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We give a revised treatment of Piatetski-Shapiro’s theory of zeta integrals
and L-factors for irreducible, admissible representations of GSp(4, F) via
Bessel models. We explicitly calculate the local L-factors in the nonsplit
case for all representations. In particular, we introduce the new concept of
Jacquet—Waldspurger modules which play a crucial role in our calculations.
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1. Introduction

An irreducible, admissible representation of an algebraic reductive group over a
local field is called generic if it has a Whittaker model. Whittaker models are one of
the main tools to define local and global L-functions and e-factors of representations.
The theory was developed by Jacquet and Langlands for GL(2) following ideas of
Tate’s thesis for GL(1). The general case of GL(n) was developed in a series of
works by Jacquet, Piatetski-Shapiro and Shalika. It is well known that any infinite
dimensional irreducible, admissible representation of GL(2) is always generic.

Let F be a nonarchimedean local field of characteristic zero. Takloo-Bighash
[2000] computed L-functions for all generic representations of the group GSp(4, F).
It is similar to the theory of GL(n) in that the approach is based on the existence of
Whittaker models and zeta integrals. The method was first introduced by Novod-
vorsky [1979] in the Corvallis conference. However, it turns out that there are many
irreducible, admissible representations of GSp(4, F') which are not generic.

In the 1970s, Novodvorsky and Piatetski-Shapiro introduced the concept of
Bessel models. In contrast to Whittaker models, every irreducible, admissible,
infinite-dimensional representation of GSp(4, F') admits a Bessel model of some
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kind; see Theorem 6.1.4 of [Roberts and Schmidt 2016]. Piatetski-Shapiro [1997]
defined a new type of zeta integral with respect to Bessel models which led to a
parallel method to the GL(2) case of defining local factors. However, some of his
results were only sketched, and not many factors were calculated explicitly.

Danisman calculated many Piatetski-Shapiro L-factors explicitly in the case
of nonsplit Bessel models. In [Danisman 2014], representations were treated
whose Jacquet module with respect to the Siegel parabolic has at most length 2. In
[Danisman 2015a], this was extended to length at most 3. Nongeneric supercuspidals
were the topic of [Danisman 2015b].

In this work we revisit both Piatetski-Shapiro’s original theory and Danisman’s
explicit calculations. We generalize the theory of [Piatetski-Shapiro 1997] in that
we do not restrict ourselves to unitary representations. We also fill in some of the
missing proofs, for example in the argument that generic representations do not
admit “exceptional poles”.

Generalizing Danisman’s approach, we give a unified treatment of the asymptotics
of Bessel functions in the nonsplit case which works for all representations. The
key here is to consider a new type of finite-dimensional module Vy 7 5 associated
to an irreducible, admissible representation (i, V') of GSp(4, F). These Jacquet—
Waldspurger modules control the asymptotics of Bessel functions. Table 2 contains
the semisimplifications of all Jacquet—Waldspurger modules, and Table 3 contains
their precise algebraic structure as F*-modules. A key lemma in the nonsplit case
is due to Danisman; see Proposition 4.3.3.

Once the asymptotic behavior is known, it is easy to calculate the regular part
Lfesg (s, , n) of the Piatetski-Shapiro L-factor; see Table 5. Our results show that
in all generic cases, Lfesg (s, 7, u) coincides with the usual spin Euler factor defined
via the local Langlands correspondence, but for nongeneric representations these
factors generally disagree. The results of Table 5 also imply that Lfesg(s, T, W) s
independent of the choice of Bessel model.

2. Definitions and notations

Let F be a nonarchimedean local field of characteristic zero. Let o be its ring of inte-
gers, p the maximal ideal of 0, and @ a generator of p. Let g be the cardinality of o/p.
We fix a nontrivial character ¥ of F. Let v be the normalized valuation on F, and
let v or | - | be the normalized absolute value on F. Hence v(x) = ¢ '™ for x € F*.

Let GSp(4, F) :={g € GL4, F): 'gJg = \J, for some A, = A(g) € F*} be
defined with respect to the symplectic form

— 12
(1) J = [_12 :|
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Let P = M N be the Levi decomposition of the Siegel parabolic subgroup P, where

* sk 1 xy
(2) P =GSp@4, F)N **ON= 1TZ :x,y,z€F
kook
* % 1
and M ={[**,,./]: A€ GLQ, F), x € F*}. We let
xI < | ~ -x
3) H = xe P =F".
163
Let
a b2
4) 5‘[;;/2 C}, abceF

be a symmetric matrix. Then B determines a character ¥4 of N by

L X[\ xy
5) wﬁ([ 1}>—W(tr(ﬁX)), X—[y Z]

Every character of N is of this form for a uniquely determined 8. We say that 14
is nondegenerate if B € GL(2, F).

Attached to a nondegenerate ¥4 is a quadratic extension L/ F. If — det(B8) ¢ F 2
we set L = F(,/—det(B)); this is the nonsplit case. If —det(8) € F*?, we set
L = F & F; this is the split case. Let

(6) Ap={g € Mr(F): 'gBg = det(g)}
x+yb/2 yc
= . F:.
{[ —ya x—yb/2 Xy e
Then Ag is an F-algebra isomorphic to L via the map
x+yb/2 yc
@) |: “va  x—yb)2 > x + YA,

where A = /— det(8) in the nonsplit case, and A = (-4, §) if —det(B) = 52,
Let T be the connected component of the stabilizer of ¥z in M. It is easy to
check that T = A; = L*. We always consider T a subgroup of GSp(4, F) via

8
®) T>g+— |: det(g)’g_l]'
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Explicitly, T consists of all elements

x+yb/2 yc

—ya x—yb/2

9) , x,yeF, x>—y*A?£0.

x—yb/2 ya
—yc  x+yb/2

Let R :=T N be the Bessel subgroup of GSp(4, F). If A is a character of T, then
we can define a character A ® Y5 of R by tn+— A(t)yg(n) fort € T andn € N.

Let (;r, V) be an irreducible, admissible representation of GSp(4, F'). Nonzero
elements of Homg (V, Cagy,) are called (A, B)-Bessel functionals. 1t is known
that if such a Bessel functional £ exists, then Homg (V, C A®Yp) is one-dimensional.
In this case the space of functions

(10) B, A, B):={By:g— L(m(v)g) :v eV}

endowed with the action of GSp(4, F) given by right translations, is called the
(A, B)-Bessel model of .

3. Jacquet—Waldspurger modules

In this section we introduce a certain finite-dimensional F*-module attached to
an irreducible, admissible representation of GSp(4, F'). Since it is derived from
the usual Jacquet module by applying a Waldspurger functor, we call it a Jacquet—
Waldspurger module. Its relevance is that it controls the asymptotics of Bessel
functions along the subgroup H defined in (3). The main result of this section is
Table 2, which lists the semisimplifications of the Jacquet—Waldspurger modules in
the nonsplit case for all representations.

3.1. Jacquet modules. Let (7, V) be an irreducible, admissible representation of
GSp4, F),

VIN)=(r(n)v—v|veV,neN) and Vy=V/V(N)

be the usual Jacquet module with respect to the Siegel parabolic subgroup. We
identify M with GL(2, F) x GL(1, F) via the map

(11) (A, x) —> [XA det(A),Al}, AeGLQ, F), x € FX,

so Vi carries an action of M, and thus an action of GL(2, F') x GL(1, F) via this
isomorphism. We have tabulated the semisimplifications of these Jacquet modules
in Table 1. Note that this table differs from Table A.3 of [Roberts and Schmidt
2007] in three ways:
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» Roberts and Schmidt used a different version of GSp(4, F). Switching the last
two rows and columns provides an isomorphism.

o The Jacquet modules listed in [Roberts and Schmidt 2007, Table A.3] are
normalized, while the Jacquet modules listed in Table 1 are not. The normalized

Jacquet module is obtained from the unnormalized one by twisting by 8;]/ 2,

5P<[A fo—‘D = |x"'det(A)|.

Hence, we replace each component T ® ¢ in [Roberts and Schmidt 2007,
Table A.3] by (vV321) ® (v=3/20) in order to obtain the unnormalized J acquet
modules.

where

o Roberts and Schmidt used the isomorphism
A X
(12) (A, x) —> Al AeGLQ2,F), xe F*.

Calculations show that we have to replace each component (1V¥/27) ® (v™3/%0)
of the unnormalized Jacquet module by (o7) ® V32w, 0).

3.2. Waldspurger functionals for GL(2). Recall the algebra Ag C M>(F) defined
in (6), and its unit group T C GL(2, F). Let A be a character of 7. Let (z, V)
be a smooth representation of GL(2, F)) admitting a central character w,. A A-
Waldspurger functional on t is a nonzero linear map § : V — C such that

S(t()v) =A@)é(v) forallveVandreT.

Since T contains the center Z of GL(2, F), a necessary condition for such a § to
exist is that A|px = w;. As in the case of Bessel functionals, we call a Waldspurger
functional split if — det(B) € F*?, otherwise nonsplit.

