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Let R be a commutative Noetherian ring. We introduce the notion of lo-
calization functors A" with cosupports in arbitrary subsets W of SpecR; it
is a common generalization of localizations with respect to multiplicatively
closed subsets and left derived functors of ideal-adic completion functors.
We prove several results about the localization functors 1", including an
explicit way to calculate A" using the notion of Cech complexes. As an
application, we can give a simpler proof of a classical theorem by Gruson
and Raynaud, which states that the projective dimension of a flat R-module
is at most the Krull dimension of R. As another application, it is possible to
give a functorial way to replace complexes of flat R-modules or complexes
of finitely generated R-modules by complexes of pure-injective R-modules.

1. Introduction 405
2. Localization functors 408
3. Auxiliary results on localization functors 411
4. Projective dimension of flat modules 419
5. Cotorsion flat modules and cosupport 420
6. Complexes of cotorsion flat modules and cosupport 421
7. Localization functors via Cech complexes 424
8. Cech complexes and complexes of finitely generated modules 429
9. Cech complexes and complexes of pure-injective modules 431
Acknowledgements 433
References 434

1. Introduction

Throughout this paper, we assume that R is a commutative Noetherian ring. We
denote by D = D(Mod R) the derived category of all complexes of R-modules,
by which we mean that D is the unbounded derived category. For a triangulated
subcategory 7 of D, its left and right orthogonal subcategories are defined as
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LT ={XeD|Homp(X, T)=0}and T+ ={Y € D|Homp (T, Y) =0}, respectively.
Moreover, 7 is called localizing if 7 is closed under arbitrary direct sums, and
colocalizing if it is closed under arbitrary direct products.

Recall that the support of a complex X € D is defined as

supp X = {p € Spec R | X ®% «(p) # 0},

where «(p) = Ry /pRy. We write Ly = {X € D | supp X € W} for a subset W of
Spec R. Then Ly is a localizing subcategory of D. Neeman [1992] proved that
any localizing subcategory of D is obtained in this way. The localization theory of
triangulated categories [Krause 2010] yields a couple of adjoint pairs (iw, yw) and
(Aw, jw) as it is indicated in the following diagram:

iw Aw
(1.1) Lw D Ly

Yw Jjw

Here, iy and jw are the inclusion functors Ly < D and CJV;, — D, respectively.
In [Nakamura and Yoshino 2018], we introduced the colocalization functor with
support in W as the functor yw. If V is a specialization-closed subset of Spec R,
then yy coincides with the right derived functor RI"y of the section functor I'y with
support in V; it induces the local cohomology functors H{,(—) = H'(RIy (—)).
In [loc. cit.], we established some methods to compute yy for general subsets W of
Spec R. Furthermore, the local duality theorem and Grothendieck type vanishing
theorem of local cohomology were extended to the case of yy .

On the other hand, in this paper, we introduce the notion of localization functors
with cosupports in arbitrary subsets W of Spec R. Recall that the cosupport of a
complex X € D is defined as

cosupp X = {p € Spec R | RHomg (x (p), X) # 0}.

We write C¥ = {X € D | cosupp X € W} for a subset W of Spec R. Then C%
is a colocalizing subcategory of D. Neeman [2011] proved that any colocalizing
subcategory of D is obtained in this way.'

We remark that there are equalities

(1.2) LeW = Lye, cV =Ly,

where W€ = Spec R \ W. The second equality follows from [Neeman 1992, Theo-
rem 2.8], which states that Ly« is equal to the smallest localizing subcategory of
D containing the set {« (p) | p € W€}. Then it is seen that the first equality holds,
since L (LE.) = Ly« (see [Krause 2010, §4.9]).

I This result is not needed in this work.
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Now we write AW = Awe and j = jye. By (1.1) and (1.2), there is a diagram
of adjoint pairs:
iWc )\’W
LV = Lye D CW=£JW‘,C
Ywe ]W

We call AV the localization functor with cosupport in W.

For a multiplicatively closed subset S of R, the localization functor AYS with
cosupport in Uy is nothing but (—) ® g S~!' R, where Us = {p € Spec R | pN S = &}.
Moreover, for an ideal a of R, the localization functor AY® with cosupport in V (a)
is isomorphic to the left derived functor LAY ® of the a-adic completion functor
AV@® = lim(— ®g R/a") defined on Mod R. See Section 2 for details.

In this paper, we establish several results about the localization functor A" with
cosupport in a general subset W of Spec R.

In Section 3, we prove that A is isomorphic to [, LAY® (—®g Ry) if there
is no inclusion relation between two distinct prime ideals in W. Furthermore, we
give a method to compute A" for a general subset W. We write n" :idp — AW
(= j¥AY) for the natural morphism given by the adjointness of (A", jW). In
addition, note that when Wy C W, there is a morphism nWO)LW W S AW W ) Wo,
The following theorem is one of the main results of this paper.

Theorem 1.3 (Theorem 3.15). Let W, Wy and W\ be subsets of Spec R with W =
Wo U W,. We denote by WOA (resp. VVlg) the specialization (resp. generalization)
closure of W. Suppose that one of the following conditions holds:

() Wo=Wo' NW.
2) Wi =wnw*
Then, for any X € D, there is a triangle
Wx LaMxgaWox £ M Wox — VX,
where

Wiy W
n"ArX
f:<nWO)LWX>’ g=(A""MX (=1) n"aMoX).

This theorem enables us to compute A" by using AW0 and AW for smaller
subsets Wy and W;. Furthermore, as long as we consider the derived category D,
this theorem and Theorem 3.22 generalize Mayer—Vietoris triangles by Benson,
Iyengar and Krause [Benson et al. 2008, Theorem 7.5].

In Section 4, as an application, we give a simpler proof of a classical theorem
due to Gruson and Raynaud. The theorem states that the projective dimension of a
flat R-module is at most the Krull dimension of R.

Section 5 contains some basic facts about cotorsion flat R-modules.
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Section 6 is devoted to studying the cosupport of a complex X consisting of
cotorsion flat R-modules. As a consequence, we can calculate yycX and AV X
explicitly for a specialization-closed subset V' of Spec R.

In Section 7, using Theorem 1.3 above, we give a new way to get A" . In fact,
provided that d = dim R is finite, we are able to calculate A" by a Cech complex
of functors of the form

1_[ Wi 1_[ WWidWe s o 3 W 3 W,
0<i<d O<i<j=<d
where W; ={pe W |dim R/p=i}and A" =T,y AV® (= @& Ry) for0<i <d.
This Cech complex sends a complex X of R-modules to a double complex in a
natural way. We shall prove that 1" X is isomorphic to the total complex of the
double complex if X consists of flat R-modules.

Section 8 treats commutativity of A" with tensor products. Consequently, we
show that Y can be computed by using the Cech complex above if Y is a complex
of finitely generated R-modules.

In Section 9, as an application, we give a functorial way to construct quasi-
isomorphisms from complexes of flat R-modules, or complexes of finitely generated
R-modules to complexes of pure-injective R-modules.

2. Localization functors

In this section, we summarize some notions and basic facts used in the later sections.
We write Mod R for the category of all modules over a commutative Noether-

ian ring R. For an ideal a of R, AY® denotes the a-adic completion functor

lim(— ®g R/a") defined on Mod R. Moreover, we also denote by M, the a-adic

completion AY® M = lim M /a" M of an R-module M. If the natural map M — M

is an isomorphism, then M is called a-adically complete. In addition, when R is a

local ring with maximal ideal m, we simply write M for the m-adic completion of M.
We start with the following proposition.

Proposition 2.1. Let a be an ideal of R. If F is a flat R-module, then so is F,.

As stated in [Simon 1990, 2.4], this fact is known. For the reader’s convenience,
we mention that this proposition follows from the two lemmas below.

Lemma 2.2. Let a be an ideal of R and F be a flat R-module. We consider a short
exact sequence of finitely generated R-modules
0—-L—>M-—N—QO.

Then
0— (F®RL)Q—> (F®RM)Q—> (F®RN)aA—>0

is exact.
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Lemma 2.3. Let a and F be as above. Then we have a natural isomorphism,
(FQrM), = F)®r M,
for any finitely generated R-module M.

