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A generalized Fock-Bargmann-Hartogs domain D,"?(u) is defined as a
domain fibered over C" with the fiber over z € C" being a generalized com-
plex ellipsoid X, (m, p). In general, a generalized Fock-Bargmann-Hartogs
domain is an unbounded nonhyperbolic domain without smooth boundary.
The main contribution of this paper is as follows. By using the explicit
formula of Bergman kernels of the generalized Fock-Bargmann-Hartogs
domains, we obtain the rigidity results of proper holomorphic mappings be-
tween two equidimensional generalized Fock-Bargmann-Hartogs domains.
We therefore exhibit an example of unbounded weakly pseudoconvex do-
mains on which the rigidity results of proper holomorphic mappings can be
built.

1. Introduction

A holomorphic map F : Q) — €2, between two domains 2, 2, in C" is said to be
proper if F~!(K) is compact in 2| for every compact subset K C 2. In particular,
an automorphism F : 2 — €2 of a domain 2 in C" is a proper holomorphic mapping
of Q into 2. There are many works about proper holomorphic mappings between
various bounded domains with some requirements of the boundary, e.g., [Bedford
and Bell 1982; Diederich and Forna@ss 1982; Dini and Selvaggi Primicerio 1997; Tu
and Wang 2015]. However, very little seems to be known about proper holomorphic
mapping between the unbounded weakly pseudoconvex domains. There are also
some works about automorphism groups of hyperbolic domains, e.g., [Isaev 2007;
Isaev and Krantz 2001; Kim and Verdiani 2004]. In this paper, we mainly focus
our attention on some unbounded nonhyperbolic weakly pseudoconvex domains.
The Fock-Bargmann—Hartogs domain D, ,, (w) is defined by

2
Dy () = {(z, w) e C" x C" : |w||*> < e M=l } for u > 0,
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where || - || is the standard Hermitian norm. The Fock—Bargmann—Hartogs domains
D, () are strongly pseudoconvex domains in C"*" with smooth real-analytic
boundary. We note that each D, , (1) contains {(z, 0) € C" x C"} = C". Thus
each Dy, ,, (1) is not hyperbolic in the sense of Kobayashi and D,, ,, (1) can not be
biholomorphic to any bounded domain in C"*™. Therefore, each Fock-Bargmann—
Hartogs domain D, , () is an unbounded nonhyperbolic domain in C"*™.

Yamamori [2013] gave an explicit formula for the Bergman kernels of the Fock—
Bargmann—Hartogs domains in terms of the polylogarithm functions. By checking
that the Bergman kernel ensures the revised Cartan’s theorem, Kim, Ninh and
Yamamori [Kim et al. 2014] determined the automorphism group of the Fock—
Bargmann—Hartogs domains as follows.

Theorem 1.1 [Kim et al. 2014]. The automorphism group Aut(D,, ,, (1)) is exactly
the group generated by all automorphisms of Dy, ,, (1) as follows:

v (z,w) = (Uz, w), U elU(n),
pu: (2, w) = (2, U'w), U' €U(m),
0u: (Z,w) > (z+, e—u<z,v>—(u/2)llv||2w)’ veC,

where U(k) is the unitary group of degree k and (-, - ) is the standard Hermitian
inner product on C".

Recently, [Tu and Wang 2014] has established the rigidity of the proper holomor-
phic mappings between two equidimensional Fock—-Bargmann—Hartogs domains.

Theorem 1.2 [Tu and Wang 2014]. If D, ,,(t) and Dy .y (') are two equidimen-
sional Fock—Bargmann—Hartogs domains withm >?2 and f is a proper holomorphic
mapping of Dy, (10) into Dy (W), then f is a biholomorphism between D, ,, (1)
and Dy (u').

A generalized complex ellipsoid (also called generalized pseudoellipsoid) is a
domain of the form

Y(n; p) = {(;1,.“’9) c M x...x(]:l’lr:Z”g-kHZPk < 1}’
k=1

where n = (ny,...,n,) e N and p = (p1,..., pr) € (Ry)". In the special case
where all the p; = 1, the generalized complex ellipsoid X (r; p) reduces to the unit
ball in C"'F " Also, it is known that a generalized complex ellipsoid X (n; p)
is homogeneous if and only if p =1 for all 1 <k <r [Kodama 2014]. In general,
a generalized complex ellipsoid is not strongly pseudoconvex and its boundary is
not smooth. The automorphism group Aut(X(n; p)) of X (n; p) has been studied
by Dini and Selvaggi Primicerio [1997], Kodama [2014] and Kodama, Krantz and
Ma [Kodama et al. 1992].
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Kodama [2014] obtained the result as follows.

Theorem 1.3 [Kodama 2014]. (i) If 1 does not appear in p;, ..., pr, then any
automorphism ¢ € Aut(X(n; p)) is of the form

(1'1) §0(§1, ) Cr) = ()/1 (é-a(l))a ceey Vr(ga(r))),

where o € S, is a permutation of the r numbers {1, ..., r} such that ns;y = n;,
Doy =Di for1 <i <randy, ..., Yy, areunitary transformations of C"', ..., C",
respectively.