The (A, B)-Waldspurger functionals are the nonzero elements of the space
Homr (7, Cp). If we put

13) V(I,A)={x@v—-—A@®)v:veV,teT) and Vra=V/V(T,A),
then Homr (7, Cp) = Hom(V7 o, C). Note that if L is a field, so that T/Z is
compact, then the space V (T, A) can also be characterized as

(14) V(T,A) = {v ev: / A(t)_lr(t)vdt:O}.
T/Z

The map V — Vr 5 defines a functor, called the Waldspurger functor, from the
category of smooth representations of GL(2, F') to the category of F*-modules.
This can be seen just as the analogous statement in the case of Jacquet modules. In
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particular, if L is a field, then the Waldspurger functor is exact; this follows from (14)
with similar arguments as in [Bernstein and Zelevinskii 1976, Proposition 2.35].

representation semisimplification
1 X1X x2Xo (irreducible) U(Xl><X2)®V3/2X1X25+U(X2><Xl)®”3/2<7
+o (X1 X2 X 1)@V x10+0 (X1 xax 1)@V o0
I a XStgL) X o a)(StGL(2)®v3/2X20+axStGL(2)®v3/2U+(X20 ><O')®U2XO'
b xloLo)xo o x1loL)®@v*? x2o+o x laLp®v/ o +(x 20 xo)Qvxo
III a X X0 Stgsp(2) U(Xv‘1/2><v1/2)®xv20+a(xv1/2><v‘1/2)®v20
b X X0 lgsp) o (' 2xv 1)@ vo+o (xv12xv ) @ve
IV a o StGsp) aStGL(2)®v3o
b L, v 'oStgspe) o loLey®@vio+o (V¥ 2ixv32)@uva
c L(v3/ZStGL(2), v32q) UStGL(2)®0+G(v3/2xv‘3/2)®v2cr
d o 1Gsp) olgLo)®0
Voa  8(& vE], v 0) 0&StgL2)®V2 0 +0StgLo) ®EVI0
b L(vl/ZSStGLQ), v 12¢) 0&StgLo)®vo+o IGL(2)®§1}20
¢ L(vl/ZEStGL(z), Svil/za) o StgL)®Evo+0é IGL(2)®1)20'
d L(vé, Exv’l/za) olgLo)®&vo+oélaLo®vo
VI a (S, v "20) 2-(0StgL2)®v?0)+0 1oL @vio
b (T, vil/zo) olGL(2)®v20
¢ LOwY*StoL), v120) o StgL2) Vo
d L, 1pxxv~2g) 2-(01gL2)®Vv0)+0StgL)@vo
VI X XTT 0
VIII a (S, ) 0
b (T, ) 0
IX a  S(E v () 0
b LE v Pr(w) 0
X T XOo oV w,o+or@v3 0
XI a S, v 12g) on@vic
b LOw'Y2x, v 120) oTQUo
supercuspidal 0

Table 1. Jacquet modules with respect to P, using the isomorphism (11).
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Now assume that (z, V) is irreducible and admissible. Then it is known by [Tun-
nell 1983; Saito 1993; Waldspurger 1985, Lemme 8] that the space Homz (7, Cp)
is at most one-dimensional. It follows that

(15) dim VT,A <1.
The following facts are known for any character A of T such that A|px = w;:

« For principal series representations, we have
(16) dim(Hom7 ()1 X x2,Cp)) =1 forall A;

see [Tunnell 1983, Proposition 1.6 and Theorem 2.3].

« For twists of the Steinberg representation, we have

0 ifLisafieldand A=00oNgF,

(17)  dim(Homr (0 StgL(2), Ca)) = { .
1  otherwise;
see [Tunnell 1983, Proposition 1.7 and Theorem 2.4].

o If 7 is infinite-dimensional and L = F x F, then
(18) dim(Homy(r,Cp)) =1 forall A;
see Lemme 8 of [Waldspurger 1985].
» For one-dimensional representations, we have

1 ifA:UONL/F,

19 dim(H loL. Ca)) =
(19) im(Homr (0 1gL2), Ca)) {0 otherwise:

this is obvious.

3.3. Jacquet—Waldspurger modules. Recall the groups N and T defined in (2)
and (9), respectively. Let (;r, V) be an admissible representation of GSp(4, F'). We
now consider

VN, T, A )=(m(tn)v—A@)v :veV,teT, neN)
VNra=V/V(N,T,N).

(20)

Evidently, there is a surjective map Vy — Vi r A which induces an isomorphism

(21) (VN)T.A = VN.T.A-

Here, on the left we use the notation (13) for the GL(2, F)-module Vy. Note that,
in view of (8), we have to embed GL(2, F) into GSp(4, F) via the map

g
@2) CLEF)zg— [ det(g)’g_l}
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and consider Vy a GL(2, F)-module via this embedding. We call Vi r A the
Jacquet—Waldspurger module of . This module retains an action of F'*, coming
from the action of the group {diag(x, x, 1,1):x € F*}on V. Themap V> Vi 7.2
defines a functor, called the Jacquet—Waldspurger functor, from the category of
admissible GSp(4, F)-representations to the category of F'*-modules.

Lemma 3.3.1. Let V, V', V" be admissible representations of GSp(4, F).
1) IfV =V'® V" is a direct sum, then

(23) VNt A =Vyra®VNra-

(ii) The Jacquet—Waldspurger functor is right exact, i.e,if 0 > V' >V - V" =0
is exact, then

(24) V](/,T,A — VN,T,A —> VI/\;,T,A —-0

is exact. Moreover, if we are in the nonsplit case, then the Jacquet—Waldspurger
functor is exact.

Proof. These are general properties of Jacquet-type functors. See Proposition 2.35
of [Bernstein and Zelevinskii 1976]. O

Lemma 3.3.2. Let (7, V) be an admissible representation of GSp(4, F) of finite
length. Then the F*-module Vy 1 A is finite-dimensional. More precisely, if n is
the length of the GL(2, F)-module Vi, then dim Vy 7 5o <n.

Proof. The proof is by induction on n. If n =1, then Vy is an irreducible, admissible
representation of GL(2, F). In this case the assertion follows from (15).

Assume that n > 1. Let V' be a submodule of Vy of length n — 1. Then
V" := Vy/V'is irreducible. By (24), we have an exact sequence

(25) VY/",A L) VN,T,A —> VZ/"/,A — 0.

By induction and (15), it follows that

(26) dim Vy 7.a =dimim(o¢)—i—dimVﬁA <n—1+4+1=n.

This concludes the proof. U

Assume that we are in the nonsplit case, i.e., the quadratic extension L is a
field. Then the semisimplifications of the Vi 7 o can easily be calculated from
Vi using (21). We already noted that in the nonsplit case the Waldspurger functor
is exact. Therefore, to calculate the Vi 7 4, we can simply take (v @ o)7 o for
each constituent T @ o occurring in Table 1. If 77 A is one-dimensional, then
(t®0)r. A =0lpx as an F*-module, and if 77 o =0, then (t ® o) o =0. We
have listed the semisimplifications of the Vy 7 o for all irreducible, admissible
representations in Table 2.
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representation semisimplification of Vi A
I X1 X x2 X o (irreducible) U3/2X1X20'1F>< + 0326 1 px +v3/2xlalpx + v3/2X201FX
II a XStgL) X o U3/2X20'1Fx+U3/20'1Fx+U2XUIFx
b xlgLe) X o V32 x26 1 px + V320 1 px +vyolpx
I a X X oStgsp) XV20'1F>< +12%0 1 px
b X X olgsp) —
IV a 0 StGsp) V3o 1 px
b LO?, v*IUSthp(z)) V3o 1px +volpx
¢ LO¥*StoL), v %0) —
d o lGsp) —
Vo a 8([&. vE], v %0) V20 Lpx +&Ev20 1 px
b L(v'2&StgL), v™12%0) vo 1 px + Ev20 1 px
¢ L(W'2&StgLay, v1%E0) Evolpx +12%0 1 px
d L Exv120) Evolpx +v01px
VI a (S, v~ 120) 2. (V3o 1px)
b (T, v=12¢) V2o 1 px
c L(vl/zstGL(z), v124) —
d L, 1px xv172g) —
VII XX 0
VIII a (S, ) 0
b o(T, ) 0
IX a SE, v 127 (w)) 0
b LE v ' a(w) 0
X TXo V2w 01 px 4+ 13201 px
XI a 6(1)1/271, v‘l/za) V20'1F><
b LWz, v=120) vo l px
supercuspidal 0

Table 2. The semisimplifications of Jacquet—Waldspurger modules. It
is assumed that L is a field, and that the representation of GSp(4, F)
admits a (A, B8)-Bessel functional. A “— " indicates that no such Bessel
functional exists.
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4. Asymptotic behavior

We begin this section by developing a simple theory of finite-dimensional F*-
modules, which applies to the Jacquet—Waldspurger modules of the previous section.
In Section 4.2 we clarify the notion of “asymptotic function”. Using our previous
results on Jacquet—Waldspurger modules, as well as a result of Danisman in the
nonsplit case (Proposition 4.3.3), we can calculate the asymptotic behavior of all
Bessel functions of all representations; see Table 4. Simultaneously, we obtain the
precise structure as an F*-module of the Jacquet—Waldspurger modules; see Table 3.

4.1. Finite-dimensional F*-modules. Recall that F* = () x 0*. We consider
representations of F* on finite-dimensional complex vector spaces. All such
representations are assumed to be continuous.

Let n be a positive integer and U be an rn-dimensional complex vector space
with basis e, ..., e¢,. We define an action of F* on U as follows:

e 0% acts trivially on all of U.

e w acts by sending e; to e; +e;_; forall j € {1, ..., n}, where we understand
eg = 0. In other words, the matrix of & with respect to the basis ey, ..., e, is
a Jordan block
1 1
27 '
(27) -
1

We denote the equivalence class of the F*-module thus defined by [n]. Note that
[n] is canonically defined, even though @ is not. Clearly, [n] is an indecomposable
F>*-module. If ¢ is a character of F'*, then o[n] := o ® [r] is also indecomposable.

Lemma 4.1.1. Every finite-dimensional indecomposable F*-module is of the form
o [n] for some character o of F* and positive integer n.

Proof. Let (¢, U) be an indecomposable F*-module. We may decompose U
over 0%, i.e.,

(28) U=Pu.
i=1

where the o; are pairwise distinct characters of F*, and
(29) U@i))={uecU : ¢x)u=o0;(x)u forall x € 0*}.