Using the Artin—Rees lemma and [Bourbaki 1961, Chap. I, §2.6, Proposition 6],
we can prove Lemma 2.2, from which we obtain Lemma 2.3. Furthermore, Lem-
mas 2.2 and 2.3 imply that F* ®g (—) is an exact functor from the category of
finitely generated R-modules to Mod R. Therefore Proposition 2.1 holds. U

It is also possible to show that F is flat over R}’ by the same argument as above.
If R is a local ring with maximal ideal m, then m-adically complete flat R-
modules are characterized as follows:

Lemma 2.4. Let (R, m, k) be a local ring and F a flat R-module. Set B =
dimy F/mF. Then there is an isomorphism

Dr
B

where @ g R is the direct sum of B-copies of R.

12

F

This lemma is proved in [Raynaud and Gruson 1971, Part. II, Proposition 2.4.3.1].
See also [Enochs and Jenda 2000, Lemma 6.7.4].

As in the introduction, we denote by D = D(Mod R) the derived category of all
complexes of R-modules. We write complexes X cohomologically:

X=(-— X" x> x5 ..,

For a complex P of R-modules, we say that P is K-projective if Homg (P, —)
preserves acyclicity of complexes, where a complex is called acyclic if all its
cohomology modules are zero. Similarly, for a complex F of R-modules, we say
that F is K-flat if (—) ®g F preserves acyclicity of complexes.

Let a be an ideal of R and X € D. If P is a K -projective resolution of X, then we
have LAY® X = AV® P Moreover, LAV® X is also isomorphic to AVOFif F
is a K-flat resolution of X. Further, it is known that the following proposition holds.

Proposition 2.5. Let a be an ideal of R and X be a complex of flat R-modules.
Then LAY® X is isomorphic to A X.

Proof. To show this, we note there is an integer n > 0 such that H (LAY® M) =0
for all i > n and all R-modules M, see [Greenlees and May 1992, Theorem 1.9] or
[Alonso Tarrfo et al. 1997, p. 15]. Using this fact, we can show that AV (® preserves
acyclicity of complexes of flat R-modules. Then it is straightforward to see that
LAY® X is isomorphic to AV @ X. O
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Let W be any subset of Spec R. Recall that yw denotes a right adjoint to the
inclusion functor iy : Lw < D, and A" denotes a left adjoint to the inclusion
functor j% : " < D. Moreover, yw and AW are identified with iy yw and jW AV,
respectively. We write ey : yw — idp and n" :idp — AW for the natural morphisms
induced by the adjointness of (iw, yw) and (A", jW), respectively.

Note that A" »"W (resp. ywew) is invertible, and the equality A n" =7 (resp.
ywew = ewyw) holds, i.e., A" (resp. yw) is a localization (resp. colocalization)
functor on D. See [Krause 2010] for more details. In this paper, we call AW the
localization functor with cosupport in W.

Using (1.2), we restate [Nakamura and Yoshino 2018, Lemma 2.1] as follows.

W)\.W

Lemma 2.6. Let W be a subset of Spec R. For any X € D, there is a triangle of the
following form:

e X SweX x X Wy ywe X[1].
Furthermore, if
X —X—X"— X'T1]

is a triangle with X' € 1CV = Ly. and X" € CV = Ly, then there exist unique
isomorphisms a : yw<X — X' and b : \W X — X" such that the following diagram
is commutative:

¢ w
yweX X x XWX s X[
N T S
X’ X X' ——  X'[I]

Remark 2.7. (i) Let X € D and W be a subset of Spec R. By Lemma 2.6, X
belongs to “CW = Ly« if and only if A" X = 0. This is equivalent to saying that
APIX =0 for all p € W, since *C" = Lwe = Myew Lipye = Nypew “CPL

(i) Let Wy and W be subsets of Spec R with Wy € W. It follows from the
uniqueness of adjoint functors that

AW = ) Wo = 3 Wy Wo,

see also [Nakamura and Yoshino 2018, Remark 3.7(1)].

Now we give a typical example of localization functors. Let S be a multiplica-
tively closed subset S of R, and set Ug = {p € Spec R | pN § = &}. It is known that
the localization functor AYS with cosupport in Us is nothing but (=) ® g S~'R. For
the reader’s convenience, we give a proof of this fact. Let X € D. It is clear that
cosupp X ® S~ R C Us, or equivalently, X ® g S~! R € CUs. Moreover, embedding
the natural morphism X — X ® S~ R into a triangle,

C— X— XQrS'R— C[1],
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we have C ® g S~! R = 0. This yields an inclusion relation supp C < (Us). Hence
it holds that C € L(y)c. Since we have shown that C € L) and X®g S~!R € CUs,
it follows from Lemma 2.6 that AUsX = X ®z S~ R. Therefore we obtain the
isomorphism

(2.8) AWUs=(—)@rSIR.

For p € Spec R, we write U(p) ={q € Spec R | q S p}. If S= R\ p, then U (p)
is equal to Us, so that A\Y® = (—) @ Ry, by (2.8). We remark that AY® = Ly e
is written as Lz, in [Benson et al. 2008], where Z(p) = U (p)°.

There is another important example of localization functors. Let a be an ideal
of R. It was proved by [Greenlees and May 1992] and [Alonso Tarrio et al. 1997]
that LAY® : D - Disa right adjoint to RI'y(q) : D — D. In [Nakamura and
Yoshino 2018, Proposition 5.1], using the adjointness property of (RI"y (q), LAYV®),
we proved that 1Y ® = Ay () coincides with LAY, Hence there is an isomorphism

(2.9) W@ AV@,

The functor Hf(—) = H~'(LAY®(-)) is called the i-th local homology functor
with respect to a.

A subset W of Spec R is said to be specialization-closed (resp. generalization-
closed) provided that the following condition holds: if p € W and q € Spec R with
p Cq(resp. p2q), thenqe W.

If V is a specialization-closed subset, then we have

(2.10) yv =RDy;
see [Lipman 2002, Appendix 3.5].

3. Auxiliary results on localization functors

In this section, we give several results to compute localization functors A" with
cosupports in arbitrary subsets W of Spec R.
We first give the following lemma.

Lemma 3.1. Let V be a specialization-closed subset of Spec R. Then we have the
following equalities; .

LV =Lye=rH=c"".
Proof. This follows from [Nakamura and Yoshino 2018, Lemma 4.3] and (1.2). [

Let W be a subset of Spec R. We denote by W* the specialization closure
of W, which is the smallest specialization-closed subset of Spec R containing W.
Moreover, for a subset Wy of W, we say that Wy is specialization-closed in W if
V(p)NW C Wy for any p € Wy (see [Nakamura and Yoshino 2018, Definition 3.10]).
This is equivalent to saying that Wo' NW = W,.
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Corollary 3.2. Let Wy € W C Spec R be sets. Suppose that Wy is specialization-
closed in W. Setting Wy = W \ Wy, we have "1 < L¢cWo,

Proof. Note that W; C (VVOSX, Further, we have LeWo' — c(Wo))* by Lemma 3.1.
Hence it holds that W' € ¢(W0 )" = LcWo < LeWo, O

Remark 3.3. Foranideal aof R, 1V® isa right adjoint to yy (q) by (2.9) and (2.10).
More generally, it is known that for any specialization-closed subset V, AV : D — D
is a right adjoint to yy : D — D. We now prove this fact, which will be used in the
next proposition. Let X, Y € D, and consider the following triangles:

wX — X — VX — pyX[1],

ywe¥ — Y — AVY — pyeY[1].
Since VX € ¢ = 1¢" by Lemma 3.1, applying Homp(—, AVY) to the first
triangle, we have Homp(yy X, A" Y) = Homp (X, AVY). Moreover, Lemma 3.1
implies that yy.Y € Lyc = Llj Hence, applying Homp (yy X, —) to the second
triangle, we have Homp (yy X, Y) = Homp(yy X, AVY). Thus there is a natural

isomorphism Homp (yy X, Y) =Homp (X, AVY), so that (yv, AY)is an adjoint pair.
See also [Nakamura and Yoshino 2018, Remark 5.2].

Proposition 3.4. Let V and U be arbitrary subsets of Spec R. Suppose that one of
the following conditions holds:

(1) V is specialization-closed.

