

A key part of the data for a modular category C is the S and T matrices encoding
the nondegeneracy of the braiding and the twist coefficients, respectively. We will
denote by S the unnormalized matrix obtained as the invariants of the Hopf link
so that 5’0,0 =1, while S = S /D will denote the (unitary) normalized S-matrix
where D? = dim(C) is the categorical dimension and D > 0. Later, we will use the
same conventions for any premodular category (for which S may not be invertible).
The diagonal matrix T := 6;; ; has finite order (Vafa’s theorem, see [Bakalov and
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Kirillov 2001]) for any premodular category. For a modular category the S and T
matrices satisfy (see, e.g., [Bakalov and Kirillov 2001, Theorem 3.1.7]):

(1) 82 =C where C; j =§; j» (s0 S*=C? =1).
(2) (ST)* = B=52 where D, =Y, 52 ,6;.
(3) TC=CT.

These imply that from any modular category C of rank r (i.e., with r isomorphism
classes of simple objects) one obtains a projective unitary representation of the
modular group p : SL(2, Z) — PSU(r) defined on generators by s = (? _01) —- S
and t= (1 1) — T composed with the canonical projection 7, : U(r) — PSU(r). By

rescaling(ilie S and T matrices, p may be lifted to a linear representation of SL(2, Z),
but these lifts are not unique. This representation has topological significance: one
identifies the modular group with the mapping class group Mod(X; o) of the torus
(t and st~ 's~! correspond to Dehn twists about the meridian and parallel) and this
projective representation is the action of the mapping class group on the Hilbert
space associated to the torus by the modular functor obtained from C.

A subgroup H < SL(2, Z) is called a congruence subgroup if H contains a
principal congruence subgroup I'(n) :={A € SL(2, Z) : A= 1 (mod n)} for some
n > 1. Since I'(n) is the kernel of the reduction modulo » map SL(2,Z) —
SL(2, Z/nZ), any congruence subgroup has finite index. The level of a congruence
subgroup H is the minimal » so that I'(n) < H. More generally, for G < SL(2, Z)
we say H < G is a congruence subgroup if G NI'(n) < H with the level of H
defined similarly.

The connection between topology and number theory found through the repre-
sentation above is deepened by the following congruence subgroup theorem:

Theorem 1.1 [Ng and Schauenburg 2010]. Let C be a modular category of rank r
with T -matrix of order N. Then the projective representation p : SL(2, Z) — PSU(r)
has ker(p) a congruence subgroup of level N.

In particular the image of p factors over SL(2, Z/NZ) and hence is a finite
group. This fact has many important consequences: for example, it is related to
rank-finiteness [Bruillard et al. 2016a] and can be used in classification problems
[Bruillard et al. 2016b].

A super-modular category is a unitary ribbon fusion category whose Miiger
center is equivalent, as a unitary symmetric ribbon fusion category, to the category
sVec of super-vector spaces (equipped with its unique structure as a unitary spherical
symmetric fusion category). Super-modular categories (or slight variations) have
been studied from several perspectives; see [Bonderson 2007; Davydov et al. 2013a;
Bruillard et al. 2017; Lan et al. 2016] for a few examples. An algebraic motivation
for studying these categories is the following: any unitary braided fusion category
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is the equivariantization [Drinfeld et al. 2010] of either a modular or super-modular
category (see [Sawin 2002, Theorem 2]). Physically, super-modular categories
provide a framework for studying fermionic topological phases of matter [Bruillard
et al. 2017]. Topological motivations include the study of spin 3-manifold invariants
[Sawin 2002; Blanchet 2005; Blanchet and Masbaum 1996] and (3+1)-TQFTs
[Walker and Wang 2012].

Remark. We restrict to unitary categories both for mathematical convenience and
for their physical significance. On the other hand, there is a nonunitary version sVec™
of sVec: the underlying (non-Tannakian) symmetric fusion category is the same,
but with the other possible spherical structure, which leads to negative dimensions.
We could define super-modular categories more generally as premodular categories
B with Miiger center equivalent to either of sVec or sVec™. However, we do not
know of any examples B with B’ = sVec™ that are not simply of the form C X sVec™
for some modular category C (A. Bruguieres asked Rowell and Wang for such an
example in 2016).

One interesting feature of super-modular categories B is that their S and T
matrices have tensor decompositions [Bonderson et al. 2013, Appendix; Bruillard
et al. 2017, Theorem IIL.5]):

1 (11 A 1 0 -

(1-1) S=ﬁ(1 1)(X)S, T=<0 _1)®T,
where § is unitary and Tisa diagonal (unitary) matrix, depending on r/2 — 1
sign choices. Two naive questions motivated by the above are whether S and a
choice of T provide a (projective) representation of SL(2, Z), and whether the group
generated by S and a choice of T is finite. Of course if B = sVec KD for some
modular category D (split super-modular) then the answer to both is “yes”. More
generally, as Example 2.1 below illustrates, the answer to both questions is “no”.

The physical and topological applications of super-modular categories motivate a
more refined question as follows. The consideration of fermions on a torus [Alvarez-
Gaumé et al. 1986] leads to the study of spin structures on the torus X o: there
are three even spin structures (A, A), (A, P), (P, A) and one odd spin structure
(P, P), where A, P denote antiperiodic and periodic boundary conditions. The
full mapping class group Mod(X;,9) = SL(2, Z) permutes the even spin structures:
s interchanges (P, A) and (A, P), and preserves (A, A), whereas t interchanges
(A, A) and (P, A) and preserves (A, P). Note that both s and £ preserve (A, A),
so that the index 3 subgroup I'y := (s, t?) < SL(2, Z) is the spin mapping class
group of the torus equipped with spin structure (A, A). The spin mapping class
group of the torus with spin structure (A, P) or (P, A) is similarly generated
by s? and t, which is projectively isomorphic to Z. On the other hand, Iy is
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projectively the free product of Z/27 with Z [Rademacher 1929]. Now the matrix
72 is unambiguously defined for any super—modular category B, and in [Bruillard
et al. 2017, Theorem IL7] it is shown that s — S and £ — 72 define a projective
representation p of I'y. We propose the following:

Conjecture 1.2. Let B be a super-modular category of rank 2k and S and T2 the
corresponding matrices as in (1-1). Then the kernel of the projective representation
0 : Ty — PSU(k) given by p(s) = 7 (8) and p() = m(T?) is a congruence
subgroup.

In particular if this conjecture holds then p(T'y) is finite. We do not know what
to expect the level of ker p to be (in terms of, say, the order of 72), but we provide
some examples below.

An important outstanding conjecture [Davydov et al. 2013b, Question 5.15;
Bruillard et al. 2017, Conjecture II1.9; Miiger 2003, Conjecture 5.2] is that every
super-modular category B has a minimal modular extension, that is, B can be
embedded in a modular category C of dimension dim(C) = 2dim(5). One may
characterize such C: they are called spin modular categories [Beliakova et al. 2017];
see Section 3A below. Our main result proves Conjecture 1.2 for super-modular
categories admitting minimal modular extensions.

2. Preliminaries

2A. Super-modular categories. Though one may always define an S-matrix for
any ribbon fusion category B, it may be degenerate. This failure of modularity is
encoded in the subcategory of transparent objects called the Miiger center B'. Here
an object X is called transparent if all the double braidings with X are trivial:

cy,xcx,y = ldxgy .

By Proposition 1.1 of [Bruguieres 2000], the simple objects in B’ are those X with
S x,y =dxdy for all simple Y, where dy =dim(Y) = S‘LY is the categorical dimension
of the object Y. The Miiger center is obviously symmetric, that is, cy xcx,y =ldxgy
for all X,Y € B. Symmetric fusion categories have been classified by Deligne
[1990], in terms of representations of supergroups. In the case that B’ =Rep(G) (i.e.,
is Tannakian), the modularization (de-equivariantization) procedure of Bruguieres
[2000] and Miiger [2004] yields a modular category Bg of dimension dim(B)/|G|.
Otherwise, by taking a maximal Tannakian subcategory Rep(G) C B/, the de-
equivariantization B¢ has Miiger center (Bg)" = sVec, the symmetric fusion category
of super-vector spaces. Generally, a braided fusion category B with B’ = sVec as
symmetric fusion categories is called slightly degenerate [Drinfeld et al. 2010].
The symmetric fusion category sVec has a unique spherical structure compatible

with unitarity and has S- and T-matrices: Ssyec = \/Li(} }) and Tyvec = ((1) _01 )-
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From this point on we will assume that all our categories are unitary, so that
sVec is a unitary symmetric fusion category. A unitary slightly degenerate ribbon
category will be called super-modular. In other terminology, we say B is super-
modular if its Miiger center is generated by a fermion, that is, an object ¥ with
v®2=1and 0y = —1.

Equation (1-1) shows that the S and T matrices of any super-modular category
can be expressed as (Kronecker) tensor products: S = Sgyec ® Sand T = Tsvee @ T
with § uniquely determined and T determined by some sign choices. The projective
group generated by Sand T may be infinite for all choices of T as the following
example illustrates:

Example 2.1. Consider the modular category SU(2)s. The label set is
I1=1{0,1,2,3,4,5,6}.

The subcategory PSU(2)¢ is generated by four simple objects with even labels:
Xo = 1, Xz, X4, X(,. We have

§_ 1 ( 1 1+ﬁ> ond f_<1 0)
- /4+2ﬁ l+\/§ —1 N0 i )

For either choice of 7" the eigenvalues of ST are not roots of unity: one checks
that they satisfy the irreducible polynomial x'® — x!2 + ‘—I‘x8 — x* 41, which has
nonabelian Galois group and is not monic over Z.

2B. The 0-subgroup of SL(2, 7). The index 3 subgroup I'g < SL(2, Z) generated
by s and > has a uniform description (see, e.g., [Kohler 1988]):

Ty = {(‘CI Z) €SLQ2.7):ac=bd =0 (modZ)}.

The notation I'g comes from the fact that Jacobi’s 0 series 6(z) := ZZO:—OO Tz g
a modular form of weight % on ['y. Moreover, 'y is isomorphic to I'g(2), the Hecke
congruence subgroup of level 2 defined as those matrices in SL(2, Z) that are upper
triangular modulo 2, and I'(2) is a subgroup of both I'g(2) and I'y. In particular,
['g(2) and I'y are distinct, yet isomorphic, congruence subgroups of level 2. An
explicit isomorphism # : Tg — [o(2) is given by ¥ (g) = MgM ' where M = ( (1) é)
This can be verified directly, via:

a b _1 a _|_ c w
M M~ = 2 .
(C d) ( 2c d—c
Observe that ¥ (I'(n)) = I'(n) for any n, and for n even I'(n) <t I'g. In particular,

we see that I'g/ I'(n) < SL(2, Z)/ I"'(n) is isomorphic to an index 3 subgroup of
SL(2,Z/nZ) that is not normal. Suppose ¢ : I'y — H has a kernel which is a
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congruence subgroup, i.e., ['(n) < ker(g). The congruence level of ker(¢p), i.e., the
minimal n with I'(n) < ker(¢), is the minimal n so that I'g/ I'(n) — ¢(I'9). The
following provides a characterization of such quotients:

Lemma 2.2. Suppose that n = 2*q with k > 1 and q odd. Denote by Py a 2-Sylow
subgroup of SL(2, Z/2*7). Then,

Ty/T(n) = P, x SL(2, Z/qZ).

Proof. By the Chinese remainder theorem, nonnormal index 3 subgroups of

SL(2,Z/nZ) = ]_[ SL(2,Z/p%7)
pln
correspond to nonnormal index 3 subgroups of SL(2, Z/ p‘»Z) where n =[] Pl ptr
is the prime factorization of n. Any 2-Sylow subgroup of SL(2, Z/2¥Z) has index 3
and is not normal (since reduction modulo 2 gives a surjection to SL(2, Z/27) = G3)
so it is enough to show that this fails for SL(2, Z/p*Z) with p > 2.

In general, if H < G is a nonnormal subgroup of index 3 then the (transitive) left
action of G on the coset space G/H provides a homomorphism to the symmetric
group on three letters, i.e., ¢ : G — G3. If ¢(G) = A3 (the alternating group on
three letters) then we would have ker(¢) = H < G. Thus ¢ (G) = 53, so that any
such group G must have an irreducible 2-dimensional representation with character
values 2, —1, 0.

By [Nobs 1976; Eholzer 1995], we see that for p > 2, the groups SL(2, Z/ka)
only have 2-dimensional irreducible representations for p = 3,5, and each of
these representations factor over the reduction modulo p map SL(2,Z/p*Z) —
SL(2,7Z/pZ). By inspection neither SL(2, Z/3Z) nor SL(2, Z/57) have G3 as
quotients. U

3. Main results

In this section we prove Conjecture 1.2 for any super-modular category that admits
a minimal (spin) modular extension.

3A. Spin modular categories. A spin modular category C is a modular category
with a (chosen) fermion. Let C be a spin modular category, with fermion v,
(unnormalized) S-matrix S and T-matrix 7. Proposition II.3 of [Bruillard et al.
2017] provides a number of useful symmetries of Sand T:

(D) S'w,a = €qdy, Where €, = 1 and €, = 1.
(2) Opo = —€404.
(3) Syap=€sSap
We have a canonical Z/27-grading Cy & C; with simple objects X € Cpif ex =1
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and X € C; when ex = —1. The trivial component Cy is a super-modular category,
since Cy = () = sVec.

Since Oy = —ex0yx it is clear that ¥ X 2 X for X € Cyp. However, objects in
C1 may be fixed by — ® ¥ or not. This provides another canonical decomposition
C1 =C, @ C, as abelian categories, where a simple object X € C, C Cy if Xy 2 X
and X € C, C Cy if Xy = X. Finally, using the action of — ® ¥ we make a
(noncanonical) decomposition of Cy = (VZ() &) wéo and C, = év &) Wév so that when
X e éo we have X € wéo and similarly for C,. Notice that for X € Cy we have
X* %9 ® X since Oy = O+, so that we may ensure X and X* are both in Cy or
both in lﬁéo- On the other hand, for Y € C, it is possible that X* = ¢ ® X — for
example, this occurs for SO(2);.

We choose an ordered basis

I = Mo Uy U, Uy, ull,

for the Grothendieck ring of C that is compatible with the above partition C =
éo &) wéo &) év ) wév ® C,. Using [Bruillard et al. 2017, Proposition II.3] we have
the block matrix decomposition for the S and 7" matrices:

1§ 18 4 A x T 0 00 0
18 18 -4 —A —X 0-700 0
S=|AT —AT B —-B 0 T=10 0 7, 0 O
AT —AT B B 0 0 0 07,0
xT —xT 0 0 0 0 0 00T,

Here B and $ are symmetric matrices, and each of T, T, and T, are diagonal
matrices.
Now consider the following ordered partitioned basis:

(1) T§ = {X; + ¥ X; : X; € Ty},
@) Mg = {X; =¥ X; : X; € Ty},
@) I} = (Vi + ¥ Y ¥; € T1,),
@) M, :={Z; € 1;} and

) I, =Y, —yY;: ¥, el,}.

With respect to this partitioned basis, the S and T matrices have the block form:

S 0 00 0 07 0 0 0
0 0 24X O 700 0 0
sS=1024T7 0 0 0 T"=l007, 0 0
02xT 0 0 0 000T, 0
0 0 0 02B 000 0T,
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From this choice of basis one sees that the representation p restricted to 'y = (s, )
has three invariant (projective) subspaces, spanned by IT;, I, UIT{ UTl, and
[T, respectively. In particular, we have a surjection p(I'y) — p(I'y), mapping the
image of S in PSU(|IT|) to the image of Sin PSU(|H8’|). We can now prove:

Theorem 3.1. Suppose that B is a super-modular category with minimal modular
extension C so that B = Cy. Assume further that the T -matrix of C has order N. Then
0 : Ty — PSU(k) has ker(p) which is a congruence subgroup of level at most N.

Proof. Let S and T be the S-matrix and 7-matrix of C. Consider the projective
representation p of SL(2, Z) defined by p(s) = S and p(t) = T. By Theorem 1.1,
ker(p) is a congruence subgroup of level N, i.e., I'(N) < ker(p). Now the restriction
of pjr, to I'g has

ker(pjr,) =ker(p) NT'y DT(N)NTy.

However, since C contains a fermion N is even, so I'(N) < I'(2) < I'y hence
I'(N)NTy =T(N). It follows that I'(N) < ker(pjr,). The discussion above now
implies I'(N) < ker(pjr,) < ker(p) as we have a surjection p(I'y) — p(I'y). Thus,
we have shown that ker(p) is a congruence subgroup of level at most N, and in
particular, p has finite image. (]

3B. Further questions. The charge conjugation matrix C in the basis above has
the form C[f’j = +4; j«. Since we have arranged that X; € Iy implies X € Iy,
le’j = —1 can only occur fori = j e I1: if (W =y W)* = —(W — ¢ W) for some
simple object W, then W* =y W. We see that this can only happen if W € C,, by
comparing twists. Under this change of basis, we have

()2 =dim(@C)C’ and (S'T")’ = %(S/)Z.

It would be interesting to explore the extra relations among the various submatrices
of " and T".

The 16 spin modular categories of dimension 4 are of the form SO(n); (where
SO(n); = SO(m), if and only if n = m (mod 16)). For n odd SO(n); has rank 3
whereas for n even SO(n); has rank 4. For example, the Ising modular category
corresponds to n = 1 and SO(2); has fusion rules like the group Z4. For any
modular category D and 1 < n < 16 the spin modular category SO(n); X D with
fermion (¥, 1) has either C, = & or C, = &. An interesting problem is to classify
spin modular categories with either C, = & or C, = &, particularly those with no
X-factorization.

4. A case study

Our result gives an upper bound on the level of ker(p) for super-modular categories
B with minimal modular extensions C: the level of ker(0) is at most the order of
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the T-matrix of C. The actual level can be lower: for a trivial example we consider
the super-modular category sVec. In this case S = T2 =1 so the level ker(p)
is 1, yet the order of the 7" matrix for its (sixteen) minimal modular extensions
can be 2,4, 8 or 16. More generally for any split super-modular category B =
DX sVec C DXSO(n); = C (with fermion (1, v)) the ratio of the levels of the
kernels of the SL(2, Z) (for C) and I'y (for B, i.e., D) representations can be 2k for
0<k<4.

To gain further insight we consider a family of nonsplit super-modular categories
obtained from the spin modular category (see [Bruillard et al. 2017, Lemma II1.7])
SU(2)4n+2. This has modular data:

.+ DG+ D7
sm-——
S = 4m +4 T =e" G2 4+2))/8m+8),

. T
S0 A+ 4

where 0 < i, j <4m + 2. Since T has order 16(m + 1), Theorem 1.1 implies that
the image of the projective representation p : SL(2, Z) — PSU(4m + 3) defined via
the normalized S-matrix S and T factors over SL(2, Z/NZ) where N = 16(m + 1).

The super-modular subcategory PSU(2)4,,42 has simple objects labeled by
even i, j. The factorization (1-1) yields

sin Qi+1D)2j+Dr

(4-1) "S\'i j= 4m +4 ’IA’]’] — e” i(j2+j)/(2m+2)

E sin

i1
4dm + 4

m—|—1/ . T
=,/ sin .
2 4m +4

In [Bruillard et al. 2017] all 16 minimal modular extensions of PSU(2)4,,4> are
explicitly constructed and each has 7-matrix of order 16(m + 1) so that the kernel
of the corresponding projective SL(2, Z) representation is a congruence subgroup
of level 16(m + 1). Our computations suggest the following conjecture, with cases
verified using Magma indicated in parentheses. A sample of the results of these
computations are found in Table 1. The notation (n, k) indicates the kth group of
order n in the GAP library of small groups [Besche et al. 2002]. In the last column,
we sometimes give a slightly different description than is indicated in part (f) below.
We include the groups p(Ty), A, :=[An, Ayl and A, := Ap/Z(An). As P is
not necessarily irreducible, we have 6(I'g) — A,,. The congruence level of ker g is
computed using Lemma 2.2.

for 0 <i, j <m, where

(1]
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m |Zm| Zm A;n ,6(F9)

1 24 D¢ Zg Dig = A/l NZZ

2| 12 PSL(2,7Z5) 0s SL(2,Z3)%xZ,

3| 27 (128,71) (64, 184) (128,71)

41 60 PSL(2, Zs) SL(2,7Zs) A, X7,

5 24-12 D16XPSL(2,Z3) ZgX Qg (ZgXSL(Z,Z3))NZQ
6 168 PSL(2, 7Z7) SL(2,77) AgNZ,

7| 210 A7 |-| =2° A7

8 324 PSL(2, Zy) (Z3)*x Qg (AgXZ3)xZ>

9 | 2460 | D1gxPSL(2,Zs) | ZgxSL(2,7Zs) AYxZ,

10| 660 PSL(2,7Z11) SL(2,711) Al X7,

11| 2712 | (128,71)xPSL(2,73) | (64,184)x Qg | SL(2,7Z3)x(128,71)
12 1092 PSL(2,7;3) SL(2,7;3) SL(2,73)xZ»
1324168 | DigxPSL(2,Z7) | ZgxSL(2,Z7) Al X

14| 720 PSL(2,Z;5) 0sxSL(2,Zs) | SL(2,Z5)xZ>»

Table 1. A sample of PSU(2) 442 results.

Conjecture 4.1. Let A, be the subgroup of SU(k) generated by S and T? as-
sociated with PSU(2) 4,42, the quotient Ay = A /Z(A,,) and the commutator
subgroup A), :=[A,,, Ap]. Then:

(a) Whenm+1=gq isodd, A,, = Ay_1 =PSL(2, Z/qZ) (verified for2 <m < 18).
(b) When m + 1 ="2" we have |A,| = |Ax_1| = 23" (verified for 1 <n <5).

(cl) If we write m + 1 = 2"q where q is odd, then A,, = Ay _; x Zq_l (verified
for1 <m < 14).

(c2) If we write m + 1 =2"q where q is odd, |A,,| = 2¥*1¢> leq (p? —1)/2p?
(primes p) (verified for 1 <m <21).

(d) For 5 <m+1 = p prime, A’p_1 =SL(2,Z/pZ) (verified for 4 <m < 12).

/

(e) If we write m + 1 = 2"q where q is odd, then A, = Aj, | x A, (verified
for1 <m < 14).

(f) Form+1 %0 (mod 4), we have A, < p(Ty) and p(Ty) is an iterated semi-
direct product of A, with cyclic group actions (verified for 1 < m < 14).
In general, ker(p) is a congruence subgroup of level 4(m + 1) (verified for
1<m<12).
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Appendix: Magma code

For our computational experiments we used the symbolic algebra software Magma
[Bosma et al. 1997]. In this appendix we give some basic pseudo-code and some
sample Magma code to illustrate how we found the image of p(I'y) in our case
study, so that the interested reader can do similar explorations. Given an integer m,
the (m+1)x (m+1) S and 72 matrices obtained from PSU(2)4y,4+, are given
in (4-1). In order to use the Magma software we express the entries of S and 72
in the cyclotomic field Q(w), where w is an (8m+-8)-th root of unity. For this we
must write

20+ 1)(2j+ 1
sin(l+4>(+J: ) and /2(m+1)
m

in terms of w, for which we use the result of generalized form of quadratic Gauss
sums [Berndt and Evans 1981].
Here is the pseudocode to find 56(I'y) for PSUQ2)442:

Algorithm: projective image
input: an integer m
output: p(I'y) for PSUQ2)4 12

set K to the cyclotomic field Q(w), where w is an (8m-+8)-th root of unity.
set M =2(m+1).
initialize S and 72 to be (m + 1) x (m + 1) zero matrices over K.

Step 1: calculate auxiliary factor «.
if M =0 (mod 4)
seta = Y M w? /(1 + M)
else
set o = ((a)m-‘rl _ a)—(m-‘rl)) Z;'::O anz)/w2m+2
ifm+1=3 (mod4)
set o = o /™
setoa =2/a

Step 2: define the entries of S and T2.
for 1 <i,j<m+1

set S,-j = a(w(Zi—l)Qj—l) _ w—(2i—1)(2j_1))/(2wM)
forl<j<m+1

set T2, ; = w@U=1"+4G-D

Step 3: find the projective image.

set A to the matrix group generated by S and 72
set ZK to the group of scalar matrices over K
return A/(ZK N A), the projective image of A.
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The following code can be used in Magma [Bosma et al. 1997] to find the p(I'y)
in this case, and slight modifications will give the other headings of Table 1:

m:=1;
K<w>:=CyclotomicField (8*m+8) ;
GL:=GeneralLinearGroup(m+1,K);
M:=2x%(m+1) ;
alpha:=0;
if M mod 4 eq O then
for n:=0 to M-1 do
alpha:=alpha + w™(4*(n"2));
end for;
alpha:=alpha/(w"M+1);
else
for n:=0 to m do
alpha:= alpha + w™(8*(n"2));
end for;
if (m+1) mod 4 eq 3 then
alpha:=alpha/(w™M);
end if;
alpha:=((w"(m + 1) - w“(-(m + 1)))/(w~(2*m + 2)))*alpha;
end if;
alpha:=2/alpha;
S:=ZeroMatrix(K,m+1,m+1);
for i:=1 to m+1 do
for j:=1 to m+1 do
S[i,jl:=(w((2xi-1)*(2%j-1))-w" (- (2*xi-1)*(2%j-1))) /(2% (w"M)) ;
S[i,jl:=S[i,jl*alpha;
end for;
end for;
T2:=ZeroMatrix(K,m+1,m+1);
for j:=1 to m+1 do
T2[j,j1:=w" (2% (j-1))"2+4*x(j-1));
end for;
A:=MatrixGroup<m+1,K|S,T2>;
ZK:=MatrixGroup<m+1,K|wxIdentityMatrix (K,m+1)>;
F:=(A/(A meet ZK));
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ON THE CHOW RING OF THE STACK OF
TRUNCATED BARSOTTI-TATE GROUPS

DENNIS BROKEMPER

We determine the Chow ring of the stack of truncated displays and more
generally the Chow ring of the stack of G-zips. We also investigate the
pullback morphism of the truncated display functor. From this we can
determine the Chow ring of the stack of truncated Barsotti-Tate groups
over a field of characteristic p up to p-torsion.
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Introduction

Edidin and Graham [1998] developed an equivariant intersection theory for actions
of linear algebraic groups G on algebraic spaces X. For such G-spaces they defined
G-equivariant Chow groups A% (X) generalizing Totaro’s definition [1999] of the
G-equivariant Chow ring of a point. They are an invariant of the corresponding
quotient stack [X/G], i.e., they are independent of the choice of presentation.
Hence they can be used to define the integral Chow group of a quotient stack.
If X is smooth these groups carry a ring structure making them into commutative
graded rings. Edidin and Graham used their theory to compute the Chow ring of
the stacks .#; 1 and .4 ; of elliptic curves. In an appendix to that paper, Vistoli
computed the Chow ring of .#,. Edidin and Fulghesu [2009] computed the integral
Chow ring of the stack of hyperelliptic curves of even genus. In this article we
investigate the Chow ring of the stack of truncated Barsotti—Tate groups over a field
of characteristic p > 0.

Let us denote the stack of level-n Barsotti-Tate groups by BT,. A level-n BT
group has a height and a dimension, which are locally constant functions on the
base. If BTZ’d denotes the stack of level-n BT groups of constant height 4 and
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dimension d we obtain a decomposition BT, = [ [y, BT"? into open and closed
substacks. For example, if A is an abelian scheme of relative dimension g then its
p"-torsion subscheme A[p"] is a level-n BT group of height 2g and dimension g.

Although BTZ’d has a natural presentation [X/ GL ] as a quotient stack with
quasiaffine and smooth X (see [Wedhorn 2001]), it seems unlikely that this presen-
tation can be used directly to compute the Chow ring. Instead we compare the stack
of truncated Barsotti—Tate groups to a stack whose Chow ring is easier to compute,
but still closely related to the Chow ring of BT,.

Our choice for this stack is the stack Disp,, of truncated displays introduced in
[Lau 2013]. Displays were first introduced in [Zink 2002] to provide a Dieudonné
theory that is valid not only over perfect fields but more generally over [ ,-algebras
or p-adic rings. While displays are given by an invertible matrix with entries in the
ring of Witt vectors W (R), if a basis of the underlying modules is fixed, a truncated
display is given by an invertible matrix over the truncated Witt ring W, (R).

Using crystalline Dieudonné theory one can associate to every p-divisible group
a display. This induces a morphism ¢ : BT — Disp from the stack of Barsotti—Tate
groups to the stack of displays, which in turn induces a morphism,

¢, : BT, — Disp,,

compatible with the truncations on both sides. By [Lau 2013], this morphism
is a smooth morphism of smooth algebraic stacks over k and an equivalence on
geometric points.

Theorem A. The pullback ¢, : A*(Disp,) — A*(BT,) is injective and an isomor-
phism after inverting p.

Let us sketch the proof. Consider a field L and a morphism Spec L — BT,,. After
base change to a finite field extension of p-power degree the fiber ¢, ' (Spec L)
is equal to the classifying space of an infinitesimal group scheme necessarily of
p-power degree. It follows that the pullback map of Bloch’s higher Chow groups
A.(Spec L, m) — A (¢, 1(Spec L), m) becomes an isomorphism after inverting p.
Using the long localization exact sequence the theorem follows from a limit argu-
ment and noetherian induction similar to that in [Quillen 1973, Proposition 4.1].
The injectivity assertion follows since A*(Disp,) is p-torsion free.

Thus to compute the Chow ring of BT, at least up to p-torsion it suffices
to compute the Chow ring of Disp,, which is much easier due to the simpler
presentation as a quotient stack. More precisely, if DispZ’d denotes the open and
closed substack in Disp,, of truncated displays with constant dimension d and height
h we have

Disp}! = [GLy (W, (+))/ G,

where W, refers to the ring of truncated Witt vectors and G4 is an extension of
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GL,; x GLj,_4 by a unipotent group. The following result reduces the calculation
of A*(Disp,,) to the case n = 1.

Theorem B. The pullback ) : A*(Disp,) — A*(Disp,) of the truncation map
1, : Disp,, — Disp, is an isomorphism.

This is proved using the factorization
[GLy,(W, (-))/G"*] = [GLy/G"?] - [GL,/G"]

of 7, and the fact that the first map is an affine bundle and that G"-¢ is an extension
of G}l”d by a unipotent group.
In a similar way one shows that the Chow ring of Dispﬁ”d coincides with that of
the quotient stack
[GL; /(GLg x GLj )],

where the action is given by conjugation with the Frobenius. This situation is a
special case of Proposition 2.3.2.

Theorem C. The following equation holds:
A*(Disp") = A%y, war,_, (GLi)

SaxSp— /
=Z[t1, ..., t,]>""/((p = Der, ..o, (p" = Den),
where cy, ..., cp are the elementary symmetric polynomials in the variables ty, ..., ty.
Moreover, tq, ..., t; and t441, ..., ty are the Chern roots of the vector bundle

Lie and 'Lie", respectively, over Dispﬁ”d. Here Lie is a vector bundle of rank d
assigning to a display its Lie algebra, and ‘Lie" is of rank h — d assigning to a
display the dual Lie algebra of its dual display.

It follows that the (Q-vectorspace A*(Disp}f’d)@ is finite-dimensional of dimen-
sion (Z), which also equals the number of isomorphism classes of truncated displays
of level 1 with height 4 and dimension d over an algebraically closed field. We
show that a basis is given by the cycles of the closures of the respective EO strata.
We prove this fact in greater generality for the stack of G-zips [Pink et al. 2011]
in Section 2.4. In that section we will also compute the Chow ring of the stack
of G-zips for a connected algebraic zip datum. As in the case of displays the
computation can be reduced to the situation of Proposition 2.3.2. In fact, truncated
displays of level 1 are a special case of G-zips.

To state our result we recall that an algebraic zip datum Z is a 4-tuple (G, P, Q, ¢)
consisting of a split reductive group G, parabolic subgroups P and Q, and an isogeny
¢:P/R,(P)— Q/R,(Q). To Z one associates the stack of G-zips [G/E z], where
Ez is the group {(p,q) € P x Q | ¢(wp(p)) = mp(q)} acting on G by the rule
((p,q), g) — pgq~'. We also recall that an algebraic group is called special if
every principal G-bundle is locally trivial for the Zariski topology.
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Theorem D. Let Z = (G, P, Q, ¢) be an algebraic zip datum, where G is con-
nected. Let W = W (G, T) be the Weyl group of G and Wy, = W (L, T) be the Weyl
group of a Levi component L of P with respect to a split maximal torus T C L of G.
Let go € G (k) be such that o(T) =8°T and let p : T — T denote the composition
of ¢ followed by conjugation with g, ! Then ¢ induces an action on S = Sym(?),
which we will also denote by ¢. We then have

A*([G/EzDo=Sy"/(f —¢f | f €S .
If G is special we have
A*(IG/EzD) =S /(f —¢f | f € SL°).

(Note that the action of ¢ on SW¢ is independent of the choice of gy since two
choices differ by an element of Ng(T).)

Gathering the above results we gain the following information on the Chow ring
of the stack of truncated Barsotti—Tate groups.

Theorem E. (i) We have

A*BTHY , =Z[p n, ..., 6,135/ ((p — D)cy,y ..., (p" = Dep),

where c; denotes the i-th elementary symmetric polynomial in the variables
fiy....ty, andty, ... tgandtyyy, ..., t, are the Chernroots of Lie and'Lie",
respectively.
(i) We have dimg A*(BTZ"’)@ = (Z) and a basis is given by the cycles of the
closures of the EO strata.
L Zlp~"/(p—1 ifd =0, h,
(iii) (PicBTH), = 27" /P =1 yd=0
ZIlp~'1xZ[p~'1/(p—1) otherwise,
where the generators for the free and torsion parts are, respectively, det(Lie)
and det(Lie ®LieV).

It would be interesting to know if the Chow ring of BT,, has p-torsion, and more
specifically if the Picard group of BT, has p-torsion. However, since ¢;; is injective
and the Chow ring of Disp,, is p-torsion free, p-torsion in the Chow ring of BT,
cannot be constructed using displays.

Terminology and notation. Every scheme is assumed to be of finite type and sepa-
rated over the base field k. In Section 2, we assume k to be of characteristic p > 0.
Algebraic groups are affine smooth group schemes over k. We call an algebraic group
G unipotent if G admits a filtration G = Gy D G1 D - - - D G, = {1} by subgroups
such that G; is normal in G;_; with quotient isomorphic to ,. The character
group of an algebraic group G will be denoted by G. If X is a scheme, A*(X) will
always denote the operational Chow ring of X [Fulton 1998, Chapter 17]. A.(X)
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and CH*(X) will be the Chow group of X graded by dimension and codimension,
respectively. If X is an algebraic space over k with a left action of an algebraic
group G we will refer to X as a G-space. We write [ X/ G] for the corresponding
quotient stack. If G acts freely on X, i.e., the stabilizer of every point is trivial, then
[X/G] is an algebraic space. In this case we will write X /G instead of [X/G] and
call X — X/G the principal bundle quotient of X with structure group G.

1. Equivariant intersection theory

1.1. Equivariant Chow groups. Consider an algebraic group G over k. By [Edidin
and Graham 1998, Lemma 9], we can find a representation V of G, and an open
subset U in V such that the complement of U has arbitrary high codimension, and
such that the principal bundle quotient U/ G exists in the category of schemes. If X
is an algebraic space on which G acts then G acts diagonally on X x U and we
will denote the principal bundle quotient (X x U)/G by Xg.

Convention 1.1.1. We call a pair (V, U) consisting of a G-representation V and
an open subset U a good pair for G if G acts freely on U, i.e., the stabilizer of every
point is trivial. Sometimes we will call the quotient Xg = (X x U)/G a mixed
space for the G-space X. If (V, U) is a good pair for G with codim(U°€, V) > i we
will also call (X x U)/G an approximation of [X/G] up to codimension i.

If X has dimension 7 the i-th equivariant Chow group AI.G (X) is defined in the
following way. Choose a good pair (V, U) for G such that the complement of U
has codimension greater than n — i. Then one defines

AP (X) = Aini—¢(Xo),

where [ denotes the dimension of V and g is the dimension of G. The definition
is independent of the choice of the pair (V, U) as long as codim(U¢, V) > n —i
holds [Edidin and Graham 1998, Definition-Proposition 1].

The equivariant Chow groups have the same functorial properties as ordinary
Chow groups [Edidin and Graham 1998, Section 2]. In particular, we have an
operational equivariant Chow ring AF;(X) [Edidin and Graham 1998, Section 2.6],
i.e., an element ¢ € Aic(X) consists of operations c(¥Y — X) : Af(Y) — Af_i(Y)
for each G-equivariant map ¥ — X that are compatible with flat pullback, proper
pushforward and Gysin homomorphisms.

We will denote by CH;(X) the G-equivariant Chow group of X graded by
codimension. If X is a pure dimensional G-scheme and (V, U) a good pair for G
with codim(U¢, V) > i then

CH. (X) = CH/ (X x U)/G)

for all j <i. This motivates the term “approximation of [ X /G] up to codimension i”
in Convention 1.1.1.
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If X is smooth then CHF; (X) carries a ring structure which makes it into a com-
mutative graded ring with unit element. Moreover, there is a natural isomorphism
A (X) = CHg(X) of graded rings [Edidin and Graham 1998, Proposition 4].

By [Edidin and Graham 1998, Proposition 16], the equivariant Chow groups do
not depend on the presentation as a quotient, meaning if X is a G-space and Y is an
H-space such that [X/G]=[Y/H], then Ag_g (X)= A{ih(Y), where g =dim G and
h = dim H. Hence one can define the Chow group of a quotient stack [X/G] to be

Ai([X/G]) = A7, ,(X)
with g = dim G. By [Edidin and Graham 1998, Proposition 19], one has
A*([X/G]) = A([X/G)),
whenever X is smooth.

1.2. Higher equivariant Chow groups. The reason we shall need higher Chow
groups is that they extend the localization exact sequence to the left. Higher Chow
groups were introduced by Bloch [1986]. For a scheme X, higher Chow groups
A; (X, m) are defined as the homology of the complex z; (X, %), where z; (X, m) is
the group of cycles of dimension m 4 i in X x A™ meeting all faces properly. For
m = 0 one gets back the usual Chow group A, (X), and A; (X, m) may be nontrivial
for —m <i < dim X. The definition of these higher Chow groups also works for
algebraic spaces.

In order to define G-equivariant versions A (X, m) of higher Chow groups we
need the homotopy property for the mixed spaces Xg, i.e., the pullback map

A(Xg,m) — Ay (€, m)

for a vector bundle £ over X is an isomorphism. This is true for any scheme
if £ is trivial by [Bloch 1986, Theorem 2.1]. To prove the assertion for arbitrary
vector bundles one needs the localization exact sequence of higher Chow groups
proved by Bloch in the case of quasiprojective schemes: if X is an equidimensional,
quasiprojective scheme over k and Y C X is a closed subscheme with complement
U = X —Y, then there is a long exact sequence of higher Chow groups

> ALY, m) > Ay X, m) > Ay (U, m) > Ay (Y, m—1) —>

o> Al(Y) > A(X) > A (U) — 0.
For a proof see [Edidin and Graham 1998, Lemma 4] and [Bloch 1986, Theo-
rem 3.1].

Remark 1.2.1. Levine extended Bloch’s proof of the existence of the long local-
ization exact sequence to all separated schemes of finite type over k [Levine 2001,
Theorem 1.7]. Hence for the equivariant higher Chow groups to be well defined
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it suffices that we can choose the mixed spaces to be separated schemes over k.
However, in all applications we have in mind the conditions of Lemma 1.2.2 will
be satisfied.

Lemma 1.2.2. Let G be an algebraic group and X a normal, quasiprojective G-
scheme. Then for any i > 0 there is a representation V of G and an invariant
open subset U C V whose complement has codimension greater than i such that
G acts freely on U and the principal bundle quotient (X x U)/G is a quasipro-
Jjective scheme. In other words, the quotient stack [ X/ G] can be approximated by
quasiprojective schemes.

Proof. Embed G into GL, for some n. Then there is a representation V of GL,
and an open subset U C V, whose complement has codimension greater than i
such that U/ GL,, is a Grassmannian (see [Edidin and Graham 1998, Lemma 9]).
Since GL, is special the GL,, /G-bundle 7 : U/G — U/ GL, is locally trivial for
the Zariski topology, and we will first show that 7 is quasiprojective.

Since GL,, /G is quasiprojective and normal there is an ample GL,,-linearizable
line bundle L — GL,, /G [Thomason 1988, Section 5.7]. Then

U xL)y/GL, - (U x(GL, /G))/GL,=U/G

is a line bundle relatively ample for 7r. This shows that 7 is quasiprojective. The
same holds then for U/ G. Again by [Thomason 1988, Section 5.7], there is an ample
G-linearizable line bundle on X. The pullback to X x U is then relatively ample
for the projection X x U — U. Applying [Mumford et al. 1994, Proposition 7.1] to
this situation yields the claim. (Il

Definition 1.2.3. (i) A pair (V, U) will be called an admissible pair for a G-
scheme X if (V,U) is a good pair for G and if the mixed space X¢ is
quasiprojective and (locally) equidimensional over k. X will be called an
admissible G-scheme if for any i there is an admissible pair (V, U) for X with
codim(U¢, V) >1i.

(i) If X is an admissible G-scheme we define its higher equivariant Chow groups

to be G
A7 (X, m)= Ay ¢(Xg,m),

where g = dim G and X is formed from an /-dimensional admissible pair
(V, U) such that codim(U€, V) >dim X +m —i.

(iii)) We will say that a stack 2" admits an admissible presentation if there exists
an admissible G-scheme X such that 2" = [X/G].

(iv) Let 2 be a quotient stack that admits a presentation 2" = [X/G] by an ad-
missible G-scheme X. We define the higher equivariant Chow groups of 2" as

A2 m) = AL, (X, m),
where g = dim G.
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Remark 1.2.4. The proof that (ii) and (iv) of Definition 1.2.3 are independent of
the choice of the admissible pair (V, U) and the presentation [ X / G ], respectively, is
the same as for ordinary equivariant Chow groups (see Definition-Proposition 1 and
Proposition 16, respectively, in [Edidin and Graham 1998]) by using the homotopy
property for the mixed spaces.

Remark 1.2.5. We will frequently encounter the situation of a morphism 7' — X
of G-schemes such that T is open in a G-equivariant vector bundle over X. We
remark that, if X is an admissible G-scheme, so is T. This follows since a vector
bundle over a quasiprojective scheme is again quasiprojective.

Lemma 1.2.6. Let f : 2 — % be a flat map of quotient stacks of relative dimen-
sion r. Then there is a flat pullback map f* : A, (%) — Awrr (Z) between the
Chow groups. If & and % admit admissible presentations the same assertion holds
for the higher Chow groups.

Furthermore, if & and % are smooth then under the identification A ,(Z") =
A* (X)), the above morphism is just the natural pullback map between the opera-
tional Chow rings.

Proof. Consider presentations 2" =[X/G]and # =[Y/H]. By definition A; (Z") =
AiG+g (X) with g = dim G and similarly for A;(#'). Choose a good pair (V, Uj)
for G and a good pair (Va, U,) for H. Let [; = dim V;. As usual we will write X
and Yy for the mixed spaces (X x U;)/G and (Y x U,)/H, respectively. Consider
the following fiber square:

7 — ¥ —— Yy

|

X6 — X — X%

Then Z’ is a bundle over X and 2 with fibers U, and U, respectively, and
7' — Yy is a flat map of algebraic spaces of relative dimension /; 4+ r. Hence

Aiitiibir(Z) = Ay 4r(X6) = Ai g (2)

and we define f* to be the ordinary pullback of the flat map Z’ — Yp. The exact
same construction works for the higher equivariant Chow groups if 2™ and ¢ admit
admissible presentations.

For the last part we recall that the isomorphism A'(2°) = A, ,(X) maps
ce A(Z) o c(Xg - Z)N[Xgl € AS y_;(X). Thus we need to check the
equality

£ = )N Yy =d(Xg — 2 — #)N[Xc]

for d € A'(%). This follows from the compatibility of d with flat pullbacks. [
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1.3. Auxiliary results.

Lemma 1.3.1. Ler X — Y be a flat morphism of schemes and Y’ — Y be a finite,
flat and surjective map of degree d. Let X' — Y’ be the base change of X — Y along
Y’ — Y. Assume the pullback A,(Y',m) — A,(X’', m) becomes an isomorphism
after inverting some integer d. Then the pullback A.(Y,m) — A.(X,m) is an
isomorphism after inverting dd'.

Proof. The injectivity of the pullback A, (Y, m)ye — A(X, m)yy follows from
the exact diagram:
0 —— A (Y, m)gsr —— Ax(Y', m)aa

T

0 —— Au(X, m)ag —— Ax(X', m)aar
and the surjectivity from the exact diagram

A Y, m)gy —— A (Y, m)qq —— 0

N

A (X', m)gg — A (X, m)gqy —— 0

where the horizontal maps in the first diagram are induced by pullback and in
the second diagram by pushforward. The commutativity of the second diagram is
shown by [Fulton 1998, Proposition 1.7]. (|

Lemma 1.3.2. Let T — X be a morphism of quasiprojective schemes over k. We
assume that X is equidimensional and that T — X is flat of relative dimension a.
Letd,i € 7 and for x € X let h(x) denote the dimension of the closure of {x} in X.
If the pullback A;_px)(Speck(x), m)q — Ai—n(x)+a(Tx, m)q is an isomorphism for
every x € X and for any m, then A; (X, m)q — Aj+q(T, m)y is an isomorphism.

Proof. We follow Quillen’s proof of the analogous result in higher K-theory [1973,
Proposition 4.1]. First we may assume that X is irreducible for if X =W, U- - -UW, is
a decomposition into irreducible components we may consider the long localization
exact sequence of the pair (W, X — W;). By induction we are thus reduced to the
irreducible case. Since the Chow groups only depend on the reduced structure, we
may also assume that X is reduced. Let K denote the function field of X. We have

Ai—n(Spec K, m) =lim A; (U, m),
U
Ai—nta(Tk,m) =1lim A; 4, (Ty, m),
U

where the limit goes over all nonempty open subsets of X and n denotes the
dimension of X. In fact, it suffices to go over all nonempty open subsets with
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equidimensional complement, since for all nonempty open U in X there exists a
nonempty open subset U’ contained in U with equidimensional complement. We
obtain a commutative diagram

Ai_p(Spec K, m+1) —— Ai_pyo (T, m+1)

limy A; (Y, m) ——— lim, Ao (Ty, m)

Ai(X, m) Ajya(T, m)

Ai_n(Spec K, m) _— Ai—n—i—a(TKa m)

lim, A;(Y,m — 1) — lim, Ajyq(Ty, m—1)

with exact rows, where the limit goes over all proper closed equidimensional subsets
of X. After inverting d the first and fourth vertical maps become isomorphisms and
we conclude by noetherian induction. U

Corollary 1.3.3. Let T — X be a flat morphism of quasiprojective schemes over k
with fibers being affine spaces of some dimension n. Then the pullback A.(X, m) —
Ayin (T, m) is an isomorphism.

Proof. This is an immediate consequence of Lemma 1.3.2. O

Remark 1.3.4. The assertion of the above corollary in the case m = 0 also holds
without the quasiprojective assumption. One can use the same proof but using
Gillet’s higher Chow groups. For his higher Chow groups a long localization exact
sequence exists for arbitrary schemes. For details see Chapter 8 in [Gillet 1981].

Lemma 1.3.5. Let K be a unipotent subgroup of an algebraic group G such that
the quotient G /K is finite of degree d. Then the pullback AF,(m) — A?‘O} (m) is an
isomorphism after inverting d.

Proof. Let (V, U) be an admissible pair for G. Then U/K — U/G is a G/K-
bundle locally trivial for the flat topology. By assumption on G/K the morphism
U/K — U/G is therefore finite, flat and surjective of degree d. It follows that the
pullback A,(U/G, m) - A, (U/K,m) = A,(U, m) is injective after inverting d.
Also for sufficiently high degree we know that A.(Speck, m) — A.(U,m) is
surjective. Since we can assume the codimension of U¢ in V to be arbitrarily high,
we obtain the surjectivity of Ay (m) — A?‘O} (m). U
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Lemma 1.3.6. Let K/k be a Galois extension with Galois group G and let X
be a scheme over k. Then pulling back along X — X induces an isomorphism
A(X,m)g = A, (Xg, m)g. If K/k is a finite Galois extension of degree d it
suffices to invert d.

Proof. We first assume that K /k is finite of degree d. Then on the level of cycles
we have an injection z,(X, )g — z+(Xk, -)fj since Xx — X 1is finite and flat
of degree d. We claim that this map is also surjective. Let W C Xg xg A
be a subvariety meeting all faces properly. Let S C G be the isotropy group
of W. It suffices to see that deG/S[gW] lies in z,.(X, -)4. For this consider the
closed subscheme V = Uzcg,5¢ W (equipped with the reduced structure). Then
V is a G-invariant equidimensional subscheme of X g x ¢ A’ that meets all faces
properly. Thus it has a model V over k also meeting all faces properly. Finally
all components gW have the same multiplicity 1 in the cycle [V] and therefore
> 2eG/ slgWl= [VK]. To complete the proof in the finite case it suffices now to note
that taking G-invariants is an exact functor on the category of Z[%]—modules with
G-action, hence H; (z+(Xk, -)g) = H;(z+(Xk, -))g. The general case follows from
the finite case and the fact that A, (Xx, m)¢ = h_r)nL/k A(Xp, m)9ER where the
limit goes over all finite Galois subextensions L/k of K. O

1.4. A pullback lemma. Throughout we consider the situation of an exact sequence

0 A G H 0

of algebraic groups and an admissible H-scheme X such that the induced G-action
on X makes X also into an admissible G-scheme. These conditions are always
satisfied if X is quasiprojective and normal by Lemma 1.2.2. We are then interested
in properties of the pullback homomorphism (Lemma 1.2.6),

A ([X/H], m) — A«([X/G], m).

Proposition 1.4.1. Let
0 A G H 0

be an exact sequence of algebraic groups and X an admissible H-scheme such that
the induced G-action makes X also into an admissible G-scheme. We also assume
H to be special.

Let d € 7 be such that A:‘;L (m) — A?‘O} (m) becomes an isomorphism after
inverting d for every field extension L of k and every m. Then the pullback
A([X/H], m) - A.([X/G], m) becomes an isomorphism after inverting d.

Proof. First note that the natural map [X/G] — [X/H] is flat of relative di-
mension —a with a = dim A. We can choose for any i € Z an admissible pair
(V, U) for the H-action such that A; ;([(X x U)/G],m) = A;([X/G], m) and
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Aj (X xU)/H,m)=A;([X/H], m) for all j > i. Here [ denotes the dimension
of V. Note that X x U is again an admissible G-scheme (see Remark 1.2.5).
Replacing X by X x U we may thus assume that [X/H] is a quasiprojective
scheme.

Now, let (X x U)/G be a quasiprojective mixed space for G. Let U be the
quotient U/A. Then we can identify (X x U)/G with the quotient (X x U)/H
and under this identification the map (X x U)/G — X/H corresponds to the
U-bundle (X x U)/H — X/H. It is Zariski locally trivial since H is special.
We are left to show that the pullback of this map is an isomorphism after invert-
ing d. This will follow from Lemma 1.3.2 once we have seen that the pullback
Aj i) (Speck(x), m)q — Aj—h(x)—i—l—a((jk(x)’ m)y is an isomorphism for every
x € X/H. Here h(x) is the dimension of the closure of {x} in X/H. Let us write
L = k(x). Assuming the codimension of U€ in V to be sufficiently large we obtain
by assumption

Aj_py(Spec L, m)g = Aj_pey+1(Ur, m)a = Aj_piyti—a(U L, m)a.
For this recall Aj4/—(U ., m)= A% (m) and A} (UL, m) = A (m). This proves
the claim. U
The above proposition applies to the following cases.
Corollary 1.4.2. In the situation of Proposition 1.4.1 the following assertions hold.
(1) If A is unipotent then A,([X/H], m) - A,([X/G], m) is an isomorphism.

(i1) If A is finite of degree d then A, (IX/H], m) — A.([X/G], m) becomes an
isomorphism after inverting d.

Proof. The first part follows from Corollary 1.3.3 and the second part follows from
Lemma 1.3.5 applied to the case K = {0}. U

The assumption on H to be special is crucial for the proof of Proposition 1.4.1,
since we need to know that the fibers of the U-bundle (X xU)/H — X/ H appearing
in the proof are given by U in order to apply Lemma 1.3.2. However, we have the
following version when H is finite.

Proposition 1.4.3. Let
0 A G H 0

be an exact sequence of algebraic groups and X an admissible H -scheme such that
the induced G-action makes X also into an admissible G-scheme. We assume that
H is finite of degree d.

Let d' € Z be such that AZL (m) — A?‘O} (m) becomes an isomorphism af-
ter inverting d’ for every field extension L of k and any m. Then the pullback
A, ([X/H], m) — A.([X/G], m) becomes an isomorphism after inverting dd'.
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Proof. We argue the same way as in Proposition 1.4.1 and then have to see that the
pullback of (X x U)/H — X/H becomes an isomorphism after inverting dd’. As
mentioned earlier we cannot apply Lemma 1.3.2 since the above U-bundle is not
locally trivial for the Zariski topology. Instead it becomes trivial after the finite, flat
and surjective base change X — X/H of degree d, i.e., there is a cartesian diagram

XxU——X
(X xU)/H — X/H
The claim thus follows from Lemma 1.3.1. (I
Corollary 1.4.4. In the situation of Proposition 1.4.3 the following assertions hold.

(1) If A is unipotent then A (|X/H], m)q — A.([X/G], m)y is an isomorphism.
(i) If A is finite of degree d’' then A, ([X/H], m)qq — A([X/G], m)yq is an

isomorphism.

In the next proposition we show that the assertion of Proposition 1.4.1 is valid
over Q for arbitrary H.

Proposition 1.4.5. Let
0 A G H 0

be an exact sequence of algebraic groups and X an admissible H-scheme such that
the induced G-action makes X also into an admissible G-scheme.

Assume A:L(m)@ — A’{ko} (m)q is an isomorphism for every field extension L
of k and any m. Then the pullback A,([X/H],m)g — A«([X/G],m)q is an
isomorphism.

Proof. Using the notation of the proof of Proposition 1.4.1 we need to see that the
pullback of the U-bundle T := (X x U)/H — X/H is an isomorphism over Q.
It suffices to see that A,(Speck(x),m)g — A4«(T,, m)g is an isomorphism for
x € X/H. The above U-bundle may not be trivial for the Zariski topology, but we
still have T; = U ; and thus A, (Spec k(x)*P, m)q — A.(Ts, m)q is an isomorphism
by assumption. The claim then follows from Lemma 1.3.6 and the fact that the
Galois action is compatible with pullback. ]

Corollary 1.4.6. In the situation of Proposition 1.4.5 the following assertions hold.

(1) If A is unipotent then A,([X/H], m)qg — A.([X/G], m)q is an isomorphism.
(i1) If A is finite then A ([X/H], m)g — A.(IX/G], m)qg is an isomorphism.
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Lemma 1.4.7. Let G be a split extension

0 K G H 0

of an algebraic group H by a unipotent group K. Choose a splitting H — G and
let X be a normal, quasiprojective G-scheme. Then the pullback map

AL (X, m)g — A{(X.m)a
is an isomorphism. If G is special, this above map is an isomorphism over Z.

Proof. Let (V, U) be an admissible pair for the G-action on X. It follows from the
proof of Lemma 1.2.2 that (V, U) is then also admissible for the induced H -action.
The morphism (X x U)/H — (X x U)/G is a G/H-bundle. If G is special this
bundle is locally trivial for the Zariski topology. Hence the lemma follows from
Corollary 1.3.3 in the special case and Lemmas 1.3.2 and 1.3.6 in the general case. [

1.5. The restriction map. We want to describe properties of the restriction map
res(T; : A*G(X) — Af(X), where T is a split torus in G. This map is defined via flat
pullback of the natural map X7 — X between the mixed spaces. Note that more
generally one has a restriction map resg : AY(X) — AP (X) for every subgroup H
of G. We will need the following result.

Theorem 1.5.1. Let G be a connected reductive group with split maximal torus T
and Weyl group W = W(G, T). Let X be a G-scheme.

(1) W acts on Af(X ). Furthermore, the restriction morphism Af(X ) — AI(X )
induces amap r : Af(X) — AZ(X)W.

(ii) Assume X is smooth. Then r is an isomorphism after tensoring with Q.

(iii) Assume X is smooth and that G is special. Then r is injective. Moreover, r is
an isomorphism if A%.(X) is Z-torsion free (e.g., if X = Spec k).

Part (iii) is basically proved in [Edidin and Graham 1997], where the case
X = Speck is considered. However, there seems to be no complete proof of part (ii)
in the literature. We therefore give a proof.

In the following A*(X; Q) will denote the operational Chow ring of X consisting
of characteristic classes with values in rational Chow groups, i.e., an element
c € A*(X; Q) assigns to each T — X a morphism

c(T — X):Ay(T)g = Ax(T)g

satisfying the usual compatibility conditions [Fulton 1998, Section 17.1]. A proper
map 7 : X — X is called an envelope if for each irreducible subspace V C X there
exists an irreducible subspace V C X such that 7 maps V birationally onto V.
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Remark 1.5.2. There is a natural map A*(X)g — A*(X; @) and this map is an
isomorphism if X is smooth. This follows from

. N[X]
A*(X)g — A.(X)a
I
A (x; @ 2L A.(X)e
We recall the following easy lemma.

Lemma 1.5.3. (i) Letm : X > Xbea proper surjective map. Then
7.0 Ad(X)a = Au(X)g
is surjective and t* : A*(X; Q) — A*()?; Q) is injective.
(i) Let m : X — X be a birational envelope. Then m, : A*(i) — A.(X) is
surjective and w* : A*(X) - A*(X) is injective.

Proof. The first part of (i) is [Kimura 1992, Proposition 1.3]. The first part of (ii)
follows immediately from the definition of an envelope. The second part of (i) and
(ii) are formal consequences of their first parts. U

In order to prove Theorem 1.5.1 we consider the following situation: Let G
be a connected reductive group with split maximal torus 7 and Weyl group W =
W(G, T). Let M be smooth and £ — M be a principal G-bundle. Consider
a Borel subgroup B D T. Now W acts on A*(E/B) in the following way. We
identify W = Ng(T')/T and choose w € Ng(T). Then w induces an automorphism
w: E/T — E/T and hence an automorphism w* : A*(E/T) — A*(E/T). This
defines an action of W on A*(E/T) = A*(E/B). The following lemma is also
mentioned (without proof) in [Vistoli 1989, Section 2.5].

Lemma 1.5.4. Pullback induces an isomorphism A*(M)g = A*(E/B)g.
Proof. Let w € Ng(T). Since w lies in G the diagram

E/T —E/G=M
E/T

commutes and this implies that the image of the pullback A*(M) — A*(E/B) lies
in A*(E/B)Y. We are left to show that

A*(M)g — A*(E/B)Yy

is an isomorphism. Let us first show that A, (M)g — A.(E/ B)g is surjective. For
this the smoothness assumption on M is not needed. We recall that every G-torsor



286 DENNIS BROKEMPER

is locally isotrivial by [Raynaud 1970, XIV, Lemma 1.4]. This means that there
exists a covering of M by open subsets U with the property that for each U there is
a finite, étale and surjective map U’ — U such that Ey» = E x 3y U’ — U’ becomes
a trivial G-torsor. Let V denote the complement of such a U in M and consider the
commutative diagram

A(V)g — A(M)g — A(U)g —— 0

l l l

A(Ey/B)gy — A«(E/B)f — Au(Ey/B)gy —— 0

with exact rows. An easy diagram chase shows that if the first and last vertical map
are surjective so is A*(M)qg — A*(E/ B)g . Using noetherian induction we are
thus reduced to the case that there exists a proper surjective map M’ — M such
that £y — M’ is trivial. Since the diagram

AMg —— A (En/B)

l |

A(M)g —— AL(E/B){

commutes [Fulton 1998, Proposition 1.7], and since A.(Ey'/B)§, — A«(E/B){
is surjective by part (i) of the previous lemma we are further reduced to the
case of a trivial G-torsor E = G x M — M. Now G/B has a decomposi-
tion into affine cells and therefore we obtain in the case of a trivial G-torsor
A(E/B)g=A«(G/B)g® A.(M)qg by [Totaro 2014, Section 3]. From [Demazure
1973, Section 8] we get A.(G/B)g = S@/(SXY), where § = Sym(?) and S_‘LV
denotes the submodule generated by homogeneous W-invariant elements of positive
degree. Since (Sa/(S)))" = Q we obtain AL(E/B)} = A,(M) as wanted.