Let f =@(w). Since each U (0;) is f-invariant and U is indecomposable, it follows
that » = 1, i.e., U = U (o) for some character o of 0*. Indecomposability implies
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that the Jordan normal form of f consists of only one Jordan block

A1
(30) R o A eCx,
A

of size n. Extend o to a character of F* by setting o (w) = A. Then it is easy to
see that ¢ = o [n]. U

Lemma 4.1.2. Let U be a finite-dimensional F*-module. Then
r

31) U=Poiln]
i=1

with characters o; of F* and positive integers n;. A decomposition as in (31) is
unique up to permutation of the summands.

Proof. A decomposition as in (31) exists by Lemma 4.1.1. To prove uniqueness,
assume that

(32) Poin1=@rim;.
i=1 j=1

By considering isotypical components with respect to characters of 0*, we may
assume that all o; and 7; agree when restricted to 0. After appropriate tensoring
we may assume this restriction is trivial. The uniqueness statement then follows
from the uniqueness of Jordan normal forms. (]

Lemma 4.1.3. Let 0 be a character of F*, and n a positive integer. Let m €
{0, ..., n}.

(1) There exists exactly one F*-invariant submodule U,, of o[n] of dimension m.
We have Uy C Uy, for k < m.
(ii) The representation of F* on U, is isomorphic to o[m].
(iii) The representation of F* on o[n]/U,, is isomorphic to o[n — m].
Proof. (1) Since the invariant subspaces of [n] and o [n] coincide, we may assume
that o = 1, so that o[n] = [n]. Let ey, ..., e, be a basis of [n] with respect to

which @ acts via the matrix (27). Let U,, = (ey, ..., ey). Then U, is invariant
and isomorphic to [m] as an F'*-module.
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Conversely, let U C [n] be any nonzero invariant subspace. Then U is also
invariant under the endomorphism f with matrix

01
33
(33) 01
0

The effect of f on a column vector u is to shift its entries “up” and fill in a O at the
bottom. Let m be maximal with the property that there exists a u € U of the form

w="uy,...,upm,0,...,0] with u,, # 0.

The vector f m=1y is a nonzero multiple of e, showing that e; € U. Considering
fm_zu, we see that e; € U as well. Continuing, we see that ey, ..., e, € U. The
maximality of m implies that U = U,,.

(i) We already saw that the subspace U,, of [n] is isomorphic to [m]. Hence the
subspace o ® U,, of o[n] is isomorphic to o[m].

(iii) Clearly [n]/ U,, is isomorphic to [n —m]. Hence o[n]/(0c ® U,,) is isomorphic
to o[n —m]. O

Let U be a finite-dimensional F'*-module. For a character o of F*, let U,
be the sum of all submodules of U isomorphic to o[n] for some n. We call
U, the o-component of U. By (31), U is the direct sum of its o-components. A
homomorphism U — V of finite-dimensional F*-modules induces a map U, — V,,
for all o; this follows from Lemma 4.1.3.

4.2. Asymptotic functions. Let £ be the vector space of functions f : F* — C
with the following properties:

(i) There exists an open-compact subgroup I of F* such that f(uy) = f(u) for
allue F*andall y eT.

(i) f(u) =0 for v(u) «O0.
Such f arise if we restrict Bessel functions on GSp(4, F) to the subgroup

{diag(u, u,1,1):u e F*}=F*.

Clearly £ contains the Schwartz space S(F*), i.e., the space of locally constant,
compactly supported functions F* — C. We may think of the quotient £L/S(F*)
as a space of “asymptotic functions”, in the sense that the image of some f € £ in
this quotient is determined by the values f(u) for v(u) > 0.

There is an action 7 of F* on £ given by translation: (7 (x) f)(u) = f(ux) for
x,u € F*. This is a smooth action by the properties of the elements of £. The action
preserves the subspace S(F ™), so that we get an action on the quotient £/S(F*).
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For the proof of the following lemma, we will use the formula

n

(34) > (Z)(—l)k P(k)=0 forall P eC[X] with deg(P) < n.
k=0

This formula follows by differentiating the identity (14+-x)" =Y} _ (})x* repeatedly
and setting x = —1.

Lemma 4.2.1. Let B € C*. For a positive integer n, let F,(B) be the space of
functions f : Z>y — C satisfying

(35) Z (Z) (=B)" " *fm+k)=0 forallm=>0.

k=0

Then dim F,,(B8) = n, and a basis of F,,(B) is given by the functions
(36) fim)y=m’g", m =0,
for j=0,...,n—1.

Proof. 1t is clear from (35) that any f € F,(B) is determined by the values
f(@),..., f(n—1). Hence dim F,,(8) < n, and we only need to show that the func-
tions f; lie in F,(pB) and are linearly independent. The fact that the functions f; lie
in F,(B) follows from (34). It is easy to prove that they are linearly independent. []

Proposition 4.2.2. Let KC be an F*-invariant subspace of L which contains S(F ™)
with finite codimension n. Assume that, as an F>-module, the quotient IC/S(F*) is
isomorphic to an] for some character o of F*. Then there exist fo, ..., fa—1 €K
with the following properties:

(1) The images of fo, ..., fu—1in K/S(F*) are a basis of the quotient space.
(ii) f; has asymptotic behavior
(37) fix) = v(x) o (x) forall x € F* with v(x) >0,
forall j €{0,...,n—1}
Proof. It suffices to show that every f € K has the asymptotic form

n—1

(38) fx) = ch v(x)ko*(x) for all x € F* with v(x) >0
k=0

for some constants ¢;. We have o[n](u) = o (1)id for u € 0™ on all of o[n]. Hence,
for a fixed unit u € 0%,

(39) Tu) f—o)feSF).
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It follows that there exists a jy > 0 such that

(40) Fuw™ 0y =6 (u) f (™) for all m > 0.

Since 0* is compact and both sides of (40) are locally constant, we may choose jj
large enough so that (40) holds for all u € 0*.

Every vector in o[n] is annihilated by (o [n](w) — X id)", where we abbreviate
A =0 (w). Hence

41 (T () —1id)" f € S(F™)
forall f € K, or

n

(42) > (Z)(—m”ﬁ(wk)f € S(FX).
k=0
It follows that there exists a jy > 0 such that
n
(43) Z (”)(—,\)"—k f(@™th+ioy =0 forallm > 0.
k=0 k

We may assume that the same j, works for both (40) and (43). Setting h(m) :=
f(@™t), (43) reads

n

44 ”) A" h(m+k) =0 forall m > 0.
(44) ; (k (=" Fh(m + k) >
By Lemma 4.2.1, there exist constants dy, . . ., d,—1 such that
n—1
(45) h(m) = " dem*)™  forall m > 0.
k=0
We can then also find constants cg, ..., ¢,—; such that
n—1
(46) h(m) =" ci(m+ jo)* A"+ for all m > 0.
k=0

(To get the ¢;’s from the dj’s, expand mk = ((m + Jo) — jo)k in (45).) For x € F*
with v(x) > jo, write x = uw/ with u € 0> and j > jy. Then

f)=c@f@’) by (40)
n—1
=o(u) Y cej n by (46)
k=0
n—1
- ch vk (x). O

k=0
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Corollary 4.2.3. Let U be a finite-dimensional submodule of L/S(F*). Then each
o -component of U is indecomposable.

Proof. Let K be the preimage of U under the projection £ — L/S(F*). Assume
that there exists a o for which U, is decomposable. Then U, contains a direct
sum o[n] ® o[n'] with n, n’ > 0. By Proposition 4.2.2, there exist two functions
f» f" € K such that the image of f in

U=K/S(F*)
lies in o [n], the image of f” lies in o'[n'], and such that
(CY))] f(x)=0()and f'(x) =0o(x) forall x € F* with v(x) > 0.
It follows from (47) that f and f’ have the same image in KX/S(F*), which is a

contradiction. O

4.3. Asymptotic behavior of Bessel functions. Let (i, V) be an irreducible, ad-
missible representation of GSp(4, F). Assume that V is the (A, §)-Bessel model
of 7w with respect to a character A of T. We associate with each Bessel function
B € V the function ¢p : F* — C defined by

¢p(u) = B(diag(u, u, 1, 1)).
Let K be the space spanned by all functions ¢p.
Lemma 4.3.1. K contains S(F>).
Proof. This follows by the same arguments as in Lemma 4.1 of [Danisman 2014]. U

An easy argument as in Proposition 4.7.2 of [Bump 1997], or as in Proposition 3.1
of [Danisman 2014], shows that if B € V(N), then ¢p has compact support. It is
also true, and equally easy to see, that

BeV(N,T,A) = ¢p has compact support in F*.
It follows that the linear map B — ¢p induces a surjection
(48) Vy.r.A —> K/S(FX).

Lemma 4.3.2. Assume that the map (48) is an isomorphism. Then every o -
component of V. r.a is indecomposable as an F*-module.

Proof. The map (48) induces an isomorphism of the respective o-components.
Hence the assertion follows from Corollary 4.2.3. U

Proposition 4.3.3. Suppose we are in the nonsplit case. Then the map (48) is an
isomorphism.

Proof. See Theorem 4.9 of [Danisman 2014]. O
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Recall that in Table 2 we determined the semisimplifications of the Jacquet—
Waldspurger modules for all irreducible, admissible representations. In the nonsplit
case, we can now determine the precise algebraic structure of these modules.

Corollary 4.3.4. The algebraic structure of the Jacquet—Waldspurger modules
Vn.1.a for all irreducible, admissible representations of GSp(4, F) is given in
Table 3, under the assumption that the representation (;w, V) admits a nonsplit
(A, B)-Bessel functional. (A “—" indicates that no such Bessel functional exists.)