@i1) If 1 appears in py, ..., pr, we can assume, without loss of generality, that
pi=1,p#1,..., pr #1. Then Aut(X(n; p)) is generated by elements of the
form (1-1) and automorphisms of the form

(1) @a(C1, 0v vy &) = (Tu 1)y (Wa(C)2P2, L G (Wal€1)) V2P),

where T, is an automorphism of the ball B"' in C" which sends a point a € B™ to
the origin and

1—lal®
(1= (¢, an*

In this paper, we define the generalized Fock—Bargmann—Hartogs domains
DyP () as

%(é“l) =

0

DpP(u) = {(z, W)y« - W) ECO X CM x - x CM

Ja

. _ 2
E lwjlI?Pi < eIl } (u>0),
j=1

where p=(p1...., p) e R\ n=(n1, ..., np)andwjy=(wj1, ..., wjn,) €CY,
in which n; is a positive integer for 1 < j < £. Here and henceforth, with no loss
of generality, we always assume that p; #1 (2 <i < ¥) for D,','(;p ().

Obviously, each generalized Fock-Bargmann—Hartogs domain D;;;” (11) is an
unbounded nonhyperbolic domain. In general, a generalized Fock—Bargmann—
Hartogs domain is not a strongly pseudoconvex domain and its boundary is not
smooth.

In this paper, we prove the following results.

Theorem 1.4. Suppose D,':(;p (n) and D;nn(;q(v) are two equidimensional generalized
Fock—Bargmann—Hartogs domains. Let

[DyP(w) — Dyed (v)

be a biholomorphic mapping. Then there exists ¢ € Aut(Dz(’)q (v)) such that
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A
I'

(1-3) do f(z,w) = (2, W), ---» Wo(e)) I ,

Iy

where o € Sy is a permutation such that nsjy =mj, psj) =¢q; (1 < j < 40),

VV/ A eUn) (n:=nyg=mg),and I'; elU(m;) (1 <i <0).

Corollary 1.5. Let f : Dp)P(n) — Dnf(w) be a biholomorphic mapping with
f(0)=0. Then we have
A
Iy

fz,w) = (2, Wey - W) I ;
Iy
where o € Sy is a permutation such that nsjy = nj, psjy = pj (1 < j < ¢),
AelU(ny) and Ty elUU(n;) (1 <i <¥).
As a consequence, it is easy for us to prove the following results.

Theorem 1.6. The automorphism group Aut(D,','(;IJ (w)) is generated by the follow-
ing mappings:

(pAZ(Z, W(l)s -+ w(g)) (ad (ZA, W)+« w(g));
©p:(z, Wy, ..., W) = (2, (W), -+ WoE))D),
_ _ 2 _ _ 2
Qa:(z, w) > (Z+a, wy (e 2u<z,a>—pllal )1/2111’ L we (e 2u(z,a)—pllal )1/217@)’

where a € C", A e U(ny), o € Sy is a permutation such that ne(jy =n;, ps(jy = p;

(1<j<4¥),and
Iy

Iy
inwhichT; eUU(n;) (1 <i <¥0).
Now, for p and ¢, we introduce the notation
{1, p1=1, {1, g1 =1
€ = 5=
0’ pl # 17 0’ ql # 1

Theorem 1.7. Suppose D,'f(;p (n) and D,':,'(;q (v) are two equidimensional generalized
Fock—Bargmann—Hartogs domains with min{nyc,ny, ..., ng,ny+---+ng} >2
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and min{m 45, mo, ---,mg,my + ---+mg} > 2. Then any proper holomorphic
mapping between Dy’ (1) and D! (v) must be a biholomorphism.

Remark 1.1. The conditions min{n;¢, ny, ..., ne} > 2 cannot be removed. For
example, n; =1 (i.e, w) € C), p1 # 1, and

F(z,w): (z, Wy, -+ > w(g)) — (z, w(zl), W2y, - w(g)).

Then F is a proper holomorphic mapping between D,;;” (1) and Dy ? (1), where
q=(p1/2, pa2, ..., pe). F is not a biholomorphism.

Corollary 1.8. Suppose Dy)” () is a generalized Fock—Bargmann—Hartogs do-
main with
min{n|qe, Ny, ..., 0,01 +---+ng} > 2.

Then any proper holomorphic self-mapping of Dy.F (1) must be an automorphism.

Remark 1.2. The conditions n; + - - - +ny > 2 cannot be removed. For instance,
with no loss of generality, we can assume n; = 1 and n; =0 (2 <i < £). Then

F: (Z, W(l)) — (\/EZ, w(zl))

is a proper holomorphic self-mapping of DZ;," () which is not an automorphism.

The paper is organized as follows. In Section 2, using the explicit formula for the
Bergman kernels of the generalized Fock—Bargmann—Hartogs domains, we prove
that a proper holomorphic mapping between two equidimensional generalized Fock—
Bargmann—Hartogs domains extends holomorphically to their closures, and check
that Cartan’s theorem holds also for the generalized Fock—Bargmann—Hartogs
domains. In Section 3, we exploit the boundary structure of generalized Fock—
Bargmann—Hartogs domains to prove our results in this paper.

