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Let (S, L) be a Lie-Rinehart algebra over a commutative ring R. This
article proves that, if S is flat as an R-module and has Van den Bergh
duality in dimension n, and if L is finitely generated and projective with
constant rank d as an S-module, then the enveloping algebra of (S, L) has
Van den Bergh duality in dimension n + d. When, moreover, S is Calabi-
Yau and the d-th exterior power of L is free over S, the article proves that
the enveloping algebra is skew Calabi-Yau, and it describes a Nakayama
automorphism of it. These considerations are specialised to Poisson envelop-
ing algebras. They are also illustrated on Poisson structures over two- and
three-dimensional polynomial algebras and on Nambu-Poisson structures
on certain two-dimensional hypersurfaces.
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Introduction

Rinehart [1963] introduced the concept of Lie—Rinehart algebra (S, L) over a
commutative ring R and defined its enveloping algebra U. This generalises both
constructions of universal enveloping algebras of R-Lie algebras and algebras of
differential operators of commutative R-algebras. Huebschmann [1999] investigated
Poincaré duality on the (co)homology groups of (S, L). This duality is defined by
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the existence of a right U-module C, called the dualising module of (S, L) such
that, for all left U-modules M and k € N,

(0-1) Ext}, (S, M) = Tory_, (C, M).

Chemla [1999] proved that for Lie—Rinehart algebras arising from affine complex
Lie algebroids, the algebra U has a rigid dualising complex, which she determined,
and has Van den Bergh duality [1998]. Having Van den Bergh duality in dimension n
for an R-algebra A means that

« A is homologically smooth, that is, A lies in the perfect derived category
per(A¢) of the algebra A := A ®g A°P; and

o Ext}. (A, A) is zero for e # 0 and invertible as an A-bimodule if ¢« =n.

When this occurs, there is a functorial isomorphism, for all A-bimodules M and
integers i (see [Van den Bergh 1998]),

Ext). (A, M) = Tor" (A, Ext’,. (A, A®) @4 M);

and Exty, (A, A°) is called the inverse dualising bimodule of A. Two classes of
algebras with Van den Bergh duality are of particular interest, namely,

o Calabi-Yau algebras, for which Ext), (A, A) is required to be isomorphic
to A as an A-bimodule (see [Ginzburg 2006]); and

o skew Calabi-Yau algebras, for which there exists an automorphism
V € Autg_ag(A)

such that Ext’,. (A, A®) >~ A" as A-bimodules (see [Reyes et al. 2014]); here
A" denotes the A-bimodule obtained from A by twisting the action of A on
the right by v.

The relevance of these algebras comes from their role in the noncommutative
geometry initiated in [Artin and Schelter 1987] and in the investigation of Calabi—
Yau categories, and also from the specificities of their Hochschild cohomology
when R is a field. For instance, it is proved in [Ginzburg 2006; Lambre 2010] that
the Gerstenhaber bracket of the Hochschild cohomology of Calabi—Yau algebras
have a BV generator.

This article investigates when the enveloping algebra U of a general Lie-Rinehart
algebra (S, L) over a commutative ring R has Van den Bergh duality.

It considers Lie—Rinehart algebras (S, L) such that S has Van den Bergh duality
and is flat as an R-module, and L is finitely generated and projective with constant
rank d as an S-module. Under these conditions, it is proved that U has Van den
Bergh duality. Note that, when R is a perfect field, the former condition amounts
to saying that § is a smooth affine R-algebra [Krihmer 2007]. Note also that,
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under the latter condition, it is proved in [Huebschmann 1999, Theorem 2.10] that
(S, L) has duality in the sense of (0-1). Under the additional assumption that S
is Calabi-Yau and A“L is free as an S-module, it appears as a corollary that U
is skew Calabi—Yau, and a Nakayama automorphism may be described explicitly.
These considerations are specialised to the situation where the Lie—Rinehart algebra
(S, L) arises from a Poisson structure on S. Also they are illustrated by detailed
examples in the following cases:

« For Poisson brackets on polynomial algebras in two or three variables.

o For Nambu—Poisson structures on two-dimensional hypersurfaces of the shape
1+T(x,y,z) =0, where T is a weight homogeneous polynomial.

Throughout the article, R denotes a commutative ring, (S, L) denotes a Lie—
Rinehart algebra over R and U denotes its enveloping algebra. Given an R-Lie
algebra g, its universal enveloping algebra is denoted by U/g(g). For an R-algebra A,
the category of left A-modules is denoted by Mod(A) and Mod(A®P) is identified
with the category of right A-modules. For simplicity, the piece of notation & is
used for ®g. All complexes have differential of degree +1.

1. Main results

A Lie—Rinehart algebra over a commutative ring R is a pair (S, L) where S is a
commutative R-algebra and L is a Lie R-algebra which is also a left S-module,
endowed with a homomorphism of R-Lie algebras,

(L-1) L — Derg(S),

o> 0y i=a(—),

such that, for all &, B € L and s € S,

[or, s8] = sla, B] +a(s)B.

Following [Huebschmann 1999], the enveloping algebra U of (S, L) is identified
with the algebra
(SxL)/1,

where S % L is the smash-product algebra of S by the action of L on S by derivations
and [ is the two-sided ideal of S x L generated by

sQax—1Qsa|seS, ael}

(see Lemma 3.0.1); it is proved in [Huebschmann 1999] that this set generates / as
a right ideal.

As mentioned in the introduction, when L is a finitely generated S-module with
constant rank d, the Lie—Rinehart algebra (S, L) has duality in the sense of (0-1)
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with C = AgLV. Here —V is the duality Homg(—, S) and A‘éLv is considered as a
right U-module using the Lie derivative A,, for a € L (see [Huebschmann 1999,

Section 2]),
ha i ALY — ASLY

this is the derivation of A{L" such that, foralls € S, p e LY and B € L,

ra(s) =a(s) and Aq(@)(B) =a(p(B) — (o, BD.
The right U-module structure of A%LY is such that, for all p € A4LY and « € L,

(1-2) @-a=—2(p).

The first main result of the article gives sufficient conditions for U to have Van
den Bergh duality. It also describes the inverse dualising bimodule. Here are some
explanations on this description. On one hand, R-linear derivations d € Derg(S)
act on Extgg (S, 8%, n e N, by Lie derivatives (see Section 4),

Ly : Ext (S, §) — Exte. (S, S9).
Combining with the action of L on S yields an action « ® e — « - e of L on
Ext’. (S, $¢) such that, for all « € L and e € Ext. (S, §¢),
a-e=Ly, (e).

Although this is not a U-module structure on Ext%, (S, S¢), it defines a left U-module
structure on AféLV ®sExt%. (S, S¢), d € N, such that, foralla € L, ¢ € AféLV and
e € BExt. (S, 59,

a-(pRe)=—@p-aQRQe+pRa-e.

On the other hand, consider the functor
F :Mod(U) — Mod(U*®)

(see Section 3.3) such that, if N € Mod(U), then F(N) equals U ®s N in Mod(U)
and has a right U-module structure defined by the following formula, for all « € L,

uelUandn e N:
u@n)-a=uc@n—uQo-n.

This functor takes left U-modules which are invertible as S-modules to invertible
U-bimodules (see Section 3.6). The main result of this article is the following.

Theorem 1. Let R be a commutative ring. Let (S, L) be a Lie—Rinehart algebra
over R. Denote by U the enveloping algebra of (S, L). Assume that

o Sis flat as an R-module,
o S has Van den Bergh duality in dimension n,

o L is finitely generated and projective with constant rank d as an S-module.
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Then, U has Van den Bergh duality in dimension n + d and there is an isomorphism
of U-bimodules,
Ext;t(U, U®) =~ F(AYLY @5 Exti. (S, $9)).

Note that when R is Noetherian and S is finitely generated as an R-algebra and
projective as an R-module, then there is an isomorphism of S-(bi)modules,

Ext§. (S, §¢) >~ A’y Derg(S) ;

this isomorphism is compatible with the actions by Lie derivatives (see Section 4.5).
The above theorem was proved in [Chemla 1999, Theorem 4.4.1] when R = C
and S is finitely generated as a C-algebra.

The preceding theorem specialises to the situation where the involved invertible
S-modules are free. On one hand, when (A‘éL)v is free as an S-module with free
generator ¢y, there is an associated frace mapping

AL — S,

such that, for all « € L,
oL-a=A () @p,

where the action on the left-hand side is given by (1-2) and that on the right-hand
side is just given by the S-module structure. On the other hand, when S is Calabi—
Yau in dimension n, each generator of the free of rank one S-module Ext%, (S, S¢)
determines a volume form wg € AQ/g, and the divergence

div : Derg(S) —> S
associated with wg is defined by the following equality, for all d € Derg(S):
Ly(ws) = div(d)ws;

(see 4.5 for details). The second main result of the article then reads as follows.

Theorem 2. Let R be a commutative ring. Let (S, L) be a Lie—Rinehart algebra
over R. Denote by U the enveloping algebra of (S, L). Assume that

o Sis flat as an R-module,
o S is Calabi—Yau in dimension n,

o L is finitely generated and projective with constant rank d and A‘éL is free as
S-modules.

Then, U is skew Calabi—Yau with a Nakayama automorphism v € Autg(U) such
that, foralls € S,and @ € L,

{v(s) =y,
v(a) =a+Ap(a) +div(dy),

where A is any trace mapping on A‘SiLv and div is any divergence.
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Among all Lie-Rinehart algebras, those arising from Poisson structures on S
play a special role because of the connection to Poisson (co)homology. Recall

that any R-bilinear Poisson bracket {—, —} on § defines a Lie—Rinehart algebra
structure on (S, L) = (S, Qs/g) such that, for all s, 7 € S,
* dgs ={s, -}

o [ds,dt] =d{s,t}.

In this case, the formulations of Theorems 1 and 2 simplify because, when Qg is
projective with constant rank »n as an S-module, the right U-module structure of
A'gQg /R (see (1-2)) is given by classical Lie derivatives; that is, for all s € S,

(1-3) ras(@) = Lis,—y ().
More precisely, these theorems specialise as follows.

Corollary 1. Let R be a Noetherian ring. Let (S, {—, —}) be a finitely generated
Poisson algebra over R. Denote by U the enveloping algebra of the associated Lie
Rinehart algebra (S, Qs/r). Assume that

o S is projective in Mod(R);
o S eper(S%;
o Qg/R, which is then projective in Mod(S), has constant rank n.
Then, U has Van den Bergh duality in dimension 2n and there is an isomorphism of
U-bimodules,
Ext(. (U, U°) ~ U ®s At Derg(S) ®s A’ Derg(S),

where the right-hand side term is a left U-module in a natural way and a right
U-module such that, forallu € U, ¢, ¢’ € A’é Derg(S) ands € S,

URYRY) -ds=uds@p®¢' —u® (Lis,—j(0) ¢+ ¢ Q Li5,_1(¢)).

In particular, if S has a volume form, then U is skew Calabi-Yau with a Nakayama
automorphism v : U — U such that, forall s € S,

{v(s) =y,
v(ds) =ds +2div({s, —}),

where div is the divergence of the chosen volume form.

For the case where R = C and S is finitely generated as a C-algebra, the above
corollary is announced in [Lii et al. 2017, Theorem 0.7, Corollary 0.8] using the
main results of [Chemla 1999].