Proof. By Proposition 4.3.3 and Lemma 4.3.2, every o-component of Vy 7 4 is
indecomposable. This information, together with the semisimplifications from
Table 2, gives the precise structure. U

For type I, we have to distinguish various cases, depending on the regularity of
the inducing character:

49) Vnr.a
V321500 ® 32 x10 ®v¥2x0 @3 %0 if x1x2, X1, X2, 1
are pairwise different,
V2yx2e @ (Vo) 21 &V e ifx=x=x#l x*#1,
| 02 xo)21 @ (v¥20)[2] ifx:=xi=x#1 x*=1,
W32 xo) 21 (v3/20)[2] if {(x1, xa}={x#11)
(v /20)[4] if x1=x2=1.

Corollary 4.3.5. Table 4 shows the asymptotic behavior of the functions
B(diag(u, u, 1, 1))

for all irreducible, admissible representations (r, V) of GSp(4, F), where B runs
through a nonsplit (A, B)-Bessel model of w. (A *“—" indicates that no such Bessel
model exists.)

Proof. By Proposition 4.3.3, the map (48) is an isomorphism. We can thus use
Proposition 4.2.2, which translates the algebraic structure of Viy .o given in Table 3
into the asymptotic behavior of Bessel functions. U

Remark. This result is to be understood in the sense that all the constants given
in Table 4 are necessary, i.e., for any choice of Cy, C,, ... there exists a Bessel
function B such that B(diag(u, u, 1, 1)) has the asymptotic behavior given by this
choice of constants.
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representation VN.T.A
1 X1 X X2 X O see (49)
I a XStgL) X O x2#1 Vo @v3ixlo @v3ie
X’ = V2 xo @ (v¥20)[2]
b xloLe) X o x2#1 vxo ®v?x%c @v/ie
xr=1 vxo ® (v3/20)[2]
o a X X 0 Stgsp2) xvio ®vio
b X X olgspe -
v a UStGSp(4) Vo
b L(vz, V_IO'StGSp(z)) vio D vo
¢ LO3SteLp),v3?0) —
d O']GSp(4) —
V. a 8([€, vE], v~ 0) V2o @ Ev3io
b L(vl/ZSStGL(z), v~ 12¢g) vo @ Evio
c L(vl/ZSStGL(z), v 12¢0) Evo ®vio
d L(vE, & xv~120) Evo @ vo
VI a (S, v20) (*o)[2]
b (T, v=120) V2o
¢ L(vl/ZStGL(z), V_I/ZU) —
d L, 1px x v~ 12q) —
VII X XN 0
VII a (S, m) 0
b (T, ) 0
IX a S(E, v 12w ()
b LOE, v 127 () 0
X T XNOo wr #1 V3120 ®v3/i0
wr =1 v%0)[2]
XI a S 2w, v~ 12g) vio
b L' 27, v=12g) vo
supercuspidal 0

Table 3. Jacquet—Waldspurger modules Vy 7. a. It is assumed
that L is a field, and that the representation of GSp(4, F') admits
a (A, Y¥g)-Bessel functional. A “—" indicates that no nonsplit

Bessel functional exists.

453
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representation lu|~3/? B(diag(u, u, 1, 1))
I X1 X X2 Xo see (50)
I a XSteL) X o x2#1 Cl"2xo) W)+ Ca(x*0) (1) + C30 (u)
x?=1 Ci'"*xo)w)+ (C24 C3v(u))o (u)
b xloLe) X o x2#1 Ci(v™'"2xo) () + Ca(x*0)(u) + C30 (u)

x>=1 Ciw"2x0) )+ (Co+ C3v(u))o (u)

I a X X 0 StGsp(2) CiW' 2 x0) (W) + C2 (v %) (u)
b X X olgsp) —

IV a o Stasp() C(¥?0)(u)

b L% v 'oStespe) C1(v320) () + C2(v"120) (u)
¢ LO3StgLp), v%0) _
d o lGsp@ —

Voa (& vElL v o) Ci1(w'?60) (u) + C2(v'?0) (u)
b L(v'?EStaL), v 1%0) C1w'2e0) () + Co(v™20) (u)
¢ LO'2¢SteL), v %E0) C1(v™260) () + C2(v*0) ()
d L gxv o) Ci(v™260) () + C2(v™ 0 ) (u)

VI a (S, v 120) (C1 4 Cuw) (v %) ()

b (T, v~120) C'?o)(u)
C L(vl/ZStGL(z), v124) —

d L, lpx xv~12¢) —

VII XX 0
VIII a (S, ) 0
b o(T, 7) 0
IX a  S(E v 12r(p) 0
b LE v r(w) 0
X TN Wy # 1 Ci(wzo) W)+ Cro (1)
wr =1 (C1+ Cv())o (u)

XI a 8(1)'/271, v*'/zo) C(VI/ZCT)(M)

b L0 r, v ) Cv'20) ()
supercuspidal 0

Table 4. Asymptotic behavior of B(diag(u, u, 1, 1)) in the nonsplit
case. A “—7” indicates that no nonsplit Bessel functional exists.
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Again, for type I we have to distinguish various cases:

(50) |u|~3? B(diag(u, u, 1, 1))

Ci1(x1x20)(u) if x1x2, X1, X2, 1
+Cr(x10) (1) + C3(x20) (1) + Cyo (1) are pairwise different,
Ci(x*0)(u) ifx=x=x#l x*#1,

-y +(C2 + C3v(u)) (x0) (u) + Cy0 (1)

(C1+ Co)(xo) () + (C3+ Cav))o(u) if x :=x1=x2#1, x*=1,
(C1+Cov)(xo)(u) + (C3+ Cav))o (u) if {x1, x2} ={x #1, 1},
(C1+ Cov(u) + C3v*(u) + Cav*(u))o (u) if yiy=x2=1

Remark 4.3.6. The proof of Proposition 4.3.3 given in [Danisman 2014] is based
on the exactness of the Waldspurger functor, which is only true in the nonsplit case.
Assume that (7, V') is an irreducible, admissible representation of GSp(4, F') which
admits a split Bessel model B(m, A, B). Then we still have the surjection (48),
which implies that the space of asymptotic functions K/S(F>), as an F*-module,
is a quotient of the Jacquet—Waldspurger module Vy 7 . Starting from the Vy r
given in Table 1, the Vi 7 o can be calculated in many cases, but some of them
pose difficulties, again due to the fact that the Waldspurger functor in the split case
is not exact. Thus, complete results in the split case would follow from the solution
of the following two problems:

« Calculate the Jacquet—Waldspurger modules Vi r A in all cases.

o Control the kernel of the map (48).

The current methods still allow for some preliminary results on the asymptotic
behavior of the functions B(diag(u, u, 1, 1)) in the split case. More precisely, it is
not difficult to create a table similar to Table 4, but it is unclear if all the constants C;
in such a table are really necessary. What is clear is that every B(diag(u, u, 1, 1))
is of the general form

1) B(diag(u,u,1,1) = Y _ Ciu()*o; ) for v(u) >0
i=1

with k; nonnegative integers, o; characters of F*, and C; € C.

5. Local zeta integrals and L-factors

Given an irreducible, admissible, unitary representation w of GSp(4, F) and a
character p of F'*, a certain type of zeta integral was introduced in Section 3 of
[Piatetski-Shapiro 1997] and used to define an L-factor LPS(s, 7, u). These zeta
integrals depend on a choice of Bessel model for 7, and hence the L-factor may



456 RALF SCHMIDT AND LONG TRAN

also depend on this choice. In many cases, though, one can prove that LS (s, 7, 1)
is independent of the choice of Bessel data.

In Section 5.1 we introduce a simplified type of zeta integral and use it to define
the regular part Lfesg (s, 7, u) of the Piatetski-Shapiro L-factor. The simplified zeta
integrals also depend on the choice of a Bessel model for 7. Using the asymptotic
behavior given in Table 4, we explicitly calculate Lfesg (s, 7, n) in the nonsplit case
for all representations. It turns out that Lfesg (s, m, n) is independent of the choice
of Bessel model, and coincides with the usual degree-4 (spin) Euler factor if &
is generic. For nongeneric representations, however, the two factors do not agree
in general.

We then investigate the Piatetski-Shapiro zeta integrals (78). Their definition
involves a certain subgroup G of GSp(4, F'), to which we dedicate Section 5.2. The
resulting L-factor LPS(s, 7, n) is either equal to Lfesg (s, , i), or has an additional
factor L(s +1/2, A,), where A;, = A - (o N r) depends on the Bessel data. In
Section 5.5 we will identify several cases where LPS(s, m, p) = Lfesg (s, m, 1.

Overall in this section we closely follow [Piatetski-Shapiro 1997]. However, we
treat all representations, not only unitary ones. Our notion of exceptional pole is
slightly more general than the one given in [Piatetski-Shapiro 1997]. Also, we fill

in some of the missing proofs of that paper.

5.1. The simplified zeta integrals. Let 7 be an irreducible, admissible represen-
tation of GSp(4, F). Let B(w, A, B) be a (A, B)-Bessel model for w. Let u be
a character of F*. For B € B(w, A, B) and s € C, we define the simplified zeta
integrals

(52) C(s, B, ) = / B(|:x 1]>,u(x)|x|s_3/2dxx.

F><

The same integrals appear in Proposition 18 of [Danisman 2015b]. Using the
general form (51) of the functions B ([x 1]), which holds both in the split and the
nonsplit case, it is easy to see that {(s, B, i) converges to an element of C(g~*)
for real part of s large enough. Let I (;r, i) be the C-vector subspace of C(g™*)
spanned by all ¢ (s, B, i) as B runs through B(rw, A, B).