By the previous lemma we know that A*(M; Q) — A*(E/B; Q) is injective
but since M (and therefore E) is smooth we obtain the injectivity of A*(M)g —
A*(E/B)g. O

Proof of Theorem 1.5.1. The assertions (i) and (ii) are immediate consequences of
Lemma 1.5.4. Under the assumption that A% (X) is Z-torsion free the surjectivity
of r follows from part (ii) by using the argumentation of the proof of Lemma 5 in
[Edidin and Graham 1997]. O

2. The Chow ring of the stack of level-n Barsotti-Tate groups

2.1. The stack of truncated displays. Let R be an [F,-algebra. We denote by
W, (R) the ring of truncated Witt vectors of length n. Let I, g C W, (R) be the image
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of the Verschiebung W,,_1(R) — W,(R) and J, g C W,(R) be the kernel of the
projection W, (R) — W,,_1(R). The Frobenius on R induces a ring homomorphism
o : W,(R) - W,(R) and the inverse of the Verschiebung induces a bijective
o-linear map oy : I,+1,r = W,(R). Note that pR = 0 implies I, gJ, g = 0,
hence we may view I,;1 g as a W,(R)-module. We call a o-linear map f :
M — N between W,(R)-modules a o-linear isomorphism, if its linearization
fti : Wi(R) ®o,w,(ry M — M is an isomorphism of W, (R)-modules.

Truncated displays were introduced in [Lau 2013]. Let us recall the necessary
notation. We are only going to need the following description of truncated displays.

Definition 2.1.1. A truncated display of level n over an [ ,-algebra R is a triple
(L, T, W) consisting of projective W, (R)-modules L and T of finite rank and a
o-linear automorphism ¥V : LT — L P T.

A morphism between truncated displays is defined as follows. First we can use
W to define o -linear maps

F: LT LT, l+t— pYD)+V¥(),
Fi:L® (T Qw,r) Int1,r) LT, [+ (tQw)—> V() +o(w)¥(t).

Then a morphism between two truncated displays (L, T, W) and (L', T', ¥’) of

level n is given by a matrix (2 g), where A € Hom(L, L"), B € Hom(T, L'),

C e Hom(L, T’ ®w,(r) In+1.r) and D € Hom(7', T’) such that

F
LT — s LaT LGB(T®W,L(R)In+1,R)—1>L@T
l l and l l
Ler e ‘& (T e
ST — L' & L ® (T ®w,r) Int1,r) — L'®T
commute.

The height of a truncated display is defined as the rank of L & T and the
dimension as the rank of 7. Both are locally constant functions on Spec R. Let
Disp,, — Spec [, denote the stack of truncated displays of level n. That is, for R
an [ ,-algebra, Disp,(Spec R) is the groupoid of truncated displays of level n. It
is proved in [Lau 2013, Proposition 3.15] that Disp,, is a smooth Artin algebraic
stack of dimension zero over [, with affine diagonal.

For h e N and 0 < d < h we denote by DispZ’d the open and closed substack of
truncated displays of level n with constant height 4 and constant dimension d. Then

Disp, = ]_[ Dispﬁ’d.
h,d

A presentation of Disp~¢. We will adopt the notation of the proof of Proposi-
tion 3.15 in [Lau 2013]. Let X,'l“d be the functor on affine [,-schemes with
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Xm"4(R) = GL,(W,(R)). This is an affine open subscheme of A" Further-
more, let Gﬁ*d be the functor such that GZ"’(R) is the group of invertible ma-
trices (2 2) with A € GLy_y(W,(R)), B € Hom(W,(R)?, W,(R)"~), C €
Hom(W, (R)"~¢, I;l+1,R) and T € GL;(W,(R)). Then Gﬁ’d is a connected al-

gebraic group of dimension nh?.

Remark 2.1.2. Since I r is in bijection to R via o1 we may view G}l”d(R) as the
group of invertible matrices with entries in R with respect to the multiplication

given by
A B\ (A" B"\ AA AB'+ BD’
C D)\C' D') \Co(A)+o(D)C’ DD’ ’

where in the four blocks we have the usual matrix multiplication.

Let 7/ . X4 — Disp, 4 be the functor that assigns to an invertible matrix
W e GL, (W, (R)) the truncated display (W (R4, W, (R)?, W), where we view ¥
as a o-linear map W, (R)" — W, (R)" via x — ¥ - ox. Now if we let G4 act on
X4 via

G-V=GVo (G)!

where

o1(G) = (O(A) pG(B))’

o1(C) o(D)

then every G € G"? defines an isomorphism 77/ (V) — 7/-4(G - W) of truncated
displays. On the other hand, if G defines an isomorphism 74 (W) — /-4 (¥’
then necessarily ¥’ = GWo;(G)~!. We thus obtain the following theorem.

Theorem 2.1.3. The functor ﬂ:’d induces an isomorphism of stacks

[X!4) Gl = Disp).

h,d

There are the following two obvious vector bundles on Disp)“.

Definition 2.1.4. Let Spec R — DispZ’d be a map corresponding to a truncated
display P = (L, T, V).

(i) We denote by Lie the vector bundle of rank d over Dispﬁ’d that assigns to
Spec R — Dispﬁ’d the vector bundle Lie(P) =T /1, rT of rank d over R.

(ii) We denote by ‘Lie" the vector bundle of rank & — d that assigns to Spec R —
Dispﬁ’d the vector bundle L /I, gL of rank & — d over R.

Remark 2.1.5. The notation ‘Lie" in the above definition stems from the fact that
the dual of L/I, gL gives the Lie algebra of the dual display P’. For the definition
of the dual display see [Zink 2002, Definition 19].
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The truncated display functor. As mentioned in the introduction the strategy for
computing the Chow ring of the stack of truncated Barsotti—Tate groups is to relate
it to the stack of truncated displays. This happens via the truncated display functor

¢, : BT, — Disp,

constructed in [Lau 2013]. Let us briefly sketch the construction.

Let G be a p-divisible group over an [ ,-algebra R. The ring of Witt vectors
W(R) is p-adically complete and the ideal Iz in W(R) carries natural divided
powers compatible with the canonical divided powers of p. Let D(G) denote the
covariant Dieudonné crystal of G. We can evaluate D(G) at W(R) — R and set
P =D(G)wr)-r and Q = Ker(P — Lie(G)). Furthermore, let F*: P” — P and
VE&: P — P° be the maps induced by the Frobenius and Verschiebung of G. One
can show that there are o-linear maps F : P — P and F : Q — P compatible with
base change in R such that (P, Q, F, F)isa display which induces the maps F*
and V¥ See [Lau 2013, Proposition 2.4] for the precise statement. This construction
yields a 1-morphism

¢ : BT — Disp

from the stack of Barsotti—Tate groups to the stack of displays. It is clear from the
construction that the Lie algebra of G is equal to the Lie algebra of ¢ (G) defined
by P/Q.

Moreover, one can prove that for all n there are maps ¢, : BT,, — Disp, compat-
ible with the truncation maps on both sides such that ¢ is the projective limit of the
system (¢, ),>1. The central result in [Lau 2013] is that ¢, is a smooth morphism
of smooth algebraic stacks over [, which is an equivalence on geometric points.

2.2. Group theoretic properties of G,’:’d. We denote by K (hn’fin) the kernel of the

projection G4 — G”4 for m < n and by K" the kernel of the projection
G4 — GLj_4 x GL,. Note that G0 = GL,(W,, (- )). We recall the following well
known facts about the Witt ring. For an [ ,-algebra R we denote by [ - ]: R — W, (R)
the map r — (1,0, ...,0) and V(-): W(R) = W(R) is the Verschiebung.

Lemma 2.2.1. Let R be an [ ,-algebra and x,y € R. Then [x + y] — [x] — [y] lies
in VW (R). Furthermore, V' W(R)-V'W(R) c V" "W (R).

Proof. The first part follows immediately from the fact that YW (R) is the kernel of
the ring homomorphism Wy : W(R) — R and the fact Wy([x]) = x for all x € R.
For the second part we may assume r > s. We then write

erV‘Vy — Vr(xFrVSy) — pS . Vr(xFrf‘Yy).

Since pR = 0 we have p(xg, x1,...) = (0, x(’;, xf’, ...)in W(R) and the lemma
follows. O
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Lemma 2.2.2. (i) K lS unipotent.
(ii) E hd is unipotent.

Proof. (i) First note that K(n n_l) = = ker(GL;,(W,(-)) — GL;,(W,_1(-))) is unipo-
tent. To see this we consider the Verschiebung V() as a map W,(R) — W, (R).
Then by the above lemma the map
G = KO Ae L4V (Al
is an isomorphism of algebraic groups.
Next we show that K. (,, n—1) 18 unipotent. This is the group of matrices (é D) with
Ae Kh 2101), B e Jh—dxd C e de(h Dand D e K(non 1y The multiplication

in thls group is given by

A B\ (A" B"\ _ AA AB'+ BD'
C D)\C' D) \CA'+DC’ DD’ '

Starting with the normal subgroup

Ih g J,Sh_d)”l
de(hfd) I ’

n+1

which is isomorphic to Gz*"~®, and then using the fact that K ) and K&S

are isomorphic to G—®* and Gd respectively, one obtains a ﬁltratlon of K4 )
by normal subgroups, whose successive quotients are isomorphic to a product of

copies of G,. Now we have an exact sequence

hd h.d
O—>K(nn 1 K n.my Ko—1my —0

and by induction we may assume that K (hn’ my 18 unipotent. It follows that K"
is unipotent.

(i1) For n =1 the assertion is obvious in view of Remark 2.1.2. For n > 1 we use
the exact sequence

(n, m)

h.d Shd =h.d
0— K,y — K, — K,”; —0.
By induction and part (i) it follows that K .d js unipotent. (]

Corollary 2.2.3. (i) Gﬁ'd is special.

(i1) K ,’l”d is the unipotent radical of Gh’d

(iii) The projection X,’j'd — X{” is a trivial K(n 1y-torsor.
Proof. We have the exact sequence
0 K4 Ghd GLj_g x GLy —— 0.

Now K .4 js unipotent, and thus special. Since GL;,_4 x GL, is also special part (i)
follows.
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Clearly the prOJec‘uon xhd o x"isa K" P 1) -torsor by definition of K p 1) It
is trivial since K™ o, 1) is unipotent and Xy I ig affine.

2.3. The Chow ring of Disp,. We start with the following result which reduces
the calculation of A*(Disp,) to the case n = 1.

Theorem 2.3.1. The pullback
T 0 A*(Disp} ) — A*(Disp))
of the truncation t, : Dispf;’d — Disp}ll’d is an isomorphism.

Proof. Under the presentation Dispg [X/4/G"4] the truncation T, is induced
by the natural projections X4 — X d, and Gﬁ A Gh 4 Thus 1, factors as

L4/ Gl — 1X7/ Grdl = X/ G,

By Lemma 2.2.2 and Corollary 1.4.2, the pullback of the second map is an isomor-
phism. To show that the pullback of the first map is also an isomorphism let us
abbreviate X = X f’d and G = G™4_ By part (iii) of Corollary 2.2.3 we know that
Xhd = X x K with K = K(hn”ol), and the projection X x K — X is G-equivariant.
Moreover, K is an affine space by Lemma 2.2.2. After replacing [X/G] by an
appropriate mixed space (see Convention 1.1.1), i.e., replacing X by X x U where
(V, U) is an admissible pair with high codimension, we may assume that [ X/ G]
is a quasiprojective scheme. We claim that (X x K)/G — X/G is a Zariski
locally trivial affine bundle. Since G is special by part (i) of Corollary 2.2.3 the
principal G-bundle X — X/ G is locally trivial for the Zariski topology and after
replacing X /G by an appropriate open subset we may assume X = G x (X/G).
We then have an isomorphism (G x (X/G) x K)/G = (X/G) x K given by the
assignment (g, x, k) — (x, k'), where k" is defined by g~ '(g, x, k) = (1, x, k).
This proves the claim and hence the pullback of the first map is also an isomorphism
by Corollary 1.3.3. (Il

The main ingredient of the computation of A*Disp}f 4 is the following proposition.

Proposition 2.3.2. Let G be a connected split reductive group over a field k with
split maximal torus T. Consider an isogeny ¢ : L — M, where L and M are Levi
components of parabolic subgroups P and Q of G. Assume T C L and let gg € G (k)
such that o(T) =8T. Let  : T — T denote the isogeny ¢ followed by conjugation
with go_l. We write S = Sym(f) =A% and S4 = A%l. We have a natural action
of ¢ on S, that we will also denote by §.

Consider the action of L on G by ¢-conjugation. If Wg = W(G, T) and W =
W (L, T) denote the respective Weyl groups we have

AL (Gra=Sy"/(f—¢f | feS!a.
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If G is special we have
ALG)=S"/(f =4[ | f eSO

(Note that the action of ¢ on SY6 is independent of the choice of gy since two
choices differ by an element of Ng(T).)

Proof. The case of special G is proven in [Brokemper 2016, Proposition 1.1].
Let I denote the ideal (f —¢f | f € S}%)q in S3°. It remains to show A% (G)q =
Sg LT Sg " in the nonspecial case. Using the same argumentation as in the special
case we arrive at

A7 (G)a = Sa/I Sa.

Now by Theorem 1.5.1 we know A} (G)g = A*}(G)gL. Since SgL <> Sg is finite
free [Demazure 1973, Theorem 2(d)], it is also faithfully flat. Hence we obtain
SgL NISqg= IS(S/L and the assertion follows. O

In the following we will write ¢; for the i-th elementary symmetric polynomial in

the variables ¢, ..., #; and c}j ) will denote the i-th elementary symmetric polyno-

mial in the variables ¢;, ..., #%, where | < j <k <hand 1 <i <k— j+1. We then
Lh—d Lh—d)  (h—d+1,h h—d+1,h

have Z[t, ..., t,]5—a*S =Z[c§ ), .. .,c,(l_d ), cg + ), e C((z * )].

Theorem 2.3.3. A*(Disp}') = A%, L, (GLy)
=Z[t1, . 1]/ (p = Der, ooy (p" = Den),

where the cfl’h_d) and Ci(h—d+1,h)

tively.

are the Chern classes of 'Lie” and Lie, respec-

Proof. We have that G}l”d is a split extension of the group GL;_; x GL,; by the

unipotent group
I d *
* I d ’

where * denotes an arbitrary matrix (see Remark 2.1.2). The splitting is given by
the canonical inclusion GL;,_; x GL; — G}l”d. Hence by Lemma 1.4.7 we know

A*(Disp]) = A%, o, (GLa),

where the action of GL,_; x GL; on GL; is given by o-conjugation. Since
GLj,_4 x GL, is special with Weyl group S;_4 x S4 we obtain from Proposition 2.3.2

A&L L xaL, (GLY) =Z[ty, ..., 1,155 /((p — Dey, ..., (p" = Dep).
For this, note that the Frobenius o acts on S =Z[tq, ..., t,] via ot; = pt; and that ¢;
is a homogenous polynomial in ¢4, ..., t, of degree i.
The assertion that the ¢~ and clfh_dH’h) are the Chern classes of Lie

i

and ‘Lie", respectively, follows from the following simple fact. Let us write &,
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(resp. &y —q) for the vector bundle over [*/ GL,] (resp. [*/ GL;—4]) that corresponds
to the canonical representation of GL; (resp. GL,_4). Then Lie is the pullback
of &; under the natural map

Disp"? = [GLy/G""] —— [%/(GLg X GLj_q)] — [%/GL4]

and similarly for ‘Lie". O
Z/(p—1Z ifd=0,h,

Corollary 2.3.4. Pic(Disp*) = {z CZ)(p—1)Z  otherwise

A generator for the free part is det(Lie) and a generator for the torsion part is
det(Lie®'Lie).

Proof. Note Pic DispZ’d = AlDispZ’d by [Edidin and Graham 1998, Corollary 1]. [J

Remark 2.3.5. There is also a more direct approach to compute the above Picard
groups. By using a theorem of Rosenlicht, namely that for irreducible varieties X
and Y the natural map

OX)*xOX) - O(X xY)*

is surjective, it is not difficult to establish the exact sequence
OX)*/k* —— G — Pic%(X) —— Pic(X)

for G connected and X an irreducible G-scheme. The first map assigns to a
nonvanishing regular function on X its eigenvalue. In our case we have G =
GLj_4 x GL; and X = GLj,. Then O(GLy)*/k* = Z with generator given by the
determinant and eigenvalue given by the character (p — 1)(detgr, , +detgr,) € G.
Since Pic(GLj;) = 0 we again obtain the result of the above Corollary.

Remark 2.3.6. The fact that (det Lie ® det’Cie¥)?~! is trivial can also be seen
directly as follows: (det Lie ® det’Lie¥)P~! being trivial means that det Lie ®
det’Lie" is fixed under the pullback of the Frobenius map Frob : Dispf’1 — Disp?’1
assigning to a display P over an [ ,-algebra R the display 7P? obtained by base
change via the Frobenius o : R — R. But by definition of a truncated display we
have an isomorphism

V:LOT=ZL° DT’

of R-modules. Taking the determinant of W yields the desired isomorphism
det L@detT =det L° @detT°.

Remark 2.3.7. Let us put this result into context by relating it to the corresponding
result for elliptic curves. Let M; | — Spec k denote the moduli stack of elliptic
curves. A morphism Spec R — M ; corresponds to a pair (C — Spec R, o) where
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C — Spec R is a smooth projective curve of genus 1 and o : Spec R — C is a
smooth section. We now have the diagram

-9 d— ¢ . h=D d—
Th_2,d_l Dlsph—Z,d—l

| |

BTZi%le Disphi%dZI
- &1 n=

Mg ——B

where M | — BT"=24=! gends an elliptic curve C to its associated Barsotti—Tate
group C[p°°]. Let us consider the pullback map A*(Disp%’l) — A*(M1,1). In
characteristic p different from 2 and 3, Edidin and Graham computed A*(M 1) =
Z[t]/(12t), where ¢ is given by the first Chern class of the Hodge bundle on M ;
[Edidin and Graham 1998, Proposition 21].

By construction of the truncated display functor the pullback of Lie to M ; is
the dual of the Hodge bundle on M ;. Since the dual of an elliptic curve is the
elliptic curve itself, it follows from Remark 2.1.5 that the pullback of ‘Lie" is given
by the Hodge bundle. Hence A*(Dispf’l) — A*(My,1) is the map

Z[t1, 1/ ((p — Dey, (p* = De2) — Z[t1/(121)

that sends #; to —¢ and #, to ¢. Note that p> — 1 is divisible by 12 if and only if
p > 5. In particular, there can be no such map for p =2, 3, and we deduce that the
description A*(M,1) = Z[t]/(12¢) does not hold in characteristic 2 and 3.

2.4. The Chow ring of the stack of G-zips. Let us first consider the case of F-zips
introduced in [Moonen and Wedhorn 2004]. We denote by F-zip the stack of
F-zips over a field k of characteristic p > 0. For § a k-scheme F-zip(S) is the
groupoid of F-zips over S. If t : Z — Z5¢ is a function with finite support we
denote by F-zip® the open and closed substack of F-zips of type t. Note that

F-zip = ]_[ F-zip®.
T

The stacks F-zip® are smooth Artin algebraic stacks over k which follows for
example from the following representation as a quotient stack. Let X, denote the
k-scheme whose S-valued points are given by

X (S)={M = (M, C*, D,, ¢,) | Mis an F-zip of type , M = Ot}.

This is a smooth scheme of dimension 42 Here h = Y iz T(i) is also called the
height of M. The group GL;, acts on X; by

G-M = (0% G(C*), G(D.), G (G 7).

It is easy to see that two F-zips over S of the above form are isomorphic if and
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only if they lie in the same GLj,(S)-orbit. Thus
F-zip" = [X./GL,].
An F-zip M of type t with support in {0, 1} over an [ ,-algebra R is just a tuple
M=(M,C,D, ¢, 1),

where M is a projective R-module with submodules C and D, which are direct
summands of M and isomorphisms

@ :C°—> M/D, ¢ :(M/C) — D.

Lemma 2.4.1. Let R be an [ ,-algebra. Then we have an equivalence of categories

Disp,(R) — ]_[ F-zip® (R)
7,Supp(t)€{0,1}

given by
(L, T, V) (LOT, T,V (L), ¥V |ro, W L0).

The above assignment commutes with pulling back. In particular, we get an isomor-
phism of stacks

F-zip* = Disp;(O)Jrr(l),r(l)

for every type T with support lying in {0, 1}.
Proof. An inverse functor is given by the assignment
(M, C, D, g, 91) = (C, M/C, 9o ® ¢1). O

More generally, there is the stack of G-zips introduced in [Pink et al. 2011].
Here G refers to an arbitrary reductive group. It is defined as follows. Let Z be
an algebraic zip datum, i.e., a 4-tuple (G, P, Q, ¢) consisting of a split reductive
group G, parabolic subgroups P and Q and an isogeny ¢ : P/R,(P) — Q/R,(Q).
To Z one associates the group

Ez={(p.q) € Px Q|omp(p) =mo(q)}
Now Ez acts on G by the rule

((p,q), 8) > pgq ™"

and the quotient stack [G/E z] is called the stack of G-zips. If G is connected Z is
called a connected zip datum [Pink et al. 2011, Definition 3.1].

Let us recall how the stack of F-zips is just a special case of this construction.
For this let T : Z — Z>( be a function with finite support, say i} <--- <i.. If we
denote ny = t(iy), then (ny, ..., n,) defines a partition of 1 =) , nx. We denote
the standard parabolic of type (ny, ..., n,) in GL;, by P;.
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Lemma 2.4.2. Let t : Z — Zso be a function with finite support and let Z =
(GLy, Pr, P, 0) be the algebraic zip datum with P the opposite parabolic of P;
and o the Frobenius isogeny. Then there is an isomorphism of stacks

[GL, /Ez] = F-zip®.
Proof. Let S be an k-scheme. We denote by C? the descending filtration
C:=0Lo0T 5.5

in (92 given by the standard flag of type (ny, ..., n,) and by DI the ascending
filtration -
DI =0COy C---CcOy™ ™ ot

given by the flag of type opposite to (n1, ..., n,). To g € GL;(S) we assign the
F-zip -
M, = (05, C7. 8(D]), ¢0),

where ¢ is given by the restriction of g to the successive quotients of C?. Note that
we can consider g as a o-linear map.

If (p, g) is an element of Ez we get an isomorphism My — M, -1 of F-zips
induced by p. The fact that p commutes with the ¢; is exactly the condition
o (m(p)) = m(q). On the other hand if an isomorphism p : M, — M, of F-zips is

given, we see that g’~! pg preserves the flag of type opposite to (n1, ..., n,). Thus
g =g~ 'pg € P and again the compatibility of p with the ¢; implies the condition
o(n(p)) =m(q). O

We can also use Proposition 2.3.2 to say something about the Chow ring of the
stack of G-zips for an arbitrary connected algebraic zip datum.
Definition 2.4.3. We call an algebraic zip datum Z = (G, P, Q, ¢) special, if G is
special.
Theorem 2.4.4. Let Z = (G, P, Q, ¢) be a connected algebraic zip datum. Let
We = W(G, T) be the Weyl group of G and Wy, = W (L, T) be the Weyl group of
a Levi component L of P with respect to a split maximal torus T C L of G. Let
g0 € G(k) be such that o(T) =8T and let ¢ : T — T denote the composition of ¢
followed by conjugation with g ! Then § induces an action on S = Sym(?) that
we will also denote by p. We then have

A*([G/EzDa =Sy /(f—¢f | f €5 .
If Z is special we have
A*([G/Ez)) = S"t/(f =G f | f €579).

(Note that the action of ¢ on SW6 is independent of the choice of g since two
choices differ by an element of Ng(T).)
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Proof. By definition of the group Ez we have a split exact sequence

0—— R, (P) X R,(Q) Ez L 0,

where the splitting is given by L — Ez, [+ (I, ¢(I)). From Lemma 1.4.7 we

deduce
A*([G/Ez]a = A7 (G)a,

where the action of L on G is given by ¢-conjugation. If G is special the above
equality holds over Z. We conclude by Proposition 2.3.2. (I

Example 2.4.5. We consider the case Z= (Sp(2n), P, P, o), where o denotes the
q-th power Frobenius. Recall that Sp(2r) is special and the Weyl group of Sp(2n) is
the wreath product S,2(Z/27) = S, X (Z/2Z)". It acts on Sym(?) =Z7[t,...,t,]in
the following way. S, acts by permuting the variables 71, .. ., t, and after identifying
Z/27 = {£1} an element (e, ..., &,) € Z/27" acts by (€1, ..., &) - t; = &it;.

If P is a Borel we obtain from the above theorem that

A*([Sp2n)/Ez]) = Zlt1, - .., t,1/((¢* — De1 (), ..., (g*" — Dea ().

If P is the maximal parabolic subgroup fixing a maximal isotropic subspace then
L =GL, and W, = §,, and therefore

A*([Sp(2n)/Ez]) = Zlci, . . ., ca)/((g* = D12, ..., (@*" = Dea ().

It turns out that a (-basis of the Chow ring of the stack of G-zips is given by
the closures of the orbits of the action of Ez on G. To prove this let us introduce
the naive Chow group of a quotient stack.

Definition 2.4.6. Let G be an algebraic group and let X be a G-scheme. Let
Z.([X/G])) be the free abelian group generated by the set of G-invariant closed
subvarieties of X graded by dimension. Let W;([X/G]) be the group P, k(Y)C,
where the sum goes over all G-invariant closed subvarieties of X of dimension i + 1.
There is the usual divisor map div : W;([X/G]) — Z;([X/G]) and we define the
i-th naive Chow group of [X/G] to be

A7[X/Gl=Zi(IX/GD/ div(Wi([X/GD).

Remark 2.4.7. There is more generally a definition of naive Chow groups for
arbitrary algebraic stacks ([Kresch 1999, Definition 2.1.4]) which in the case of
a quotient stack agrees with the one given above. Thus the above definition is
independent of the presentation as a quotient stack.

Remark 2.4.8. There is a natural map A[X/G]— A«[X/G]. When X is Deligne—
Mumford, i.e., the stabilizer of every point is finite and geometrically reduced,
the induced map A[X/G]g — A«[X/Glg is an isomorphism of groups and an
isomorphism of rings if [X/G] is smooth [Kresch 1999, Theorem 2.1.12(ii)].
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The stack of G-zips is not Deligne—-Mumford. However, we still have the
following proposition.

Proposition 2.4.9. Let G be a connected algebraic group and X be an admissi-
ble G-scheme (see Definition 1.2.3) with finitely many orbits such that the stabi-
lizer of every point is an extension of a finite group by a unipotent group. Then
AllX/Glg — A«lX/Glq is an isomorphism.

Proof. We prove this by induction on the number of orbits. Let U denote the open
G-orbit and W its complement. We have a commutative diagram

0 —— AW/Glg — A2 X/Glg — AU/Glg —— O

| | l

0—— A[W/Glg — ALl X/Glg — ALU/Glg — 0

and we claim that the rows of this diagram are exact. Since there are only finitely
many orbits every G-invariant subvariety Y of X is the closure of a G-orbit. Since
Y admits a dense G-invariant subset every G-invariant rational function on Y
is constant. It follows that A[X/G] =D, Z[Z] where the sum goes over all
G-orbits Z of X. From this we obtain the exactness of the top row. For the
exactness of the lower row we need to see that the pullback map A,([X/G], 1)g —
AL([U/G], 1)q is surjective. But [U/G] is isomorphic to the classifying space of
the stabilizer group scheme of U. By assumption and Corollary 1.4.4 we get that
A ([U/G], m)g — A«(B{0}, m)qg is an isomorphism. Equivalently the pullback
of the structure morphism [U/G] — Spec k is an isomorphism for the higher Chow
groups with rational coefficients and hence the claim follows.

Now the right vertical arrow is an isomorphism since both groups are isomorphic
to Q. By induction we may assume that the first vertical arrow is also an isomor-
phism. (]

Recall that an algebraic zip datum Z is called orbitally finite if G has finitely
many E z-orbits [Pink et al. 2011, Definition 7.2].

Theorem 2.4.10. Let Z be an orbitally finite connected algebraic zip datum and
[G/Ez] be the corresponding stack of G-zips. Then the following assertions hold.

(1) A%G/Ez]lg — A«lG/Ez]q is an isomorphism.
(i) AYG/Ez]1=6, Z[Z] where the sum goes over all orbits Z.

In particular, the dimension of A.[G/Ez]g as a Q-vector space is equal to the
number of orbits.

Proof. The assumption of the previous proposition on the stabilizer group schemes
hold by [Pink et al. 2011, Theorem 8.1]. O
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Corollary 2.4.11. Let Z=(G, P, Q, @) be a connected algebraic zip datum and T
be a split maximal torus of G in a Levi component L of P. If Z is orbitally finite the
Q-vectorspace A*([G/E z])q is finite dimensional of dimension |Wg /Wy |, where
as usual Wg = W(G, T) is the Weyl group of G and Wy = W (L, T) is the Weyl
group of L.

Proof. By the above theorem dimg A*([G/E z])g equals the number of E z-orbits
in G. This number equals |Wg/ Wr| by [Pink et al. 2011, Theorem 7.5]. O

In the case of F-zips the above results read as follows.

Corollary 2.4.12. Let v : Z — Z>¢ be a function with finite support iy < --- <1,
and ny = t(iy). Let h =), n; be its height. Then:

(i) A*F-zip" =Z[t1, ..., t, %S /(p = Dey, .oy (P = Dep),
with c; the i-th elementary symmetric polynomial in the variables t, . . ., t;.
(ii) Pic(F-zip") =7""'x7/(p — Z.

. ¥ o h!

(ii1) dimg A™(F-zip )@_—nl!x-uxnr!'

2.5. The Chow ring of BT,. The goal of this section is to prove the following
result.

Theorem 2.5.1. The pullback ¢ : A*(Disp,) — A*(BT,) is injective and an
isomorphism after inverting p.

We know that Disp, =[], DispZ’d is a decomposition into open and closed
substacks. The same holds for BT, and the morphism ¢, maps BTZ’d to Dispf;’d.
It suffices to prove the theorem for the restriction of ¢, to BTz’d. The following
proposition is the crucial point in the proof of Theorem 2.5.1.

Proposition 2.5.2. Let L be a field extension of k and Spec L — Disp,, be a mor-
phism. Then there is a finite field extension L' of L of p-power degree and an
infinitesimal commutative group scheme A over L' such that the fiber ¢, '(Spec L)
is the classifying space of A.

Proof. The diagonal A : BT, — BT, xpjy, BT, is flat and surjective by [Lau
2013, Theorem 4.7]. This means that two Barsotti—Tate groups of level n having
the same associated display become isomorphic when pulled back to a suitable
fppf-covering. It follows that the fiber (BT},) of a display P over some field L is
a gerbe over L. If L is perfect there is a truncated Barsotti—Tate group G over L
with ¢,,(G) = P, i.e., (BT,) is a neutral gerbe. In this case (BT,); = BAut’(G)
where Aut’(G) = Ker(AutG — AutP) is commutative and infinitesimal again by
[Lau 2013, Theorem 4.7]. If L is not perfect we may consider the perfect hull
L?"™ in an algebraic closure of L. Then L C L? " is purely inseparable and
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(BT,Z)L(LI’_OO) is nonempty. Since (BTn)L(LP_OC) = li_I)nL,(BTn)L(L’), where the
limit goes over all finite subextensions L C L' C L? ", we find some L’ such that
(BT,) 1 has a section corresponding to a truncated Barsotti-Tate group G over L'.
Thus A = Aut’(G) and L' have the desired properties. U

Remark 2.5.3. Over the open and closed substack of BT,, consisting of level-n
BT-groups of constant dimension d and codimension ¢ the degree of Aut’(G"™")
18 p”"d. See Remark 4.8 in [Lau 2013].

Note that Disp/*¢ and BT*¢ both admit admissible presentations in the sense
of Definition 1.2.3. In the case of Disp/? this follows from Theorem 2.1.3 and
Lemma 1.2.2. To obtain the assertion for BTZ”" we use [Wedhorn 2001, Proposi-
tion 1.8] which yields a presentation BT" = [¥// GL ] with Y! quasiaffine and
of finite type over k. Now BTi’ is smooth over Spec k [Lau 2013]. Hence Y,f’ is
also smooth and in particular normal and equidimensional.

We now consider the flat pullback map

¢r - Ax(Displ?, m) — A, (BT1 m)
from Lemma 1.2.6.

Proposition 2.5.4. ¢ : A*(Dispfl”d, m) — A*(BTZ’d, m) is an isomorphism after
inverting p.

Proof. Let us write 2" = BTfl”d and % = Dispﬁ’d. We fix some i, € Z and show
that ¢, : A;, (Dispﬁ’d, m), — A;, (BTQ"’, m) p is an isomorphism.

Consider an approximation of ¢ (see Convention 1.1.1) by a quasiprojective
scheme Y — % so that A; (#,m) = A;, (Y, m) and similarly an approximation
X — Z of 2. Let r denote the relative dimension of X — 2. Let Z be the fiber
product X x4 Y. The morphism Z — Y is then smooth of relative dimension r and
we need to see that the pullback A; (Y, m), — A; 1,(Z, m), is an isomorphism.
Note that Z is again quasiprojective since it is open in a vector bundle over the
quasiprojective scheme X (see Remark 1.2.5). We have the cartesian diagram

Zy —— Zk(yy — Speck(y)

I 1]

]

By Lemma 1.3.2 it suffices to see that A;(Speck(y), m), — Ai1-(Zy, m), with
i =i, —dim {y} is an isomorphism. According to the previous proposition there is
a finite field extension K of k(y) of p-power degree such that Zx = BA holds for
an infinitesimal group scheme A over K.
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Since Zk is open in a vector bundle over Zk of rank r we have Zx = U/A,
where U is open in a representation V of A. Note that V is of dimension r.
Hence by choosing codim X¢ to be big enough, we may assume A;(Spec K, m) —
A;+,(U, m) is an isomorphism. Since A is of p-power degree it follows that the
map A;(Spec K, m), — A;1,(Zg, m), is an isomorphism. Now since the field
extension K D k(y) is of p-power degree it follows from Lemma 1.3.1 that

A;(Speck(y), m)p - Ai+r(Zy, m)p
is also an isomorphism. We are done. (I

Proof of Theorem 2.5.1. Since BT,, and Disp,, are smooth the pullback
(¢n)), : A"(Disp,)p —> A*(BT)),,

is an isomorphism by Lemma 1.2.6 and the proposition above. We already know
A*(Disp,) is p-torsion free by Theorems 2.3.1 and 2.3.3. Thus ¢ is injective. [

Gathering the results of Section 2, we obtain the following theorem:

Theorem 2.5.5. (i) We have

A*BTHY , =Z[p n, ..., 155 /((p — ey, ..., (p" = Dep),

where c¢; denotes the i-th elementary symmetric polynomial in the variables
t,...,ty, and ty, ..., ty and tgyq, ..., t, are the Chern roots of Lie and
LieY, respectively.

(ii)) We have dimg A*(BTz’d)@ = (Z) and a basis is given by the cycles of the
closures of the EO strata.

Zip~"1/(p = 1) ifd =0, h,

i) (Pic BT) . —
(ii1) (Pic BT, %), Z[p—l]xZ[p_l]/(p—l) otherwise,

where the generator for the free part is det(Lie) and for the torsion part is
det(Lie®'Lie).

Proof. By Theorem 2.5.1 we know A*(Dispf;’d)p = A*(BTZ’d)p. Further, we have
A*(Displ?) = A*(Disp!")

by Theorem 2.3.1 and A*(Dispﬁ"d) was computed in Theorem 2.3.3. This proves
part (i). By Lemmas 2.4.1 and 2.4.2 we know that Dispi”d is isomorphic to the stack
[GL;, / E z] corresponding to the Frobenius zip datum Z = (GL;, P, P, o), where
P is the standard parabolic of type (d, h), P~ is the opposite parabolic and o is the
Frobenius isogeny. Now the dimension of A*(Disp}l”d)@ as a (-vectorspace follows
from Corollary 2.4.12 and a basis is given by Theorem 2.4.10. This proves (ii).
Finally (iii) follows from (i) together with the fact that Pic BT"? = A'(BT!4). O
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HYPERBOLIC MANIFOLDS CONTAINING
HIGH TOPOLOGICAL INDEX SURFACES

MARION CAMPISI AND MATT RATHBUN

If a graph is in bridge position in a 3-manifold so that the graph complement
is irreducible and boundary-irreducible, we generalize a result of Bachman
and Schleimer to prove that the complexity of a surface properly embedded
in the complement of the graph bounds the graph distance of the bridge sur-
face. We use this result to construct, for any natural number n, a hyperbolic
manifold containing a surface of topological index n.

1. Introduction

It has become increasingly common and useful to measure distances in complexes
associated to surfaces between certain important subcomplexes associated with the
surface embedded in a 3-manifold. These techniques provide a means to indicate the
inherent complexity of links in a manifold, decomposing surfaces, or the manifold
itself. Bachman [2010] defined the topological index of a surface as a topological
analogue of the index of an unstable minimal surface. When the distance is small,
the notion of topological index refines this distance, by looking at the homotopy
type of a certain subcomplex.

In the same way that incompressible surfaces share important properties with
strongly irreducible surfaces (distance > 2) despite being compressible, the topolog-
ical index provides a degree of measurement of how similar irreducible, but weakly
reducible (distance = 1) surfaces are to incompressible surfaces. Bachman [2012a;
2012b; 2012c] has shown that surfaces with a well-defined topological index in a
3-manifold can be put into a sort of normal form with respect to a triangulation of
the manifold, generalizing the ideas of normal form introduced by Kneser [1929]
and almost normal form introduced by Rubinstein [1995], and mirroring results
about geometrically minimal surfaces due to Colding and Minicozzi [2004a; 2004b;
2004c; 2004d; 2015].

Lee [2015] has shown that an irreducible manifold containing an incompressible
surface contains topologically minimal surfaces of arbitrarily high genus, but has

MSC2010: primary 55P15, 57M20, 57M27; secondary 57M10, 57M15.
Keywords: topological index, topologically minimal, hyperbolic, bridge position, distance, bridge
distance, graph.
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only shown that the topological index of such surfaces is at least two. Bachman
and Johnson [2010] showed that surfaces of arbitrarily high index exist. These
surfaces are the lifts of Heegaard surfaces in an n-fold cover of a manifold obtained
by gluing together boundary components of the complement of a link in S3. A
byproduct of their construction is that the resulting manifolds are toroidal.

This leaves open the question of whether the much more ubiquitous class of
hyperbolic manifolds can also contain high topological index surfaces. Here we
construct certain hyperbolic manifolds containing such surfaces. We generalize
the construction in [Bachman and Johnson 2010] by gluing along the boundary
components of the complement of a graph in S3 to show:

Theorem 1.1. There is a closed 3-manifold M, with an index 1 Heegaard surface S,
such that for each n, the lift of S to some n-fold cover M" of M has topological
index n. Moreover, M" is hyperbolic for all n.

In order to guarantee the hyperbolicity of M", we must rule out the existence of
high Euler characteristic surfaces in the graph complement. To that end, we define
the graph distance, dg, of graphs in S an analogue of bridge distance of links. In
the spirit of Hartshorn [2002] and Bachman and Schleimer [2005], we show that the
complexity of an essential surface is bounded below by the graph bridge distance:

Theorem 1.2. Let I" be a graph in a closed, orientable 3-manifold, M, which is in
bridge position with respect to a Heegaard surface, B, so that M ~ n(I") is irre-
ducible and boundary-irreducible. Let S be a properly embedded, orientable, incom-
pressible, boundary-incompressible, non-boundary-parallel surface in M ~ n(T").
Then dg(B, ') is bounded above by 2(2g(S) 4+ [0S| — 1).

In Section 2 we lay out the definitions of the various complexes and distances
we will use, and prove Theorem 1.2. In Section 3, we prove Theorem 1.1.

2. Definitions

Given a link £ C S, a bridge sphere for L is a sphere, B, embedded in S 3 inter-
secting the link £ transversely, and dividing S 3 into two 3-balls, V and W, so that
there exist disks Dy and Dy properly embedded in V and W, respectively, so that
LNV C Dy and LNW C Dy are each a collection of arcs. If there are b arcs, the
link is said to be b-bridge with respect to B.

Goda [1997] introduced the notion of a bridge sphere for a spatial 6-graph, and
this was extended by Ozawa [2012]. A bridge sphere for a (spatial) graph I" is
a sphere, B, embedded in S intersecting I transversely in the interior of edges,
and dividing S 3 into two 3-balls, V and W, so that there exist disks Dy and Dy
properly embedded in V and W, respectively, sothat 'V C Dy and 'MW C Dy
are each a collection of trees and/or arcs.
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If B is a bridge sphere for a link £, then a bridge disk is a disk properly embedded
in one of the components of (S3 \. n(£)) \. B), whose boundary consists of exactly
two arcs, meeting at their endpoints, with one arc essential in B \ n(L£), and the
other essential in dn (L) . B. We refer to the arc in the boundary of the disk that
is contained in B as a bridge arc. Similarly, if B is a bridge sphere for a graph T,
then a graph-bridge disk is a disk properly embedded in one of the components
of ($3~ n(I')) \ B), whose boundary consists of exactly two arcs, meeting at
their endpoints, with one arc essential in B ~\ n(I"), and the other essential in
on(I') . B. We refer to the arc in the boundary of the disk that is contained in B
as a graph-bridge arc.

Definition 2.1. The curve complex for a surface B with (possibly empty) boundary
is the complex with vertices corresponding to the isotopy classes of essential simple
closed curves in B, so that a collection of vertices defines a simplex if representatives
of the corresponding isotopy classes can be chosen to be pairwise disjoint. We will
denote the curve complex for a surface B by C(B).

Definition 2.2. The arc and curve complex for a surface B’ with boundary is the
complex with vertices corresponding to the (free) isotopy classes of essential simple
closed curves and properly embedded arcs in B’. A collection of vertices defines a
simplex if representatives of the corresponding isotopy classes can be chosen to
be pairwise disjoint. We will denote the arc and curve complex for a surface B’
by AC(B’).

If B is a surface embedded in a manifold, and a 1-dimensional complex intersects
B transversely, we will refer to the surface obtained by removing a neighborhood
of the 1-complex by B’. We will often refer to C(B’) simply by C(B), and AC(B’)
simply by AC(B).

Definition 2.3. Let B be a surface with at least two distinct, essential curves.
Given two collections X and Y of vertices in the complex C(B) (resp., AC(B)),
the distance between X and Y, denoted d¢(p)(X, Y) (resp., dacp)(X, Y)), is the
minimal number of edges in any path in C(B) (resp., AC(B)) from a vertex in X to
a vertex in Y. When the surface is understood, we often just write d¢ (resp., d 4¢)-

We will be working with four subtly different but closely related subcomplexes,
and some associated notions of distance.

Definition 2.4. Let B be a properly embedded surface separating a manifold M
into two components, V and W. Define the disk set of V (resp., W), denoted
Dy C C(B), (resp., Dy C C(B)), as the set of all vertices corresponding to essential
simple closed curves in B that bound embedded disks in V (resp., W). Define the
disk set of B, denoted Dp, as the set of all vertices corresponding to essential simple
closed curves in B that bound embedded disks in M.
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Definition 2.5. Let B be a bridge sphere for a link £, bounding 3-balls V and W,
with at least 6 marked points corresponding to the transverse intersections of £
with B. The distance of the bridge surface, denoted d¢(B, L), is dcp(Dy, Dw),
the distance in the curve complex of B’ between Dy and Dy .

The fundamental building block in our construction will be the exterior of a graph
that is highly complex as viewed from the arc and curve complex. The existence
of such a block will follow from a result of Blair, Tomova, and Yoshizawa, using
“warped pants decompositions” and Dehn twists to construct gluing maps resulting
in high bridge distance link complements. It is a special case of [Blair et al. 2013,
Corollary 5.3 and the proof of Theorem 4.9].

Theorem 2.6 [Blair et al. 2013]. Given nonnegative integers by, by and d, with
b1 + by > 3, there exists a 2-component link L in S3 and a bridge sphere B for
L so that L is (b1+b;)-bridge with respect to B, the components of L are by- and
by-bridge with respect to B, and d¢(B, L) > d.

Definition 2.7. Let B be a bridge sphere for a link £, bounding 3-balls V and W.
Define the bridge disk set of V (resp., W), denoted BDy C AC(B) (resp., BDw),
as the set of all vertices either corresponding to essential simple closed curves in
B’ that bound embedded disks in V ~ £ (resp., W \. £), or corresponding to bridge
arcs in B’ contained in the boundaries of bridge disks in V' (resp., W).

Definition 2.8. Let B be a bridge sphere for a link £, bounding 3-balls V and
W. The bridge distance of the bridge surface B, which we denote by dgp(B, L),
is dac(’y(BDy, BDy), the distance in the arc and curve complex of B’ between
BDV and BD‘/V.

Lemma 2.9 [Blair et al. 2017, Lemma 2]. If B is a bridge surface which is not a
sphere with four or fewer punctures, then dgp(B, L) <d¢(B, L) < 2dgp(B, L).

Definition 2.10. Let B be a bridge sphere for graph I', bounding 3-balls V and W.
The graph disk set of V (resp., W) denoted GDy C AC(B) (resp., GDw C AC(B)),
is the set of all vertices either corresponding to essential simple closed curves in
B~ n(I") that bound embedded disks in V~\ n(I") (resp., W~ n(I")), or corresponding
to graph-bridge arcs in B \ n(I") contained in the boundaries of graph-bridge disks
in V (resp., W).

Definition 2.11. Let B be a bridge sphere for graph I'. The graph distance of the

bridge surface, denoted dg(B, I') is dac(s’)(GDy, GDw), the distance in the arc
and curve complex of B’ = B ~ n(I") between GDy and GDy .

Lemma 2.12. Let L be a link in bridge position with respect to a bridge sphere B,
bounding 3-balls V and W, and let T'; be a graph in bridge position with respect
to B formed by adding edges to L in V that are simultaneously parallel into B in
the complement of L, and so that U'y NV has at least two components.
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If D C (V ~n(Ty)) is a graph-bridge disk for T, then there is a bridge disk D’
for L in (V ~ n(L)) which is disjoint from D.

Proof. Let I'y, ..., I'; be the connected components I'z NV, and let [; be the
component of ['; NV to which D is incident.

Over all bridge disks E C V for £ disjoint from I';, choose one which minimizes
|D N E|. Suppose the intersection is nonempty. Any loops of intersection can be
removed because (V ~\ n(I")) is a handlebody and therefore irreducible. Any points
of intersection between d D and d E are contained in d D N B and d E N B. Choose
an arc y of |[D N E|. The arc y cuts D into two disks D,, and D,,. For one of
j=1lor2, dD, N3ID is contained in B. Call that disk D,. Consider an arc & of
|D N E| outermost in D,,. If the interior of D, is disjoint from E then take o to
be y. The arc « cuts off a disk D, from D, and cuts E into two disks E; and E»,
only one of whose (say E;) boundary is incident to £. The disk E,U D, = E’ is a
bridge disk for £ and intersects D fewer times than E, contradicting the minimality
of [ DNE]. O

The above implies that the distance in the arc and curve complex of B \ n(I")
between GDy and BDy is less than or equal to 1.

Corollary 2.13. Let L and Iy be as above. Then dpp(B, L) <1+dg(B, I'z).

Proof. Since W ~ n(I") contains no graph-bridge disks, GDy = BDyw. Suppose
that the distance in AC(B’) between GDyw = BDy and GDy is realized by a path
between vertices X € GDw and Y € GDy. Then, by Lemma 2.12, there is a
vertex Z of BDy so that the distance between Y and Z is at most 1, and therefore
d e (BDw, BDy) < dacs)(GDw, GDy) + 1. 0

Hartshorn [2002] proved that an essential closed surface in a 3-manifold creates
an upper bound on the possible distances of Heegaard splittings of that manifold in
terms of the genus of the essential surface.

Theorem 2.14 [Hartshorn 2002, Theorem 1.2]. Let M be a Haken 3-manifold
containing an incompressible surface of genus g. Then any Heegaard splitting of M
has distance at most 2g.

This idea has been generalized in numerous ways, including in [Bachman and
Schleimer 2005] where it is shown that the distance of a bridge Heegaard surface
in a knot complement is bounded by twice the genus plus the number of boundary
components of an essential properly embedded surface.

Theorem 2.15 [Bachman and Schleimer 2005, Theorem 5.1]. Let K be a knot in
a closed, orientable 3-manifold M which is in bridge position with respect to a
Heegaard surface B. Let S be a properly embedded, orientable, essential surface in
M ~ n(K). Then the distance of K with respect to B is bounded above by twice the
genus of S plus |0S|.
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We will need a yet more general version, since we will be concerned with surfaces
properly embedded in graph complements.

The essence of both results is that the distance of a bridge or Heegaard surface is
bounded above in terms of the complexity of an essential properly embedded surface.
We will generalize this result to link and graph complements, with the additional
benefit of avoiding many of the technical details of [Bachman and Schleimer 2005]
necessary to treat the boundary components. Unfortunately, our bound will be
worse than that obtained by Bachman and Schleimer, though it will be sufficient for
many applications of this type of bound (see, e.g., [Mossessian 2016; Du and Qiu
2016; Ohshika and Sakuma 2016; Bachman 2013; Namazi 2007]). We note also
that our proof requires a minimal starting position similar to that used by Hartshorn,
an assumption Bachman and Schleimer’s method was able to avoid.

We now prove Theorem 1.2.

Theorem 1.2. Let I" be a graph in a closed, orientable 3-manifold, M, which is in
bridge position with respect to a Heegaard surface, B, so that M ~ n(I") is irre-
ducible and boundary-irreducible. Let S be a properly embedded, orientable, incom-
pressible, boundary-incompressible, non-boundary-parallel surface in M ~. n(I").
Then dg(B, T") is bounded above by 2(2g(S) 4 |0S| — 1).

Proof of Theorem 1.2. In the case that S is closed, we note that the proofs of
Theorems 2.14 and 2.15 both apply to closed surfaces in manifolds with boundary
as long as the manifold is irreducible. In the case that S # & we will double
M ~ n(I") along dn(I") to obtain a closed surface and show that the surface can be
made to fulfill all the hypotheses necessary to use the machinery in the proof of
Theorem 2.14 to obtain the bound on distance.

First, isotope S to intersect B minimally, among all isotopy representatives of S.
Let V and W be the handlebodies on either side of B. Double M ~ n(I") along
an(F) and call the resulting manifold M. Let the doubles of S, B, V,and W be S
B V, and W respectively, and let G be dn(I") in M with respective copies M;,
S;, B;, V;,and W;, fori =1, 2.

Note that B is a Heegaard surface for M. (The proof of this is very similar to
the proof of Proposition 3.2 below.) Also, note that since S is incompressible and
d-incompressible in M ~\ n(I"), Sis an incompressible closed surface in M, for
otherwise an outermost arc of intersection between a compressing disk and G would
show § to have been d-compressible in M ~ n(I"). Since an(I") was incompressible
in M ~ n(I"), G is incompressible in M.

Claim 1. Each of SNV and SNW are incompressible.

Proof. 1f, say, SNV had a compressing disk D, then since Sis incompressible
in M, there would have to be a disk D’ in § with 3D’ = 9D, and D' N B # &. We
may choose D to be a compressing disk which intersects G minimally. Further,
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since G is incompressible, we may choose D to intersect G only in arcs, if at all.
But M is irreducible, so D U D’ bounds a ball and we may isotope S across this
ball from D’ to D, lowering the number of intersections between S and B.

If D' NG = &, then this can be viewed as an isotopy of § in M ~ n(I") which
reduces the number of intersections between S and B, a contradiction.

If D'NG # @ we still arrive at a contradiction. Consider a loop, £, of intersection
in (DU D’)NG, innermost in DU D'. Since D NG only contains arcs, £ consists of
two arcs, o and o’ in D and D’ respectively. Thus £ bounds a disk Dy in G, « cuts
off a subdisk D, of D and «’ cuts off a subdisk D, of D’, both of which are in
either M or M, say M. Now we have an isotopy of S| from D, U D, to Dy.

Independent of whether D, intersected B, we could have chosen D to have fewer
intersections with G, contradicting our choice of D to minimize intersections. [J

Claim 2. Every intersection of S with B is essential in B.

Proof. Curves of intersection in SN B which are inessential in both surfaces would
either give rise to a reduction in |S N B| or could have come from the doubling of
arcs in S N B which would give rise to a reduction in |S N B| in a fashion similar to
the previous claim. (I

Claim 3. There are no d-parallel annular components of SNWorSnV.

Proof. Any such component disjoint from G would have been eliminated when
|S N B| was minimized. The intersection of any such component intersecting G
with M| would be a d-parallel disk which also would have been eliminated when
|S N B| was minimized. |

Now we have satisfied all the hypotheses to obtain the sequence of isotopic
copies of S described in Lemmas 4.4 and 4.5 of [Hartshorn 2002]. Depending
on whether either of SNV or SN W contains disk components or not, we apply
either Lemma 4.4 or 4.5, respectively, of [Hartshorn 2002] to obtain a sequence
of boundary compressions of Sin V or W, which gives rise to a path in C(§).
A priori, this path would not restrict to a path in AC(S), but the following claim
shows that we can choose the compressions to be symmetric across G, and so each
compression will correspond to an edge in AC(S).

Claim 4. If there exists an elementary 0-compression of S in'V (resp., W), then
there exists an elementary compression of S in V (resp., W) which is symmetric
across G in the sense that either

(1) the 0-compressing disk D is disjoint from G in My, and there is a correspond-
ing d-compressing disk D, in M, or

(2) the 0-compression is along a disk that is symmetric across G.
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Proof. Let D be an elementary d-compression disk for, say, SNV chosen to
minimize |D N G|. We may restrict attention to such disks with |[D N G| > 0.

First, we observe that D N G cannot contain any loops of intersection, for a loop
of DN G innermost in D bounds a subdisk of D which would either give rise to a
compression for G or would provide a means of isotoping D so as to lower | DN G].
Thus, D N G consists only of arcs. These arcs are either

« vertical arcs, with one endpoint on each of Sand B ,
« S-arcs, with both endpoints on S, or
« B-arcs, with both endpoints on B.

Consider an S-arc of D N G, outermost in D, cutting off subdisk D’ from D,
with boundary consisting of o in S and y in G. Without loss of generality, assume
D' C M,. If o is essential in SN M, then D' is a boundary-compression disk for
S in M, which is impossible. If ¢ is inessential in Snm 1, then it must cobound a
disk E in SN M, together with an arc o’ C 3(SN My). The curve y Uo’ cannot
be essential in G, else D' U E would be a compressing disk for G. Thus, y Uo’
bounds a disk, F € G. Now F U D’ U E is a sphere bounding a ball in M, so
D U E is isotopic to F, and replacing D’ with F results in an elementary boundary-
compressing disk for SNV with fewer intersections with G than D. Thus we may
assume that D N G contains no S-arcs.

Now consider a subdisk D" of D which is cut off by all the arcs of DN G
and whose boundary consists of no more than one vertical arc. Without loss of
generality, assume D’ C M,. Suppose 3D’ has B-arcs, Bi, Ba, . . ., Br. Then all
the B; are disjoint arcs on G. If any of them are inessential in G N V then they
bound disks B; € G N V. If any of the §; are essential in G N V then they bound
disks B; C V; that are bridge disks for n(I") in YJ‘ In either case, D' U (Ui-‘:1 B,-)
results in a boundary-compressing disk for S NV with fewer intersections with G
than D. This boundary-compressing disk is still elementary as the arc in S remains
unchanged. Thus, we may assume that D N G consists solely of vertical arcs.

Let y be an arc of D N G outermost in D, cutting off a subdisk D; from D.
Without loss of generality, D; € M. The boundary of D; consists of three arcs;
y C€CG, o0 €S and B C 31 By symmetry, there exists disk D, € M, in Mz,
so that Dy U D, is ac disk in V with boundary consisting of arcs 0 = o1 U, C S
and B=61UpB, C B, intersecting G in exactly one arc, y. Finally, we must show
that o is a “strongly essential” arc in Snv.

If o is not strongly essential then it is either the meridian of a boundary-parallel
annulus of SNV, which is not possible since o1 was a subarc of the original
elementary compression disk D, or o is inessential in SNV. If o is inessential
then it would cobound a disk E in S together with an arc o’ C SN B. This disk
provides an isotopy in S of o1 to 0.
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If the disk D’ = D ~. D only intersects D; in y then D’ U D, is a compressing
disk for SNV with fewer arcs of intersection with G, as the disk can be isotoped
away from y. This disk is still an elementary compressing disk because o] is
isotopic to o3, and so contradicts our original choice of D.

Thus, o is strongly essential in SNV, and D, UD, is a new compressing disk
for SNV that is symmetric across G. |

We may, thus, proceed exactly as i in Theorem 2.14. Each elementary boundary
compression of S towards either of V or W can be performed in a symmetric way,
demonstrating a path from Dy to Dy in C (S) of length no greater than twice the
genus of §, which is 2(g(S) + 0S| —1).

Each time a boundary compression for S corresponds to a pair of curves ¢;
and ¢; 11 in S that contribute an edge in a path in C (§) from Dy to Dy, there is
immediately a pair of curves ¢4, and ¢;43 in S, also contributing an edge in a path
from Dy to Dy, and this pair of paths corresponds to a single pair of curves ¢; and
ci+1 in S contributing a single edge in .AC(S). Each time a boundary compression
for § corresponds to a pair of curves intersecting G that contributes an edge in a
path in C(S) from Dy to Dyy, the restriction of these curves to S is a pair of arcs
contributing an edge in AC(S).

Further, since the boundary compressions (and elimination of boundary-parallel
annuh) are all being performed symrnetrlcally, the resulting disks Dy € Dy from
SNV and Dy € Dy from SNW are symmetric. That is, either Dy (resp., D)
is disjoint from G, so that we may assume that it sits in V; (resp., Wy), or it is
symmetric across G so that Dy; N M (resp., Dy N M) is a graph bridge disk for
[" in M. In either case, this demonstrates a path in AC(S) from DGy to DGy of
length no greater than 2(g(S) +19S| — 1). (I

3. Theorem 1.1

Bachman [2010] defined the topological index of a surface. In contrast to the
distances between subcomplexes each corresponding to some disks discussed in
Section 2, he exploits the homotopy type of the complex of all disks.

Definition 3.1. The surface B is said to be fopologically minimal if either Dp is
empty, or if there exists an n € N so that ,,(Dp) # 0. If a surface B is topologically
minimal, then the fopological index is defined to be the smallest n € N so that
7,—1(Dp) #0, or 0 if Dp is empty.

Bachman and Johnson [2010] showed that surfaces of arbitrarily high index exist,
but their manifolds all contain essential tori. We prove an analogue of this.

Theorem 1.1. There is a closed 3-manifold M, with an index 1 Heegaard surface S,
such that for each n, the lift of S to some n-fold cover M" of M has topological
index n. Moreover, M" is hyperbolic for all n.
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3A. The construction. Let n be a positive integer. We will construct a hyperbolic
manifold containing a Heegaard surface of topological index n.

Using the machinery in Theorem 2.6, let £ be a link in S* with two components,
L and K, that are each 2-bridge with respect to a bridge sphere B of distance at
least 24n 4 7. Let V and W be the two 3-balls bounded by B. Since £ is in bridge
position, there exist disks Dy and Dy properly embedded in V and W, respectively,
with (LNV) C Dy, and (LN W) C Dy. By modifying Dy if necessary, we can
find two arcs t;, and Tk in the interior of V such that

(1) 1. Utg C Dy,
) tp Nt =9,
B) i yNL=0r, CLand tx NL =01t CK,

(4) the endpoints of tx are on different components of K NV, and the endpoints
of 7, are on different components of LN V.

Let L'=LUt., let G =dn(L),let K'=KU7g,let Gk =dn(K’),and let ' =
LUt Utg = L'UK'. Observe that I is a graph in bridge position with respect to B.
Let M = S3~n(),let V' =V ~n(),andlet W =W ~ n(') = W ~ n(L), and
B'= B~ n() =B~ nL).

Foreachi=1,2,...,n,let Ml./ be homeomorphic to M’, along with homeomor-
phic copies £; of £, (G); of G, (Gk); of Gk, and B] of B'.

Then, foreachi =1, 2, ..., (n — 1), identify (Gg); with (G1);+; and identify
(Gk)n with (Gp)1, all via the same homeomorphism. Call the resulting closed
3-manifold M". Observe that the union of the B is a closed surface that we will
call B". We will show that B" is a Heegaard surface for M", that B" has high
topological index, and that M" is hyperbolic.

Proposition 3.2. For eachn, B" C M" is a genus 3n + 1 Heegaard surface.

Proof. That the genus of B" is 3n + 1 can be verified by an Euler characteristic
count. It suffices, then, to verify that the complement of B” is two handlebodies,
V™" and W".

Since I' was in bridge position with respect to B, there are disks Dy and Dy
properly embedded in V and W, respectively, sothat 'NV C Dy and 'N'W C Dy.
Then Dy and Dy cut along I is a collection of subdisks.

The result of cutting V ~ n(I") along all these subdisks of Dy is a pair of 3-balls,
each with two subdisks, Df’ and D;r , of n(I") contained in the boundary. Each
identification of (Gg); with (G );+ (indices mod n) glues pairs of these subdisks
along arcs, resulting in disks in V", and further cutting along (n — 1) copies of each
of Df and D; results in a collection of 3-balls, showing that V" is a handlebody.

