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For finitely generated groups H and G, equipped with word metrics, a
translation-like action of H on G is a free action such that each element
of H acts by a map which has finite distance from the identity map in the
uniform metric. For example, if H is a subgroup of G, then right translation
by elements of H yields a translation-like action of H on G. Whyte asked
whether a group having no translation-like action by a Baumslag–Solitar
group must be hyperbolic, where the free abelian group of rank 2 is under-
stood to be a Baumslag–Solitar group. We show that the converse question
has a negative answer, and in particular the fundamental group of a closed
hyperbolic 3-manifold admits a translation-like action by the free abelian
group of rank 2.

1. Introduction

A metric space X is said to be uniformly discrete if it has a minimum distance,
meaning

inf{d(x, y) : x, y ∈ X; x 6= y}> 0,

and said to have bounded geometry if for all r > 0, there is some Nr > 0 such that
every r-ball has cardinality at most Nr . If X satisfies both of these conditions, it
is said to be a UDBG space [Whyte 1999, §2]. For example, a finitely generated
group equipped with a word metric is a UDBG space. More generally, if X is the
vertex set of a connected graph of bounded degree, equipped with the metric that
assigns length 1 to each edge, then X is a UDBG space.

Definition [Whyte 1999, Definition 6.1]. Let X be a UDBG space. A translation-
like action of a group H on X is a free action by maps at a finite distance from the
identity. That is, the action satisfies the following rules.

• For x ∈ X and h ∈ H, if h · x = x , then h = 1H .

• For all h ∈ H, the set {d(x, h · x) : x ∈ X} is bounded.
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We will mostly be interested in the case where H is finitely generated and the
UDBG space X is a finitely generated group G equipped with a word metric. In
this case, a translation-like action of H on G is just a vertex-surjective embedding
of a disjoint union of copies of a Cayley graph of H into a Cayley graph of G (since
an orbit of a translation-like action of H on G embeds the Cayley graph of H into
some Cayley graph of G).

Translation-like actions generalize subgroups. If H is a finitely generated subgroup
of G, then H acts translation-like on G via

h · g = gh−1

for h ∈ H and g ∈ G. Many properties which pass to subgroups of G also pass to
groups which act translation-like on G. For instance, Jeandel [2015, Theorem 3]
has shown that if G has no weakly aperiodic subshift of finite type, then the same
is true for finitely presented groups acting translation-like on G. By considering
that many properties which pass to subgroups of G also pass to groups which act
translation-like on G, Whyte was able to give “geometric” versions of several famous
conjectures about how the properties of G constrain its subgroups [Whyte 1999, §6].

The geometric von Neumann–Day conjecture. The von Neumann–Day conjecture
(disproven by Olshanskii [1980]) asserts that a group G should be nonamenable if
and only if G contains a free subgroup. Whyte [1999, Theorem 6.1] used translation-
like actions to formulate and prove a geometric version of this conjecture — namely,
that G is nonamenable if and only if Z ∗Z acts translation-like on G.

The geometric Burnside problem. The Burnside problem (answered in the negative
by Golod and Shafarevich [Golod 1964]) asks whether every infinite finitely gener-
ated group contains a Z-subgroup. The geometric Burnside problem asks whether
every infinite, finitely generated group admits a translation-like action of Z. Seward
[2014, Theorem 1.4] proved that the answer to this question is yes.

The geometric Gersten conjecture. Recall that for m, n∈Z 6=0, the Baumslag–Solitar
group BS(m, n) is the group presented by 〈a, b|abma−1

= bn
〉, and in particular

BS(1, 1)∼= Z2. It is known that these groups do not embed in hyperbolic groups.
The Gersten conjecture [Bestvina 2000, Q 1.1] — usually attributed to Gromov —
roughly states that for a group satisfying some finiteness properties, hyperbolicity
should be equivalent to having no Baumslag–Solitar subgroup. We do not know
whether Gersten actually asked this question, although [Gersten 1996] asks whether
every finitely presented subgroup of a hyperbolic group must be hyperbolic. [Brady
1999] showed that this was false, and hence that the Gersten conjecture is false for
finitely presented groups (weaker versions remain open).