Proposition 5.1.1. Let 7w be an irreducible, admissible representation of GSp(4, F)
admitting a (A, B)-Bessel model with B as in (4). Then I (7, 1) is a nonzero
Clg~7*, q°] module containing C, and there exists R(X) € C[X] such that

R(qg™ I (m,n) CClg™*, ¢°],

so that I (7w, ) is a fractional ideal of the principal ideal domain Clg~

5, q°] whose

quotient field is C(q™*). The fractional ideal I (7, ) admits a generator of the
form 1/Q(q™*) with Q(0) = 1, where Q(X) € C[X].
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Proof. One can argue as in the proof of Proposition 2.6.4 of [Roberts and Schmidt
2007]. One step in the proof is to show that I (7, n) contains C. This follows from
Lemma 4.3.1. ([

Using the notation of this proposition, we set
(53) Ly (s, 7, 1) :=1/0(g™")

and call this the regular part of the Piatetski-Shapiro L-factor; see [Piatetski-Shapiro
1997]. As the notation indicates, LS (s, , n) does not depend on the Bessel data

reg

B and A. This is implied by the following result.
Theorem 5.1.2. Table 5 shows the factors L*S (s, 7, ) for all irreducible, admis-

reg
sible representations (w, V) of GSp(4, F) in the nonsplit case. (A “—" indicates

that no nonsplit Bessel functional exists.)

Proof. Up to an element of S(F*), the functions x B([x 1]), where B €
B(r, A, B), are listed in Table 4. Using the fact that

o0 - 1

with a function g(z) which is holomorphic and nonvanishing at z = 1, the integrals
in (52) are thus easily calculated up to elements of C[g*, ¢ ~*]. ([

Also indicated in Table 5 are the generic representations (i.e., those that admit
a Whittaker model); supercuspidals may or may not be generic. We see that for
fesg(s, 7w, ) = L(s, @) if © = 1px. Here L(s, @) is the

L-factor of the Langlands parameter ¢ of m, as listed in Table A.8 of [Roberts and
Schmidt 2007].

all generic representations L

5.2. The group G. We now recall the setup of [Piatetski-Shapiro 1997]. Let L be
the quadratic extension of F as in Section 2. Let V = L2, which we consider as a
space of row vectors. We endow V with the skew-symmetric F'-linear form

(55) px,y) =Trrr(x1y2 —x2y1), x=(x1,x2), y=(y1,y2).
Let

GSp, = {g € GL@4, F) : p(xg, yg) = Ao (x, y),
for some A =1(g) € F*, forall x, y € V}

be the symplectic similitude group of the form p. Let
(56) G ={geGL(2,L): det(g) € F*}.
The group G acts on V by matrix multiplication from the right. A calculation shows

(57) p(xg, yg) =det(g)p(x,y)
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representation Lfesg(s, T, 1) generic
I X1 X X2 X o (irreducible) L(s, x1x20 ) L(s, o) L(s, xijon)L(s, xo0 L) °
I a XStgL) X o L(s, v]/zxau)L(s, Xzau)L(s, o) °
b xloL x o L(s. v Pxop)L(s, xow)L(s, o)
Il a X X 0 StGsp(2) L(s, vl/zxap,)L(s, vl/zcrp,) °
b X X olgsp) —
IV a o Stgsp4) L(s, v¥?opn) °
b L2 v loStasp) L(s,v?ou)L(s,v"20pn)
c L(v3/ZStGL(2), v=32¢) —
d olgsp@ —
Vo a  8(& vEl, v 20) L(s,v'2g0 ) L(s, v'/?0 1) .
b Lw'2£StgLm), v™20) L(s,v'2g0 ) L(s, v 20 1)
¢ LO'2EStgrmy, v™1%E0) L(s,v-'"2e0u)L(s, v %o 1)
d L(vE, £ xv~120) L(s, v 2ecp)L(s, v 20 )
VI a (S, v~ 2¢) L(s, v'20 )2 o
b (T, v—120) L(s,v'%o )

L(v'2StgLe), v™1%0) —

d L(v, 1px % v 124) —

[¢]

VII X X 1 .

VIII a (S, ) 1 °
b (T, ) 1

IX a SE, v 12 () 1 o
b LE v () 1

X T XOo L(s, wyou)L(s,own) °

XI a S 2, v=120) L(s, v'%0p) .

b LYz, v=12¢) L(s,v™20 )
supercuspidal 1 )

Table 5. Regular parts of Piatetski-Shapiro L-factors (nonsplit case).

forx,y € V and g € G. Hence, G C GSp,. Since all four-dimensional symplectic
F-spaces are isomorphic to the standard space F* with the form (1), the groups
GSp, and GSp(4, F) are isomorphic; here, we think of GSp(4, F) as acting on the
right on the space of row vectors F*. We wish to find one such isomorphism under
which the group G takes on a particularly simple shape inside GSp(4, F).
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For this we assume that the matrix § in (4) is diagonal and nondegenerate, i.e.,
b =0 and a, ¢ # 0; after a suitable conjugation, every nondegenerate § can be
brought into this form. Consider the following F-basis of V,

58  fAi=10), fr=(A)c,0), f3=(0,1/2), fi=(0,c/2A)).

Let ey, ..., es4 be the standard basis of F*. Then the map f; —> e; establishes
an isomorphism V = F* preserving the symplectic form on both spaces (the
form p on V, and the form J defined in (1) on F*). The resulting isomorphism
GSp, = GSp(4, F) has the following properties:

- _
(59) G> [x ]H * :
1 1
L 1_
3 _
1 1
(60) G> [ ] — ,
X x
L x—
X yc
61) G3|:t _]|—> e fort=x+yAelL”,
t X ya
—yc X
1 2x —2ay
_ Dy
62 G> [1 x+1yA] — | ! 21‘” 2acx

1

Here, 7 = x — y A is the Galois conjugate of ¢. Recall from (9) that the matrices on
the right hand side of (61) are precisely the elements of 7'. It is easy to verify that the
matrices on the right-hand side of (62) are precisely those elements of N that lie in

1
(63) No = Hl ﬂ s tr(BX) =0} = !

In particular, if we consider G a subgroup of GSp(4, F), then we see that

y
2z

—_—— =

tax+by+cz=0

1

G N R =T Ny;
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see Proposition 2.1 of [Piatetski-Shapiro 1997]. We define the following subgroups
of G:

64 A°=cnl|” | = X t_:|eGL(2,L):xeFX,teLX},
©) No=Gn|! T - lll’]eGL(z,L):beL},
©) B°=cnl|” : ={ Z:|eGL(2,L):adeFX},

(67) K°=GNGL(Q2,0;) = {[i Z] € GL(2,01) : ad —bc e FX}.
By our remarks above, when embedded into GSp(4, F'), the group Ny coincides
with the group introduced in (63), so that the notation is consistent. The Iwasawa
decomposition for GL(2, L) implies that G = B¢ K©. The modular factor for B¢
is 8([*5]) = la/d|1, where | - | is the normalized absolute value on L. Note that
|t| =|Nr,r(t)|F fort € L*. Let dn be the Haar measure on Ny that gives Ny N K¢
volume 1. Let da be the Haar measure on A® that gives A° N K¢ volume 1. Let
dk be the Haar measure on K¢ with total volume 1. There is a Haar measure on
G given by

(68) / / / f(nak)s(a)~' dk da dn.

No AG KG

The measure (68) gives K¢ volume 1. We will also use the integration formula

(69) / f(g)dgz/f(wb)db://f(wna)dadn
BG

No\G No AG

for a function f on G that is left Ny-invariant (the db in the middle integral is a right
Haar measure on BY). Here, w = [_1 1] € G, which is embedded into GSp(4, F) as

2 1
—2ac¢™! 1
-1

_ 1.1 _
Jca 1

(70) w—>

D=

Principal series representations of G. Let A be a character of L, let u be a
character of F*, and s € C. We denote by 7 (A, u, s) the induced representation
indgG (x) (unnormalized induction), where

(71) X ([x’ ’:D = pCl A0
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It is easy to see that the contragredient of 7 (A, w, s) is J(A™!, w1, 1 —s).

Let V = L?, considered as a space of row vectors. Let S(V) be the space of
Schwartz—Bruhat functions on V, i.e., the space of locally constant functions with
compact support. For g € G, ® € S(V) and a complex number s, we define

(72) fP(g, ms A, 5)
1= p(det(g))|det(g)|" /2 f ®((0, D)t ety Ar) d 1.
L><
This is the same definition as on page 265 of [Piatetski-Shapiro 1997], except we
have (0, r) instead of (0, 7), in order to be compatible with our conventions about
Bessel models. Assuming convergence, a calculation shows that f ® e J(A, w,s).
Let So(V) be the subspace of ® € S(V) for which ®(0,0) =0. If & € Sp(V)
and g € G, then ®((0, 7)g) = 0 for 7 outside a compact set of L*. It follows that
the integral (72) converges absolutely for ® € Sy(V), for any s € C.

Lemma 5.2.1. J(A, i, s) = {£O(-, 11, A, 5) : @ € So(V)}.

Proof. Given f € J(A, 11, s), we need to find ® € Sy(V) such that f® = f. We

define ® by
wl(det(k)) f (k) if (x,y) = (0, 1)k for some k € KC,
(73)  Px,y)= .
0 if (x,y) & (0, )KC.

It is straightforward to verify that ® is well defined, that ® € Sy(V), and that
is a multiple of f. ([

Lemma 5.2.2. Let A/L =A- (,u o NL/F)-

(1) The representation J (A, u, s) contains a one-dimensional G-invariant sub-
space if and only if

(74) Ay =1t forallt e L.
In this case the function
(75) f() = p(det(g))|det(g)*T'/2, g e,

spans a one-dimensional G-invariant subspace of indgc (x).

(i1) The representation J (A, i, s) contains a one-dimensional G-invariant quo-
tient if and only if

(76) A @) =1t forallt e L.