Similarly, the result of cutting W ~.n(I") along all of the subdisks of Dy is a pair
of 3-balls, each with four subdisks of n(I") contained in the boundary, D", D, ", Dy,
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and D, . Each identification of (Gg); with (G);41 (indices mod n) glues pairs
of these subdisks along arcs, resulting in disks in W, and further cutting along
(n —1) copies of each of D", D, , D5, and D, results in a collection of 3-balls,
showing that W” is a handlebody. (I

3B. Bounding from above.
Proposition 3.3. The surface B" has topological index at most n.

Proof. Our proof will follow almost exactly the proof of Proposition 5 from
[Bachman and Johnson 2010]. In each copy M/ of the manifold M’, we have the
surface B!, a copy of B’, dividing the manifold into V/ and W/, copies of V' and W".
Observe that in each V/, there is exactly one essential disk, D;r with boundary
contained in Blf , just as in [Bachman and Johnson 2010]. However, in each Wi/ ,
there are several essential disks with boundary contained in B/. We will call this
collection of disks ;. From each &;”, choose a single representative D, .

Define the subcomplex, P, of Dy, spanned by the vertices corresponding to
Ui{D;r , D;"}, which is homeomorphic to an (n—1)-sphere. Then, define a map
F : Dy — P by the identity on P, and by sending a vertex corresponding to a disk
D¢ Ui {Dl.+, D;"} to the vertex corresponding to Djr or Dj_, where either D € @j_,
or j is the smallest index for which an essential outermost subdisk of D (Ul G,~)
is contained in V or W}, respectively.

Just as in [Bachman and Johnson 2010], we claim that this map F is a simplicial
map that fixes each vertex of P. To see this, consider any two disks D; and D,
connected by an edge in Dy, (so that the disks are realized disjointly in M). Observe
that by our construction of M’ and Corollary 2.13, any disk contained in V’ must
intersect any disk contained in W (whether either disk is a bridge disk, a graph—
bridge disk, or the boundary is contamed in B’ ) So, if DjE =F(Dy) £F(Dy)= DjE
then i # j, and F (D)) is joined to F(Dy) 1n P. Thus, F is a retraction onto the
(n—1)-sphere, P, showing that m,,_1(Dyy) is nontrivial, so the topological index of
B™ is at most n. U
Corollary 3.4. The topological index of B" is well defined, and B" is topologically
minimal.

3C. Bounding from below. We make use of an important theorem in the develop-
ment of the topological index by Bachman:

Theorem 3.5 [Bachman 2010, Theorem 3.7]. Let G be a properly embedded, in-
compressible surface in an irreducible 3-manifold M. Let B be a properly embedded
surface in M with topological index n. Then B may be isotoped so that

(1) B meets G in p saddles, for some p <n, and

(2) the sum of the topological indices of the components of B~ n(G), plus p, is at
most n.
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Proposition 3.6. The surface B" has topological index no smaller than n.

Proof. Suppose B" had topological index ¢ < n. Let G be the union of all the genus
two surfaces G} := (Gg); = (Gp);4+1 (indices mod n) in the manifold M". By
Theorem 3.5, B" can be isotoped to a surface, B}, so that BY, meets G in o saddles,
the sum of the topological indices of the components of B” \n(G) is k, and k+o0 <.
Observe that x (B} \ n(G)) = —6n + 0. We may isotope any annular components
of B} \ n(G) that are boundary-parallel into dn(G) completely into n(G). Note
that this will have no effect on the Euler characteristic of B’} \ n(G), nor any effect
on the topological index, since such a component will have topological index 0.

Any component, Q, of B Nn(G) is contained in n(G7) for some i. Any such Q
is a punctured sphere with, say, d boundary components, has d — 2 saddles, and
we will show that at most d — 2 of its boundary components can bound disks of
B!l \ n(G) that are boundary-parallel into dn(G) in M; \ n(G) or M; 1\ n(G).

As B!l is connected and not a sphere, all the boundary curves of Q cannot bound
disks. Suppose, then, that d — 1 of the curves bound disks that are boundary-parallel
into dn(G) in M; ~ n(G) or M;11 ~ n(G), and let ¢ be the remaining boundary
component of Q. As the other curves all bound disks that can be isotoped into
n(G}), and G} is incompressible in M", ¢ must bound a disk in 9n(G?'). By pushing
this disk slightly into M; or M;y;, we have a compressing disk for a component
of B \ n(G) that is disjoint from all other compressing disks for that component.
Thus, the disk complex for that component is contractible, contrary to the fact that it
is topologically minimal. Thus, at most d — 2 of the boundary components of Q can
bound disks that are boundary-parallel into 0n(G) in M; \ n(G) or M;+1 ~\ n(G).

Therefore, the total number of disk components of B} \ n(G) that are boundary-
parallel in M" \ n(G) is B < 0. So we may further isotope all 8 such boundary-
parallel disks into n(G), and call the resulting surface Bj. Still, then, each compo-
nent of By \n(G) is topologically minimal, the topological index will be unchanged
as each boundary-parallel disk has topological index 0, By ~\.n(G) has no boundary-
parallel disks or annuli, and

x(By ~n(G)) = x (B} ~n(G)) = B = x (B} ~n(G)) —o = —6n.

First, suppose that there is some component of B \. n(G) with Euler character-
istic less than —6n. In this case, because the Euler characteristic of Bj \ n(G) is
greater than or equal to —6n, there must be a component of By ~\ n(G) with positive
Euler characteristic. But there are no disks, as we have eliminated boundary-parallel
disks and an essential disk would be a compression of G in M", and it cannot be a
sphere, so this is impossible.

Thus, we may suppose that the Euler characteristic of each component of
Bj ~ n(G) is bounded below by —6n. Observe that each component of G is an
incompressible surface, so B" cannot be made disjoint from any component of G,
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and so (By ~n(G))NM; is nonempty for all i. As the sum of the topological indices
of the components of B \n(G) is k < n, there must be at least one index j so that
every component of (B; \n(G)) N M; has topological index 0. Thus, there is some
component of (By ~n(G)) N M|, and all such components are incompressible and
have Euler characteristic bounded below by —6n. If necessary, maximally boundary
compress (B; ~n(G))NM ;, and isotope any resulting boundary-parallel components
into n(G). As Bjj cannot be isotoped away from any copy of G7, there must be some
component remaining that is incompressible, boundary-incompressible, and not
boundary-parallel. Since boundary compressions only increase Euler characteristic,
the resulting component has Euler characteristic bounded below by —6rn. Call this
component B”.
By Lemma 2.9 and Corollary 2.13, in M; with B; a copy of B/, we have

dc(Bj, L) < 2dpp(Bj, L) < 2(1 +dg(B;,T)).

By Theorem 1.2, dg(B;, ") <2(2¢(B") +|dB"| — 1). By our choice of £ and the
fact that x (S) =2 —2g(S) —|9S|, we have

24n+7 <de(Bj, L) <2+2dg(B;, ") <8g(B")+4|0B"| —2 = —4x(B") +6.

On the other hand we have just shown that —6n < x (B”), a contradiction. Thus,
the topological index of B” cannot be less than 7. (Il

3D. Hpyperbolicity. We have now shown that M" contains a surface of topological
index n. To prove Theorem 1.1 it remains to show that M" is hyperbolic.

Proposition 3.7. For all n, M" is hyperbolic.

Proof. Consider an essential surface S in M" with Euler characteristic bounded
below by 0, chosen to intersect G minimally. If SN G = &, we arrive at a
contradiction to Theorem 1.2 as S would lie in one of the copies of M. If SNG # &,
the incompressibility and boundary-incompressibility of G guarantees that the
curves of SN G are essential in S. Thus SN M/ is a collection of one or more planar
surfaces for some i. This again contradicts Theorem 1.2. Thus, in particular, M" is
prime and atoroidal for all n. Then, as G is an incompressible surface in M", we
conclude that M" is hyperbolic. (I

Now the proof of Theorem 1.1 follows.

Proof of Theorem 1.1. Let M" and B" be as in Section 3A. We note that M" is an
n-fold cover of M'. By Proposition 3.2, B" is a genus 3n + 1 Heegaard surface.
By Propositions 3.3 and 3.6, B" has topological index n, and by Proposition 3.7,
M" is hyperbolic. ]
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LENGTH SPECTRA OF SUB-RIEMANNIAN METRICS ON
COMPACT LIE GROUPS

ANDRAS DOMOKOS, MATTHEW KRAUEL, VINCENT PIGNO,
COREY SHANBROM AND MICHAEL VANVALKENBURGH

Length spectra for Riemannian metrics have been well studied, while sub-
Riemannian length spectra remain largely unexplored. Here we give the
length spectrum for a canonical sub-Riemannian structure attached to any
compact Lie group by restricting its Killing form to the sum of the root spaces.
Surprisingly, the shortest loops are the same in both the Riemannian and sub-
Riemannian cases. We provide specific calculations for SU(2) and SU(3).

1. Introduction

While much is known about the existence and geometric properties of closed
geodesics on Riemannian manifolds in general [Klingenberg 1978], and Lie groups
in particular, we cannot say the same thing about their connection with the algebraic
structure of Lie groups. Moreover, the sub-Riemannian setting has been mostly
neglected.

In the case of simple, simply connected, compact Lie groups, Helgason [2001,
Proposition 11.9] obtained the length of the shortest Riemannian geodesic loop in
terms of the length of the highest root. We expand upon Helgason’s work using more
algebraic methods, obtaining the sub-Riemannian and Riemannian geodesic loop
length spectra. The sub-Riemannian structure consists of the horizontal distribution
defined by the orthogonal complement of a Cartan subalgebra and the restriction
of the bi-invariant metric defined by the Killing form. To our knowledge, nothing
was previously known about the connection between root systems and lengths of
sub-Riemannian geodesic loops.

In Section 2 we provide the background for the root space decomposition of
semisimple, compact Lie algebras and prove Theorem 2.7, which shows that all
sub-Riemannian geodesics are normal. In Section 3 we work in a simple, simply
connected, compact Lie group. We find connections between the algebraic informa-
tion encoded in the root system of the Lie algebra and properties of Riemannian and
sub-Riemannian geodesic loops. In Theorems 3.3 and 3.6 we describe the entire
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length spectra of the Riemannian and certain sub-Riemannian geodesic loops. In
Theorem 3.9 we find properties that help describe the remaining sub-Riemannian
geodesic loops. In Theorem 3.7, we compute the lengths of the shortest Riemannian
and sub-Riemannian loops, which unexpectedly turn out to be equal. Further, in
Corollary 3.8 we derive a purely algebraic formula for the length of the highest
root. In Sections 4 and 5 we provide relevant examples in SU(2) and SU(3).
Note that the terms length spectrum and geodesic have varying definitions in the
literature. By length spectrum, we mean the set of lengths of all primitive geodesic
loops. A sub-Riemannian geodesic is defined as in [Montgomery 2002] as a locally
length minimizing curve. While in general such curves may not satisfy the geodesic
equations, in our setting we show that the two notions coincide (see Theorem 2.7).

2. General results

In this section, we assume that G is a semisimple, connected, compact matrix Lie
group. This assumption is suited to present and prove some general results about
sub-Riemannian geodesics, and we will use the more restrictive simple and simply
connected assumptions in the following sections, where we prove results about
sub-Riemannian geodesic loops. Our notation and definitions will be geared toward
the presentation of the sub-Riemannian geometry, rather than the algebraic theory
of Lie groups.
The Lie algebra of G can be defined in terms of the matrix exponential:

G={XeM, :XeG forall t € R},

where M, is the linear space of n x n real or complex matrices in which G is
included. Then G is a real Lie algebra endowed with the commutator operator

[X,Y]=XY-YX.

A Lie algebra is called simple if it is noncommutative and does not have any
nontrivial ideals, and it is called semisimple if it is the direct sum of simple Lie
algebras. A Lie group is simple or semisimple if its Lie algebra has the corresponding

property.
The adjoint representation of G is the group homomorphism

Ad:G— Aut(@), Ad(9)(X) =gXg ™,
while its differential at the identity is the adjoint representation of its Lie algebra
ad: G — End(G), adXX)=[X,Y].

Note that, among semisimple Lie algebras, Ad is an irreducible representation of G
if and only if G is simple.
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The Killing form,
K(X,Y)=trace(ad X -adY),

is negative definite and nondegenerate on the Lie algebra of a semisimple, compact
Lie group, and hence we can define an inner product on G as

(2-1) (X, Y)=—pK(X,Y),

where p > 0 is a constant which can be adjusted according to our normalization
preferences. The inner product (2-1) generates a bi-invariant metric on G. The
Killing form is Ad-invariant, so Ad(g) is a unitary linear transformation of G for
all g € G and ad X is skew-symmetric for all X € G.

Let T be a maximal torus in G and 7 be its Lie algebra. In this case, 7 is a
maximal commutative subalgebra of G called the Cartan subalgebra. Its dimension
is called the rank of G, and also the rank of G. Consider an orthonormal basis
By ={Ti, ..., T,} of T, which will be fixed throughout the paper.

We extend the inner product (2-1) on G bilinearly to the complexified Lie algebra
Gc =G @®iG. The mappings adT : Gc — Ge, T € T, commute and are skew-
symmetric, so they share eigenspaces and have purely imaginary eigenvalues.

Once we fix the orthonormal basis B, we can identify 7* with 7 and define
the roots as elements of the Cartan subalgebra, as in [Domokos 2015].

Definition 2.1. We define R € 7 to be a root if R # 0 and the root space Gg # {0},
where
Gr={Z€Gc:adT(Z)=i (R, T)Z forall TeT}.

Additionally, we use the notation Go =Tc =T @iT.

Let R be the set of all roots, which will be partially ordered by the relation
R > R, if the first nonzero coordinate of R; — R; relative to the ordered basis By
is positive. We call a root positive if its first nonzero coordinate is positive and
let R denote the set of all positive roots. For the most important properties of Gg
we quote [Duistermaat and Kolk 2000; Knapp 1986]:

(1) dimgc Gg = 1.

@i1) If R € R then —R € R.

(i) G_g={X —iY : X +1iY € Gg}.

(iv) (Gr,,Gr,) =0if Ry, R, € RU{0}, R| # +R>.
=Gr+rR, R +R€R

(v) [Gr,,Gr,]1 1= {0} ifRi+Ry¢Rand R+ R, #0
ciT if R+ R,=0.

(vi) If Zg € Gr and Z_g € G_g then [Zx, Z_rl =i (Zr, Z_g)R.
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The above properties of Gg and the real root space decomposition

G=T®H,

where

(2-2) H=T"= D Gr®G-r)NG,
ReR*

allow us to choose an orthonormal basis of H,
(2-3) By ={X1,...., X, Y1, ..., Y&},
with the following properties:
(i) Forall I < j <k there exists R; € R such that {X;, Y;} C (Gr, ®G_r,)NG.
(i1) E:l:j = Xj :i:in S g:I:Rj.
(iii) (Ej, E_;)=2.
(IV) [Xj, Yj] = —Rj.

Notice that {(g, H,) : g € G}, where H, = g, forms a sub-bundle of the tangent
bundle of G, which we call the horizontal sub-bundle. The property 7 C [H, H]
shows that this horizontal sub-bundle is bracket-generating, hence its choice defines
a sub-Riemannian metric on G in the following way (see [Montgomery 2002]).

We call an absolutely continuous curve y : [a, b] — G horizontal if y'(t) € H, ¢
for every t € [a, b] where y'(¢) exists. The length of a horizontal curve is defined as

b
(2-4) Length(y) = / Iy @1l dt.

The bracket-generating property implies that any two points can be connected
by horizontal curves and therefore we can define a sub-Riemannian (also called
Carnot—Carathéodory) distance as

d(x, y) = inf{Length(y) : y is a horizontal curve connecting x and y}.

We say that a horizontal curve y is a sub-Riemannian geodesic if locally it is
a length minimizer. We call a sub-Riemannian geodesic y : [0, 1] — G a sub-
Riemannian geodesic loop if y(0) = y(1) = I and y(¢t) # I for all ¢ € (0, 1).
Here, I denotes the identity matrix.

If we do not restrict the curve y to be horizontal, then similar definitions lead to
Riemannian geodesics and geodesic loops. With the choice of the bi-invariant inner
product (2-1), the Riemannian geodesics through the identity and in the direction
of an arbitrary X € G have the form

y (1) =e™;
see [Arvanitoyeorgos 2003, Chapter 3].
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Remark 2.2. With our assumptions on G and H, all sub-Riemannian geodesics are
smooth [Montgomery 1994, Theorem 3]. Moreover, as the inner product on # is
the restriction of the inner product (2-1) defined on G, a sub-Riemannian geodesic
is also a smooth curve of equal Riemannian length.

Sub-Riemannian geodesics can be characterized in various ways. We follow
the description from [Montgomery 1994; 1995; 2002], but also see [Agrachev and
Sarychev 1999; Boscain et al. 2002]. If a sub-Riemannian geodesic is a projection
to G of a solution to Hamilton’s equations for the sub-Riemannian Hamiltonian,
then we call it normal, otherwise we call it abnormal. If a sub-Riemannian geodesic
is a critical point of the endpoint map, then we call it singular, otherwise we call it
regular [Montgomery 1994]. The following implications hold.

Proposition 2.3 [Montgomery 2002, Theorem 5.8]. All regular sub-Riemannian
geodesics are normal and, therefore, all abnormal geodesics are singular.

If the horizontal distribution is fat, which means that for all X € H
H+[X,H]=G,

then all sub-Riemannian geodesics are normal [Montgomery 1995, Proposition 4].
For example, the horizontal distribution is fat in the case of SU(2), but not in the
case of SU(3).

Regarding the form of the normal geodesics we have the following result, which
is [Montgomery 2002, Theorem 11.8] adapted to our setting. See also [Boscain
et al. 2002].

Proposition 2.4. Consider a semisimple, connected, compact Lie group G endowed
with horizontal distribution defined by the orthogonal complement H of a Cartan
subalgebra T, and inner product (2-1). Then the normal sub-Riemannian geodesics
through the identity are of the form

(2-5) y()=e¥ 7Y,
where X is any element of G and X is the orthogonal projection of X onto T.

Definition 2.5. If X € 7, then we call yx(t) = ¢'* a horizontal Riemannian
geodesic.

These are precisely the Riemannian geodesics which are also sub-Riemannian.
As we will see, they can be regular or singular.

If R € R™, then let us use the notation Hg = (Gr ® G_r) NG. With this notation
we can rewrite (2-2) as

(2-6) H=T"= P #x

ReR*t
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From the relations

[Hg, Hr] =span{R} and [R,Hr]=Hr,
we conclude that
2-7) su(2)g = Hg ® span{R}

is a subalgebra of G, isomorphic to su(2).
Foreach T € T let

RT={ReR": (R, T)=0)
and

(2-8) Gl = @ su(2)g.

ReRT
If RT # &, then GT is a nontrivial Lie subalgebra of G and therefore we can find a

closed, connected subgroup G’ of G, which has G7 as its Lie algebra. Note that G
carries a sub-Riemannian geometry, for which the horizontal distribution is

(2-9) H' =P Hr.

ReRT

Therefore, horizontal curves in G’ are also horizontal in G and if a normal sub-
Riemannian geodesic of G lies in G, then it is a normal sub-Riemannian geodesic
of GT too.

A characteristic subgroup for a singular sub-Riemannian geodesic y is a closed
connected subgroup within which y is regular.

Proposition 2.6 [Montgomery 1994, Theorem 2]. Every singular sub-Riemannian
geodesic of G lies in some characteristic subgroup GT with dimension strictly less
than the dimension of G.

Propositions 2.3 and 2.6 allow us to give a simple algebraic proof of the following
result, which is also proved using control theoretic methods, including generalized
Maslov index theory, in [Boscain et al. 2002].

Theorem 2.7. Consider a semisimple, connected, compact Lie group G endowed
with the horizontal distribution defined by the orthogonal complement H of a Cartan
subalgebra T, and inner product (2-1). Then we have the following results.

(i) All sub-Riemannian geodesics are normal.
(1) All sub-Riemannian geodesics through the identity have the form

Lyl
)/([)=€ZX‘3 tX’

where X € G and X is the orthogonal projection of X onto T.
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Proof. Let us assume that y is an abnormal sub-Riemannian geodesic of G. Then, by
Proposition 2.3, y is singular and by Proposition 2.6, there exists 7" € T such that y
lies in a characteristic subgroup G”. But, as y is regular in G”, by Proposition 2.3
it is also normal in G’. Hence, y must have the form (2-5) in G’, which, by
(2-6)—(2-9), gives a normal sub-Riemannian geodesic of G.

Once all sub-Riemannian geodesics are normal, part (ii) is a direct consequence
of Proposition 2.4. U

3. Lengths of sub-Riemannian geodesic loops

In this section we assume that G is a simple, simply connected, compact matrix
Lie group.
For each root R € R and n € Z we define the hyperplane in 7:

PR, 2nn)={T €T :(R,T)=2mn}.
The reflections in 7 across the hyperplanes P (R, 0) will be denoted by rg. Note that

Ty =T 2(R, T)
. IR|?
The Weyl group of G can be defined as the group W generated by the reflections
{}"R R e R}
The set
T\ U P(R,0)
ReR

is a union of disjoint, open cones, called Weyl chambers. The Weyl group acts
transitively on the Weyl chambers. We define the positive Weyl chamber by

C={TeT:(R,T)>0, forall ReR"},

and let C denote its closure.
Let us choose the simple roots Ry = {R1, ..., R;;}. In the case of a simple Lie

algebra, the root system is irreducible and the length of the roots can take at most 2

values, which implies that the entries of the Cartan matrix,

2(R;, Ry)
| Re I

’

N(Rj, Ry) =
can take only the following values:
2 if j =k,
N(R;., Ri) = L
0,—1,-2,-3 if j #k,
where at most one of —2 or —3 can appear in the matrix. For each R € R we
denote by

27 R

3-1 Ppr ===
-1 T
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the orthogonal projection of the origin onto the hyperplane P (R, 2r). It is known
from [Helgason 2001, Chapter 7, Lemma 7.6] that

(3-2) e*’® =, forall R € R.
The unit lattice in 7 is defined by
Lr={TeT:el =1},
and let us also set
Zr ={ni12Pg, +---+n,2Pg

‘N, ...,ny, €72}

m

By the commutativity of 7, it is evident that Z7 C L7. By [Simon 1996, Theorem
IX.1.6] we know that L7/ Z7 = m1(G), where 71 (G) is the fundamental group of
G. Since G is simply connected, it follows that

(3-3) Lr=Zr.
From [Simon 1996, Theorem IX.1.4], it is also known that
(3-4) LTC{T €T :(R,T)e2nZ forall Re R},

and the two sets in (3-4) are equal only if the center of G equals {/}.

Definition 3.1. We call the numbers ny, ..., n, € N U {0} relatively prime if at
least one of the numbers is nonzero and the greatest common factor of the nonzero
numbers is 1. In particular, if we have only one nonzero number, then it must be 1.

Remark 3.2. By (3-3), if the numbers ny, ..., n, € NU{0} are relatively prime,
then the line segment joining the origin to n12Pg, + - - - + n,,2 Pg,, intersects L1
only at the endpoints.

Theorem 3.3. Let G be a simple, simply connected, compact Lie group endowed
with the bi-invariant inner product (2-1).

(a) Ifthe numbersny, ..., n, € NU{0} are relatively prime and
T =m2Pp +- - +ny,2Pg,,
then yr(t) =e'T, 0 <t <1, is a Riemannian geodesic loop with length
ln12Pg, +---+n,2Pg,|.
(b) All Riemannian geodesic loops in G have lengths

||n12PR1 + e +nm2PRm ||a

where ny, ..., n, € NU{0} are relatively prime.
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Proof. (a) If the rank of G is 1, then T = U(1) and any geodesic loop in T
has length 27. Now suppose the rank of G is greater than or equal to 2. Let
T =n12Pg, +---+ny2Pg,, where ny, ..., n, € NU({O} are relatively prime and
yr(t) = e'T. By the commutativity of the elements of 7" we know that y7(1) = I.
If, for some 0 <t < 1, we have yr(t) = I, then t(n|2Pg, + - - +n,2Pg,) € LT
and, by Remark 3.2, this contradicts the fact that n, ..., n, are relatively prime.

Hence, the length of one loop described by yr is
1
(3-5) Length(yr) =/ ITIdt = Im2Pg, +--- +nm2Ppg,|.
0

(b) Let X € G and yx (1) = e'X. Assume that yx(1) =7 and yx(t) #Iif0 <t < 1.
Since Ad(G)(X) NT is nonempty and finite, and the Weyl group acts transitively
on the Weyl chambers, and each element of the Weyl group can be written as Ad(g)
for some g € G, it follows that there exists g € G such that Tx = Ad(g)X € C.
Hence, e’ = geXg~! = I and therefore Ty € £+. By (3-3) we have that Ty =
n12Pg, +---+n,2Pg,, where ny, ..., n, € NU{O} are relatively prime. Using
the fact that || Tx || = || X || we find that

1
Length(yy) = / I Tyl di = I 2Pg, + -+ nm2Pr, I 0
0

Remark 3.4. Moreover, for any 0 # T" = n12Pg, + - - - + n,2Pg,, we have that
Ad(G)(T)N(G\T) # @, so there exists X € T in the same conjugacy class with T.
Hence we have a Riemannian geodesic loop outside of T, corresponding to X,
which has length equal to ||T|| in (3-5).

We need the following lemma to generalize Theorem 3.3 to the case of horizontal
Riemannian geodesic loops (see Definition 2.5).

Lemma 3.5. Forany T € T we have Ad(G)(T) NH # 2.

Proof. By [D’ Andrea and Maffei 2016, Lemma 2.2], given 7, we can construct an-
other Cartan subalgebra 7~ which is orthogonal to 7. Hence, 7' C H and, as any two
Cartan subalgebras are conjugate, there exists some g € G such that Ad(g)7 = 7.
Hence, we conclude that for any T € L7 we have that Ad(G)(T) NH # @. [l

Theorem 3.6. Consider a simple, simply connected, compact Lie group G endowed
with horizontal distribution defined by the orthogonal complement H of a Cartan
subalgebra T, and inner product (2-1). Then the horizontal Riemannian geodesic
loops have lengths

In12Pg, +---+nu2Pg, |,

m

whereny, ..., n, € NU{0} are relatively prime.
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Proof Let X € H and yx(t) = e'X. If yx(1) =1 and yx(t) £ 1 forall 0 <t < 1,
then we can follow the proof of Theorem 3.3(b), to conclude that there exist
ni,...,n, € NU{0} relatively prime such that

Length(yx) = |n1Pg, +---+n, Pg, |

m

By Lemma 3.5, the entire length spectrum of ||n;Pg, + --- + n,, Pg,, ||, where
ny,...,n, € NU{0} are relatively prime, is covered, and this finishes the proof. []

One might expect the shortest sub-Riemannian geodesic loops to be longer than
their Riemannian counterparts. Surprisingly, the following result, which generalizes
the Riemannian case of [Helgason 2001, Chapter 7, Proposition 11.9], proves
otherwise.

Theorem 3.7. The shortest sub-Riemannian geodesic loops are also the shortest
Riemannian geodesic loops. Their common length is 4 /|| R*|, where R* is the
highest root.

Proof. We first consider the Riemannian case. Without loss of generality we can
assume that the rank of G is greater than 1. Let y*(¢t) = ¢’ 2Ppx By (3-2) we know
that y*(1) = I. Moreover, there exists R € R such that

(R, R)

N(R, R*) =2 =1
|R*||

Therefore, for any 0 < ¢ < 1 we have
(R, t2Pg+) =2mt,

which, by (3-4), implies that y*(z) # I if 0 <t < 1. Hence, the length of one loop
described by y* is

1
Length(y™) = [ |12 Pg«|| dt = .
0 | R*l

LetT =n2Pg, +---+nn2Pg,, where ny, ..., n, € NU{0} are relatively prime
and let y7(t) = e'T. Assume that y7(t) # 1 if 0 <t < 1 and

Length(yr) < Length(y*).

Hence,
171 <

= [|2Pg<].
IRl

As in the proof of Theorem 3.3, by the fact that the Weyl group acts transitively on
the Weyl chambers, there exist g € G and T € C such that 7} = Ad(g)T. Therefore,
e’t = I and hence (R*, T) = 27 n for some n € N. By [Helgason 2001, Chapter 7,
Theorem 6.1],

P(R*,2m)NCNLy =,
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which implies that n 7 1. On the other hand, ||T1|| = || T || < ||2Pg+||, which is the
shortest distance from the origin to P(R*, 47r). Therefore, n =2 and this implies that
T\ = 2 Pg+. In conclusion, we have Length(yr) = 4m /|| R*||, which establishes the
length of the shortest Riemannian geodesic loops. Note that this slight generalization
of [Helgason 2001, Chapter 7, Proposition 11.9] is proved differently here.

We now consider the sub-Riemannian case. Theorem 3.6 implies that the shortest
horizontal Riemannian geodesic loops have length equal to 477 /|| R*||, which equals
the length of the shortest Riemannian geodesic loops by the argument above. By
Remark 2.2, every sub-Riemannian geodesic is a smooth Riemannian curve of equal
length, so we conclude that 477 /|| R*|| is the shortest length for any sub-Riemannian
geodesic loop. O

Theorem 3.7 implies the following result concerning the highest root.

Corollary 3.8. We have
4
X 9
In12Pg, +- -+ nmPr, |l

[R*|| = ma

where ny, ..., n, € NU{0} are relatively prime.

Regarding the sub-Riemannian geodesic loops which are not necessarily hori-
zontal Riemannian, we have the following result.

Theorem 3.9. Let X = H + X be such that H € H and X+ € T. Consider
y(t) =e'X -e~'"X" and assume that y()£1if0<t<1landy(l) =1L Then:

(a) The length of v satisfies

Length(y) = [[H|| = ,
IR

and there is an X = H + X for which 4w /|| R*|| is attained.
(b) We have
(3-6) H=e¢" He X

© If

AdG)XHNT =(S1,..., S},
then for all 1 < j <[ there exist L ; € Lt such that
AdGYX)NT ={S1+Ly,..., S+ L}
Proof. (a) Note that y (1) = I implies that eX = X Then,
(3-7) y/(t) —X.X. e—txi X . xt .e—zxi _ etX(X _ XJ‘)e_tXl,
and
1Y Ollyw =y O~ ¥ Ol = e - (X = X1 e = X - x*.
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Hence, the length of y is || X — X || = || H||. The fact that || H || is at least 477 /|| R*||
is an immediate consequence of Theorem 3.6.

Consider the simply connected Lie subgroup SU(2) g+« of G which has its Lie
algebra equal to su(2) g+, and denote by X* and Y* those elements of (2-3) which,
together with R*, generate su(2) g«. The relations

[R*, X*] = —||R*|*Y* and [R*, Y*]=|R*|*X*

show that the only positive root, and hence the highest root in su(2) g+, is R*. In a
similar way to the proof of (4-2), we can obtain a sub-Riemannian geodesic loop in
SU(2) g+ whose length is 47t /|| R*||.

(b) We claim that y’(0) = y’(1). This information can be found in [Helgason 2001,
page 148, Exercise 3] and its proof is based on the fact that for all € R,

yit+1) = eU+hX e_(”rl)xL =X X e_tXL e_Xl

— !X pX X ptXt X Xt y(@).

By (3-7), it follows that
X—Xt=eX (X —xbe X,

which clearly implies (3-6).
(c) By the properties of the adjoint representation there exist Sy, ..., .S € T and
S{,.... 8/ €T, where [ is the number of Weyl chambers, such that
(3-8) AdG)XHNT =(Sy,..., )
and
(3-9) AdG)X)NT ={S],.... S}

Note that in (3-8) and (3-9) some of the §; and S} might be repeated if they belong
to one of the hyperplanes P(R, 0) for R € R.

Therefore,
(3-10) AdG) (X )NT =[5, ..., 5,
and
(3-11) AdG) () NT = {5, ..., %),

The fact that eX™ = eX implies that the sets in (3-10) and (3-11) must coincide.
Therefore, by rearranging the elements if necessary, we can suppose that for all
1 <j <I, wehave ¢S = eS./f, which immediately implies the existence of L; € L1
suchthatS}:Sj—i—Lj. O

Since X1 € T, we can see that one of Sy, ..., S; in (3-8) must be X L Therefore,
we have the following corollary.
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Corollary 3.10. Under the assumptions of Theorem 3.9, there exist g € G and
L € L such that X = Ad(g)(X* + L).

4. The case of SU(2)

The special unitary group of 2 x 2 complex matrices is

SUQ2) = {g = (—(XB g) ‘o, BeC, |a|*+ 8> = 1}.

Its Lie algebra is the three dimensional real Lie algebra

su(2)={X:( e xz—i__lx3>:x1,x2,x3e[R{}.
—Xxy+i1x3 —1ixq

The Killing form of su(2) is
K(X,Y)=4trace(XY),
while the inner product (2-1) is defined as
(X,Y)= —% trace(XY).

The Cartan subalgebra 7 is spanned by the unit vector

—i 0
i=(07)

and the orthonormal basis of H is formed by

01 0i
X1=(_1 0) andY1=(i O)

The exponential map exp : su(2) — SU(2) has the following simple form:
sin([| X))

X1l
Consider X =aX; +bY; +cT;. Then, for0 <t <1,

n(VZ b2+ 2
e’ =cos(tva:+b2+c2) 1 + sintva” b7+ c) X,
va?+b*+c?

exp(X) = e* = cos(|| X)) I +

and
1
e'X" =cos(tc) I +sin(te) Ty.

If we have v/a? + b2 + ¢2 = 2, the Riemannian geodesic ¢’X closes the first time
at t = 1, which shows that the Riemannian length spectrum equals {27}. For the
sub-Riemannian geodesic y (1) = e'Xe™’ X = oX*

XL, the condition e* = e¢*  implies that
4-1) va?+b2+c?2=nm and |c|=mm,
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where m, n € NU {0}, m < n, are both even or both odd. To ensure y (t) # I for
all 0 <t < 1, we require that m, n € NU {0} are both odd and relatively prime or
both even and %, 5 are relatively prime with one of them odd and the other even.

Notice that, as the only positive root of SU(2) is R; = 2T}, we have ||R*|| =
12771 || = 2, and therefore

2w /n? —m?
4-2) ||H||:||X—Xl||:rrvn2—m2:W.

The same result can be obtained by Theorem 3.9. In SU(2) the unit lattice is
L7 ={2knT| : k € Z}. The formula (3-6) implies that

c=mmw enl.

The matrices S; and S from (3-9) are diagonal with entries consisting of the
eigenvalues of X. Thus, Theorem 3.9 implies that there exists some k € N such that

Var+b2+m2n? —mn =2knm,

and this implies (4-1).

We have therefore presented two algebraic proofs of the following proposition,
which is a special case of Theorems 3.3, 3.6, and 3.7, and which extends the results
from [Chang et al. 2011; Klapheck and VanValkenburgh 2019].

Proposition 4.1. In SU(2) the following properties hold.

(a) The Riemannian geodesic loops have length equal to 2.
(b) The horizontal Riemannian geodesic loops have length equal to 2.
(c) The shortest sub-Riemannian geodesic loops have length equal to 2.

(d) The sub-Riemannian geodesic loops have lengths equal to w~/n?> — m?%, where
m,n € NU {0} are odd and relatively prime or even and 7, 5 are relatively

prime with one of them odd and the other even.

Remark 4.2. As an introduction to the next section, let us show that we can use
Viete’s formulas to get the result of Proposition 4.1(d). Indeed, the characteristic
polynomial of X is

PO =A+ (@®+b*+ %),

and by Theorem 3.9 and the first Viete formula, the eigenvalues of X must be of
the form Ay = —ci — 2kmi and A» = ci + 2kmi, where k € N. The second Vigte
formula gives

Miry=(c+ 2k7‘[)2 =a’+b*+ 2,

which leads to (4-1).
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Remark 4.3. For comparison with the case of SU(3) in the next section, note that
in SU(2) the sub-Riemannian geodesic loops have the form

(4-3) )/([) — et(mX]-H?] Yﬁ-% Rl) e_t% R ’
where a, b, ¢, m satisfy (4-1).

S. The case of SU(3)
Consider the special unitary group of 3 x 3 complex matrices
SUB)={geGL@3,C):g-g"=1, detg =1},
and its Lie algebra
su3) ={X €gl(3,0): X+ X* =0, trace X =0}.
The inner product is defined by
(X,Y)=—1 trace(XY).

We consider the maximal torus

€ 0 0
T= 0 2 0 |:a,a, a3€R, aj+ar+a3=0
0 0 %

and its Lie algebra

i(ll 0 0
T= 0 iap 0 |:a1,ar,a3€R, a1+arx+az3=0%,
0 0 ia3

which is our choice for the Cartan subalgebra. The following are the Gell-Mann
matrices, which form an orthonormal basis of su(3) and satisfy the relations in
(2-2), (2-3), and (i)—(iv) on page 324:

—1

—i 00 ﬁ()’o 010 0i0
T1=OiO,T2=0:/—%0,X1=—100,Y1=i00,

000 o o 2 000 000

V3

000 00 0 001 00 i
Xo=[0 0 1], »=[0 0 —i], X3=[0 00], Ys=[000}.

0-10 0—i 0 ~100 00
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The positive roots are
—2i 0

R, = = 2Ty,

o ¥
c oo

0
0
00 O
Ry=102 0
0 0 —2i

=T, — /3T,

~

2100
R3= 0 00 =T1+\/§T2.
0 0 2i

The highest root is R* = R;, while the two simple roots are R, and R3. The unit
lattice is
Lr={nnRy+mmnR3:n, m e},

and observe that
(5-1) R =R — TRy —
For k =1, 2, 3, the projections of the origin onto the hyperplanes P (R, 27) are
T
Pg, = ERk’

and, indeed, (5-1) is equivalent to
=1, k=123
Observing that

|lnm Ry +mm R3|| =27 v/n? —nm +m?2,

we conclude that, in SU(3), Theorems 3.3, 3.6, and 3.7 have the following special
form.

Proposition 5.1. In SU(3) the following properties hold.

(a) The Riemannian geodesic loops have lengths equal to

2w\ n? —nm +m?2,

where n, m € NU {0} are relatively prime.

(b) The horizontal Riemannian geodesic loops have lengths equal to

2w\ n2 —nm+m?2,

where n, m € N U {0} are relatively prime.

(c) The shortest sub-Riemannian geodesic loops have length equal to 2.
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To obtain information about the full sub-Riemannian length spectrum in SU(3),
consider
H=a1Xi+b01Y1 +ar X, +byYs +a3X5+ b3Y3,

o o —c1i 0 0
XL=3R3+3R2= 0 ¢ 0 ,
0 0 (c1—cp)i

X=H+X andy(t) = Xe X"
The characteristic polynomial of X is

PO =—13—pr+yqi,

where 5

Z a; —l—bz)-i-c1 4¢3 —ciea,
and
q = c2(a3 +b3—a} —bi+c}) —ci1(a3 + b5 —a? — b} +¢3)

+2(ala2b3 +aibraz — biazaz + b1byb3).
Note that p = ||H||> + || X ||*>. Formula (3-6) gives

cir+ce2nZ if ay+bii #0,
(5-2) c1—2c€2nZ if ay+byi #0,
2ci—cy€2n7 if a3+ b3i £O0.

To see the connection with the case of SU(2), let us start with the following
simple cases.

Case 1: Consider ¢ = —cy, ap = by = a3 = b3 = 0. This corresponds to
the case of SU(2) from the previous section and these geodesics are singular

in SU(3). Therefore the sub-Riemannian geodesics have the form (4-3) and the
lengths 7w +/n? — m? from Proposition 4.1(d).

Case 2: Consider ¢c; = 0, ap = by = a3 = b3 = 0. These geodesics are not
contained in any copy of SU(2) and are regular in SU(3). Here, c; =2mnm, m € Z,
and the eigenvalues of X are

—2mmi  and (mn:l:Va%—l—b%—i—mzrrZ)i.

By Theorem 3.9(c) we have that

(5-3) lc1| =2mm  and a12 + b% +m*n? =n*n?,
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where m, n € NU {0}, m < n, are both odd or even. Therefore, the sub-Riemannian
geodesic loop corresponding to (5-3) is

t(a1 X1+b1Y; R3) ,—tmR
]/(t)=€(al 1+bi1Yi+mRs) , mRs

and its length is w+/n2 —m2.

Case 3: If at least two of a; +b;i, j =1,2, 3, are not zero, then

dn +2m 2n —2m
co=—— =

T, = —,
3 3

where n, m € Z. Theorem 3.9(c) and the first Viete formula for the characteristic
polynomial imply that the eigenvalues of X must have the form

)\.1 = (—Cl — 2k7‘[)i,
(5-4) Ao = (c2 +2m)i,
M =(c1 —cry+2(k—1Dm)i.

The second Viete formula gives

(5-5) IH| = \/Cl 4k = 2D + (4l =2k +4k2 + 12 — kD)m2.
From the third Viete formula we find

derey(k — 1) +4el 2k — D ? +derk (k — 20w % + 23w — 2c5km + 8kl (k — )7

= (a3 4+ b3 —a} —b})cy — (a3 + b3 —aj —b})cy
+2(ajaxbs + a1byaz — byazaz + b1bybs3).

The complexity of this formula hides its true geometric meaning; however, in the
case when g = 0, it reduces to 0 = 0, and we have the following eigenvalues for X:

0 and £V|H[2+ X132

Without loss of generality we can assume that A; = 0. Then ¢; = 2km, which
implies that m = 3k — 2n and ¢, = 2(n — k). From (5-5) it follows that

|H || =27+ 2k —1)2 — nk + 2nl,
which in the case of k =/ reduces to

1HI = 2wV k=27 (k+ 5)2 — 2

This shows that, as expected, formula (5-5) includes the sub-Riemannian geodesic
loop length spectrum of SU(2).
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Note that g = 0 is satisfied if c =0, a7 +b} =a3 + b3 andaz = b3 =0. As a
numerical example we can give the sub-Riemannian geodesic loop of length 87

described by
V() = en(5X1+\/7Y1+5X2+\/7Y2+3R3)te—371R3t.

In conclusion, we have the following result.

Proposition 5.2. In SU(3) the sub-Riemannian geodesic loops have lengths equal to

Qn+m)Qk—1) | (n—m)Ql—k) e
Zn\/( ! + X )+(k FI2— kD),

where m,n, k,l € Z.
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THE ACTION OF THE HECKE OPERATORS ON THE
COMPONENT GROUPS OF MODULAR JACOBIAN VARIETIES

TAEKYUNG KIM AND HWAJONG YOO

For a prime number ¢ > 5 and a positive integer NV prime to g, Ribet proved
the action of the Hecke algebra on the component group of the Jacobian
variety of the modular curve of level Ng at ¢ is “Eisenstein”, which means
the Hecke operator T, acts by £ + 1 when £ is a prime number not divid-
ing the level. We completely compute the action of the Hecke algebra on
this component group by a careful study of supersingular points with extra
automorphisms.

1. Introduction

Let g > 5 be a prime number, and let N be a positive integer. Let Xo(Ng) denote the
modular curve over Q and Jy(N¢q) its Jacobian variety. For any integer n, there is the
Hecke operator T, acting on Jo(Ng). Let ®,(Ng) denote the component group of
the special fiber 7 of the Néron model of Jo(Ng) at g. According to the theorems of
Ribet [1988; 1990] (when g does not divide N) and Edixhoven [1991] (in general),
the action of the Hecke algebra on ®,(Ngq) is “Eisenstein.” Here by “Eisenstein”
we mean the Hecke operator 7, acts on ®,(Ng) by £ + 1 when a prime number ¢
does not divide Ng.! In this article, we compute the action of the Hecke operators
Ty on the component group ®,(Ng) when £ divides Ng and g does not divide N.

Here is an exotic example? which leads us to this study: Let N = [Ti—, pi be
the product of distinct prime numbers with v > 1, and let g =2 or 5 (mod 9) be an
odd prime number. Assume that p; =4 or 7 (mod 9) for all 1 <i <v. Let T(Ngq)
and T(N) denote the Z-subalgebras of End(Jo(Ng)) and End(Jo(N)), respectively,
generated by all the Hecke operators 7;, for n > 1. Let

mi=3,Ty, —1,T,+1, T —€—1: forall1 <i <v,
and for primes EJ(Nq) c T(Ng)

MSC2010: 11G05, 11G18, 14G35.
Keywords: Hecke operators, Hecke action, component group, modular Jacobian varieties.

0n the other hand, Ribet and Edixhoven did not proceed to compute the action of the Hecke
operator T on @4 (Ng) for a prime divisor p of the level Ng because their results were enough for
their applications.

2This phenomenon cannot occur when the residual characteristic is greater than 3.
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and
n:=(3,T, —1,T,—¢—1: forall 1 <i <v, and for primes £{N) C T(N)

be Eisenstein ideals. By [Yoo 2016, Theorem 1.4], m is maximal. Furthermore, n
is maximal if and only if v > 2.

The dimension of Jo(N)[n] is equal to v if n is maximal, i.e., v > 2. (Here
Jo(N)[n] := {x € Jo(N)(@Q) : Tx =0 for all T € n}.) It is an extension of u?”_l
by Z/3Z, and it does not contain a submodule isomorphic to p3. On the other
hand, the dimension of Jyo(Ng)[m] is either 2v or 2v + 1. Furthermore Jy(Ng)[m]
contains a submodule N isomorphic to Jo(N)[n], and it also contains ,uée” (which
is contributed from the Shimura subgroup). As N is unramified at g, by [Serre
and Tate 1968], N maps injectively into 7 [m] and it turns out that its image is
isomorphic to 7°[m], where .7 is the identity component of 7. (Note that ®,(Nq)
is the quotient of J by J 0.) Since ,u?” is also unramified at ¢, it maps into J [m]
and therefore its image maps injectively to ®,(Ng)[m]. (This statement is also
true when v = 1.) The structure of the component group ®,(Nq) is known by the
work of Mazur and Rapoport [1977]:3

®,(Nq) =D (Z/32)* 7,

where @ is cyclic and generated by the image of the cuspidal divisor (0) — (c0). The

action of the Hecke operators on @ is well known (e.g., [Yoo 2014, Appendix Al]),

and so ®[m] = 0. Therefore (Z/ 37)¥ ~[m] # 0 and its dimension is at least v.

Indeed it is equal to 2", which can easily be computed by the theorems below.
Now, we introduce our results.

Theorem 1.1. For a prime divisor p of N, the Hecke operator T), acts on ®,(Nq)
by p.

The key idea of the proof is that the two degeneracy maps coincide on the
component group (see [Ribet 1988; Edixhoven 1991, §4.2, Lemme 2]).

Now, the missing action is that of the Hecke operator 7, on ®,(Ng). Note
that 7, acts on ®,(Ng) by an involution because the action of the Hecke algebra
on ®,(Ngq) is “g-new.” To describe its action more precisely, we define some
notation: for N =[] p|v P"7 being the prime factorization of N (i.e., n, > 0), let
v:=#{p:p#£2,3}and let

0 ifg=1 (mod4) or 4| N or if there exists p = —1 (mod 4),
v {l otherwise,

0 ifg=1 (mod3) or 9| N orif there exists p = —1 (mod 3),
vi=
1 otherwise.

3There are some minor errors in the paper, which are corrected by Edixhoven [1991, §4.4.1]



HECKE OPERATORS AND COMPONENT GROUPS OF JACOBIAN VARIETIES 343

Suppose that (4, v) = (0,0) or v = 0. Then ®,(Ng) = ® and T, acts on ®
by 1, where @ is the cyclic subgroup generated by the image of the cuspidal divisor
(0) — (o0) (Proposition 4.1). If v > 1, &,(Ng) becomes isomorphic to

PP AP B,
where A ~ (Z/27)®**' =2, B~ (Z/37)®"®~V and @' is a cyclic group containing
® and /P~ (2/247).*
Theorem 1.2. Assume that (u, v) # (0,0) and v > 1.

(1) Suppose that v = 1. Then there are distinct subgroups B; >~ 7 /37 of B so that
B=@@B;. Forany1 <i < (2" —1), T, acts on B; by (—1).

(2) Suppose that u = 1. Then there are distinct subgroups A; >~ Z /27 of A so that
A=@®A; Foranyl <k < Qv-1-2), T, acts on A1 @ Aoy by the matrix
(% ?).5 In other words, if Ay_1 = (u_1) and Ay = (uay), then

T ,(uak—1) = uz—1 +uy and T, (uz) = uy.

For a complete description of the action of T, on each subgroup, see Section 4.

2. Supersingular points of X((N)

From now on, we always assume that ¢ > 5 is a prime number and N is a positive
integer which is prime to g. Let p denote a prime divisor of N. Let F be an
algebraically closed field of characteristic g.

Let X (N) denote the set of supersingular points of Xo(N)(F). Since we assume
that ¢ > 5, the group of automorphisms of supersingular points is cyclic of order 2,
4 or 6. Let

Y,(N):={se X(N): :#Aut(s) =n} and s,(N):=#Z,(N).

Note that s4(N) = u-2" and s¢(N) = v -2 (see [Edixhoven 1991, §4.2, Lemme 1]),
where u, v and v are as in Section 1. Moreover s;(N) can be computed using
Eichler’s mass formula [Katz and Mazur 1985, Theorem 12.4.5, Corollary 12.4.6]:

52(N) | sa(N)  s¢(N) (q—1DQ
2 4 6 24

where Q :=N l_[p|N(1 +p~ 1) is the degree of the degeneracy map Xo(N) — Xo(1).

2-1)

4The structure of @4 (Ng) is already known by [Mazur and Rapoport 1977] when N is square-free
and prime to 6, and by [Edixhoven 1991, §4.4.1] in general.

5This reminds us of the result by Mazur [1977]: when N is a prime number, the kernel of the
Eisenstein prime of Jy(NV) containing a prime number ¢ is completely reducible when ¢ is odd, and is
indecomposable when ¢ = 2.
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In the remainder of this section, we study »4(N) and X(N) in detail. (See
also [Ribet 1988, §2; 1995, §4; Edixhoven 1991, §4.2].) In the section below, we
always assume that v > 1, i.e., there is a prime divisor p > 5 of N. (If v =0 then
s2.(N) <1 for e =2 or 3, and the description is very simple.)

Let & be a supersingular elliptic curve with Aut(£) = (o), and let C be a cyclic
subgroup of £ of order N. Assume that g = —1 (mod 4) (resp. ¢ = —1 (mod 3)) if
o = o4 (resp. o = 0g), where oy is a primitive k-th root of unity.

Proposition 2.1. Let N = p” for some n > 1 with p > 5. Suppose Aut(€, C) = (o).
Then, there exists another cyclic subgroup D of order N such that E[N] ~ C & D.
Moreover, Aut(E, D) = (o) and (€, C) is not isomorphic to (£, D).

Proof. Here, we closely follow the argument in the proof of Proposition 1 in [Ribet
1988, §2].

Let R be the subring Z[o] of End(&, C). Since Aut(E, C) = (o), p=1 (mod 4)
(resp. p =1 (mod 3)) if 0 = 04 (resp. 0 = 0¢). Therefore p splits completely in R.
Note that R = Z[o] is a principal ideal domain and therefore

R/pR~R/YyR®R/SR~5R/pR®yYR/pR
with p = y§. Moreover,
R/NR=R/p"R~R/y"R®R/§"R>~8"R/NR®y"R/NR.

Note that £[N] is a free module of rank 1 over R/N R by the action of R on €£.
We may identify C with the quotient /N R for some ideal I of R containing N
if we fix an R-isomorphism between £[N] and R/NR. Thus, I = §"R or y"R.
Suppose that I = §" R. Then, by the fixed isomorphism, C = £[y"]. Let D := £[§"]
so that its corresponding ideal is y"R. Then, £[N] >~ C @& D. Moreover since
y" R is also an ideal of R, D is also stable under the action of . In other words,
Aut(&, D) = (o). Also, (£, C) cannot be isomorphic to (£, D) since Aut(€) = (o)
and o (C) =C. U

From now on, we use the same notation as in the proof of Proposition 2.1.

Definition 2.2. By the above formulas, for every n > 1 and p =1 (mod 4) (resp.
p =1 (mod 3)), there are precisely two cyclic subgroups C, D of £ of order p"
such that Aut(&, C) = Aut(E, D) = (o) (and E[p"] =~ C & D) if 0 = o4 (resp. if
0 = 0¢). Thus, for each n > 1 we define Cj» and D by

Cpn :=E[y"] and D= E[8"].
Proposition 2.3. For eachn > 1, C,ut1[p"]=Cpn and D ,n1[p"] = D .

Proof. By the fixed R-isomorphism ¢ between E[p"*!] and R/p"*' R, we identify

Cpit with I/p"™ 'R, where I = §"t'R. As I is an ideal of R, yI = p(§"R) C I
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and I/yl ~ R/yR ~7/pZ. Therefore

Cpn[p"l —— (I/p" ' R)[p"1=y1/p" 'R +/> (8"R)/p"R,
x1/p

which corresponds to Cp». Similarly, we prove that Du+1[p"] = D)pr, and the
proposition follows. U

Let N = Mp" with (6M, p) =1 and n > 1. Let L be a cyclic subgroup of £ of
order M.

Proposition 2.4. Suppose that Aut(E, Cn+1, L) = (o). Then, there is an isomor-
phism between (£/C, C 1 [Cp, (LB Cp)/Cp)) and (€, Cpn, L).

Proof. We mostly follow the idea of the proof of Proposition 2 in [Ribet 1988, §2].

The endomorphism y sends 5[;/"“] = Cprt1 tO E[y"] =Cpn, and L to itself
(because L NE[p] =0). Now we denote by y the map £/C, — £ induced by y.
Note that y is an isomorphism because C,, is £[y ], the kernel of y. By the above
consideration, this isomorphism y sends (C+1/Cp, (L&®Cp)/C)p) to (Cp, L) because
Cpn1/Cp and (L & C)p)/Cp, respectively, are the images of C,.+1 and L by the
quotient map £ — £/C[p]. Therefore y gives rise to the desired isomorphism
between triples. U

Corollary 2.5. The map (€£,C, L) — (£, C[p"], L) induces a bijection between
Y2.(Np) and ¥y,(N), where 0 = 02,. Moreover if (£, C, L) € Xy.(Np), we have

(€, Clp"], L) = (£/Clp), C/Clp], (L& Clp])/CLpD.

The corollary tells us that two degeneracy maps o, and 8, in Section 3 coincide
on X,.(Np), which is a generalization of [Edixhoven 1991, §4.2, Lemme 2].

Proposition 2.6. Suppose that Aut(E,Cpn, L) = (o). Then, Frob(€) = &£ and
Frob(C,») = D,n, where Frob is the Frobenius morphism in characteristic q.
Furthermore, Frob? (€, Cpn, L) =(&E,Cpn, L).

Proof. Since £ is isomorphic to the reduction of the elliptic curve with j-invariant
1728 (resp. 0) if 0 = 04 (resp. o = 04), the Frobenius morphism is an endomorphism
of £ (see [Silverman 2009, Chapter V, Examples 4.4 and 4.5]). Moreover, the
Frobenius morphism and o generate End(£), which is a quaternion algebra. (Note
that the degree of the Frobenius morphism is g.) Since End(£) is a quaternion

algebra, we have

o oFrob =Froboo = Froboa_l,

where ¢ denotes the complex conjugation in R = Z[o']. Analogously, we have
y o Frob = Frobo y = Frob o §.

Since o (Frob(Cpn)) = Frob(o ' (C ) = Frob(C,n), Frob(Cpn) is also stable
under the action of 0. Moreover Cj,» does not intersect with the kernel of Frob.
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Thus, Frob(C,») is either Cpn or Dpn. As an endomorphism of £, y sends Cp» (resp.
Dpn) to Cpn-1 (resp. Dpn). Similarly, § maps Cp» (resp. D) to Cpn (resp. D p-1).
Therefore if Frob(Cpn) = C,», then

y oFrob(Cpn) = y(Cpr) =Cpn1 and  Frobod(Cpn) = Frob(Cpn) = Cpn,

which is a contradiction. Thus, we get Frob(Cpn) = Dn.

Since every supersingular point can be defined over [, the quadratic extension
of [y, Frob? acts trivially on X (N) (see [Ribet 1990, Remark 3.5.b]), which proves
the last claim. O

Remark 2.7. By taking H = (Z/NZ)* in Lemma 1 of [Ribet 1995], we can obtain
a similar result if we show that the Atkin—Lehner style involution in [Ribet 1995, §4]
is equal to the Frobenius morphism.

3. The action of T, on the component group

Before discussing the action of the Hecke operators on the component group, we
study it on the group of divisors supported on supersingular points, which we denote
by Div(Z(N)).

Let N = Mp" with (M, p) =1 and n > 1, and assume that (N, g) = 1. Let
ap, Bp:Xo(Npg) = Xo(Ng) denote two degeneracy maps of degree p, defined by

a,(E,C,L):=(E,C[p"],L)

and
Bp(E,C,L):=(E/C[p],C/C[p], (L+C[p]D/C[pD,

where C (resp. L) denotes a cyclic subgroup of order p"*! (resp. Mgq) in an
elliptic curve E (see [Mazur and Ribet 1991, §13]). Let T, and &, be two Hecke
correspondences defined by the following diagram:

Xo(Npq)

N
sp

By pullback, the Hecke correspondence 7, (resp. &,) induces the Hecke operator
T,:=Bpx0 a; (resp. &y :=ap x 0 ﬂ;) on Jo(Ng).

The same description of the Hecke operator T), on Div(X(N)) as above works. In
other words, we have two degeneracy maps® « p> Bp : Z(Np) = X(N) of degree p,
defined by

a,(E,C,L):=(E,C[p"],L)

6Every elliptic curve isogenous to a supersingular one is also supersingular
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and
Bp(E,C,L):=(E/C[p],C/Clp]l, (L+C[p]D/ClpD,

where C (resp. L) denotes a cyclic subgroup of order p"*! (resp. M) in a supersin-
gular elliptic curve E over F. These maps induce the maps

Div(E(N)) —t Div(Z(Np)) —mt Div(E(N))
B B

on their divisor groups, and the Hecke operator T, (resp. &,) can be defined by
Bp.xo oz; (resp. ap 4 © ,3;). (For the details when n = 0, see [Ribet 1990, §3; 1991,
pp. 18-22; Edixhoven 1991, §4.1; Emerton 2002, §7]. By the same method, we get
the above description without further difficulties.)

Now, let ®,(Ng) denote the component group of the special fiber J of the
Néron model of Jyo(Ng) at g. To compute the action of 7), on it, we closely follow
the method of Ribet (see [Ribet 1988; 1990, §2, §3; Edixhoven 1991, §1]). Since
N is not divisible by ¢, the identity component 7° of 7 is a semiabelian variety by
Deligne and Rapoport [1973] and Raynaud [1970]. Moreover, 7 is an extension
of Jo(N)r x Jo(N)F by T, the torus of J 0 Let X be the character group of
the torus 7. By Grothendieck, there is a (Hecke-equivariant) monodromy exact
sequence [SGA 71 1972] (see also [Ribet 1990, §2, §3; Raynaud 1991; Illusie
2015, §41),

0 —— X —— Hom(X"', Z) — ®,(Ng) — 0.