2. Preliminaries

The Bergman kernel of the domain DZ(;I’ (n). For a domain  in C", let A%()
be the Hilbert space of square integrable holomorphic functions on €2 with the inner
product

(f.8)= fQ f@g@dV(z) (f. ge€0(Q)),

where dV is the Euclidean volume form. The Bergman kernel K (z, w) of A%(2)
is defined as the reproducing kernel of the Hilbert space A%(2), that is, for all
f € A*(Q2) we have

f(Z)=/Qf(w)K(Z, w)dV(w) (z € Q).
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For a positive continuous function p on €2, let A>(2, p) be the weighted Hilbert
space of square integrable holomorphic functions with respect to the weight function
p with the inner product

(frg) = fg F@IDPDAVE) (g€ OQ@).

Similarly, the weighted Bergman kernel K 42(q ,) of A%(Q, p) is defined as the
reproducing kernel of the Hilbert space A%($2, p). For a positive integer m, define
the Hartogs domain €2,, , over €2 by

Q. p =1z, w) € 2xC™: |w|? < p()}.

Ligocka [1985; 1989] showed that the Bergman kernel of €2,, , can be expressed
as infinite sum in terms of the weighted Bergman kernel of AXQ, pH (k=1,2,...)
as follows.

Theorem 2.1 [Ligocka 1989]. Let K,, be the Bergman kernel of Q. , and let
K 2, pry be the weighted Bergman kernel of A2, pF) (k=1,2,...). Then

m! & (m+1); k
Kin((z, w), (1,9) = = ; 5 Kaxg prrm) (2, D{w, 5)7,

k!

where (a)y denotes the Pochhammer symbol (a)y =a(a+1)---(a+k —1).

The Fock-Bargmann space is the weighted Hilbert space A2(C", e=#IZI") on
C" with the Gaussian weight function e~ Mzl (u > 0). The reproducing kernel of
A%(C", e"‘”z”z), called the Fock—Bargmann kernel, is ezt /m"; see [Bargmann
1967]. Thus, the Fock—-Bargmann—Hartogs domain

Dy = {(z, w)eC"x C": |w|? < e‘““zuz} (u>0)

and the Fock—Bargmann space A%(C", e~#l2 ||2) are closely related. Using the above
Theorem 2.1 and the expression of the Fock—Bargmann kernel, Yamamori [2013]
gave the Bergman kernel of the Fock—Bargmann—Hartogs domain D,, ,, as follows.

Theorem 2.2 [Yamamori 2013]. The Bergman kernel of the Fock—Bargmann—
Hartogs domain Dy, ,, is given by

mp" o (m+ D (k+m)" e L
Kb, , (2 w), (6, 9) = —= ; - e (w, s)¥,

where (a)y denotes the Pochhammer symbol (a)y =a(a+1)---(a+k —1).

Following the idea of Theorem 2.1, we compute the Bergman kernel for the
generalized Fock-Bargmann—Hartogs domain Djy;” (). In order to compute the
Bergman kernel, we first introduce some notation.
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Let
o= (O{(l), ey Ol(g)) S (R+)nl X -+ X (R_,_)W,
where a(;) = (@1, ..., diy,) € (Rp)" for 1 <i <. For a € (R})", we define

n
[1T ()
=1

Bla) = ———;
I'(Jel)

see [D’Angelo 1994]. Here I is the usual Euler Gamma function.

Lemma 2.3 [D’Angelo 1994, Lemma 1]. Suppose o« € (R4.)". Then we have

/ P2t gy ry = P

2|’
i
/ w* ' do (w) = —'B(ill),
st 2"

where dV is the Euclidean n-dimensional volume form, do is the Euclidean (n — 1)-
dimensional volume form, and the subscript “+” denotes that all the variables are
positive, that is, B = B" N (Ry)" and S:’__l = 5""'N(R})", in which B" is the
unit ball in R" and S"~" is the unit sphere in R".

Theorem 2.4. Suppose a = (a(yy, ..., @) € (R)" x -+ x (Rp)", with each
agy = (1, ..., dip) € (RY" (1 <i < ). Then we have the formula

2-1 / w*w® dV (w)
jillwey 177 <t

L n; l
[T [T (e + 1)1:[1F((|05(i)| +ni)/ pi)

i=1j=1 i
4

— (n)n1+--~+nz

¢
Di
i=1 i

1

4
P ey +n0T (3 (el +n0)/pi) +1)
1 i=1
X th:1(|“(i)|+ﬂi)/P1.

Proof. For the integral
(2-2) / w*w® dV (w),
Yo lwo 177 <t

by applying the polar coordinates w = se'’ (namely, w;; = s;;¢'%, 1 < j <n;,
1 <i<{ s=(s1),...,50¢))), we have

_ ni+--+n 2a+1
(2-2) = (2 )+t / S ST AV ),

Sj,'>0, lfifnj, 1<j=<¢
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Using the spherical coordinates in the variables 51y, 5¢2), . . ., Sy, we get

2a+1
/ Sl P <e v (s)

5ji>0,1<i<n;,1<j<t

2‘06(1)|+21’l]—1 2|O{(()‘+2n(—1
=l 2 P “ Py dprdps -+ - dpg
Yimi P <t
pi>0,1<i<¢

2(1(])-‘1-1 20[([)-‘1-1
X /Snll “‘/;”él W) C Wy do(wy) - - -do(wy).
+ +

Let p;? =r;, 1 <i < £. Then we have dp; = ,ol.l_p“/p,- dr; = ri(l/p[)_l/pi dr;.
Therefore, Lemma 2.3 and the above formulas yield