(2) U is generalization-closed.
Then we have an isomorphism
AU =vnu
Proof. Let X e Dand Y € "V =Y NCY. Then there are natural isomorphisms
Homp(AYAY X, ¥) = Homp (AU X, Y) = Homp (X, Y).

Recall that A"V is a left adjoint to the inclusion functor V"V < D. Hence, by the
uniqueness of adjoint functors, we only have to verify that AYAY X € V"V, Since
AAUX eV, it remains to show that AV AV X e CY.

Case 1: Let p € U°€. Since supp yy« (p) < {p}, it follows from (1.2) that yy«(p) €
Lye =1CY. Thus, by the adjointness of (yy, A"), we have

RHomg (k (p), AV AY X) = RHomg (yyk (p), AV X) = 0.

This implies that cosupp AYAY X C U, i.e,, AV AU X e V.



LOCALIZATION FUNCTORS AND COSUPPORT 413

Case 2: Since U° is specialization-closed, Case 1 yields an isomorphism AY"AY =
AUV Furthermore, setting W = (UNV)UU, we see that U NV is specialization-
closed in W, and W\ (U¢NV) = U. Hence we have AU (WY AU X) =AUV AU x =0,
by Corollary 3.2. It then follows from Lemma 3.1 that AV AU X e +¢V" =¢V. O

Remark 3.5. For arbitrary subsets Wy and W; of Spec R, Remark 2.7(ii) and
Proposition 3.4 yield the isomorphisms

Woq Wi~ o Woq Wo' 4 Wi ~ 4 Woq Wo' NW,
ATOUTE = Q0RO QT = ) 0RO 1
Ao Wi o~ )LWO)Lwlg)Lwl o~ )LWoﬁng)Lwll

The next result is a corollary of (2.8), (2.9) and Proposition 3.4.

Corollary 3.6. Let S be a multiplicatively closed subset of R and a be an ideal
of R. We set W =V (a) N Us. Then we have

AV =LA@ (— @ ST'R).

Since V (p) N U (p) = {p} for p € Spec R, as a special case of this corollary, we
have the following result.

Corollary 3.7. Let p be a prime ideal of R. Then we have
AP~ LAV(P)(_ ®r Ry).
The next lemma follows from this corollary and Lemma 2.4.

Lemma 3.8. Letp be a prime ideal of R and F be a flat R-module. Then AP} F is
isomorphic to (@ B Rp) where @@y Ry is the direct sum of B-copies of R, and
B = dlm,((p) FQ®r K(p)

Remark 3.9. If W; and W, are both specialization-closed or both generalization-
closed, then Proposition 3.4 implies that A1 "2 = 3W23 W1 However, in general,
AW and AW2 need not commute. For example, let p, q € Spec R with p C q. Then
(A"'R)®g x(q) = R, ®r x(q) =0 and (AU R) ®RK(p> Rq®g k(p) # 0. Then
we see from Lemma 3.8 that AM9APYR =0 and APIALIR £ 0.

Compare this remark with [Benson et al. 2008, Example 3.5]. See also [Nakamura
and Yoshino 2018, Remark 3.7(ii)].

Let p be a prime ideal which is not maximal. Then A"} is distinct from AP =
LAY® RHomg (R, —), which is introduced in [Benson et al. 2012]. To see this,
let g be a prime ideal with p C q. Then it holds that cosupp 1/5 = {q} € U(p)“.
Hence R belongs to CU®° Then we have RHomR(Rp, R, q) =0 since Rp €ELyp =
Lever by (1.2). This implies that A’ R, = LAY® RHomg(R,, Ry) = 0, while
APIR, = 2 PIla R £ 0 by Remark 3.9.
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Let X € D, and write I, = RI'y ) (— ®r Ry) (see [Benson et al. 2008]). Recall
that p € supp X (resp. p € cosupp X) if and only if I, X # 0 (resp. APX # 0); see
[Foxby and Iyengar 2003, Theorems 2.1 and 4.1] and [Benson et al. 2012, §4]. In
contrast, p € cosupp X (resp. p € supp X) if and only if y;p) X # 0 (resp. AP X #0),
by Lemma 2.6. Here, y;y) = RI'y () RHomg(Ry,, —) by [Nakamura and Yoshino
2018, Corollary 3.3]. See also [Sather-Wagstaff and Wicklein 2017, Propositions 3.6
and 4.4].

Let W be a subset of Spec R. We denote by dim W the supremum of lengths
of chains of distinct prime ideals in W (see [Nakamura and Yoshino 2018, Defini-
tion 3.6]).

Theorem 3.10. Let W be a subset of Spec R. We assume that dim W = 0. Then
there are isomorphisms

WTTaP = [TLA"® (- @k Ry).

peW peWw

Proof. Let X € D, and consider the natural morphisms ' X : X — AP} X forp e W.
Take the product of the morphisms, and we obtain a morphism f : X — [,y A% X
Embed f into a triangle

c—x-Ls ]_[ AP X s .
peW

Note that [ ],y AP X e c%. We have to prove that C € +C". For this purpose, take
any prime ideal q € W. Then {q} is specialization-closed in W, because dim W = 0.
Hence we have
1_[ Al x e cWMal ¢ Lotal
peW\{q}

by Corollary 3.2. Thus an isomorphism A% ([T, ¢y A% X) = 119X holds. Then
it is seen from the triangle above that A{%C = 0 for all q € W so that C € +¢c";
see Remark 2.7(i). Therefore Lemma 2.6 yields Wx = HpeW AP X, The second
isomorphism in the theorem follows from Corollary 3.7. (]

Example 3.11. Let W be a subset of Spec R such that W is an infinite set with
dim W = 0. Let X" be a complex with cosupp X?! = {p} for each p € W. We
take p € W. Since dim W = 0, it holds that X% e ¢V®" for any q € W \ {p}.
Furthermore, Lemma 3.1 implies that CV®" is equal to +C"®, which is closed
under arbitrary direct sums. Thus it holds that

@ x@ cV® = LoVe < Lol
aeW\{p}
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Therefore, setting ¥ = @pew X! we have APy = X! Tt then follows from

Theorem 3.10 that
Wyz=T]aPy=T]] x¥.
peW peW

Under this identification, the natural morphism ¥ — A"Y coincides with the
canonical morphism P,y x5 [Tpew x ),

Remark 3.12. Let W, X be as in Example 3.11, and suppose that each X ¥}
is an R-module. Then @, X' is not in C", because the natural morphism
@pew Xt )‘W(@pew X {p}) is not an isomorphism. Hence the cosupport of
Dpew X %} properly contains W. In particular, setting X*) = «(p), we have W C
cosupp @pew k (p). Similarly, we can prove that W C supp ]_[p cw K (p). Nakamura
noticed these facts through discussion with Srikanth Iyengar.

It is possible to give another type of example, by which we also see that a
colocalizing subcategory of D is not necessarily closed under arbitrary direct sums.
Suppose that (R, m) is a complete local ring with dim R > 1. Then we have
RZ= R eC’"™. However the free module @)y, R is never m-adically complete, so
that @y, R is not isomorphic to 1Y ™ (@, R). Hence Py R is not in V'™,

For a subset W of Spec R, W¢ denotes the generalization closure of W, which is
the smallest generalization-closed subset of Spec R containing W. In addition, for
a subset W; € W, we say that W is generalization-closed in W if W N U (p) € W,
for any p € W,. This is equivalent to saying that W N Wi =w.

We extend Proposition 3.4 to the following corollary, which will be used in
Theorem 3.15.

Corollary 3.13. Let Wy and W be arbitrary subsets of Spec R. Suppose that one
of the following conditions hold:

(1) Wy is specialization-closed in Wy U W7.

(2) Wy is generalization-closed in Wy U W.

Then we have an isomorphism

AWor Wi = 3 WoWi
Proof. Set W = Wy U W;. By the assumption, we have
Wo' NW =Wy or WNnW*=Ww,.
Therefore, it holds that
Wo' NWy=Won W, or WonW* =Wonw,.