Proof. Part (i) is an easy exercise. Part (ii) follows from (i), observing that the
contragredient of 7 (A, u, s) is J(A™L, u=!, 1 —5). O
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Note that condition (74) is equivalent to saying that s is a pole of L(s+1/2, A ).
Later we will define the notion of exceptional pole; see (92). The exceptional poles
will be among the poles of L(s +1/2, A,). Note that, by (73), the function f
in (75) is a multiple of f®, where

1 if (x,y) = (0, 1)k for some k € K©,

77 Pl y)= {0 if (x, y) ¢ (0, DKC.

Hence, in the nonsplit case, @ is the characteristic function of (o G or)\ (pr Bpr).

5.3. The zeta integrals. Let A be a character of 7 = L*, and let u be a character
of F*. Recall the definition of the functions f®(g, i, A, s) in (72). Let 7 be an
irreducible, admissible representation of GSp(4, F). Let B(w, A, B) be a (A, B)-
Bessel model for . For B € B(x, A, B) and s € C, let

(78) Z(s. B, ®, ji) = / B(g)/® (g, 1. A, 5) dg,
T No\G

provided this integral converges. (In [Piatetski-Shapiro 1997] this integral was
denoted by L(W, ®, 11, 5).) Substituting the definition of f®(g, i, A, s) and un-
folding the integral shows that

79 Z6, B, @, p) = / B()®((0, Dg)u(det(g))Idet(g) """ dg.
No\G

By (68), we have
80) Z(s, B, P, )

= f / 8(a) "' B(ak)®((0, 1)ak)wu(det(ak))|det(ak)|*t/* dk da.

AG KG
Recall that Sy(V) is the space of ® € S(V) satisfying ®(0, 0) =0. Let &; € S(V)
be the characteristic function of o7, @ o;. Then every ® € S(V) can be written in a

unique way as ® = &g+ cP; with &g € Sp(V) and ¢ € C. We will first investigate
Z(s, B, ®, u) for ® € Sp(V).

Lemma 5.3.1. Let the notations and hypotheses be as above.

(i) Forany B € B(w, A, B) and ® € Sy(V), the function Z(s, B, ®, ) converges
for real part of s large enough to an element of C(q™*). This element lies in the
ideal I (7, u) generated by all simplified zeta integrals; see Proposition 5.1.1.

(i1) For any B € B(x, A, B), there exists ® € So(V) such that Z(s, B, ®, 1) =
(s, B, ).
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Hence, the integrals Z(s, B, ®, i), as B runs through B(w, A, B) and ® runs
through So(V'), generate the ideal I (1, 1) already exhibited in Proposition 5.1.1.

Proof. (i) Let ® € So(V). We have
1) D0, Dak) = b(ks, tke) ifa= [’” ;} € AG k= ["1 "2] c KO,

Since one of k3 or k4 is a unit and ® (0, 0) = 0, it follows that ®((0, 1)ak) =0if ¢
is outside a compact set of L*. As a consequence, there exists a small subgroup I"
of K¢ such that

®((0, Daky) = @((0, )ak)

foralla € AS, k € K¢ and y € I'. By making I" even smaller, we may assume
that B and p odet are right I'-invariant. It follows that Z(s, B, ®, u) as in (80) is a
finite sum of integrals of the form

(82) I(s,B,d,pu)= f 8(a) "' B(a)®((0, a)p(det(a))|det(a)|* T/* da,
AG
with different B and ® € So(V'). Using coordinates on AS, we have

83) I(s,B, o,

:f/|xzf—‘|;13([’” t_])@(o, Dueed)|xtf|* V2 d* e d*x

F> L*

=//|x|_2A(t)B<|:x 1:|)CI>(O,t_)u(xtt_)lxtt_lerl/zdxtdxx
F*x L*

= (/B([x 1]>,u(x)|x|s_3/2dxx) (/A(t)d)(o, t_)u(tt_)ltﬂs“/zdxt).
F>< L><

The first integral is precisely ¢ (s, B, i); see (52). Since the integration in the
second integral is over a compact subset of L*, this integral is in C[g*, ¢™*]. It
follows that I (s, B, ®, ) lies in the ideal I (7, ).

(>i1) By (79) and (69), we have
Z(s, B, ®, u) = / / B(wna)®((0, Dwna)wu(det(a))|det(a)|* > da dn
No AG

:/fB(wna)CD((—l,O)na),u(det(a))|det(a)|s+1/2dadn
No AG
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ol el )
<

x w(xtD)|xtf|* T2 d*t d* x dn

=/f/B w| ™! t?])cb(—xt, — iyt P2 @ d* x dn

:///B(w X ?])Cb(—xt,—n)u(xtf)lxl”l/zIIISL_I/Zdxtdxxdn
Tl T o
| x 7

x () D) PP 2 d¥ e d” x di.

Now choose @ such that ®(—¢, —n) is zero unless 7 is close to 1 and » is close to 0.
If the support of ® is chosen small enough, then, after appropriate normalization,

-1
Z(s, B, ®, M)=/B([x 1]w>u<x>—l|x|3/2—‘dXx.
FX

This is just ¢ (s, wB, ). The assertion follows. O

We see from Lemma 5.3.1 that, instead of (53), we could have chosen to define
Lfsg(s, 7, 1) as the ged of all Z(s, B, @, u), as B runs through B(x, A, 8) and
® runs through So(V). The same observation was made in [Danisman 2015b,
Proposition 18(i)].

Next we investigate Z(s, B, @, u), where we recall ®; is the characteristic
function of o7 @ or. In the split case, a character A of L* = F* x F* is a pair
(A1, A2) of characters of F*, and by L(s, A) we mean L(s, A1) L(s, A2).

Lemma 5.3.2. Let A, =A-(uoNp/r).

(i) Assume that A, is ramified. Then Z(s, B, ®1, u) =0.

(i1) Assume that A, is unramified. Then
(84) Z(S, B7 q)l’ l‘l/):;(sz/JLa ;L)L(S—l—l/Z, A/,L)v

where

(85) B,.(g) := / B(gk)p(det(k)) dk, g e GSp(4, F).

KG
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Proof. Evidently, ®((x, y)k) = ®(x, y) forall (x,y)eV andk e K G Therefore,
from (80), we get

(86) Z(s, B, ®y, 1)
= f / 8(a) "' B(ak)®((0, 1)a)u(det(ak))|det(a)|* /% dk da
AG KG
:/S(a)_lBM(a)CDl((O, Da)u(det(a))|det(a)*!/* da.
AG
Clearly, B, is an element of B(m, A, B) satisfying
B (gk) = " (det(k)) B (2)
for k € K. Using coordinates on A%, we have
(87) Z(s, B, @1, )

=f/|xtfl|ngM(a)q>1((0, D (xed)|xef T2 d>r d*x
F*x L*

://BM([XI f])q’l((o’ et 32 d* e d* x

F* L*

=f f A(t)BM([x 1:|),u(xtt_)|tt_|”l/2|xls3/2dxtdxx

F>* L*Noy,

= (s, By, 1) / Apan|eiP*? .

L*Nop,
It is straightforward to calculate that

L(s+1/2,A,) if A, is unramified,

88 A @D TV d%t =
(88) ./ Out)ler] 0 if A, is ramified.

L*Noy,

We see from Lemma 5.3.1 and Lemma 5.3.2 that Z(s, B, ®, i) converges for
real part of s large enough to an element of C(¢~*), for any B € B(w, A, B) and
® € S(V). Let I g(m, u) be the C-vector subspace of C(q~*) spanned by all
¢(s, B, i) as B runs through B(w, A, B).

Proposition 5.3.3. Let w be an irreducible, admissible representation of GSp(4, F)
admitting a (A, B)-Bessel model with B as in (4). Then I g(m, 1) is a nonzero
Clg~7*, q°] module containing C, and there exists R(X) € C[X] such that

R(g™)Iap(m, 1) CClg™", q°],
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so that I g(m, w) is a fractional ideal of the principal ideal domain Clq~*, q°]
whose quotient field is C(q™*). The fractional ideal I g(7, j1) admits a generator
of the form 1/Q(q™*) with Q(0) =1, where Q(X) € C[X].

Proof. The proof is similar to that of Proposition 5.1.1. It follows easily from (79)
that /5 g(m, ) is a Clg*, g*]-module. It follows from Proposition 5.1.1 and
Lemma 5.3.1 that /5 g(r, u) contains C. Ul

Using the notation of this proposition, we set

(89) LS (s, m, ) :=1/Q(q ™).

This is the Piatetski-Shapiro L-factor, as defined in [Piatetski-Shapiro 1997]. Our
notation indicates that these factors may depend on A (and 8, which we suppress
from the notation).

We now distinguish two cases. In the first, assume

Z(s, B, ®, un)
LFS (s, 7, )

reg

(90) is entire for all B € B(xr, A, ) and ® € S(V).
Being entire is equivalent to lying in C[g*, ¢ —*]. Hence, in this case the fractional
ideal generated by all Z(s, B, ®, ) is generated by LFS (s, 7, ), and we have

reg

1) L (s, 7, ) = L (s, 7, ).

reg

In particular, the Piatetski-Shapiro L-factor does not depend on A in this case.
For the second case, assume
Z(s, B, @, n)

LES (s, 7w, )

(92) has a pole for some B € B(rr, A, ) and ® € S(V).
Such poles are called exceptional poles. By (84), exceptional poles are precisely
the poles of

{(S, B,uv IL)
LES (s, 7w, 1)

reg

(93) L(s+1/2,A,),

as B runs through B(w, A, 8). Since the fraction in (93) is entire, exceptional poles
are found among the poles of L(s +1/2, A,). If we write

1
(I—y1g7)(1 = y2q7%)’
where one of the complex numbers y;, y» may be zero, then
-
Pg— 17y
where P € C[X]is either 1 —y; X or (1 — 1 X)(1 — »» X).