I Blam+D)  Blaw+D)
Y4 2]1171 2ne71

H Di
i=1

« r(2|01(1)|+2n1)/171*1 L r(2\(¥<e)|+2nz)/l’z*1 dry---dr
iyt ! ¢ '

ri>0,1<i<t
— ¢ =12 )
Letr = (r1,r2,...,rp) € (Ry)" and k := ¢ r. Then dr = t*/~dk. After a

straightforward computation, we obtain that

L B+ B@w+D st gagtn/p
2n1—1 2ng—1

(2_2) — (27.[)111+~~-+nz

(2_2) — (Zn)n1+---+né

Pi

[fe=b

« / k§2|a(1)|+2n1)/p1—1 . .kEZ\a«)IH"D/W—l dky - - - dky.
B

L
+

Applying Lemma 2.3 to the above formula, we get
/
(@3) @)= (OBl 1) - Bl + DD T
' [T pi
i=1

ni

V4 V4
[T TIT (e + D T1T (il +n:)/pi)
=1 j:] i=1

1 i
— ny+-tng
= () ¢ [ ¢
pi TIT ey +nT (X (il 1)/ pi +1)
i=1 =1 i=1
% ZZf:1(|01(i)|+”i)/Pi’
where o’ = ((layl +11)/p1s - - -, (| +10)/pe) € (RL)E O

Now we consider the Hilbert space AZ(D,'Z'(;I’ (w)) of square-integrable holomor-
phic functions on Dy;” ().
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2/ P
Lemma 2.5. Let f € A“(Dp," (). Then

f@w) =Y faw,

where the series is unifornély convergent on compact subsets of the domain Dy;P (11),
fu(2) € A2(CM, e *II%) for any o = (@), -5 oqey) € N o N™ with

. . Y4 . .
o) = (¢, ... ,Zaini) eN' (1<i<¥€andry=D),_(lawpl+ni)/pi, in which
A%(C", e="<lZI%y denotes the space of square-integrable holomorphic functions on
C" with respect to the measure e~ HraliZl? g Van.

Proof. Since D’ (1) is a complete Reinhardt domain, each holomorphic function
on Dy;P (1) is the sum of a locally uniformly convergent power series. Thus, for
f € A2(Dyi? (1)), we have

f@w)=Y" fal)w®,

where the series is uniformly convergent on compact subsets of Dp”(w). We
choose a sequence of compact subsets Dy (1 <k < 00)

Dy := {(Z, Wy, .- W) €CMO X CM x - x C':
4

3 w12 < e — %} NB(0, k),
j=1
where B(0, k) is the ball in C"*t"1+ ¢ of the radius k. Obviously, Dy @ Dy
and U,fi 1 D = D,'f(;p (w). Since Dy, is a circular domain,

fa@u® L fp@u? (@ # B)
in the Hilbert space A?(Dy). Hence we have

o
1 2 pn = D 1 fa@u 172, -
|ee|=0

Since f(z, w) € A2(Dy;P (1)), we have
2 2 2
”fa(Z)waan(Dk) = ”f”LZ(Dk) = ||f||L2(D":6P(M))~

Then f,(z)w® € A%(Dy;? (w)). Therefore,

/,, | fu (D) Pw¥0® dV < oo
pr

o ()

- |fa(Z)|2dV(Z)f w*w® dV (w) < oo.
¢

200 _ulzl?
c"o ,:1||w(j)|| Pj <e—nlzll
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By (2-1), it follows that

| fu (D)2 21 qv (2) < oo
c"o

Consequently, f,(z) € A*(C", e“”“”z”z), where A, = Zf:1(|oz(,-)| +n;)/pi. O

Lemma 2.5 implies that {f(z) w® : f(z) € A2(CM, e"“‘*”z”z)} forms a linearly
dense subset of A2(D};;?(1)). Now we can express the Bergman kernel of Dj;;? (11).

Theorem 2.6. The Bergman kernel of D;,l(’)p () can be expressed by the form

o0

agopto _
(2-4) Kproolz, w), (s.0] = Z Cu St —e aitlzs) o ge
|oe|=0
where oo = (ot(1y, ..., o) €N XN oy = (o1, ..., @) €N T <0 <K,

and
¢ ¢ ¢
[Tri TIT (ol +ni)F(Z(|Ot(i)| +n;)/pi + 1) ¢
i=1 =1 i=1 lagy| +n;
. ey el
-1 P

J4 n; 4
(7r)mittne l_[ l_[ F(o{ij +1) 1_[ I'((lag| +ni)/pi)
i=1j=1 i=1

Proof. Since D,':(;p (w) is a complete Reinhardt domain, it follows that

o0

Kpprol@ w), (.01 =) cpgp(z, 9)wil
181=0

where the sum is locally uniformly convergent, by the invariance of the Bergman
kernel K D () O Dp;? (i) under the unitary subgroup action

ev_w‘z],...,ev_w

(Zlv sy an—i—lnl) - ( ’10+‘”|Zn0+|n|) (9], ceny 9n0+|n| S R).