This article is structured as follows. Section 2 presents useful information on the
case where S has Van den Bergh duality. Section 3 is devoted to technical lemmas on
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U-(bi)modules. In particular, it presents the above mentioned functor F and its right
adjoint G, which play an essential role in the proof of the main results. Section 4
introduces the action of L on Ext%. (S, $¢) by Lie derivatives. This structure is used
in Section 5 in order to describe Extj;. (U, U¢) and prove Theorem 1, Theorem 2
and Corollary 1. Finally, Section 6 applies this corollary to a class of examples of
Nambu—Poisson surfaces.

2. Poincaré duality for S

As proved in [Van den Bergh 1998] when R is a field, if S has Van den Bergh duality
in dimension n, then there is a functorial isomorphism, for all S-bimodules N,

Exty (S, N) = Tor>_ (S, Exti (S, $9) ®s N).

n—e

It is direct to check that this is still the case without assuming that R is a field. In
view of the proof of the main results of the article, Section 2.1 relates the above
mentioned isomorphism to the fundamental class of S, following [Lambre 2010],
and Section 2.2 relates Van den Bergh duality to the regularity of commutative
algebras, following [Krdhmer 2007].

2.1. Fundamental class and contraction. Consider a projective resolution P* in
Mod(S¢),

o> P2 p s plsg,

and let p® € PY be such that €(pg) = 1. For all M, N € Mod(S5¢) and n € N, define
the contraction

TorS" (S, M) x Ext%.(S, N) — Tory (S, M ®s N),

(0, e) > te(w)
as the mapping induced by the following one:
M ®se P~" — Homg (Homge (P™", N), (M ®s N) ®se PP),
x@p > (9> x®e(p)® p)).

This makes sense because P* is concentrated in nonpositive degrees. The construc-
tion depends neither on the choice of p® nor on that of P*.

Following the proof of [Lambre 2010, Proposition 3.3], when S € per(S¢) and n is
taken equal to pdg. (5), the contraction induces an isomorphism for all N € Mod(S5¢),

Tors (S, Ext} (S, §9)) — Homge (Exte (S, N), Torg (S, Exty (S, $) ®s N)),

o 1 (w).
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In the particular case N = §¢, the fundamental class of S is the element cg €
Torfe(S, Ext?. (S, $¢)) such that

(12(cs))jExtt, (5,52) = IdExer, (5,59)-

Following the arguments in the proof of [Lambre 2010, Théoréme 4.2], when S
has Van den Bergh duality in dimension n, which gives that n = pd.(S), the
contraction with cg induces an isomorphism, for all N € Mod(S°),

(2-1) 1(cs) : Exté (S, N) = Tory (S, Exti (S, $) ®s N).

When S is projective in Mod(R), the Hochschild complex S®**2 is a resolution
of S in Mod(S5¢) and the contraction

TorS" (S, M) x Exti (S, N) — TorS_ (S, M ®s N),

(w, ) — t.(w)

may be defined for all M, N € Mod(S¢) and m, n € N, as the mapping induced at
the level of Hochschild (co)chains by

M ® S®" x Homg (S®", N) - (M ®s N) @ S®"—),
(sl 1sn), ) = @Y (stl| -~ Ism) [Smat] - - [sn).

When, in addition, S has Van den Bergh duality in dimension 7, then [Lambre 2010,
Théoreme 4.2] asserts that the following mapping given by contraction with cy is
an isomorphism, for all N € Mod(S¢) and m € N,

1o(cs) : Ext2 (S, N) — Tor>_, (S, Exti.(S, §¢) ®s N).

2.2. Relationship to regularity. The main results of this article assume that §
has Van den Bergh duality. For commutative algebras, this property is related to
smoothness and regularity. The relationship is detailed in [Krdhmer 2007] for the
case where R is a perfect field, and is summarised below in the present setting.

Proposition 2.2.1 [Krihmer 2007]. Let R be a Noetherian commutative ring. Let S
be a finitely generated commutative R-algebra and projective as an R-module. Let
n € N. The following properties are equivalent.

(1) S has Van den Bergh duality in dimension n.

(i) gl. dim(S¢) < oo and Q25/r, which is then projective in Mod(S), has constant
rank n.

When these properties are true, gl. dim(S) < oo and Ext, (S, $¢) = A's Derg(S) as
S-modules.
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Proof. See [Kriahmer 2007] for full details. Since S is projective over R, then
pd(seye (8¢) < 2pdge (S) [Cartan and Eilenberg 1956, Chap. IX, Proposition 7.4];
besides, using the Hochschild resolution of S in Mod(S5¢) yields that

gl. dim(S) < pdg (S) < gl. dim(S°);
thus
S € per(S¢) < gl. dim(S§¢) < oo

(2-2)
= gl. dim(S) < oo.

Note also that, following [Hochschild et al. 1962, Theorem 3.1],
(2-3) gl.dim(S¢) <oo = Qg is projective in Mod(S).

Denote by p the multiplication mapping S ® S— S. Assume gl. dim(S5¢) < oo,
let p € Spec(S) (C Spec(S5¢)) and denote by d the rank of (£25/g)p. Since Qg/p >~
Ker(u)/Ker(u)? as modules over S (=~ $¢/Ker(u)) and gl. dim(§¢) < oo, the (5¢),-
module Ker(u),, is generated by a regular sequence having d elements. There results
a Koszul resolution of S, in Mod((S5¢);). Using this resolution and the isomorphism
Ext5. (S, $%)p >~ Extzse)p(Sp, (59)p) in Mod((S¢)y) yields isomorphisms of (§¢),-
modules,

0 ifetd,

2.4 Exthe (S, S, ~
2-4) Xy (S, 50y {Sp ifo=d.

Now assume (i). Then, gl. dim(S§¢) < oo (see (2-2)), L25/g is projective (see
(2-3)) and has constant rank n (see (2-4)). Conversely, assume that gl. dim(S¢) < oo
and Qg/g has constant rank n. Then, § € per(S°) (see (2-2)) and the S-module
(equivalently, the symmetric S-bimodule) Exty. (S, $¢) is zero if » # n and is
invertible if e = n (see (2-4)). Thus,

(1) & ().

Finally, assume that both (i) and (ii) are true. Then, gl. dim(S) < oo (see (2-2)).
Moreover, Van den Bergh duality [1998, Theorem 1] does apply here and provides
an isomorphism of S-modules,

Ext3. (S, Ext. (S; $9)~1) ~ Tor’' (S, 5),
whereas [Hochschild et al. 1962, Theorem 3.1] yields an isomorphism of S-modules,
Tor3 (S, §) =~ AQs)k.

Thus, Exty, (S, §¢) =~ A's Derg(S) in Mod(S). O
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3. Material on U-(bi)modules

The purpose of this section is to introduce an adjoint pair of functors (¥, G) between
Mod(U) and Mod(U*). In the proof of Theorem 1, the U-bimodule Ext},. (U, U®)
is described as the image under F' of a certain left U-module which is invertible as
an S-module. This section develops the needed properties of F. Hence, Section 3.1
recalls the basic constructions of U-modules; Sections 3.2 and 3.3 introduce the
functors G and F, respectively; Section 3.4 proves that (F, G) is adjoint; Section 3.5
introduces and collects basic properties of compatible left S % L-modules, these
are applied in Section 4 to the action of L on Ext%. (S, $¢) by Lie derivatives; and
Section 3.6 proves that the functor F transforms left U-modules that are invertible as
S-modules into invertible U-bimodules. These results are based on the description
of U as a quotient of the smash-product S x L given in the following lemma. This
description is established in [Lambre et al. 2017, Proposition 2.10] in the case of
Lie—Rinehart algebras arising from Poisson algebras.

Lemma 3.0.1. (1) The identity mappings Ids : S — S and 1d; : L — L induce an
isomorphism of R-algebras

(3-D (SxL)/I - U,
where 1 is the two-sided ideal of the smash-product algebra S x L generated by
sQa—1Qsa|seS,ael}.

(2) If L is projective as a left S-module, then U is projective both as a left and as
a right S-module.
Proof. (1) Recall (see [Rinehart 1963]) that U is defined as follows: Endow S & L
with an R-Lie algebra structure such that, for all s, € S and o, 8 € L,

[s+o,t+B]l=al)—B(s)+ [, B].

Then, U is the factor R-algebra of the subalgebra of the universal enveloping algebra
UR(S @ L) generated by the image of S @ L by the two-sided ideal generated by
the classes in Ug (S @ L) of the following elements, for s, € S and o € L:

s®t—st, sQ®o—sa.
Recall also that S x L is the R-algebra with underlying R-module
S®UR(L),

such that the images of S ® 1 and 1 ® Ur(L) are subalgebras, and the following
hold, for all s, € Sand «, B € S:

{(s@l)-(l@a)zs@a,
I®a) - @) =a(s)@1+s®@a.
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Therefore, the natural mappings S — U and L — U induce an R-algebra homomor-
phism from S x L to U. This homomorphism vanishes on I whence the R-algebra
homomorphism (3-1).

Besides, the universal property of U stated in [Huebschmann 1999, Section 2,
p. 110] yields an R-algebra homomorphism,

(3-2) U— (SxL)/I,

induced by the natural mappings S — (S x L/I) and L — (S x L)/1. In view of
the behaviour of (3-1) and (3-2) on the respective images of S U L, these algebra
homomorphisms are inverse to each other.

(2) Itis proved in [Rinehart 1963, Lemma4.1] that U is projective as a left S-module.
Consider the increasing filtration of U by the left S-submodules

OCFRpUCFRUC---,
where F,U is the image of ®/_ S® L® in U, for all p € N. In view of the equality
as =so+a(s)

in U for all s € S and o € L, the left S-module F,U is also a right S-submodule
of U, and F,U/F,_1U is a symmetric S-bimodule for all p € N. Therefore, the
considerations used in the proof of [Rinehart 1963, Lemma 4.1] may be adapted in
order to prove that U is projective as a right S-module. (]

3.1. Basic constructions of U-modules. Left S x L-modules are identified with
R-modules N endowed with a left S-module structure, and a left L-module structure
such that, foralln e N, a € Lands € S,

a-(s-n)=aoa(s) n+s-(a-n).

Left U-modules are identified with left S x L-modules N such that, for all n € N,
a€lLands €S,
s-(x-n)=(sa)-n.

Recall that the action of L endows S with a left U-module structure.

Right S % L-modules are identified with the R-modules M endowed with a right
S-module structure and a right L-module structure such that, for allm e M, ¢ € L
and s € S,

m-a)-s=m-a(s)+(m-s)-a.

Right U-modules are identified with right S < L-modules M such that, for all m € M,
seSanda e L,

m-s)-a=m-(sa).
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The following constructions are classical. The corresponding U-module structures
are introduced in [Huebschmann 1999, Section 2].
Let M, M’ be right S x L-modules. Let N, N’ be a left § x L-module. Then:

e N is aright S x L-module for the right L-module structure such that, for all
neN,seSanda € L,

(3-3) n-s=s-n and n-o=—o-n.

e« Homg(N, N’) is a left S x L-module for the left L-module structure such that,
for all f € Homg(N,N’), ne N anda € L,

(3-4) (- fi(n) =a- f(n)— f(x-n);
moreover, this is a left U-module structure if N and N’ are left U-modules.

e« Homg(M, M’) is a left S x L-module for the left L-module structure such that,
for all f € Homg(M, M’), me M and a € L,

(3-5) (- f)m)=—f(m)-a+ f(m-a).

e Homg(N, S) is aright S < L-module for the right L-module structure such
that, for all f € Homg(N, S), ne Nanda € L,

(3-6) (f-a)(n) = —a(f(n) + f(a-n).

e N ®g N'is aleft § x L-module for the left L-module structure such that, for
alne N, n"e Nanda € L,

(3-7) a-m@®n)=a-n@n' +na-n';

moreover, this is a left U-module structure if N and N’ are left U-modules.

e M ®g N is aleft S x L-module for the left L-module structure such that, for
allmeM,neNanda e L,

(3-8) a-mMn)=—m-a@n+mea -n.