Hence this proposition follows from Remark 3.5 and Remark 2.7(ii). (]
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Remark 3.14. (i) Let Wy and W be subsets of Spec R with Wy C W. Under the iso-
morphism Ao = A Wo by Remark 2.7(ii), there is a morphism n"opW : AW — 3 Wo,

(ii) Let Wy and W, be subsets of Spec R. Let X € D. Since n"V' :idp — A" is a
morphism of functors, there is a commutative diagram of the following form:

Wo x
X L) )\‘WOX

l?’]WIX lnwl}"WOX

W1, W
Wiy M‘) AW Woxy
Now we prove the following result, which is the main theorem of this section.

Theorem 3.15. Let W, Wy and W, be subsets of Spec R with W = Wy U W,.
Suppose that one of the following conditions holds:

(1) Wy is specialization-closed in W.

(2) W, is generalization-closed in W.
Then, for any X € D, there is a triangle of the form

AWx Lo aWixgaWox 8, ) WiWox 5 Wxi1),
where f and g are morphisms represented by the matrices
f= (ZXQ%) C g = (X (=D gMatix).
Proof. We embed the morphism g into a triangle
C L aMx gaox L5 )WMx — cl).

Notice that C € CV since "0, c"' € ¢%. By Remark 3.14, it is easily seen that
g - f =0. Thus there is a morphism b : A X — C making the following diagram
commutative:

WX —— AVx SN 0 — VX[

(3.16) I Is | Jo

C L WxgaWox & apWMx — 5 C[1]

We only have to show that b is an isomorphism. To do this, embedding the morphism
b into a triangle

(3.17) 7z Vxtoc— 7z,

we prove that Z = 0. Since A" X, C € CV, Z belongs to C". Hence it suffices to
show that Z € +CW.
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First, we prove that A"15 is an isomorphism. We employ a similar argument to
[Benson et al. 2008, Theorem 7.5]. Consider the sequence

(3.18) AWx Lo aWixgaWox 85 WipWox,

and apply A"! to it. Then we obtain a sequence which can be completed to a split
triangle. The triangle appears in the first row of the diagram below. Moreover, A"
sends the second row of the diagram (3.16) to a split triangle, which appears in the
second row of the diagram below:

w W Wiq W, Mg o wiw 0 w
AN —— AMX@AMAM X — AMIAYO X —— AYTX[1]

b | | v

W, W
AW 2 aWix gy 28 Wy 0 Wi

Since this diagram is commutative, we conclude that A5 is an isomorphism.

Next, we prove that A"0b is an isomorphism. Thanks to Corollary 3.13, we
are able to follow the same process as above. In fact, the corollary implies that
AW Wi = ) Wol'Wi "Thys, applying A" to the sequence (3.18), we obtain a sequence
which can be completed into a split triangle. Furthermore, 10 sends the second
row of the diagram (3.16) to a split triangle. Consequently we see that there is a
morphism of triangles:

WWox 2L wenwix @y aWox 08 awenwiy O woxyq
) | L
W A Moa WonW, W, WonW, 0 Wi

Ac 2200 Wiy gy Wox 208, wnwiy 0 L W

Therefore A"0b is an isomorphism.
Since we have shown that A"0b and A"1b are isomorphisms, it follows from the
triangle (3.17) that A0 Z = A"1Z = 0. Thus we have Z € +C" by Remark 2.7(i). O

Remark 3.19. Let f, g and a be as above. Leth: X — AWM X @A™ X be a
morphism induced by n"1 X and "0 X. Then g - h = 0 by Remark 3.14¢(ii). Hence
there is a morphism b’ : X — C such that the following diagram is commutative:

X ——— X — 0 — X[1]

b b L o
C L5 WixgaWox 5 aWiWMx — 5 C[I]

We can regard any morphism b’ making this diagram commutative as the natural
morphism " X. In fact, since AW h = f, applying A" to this diagram, and setting
A"b' = b, we obtain the diagram (3.16). Note that b - n¥ X = b". Moreover, the
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above proof implies that b : A" X — C is an isomorphism. Thus we can identify 5’
with n% X under the isomorphism b.

We give some examples of Theorem 3.15.

Example 3.20. (1) Let x be an element of R. Recall that AY® = LAY®™ by (2.9).
We put S={1, x, x2, ...}. Since V (x)° = Us, it holds that V) = AUs = (—) @ R,
by (2.8). Set W = Spec R, Wy = V(x) and W = V(x)¢. Then the theorem yields
the triangle

R—> R, ® R(;) — (R(,))» — R[1].

(2) Suppose that (R, m) is a local ring with p € Spec R and having dim R/p = 1.
Setting W = V(p), Wy = V(m) and W; = {p}, we see from the theorem and
Corollary 3.7 that there is a short exact sequence,

O—>RQ—>ﬁp@§—>(§)p—>0.

Actually, this gives a pure-injective resolution of R'; see Section 9. Moreover,
if R is a 1-dimensional local domain with quotient field Q, then this short exact
sequence is of the form

O—>R—>Q®§—>§®RQ—>O.

By similar arguments to Proposition 3.4 and Corollary 3.13, one can prove the
following proposition, which is a generalized form of [Nakamura and Yoshino 2018,
Proposition 3.1].

Proposition 3.21. Let Wy and W, be arbitrary subsets of Spec R. Suppose that
one of the following conditions hold.:

(1) Wy is specialization-closed in Wy U W1.
(2) Wy is generalization-closed in Wy U W.

Then we have an isomorphism
YWo VYW, = YWonw, -

As with Theorem 3.135, it is possible to prove the following theorem, in which we
implicitly use the fact that yw,yw = yw, if Wo € W (see [Nakamura and Yoshino
2018, Remark 3.7(1)]).

Theorem 3.22. Let W, Wy and W, be subsets of Spec R with W = Wy U W,.
Suppose that one of the following conditions holds:

(1) Wy is specialization-closed in W.
(2) W, is generalization-closed in W.

Then, for any X € D, there is a triangle of the form

Yw, Ywo X L Y X ® ywo X =5 yw X — yw, yw, X[11,
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where f and g are morphisms represented by the following matrices;

}ngwox )
= , =(ew,ywX ew,ywX).
f ((_1)'8W1VWOX 8 ( 24 0 )

Remark 3.23. As long as we work on the derived category D, Theorem 3.15 and
Theorem 3.22 generalize Mayer—Vietoris triangles in the sense of [Benson et al.
2008, Theorem 7.5], in which yy and Ay are written as I'y and Ly, respectively,
for a specialization-closed subset V of Spec R.

4. Projective dimension of flat modules

As an application of results in Section 3, we give a simpler proof of a classical
theorem due to Gruson and Raynaud.

Theorem 4.1 [Raynaud and Gruson 1971, Part. II, Corollary 3.2.7]. Let F be a flat
R-module. Then the projective dimension of F is at most dim R.

We start by showing the following lemma.

Lemma 4.2. Let F be a flat R-module and p be a prime ideal of R. Suppose that
X € C"). Then there is an isomorphism

RHomg(F, X) = ]_[ X,
B

where B = dimy ) F Qg Kk (p).

Proof. Since AP} : D — ¢} is a left adjoint to the inclusion functor C'?} < D, we
have RHomg (F, X) = RHomgz (AP F, X). Moreover, it follows from Lemma 3.8
that AP} F = (@B Rp): = A{p}(@B R), where B = dim, ) F ®pg «(p). Therefore
we obtain isomorphisms

RHOH]R(F, X) %RHomR<)»{p}(® R)’ X) ;RHOITU%(@ R, X) = l—[X O
B B

B

Let a, b € Z U {00} with a < b. We write DI%"! for the full subcategory of D
consisting of all complexes X of R-modules such that H (X) =0 for i ¢ [a, b]
(see [Kashiwara and Schapira 2006, Notation 13.1.11]). For a subset W of Spec R,
max W denotes the set of prime ideals p € W which are maximal with respect to
inclusion in W.