For any o = (Ol(l), cee O{(e)) e Nt x ... x N with oGy = (i1, ..., Olin,-) e N
(1<i<#),andany f(z) € A2(C™, e~ #II) for Ay = 'L (laiy| +1i)/ i we
have f(z)w® € A%(Dy,P(1)). Thus

F@u® =/,, K ol w). (5. D]V
Dpe? (1)

C 1 Nt IPP3 <emlisi?

= / £ cpgpz. ywh dv(s) f 7P v (1)
o s 3
=u” f(s)ga(z,s)[e*“”s”z]m'('““)'*”"’/""dV(s) (by (2-1)).
c"o

By [Bargmann 1967], we get that the Bergman kernel of AZ(C", e‘““”z”z) can
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be described by the form

(2-5) Ky(z, w) = iekaﬂ(zyw)'
"o
Thus we obtain 0 1410
ga(z, S) =2 ekaﬂ(z u

This completes the proof. ([

The transformation rule for Bergman kernels under proper holomorphic mapping
(e.g., Theorem 1 in [Bell 1982]) is also valid for unbounded domains (e.g., see
Corollary 1 in [Trybuta 2013]). Note that the coordinate functions play a key role in
the approach of [Bell 1982] to extend proper holomorphic mapping, but, in general,
are no longer square integrable on unbounded domains. In order to overcome this
difficulty, by combining the transformation rule for Bergman kernels under proper
holomorphic mapping in [Bell 1982] and our explicit form (2-4) of the Bergman
kernel function for Dy;? (1), we prove that a proper holomorphic mapping be-
tween two equidimensional generalized Fock—Bargmann—Hartogs domains extends
holomorphically to their closures as follows.

Lemma 2.7. Suppose that f : Dy.¥ (1) — D! (v) is a proper holomorphic map-
ping between two equidimensional generalized Fock—Bargmann—Hartogs domains.
Then f extends holomorphically to a neighborhood of the closure of Dp.” (w).

In fact, using the explicit form (2-4) of the Bergman kernel function for D,','(;p (w),
we immediately have Lemma 2.7 by a slight modification of the proof of Theorem 2.5
in [Tu and Wang 2014].

Cartan’s theorem on D,':(’,p (w). Suppose D is a domain in CV and let Kp(z, w)
be its Bergman kernel. From [Ishi and Kai 2010], we know that if the conditions
(a) Kp(0,0) >0,
(b) Tp(0, 0) is positive definite,
are satisfied, where Tp is an N x N matrix
82log Kp(z, w)/dz19w; --- 9°log Kp(z, w)/dz1dwy
Tp(z, w) := : :
8%log Kp(z, w)/dzydw; --- 92log Kp(z, w)/dzydwy
Then Cartan’s theorem can also be applied to the case of unbounded circular

domains. The above conditions are obviously satisfied by the bounded domain.
Kim, Ninh and Yamamori [Kim et al. 2014] proved the following result.

Lemma 2.8 [Kim et al. 2014, Theorem 4]. Suppose that D is a circular domain
and its Bergman kernel satisfies the above conditions (a) and (b). If ¢ € Aut(D)
preserves the origin, then ¢ is a linear mapping.
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Ishi and Kai [2010] proved the following generalization of Lemma 2.8.

Lemma 2.9 [Ishi and Kai 2010, Proposition 2.1]. Let Dy be a circular domain
(not necessarily bounded) in CN with 0 € Dy (k =1, 2), and let ¢ : Dy — D, be a
biholomorphism with ¢(0) = 0. If Kp, (0, 0) > 0 and Tp, (0, 0) is positive definite
(k =1,2), then ¢ is linear.

Therefore, by using the expressions of Bergman kernels of generalized Fock—
Bargmann—Hartogs domains, we have the following result.

Theorem 2.10. Suppose that ¢ : D,',l(;p (n) — Dﬁ;q(v) be a biholomorphic map-
ping between two equidimensional generalized Fock—Bargmann—Hartogs domains
with ¢(0) = 0. Then ¢ is linear.

Proof. By using the expressions (2-4) of Bergman kernels of generalized Fock—
Bargmann—Hartogs domains and a straightforward computation, we show that the
Bergman kernel of every generalized Fock—Bargmann—Hartogs domain satisfies
the above conditions (a) and (b). So we get Theorem 2.10 by Lemma 2.9. Ul

3. Proof of the main theorem

To begin, we exploit the boundary structure of Dj;;” (1), which is comprised of

bD}P () = boDjy:P (1) U by D (1) U by DiieP (1),

where

0

boD::’p('u) = {(Z, Wy, -+, W) € Cx...xC"x -

[/ _ B N .
anﬁwm=e“Mhnmmﬂ¢a1+e5154,
j=1

L

le::(’)p(,u) = U {(Z, Wy, - W) €CMOx - x C

j=1+e ¢ 2
2pj - 2
2wl =e HEE w12 =0, pj > 1},
J:
14

sz;:(’)p(,bL) = U {(z, W(lys -« W) €ECMOx oo x C

j=1+€ V4 5
2p; - 2
> w27 = e, w2 =0, p; < 1.
j=1

Proposition 3.1. (1) The boundary by Dy’ (1) is a real analytic hypersurface in
Crotmittne gnd Dy P () is strongly pseudoconvex at all points of bo Dy, ” (10).