3.2. The functor G =Homg:(S, —) :Mod(U*¢) > Mod(U). Given M eMod(U?),
recall that

MS={meM|(f0rall seS) (s®1—-1Qs)-m=0}

This is a symmetric S°-submodule of M. Recall also the canonical isomorphisms
that are inverse to each other:

M* <> Homg:(S, M)
(3-9) mi=> (s> (®1)-m)

(1) < o.
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Lemma 3.2.1. Let M € Mod(U¢). Then,

(1) M5 is a left U-module such that, for allm € M and o« € L,
(3-10) a-m=01—-1Q«)- -m;

(2) the corresponding left U-module structure on Homge (S, M) (under the identi-
fication (3-9)) is such that, for all ¢ € Homge(S, M), o« € Lands € S,

(@-9)s)=(@@1-1®a) ¢(s) —p(als)).
Proof. (1) Given all s € S and « € L, denote

s1—-1®selU® and a®1—-1QaecU°
by ds and da, respectively; in particular

da-ds=ds -do+d(a(s)),
and, for all m € M5,
ds-(doa-m)=da-(ds-m)—d(x(s)) -m=0,
which proves that da - m € M5, Therefore, (3-10) defines a left L-module structure
on M5S. Now, forallm e M5, se Sand o € L,
a-(s®) m=da-(s®1)m=(a(s)R1+sa®1l —sQa)-m
=(a(s)R)-m+(R(a®1—1Qa)-m
=(a(s)®1)-m+(s®1)-(a-m),

(@D -(@m)=(s®1)-(@®1—1®a)-m=(sa®1)m—(s®1)-(1Qa)-m
=(sa®1)m—(1Qa)-(s®1):m=(sa®1)-m—(1Qx)-(1s)-m
=(a®1-1Qsa)-m = (sa)-m.

Hence, this left L-module structure on M3 is a left U-module structure.

(2) By definition, Homg. (S, M) is endowed with the left U-module structure such
that (3-9) is an isomorphism in Mod(U). Let ¢ € Homg. (S, M), « € L and s € S.
Then,

(@-9)s)=010®s) (- ¢(1) =((1s) (@I -1®a))-¢(1)
=@®s—1Q@sa—1Ra(s)) - ¢(l)
=(@®1-1®@a0)(1®s) —1®al(s)) - ¢(1)
=a-(1®s)-¢(1) —(AQua(s) o) =a-¢(s) —pa(s). U
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Thus, the assignment M > M defines a functor

G :Mod(U®) — Mod(U),

(3-11) s
M— M".

3.3. The functor F =U ®5— : Mod(U) — Mod(U®). Let N € Mod(U). In view
of [Huebschmann 1999, (2.4)], Uy ®g N is a right U-module such that, for all
uelU,neN,seSanda € L,

u®n)-s=u@sn=us@®n and URn) - da=uoc@n—u@uo-n.
Besides, U ®g N is a left U-module such that, for all u, u’ € U and n € N,
u-u®n) =uu®n.

Therefore, U ®¢ N is a U-bimodule, and hence a left U°-module. These considera-
tions define a functor,
F :Mod(U) — Mod(U*®),

N UGQ®gN.

(3-12)

3.4. The adjunction between F and G.

Proposition 3.4.1. The functors F = U ®s — and G = Homge (S, —) introduced in
Section 3.2 and Section 3.3 form an adjoint pair,

Mod U

o

Mod U*¢

In particular, there is a functorial isomorphism, for all M € Mod(U€) and N €
Mod(U),

Homy (N, G(M)) = Homye(F(N), M).
Proof. Given f € Homy (N, G(M)), denote by @ ( f) the well-defined mapping

UsN —> M,
u@ni—> u®1l)- fn).

Consider F(N) (=U ®gs N) as a U-bimodule. Then, forall u,u’ €U, n€ N, s€ S
and @ € L,
(WU - u@n)=2(Hw'u®n)=wuel)- f(n)
=W ®1) - O(f)uQn),
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Q(HIu@n)-5) =D(fHu®s-n)=w®1)- f(s-n)
=w®D-((1®s)- f(n)=(1®s) - L)) - f(n)
=1®s) - 2(NHu®n) =(P(fHu®n))-s,

P(HI(u@n)-a)=2(fHua@®n—-ua-n)
=wa®l)-f(n)—u®l) fla-n)
=wa®D-f()—w®l) - (@1 -1®a)- f(n)
=w®a) - fn)=10Qa) O(f)u®n)
=(®(Hw®n))-a.

In other words,
®(f) e Homye(F(N), M).

Given g € Homy<(F(N), M), then, foralln € N and s € S,
(R1-1®s5)-g(1®n) =g Rsn—1Qgs-n)=0;
hence, denote by W (g) the well-defined mapping
N — MS,
n— g(l®n).
Therefore, foralln e N, se Sando € L,
V(g)s-n)=g(l®s-n)=g®n) =g((s®1)-(1®n))
=6®D-g(1®n) =1 -¥(g)(n),
Vig)a-n)=g(Il®@a-n)=gl@®n—-(10a) - (1®n)
=@®D-g1®n)-1Qw) -g(1@n) =a-W(g)(n);

in other words,
¥ (g) € Homy (N, G(M)).

By construction, ¥ and @ are inverse to each other. U

3.5. Compatible left S x L-modules. As explained in Section 1, the main results
of this article are expressed in terms of the action of L on Ext%. (S, $¢) by Lie
derivatives and will be presented in Section 4. Although this action does not define
a U-module structure on Ext§. (S, $¢), it satisfies some compatibility with the S-
module structure. The actions of L satisfying such a compatibility have specific
properties that are used in the rest of the article and which are summarised below.
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Define a compatible left S x L-module as a left S ¥ L-module N such that, for
alln e N, a € L and s € S, the elements s € L and a(s) € S satisfy

(3-13) (sa) -n=s5-(ax-n)—a(s)-n.

Note that a left S x L-module is both compatible and a left U-module if and only if
L acts trivially, that is, by the zero action.

The two following lemmas present the properties of compatible left S x L-
modules used in the rest of the article.

Lemma 3.5.1. Let M be a right U-module. Let N be a compatible left S x L-module.
Then:

(1) The right S x L-module N¥ = Homg(N, S) is a right U-module.
(2) The left S x L-module Homg(N", M) is a left U-module.
(3) The left S x L-module M ®s N is a left U-module.

(4) The following canonical mapping is a morphism of left U-modules:
0:M®gN — Homg(N", M),
ment—> Opuen:@t—>m-pn)).

Proof. (1) Given g € NV, s € S and @ € L, then

@-(sa) =(p-s)- .
Indeed, for all n € N,

(¢-(sa))(n) = —(s) (¢ () +@((sa)-n)
=—sa(p(n)+e¢(s-(a-n)—als)-n)
=—sa(pn)+sp(a-n)—a(s)ep®)
=((¢-)-5)(n)—(¢-a(s))(n)
= ((¢-5)-a)(n).

(2) This is precisely [Huebschmann 1999, (2.3)].
(3) The S x L-module structure of M ®g N is described in (3-8). Given m € M,
neN, seSanda e L, then
(sa) - m@n)=—-—m-Ga)@n+me (sa)-n
=—m-a)-sQn+m-a(s)Qn+mRs-(o-n)—mRa(s)-n
=s-(a-(m@n)).
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(4) It suffices to prove that the given mapping is L-linear. Letme M, ne N, a € L
and ¢ € Homg(N, S). Then,

(& - Omgn) (@) = —Onan (@) -+ Opan(@-a) = —(m-¢n)) -a+m-(¢-a)(@n)
=—((m-o)-9n) —m-a(pn))) +m-(—a(p(n)) +¢(a-n))
=—(m-a)-on)+m-pa-n) =0u.imen (@) ;

thus, & - Ouen = Ou-(nan)- 4

Any left S x L-module N may be considered as a symmetric S-bimodule, or
equivalently a right S°-module, such that, for alln € N and s, s" € S,

n-(s®s)=(ss)-n.
Accordingly, N ®g. U*¢ is a right U¢-module in a natural way.
Lemma 3.5.2. Let N be a compatible left S x L-module.

(1) The right U¢-module N ®s. U€ is actually a U-U°-bimodule such that for all
neN, uveUanda € L,

- MUV =a-nQ@URV)+n® (@1 —-1Q ) (uRv)).

(2) Let M be a right U-module. Then, there exists an isomorphism of left U®-

modules
F(M®sN)— M®u (N Qse U°),

VRMAn) > m® (n® (1 Qv)).

Proof. (1) Following part (3) of Lemma 3.5.1, there is a left U-module structure on
U ®gs N such that, foralle € L, ve U andn € N,

- V@n)=—va@®n+vRa-n.

Therefore, there is a left U-module structure on (U ® s N) ®s U (see (3-7)) such
that, foralla € L, n € N and u, v € U,

- (VRN Qu)=a-(WR®n)Qu+ (vRn)uu
=—(wa@n)Qu+wWRa -n)Qu+(vn)Qau.
Under the canonical identification
N®sU®— (UQsN)Q®s U,
n®Uv) > (Ven) u,

N ®ge U¢ inherits a left U-module structure which is the one claimed in the statement.

Now, N ®ge U*¢ inherits a right U¢-module structure from U*¢. This structure is
compatible with the left U-module structure discussed previously so as to yield a
left U ® (U¢)°P-module structure.
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(2) Due to (1), there is a right U°-module structure on M Qp (N ®se U¢). It is
considered here as a left U¢-module structure such that, for all u, v, u’, v € U,
meMandn € N,

(3-14) UWRXV) mMRMmUV)=mQ " (uv u'v)).
For ease of reading, note that in F(M ®g N),

M) - (wW@mPn)=uv@mn

(IQa) - W@m@Pn)=va@mOn+v@m -c@n—v@m o -n,
and, in M @y (N ®se U°),

(3-15)

3-16) M- a@nPRURUV=mPOa-nQURV+MINPRAURV—mOnPQu R va.
The R-linear mapping from U Q@ M @ N to M ®y (N ®s. U¢) given by
VIMAni>m®nQ (1®v))

induces a morphism of S-modules from U Qs (M Qs N) to M @y (N Qse U¢) such
as in the statement of the lemma. Denote it by W'

V:UQs(M®RsN)— My (N Qge U°).

This is a morphism of left U¢-modules. Indeed, for all u,v e U, me M, n € N
and @ € L,

V' (u®l) - v@m®n)) = VY wuv@men) = mnlQuv

= W) -V(wemen),
(3-14)

V'((1®a) - Wv@m®n)) = V(woe@mOn+v@m-a@n—v@mea-n)
= mInRIPQua+m-a@nR/NQU—mu-n®1 Qv

= mRnYuRv
(3-16)

= vk .
(3_14>( ®a)- ¥V (vemen)

Consider the following morphism of S-modules:
¢:M®s(N®seU®) - F(M®;sN),
mInuRv)—> (1Qu)-(vmn).