Proposition 4.3. Let F be a flat R-module and X € D= Suppose that W is a
subset of Spec R such that n = dim W is finite. Then we have EXt’k(F, AMWX)=0
fori > n.
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Proof. We use induction on n. First, we suppose that n = 0. It then holds that
Wx=T]aPx=]]LA"® x, e D0
peW peWw
by Theorem 3.10. Hence, noting that
RHompg (F, AV X) = ]_[ RHompg (F, AP X),
peWw
we have Extl,(F, A" X) =0 fori > 0, by Lemma 4.2.
Next, we suppose n > 0. Set Wy = max W and W; = W\ Wy. By Theorem 3.15,
there is a triangle

WX —sWMxeWox — MMy VX

Note that dim Wy = 0 and dim W; = n — 1. By the argument above, it holds that
Extl(F, AW0X) = 0 for i > 0. Furthermore, since X, A\"0X € DI=>01 we have
Ext"R (F,AMXx) = Ext"R (F, A MiaWoxy=0fori>n—1, by the inductive hypothesis.
Hence it is seen from the triangle that Ext"R(F AYX)=0fori > n. O

Proof of Theorem 4.1. We may assume that d = dim R is finite. Let M be any R-
module. We only have to show that Ext"R (F, M)=0fori >d. Setting W = Spec R,
we have dim W = d and M = AW M. It then follows from Proposition 4.3 that
Extly,(F, M) = Extl(F, AW M) =0fori > d. O

5. Cotorsion flat modules and cosupport

In this section, we summarize some basic facts about cotorsion flat R-modules.

Recall that an R-module M is called cotorsion if Ext}e(F , M) =0 for any flat R-
module F. This is equivalent to saying that Ext"R(F , M) =0 for any flat R-module
F and any i > 0. Clearly, all injective R-modules are cotorsion.

A cotorsion flat R-module means an R-module which is cotorsion and flat. If F is
a flat R-module and p € Spec R, then Corollary 3.7 implies that AP F is isomorphic
to ff“\p, which is a cotorsion flat R-module by Lemma 4.2 and Proposition 2.1.
Moreover, recall that fp is isomorphic to the p-adic completion of a free R,-module
by Lemma 3.8.

We remark that arbitrary direct products of flat R-modules are flat, since R
is Noetherian. Hence, if 7} is the p-adic completion of a free R, module for
each p € Spec R, then [[,cgpec g Tp 18 @ cotorsion flat R-module. Conversely, the
following fact holds.

Proposition 5.1 [Enochs 1984]. Let F be a cotorsion flat R-module. Then there is
an isomorphism
F= [] 5.
peSpec R

where T, is the p-adic completion of a free Ry, module.
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Proof. See [Enochs 1984, Theorem; Enochs and Jenda 2000, Theorem 5.3.28]. [

Let S be a multiplicatively closed subset of R and a be an ideal of R. For a
cotorsion flat R-module F, we have RHomg (S~ 'R, F) = Homg(S~ 'R, F) and
LAV® F = AV@ F. Moreover, by Proposition 5.1, we may regard F as an R-
module of the form ]_[pespec r I Then it holds that

(5.2) RHomR(S_lR, I1 Tp)EHomR(S_lR, I1 Tp);]_[Tp.

peSpec R peSpec R peUs
This fact appears implicitly in [Xu 1996, §5.2]. Furthermore we have
(5.3) LAY® [T =A@ [ =[] 5
peSpec R peSpec R peV(a)

One can show (5.2) and (5.3) by Lemma 3.1 and (2.9). See also Thompson’s recent
lemma [2017b, Lemma 2.2].

Let F be a cotorsion flat R-module with cosupp F € W for a subset W of Spec R.
Then it follows from Proposition 5.1 that F is isomorphic to an R-module of the
form ]_[pew T,. More precisely, using Lemma 2.4, (5.2) and (5.3), one can show
the following corollary, which is essentially proved in [Enochs and Jenda 2000,
Lemma 8.5.25].

Corollary 5.4. Let F be a cotorsion flat R-module, and set W = cosupp F. Then

we have an isomorphism
F=[]n,

peW

where T, is of the form (@BF Rp)g with By = dim, ) Homg (Rp, F) ®g «(p).

6. Complexes of cotorsion flat modules and cosupport

In this section, we study the cosupport of a complex X consisting of cotorsion flat
R-modules. As a consequence, we obtain an explicit way to calculate yy<X and
AV X for a specialization-closed subset V of Spec R.

Notation 6.1. Let W be a subset of Spec R. Let X be a complex of cotorsion flat
R-modules such that cosupp X' € W for all i € Z. Under Corollary 5.4, we use a
presentation of the form

X=<---—> HTP’—> HT;H—)---),
peW pew

where X' = Hpespec R Tpi and Tpi is the p-adic completion of a free R,-module.



422 TSUTOMU NAKAMURA AND YUJI YOSHINO

Remark 6.2. Let X =(--- = [Tycspecr Ty = [pespecr Ty 7' — - - ) be a complex
of cotorsion flat R-modules. Let V be a specialization-closed subset of Spec R. By
Lemma 3.1, we have_HomR (HpeV}' Tpi, HpeV Tpi+1) =0 for all i € Z. Therefore
Y=( = [lpeve Ty = Tlpeye T — --+) is a subcomplex of X, where the
differentials in Y are the restrictions of ones in X.

We say that a complex X of R-modules is left (resp. right) bounded if X =0
for i <« 0 (resp. i > 0). When X is left and right bounded, X is called bounded.

Proposition 6.3. Let W be a subset of Spec R and X be a complex of cotorsion
flat R-modules such that cosupp X' € W for all i € Z. Suppose that one of the
following conditions holds:

(1) X is left bounded.
(2) W isequal to V(a) for an ideal a of R.
(3) W is generalization-closed.
(4) dim W is finite.
Then it holds that cosupp X C W, i.e., X e CV.

To show this, we use the elementary lemma below. Therein, for a complex X
and n € Z, we define the truncations 7<, X and 7., X as follows (see [Hartshorne
1966, Chapter 1, §7]):

TsnXZ("'—>X"_1—>X”—>0—>---),
‘L'>nX:(..._)0_)X"+1_>X”+2_>,__).

Lemma 6.4. Let W be a subset of Spec R. We assume that t<,X € C" (resp.
T-uX € Ly) for all n > 0 (resp. n < 0). Then we have X € CV (resp. X € Lw).

Recall that CY (resp. L) is closed under arbitrary direct products (resp. sums).
Then one can show this lemma by using homotopy limits (resp. colimits), see
[Bokstedt and Neeman 1993, Remarks 2.2 and 2.3]. O

Proof of Proposition 6.3. Case 1: We have 1, X € CV for all n > 0, since 7, X
are bounded. Thus Lemma 6.4 implies that X € C%.

Case 2: By (2.9), Proposition 2.5 and (5.3), it holds that AY@X = LAV® X =
AV@X = X. Hence X belongs to CV'@.

Case 3: It follows from Case 1 that -, X € C" for all n < 0. Moreover, we have
C" = Ly by Lemma 3.1. Thus Lemma 6.4 implies that X € Ly =C".

Case 4: Under Notation 6.1, we write X' = ]_[pew Tpi fori € Z. Set n =dim W, and
use induction on n. First, suppose that n =0. It is seen from Remark 6.2 that X is the
direct product of complexes of the form Y} = (- .. — Tpi — Tpi o) forpeW.



LOCALIZATION FUNCTORS AND COSUPPORT 423

Furthermore, by Cases 2 and 3, we have cosupp Y% C V(p)NU(p) = {p}. Thusit
holds that X =T,y Y eV

Next, suppose that n > 0. Set Wy = max W and W; = W \ Wy. We write
Y = (= [yew, Ty = [lpew, Tz — ---), which is a subcomplex of X by
Remark 6.2. Hence there is a short exact sequence of complexes,

0—Y—>X—X/Y—0,

where X/Y = (- = [Tpew, Ty = [lpew, Ti ' — -+ ). Note that dim Wy = 0
and dim W; = n — 1. Then we have cosupp X/Y € W, by the argument above.
Moreover the inductive hypothesis implies that cosupp ¥ € W;. Hence it holds that
cosupp X € WoUW; =W. ]

Under some assumption, it is possible to extend condition (4) in Proposition 6.3
to the case where dim W is infinite; see Remark 7.15. See also [Thompson 2017a,
Theorem 2.7].