2) D,','(’,p (u) is weakly pseudoconvex but not strongly pseudoconvex at any point
of by D,','(;p (n) and is not smooth at any point oszD,'f(;p ().
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Proof. Let
¢

2p; _ 2
oz, way, ..., W) 1= Z”w(j)” Pj _ p—HlIzl”
j=1

Then p is a real analytic definition function of boD,','(;p (w). Fix a point
(20, W(1)0s - - - » W(ey0) € bo Dy P (1)

1,0 s ..
and let T = (&, )y, -+ 1) € T w(z)o)(boD,','Op ()). Then by definition,

.....

we know that

(3-1 wi#0 (j=1+e€,...,0),
¢
1) — — 2__
(3-2) D Pellwaool P Vigas - nay + pe 1 G- ¢ =0,
k=1
¢ 2
(3-3) D lwoll?Pr — eIl = 0.
j=1

Thanks to (3-1), (3-2) and (3-3), the Levi form of p at the point (zg, w(1)o, - - ., We)0)
can be computed as follows:

L,(T,T)
‘_"°+”§'+”“ . (zo, w wo) T;T;
. = 87}87_} 0, W0y - -+ W)0)Lidj
4 4
=" pelpx = Dllwaoo P00 - 1w 1 + Y pellwaooll* P Ingo 112
k=1 k=1

- 2 2 2 — 2 — 2
+ e wlizoll Iz)1? — e wlizoll 1Z0- ¢|

l

2(pr—2) | — 2 - 2 2 2 — 2= .2
> Pt lwaool P2 w0 - nao 1> + pe 0|22 — plemH 01 |z |
k=1

l
— 2 2 _ 2
+ > pellwaool*P 2 (Ilwaoo I a0 I — 1BG00 - 140 1)

k=1
4 —1 4 4
[, ) S 2 2
= (Z“w(k)OHsz) (Z P w72 (W0 - 1| )(Z lwaol Pk)
k=1 k=1 k=1

2

¢
2pp—1) ——

E PrllwaolI* PP was - na

k=1

¢ -1
- (Z ||w(k)0||2pk>
k=1

14

_ — 2 - 2 2
+ 3 pellwaoo P2 (lwwol* 1w 1> — [@a0 - naol?) + we 101 12|
k=1
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¢ i, ¢

2 2 2pe=2) (2 21

:(Z”w(k)O” pk) [(Z i lwaoll* P2 o nw| )(Zﬂw(k)oll m)
k=1 k=1

k=1

¢
> pellwao P Pwga0 - na

2
i| + Me—/tllzoll2 IS ”2
k=1

2pe—2 2 R pu— 2
+Zpk||w(k)0|| P2 (Jweoll* I 1> = [wao - nw )
k=1

> pe 102 > 0,
by the Cauchy—Schwarz inequality, for all

1,0
T = nqy,----nw) €T, wiog) B0 DneP (10)).

Zl),w(l)o .....
Obviously, if ¢ #0, then L,(T, T) > 0.
On the other hand, combining with (3-1), (3-2) and (3-3), we know that the
equality holds if and only if

(3-4) ¢ =0,
(3-5) lwaoll2Imw 1> = W0 - nal* =0,
4 V4
0 KZ i llwaol P~ 1wG00 - 1 lz) (Z” w(")O“zpk)
k=1 k=1

14

2pe—1) s
Zpk”w(k)()” PDi 000 - 1
k=1

T

Suppose ¢ =0. Then T' = (¢, nq), - . ., N)) 7 0 implies that there exists ;) 7 0.
If L,(T, T)=0 for all
T#0eT)’ wi B0 DT (1)),

(20,W(1)05--+
then by (3-1), (3-2), (3-3) and (3-6), we have ny) =0 (1 <k < ¥¢). Thisis a
contradiction.

When there exists jo > 1 + € such that ||w(j0)o||2 = 0 and pj, > 1, then
(20, W(1)0s - - - » W(ey0) € b1 DpgP (). Let To = (0, ..., (j)> 0, - - -, 0), In¢io)ll #O.
Then L,(Ty, Tp) = 0. Hence D,':(;p () is weakly pseudoconvex but not strongly
pseudoconvex on any point of by Dp” (10).

It is obvious that D,'l'(;p (w) is not smooth at any point of b, D,','(;p (). The proof
is completed. (]

Lemma 3.1 [Tu and Wang 2015]. Let X (n; p) and X (m; q) be two equidimen-
sional generalized pseudoellipsoids,n,m € N¢, p, g € (Ry)* (where py, qi # 1 for
2<k<?). Leth:X(n; p) - X(m; q) be a biholomorphic linear isomorphism
between X (n; p) and X (m; q). Then there exists a permutation o € S, such that
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No(y =M, Po(y = qi and
Uy
U
h(t, .o 8) = Coys - -5 So(r) . )
U,

where U, is a unitary transformation of C™ (m; = ny@y) for 1 <i <r.

Define
Vii={@ way, - we) €C0XCMx- - x C rwgy =+ = wey =0},
V2::{(Z,w(l),,,,,w“))GCmOXCmI X"'X(]:mz:'LU(I):"':w(E):O}

(so V1 =(C" and V, = C™0). Then we have the following lemma.