Givenm € M, n € N, u,v € U and « € L, then the image under ¢ of the term

mRP eEaQURAV+F-mMOANQ@Q@auQQuv—mOn @ u Q va
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is equal to
1IQu)-wedmPa-n)+(1RQau)-W@men)—(1Qu) - (va@mn),
which is equal to
IQu) - wWdmP®a-n)+(1Qu)- (1Qa) - (v@m®n)—(1Qu) - (va@mn).
In view of (3-15), this is equal to
IQu)- (w@m-a®@n)=¢p(m-a®nQ (uQv))).
Thus, ¢ induces a morphism of S-modules
O :MQy(N®s U — F(M®sN),
mInuRv))— (1Qu)-(vmn).
It appears that @’ is left and right inverse for W’. Indeed,
o &' oW =Idrme,n). and
eforallu,velU, me M andn € N,
Vodm@n@uev)=v(1eu) (vemen))
=(1Qu) - VYV(wv®maen) (W is U°-linear)
=(1Qu)- (mM@®n®1Qv)
=mnQQuRv. U
3.6. Invertible U-bimodules. The following result is used in Section 5 in order to

prove that Ext"Ue(U , U®) is invertible as a U-bimodule, under suitable conditions.

Proposition 3.6.1. Let R be a commutative ring. Let (S, L) be a Lie—Rinehart
algebra over R. Denote by U its enveloping algebra. Let N be a left U-module.
Assume that N is invertible as an S-module. Then F(N) is invertible as a U-
bimodule.

This subsection is devoted to the proof of this proposition. Given a left U-
module N, then F(N) = U ®g N as left U-modules. Hence, there is a functorial
isomorphism

(3-17) 6 : Homg(N, U) — Homy (F(N), U).
Note:

e Homg (N, U) is a left U-module (see (3-4)), and it inherits a right U-module
structure from Uy ; by construction, these two structures form a U-bimodule
structure.

e Homy (F(N), U) is a U-bimodule because so are F'(N) and U.
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e N ®s Homg(NV, U) is a left U-module (see (3-7)), and it inherits a right U-
module structure from Uy ; by construction, these two structures form a U-
bimodule structure.

Lemma 3.6.2. Let N be a left U-module. Then,
(1) 8 : Homg(N, U) — Homy (F(N), U) is an isomorphism in Mod(U*®),
(2) the mapping
®:NQ®sHomg(N,U) — F(N)Q®y Homy (F(N), U),
n® fr>(1®n)®6(f)
is an isomorphism in Mod(U*¢), and

(3) the diagram
N®@sHomg(N,U) ———— U

F(N)®yHom(F(N),U) —— U
with horizontal arrows given by evaluation, is commutative.

Proof. (1) By definition, 6 is a morphism of right U-modules. It is also a morphism
of left U-modules because, for alln € N, f € Homg(N,U), ue U and o € L,

Ol fu®@n) =ula- f)(n)
=u(af(n) — fla-n)=0(f)ua@n—-—ua-n)
=0(H(u®n)-a)=(-0(f)un).

(2) By definition, ® is a morphism of right U-modules. It is also a morphism of
left U-modules because, foralln € N, f € Homg(N,U) and @ € L,

Pla-n®@f)=P@-n®f+n®@a-f)
=(1®a-n@i(f)+{1en - f)
—_———

=a-0(f)
=(1®a-n)@0(f)+(1Q®n)-a®H(f)
\-/—-/
=a@®n—1Q a-n
=(a®n)RH(f)
=a-dnQ f).

In order to prove that ® is bijective, consider the linear mapping
¥ 1 F(N) s Homy (F(N),U) - N ®s Homg(N, U),
WRn®gr>u-(n®07'(g)).
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Note that, forallu e U, « € L, n € N and g € Homy (F(N), U),
Y((u®n) a®g) =y ((ua®@n)@g—-—ua-n)g)

=ua-(n®07'(g) —u-(@-n®7'(g)
—u-(a-n®07 (@ +n®a-67" (@) —u- (@ n®67' ()
—u- M0 a-g))  (see part (1))
=y(u®n)@a-g).

Hence, i induces a linear mapping,

¥ : F(N)®y Homy (F(N),U) - N @s Homg(N, U),
Wn)@gru-n®0'(g)).
Now, by definition of & and W,

Vo @ = IdygHomg(V,U)-

Since

o WU is a morphism of left U-modules by construction;

e as a left U-module, F(N) @y Homy (F(N), U) is generated by the image of
(1® N) ® Homy (F(N), U); and

o foralln € N and g € Homy (F(N), U),
DoV (1®n)®g)=010nRg,
the following holds:
o W = IdFrw)gyHomy (F(N).U)-
Altogether, these considerations show that @ is an isomorphism in Mod(U*®).
(3) The diagram is commutative by definition of ®. O

Like in the previous lemma, for all N € Mod(U), Homg (N, U) is a U-bimodule,
and hence Homg(N, U) ®gs N is a U-bimodule by means of (3-7) and the right
U-module structure of U.

Lemma 3.6.3. Let N be a left U-module. Then,
(1) the mapping
@' : Homg(N, U) ®s N — Homy (F(N), U) ®u F(N),
fn—0(f)Q(1®n)

is an isomorphism in Mod(U¢); and
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(2) the diagram
Homg(N,U)@sN — U

‘| |
Homy (F(N),U)®y F(N) —— U
with horizontal arrows given by evaluation, is commutative.
Proof. (1) First, since F(N) =U ®s N in Mod(U*¢), then
Homy (F(N), U) ®u F(N) =Homy (F(N),U) ®s N
as left U-modules. Under this identification, ®’ expresses as
D fRn—0(f)Qn.

Therefore, @’ is bijective because so is 6.

Next, @’ is a morphism of left U-modules because so is 6. And it is a morphism
of right U-modules because it is a morphism of right S-modules, and because, for
all f e Homg(N,U), ne Nanda € L,

((fen)-a)=0(f-a@n— f®a-n)
=0(f-0)®@13n—-0(/)®(1®a-n)

=0(f)-«
=0(f)®a-(1®n)—-0(f/)@(1Qa-n)
=0@n
=0(H)®((1®n)-a) =@ H@(1®n) o
— ' (f®n)-a.
This proves (1).
(2) The diagram commutes by definition of &', O

It is now possible to prove the result announced at the beginning of the subsection.

Proof of Proposition 3.6.1. Since N is invertible as an S-module, then the following
evaluation mappings are bijective

N ®sHomg(N,U) > U and Homg(N,U)®sN — U.

According to Lemmas 3.6.2 and 3.6.3, the following evaluation mappings are
isomorphisms of U-bimodules

F(N)®y Homy(F(N),U) - U and Homy(F(N),U)Q®y F(N)— U.

Thus, F(N) is invertible as a U-bimodule. ([l
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4. The action of L on the inverse dualising bimodule of S

This section introduces an action of L on Ext§. (S, $°) by means of Lie derivatives,
which is used to describe Extj;. (U, U°) in the next section. When S is projective
in Mod(R), then Ext%. (S, —) is the Hochschild cohomology H*(S; —); in this
setting, the Lie derivatives on H*(S; S) and H,(S; S) are defined in [Rinehart 1963,
Section 9] and have a well-known expression in terms of the Hochschild resolution
of S. For the needs of the article, the definition is translated to arbitrary coefficients
in terms of any projective resolution of S in Mod(5¢).

Hence, Section 4.1 introduces preliminary material, Section 4.2 deals with
derivations on projective resolutions of S in Mod(S¢), Section 4.3 defines the Lie
derivatives, Section 4.4 presents the action of L on Ext%. (S, §¢), and Section 4.5
discusses particular situations.

For the section, a projective resolution of S in Mod(S¢) is considered;

(P*,d)— S.

Denote S by P! and the augmentation mapping P° — S by d°. For all M € Mod(5¢)
and s € S, denote by A; and p, the multiplication mappings

A M —>M, m—(s®1)-m

and
ps:M—>M, m— (1Qs) -m.

4.1. Data on the projective resolution. For all s € S, the mappings A, ps on P*
are morphisms of complexes of left S°-modules and induce the same mapping

S— S,

t— st

in cohomology. Hence, there exists a morphism of graded left S°-modules,

4-1) ks : P*— P*[—1],
such that
4-2) Ay —ps =ksod+dok;.

Lemma 4.1.1. Let 0 : S — S be an R-linear derivation. Let  : P* — P* be a
morphism of complexes of R-modules such that

e HO(Y) : S — S is the zero mapping;

o there exists a morphism of graded left S°-modules,

k:P*— P [—1],
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such that, forall p € P*and s,t € S,
“43) YD) -p)=(6QN) -Y(p)—(1®IN(s®t)-(kod+dok)(p).
Then, there exists a morphism of graded R-modules,
h:P*— P°[—1],

such that

e r=hod+doh;and

e foralls,t € Sand p € P,

h((s®1)-p)=(®1)-h(p)—(1®N(s®1)-k(p).

Proof. The proof is an induction on n < 1, taking 1' : § — P equal to 0. Let n < 0
and assume that there exist linear mappings, for all j such thatn 4+ 1 < j <1,

hi: P/ — pi-!
such that, for all j satisfyingn+1<j <0, p e PJ/ands,t €S,
vi=htodl +di T o)
R ((s@1)-p)=(s®1)-h/ (p)— (1 @) (s®1)- k' (p).

This is illustrated in the following diagram:

(4-4)

pP" ar Pn+1 d"t Pn+2 drt?
Pl’l dn Pl’H‘l dn+1 P’l+2 dn+2
Let
((pi» 9" ))ier

be a coordinate system of the projective left S°-module P". That is, let p; € P" and
(pi € Homg. (P", S°) for all i € I such that, for all p € P",

p=>_¢'p) pi
iel
where {i € I | ¢'(p) # 0} is finite. Since v/ : P* — P* is a morphism of complexes,
it follows from (4-4) that, for all i € I, there exists p; € P"! such that

(4-5) Y (p) =d" (P + " od" (o).
Denote by /4" the linear mapping from P" to P"~! such that, for all p € P",

W'(p)=Y_¢'(p)- pi = (1@3)(¢' () - k" (pi).

iel
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Then, for all p € P" and s,t € S,

K" ((s®1)-p)
= (s®1)-¢' (p)-pj—(s®1)-(183) (¢ (p))-K" (pi) — (1) (s®1)-¢' (p)-K" (pi)

iel
= (s®0)-h"(p)—(1®3) (s®1) k" (Zw"(p)-p,-)
iel

= (s®1)-h"(p)—(1®9)(s®1)-k" (p).
Moreover,

wn — hn+l Odn +dn—1 Ohn.
Indeed, forall p € P", p=>",_, ¢'(p) - pi, and hence
dlz—lohn(p)+hll+lodn(p)

= Y ¢ (p)-d" " (PH—(1@3)(¢' (p))-d"~" ok" (pi)+h"*! (Zw’(p)-d"(pi))

iel iel

5 220 P-d" T (D=8 (p)-d" ok (pi)

iel +¢' (p)-h" T od™ (pi))—(1®3) (¢ (p))-k" T od" (p;)

b 3)2:@ (p)-d"~ (P4 (p)-K" od" (p)+Y" (9" (p)-p)—¢' (p)-¥" (pi)

> U@ (p)pi) =¥ (p). O

(4 5 iel

4.2. Derivations on the projective resolution. Let 0 : S — S be an R-linear deriva-
tion. It defines an R-linear derivation on S¢ denoted by 0¢,

9°: 8¢ — 8¢
SQt> ()Rt +s5sQ ().
For every left S°-module M, a derivation of M relative to d is an R-linear mapping,
oy :M—> M,
such that, forallm € M and s, ¢ € S,
IM((s®1) - m)=03(s®1) -m+(s®1)- Iy (m).
A derivation of P relative to d is a morphism of complexes of R-modules,
0°: P*— P°,

such that 9" : P" — P" is a derivation relative to 9 for all », and such that
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HY(3*) = 3. Note that a morphism of complexes of R-modules 3° : P* — P* such
that H%(8*) = 9 is a derivation relative to 9 if and only if

{3' 0As = Ay(s) T As 0 a°,
0°* 0 ps = Py(s) + ps 0 0°.
Remark. For all derivations 07, 95 : P* — P* relative to 9, the difference

(4-6)

0] —0y: P*— P°
is a null-homotopic morphism of complexes of left S°-modules.