Corollary 6.5. Let X be a complex of cotorsion flat R-modules and W be a
specialization-closed subset of Spec R. Under Notation 6.1, we write

X:(---—> 1_[ le—> 1_[ Tp"“—»--).

peSpec R peSpec R

Suppose that one of the conditions in Proposition 6.3 holds. Then it holds that

VW‘XE<_> l_[ Tpl—> l_[ Tpi+1_)...)’

we we
(6.6) he he
w ~ ] i+1
XX%“*HH*H%‘*J'
peW pew

Proof. Since Y = (--- — [Tpewe Tpi = [Tyewe Tpi“ — ) is a subcomplex of X
by Remark 6.2, there is a triangle in D:

Y—X—X/Y— Y]],

where X/Y = ( R HpeW Tpi — HpeW T,j“ — .- ) By Proposition 6.3, we
have X/Y e C". Moreover, since W¢ is generalization-closed, it holds that ¥
¢" = +cW by Proposition 6.3 and Lemma 3.1. Therefore we conclude that
yweX =Y and AW X = X/Y by Lemma 2.6. O

Let X be a complex of cotorsion flat R-modules and S be a multiplicatively
closed subset of R. We assume that X is left bounded, or dim R is finite. It then
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follows from the corollary and (5.2) that
YU X = (—> ]_[ T — ]_[ T+ — ) ~ Homgz(S™'R, X).
peUs peUs

We now recall that yy, = RHom #(STIR, —); see [Nakamura and Yoshino 2018,
Proposition 3.1]. Hence it holds that RHomz(S™'R, X) = Hompz (S~ 'R, X). This
fact also follows from Lemma 9.1.

7. Localization functors via Cech complexes

In this section, we introduce a new notion of Cech complexes to calculate A" X,
where W is a general subset W of Spec R and X is a complex of flat R-modules.
We first set the following notation.

Notation 7.1. Let W be a subset of Spec R with dim W = 0. We define a functor
A% :Mod R — Mod R by

AV = ]_[ AP (— g Ry).
peW
For a prime ideal p in W, we write
7% idyoa g = AP = AP (— @ Ry)

for the composition of the natural morphisms idyoq g = (—)®@r Ry and (—)Qr Ry —
AY®(—®g Ry). Moreover, 1" : idyod g — AW = ]_[pew A"} denotes the product
of the morphisms 7" for p € W.

Notation 7.2. Let {W;}o<;<, be a family of subsets of Spec R, and suppose that
dim W; =0 for 0 <i < n. For a sequence (i, ..., i1, ig) of integers with 0 < iy <
i1 <. <iy, <n, we write

Nmseesitsio) — 3 Wi 3 Wi ) Wig

If the sequence is empty, then we use the general convention that AQ) = idyjoq g-
For an integer s with 0 < s <m, 7% tidmod R = 2U5) induces a morphism

X(im,A..,iJ+1)r—]W,'s )_\‘(1‘3,1,...,!'0) . i(im,...,fx,...,io) — X(lm ,,,,, io)

where we mean by fs that i, is omitted. We set

a’nfl : 1_[ )_\’(imflv---ai()) — 1_[ X(iln ----- i)

0<ip<-<ipm_1<n 0<ip<-<ip<n

to be the product of the morphisms A fssveni0) s 3 Gimseosi) multiplied by (—1)°.
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Remark 7.3. Let Wy, Wi C Spec R be subsets such that dim Wy = dim W; = 0.

As with Remark 3.14(ii), the following diagram is commutative:

7% -
ldMod R ——> )\WU

lﬁW} lﬁwl XWO

gwi o AN s w
Definition 7.4. Let W = {W; }9<;<, be a family of subsets of Spec R, and suppose
that dim W; = 0 for 0 <i <n. By Remark 7.3, it is possible to construct a Cech

complex of functors of the form

I1 3 Go) 35 [T 2109 —...- I1 3 i t,mi0) 7L 3 01,..1,0)

0<ip<n 0<ip<ii<n 0<ip<-<ip_1<n

which we denote by LW and call it the Cech complex with respect to W.

For an R-module M, L"YM denotes the complex of R-modules obtained by
LW in a natural way, where it is concentrated in degrees from 0 to n. We call
LWM the Cech complex of M with respect to W. Note that there is a chain map
(WM : M — LW M induced by the map M — [T <ig<n 100 M in degree 0, which
is the product of 7o M : M — X0 M for 0 < iy < n.

More generally, we regard every term of LW as a functor C(Mod R) — C(Mod R),
where C(Mod R) denotes the category of complexes of R-modules. Then LYW
naturally sends a complex X to a double complex, which we denote by LWX.
Furthermore, we write tot LY X for the total complex of LW X. The family of chain
maps £V X/ : X/ — LWXJ for j € Z induces a morphism X — L"X as double
complexes, from which we obtain a chain map WX : X — tot LWX.

Remark 7.5. (i) We regard tot LW as a functor C(Mod R) — C(Mod R). Then
Wisa morphism id¢Mod ) — tot LW of functors. Moreover, if M is an R-module,
then tot LM = LW M.

(i) Leta, b € ZU {£oo} with a < b and X be a complex of R-modules such that
X' =0fori ¢ [a, b]. Then it holds that (tot LW X)! =0 for i ¢ [a, b+ n], where n
is the number given to W = {W,}o<i<n.

(iii) Let X be a complex of flat R-modules. Then we see that tot LYY X consists of
cotorsion flat R-modules with cosupports in | o, Wi.

Definition 7.6. Let W be a nonempty subset of Spec R and {W;}o<;<, be a family
of subsets of W. We say that {W; }o<;<, is a system of slices of W if the following
conditions hold:
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3) dimW; =0for0 <i <n.

(4) W; is specialization-closed in | J W; foreach 0 <i <n.

i<j<n
Compare this definition with the filtrations in [Hartshorne 1966, Chapter 1V, §3].
If dim W is finite, then there exists at least one system of slices of W. Conversely,

if there is a system of slices of W, then dim W is finite.

Proposition 7.7. Let W be a subset of Spec R and W = {W;}o<i<n be a system of
slices of W. Then, for any flat R-module F, there is an isomorphism in D,

AWFE=LWF,

Under this isomorphism, WF . F — LWF coincides with 17WF F > \WFinD.
Proof. We use induction on n, which is the number given to W = {W;}o<;<,. Suppose
that n = 0. It then holds that LWF = AWoF = AW F and ¢WF = 3% F = 3V F.
Hence this proposition follows from Theorem 3.10.

Next, suppose that n > 0, and write U = Ulsign W;. Setting U;_1 = W;, we
obtain a system of slices U= {U; }o<j<n—1 of U. Consider the following two squares,
where the first and second are in C(Mod R) and D, respectively:

~W F _ W
F Jlf_9 Wo F Jlff; aWo
lZUF lZ[UXWOF anF anAWOF
UsW, _ U, W
LVp L8 puiw g WE 28 U wE

By Remarks 7.5(i) and 3.14(ii), both of them are commutative. Moreover, AV nVo F
is the unique morphism which makes the right square commutative, because 1Y
is a left adjoint to the inclusion functor CV < D. Then, regarding the left square
as being in D, we see from the inductive hypothesis that the left and right squares
coincide in D.

Letg: LYF@AWoF — LUAWF and h : F — LYF @ A"0F be chain maps
represented by the matrices

g=(LY™F (-1)-¢VAMX), h= <_£[UF )
’ nWOF

Notice that the mapping cone of g[—1] is nothing but LW F. Then we can obtain
the following morphism of triangles, regarded as being in D:

F[-1] —— F[-1] —_— 0 — F

(7.8) leF[—u lﬁ[—l] l lewF

IWF[-1] —— (LYF@i"F)—1] 2= Ui p—1] —— LWF

Therefore, by Theorem 3.15 and Remark 3.19, there is an isomorphism AV F = LW F
such that £V F coincides with n" F under this isomorphism. (]
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The following corollary is one of the main results of this paper.

Corollary 7.9. Let W and W = {W,;}o<i<n be as above. Let X be a complex of flat
R-modules. Then there is an isomorphism in D;

AWX ot LW,
Under this isomorphism, WY X — tot LWX coincides with nWX X=X inD.

Proof. We embed £V X : X — tot LWX into a triangle
C— X X ot VX — C[1].

Proposition 6.3 and Remark 7.5(iii) imply that tot L' X e CW. Thus it suffices to
show that A"iC = 0 for each i, by Lemma 2.6 and Remark 2.7(i). For this purpose,
we prove that A" ¢W X is an isomorphism in D. This is equivalent to showing that
AVieWX is a quasi-isomorphism, since X and tot LY X consist of flat R-modules.