(94) L(s. Ay,) =

(95) LPS(s, 7, 1) = LES (s, 7, )

reg
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Remark. Our definition of exceptional pole is slightly more general than the one
given in [Piatetski-Shapiro 1997]. Therein, a complex number s is called an
exceptional pole if s¢ is a pole of LFS(s, 7z, 1) but not of Lf’esg (s, 7, ). It follows
easily that an exceptional pole according to Piatetski-Shapiro is also an exceptional
pole according to our definition. However, the two notions may not coincide if there
is overlap between the poles of Lfesg(s, 7, ) and the poles of L(s +1/2, A,).
The regular poles are the poles of Lfesg(s, m, u). According to our definition,
an exceptional pole can also be regular, while in [Piatetski-Shapiro 1997] the two
notions are exclusive. Our definition is designed in such a way that LPS (s, 7, ) #

Lfgg(s, 7, i) precisely if there exist exceptional poles.

5.4. Double coset decompositions. We first prove the following double coset de-
composition for GL(2, F). Let 8 be as in (4), and let T be the group of all
2

x+yb/2  yc 2_ 2(b
(96) [ o x_yb/2i|eGL(2,F), x? = (5 —ac) £0.

Recall that we are in the split case if and only if 5> — 4ac € F*%. We can and will
make the assumption that

97) a,c#0.
In the split case, let 1, r, € F* be the two roots of the equation
(98) ar’4+br+c=0.

Let B; be the subgroup of GL(2, F) consisting of all elements of the form [] :],

and let B; be the subgroup consisting of all elements of the form [i *]

Lemma 5.4.1. (i) In the nonsplit case, GL(2, F) =T B =T B;.
(1) In the split case,

99) GLQ2,F)=TB; U TglsBl L TgQSBl

1 r 1
=TB, UTg By UTgyBy, whereg; = [ rll] 5= [_1 }

The set T By (resp. T By) is open and dense in GL(2, F), and consists of all
[“' “2] € GL(2, F) with aal2 + bajaz + ca% # 0 (resp. aa% +baras + Caf #0).

as as

Fori =1 or?2, the set Tg;s By (resp. Tg; By) consists of all [a1 az] eGL(2, F)

as aq
with a; = asr; (resp. ay = aqr;).

Proof. Calculations show that if aa% + bayaz + ca% # 0, then the equation

x+yb/2  yc Iz |a a2
—ya x—yb/2 d| |az a4
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can be solved for x, y, z, d. Assume that aa]Z + bajaz + ca% =0. Then a; = azr;
for i =1 or i = 2. Calculations show that the equation

X+ yb/2 yc g lz| (a1 a

—ya x—yb/2 & d|  |az as
can be solved for x, y, z, d. This proves the statements for By, and the proof for B,
is similar. O

Let P be the (F-points of the) Siegel parabolic subgroup of GSp(4, F); see (2).
Let G be the group defined in (56). We assume that 8 = [* ] with ac # 0, and
embed G into GSp(4, F) such that (59) to (62) hold. More generally, if

_ [ B
g_[)f 5]6(;’

then a calculation shows that, as an element of GSp(4, F),

o cop 2B —2ap;
—ac; o —2af, —%p

W sn 8 —ad

5V —aan 8

(100) g§=

Here, @ = o] 4+ A etc., with A as defined after (7). The following result is a more
precise version of a remark made in the proof of Theorem 4.3 of [Piatetski-Shapiro
1997].

Lemma 5.4.2. Assume the above notations and hypotheses. Let

(101) Sy = !
-1
1
Then
(102) GSp4, F)=GPuGs,P.

The double coset Gs, P is open and dense in GSp(4, F), and

1 _[ra _
(103) 5 Gssz_{[ det(A),A_l].AeGLQ,F)}.

We have Gs, P = GsyHN, where H and N are defined in (3) and (2), respectively.
Furthermore,

GB>,N in the nonsplit case,

(104) GP = ] )
GByN U Gg1ByN U GgyByN in the split case,
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where

(105)  By=1|"" cxeF,yeF*}, g= ,
y —x 1

1 —r; 1
with ry, ry € F* being the two roots of the equation ar*> + ¢ = 0.

Proof. Using the description (100) of the elements of G, it is easy to verify (103). As
a consequence, Gsp P = Gsy HN. Equation (104) follows from (99); the disjointness
in the split case is easy to verify.

By the Bruhat decomposition,

1 * 1 1 * ok
(106) GSp(4, F)=Pu| | | [PU * 1 | *|sisopul| ! T * 525152 P.
k
1 1 1
Calculations show that
1
1 X
107) Gs:Pn| | ’: “sasis0P = 1:|s2s1s2p . peP, tr(ﬁX);éO},
| |
1
* 1 % x 1 Z 2
(108) Gs,PN 5152 P = s1$2p : pE P, x*# —ajc
1 % 1 —x
1 i 1
1 x 1«
1 1
(109) GSzPﬂ 1 S2P= 1 S2P,
1 i 1
(110) GHPNP=g,
and
1 * ok
1 X
(111) GPN ! T * 28152 P = {[ 1:|szs152p :peEP, tr(ﬁX):O},

1
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1 1
(112) GpPn * * s15o P = * ¢ sisp:peP, x?=—ajcy,
1 * 1 —x
1 1
1 *
(113) GPN ! { P =9,
1
(114) GPNP=P.

It follows that GSp(4, F) = GP LU Gs, P. Since the big Bruhat cell is dense in
GSp(4, F), (107) implies that Gs, P is also dense in GSp(4, F). Since GP =
KSBGP = KCP is the product of a compact and a closed set, it is closed in
GSp4, F). O

In the proof of the following lemma we will make use of the fact that a continuous
bijection X — Y between p-adic spaces is a homeomorphism. This is because we
can cover X with open-compact subsets, and a continuous bijection from a compact
topological space to a Hausdorff space is a homeomorphism.

For a locally compact, totally disconnected space X, we denote by S(X) the
space of locally constant functions X — C with compact support. If X is a group,
h € X and ¢ € S(X), we denote by R;,¢ the element of S(X) given by x — ¢ (xh),
and by Lj¢ the element of S(X) given by x — d(h~'x).

Let U be the unipotent radical of the Borel subgroup of GSp(4, F)). Then U
consists of all matrices of the form

* 1 %

—_ % % %

in GSp(4, F). For ¢y, c2 € F, we define a character v, ., of U by

1 A
1
(115) Voo | |70 ] 1 || = vextan.

1

The statement of the following result was mentioned in the proof of Theorem 4.3
of [Piatetski-Shapiro 1997].

Lemma 5.4.3. Let D : S(GSp(4, F)) — C be a distribution on GSp(4, F) with the
following properties:
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o There exist ¢y, ¢y € F* such that

(116) D(Ry$) = Ve, ,(w)D(¢p) forallueU
and all ¢ € S(GSp(4, F)).
« There exists a character B of G such that

(117) D(Ly¢) = B(W)D($) forallh e G
and all ¢ € S(GSp(4, F)).

Then D = 0.

Proof. Since GSp(4, F) = GP UGs, P, it suffices to show that a distribution on
S(Gs, P) with the properties (116) and (117) is zero, and a distribution on S(G P)
with those properties is also zero.

(1) First we prove that a distribution D on Gs, P with the properties (116) and (117)
must be zero. For x € F*, let h, = diag(x, x, 1, 1). By Lemma 5.4.2, Gs; P =
GspHN. In fact, every element of Gs, P can be written in the form gs,h,n with
g € G and uniquely determined x € F* and n € N. Hence Gs, P is homeomorphic
to G x H x N. We consider the continuous map

p: Gs;P — F*  defined by gsohyn+—> x.

The set Gs, P is invariant under the left action of G and the right action of U. It
is easy to see that every fiber p~!(x) is G x U-invariant. By Corollary 2.1 of
[Aizenbud et al. 2010], Bernstein’s localization principle, it is sufficient to prove
that any distribution D on S(p~!(x)) with the properties (116) and (117) vanishes,
forall x € F*.

We apply Proposition 4.3.2 of [Bump 1997] with

G x N Z Gs:h N = p~ ' (x).
It shows that there exists a constant ¢; € C such that

D(@) =1 / / B(&) ¥\ (n) § (gs2hym) dn dg
N

G
for all ¢ € S(p~!(x)). We may choose some z € F such that
1

Veeyu) #1  foru, =
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By (62),

n, = szuzsgl = € No C G,

so that D(L,-1¢) = ,B(nz_l)D(qﬁ) = D(¢) by (117). On the other hand, the
substitution g > nz_1 gn, shows that

D(an_|¢)=c1//¢(nzgs2hxn),3(g)wc_1}02(n)dndg
N

G

— e f / B (gnzsahum) BV, () dn dg

G N

=y / / D (gsau;hyn)B(Q)V,, |, (n) dndg
G N

— ey / f (gsahnu) BV (n) dndg
G N

Vo) / / (gsah,m)B()V L, (n) dn dg.
G N

In the last step we used (116). Hence D(¢) = V¥, .., (u;) D(¢), which implies D =0
on S(p~1(x)).

(2) Next, using the decomposition (104), we prove that a distribution D on G P
with the properties (116) and (117) must be zero.

(2.1) We will first show that a distribution D on G B, N with the properties (116)
and (117) must be zero. We define the groups

1 1

(118) Hy:= ke =| o |rreFrp U= * 1 1: NGSp(4, F).
1 1

Then, with Ny as in (63),

(119) GByN = GUH, = GNyUH, = GU H, = GH, Uj.