Here X' denotes the character group corresponding to the dual abelian variety of
Jo(Ng), which is equal to Jo(Ng). Namely, X’ = X as sets, but the action of
the Hecke operator Ty on X’ is equal to the action of its dual & on X (see [Ribet
1988; 1990, §3; Emerton 2002, §7]). Note that & is the group of degree 0 elements
in Z¥M). For s, t € £(N), let e(s) := 3#Aut(s) and

e(s) ifs=r,
0 otherwise,

¢s(t) = {

and extends via linearity, i.e., ¢ (Z aiti) =Y a;¢s(t;). Then, t(s — 1) = ¢g — ;.
Note also that Hom(Z>™) | 7) is generated by vy, := 1/e(s)¢s, and Hom(X?, Z) is
its quotient by the relation

1
2 U= ) gt =0
SEX(N) sEX(N)

(This is the minimal relation to make ) a,,¥,, vanish for all the divisors of the
form s — ¢, which are the generators of X'.) For more details, see [Ribet 1990,
§2, §3, Raynaud 1991].
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In conclusion, the component group ®,(Ngq) is isomorphic to
Hom(Z=™), 7)/R,
where R is the set of relations
(3-1) R= {e(s)ws =e(t)y; forany s,teT(N), Y :0}.
t€S(N)

Let W, denote the image of v by the natural projection Hom(Z*™),7) —
®,(Ng). The Hecke operator T, acts on Hom(Z*™), 7) via the action of &p
on Div(2(N)), i.e.,

Tp(Y) (@) := Y5 (65 (1)) = Y5 (ap 5 0 B (1))

For s € X (N), we temporarily denote oz;j (s)= ip:1 Al(s) and ,8; (s)= f:l Bi(s)
(allowing repetition). We note that if e(s) = 1 then there is no repetition, i.e.,
Al(s) 2 A/(s) and Bi(s) 2 B/ (s) ifi # j. If e(s) = e > 1, then after renumbering
the index properly we have

e(Al(s))=1 for 1<i<p—1 and e(AP(s)) =e.
Moreover, we have

p—1
e

Ae(k—l)-i-l(s) ~L~ AEk(s) for 1 <k<

and . .
Al(s) 2 Al(s) if [%}#[g]

e

where [x] denotes the largest integer less than or equal to x. This can be seen
as follows: Let 0 = o2., and let s represent a pair (£, C), where C is a cyclic
subgroup of E of order N. Since e(s) =e, o(C) = C. Suppose that s’ € Z(Np)
with ap, +(s") = s. Then s’ represents a pair (£, D) with DIN]=C. If 0(D) = D,
then Aut([(£, D)]) = (o) and (€, D) % (£, D') if D # D'. (Note that there is a
unique such D.) On the other hand, if o (D) # D then

(E, D)~ (E,0(D)~---~ (0 (D) ~ (& 0¢D)) = (&, D)

and Aut([(£, D)]) = {£1}. Thus, we can rearrange A’(s) as above. (Note that this
can only be possible when p =1 (mod 2¢), which is true because e(s) = e.)
Now, we claim that ¢, (), (1)) = ¢, (ot;’;(s)). Indeed, ¢;(ap «(f)) is nonzero
if and only if ¢ € {Al(s), ..., AP(s)}. So, it suffices to show this equality when
te{Al(s), ..., AP(s)}. If e(s) = 1, then there is no repetition and the claim follows
clearly (both are 1). Now, let e(s) = e > 1. If e(t) = 1, then t = A’(s) for some
1 <i < p—1. Since the number of repetitions of r = A’ (s) in {A'(s), ..., AP(s)}ise,
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the above equality holds. If e(r) =e, thent = AP (s) and ¢ (ap +(1)) =e = ¢, (oz; (s)),
as claimed. Analogously, we have

G (Bp,«(5)) = ds (B, (1)).

More generally, we get

> 61 (Bps (A7 () = ¢ (Bp.s 0 €()) = i (Tp(s)).

J

14 p P
b5 (@p 0 By(1) =Y bs(etp (B0 =YY" bpi(ry(A(5))
i=1 i=1 j=I
p P ) p
=Y bai (B 0= $ai(B5(0)
j=1i=1 j=l1
14
j=1

If we set T),(s) = ) _ s, then ¢ (T, (s)) = D ¢y, (t) = Y _ e(si) ¥, () and hence for
any 1 € Z(N),

e Tp(Y) (@) = s(ap,« 0 B, (1) = ¢ (Tp(s)) = e(si) Py, ().

In other words, we get

(3-2) T (%) = 25 D el

We can also define the action of 7, on the component group via functorialities.
Namely, let

a; Up x
q(Ngq) ? 4 (Npq) ﬁ:§ Dq(Ngq)
P po*

denote the maps functorially induced from the degeneracy maps.” Then, as before,
Tp := Bp «oa),. Note that since the degrees of «, and B, are p, we have o), o), =
IBp,* o ﬂ; =P

Lemma 3.1. The operator o,  is equal to B, « on ®,(Npq).

Proof. For s € ¥5,(Npq) with e =2 or 3, a,(s) = B,(s) by Corollary 2.5, and
hence ) «(V;) = By« (V). For s € X2(Npq), leta,(s) =t and B,(s) = w. Then,
ap«(Vy) = eV, = e(w)V,, = B« (V). In other words, for any s € £(Npq),
ap «(Wy) = By «(Ys). Since ¥;’s generate ®,(Npq), the result follows. O

In fact, Theorem 1.1 is an easy corollary of the above lemma.

1t a;‘,(s) =) t; then a;‘,(\l{g) =3 Wy; and if ap(f) = s then ap (V) = e(s)/e(t)¥s; and
similarly for g and Bp .
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Proof of Theorem 1.1. Since ap, 4« = B, « on ®,(Npq), we have
Tp(lps) = ,Bp,* oa;(\lls) =0UpxO a;(lps) = pV¥y,

which implies the result. (]

4. The action of 7, on the component group

In this section, we provide a complete description of the action of 7;; on the compo-
nent group ®,(Ng). See Propositions 4.2, 4.3 and 4.4, which imply Theorem 1.2.

Note that the Hecke operator T, acts on X (N) by the Frobenius morphism [Ribet
1990, Proposition 3.8], and the same is true for &,. Since the Frobenius morphism
is an involution on X (N) (see Proposition 2.6), we have

(4-1) T, (Ys) (1) = Y5 (54(1)) = Y5 (Frob(1)) = YFrop(s) (1) forany 1€ X(N),

which implies that T, (V5) = YFrob(s)-

From now on, if there is no confusion we remove (N) from the notation for
simplicity. Let n := %(q — 1) O (which is not necessarily an integer), and let ®
denote the cyclic subgroup of ®,(Ng) generated by W; for a fixed s € . (Note
that this @ is the same as that of Mazur and Rapoport [1977], namely, ® is equal
to the cyclic subgroup generated by the image of the cuspidal divisor (0) — (00).)

Case 1: (u,v) =(0,0)0rv=0. Lete =1 if (u,v) =(0,0) and e = 2u + 3v if
(u,v) #(0,0)and v=0. If (4, v) = (0, 0), 5o =n and s4 =56 =0. If (u, v) # (0, 0)
and v =0, then sp, =1 and s, = é(en —1). (Note that s; is an integer but n is not.)

Proposition 4.1. The component group ®,(Nq) is equal to ®, which is cyclic of
order en. The Hecke operator T, acts on it by 1.

Proof. First, we assume that (u, v) = (0, 0). Then Wy = W, for any s € X = .
Therefore ®,(Ng) = ® and nW; = ) 5 W = 0. Moreover, T, (V) = Wy = ,,
where s’ = Frob(s).

Now, we assume that (1, v) # (0, 0) and v = 0. In this case, either N = 2g (with
(u,v) =(1,0) and e =2) or N = 3¢g (with (#, v) = (0, 1) and e = 3). In each case,
let z € Xy.. Then

DWW =5 W+ W, =0 and U=,

SE€EXH

Therefore the component group is generated by W, and its order is (esy 4+ 1) = en.
Since en = es, + 1 is prime to e, this group is also generated by W, = eW,. (In fact,
WV, = —s5,W;.) Moreover we have T, (V) = W, as above. U
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Case2: (u,v)=(0,1) and v>1. Inthiscase, s4=0, s¢=2" and s, = %(311 —2Y).
Let ¢ :={t1, t2, ..., t»»}. Here we assume that Frob(ty;_1) = to; for | <k <2"~18
Lett:=tp_1and t' :=tpv.
Proposition 4.2. The component group ®,(Nq) decomposes as follows:

2v—1

©,(Ng) = (D Bi = By @ B.

i=0
where By = ® is cyclic of order 3n, and for 1 <i <2" —1, B; is cyclic of order 3.
For 1 <k <2"~1 Boy_ and By are generated by

Vo1 =Wy, — Wy
and
Vo = \'IJtZk,I + \Ijtzk - \Ijt - lIJl‘”

respectively. The Hecke operator T, acts on B; by (=D
Proof. Note that ¥ =3V, = 3‘1’,}. for all 7, j and 212;1 W, + s, W = 0. Therefore

®,(Ngq) is generated by ¥, for 1 <i < 2" — 1. The order of each group (¥;)
is 9n because

2v 2v
W, =353W,)+ > 3¥, = 3( dDow+ ) \If,l) =0,

i=1 SEY) i=1

and 9n is the smallest positive integer to make this happen. Moreover (W) N (\W;;)
is of order 3n for any i # j. Since 3n = 3s, 42" is prime to 3, we can decompose
the component group into

2"-2
(4-2) (3W;) ®((Bs2+2")W,) @(‘Pn — ).

i=1
Since W, =3V, =3V, =3V, for any i and

2U
Z \Ilti = —3S2111[,
i=1

we have
Wo—1 — W, =201 + 20 + v,

Wor — Wy = vp—1 + 2091 + Vv,
21)—1

211
G2 +2)0W =) (U= W) == vy~ (=D"v2y.
i=l k=1

Therefore the decomposition in the proposition is isomorphic to (4-2). The action
of T, on each B; is obvious from its construction. O

8By Proposition 2.6, we know that Frob is an involution of g without fixed points.
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Case 3: (u,v) = (1,0) and v > 1. Note that s4 = 2", s¢ =0, and so =n — 2"\,
Let X4 = {w;, wy, ..., wy}. As before, we assume that Frob(wy;_1) = wyy for
1<k<2""19 Letw:=wy_; and w’ := wyv.
Proposition 4.3. The component group ®,(N q) decomposes as

2v-2

®,(Ng) =P Ai =A@ 4,

i=0
where Ay is cyclic of order 4n generated by V., and for 1 <i <2" —2, A; is cyclic
of order2. For 1 <k < 2=V 2 As_ and Ay are generated by

Uop—1 =Wy, , — Yy and uy := Yy, | + Wy, — Yy — WYy, respectively.
And Ayv_3 and Ay _j are generated by
uy _3:=VWy,, ,— VW, and uy _:=W,,, ,— Wy, ,, respectively.

Moreover, the action of the Hecke operator T, on each group is as follows:
v
T, (W) = (1420, + Y uy,
i=1
Ty(ua—1) =usk— +uy and Ty(uy)=uy for 1 <k<2""'-2,
21)—I_2
1, (up_3) =2nV¥, +uy 3+ Z uy and T, (Uaw_n) =uy_s.
i=1

Proof. The argument in Proposition 4.2 applies mutatis mutandis. For instance,
when v > 2 an isomorphism between Ag @izzjzullwi —W,,) and Ag @ A can be
given as follows: for 1 <k < v-1_9,

W — VYo =uop +Upp—1 + Wy — ¥y,
2v1-]
\ij — \ij/ = 2n\.Ilw + Z uy;,
i=1

\ijzu,z — Wy =up_3+uy .

The action of the Hecke operator T, on each A; is clear except
2v1-]
Ty (W) = Wy =Wy, — (W — W) = (1420 W, + ) 1y,
i=1
Ty(uar—3) = Wy , =Wy = w3 +up o+ (Vy — Wyy) 1y
=2nV, +uy_3+ Z uy. 0O
i=1

9By Proposition 2.6, we know that Frob is an involution of X4 without fixed points.
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Case 4: (u,v) =(1,1) and v > 1. Note that 54 = s¢ =2" and s, = %(611—5 -2Y).
Let ¥4 = {wy,...,wp} and Xg := {t1,...,H»}. As before, we assume that
Frob(wy;_1) = wyr and Frob(tyy_1) = tor for 1 < k < 2Vl et w = Wov_1
and w’ := wyv. Also, let t :=trv_; and ¢’ := tpv.

Proposition 4.4. The component group ®,(Nq) decomposes as

where Ag is cyclic of order 12n generated by V,,. The structures of A and B are
the same as those in Propositions 4.2 and 4.3. The actions of T, on A and B are
the same as before except on A3 (when v > 2), where T acts by

2v1-2
T,(uz»_3) =6nV¥y, +uy_3+ Z uy;.
i=1
Moreover, the action of T, on Ay is analogous to the previous case:
vl
T, (W) = (1+6mWy + Y .
i=1
Proof. Note that from (3-1), we have
oW + Wy +- -+ Wy + W, -+ Wy = 0.
Multiplying by 3, we have
(4-3) Wy 4+ Wy = —Bs2+2-2")W, = — (652 +4-2")W,,.
Also, multiplying by 4, we have
(4-4) U+ Wy = —(4sy +3- 2" = — (125, + 9 - 2") ;.

Therefore Wy, ..., ¥y, ¥y, ..., ¥, can generate the whole group. By a similar
computation, the order of (¥,,) is 12n and the order of (V) is 18n. All of
them contain & as a subgroup, which is of order 6n. Here we note that (\W,) =
(3W,) & (6n\V;) because 6n = 6s,+5-2" is prime to 3. Therefore we can decompose
®,(Ng) into

V2 V-2
(4-5) (W) P (W, — W) P (W, — W) P i6nY,).

i=1 i=1
As in Propositions 4.2 and 4.3, we can find an isomorphism between (4-5) and
Ao @ A @ B, which proves the first part. From (4-3) (and the previous discussions)

we have
2v=1-1 2v=1-]

Wy — Wy = (653+5- 200, + Y upi=6nWy+ Y uy.

i=1 i=1
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The action of T, on each component is also obvious except
vl
Ty (W) =Wy =Wy, — (W), —Wy) = (1 +6mWy + Y ua,
i=1
Tq (up_3) = LI"wzu_z — Wy =upy 3+upy_ o+ (Vy, —Wy) w=1_1p

=6nVY, +uy_3+ Z uy. O
i=1
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LIOUVILLE THEOREMS, VOLUME GROWTH, AND
VOLUME COMPARISON FOR RICCI SHRINKERS

L1 MA

We study volume growth, a Liouville theorem for f-harmonic functions,
and a volume comparison property of unit balls in complete noncompact
gradient Ricci shrinkers and gradient steady Ricci solitons. We also study
integral properties of f-harmonic functions and harmonic functions on com-
plete manifolds, such as the Ricci-Einstein solitons.

1. Introduction

In the study of Ricci flow on a compact Riemannian manifold, because of its
complicated nonlinearity, one meets singularities of the flow in finite time. After
blowing up, one expects to get self-similar Ricci shrinkers or steady Ricci solitons
[Hamilton 1995]. In the case of a type-I singularity in dimension three, one gets
nontrivial gradient Ricci shrinkers via the use of the Ivey—Hamilton pinching
estimate, and the classification of this type of self-similar Ricci shrinker was done
by G. Perelman [2000]. In the case of a type-I singularity of dimension four,
A. Naber [2010] showed that one gets a gradient Ricci shrinker, and nontrivial
properties of this Ricci shrinker have been studied by others. These solitons can
be considered as special examples of weighted Riemannian manifolds or metric
measure spaces [Bakry and Emery 1985; Wei and Wylie 2009; Lott and Villani
2009; Chen 2009; Chow et al. 2006; Lichnerowicz 1970; Lott 2003; Ma 2013;
Sturm 2006a; 2006b; Yang 2009; Munteanu and Wang 2011; 2014; 2015]. Because
of the importance of four-dimensional Ricci shrinkers, many people study various
properties of them; see for example [Ma 2013; Cao and Zhou 2010; Cao 2007; 2010;
Carrillo and Ni 2009; Munteanu and Wang 2015; Haslhofer and Miiller 2011]. In
this paper, we examine three questions about Ricci shrinking and steady solitons, in
particular for Ricci shrinkers which are the complete Riemannian manifold (M, g)
such that Ric s :=Ric +D? f = Ag on M, where Ric is the Ricci curvature of (M, g),
f M — R is a smooth function in M, and A > 0 is a constant. One question under

This research is partially supported by the National Natural Science Foundation of China, grant
nos. 11771124 and 11271111.
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consideration in this paper is about the volume comparison of unit balls on Ricci
shrinkers. The other two are about f-harmonic functions and harmonic functions
with finite energy. The volume comparison of unit balls is an important step to
understanding the volume growth of geodesic balls in gradient Ricci shrinkers. The
Liouville theorems for f-harmonic and harmonic functions with finite energy are
important to understanding the connectivity at infinity about gradient Ricci solitons;
see [Munteanu and Wang 2015].

We have the following new results. The first is the volume comparison of unit
balls at any point x € M with a unit ball at a fixed point p € M, which deals with
the injectivity radius decay from the point p to the point x and is important to
understanding the topology of the underlying manifold at infinity.

Theorem 1. On the complete noncompact gradient Ricci shrinker (M, g, f) with
Ricci curvature bounded by —(n — 1)k? for some constant k > 0, we have

Vol(B, (1)) = exp(—+/co(n — 1)R) Vol(B, (1)),

where cq is a uniform constant which does not depend on x and R = d(p, x) > Ry
for some uniform constant Ry > 1.

The above result is motivated by the work of Ovidiu Munteanu and Jiaping
Wang [2014] and the result is not sharp, as pointed out by the referee. In fact,
if the Ricci curvature is bounded from below, the logarithmic Sobolev inequality
of [Carrillo and Ni 2009] implies a uniform lower bound of the volume of unit
balls, Vol(B,(1)) > %Vol(Bp(l)). However, from our argument, our result is
true on a complete smooth measure space of dimension n with Ricy > % g and
|V f|> < f and with Ricci curvature bounded below by —(n — 1)k? for some
constant £ > 0 on M. Notice that with the extra bound on Ricci curvature, our
result improves the result of Lemma 5.2 in [Munteanu and Wang 2014]. We remark
that the above result is still true for steady Ricci solitons. See Theorem 5 in
Section 2.

We want to understand the topology and geometry from properties of (super-
or sub-) harmonic functions and f-harmonic functions on Ricci solitons. By a
well-known argument, we know that there is no nontrivial positive f-harmonic
function on a gradient Ricci shrinker. In fact there is no nonconstant positive f-
superharmonic function u (A yu := Au—V f.Vu < 0) on the complete Riemannian
manifold (M, g) with Ricy > %g on M. The process of proving this is below.
Recall that the weighted volume of (M, g) is finite [Morgan 2005]; i.e., V(M) :=
f M e fd vy < 00. Assume u > 0 is such a positive f-superharmonic function on M.
Let v =logu. Then we have

Aru
Apv==L"_|vuP < — Vo],
u
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Thus, for any cut-off function ¢ > 0 on the ball B,(2R) C M with ¢ =1 in B,(R),
we have

/ IVu*p?e™ dv, < 2/ ¢Vp.Vve ! du,.
M M

By the Cauchy—Schwarz inequality we get
/ |Vu*p?e™/ dvg < 4/ IVo|2e ™ dv, < 1—62Vf(M) -0
M M R

as R — oo. Hence, |Vv|> =0 in M, which implies that u is a constant on M.
Although this result is known to experts, we cannot find it in the literature. We
formulate it as below.

Proposition 2. Let (M, g, ) be a complete Riemannian manifold (M, g) with
potential function f satisfying Ricy > % g on M. Then there is no nonconstant
positive f-superharmonic function on (M, g).

We are now trying to find another kind of Liouville theorem for an f-harmonic
function with weighted finite energy on a gradient Ricci shrinker. We show that as
a direct consequence of a Bochner-type formula, see [Ma and Du 2010], we have
the following Liouville-type theorem.

Theorem 3. Let (M, g) be a complete noncompact Riemannian manifold such that
Ricy > h(x)g for some potential functions f(x) and some nontrivial nonnegative
function h(x) in M. There is no nontrivial f-harmonic function u defined in (M, g)
with weighted finite energy; i.e.,

/ |Vu|?e™/ dv, < cc.
M

The proof of this result is given in Section 3. We remark that when one studies
self-similar solutions to the Ricci-Einstein-type flow

0, = —2Rc(g) + ¥ Rg,

where y is a physical constant and R = R(g) is the scalar curvature of the manifold
(M, g), one gets the soliton equation of it in the form

Ricy =y Rg +Ag,

which gives what may be called Ricci—FEinstein solitons. Theorem 3 can be used
for these solitons.

Proposition 4. Fix any p € M. Assume that the complete noncompact Riemannian
manifold (M, g) satisfies Ricy > h(x)g for some potential functions f (x) and some
smooth function h(x) with

Vi) =ad(x, p)+b
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for some uniform constants o > 0 and b > 0 in M. Then for any harmonic function u
with finite energy, i.e.,
f |Vu|? < oo,
M
we have the integral inequality
/ |V2u|? +/ h(o)|Vu? < L f Af|Vul*.
M M 2 Ju

As a consequence, when Af(x) <2h(x) on M, we have D*u=0in M i.e.,Vuis
a parallel vector field on M.

We now give a few remarks related to this result.

(1) Naber [2010] proved that for the weighted smooth metric space (M, g, f)
satisfying Ricy < %g and |Ric| < C, there exists @ > 0 such that if Afu :=
Au—V f.Vu=0o0n M with |u(x)| < Aexp(ad(x, p)?) for some A >0and p € M,
then u is a constant.

(2) Munteanu and Sesum [2013] proved that for gradient shrinking Kéhler—Ricci
solitons, if the harmonic function u has finite energy, i.e., f y |Vu |2 < 00, then u is
a constant. As a consequence of this result, they showed that such a manifold has
at most one nonparabolic end; see [Munteanu and Sesum 2013] for the definition
of nonparabolic end. In the earlier work [Munteanu and Wang 2011], they proved
that on a weighted smooth metric space (M, g, f) satisfying Ric; > 0 and f is
a bounded function, any sublinear growth f-harmonic function on M must be a
constant.

(3) Some consequences of Proposition 4 are given in Section 3.

Here is the plan of the paper. We study the volume comparison of unit balls of
gradient Ricci shrinkers and gradient steady Ricci solitons in Section 2. We prove
Proposition 2 and Theorem 3 in Section 3. In the last section, we consider integral
properties for harmonic functions on Ricci solitons and prove Proposition 4.

2. Volume comparison of unit balls

We now prove Theorems 1 and 5. We use an idea similar to the proof of Theorem 2.3
in [Munteanu and Wang 2014].

We first give a proof of an improved volume comparison of unit balls on the
weighted Riemannian manifold of shrinking type.

Proof of Theorem 1. Again, we take any point x € M and express the volume form
in the geodesic polar coordinates centered at x as

dV|epr(rg) = J(x, r, f) dr d.’;:
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for r > 0 and & € S, M a unit tangent vector at x. We let R = d(p, x) and omit
the dependence of the geometric quantities on £. Let R =d(p, x) > 2. Let y(s)
be the minimizing geodesic starting from x connecting y(0) = x to any point
y(T) € B,(1). By the triangle inequality we know that T € [R — 1, R+ 1]. It is
well known [Li 1993] that along the minimizing geodesic curve y, we have

m'(r) + ﬁmz(r) +Ric(d,, 9,) <0,

where r > 0 and m = m(r) = j—r(log J)(r). Using the Ricci soliton equation
Ricy = % g we immediately obtain

m' () + () < =3 + ).

Integrating this relation, we get for r > 1,
r
m)+—— | miyde < -1
n—1/J, 2

Recall the well-known fact (see (2.3) and (2.8) in [Cao and Zhou 2010] in different
notation) that for any 7 > t > 0, we have

+ ) = f'(D) +m(D).

(1) — 3T —1)—c< fl(t) < —35(T—1)+c

and | f'(T)| < c since y(T) € B,(1). Here and everywhere in the proofs, ¢ denotes
a constant depending only on the dimension # and f(p). By this we know
r—
2
for some uniform constant ¢y > 0.
Using the Ricci curvature lower bound, a standard argument shows, see (1.1.8) in
[Schoen and Yau 1994], that there is a uniform constant ¢; > 0 such that m(s) < ¢;
for s > % Then we have for another uniform constant ¢y > 0 and for any r > 1,

L - <e

r

m(r) + L m2(t) dt < cp.
n—1J

By the Cauchy—Schwarz inequality we obtain

1 ’ 2
i—Tr </1 m(t) dt> <c

2 m(r) +

for any ¢ > cp and r > 1.

Claim. For any r > 1,

3) /r m()dt <+ /c(n—1r.
1



362 LI MA

In fact, let
v(t) =+/cn— 1)t — / m(r)dr.
1
Then
fon Jen—1) _
v(t) = —2ﬁ m(t)

Clearly v(1) > 0 by the fact that ¢ > cg. Suppose that v is negative somewhere
fort > 1. Let d > 1 be the first zero point of v; i.e., v(d) = 0. Then by the choice
of d, we have v/(d) <0. That is,

d
/ m(t)dt =+/c(n—1)d
1

Jen—1)
2Jd

and

m(d) >

By direct computation we know

1 d 2 Jem=D
m(d)+m</; m(t)dta) > W—f—c,

which is a contradiction with (2) at r = d.
The relation (3) implies

log J (x, 7, §)/J (x,1,£) < /e = Dr
for any r > 1 and we have at r = R,
J(x.1,6) = exp(=/c(n— DR)J (x, R, §).
Integrating over the unit tangent vectors £ we get
Area(d By (1)) > exp(—y/c(n — 1)R) Vol(B,(1)).
where R = d(p, x) > 2. Similarly we have
Area(d B, (s)) > exp(—y/c(n — 1)R) Vol(B, (1))

for any s € l, 1|. Hence, we have
y 2

Vol(B (1)) > exp(—+/c(n — 1)R) Vol(B,(1)). (]
A similar argument gives us the result below for gradient steady Ricci solitons.

Theorem 5. On the complete noncompact Riemannian manifold (M, g, ) with
Ricci curvature bounded below by —(n — 1)k? for some constant k > 0 and Rc =0
on M and |V f| < C on M for some uniform constant C > 0, we have

Vol(B, (1)) = exp(—+/co(n — 1)R) Vol(B, (1)),
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where cg is a uniform constant which does not depends on p and R =d(p, x) > Ry
for some uniform constant Ry > 1.

The proof of Theorem 5 is almost the same as the previous proof. So we only
present the necessary modification and use the same notation as above. Again we
have along the minimizing geodesic curve y,

m'(r) + n—ilmz(r) +Ric(d,, 8,) < 0.
Using the relation Ric s > 0 we immediately obtain
' () + () < 1),

Integrating this relation we get forf > 1 and s € [%, 1],

t
o+ L [Cmear < 50 - 504,
S
This means that for any t > 1 and s = 1,

t
m(t)—l—L m*(r) dr < Cy
n—1J,
for some uniform constant Cy. The remaining part of the proof is the same as the
proof of Theorem 1 and we omit the details.

We now consider the volume growth of geodesic balls in manifolds with density
and we show that for (M, g, e~/ dv) a complete smooth metric measure space of
dimension n with Ricy > %, IV f |2 < f, and also with both Ricci curvature and
Af bounded from above, the volume growth of geodesic balls is in polynomial
order (which may be smaller than n).

Proposition 6. Let (M, g, e~/ dv) be a complete smooth metric measure space of
dimension n. Assume that Ricy > LAV F1? < f. Assume further that Af < K
and Ric < K| for some constants K > 0 and K| > 0. Then for some p € M,
the volume growth of geodesic balls B, (r) is of polynomial order; i.e., there is a
uniform constant C > 0 such that

V)< crik.

Proof. Recall that under the conditions Ric s > % and |V f|*> < f, there are a point
p € M, two constants rg > 0 and a depending only on n and f(p) such that

) (Adx, p)—a)’ < () < (Xd(x, p) +a)’.

This is from Proposition 4.2 in the interesting paper [Munteanu and Wang 2014].
By this we know that |V f(x)| < %d(x, p) +a. We may assume that d(x, p) > 2.
Consider any minimizing normal geodesic y (s), 0 <s <r:=d(x, p), starting from
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the point y (0) = p to the point y (r) = x. Let X = y(s). By the second variation
formula of arc length we know

fr > Ric(X, X)ds < (n— 1)/r lb(s)|*ds
0 0

for any ¢ € Cé*([O, r]). Let ¢(s) =s on [0, 1], ¢(s) =r —s on [r — 1, r], and
¢(s)=1on[1,r —1]. Then we have

/r Ric(X, X) ds=/r¢2 Ric(X, X) ds+fr(1—¢2) Ric(X, X) ds.
0 0 0

We derive via the use of Ric < K, and by an argument similar to the proof before
(2.8) in [Cao and Zhou 2010], that

/ Ric(X, X)ds <2(n — 1) +2K;.
0

Since
Vxf=V*f(X,X)>1—Ric(X, X),

integrating it from O to r, we get
®)] f(r):%r—/ Ric(X, X)ds> sF—c

for some constant ¢ depending only on Ky, n and f(p). Hence,

IVFIx) > f(r) = 3d(x, p)—c

Define
p(x) =2 f(x).
Then, vy
I
Vpl=—% < 1.
f

Let, for r > 0 large,
Dr)y={xeM;px)<r}, V()=Vol(D()).

As in [Cao and Zhou 2010], by using the coarea formula we have

V)= / ds/ —dA
anr) 1Vl

r 1
V'(r) = / ——dA = —/ ——dA.
aD(r) |V,0| 2 Japry IV S

By the assumption Af < K and the divergence theorem we have

2KV (r) 22/

D(r)

Af:Z/ IV fldA.
D(r)
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By (5) we know that on d D(r), there is a uniform constant C > 2 such that for
r>2C,

IVfP*= f-C.
Then we have

-C
2/ |Vf|dAZ2/ —f dA.
D) apr) IV fl

The right side of above inequality is greater than or equal to

r=2)V'(r).
Hence we have
2KV (r)> (r—=2)V'(r),

which then implies
V(r)<vQee)rk
for r > 2C. U

We remark that the above argument is motivated by the proof of the volume
growth estimate in [Cao and Zhou 2010]. Our result is different from the deep result
Theorem 1.4 in [Munteanu and Wang 2014] in the case when the constant 2K is
smaller than n.

3. Harmonic and f-harmonic functions on Ricci-Einstein solitons

We now prove Theorem 3. We wish that we could use the Caccioppoli argument (see
the proof of Proposition 8.1 in [Naber 2010], with the use of Lemma 2.2 replaced by
Proposition 4.2 in [Munteanu and Wang 2014]) to conclude that with some decay
assumption such as finite energy, an f-harmonic function u is a constant function
on M. However, we have a simpler proof of this result below.

Proof of Theorem 3. Recall the Bochner formula for the f-harmonic function
u:M— R,
TA¢IVul* = |V?ul* +Ref(Vu, Vu).

By our assumption that Ric; > h(x)g, we know
A IVul? = |V2ul* + h(x)|Vul*.

Let ¢ be the standard cut-off function on B, (2r) and let dm = exp(— f) dv,. Then
we have

/(|V2u|2+h(x)|Vu|2)¢dm§/ (3A10)Vul* dm.
M M
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The right side goes to zero as r — 0o. Hence we have
/ (IV2ul* + h(x)|Vul*) dm =0,
M

which implies that u is a constant. U

Let (M, g) be a complete noncompact Riemannian manifold of dimension #.
Fix p € M. In this section we always assume that (M, g) satisfies Ricy > h(x)g
for some function /(x) and |V f| < ad(x, p) +b. Then we have R+ Af > nh(x)
on M. We study the L? estimate for the Hessian matrix for harmonic functions with
finite energy.

Proof of Proposition 4. Let u : M — R be a harmonic function on (M, g, f) with

finite energy
f |Vul? < oco.
M

Recall the Bochner formula for the harmonic function u : M — R,
LAIVul* = |[V2ul* + Re(Vu, Vu).

Using the assumption Ric s > h(x)g we have

(6) TAIVul? > |V2ul* + h(x)|Vul> = V2 f(Vu, Vu).

Recall the Hessian matrix V2 f = (f; ;) in local coordinates (x;) in M.
Let ¢ = ¢, be the cut-off function on B,,(p). We write by o(1) the quantities
such that o(1) — 0 as r — oo. Then, we have

(7 / (V2ul® +h(0)|Vul*)¢* < / (3AIVul* + V2 £ (Vu, Vu))§*.
M M
By direct computation we have, for € > 0 small,
/ (%Aqu|2)¢2=—2/ dD*u(Vu, V) 56/ IV2ul>¢? + o(1).
M M M

Using |V f| < ad(x, p) + b and integrating by parts, we obtain

/ fijuiu;d* = —[ fiuijuj* +o(1).

M
Furthermore, we have
1
[ et =1 [ anvers+on.

M M

Hence by (6) we have

f((1—e>|v2u|2+h<x>|w2)¢2—1/ AfIVuPe < o(D).
M 2 M
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That is,
f (1 — V2 Pg? +/ B [ VuPe? < 1/ AFIVUPd® +o(1).
M M 2 M

Sending r — oo and letting € — 0, we obtain

(8) / |V2u|2—|—/ h(x)|Vu|251/ Af|Vul?.

M M 2/u
Note that when Af < 2h(x) on M, by (8) we have D*u=0in M; ie., Vuis a
parallel vector field on M. O

We remark that when Ricy = Ag (and R+ Af = ni) with A being a constant,
by the proof of Proposition 4 we have

— )
/|v2u|2+1/ R|Vu|2§f =2 g.p.
M 2 Iy M 2

Note that the assumption about the potential function f in Proposition 4 is true
on the steady soliton (M, g); see [Hamilton 1995]. We now give an application
of this integral inequality (8). A special case of the Liouville-type theorem below,
due to Munteanu and Sesum [2013, Theorem 4.1], can be derived from the integral
estimate (8).

Proposition 7. Let n = 2. Assume that the complete noncompact surface (M, g, )
satisfies Ricy = h(x)g on M with R > 0, and |V f| < b for some b > 0 in M. Then
there is no nontrivial harmonic function on (M, g) with finite energy on (M, g).

Proof. Note that R + Af =nh(x) =2h(x) in M. Then Af =2h(x) — R in M. By

(8) we have
/|v2u|2+1/ R|Vul® <0.
M 2 M

If R =0, then (M, g) is flat and the result follows from Theorem 4.1 in [Munteanu
and Sesum 2013].

We may assume R > 0 in M. We argue by contradiction. Assume that there is a
nontrivial harmonic function with finite energy on (M, g). By (8) we know

f|v2u|2+1/ R|Vu|*>=0.
M 2 M

Hence Vu is a parallel vector field on M and R = 0, a contradiction with R > 0. [J

We remark that we can give a new proof of Theorem 4.1 in [Munteanu and
Sesum 2013], which is on a gradient steady Ricci soliton. It says that there is no
nontrivial harmonic function with finite energy on the steady Ricci soliton (M, g).
The proof is below. We may assume that (M, g, f) is a nontrivial steady Ricci
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soliton. Recall that it is well known that either R > 0 or R = 0 on M. By (8), we
have R =0, and then
AR = —2[Ric|?,

and we know that Ric = 0 on M. By [Schoen and Yau 1994], we know that there is
no nontrivial harmonic function with finite energy.
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PRESENTATIONS OF GENERALISATIONS OF
THOMPSON’S GROUP V

CONCHITA MARTINEZ-PEREZ, FRANCESCO MATUCCI AND BRITA NUCINKIS

We consider generalisations of Thompson’s group V, denoted by V,.(X),
which also include the groups of Higman, Stein and Brin. We showed earlier
(Forum Math. 28:5 (2016), 909-921) that under some mild conditions these
groups and centralisers of their finite subgroups are of type F.,. Under more
general conditions we show that the groups V, (X) are finitely generated and,
under the mild conditions mentioned above for which they are of type F,
and hence finitely presented, we give a recipe to find explicit presentations.
For the centralisers of finite subgroups we find a suitable infinite presenta-
tion and then show how to apply a general procedure to shorten this presen-
tation. In the appendix, we give a proof of this general shortening procedure.

1. Introduction

The original Thompson groups F < 7T < V are groups of homeomorphisms of the
unit interval, the circle and the Cantor set respectively. In this note we consider
generalisations of these groups, which are described as groups of automorphisms
of certain Cantor algebras. These groups include Higman’s [1974], Stein’s [1992]
and Brin’s [2004] generalisations of V.

The groups F, T and V have attracted the attention of group theorists for several
reasons, one of them being that there are nice presentations and ways to represent
elements available, making it possible to prove interesting results about metrics,
geodesics and decision problems. However, the situation changes when one moves
to some of their generalisations. There are presentations available for Higman’s
groups V, , [1974], Stein’s generalisations [Brin and Squier 2001; Stein 1992]
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and Brin’s higher dimensional Thompson groups sV [Hennig and Matucci 2012],
but not for more complicated generalisations such as the groups V,.(X) we are
considering here. These were defined in [Kochloukova et al. 2013; Martinez-Pérez
and Nucinkis 2013] and were denoted G, (X). It is worth pointing out that elements
in V,(¥) admit a tree-pair representation similar to that of the original groups F, T’
and V. The authors show in [Martinez-Pérez et al. 2016] that, under some mild
hypotheses, being valid and bounded, V,(X) is the full automorphism group of
a Cantor algebra. In the same paper it is shown that under some further minor
restrictions, being complete, these groups are of type F, and that this also implies
that centralisers of finite subgroups are of type Fo,. We introduce all necessary
background in Section 2. The structure of centralisers in V,.(X) is studied in detail
in [Martinez-Pérez et al. 2016; Martinez-Pérez and Nucinkis 2013].

One of the objectives of the present paper is to introduce a common framework
providing recipes; first to find explicit finite generating sets for the groups V, (%)
in the case when the underlying Cantor algebra U, (X) is valid and bounded, and
second, to find explicit presentations under the additional assumption that U, (X) is
complete. To do that, we construct a model for the classifying space for free actions
EG for G = V,(X), and use this model to obtain presentations of these groups. As
far as we are aware, this construction is new even for the group V, and hence could
be of independent interest.

In Section 7 we also give an explicit finite presentation for centralisers of finite
subgroups for those V,(X) that are finitely presented. To do so we use the so-
called Burnside procedure as used by Guralnick, Kantor, Kassabov and Lubotzky
[Guralnick et al. 2011].

In the Appendix we shall give an outline and proof of the Burnside procedure
as used in [Guralnick et al. 2011]. This procedure is well known, but we are not
aware of any proofs elsewhere. The point is to look for a simple presentation for G
that is somehow symmetric and elementary. Initially it may have infinitely many
generators and relations; the Burnside procedure offers a way to cut it down to a
more manageable, and sometimes finite, presentation.

2. Background on generalised Thompson groups

In this section we introduce only those properties of valid bounded Cantor algebras
used to make this paper self-contained. For detailed definitions and notation the
reader is referred to [Martinez-Pérez and Nucinkis 2013, Section 2], and for proofs
of statements cited here, to [Kochloukova et al. 2013; Martinez-Pérez et al. 2016;
Martinez-Pérez and Nucinkis 2013].

Let S={1, ..., s} be a finite set of colours and associate to each i € S an integer
n; > 1, called the arity of the colour i. For every i € S consider the following right
operations on a set U':
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(i) One n;-ary operation A; : U™ — U, and

(ii) n; unary operations ozl-l, ...,o’, where ozl.J isamap U — U.

We also consider, for each i € S and v € U, the map
o : U —> U™

given by vo; 1= (voel.l, val.z, el voel’?"). The maps «; are called descending opera-
tions, or expansions, and the maps A; are called ascending operations, or contrac-
tions.

Fix a finite set X, of cardinality | X,| = r. One can define the free object on the
set X, with respect to the previous operations which we denote U. To define our
generalisations of Thompson’s group V, we will be interested in the free object
constructed under the extra requirement that a certain set of laws X described below
must be satisfied. We denote this last free object by U,(X) and call it the (free)
Cantor algebra on X, satisfying X.

Definition 2.1 [Martinez-Pérez and Nucinkis 2013, Section 2]. Fix a finite set X, of
cardinality | X, | = r and consider the free object U on X, with respect to operations
(i) and (ii) above. Then ¥ = X U X, with X and X, the following set of laws:

(i) X is given by

uoA =u, W1, .. up)hiog = Uy, ..., Up,),
forevery u € U, i € S, and n;-tuple, (ug, ..., u,,) € U™.
(i) X, is given by
m= | =
1<i<i'<s

where each Eé’i/ is either empty or consists of the following laws: consider
ﬁr_sti and fixamap f:{l,...,n;} = {l,...,s}. Foreach 1 < j <n;, we see
aij ar(jy as a set of sequences of length 2 of descending operations and let

] J
Ai =U;L 0 ).

Do the same for i’ (with a corresponding map f”) to get A;». We need to assume
that f an_d f' are chosen so that |A;| = |A;/| and fix a bijection ¢ : A; — A;.
Then X" is
uv=up(v), veAA,uel.
Let U,(X) be the algebra obtained from U by quotienting out the relations in X.

We say that U, (X) is valid if for any set Y € U, we have |Y| = |Y|, where Y is the
image of Y in U,(X). In particular this implies that U,(X) is a free object on X in
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the class of those algebras with the descending and ascending operations (i) and (ii)
above which satisfy the identities X.

From now on we work with the free object U,(X) only. Let B C U, (%), b € B,
and let i be a colour of arity n;. The set

(B~ {b)U(ba), ..., bal}

is called a simple expansion of B. Analogously, if by, ..., b,, € B are pairwise
distinct,

(B~ Ab1, .. by D U{(D1, - .. D )i}

is a simple contraction of B. A finite chain of simple expansions is an expansion
and a finite chain of simple contractions is a contraction. A subset A C U,(X) is
called admissible if it can be obtained from the set X, by finitely many expansions
or contractions. If a subset A is obtained from a subset A by an expansion (simple
or not), then we write A < Aj.

Remark 2.2. Recall that U, (%) is said to be bounded (see [Martinez-Pérez and
Nucinkis 2013, Definition 2.7]) if for all admissible subsets ¥ and Z such that there
is some admissible A <Y, Z, there is a unique least upper bound of ¥ and Z. By a
unique least upper bound we mean an admissible subset 7 such that Y < T and
Z < T, and whenever there is an admissible set S also satisfying ¥ < S and Z < S,
then 7 < §S.

By [Kochloukova et al. 2013, Lemma 2.5], any admissible set is a basis of U, (X).
Conversely, by [Martinez-Pérez et al. 2016, Theorem 2.5], if ¥ is valid and bounded,
any basis of U,(X) is also an admissible set. Furthermore, for every admissible
subset of cardinality m, we have that

m=rmodd ford:=gcd{n;—1]i=1,...,s}.

In particular, any basis with m elements can be transformed into one of r elements.
Hence U, (¥) = U,,(¥) and we may assume that r <d.

Definition 2.3. [Martinez-Pérez and Nucinkis 2013, Definition 2.12] Let U, (X) be
a valid Cantor algebra. We denote the group of all Cantor algebra automorphisms of
U, (%) by V,.(Z). In particular, these automorphisms are induced by amap V — W,
where V and W are admissible subsets of U, (%) of the same cardinality. In our
notation automorphisms act on the left.

For example, when s = 1 we have ¥, = & and we retrieve the original Higman—
Thompson groups G, , (here, n = n1) [Higman 1974]. For

s=2, r=1 and n;=ny=2,
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the Brin—-Thompson groups are now given by the set X, that can be visualised as
follows:

1 23 4 1 32 4

Here dashed and solid lines represent expansions of different colours. For more
examples the reader is referred to [Martinez-Pérez et al. 2016; Martinez-Pérez and
Nucinkis 2013].

Remark 2.4. If U,(X) is valid and bounded every element of V,(X) can be given
by a bijection V — W, where V and W are descendants of the fixed basis X,.

For r = 1, this means that we can visualise elements of V;(X) by tree-pair
diagrams of rooted trees, where the root represents the basis X| = {x}. So, for
example, when s = 1 and n; = 2, V() is equal to V (the original Thompson
group), and the well-known generator xg € F C V is visualised as

Definition 2.5 [Martinez-Pérez et al. 2016, Definition 3.2]. Let B < A be admissible
subsets of U,(X). We say that the expansion B < A is elementary if there are no
repeated colours in the paths from elements in B to their descendants in A. We
denote an elementary expansion by B < A. We say that the expansion is very
elementary if all paths have length at most 1.

Denote by P, the poset of admissible subsets in U, (X), and by |P,| its geometric
realisation. (It was shown in [Martinez-Pérez and Nucinkis 2013] that |P;,| is a
model for EG, the classifying space for proper actions). We now describe the Stein
complex S,(X) [Stein 1992], which is a subcomplex of |P,|. The vertices in S, (X)
are given by the admissible subsets of U, (X). The k-simplices are given by chains
of expansions Yy < --- < Y}, where Yy < Y} is an elementary expansion.

From now on we will denote V,.(¥) by G. In the next section we will use S, (%)
to construct a model for EG. Recall that by [Martinez-Pérez et al. 2016, Lemma 3.6
and Remark 3.7], S, (¥) is contractible and has finite stabilisers.
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3. A model for EG

In this section we construct a model for the space EG when G is the automorphism
group of a valid and bounded Cantor algebra U, (X) as before. We shall use this
model to get, initially infinite, presentations for our groups, which we will then
reduce to obtain a finite generating set, and later a finite presentation under some
extra hypothesis on U, (X).

3A. Some technical observations. To begin with, we collect few technical obser-
vations that we will use later on. As seen before, the elements g in our group G can
be expressed via a bijection between a pair of admissible subsets (or bases) (B, B’)
both of the same cardinality. Observe that the pair above is not enough to determine g
and that we have to specify the explicit bijection. A way to overcome this problem
is to work with ordered bases, in the sense that instead of a basis B viewed as a set,
we will be considering an ordered tuple A with underlying set B. We say u(A) = B
(u for underlying). A pair of ordered tuples (A, A’), with both A and A’ of the same
cardinality, uniquely determines the element of G mapping the elements of A to the
elements of A’ in the prescribed order; conversely, any group element is expressible
in this way. Of course, just as for the representation of the pair of bases, there is
not a unique pair (A, A”) determining a given g € G: we may apply descending or
ascending operations to A and A’ in a consistent way to get a new pair of ordered
tuples representing the same group element. Moreover, we may also permute the
elements of both tuples in a consistent way and still get the same g. This means
that when we represent elements of G as pairs (A, A”) we should be talking about
equivalence classes of pairs under the obvious equivalence relation that identifies
pairs yielding the same element. However, to make the notation lighter we will talk
about pairs and denote them as above. The following definition will be useful later
on: given tuples A, A, with bases as underlying sets we put

A] S Ay <= u(A1) <u(Ap) is an elementary expansion.

Equivalently, A} = A; if u(A1) < u(A) in the Stein poset. Observe that this is not
a partial order, as it is not antisymmetric: we could have A; < A, and A, X A but
A1 # Ay. When A 3 A, abusing the terminology slightly, we will say that A,
is obtained from A by descending operations. Essentially this means that we are
considering the permutation of the elements of a tuple as a new type of descending
operation. Of course this could equally be viewed as an “ascending” operation,
but it turns out to be convenient to view it as descending. If we want to record the
precise operations that yield A, when applied to A; we will write

A2 A

and will also set A, = A;je. Observe that € can be seen as a precise recipe to get A,,
and ¢ encodes exactly which elements are modified, permuted and so on.
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3B. The model for EG. Let Z be the complex constructed as follows: The points
of Z are the ordered tuples A with underlying set a basis #(A) in the Stein com-
plex S,(%). For each chain

Ag T T Ak

we attach an (oriented) k-simplex at the vertices Ay, ..., Ag. Observe that there
might be repeated vertices, so this is not a simplicial complex but rather has the
structure of a A-complex; see [Hatcher 2002, Section 2.1]. The group G acts on the
set of bases, and using that action one can define a G-action on Z in the obvious
way. Note that this action is free. In particular this implies that two different
1-simplices starting in A, say Ag < Ay and Ag 3 A} cannot be in the same G-orbit.
Hence they yield different 1-simplices in the quotient complex Z/G. Conversely, if
Ao A is an edge in Z/ G, then once we have fixed a lift Ay of Ao to Z, z lifts
to a unique 1-simplex of Z. Therefore there is some well-defined set of descending
operations giving a tuple A} which is uniquely determined so that Ag % A is the
lift of £. Moreover, the tuple A’ is uniquely determined. Note that we have the extra
restriction coming from the Stein poset: we can only apply descending operations
of the same colour once to any element of Ag.

Applying the same argument implies that this also holds for any lift of a path in
Z/GtoZ.

We now show that Z is contractible by using the contractibility of S, (%), [Stein
1992]. There is a G-map

u:7Z— S (%)

associating the underlying basis to an ordered tuple.

Fix a basis B € S,(X) of cardinality k. Then u~Y(B) is the full subcomplex of
Z with O-simplices given by the tuples with underlying set B, i.e., given by all
possible permutations of the elements in B. Let H the stabiliser of B in G. Then H
is isomorphic to the symmetric group of degree k and acts freely on the 0-simplices
of u~!'(B). In fact we may choose a bijection between the 0-simplices of u=(B)
and the elements of H and the definition of the complex structure of Z means that
any (k+1)-element subset of O-simplices spans a k-simplex.

For example if H = S, is the symmetric group on two letters with elements 1
and x, then the 1-simplices are {1, 1}, {1, x}, {x, 1} and {x, x}, and the 2-simplices
are {1, 1,1}, {1, 1, x} etc.

In other words, u~!(B) is easily seen to be the usual complex associated to the
bar resolution of the finite group H; see for example [Hatcher 2002, Example 1B.7].
In particular this shows that u~1(B) is contractible.

Using [Quillen 1973, Theorem A], we can now show that u is a homotopy
equivalence. To see this, let Jz be the category with objects the simplices of Z
and morphisms given by the face relations. Note that since Z is not a simplicial
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complex, this is not a poset. Let Jg be the poset of simplices in S,(X). The map u
induces a functor

Jy:Jz = Js,
and the geometric realisations of nerves of the categories Jz and Jg are the
barycentric subdivisions of Z and S, (%), respectively. Once we show that for
anyo : By< By <---< B;in Jg,

JuJo :={t € Jz | J,(7) is a subsimplex of o}

is a contractible subcategory of Jz, we can use Quillen’s Theorem A to deduce
that J, is a homotopy equivalence. The category J, /o is just the category with
objects the simplices in the join

u ' (Bo)x---xu""(By)

and morphisms given by face relations. As u"Y(By)x---*u~"1(B,) is contractible,
this category is also contractible. Hence J, is a homotopy equivalence and thus
u is, too. Since S, (X)) is contractible we deduce that Z is contractible as required.

4. An infinite presentation

In this section we use the model for EG that we have just constructed to obtain a
presentation for our group. As the model is of infinite type, our presentation will
initially be infinite. But in the case when the Cantor algebra is valid and bounded
it is possible to reduce the generating system to a finite one, as we will see in the
next section.

We obtain our presentation using the following well known result that we recall
here for the reader’s convenience.

Theorem 4.1 [Geoghegan 2008, Theorem 3.1.16 and Corollary 3.1.17]. Let G be a
group and Z a simply connected CW-complex with a free G-action such that Z |G
is oriented and path connected. Let T be a maximal tree in Z/G. Let:

o W be the set of (oriented) 1-cells of Z/G.

e R be the set of words in the alphabet W U W~ obtained as follows: for each
(oriented) 2-cell e]% in Z/G, let ‘l:(e}z,) be a word representing the boundary
(Se)% and set

R = {t(e)z/) | e)z/ is an oriented 2-cell of Z ] G}.
o S C W be the set of (oriented) 1-cells of T (seen as one letter words in W).

Then
(W|RUS)

is a presentation of the group G = w1(Z/G). If, moreover, Z/G has a finite
2-skeleton, then this is a finite presentation.
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4A. The isomorphism G = n1(Z/G). We now give an explicit isomorphism be-
tween G and the fundamental group of Z/G, where we return to our previous
notation so G = V,.(¥) and Z is the same complex as in Section 3B. The standard
way to show this isomorphism is to fix some point xo € Z and map the element
g € G to the path in Z/G obtained by taking the quotient of a path from xg to
gxo in Z. As xo and gxp have the same cardinality, what we get is a loop path
in Z/G. We shall take as xg a tuple with underlying set our preferred basis of r
elements X,. To ease notation, we denote this tuple by X, as well. As the G-action
on Z preserves the cardinality of each tuple, the O-simplices of Z/G correspond to
the possible cardinalities of tuples (or of bases). By Remark 2.2, we recall that the
possible cardinalities of the bases are exactly the integers congruent to » modulo d
where nq, ..., n, are the arities and

d=gcd(ni—1,...,n;—1).
So the O-simplices of Z/G can be labelled as
{X;|i=r modd},

where the subscript is the cardinality of the associated bases. Now, choose a
maximal tree 7 in Z/G. The vertices of 7 are all the O-simplices above and there
is a unique path in 7 from X, to every other X;. This path determines uniquely a
precise tuple X; that is a lift of X; (observe that X; depends on the choice of 7).

Let X; > X j be an edge (thus i < j). By the comments above there is a uniquely
determined lift X; 5 X ; of €; here X ; is a new tuple which is in the same orbit as
X ;. Therefore there is a uniquely determined g € G such that X ; = gX, and this
is precisely the element in G corresponding to the generator

Femi(Z/G).
We have g = (X, X//.) and X’/. = X;¢.

Example 4.2. Let G be the original Thompson group V. In particular, r =1, s =1,
n1 = 2. We can represent bases of U;(X) by finite rooted binary trees, and hence
can choose X to be a single point, and X, and X3 to be the bases represented thus:

X, X3
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Suppose we take ¢ to be the expansion of X; on the left-hand leaf. This gives us
X/ as
3

1 2
and the corresponding element of V is xg as described after Remark 2.4.

4B. The maximal tree T. To be able to write down an explicit presentation, the
choice for 7 becomes important. This relies heavily on the choice of representative
for X; above. This amounts to choosing a particular set of bases X; in U,(X),
where i =r mod d.

Example 4.3. For G = sV we have r = 1 and for each k € N there is a basis X.
Again, these can be represented by finite rooted binary trees. Now fix a colour
i € § and choose the X as follows: we begin with X our fixed one-element
basis represented by a single point. Now X is the basis obtained by applying the
descending operation of colour i to X;. We successively chose X; as obtained
from X;_; by applying the descending operation of colour i to the last element of
Xi—1 and labelling the elements in successive order. The representation for X; by
a binary tree then looks as follows:

—

Notice that for V(%) we can always choose the X to be represented by a rightmost
tree as above, provided that all colours have the same arity. Now the construction
shows that the maximal tree 7 in Z/G is a rooted infinite line.

For example, the baker’s map b € 2V can easily be described using the bases
chosen above. Let X be a single point and X, be as in Example 4.2; note that
we expanded with colour 1. Now we consider X/ the basis obtained from X by
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expanding once with colour 2 (represented by a dashed line). Hence this gives rise
to the element b € 2V.

For the general case with mixed arities we will not be able to find such a
straightforward set of representatives X; as before. We will show that we can,
however, find a maximal tree 7 in Z/G, whose vertices are all but a finite number
obtained by a step-by-step process beginning with our fixed basis X, and then
expanding the last element of a basis previously constructed.

Example 4.4. Let V,.(X) be the group givenby r =1, s =2, ny =5and n, =7.
Then d = 2 and our chosen set of bases is of the form

{X;]i=1mod 2}.

By simply expanding X by the colours 1 and 2 respectively, we obtain X5 and X7.
To obtain X3 we could contract the last 5 elements of X7 by colour 1, but there is
no way to obtain X3 from X; by simply expanding.

Remark 4.5. We now describe the construction of our preferred maximal tree 7 in
Z/G, where G = V,.(X) is the automorphism group of a valid and bounded Cantor
algebra. We begin by showing that we can obtain all but finitely many of the bases

{X;|i=r modd}
from X, applying descending operations only. In other words
N
{r—i—Zki(ni—l)|0§k1,...,kS}UP:{r+kd|0§k},
i=1

where P is a finite set of integers. To see this, observe first that the problem can be

reduced to the case when r =0 and d = 1. Now choose integers k1, . . ., ks such that
N
1= ki(ni—1)
i=1
and use them to produce integers my, ..., mg with 0 <my, ..., my such that

s
1:Zmi(ni—1).
i=1
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Hence,
S
1= Zm,’(l’li — 1) mod nmi.
i=2
Multiplying this expression by the integers 2, ..., m; we get positive numbers
ai, ..., an, which are a complete set of representatives of the residues modulo m;

and such that they all belong to ) ;_, N(n; — 1). Now, let m be any integer with
m > max{a; | 1 <i <m,}. Then for some such i, we have m = a; modulo m; and
therefore m — a; = Im; for some [ > 0. From this we deduce that m also belongs
to Z?:l N(n; —1).

It is now easy to find a (nonmaximal) directed tree in Z/G having X, as a root
and such that the cardinalities of the vertices are precisely the set r+» ;_,; N(n; —1).
Here, aroot is the only vertex of the tree from which all other vertices can be reached
by paths respecting the directions of the edges. Moreover, we can do it in such a
way that the descending operations are always applied to the last element of each
tuple. There are only finitely many points of our space Z/G not in this tree. Choose
one of them and consider a directed path from that point to some point of the tree.
Adding this directed path we get a new tree which no longer has a single root in
the above sense. If there are still points left, repeat the process. Eventually, we get
a directed tree with the desired properties and with only finitely many roots.

4C. The presentation. Now we apply Theorem 4.1 to produce an explicit presen-
tation. We do get an abstract group presentation but we can also write it down as a
presentation in terms of elements given by pairs of ordered bases using the explicit
isomorphism in Section 4A, which allows one to recognise the group elements in a
much more familiar way. Recall that we have fixed a set of tuples

{X;|i=r modd}

which are lifts of the nodes of our tree 7. Moreover there is a tree in Z that is a lift
of T.

By [Geoghegan 2008, Theorem 3.1.16], 71 (Z/G) is generated by the edges
in Z/G, i.e., by the 1-simplices X; LN )_(j in Z/G. As we have seen before, these
correspond to elements g € G which are given by pairs (X, X;¢) where ¢ is a set
of descending operations.

There are two sets of relators:

(1) Relators of the form £ =1 whenever € is an edge in the tree 7. This means that
there are tuples X; and X ; in 7 such that X ; is obtained from X; performing
the operations . The group element that corresponds to ¢ is (X, X ;).

(i) Relators obtained from the boundaries of the 2-cells in Z/G. The 2-cells of
Z /G come from 2-cells in Z and these are of the form Ay 3 A X Aj. Let g1
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be the set of operations needed to obtain A; from Ay, &, the set of operations
needed to obtain A, from A; and ¢ the composition of ¢; and g;. Passing
down to the quotient Z/G we get a 2-cell with boundary labelled €;, &, and €.
So we have the relator

£ =¢182.

All this means that this second set of relators consists of the “composition of
paths”. We want to write this down in terms of pairs of ordered bases. Let i be
the cardinality of Ag and j; the cardinality of A;. The edge &, represents the
element g1 = (X, X;&1) € G. We may apply the descending operations &; to
this pair and then we observe that also g1 = (X, &2, X;€1€2). Note here that
this follows from the definition of tree pair representation, and we do not need
to impose any conditions on the presentation that we are building. Let j, be
the cardinality of A,, then &; represents the element g, = (X ,, X €2) and €
represents g = (X ,, X;€). So we get the relator g = g1g>. In the particular
case when X &, belongs to the lift of our tree 7, or equivalently when &;
belongs to 7, there is also a relator go = 1 and we deduce g = g;. This can
also be seen using tree pairs: as X ;, belongs to the prefixed set of nodes and
has the same cardinality as X &>, we must have X ; &0 = X ;,.

We may summarise as follows:

G =(W|R),
where

W ={(X;, X;¢e) | € is a sequence of descending operations and X; # X},
R={g=gglg=(X},Xie), g1= X}, Xie1), g2 =(X},, Xj &), e =¢182}.

Alternatively, we may delete those pairs (X, X;&) where € lies in the tree 7 from
our list of generators.

4D. Reducing the generating set. A quick look to the generating set we have just
obtained shows that it is far too big. Reducing it can be a complicated task but there
is a reduction that seems natural: our generators come from edges in Z/G and
these edges come from descending operations, so one expects that edges coming
from “very elementary operations” should be enough. This is in fact the case but to
make it more precise we need now some additional technicalities. Let us fix what
should be called “very elementary” in our context. An edge A; % Aj in Z is very
elementary if it consists of a single operation, i.e., if it is either a permutation or it
is a single descending operation (in this case u(A1) < u(Aj;) is very elementary)
but we do not allow composition of both. The case when u(A;) < u(A;) will be
termed strict and for these type of operations we will assume that if the original
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tuple is (x1, ..., x;) and we apply the descending operation « at the k-th element
then the resulting tuple is

1 n
(Xl oo ey X1 XRO oo ey XEQ T Xty s Xi)-

Any ¢ can be written as a composition of very elementary operations. Of course
it may happen that different sequences of operations give the same result when
applied to the same tuple. This happens in the following four ways, which we shall
refer to as moves:

(1) Disjoint type: we may apply two very elementary strict descending operations
acting on distinct elements of a tuple and we get the same result regardless of
the order of application of these two operations.

(i) X type: we have different chains of elementary strict descending operations
such that, up to a permutation, they give the same result when applied to
any element of any tuple and which come from the defining relations for the
algebra encoded in X.

(iii) Permutation-descending: we may first permute the elements of a tuple and
then apply a very elementary strict descending operation or do it the other way
around in a consistent manner and get the same result.

(iv) Permutation: the composition of two permutations is still a permutation.

Lemma 4.6. Let A, Ay be tuples. If two different chains of very elementary
descending operations yield Ay when applied to A1, then one can be obtained from
the other by repeated application of moves of the four types above.