The geometric Gersten conjecture states being hyperbolic is equivalent to having
no translation-like action by any BS(m, n). In point of fact, Whyte only asked
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about the “hard” direction — whether a group which is not hyperbolic must admit a
translation-like action of a Baumslag–Solitar group — and only for 2-dimensional
groups. By an observation of Jeandel [2015, §5], knowing the hard direction for
all amenable groups would imply that every group (except for virtually cyclic
groups) has a weakly aperiodic subshift of finite type, as conjectured by Carroll and
Penland [2015]. In a recent preprint Jiang [2017] has shown that the lamplighter
group admits no translation-like actions by Baumslag–Solitar groups. Since the
lamplighter is not hyperbolic, this disproves the hard direction of the geometric
Gersten conjecture, although finitely presented counterexamples remain unknown.

Seward [2014, §1.(3’)] asked about the other direction — whether Baumslag–
Solitar groups may act translation-like on hyperbolic groups. Our main theorem
gives a negative answer to this question.

Theorem 1.1. Let G be the fundamental group of a closed hyperbolic 3-manifold.
Then Z2 acts translation-like on G.

2. Proof of Theorem 1.1

Let G be the fundamental group of a closed hyperbolic 3-manifold. We will prove
Theorem 1.1 by showing that G is bilipschitz to a UDBG space which admits a
translation-like action of Z2 — the following lemma says that this is sufficient.

Lemma 2.1. If H acts translation-like on X1, and X1 is bilipschitz to X2 then H
acts translation-like on X2.

Proof. Let ψ : X1→X2 be a bilipschitz map. We define a translation-like action
of H on X2 by conjugating the action as follows. For x ∈ X2, take

h · x = ψ(h ·ψ−1(x)).

It is clear that this is a free action, and it is translation-like because

d(x, h · x)≤ Lip(ψ)d(ψ−1(x), h ·ψ−1(x)). �

Lemma 2.2. There exists a UDBG space X such that Z2 acts translation-like on X
and X is bilipschitz to G.

Proof. Consider the set of points

X = {(2ca, 2cb, 2c) : a, b, c ∈ Z}

in the upper half space model of H3. (See [Ratcliffe 1994, §4.6] for details on the
upper half space model). The reader may verify that this is indeed a UDBG space
(the shortest distance is log(2) and it is not hard to see that the size of r -balls in X
is roughly exponential in r ).
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To define a translation-like action of Z2 on X, let the generators e1, e2 of Z2 act by

e1 · (2ca, 2cb, 2c)= (2c(a+ 1), 2cb, 2c)

and
e2 · (2ca, 2cb, 2c)= (2ca, 2c(b+ 1), 2c).

These maps commute, each moves points by a distance of 1, and the Z2-action they
induce is clearly free, so it is translation-like.

Observe that X is quasi-isometric to H3 because every point of H3 lies within
a bounded distance of X ⊂H3. Thus, by the Svarc–Milnor theorem [Bridson and
Haefliger 1999, Proposition I.8.19], X is quasi-isometric to G. By combining
[Whyte 1999, Theorem 1] and [Whyte 1999, Theorem 5.1], one sees that any
quasi-isometry between nonamenable UDBG spaces is at a bounded distance from
a bilipschitz map, so X is bilipschitz to G. �

Combining Lemmas 2.1 and 2.2, we have proved Theorem 1.1

3. Questions

We close with three questions.

Other Baumslag–Solitar groups. Do any hyperbolic groups admit translation-like
actions of Baumslag–Solitar groups BS(m, n) with m ≥ 2?

Other hyperbolic groups. Which hyperbolic groups admit translation-like actions
of Z2? Jiang [2017] recently observed that one may use results of [Benjamini et al.
2012] to show that Z2 cannot act translation-like on free groups, and it appears that
this technique may be used to rule out translation-like actions of Z2 on hyperbolic
surface groups [Benjamini et al. 2012, Proposition 4.1], but we have no idea whether
such actions exist on hyperbolic one-relator groups or on random groups.

Gromov–Furstenberg for returns of the horospherical flow in a hyperbolic 3-
manifold. (See [Burago and Kleiner 2002] for context). Let 0 be a cocompact
lattice in PSL(2;C), let H be an ε-neighborhood of some horosphere H0 in H3,
let ∗ ∈ H3, and consider the intersection O = (0 · ∗)∩ H. If we equip O with the
metric inherited from H, then O is quasi-isometric to H0∩(0 ·Bε(∗)), where Bε(∗)
denotes the ε ball around ∗ in H3. From Ratner’s theorem [1991], it then follows
(with some thought) that O is quasi-isometric to Z2. Must O be bilipschitz to Z2?
This was our original attempt at finding a translation-like action of Z2 on 0.
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