In fact, it is not difficult to see that any element of G P can be written in the form
gkyxu with uniquely determined ¢ € G, x € F* and u € U;. Hence GB,N is
homeomorphic to G x H; x U;. We consider the continuous map

p: GBoN — F* defined by gkyu —> x.
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The set G B, N is invariant under the left action of G and the right action of U. It is
easy to see that every fiber p~!(x) is G x U-invariant. By Bernstein’s localization
principle, it is enough to show that a distribution D on p~!(x) with the properties
(116) and (117) vanishes.
We apply Proposition 4.3.2 of [Bump 1997] to
G x U; = Gk Uy = p~ 1 (x).
It shows that there exists a constant ¢, € C such that

1
X

(120) D(¢)=c2/fﬂ(g>wq}cz<ul>¢ T

G U 1

for any ¢ € S(p~'(x)). Let t € F* be such that ¥ (c2tx) # 1,

1 2t 1 2tx

_ -1
(121) n:.= : 2act eNoCG and u:= :

Hence,

Yeyoo@) =Y (c22tx) # 1.

Much as above, we calculate

D(L,-19)

=c2/fﬂ<g> Vo () d(gnkeur) duy dg

GU;
1 2tx

1 —2acVtx!

—o / / B@ VL wnd | gk ur | duydg

GU,
1 2tx
:Q// BV iy |gke| |

GFF 1 1

[, P |
2ac™'tx y 1 Z dydzdg

1 —2txy 1 1 2tx
_ 1 —2tx I z 1
—af [ [p@v @ s N | [ avazas

GFF
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1 2txy 1 1 2tx
1 2tx _ 1 z 1
=62//f5 g Y v e1y) ¢ | gks Y dydzdg
1 1 —y 1
GFF l l 1
1 2tx
1
=chfﬂ(g)w*1<c1y>¢ ghan| 1| | duidg
GU; ;
=D(R,¢).

Hence, by (116) and (117),

D(¢) = D(L,~1¢) = D(Ru¢)
= Y (c22tx) D(9).
It follows that D(¢) = 0.

(2.2) Now assume we are in the split case. Let i € {1,2}. We will show that
a distribution D on Gg; BN with the properties (116) and (117) must be zero.
Calculations in coordinates verify that

y—1

(122) g 'GginBy=1| Ly |y eF”

It follows that

(123) GgiBoN = GgiHINUGgg N, where g =| i s

and Hj is as in (118). We will proceed to show that a distribution D on Gg; B, N
with the properties (117) and

N

(124) D(R,¢) =Y (cax)D(¢) forallu = EN

—
—_— e =

must be zero.
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(2.2.1) We will first show that a distribution D on Gg; H| N with the properties
(117) and (124) vanishes. We have

1 —2riu u
(125) g 'GgiNHIN = : ’i‘ “liuveF
1
Hence
1 *
(126) GgiH|N = GgiH U, where U; = !

1

In fact, every element of Gg; H N can be written in the form gg;k,u with uniquely
determined x € F* and u € U,. We consider the continuous map

p: GgiHIN — F* defined by ggik.u —> x.
y

It is easy to see that every fiber p~!(x) is G x N-invariant. By Bernstein’s local-

ization principle, it is enough to show that a distribution D on p~'(x) with the

properties (117) and (124) vanishes. We apply Proposition 4.3.2 of [Bump 1997] to
G x Uy = Ggik, Uy = p~ ' (x).

It shows that there exists a constant ¢3 € C such that
a  p@=a [ [p@i o fek] ||| dzag
G F

for all ¢ € S(p~!(x)). Now, for any y € F,

I z 1 y]
p@)=a [ [p@v@as|ean| || ]| |dede
G F 1 1

1y 1 z ]
—cs / / v o |sa| 1 k| 1| | dzds
G F 1 1
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1 2ryy 1 2ry 1 z
=C3//ﬁ(g)1//_](62Z)¢> 88i f o'ei| P Y I N AL
ar 1 1 1
1 2y 1 2
=C3/fﬁ(g)¢l(czz)¢ 88i ! | ky 11 dzdg
G F 1 1
1 z4+2rxy |
o [p@v i @aofeek] T dzdg
G F 1_
1 z

1
=Y (c22rixy)cs / / BV (22)¢ | ggiks dzdg
G F

=Y (c22rixy) D(e).
It follows that D(¢) = 0.

(2.2.2) Finally, we will show that a distribution D on Gg;g; N with the properties
(117) and (124) vanishes. We have

1 u
(128) @@ 'GaanN=1| ' V|liwver
1
Hence
1 *
(129) GaigiN =GgigiUs, where Us=| 1‘
1
We apply Proposition 4.3.2 of [Bump 1997] to
G x Uz =GgigiUs.
It shows that there exists a constant ¢4 € C such that
1 z

w0 p@=a | [p@olen| 1T || duds
F

G
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for any ¢ € S(Gg;g;N). Then, for any x € F,

1 z||1 X
- 1 1
vewp@ =a [ [swo|san| | | azas
GF i 1] 1
_1 X 7 _1 Z
~ 1 ~ N =1 ~ 1 Z
=cs4 | | B(®)P| 88i&i | (8i&) &i&i X dzdg
G F ] 1] ] |
1 F4
- 1z
=C4//ﬁ(g)¢ 88i&i ) dzdg
G F |
= D(¢).
It follows that D(¢) = 0. This concludes the proof. O

5.5. Some cases with no exceptional poles. The following is Theorem 4.2 of
[Piatetski-Shapiro 1997], with a slightly modified proof to accommodate our more
general notion of exceptional pole.

Theorem 5.5.1. Let i be a character of F*. Let (7w, V) be an irreducible, admissi-
ble representation of GSp(4, F) admitting a (A, B)-Bessel model. Assume that sg
is an exceptional pole for the datum v, A, B, u, as defined in the previous section.
Then there exists a nonzero functional £ : V — C with the property

(131)  £(m(g)v) = u~ ' (det(g))|det(g)| ™ "/? ¢(v) forallve VandgeG.
Proof. By definition, the function

Z(s,B,®, ) Z(s, B, @, )
L¥S(s,m,p)  LES (s, m, w)L(s +1/2, Ay)

(132)

lies in C[g*, ¢ —*], for any choice of B € B(x, A, f) and ® € S(V). In particular,
we may evaluate at so. We note that

Z(s, B, ®, )

(133)
LB (s, 7, )

=0 if eSy(V).

S=50

This follows from Lemma 5.3.1(i), and the fact that s is a pole of L(s +1/2, A,,).
We now define
Z(s, B, &y, )

(134) {(B) = ,
LBS(s, 7, 1) s,
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where, as before, @ is the characteristic function of o7 ®oy. Since Z(s, B, ®, u) =
LF\S (s, , n) for some choice of B and ®, (133) implies that £ is a nonzero func-
tional. It follows from (79) that
(135) Z(s,7(g)B,g.P, 1)

= Z(s, B, ®, )~ (det(g))|det(g)|*~"/* forall g € G,
where (g.9)(x, y) = ®((x, y)g). Consequently,

Z(s,m(g)B, g.®1, 1)

(136)
LIID\S(S, T, [) s=s0
Z(s, B, ®1, 1) - —so—
=S5 p(det(g))] det(g)| 7072,
LA (SJT»M) §=50

Since g.® — @ € Sy(V), property (133) allows us to replace g.d on the left-hand
side by ®. It follows that ¢ has the asserted property (131). U

Let ¢y, ¢ € F*. Recall from (115) the definition of the character v, ., of U.
An irreducible, admissible representation (7, V) of GSp(4, F) is called generic if
it admits a nonzero functional L : V — C satisfying

(137) L(mww)v) =V .c,w)L(v) forallveV,uel.

Such an L is called a ¥, .,-Whittaker functional.
The proof of (ii) of the following result has been sketched in Theorem 4.3 of
[Piatetski-Shapiro 1997]; here, we provide the details.

Corollary 5.5.2. There are no exceptional poles for w, A, B, u if one of the follow-
ing conditions is satisfied.

(i) The character A, = A - (o Ny r) is ramified.

(1) m is generic.
Lfesg(s, m, i), and in particular the
Piatetski-Shapiro L-factor is independent of the choice of Bessel model for .

Hence, in these cases we have Lis (s,m, )=

Proof. (1) This is immediate from Lemma 5.3.2(i).

(ii) Let (7, V) be an irreducible, admissible, generic representation of GSp(4, F).
Let (rV, VV) be the contragredient representation. Then 7" is also generic. Let L
be a V¥, .,-Whittaker functional on V.

Assume that 7 admits an exceptional pole; we will obtain a contradiction. By
Theorem 5.5.1, there exists a character 8 of G and a functional £ : V — C such
that

(138) L (g)v) = B(gv
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forall v e V and g € G. We define a linear map

(139) A: S(GSp(4, F)) — VvV

by

(140) A(P)(v) = / P (g)l(m(g)v)dg,
GSp(4,F)

where ¢ € S(GSp(4, F)), v € V, and ¢ is a functional as in (131). Since ¢ is
nonzero, it is easy to see that A is nonzero. One readily verifies that

(141) A(Ryp) =¥ () A(¢) for all h € GSp(4, F).

In particular, the image of A is an invariant subspace of V. Consequently, A is
surjective. This allows us to define a nonzero distribution D : S(GSp(4, F)) — C by

(142) D(¢) = L(A(¢)), ¢ € S(GSp4, F)).
Since L is a v, .,-Whittaker functional on V", it follows from (141) that
(143) D(Ru$) = Ve, o, (W) D(¢p) forallu e U.

For h € G, we have

A(Ly$)(v) = / o (h™ )t (g)v) dg
GSp(4,F)

= / ¢ (g)l(m(hg)v)dg
GSp(4,F)

— B / $(2)0(t(9)v) dg

GSp(4,F)

by (138). Hence A(L,¢) = B(h)A(¢), and thus
(144) D(Lyp) =B(h)D(¢p) forallh e G.
By Lemma 5.4.3, properties (143) and (144) imply that D = 0, a contradiction. [J
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