Proof. By making moves of types (iii) and (iv) only we may assume that our two
chains are of the form

£1&2 - &0,

giey g0,

where all ¢;, €] are very elementary and strict and o, ¢’ are permutations. Consider
first what happens when we look at the underlying sets u (A1) and u(A;). The fact
that both series of operations give the same set when applied to u (A1), implies that,
for each particular element, we are either performing the same operation or the
same operation up to applying some of the relators encoded in . This means that
g1&2 - - - & can be transformed to &|¢&} - - - £/, by making moves of types (i) or (ii)
without taking the order of the elements into account. The fact that the relations
in ¥ involve certain permutations implies that what we really get is that via some
extra moves of types (iii) and (iv), g1&; - - - & is transformed to &|&} - - - &, 7 for a
certain permutation 7. So at this point our two sequences are

giey---eyt0, g6y -0,
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The fact that both sequences yield A, when applied to A; implies that Bto = Bo’

for B = Ag¢), - - - €}, which is a move of type (iv). O

We next use Tietze transformations to change the presentation above. Essentially,
what we need to do is the following: whenever there is a relator g = g g» we delete g
from our set of generators. The effect of this transformation on the generating
set is that we no longer have elements g coming from edges which are not very
elementary. Moreover we will have only two kinds of generators: strict generators
coming from strict very elementary edges, and finite order generators coming from
permutations. We denote these sets by

Wy ={(X;, X;e) | ¢ is a very elementary strict expansion, j = |X;¢|}

and call these very elementary strict generators. We also consider the elements of
the set
W, ={(X;, X;0) | o is a permutation},

and call them permutations. From now on we will use the term strict generators for
elements in W; instead of the more precise very elementary strict generator.

The effect of this transformation on the set of relators is as follows: we no longer
have to consider relators coming from edges in the tree. Whenever there are two
sequences of very elementary operations that give the same A, when applied to
some A, we have a new relator. Lemma 4.6 implies that these relators can be
obtained from relators of the following types:

(1) Rp contains relators of the form g; g, = gl g’ with g1, g2, g/, g/ strict genera-
8182 = 8,8 81, 82> 815 82 g
tors coming from moves of disjoint type.

(i) Ry contains relators between strict generators possibly followed by a permu-
tation coming from moves of X type.

(iii)) Rpp contains relators of the form go = o g with g a strict generator and o a
permutation coming from moves of type (iii).

(iv) Rp contains relators of the form o = 010y with o, o] and 0, permutations
coming from moves of type (iv).

Thus G admits the following (infinite) presentation:
(D (WeUW, | RpURs URppURp).

4E. Being more explicit. Let us consider an arbitrary strict generator (X, X;¢)
associated to the strict edge £. It is completely determined by a triple (i, k, )
meaning that £ is obtained by applying the descending operation of colour ¢ to the
k-th element of an orbit representative of the set of tuples of order i. We will use
the triple to denote the generator. Now we are going to write down explicitly what
relators of disjoint type look like with this new notation. Recall that these relators



386 CONCHITA MARTINEZ-PEREZ, FRANCESCO MATUCCI AND BRITA NUCINKIS

come from very elementary strict descending and disjoint operations &1, &, on one
hand, and &), &] on the other. They are such that

£162 = £5€],

where € and &| are operations of the same colour, say ¢, whereas &> and & are of
colour s. Moreover &1 acts at the k;-th and 8’2 acts at the k,-th elements of X;. We
may assume that k| < kp. Observe that this means that if we apply a descending
operation to the k»-th element first then the k;-th element remains the same, but
if we do it the other way around, i.e., apply a descending operation of colour ¢ to
the kq-th element first, then the former k,-th element becomes the (kp+n,—1)-th.
Therefore the triples associated to each of 1, ,, &, &] are

g1 (U, ki, 1) = (Xign,—1, Xie1),

gr: (i+nm—1,kp+n—1,5) = (Xign,—14n,—1, Xitn,—182),
& (i, k2, 8) = (Xjgn,—1, Xi&h),

gy ((+ng—1,ki, 1) = Xign—14n—1, Xign,—1€1),

and our relator is
(2) (ls kl, t)(l +n1_17 k2+nt_l’ S) = (l7 kz, S)(l +ns_1a k17 t)

Analogously, it is possible to represent a generator (X;, o (X;)) of “permutation
type” using the pair (i, o). Now, relators of type Rpp come from the fact that apply-
ing first a permutation and then a very elementary strict operation to a tuple, yields
the same as doing it the other way around for a suitable permutation. More explicitly,
assume that we start with the tuple X;. Let € be the operation associated to the triple,
say, (i, k, t) and consider a permutation o represented by the pair (i, o). Slightly
abusing notation view o as a permutation of the numbers {1, ..., i}. Starting with X;
and performing first the permutation o and then applying the strict descending
operation associated to & = (i, o (k), 1), yields the tuple X;o ¢’ whose underlying
set is the same as that of the tuple X;e. Therefore there is some permutation o’
such that the tuples X;o¢’ and X;e0’ coincide. And this implies that we have a
relator 6 -8’ =€ -6’ or

3) (i,0)(i,0k), t)=(, k t)i+n—1,0").

5. A finite generating set

In this section, we show that the generating system W; U W), can be reduced to a
finite one. We begin with W;. We will use the following two particular cases of
relators of disjoint type.
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Case 1: Let (i, k, t) be a triple such that i — k > n; — 1 for any colour [ where we
include the case [ = r. Assume moreover that the terminal point of the associated
edgein Z/G,i.e., )_(i+n,_1, is not a root of the tree 7. Recall that this edge consists
of applying a descending operation of colour 7, which increases the cardinality
in n; — 1. Then there is some edge of 7 ending in }_(,-Jrnt_]. Let s be the colour of
this last edge which is represented as a triple by (i +n; —ng, i +n, —ng, s) (recall
that we constructed the tree 7 in such a way that the last element of each tuple is
always being expanded). Now, as i —k > n; — 1 we deduce k <i —ngz+ 1. Thus
there is a relator of disjoint type such as in (2) but with i — ng 4 1 instead of i,
k instead of k; and i — ng + 1 instead of kp. This relator is

(i—ns+1,k,t)i+n,—ng,i+n; —ng,s)=00—ng+1,i —ns+1,5)(, k, t).
Since there is also a relator
@+n—ns,i+n—nss)=1,
because it belongs to 7, we deduce
4) (i, k1) = —ng+1,i —ng+1,8) 7 (i —ns+1,k, ).

This means that (7, k, #) can be expressed in terms of triples with a smaller value of i.

Case 2: Let (i, k, t) be a triple such thati >k >n, + 1. Thenk —n,+1 > 1 and
i —n; 4+ 1> 2. This means that there is a relator of disjoint type such as in (2) but
withi —n;+1 instead of i, 1 instead of k1 and k —n;+1 instead of k,. This relator is

(l _nl+15 17 t)(l’ k7 t) = (l _nl+15 k_n[—"_lv t)(l5 17 t)
From this we deduce
(5) (. k.t)=(@—n+1,1,07" G —n+1k—n~+1,0)G, 1,1),

meaning that (i, k, ¢) can be expressed in terms of triples with either a smaller value
of i or with k = 1.

Observe now that arguing by induction on i + k, equations (4) and (5) imply that
any element in W; lies in the finite subgroup generated by the finite subset

{g € W | the associated triple fails to fulfil
both the conditions in Case 1 and in Case 2}.

Example 5.1. Let us consider the group V, i.e., where we have one colour ¢ and
n; = 2. For now let us only concentrate on the strict generators W;. Note that an
element (i, i, t) is the identity. Looking at the representation by tree-pair diagrams,
and the choice of X; in Example 4.3, we see that we expand the rightmost leaf of
the rightmost tree X;, hence we obtain X; | and the group element is represented
by (X;+1, Xi+1), which is the identity. Now consider elements (i, k, t), where



388 CONCHITA MARTINEZ-PEREZ, FRANCESCO MATUCCI AND BRITA NUCINKIS

k <i—1. Again, using the rightmost-tree, we see that after deleting unnecessary
carets on the right, we get
(i, k, 1) = (k+1,k, 1),

which is exactly the relator (4). For example, consider (3, 1, ¢). Then the corre-
sponding tree-pair diagram is

X4 Xi =X38

In particular, after deleting the rightmost caret in each tree, this is exactly the
element xg, see the picture after Remark 2.4.
Writing
xXi—p=(,i—1,1),

we recover the well-known infinite generating set {x; | k > 0} for F' < V. Further-
more, this enables us to simplify the relator (2) above. We have

(@, ky, D+ ko+1,1) = (0, ko, 1) (i +1, ky, 7).
Using that (i, k, t) = (k+1, k, t) for k <i — 1, we get the well-known relator
X X =xip

for any k and /. Moreover, observe that strict generators and disjoint relators give
us the well-known infinite presentation of Thompson’s group F'; see [Cannon et al.
1996].

Now we want to reduce W), in a similar way. The most natural way to do that is
using relators of type Rpp, i.e., those mixing permutations and strict generators. To
be able to argue by induction as before, we need to show that if i is big enough, any
element of the form (X;, 0 (X;)), where o is a permutation, can be expressed in
terms of permutations with a smaller i and possibly strict generators. As the group
of permutations of the tuple X; is generated by transpositions, we may assume
that o itself is a transposition. Now, assume that i > 3n; for ¢ a colour with smallest
possible arity n,. As o only moves two elements, we may find n; consecutive
elements in X; which are untouched by o. Let k be such that the k-th element in X;
is the first one of those n, consecutive elements, and consider the strict generator
associated to the triple (i —n,+1,k,1). Let o’ be the transposition of X;_,, 4+
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that moves precisely the elements that are also moved by o. Then the associated
relator (3) with i —n, + 1 instead of i, and o and o' interchanged is

(l _nt+17 0/)(1 _nt-"_l’ ks t) = (l _nt-"_l’ ka t)(l’ U)
Thus
(©6) (i,0) =G —n+1,k, 0 i —n+1,0)G —n+1,k, 1)

as we wanted to show.
This discussion can be summarised as follows:

Theorem 5.2. Assume that U,(X) is valid and bounded. Then V,.(X) is generated
by the finite set consisting of elements of the following three types:

(1) Strict generators associated to triples (i, k,t) withi <n,+ 1 andi —k < ny
for any colour s.

(2) Strict generators associated to triples (i, k, t) such that X;,,_1 is a root of
the tree T.

(3) Permutations associated to pairs (i, o) such that i < 3n, for some colour t.

Example 5.3. Consider G = V. In Example 5.1, we have already recovered the
infinite presentation for F' < V. In the tree of Example 4.3, the triples have a single
root X| so we do not have to consider generators as in item (2) of Theorem 5.2.
As before, let i > 2 and denote by x;_, the group element associated to the triple
(i,i—1,t). Then from Theorem 5.2 one deduces the well-known fact that the
elements x;, i > 1, together with the permutations generate the group and that xg
and x; plus permutations are enough.

Remark 5.4. Similar generating systems can be obtained without using the space Z
by proceeding as Burillo and Cleary did for the Brin—-Thompson groups sV [Burillo
and Cleary 2010, Theorem 2.1]. Instead of our first step (Section 4A), fix a set of
tuples, one for each possible cardinality, which are to be the “source tree” of our
tree pairs, and as “target tree” we allow anything that is obtained from one of these
tuples by descending operations and permutations only. If g € G is an arbitrary
element, it follows from the fact that any two bases have a common descendant
that g = (Y1, Y») where Y; and Y, are obtained in that way. Then, choose X; in
our previously fixed set of tuples (what used to be the set of nodes in 7") of the
same cardinality as Y, and Y5, and observe that g = gzgl_l with g; = (X}, Y1) and
g2 = (Xi, Y»). These are precisely the type of elements we wanted to verify to be
the generators of the group.

The choice of that fixed set of tuples can be the same as in Section 4B, but now
we no longer need to construct the actual tree 7, we only need the nodes. For
example, we can proceed as follows: as done before, fix a tuple X, with r elements
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and choose integers my, ..., mg with

d == Zm[(n[ - 1)
t=1

There is a sequence of operations (first descending, then ascending) that we can
perform on the last element of X, to get a new tuple with exactly r + d elements
that we denote X, 7. We may repeat the process to get a new tuple X, 72 and so on.
We set X,70:=X,, let X itrd 1= X, 7! for i > 0 and take the obtained family as our
prefixed set of “sources”.

As seen above, our first set of generators is then

{(Xj, X;¢e) | ¢ is a sequence of descending operations}.
Using Section 4D this can be further reduced to
{(X;, X;¢e) | & is a single strict descending operation or permutation}.

Again, there is no serious need of the space Z to see that this reduction is
possible. One can just check that composition of these elements corresponds to
composition of the associated descending operations, in a way similar to that of
[Burillo and Cleary 2010]. The same happens with the reduction performed in
Section 4E: basically, we used Z only to have some identities available that allowed
us to eliminate some elements from our generating system, but all those identities
can be easily checked by hand and one gets the same finite set in the end.

6. Finite presentations

In this section, we still assume that U, (X) is valid and bounded and we add the
extra hypothesis that it is also complete to exhibit a procedure that gives a finite
presentation. To do that, we just replace Z by a truncated version Z" and we use
the results of Section 4 to obtain an explicit finite presentation.

Definition 6.1. Using the notation of Definition 2.1, suppose that for all i # i,
i,i’ € S wehavethat £5' # @ andthat f(j)=i"forall j=1,...,n;and f'(j/) =i
forall j/=1, ..., n;. Then we say that U, (X) is complete.

Considering the Morse function #(A) = |A| in S, (%) we can filter the complex
with respect to ¢, and define the truncated Stein complex

S, ()" := full subcomplex supported on {A € S, (2) | t(A) < n}.

In particular this is just the simplicial complex S,(X)" obtained by considering
bases of cardinality bounded by n only. Note that in [Martinez-Pérez et al. 2016,
Theorem 3.1] this complex was used to show that under the conditions above V,(X)
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is of type F. The purpose of this section is to give a recipe for constructing
explicit presentations.

Obviously, we can do the same with the complex Z and consider its truncated
version Z" where the tuples have at most n elements. The map u restricts to these
truncated versions and the same argument as in Section 3B shows that there is a
homotopy equivalence

u:7Z"—|S.(X)".

By [Fluch et al. 2013, Corollary 3.9] for the special case of sV and [Martinez-Pérez
et al. 2016, Section 3] for the general case, assuming that U, (%) is valid, bounded
and complete, there is some positive integer ny depending on X, such that for any
n > ng and any basis B € S, (X) with cardinality | B| =n + 1 the descending link of
B in the Stein complex S, (X) is simply connected. Using Morse theory ([Bestvina
and Brady 1997, Corollary 2.6]) we deduce that for n > ny the inclusion

S(D)" € S (z)" !
induces an isomorphism in 77y and 7y. As the space S,(X) is contractible we have

1 =m(S(2)) =limm (S (Z)"),
1 = 719(S- (X)) = lim (S, (X)),

and 1 = (S, (2)") = mo(S, (X)) for n > ng. From this we deduce that S, (X)" is
path connected and simply connected for n > ng. This, together with the fact that u
is a homotopy equivalence, implies that the same holds true for Z”. Finally, observe
that Z" being path connected implies that the same is true for Z"/G. Therefore
we can use Z" instead of Z in Theorem 4.1 and as Z"/ G is finite we get a finite
presentation. Hence we have the following theorem.

Theorem 6.2. Let U,(X) be a valid, bounded and complete Cantor algebra, and
let n > 1 be such that Z" is simply connected. Then there is a finite presentation
of V,.(X) involving only strict generators (i, k, t) withi +n, — 1 < n, permutations
(i, o) withi <n, and relators involving these generators only, and which is obtained
by truncating the presentation

(WeUW, | RpURs URppURp)
given in (1).

The main difference with the reduction process of Section 5 is that we are now
also reducing the set of relators. Moreover, the “truncated” set of generators in
the finite presentation obtained this way can be further reduced using the same
arguments as in Section 5.
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Example 6.3. For G =V, in [Fluch et al. 2013, Corollary 3.9] there is an explicit
condition on 7 that implies that Z”" is simply connected: we need

—1
1<% -1
- L 3
thus we can take n = 7. This means that the set of strict generators in Example 5.1
can be reduced to xo, . .., x4 and the relators of disjoint type can be reduced to

-1
X XiXg = Xi41,

where (k,[,l + 1) is one of the following tuples: (0, 1,2), (0, 2,3), (0, 3,4),
(1,2,3), (1,3,4), (2,3,4). At this point it is not difficult to write down a finite
presentation of V. Note also that in Example 5.3 we had already reduced to two
strict generators xg and xj.

Recently, Bleak and Quick [2017] found a short finite presentation for V' with
two generators and nine relations using different methods.

Using our methods we get a finite presentation of Thompson’s group F, and by
using Tietze moves this presentation can be transformed to the well-known

-3 .3 -1.-2_ .2 ) —1.-1
(x0, X1 | Xp "X1X5 = X X “X1XGX1, Xy X1X5 = X[ X, X1X0X1)

Example 6.4. For G = sV we can also use [Fluch et al. 2013, Corollary 3.9] to
compute the value of n making Z" simply connected: we need

=)
thus we can take n = 14 2°*1, Recall that when choosing the maximal tree in Z/G
we chose expansion by one colour only (see Example 4.3). Let that colour be
denoted by 1. For the same reason as in Example 5.1 we now have that elements of
the form (7, i, 1) are the identity, and that for any colour ¢t and any k <i — 1, we
have (i, k, 1) = (k+1, k, ).
This now gives an infinite W, which for G =2V can be listed as

(i+1,i, 1), (@(+1,i,2), and (k,k,?2),

which corresponds to the infinite order generators A;_;, B;_; and C; of Brin’s
infinite generating set of 2V; see [Brin 2004] or [Burillo and Cleary 2010]. Now
by Theorem 5.2(1), this can be reduced to a finite generating set with seven strict
generators; those where i <2 and k < 3, as well as a finite number of permutation
generators. Using Theorem 6.2 without any further reductions, we get a finite
presentation where i <7 and k < 8.
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7. Finite presentation for centralisers of finite subgroups

The proof of [Martinez-Pérez et al. 2016, Theorem 4.9] can be used to show that
whenever the group Vi (X) is finitely presented for any k, then so is Cy, (x)(Q) for
any finite Q < V,(X), but the proof there does not yield an explicit finite presentation.
In this section we are going to construct a finite presentation of Cy, (5)(Q). To
do that, we proceed as follows. Note first that, by [Martinez-Pérez et al. 2016,
Theorem 4.2], the group Cy,(x)(Q) is a direct product of groups of the form

Lim(U, (%), L) X Ve (5).

We now summarise the notation developed in [Martinez-Pérez et al. 2016]. The
semidirect product above is associated to a fixed transitive permutation represen-
tation ¢ : Q — S, of the finite group Q, where S, is the symmetric group of
degree m, the orbit length. Then L is the centraliser of the image ¢(Q) in S, and
thus is a finite group. The number ' depends on ¢ (see [Martinez-Pérez et al. 2016,
Theorem 4.2]), but in order to simplify notation we will just set ' = r. The set of
bases in U, (X) together with the expansion maps can be viewed as a directed graph
and we let (U,(X), L) be the following diagram of groups associated to this graph:
To each basis A we associate Maps(A, L), the group with elements the maps from
A to L where the group operation is induced by multiplication in L. Each simple
expansion A < B corresponds to the diagonal map & : Maps(A, L) — Maps(B, L)
with 8 (f )(aaij ) = f(a), where a € A is the expanded element. Then we consider
the direct limit lim(U, (%), L) whose elements are determined by some basis A and
amap A — L. Observe that we may always assume that the basis A satisfies X, < A.

We begin by studying presentations for im(U, (%), L). We will obtain an in-
finite presentation (see Lemma 7.1 below) and then we will use the semidirect
product action of V,.(X) on this presentation together with the so-called Burnside
procedure described in the Appendix to get a (finite) presentation of the group
lim(Ur (%), L) x V,.(%).

We begin by constructing a generating system for the group lim(U, (%), L).
Take x € L and A a basis with X, < A. Take some subset A; C A and let x4, €
lim(U, (%), L) be the element that maps every a € A; to x and every a € AN Aj to the
identity 1 € L. It is easy to see that the set of all the elements of this form generates
our group, but observe that there might be a uniqueness issue because if we had
another basis C with A < C and C; were the subset of those elements in C coming
from elements in Ay, then x4, x would equal xc, x. To avoid this problem we set

w (A1) := {b is a descendant of elements in X, | aw = bw’
for some a € Ay and descending words w, w'}

(this was denoted A;(£) in [Martinez-Pérez et al. 2016]) and
Q:={w(Ay) | A; is a subset of some basis A > X, }.
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At first sight, this set 2 seems different from the set 2 defined in [Martinez-Pérez
et al. 2016], which was defined for arbitrary finite subsets of the set of all descendants
of elements in X, but Lemma 4.5(i) in that paper shows that since we are assuming
that our Cantor algebra is valid and bounded they are in fact equal.

We set xe.x := Xa,.x» Where ® = w(A;). Observe that the proof of [Martinez-
Pérez et al. 2016, Lemma 4.5(i)] also implies that w(A) = w(C), provided that
A < C and C| is the subset of those elements in C coming from elements in A
(or, in other words, C; = C Nw(A1)). As a consequence one easily sees that for
any B subset of a basis B with X, < B,

XA1x = XB.x = @(A1) = (B1),

implying that x, . is well defined.

We will need a bit more of the notation from [Martinez-Pérez et al. 2016]. Let
weQand A; C A > X, withw=w(A;). We set

|t if[Ay|=rmodd with0 <7 <d,
el = {o ifo=0.

This does not depend on Aj; see [Martinez-Pérez et al. 2016, Lemma 4.5(v)]. Now,
let w1, wr € Qand A, Ay C A > X, with w; = w(A;) fori =1, 2. Observe that
the fact that our Cantor algebra is bounded means that we can always find such A;
and A;. If A|N Ay, = &, we write w; A wy = &. Again, this is well defined, by
[Martinez-Pérez et al. 2016, Lemma 4.5(vi)].

Lemma 7.1. The following is a presentation of lim(U, (%), L):

((Xw,x)weQ\Q,xeL | Rla RZ’ R?:)»

where
R = {X(;,inw,wa,y | weQ,x, ye L}’

Ro ={[Xoxs X'yl |0, 0 €Q 0N =),
—1 .
R3 = {Xw,wal,xXa)z,x | Cl), a)l’ a)z e Qv w = Cl)] U 0)2},
where w; U wy denotes the disjoint union. Moreover V,.(X) acts by permutations

with finitely many orbits on this presentation.

Proof. As observed above, any x € lim(U, (%), L) is a product of elements of the
form yx,, , for a suitable w € 2 and x € L. Let F denote the free group on the set
{Xw.x | ® € 2\ &, x € L}. There is an epimorphism

F 5 1im(U, (%), L)

with 7(Xw.x) = Xw.x- Let G be the abstract group defined in the statement of the
result for the generators X, ,. It is immediate to verify that the epimorphism t
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defined above induces an epimorphism from G to lim(U, (%), L) which we still
call 7. This follows since all relations inside G are easily verified to hold for the

images 7(X,.r). Assume that we have a word W = w(Xu, x,s - - - » Xeog.x;)» fOI sOme
wi,...,or € Qand xq, ..., x; € L. Assume further that
I=1W) = T(W X115 -+ Xowre)) = WET Hoopx1)s - -5 T Keogi)-

Let X, < A be a basis with subsets A; C A such that w; = A; (L) fori =1, ..., k.
We now refine the set {A1, ..., Ay} toaset {A], ..., A},} of subsets of A such that
for all i, j <k’ either A} N A/j =gor A= A/j. By suitably applying the relations
in R3 to both the original word w(Xw, x» - - - » Xwy.x,) and its image

W:=T(W) = W(Xeoyoxys - - » Xeogoxi)s

we may rewrite each occurrence of x,, , and Xy, , in terms of suitable new elements

T(Zw},yj) and Xa,.y; for 1 < j <K/, so that either a); AW, =@ or a); = w;.
Reordering them so that wy, ..., w, for 1 <u <k’ are pairwise distinct and

applying the relations in R, and R; to group together the suitable products of

the y;’s we obtain new words

~ o~ o~ ~ ,
W™W = Xoj,zy """ Xajyzus W™W = Xoj,z " Xejy,zus

where the w|’s are pairwise disjoint.

If w’ ~ 1, we must have z; = 1 for any 1 <i < u, by applying the word w’ to
an a € A; such that A;(£) = w!. From R it is immediate to see that )., ; = 1 for any
w € Q2 so we also have w ~ w' ~ 1 and G gives a presentation of lim(U, (%), L).

By [Martinez-Pérez et al. 2016, Lemma 4.7], the group V,(X) acts by permuta-
tions on Q. Moreover, for any g € V,(X), if w, o’ € Q are such that w Aw’ = &, then
goAgo =@ and if w = w; Uw; for wy, w; € 2, then gw = gw; U gw,. Therefore
V(X)) acts by permutations on this presentation. To prove the last statement, it
suffices to check the following:

Claim 1. The set of generators is V, (X)-finite.
Claim 2. Each of the sets of relations R, R, R3 is V,.(X)-finite.

As the group L is finite, both claims follow from slight variations of the proof
of [Martinez-Pérez et al. 2016, Lemma 4.7]. For example, for Claim 2 for R, it
suffices to check that whenever we have w, o', ®, @ € Q with

wne' =0, OAND =2, |o|=|al and o=,

then there is some g € V,(X) such that for any x € L, we have x5, = x5.. and
Xox = xi,’x. To get a suitable g, choose bases X, < A, A so that for B, B C A
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and B, B’ C A, we have

w=w(B), o =w(B), d=o(B), @ =ow(B),

|A|=1|Al, |B|=|B|, |B'|=IB.

o~

The assumptlons 1mply that BNB' =@ = BN B’ So we may choose a g € V,.(X)
with gA = A, gB = B and gB' = B.
In a completely analogous way one proves that for w, w;, @,, @, ®1, @, €  with

w=wiUw, o=o1Ud, o|=I|al, lol=Ioil, /[wl=Io:l,
there is some g € V,.(X) such that for any x € L,

Xox =Xo . Xopx=X5 . and  Xa,x = X5, .- O

Proposition 7.2. Assume that the group V,(X) is finitely presented. Let Q < V(%)
be a finite subgroup. Given a finite presentation of V,.(X), Lemma 7.1 together with
Theorem A.3 yield an explicit finite presentation of Cy,(x)(Q).

Proof. By [Martinez-Pérez et al. 2016, Theorem 4.2], it suffices to construct an
explicit finite presentation of a group of the form

H =1im(U,(%), L) x V(%)

when L is an arbitrary finite group. Let V,.(¥) = (Z | T') be a finite presentation of
V,.(¥) and let
lim(U, (), L) = (Y | R)

be the presentation constructed in Lemma 7.1. We need to verify the hypotheses of
Theorem A.3. In Lemma 7.1 we have already checked that the group V,(X) acts
by permutations in this presentation and that there are only finitely many orbits
under that action. We may therefore choose Yy C Y and Ry C R to be finite sets of
representatives of these orbits.

The argument in Section A1 thus implies that the group H has the presentation

(Yo, Z | Ro, T, [Staby, (5)(y), y1. y € Yo).

We can give explicit descriptions of possible choices for the sets Yy, Rg. Set
X, ={x1,...,x,}and let w; = w({xy,...,x;}) fori =1, ..., r. Then:

Y0={Xwi,z|1§i§r,Z€L}-

To describe R(, we are going to split it into three pairwise disjoint subsets
Ro = R} UR3 U R}, according to the three subsets of relations Ry, R, and R3 of
Lemma 7.1. The simplest one is Ré:

R(]) = {XC;}Zwa,-,sz,-,y | 1 < I <r,ze€ L}
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For RS, RS it is more convenient to fix a basis X, < A with |A| > 2r. Then we
may choose

R2={[Xo» Xl |2€L,0=w(A)), 0 =w(A}), A, A} CA, A NA| =),

Ry =1{Xg  Xon.2 Xenz | ZE L, 01 =@ (A)), 02 = 0(A2), 0 =1 Uan, Ay, A> C A}.

Observe that these choices of Rg and RS yield redundant presentations.

The previous presentation may not be finite because of all the relations needed
to form [Staby, (x)(y), y] where y € Y. Notice that g € Staby, (x)(y) if and only
if g(w) = w where y = x,, , for some z € L. By [Martinez-Pérez et al. 2016,
Lemma 4.7] and the assumption on V,.(¥) we deduce that Staby, (s)(y) is finitely
generated by some generators [y, ..., y.

Consider now the following m relations, which are a subset of the stabiliser
relations [Staby. (x)(y), y1:

@) //Lin,zl'Li_] = Xw.z = 1,...,m.

If g € Staby, () (y), then g = w(u1, ..., (y) and the stabiliser relation X028 ' =
Xw.z 18 thus obtained by starting from relation (7) for some i and then suitably
conjugating this relation to build the word w.

Therefore, by Lemmas A.1 and A.2, the group H has the finite presentation

(Yo, Z | Ro. T\ [wir yli=1,....m, y € Yp),

where the elements w1, ..., i, are expressed as words in the generators Z. [

Appendix: The Burnside procedure

We shall now give an outline of the Burnside procedure used in the proof of
Proposition 7.2. As mentioned in the Introduction, we do not claim any originality
for this. For example, this procedure has been used, without proof, in [Guralnick
et al. 2011]. We are not aware of any place where a proof is presented. Hence we
include it here for completeness.

The goal is to find a small finite presentation of a group, in the cases where the
following procedure can be applied. The idea is to look for a possibly infinite, but
well-behaved, presentation of a group G and a group Q such that the action of QO
on the generators and relators of G cuts them down to a very small number. At a
later stage, the group Q will be assumed to be a subgroup of G and its action will
return a new smaller presentation.

Al. Preliminary lemmas. The beginning of this procedure is general and we only
require each of the groups G and Q to have a presentation, without any assumption
on them.
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Let G=(Y | R)and Q = (Z | T) be groups. Let Q act on Y by permutations.
Notice that R C F(Y), where F (Y) is the free group generated by Y, and observe that
Q also acts on F(Y). We assume that Q(R) = R. Let Y, be a set of representatives
for the Q-orbits in ¥ and R be a set of representatives for the Q-orbits in R. We
observe that Ry € F(Y) = (t(ag) | ap € Yo, t € Q), that is, we may express the
elements of Ry as products of the results of Q acting on elements of Yj. In the
special case that Q is a subgroup of G, we will be able to express elements in Ry
as products of conjugates of elements in Yy by elements in Q. Hence each element
of Ry, seen as an element in G, can be written in more than one way and we fix an
expressmn of the type #1(ay) - - - tx (ax) for such elements. We then define the set
RO C (tagt™' | ag € Yy, t € Q) to be the set of fixed expressions for the elements
of Ry, where we have replaced the action of Q on Y by the conjugation of elements.
That is, if £ (al) -tk (ak) is a fixed expresswn in Ry, the corresponding element
in RO is t]a]tl tkaktk The set Ro is thus a set of formal expressions which
will be used later to express relations in the groups.

Lemma A.1. Following the notation previously defined, we have
G x Q= (Yo, Z | Ry. T, [Stabg(y). y1. y € Yo),

where the semidirect product is given by the action of Q on G as follows: for all
g1, 8 € G andty, t € Q, multiplication is given by

(g1, 11)(g2, ) = (g1 - 11(g2), h12).

Proof. Let H be the group presented by (Yy, Z | ﬁo, T, [Stabg(y), yl, ¥y € Yo).
Define the group homomorphism ¢ : F(YoU Z) — G x Q by sending ag € Y to
(ap, 1) e Gx Qand ce Z to (1,c) € G x Q. By construction we see that

(+) e(an)p(t)™" = (1(ap). 1)
for any word f € Q.
Claim 1. The map ¢ induces a homomorphism H — G x Q, which we still call ¢.

Proof. If d € T is a relation in H, then d = ¢ - - ¢, for some ¢; € Z, and
o(c1) - @(ck) = (1,1). Let now bg € Ry be a relation in H, then

T —1 —1
b():l‘lall‘l s lkagty,
for some a; € Yy and #; € Q. Moreover, by applying (x), we get

Hsa(rl)ga(a,)@(z, - (Hr,w,) 1)—<1 D.

i=1 i=1
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Finally let ag € Yy, t € Stabg(ap). Thus we have, using () again,

e(Dpao)e(t) " plao) ™! = (t(ap), Diag ', 1) = (1, 1).
Now we just apply von Dyck’s theorem. [l
Claim 2. The map ¢ is surjective.

Proof. Any element (1, 1) e {1} x Q:={(1, s) | s € Q} can be written as (1, ¢y - - - ¢x)
for suitable ¢; € Z and so ¢(H) contains {1} x Q. We observe that any element
of G x {1} :={(h, 1) | h € G} can be written as (¢;(a;) - - - tx(ax), 1) for suitable
a; € Yp and t; € Q. By arguing as in Claim 1 we have (g, 1) = go(]_[f.‘zl t,-a,-tl._l).
Thus, p(H) > (G x {1}, {1} x Q) =G x Q. O

Claim 3. The map ¢ is injective.

Proof. Any element of Y can be written as ¢ (ag), for some ag € Yy and ¢t € Q. Define
Y*={tapt™" | ap € Yo, t € Q) to be the set of symbols of ¥ where we have replaced
the action of Q with the conjugation of elements. We notice that, if 7 (ag) = s(ao),
thent~ls € Stabg (ap) and we thus define an equivalence relation on Y* by writing
tapt ' ~ saps~" if and only if #~'s € Stabg(ag). We define ¥ := Y*/ ~ to be the
collection of equivalence classes.

Ifa € Y and a =t (ap), for some ag € Yy and ¢t € Q, we define an element a of Y
by setting a = {saps™' |t7 s € Stabg (ap)}. With this notation, we observe that Q
acts on Y through

(s,a) = s-a:=stagt"ls7 1,

for some ag € Yy, t € Q such that a = rapt~!. Also, notice that the map v : ¥ — Y
sending a — a is a Q-equivariant bijection, that is ¥ (sa) = sy (a) = s - a for all
s € Q. Hence the action of Q on Y is equivalent to the action of Q on Y. For each
element @ € Y we can fix a representative tapt—' € F (Yo U Z) and we call the set of
representatlves Y. By constructlon every element Do € Ry can be uniquely written
as bo = tlaltl tkaktk , so we define Ry C F(Y) be the set of elements

tlall‘l_l . -‘tkaktk_l.

We then let R € F(Y) be the set of all elements ttlaltl_lt—l e ttkaktk_lt—l, for
any t € Q.

With these definitions, it makes sense to say that the normal closure F (R)F)
inside F(Y) is isomorphic to F (R)F™) inside F(Y). Also notice that

F(Y)Z F(Y*/~)=(Y"|R-),

where R is the set of all relations of the type tagt~' ~ sags™! if and only if
t~!'s € Stabg (o).
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Let w € H be such that p(w) = (1, 1). Let w = c1a1c2a; - - - arcgy1 for a; € Yy
and ¢; € (Z) and we rewrite w as
_ -1 -1 -1 -1 -1
w = (craic; )(c1c2axcy ¢y )+ (1€ - CRakCy -+ € )CIC + * CkCht 1.

Define t; = ¢1---¢;. _Th Then , up to replacing #; with another sultable t € Q,
we can assume that ;a1 '€ Y. Hence we can write w = (ha 1t1 s heagt, )tk+1
and, applying ¢ to the rewriting of w we get (1, 1) = (¢#1(ay) - - - t (ak), tet1)-
Since #;+; = 1 inside Q, we can use the relations of Q to rewrite f;1] = 1
inside H. Similarly, since #1(a;) - - - fr(ax) = 1 inside G and since the normal
closure F(R)¥®) inside F(Y) is isomorphic to F(R)FY) inside F(Y), we can use
the relations of G to rewrite fja;t; L fkagt, "' = 1 inside H. Therefore w = 1
in H and so ¢ is injective. (]

The map ¢ is thus a group isomorphism and the proof of Lemma A.1 is complete.
O

The following result does not depend on the presentations of the relevant groups
and relies only on the definition of semidirect product.

Lemma A.2. Let G be a group and Q < G. Let G x Q be the semidirect product
constructed using the action of Q on G by conjugation inside G. Then

GXNQO=GxO0.

Proof. Let H := G x Q with product given by (a, x)(b, y) (axbx™", xy). Tt is
clear that Q ={(t"", 1) |t € Q} is a subgroup of H and Q Q. Since

(a,x) = (ax, D" x),

H is generated by G x {1} and 0. Itis straightforward to verify that Q is normal
and so, since G x {1} isnormal as well, we get GX O = (G x {1} x Q0=G x Q. U

A2. The Burnside procedure. We are now ready to explain the Burnside procedure.
We make two additional assumptions with respect to those in Section Al. We assume
(1) the presentation Q = (Z | T') is finite,

(i1) the number of Q-orbits in Y is finite (and possibly very small, in practical
applications),

(iii) the number of Q-orbits in R is finite (and also possibly very small),

(iv) the stabilisers Stabg (y) are finitely generated, for y € Yj.

Let G and Q be as defined in Lemma A.1, Q < G and let Q act by conjugation
on G, then Lemmas A.1 and A.2 imply that

G x Q= (Yo, Z | Ry, T, [Stabg(y), y] for y € ¥).
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We rewrite Z in terms of Y and then mod out Q. We also use the finite generation
of Stabp (y) to rewrite the stabiliser relations as conjugations. Therefore we obtain
the following theorem:

Theorem A.3 (Burnside procedure). Let G, Q be the groups defined in Lemma A. 1.
Assume that

(i) Q <G and Q acts by conjugation on G,
(1) Q =(Z | T) is finitely presented,
(iii) the number of Q-orbits in Y is finite,
(iv) the number of Q-orbits in R is finite,
(V) the stabilisers Stabg (y) are finitely generated, for y € Y.

Then there exists a finite presentation of G of the type

G= (Yo, Z|Ro, T,cyc ' =y, foryeVY,
a generator c of Stabg(y), finitely many extra relations),

where the extra relations are obtained in the following way: there is a relation for
every element ¢ € Z and it has the form

¢ = word in conjugates of elements of Yo by elements of Z.

A3. An application. The following example is taken from [Guralnick et al. 2011].
Recall the following presentation for the alternating group

Alt(n+2) = (x1. ... xp | (6), (xixj)% i # ),
where x; can be realised as the 3-cycle (i n+1 n+2). Hence
A7) = (x1, X2, X3, x4, x5 | ()7, (xixj)%, i 5 j) -

On the other hand, it can be shown that

G.

Alt(5) = (a, b | &%, b2, (ab)®) == O,

where a can be realised as (1234 5) and b = (23)(45). Let z:=x; =(167) and
observe that x; = z“l_], fori =1,...,5. Now we check that

Y={x1,...,xs}, Yo={z},  R={(x)> (x;x;)i#j},
Ro=1{z’, (zz")*), Z={a,b}), T ={a’,b? (ab)’}

satisfy the conditions of Theorem A.3. Noting that {[Staby(y), y] for y € Yy} =
{[z, b], [z, (ba)*]}, we have

Gx Q=/(a,b,z|d’ b* (ab)’, 2>, (zz)*, [z, b), [z, (ba)"]).
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We can write a = wi(xq, ..., x5) and b = wy(xq, ..., x5), for suitable words
wi, wy € F(x1,...,xs) and then Theorem A.3 yields the following finite presenta-
tion for Alt(7):

Al(7) =(a,b,z | Ro, T, [z, b], [z, (ba)"],
4 4
a 'wi(z. 2% 2 b wa(z 2 L 7).
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LOCALIZATION FUNCTORS AND COSUPPORT IN
DERIVED CATEGORIES OF
COMMUTATIVE NOETHERIAN RINGS

TSUTOMU NAKAMURA AND YUJI YOSHINO

Let R be a commutative Noetherian ring. We introduce the notion of lo-
calization functors A with cosupports in arbitrary subsets W of SpecR; it
is a common generalization of localizations with respect to multiplicatively
closed subsets and left derived functors of ideal-adic completion functors.
We prove several results about the localization functors A%, including an
explicit way to calculate A" using the notion of Cech complexes. As an
application, we can give a simpler proof of a classical theorem by Gruson
and Raynaud, which states that the projective dimension of a flat R-module
is at most the Krull dimension of R. As another application, it is possible to
give a functorial way to replace complexes of flat R-modules or complexes
of finitely generated R-modules by complexes of pure-injective R-modules.
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1. Introduction

Throughout this paper, we assume that R is a commutative Noetherian ring. We
denote by D = D(Mod R) the derived category of all complexes of R-modules,
by which we mean that D is the unbounded derived category. For a triangulated
subcategory 7 of D, its left and right orthogonal subcategories are defined as
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LT ={X eD|Homp(X, T)=0} and T+ ={Y € D|Homp(T, Y) =0}, respectively.
Moreover, 7 is called localizing if 7 is closed under arbitrary direct sums, and
colocalizing if it is closed under arbitrary direct products.

Recall that the support of a complex X € D is defined as

supp X = {p € Spec R | X @}« (p) # 0},

where «(p) = Ry /pRy. We write Ly = {X € D | supp X € W} for a subset W of
Spec R. Then Ly is a localizing subcategory of D. Neeman [1992] proved that
any localizing subcategory of D is obtained in this way. The localization theory of
triangulated categories [Krause 2010] yields a couple of adjoint pairs (iw, yw) and
(Aw, jw) as it is indicated in the following diagram:

iw Aw
(1.1) Ly D Ly

Yw Jjw

Here, iy and jy are the inclusion functors Ly < D and EVLV — D, respectively.
In [Nakamura and Yoshino 2018], we introduced the colocalization functor with
support in W as the functor yy. If V is a specialization-closed subset of Spec R,
then yy coincides with the right derived functor RI"y of the section functor I'y with
support in V; it induces the local cohomology functors H{',(—) = H' Ry (—)).
In [loc. cit.], we established some methods to compute yy for general subsets W of
Spec R. Furthermore, the local duality theorem and Grothendieck type vanishing
theorem of local cohomology were extended to the case of yy .

On the other hand, in this paper, we introduce the notion of localization functors
with cosupports in arbitrary subsets W of Spec R. Recall that the cosupport of a
complex X € D is defined as

cosupp X = {p € Spec R | RHompg (x (p), X) # 0}.

We write C = {X € D | cosupp X € W} for a subset W of Spec R. Then C"
is a colocalizing subcategory of D. Neeman [2011] proved that any colocalizing
subcategory of D is obtained in this way.!

We remark that there are equalities

(1.2) LeW = Lye, ¢V =y,

where W¢ = Spec R \ W. The second equality follows from [Neeman 1992, Theo-
rem 2.8], which states that Ly« is equal to the smallest localizing subcategory of
D containing the set {«(p) | p € W€}. Then it is seen that the first equality holds,
since (LE.) = Lwe (see [Krause 2010, §4.9]).

I This result is not needed in this work.
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Now we write AW = Awe and j = jyc. By (1.1) and (1.2), there is a diagram
of adjoint pairs:
iwe e
eV = Lye D Y =Ly
Ywe jW
We call AV the localization functor with cosupport in W.

For a multiplicatively closed subset S of R, the localization functor AYS with
cosupport in Uy is nothing but (—) ®z S~ R, where Us = {p € Spec R | pN S = &}.
Moreover, for an ideal a of R, the localization functor AY® with cosupport in V (a)
is isomorphic to the left derived functor LAY ® of the a-adic completion functor
AV® =1im(— ®g R/a") defined on Mod R. See Section 2 for details.

In this paper, we establish several results about the localization functor A" with
cosupport in a general subset W of Spec R.

In Section 3, we prove that A" is isomorphic to [Toew LAY® (—®g Ry) if there
is no inclusion relation between two distinct prime ideals in W. Furthermore, we
give a method to compute A" for a general subset W. We write n" :idp — A%
(= j"AW) for the natural morphism given by the adjointness of (A", j%). In
addition, note that when Wy C W, there is a morphism n"VoAW : AW — A Wop W =) Wo,
The following theorem is one of the main results of this paper.

Theorem 1.3 (Theorem 3.15). Let W, Wy and W, be subsets of Spec R with W =
Wo U W1. We denote by VVOS (resp. ng) the specialization (resp. generalization)
closure of W. Suppose that one of the following conditions holds:

(1) Wo=Wo NW.

2) Wy =Wwnw*

Then, for any X € D, there is a triangle
AWx LoaWix@aWox £ WiMx — AWV xn,

where

— nWl)"WX _ )»Wl WOX 1 Wl)\,WOX
f= HWOAWX > g—( n (=D-n )

This theorem enables us to compute A" by using A"0 and AW for smaller
subsets Wy and Wj. Furthermore, as long as we consider the derived category D,
this theorem and Theorem 3.22 generalize Mayer—Vietoris triangles by Benson,
Iyengar and Krause [Benson et al. 2008, Theorem 7.5].

In Section 4, as an application, we give a simpler proof of a classical theorem
due to Gruson and Raynaud. The theorem states that the projective dimension of a
flat R-module is at most the Krull dimension of R.

Section 5 contains some basic facts about cotorsion flat R-modules.
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Section 6 is devoted to studying the cosupport of a complex X consisting of
cotorsion flat R-modules. As a consequence, we can calculate yy<X and AV X
explicitly for a specialization-closed subset V of Spec R.

In Section 7, using Theorem 1.3 above, we give a new way to get A" . In fact,
provided that d = dim R is finite, we are able to calculate A" by a Cech complex
of functors of the form

1_[ Wi l_[ aVioWi s oo )W )W,
0<i<d O<i<j<d
where W; ={p e W |dim R/p=i}and A" =TTy, A" (= @& Ry) for0<i <d.
This Cech complex sends a complex X of R-modules to a double complex in a
natural way. We shall prove that A" X is isomorphic to the total complex of the
double complex if X consists of flat R-modules.

Section 8 treats commutativity of A" with tensor products. Consequently, we
show that Y can be computed by using the Cech complex above if Y is a complex
of finitely generated R-modules.

In Section 9, as an application, we give a functorial way to construct quasi-
isomorphisms from complexes of flat R-modules, or complexes of finitely generated
R-modules to complexes of pure-injective R-modules.

2. Localization functors

In this section, we summarize some notions and basic facts used in the later sections.
We write Mod R for the category of all modules over a commutative Noether-

ian ring R. For an ideal a of R, AV® denotes the a-adic completion functor

lim(— ®g R/a") defined on Mod R. Moreover, we also denote by M the a-adic

completion AY® M = lim M /a" M of an R-module M. If the natural map M — M}

is an isomorphism, then M is called a-adically complete. In addition, when R is a

local ring with maximal ideal m, we simply write M for the m-adic completion of M.
We start with the following proposition.

Proposition 2.1. Let a be an ideal of R. If F is a flat R-module, then so is F.

As stated in [Simon 1990, 2.4], this fact is known. For the reader’s convenience,
we mention that this proposition follows from the two lemmas below.

Lemma 2.2. Let a be an ideal of R and F be a flat R-module. We consider a short
exact sequence of finitely generated R-modules

O0—L—->M-—N-—=0.

Then
0—> (FQrL), > (F®rM), > (FQgN); -0

is exact.
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Lemma 2.3. Let a and F be as above. Then we have a natural isomorphism,
(FQrM), = F®rM,
for any finitely generated R-module M.

Using the Artin—Rees lemma and [Bourbaki 1961, Chap. I, §2.6, Proposition 6],
we can prove Lemma 2.2, from which we obtain Lemma 2.3. Furthermore, Lem-
mas 2.2 and 2.3 imply that F* ®g (—) is an exact functor from the category of
finitely generated R-modules to Mod R. Therefore Proposition 2.1 holds. ]

It is also possible to show that F* is flat over R/ by the same argument as above.
If R is a local ring with maximal ideal m, then m-adically complete flat R-
modules are characterized as follows:

Lemma 2.4. Let (R, m, k) be a local ring and F a flat R-module. Set B =
dimy F/mF. Then there is an isomorphism

D
B

where @ g R is the direct sum of B-copies of R.

F

12

This lemma is proved in [Raynaud and Gruson 1971, Part. II, Proposition 2.4.3.1].
See also [Enochs and Jenda 2000, Lemma 6.7.4].

As in the introduction, we denote by D = D(Mod R) the derived category of all
complexes of R-modules. We write complexes X cohomologically:

X=(¢ > X"Tosx > x5 .0,

For a complex P of R-modules, we say that P is K-projective if Homg (P, —)
preserves acyclicity of complexes, where a complex is called acyclic if all its
cohomology modules are zero. Similarly, for a complex F of R-modules, we say
that F is K-flat if (—) ®g F preserves acyclicity of complexes.

Let a be an ideal of R and X € D. If P is a K -projective resolution of X, then we
have LAY® X = AV©@ P Moreover, LAY® X is also isomorphic to AY@F if F
is a K-flat resolution of X. Further, it is known that the following proposition holds.

Proposition 2.5. Let a be an ideal of R and X be a complex of flat R-modules.
Then LAY® X is isomorphic to AV @ X.

Proof. To show this, we note there is an integer n > 0 such that H HLAY@® My =0
for all i > n and all R-modules M, see [Greenlees and May 1992, Theorem 1.9] or
[Alonso Tarrio et al. 1997, p. 15]. Using this fact, we can show that AY® preserves
acyclicity of complexes of flat R-modules. Then it is straightforward to see that
LAY® X is isomorphic to AV @ X. O



410 TSUTOMU NAKAMURA AND YUJI YOSHINO

Let W be any subset of Spec R. Recall that yy denotes a right adjoint to the
inclusion functor iy : Ly < D, and A" denotes a left adjoint to the inclusion
functor j : " < D. Moreover, yw and A" are identified with iy yw and jWAY,
respectively. We write ey : yw — idp and n" :idp — A" for the natural morphisms
induced by the adjointness of (iw, yw) and (A%, jW), respectively.

Note that A" n" (resp. ywew) is invertible, and the equality AW nW =n (resp.
ywew = ewyw) holds, i.e., A (resp. yw) is a localization (resp. colocalization)
functor on D. See [Krause 2010] for more details. In this paper, we call A" the
localization functor with cosupport in W.

Using (1.2), we restate [Nakamura and Yoshino 2018, Lemma 2.1] as follows.

W)»W

Lemma 2.6. Let W be a subset of Spec R. For any X € D, there is a triangle of the
following form:
ywe X X x WX 3 Wx e X[
Furthermore, if
X —-X—X"— X'[1]

is a triangle with X' € *CY = Lyc and X" e ¢V = £JW(., then there exist unique
isomorphisms a : yweX — X' and b : \W X — X" such that the following diagram
is commutative:

¢ w
pweX X x X Wy X[
P
X’ X X' — s X'[1]

Remark 2.7. (i) Let X € D and W be a subset of Spec R. By Lemma 2.6, X
belongs to +CY = Ly« if and only if A" X = 0. This is equivalent to saying that
APYX =0 for all p € W, since 1CY = Ly = Mpew Lipre = MNpew Lot

(i) Let Wy and W be subsets of Spec R with Wy € W. It follows from the
uniqueness of adjoint functors that

AW W = ) Wo o 5 Wy Wo.

see also [Nakamura and Yoshino 2018, Remark 3.7(i)].

Now we give a typical example of localization functors. Let S be a multiplica-
tively closed subset S of R, and set Ug = {p € Spec R | pN S = &}. It is known that
the localization functor AYS with cosupport in Uy is nothing but (—) ®z S~'R. For
the reader’s convenience, we give a proof of this fact. Let X € D. It is clear that
cosupp X ®r S~ R C Us, or equivalently, X ® g S~' R € CUs. Moreover, embedding
the natural morphism X — X ®p S~!'R into a triangle,

C— X— X®rS'R—> C[1],
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we have C ®z S™!'R = 0. This yields an inclusion relation supp C C (Us)¢. Hence
it holds that C € Ly)c. Since we have shown that C € L) and X®r S~!R € CUs,
it follows from Lemma 2.6 that AUsX = X ® g S™!R. Therefore we obtain the
isomorphism

(2.8) A= (—)®r S7IR.

For p € Spec R, we write U(p) ={q € Spec R | q Cp}. If S= R\ p, then U (p)
is equal to Us, so that A\Y® = (—) @ Ry, by (2.8). We remark that AY® = Ly
is written as Lz, in [Benson et al. 2008], where Z(p) = U (p)°.

There is another important example of localization functors. Let a be an ideal
of R. It was proved by [Greenlees and May 1992] and [Alonso Tarrio et al. 1997]
that LAY® : D — D is a right adjoint to R['y () : D — D. In [Nakamura and
Yoshino 2018, Proposition 5.1], using the adjointness property of (RI'y(q), LAV®),
we proved that AV = Av(a)c coincides with LAY®_ Hence there is an isomorphism

(2.9) AWV@ = AV@,

The functor H(—) = H “I(LAY®(-)) is called the i-th local homology functor
with respect to a.

A subset W of Spec R is said to be specialization-closed (resp. generalization-
closed) provided that the following condition holds: if p € W and q € Spec R with
p Cq(resp. p2q), thenqe W.

If V is a specialization-closed subset, then we have

(2.10) yv =RTy;
see [Lipman 2002, Appendix 3.5].

3. Auxiliary results on localization functors

In this section, we give several results to compute localization functors A" with
cosupports in arbitrary subsets W of Spec R.
We first give the following lemma.

Lemma 3.1. Let V be a specialization-closed subset of Spec R. Then we have the
following equalities; .

e =Lye=Ly=C".
Proof. This follows from [Nakamura and Yoshino 2018, Lemma 4.3] and (1.2). [

Let W be a subset of Spec R. We denote by W* the specialization closure
of W, which is the smallest specialization-closed subset of Spec R containing W.
Moreover, for a subset Wy of W, we say that W) is specialization-closed in W if
V(p)NW C Wy for any p € Wy (see [Nakamura and Yoshino 2018, Definition 3.10]).
This is equivalent to saying that Wy’ N W = Wj.
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Corollary 3.2. Let Wy € W C Spec R be sets. Suppose that Wy is specialization-
closedin W. Setting Wy = W \ Wy, we have C Wi cLleWo,

Proof. Note that W C (Vl_/osi. Further, we have lCWOS = C(W‘)X)C by Lemma 3.1.
Hence it holds that "1 € ¢c(W0)* = LcWo < LW, a

Remark 3.3. For an ideal a of R, AY® is a right adjoint to yy (q) by (2.9) and (2.10).
More generally, it is known that for any specialization-closed subset V, AY : D — D
is a right adjoint to yy : D — D. We now prove this fact, which will be used in the
next proposition. Let X, Y € D, and consider the following triangles:

wX — X — VX — py X[1],

eV — Y — AVY — ppeY[1].
Since A X € ¢V = +¢¥ by Lemma 3.1, applying Homp(—, 1Y) to the first
triangle, we have Homp(yy X, AVY) = Homp(X, AVY). Moreover, Lemma 3.1
implies that yycY € Ly = Eé. Hence, applying Homp(yy X, —) to the second
triangle, we have Homp(yy X, Y) = Homp(yy X, AVY). Thus there is a natural
isomorphism Homp (yy X, Y) = Homp(X, AV Y), so that (yy, A") is an adjoint pair.
See also [Nakamura and Yoshino 2018, Remark 5.2].

Proposition 3.4. Let V and U be arbitrary subsets of Spec R. Suppose that one of
the following conditions holds:

(1) V is specialization-closed.

(2) U is generalization-closed.
Then we have an isomorphism
AVl =avnv,
Proof. Let X e D and Y € """V =Y NCY. Then there are natural isomorphisms
Homp(A\"AY X, ¥) = Homp (XY X, ¥) = Homp (X, Y).

Recall that A"V is a left adjoint to the inclusion functor V"V < D. Hence, by the
uniqueness of adjoint functors, we only have to verify that AYAY X € ¢V"V. Since
AVAUX e Y, it remains to show that AV AV X e ¢V,

Case 1: Let p € U€. Since supp yyvk (p) < {p}, it follows from (1.2) that yy«(p) €
Lye =1CY. Thus, by the adjointness of (yy, AV), we have

RHomg (k (p), AV AY X) = RHomg (yvk (p), AV X) = 0.

This implies that cosupp AV AV X C U, ie., AYAUVX e V.
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Case 2: Since U° is specialization-closed, Case 1 yields an isomorphism AV AV =
AUV Furthermore, setting W = (U¢NV)UU, we see that U°NV is specialization-
closed in W, and W\ (U¢NV) = U. Hence we have AU (WY AU X) =AU VAU X =0,
by Corollary 3.2. It then follows from Lemma 3.1 that \YAY X e L¢V" =¢Y. O

Remark 3.5. For arbitrary subsets Wy and W; of Spec R, Remark 2.7(ii) and
Proposition 3.4 yield the isomorphisms

Woqy Wi~ 3 Woy Wo' 3 Wi o~ 4 Woy Wo' NW
)\’ OA’ 1= )\’ 0)\’ 0 )\4 1= )\’ 0)\’ 0 l’
Do WI 22 3 W W3 Wi o= 5 Wor Wiy Wi

The next result is a corollary of (2.8), (2.9) and Proposition 3.4.

Corollary 3.6. Let S be a multiplicatively closed subset of R and a be an ideal
of R. We set W =V (a) NUs. Then we have

AW ZLAV®(— @ STIR).

Since V (p) N U (p) = {p} for p € Spec R, as a special case of this corollary, we
have the following result.

Corollary 3.7. Let p be a prime ideal of R. Then we have
AP =LAY® (— @ Ry).
The next lemma follows from this corollary and Lemma 2.4.

Lemma 3.8. Let p be a prime ideal of R and F be a flat R-module. Then A" F is
isomorphic to (EBB Rp) where g Ry is the direct sum of B-copies of R, and
B = dlmK(p) F®g K(p)

Remark 3.9. If W; and W, are both specialization-closed or both generalization-
closed, then Proposition 3.4 implies that AV1A "2 = A"23 W1 However, in general,
A" and A" need not commute. For example, let p, q € Spec R with p C q. Then
APIR) @ k(q) = Ry ®r ic(q) = 0 and (LY R) ®g & (p) = Ry ®r «(p) # 0. Then
we see from Lemma 3.8 that A{9APIR = 0 and APIATR £ 0.

Compare this remark with [Benson et al. 2008, Example 3.5]. See also [Nakamura
and Yoshino 2018, Remark 3.7(i1)].

Let p be a prime ideal which is not maximal. Then A"} is distinct from AP =
LAY® RHomg (Ryp, —), which is introduced in [Benson et al. 2012]. To see this,
let g be a prime ideal with p C q. Then it holds that cosupp R ={q} C U®p)°.
Hence R belongs to V™", Then we have RHompg (Ry, R q) =0 since Rp €ELyp =
Lev®r by (1.2). This implies that APR =LAV® RHomg (Ry, q) = 0, while

W R, = APIAIW R 5 0 by Remark 3.9.
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Let X € D, and write I, = RI'y () (— ®r Ry) (see [Benson et al. 2008]). Recall
that p € supp X (resp. p € cosupp X) if and only if I, X 7# 0 (resp. APX # 0); see
[Foxby and Iyengar 2003, Theorems 2.1 and 4.1] and [Benson et al. 2012, §4]. In
contrast, p € cosupp X (resp. p € supp X) if and only if yp X # 0 (resp. APl X £ 0),
by Lemma 2.6. Here, yjp) = RI'y () RHomg(Ry,, —) by [Nakamura and Yoshino
2018, Corollary 3.3]. See also [Sather-Wagstaff and Wicklein 2017, Propositions 3.6
and 4.4].

Let W be a subset of Spec R. We denote by dim W the supremum of lengths
of chains of distinct prime ideals in W (see [Nakamura and Yoshino 2018, Defini-
tion 3.6]).

Theorem 3.10. Let W be a subset of Spec R. We assume that dim W = 0. Then
there are isomorphisms

W=T]AP = [TLA"® (- ok Ry).
peW peW

Proof. Let X € D, and consider the natural morphisms 7" X : X — AP} X forp e W.
Take the product of the morphisms, and we obtain a morphism f : X — ]_[p cw ALD'E
Embed f into a triangle

c—x-Ls 1_[ AP X s Ol
pew

Note that [T,y A"V X € C". We have to prove that C € +C". For this purpose, take
any prime ideal g € W. Then {q} is specialization-closed in W, because dim W = 0.
Hence we have
[T »¥x ec™ @ ctet,
peW\{q}

by Corollary 3.2. Thus an isomorphism A{q}(]_[pew A{p}X) = A9 X holds. Then
it is seen from the triangle above that A{"'C = 0 for all q € W, so that C € ~C";
see Remark 2.7(i). Therefore Lemma 2.6 yields A" X = ]_[’g cw AP X, The second
isomorphism in the theorem follows from Corollary 3.7. (]

Example 3.11. Let W be a subset of Spec R such that W is an infinite set with
dim W = 0. Let X" be a complex with cosupp X*} = {p} for each p € W. We
take p € W. Since dim W = 0, it holds that X9 e ¢V®" for any q € W \ {p}.
Furthermore, Lemma 3.1 implies that CV®" is equal to +C"®, which is closed
under arbitrary direct sums. Thus it holds that

@ xla e eV® — LoV < Leolp)
qeW\{p}
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Therefore, setting ¥ = @,y X', we have A"y = X} It then follows from

Theorem 3.10 that
Wy=T]aPy =TT x¥.
peW peWw

Under this identification, the natural morphism ¥ — A"Y coincides with the
canonical morphism @),y X' — T,y X1

Remark 3.12. Let W, X" be as in Example 3.11, and suppose that each X}
is an R-module. Then @pew X} is not in C%, because the natural morphism
Dpew Xt )‘W(@pew X 1) is not an isomorphism. Hence the cosupport of
Dpew X %} properly contains W. In particular, setting X*) = « (p), we have W C
cosupp P,y « (p). Similarly, we can prove that W C supp [ [,y & (p). Nakamura
noticed these facts through discussion with Srikanth Iyengar.