Lemma 3.2. Suppose D,',l(’)p (n) and D,';f(;q (v) are two equidimensional generalized
Fock—Bargmann—Hartogs domains, and f - D,';(;p (w) — D,Z'(’)q(v) is a biholomorphic
mapping. Then we have f (V1) C V, and fly, : Vi = V2 is biholomorphic, and
consequently, no = my.

Proof. Let f(z,0) = (f1(2), f2(z)). Then we get

4
Z ||f2i||2qi < e*VIIfl(z)IIZS 1.

i=1
Then we obtain that the bounded entire mapping f; (z) on C" is constant (1 <i <¢)
by Liouville’s theorem. Since f(z) is biholomorphic, fi(z) is an unbounded
function. Hence there exist {z;} such that fj(zx) — oo as k — oo. It implies
f2(z) = 0. This proves f(V1) € V,. Similarly, by making the same argument
for f —1, we have f (W) cv. Namely, f|y, : V1 — V5 is biholomorphic. Hence
nog = my. U

Now we give the proof of Theorem 1.4.
Proof of Theorem 1.4. Let f(0, 0) = (a, b) (thus b = 0 by Lemma 3.2) and define

2v(z,a)—v|\a\|2)1/2(]1 2v(z,a)—v||a||2)1/2‘ll).

¢(Z,w(1), ...,w(g)):z(z—a,w(l)(e ...,U)([)(e

Obviously, ¢ € Aut(Dy;;7(v)) and ¢ o £(0,0) = (0,0). Then ¢ o f is linear by
Theorem 2.10. We describe ¢ o f as follows:

¢0f(z,w)=(z,w)(2 g) =(zA+wC,zB+wD).

According to Lemma 3.2, we have f(z,0) = (f1(2),0). Thus B = 0. Since
g = ¢ o f is biholomorphic, A and D are invertible matrices. We write g(z, w) as
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A 0O --- 0
- A0 B Ci1 Dy -+ Dy
s@wy =W\ ¢ p J=@wo.we) [

Ca Do -+ Dy
which implies that

A7l 0
-1 _
8 (Z’w)_(z’w)(—D_ICA_I D_1>
ATl 0 .- 0

Enn G -+ Gy
= (Z, way, ..., W) ) i

Ep Go -+ Gy
Set

14
E(n; p) = {(Uj(l), ...,I,U(g)) eC"x...xC": Z ||w(j)||2p-f < 1}

j=1
Then, if Zfﬁl ||w(j)||2pj < e HI0” = 1, we obtain
£
; — 2
> HlwayDij+ -+ wi Dy |2 < e <1,
j=1

: . _ 2
and if Zi’:[”w(j)nzq" < e VI0I" =1, we have

L
Y lway G+ wi Gyl < e HImEPTEATIE
j=1

Therefore, we conclude that the mapping g>(w) : X(n; p) — X (m; q) given by
Dy -+ Dy
Wy, ..., we) =wD = (wq), ..., we) :
Dy -+ Dy
is a biholomorphic linear mapping. By Lemma 3.1, g can be expressed in the form

Iy
I
2wy, ..., we) = We)),---» Wo©)) . ,

Iy

where o € Sy is a permutation with ns ;) =mj, psjy =¢q; (j =1,...,¢) and
I'; eUd(m;) (1 <i <{). Hence g can be rewritten as follows:
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A
Co I't

A0
gz, w) =(z, w)(c D) = (2, W (1))» - - - » W(o(£))) Co@ I

Co )1 Iy

Next we prove that C =0. The linearity of g yields g(bD,'l'(;p (w)= bD,,'?éq(v). Let
0, w)=(0,0, ..., w0, ...,0)€bDyP (1), namely, [wj||*> = (e #IO1")1/ri =1.
As T'; (1 < j <¢) are unitary matrices, moreover, assuming o (ip) = j, we have

. ; — . . 2
1wy 127 = l[wio gy D 270 = e~ Cotonll = .

This implies w(;yC;; = 0 for all ||u)(j)||2 =1.S0C;; =0( <j <¥). Thus we
have
A

gz, way, ..., wey) = (2, W), -+ -» Wo(e)))

Lastly, we show \/v/u A et (n) (n:=no=my). For ze€ C", take (w(1), ..., w))
such that e=#7I” = Zﬁzl w1277 By g(bDn? (1)) = bDp (v), we have

14

j — 2
Z ”w(a(j))rj”Z‘h —e v]|IzA| '
j=1

Since I';(j =1, ..., £) are unitary matrices, we get
¢ ¢
—ulzl? 2P0 () 2q; —v|IzA|?
oMzl — Z w1270 = Z lwe iyl 1%% = e vizAl®
j=1 j=1

Therefore, v||zA||> = u|z]|* (z € C"). Then we get \/v/it A € U(n), and the proof
is completed. (]

Proof of Corollary 1.5. In fact, the significance of the above ¢ is just to ensure
that ¢ o f(0) = 0. Then the proof of Theorem 1.4 implies that Corollary 1.5 is
obvious. ([