Consider the natural morphism X — LWX of double complexes, which is induced
by the chain maps ¢ X/ : X/ — LWX/J for j € Z. To prove that AWi¢WX is a
quasi-isomorphism, it is enough to show that 2" ¢W X/ is a quasi-isomorphism for
each j € Z; see [Kashiwara and Schapira 2006, Theorem 12.5.4]. Furthermore,
by Proposition 7.7, each £ X/ coincides with n X/ : X/ — AW X/ in D. Since
W; € W, it follows from Remark 2.7(ii) that A"in" X/ is an isomorphism in D.
This means that A" ¢W X/ is a quasi-isomorphism. O

Let W be a subset of Spec R, and suppose that n = dim W is finite. Then
Corollary 7.9 implies A" R € DI*"]. We give an example such that H" (A" R) # 0.

Example 7.10. Let (R, m) be a local ring of dimension d > 1. Then we have
dim V(m)¢ =d — 1. By Lemma 2.6, there is a triangle

YWwaR — R— Y™ R — yymRI1].

Since RI'y(m) = ¥vm) by (2.10), Grothendieck’s nonvanishing theorem implies that
H¢ (yv(m)R) is nonzero. Then we see from the triangle that H d=1} V) Ry #£0.

We denote by D~ the full subcategory of D consisting of complexes X such that
H'(X)=0fori> 0. Let W be a subset of Spec R and X € D~. If dim W is finite,
then we have A R € D~ by Corollary 7.9. However, as shown in the following
example, it can happen that AW R ¢ D~ when dim W is infinite.

Example 7.11. Assume that dim R = 400, and set W = max(Spec R). Then it
holds that dim W = 0 and dim W¢ = +00. Since each m € W is maximal, there are
isomorphisms

yw =Ry = @ ROy -

meW
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Thus we see from Example 7.10 that yw R ¢ D~. Then, considering the triangle
ywR — R — A" R — yy R[1],
we have A\W'R ¢ D™

Let W be a subset of Spec R and X € C". Then n"'X : X — A" X is an
isomorphism in D. Thus Remark 7.5(iii) and Corollary 7.9 yield the following result.

Corollary 7.12. Let W be a subset of Spec R, and W = {W; }o<i<, be a system of
slices of W. Let X be a complex of flat R-modules with cosupp X € W. Then the
chain map WX X > totlWXisa quasi-isomorphism, where tot LWVX consists
of cotorsion flat R-modules with cosupports in W.

Remark 7.13. If d = dim R is finite, then any complex Y is quasi-isomorphic to a
K -flat complex consisting of cotorsion flat R-modules. To see this, set

W; ={peSpecR|dimR/p =i}

for 0 <i <d. Then W = {W,}p<i<q is a system of slices of Spec R. We take a
K -flat resolution X of Y such that X consists of flat R-modules. Corollary 7.12
implies that £V X : X — tot LW X is a quasi-isomorphism, and tot L X consists of
cotorsion flat R-modules. At the same time, the chain maps £V X' : X' — LWX?
are quasi-isomorphisms for all i € Z. Then it is not hard to see that the mapping
cone of £WX is K-flat. Thus tot L\ X is K-flat.

By Proposition 6.3 and Corollary 7.12, we have the next result.

Corollary 7.14. Let W be a subset of Spec R such that dim W is finite. Then a
complex X € D belongs to CV if and only if X is isomorphic to a complex Z of
cotorsion flat R-modules such that cosupp Z' C W for all i € Z.

Remark 7.15. If dim W is infinite, it is possible to construct a similar family to
systems of slices. We first put Wop=max W. Leti > 0 be an ordinal, and suppose that
subsets W; of W are defined for all j < i. Then we put W; = max(W \ U, _; W;).
In this way, we obtain the smallest ordinal o(W) satisfying the following conditions:

(D W =Uop<i<ow) Wi-
Q) WinW;=aifi #j.
3) dmW; <0for0<i <o(W).

(4) W; is specialization-closed in | J ) W; foreach 0 <i < o(W).

i<j<o(W

One should remark that the ordinal o(W) can be uncountable in general; see
[Gordon and Robson 1973, p. 48, Theorem 9.8]. However, if R is an infinite-
dimensional commutative Noetherian ring given by Nagata [1962, Appendix Al,
Example 1], then o(W) is at most countable. Moreover, using transfinite induction,
it is possible to extend condition (4) in Proposition 6.3 and Corollary 6.5 to the case
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where o(W) is countable. One can also extend Corollary 7.14 to the case where
o(W) is countable.

Using Theorem 3.22 and results in [Nakamura and Yoshino 2018, §3], it is
possible to give a similar result to Corollary 7.9, for colocalization functors y and
complexes of injective R-modules.

8. Cech complexes and complexes of finitely generated modules

Let W be a subset of Spec R and W = {W; }o<;<, be a system of slices of W. In this
section, we prove that A"'Y is isomorphic to tot LY if ¥ is a complex of finitely
generated R-modules.

We denote by Dy, the full subcategory of D consisting of all complexes with
finitely generated cohomology modules, and set Df_g =D~ NDy,. We first prove
the following proposition.

Proposition 8.1. Let W be a subset of Spec R such that dim W is finite. Let
X, Y € D. We suppose that one of the following conditions holds:

(1) XeD andY € Df;.
(2) X is a bounded complex of flat R-modules and Y € Dxg.

Then there are natural isomorphisms
W X)®R Y Zywe(X @ ¥), "X @% ¥ =2" (X &% V).

For X € D and n € Z, we define the cohomological truncations 0<, X and o, X
as follows (see [Hartshorne 1966, Chapter I, §7]):

o X=(-—>X"?5x"15 Kerdy - 0— ---),
onX=(--—0—Imd} - X" - X"2 ..,
Proof of Proposition 8.1. Applying (—) ®I§ Y to the triangle
yweX = X — AV X - e X[1],
we obtain the triangle
(yweX)@%Y — XLy — (W X)@L ¥ — (yweX) % Y[11.

Since supp yweX € W€, we have supp(yweX) ®]7e Y CW¢ie., (yweX) ®Ife YeLlye.
Hence it remains to show that (A" X) ®];Q Y € C%; see Lemma 2.6.

Case 1: We remark that X is isomorphic to a right bounded complex of flat R-
modules. Then it is seen from Corollary 7.9 that A" X is isomorphic to a right
bounded complex Z of cotorsion flat R-modules such that cosupp Z! € W for
all i € Z. Furthermore, Y is isomorphic to a right bounded complex P of finite
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free R-modules. Hence it follows that X ®II§ Y = Z Qg P, where the second
one consists of cotorsion flat R-modules with cosupports in W. Then we have
X ®Ik Y = Z®g P €C" by Proposition 6.3.

Case 2: By Corollary 7.9, " X is isomorphic to a bounded complex consisting
of cotorsion flat R-modules with cosupports in W. Thus it is enough to prove that
Z®gY €CY for a cotorsion flat R-module Z with cosupp Z € W.

We consider the triangle o<, Y — Y — 0.,Y — 0,Y[1] for an integer n.
Applying Z ®g (—) to this triangle, we obtain the following one:

Z®RO'SHY—>Z®RY—>Z®RO>nY—>Z®RO’SnYU].

Let p € W¢. Case 1 implies that Z ®g o<, Y € CY for any n € Z, since AW Z = Z.
Thus, applying RHomg (x (), —) to the triangle above, we have

RHomg (k (p), Z®r Y) = RHomg(k (p), Z Qg 0=4Y).
Furthermore, taking a projective resolution P of «(p), we have
RHomg (k(p), Z ®r 0-,Y) =Homg (P, Z Qr0-,Y).

Let j be any integer. To see that RHomg (x (p), Z ®g Y) = 0, it suffices to show
that there exists an integer n such that HO(HomR(P[j], Z®ro0-,Y)) =0. Note
that P/ =0 for i > 0. Moreover, each element of H(Homg (P[j], Z®r0-,Y)) =
Homp(P[j], Z Qg 0-,Y) is represented by a chain map P[j] - Z Qg 0-,Y.
Therefore it holds that HO(HomR(P[j], ZQro-,Y))=0ifn > —j. O
Remark 8.2. (i) In the proposition, we can remove the finiteness condition on
dimW if W = V(a) for an ideal a. In such cases, we need only use a-adic
completions of free R-modules instead of cotorsion flat R-modules.