It is possible to give another type of example, by which we also see that a
colocalizing subcategory of D is not necessarily closed under arbitrary direct sums.
Suppose that (R, m) is a complete local ring with dim R > 1. Then we have
R = R €C¥™ . However the free module @Dx R is never m-adically complete, so
that @y R is not isomorphic to 1™ (P, R). Hence @y R is not in "™

For a subset W of Spec R, W¢ denotes the generalization closure of W, which is
the smallest generalization-closed subset of Spec R containing W. In addition, for
a subset Wi C W, we say that Wy is generalization-closed in W if WN U (p) C W,
for any p € W;. This is equivalent to saying that W N Wi =w.

We extend Proposition 3.4 to the following corollary, which will be used in
Theorem 3.15.

Corollary 3.13. Let Wy and W be arbitrary subsets of Spec R. Suppose that one
of the following conditions hold.:

(1) Wy is specialization-closed in Wy U W1.

(2) W, is generalization-closed in Wo U W1.

Then we have an isomorphism

AWM 2= 3 oW
Proof. Set W = Wy U W;. By the assumption, we have
Wo NW =W, or WNW;*=Ww,.
Therefore, it holds that
Wo NWi=WonW; or WonW,* =Wonw.

Hence this proposition follows from Remark 3.5 and Remark 2.7(ii). U
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Remark 3.14. (i) Let Wy and W be subsets of Spec R with Wy € W. Under the iso-
morphism Ao = A Wo by Remark 2.7(ii), there is a morphism n"opW : AW — 3 Wo,

(ii) Let Wy and W; be subsets of Spec R. Let X € D. Since n"! :idp — A" isa
morphism of functors, there is a commutative diagram of the following form:

Wo x
X L) aWo x

J'nWlX lr]wl)\WOX

Wi ., W
AWy Mﬁ AW Wy
Now we prove the following result, which is the main theorem of this section.

Theorem 3.15. Let W, Wy and W, be subsets of Spec R with W = Wy U W,.
Suppose that one of the following conditions holds:

(1) Wy is specialization-closed in W.
(2) Wy is generalization-closed in W.
Then, for any X € D, there is a triangle of the form
AWx LoMx@aWox £ WiMx — VX,

where [ and g are morphisms represented by the matrices

77W1)\.WX
= (k). s= e

Proof. We embed the morphism g into a triangle
C L aWMix@aMox £ Wix — cr1).

Notice that C € CV since C"o,cW' € V. By Remark 3.14, it is easily seen that
g - f =0. Thus there is a morphism b : . X — C making the following diagram
commutative:

WX — AVx SN 0 — AVX[1

a1 | Ir | Jo

C —Ls WixgaWx S aWiaWx 1]

We only have to show that b is an isomorphism. To do this, embedding the morphism
b into a triangle

(3.17) Z—\"xtc— 7,

we prove that Z = 0. Since A" X, C € C%, Z belongs to CV. Hence it suffices to
show that Z € +CV.
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First, we prove that A"15 is an isomorphism. We employ a similar argument to
[Benson et al. 2008, Theorem 7.5]. Consider the sequence

(3.18) AWx Lo aWix gaWox 85 )\ WipWox,

and apply A"! to it. Then we obtain a sequence which can be completed to a split
triangle. The triangle appears in the first row of the diagram below. Moreover, 1!
sends the second row of the diagram (3.16) to a split triangle, which appears in the
second row of the diagram below:

iy

Ay Z s aWix gy Z 2 ) WiWy LN AW X[1]
w | | [
WWic S WMixeaWnWyxy 2 aWipWx _°. AViern

Since this diagram is commutative, we conclude that A5 is an isomorphism.

Next, we prove that A"0p is an isomorphism. Thanks to Corollary 3.13, we
are able to follow the same process as above. In fact, the corollary implies that
AW Wi = A Wol'W1 Thys, applying A" to the sequence (3.18), we obtain a sequence
which can be completed into a split triangle. Furthermore, A"0 sends the second
row of the diagram (3.16) to a split triangle. Consequently we see that there is a
morphism of triangles:

Ao f AWog 0
AWox —— AWy g Wox — = p)WnWiy — — 5 aWox(1]

b | o

W Woa L yiaw W wWog L wonw 0 W
ANC —— AT Ao X —— Aot —— 5 AW C[1]

Therefore A"0b is an isomorphism.
Since we have shown that A"0b and A1 b are isomorphisms, it follows from the
triangle (3.17) that A0 Z =A"1 Z = 0. Thus we have Z € LW by Remark 2.7(i). U

Remark 3.19. Let f, g and a be as above. Let h: X — AWM X @ A" X be a
morphism induced by n"' X and n"o X. Then g - h = 0 by Remark 3.14(ii). Hence
there is a morphism b’ : X — C such that the following diagram is commutative:

X ——— X _— 0 — X[1]

b b L o
c s aWMx@iox L aWWx — s
We can regard any morphism 5" making this diagram commutative as the natural
morphism n" X. In fact, since AW = £, applying A" to this diagram, and setting
A" b’ = b, we obtain the diagram (3.16). Note that b - n¥ X = b’. Moreover, the
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above proof implies that » : A X — C is an isomorphism. Thus we can identify b’
with % X under the isomorphism b.

We give some examples of Theorem 3.15.

Example 3.20. (1) Let x be an element of R. Recall that AV®) = LAY® by (2.9).
We put S ={1, x, x2, ...}. Since V (x)¢ = Us, it holds that AV ®° =Us = (—)®@g R,
by (2.8). Set W = Spec R, Wy = V(x) and W| = V (x)°. Then the theorem yields
the triangle

R—> R ®R(,, —> (R())x — R[1].

(2) Suppose that (R, m) is a local ring with p € Spec R and having dim R/p = 1.
Setting W = V(p), Wy = V(m) and W; = {p}, we see from the theorem and
Corollary 3.7 that there is a short exact sequence,

O—>RQ—>I’€\p®i€\—>(/i§p — 0.

Actually, this gives a pure-injective resolution of RPA; see Section 9. Moreover,
if R is a 1-dimensional local domain with quotient field Q, then this short exact
sequence is of the form

0—>R—>Q®§—>§®RQ—>O.

By similar arguments to Proposition 3.4 and Corollary 3.13, one can prove the
following proposition, which is a generalized form of [Nakamura and Yoshino 2018,
Proposition 3.1].

Proposition 3.21. Let Wy and W, be arbitrary subsets of Spec R. Suppose that
one of the following conditions hold:

(1) Wy is specialization-closed in Wo U Wj.
(2) Wy is generalization-closed in Wy U W.

Then we have an isomorphism
YWo YW, = YWonW; -

As with Theorem 3.15, it is possible to prove the following theorem, in which we
implicitly use the fact that yw,yw = yw, if Wo € W (see [Nakamura and Yoshino
2018, Remark 3.7(i)]).

Theorem 3.22. Let W, Wy and W, be subsets of Spec R with W = Wy U W|.
Suppose that one of the following conditions holds:

(1) Wy is specialization-closed in W.
(2) Wy is generalization-closed in W.

Then, for any X € D, there is a triangle of the form

YW, Ywo X L Ywi X ® ywo X = yw X — yw,yw, X[11,
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where f and g are morphisms represented by the following matrices;

y 18 0
= , = (ew,ywX ew,ywX).
f <( 1) ‘8W1)/W0X) 8 ( g 0 )

Remark 3.23. As long as we work on the derived category D, Theorem 3.15 and
Theorem 3.22 generalize Mayer—Vietoris triangles in the sense of [Benson et al.
2008, Theorem 7.5], in which yy and Ay are written as I'y and Ly, respectively,
for a specialization-closed subset V of Spec R.

4. Projective dimension of flat modules

As an application of results in Section 3, we give a simpler proof of a classical
theorem due to Gruson and Raynaud.

Theorem 4.1 [Raynaud and Gruson 1971, Part. II, Corollary 3.2.7]. Let F be a flat
R-module. Then the projective dimension of F is at most dim R.

We start by showing the following lemma.

Lemma 4.2. Let F be a flat R-module and p be a prime ideal of R. Suppose that
X € C'P. Then there is an isomorphism

RHomg(F, X) =[] X,
B

where B = dimy(p) F Qg Kk (p).

Proof. Since A"} : D — C% is a left adjoint to the inclusion functor C%*} < D, we
have RHomz (F, X) = RHomg (A" F, X). Moreover, it follows from Lemma 3.8
that APV F = (P, Rp)g = )\ (Pg R). where B = dim,p) F ®p k (p). Therefore
we obtain isomorphisms

RHOIIIR(F, X) o~ RHOI’IIR ()ﬁﬂ(@ R>’ X) gRHOIl’Ug(@ R, X) = l_[X O
B B

B

Leta, b € Z U {#oo} with a < b. We write D!%?! for the full subcategory of D
consisting of all complexes X of R-modules such that H'(X) =0 for i ¢ [a, b]
(see [Kashiwara and Schapira 2006, Notation 13.1.11]). For a subset W of Spec R,
max W denotes the set of prime ideals p € W which are maximal with respect to
inclusion in W.

Proposition 4.3. Let F be a flat R-module and X € D=9 Suppose that W is a
subset of Spec R such that n = dim W is finite. Then we have EXt’k(F, AX)=0
fori > n.
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Proof. We use induction on n. First, we suppose that n = 0. It then holds that
Wx=]]»"x=]]LA"® x, e D
peW peW
by Theorem 3.10. Hence, noting that
RHomg(F, A" X) = [ | RHomg(F, A%'X),
pew
we have Ext’k(F, AWX)=0fori >0, by Lemma 4.2.
Next, we suppose n > 0. Set Wop =max W and W, = W\ Wy. By Theorem 3.15,
there is a triangle

WX —WxeVox — MMy 5 aVx(n.

Note that dim Wy = 0 and dim W = n — 1. By the argument above, it holds that
Ext’k(F, AWox) =0 fori > 0. Furthermore, since X, Ao X e D=0l we have
Ext’k (F, A" X)= Extlk(F, AWiaWo Xy =0 for i > n—1, by the inductive hypothesis.
Hence it is seen from the triangle that EX'[%(F AYX)=0fori >n. U

Proof of Theorem 4.1. We may assume that d = dim R is finite. Let M be any R-
module. We only have to show that Ext’k (F, M) =0fori>d. Setting W = Spec R,
we have dim W = d and M = AW M. It then follows from Proposition 4.3 that
Extly (F, M) = Exty(F, AW M) =0fori >d. O

S. Cotorsion flat modules and cosupport

In this section, we summarize some basic facts about cotorsion flat R-modules.

Recall that an R-module M is called cotorsion if Ext}e (F, M) =0 for any flat R-
module F. This is equivalent to saying that EXt’k(F , M) =0 for any flat R-module
F and any i > 0. Clearly, all injective R-modules are cotorsion.

A cotorsion flat R-module means an R-module which is cotorsion and flat. If F is
a flat R-module and p € Spec R, then Corollary 3.7 implies that A"} F is isomorphic
to 1’?p which is a cotorsion flat R-module by Lemma 4.2 and Proposition 2.1.
Moreover, recall that F\p is isomorphic to the p-adic completion of a free R,-module
by Lemma 3.8.

We remark that arbitrary direct products of flat R-modules are flat, since R
is Noetherian. Hence, if T, is the p-adic completion of a free R, module for
each p € Spec R, then ]_[pespeC r Ty 1s a cotorsion flat R-module. Conversely, the
following fact holds.

Proposition 5.1 [Enochs 1984]. Let F be a cotorsion flat R-module. Then there is
an isomorphism
Fz [] o
peSpec R

where T, is the p-adic completion of a free R, module.
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Proof. See [Enochs 1984, Theorem; Enochs and Jenda 2000, Theorem 5.3.28]. [

Let S be a multiplicatively closed subset of R and a be an ideal of R. For a
cotorsion flat R-module F, we have RHomg(S™'R, F) = Homg(S™'R, F) and
LAY® F = AV@F. Moreover, by Proposition 5.1, we may regard F as an R-
module of the form ]_[pespeC r Ip- Then it holds that

(5.2) RHomR<SlR, I1 Tp>EHomR<SlR, I1 Tp>§1_[Tp.

peSpec R peSpec R peUs
This fact appears implicitly in [Xu 1996, §5.2]. Furthermore we have
(5.3) LAY® T] n=A"® J] n= [] 5.
peSpec R peSpec R peVi(a)

One can show (5.2) and (5.3) by Lemma 3.1 and (2.9). See also Thompson’s recent
lemma [2017b, Lemma 2.2].

Let F be a cotorsion flat R-module with cosupp F € W for a subset W of Spec R.
Then it follows from Proposition 5.1 that F is isomorphic to an R-module of the
form ]_[pew T,. More precisely, using Lemma 2.4, (5.2) and (5.3), one can show
the following corollary, which is essentially proved in [Enochs and Jenda 2000,
Lemma 8.5.25].

Corollary 5.4. Let F be a cotorsion flat R-module, and set W = cosupp F. Then
we have an isomorphism
F=]] .

peW

where Ty, is of the form (@Bp Rp);\ with B, = dim ) Homg (Ry, F) ®g k().

6. Complexes of cotorsion flat modules and cosupport

In this section, we study the cosupport of a complex X consisting of cotorsion flat
R-modules. As a consequence, we obtain an explicit way to calculate yycX and
AV X for a specialization-closed subset V of Spec R.

Notation 6.1. Let W be a subset of Spec R. Let X be a complex of cotorsion flat
R-modules such that cosupp X! € W for all i € Z. Under Corollary 5.4, we use a
presentation of the form

peW peWw

where X' = [, gpec g Ty and 7, is the p-adic completion of a free Ry-module.
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Remark 6.2. Let X =(--- = [Tyespec k Ty = [pespec g Tp 7' — - - ) be a complex
of cotorsion flat R-modules. Let V be a specialization-closed subset of Spec R. By
Lemma 3.1, we have Homg (Hpe\/}' T;, [Toev Tp"“) =0 for all i € Z. Therefore
Y=_(-— [Toeve Ty = Tlpeve sz+1 — ---) is a subcomplex of X, where the
differentials in Y are the restrictions of ones in X.

We say that a complex X of R-modules is left (resp. right) bounded if X! =0
for i << 0 (resp. i > 0). When X is left and right bounded, X is called bounded.

Proposition 6.3. Let W be a subset of Spec R and X be a complex of cotorsion
flat R-modules such that cosupp X' € W for all i € Z. Suppose that one of the
following conditions holds:

(1) X isleft bounded.
(2) W isequal to V(a) for an ideal a of R.
(3) W is generalization-closed.
(4) dim W is finite.
Then it holds that cosupp X C W, i.e., X € cv.

To show this, we use the elementary lemma below. Therein, for a complex X
and n € Z, we define the truncations <, X and 7-,X as follows (see [Hartshorne
1966, Chapter 1, §7]):

Tan=(~--—>X"_1—>X"—>O—>---),
t>nX=(--~—>0—>X”+1_>X”+2_>...),

Lemma 6.4. Let W be a subset of Spec R. We assume that t<,X € CV (resp.
Ton X € Lwy) foralln > 0 (resp. n < 0). Then we have X € cV (resp. X € Ly).

Recall that CV (resp. L) is closed under arbitrary direct products (resp. sums).
Then one can show this lemma by using homotopy limits (resp. colimits), see
[Bokstedt and Neeman 1993, Remarks 2.2 and 2.3]. O

Proof of Proposition 6.3. Case 1: We have 17—, X € CV for all n > 0, since 1<, X
are bounded. Thus Lemma 6.4 implies that X € C".

Case 2: By (2.9), Proposition 2.5 and (5.3), it holds that AY@X = LAY® x =
AV@X = X Hence X belongs to CV®.

Case 3: It follows from Case 1 that 7=, X € C" for all n < 0. Moreover, we have

CY = Ly by Lemma 3.1. Thus Lemma 6.4 implies that X € Ly =C".

Case 4: Under Notation 6.1, we write X’ = ]_[pew Tpi fori € Z. Set n =dim W, and
use induction on n. First, suppose that n =0. It is seen from Remark 6.2 that X is the
direct product of complexes of the form Y = (... — T, — T/*+! — ...) forp e W.
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Furthermore, by Cases 2 and 3, we have cosupp Y € V(p) N U (p) = {p}. Thus it
holds that X =TT,y Y e CW.

Next, suppose that n > 0. Set Wy = max W and W; = W \ Wy. We write
Y = ( = ]_[pew1 Tpi — Hper Tp’”rl — ), which is a subcomplex of X by
Remark 6.2. Hence there is a short exact sequence of complexes,

0—Y —>X—X/Y —0,

where X/Y = (--- — [Toew, Tpi = [Tpew, Tp“rl — -++). Note that dim Wy =0
and dim W; = n — 1. Then we have cosupp X/Y € W, by the argument above.
Moreover the inductive hypothesis implies that cosupp ¥ € Wj. Hence it holds that
cosupp X € WoU W =W. O

Under some assumption, it is possible to extend condition (4) in Proposition 6.3
to the case where dim W is infinite; see Remark 7.15. See also [Thompson 2017a,
Theorem 2.7].

Corollary 6.5. Let X be a complex of cotorsion flat R-modules and W be a
specialization-closed subset of Spec R. Under Notation 6.1, we write

X=<--~—> l_[ T;—> l_[ T;’Ll—)---).

peSpec R peSpec R

Suppose that one of the conditions in Proposition 6.3 holds. Then it holds that

yWCX;<...—> ]_[ T — ]_[ Tp"“—»--),

(66) peWwe peWwe
Wy ~ ' i+1
A X=<---—>1_[T;—>]_[Tpl —>)
peWw peWw

Proof. Since Y = (- -+ = [Tpewe Tj = [Tpewe Tyt' — -+ +) is a subcomplex of X
by Remark 6.2, there is a triangle in D:

Y —X—X/Y —YI[l1],

where X/Y = (--- = [Tpew Ty = [lpew T3 7' = ---). By Proposition 6.3, we
have X/Y e C". Moreover, since W¢ is generalization-closed, it holds that ¥ ¢
¢"* = +¢c" by Proposition 6.3 and Lemma 3.1. Therefore we conclude that
yweX =Y and AW X = X/Y by Lemma 2.6. |

Let X be a complex of cotorsion flat R-modules and S be a multiplicatively
closed subset of R. We assume that X is left bounded, or dim R is finite. It then
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follows from the corollary and (5.2) that

YusX = (_> [15-[]5" - ) = Homg(S™'R, X).
peUs peUs

We now recall that yy, = RHomz(S™'R, —); see [Nakamura and Yoshino 2018,
Proposition 3.1]. Hence it holds that RHomz(S™'R, X) £ Homg(S~ 'R, X). This
fact also follows from Lemma 9.1.

7. Localization functors via Cech complexes

In this section, we introduce a new notion of Cech complexes to calculate AW X,
where W is a general subset W of Spec R and X is a complex of flat R-modules.
We first set the following notation.

Notation 7.1. Let W be a subset of Spec R with dim W = 0. We define a functor
A% :Mod R — Mod R by

W=TTA" Pk Ry
pew

For a prime ideal p in W, we write
% idyioa g — A0 = AV (— @ Ry)

for the composition of the natural morphisms idyoq g — (—)®g Rp and (—)Qr Rp —
AY® (= @ Ry). Moreover, 1% :idyioa g — A" = [Tpew A"} denotes the product
of the morphisms 7" for p € W.

Notation 7.2. Let {W;}o<i<, be a family of subsets of Spec R, and suppose that
dim W; =0 for 0 <i < n. For a sequence (i, ..., i1, ig) of integers with 0 < iy <
i1 <---<iyu <n,we write

N mseensitsio) — 3 Wiy 3 Wi ) Wi
If the sequence is empty, then we use the general convention that AQ) = idyjoq g.
For an integer s with 0 < s <m, 7" :idyoq g — A induces a morphism

)_\’(ima---ﬂiﬂrl)ﬁwis )_\’(isfla---ﬂio) : X(irila---v;s:---»io) — )_\’(im ----- iO)

where we mean by fs that i; is omitted. We set

am—l . 1_[ X(i,,l_l,...,io) _ 1_[ )_»(i’” ..... io)

O<ip<-<im—1=n O<ip<--<im=n

to be the product of the morphisms AUm-iss0) s 3 mssio) myltiplied by (—1)°.
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Remark 7.3. Let Wy, W; € Spec R be subsets such that dim Wy = dim W} = 0.

As with Remark 3.14¢(ii), the following diagram is commutative:

7o -
ldMod R ——> A Wo

lﬁwl lﬁwl XWO

w2 S w
Definition 7.4. Let W = {W;}o<;<, be a family of subsets of Spec R, and suppose
that dim W; = 0 for 0 < i < n. By Remark 7.3, it is possible to construct a Cech
complex of functors of the form

1—[ 7o) 35 1—[ RGio) _y . 1—[ Flin—t,si0) 375 5 (n,...,0)

0<ip<n O<ip<ii<n 0<ip<-<in_1<n

which we denote by LW and call it the Cech complex with respect to W.

For an R-module M, L"YM denotes the complex of R-modules obtained by
LW in a natural way, where it is concentrated in degrees from 0 to n. We call
LWM the Cech complex of M with respect to W. Note that there is a chain map
¢WM : M — LM induced by the map M — [y, , A" M in degree 0, which
is the product of ﬁWiOM ‘M — MM for 0 < iy <n.

More generally, we regard every term of LWas a functor C(Mod R) — C (Mod R),
where C(Mod R) denotes the category of complexes of R-modules. Then LYW
naturally sends a complex X to a double complex, which we denote by LW X.
Furthermore, we write tot L X for the total complex of L X. The family of chain
maps £V X/ : X/ — LWX/J for j € Z induces a morphism X — LW X as double
complexes, from which we obtain a chain map £ X : X — tot LV X.

Remark 7.5. (i) We regard tot LW as a functor C(Mod R) — C(Mod R). Then
Wisa morphism id¢cmod r) — tot LW of functors. Moreover, if M is an R-module,
then tot LWM = LW M.

(i) Leta, b € ZU {£oo} with a < b and X be a complex of R-modules such that
X' =0fori ¢ [a, b]. Then it holds that (tot LWX) =0 fori ¢ [a, b+ n], where n
is the number given to W = {W; }o<;<x.

(iii) Let X be a complex of flat R-modules. Then we see that tot LWX consists of
cotorsion flat R-modules with cosupports in (o, Wi.

Definition 7.6. Let W be a nonempty subset of Spec R and {W;}g<;<, be a family
of subsets of W. We say that {W;}o<i<p is a system of slices of W if the following
conditions hold:

() W=Uo<izn Wi-
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3) dmW; =0for0<i <n.

(4) W; is specialization-closed in UiS j<n W; foreach 0 <i <n.
Compare this definition with the filtrations in [Hartshorne 1966, Chapter IV, §3].
If dim W is finite, then there exists at least one system of slices of W. Conversely,

if there is a system of slices of W, then dim W is finite.

Proposition 7.7. Let W be a subset of Spec R and W = {W; }o<i <, be a system of
slices of W. Then, for any flat R-module F, there is an isomorphism in D,

WrE=IWE,
Under this isomorphism, IWF . F — LWF coincides with nWF F—> AMWFinD.

Proof. We use induction on n, which is the number given to W= {W,; }o<;<,. Suppose
that n = 0. It then holds that LW F = AW F = AW F and ¢WF = 3" F = 7" F.
Hence this proposition follows from Theorem 3.10.

Next, suppose that n > 0, and write U = | J,_,.,, Wi. Setting U;_; = W;, we
obtain a system of slices U = {U; }o<i<n—1 0of U. Consider the following two squares,
where the first and second are in C(Mod R) and D, respectively:

f[WOF I]WOF

F —— MFp F —— )\WF
leUF leUxWoF anF anAWOF
Up ENE usw g G 28 v

By Remarks 7.5(i) and 3.14(ii), both of them are commutative. Moreover, AUnWO F
is the unique morphism which makes the right square commutative, because AY
is a left adjoint to the inclusion functor CV < D. Then, regarding the left square
as being in D, we see from the inductive hypothesis that the left and right squares
coincide in D.

Letg: LYF@ AW F — LYW F and h: F — LYF @ A" F be chain maps
represented by the matrices

g=(LY"MF (=1)-UA™X), h= (WF )
’ 77}‘4/0}(—‘

Notice that the mapping cone of g[—1] is nothing but LW F. Then we can obtain
the following morphism of triangles, regarded as being in D:

F[-1] —— F[—1] —_— 0 — F

(7.8) lewF[—u lﬁ[—u l leWF

LWF[-1] —— (LYF@i%ry—1] 22 puivp—1] —— WF

Therefore, by Theorem 3.15 and Remark 3.19, there is an isomorphism AW F= LW F
such that £V F coincides with n" F under this isomorphism. (]
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The following corollary is one of the main results of this paper.

Corollary 7.9. Let W and W = {W, }o<i<, be as above. Let X be a complex of flat
R-modules. Then there is an isomorphism in D;

WX =tot LVX.
Under this isomorphism, £VX : X — tot LW X coincides with WX : X — AW X in D.

Proof. We embed £V X : X — tot L™ X into a triangle
C— X X ot LWX — C1].

Proposition 6.3 and Remark 7.5(iii) imply that tot LYY X e ¢%. Thus it suffices to
show that A"iC = 0 for each i, by Lemma 2.6 and Remark 2.7(i). For this purpose,
we prove that AW ¢W X is an isomorphism in D. This is equivalent to showing that
AVieWX is a quasi-isomorphism, since X and tot LY X consist of flat R-modules.

Consider the natural morphism X — L' X of double complexes, which is induced
by the chain maps ¢ X/ : X/ — LWX/J for j € Z. To prove that AWi¢WX is a
quasi-isomorphism, it is enough to show that 2% ¢W X/ is a quasi-isomorphism for
each j € Z; see [Kashiwara and Schapira 2006, Theorem 12.5.4]. Furthermore,
by Proposition 7.7, each £V X/ coincides with n%" X/ : X/ — AW X/ in D. Since
W; € W, it follows from Remark 2.7(ii) that A" r]WX J is an isomorphism in D.
This means that A" ¢W X/ is a quasi-isomorphism. O

Let W be a subset of Spec R, and suppose that n = dim W is finite. Then
Corollary 7.9 implies A" R € D%l We give an example such that H" (A" R) # 0.

Example 7.10. Let (R, m) be a local ring of dimension d > 1. Then we have
dim V(m)¢ =d — 1. By Lemma 2.6, there is a triangle

wamR — R — 1Y ™ R — yym RI1].

Since RI'y (m) = Yvm) by (2.10), Grothendieck’s nonvanishing theorem implies that
HY(yymR) is nonzero. Then we see from the triangle that H4=1 (V™" R) =£ 0.

We denote by D~ the full subcategory of D consisting of complexes X such that
Hi(X)=0fori> 0. Let W be a subset of Spec R and X € D. If dim W is finite,
then we have A" R € D~ by Corollary 7.9. However, as shown in the following
example, it can happen that A" R ¢ D~ when dim W is infinite.

Example 7.11. Assume that dim R = 400, and set W = max(Spec R). Then it
holds that dim W = 0 and dim W¢ = 4+o00. Since each m € W is maximal, there are
isomorphisms

yw ZRTy = P ROy -

meW
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Thus we see from Example 7.10 that yw R ¢ D~. Then, considering the triangle
ywR — R — A" R — yy R[1],

we have \W'R ¢ D~

Let W be a subset of Spec R and X € C". Then n"X : X — A" X is an
isomorphism in D. Thus Remark 7.5(iii) and Corollary 7.9 yield the following result.

Corollary 7.12. Let W be a subset of Spec R, and W = {W; }o<i<, be a system of
slices of W. Let X be a complex of flat R-modules with cosupp X C W. Then the
chain map €V X : X — tot LW X is a quasi-isomorphism, where tot LW X consists
of cotorsion flat R-modules with cosupports in W.

Remark 7.13. If d = dim R is finite, then any complex Y is quasi-isomorphic to a
K -flat complex consisting of cotorsion flat R-modules. To see this, set

W; ={p e SpecR|dimR/p =i}

for 0 <i <d. Then W = {W;}o<i<q is a system of slices of Spec R. We take a
K -flat resolution X of Y such that X consists of flat R-modules. Corollary 7.12
implies that £V X : X — tot LW X is a quasi-isomorphism, and tot L' X consists of
cotorsion flat R-modules. At the same time, the chain maps £V X' : X' — LWX'
are quasi-isomorphisms for all i € Z. Then it is not hard to see that the mapping
cone of £V X is K-flat. Thus tot LW X is K -flat.

By Proposition 6.3 and Corollary 7.12, we have the next result.

Corollary 7.14. Let W be a subset of Spec R such that dim W is finite. Then a
complex X € D belongs to CV if and only if X is isomorphic to a complex Z of
cotorsion flat R-modules such that cosupp Z' C W foralli € Z.

Remark 7.15. If dim W is infinite, it is possible to construct a similar family to
systems of slices. We first put Wy =max W. Leti > 0 be an ordinal, and suppose that
subsets W; of W are defined for all j < i. Then we put W; = maX(W \ Uj<l- Wj).
In this way, we obtain the smallest ordinal o(W) satisfying the following conditions:

M W =Uo<icow) Wi-
Q) WinW; =g ifi#j.
B) dmW; <0for0<i <o(W).
(4) W; is specialization-closed in Uigj< o(W) W; for each 0 <i < o(W).

One should remark that the ordinal o(W) can be uncountable in general; see
[Gordon and Robson 1973, p. 48, Theorem 9.8]. However, if R is an infinite-
dimensional commutative Noetherian ring given by Nagata [1962, Appendix Al,

Example 1], then o(W) is at most countable. Moreover, using transfinite induction,
it is possible to extend condition (4) in Proposition 6.3 and Corollary 6.5 to the case
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where o(W) is countable. One can also extend Corollary 7.14 to the case where
o(W) is countable.

Using Theorem 3.22 and results in [Nakamura and Yoshino 2018, §3], it is
possible to give a similar result to Corollary 7.9, for colocalization functors yy and
complexes of injective R-modules.

8. Cech complexes and complexes of finitely generated modules

Let W be a subset of Spec R and W = {W;}o<;<, be a system of slices of W. In this
section, we prove that A"'Y is isomorphic to tot LY if Y is a complex of finitely
generated R-modules.

We denote by Dy, the full subcategory of D consisting of all complexes with
finitely generated cohomology modules, and set Diy =D~ NDyy. We first prove
the following proposition.

Proposition 8.1. Let W be a subset of Spec R such that dim W is finite. Let
X, Y € D. We suppose that one of the following conditions holds:

(1) XeD and Y € Dy,
(2) X is a bounded complex of flat R-modules and Y € Dx,.

Then there are natural isomorphisms
weX) %Y Zywe(X@%Y), VX)) @hy =aV(X % 1).

For X € D and n € Z, we define the cohomological truncations o<, X and o-, X
as follows (see [Hartshorne 1966, Chapter I, §7]):

o X=(-— X" 2?5 x Kerdy - 0— ---),
a>nX=(---—>0—>Irnd§—>X”+1 — X" ),
Proof of Proposition 8.1. Applying (—) ®II§ Y to the triangle
yweX = X - AVX - yweX[1],
we obtain the triangle
(weX)®RY — X Q%Y — AWV X) ®R Y — (ywX) ®% Y[1].

Since supp yweX € W€, we have supp(yweX) ®II§ Y S W< ie., (YyweX) ®II§ YeLlye.
Hence it remains to show that (A" X) ®II§ Y € CY; see Lemma 2.6.

Case 1: We remark that X is isomorphic to a right bounded complex of flat R-
modules. Then it is seen from Corollary 7.9 that A" X is isomorphic to a right
bounded complex Z of cotorsion flat R-modules such that cosupp Z! € W for
all i € Z. Furthermore, Y is isomorphic to a right bounded complex P of finite
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free R-modules. Hence it follows that X ®]ie Y = Z ®g P, where the second
one consists of cotorsion flat R-modules with cosupports in W. Then we have
X®%Y=Z®r P eC” by Proposition 6.3.
Case 2: By Corollary 7.9, A" X is isomorphic to a bounded complex consisting
of cotorsion flat R-modules with cosupports in W. Thus it is enough to prove that
Z®rY e€CY for a cotorsion flat R-module Z with cosupp Z € W.

We consider the triangle 0<,Y — Y — 0.,Y — 0<,Y[1] for an integer n.
Applying Z ®pg (—) to this triangle, we obtain the following one:

ZQRro<)Y —ZQrY — ZQ®ro-,Y — ZQro<,Y[1].

Let p € W¢. Case 1 implies that Z ®g o<, Y € C" forany n € Z, since \WZ = Z.
Thus, applying RHomg (x (p), —) to the triangle above, we have

RHomg (k (p), Z®r ¥) = RHomg(k (p), Z ®r 0-nY).
Furthermore, taking a projective resolution P of « (), we have
RHomg (k(p), Z g 0-,Y) =Homg(P, Z Qg 0>,Y).

Let j be any integer. To see that RHompg (k (p), Z ®r Y) =0, it suffices to show
that there exists an integer n such that HO(HomR(P[j], Z®pro0-,Y)) =0. Note
that P! =0 for i > 0. Moreover, each element of HO(HomR(P[j], ZQro-,Y)) =
Homp(P[j], Z Qg 0-,Y) is represented by a chain map P[j] - Z Qg 0-,Y.
Therefore it holds that H(Homg (P[j], Z @ 0-,Y)) =0 if n > —]j. U
Remark 8.2. (i) In the proposition, we can remove the finiteness condition on

dimW if W = V(a) for an ideal a. In such cases, we need only use a-adic
completions of free R-modules instead of cotorsion flat R-modules.

(ii) If W is a generalization-closed subset of Spec R, then the isomorphisms in the
proposition hold for any X, Y € D because yy« is isomorphic to RI" ye.

Let W be a subset of Spec R and W = {W;}p<i <, be a system of slices of W. Let
Y € Dy;. By Propositions 8.1 and 7.7, we have
(8.3) Wry=a"Rehy=wVR) ®r Y.

Let F be a flat R-module and M be a finitely generated R-module. Then we see
from Lemma 2.3 that
AWM F)@r M Z2"(F @k M).

This fact ensures that (A1) Ry @ p M = A (m--1100) M Thus, if ¥ is a complex
of finitely generated R-modules, then there is a natural isomorphism
(8.4) LYR)Y®@rY =tot LY

in C(Mod R). By (8.3) and (8.4), we have shown the following proposition.
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Proposition 8.5. Let W be a subset of Spec R and W = {W;}o<i<, be a system of
slices of W. Let Y be a complex of finitely generated R-modules. Then there is an
isomorphism in D;

AWy =tot LVy.

Under this identification, £VY :Y — tot LY coincides with n"VY :Y — AVY in D.

We see from (8.4) and the remark below that it is also possible to give a quick
proof of this proposition, provided that Y is a right bounded complex of finitely
generated R-modules.

Remark 8.6. Let W be a subset of Spec R and W = {W,}o<i<, be a system of
slices of W. We denote by K (Mod R) the homotopy category of complexes of R-
modules. Note that tot LY induces a triangulated functor K (Mod R) — K (Mod R),
which we also write tot L. Then it is seen from Corollary 7.9 that A" : D — D is
isomorphic to the left derived functor of tot LW: K(Mod R) — K(Mod R).

Let W be a subset of Spec R such that n = dim W is finite. By Proposition 8.5, if
an R-module M is finitely generated, then A" M e D% On the other hand, since
AV @ = LAY® for an ideal a, it can happen that H' (A" M) # 0 for some i < 0
when M is not finitely generated; see [Nakamura and Yoshino 2018, Example 5.3].
Remark 8.7. Letn >0 be an integer. Let a; be ideals of R and S; be multiplicatively
closed subsets of R for 0 <i < n. In Notation 7.2 and Definition 7.4, one can
replace A = AW by AV (— @ Sl._1 R), and construct a kind of Cech complex.
For this Cech complex and AW with W = U0§i§n(v(ai) N Us,), it is possible to
show similar results to Corollary 7.9 and Proposition 8.5, provided that one of the
following conditions holds:

(1) V(a;)NUs is specialization-closed in Uiijin(V(aj) NUs,) foreach 0 <i <n.
(2) V(a;)NUs, is generalization-closed in UOsjsi (V(a;)N USJ.) foreach0<i <n.

9. Cech complexes and complexes of pure-injective modules

In this section, as an application, we give a functorial way to construct a quasi-
isomorphism from a complex of flat R-modules or a complex of finitely generated
R-modules to a complex of pure-injective R-modules.

We start with the following well known fact.

Lemma 9.1. Let X be a complex of flat R-modules and Y be a complex of cotorsion
R-modules. We assume that one of the following conditions holds:

(1) X is right bounded and Y is left bounded.
(2) X is bounded and dim R is finite.
Then we have RHompg (X, Y) = Homg (X, Y).
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One can prove this lemma by [Kashiwara and Schapira 2006, Theorem 12.5.4]
and Theorem 4.1.

Next, we recall the notion of pure-injective modules and resolutions. We say that
a morphism f : M — N of R-modules is pure if f @ L is a monomorphism in
Mod R for any R-module L. Moreover, an R-module P is called pure-injective if
Hompg(f, P) is an epimorphism in Mod R for any pure morphism f : M — N of R-
modules. Clearly, all injective R-modules are pure-injective. Furthermore, all pure-
injective R-modules are cotorsion; see [Enochs and Jenda 2000, Lemma 5.3.23].

Let M be an R-module. A complex P together with a quasi-isomorphism M — P
is called a pure-injective resolution of M if P consists of pure-injective R-modules
and P! =0 for i < 0. It is known that any R-module has a minimal pure-injective
resolution, which is constructed by using pure-injective envelopes, see [Enochs
1987] and [Enochs and Jenda 2000, Example 6.6.5, Definition 8.1.4]. Moreover,
if F is a flat R-module and P is a pure-injective resolution of M, then we have
RHompg (F, M) = Homg(F, P) by Lemma 9.1.

Now we observe that any cotorsion flat R-module is pure-injective. Consider
an R-module of the form (@ B Rp)g with some index set B and a prime ideal p,
which is a cotorsion flat R-module. Writing Er(R/p) for the injective hull of R/p,

@)

B p

A

= Homg <ER(R/p), &b ER(R/P)>;
B

see [Enochs and Jenda 2000, Theorem 3.4.1]. It follows from tensor-hom adjunc-
tion that Homg (M, I) is pure-injective for any R-module M and any injective
R-module /. Hence (EB B Rp)g is pure-injective. Thus any cotorsion flat R-module
is pure-injective; see Proposition 5.1.

There is another example of pure-injective R-modules. Let M be a finitely
generated R-module. Using the Five Lemma, we are able to prove an isomorphism

Hompg (ER<R/p), &P ER<R/p)) ®r M
B
= Homg <HomR<M, Er(R/p)). P ER<R/p>).
B

Therefore (P Rp)g ®r M is pure-injective; it is also isomorphic to (P Mp)g
by Lemma 2.3. Further, Proposition 8.1 implies that cosupp(€D 5 Mp)g C {p}.

By the above observation, we see that Corollary 7.12, (8.4) and Proposition 8.5
yield the following theorem, which is one of the main results of this paper.

Theorem 9.2. Let W be a subset of Spec R and W = {W;}o<i<n be a system of
slices of W. Let Z be a complex of flat R-modules or a complex of finitely generated
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R-modules. We assume that cosupp Z C W. Then £V Z : Z — tot L\ Z is a quasi-
isomorphism, where tot LN Z consists of pure-injective R-modules with cosupports
inW.

Remark 9.3. Let N be a flat or finitely generated R-module. Suppose that d =
dim R is finite. Set W; = {p € Spec R | dim R/p =i} and W = {W;}p<i<4. By
Theorem 9.2, we obtain a pure-injective resolution £YN : N — LWN of N, that is,
there is an exact sequence of R-modules of the form

0— N — ]_[ AN ]_[ SO N s . s 5 @d O N s 0.

0<ip=<d 0<ip<ii=<d

We remark that, in C(Mod R), LW N need not be isomorphic to a minimal pure-
injective resolution P of N. In fact, when N is a projective or finitely generated
R-module, it holds that PO =T, .y, New = AON (see [Warfield 1969, Theorem 3]
and [Enochs and Jenda 2000, Remark 6.7.12]), while (L N)? =[]_; -4 A®N.
Furthermore, Enochs [1987, Theorem 2.1] proved that if N is a flat R-module, then
P! is of the form l_[peW>i Tpi for 0 <i <d (see Notation 6.1), where

W-; ={p € Spec R | dim R/p > i}.

On the other hand, for a flat or finitely generated R-module N, the differential
maps in the pure-injective resolution LY N are concretely described. In addition,
our approach based on the localization functor A" and the Cech complex LY
provide a natural morphism AL 1dcMod Ry — tot LW which induces isomorphisms
in D for all complexes of flat R-modules and complexes of finitely generated R-
modules. The reader should also compare Theorem 9.2 with [Thompson 2017b,
Theorem 5.2].

We close this paper with the following example of Theorem 9.2.

Example 9.4. Let R be a 2-dimensional local domain with quotient field Q. Let
W = {W;}o<i<2 be as in Remark 9.3. Then LWRisa pure-injective resolution of
R, and L"R is of the following form:

0—>0® ( [1 1@) ®R— ( I1 ﬁp) SN (ﬁ>ﬁ( I1 <§>p) —0
pew; pew; 7O pew; pew; ©
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ZETA INTEGRALS FOR GSP4) VIA BESSEL MODELS

RALF SCHMIDT AND LONG TRAN

We give a revised treatment of Piatetski-Shapiro’s theory of zeta integrals
and L-factors for irreducible, admissible representations of GSp(4, F) via
Bessel models. We explicitly calculate the local L-factors in the nonsplit
case for all representations. In particular, we introduce the new concept of
Jacquet—Waldspurger modules which play a crucial role in our calculations.

1. Introduction 437
2. Definitions and notations 438
3. Jacquet—Waldspurger modules 440
4. Asymptotic behavior 446
5. Local zeta integrals and L-factors 455
References 479

1. Introduction

An irreducible, admissible representation of an algebraic reductive group over a
local field is called generic if it has a Whittaker model. Whittaker models are one of
the main tools to define local and global L-functions and e-factors of representations.
The theory was developed by Jacquet and Langlands for GL(2) following ideas of
Tate’s thesis for GL(1). The general case of GL(n) was developed in a series of
works by Jacquet, Piatetski-Shapiro and Shalika. It is well known that any infinite
dimensional irreducible, admissible representation of GL(2) is always generic.

Let F be a nonarchimedean local field of characteristic zero. Takloo-Bighash
[2000] computed L-functions for all generic representations of the group GSp(4, F).
It is similar to the theory of GL(n) in that the approach is based on the existence of
Whittaker models and zeta integrals. The method was first introduced by Novod-
vorsky [1979] in the Corvallis conference. However, it turns out that there are many
irreducible, admissible representations of GSp(4, F') which are not generic.

In the 1970s, Novodvorsky and Piatetski-Shapiro introduced the concept of
Bessel models. In contrast to Whittaker models, every irreducible, admissible,
infinite-dimensional representation of GSp(4, F') admits a Bessel model of some

MSC2010: 11F70.
Keywords: L-factors, GSp(4), Bessel models, Jacquet—Waldspurger modules.
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kind; see Theorem 6.1.4 of [Roberts and Schmidt 2016]. Piatetski-Shapiro [1997]
defined a new type of zeta integral with respect to Bessel models which led to a
parallel method to the GL(2) case of defining local factors. However, some of his
results were only sketched, and not many factors were calculated explicitly.

Danisman calculated many Piatetski-Shapiro L-factors explicitly in the case
of nonsplit Bessel models. In [Danisman 2014], representations were treated
whose Jacquet module with respect to the Siegel parabolic has at most length 2. In
[Danisman 2015a], this was extended to length at most 3. Nongeneric supercuspidals
were the topic of [Danisman 2015b].

In this work we revisit both Piatetski-Shapiro’s original theory and Danisman’s
explicit calculations. We generalize the theory of [Piatetski-Shapiro 1997] in that
we do not restrict ourselves to unitary representations. We also fill in some of the
missing proofs, for example in the argument that generic representations do not
admit “exceptional poles”.

Generalizing Danisman’s approach, we give a unified treatment of the asymptotics
of Bessel functions in the nonsplit case which works for all representations. The
key here is to consider a new type of finite-dimensional module Vy 7 5 associated
to an irreducible, admissible representation (i, V) of GSp(4, F). These Jacquet—
Waldspurger modules control the asymptotics of Bessel functions. Table 2 contains
the semisimplifications of all Jacquet—Waldspurger modules, and Table 3 contains
their precise algebraic structure as F'*-modules. A key lemma in the nonsplit case
is due to Danisman; see Proposition 4.3.3.

Once the asymptotic behavior is known, it is easy to calculate the regular part
LE;T;g (s, , n) of the Piatetski-Shapiro L-factor; see Table 5. Our results show that
in all generic cases, Lfesg (s, m, u) coincides with the usual spin Euler factor defined
via the local Langlands correspondence, but for nongeneric representations these
factors generally disagree. The results of Table 5 also imply that Lfesg(s, T, W) s
independent of the choice of Bessel model.

2. Definitions and notations

Let F be a nonarchimedean local field of characteristic zero. Let o be its ring of inte-
gers, p the maximal ideal of 0, and @ a generator of p. Let g be the cardinality of o/p.
We fix a nontrivial character ¢ of F. Let v be the normalized valuation on F, and
let v or | - | be the normalized absolute value on F. Hence v(x) = ¢ "™ for x € F*.

Let GSp(4, F) :={g € GL4, F): 'gJg = \J, for some A, = A(g) € F*} be
defined with respect to the symplectic form

— 12
(1) J = [_12 :|
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Let P = M N be the Levi decomposition of the Siegel parabolic subgroup P, where

% ok 1 xy
2) P =GSp@4, F)N **ON= 1¥Z :x,y,z€F
kook
* % 1
and M ={[**,,./]: A€ GLQ, F), x € F*}. We let
x1> < | ~ -x
3) H = xeF*=F".
163
Let
a b2
4) ﬂ—[b/z C], abceF

be a symmetric matrix. Then B determines a character ¥g of N by

L X[\ xy
5) w([ 1}>—w(tr(ﬂX)), X—[y Z]

Every character of N is of this form for a uniquely determined 8. We say that /g
is nondegenerate if B € GL(2, F).

Attached to a nondegenerate ¥4 is a quadratic extension L/ F. If — det(B) ¢ F 2,
we set L = F(y/—det(B)); this is the nonsplit case. If —det(8) € F*?, we set
L = F & F; this is the split case. Let

(6) Ap={g € Ma(F): 'gBg = det(g)}
x+yb/2 yc
= . F:.
{[ —ya x—yb/2 Xy e
Then Ag is an F-algebra isomorphic to L via the map
x+yb/2 yc
@) |: “va  x—yb)2 > x + YA,

where A = /— det(8) in the nonsplit case, and A = (-4, §) if —det(B) = 2.
Let T be the connected component of the stabilizer of ¥z in M. It is easy to
check that T = A; = L*. We always consider T a subgroup of GSp(4, F) via

8
®) T>g+— |: det(g)’g_l]'
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Explicitly, T consists of all elements

x+yb/2 yc

—ya x—yb/2

9) , x,yeF, x>—y*A?£0.

x—yb/2 ya
—yc  x+yb/2

Let R:=T N be the Bessel subgroup of GSp(4, F). If A is a character of T, then
we can define a character A ® Y5 of R by tn— A(t)Yg(n) fort € T andn € N.

Let (;r, V) be an irreducible, admissible representation of GSp(4, F'). Nonzero
elements of Homg (V, Cagy,) are called (A, B)-Bessel functionals. 1t is known
that if such a Bessel functional £ exists, then Homg (V, C A®Yp) is one-dimensional.
In this case the space of functions

(10) B, A, B):={By:g— L(m(v)g) :v eV}

endowed with the action of GSp(4, F) given by right translations, is called the
(A, B)-Bessel model of .

3. Jacquet—Waldspurger modules

In this section we introduce a certain finite-dimensional F*-module attached to
an irreducible, admissible representation of GSp(4, F). Since it is derived from
the usual Jacquet module by applying a Waldspurger functor, we call it a Jacquet—
Waldspurger module. Its relevance is that it controls the asymptotics of Bessel
functions along the subgroup H defined in (3). The main result of this section is
Table 2, which lists the semisimplifications of the Jacquet—Waldspurger modules in
the nonsplit case for all representations.

3.1. Jacquet modules. Let (7, V) be an irreducible, admissible representation of
GSp(4, F),

VIN)=(r(n)v—v|veV,neN) and Vy=V/V(N)

be the usual Jacquet module with respect to the Siegel parabolic subgroup. We
identify M with GL(2, F) x GL(1, F) via the map

(11) (A, x) —> ["A det(A)’Al]’ AeGLQ, F), x € FX,

so Vy carries an action of M, and thus an action of GL(2, F') x GL(1, F) via this
isomorphism. We have tabulated the semisimplifications of these Jacquet modules
in Table 1. Note that this table differs from Table A.3 of [Roberts and Schmidt
2007] in three ways:
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» Roberts and Schmidt used a different version of GSp(4, F). Switching the last
two rows and columns provides an isomorphism.

o The Jacquet modules listed in [Roberts and Schmidt 2007, Table A.3] are
normalized, while the Jacquet modules listed in Table 1 are not. The normalized

Jacquet module is obtained from the unnormalized one by twisting by § ;l/ 2,

ap([A fo—‘D = |x"'det(A)|.

Hence, we replace each component T ® ¢ in [Roberts and Schmidt 2007,
Table A.3] by (v321) ® (v=3/20) in order to obtain the unnormalized J acquet
modules.

where

* Roberts and Schmidt used the isomorphism
A X
(12) (A, x) —> et AecGLQ2,F), xe F*.

Calculations show that we have to replace each component (13/27) ® (v=3/%0)
of the unnormalized Jacquet module by (o7) ® V32w, 0).

3.2. Waldspurger functionals for GL(2). Recall the algebra Ag C M>(F) defined
in (6), and its unit group T C GL(2, F). Let A be a character of 7. Let (z, V)
be a smooth representation of GL(2, F)) admitting a central character w,. A A-
Waldspurger functional on t is a nonzero linear map § : V — C such that

S(t()v) =A@)é(v) forallveVandreT.

Since T contains the center Z of GL(2, F), a necessary condition for such a § to
exist is that A|px = w;. As in the case of Bessel functionals, we call a Waldspurger
functional split if — det(B) € F*?, otherwise nonsplit.

The (A, B)-Waldspurger functionals are the nonzero elements of the space
Homr (7, Cp). If we put

13) V(I,A)={x@v—-—A@®)v:veV,teT) and Vra=V/V(T,A),
then Homr (7, Cp) = Hom(V7 o, C). Note that if L is a field, so that T/Z is

compact, then the space V (T, A) can also be characterized as

(14) V(T,A) = {v ev: / A(t)_lf(t)vdt=0}.
T/Z

The map V — V7 5 defines a functor, called the Waldspurger functor, from the
category of smooth representations of GL(2, F') to the category of F*-modules.
This can be seen just as the analogous statement in the case of Jacquet modules. In
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particular, if L is a field, then the Waldspurger functor is exact; this follows from (14)
with similar arguments as in [Bernstein and Zelevinskii 1976, Proposition 2.35].

representation semisimplification
1 X1X x2Xo (irreducible) a(x1><X2)®v3/2)(1X20+0(X2><X1)®v3/2cr
+0 (X1 X2 x 1)@V x10+0 (X1 xax 1)@V o0
II a XStgL) X0 UXStGL(2)®v3/2XZU+0'XStGL(2)®v3/ZU+(X20' ><O')®l)2)(0'
b x1loL) Xo o x1loLy®@v*? x2o+o x loL®v/ o +(x 20 xo)Qv o
III a X X0 Stgsp(2) a(xv_l/zxv1/2)®xvza+a(xv'/2><v‘1/2)®v20
b X X0 lgsp) o (xv'2xv 1)@y vo+o (xv~12xv?)Qvo
IV a o StGsp) aStGL(2)®v3a
b L, v !oStgspe) o loLey®vio+o (V2 xv 32 @va
c L(v3/ZStGL(2), v32¢) aStGL(2)®0+6(v3/2><v‘3/2)®v2c7
d o lasp@) oloLo®o
Voa  8(& vE], v 0) 0&StGL2)®v2 0 +0StgLo) ®EVi0
b L(vl/ZSStGL(z), v=12¢) 0&StgL)®vo+0 1gLe)®E vio
cL(v I/ZSStGL(g), 51)*1/20) o StgL)®Evo+0é IGL(2)®v20
d L(vf,éxvil/za) olgLe)®&vo+oélgLe)®@vo
VI a (S, v %0) 2-(0StgL2)®v?0)+0 1oL @vio
b (T, vil/zo) olGL(2)®v20
¢ LOwY*Stgre), v120) o StgL)®vo
d L, 1pxxv~120) 2-(01gL2)®Vv0)+0StgL)@vo
VII X XTT 0
VIII a (S, ) 0
b (T, ) 0
IX a  S(E v 2a(n) 0
b LE v () 0
X T XOo o @V lw,o+or @30
XI a S, v 12g) on@vic
b L2z, v 120) oTQVo
supercuspidal 0

Table 1. Jacquet modules with respect to P, using the isomorphism (11).
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Now assume that (z, V) is irreducible and admissible. Then it is known by [Tun-
nell 1983; Saito 1993; Waldspurger 1985, Lemme 8] that the space Homz (7, Cp)
is at most one-dimensional. It follows that

(15) dim VT,A <1.
The following facts are known for any character A of T such that A|px = w;:

« For principal series representations, we have
(16) dim(Hom7 (x1 x x2,Cx)) =1 forall A;

see [Tunnell 1983, Proposition 1.6 and Theorem 2.3].
« For twists of the Steinberg representation, we have

0 if Lisafieldand A =0 0Ny,

(17)  dim(Homz (o' StgL2), Ca)) = { .
1  otherwise;
see [Tunnell 1983, Proposition 1.7 and Theorem 2.4].

o If 7 is infinite-dimensional and L = F x F, then
(18) dim(Homz(r, Cp)) =1 forall A;
see Lemme 8 of [Waldspurger 1985].
 For one-dimensional representations, we have

1 ifA:O’ONL/F,

19 dim(H oL, Ca)) =
(19) im(Homr (0 1gL2), Ca)) {0 otherwise:

this is obvious.

3.3. Jacquet—Waldspurger modules. Recall the groups N and T defined in (2)
and (9), respectively. Let (;r, V) be an admissible representation of GSp(4, F'). We
now consider

VN, T, A )=(m(tn)v—A@®)v :veV,teT, neN)
VNra=V/V(N,T,N).

(20)

Evidently, there is a surjective map Vy — Vi 1 A which induces an isomorphism

(1) (VN)T.A = VN.T A

Here, on the left we use the notation (13) for the GL(2, F)-module Vy. Note that,
in view of (8), we have to embed GL(2, F) into GSp(4, F) via the map

g
@2) CLE. F)sg— [ det(g)’g_]}
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and consider Vyy a GL(2, F)-module via this embedding. We call Vy 7 5 the
Jacquet—Waldspurger module of 7. This module retains an action of F'*, coming
from the action of the group {diag(x, x, 1,1):x € F*}on V. Themap V > Vy 7.2
defines a functor, called the Jacquet—Waldspurger functor, from the category of
admissible GSp(4, F)-representations to the category of F*-modules.

Lemma 3.3.1. Let V, V', V" be admissible representations of GSp(4, F).
@) IfV =V'® V" is a direct sum, then

(23) VNI A=VyrA® VNra-

(ii) The Jacquet—Waldspurger functor is right exact,i.e,if 0 > V' >V - V" =0
is exact, then

(24) Vyra— Vnra—> Vyra—0

is exact. Moreover, if we are in the nonsplit case, then the Jacquet—Waldspurger
functor is exact.

Proof. These are general properties of Jacquet-type functors. See Proposition 2.35
of [Bernstein and Zelevinskii 1976]. O

Lemma 3.3.2. Let (7, V) be an admissible representation of GSp(4, F) of finite
length. Then the F*-module Vy 1 A is finite-dimensional. More precisely, if n is
the length of the GL(2, F)-module Vy, then dim Vy 7 A <n.

Proof. The proof is by induction on . If n =1, then Vy is an irreducible, admissible
representation of GL(2, F). In this case the assertion follows from (15).
Assume that n > 1. Let V' be a submodule of Vy of length n — 1. Then

V" := Vy/V'is irreducible. By (24), we have an exact sequence
(25) VY/",A L) VN,T,A —> VT,‘,,A — 0.

By induction and (15), it follows that
(26) dim Vy 7.2 =dimim(a)+dime”A <n—1+1=n.
This concludes the proof. U

Assume that we are in the nonsplit case, i.e., the quadratic extension L is a
field. Then the semisimplifications of the Vi 7 o can easily be calculated from
Vy using (21). We already noted that in the nonsplit case the Waldspurger functor
is exact. Therefore, to calculate the Vi 7 4, we can simply take (v @ o)7 o for
each constituent T @ o occurring in Table 1. If 77 A is one-dimensional, then
(t®0)r A =0lpx as an F*-module, and if 77 4 =0, then (t ® o). =0. We
have listed the semisimplifications of the Vy 7 o for all irreducible, admissible
representations in Table 2.
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representation

semisimplification of Vy 1 4

I

X1 X x2 X o (irreducible)

V2 x1 %00 1px +

v3/2alpx +v3/2

X101 px +V3/2X201Fx

II a XStgL) X O U3/2X20'1Fx+U3/20'1Fx+U2XUIFx
b xlgLe)y X o V32526 1 px + V320 1 px +vyolpx
I a X X 0oStgsp) XV20'1F>< +1v20 1 px
b X X olgsp) —
IV a o StGsp() V3o 1 px
b LOV?, v*IGSthp(z)) V3o 1 px +volpx
¢ L(StgL), v%0) _
d o 1Gsp@) —
Vo a 8([&. vE], v~ %0) V2o lpx +Ev2o L px
b L(v'2&StgL), v™20) vo 1 px + Ev2o 1 px
¢ L(w'2&StgLay, v1%E0) Evolpx + V2015~
d L Exv120) Evolpx +v0 15~
VI a (S, v 12¢g) 2- (V2o lpx)
b (T, v~12¢) V2o 1 px
c L(UI/ZStGL(z), v 124) —
d L, 1pxxv~20) —
VII XX 0
VIII a (S, m) 0
b (T, ) 0
IX a SE, v 127 (w)) 0
b LE v ' a(w) 0
X TXOo V2w 01 px 4+ 13201 px
XI a S 2, v=12¢g) V2o 1 px
b L' 27, v12¢) vo lpx
supercuspidal 0

Table 2. The semisimplifications of Jacquet—Waldspurger modules. It
is assumed that L is a field, and that the representation of GSp(4, F)
admits a (A, B)-Bessel functional. A “— " indicates that no such Bessel

functional exists.
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4. Asymptotic behavior

We begin this section by developing a simple theory of finite-dimensional F*-
modules, which applies to the Jacquet—Waldspurger modules of the previous section.
In Section 4.2 we clarify the notion of “asymptotic function”. Using our previous
results on Jacquet—Waldspurger modules, as well as a result of Danisman in the
nonsplit case (Proposition 4.3.3), we can calculate the asymptotic behavior of all
Bessel functions of all representations; see Table 4. Simultaneously, we obtain the
precise structure as an F*-module of the Jacquet—Waldspurger modules; see Table 3.

4.1. Finite-dimensional F*-modules. Recall that F* = (w) x 0. We consider
representations of F* on finite-dimensional complex vector spaces. All such
representations are assumed to be continuous.

Let n be a positive integer and U be an rn-dimensional complex vector space
with basis ey, ..., e,. We define an action of F* on U as follows:

e 0% acts trivially on all of U.

e w acts by sending e; to e; +e¢;_; forall j € {1, ..., n}, where we understand
eg = 0. In other words, the matrix of o with respect to the basis ey, ..., e, is
a Jordan block

27)

We denote the equivalence class of the F*-module thus defined by [n]. Note that
[n] is canonically defined, even though @ is not. Clearly, [n] is an indecomposable
F>*-module. If o is a character of F'*, then o[n] := o ®[n] is also indecomposable.

Lemma 4.1.1. Every finite-dimensional indecomposable F*-module is of the form
o [n] for some character o of F* and positive integer n.

Proof. Let (¢, U) be an indecomposable F*-module. We may decompose U
over 0%, i.e.,

(28) U=P U,
i=1

where the o; are pairwise distinct characters of F*, and
(29) U@i)={uecU : ¢x)u=o0;(x)u forall x € 0*}.