Lemma 4.2.1. There exists a mapping, which need not be linear,
Derg(S) — Homg(P*, P*),
0+ 0°

(4-7)

such that:

(1) For all 0 € Derg(S), the mapping 9° is a derivation relative to 0.
(2) For all 91,0, € Derg(S) and r € R, there exist morphisms of graded left

S¢-modules,
0,0 Pt — P [—1],
such that
4-8) { [01, 02]° — [07, 95] =fod+dol,
(01 +7d2) —(0;+rd;) = od+dol.

(3) Foralls € S and d € Derg(S), there exists a morphism of graded R-modules

h:P*— P°[-1],
such that
4-9) (50)*—As00°=hod+doh

and, forall p € P*andt|,t; € S,
(4-10) h((th ®1)-p)= (11 @) h(p) — (11 ®I(2)) - ks(p).

Recall that kg : P* — P*[—1] is a morphism of graded left S°-modules such
that Ay — ps = kg od +d o kg (see (4-1) and (4-2)).

Proof. (1) Let 8 € Derg(S). For convenience, denote d by 8! : § — S. The proof is
an induction on n < 1. Let n < 0, and assume that a commutative diagram is given

Pn a Pn-‘rl PO d° Pl 0

- L))

Pn+l . PO d' Pl 0

pr &
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where 8’ : P! — P! is a derivation relative to d foralli e {n+1,n+2, --- , 0}. Let
((pi> 9)ier
be a coordinate system of the projective left S°-module P” (see the proof in 4.1).
Then, for all i € I, there exists pl’. € P" such that
al’l-H Odn(pi) — dn(pl/)
Denote by 9" the R-linear mapping from P" to P" such that, for all p € P",
0"(p)=Y_ 3" (P)) - pi+¢'(p)- pi-
iel
Then, for all p € P",
d"od"(p)=Y_ (' (p))-d"(pi) +¢'(p)-d"(p))
iel
=Y @' (p)-d"(p)+¢ (p)- 9" o d"(pi)
iel
=" od" (Z ¢ (p)- p,-)
iel

— 8n+1 Odl’l(p)

Thus,
d"od" =" od".

Moreover, 0" is a derivation of P" relative to 0 because 0 is a derivation of S¢ and
¢! € Homge (P", S¢) for alli € I.

(2) Note that [dy, d2]* and [7, 93] (or, (31 + rd2)* and 9] + rd3) are derivations
of P* relative to [0;, 03] (or, to 9; + rd;, respectively). The conclusion therefore
follows from the remark preceding Lemma 4.2.1.

(3) Denote by i the mapping (s9)* — A 0 0° given by
P*— P°,
pr> (s9)(p) —(s®1)-9°(p).
Then, forall p € P*andt € S,
Y ((1®1)-p)
=(s9)"((t®1)-p)—(s®1)-0*((t®1)-p)
= (0@ pF+(®1)-(s9)"(p)—(s®D-(B(H®1)-p—(s®1)-(t®1)-9°(p)
=@®D-¥(p)
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and

v ((1Q1)-p)
= (59)*((I®1)-p)—(s®1)-0*((1®71)-p)
= (1®s59(1)) p+(181)-(s3)*(p)—(s®1)-(1893(1))- p—(s®1)-(181)-3°(p)
= (1®1)- ¥ (p)+(1®3(1))-(ps—As)(p)
(4?2)(1®t)-1/f(p)—(l®3(t))~(ks0d+doks)(p)-

Hence, Lemma 4.1.1 may be applied, which yields (3). O

Remark. Using the remark preceding Lemma 4.2.1, it may be checked that, al-
though the mapping Derg(S) — Hompg(P*, P*) of the lemma is not unique, two
such mappings induce the same mapping from Derg (S) to H’Homg (P*, P*), which
is R-linear.

When S is projective in Mod(R), it is possible to be more explicit on a possible
mapping, d — 9°. Indeed, the Hochschild complex B(S) = $®**2 is a projective
resolution of S. For all @ € Derg(S), define the following mapping:

Ly : B(S) — B(S),
n+1

(50l -+ Isng1) > D (0l -+ Isimald(si)] -+ Isizal -+ Isn).

i=0
This is a derivation of B(S) relative to d. It is direct to check that the mapping
Derg(S) — Homg (B(S), B(S)),
0 La

is a morphism of Lie algebras over R. Now, consider homotopy equivalences of
complexes of S°-modules,

f
P*z—— B(S),
g
and, for all 0 € Derg(S), define 9° as

9" =golLyo f;

this is a derivation relative to d because so is Ly and because f and g are morphisms
of resolutions of S in Mod(S¢). The following mapping satisfies the conclusion of
the preceding lemma, it is moreover R-linear:

Derg(S) — Homg(P*, P°),
a0
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4.3. Lie derivatives. Consider a mapping d + 9° such as in Lemma 4.2.1. Let M
be an S-bimodule and 9 : S — § be an R-linear derivation. Let dy; : M — M be a
derivation relative to 9. Given n € N and ¢ € Homg.(P ™", M), denote by L;(1/)
the mapping

(4-11) Ly(Y)=0moy —Yod™".

This is a morphism in Mod(S§¢) because so is ¥ and because dy and 0~" are
derivations relative to 9; moreover, it is a cocycle (or a coboundary) as soon as
is, because 9° : P* — P* is a morphism of complexes. Denote by L, the resulting
mapping in cohomology

Ly Exty (S, M) — Exty (S, M)

such that for all ¢ € Ext%. (S, M), say represented by a cocycle v/, then Ly (c) is
represented by the cocycle £3(). In the situations considered later in the article,
there is no ambiguity on 9,7, whence its omission in the notation.

Following similar considerations denote also by £; the mapping

Ly : TorS' (S, M) — Tor¥" (S, M)

such that for all @ € TorS" (S, M), say represented by a cocycle m ® p € M Qg P*
with sum sign omitted, £j(w) is represented by the cocycle

Ly(m® p) =m0 (p)+du(m)® p.

When S is projective in Mod(R), these operations may be written explicitly
in terms of the Hochschild resolution. When v is a Hochschild cocycle lying in
Homp (S®", M), the mapping L, (/) is given by

(4-12) (51l Isw) > By (FCsal -+ Isw)) = D fsal -+ 10 )] -+ - sn).-
i=1

Likewise, the operation in Hochschild homology is induced by the following
mapping at the level of Hochschild chains,

MRS > MK S

n
(mlsi| -+ Isn) > @u(m)lsi] -~ [sn) + Y _(mlsi] - [3(s)] - |sa).
i=1

The operator L; is of course called the Lie derivative of . When M = S and S
is projective in Mod(R), this is nothing else but the classical Lie derivative defined
in [Rinehart 1963, Section 9]. In view of the remark following Lemma 4.2.1,
these constructions depend only on d and dy; and not on the choices of P* and the
mapping 0 — 9°.
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In the sequel these constructions are considered mainly in the following cases:

e M =S and 9y = 9.
o M =S¢ and 9y = 0°.

o M =Ext (S, ) (n € N) and dy = L;, which makes sense according to the
result below.

In the sequel the following construction is also used. Consider S-bimodules M, N.
Letm,n e N. Let 0 € Derg(S) and let 9y : M — M and dy : N — N be R-linear
derivations relative to d. Then, for all f € Homg (Ext'. (S, M), Tor,fe (S, N)), define
Ly(f) as

Lyof— foLy.

Recall that for all M € Mod(S¢), the spaces Ext%. (S, M) and Tor.Se (S, M) are left
S-modules by means of A; : M — M for all s € S; the corresponding multiplication
by s on these (co)homology spaces is denoted by A;.

Lemma 4.3.1. Let M € Mod(S¢), neNands € S. Let 3,9 : S — S be R-linear
derivations. Let 0y, 81",[ : M — M be R-linear derivations relative to d and 9,
respectively. Then, the following hold in Ext'.. (S, M):

(1) Lyors = Aas) +As oLy.
(2) Lo =1Ly, Lyl

(3) Letm € N, let N be another S-bimodule and let 9y : N — N be a derivation
relative to d. Consider the contraction mapping

TorS' (S, M) — Homg (Ext% (S, N), TorS_ (S, M ®s N)),
wr> (¢ . (w)).

If m = n, then it is Ly-equivariant. When S is projective in Mod(R), it is Ly
equivariant for all m,n € N.

@) If M is symmetric as an S-bimodule, Ly = Ag 0 Ly.

(5) When M = S°¢ (and 0y = 0°), the following equality holds in Ext. (S, M):

Ly =XrsoLy—rys)-
Proof. (1) The equality is checked on cochains. Let ¥ € Homge(P™", M). Then,

LyoAs(W) =0y olsoy —Agoyrod®
= (Aas) tAsodm) oy —Agso0d”
= (Xas) +As 0 Ly)(Y).
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(2) Note that L[, 5 is defined with respect to [0y, 81",[], which is a derivation of
M relative to [, d']. Following Lemma 4.2.1, there exists a morphism of graded
S¢-modules,

{: P — P [—1],

such that
[0,0']"—[03°,0"]=fod+dok.

Let ¢ € Homg. (P ™", M). If this is a cocycle, then

Ly on(¥) =[0m, Oy loy — o ([8°,0"14+Lod+dol)

=[Ly, Lyl(¥)—Yolod—odol,
N —
=0

which is cohomologous to [L£5 Ly ](3). This proves (2).
(3) Note that the mapping

Imesn - M s N —> M Qs N,
Xy Iy(x)®y+xQdn(y),

is a well-defined derivation relative to 0, which defines £3 on
TorS™ (S, M ®; N).

Assume first that m = n. Let p° be any element of the preimage of 1 under the
augmentation mapping P? — S. Let x® p € M ®sc P~ and ¢ € Homge (P~ N),
and use the notation

(@ p)=E@Y(P)®p’.
Recall that the contraction mapping is induced by the mapping
M ®ge P™™ — Hompg (Homge (P™™, N), (M ®5 N) ®sc P°),
XQ@pH 1(x ® p).
Denote Lj(ty (x @ p)) — tz,y)(x @ p) by 8. Then,
8 =Ly((x @Y (p) @ p’) — (x ® La(¥)(p)) ® p°
=@ @V (P) P +x @I (P) ® P +x@Y(p)®3°(p")

—x QW (P) @ P’ +xQ Y@ " (p) ® p°
=1y (La(x® p) +x @Y (p) ®°(p°).