(ii) If W is a generalization-closed subset of Spec R, then the isomorphisms in the
proposition hold for any X, Y € D because ywe is isomorphic to RI"ye.

Let W be a subset of Spec R and W = {W;}o<; <, be a system of slices of W. Let
Y € Dx,. By Propositions 8.1 and 7.7, we have

(8.3) Wry=o"Reky=wLVR) ®rY.

Let F be a flat R-module and M be a finitely generated R-module. Then we see
from Lemma 2.3 that
AViFY@r M =3V (F @ M).

This fact ensures that (110 Ry @ p M = AUm-i1:00) pf Thus, if Y is a complex
of finitely generated R-modules, then there is a natural isomorphism

(8.4) (LYR)@rY Ztot LVY
in C(Mod R). By (8.3) and (8.4), we have shown the following proposition.
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Proposition 8.5. Let W be a subset of Spec R and W = {W;}o<i<n be a system of
slices of W. Let Y be a complex of finitely generated R-modules. Then there is an
isomorphism in D;

WY ot LVY.

Under this identification, £VY 1Y — tot L'WY coincides with VY :Y — AVY in D.

We see from (8.4) and the remark below that it is also possible to give a quick
proof of this proposition, provided that Y is a right bounded complex of finitely
generated R-modules.

Remark 8.6. Let W be a subset of Spec R and W = {W,}p<;<, be a system of
slices of W. We denote by K (Mod R) the homotopy category of complexes of R-
modules. Note that tot LW induces a triangulated functor K (Mod R) — K (Mod R),
which we also write tot LW, Then it is seen from Corollary 7.9 that A" : D — D is
isomorphic to the left derived functor of tot LW: K(Mod R) — K (Mod R).

Let W be a subset of Spec R such that n = dim W is finite. By Proposition 8.5, if
an R-module M is finitely generated, then A" M e DI%"]. On the other hand, since
AV @ =LAV® for an ideal a, it can happen that H (A" M) # 0 for some i < 0
when M is not finitely generated; see [Nakamura and Yoshino 2018, Example 5.3].

Remark 8.7. Letn >0 be an integer. Let a; be ideals of R and S; be multiplicatively
closed subsets of R for 0 <i < n. In Notation 7.2 and Definition 7.4, one can
replace 1) = A% by AY@)(— ® S;'R), and construct a kind of Cech complex.
For this Cech complex and AW with W = UOSiSn(V(a[) N Us,), it is possible to
show similar results to Corollary 7.9 and Proposition 8.5, provided that one of the
following conditions holds:

(1) V(a;)NUs; is specialization-closed in Uisjsn(V(aj)ﬂUSj) foreach0<i <n.

(2) V(a;)NUs, is generalization-closed in U0§j§i (V(a;)NUs,) foreach0 <i <n.

9. Cech complexes and complexes of pure-injective modules

In this section, as an application, we give a functorial way to construct a quasi-
isomorphism from a complex of flat R-modules or a complex of finitely generated
R-modules to a complex of pure-injective R-modules.

We start with the following well known fact.

Lemma 9.1. Let X be a complex of flat R-modules and Y be a complex of cotorsion
R-modules. We assume that one of the following conditions holds:

(1) X is right bounded and Y is left bounded.
(2) X is bounded and dim R is finite.
Then we have RHomg (X, Y) = Homg (X, Y).
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One can prove this lemma by [Kashiwara and Schapira 2006, Theorem 12.5.4]
and Theorem 4.1.

Next, we recall the notion of pure-injective modules and resolutions. We say that
a morphism f : M — N of R-modules is pure if f ®g L is a monomorphism in
Mod R for any R-module L. Moreover, an R-module P is called pure-injective if
Hompg (f, P) is an epimorphism in Mod R for any pure morphism f : M — N of R-
modules. Clearly, all injective R-modules are pure-injective. Furthermore, all pure-
injective R-modules are cotorsion; see [Enochs and Jenda 2000, Lemma 5.3.23].

Let M be an R-module. A complex P together with a quasi-isomorphism M — P
is called a pure-injective resolution of M if P consists of pure-injective R-modules
and P! =0 for i < 0. It is known that any R-module has a minimal pure-injective
resolution, which is constructed by using pure-injective envelopes, see [Enochs
1987] and [Enochs and Jenda 2000, Example 6.6.5, Definition 8.1.4]. Moreover,
if F is a flat R-module and P is a pure-injective resolution of M, then we have
RHomg (F, M) = Homg(F, P) by Lemma 9.1.

Now we observe that any cotorsion flat R-module is pure-injective. Consider
an R-module of the form (EB B Rp)g with some index set B and a prime ideal p,
which is a cotorsion flat R-module. Writing Eg(R/p) for the injective hull of R/p,

we have
(@ Rp) gHOIIIR<ER(R/P),GBER(R/P));
B b B

see [Enochs and Jenda 2000, Theorem 3.4.1]. It follows from tensor-hom adjunc-
tion that Homg (M, I) is pure-injective for any R-module M and any injective
R-module /. Hence (@ B Rp): is pure-injective. Thus any cotorsion flat R-module
is pure-injective; see Proposition 5.1.

There is another example of pure-injective R-modules. Let M be a finitely
generated R-module. Using the Five Lemma, we are able to prove an isomorphism

Hompg (ER<R/p), &P ER<R/p>) ®r M
B
= Homg (HomR(M, ER(R/p)), @ ER(R/p)).
B

Therefore (@ B Rp)g ®r M is pure-injective; it is also isomorphic to A(EB B Mp)
by Lemma 2.3. Further, Proposition 8.1 implies that cosupp(@ B Mp) . C {p}.

By the above observation, we see that Corollary 7.12, (8.4) and Proposition 8.5
yield the following theorem, which is one of the main results of this paper.

A
p

Theorem 9.2. Let W be a subset of Spec R and W = {W,;}o<i<n be a system of
slices of W. Let Z be a complex of flat R-modules or a complex of finitely generated
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R-modules. We assume that cosupp Z C W. Then {VZ : Z — tot LW Z is a quasi-
isomorphism, where tot LY Z consists of pure-injective R-modules with cosupports
inW.

Remark 9.3. Let N be a flat or finitely generated R-module. Suppose that d =
dim R is finite. Set W; = {p € Spec R | dim R/p =i} and W = {W;}p<i<4. By
Theorem 9.2, we obtain a pure-injective resolution WN N —> LWN of N, that is,
there is an exact sequence of R-modules of the form

0— N— 1_[ AN 1_[ AN s o 2O N s )

0<ip=<d 0<ig<ij<d

We remark that, in C(Mod R), L"N need not be isomorphic to a minimal pure-
injective resolution P of N. In fact, when N is a projective or finitely generated
R-module, it holds that P? = ]_[m eWo Kf; =LA ON (see [Warfield 1969, Theorem 3]
and [Enochs and Jenda 2000, Remark 6.7.12]), while (L' N)? =TT,_; -4 A" N.
Furthermore, Enochs [1987, Theorem 2.1] proved that if N is a flat R-module, then
P is of the form [,y 7, for 0 <i <d (see Notation 6.1), where

Ws; ={p € Spec R | dim R/p > i}.

On the other hand, for a flat or finitely generated R-module N, the differential
maps in the pure-injective resolution LN are concretely described. In addition,
our approach based on the localization functor A" and the Cech complex LW
provide a natural morphism AL idcMod R) — tot LW which induces isomorphisms
in D for all complexes of flat R-modules and complexes of finitely generated R-
modules. The reader should also compare Theorem 9.2 with [Thompson 2017b,
Theorem 5.2].

We close this paper with the following example of Theorem 9.2.

Example 9.4. Let R be a 2-dimensional local domain with quotient field Q. Let
W = {W;}o<;<> be as in Remark 9.3. Then L"R is a pure-injective resolution of
R, and LR is of the following form:

006 ( I ﬁp) ® z’e‘—>< I fe‘p)(o)@@m@

peW; pew,

I1 <R¢>p—>( I <Rﬁ) —0
pew; pew ©
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