Let f = @(w). Since each U (0;) is f-invariant and U is indecomposable, it follows
that » = 1, i.e., U = U (o) for some character o of 0*. Indecomposability implies
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that the Jordan normal form of f consists of only one Jordan block

A1
(30) R o A eCx,
A

of size n. Extend o to a character of F* by setting o (=) = A. Then it is easy to
see that ¢ = o [n]. U

Lemma 4.1.2. Let U be a finite-dimensional F*-module. Then

(31) U=Poiln]

i=1

with characters o; of F* and positive integers n;. A decomposition as in (31) is
unique up to permutation of the summands.

Proof. A decomposition as in (31) exists by Lemma 4.1.1. To prove uniqueness,
assume that

(32) Poin1=@r;im;.
i=1 j=1

By considering isotypical components with respect to characters of 0*, we may
assume that all o; and 7; agree when restricted to 0. After appropriate tensoring
we may assume this restriction is trivial. The uniqueness statement then follows
from the uniqueness of Jordan normal forms. O

Lemma 4.1.3. Let ¢ be a character of F*, and n a positive integer. Let m €
{0, ..., n}.

(i) There exists exactly one F*-invariant submodule U,, of o[n] of dimension m.
We have Uy C Uy, for k < m.
(ii) The representation of F* on U, is isomorphic to o[m].
(iii) The representation of F* on o[n]/U,, is isomorphic to o[n — m].
Proof. (1) Since the invariant subspaces of [n] and o [n] coincide, we may assume
that 0 = 1, so that o[n] = [n]. Letey, ..., e, be a basis of [n] with respect to

which @ acts via the matrix (27). Let U,, = {ey, ..., ey). Then U, is invariant
and isomorphic to [m] as an F*-module.
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Conversely, let U C [n] be any nonzero invariant subspace. Then U is also
invariant under the endomorphism f with matrix

01
33
(33) 01
0

The effect of f on a column vector u is to shift its entries “up” and fill in a O at the
bottom. Let m be maximal with the property that there exists a u € U of the form

u="luy,...,up,0,...,0] withu, #0.

The vector f m=1y is a nonzero multiple of e;, showing that e¢; € U. Considering
fm_zu, we see that e; € U as well. Continuing, we see that ey, ..., e, € U. The
maximality of m implies that U = U,,,.

(i) We already saw that the subspace U, of [n] is isomorphic to [m]. Hence the
subspace o ® U,, of o[n] is isomorphic to o[m].

(iii) Clearly [n]/ U,, is isomorphic to [n —m]. Hence o[n]/(0c ® U,,) is isomorphic
to o[n — m]. O

Let U be a finite-dimensional F'*-module. For a character o of F*, let U,
be the sum of all submodules of U isomorphic to o[n] for some n. We call
U, the o-component of U. By (31), U is the direct sum of its o-components. A
homomorphism U — V of finite-dimensional F*-modules induces a map U, — V,;
for all o; this follows from Lemma 4.1.3.

4.2. Asymptotic functions. Let £ be the vector space of functions f : F* — C
with the following properties:

(i) There exists an open-compact subgroup I of F* such that f(uy) = f(u) for
allue F*andall y €T.

(i) f(u) =0 for v(u) «O0.
Such f arise if we restrict Bessel functions on GSp(4, F) to the subgroup

{diag(u, u,1,1):ue F*}=F*.

Clearly £ contains the Schwartz space S(F*), i.e., the space of locally constant,
compactly supported functions F* — C. We may think of the quotient £L/S(F*)
as a space of “asymptotic functions”, in the sense that the image of some f € £ in
this quotient is determined by the values f(u) for v(u) > 0.

There is an action 7 of F* on £ given by translation: (7 (x) f)(u) = f(ux) for
x,u € F*. This is a smooth action by the properties of the elements of £. The action
preserves the subspace S(F*), so that we get an action on the quotient £/S(F*).
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For the proof of the following lemma, we will use the formula

n

(34) > (Z)(—l)kP(k) =0 forall P e C[X] with deg(P) < n.
k=0

This formula follows by differentiating the identity (1+x)" ="} _ (})x* repeatedly
and setting x = —1.

Lemma 4.2.1. Let B € C*. For a positive integer n, let F,(B) be the space of
functions f : Z>y — C satisfying

(35) Z (Z) (—ﬁ)nfkf(m +k)=0 forallm=>0.

k=0

Then dim F,,(B8) = n, and a basis of F,,(B) is given by the functions
(36) fimy=m’g", m =0,
for j=0,...,n—1.

Proof. 1Tt is clear from (35) that any f € F,(B) is determined by the values
f(@),..., f(n—1). Hence dim F,,(8) < n, and we only need to show that the func-
tions f; lie in F,(B) and are linearly independent. The fact that the functions f; lie
in F,(B) follows from (34). It is easy to prove that they are linearly independent. []

Proposition 4.2.2. Let IC be an F*-invariant subspace of L which contains S(F ™)
with finite codimension n. Assume that, as an F>-module, the quotient IC/S(F*) is
isomorphic to an] for some character o of F*. Then there exist fo, ..., fa—1 €K
with the following properties:

(1) The images of fo, ..., fu—1in K/S(F>) are a basis of the quotient space.
(ii) f; has asymptotic behavior
37 filx) = v(x) o (x) forall x € F* withv(x) >0,
forall j €{0,...,n—1}
Proof. It suffices to show that every f € K has the asymptotic form

n—1

(38) fx)= ch v(x)ka(x) for all x € F* with v(x) > 0
k=0

for some constants c¢;. We have o[n](u) = o (u)id for u € 0™ on all of o[n]. Hence,
for a fixed unit u € 0%,

(39) Tu)f—o)feSF).
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It follows that there exists a jy > 0 such that
(40) f ™) = o (u) f (@™ ) forallm > 0.

Since 0* is compact and both sides of (40) are locally constant, we may choose jj
large enough so that (40) holds for all u € o*.

Every vector in o[n] is annihilated by (o [n](w) — X id)", where we abbreviate
A =o(w). Hence

41 (T (w) —1id)" f € S(F™)
forall f € K, or

n

(42) > (Z)(—M”ﬁ(wk)f € S(FX).
k=0
It follows that there exists a jy > 0 such that
n
(43) Z (n)(—)»)”_"f(wmv“kﬂo) =0 forallm>0.
k=0 k

We may assume that the same j, works for both (40) and (43). Setting h(m) :=
f(@™t), (43) reads

n

44 ”) A" h(m+k) =0 forall m > 0.
(44) g (k (=" Fh(m + k) >
By Lemma 4.2.1, there exist constants dy, . . ., d,—1 such that
n—1
(45) h(m) =) " dm*\"  forall m > 0.
k=0
We can then also find constants cg, ..., ¢,—; such that
n—1
(46) h(m) =" ci(m+ jo)* A"+ for all m > 0.
k=0

(To get the ¢;’s from the dy’s, expand mk = ((m + Jo) — jo)k in (45).) For x € F*
with v(x) > jo, write x = uw/ with u € 0> and j > jy. Then

f(x)=0o@)f(@’) by (40)
n—1
=o(u) Y cej by (46)
k=0
n—1
- ch vk (x). O

k=0
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Corollary 4.2.3. Let U be a finite-dimensional submodule of L/S(F*). Then each
o -component of U is indecomposable.

Proof. Let K be the preimage of U under the projection £ — L/S(F*). Assume
that there exists a o for which U, is decomposable. Then U, contains a direct
sum o[n] @ o[n'] with n, n’ > 0. By Proposition 4.2.2, there exist two functions
f» f' € K such that the image of f in

U=K/S(F*)
lies in o [n], the image of f” lies in o'[n'], and such that
“@n f(x)=0(x)and f'(x) =0o(x) forall x € F* with v(x) > 0.
It follows from (47) that f and f’ have the same image in K/S(F*), which is a

contradiction. |

4.3. Asymptotic behavior of Bessel functions. Let (r, V) be an irreducible, ad-
missible representation of GSp(4, F). Assume that V is the (A, 8)-Bessel model
of 7w with respect to a character A of T. We associate with each Bessel function
B € V the function ¢p : F* — C defined by

vp(u) = B(diag(u, u, 1, 1)).
Let K be the space spanned by all functions ¢p.
Lemma 4.3.1. K contains S(F™).
Proof. This follows by the same arguments as in Lemma 4.1 of [Danisman 2014]. U

An easy argument as in Proposition 4.7.2 of [Bump 1997], or as in Proposition 3.1
of [Danisman 2014], shows that if B € V(N), then ¢p has compact support. It is
also true, and equally easy to see, that

BeV(N,T,A) = ¢p has compact support in F*.
It follows that the linear map B — ¢p induces a surjection
(48) Vy.r.a —> K/S(FX).

Lemma 4.3.2. Assume that the map (48) is an isomorphism. Then every o-
component of Vy r.a is indecomposable as an F*-module.

Proof. The map (48) induces an isomorphism of the respective o-components.
Hence the assertion follows from Corollary 4.2.3. U

Proposition 4.3.3. Suppose we are in the nonsplit case. Then the map (48) is an
isomorphism.

Proof. See Theorem 4.9 of [Danisman 2014]. O



452 RALF SCHMIDT AND LONG TRAN

Recall that in Table 2 we determined the semisimplifications of the Jacquet—
Waldspurger modules for all irreducible, admissible representations. In the nonsplit
case, we can now determine the precise algebraic structure of these modules.

Corollary 4.3.4. The algebraic structure of the Jacquet—Waldspurger modules
Vn.1.a for all irreducible, admissible representations of GSp(4, F) is given in
Table 3, under the assumption that the representation (;, V) admits a nonsplit
(A, B)-Bessel functional. (A “—" indicates that no such Bessel functional exists.)

Proof. By Proposition 4.3.3 and Lemma 4.3.2, every o-component of Vy 7 4 is
indecomposable. This information, together with the semisimplifications from
Table 2, gives the precise structure. U

For type I, we have to distinguish various cases, depending on the regularity of
the inducing character:

49) Vn.r.a
V321500 @32 x10 ®v¥2x0 @V %0 if x1x2, X1, X2, 1
are pairwise different,
V2yx2e @ (Vo) 21 @ v e ifx=x=x#l x*#1,
~ | 0 xoR1e (012 ifx=n=x#l =1
W32 xo) 21 (v3/20)[2] if {(xi, xab={x#11}
(v3/20)[4] if x1=x2=1.

Corollary 4.3.5. Table 4 shows the asymptotic behavior of the functions
B(diag(u, u, 1, 1))

for all irreducible, admissible representations (7, V) of GSp(4, F), where B runs
through a nonsplit (A, B)-Bessel model of w. (A *“—" indicates that no such Bessel
model exists.)

Proof. By Proposition 4.3.3, the map (48) is an isomorphism. We can thus use
Proposition 4.2.2, which translates the algebraic structure of Viy 7 o given in Table 3
into the asymptotic behavior of Bessel functions. U

Remark. This result is to be understood in the sense that all the constants given
in Table 4 are necessary, i.e., for any choice of Cy, Cy, ... there exists a Bessel
function B such that B(diag(u, u, 1, 1)) has the asymptotic behavior given by this
choice of constants.



ZETA INTEGRALS FOR GSP(4) VIA BESSEL MODELS

representation VN.T.A
1 X1 X X2 X O see (49)
I a XStgL2) X O x2#E1 Vixo @v3iyxlo @1v3ie
x>=1 vixo @ (1 0)[2]
b xloLe) ¥ o x2#1 vxo ®v?x%0 @v3/io
xr=1 vxo ® (v3/20)[2]
o a X X 0 Stgsp2) xvio ®vio
b X X UlGSp(2) —
v a UStGSp(4) Vo
b L(v2, V_IO'Sthp(z)) Vo D vo
¢ L(/StgL), v ?0) —
d O'lGSp(4) —
V o a 8([€, vE], v~'%0) vio @ &vio
b L(v'/ZSStGL(z), v~ 12¢g) vo @ Evio
c L(vl/ZEStGL(z), v 12¢0) Evo ®vio
d L(vE, & xv~1%0) Evo ®vo
VI a (S, v™1%0) v2o)[2]
b (T, v=120) V2o
C L(\)l/zstGL(z), V_I/QO') —
d L, 1px xv~12q) —
VII X X 0
VII a (S, ) 0
b (T, ) 0
IX a 8(vg, v~ ())
Lg, v"?r(w) 0
X T XNOo wr #1 V3 2wro ®v3ie
wr =1 v3%0)[2]
XI a S 2, v=12g) Vi
L' 27, v=12¢) Vo
supercuspidal 0

Table 3. Jacquet—Waldspurger modules Vy r . It is assumed
that L is a field, and that the representation of GSp(4, F') admits
a (A, ¥g)-Bessel functional. A “—" indicates that no nonsplit

Bessel functional exists.
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representation lu|~3/? B(diag(u, u, 1, 1))
I X1 X X2 X0 see (50)
II a xStgL) X o x2#E1 CL'2x0) )+ Ca(x*0) () + C30 ()
x2=1  Ci'"?x0) W)+ (Ca+ Cv(w))o ()
b xloLe) @ o x2#1 CL™ 2 xo) W) + Ca(x?0) () + Cs0 (u)
xX>=1 Ci(v"?xo)@) + (C2+ C30(w))o ()
I a X X o StGsp) C1(v'?x0)(u) + Co(v'20) (u)
b X X O'lgsp(z) —
IV a o Stasp C(w¥%0) (u)

b L(VZ, V_lo’St(;sp(z))

C1(v¥20) W) + Co(v=120) (u)

¢ L(3StgLp), v%0) _
d olGsp@ —

vV oa  §(& vE] v 0) Ci('"260) () + Cr(v'%0) (u)
b L(v'2¢SteL), v™/%0) C1w'2e0) () + Co(v™20) (u)
¢ LO'%St6L). v 1%E0) C1(v™2€0) () + Co(v'%0) (u)

d L exv120)

Civ™1280) () + CL(v™%0) ()

VI a (S, v"1%5) (Cr+ Covw)) (v %0) (u)
b (T, v=20) C'2o) )
c L(vl/ZStGL(g), v124) —
d L, lpx xv~12¢) —

VII XX 0

VIII a (S, m) 0
b (T, ) 0

IX a  S(E v 12(n) 0
b LOg v V() 0

X TXO wg # 1 Ci(wz0) () + Cro (1)

wr =1 (C1 + Cav(u))o (u)

XI a S(v'/zn, v*'/20)

Cw'2e)(u)

b LW 2, v=12g)

Cw126) ()

supercuspidal

0

Table 4. Asymptotic behavior of B(diag(u, u, 1, 1)) in the nonsplit
case. A “—7” indicates that no nonsplit Bessel functional exists.
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Again, for type I we have to distinguish various cases:

(50) |u|~>? B(diag(u, u, 1, 1))

Ci(x1x20)(u) if x1x2, X1, X2, 1
+Cr(x10) () + C3(x20) (1) + Cy0 (u) are pairwise different,
Ci(x*0)(u) ifx=x=x#l x*#1,

— +(C2+ C3v(u))(xo)(u) + Co (1)

(C1+ Coo)(xo) W) + (C3+ Cavw))o(u) if x :=x1=x2#1, x*=1,
(C1+Covm)(xo)(u) + (C3+ Cov(u))o () if {x1, x2} ={x # 1, 1},
(C1+ Cov(u) + C3v* () + Cav®(u))o (u) if yi=x2=1

Remark 4.3.6. The proof of Proposition 4.3.3 given in [Danisman 2014] is based
on the exactness of the Waldspurger functor, which is only true in the nonsplit case.
Assume that (7, V') is an irreducible, admissible representation of GSp(4, F') which
admits a split Bessel model B(m, A, 8). Then we still have the surjection (48),
which implies that the space of asymptotic functions K/S(F*), as an F*-module,
is a quotient of the Jacquet—Waldspurger module Vy 7 . Starting from the Vy 7
given in Table 1, the Vi 7 o can be calculated in many cases, but some of them
pose difficulties, again due to the fact that the Waldspurger functor in the split case
is not exact. Thus, complete results in the split case would follow from the solution
of the following two problems:

« Calculate the Jacquet—Waldspurger modules Vi 1 A in all cases.

o Control the kernel of the map (48).

The current methods still allow for some preliminary results on the asymptotic
behavior of the functions B(diag(u, u, 1, 1)) in the split case. More precisely, it is
not difficult to create a table similar to Table 4, but it is unclear if all the constants C;
in such a table are really necessary. What is clear is that every B(diag(u, u, 1, 1))
is of the general form

1) B(diag(u,u,1,1)) = Y _ Ciu()*io; () for v(u) >0
i=1

with k; nonnegative integers, o; characters of F*, and C; € C.

5. Local zeta integrals and L-factors

Given an irreducible, admissible, unitary representation 7w of GSp(4, F) and a
character p of F'*, a certain type of zeta integral was introduced in Section 3 of
[Piatetski-Shapiro 1997] and used to define an L-factor LPS(s, , ). These zeta
integrals depend on a choice of Bessel model for 7, and hence the L-factor may
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also depend on this choice. In many cases, though, one can prove that LS (s, 7, 1)
is independent of the choice of Bessel data.

In Section 5.1 we introduce a simplified type of zeta integral and use it to define
the regular part Lfesg (s, 7, u) of the Piatetski-Shapiro L-factor. The simplified zeta
integrals also depend on the choice of a Bessel model for 7. Using the asymptotic
behavior given in Table 4, we explicitly calculate Lfef’g (s, 7, 1) in the nonsplit case
for all representations. It turns out that Lfesg (s, , n) is independent of the choice
of Bessel model, and coincides with the usual degree-4 (spin) Euler factor if &
is generic. For nongeneric representations, however, the two factors do not agree
in general.

We then investigate the Piatetski-Shapiro zeta integrals (78). Their definition
involves a certain subgroup G of GSp(4, F'), to which we dedicate Section 5.2. The
resulting L-factor LFS(s, 7, n) is either equal to Lfesg (s, m, i), or has an additional
factor L(s +1/2, A,), where A;, = A - (o N r) depends on the Bessel data. In
Section 5.5 we will identify several cases where LPS(s, mm, ) = Lfesg (s,m, 1.

Overall in this section we closely follow [Piatetski-Shapiro 1997]. However, we
treat all representations, not only unitary ones. Our notion of exceptional pole is
slightly more general than the one given in [Piatetski-Shapiro 1997]. Also, we fill

in some of the missing proofs of that paper.

5.1. The simplified zeta integrals. Let  be an irreducible, admissible represen-
tation of GSp(4, F). Let B(w, A, B) be a (A, B)-Bessel model for w. Let u be
a character of F*. For B € B(w, A, B) and s € C, we define the simplified zeta
integrals

(52) C(s, B, ) = / B(|:x 1]),u(x)|x|s_3/2dxx.

F><

The same integrals appear in Proposition 18 of [Danisman 2015b]. Using the
general form (51) of the functions B ([x 1]), which holds both in the split and the
nonsplit case, it is easy to see that {(s, B, i) converges to an element of C(g~*)
for real part of s large enough. Let I (;r, i) be the C-vector subspace of C(g™*)
spanned by all ¢ (s, B, i) as B runs through B(rw, A, B).

Proposition 5.1.1. Let 7w be an irreducible, admissible representation of GSp(4, F)
admitting a (A, B)-Bessel model with B8 as in (4). Then I (7, 1) is a nonzero
Clg~*, q°] module containing C, and there exists R(X) € C[X] such that

R(qg I (m,n) CClg™*, ¢°],

so that I (7w, ) is a fractional ideal of the principal ideal domain Clg

=5, q°] whose

quotient field is C(q~*). The fractional ideal I (7w, ) admits a generator of the
form 1/Q(q™*) with Q(0) = 1, where Q(X) € C[X].
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Proof. One can argue as in the proof of Proposition 2.6.4 of [Roberts and Schmidt
2007]. One step in the proof is to show that I (7, u) contains C. This follows from
Lemma 4.3.1. (I

Using the notation of this proposition, we set

(53) Lys(s.m ) =1/0(q™")

and call this the regular part of the Piatetski-Shapiro L-factor; see [Piatetski-Shapiro
1997]. As the notation indicates, LS (s, , n) does not depend on the Bessel data

reg

B and A. This is implied by the following result.
Theorem 5.1.2. Table 5 shows the factors LYS (s, 7w, ) for all irreducible, admis-

reg
sible representations (1, V) of GSp(4, F) in the nonsplit case. (A ““—" indicates

that no nonsplit Bessel functional exists.)

Proof. Up to an element of S(F*), the functions x B([x 1]), where B €
B(r, A, B), are listed in Table 4. Using the fact that

with a function g(z) which is holomorphic and nonvanishing at z = 1, the integrals
in (52) are thus easily calculated up to elements of C[g®, ¢ *]. ([

Also indicated in Table 5 are the generic representations (i.e., those that admit

a Whittaker model); supercuspidals may or may not be generic. We see that for

all generic representations Lisg(s, w, ) = L(s, @) if = 1px. Here L(s, @) is the

L-factor of the Langlands parameter ¢ of m, as listed in Table A.8 of [Roberts and
Schmidt 2007].

5.2. The group G. We now recall the setup of [Piatetski-Shapiro 1997]. Let L be
the quadratic extension of F as in Section 2. Let V = L2, which we consider as a
space of row vectors. We endow V' with the skew-symmetric F'-linear form

(55) px,y) =Tr p(x1y2 —x2y1),  x = (x1,x2), y = (y1, ¥2).
Let

GSp, = {g € GL@4, F) : p(xg, yg) = Ao (x, y),
for some A = A(g) € F*, forallx,y € V}

be the symplectic similitude group of the form p. Let
(56) G ={geGL(2,L): det(g) € F*}.
The group G acts on V by matrix multiplication from the right. A calculation shows

(57) p(xg, yg) =det(g)p(x,y)
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representation LiS (s, m, ) generic
I X1 X X2 X o (irreducible) L(s, x1x200)L(s,ou)L(s, xjon)L(s, xoo L) °
I a XStgL) X 0 L(s,v'?xon)L(s, x>c u)L(s, o 1) °
b oL X o L(s, v xo ) L(s, x2o W)L (s, o 0)
III a X X o StGsp(2) L(s, vl/zxap,)L(s, vl/zau) °
b X X o lgsp) —
IV a o Stsp) L(s, v¥?opn) .
b LO?, v_laSthp(z)) L(s,v¥?ou)L(s,v=20 1)
c L(v3/2StGL(2), v32¢) —
d o lgsp@ —
V a 8([&, vE], v™1%0) L(s,v'2e0 ) L(s, v'/?0 1) .
b L'?&StGL), v%0) L(s,v'2g0 ) L(s, v 2o 1)
¢ LO0'2EStLa), vT1%60) L(s,v™'"2Eo ) L(s, v o)
d L(vE, & xv~1%0) L(s, v 2eap)L(s, v~ o)
VI a (S, v120) L(s, v 20 )2 o
b (T, v120) L(s,v'2o )
c L(vl/ZStGL(z), v 124) —
d L, 1pxx v 124) —
VII X X 1 .
VIII a (S, ) 1 °
b (T, ) 1
IX a SE, v 121 () 1 o
b Lg, v 12 (n)) 1
X T XOo L(s, wzou)L(s,own) .
XI a S 2, v120) L(s,v'2o ) .
b LYz, v=12¢) L(s, v™20 )
supercuspidal 1 )

Table 5. Regular parts of Piatetski-Shapiro L-factors (nonsplit case).

forx,y € V and g € G. Hence, G C GSp,. Since all four-dimensional symplectic
F-spaces are isomorphic to the standard space F* with the form (1), the groups
GSp, and GSp(4, F) are isomorphic; here, we think of GSp(4, F) as acting on the
right on the space of row vectors F*. We wish to find one such isomorphism under
which the group G takes on a particularly simple shape inside GSp(4, F).
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For this we assume that the matrix § in (4) is diagonal and nondegenerate, i.e.,
b =0 and a, ¢ # 0; after a suitable conjugation, every nondegenerate 8 can be
brought into this form. Consider the following F-basis of V,

S8  fAi=00), fo=(A)c,0), f3=(0,1/2), fi=(0,c/24)).

Let ey, ..., es be the standard basis of F*. Then the map f; — e; establishes
an isomorphism V = F* preserving the symplectic form on both spaces (the
form p on V, and the form J defined in (1) on F*). The resulting isomorphism
GSp, = GSp(4, F) has the following properties:

- _
(59) G> [x ]H X ,
1 1
— l_
3 _
1 1
(60) G> |: ] — ,
X x
— x—
X yc
(61) Ga[r _]|—> e forr=x+yAeL”,
t X ya
—yc x
1 2x —2ay
_ Iy
62 G> [1 x +1yA] — | ! 21‘” 2ac x|

1

Here, 7 = x — y A is the Galois conjugate of ¢. Recall from (9) that the matrices on
the right hand side of (61) are precisely the elements of T'. It is easy to verify that the
matrices on the right-hand side of (62) are precisely those elements of N that lie in

1
(63) Ny = Hl ﬂ S tr(BX) :0} = !

In particular, if we consider G a subgroup of GSp(4, F), then we see that

y
b4

—_ e =

tax+by+cz=0

1

GNR =T Ny;
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see Proposition 2.1 of [Piatetski-Shapiro 1997]. We define the following subgroups
of G:

64 A°=cnl|* | = Xt t_:|eGL(2,L) :xeFX,teLX},
©) No=Gnl|! T - Hl’]eGL(z,L):beL},
66) B°=Gn *: = aZ:|eGL(2,L):adeFX},

67) K°=GNGL(Q2,0;) = {[Z Z:| € GL(2,01) : ad —bc € FX}.
By our remarks above, when embedded into GSp(4, F'), the group Ny coincides
with the group introduced in (63), so that the notation is consistent. The Iwasawa
decomposition for GL(2, L) implies that G = B¢ K©. The modular factor for B¢
is 8([*5]) = la/d|1, where | - | is the normalized absolute value on L. Note that
[t|] =|Nr/r(t)|F fort € L*. Let dn be the Haar measure on Ny that gives Ny N K¢
volume 1. Let da be the Haar measure on A® that gives A° N K¢ volume 1. Let
dk be the Haar measure on K¢ with total volume 1. There is a Haar measure on
G given by

(68) / / / f(nak)s(a)~" dk da dn.

No AG KG

The measure (68) gives K¢ volume 1. We will also use the integration formula

(69) / f(g)dgz/f(wb)db://f(wna)dadn
No\G BG No AG

for a function f on G that is left Ny-invariant (the db in the middle integral is a right
Haar measure on BY). Here, w = [_1 1] € G, which is embedded into GSp(4, F) as

2 1
—2ac¢~! 1
-1 :

_ 1.1 _
sca 1

(70) wH—>

L
2

Principal series representations of G. Let A be a character of L™, let u be a
character of F*, and s € C. We denote by (A, u, s) the induced representation
indgG (x) (unnormalized induction), where

(71) X ([’” ’:D = pEol A0
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It is easy to see that the contragredient of 7 (A, u, s) is J(A™!, w1, 1 —s).

Let V = L?, considered as a space of row vectors. Let S(V) be the space of
Schwartz—Bruhat functions on V, i.e., the space of locally constant functions with
compact support. For g € G, ® € S(V) and a complex number s, we define

(72) £, 1y A, 5)
1= p(det(g))|det(g)|" /2 / ®((0, D)t ety Ar) d 1.
L><
This is the same definition as on page 265 of [Piatetski-Shapiro 1997], except we
have (0, 1) instead of (0, 7), in order to be compatible with our conventions about
Bessel models. Assuming convergence, a calculation shows that f ® e J(A, U, s).
Let So(V) be the subspace of ® € S(V) for which ®(0,0) =0. If & € Sp(V)
and g € G, then ®((0, r)g) = 0 for 7 outside a compact set of L*. It follows that
the integral (72) converges absolutely for ® € Sy(V), for any s € C.

Lemma 5.2.1. J(A, i, s) = {fO(-, 1, A, 5) : @ € So(V)}.

Proof. Given f € J(A, 11, s), we need to find ® € Sy(V) such that f® = f. We

define @ by
w=t(det(k)) f(k) if (x,y) = (0, 1)k for some k € K¢,
(73)  Px,y)= .
0 if (x,y) € (0, )KC.

It is straightforward to verify that ® is well defined, that ® € Sy(V), and that
is a multiple of f. (I

Lemma 5.2.2. Let AIL =A- (,u o NL/F)-

(1) The representation J (A, [, s) contains a one-dimensional G-invariant sub-
space if and only if
(74) A @) =127 forallt e L.
In this case the function

(75) f(g) = u(det(g))|det(e) ™2, geG,

spans a one-dimensional G-invariant subspace of indgc (x)-

(i1) The representation J (A, i, s) contains a one-dimensional G-invariant quo-
tient if and only if

(76) A @) =1t forallt e L.

Proof. Part (i) is an easy exercise. Part (ii) follows from (i), observing that the
contragredient of 7 (A, u, s) is J(A™!L, u=!, 1 —5). O
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Note that condition (74) is equivalent to saying that s is a pole of L(s+1/2, A ).
Later we will define the notion of exceptional pole; see (92). The exceptional poles
will be among the poles of L(s +1/2, A,). Note that, by (73), the function f
in (75) is a multiple of f®, where
a7 B r. y) = {1 %f (x,y)=(0, Dk (‘Eor some k € K,

0 if(x,y) ¢ (0, 1DHK".

Hence, in the nonsplit case, @ is the characteristic function of (o @ or)\ (pr BpL).

5.3. The zeta integrals. Let A be a character of T = L*, and let u be a character
of F*. Recall the definition of the functions f®(g, , A, s) in (72). Let 7 be an
irreducible, admissible representation of GSp(4, F). Let B(w, A, B) be a (A, B)-
Bessel model for . For B € B(xr, A, B) and s € C, let

(78) Z(s. B, ®, i) = / B(g) /% (g, 1. A, 5) dg,
T No\G

provided this integral converges. (In [Piatetski-Shapiro 1997] this integral was
denoted by L(W, ®, 11, 5).) Substituting the definition of f®(g, i, A, s) and un-
folding the integral shows that

79 Z6, B, @, p) = / B()®((0, Dg)u(det(g))ldet(g)|"*"* dg.
No\G

By (68), we have
80) Z(s,B, o,
= / / 8(a) "' B(ak)® ((0, 1)ak)u(det(ak))|det(ak)|*t/* dk da.

AG KG
Recall that Sy(V) is the space of ® € S(V) satisfying ®(0, 0) =0. Let &; € S(V)
be the characteristic function of o7, @ o;. Then every ® € S(V) can be written in a

unique way as ® = &g+ cP; with &g € Sp(V) and ¢ € C. We will first investigate
Z(s, B, ®, u) for ® € Sp(V).

Lemma 5.3.1. Let the notations and hypotheses be as above.

(i) Forany B € B(w, A, B) and ® € Sy(V), the function Z(s, B, ®, 1) converges
for real part of s large enough to an element of C(q™*). This element lies in the
ideal I (7, u) generated by all simplified zeta integrals; see Proposition 5.1.1.

(i) For any B € B(xw, A, B), there exists ® € So(V) such that Z(s, B, ®, ) =
(s, B, ).
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Hence, the integrals Z(s, B, ®, ), as B runs through B(w, A, B) and ® runs
through So(V'), generate the ideal I (7, u) already exhibited in Proposition 5.1.1.

Proof. (i) Let ® € So(V). We have
1) D0, Dak) = b(ks, tke) ifa= [“ t_] € AG k= ["1 "2} c KO,

Since one of k3 or k4 is a unit and ® (0, 0) = 0, it follows that ®((0, 1)ak) =0if ¢
is outside a compact set of L*. As a consequence, there exists a small subgroup I
of K¢ such that

®((0, Daky) = @((0, )ak)

foralla € AS, k € K¢ and y € I'. By making I" even smaller, we may assume
that B and p odet are right I'-invariant. It follows that Z(s, B, ®, u) as in (80) is a
finite sum of integrals of the form

82) I(s,B, P, pn)= f 8(a)"'B(@)®((0, Da)u(det(a))|det(a)|* ' da,
AG
with different B and ® € Sp(V'). Using coordinates on A%, we have

(83) I(s,B, o,

://|xn‘—‘|;13([” t_])qa(o, Dp(xed)|xtf| T2 d> e d* x

F* L*

=//|x|_2A(t)B(|:x 1])@(0,t_)u(xtt_)lxtt_lerl/detdxx
F>x L*

= (/B([x 1Du(x)|x|s—3/2dxx) (/A(t)CD(O, E)M(zf)|n‘|s+1/2dXz).
F>< L><

The first integral is precisely ¢ (s, B, u); see (52). Since the integration in the
second integral is over a compact subset of L*, this integral is in C[g*, ¢™*]. It
follows that I (s, B, ®, ) lies in the ideal I (T, ).

(>i1) By (79) and (69), we have
Z(s, B, ®, u) = / / B(wna)®((0, Hwna)u(det(a))|det(a)|* /% da dn
No AG

://B(wna)cb((—l,O)na)u(det(a))|det(a)|~‘+‘/2dadn
No AG
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ol Dol )

x w(xtD)|xtf|* TV d*t d* x dn

=//f (w X tt”])cb( xt, i)t x2S d% e dx dn

L F*xL*

/// <w X t])cb( —xt, —m)puCetD x2S d¥ e d* x dn

F* L*

LG

L X X - p—
Fr s ()" @D x2S a¥ e d xdn.

Now choose @ such that ®(—¢, —n) is zero unless 7 is close to 1 and » is close to 0.
If the support of ® is chosen small enough, then, after appropriate normalization,

-1
Z(s, B, ®, i) = / B([" 1]w>u(x>—l|x|3/2—‘dXx.
FX

This is just ¢ (s, wB, u). The assertion follows. O

We see from Lemma 5.3.1 that, instead of (53), we could have chosen to define
LPS (s, 7, ) as the gcd of all Z(s, B, @, ), as B runs through B(w, A, 8) and

reg
® runs through Sp(V). The same observation was made in [Danisman 2015b,

Proposition 18(i)].

Next we investigate Z(s, B, @, u), where we recall ®; is the characteristic
function of o7 @ or. In the split case, a character A of L* = F* x F* is a pair
(A1, A2) of characters of F*, and by L(s, A) we mean L(s, A1) L(s, A2).

Lemma 5.3.2. Let A, = A -(uoNp/r).

(1) Assume that A, is ramified. Then Z(s, B, ®1, u) =0

(i1) Assume that A, is unramified. Then
(84) Z(S, B’ q)lv M):é‘(szlL7 ,LL)L(S+1/2, A/J,)v

where

(85) B,.(g) := / B(gk)u(det(k)) dk, g e GSp(4, F).

KG
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Proof. Evidently, ®((x, y)k) = ®(x, y) forall (x,y) eV andk e K G Therefore,
from (80), we get
(86) Z(s, B, @1, n)
= / / 8(a) "' B(ak)®; ((0, )a)u(det(ak))|det(a)|* V% dk da
AG KG
:/S(a)_lBM(a)cbl((O, Da)u(det(a))|det(a)|*T"? da.
AG
Clearly, B, is an element of B(x, A, B) satisfying
By (gk) = p~ ' (det(k)) By.(g)
for k € K©. Using coordinates on A%, we have

&7 Z(s, B, Py, )
=//|xtt_1|leu(a)CD1((O, N (xed) xef T2 d> e d*x

Fx L*

://BM([XI t_])CDl((O, Nttt 2 xS 32 d% e d*x
F>< LX

:/ / A(t)BM([x 1D,,L(xn‘)|n‘|s+1/2|x|s3/2dxtdxx
F>X L*Noy,

¢ B [ MO

L*Nop
It is straightforward to calculate that

L(s+1/2,A,) if A, is unramified,

88 NGO Ty
(88) / O] 0 if A, is ramified.

L*Noy,

We see from Lemma 5.3.1 and Lemma 5.3.2 that Z(s, B, ®, i) converges for
real part of s large enough to an element of C(¢~*), for any B € B(w, A, B) and
® € S(V). Let I g(m, u) be the C-vector subspace of C(q~*) spanned by all
¢(s, B, i) as B runs through B(w, A, B).

Proposition 5.3.3. Let w be an irreducible, admissible representation of GSp(4, F)
admitting a (A, B)-Bessel model with 8 as in (4). Then I g(m, ) is a nonzero
Clg~?, q°] module containing C, and there exists R(X) € C[X] such that

R(g™)Iap(r, 1) CClg™, q’l,
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so that In g(m, w) is a fractional ideal of the principal ideal domain Clq~*, q°]
whose quotient field is C(q™*). The fractional ideal I g(7, j1) admits a generator
of the form 1/Q(q™*) with Q(0) = 1, where Q(X) € C[X].

Proof. The proof is similar to that of Proposition 5.1.1. It follows easily from (79)
that 15 g(m, ) is a Clg*, ¢ *]-module. It follows from Proposition 5.1.1 and
Lemma 5.3.1 that /5 g(s, u) contains C. U

Using the notation of this proposition, we set

(89) L (s, 7, n):=1/0(q7").

This is the Piatetski-Shapiro L-factor, as defined in [Piatetski-Shapiro 1997]. Our
notation indicates that these factors may depend on A (and 8, which we suppress
from the notation).

We now distinguish two cases. In the first, assume

Z(s, B, d, u)
LPS (s, 7, )

reg

(90) is entire for all B € B(xr, A, ) and ® € S(V).
Being entire is equivalent to lying in C[g®, ¢ —*]. Hence, in this case the fractional
ideal generated by all Z(s, B, ®, ) is generated by LFS

reg

1) LS (s, m, ) = LS (s, 70, ).

reg

(s, w, ), and we have

In particular, the Piatetski-Shapiro L-factor does not depend on A in this case.
For the second case, assume
Z(s, B, @, 1)

LES (s, 7w, )

(92) has a pole for some B € B(r, A, ) and ® € S(V).
Such poles are called exceptional poles. By (84), exceptional poles are precisely
the poles of

;(S’ BM? M)
LES (s, 7w, )

reg

(93) L(s+1/2,A,),

as B runs through B(w, A, 8). Since the fraction in (93) is entire, exceptional poles
are found among the poles of L(s 4+ 1/2, A},). If we write

1
(I—y1g7)(1 —y2q™)’
where one of the complex numbers y;, y» may be zero, then
-
Pg—1P)
where P € C[X]is either 1 — ;X or (1 — 1 X)(1 — »» X).

(94) L(s, Ay,) =

(95) LPS(s, 7, 1) = LS (s, 7, )

reg
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Remark. Our definition of exceptional pole is slightly more general than the one
given in [Piatetski-Shapiro 1997]. Therein, a complex number s is called an
exceptional pole if s is a pole of L™ (s, 7, 1) but not of LFS (s, 7, w). It follows
easily that an exceptional pole according to Piatetski-Shapiro is also an exceptional
pole according to our definition. However, the two notions may not coincide if there
is overlap between the poles of Lfesé(s, 7, ) and the poles of L(s +1/2, A},).
The regular poles are the poles of Lfesg(s, m, u). According to our definition,
an exceptional pole can also be regular, while in [Piatetski-Shapiro 1997] the two
notions are exclusive. Our definition is designed in such a way that LFS (s,m, ) #

Lisg (s, , n) precisely if there exist exceptional poles.

5.4. Double coset decompositions. We first prove the following double coset de-
composition for GL(2, F). Let 8 be as in (4), and let T be the group of all
2

x+yb/2 yc 2 2 (b
(96) [ o x_yb/z]eGL(Z,F), 2oy (Z—ac>;é0.

Recall that we are in the split case if and only if b> — 4ac € F*?. We can and will
make the assumption that

97) a,c#0.
In the split case, let 1, r, € F* be the two roots of the equation
(98) ar’+br+c=0.

Let B; be the subgroup of GL(2, F) consisting of all elements of the form [1 I],

and let B; be the subgroup consisting of all elements of the form [}k *]

Lemma 5.4.1. (i) In the nonsplit case, GL(2, F) =TB| =T B;.
(i1) In the split case,

99) GLQ2,F)=TB; U TglsBl L TgQSBl

1 r 1
=TB, UTg B, UTgyBy, whereg; = [ rll] s = [_1 i|

The set T By (resp. T By) is open and dense in GL(2, F), and consists of all
[”' “2] € GL(2, F) with aal2 +bajaz + ca32 # 0 (resp. aa% +bayas + Caf #0).

as as

Fori =1 or?2,the set Tg;s By (resp. Tg; By) consists of all [“1 az] eGL(2, F)

as aq
with a; = asr; (resp. ay = aar;).

Proof. Calculations show that if aa% + bayaz + ca% # 0, then the equation

x+yb/2  yc Iz |a1 a2
—ya x—yb/2 d| |a3 a4
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can be solved for x, y, z, d. Assume that aa]2 + bayaz + ca% = 0. Then a; = a3r;
for i =1 or i = 2. Calculations show that the equation

X+ yb/2 yc " lz| (a1 a2

—ya x—yb/2 & d|  |az as
can be solved for x, y, z, d. This proves the statements for By, and the proof for B,
is similar. O

Let P be the (F-points of the) Siegel parabolic subgroup of GSp(4, F); see (2).
Let G be the group defined in (56). We assume that 8 = [ ] with ac # 0, and
embed G into GSp(4, F) such that (59) to (62) hold. More generally, if

_ [ B
g_[VS]EG

then a calculation shows that, as an element of GSp(4, F),

o car 281 —2aps
—ac; o —2af, —%p

W osn 8 —ad

V2 —aan % )

(100) g§=

Here, @ = o] 4+ A etc., with A as defined after (7). The following result is a more
precise version of a remark made in the proof of Theorem 4.3 of [Piatetski-Shapiro
1997].

Lemma 5.4.2. Assume the above notations and hypotheses. Let

(101) 2=, !
1
Then
(102) GSp4, F)=GPUGs;P.

The double coset Gs, P is open and dense in GSp(4, F), and

(103) s, GNP = {[A : AeGL(2, F)}.

det(A) fA—l]

We have Gs, P = Gso, HN, where H and N are defined in (3) and (2), respectively.
Furthermore,

GB>,N in the nonsplit case,

(104) GP = . .
GByN U Gg1ByN U GgyByN in the split case,
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where

(105  By=1{|"" cxeF,yeF*}, g= ,
y —x 1

1 —r; 1
with ry, ry € F* being the two roots of the equation ar*> + ¢ = 0.

Proof. Using the description (100) of the elements of G, it is easy to verify (103). As
a consequence, Gsp P = Gsy HN. Equation (104) follows from (99); the disjointness
in the split case is easy to verify.

By the Bruhat decomposition,

1 * 1 1 * %
(106) GSp(4, F)=Pu| | |sPu * 1 | *|sisopu| ! 1‘ * 525152 P.
ES
1 1 1
Calculations show that
1
1 X
107) Gs:Pn| | ’: “sasi50P = 1:|s2s1s2p . peP, tr(,BX);éO},
| L
1
* 1 % x 1 b4 2
(108) Gs, PN s1sH P = s1$2p : pE P, x"#—ajc
1 % 1 —x
1 i 1
1 x 1«
1 1
(109) GS2Pm 1 S2P= 1 S2P7
1 i 1
(110) GHPNP=g,
and
1 * ok
1 X
(111) GPN ! T * $28152 P = {[ 1]szs1szp :pEP, tr(ﬂX):O},

1
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1 1
(112) GprPn * * s15, P = * ¢ sisp:peP, x?=—ajcy,
1 * 1 —x
1 1
1 *
(113) GPN ! { P =9,
1
(114) GPNP=P.

It follows that GSp(4, F) = GP LU Gs, P. Since the big Bruhat cell is dense in
GSp(4, F), (107) implies that Gs, P is also dense in GSp(4, F). Since GP =
KSBGP = KCP is the product of a compact and a closed set, it is closed in
GSp(4, F). O

In the proof of the following lemma we will make use of the fact that a continuous
bijection X — Y between p-adic spaces is a homeomorphism. This is because we
can cover X with open-compact subsets, and a continuous bijection from a compact
topological space to a Hausdorff space is a homeomorphism.

For a locally compact, totally disconnected space X, we denote by S(X) the
space of locally constant functions X — C with compact support. If X is a group,
h € X and ¢ € S(X), we denote by R;,¢ the element of S(X) given by x — ¢ (xh),
and by Lj¢ the element of S(X) given by x — d(h~x).

Let U be the unipotent radical of the Borel subgroup of GSp(4, F)). Then U
consists of all matrices of the form

* 1 %

—_
—_— % % ¥

in GSp(4, F). For ¢y, c2 € F, we define a character v, ., of U by

1y =
x 1 % x
1 —
1

(115) Ver.er =v¥(c1x +c2y).

The statement of the following result was mentioned in the proof of Theorem 4.3
of [Piatetski-Shapiro 1997].

Lemma 5.4.3. Let D : S(GSp(4, F)) — C be a distribution on GSp(4, F) with the
following properties:
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o There exist ¢y, ¢y € F* such that

(116) D(Ru®) = Ve, c, ) D(p) forallu e U
and all ¢ € S(GSp(4, F)).
« There exists a character B of G such that

(117) D(Ly¢) = B(W)D($) forallh € G
and all ¢ € S(GSp(4, F)).

Then D = 0.

Proof. Since GSp(4, F) = GP UGsy P, it suffices to show that a distribution on
S(Gsy P) with the properties (116) and (117) is zero, and a distribution on S(G P)
with those properties is also zero.

(1) First we prove that a distribution D on Gs, P with the properties (116) and (117)
must be zero. For x € F*, let h, = diag(x, x, 1, 1). By Lemma 5.4.2, Gs; P =
GspHN. In fact, every element of Gs; P can be written in the form gs,h,n with
g € G and uniquely determined x € F* and n € N. Hence Gs, P is homeomorphic
to G x H x N. We consider the continuous map

p: Gs;P — F*  defined by gsohyn+—> x.

The set Gs, P is invariant under the left action of G and the right action of U. It
is easy to see that every fiber p~!(x) is G x U-invariant. By Corollary 2.1 of
[Aizenbud et al. 2010], Bernstein’s localization principle, it is sufficient to prove
that any distribution D on S(p~!(x)) with the properties (116) and (117) vanishes,
forall x € F*.

We apply Proposition 4.3.2 of [Bump 1997] with

G x N = Gsyhy N = p~ ' (x).
It shows that there exists a constant ¢; € C such that

D(@) =1 / / B() W\ (n) §(gs2hym) dn dg
N

G
for all ¢ € S(p_l(x)). We may choose some z € F such that
1

Wq,cz (MZ) 75 1 for uZ =
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By (62),

n, = szuzsgl = e Ny CG,
1

so that D(L,-1¢) = ﬂ(nz_l)D(qS) = D(¢p) by (117). On the other hand, the
substitution g > nz_1 gn, shows that

D(Ln;'¢):Cl//¢(”zg52hxn):3(g)wc_l}c2(n) dndg
N

G

- f / B (gnzsahum) BV, (n) dn dg

G N

=y / / D (gsau;hyn)B(QV, | () dndg
G N

— e f / (gsahenu) BV (n)dndg
G N

o)y / / (gsahsm) BV, (n) dn dg.
G N

In the last step we used (116). Hence D(¢) = V¥, .., (u;) D(¢), which implies D =0
on S(p~!(x)).

(2) Next, using the decomposition (104), we prove that a distribution D on G P
with the properties (116) and (117) must be zero.

(2.1) We will first show that a distribution D on G B, N with the properties (116)
and (117) must be zero. We define the groups

1 1

(118) Hy:= 1k, =| o e U= * 1 | I NGSp(4, F).
1 1

Then, with Ny as in (63),

(119) GB,N = GUH, = GNyU\H, = GU H, = GH, Uj.

In fact, it is not difficult to see that any element of G P can be written in the form
gkyxu with uniquely determined ¢ € G, x € F* and u € U;. Hence GB,N is
homeomorphic to G x H; x U;. We consider the continuous map

p: GBoN — F* defined by gkyu —> x.
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The set G B, N is invariant under the left action of G and the right action of U. It is
easy to see that every fiber p~!(x) is G x U-invariant. By Bernstein’s localization
principle, it is enough to show that a distribution D on p~!(x) with the properties
(116) and (117) vanishes.
We apply Proposition 4.3.2 of [Bump 1997] to
G x U; = Gk U, = p~ 1 (x).
It shows that there exists a constant ¢, € C such that

1
X

(120) D(¢>=c2f/ﬂ(g>wq}cz<ul>¢ R

G U 1

for any ¢ € S(p_l(x)). Let t € F* be such that ¥ (cy2tx) # 1,

1 2t 1 2tx

_ -1
(121) n:.= : 2act eNoCG and u:= :

Hence,

WC],Cz(u) = w(czti) 75 1.

Much as above, we calculate

D(L,-19)

—e / f B WL (ur) b (gnkyur)duy dg

GU;
1 2tx

1 —2ac lex!

= [ B0 @ | gk | duy dg

GU,
1 2x
:csz BV iy |gke| |

GFF 1 1

I, P B |
2ac™'tx y 1 z dydzdg

1 —2txy 1 1 2tx

1 -2 1
=c2f/ B v (e |g txy k|7 F

GFF

dydzdg
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1 2txy 1 1 2tx
1 2tx _ 1 z 1
=c2///ﬁ ¢ y v end | k|’ dydzdg
1 1 —y 1
GFF l l 1
1 2tx
1
=cZ//ﬂ<g>l/f1<c1y)¢ ghan| 1| | duidg
GU, |
— D(Ru).

Hence, by (116) and (117),

D(¢) = D(L,-1¢) = D(Ru9)
=Y (c22tx)D(9).
It follows that D(¢) = 0.

(2.2) Now assume we are in the split case. Let i € {1,2}. We will show that
a distribution D on Gg; BN with the properties (116) and (117) must be zero.
Calculations in coordinates verify that

y—1

(122) g 'GginBy=1| Iy |:yeF”

It follows that

(123) GgiBoN = Gg;H\N UGg;g N, where g =| 2i s

and H is as in (118). We will proceed to show that a distribution D on Gg; B,N
with the properties (117) and

N =

(124) D(R,¢) =Y (cax)D(¢) forallu = eEN

—
—_—te =

must be zero.
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(2.2.1) We will first show that a distribution D on Gg; H| N with the properties
(117) and (124) vanishes. We have

1 —2riu u
(125) g 'GgiNHN = : Ll‘ “liuverF
1
Hence
1 *
(126) GgiH|N = GgiH U, where U; = !

1

In fact, every element of Gg; H; N can be written in the form gg;k,u with uniquely
determined x € F* and u € U,. We consider the continuous map

p: GgiHIN — F* defined by ggikyu —> x.
y

It is easy to see that every fiber p~!(x) is G x N-invariant. By Bernstein’s local-

ization principle, it is enough to show that a distribution D on p~!(x) with the

properties (117) and (124) vanishes. We apply Proposition 4.3.2 of [Bump 1997] to
G x Uy Z GgikyUr = p~ ' (x).

It shows that there exists a constant ¢3 € C such that
_ 1
az)  p@=a [ [p@v o || ||| dzag
G F

for all ¢ € S(p~!(x)). Now, for any y € F,

1 z 1 y_\
D(¢)=Ca///3(g)t/f‘1(sz)¢ 88ikx 11 ! f dzdg
GF | 1_)
1y 1 z ]
=Ca/fﬁ(g)wl(cx)¢ 88i ! f ky 11 dzdg
GF | 1_)
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1 2ryy 1 2ry 1 z
=c3//ﬂ(g>w—'(czz)¢ 88i f o'ei| P LY I 2
ar 1 1 1
1 2ry 1 2
=C3///3(8)W1(62Z)¢ 88i ! | ky 11 dzdg
G F 1 1
1 z4+2rxy |
o [p@v i @aofeak] T dzdg
G F 1_
1 z

1
=Y (c22rixy)cs / / BV (22)¢ | ggiks dzdg
G F

=Y (c22rixy) D(e).
It follows that D(¢) = 0.

(2.2.2) Finally, we will show that a distribution D on Gg;g; N with the properties
(117) and (124) vanishes. We have

1 u
(128) @@ 'GaanN=1| ' V|liwver
1
Hence
1 *
(129) GeigiN =GgigiUs, where Us=]| .
1
We apply Proposition 4.3.2 of [Bump 1997] to
G x Uz =Gg;giUs.
It shows that there exists a constant ¢4 € C such that
1 z

a0 p@=a [ [p@o|en| 1T || duds
F

G
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for any ¢ € S(Gg;g;N). Then, for any x € F,

1 z||1 X
- 1 1
vewp@=a [ [0 |saa| | | zas
GF i 1] 1
_1 X 7 _1 d
~ 1 ~ =1 ~ 1 Z
=cs | | B P | 88i&i | (8i&) &i&i X dzdg
G F ] 1] ] |
1 F4
- 1z
264//ﬂ(g)¢ 88i&i ) dzdg
G F |
= D(¢).
It follows that D(¢) = 0. This concludes the proof. O

5.5. Some cases with no exceptional poles. The following is Theorem 4.2 of
[Piatetski-Shapiro 1997], with a slightly modified proof to accommodate our more
general notion of exceptional pole.

Theorem 5.5.1. Let i be a character of F*. Let (7w, V) be an irreducible, admissi-
ble representation of GSp(4, F) admitting a (A, B)-Bessel model. Assume that sg
is an exceptional pole for the datum 1, A, B, |4, as defined in the previous section.
Then there exists a nonzero functional £ : V — C with the property

(131)  £(m(g)v) = u~ ' (det(g))|det(g)| ™~ V/2 ¢(v) forallve VandgeG.
Proof. By definition, the function

Z(s,B,®, u) Z(s, B, ®, u)
L¥S(s,m,p)  LESGs,m, w)L(s +1/2, Ay)

(132)

lies in C[gq*, ¢ —*], for any choice of B € B(x, A, f) and ® € S(V). In particular,

we may evaluate at s9. We note that
Z(s, B, @, 1)
LB (s, 7, )

This follows from Lemma 5.3.1(i), and the fact that s is a pole of L(s +1/2, A,).
We now define

(133) =0 if ®eSy(V).

S=50

Z(s, B, @1, )

134 ¢(B) =
(134) (B) LBSGs. )

’

§=50
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where, as before, @ is the characteristic function of o7 ®oy. Since Z(s, B, ®, u) =
LI;\S (s, , u) for some choice of B and ®, (133) implies that £ is a nonzero func-
tional. It follows from (79) that
(135) Z(s,7(g)B,g.P, 1)

= Z(s, B, ®, )~ (det(g))|det(g)| *""/* forall g € G,
where (g.9)(x, y) = ®((x, y)g). Consequently,

Z(s,m(g)B, g.®1, 1)

(136)
LIID\S(S’ T, 1) s=s0
Z(s. B, @1, w)| 50
= s | M (det(g))] det(g)| T2
LA (s’n’ll/) §=50

Since g.® — @ € Sy(V), property (133) allows us to replace g.d on the left-hand
side by ®. It follows that ¢ has the asserted property (131). U

Let ¢1, ¢ € F*. Recall from (115) the definition of the character v, ., of U.
An irreducible, admissible representation (iz, V) of GSp(4, F) is called generic if
it admits a nonzero functional L : V — C satisfying

(137) L(mwm)v) =V .c,w)L(v) forallveV,uel.

Such an L is called a ¥, .,-Whittaker functional.
The proof of (ii) of the following result has been sketched in Theorem 4.3 of
[Piatetski-Shapiro 1997]; here, we provide the details.

Corollary 5.5.2. There are no exceptional poles for w, A, B, u if one of the follow-
ing conditions is satisfied.

(i) The character A, = A - (o Ny r) is ramified.
(1) m is generic.

Hence, in these cases we have Lis (s,m, n) = Lfg’g(s, T, ), and in particular the

Piatetski-Shapiro L-factor is independent of the choice of Bessel model for .

Proof. (1) This is immediate from Lemma 5.3.2(i).

(ii) Let (r, V) be an irreducible, admissible, generic representation of GSp(4, F).
Let (", VV) be the contragredient representation. Then 7 is also generic. Let L
be a ¥, .,-Whittaker functional on V.

Assume that 7 admits an exceptional pole; we will obtain a contradiction. By
Theorem 5.5.1, there exists a character 8 of G and a functional £ : V — C such
that

(138) L (g)v) = B(gv
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for all v € V and g € G. We define a linear map

(139) A: 8(GSp(4, F)) — VvV

by

(140) A(p)(v) = / ¢ (g)(m(g)v)dg,
GSp(4,F)

where ¢ € S(GSp(4, F)), v € V, and ¢ is a functional as in (131). Since ¢ is
nonzero, it is easy to see that A is nonzero. One readily verifies that

(141) A(Ryp) =¥ () A(¢) forall h € GSp(4, F).

In particular, the image of A is an invariant subspace of V. Consequently, A is
surjective. This allows us to define a nonzero distribution D : S(GSp(4, F)) — C by

(142) D(¢) = L(A(¢)), ¢ €S(GSp4, F)).
Since L is a v, ,-Whittaker functional on V", it follows from (141) that
(143) D(Ru$) = Ve, o, (W) D(¢) forallu e U.

For h € G, we have

ALyd) () = / 6 (h ' g)t(x(g)v) dg
GSp(4,F)

= / $ ()l (hg)v)dg
GSp4,F)

— B(h) / $(2)0(T(9)v) dg

GSp(4,F)
by (138). Hence A(L,¢) = B(h)A(¢), and thus

(144) D(Ly,¢) =pB(h)D(¢) forall h eG.
By Lemma 5.4.3, properties (143) and (144) imply that D = 0, a contradiction. [l
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TORIC SURFACES OVER AN ARBITRARY FIELD

FEI XIE

We study toric varieties over an arbitrary field with an emphasis on toric
surfaces in the Merkurjev-Panin motivic category of “K-motives”. We ex-
plore the decomposition of certain toric varieties as K-motives into prod-
ucts of central simple algebras, the geometric and topological information
encoded in these central simple algebras, and the relationship between the
decomposition of the K-motives and the semiorthogonal decomposition of
the derived categories. We obtain the information mentioned above for
toric surfaces by explicitly classifying all minimal smooth projective toric
surfaces using toric geometry.

1. Introduction

Throughout, we fix an arbitrary base field k. Let X be a scheme over k and let
K /k be a field extension. We say a scheme Y over k is a K /k-form of X if the
schemes Xg := X ®; K and Yk are isomorphic as schemes over K [Serre 1997,
Chapter III §1]. Let £° be the separable closure of k. A k*/k-form is simply called
a form or twisted form. The scheme X;s has a natural I' = Gal(k* / k)-action.

We will focus on the study of toric varieties over k. Let X be a normal geo-
metrically irreducible variety over k and let 7 be an algebraic torus acting on X
over k. The variety X is a toric T-variety if there is an open orbit U such that U is a
principal homogeneous space or torsor over 7. A toric T-variety is called split if the
torus T is split. The case of split toric varieties have been extensively studied, for
example in [Danilov 1978; Fulton 1993; Cox et al. 2011]. Since any toric variety
X has a torus action over k and is a twisted form of a split toric variety, the study
of X is equivalent to the study of the split toric variety X;s with a ["-action on the
fan structure as well as the study of the open orbit U; see Section 3.

Iskovskih [1979] classified minimal rational surfaces over arbitrary fields. Focus-
ing on the cases of toric surfaces, we give an explicit description of minimal toric
surfaces via toric geometry. In addition, the explicit nature of the classification of
minimal toric surfaces made it possible for us to fully understand toric surfaces in

The author was supported in part by the NSF research grant DMS-#1160206.
MSC2010: primary 14J20, 14L.30, 14M25; secondary 11E72, 16E35, 16HOS5.
Keywords: toric variety, motivic category, separable algebra, exceptional collection.
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aspects such as affirming Merkurjev and Panin’s question (Question 1) in dimen-
sion 2, decomposing toric surfaces as K-motives into products of central simple
algebras, and providing full exceptional collections for the derived categories of
toric surfaces, etc.

Theorem 4.12. The surface X is a minimal smooth projective toric surface if
and only if X is (i) a P'-bundle over a smooth conic curve but not a form of
F1 =Proj(Op1 & Opi1 (1)); (ii) the Severi—Brauer surface; (iii) an involution surface;
(iv) the del Pezzo surface of degree 6 with Picard rank 1.

This paper is motivated by ideas in [Merkurjev and Panin 1997], which studies
toric varieties over an arbitrary field in the motivic category C defined in loc. cit.,
and in particular by the following question:

Question 1. If X is a smooth projective toric variety over k, is Ko(Xys) always a
permutation I'-module?

Definition 1.1. A I'-module M is a permutation I"-module if there exists a I'-
invariant Z-basis of M. We call such a basis a permutation I"-basis or I'"-basis.

The reason that we care about the I'-action on Kg(Xys) is that it in some way
determines X; see Section 6. For example, if X has a rational point and Ko(Xys) is
a permutation I"-module, then X is isomorphic to the étale algebra corresponding
to any ["-basis of Ky(Xys) in the motivic category C [Merkurjev and Panin 1997,
Proposition 4.5]. In general, if Ko(X;s) has a permutation I"-basis of line bundles
over Xys, then the variety X decomposes into a finite product of central simple
algebras (over separable field extensions of k) in the motivic category C completely
described by this I"-basis as follows:

Theorem 6.5. Let X be a smooth projective toric T -variety over k that splits over |
and G = Gal(l/ k). Assume Ky(X;) has a permutation G-basis P of line bundles
on X;. Let {P;}\_, be G-orbits of P, and let w : X; — X be the projection. For any
S; € P;, set B =Endo, (7.(S;)) and B = ]_[f-:] B;. Then the map u = @;Zl . (S;):
X — B gives an isomorphism in the motivic category C.