Proof of Theorem 1.6. Obviously, ¢4, ¢p and ¢, are biholomorphic self-mappings
of D,'f(;p (). On the other hand, for ¢ € Aut(DZ(;p (n)), we assume (0, 0) = (a, b)
(then b = 0 by Lemma 3.2). Hence ¢_, o ¢ preserves the origin. Then by
Corollary 1.5, we obtain ¢_, 00 =¢pop, for some ¢4, ¢p. Hence ¢ =@ 090popa,
and the proof is complete. U
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Proof of Theorem 1.7. Let f be a proper holomorphic mapping between two equidi-
mensional generalized Fock—Bargmann—Hartogs domains Dz(’)p (n) and D,,"f(;q (v).
Then by Lemma 2.7, f extends holomorphically to a neighborhood €2 of the closure
Dy-P () with

FBDEP () C bDIMA(v).
Then by Proposition 3.1 and Lemma 1.3 in [Pinchuk 1975], we have
(3-7) F(MNboD™%P (1)) C by DI (v) Uby DI (v),

where M := {z € Q : det(df; /0z;) = 0} is the zero locus of the complex Jacobian
of the holomorphic mapping f on .
fMnN bD,'f(;p(,u) # &, then from

min{nl-‘réa nz,..., ni} = 2a

we have M N byDyP (1) # @. Take an irreducible component M’ of M with
M’ N byDy;P (1) # @. Then the intersection Ej of M with by Dy,? (1) is a real
analytic submanifold of dimensional 2(ng +n; +---+ny) — 3 on a dense, open
subset of Eyy. By (3-7), we have f(Eyp) C le,','f(;q (vyu sz,',':(;q (v). Hence

¢

(3-8) fM'NDyP () C U Pr; (D4 (v)),
j=1+48
where Pr; (D! () := {(z, wq). ..., wey) € Do (V) < lwip | =0} (1+8 <i <0)
by the uniqueness theorem. Since codim M’ =1,
¢
codim[ U Pri(D;’n'(’)q(v))] >min{myys,...,mg,mi+---+mg}>2
j=1+8
and f : DpP (i) — Dpi?(v) is proper, this contradicts (3-8). Thus we have
MNbDyP (n) = 2.
Let S:= M N D;;” (). Then we have

0
S C DpP(w), SNbDYP () = 2.

If S # &, then S is a complex analytic set in C"0t71 ¢ a]s0. For any (z, w) € S,
we have |wi,, |27 < 3 llwj) |27 < e I < 1. Thus

(3-9) lwen, 1 <1< 14z, w)],

where w = (w’, wgy,). Then S is an algebraic set of C"0T"1+ ¢ by §7.4, Theorem 3
of [Chirka 1989].

Suppose S; is an irreducible component of S. Let S; be the closure of S; in
protnit-+ne  Then by §7.2, Proposition 2 of [Chirka 1989], S| is a projective
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algebraic set and dim Si=no+n;+---+n;—1. Let [€, z, w] be the homogeneous
coordinate in P+ We embed Cro+1+ -+ jpto Prott+ie aq the affine
piece Uy = {[£, z, w] € Protnit=+ne . & £} by (z, w) = [1, z, w]. Then we have

£ 2p;
w17 iapser
D:(;"meo:{[s,z,w]:s;éo,Z |§(J|)2Pf < e IR

j=1
Let H = {§ =0} C Protm++1_ Consider another affine piece

U = {[&, z, w] € PP s 7y 5£0)

with affine coordinate (£,1,5) = (¢, t, . .., g, S(1)» - - - > Sp)- Lett' =1, 12, ..., ty,).
Since
w172 w1229 1201220 lsg 1229
|&|2Pi |21 |2Pi |E|?Pi |¢|2Pi

e—MHZIIZ/I%‘\2 — e—u(IIZIIZ/Imlz)(Izn\Z/IS\Z) — e_l/‘(l+‘t2|2+"'+|tno|2)/|{|2’
we obtain

(3-10) DpP () NUoNUs = {(i, 12y vy bngs S(1ys - - - S(py) € CHOTIEHRE,
£

N
3 Isep I <eu|z’||2/|¢|2}_
|§|2p_/

Jj=l

Let $'=S,NU, and H = HNU; ={¢ =0} (note & =¢ /z;). For every u € S'N Hj,
there exists a sequence of points {u} C SN ((UyN U)\H}) such that uy — u
(k — 00). The formula (3-10) implies

G-I s @Ol = [g o Prie ISR < < o).

Since u € Hj, that means ¢{(u) =0 and ¢ (ux) — 0 (k — 00). Therefore we have
llsjy@)II*P7 <0 (1 < j <€) as k — oo. Hence

S'NH C {c=0:50)="---=s0) =0}.
Then dim(S’ N H;) < ng— 1. Theorem 6 in §6.2 of [Shafarevich 1974] implies
no—1>dim(S'NH) >dimS +dimH; —n9g—ny—---—ng >dimS — 1.

This means dim S’ < ng, and thus ng+n; +---+n,— 1 =dim 8’ < ng. Therefore,
we get ny + - - - +ny <1, contradicting the assumption that

min{niye, ny, ..., ng, A1+ +ng} > 2.
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Therefore, S = @& and thus f is unbranched. Since the generalized Fock—
Bargmann—Hartogs domain is simply connected, f : D,','(;p (n) — Dn":(;q (v) is a
biholomorphism. The proof is completed. ([
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