Note that 8°( po) lies in the image of d : P~' — PO because the image of pO under
PY— Sis1and H°(3*) = 3. These considerations therefore prove (3) when m =n.
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Now assume that S is projective in Mod(R). Then, the equivariance may be
checked at the level of Hochschild (co)chains. Let o = (x|s{| - - - |s,y) € S®™ and
Y € Homg(S®", N). Then,

Ly(ty (0)) =ty (0)
=Ly(x@Y (s1]--- s Isnt1l-- - [sm) = XLy (P (st~ - s ISnt1] -~ ISm)
= @O OBV (1| Isw)lsns1 |+ lsm)+ @ (W (s1] -+ 1sa)Isn 1]+ Ism)

+ > @Y (il Iswlsnatl 3] [sm)

j=n+1
— @@y (Y (s1] - [sn)ISnrl+ lsm)
D @Y (sl 10 s Sngt |+ sm)
— 1y (L1(0)), =

which proves (3) for all m, n € N when S is projective in Mod(R).

(4) Note that Ly, is defined with respect to the derivation sdy; (= Az 03dpr). Assume
that M is symmetric as an S-bimodule. Therefore, the mapping

As00°: P*— P°

is a derivation relative to sd. Let ¥ € Homge (P*, M) be a cocycle with cohomology
class denoted by c. Since Y oAy = A 0,

Lsyg(f) = (As00m) oy =P o(As09%) =As0Ly(Y).
Taking cohomology classes yields that Ls5(c) = A; 0 Ly(c).
(5) Recall that, here, d), is taken equal to
(s9)¢: 8¢ — §°,
S1 Qs> 59(51) Q52+ 51 ®s3(s2).

Let ¥ € Homge(P~", M) be a cocycle with cohomology class denoted by c. Let i
be as in part (3) of Lemma 4.2.1. Then,

Ly(Y) = (s9) 0y — P o(sd)
=(0Q1+1®sd)oyr —o(sd)"
=A00@R@ Doy +p;,0(1R®) oy —yo(sd).
Using (4-9), the equality becomes

Lsg(Pf)=Ars0(0@1)oy+ps0(1Q)oy —Asoy0d*—yrohod—yrodoh.
iy
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Using [, ps] = pas). it then becomes

Lsg(Y)=rs0@@ Doy +(1®3d)opsoy —pys)o¥ —Asoyod"—yYohod
=X;0(@Q Doy —pysyoy +(1®3) o o(ps—2As)
+(1®d)oYyory—Asoyo0d"—Yohod.
Using (4-2), this becomes

Lsa(f) =2150(0@1) oY —py(s)0¥ —(1Q3) oy od ok
—
=0
—(1®d)oroksod+ (1®d)oyroA —XAso0d*—yrohod
_\,_/
=(1®3)orsop=hs0(1®3)oyr

=X1;0(0@14+1®0) oy — py(s) oy —As0Y00°—(Yoh+(1®3d) o oks)od
=Xs0(Ly(¥))—pacs)o¥ —(Yoh+(1®3)oyoks)od.

Now, consider the following R-linear mapping denoted by f:
Voh+(1®3)oyoky: P s
This is a morphism of S-bimodules. Indeed,

e it is a morphism of left S-modules because so are ¥, 1 ® 9, ks and & (see
(4-10));

e since v and kg are morphisms of S-bimodules, then, for all 7 € S,
fopr = Yohop +(1®0d)opoyok
(ﬁo)I/fo(,OtOh—,Oa(z)Oks)—l-(l®3)0,0101#0ks
= proYyoh—pypnoyoks+(1®3)op; ook
= povoh—+po(1®3) ook
= pof.

Therefore, L;5(¥) and Ag o L3() — pa(s) © ¥ are cohomologous. Since so are
Ad(s) o ¥ and py(s) o ¥ it follows that
Lsy(c) = rs o Ly(c) — Aas)(c). O
4.4. The action of L on Ext%, (S, $°). According to Lemma 4.3.1, the mapping
L x Ext§. (S, S°) — Ext%. (S, S9),

(4-13)
(,e) > a-e:= Ly, (e)
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endows Ext%. (S, $¢) with a compatible left § x L-module structure in the sense
of (3-13), that is, a left S x L-module structure such that, for all e € Ext%. (S, S¢),
ac€LandseSs,

(4-14) (sa)-e=s-(a-e) —als)-e.

This left § x L-module structure on Ext. (S, §¢) does not define a left U-module
structure in general. However, Lemma 3.5.1 yields that Ext§. (S, $¢) is a right
U-module by defining 6 - o, for all 0 € Ext%. (S, S¢)Y and « € L, as

0 - o Exts (S, ) — S,
e~ —a(f(e))+0(x-e).

4.5. Particular case of Van den Bergh and Calabi-Yau duality. Recall that, when-
ever Tor,fe(S ,8) >~ § as S-(bi)modules, a volume form is a free generator wg of
Torfle (S, §), and the associated divergence

div : Derg(S) — S
is defined such that, for all 9 € Der(S),
(4-15) Ly(ws) = div(d)ws.

When S is Calabi—Yau in dimension 7, any free generator eg of the left S-module
Ext, (S, $¢) defines an isomorphism of S-bimodules

0: S — Extg (S, S9,
s > seg.

In such a situation, the fundamental class cg € Tor;fe(S , Ext%. (S, S¢)) (see 2.1)is a
free generator of the left S-module Tor,Sle (S, Exté. (S, §¢9)), and hence the preimage
wgs of cg under the bijective mapping

0, : Tor3' (S, §) — TorS (S, Exth(S, S))
is a volume form for S, thus defining a divergence operator.

Proposition 4.5.1. (1) Assume the following:

o R is Noetherian and S is finitely generated as an R-algebra.
o S is projective in Mod(R).
e S has Van den Bergh duality with dimension n.

Then there is an isomorphism of S-modules compatible with Lie derivatives

Ext's. (S, §¢) >~ A's Derg(S).
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(2) Assume that S is Calabi—Yau in dimension n. Let es be a free generator of the
left S-module Exte. (S, §¢). Let div be the resulting divergence operator. Then,
forall 0 € Derg(S),

(4-16) Ly(es) = —div(d)es.

Proof. In both cases, S lies in per(S§¢). Denote the fundamental class of S by cs. In
view of part (3) of Lemma 4.3.1, the definition of cg gives that

(*17) La(es) =0.

(1) Denote Ext’. (S, S¢) by D. In view of Proposition 2.2.1, [Hochschild et al. 1962,
Theorem 3.1] applies and yields an isomorphism of S-modules,

(4-18) Tor3 (S, §) =~ AQs)k.

Following [Rinehart 1963, Section 9], this isomorphism is compatible with Lie
derivatives. Identify D~! with Homg(D, S) and define 8,1 as follows, for all
d € Derg(95):

dp-1 : Homg(D, §) — Homg(D, S),

fr>00f—foL,.
The evaluation isomorphism
(4-19) ev:D®s D' = S
is compatible with Lie derivatives in the following sense, where d € Derr(S):
(4-20) doev=evo (LyRId+Id®dp-1).
Besides, the duality isomorphism
(4-21) 1o(cs) 1 Ext3e(S, D1 — TorS (S, D®s D7)

is compatible with the action of Lie derivatives because of (4-17) (see part (3) of
Lemma 4.3.1). Combining (4-18), (4-19), (4-20) and (4-21) yields an isomorphism
that is compatible with Lie derivatives

D!~ AQg/r.

This proves (1).

(2) Keep the notation cs, wg, 6, 6, for the objects defined from eg before the
statement of the proposition. Let @ € Derg(S). There exists A € S such that

Ly(es) = res.
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Now, forall s @ p € S Qg P7",
Ly(0x(s @ p)) = Ly(ses @ p)
=03(s)es@p+sLy(es) @ p+ses@93°(p)

= 0,(Ly(s @ p)) + 10:(s @ p).
Therefore,
0= Ly(cs) = Ly (Ox(ws)) = 0x(La(@5) ) + A0 (w5) = (A +div(d))cs.
=div(d)ws
Since cg is regular, . = —div(d). O

5. Proof of the main theorems

The main results of this article are proved in this section. For this purpose, a
description of Ext,. (U, U®) is made in Section 5.1, the underlying S-module is
expressed in terms of Ext%. (S, $¢) and Exty; (S, U), and the U-bimodule structure
is described using the functor F : Mod(U) — Mod(U*) and the action of L on
Ext§. (S, $¢) introduced in Section 4. This description is applied in Section 5.2 in
order to prove Theorem 1. And Theorem 2 and Corollary 1 are proved in Sections 5.3
and 5.4 by specialising to the situations where Ext?f(S , 8¢ and Exttl(,)p (S, U) are
free, and where (S, L) arises from a Poisson bracket on S, respectively.

Throughout the section, Ext%. (S, $¢) is endowed with its compatible left S x L-
module structure introduced in Section 4.4.

5.1. The inverse dualising bimodule of U. This subsection proves the following
result.

Proposition 5.1.1. Let R be a commutative ring and d € N. Let (S, L) be a Lie—
Rinehart algebra over R. Assume the following:

(a) S isflat as an R-module.

(b) Foralln € N, the S-module Ext%, (S, S¢) is projective.

(c) S e per(S°).

(d) L is finitely generated and projective with constant rank equal to d in Mod(S).
Then, AféLv ®s Ext. (S, §) is a graded left U-module such that, for all a € L,
c € Ext%. (S, §¢) and ¢ € AféLV,

a-(pR®c)=—9-aQc+eQRua-c.
Moreover, U is homologically smooth. Finally, there is an isomorphism of graded

right U¢-modules,

Ext}, (U, U¢) ~ F(A4LY ®5 Exty. (S, $9)).
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For this subsection, assume (a), (b), (c) and (d) are true, and consider

 a bounded resolution Q* — S in Mod(U) by finitely generated and projective
modules (see [Rinehart 1963, Lemma 4.1]),

« a bounded resolution 77 : P* — S in Mod($¢) by finitely generated and projec-
tive modules,

« an injective resolution j : U¢ — I* in Mod(U¢ ® (U°)P).

Since S is flat over R and L is projective in Mod(S), part (2) of Lemma 3.0.1 gives
that U°¢ is flat over R. Therefore, the extension-of-scalars functor

—®U®:Mod(U® — Mod(U®¢ ® (U®)°P)

is exact. Hence, the restriction-of-scalars-functor transforms injective U ¢-bimodules
into injective left U°-modules. Thus, /° is an injective resolution of U¢ in Mod(U ).
Therefore, there is an isomorphism of graded right U“-modules,

(5-1) Exty,. (U, U®) ~ H*Homy. (U, I*).

The right-hand side is a right U¢-module by means of 7*,
The proof of the above proposition is divided into separate lemmas.

Lemma 5.1.2. U is homologically smooth.