Using the classification of minimal toric surfaces, we obtain that any smooth
projective toric surface satisfies the conditions of the above theorem:

Theorem 5.2. Let X be a smooth projective toric T -surface over k that splits over |
and G = Gal(l/k). Then Ko(X;) has a permutation G-basis of line bundles on X;.

The original motivation for finding the decomposition of a smooth projective
variety over k into a product of central simple algebras in C is to compute higher
algebraic K-theory of the variety. Quillen [1973] computed higher algebraic K-
theory for Severi—Brauer varieties; see Example 3.5, and Swan [1985] for quadric
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hypersurfaces. Panin [1994] generalized their results by finding the decomposition
in C for twisted flag varieties.

As a matter of fact, these central simple algebras also encode arithmetic/geometric
information about the variety, and in nice cases, classify its twisted forms. Blunk
[2010] investigated del Pezzo surfaces of degree 6 over k in this direction; see
Example 3.6. He showed that a del Pezzo surface of degree 6 is determined by a
pair of Azumaya algebras (over étale quadratic and cubic extensions of the base
field, respectively) and the surface has a rational point if and only if both Azumaya
algebras in the pair are split. We will investigate the same information for all
smooth projective toric surfaces over k; see Section 7. For example, we obtain that
a P'-bundle over a smooth conic curve is isomorphic to k x Q x k x Q in C and the
surface is determined by the quaternion algebra Q corresponding to the conic curve.
More generally, if the Picard group Pic(Xys) of a smooth projective toric variety X
is a permutation I'-module, then the open orbit U is determined by a set of central
simple algebras, each corresponding to a I'-orbit of Pic(Xs); see Corollary 7.3.
This implies that the toric variety X has a rational point if and only if every central
simple algebra in the set is split.

Moreover, since Tabuada [2014, Theorem 6.10] showed that the motivic category
C is a part of the category of noncommutative motives Hmoy, it implies that certain
semiorthogonal decompositions of the derived category of a smooth projective
variety will give a decomposition of the variety in C (Theorem 8.4).

We will briefly discuss the possibility of lifting the motivic decomposition of a
smooth projective toric variety to the derived category; see Section 8.

By the classification of minimal toric surfaces and known results of semiorthog-
onal decomposition of rational surfaces, we can confirm the lifting for smooth
projective toric surfaces.

Theorem 8.6. Let X be a smooth projective toric surface over k that splits over |
and G = Gal(l/ k). Then Ky(X;) has a permutation G-basis P of line bundles
over X; such that each G-orbit is an exceptional block. Furthermore, there exists
an ordering of the G-orbits { P;}._, of P such that {Py, ..., P} gives a full excep-
tional collection of Dh(Xl). Therefore, for any S; € P;, {mS1, ..., w8} is a full
exceptional collection of DY (X), where w : X; — X is the projection.

Organization. The organization of the paper is as follows: Sections 2 and 3 intro-
duce the background on the motivic category C and toric varieties over k, including
some basic facts and examples needed for the paper. For more details about C,
see [Merkurjev and Panin 1997, §1] or [Merkurjev 2005, §3]. Section 4 classifies
minimal smooth projective toric surfaces over k via toric geometry. Section 5
verifies that Ko(Xys) has a permutation I"-basis of line bundles for toric surfaces. In
Section 6, we consider smooth projective toric varieties X of all dimensions where
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Ko(Xys) has a permutation I"-basis of line bundles. We decompose such X into
a product of central simple algebras in the motivic category by reinterpreting the
construction of the separable algebra corresponding to a toric variety investigated
in [Merkurjev and Panin 1997]. In Section 7, we apply the construction in §6 to
toric surfaces. Moreover, we relate the constructed algebras to the open orbit U
via Galois cohomology. For details on Galois cohomology, see [Serre 1997; Knus
et al. 1998; Gille and Szamuely 2006]. In Section 8, we discuss the relationship
between the semiorthogonal decomposition of the derived category and the motivic
decomposition of toric varieties via noncommutative motives and descent theory
for derived categories.

Most of the time, instead of working with X;s and I'-action, we work with X;
and G = Gal(l//k)-action where [ is the splitting field of the torus 7.

Notation. Fix the base field k and a separable closure k* of k. Let I' = Gal(k* / k).
Let T denote an algebraic torus over k with splitting field / and G = Gal(l/k)
unless otherwise stated. For any object Z (algebraic groups, varieties, algebras,
maps) over k and any extension K /k, write Z Q K as Zg.

For a split toric variety Y, we denote X the fan structure and Auty, the group of
fan automorphisms. We will freely use the same notation for the ray in the fan, the
minimal generator of the ray in the lattice and the Weil divisor corresponding to
the ray when the context is clear.

For an algebra A, denote A°P its opposite algebra. Denote S, the permutation
group of a set of n elements.

2. The motivic category C
Definition 2.1. The motivic category C = Cy over a field k has:
« objects: pairs (X, A) where X is a smooth projective variety over k and A is a
finite separable k-algebra,
o morphisms: Hom¢ ((X, A), (Y, B)) = Ko(X x Y, A’ Q; B).
The Grothendieck group Ky of a pair is defined below. A k-algebra A is finite

separable if dimy(A) is finite and for any field extension K of k, the K -algebra
Ak is semisimple. Equivalently we have:

Definition 2.2. The algebra A is a finite separable k-algebra if it is a finite product
of central simple /;-algebras A; where /; is a finite separable field extension of k,
i.e, A; is a matrix algebra over a finite dimensional division algebra with center /;.

Letu:(X,A) — (¥Y,B)and v : (Y, B) — (Z, C) be morphisms in C. Since
uekKoXxY, A?®; B) = Ko(Y x X, BQ®y A°P), the map u can also be viewed
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as u®?: (Y, B®?) — (X, A°P). The composition vou : (X, A) — (Z, C) is given by

T (q* v ®p p*u),

where p: X XY XZ > XXY, q: XXYXZ—>YXZ, m:XXYXZ—>XXZ
are projections.

We write X for (X, k) and A for (Speck, A). Since the morphisms are defined
in Ky, the category is also called the category of K-correspondences.

Algebraic K-theory of a pair. The algebraic K-theory of a pair (X, A) is defined
in the following way and it generalizes the Quillen K-theory of varieties:

Let P(X, A) be the exact category of left Ox ®; A-modules which are locally
free Ox-modules of finite rank and morphisms of Ox ®; A-modules. The group
K, (X, A) of the pair (X, A) is defined as KnQ (P(X, A)), the Quillen K -theory of P.
Let M (X, A) be the exact category of left Ox ®; A-modules which are coherent
Ox-modules and morphisms of Oy ®; A-modules. The group K, (X, A) of the
pair (X, A) is defined as KnQ (M(X, A)). The embedding P C M induces a map
K,(X,A)— K, (X, A) and it is an isomorphism if X is regular (resolution theorem).
Note that K, (X, k) is the usual K,,(X) and K, (Speck, A) = K,,(Rep(A)) is the
K -theory of representations of A.

In fact, K,, defines a functor K,, : C — Ab which sends (X, A) to K,,(X, A). For
u:(X,A)— (¥,B), x € K,(X, A), we can define

K,(u)(x) = g+« (u @4 p*x),

where p: X xY — X, g : X xY — Y are projections.
Similarly we can define, for any variety V over k, a functor K ,Y :C — Ab where
on objects KY (X, A) = K/ (V x X, A).

Example 2.3 [Merkurjev and Panin 1997, Example 1.6(1)]. M, (k) =k in C.

Example 2.4 [Merkurjev and Panin 1997, Example 1.6(3)], see also [Tabuada 2014,
Theorem 9.1]. Let A and B be two central simple k-algebras. Then A = B in C if
and only if [A] = [B] € Br(k).

Proof. The previous example indicates that Brauer equivalences give isomorphisms
in C. So [A] = [B] € Br(k) implies A = B in C.

For the opposite direction, since each central simple k-algebra is Brauer equivalent
to a unique division k-algebra, we can assume A, B are division algebras. Let
M:A— Band N : B— A be inverse maps in C. Since Ky(A°® ®; B) = ZR and
Ko(B°° ®; A) = ZR®P for R the unique simple B-A-bimodule, we have M =nR
and N=mR° forsomem,necZ. NoM=NQgM=ZEZmnRPReR=ZA, MoN =
M®s N=mnR®4 R® = B. Since A, B are simple modules, we have mn = 1
and we can assume M = R, N = R°. As aright A-module and a left B-module
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respectively, we have M4 = A" and g M = B®. Similarly, 4 N = A? and Np = B1.
The left A-module isomorphism N @ M = N ®p B* = N* = AP¥ = A implies
that p = s = 1. Similarly » = ¢ = 1. In particular, this implies dim; A = dimy B.
Finally consider the k-algebra homomorphism f : B — Ends(M4) = A by
sending b to [, left multiplication by b. This is obviously injective, and it is
surjective because A, B have the same dimension, so A = B as k-algebras. (]

3. Toric varieties

Let T be an algebraic torus over k.

Definition 3.1. A toric T-variety X over k is a normal geometrically irreducible
variety with an action of the torus 7 and an open orbit U which is a principal
homogeneous space over 7.

By definition, the torus Tys = G, ;. splits where n = dim X. The torus T
corresponds to a cocycle class [p] € H'(T, Autgp g (G}, 1) = HY(T',GL(n, Z))
where Autygp, s denotes the group automorphism over k°. Moreover, the torus T
splits over a finite Galois extension / of k (T} = G}, ;), which is called the splitting
field of T.

Explicitly, tori Tys = T Q¢ k* and G"m’ s = Gm k @ k* have natural Galois actions
with I' acting on the factor k°. The Galois actions give group automorphisms of
T;s and GZ, s Over k, but not over k* because I'" also acts on the scalars k°. Let
o:I' > Auty(Tjs) and 7 : " — Auty (Gﬁt 1) be the respective natural Galois actions.
Let ¢ : Tys — G, ;s be an isomorphism. Then we obtain p : I' — GL(n, Z) by
sending g to ¢0(g)¢*1t(g)*1, and we have ker(p) = Gal(k®/[) where [ is the
splitting field.

Conversely, the torus T' can be constructed from p : I' — GL(n, Z) as follows;
see also [Voskresenskii 1982, §1]. The map p factors through p’ : G = Gal(l/k) —
GL(n, Z) for a finite Galois extension [ of k. Let u : G — Auty (G;’L ;) be the action

on the torus G}, ; ® ! via u(g) = p'(g) ®g, g € G. Then T =G, ,/u(G).

Definition 3.2. A toric T-variety X over k is called a foric T-model if U (k) is
nonempty.

In this case, the open orbit U = T as k-varieties and there is an T-equivariant
embedding T < X. If X is smooth over k, then the set X (k) is nonempty if and
only if U (k) is [Voskresenskii and Klyachko 1985, §4 Proposition 4].

Definition 3.3. A toric T-variety is split if T splits, and is nonsplit otherwise.

Let Xys (or X;) be the split toric variety with the fan structure X. Since the
["-action on Ts is compatible with the one on Xjs, the image of p is contained in
Auty, namely

o) =Gal(l/k) € Auty C GL(n, 2).
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Let X5 be the split toric variety over k with the fan structure X. If X is a toric
T-model, then similarly to the case of the torus 7, the variety X can be recovered
from p and ¥ as (Xx ®x 1)/ (G). In general, for each toric T-variety X, there is a
unique (up to T-isomorphism) toric 7-model X* such that X;s = (X™)rs. We call
X* the associated toric T-model of X. More specifically, the toric 7-model X* is
given by (X x U)/T where T acts on X x U diagonally, and the toric T-variety X
is given by (X* x U)/T where T acts on X* x U via t- (x, y) = (tx, yt~'); see
[Voskresenskii and Klyachko 1985, §4].

In summary, an algebraic torus 7 is uniquely determined by a 1-cocycle (class)
p:I' = GL(n,Z). A toric T-model X is uniquely determined by p and fan X
with the restriction p(I") € Auty. A toric T-variety is uniquely determined by its
associated 7-model X* and a principal homogeneous space U € H'(k, T).

Lemma 34. Let ¢ : X5, = Xx, be a toric morphism of split smooth projective
toric varieties over k*, and let ¢ : N| — N» be the induced Z-linear map of lattices
that is compatible with fans X1, Xp. Let p; : I' — Aut(N;) be Galois actions
on N; that are compatible with the fans X; (p;(I') C Auty,) such that ¢ is T-
equivariant with respect to p1, pa. Let T; be the torus corresponding to p;. Then,
forany Uy € H'(k, T)), there exists Uy € H' (k, T») such that ¢ descends to a map
X1 — Xo, where X; is the toric variety corresponding to (p;, X;, U;) fori =1, 2.

Proof. Restrict ¢ to tori Plry, : Tny = T, Since ¢ is I'-equivariant, the maps ¢
and @7, descend to ¢ : X — X3 where X are the toric 7;-models corresponding
to X; and ¥ : Ty — T». The map ¢ induces H'(k, T}) — H'(k, T») and let U, be
the image of U; under this map. Set X; = (X x U;)/T;. Then ¢ descends to a
map X|; — X». O

Example 3.5 (Severi—Brauer variety X (Xzs = P")). Let A be a central simple
k-algebra of degree n + 1. Then X = SB(A) is a toric variety with the torus
T =Rg/k (G, £)/Gum k, where E is a maximal étale k-subalgebra of A. The variety
X has a rational point if and only if A = M,, (k) if and only if X = P".

Quillen [1973, §8 Theorem 4.1] showed that K, (SB(A)) = K, (k) X[ [ K (A%
for m > 0 and Panin [1994] showed that SB(A) =k x [ ] A®"in C, where the products
runoveri=1,...,n.

Example 3.6. Let X be a del Pezzo surface of degree 6 over k (K x is antiample
with Kf( =6, Xjs = Blp],pzym([lj’z) where p1, p2, p3 are not collinear). It is a toric
T -variety where the torus 7 is the connected component of the identity of Auty(X).

Blunk [2010] showed that X =k x P x Q in C where P is an Azumaya K -algebra
of rank 9 (dimy (P)/ dimg (K) =9) and Q is an Azumaya L-algebra of rank 4 where
K, L are étale k-algebras of degree 2 and 3, respectively.
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Example 3.7 (Involution surface X (Xis = P! x P')). The surface X corresponds to
a central simple k-algebra A of degree 4 together with a quadratic pair (o, f) on A.
For the definition of a quadratic pair, see [Knus et al. 1998, §5B]. The associated
even Clifford algebra Cy(A, o, f) (defined in their §8B) is a quaternion algebra
over K, which is an étale quadratic extension of k and is called the discriminant
extension of X. Write B=Co(A, o, f). Then X is the Weil restriction Rg /x SB(B);
see [Auel and Bernardara 2015, Example 3.3]. Denote by T the torus of SB(B) in
Example 3.5. Then X is a toric variety with the torus Rg /4 7.
Panin [1994] showed that X =k x B x A in C.

K of split toric varieties. Let Y be a split smooth proper toric T-variety with
fan X.

For o € X, denote O, the closure of the T-orbit corresponding to o and J,
the sheaf of ideals defining O,. Write o (1) for the set of rays spanning o. For
o,teX,ifo(1)Nt(l) =9 and o (1) U (1) span a cone in X, then denote the
cone by (o, T), otherwise set (o, T) =0.

Theorem 3.8 (Klyachko [1992]; Demazure). As an abelian group, Ko(Y) is gener-
ated by O, = 1 — J, with these relations:

O(O’,‘[) lf <G’ T) 7é 09

0 otherwise;

(1 (’?o-(’)f={

2) 1_[ Jef(e) =1, feHom(N,Z)= M (the group of characters of T).
eex(1)

Theorem 3.9 (Klyachko). The abelian group Ko(Y) is free with rank equal to the
number of the maximal cones. In addition, sheaves O, and O, coincide in Ko(Y)
for any rational closed points y, y' € Y.

4. Minimal toric surfaces

Let X be a smooth projective toric surface over k. We say X is minimal if any
birational morphism f : X — X’ from X to another smooth surface X’ defined over k
is an isomorphism. In this section, we will classify minimal smooth projective toric
surfaces.

First we notice that the exceptional locus of any birational morphism from a
toric surface is torus invariant. We use the convention that a surface is integral,
separated and of finite type.

Lemma 4.1. Let W be a smooth projective toric T -surface over k. Leth : W — Z
be a birational morphism over k from W to a smooth surface Z over k. Let E be
the exceptional divisor of h. Then E is T -invariant. Therefore, the surface Z is a
smooth projective toric T -surface and the map h is T -invariant.
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Proof. First assume that k is separably closed. Then W is split. Since for a split
toric variety the group of T -invariant Cartier divisors CDivy maps onto the Picard
group, the line bundle O(E) is fixed by the T-action. For any ¢ € T, the divisor t E
is linearly equivalent to £ (denoted tE ~ E).

Now assume the locus E is not T-invariant and let #y € T be such that (o E # E.
Note that since W is proper and Z is separated, the map & is proper and the
surface Z = h(W) is also proper (thus projective). We have p(foE) ~ p(E) = 0.
Let C = p(tpE) which is a curve on Z. Embed Z into some P" and let H be a
hyperplane of P". Since C is a curve, we have C.H > 0. Therefore, C cannot be
linearly equivalent to 0, a contradiction.

For an arbitrary field k, we base change to the separable closure £° and use the
same argument. (I

Lemma 4.2. Let X be a smooth projective toric T-surface over k. Then X is
minimal if and only if Xys admits no T'-invariant set of pairwise disjoint Tys-invariant
(—=1)-curves.

Proof. Since any (—1)-curve is the exceptional locus of some birational morphism,
by the previous lemma, it is always torus invariant. The rest follows from [Hassett
2009, Theorem 3.2]. O

Definition 4.3. Let Y be a split smooth projective toric surface over a field K. If
there is a finite group G acting on Y by K-automorphisms, we call Y a G-surface
over K. The G-surface Y is called G-minimal over K if Y admits no G-invariant
set of pairwise disjoint torus invariant (—1)-curves.

Lemma 4.2 implies that we can redefine minimal toric surfaces as follows:

Definition 4.4. Let X be a smooth projective toric 7-surface over k and let p : ' —
GL(2, Z) be the map corresponding to the torus 7. Let G = p(I"), which is a finite
subgroup of GL(2, Z) and acts on the split toric surface X;s by fan automorphisms
(G C Auty (Xgs)). We say the toric surface X is minimal if Xys is G-minimal over k°.

Proposition 4.5. Let X and G = p(I") be the same as above. Then there is a finite
chain of blowups of toric T -surfaces

X=X x, L& ... Iy x =X,

where each X; is a smooth projective toric T -surface, each map f; is the blowup
of X; along T -invariant reduced zero-dimensional subscheme (in particular, f; is
T -invariant) and X' is minimal.

Proof. If X is not minimal, then X;s admits a G-invariant set of pairwise disjoint
Tys-invariant (—1)-curves. Contracting this G-set of (—1)-curves and descending
the contraction map to the base field k, we get a map f; : X — X which is the
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cyclic dihedral generators
Cr = D, =(C) (11
D) =(C" 1 0
Cr,=(-1) Dy=(—-1,C) B— 0 -1
D,=(-1,C) “\1 0
C; = (A?) D = (A%, C) c— 01
D = (A%, -C) “\1o
Cy=(B) Ds = (B, C) C = 1 0
Co = (A) D, = (A, C) 0 —1

Table 1. Nonconjugate classes of finite subgroups of GL(2, Z)
and their generators.

blowup of a smooth projective toric T-surface X along T-invariant reduced zero-
dimensional subscheme. This process will terminate in finite steps because the
number of rays in the fan of (X|)s is strictly less than that of Xjs. U

Now, classifying all minimal smooth projective toric surfaces over k is the same
as classifying, for each finite subgroup G of GL(2, Z) (up to conjugacy), G-minimal
toric surfaces over k°. It is well known that when G is trivial, the minimal (toric)
surfaces are P? and Hirzebruch surfaces F, = Proj(Op1 ® Opi(a)) fora >0, a # 1.

There are 13 nonconjugate classes of finite subgroups of GL(2, Z) and they can
only be either cyclic or dihedral groups [Newman 1972, Chapter IX, §14]. See
Table 1.

Definition 4.6. Let Y be a split smooth projective toric surface with fan structure X.
Counterclockwise label the rays of ¥ as yy, ..., y, and denote by D; the divisor
corresponding to y;. We can assign a sequence a = (ay, ..., d,) to Y, where a; = Diz.
We refer to this sequence as the self-intersection sequence of Y.

The group of fan automorphisms Auty, (Y) acts on Z2, permuting rays y; of the
fan X. First observe that as automorphisms of Y, the group Auty(Y) preserves
the self-intersection number of any divisor and thus permutes (torus invariant)
(—1)-curves on Y. Now, let us consider the case where Autyx,(Y) NSL(2, Z) = C,
is nontrivial and look at the action of C; on the rays. As indicated in Table 1, the
cyclic group C; is generated by powers of A or B where B is the rotation by /4
and A is conjugate in GL(2, R) to the rotation by /3. In particular, the action of
C, on the fan X is free, which implies ¢ | n.

Lemma 4.7. Let Auty (Y) NSL(2, Z) = C; be nontrivial (i.e., t =2, 3, 4, 6). If the
number of rays of the fan > max{4, t}, then Y is not C;-minimal, that is, there exists
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a C,-invariant set of pairwise disjoint (—1)-curves on Y. Therefore, C,-minimal
surfaces have the number of rays < max{4, t}.

Proof. Denote counterclockwise yi, ..., y, asrays of ¥ and leta = (ay, ..., a,)
be its self-intersection sequence. If n > 4, Y is not P2 or F,, then there exists i
such that a; = —1. Let o be a generator of C; and as discussed above, o rotates the
rays. If n > ¢, then the ray o (y;) is not adjacent to y; (i.e., corresponding divisors
are disjoint) and thus {y;, o (y;), ..., 0"’ ~1(y;)} form a C;-invariant set of pairwise
disjoint (—1)-curves. U

Lemma 4.8. D, fixes rays generated by (1, 1) or maximal cones generated by
(1,0) and (0, 1) or by (—1, 0) and (0, —1); D/zﬁxes rays generated by +(1, 0).

Using toric geometry, Oda showed [1978, Theorem 8.2] that a split smooth
projective toric surface is a succession of blowups of P? or F,. The proof of the
theorem is essentially the following lemma:

Lemma 4.9. Let Y be a split smooth projective toric surface with the fan X. Let
x,y be two rays in ¥ where their minimal generators form a basis of 7% If x, y
are not adjacent in the fan, then there is a ray z € X between x, y corresponding to
a (—1)-curve.

Now we are ready to classify G-minimal toric surfaces for G a finite subgroup
of GL(2, Z).
Proposition 4.10. Let Y be a split smooth projective toric surface and let G be a fi-
nite subgroup of GL(2, Z) acting on Y by fan automorphisms; that is, G C Auts (Y).
Then the surface Y is G-minimal if and only if Y belongs to one of the following:

e G=Dy: Y =P2P' xP!, Foyy1,a>1;

e G=D):Y =Fy,a>0

e G = Cz, C4, D4, D:‘, Dg: Y = |]:D1 X Pl;

e G=Cs, Dg: Y = P2

e G = C6, D/6’ D]zi Y = S,
where F, = Proj(Op1 & Opi(a)) is the Hirzebruch surface and S is the blowup
Bly, o ps (P?) of P? along three torus invariant points.

Proof. Assume the split toric surface Y is G-minimal. Let ¥ be the fan structure
of Y and let n be the number of rays of X. It is clear that for any subgroup H of G
together with the restricted H-action on Y, the surface Y is either H-minimal or
the (successive) blowups of H-minimal toric surfaces.

G = D;: (D) If D, fixes at least one maximal cone, then X contains (I.1) rays (1, 0),
(0, 1), (—1, —1) where D, fixes the maximal cone generated by (1, 0), (0, 1) or (I.2)
rays (1, 0), (0, 1), (—1,0), (0, —1) where D, fixes the maximal cones generated by
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(1,0), (0, 1) and by (—1, 0), (0, —1). (I) Otherwise X contains rays £(1, 1), and
the rays counterclockwise before and after (1, 1) must be (a + 1, @) and (a, a + 1),
respectively. By Lemma 4.9, it is easy to see that if ¥ contains more rays in any
of the above cases, then Y admits a D;-set of pairwise disjoint (—1)-curves. Thus,
Y is isomorphic to (I.1) P?; (I.2) P! x P!; (Il) F>,,1. Since F; has a D,-invariant
(—1)-curve, it is not minimal. So we have a > 1.

G = Dj: X contains rays £(1, 0), and the rays counterclockwise before and after
(1, 0) must be (a, —1) and (a, 1), respectively. By Lemma 4.9, ¥ contains no other
rays. Thus, Y is isomorphic to F,,a > 0.

G =Cy: Letx, y € X be two adjacent rays. Then X should have rays x, y, —x, —y,
where the minimal generators of x, y form a basis of Z? and by Lemma 4.9, it
contains no other rays. Thus, ¥ = P! x P

G = C4, D4, D}, Dg: Since C; is a subgroup of Cs, D4, D}y, Dg, we have ¥ =
P! x P! or its blowups. Since the group of fan automorphisms of P! x P! is Dg
which contains Cy4, Dy, D‘", the minimal C,-surface P! x P! is already a G-surface
for G = Cy4, Dy, DQ, Dg and must be G-minimal. Thus, ¥ = P! x P

For cases G = C;, t > 2. Recall that 7 | n and by Lemma 4.7, n < max{4, t}.

G=Cs 3|n,n<4,son=3and Y =P

G = Dg: C3 C Dg implies that Y is either P2 or its blowups. Since the group of
fan automorphisms is Dg, we have ¥ = P2,

For cases G D C3, observe that if Y is not P2, then it must be the blowup of §
where S is the blowup of [P? along three torus invariant points.
G = Cs¢, Dg, D1 C3 C Dy C Dy and C3 C Cg C Dy imply that Y is either P2 or
the blowup of P2 Since the group of fan automorphisms of P? is Dg, ¥ can not
be P2 Thus, Y is either S or its blowup. We have ¥ = S because the group of fan
automorphisms of § is Dy. U

Lemma 4.11. Let X be a toric surface that is a form of F,,a > 1. Then X is a
P!-bundle over a smooth conic curve. If X has a rational point, then X = F,.

Proof. Let X correspond to (p1, X1, U;) and let X; be the fan of F, with rays
(1,0), (0, 1), (=1, a), (0, —1). Let ¢ : Z> — Z be the projection to the first factor,
which corresponds to ¢ : F, — P! Let p» =detop; : ' = GL(1, Z). Either p; is
trivial or p; permutes the rays (1, 0), (—1, a). Then ¢ is Galois equivariant with
respect to p; and pp. By Lemma 3.4, the map ¢ descends to ¢ : X — C. As a form
of P!, C is a smooth plane conic curve ([Gille and Szamuely 2006, Corollary 5.4.8]
for characteristic not 2 and [Elman et al. 2008, §45A] for any characteristic).

Let D be the divisor corresponding to the ray (0, —1). Then D is a Galois
invariant section of the bundle ¢ : F, — P!. Thus, D descends to a section D’ of
¢ : X — C. Moreover, F, = P(¢.OF, (D)) descends to X = P(¢,Ox(D’)). Thus,
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X is a P'-bundle over C. If X has a rational point, so does C. Therefore, C = P!
and X = F,. O

By Proposition 4.10, a minimal smooth projective toric surface X is a form of
() Fu,a > 2; (i) P%; (i) P! x P (iv) Bl,, p,.»; (P?) where p1, p2, p3 are not
collinear. Furthermore, we have

Theorem 4.12. The surface X is a minimal smooth projective toric surface if
and only if X is (i) a P'-bundle over a smooth conic curve but not a form of
F1 =Proj(Op1 ® Opi1(1)); (ii) the Severi—Brauer surface; (iii) an involution surface;
(iv) the del Pezzo surface of degree 6 with Picard rank 1.

Proof. It follows from Lemma 4.11, Examples 3.5, 3.6, 3.7 and the fact that a

minimal del Pezzo surface of degree not equal to 8 has Picard rank 1 [Colliot-
Thélene et al. 2008, Theorem 2.4]. O

5. K, of toric surfaces

In this section, we will show that Ky(Xys) is a permutation I'-module for X a
smooth projective toric surface over k. First recall how Ky behaves under blowups:

Theorem 5.1 [SGA 6 1971, VII 3.7]. Let X be a noetherian scheme andi : Y — X
a regular closed immersion of pure codimension d. Let p : X' — X be the blow up
of X along Y and Y' = p~'Y. There is a split short exact sequence

0— Ko(Y) = Ko(Y') ® Ko(X) - Ko(X) — 0,
and the splitting w for u is given by w(y’, x) = ply«(y'), y € K(Y'), x € K(X).
This gives us an isomorphism Ko(X") = ker(w) = Ko(X) ® @d_l Ko(Y) which
fits into the split short exact sequence

d—1
0= Ko(X) 2> Ko(X') — P Ko(¥) — 0.

Now let X be a smooth projective toric T -surface over k that splits over /. Let Y
be a T-invariant reduced zero-dimensional subscheme of X. Then Y; is a disjoint
union of Tj-invariant points permuted by G = Gal(l/k). Set X’ = Bly X. We have

0— Ko(X)) 2> Ko(X)) = Ko(¥) =D Z — 0,

where p* is a G-homomorphism. Each Z is generated by O, (—1) where E; are
the exceptional divisors corresponding to the points in ¥; and G permutes E; the
same way as G permutes the points in Y.

Note that Og,(—1) = OX,’(Ei) — OX:’ in Ko. If we know Ky(X;) has a permu-
tation G-basis y, then K (X;) has a permutation G-basis consisting of p*y (total
transforms of y) and the O(E;).
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Theorem 5.2. Let X be a smooth projective toric T -surface over k that splits over |
and G = Gal(l/k). Then Ko(X;) has a permutation G-basis of line bundles on X;.

Proof. By previous discussion and the fact that G C Auty, it suffices to prove
that Ko(X;) has a permutation Auty-basis of line bundles for X minimal. By
Theorem 4.12, we only need to consider the following cases for X;:

1) F,,a>2, Auty = 5,.
(i) P2 Auty = Ds.
(iii) P! x P!, Auty = Ds.
(iv) del Pezzo surface of degree 6, Auty = Dj5.

We will use equation (2) in Theorem 3.8 with f = (1, 0) and (0, 1) in producing
relations and finding a permutation basis. We will write x; for rays in the fan and
Ji = O(—D;) where D; are the divisors corresponding to x;.

(i) Rays x; = (1,0), x =(0, 1), x3=(—1,a), x4= (0, —1): Then S, fixes x7, x4
and permutes xp, x3. Relations are:

Hh=T, Ja=hIy=Jh.
Let x be a rational point of X;. Then the sheaf O, equals (1 — J;)(1 — J3) in K).
For any m € Z, consider the exact sequence
0— O(—m+1)D; — D) - O(—mDy — Dy) = Op,(—mD1 — Dy) — 0.
Since D; = P! and deg[Op,(—mD| — Dy)] = D - (—mD; — D;) = —1, we have
Op,(—mD| — Dy) =0Op,(—=1) =0Op, — O, in K.

Hence Jl’"HJz = J{"Jo+ J1J» — Jp in Ky. This implies J4 = J;' J> belongs to the
abelian group generated by 1, Jy, J3, J1J2. By Theorem 3.8, we have K as an
abelian group is generated by 1, Ji, J2, J1J>. They form a basis of Ky because
the rank of K (= the number of maximal cones in the fan) is 4. Thus, K has a
permutation basis 1, Jy, J2, J1 Jo. (Alternatively, this basis can easily be obtained
from the projective bundle theorem [Quillen 1973, §8, Theorem 2.1] because F, is
a P!-bundle over P)

(i) Rays x; = (1, 0), x, = (0, 1), x3 = (—1, —1): Then Ds rotates x; and reflects
along lines in xj, x, x3. Relations are J; = J, = J3. A permutation basis is
1, Jy, J2.

(ii1) Rays x; = (1, 0), xo = (0, 1), x3 =(—1,0), x4 = (0, —1): Then Dg rotates
x; and reflects along lines in x1, x», (1, 1), (—1, 1). Relations are:

Js=J1, Ja=l.

A permutation basis is 1, Ji, Jo, J1 Js.
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(iv) Rays x; = (1,0), x2 = (0, 1), x3 =(=1,—1), y1 =(=1,0), y2 = (0, -1),
y3 = (1,1): Then Dy = §, x S3 (S, S3 permutation groups), S» = (—1) switches
between x; and y;, and S3 permutes the pair of rays (x;, y;). Let le be the divisors
corresponding to the rays y; and let J/ = O(—D);). Relations are

Ji L
VA

As proved in [Blunk 2010, Theorem 4.2], we have a permutation basis 1, Ry, R»,

R3, Q1, Q2 where

Ri=0J,, Ro=hl, Ry=JhJ, Qi=hhl, Qy=JJh O

Remark 5.3. The difficulties in generalizing Theorem 5.2 to higher dimensions (at
least using the approach of this paper) are:

(1) The classification of nonconjugacy classes of finite subgroups of GL(n, Z)
is difficult and not complete. It often only provides algorithms and requires
the help of a computer even for small n. Also, the number of those finite
subgroups grows very fast relative to n. For example, there are total of 73 for
GL(3, Z) and 710 for GL(4, 7).

(2) The K-group Ko(X;) in question may not stay a permutation module after
blowups if X is not a surface.

6. Construction of separable algebras

Let X be a smooth projective toric T-variety over k that splits over /, and let X* be
its associated toric model; see Section 3. [Merkurjev and Panin 1997, Theorem 5.7]
states that there is a split monomorphism u : X* — A in the motivic category C from
X* to an étale k-algebra A and u is represented by an element Q in Pic(X* ®; A).
Using the invertible sheaf Q, a map ' : X — B can be constructed out of u.
Theorem 7.6 of the same work states that u’ is also a split monomorphism in C. In
this section, we will recall the construction of u’ and consider the case when u is
an isomorphism.

Write X4 = X ® A and we have f : X; — X}, a Tj-isomorphism. Consider the
diagram:

X A®yl L) X j‘ il
(3) l |
X4 X

Let P/ = f*(n;:(Q)). Then B =Endy, (7x,+«(P")) € Br(A) and u’': X — B is
represented by 7y, (P’), namely u’' = ¢.(P’) € Ko(X, B), where ¢ is the projection
XA@kl — X.
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The following criterion, which is [Merkurjev and Panin 1997, Proposition 4.5],
checks when a toric model is isomorphic to an étale algebra in C:

Proposition 6.1. Let X™* be a smooth projective toric model over k that splits over |
and G = Gal(l/ k). If Ko(X}) is a permutation G-module, then X* = Homg (P, [)
in the motivic category C for any permutation G-basis P of Ko(X]).

Remark 6.2. In particular, this implies that for any split smooth projective toric
variety Y over k, Y = k" in C where n equals to the rank of Ky(Y) (also equals
to the number of maximal cones of the fan). Note that a smooth projective toric
variety Y over k where the fan of ¥; has no symmetry (i.e., Auty (Y;) is trivial) is
automatically split.

Lemma 6.3. Let X*, G be the same as before. Then there is an isomorphism
u:X*— AinC where A is an étale k-algebra and u is represented by an element
Q € Pic(X?}) if and only if Ko(X[) has a permutation G-basis of line bundles
on Xj.

Proof. =: Decompose A as ]_[f: 1 ki, where k; are finite separable field extensions
of k. We have X% = 1T, X} the disjoint union of X}’ and Q = [I;—; Qi, where Q;
are line bundles on X} . Let g; : X;. — X* be the projections. Then u = @le qix Q.
Let p; : X}, — X;("l_ be the projections and G; = Gal(k;/k). Then

t t
e, =P piara(0) =P P pi 0
i=1 i=1 geG;

and A = (k)" where n = Y i_, |G;|. View u as u®® : A%® = A — X*. Then
the map uzf) induces an isomorphism Ko ((k*)") — Ko(X},), where the canonical
basis of the former is sent to {p;(gQ;) | g € G;, 1 < i <t} and this set gives
a permutation I'-basis of Ko(X};) consisting of line bundles. As Gal(k*/[) acts
trivially on Ko(X};), this basis descends to X;".

&: Assume P is a permutation G-basis of Ko(X}) consisting of line bundles
on X; and P divides into t G-orbits. Let {S,-}ﬁz1 be the set of representatives of
G-orbits, and let Gal(l/k;) be the stabilizer of S;. Set A = Homg(P, ). Then
A = []i_  ki. Since X* has a rational point, by [Colliot-Thélene et al. 2008,
Proposition 5.1], we have S; € Pic(X;) /%) = Pic(X} ), namely S; = p}(Q;) for
some Q; € Pic(X}), where p; : X' — X}’ are the projections. There is a morphism
u : X* — A which is represented by ]_[L] Q, € Pic(X?), and by construction, the
map u; induces an isomorphism Ko(X]) = Ko(A;). Using the following lemma,
we have u is an isomorphism. O

Lemma 6.4. Let X* be the same as before and A an étale k-algebra. If u : X* — A
is a morphism in C such that Ko(uys) : Ko(X}5) = Ko(Ags) is an isomorphism, then
S0 IS u.
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Proof. There is a commutative diagram:

Ko(X*) —2 4 Ko(A)

| |

Ko(Xp)" =25 Ko(Aw)"

The right vertical map is an isomorphism because A is étale and so is Ko(uys)
by assumption. The left vertical map is an isomorphism by [Merkurjev and Panin
1997, Corollary 5.8]. Thus, Ko(u) is also an isomorphism.

Write w = u° : A — X* Then by the splitting principle (their Proposition 6.1)
and its proof, Ké‘*(w) : Ko(X*, A) —> Ko(X* x X*) is surjective. Thus, there
exists v € Kop(X*, A) : X* — A such that wov = Kgf*(w)(v) = 1x+, and thus
Ko(wov) = Ko(w)Ko(v) = 1g,x*). Since Ko(w) = ¢ is an isomorphism, we have
Ko(v) =¢~ ! and Ko(vow) = Ko(v)Ko(w) = 1k,(4). This implies vow =14 and
thus v is a two sided inverse of w in C. U

The proof of (3) <= (4) in their Proposition 7.9 shows that the 7;-isomorphism
f X, — X/ induces a G = Gal(// k)-module isomorphism f* : Ko(X[) — Ko(X)).
Thus, Ko(X}) has a permutation G-basis of line bundles on X;" if and only if K¢ (X,)
has such a basis. Note that the proof (1) = (2) (an isomorphism u : X* — A gives an
isomorphism u’ : X — B), which uses the construction (3) recalled at the beginning
of the section, works only when u is represented by an element Q € Pic(X?). Thus,
we have the following instead:

Theorem 6.5. Let X be a smooth projective toric T -variety over k that splits over [
and G = Gal(l/ k). Assume Ko(X;) has a permutation G-basis P of line bundles
on X;. Let {P;}\_, be G-orbits of P, and let w : X; — X be the projection. For any
S; € P;, set B =Endo, (7.(S;)) and B = ]_[521 B;. Then the map u = @521 .(S;):
X — B gives an isomorphism in the motivic category C.

Proof. By Lemma 6.3, we have an isomorphism u : X* — A represented by
Q € Pic(X7). Here A= ]_[521 k; where Gal(l/k;) are the stabilizers of S; under the
G-action. Then Q is the disjoint union ]_[f: | Qi where the Q; € Pic(X;fi) descend
from (f*)~1(S;) € Pic(X;)G4U/%) Now we run the construction (3) for Q;:

Let p: X; — Xi, and g : X;, — X be the projections. Then mx, f*7%.(Q;) =
P« (S;) ®r k; where its OXk,- -module structure comes from the one on p,(S;). Thus,
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Endox (xs [ (00) = End@X (p+(S;)) ® Endy (k;) is Brauer equivalent to
B! = Endox (p+S;). It remains to prove that B; = B/. There is a G-isomorphism:

B; ® 1 = Endoy, (77*7.(S)) = Endo, (p*q*q:p+(S:))
= Endo,, (p* p«(Si) @k ki)
= Endoy, (p*p+(51) @ ki
= (B! ®, 1) @ ki = B/ @ 1.

The fourth isomorphism follows from Lemma 6.6. Taking G-invariants on both
sides, we have B; = B]. O

Lemma 6.6. Let X be a proper variety over k and assume that there is a finite
group G acting on Cartier divisors CDiv(X). Let D € CDiv(X) and g € G such
that D and gD are not linearly equivalent. Then Homp, (Ox (D), Ox(gD)) =0.

Proof. Assume that Homp, (Ox (D), Ox(g D)) #0, which is equivalent to assuming
Ox (gD — D) has a nonzero global section s. Since G is a finite group, g" =1 for
some 7. Thus, the invertible sheaf Oy (D—gD) = (¢"'®---®g®1)Ox (gD — D)
has a nonzero global section t = g" !'s ® --- ® s. We view s and ¢ as maps
s:0x(D) — Ox(gD) and t : Ox(gD) — Ox(D). Since st,ts € ['(X, Ox) =k
are nonzero, we have O(gD — D) = Oy, a contradiction. O

Remark 6.7. There is a more “economical” description of the algebra isomorphic
to X in C:

Write S; = O(—D;), where the D; are torus invariant. Let Gal(l/[;) be the
stabilizer of D; under the G-action and let 7; : X;, — X be the projection. Then
divisors D; and thus invertible sheaves §; descend to X, and we use the same
notation. Then X = ]_[§:1 Endop, (7;4(S;)). In effect, it replaces all M, (k) in B
constructed in the theorem by & which is an isomorphism in C.

Remark 6.8. A question remains: If Ky(X;) is a permutation G-module, can we
always find a permutation G-basis of line bundles?

Recall that for n > 0, K,, defines a functor K,, : C — Ab. Hence we have
Corollary 6.9. Ko(X) =12 Ku(B)).

7. Separable algebras for toric surfaces

Separable algebras for minimal toric surfaces. Recall the families of minimal
toric surfaces described in Theorem 5.2: Let X be a minimal smooth projective
toric T-surface over k that splits over /, and let X* be its associated toric model.
Let 7 : X; — X be the projection. All isomorphisms below are taken in the motivic
category C.
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() ¥ X;=F,,a>2,then X*=k*and X Zkx Q xk x Q, where Q =Endop, (7. J1)
is a quaternion k-algebra.

(il)) More generally, let X = SB(A) be a Severi—Brauer variety of dimension n
and J = Ox,(—1). Then X* = k"' and X =k x [[/_; A®, where A® =
Endp, (7. J'); see Example 3.5.

(iii) If X; = P! x P!, then X* = k x K x k where K is a quadratic étale algebra and
the discriminant extension of X, and X =k x B x A, where B =Endp, (7. J1)
is an Azumaya K-algebra of rank 4 and A = Endp, (7.(J1J2)) is a central
simple k-algebra of degree 4; see Example 3.7.

(iv) See Example 3.6, where X* =k x K x L and P = Endp, (m«R;) and Q =
Endo, (7, Q1).

Now let X be a smooth projective toric T-variety over k that splits over / and
G = Gal(l/k). Recall that X is uniquely determined by the associated toric model
X* which corresponds to p : ' = GL(n, Z), the fan X such that p(I') C Auty,
and a principal homogeneous space U € H!(k, T). Every variety within a family
above has the same fan. Let p’ : G <> Autx (X)) be the inclusion induced by p. We
want to see how the separable algebras described above relate to p’ and U.

Let dim X = n and let N be the number of rays in the fan X. Then the Picard
rank of X; is m = N —n. Write M for the group of characters of 7; and CDivy
for T;-invariant Cartier divisors. There is a natural action of Autx(X;) on M
and CDiv7,(X;), and an induced action on Pic(X;) via the canonical morphism
CDivy,(X;) — Pic(X;), D — Ox, (D).

We have a short exact sequence of Auty (X;)-modules and therefore of G-modules
via p’:

4) 0 - M — CDivy (X)) — Pic(X;) — 0,

or simply 0 — 7" — ZN — 7™ — 0. It corresponds to the short exact sequence of
tori over [:
1—G,,— Gn}\{,l — G, — 1

and the sequence descends to
5) l1-S—>V->T-—>1.

Let i : Auty (X)) < Sy, where Sy is the group of permutations of the canonical
Z-basis of the lattice ZV and it induces i, : H'(G, Autg) — H'(G, Sy). Let
[@] = i.[p'] and let E be the corresponding étale k-algebra of degree N. Then
V =Rg/k(Gp,g). Let j : Auts (X;) — GL(m, Z) be the map induced by the action
of Auty(X;) on Pic(X;) which induces j, : H'(G, Auty) — H'(G, GL(m, Z)).
Let [8] = j«[0']. Then S is the torus corresponding to [B].
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The short exact sequence of tori over k gives

0— H'(G,T)->s HX(G, S) — Br(E).
Here, by Hilbert’s Theorem 90,

H'(G,V)=H"(G,Re/i(Gpp))) =] | H'(Gal(E,/k), E}) =0,

where E = [ [ E, and the E, are finite separable field extensions of k.
Let $* = Hom(S;, G,,,,;) be the group of characters over /. Then sequence (4)
can be rewritten as

0—-T"— V"= S* =0,

which induces H°(G, §*) BNy 25 (G, T*). Geometrically, 9 is the map Pic(X*) —
Pic(T) which sends Q € Pic(X*) to its restriction Q|7 on T.

There is a G-equivariant bilinear map S(/) ® $* — [* which sends x ® x to x (x),
and it induces a pairing of Galois cohomology groups U: H*(G, S)®@ H(G, §*) —
Br(k). Similarly, we have U: H'(G, T) ® H'(G, T*) — Br(k).

Lemma 7.1. The following diagram is commutative:

H'(G,T)® H'(G, $*) 2% HY(G, T)® H'(G, T*)

la@n lu

H%(G, S)® H*(G, S*) ———=2 % Br(k)

Proof. Leta € HY(G,T), ¢ € H%(G, S*). For each a, € T(l), g € G, pick
b € V(I) that maps to a,. Then (da)g ), = bg_hlbggbh, g, h € G. Pick ¢ € V* that
maps to ¢. Then (d¢), = ¢ '8¢, Leta =a U (3¢) and B = (8a) U g. Then

Ao =3(0)n(ag) =@ " P)(be) = (o™ (by) - 4" ) (by)
and

Bes = (" 9)((Ba)g.n) = (C"$)(by)) - (" 9)(bg) - (") (Bby).

Set 0, = (5¢p)(bg). Then B, ), = Og_hl 0,860pag . Thus, a and B give the same cycle
class in Br(k). U

Let P € Pic(X;) be a line bundle on X; with stabilizer group Gal(//«) under the
G-action. Since P € Pic(X;)04/©) = (§%)Gall/9) the line bundle P corresponds
to a character x : S — Gy, over «, or equivalently x": S — R,/k (G ). Let
7 : X; — X be the projection.

Proposition 7.2. Let §p : H' (G, T) LI H?*(G, S) X, Br(x) be the composition
map. Then §p[U] = [Endo, (. P)] € Br(x).
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Proof. First we prove the case when k = k. In this case, the line bundle P €
Pic(X;)¢ = Pic(X*). Thus, there is Q € Pic(X*) such that P = f*r}. Q, where
myx+: X[ — X*is the projection and f : X; — Xj is the Tj-isomorphism. [Merkurjev
and Panin 1997, Lemma 7.3] shows that [UJU[Q|7r] = [Endp, (7« P)] € Br(k). On
the other hand, §p([U]) =38[U]U[x'] =38[U]U[Q]. By Lemma 7.1, §p([U]) =
[UIU[8Q]=[U]UI[Q]r].

In general, let H = Gal(l/«) and consider the restriction map Res: H'(G, T) —
H'(H, T,) which sends [U] to [U,]. There is a commutative diagram:

HY(G.T) — 5 H%G.S) —5 Br(x)

l/Res l/Res ‘ ‘

H'(H,T,) —— H>(H,S,) —— Br(k)

Thus, §p[U] = [Endo,, (¢« P)], where , : X; — X, is the projection. By the
proof of Lemma 6.3, Endo, (7,4 P) = Endoy (74 P). [l
Corollary 7.3. Let X be a smooth projective toric variety over k that splits over [
and G = Gal(l/ k). Assume Pic(X;) is a permutation G-module, i.e., the torus S
is quasitrivial and thus has the form ]_[f-:l Ry, /k G k;» where k; are finite separa-
ble field extensions of k. Then the principal homogeneous space U is uniquely
determined by (B; € Br(k;))1<i<:, where B; split over E. Let {S,-}ﬁz1 be the set of
representatives for G-orbits of Pic(X;). Then B; comes from Endo, (7..S;).

Proof. The result follows from Proposition 7.2 and the exact sequence

t
0—> H'\ %, T)— HBr(k,-) — Br(E). O
i=1
Remark 7.4. Families (i), (ii) and (iii) and their blowups have permutation Picard

groups.

(ii): Let X = SB(A) be a Severi—Brauer variety of dimension n, Auty (X;) = S,,41.
We have

1= Gui— Rejk(Gpe)—> T — 1,
which induces

0— HY(G, T)->s Br(k) — Br(E).
Then §(U) =[A] and A splits over E; see [Merkurjev and Panin 1997, Example 8.5].
(i): Let X; = F,,a >2,Auty = S, and E factors as k x F x k, where F is the
quadratic étale k-algebra corresponding to [p'] € H!(G, S»). We have

1= Gui— Gui XRpi(Gpp) = T — 1,
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where Gy, y — Gy, k is the a-th power homomorphism. It induces
0 — HY(G, T) %> Br(k) — Br(k) x Br(F),

where [U] — [Q]+— ([Q®%], [QF]). By Lemma 4.11, the toric surface X is a Pl
bundle over some conic curve C. We have the torus of C is T’ = Rr/kc (G, F) /G k.
There is a commutative diagram with exact rows:

1 — Gm,k — Gm,k XRF/k(Gm’F) — T — 1

[ 1 L

Il = Gux —— Rej(Gurp) — T' — 1

Hence, the image of [U] under § o h,, : H'(G, T) — H'(G, T") — Br(k) is [Q],
and thus C = SB(Q). Since a quaternion algebra has a period at most 2 in the
Brauer group, if a is odd, then [Q®%] € Br(k) being trivial implies that Q = M, (k).
Thus we have:

Proposition 7.5. Let X be a toric surface that is a form of Fra11. Then X = Fp 4.

Remark 7.6. Iskovskih showed that any form of F;,4 is trivial [Iskovskih 1979,
Theorem 3(2)]. The above proposition reproves this result in the case of toric
surfaces.

(iii): Let X; =P!' x P!, Auty = Djg. In this case, the map 8 : G — GL(2, Z) factors
through y : G — $,, where S; permutes O(1, 0) and O(0, 1). Then the quadratic
étale algebra K corresponds to y. We have

I — RK/k(Gm,K) - RE/k(Gm,E) - T —1,
which induces
0— H'(G,T) > Br(K) — Br(E).

Then §(U) = [B] and B splits over E. Let Ng /i : Rx k(G k) — Gk be the
norm map which induces corg /i : Br(K) — Br(k). Then [A] = corg [ B].

Separable algebras for toric surfaces. Let X be a smooth projective toric T'-
surface over k that splits over / and G = Gal(l/k). Recall that we have a finite
chain of blowups of toric T'-surfaces

X=Xo—=> X — =X, =X/,

where X’ is minimal. For 1 < i < n, let f; map (X;_1); — (X;);, which are
the blowups of G-sets of disjoint 7;-invariant points. Let E; be the G-sets of the
exceptional divisors of f; and X' = B in C.

n
Proposition 7.7. X =B x ]_[ Homg(E;, 1) in C.

i=1
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Proof. We only need to consider the simple case: Let f : Y — Z be a blowup
of toric T -surfaces and let E = {P;} be the G-set of line bundles associated to
the exceptional divisors of g = f;. We assume further that the G-action on E is
transitive.
Let p:Y; — Y and q : Z; — Z be the projections. Then we have a commutative
diagram:
v, 5 7
r Ja
y Lz
Recall that if K(Z;) has a G-basis y, then g*(y) U E is a G-basis of Ky(Y;).
Since Z is a toric surface, we can assume y consists of line bundles over Z;. Let
P € y. Then

Endo, (p+g*P) = Endo, (f*q:P) = Homo, (¢ P, f«["(q+P)) = Endo, (. P),

where f, f* is identity because f is flat proper and f,Oy = Oy.

As for the G-orbit E, we have 5 i P; = p*Q for some locally free sheaf Q
on Y. By Lemma 6.6 and the assumption that G acts transitively on E, we have
Endp, (Q) = Homg (E, [). It is Brauer equivalent to Endp, (p4«P;) for any P; € E.
Thus the result follows from Theorem 6.5. (I

8. Derived categories of toric surfaces

Let X be a smooth projective variety over k and let D”(X) be the bounded de-
rived category of coherent sheaves on X. We will define exceptional objects and
collections in a generalized way.

Definition 8.1. Let A be a finite simple k-algebra. An object V in D = D?(X) is
called A-exceptional if Homp(V, V) = A and Exti[,(V, V)=0fori #0.

Definition 8.2. A set of objects {V1, ..., V,}in D= D?(X) is called an exceptional
collection if for each 1 <i < n, the object V; is A;-exceptional for some finite simple
k-algebra A;, and Ext,(V;, V;) = 0O for any integer r and i > j. The collection
is full if the thick triangulated subcategory (Vi, ..., V,) generated by the V; is
equivalent to D?(X).

Definition 8.3. A set of objects {V1,..., V,}inD e D?(X) is called an exceptional
block if it is an exceptional collection and Ext), (V;, V;) = 0 for any integer r and
i # j. Note that the ordering of the V; in this case does not matter.

Assume {Vy, ..., V,} is a full exceptional collection as above. Since (V;) is
equivalent to D?(A;), the bounded derived category of right A;-modules, we have
semiorthogonal decompositions DY(X)=(Vy,...,V,) = (D(A)), ..., D’(A))).
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The semiorthogonal decomposition of D?(X) can be lifted to the world of dg
categories. For details about dg categories, see [Keller 2006]. There is a dg
enhancement of D?(X), denoted as DZ g(X ) where DZg(X ) is the dg category with
same objects as D?(X) and whose morphisms have a dg k-module structure such
that HO(HomDZ (X)(x, y)) =Homppx(x, y). Let perfdg (X) be the dg subcategory
of perfect compfexes. Since X is smooth projective, perf;, (X) is quasiequivalent to
Ds o (X ). For an A-exceptional object V, the pretriangulated dg subcategory (V) e
generated by V is quasiequivalent to Ds o (A). Therefore, there is a dg enhance-
ment of the semiorthogonal decomposition DZ ¢ (X) = (V1,..., Vi)ag, which is
quasiequivalent to (D}, (A1), ..., D, (A)dg-

Let dgcat be the category of all small dg categories. There is a universal additive
functor U : dgcat — Hmoy where Hmoy is the category of noncommutative mo-
tives, see [Tabuada 2015, §2.1-2.4]. We have U(perfdg(X)) ~ @l’.‘:l U(Dsg (A})) ~
D:_, U(A;). On the other hand, the motivic category C is a full subcategory of
Hmoy by sending a pair (X, A) to perf;, (X, A), the dg category of complexes of
right Ox ®; A-modules which are also perfect complexes of Ox-modules [Tabuada
2014, Theorem 6.10] or [Tabuada 2015, Theorem 4.17]. The above discussion gives
the following well-known fact:

Theorem 8.4. Let X be a smooth projective variety over k. If D?(X) has a full
exceptional collection of objects { V1, ..., V,} where each V; is A;-exceptional, then
X Z [T, Ai in the motivic category C.

We know for toric varieties satisfying the conditions of Theorem 6.5, they have a
complete motivic decomposition into central simple algebras. The following lemma
gives a criterion when the motivic decomposition can be lifted to the decomposition
of the derived category (i.e., the reverse of Theorem 8.4):

Lemma 8.5. Let X be a smooth projective toric variety over k that splits over | and
G = Gal(l/k). Assume Ko(X;) has a permutation G-basis P of line bundles over
Xi. Let {P;}:_, be G-orbits of P and let w : X; — X be the projection.

Assume each G-orbit P; is an exceptional block. If there is an ordering for G-

orbits {P,'}f.:1 such that {Py, ..., P,} gives a full exceptional collection of D? (X)),
then for any S; € P;, the set {mS1, ..., w8} is a full exceptional collection of
D’ (X).

Proof. First we show that {m, Sy, ..., m,.S;} is an exceptional collection. Since

is flat and finite, both 7* : D*(X) — D?(X;) and n, : D?(X;) — D?(X) are exact
functors. The result follows from

EXtrDh(X)(T[*Si, JT*SJ') Rl = EXt;)h(Xl)(JT*JT*S,', JT*JT*S]‘)

= P Extyy, (&S, 8'S)).
g.8'eG
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In particular, 7, S; is an exceptional object and thus (7, S;) is an admissible subcat-
egory of D?(X). Since (m,.S; @) = (P;) and D*(X;) = (Py, ..., P;), by [Auel
and Bernardara 2015, Lemma 2.3], we have D?(X) = (w51, ..., 7.S;). ]

Using the classification of toric surfaces, we can confirm the lifting for toric
surfaces:

Theorem 8.6. Let X be a smooth projective toric surface over k that splits over
[ and G = Gal(l/k). Then Ko(X;) has a permutation G-basis P of line bundles
over X such that each G-orbit is an exceptional block. Furthermore, there exists
an ordering of the G-orbits { P;}._, of P such that { P, ..., P} gives a full excep-
tional collection of DY (X)). Therefore, for any S; € P;, {mSy1, ..., S} is a full
exceptional collection of DY (X), where 7w : X; — X is the projection.

Proof. First assume that X is minimal. By the classification of minimal toric surfaces
(Theorem 4.12), we have X; is (i) F,, a > 2; (i) P?; (iii) P! x P'; (iv) del Pezzo
surface of degree 6. Using the notation introduced in Theorem 5.2, the derived
category D’ (X)) has the following full exceptional collections of line bundles:

1) {0, O(D1), O(D2), O(D1 + D2)};
(i) {0, 0(Dy), 02D} ={0,0(), O)};
(i) {0, O(D1), O(D2), O(D1 + D2)} = {0, O(1,0), 00, 1), O(1, D}
(iv) {O, R/, R}, Ry, O, Q5} where (—)" is the dual of the invertible sheaf.

Cases (i)—(iii) follow from the projective bundle theorem [Orlov 1992, Theorem
2.6] and (iv) follows from [Auel and Bernardara 2015, Proposition 9.1] or [Blunk
et al. 2011]. Moreover, the collections {O(1, 0), O(0, 1)}, {RI.V}?:1 and {Q]V.}iz1
are exceptional blocks. These sets are the only G-orbits with more than one object.
Therefore, each G-orbit is an exceptional block.

Now it suffices to consider the case that f : X — X’ is a simple blowup of a
minimal toric surface X', that is, the map f; : X; — X; is the blowup of a G-set
of disjoint torus invariant points of X; where G acts on the set transitively. Let
E; be the exceptional divisors of f;. Let E be the set {Og,(—1)}. By [Orlov
1992, Theorem 4.3], the derived category D?(X) has a full exceptional collection
{E, L* f*D"(X’)}. Note that the full exceptional collections of minimal toric
surfaces provided above all have the structure sheaf O as the first object. The right
mutation of the pair (Og, (—1), O) is (O, O(E;)) (the extension case in [Karpov
and Nogin 1998, Proposition 2.3]). Therefore, the right mutation of {E, O} is
{O, E'} where E' = {O(E;)}. The G-orbit E’ is an exceptional block because the
order in the set is exchangeable. Hence, D” (X)) has a full exceptional collection
{O, E’, the rest of the line bundles provided above} (they form a basis of Ko(X;))
and each G-orbit is an exceptional block. U
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CORRECTIONS TO THE ARTICLE
THE JOHNSON-MORITA THEORY FOR THE RINGS OF
FRICKE CHARACTERS OF FREE GROUPS

TAKAO SATOH
Volume 275:2 (2015), 443-461

There is a gap in the proof of Proposition 3.1, and it seems to be still
an open problem to determine whether the map @ is surjective or not.
In order not to cause any effect on our main theorems, we modify our
previous arguments in the following way.

page 453, line 1: We withdraw the statement and the proof of Proposition 3.1.

page 455, line 13: We amend the exact sequence (6) to

0— HornQ(grl(J), gr’(J)) 5 Aut (J/J%) % Im(p) — 1.

page 456, lines 1, 5 and 18; page 458, line 6 from the bottom: We amend
Aut (J/J3) to Im(g).

page 456, line 2; page 458 at the bottom: We amend the way to choose the
elements y1, y2, ..., ¥piq as follows. Let y1, y2, ..., ¥, be all elements in
Ty CJ,and Ypi1, ..., Vpiq all elements in 7o C J2.

o page 457, line 3: We complement the information about the map Aut F;,, —
Aut(J/J3). The image of this map is contained in Aut(J/J3).
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