Proof. Since U is projective in Mod(S) (see part (2) of Lemma 3.0.1), the functor
F :Mod(U) — Mod(U*®)

is exact. Moreover, F(S) >~ U and S € per(U). Therefore, in order to prove that
U is homologically smooth, it suffices to prove that F(U) € per(U¢), which is
equivalent to F'(U) being compact in the derived category D(U€) of complexes of U -
bimodules. Here is a proof of this fact. Let (Mj)rcx be a family in D(U€), denote
®Drex My by M, and consider fibrant resolutions of complexes of U-bimodules
My — i(My), forall k € K, and M — i(M). Since S is homologically smooth, S is
compact in D(§¢), and hence the following natural mapping is a quasi-isomorphism:

&P Homs. (P*, M) — Homg (P*, M).
keK

Since P* is a right bounded complex of projective S-bimodules, the functor
Homg. (P*, —) preserves quasi-isomorphisms, and hence the following natural
mapping is a quasi-isomorphism:

@Homse(P', i(M})) — Homge (P*, i (M)).
keK
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Since U is projective over S on both sides, U¢ is projective in Mod(S5¢). There-
fore, for all fibrant complexes I of U-bimodules, the functor Homge(—, I) pre-
serves quasi-isomorphisms. Accordingly, the following natural mapping is a quasi-
isomorphism:

@D Homge (S. i (My)) — Homge(S, i(M)) .

keK

Since the pair (F, G) is adjoint and G is induced by the functor Homge (S, —), the
following natural mapping is a quasi-isomorphism:
@D Homy« (F(U). i (M) — Homye(F(U), i(M)).
keK
Taking cohomology in degree 0 yields that the following natural mapping is bijective:
P oW (F W), i(M)) - DWU)FU),i(M)).
keK

This proves that F(U) is compact in D(U¢). Thus, U is homologically smooth. [

The authors thank Bernhard Keller for having pointed out an incorrect argument in
a previous version of this proof.

Lemma 5.1.3. There is an isomorphism of graded right U°-modules,
(5-2) Exty,. (U, U®) ~ H*(Homy (Q*, U) @y G(I")).

Proof. Because of the isomorphism F(S) >~ U in Mod(U¢) and the adjunction
(F, G), there is a functorial isomorphism of complexes of right U°-modules,

(5-3) Homy. (U, I*) ~ Homy (S, G(I°)).

Since F is exact and the pair (F, G) is adjoint, G(/*) is a left bounded complex of
injective left U-modules. Hence, Homy (—, G(I*)) preserves quasi-isomorphisms.
Thus, the quasi-isomorphism Q°* — S induces a quasi-isomorphism of complexes
of right U*-modules,

(5-4) Homy (S, G(I*)) — Homy (Q°, G(I*)).

Since Q¢ is bounded and consists of finitely generated projective left U-modules,
the following canonical mapping is a functorial isomorphism:

(5-5) Homy (Q*, U) ®y G(I*) — Homy (Q*, G(I)).

Note that, whether in (5-3), (5-4), or (5-5), the involved right U°-module structures
are inherited from /°. Thus, the announced isomorphism is proved. ([

In order to examine the right-hand side of (5-2) by means of a spectral sequence,
the following lemma describes H*(G(I/*)) as a graded U — U¢-bimodule.
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Lemma 5.1.4. Consider Ext%. (S, S¢) as a left S x L-module as in Section 4.4.
Then, there is a U — U°-bimodule structure on Ext§. (S, §¢) ®se U¢ such that the
right U°¢-module structure is inherited from U and for all « € L, ¢ € Ext'..(S, §¢)
andu,v e U,

- (c®UAV))=0-cQ®URAV)+cR((¢®]l—-1Qa)- - (u®v)).
For this structure, there is an isomorphism of graded U — U°-bimodules,
H*(G(I)) > Ext. (S, $) ®se U*.

Proof. The object G(I*) is Homge (S, I°*) as a complex of S-modules, its right
U°-module structure is inherited from /°, and the one of left U-module is given in
Section 3.2.

First, since U¢ is projective in Mod(S¢) and I* consists of injective left U®-
modules, /* is a left bounded complex of injective left S°-modules. Hence,
Homge(—, I*) preserves quasi-isomorphisms. Thus, 7 : P* — S induces a quasi-
isomorphism of complexes of right S°-modules,

(5-6) 7' : Homge (S, I*) — Homge (P*, I*).

Foralla € L, let 9 : P*— P* be a derivation relative to d, : S — S (see Section 4.2),
and denote by §;, the mapping from /* to /* given by

i, @®1—1Qa)-i.

Then, define « - f and « - g, for all f € Homge(S, /*) and g € Homg.(P*, I*), by
a-f=68,0f—fody
a-g=38,08—g00;;

since w 09}, = dy O T,

w'(a- f)=a-7'(f).
The hypotheses on P* yield an isomorphism of complexes of right U°-modules,
(5-7) ev : Homge (P*, §¢) ®ge I* — Homge (P°, I°).

Endow the left-hand side term with the following action of L. For all @ € L and
¢ ®i € Homge(P*, S°) ®se I°, denote by « - (¢ ® i) the (well-defined) element of
Homge (P, S¢) ®ge 1°,

a-9Qi+¢Q(5;0).

The assignment ¢ Qi — « - (¢ ®i) is a morphism of complexes of R-modules from
Homge (P, §¢) ®se I° to itself. In view of (4-8) and of the identity

@®1-1®a) - (s®1)-j)=0,(6®)-j+ RN - (@] -1Qa)-j
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in I°, for all s, 7 € S and j € I*, the following holds:
(5-8) evie- (p®i) =a-evip®i).

Homg. (P*, §¢) is also a bounded complex of projective right S¢-modules. Hence,
the functor Homge (P*, S§¢) ® se — preserves quasi-isomorphisms. Thus, j : U¢ — I*
induces a quasi-isomorphism of right U-modules,

(5-9) Id® j : Homge (P*, S°) g U¢ — Homge (P°*, S¢) Qg I°.

Endow the left-hand side term with the following action of L. For all @ € L,
¢ € Homge (P°, S¢) and u, v € U, denote by « - (¢ ® (u ® v)) the following (well-
defined) element of Homge (P*, S¢) ®gec U®:

- PoRQURV)+ R (@1 —-1Qa) - (uRQv)).

The assignment ¢ ® (4 @ v) — o - (¢ ® (4 ® v)) is a morphism of complexes of
R-modules from Homge (P*, $¢) ®ge U€ to itself, and

Id® j)(@- (@ U®v))=a-(1d® j)(¢® (u®v)))

because j : U¢ — I* is a morphism of complexes of U¢ — U¢-bimodules.
Since U* is projective in Mod(S€), there is an isomorphism of right U¢-modules,

(5-10) H*(Homge (P*, §¢) ®se U®) >~ Ext§. (S, §°) ®se U°.

For all cocycles ¢ € Homge (P*, §¢), with cohomology class denoted by ¢, and for
all @ € L and u, v € U, the image under (5-10) of the cohomology class of

@ (p®u®v))
is
(5-11) - cQURV)+cR((®1—-1Qa)- (uRv)),

where « - ¢ is defined in Section 4.4 (see (4-13)).
Combining (5-6), (5-7), (5-9), (5-10) yields an isomorphism of right U ¢-modules,

(5-12) Ext%. (S, §¢) ®se U® = H*(G(I")),

such that, for all « € L, ¢ € Ext§. (S, $°) and u, v € U, if y denotes the image of
¢ ® (1 ®v) under (5-12), then « - y is the image of (5-11).

Thus, applying part (1) of Lemma 3.5.2 to N = Ext%. (S, $¢) yields the announced
conclusion. ([

Proof of Proposition 5.1.1. The statement relative to the left U-module structure on
AféLV ® Exts. (S, §¢) follows from Lemma 3.5.1, and Lemma 5.1.2 shows that U
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is homologically smooth. The (first quadrant, cohomological) spectral sequence of
the bicomplex

(5-13) (Homy (Q7, U) @y G(I1)) 4
converges to H*(Homy (Q*, U) ®y G(I*)) and its E;’q—term is, for all p,q €7,
H}(H{(Homy (Q", U) ®y G(I*)).

Since Homy (Q°, U) consists of projective right U-modules, there is an isomorphism
of right U¢-modules, for all p, g € Z,

(5-14)  HY(Homy (Q”, U) ®y G(I*)) =~ Homy (Q, U) ®y HI(G(I*)).

The description of H*(G(/*)) made in Lemma 5.1.4 combines with (5-14) into the
following isomorphism of right U°¢-modules, for all p, g € Z:

(5-15) H?(Homy (Q”,U)®y G (I*)) =Homy (QF, U)®y (Ext§. (S, S)®s: U°).

Using Lemma 3.5.2 (part (2)), this isormorphism yields an isomorphism of right
U°¢-modules, for all p,q € Z:

(5-16)  HY(Homy (Q”,U)®y G(I*)) >~ F(Homy (Q?, U) ®s Extl, (S, $9)).

Given that F is an exact functor, that Extgg (S, S°) is projective in Mod(S) for all g
and that (S, L) has duality in dimension d, it follows from (5-16) that there is an
isomorphism of right U¢-modules, for all p, g € Z,

F(Ext (S, U)®sExt’. (S, 8%) if p=d,

Hy (H] (Homy (Q", U)®y G(I") = v .
0 if p#d.

Therefore, the spectral sequence of the bicomplex (5-13) degenerates at E,. Thus,
H*(Homy (Q*, U) @y G(I*)) ~ F(Ext‘Ll,(S, U)®s Ext'de(S, S€)) in Mod(S°).

The conclusion follows from (5-2) and from the isomorphism Ext?] (S,U)~ AféLv
in Mod(U) established in [Huebschmann 1999, Theorem 2.10] O

5.2. Proof of the main theorem.

Proof of Theorem 1. Following Proposition 5.1.1, U is homologically smooth and
there is an isomorphism of graded right U¢-modules,

Ext},. (U, U°) =~ F(ASLY @5 Exty./ (S, §9).

According to Proposition 3.6.1, the functor F' transforms left U-modules that are
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invertible as S-modules into invertible U-bimodules. Note that

. AféLV is invertible as an S-module because L is projective with constant rank,
and

 Ext{. (S, $¢) is concentrated in degree n and Ext, (S, $¢) is invertible as an
S-module because S has Van den Bergh duality.

Thus, Exty,. (U, U°) is concentrated in degree n+d and Ext;‘]fd(U , U?) is invertible
as a U-bimodule. Hence, U has Van den Bergh duality in dimension n +d. (]

5.3. Proof of Theorem 2. The hypotheses of Theorem 2 are assumed throughout
this subsection. Let ¢; be a free generator of the S-module A‘;Lv. Let eg be a free
generator of the S-module Ext?, (S, S¢). Therefore, there exist mappings

XL,XsiL—>S

such that, for all « € L,
{a res =As(a) -es,
oL -a=>Air(a)-s.
Some basic properties of these are summarised below.
Lemma 5.3.1. Let A be either one of As or Ap. Then, foralla, B € L and s € S,
(1) Asa) =si(a) —als),
) A([er, BD) = a(A(B)) — B(A(@)).
Proof. Assume that A = Ag. Let s € S and o € L. Then, using Section 4.4,
(s0)-es =5 (a-es) —a(s)-es
= (sA(a) —a(s)) -es,
which proves (1), and
o (Bres)=a-(M(B) - es)
=a(A(B))-es+A(B) - (a-es)
= (a(A(B)) + A (@)A(B)) - es,

from which (2) may be proved directly. The proof when A = A is analogous, using
the right U-module structure of AféLV instead of Section 4.4. ]

As proved later, the following automorphism is a Nakayama automorphism for U.

Lemma 5.3.2. There exists a unique R-algebra homomorphism,

v:U—U,
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such that, foralls € S and a € L,
{v(s) =y,
vio)=a+ A () — As(a).
This is an automorphism of R-algebra.

Proof. The uniqueness is immediate. For all @ € L, denote « + Ap (o) — As(e)
by vy. Then, foralls € Sand o, B € L,

[Va,vg]l = la+2ip(@)—is(a), B+2rL(B)—Ars(B)]
= [(X, ,B]+)‘L([a’ IB])_)‘S([Q’ :B]) = Vi, B]»

Lemma 5.3.1
Vsa = sa+Air(sa)—As(sa)
=  sa+sip(a) —sis(a) = sv,,
Lemma 5.3.1
[V, s] = [a+Aip(e) —Ap(®), s] =a(s).

This proves the existence of v. Note that v preserves the filtration of U by the powers
of L and that gr(v) is the identity mapping of U. Accordingly, v is bijective. [J

Now it is possible to prove Theorem 2.

Proof of Theorem 2. From Theorem 1, U has Van den Bergh duality in dimension
n + d and there is an isomorphism of U-bimodules,

(5-17) Ext/ (U, U®) =~ F(AYAY @5 ExtL. (S, ),

where the tensor product inside F'(e) is a left U-module by (3-8).

Recall that A‘SILv and Exty, (S, §¢) are freely generated by ¢;, and eg, respec-
tively. Therefore, the following mapping is an isomorphism of left U-modules (see
Section 3.3):

518 ®:U — F(ASLY ®5Exti(S, $9)),
ur—>u® (¢ Qes).

Foralls e S, o e Land u € U,
Pu)s = (pL ®es)) s =us @ (¢ Res) = (us),

Qo= (pr®es)) - o
=ua @ (pr ®es) —ua-(pL ®es)
=ua @ (pL®es) — (—u®(pL-a®es) +u® (pL Qa-ey))
= (e +2rr(e) —2rs(@))) ® (L B es)
=Qu(a+rr(e) —Ars(@))).
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Thus, denoting by v the automorphism of U considered in Lemma 5.3.2, then, for
allu,veU,

(5-19) Ddw)-v=>wmv(v)).

Combining (5-17), (5-18) and (5-19) yields that there is an isomorphism of bimod-
ules,
Ext/ (U, U%) = U".

Since Ay = —div (see Proposition 4.5.1), this proves Theorem 2. Ul

5.4. Case of Poisson algebras.

Proof of Corollary 1. From Proposition 2.2.1, S has Van den Bergh duality in
dimension n. Moreover, Proposition 4.5.1 yields an isomorphism of S-modules
A’s Derg(S) >~ Ext. (S, §¢) which is compatible with the action of Lie derivatives.
Finally, according to (1-3), the dualising module of (S, Qg/r) is A'g Derg(S) with
right U-module structure such that, for all s € § and ¢ € A'g Derg(S),

@-ds=—Li —y(p).

Using these considerations, the corollary follows from Theorems 1 and 2. U

6. Examples

6.1. The case where L is free as an S-module. In this subsection, it is assumed
that L is free as an S-module. Consider a basis («q, ..., ag) of L over S. Denote
the dual basis of LY by (e, ..., a)). In particular, A‘éLv is free of rank one in
Mod(S), with a generator denoted by ¢y,

or=0af A---Aay.

For all i € {1, ..., d}, consider the matrix of ad,,, denoted by (s;’k)j,k e My(S).
Hence, for alli,k € {1, ..., d},

d
o, o] = Zsi-’kaj.
j=1
In this situation, the action of L on AL by Lie derivatives specialises as follows.
Foralli, j,ke{l,...,d},
(hay (@) (i) = i (o (o)) — ([, i) = —s .

Hence, for all i, j € {1, ...,d]},
d
hay (0) = = D55 404

k=1
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Thus, the right U-module structure of A‘SiLv is such that, for all @ € L,

(6-1) @r - =Tr(ady)eL.

Using this simplified description of AféLV yields the following corollary of the
main theorems of this article.

Corollary 6.1.1. Let R be a commutative ring. Let (S, L) be a Lie—Rinehart
algebra of R. Denote by U its enveloping algebra. Assume that

o S is flat as an R-module,
o S has Van den Bergh duality in dimension n,

o L is free of rank d as an S-module.

Let (ay, ..., aq) be a basis of L over S as considered previously. Then, U has Van
den Bergh duality in dimension n + d and there is an isomorphism of U -bimodules,

Ext/ (U, U%) ~ U ®s Exth(S, ),

where the left U-module structure on U ®g Ext. (S, S¢) is the natural one and the
right U-module structure is such that, for allu € U, e € Ext%,. (S, S¢) and o € L,

uRe)-a=uac@e+u@Tr(ady)e —u @ Ly, (e).

If, moreover, S is Calabi—Yau, then U is skew Calabi—Yau and each volume form
on S determines a Nakayama automorphism v € Autg(U) such that, forall s € S
ando € L,
v(s) =s,
{v(a) =o + Tr(ady) + div(dy),

where div denotes the divergence of the chosen volume form.
Proof. In view of (6-1), there is an isomorphism of right U-modules,
d ~
AGLY ~ S,

where the right U-module structure on the right-hand side term is such that, for
allx e L,
l1-a="Tr(ady).

The corollary therefore follows directly from Theorems 1 and 2. O

The previous corollary applies to any Lie—Rinehart algebra arising from a Poisson
structure on R[xq, ..., x,], n € N\{O0, 1}.

Example 6.1.2. Let S = R[x, y]. Let P € S. This defines a Poisson structure on S

such that
{x,y}=P.
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Let L := Qg,g and consider (S, L) as a Lie-Rinehart algebra over R such that, for
all s,t €S,

o [ds,dt]=d{s,t};
o ads = {S7 _}

Then (dx, dy) is a basis of Qg/g over S. Note that

. oP
Tr(adgy) =div(9ay) = T
y
. oP
Tr(adgy) = div(dgy) = BT

From Corollary 6.1.1, U is skew Calabi—Yau in dimension 4 and has a Nakayama
automorphism v € Autg(S) such that

v(x) =x, v(dx):dx—l—ZQ,
dy

_ _ gy _29P
v =y, vidy) =dy =25

By considering the filtration of U by the powers of the image of L in U, with
associated graded algebra the symmetric algebra of L over S (see [Rinehart 1963,
Theorem 3.1]), it appears that U* = §* = R*. Accordingly, U has no nontrivial
inner automorphism. Consequently, U is Calabi—Yau if and only if v = Idy, that is,
if and only if char(R) =2, orelse P € R.

Example 6.1.3. Let S = R[x, y, z]. Let P,, Py, P, € § be such that

— —
P Acurl(P)=0,

Py
Py .
P;

Hence, the following defines a Poisson bracket on S,

ﬁ
where P denotes

{x,y} =P, {y, z} = Px, {z,x}=Py.

As in the previous example, let (S, L := Qg/r) be the associated Lie—Rinehart
algebra over R. As is well-known,

3 3 9 3 9 3
y,—t=FP- =P {2, =)= Py——Pr .

=P g
.- 9z fox’ Yox Xy

9 _p 9
“9y Yoz’
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Therefore, using the basis (dx, dy, dz) of Qg/g over S,

div(9gyx) Tr(adgx) N
div(d4y) | = | Tr(adgy) | =curl( P).
div(dy;) Tr(adg;)

Using Corollary 6.1.1, it follows that U is skew Calabi—Yau in dimension 6 and
has a Nakayama automorphism v € Autg(S) such that

v(x) X v(dx) dx N
viy) | =1y and v(dy) | =dy | +2curl(P).
v(z) z v(dz) dz

As in the previous example, there are no nontrivial inner automorphlsms for U.
Hence, U is Calabi—Yau if and only if char(R) = 2, or else curl(P) =0. In
particular, when R contains Q as a subring, then U is Calabi—Yau if and_or)ﬂy if the
Poisson bracket is Jacobian, that is, there exists Q € S such that P = grad(Q).

By the Quillen—Suslin Theorem, when R is a field and n € N, any R[x, ..., x,]-
module that is finitely generated and projective is free. Hence, Corollary 6.1.1 also
applies to all Lie-Rinehart algebras of the shape (R[xy, ..., x,], L), where R is a
field.

6.2. On two-dimensional Nambu—Poisson structures. Following Corollary 1, U is
skew Calabi—Yau when S is flat over R and Calabi—Yau and (S, L) is given by a
Poisson bracket on S. Assuming these properties, this section computes a Nakayama
automorphism of U for a class of examples of two-dimensional Nambu—Poisson
structures (see [Laurent-Gengoux et al. 2013, Section 8.3]).

Let S = R[x, y,z]/(P) where P =1+ T for some T € R[x, y, z] which is
(p, q, r)-homogeneous in the sense that p,g,r € Rand t := pa +gB+ry isa
unit in R which does not depend on the monomial x*y#z? appearing in T. The
hypotheses imply the following equality in S:

op oP oP
(6-2) px— +qy— +rz— = —t (€ R).
ax ay 0z
Let O € R[x, y, z] and endow S with the Poisson structure such that
oP oP oP
(6_3) {xv y}:Q_s {yv Z}:Q_9 {Z7x}:Q_’
0z ox ay

Consider (S, L := Qg/r) as a Lie-Rinehart algebra such that, for all s, ¢, s'es,

o [ds,dt] =d{s, t},
o (sdt)(s") =s{t,s'}).
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Consider the following 2-form on S:
ws = pxdy Ndz+qydz Adx +rzdx Ady.

According to (6-2), Qg is a projective S-module of rank 2. And the relation

an —i—an —I—an =0
ox * dy Y 0z =

in Qg yields the following relations in A%QS /R

aa—idx Ady = E2,)—1:dy/\dz,
%—idy/\dz= Eg—fdz/\dx,
%—idz/\dx _ %—I;dx/\dy.
Combining with (6-2) yields

dx ANdy = —t 188—12(1)5,

dyAndz = —t_l%a)s,

dzNndx = —t 18—Pw

dy

Thus, wg is a volume form of S.
In order to determine the divergence of wg, consider the derivations 8y, 8, 8, €
Derg(S) given by

aP oP
Sy:ixt—> 0 (Sy:x|—>—a—Z 8, x> Ty
ARG F Y Y ox
oP oP
> — = > — z— 0.
ay ox
Note that
{x,=}=08, {y,-}=0% and {z,—}= Q8.
Then,
5. (ws) =5, (pxdy ndz+qydz Ndx +rzdx Ady)
oP aP oP oP
= px (Edz + ady) - qudx - rza—zdx

=tdx (see (6-2)).



DUALITY FOR DIFFERENTIAL OPERATORS OF LIE-RINEHART ALGEBRAS 453

Therefore, using the symmetry between x, y and z,
div(éy) =div(d,) =div(s;) = 0.
Apply Lemma 5.3.1, taking into account that As = —div (see (4-16); then,
div(fx, —}) = div(Qdx) = Qdiv(x) + 8. (Q).

Therefore,

009P _0Q0P

(6-4) div({x, —}) = 9 52 92y

Applying Corollary 1 gives that the enveloping algebra U of (S, Qg/g) is skew
Calabi—Yau. It has a Nakayama automorphism v : U — U such that, for all s € S,

v(s) =s,
v(dx) dx
— —
v(dy) | = | dy | +2grad(Q) A grad(P).
v(dz) dz
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