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ENHANCED ADJOINT ACTIONS AND
THEIR ORBITS FOR THE GENERAL LINEAR GROUP

KYO NISHIYAMA AND TAKUYA OHTA

We study an enhanced adjoint action of the general linear group on a product
of its Lie algebra and a vector space consisting of several copies of defin-
ing representations and its duals. We determine regular semisimple orbits
(i.e., closed orbits of maximal dimension) and the structure of enhanced null
cone, including its irreducible components and their dimensions.

Introduction

Let G be a reductive algebraic group over the complex number field C, and g
its Lie algebra. The adjoint action of G on g is a basic tool for many aspects
of representation theory, and is also useful for invariant theory, the theory of
singularities, and so on.

Achar, Henderson and Johnson [Achar and Henderson 2008; Achar et al. 2011;
Johnson 2010] considered an enhanced version of nilpotent varieties and classified
the nilpotent orbits (there are only finitely many of them). Kato [2009] considered
an “exotic” nilpotent cone and derived the Deligne—Langlands theory for those
exotic nilpotent orbits. There are many related works based on algebraic geometry,
combinatorial theory, and the theory of character sheaves [Travkin 2009; Finkelberg
et al. 2009; Henderson and Trapa 2012; Fresse and Nishiyama 2016; Rosso 2012].

In these papers, enhancement of the nilpotent cone is only “one-sided” to get a
criterion of finiteness of orbits. However, from the viewpoint of symmetric spaces
and invariant theory, it seems better to enhance all the adjoint orbits in two-sided
directions. In this respect, we already had two results that relate the orbit structure
of two enhanced actions [Ohta 2008; Nishiyama 2014], but we did not know the
explicit orbit structures of individual enhanced adjoint actions.

In this paper, we begin to study (two-sided) “enhanced adjoint action” of G
for G = GL,(C) (type A). The big difference from those one-sided enhanced (or
exotic) ones is that there exist infinitely many nilpotent orbits. So the analysis
becomes more difficult, but involves less combinatorics. In the easiest cases, we can
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describe enhanced adjoint orbits fairly explicitly, but in general, we have obtained
coarser structures, like regular orbits of maximal possible dimensions, the structure
of invariants, irreducible components of nilpotent variety.

To state the main results more explicitly, let us introduce some notation. Let
V = C" be a vector space of dimension n. We consider a natural action of G =
GL(V) =GL,(C) on

W= (Cn)®p @ ((D*n)@q oM, = Mn,p Gan,n ©®M,,
with the action of g € G given by
g-(B,C,A)=(gB,Cg ', Ad(g)A) for (B,C,A)eM, ,®M,, ®M,.

Thus, the part M,, is considered to be g = gl,,(C) and the action is the adjoint action.
For the other parts, M, , is a p-copy of natural representations and M, , is a g-copy
of its dual, i.e., as a representation space we will study

WV oWVeV)e (VH¥,

The space W is the fully enhanced adjoint representation as we explained. Here
we note that, from the opposite view point, the space W is also considered as an
extension of V®? @ (V*)® by adding V ® V*. Hence it is a generalization of what
H. Weyl considered in the course of his study of classical invariant theory [1939].
There are obvious invariants for the action of G = GL,,(C) on W. We put

1x := trace AX (1<k<n-1),
vl =(CA'B); (O<t<n—11<i<gq, 1<j<p).

These invariants are generators of the whole invariant ring C[W]%, and they seem to
be known to experts in various forms, including in quiver theory (see Theorem 1.1).
Thus, we can define a quotient map wy : W — C" x (M, ,)" using these invariants
(see (2-3)).

If p=1or g =1, the quotient map has a very good property. Namely, we get:

Theorem 0.1 (Theorem 2.1(2)). If p=1o0rq =1, the map wy : W — C" x (M ,)"
is an affine categorical quotient map (note that My , = C? or C?). In particular,
the quotient map wy is coregular, and C{IW1© is a polynomial ring generated by
the fundamental invariants listed above.

For general p > 1 and g > 1, the following theorem gives a generic structure of
enhanced adjoint orbits.

Theorem 0.2 (Theorem 2.1, Corollary 2.2). The dimension of the image dim Im Ty
is equal to n(p + q), and a general fiber of Ty is a single G-orbit of dimension n>
This implies that general orbits for the enhanced adjoint action are closed of

dimension n*
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These orbits are called regular semisimple orbits. Another extreme case are
nilpotent orbits. We investigate the null cone (W) C W in Section 3, and get the
following results.

Theorem 0.3 (Theorem 3.3). The null cone W(W) is reducible and it has n + 1
irreducible components Cy C U(W) (0 <k <n) given in Lemma 3.2. The dimension
of the null cone is n”*> —n +n -max{p, q} and W(W) is equidimensional if and only
fp=gq.

Finally, we get the structure of general (enhanced) nilpotent orbits contained in
each component Cy in Theorem 3.4.

1. Setting

Let V = C" be a vector space of dimension n. We consider a natural action of
G =GL(V) on

W=W(p,qr):=VPoVH¥ @V eVH¥

in the obvious manner. In explicit matrix form, we can identify

W=(C"HaC"%dM,)¥ =M, ,®M,, dM,,
with the action of g € G on

(B,C,(A1,...,A) eM, ,®M, , &M,
given by
g-(B,C,(Al,...,A)) = (¢B,Cg™", (Ad(g)A)_)).
There are obvious invariants, which we list below. For a multi-index
I'=(,i2,....00) (I1=ix=r),

let us write A; = A; A;, -+ A;,. We denote [n] = {1, 2, ..., n} as usual; then the
multi-index I above is an element in [r]¢. We put

77 :=trace(Aj) (I €[r]H,
yX =(CAB); (Kelrl.1<i<q.1<j<p),
where we allow £ = 0 for K, which means Agx = 1,, (the identity matrix). These
invariants are generators of the whole invariant ring, which is essentially due to

a more general result of Le Bruyn and Procesi [1990, § 3, Theorem 1] (see also
[Le Bruyn and Procesi 1987; Itoh 2013]).
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Theorem 1.1. The invariant ring C[W]© is generated by the elements t; with
I €[r]f (¢ > 0) and the elements yi{(]. with K € [r]* (€ >0),i € lq], j € [p]; that is,

CIWI® =C[r.v5 | LK e[r] (¢>0).i €lql. j €[p]].

Proof. We largely follow the notation of [Le Bruyn and Procesi 1990]. We denote a
connected quiver by Q and by « its dimension vector. For a representation space
R(Q, a) of O, Theorem 1 in [loc. cit.] states that the invariant ring C[Q, o]OH@
is generated by traces of oriented cycles. So we will consider a quiver Q of two
vertices Qg = {1, 2} with arrows

Or={a |1 <i<r}U{b |1 <i<p}U{c|1=<i=<gq},

where the a; are loops connecting 1 and itself (i.e., h(a;) = t(a;) = 1), the b;
are arrows from 2 to 1 (h(b;) = 2, t(b;) = 1), and the ¢; are arrows from 1 to
2 (h(c;) =1, t(c;) = 2). Take a dimension vector o = (x(1), ®(2)) = (n, 1), so
that V(1) = C" and V(2) = C. Then our W = W(p, ¢, r) coincides with the
representation space R(Q, o).

The invariants are considered with respect to the action of G(«) = GL,, x GL;.
However, the representation image of G(«) on W = R(Q, «) and that of GL,, are
the same because the action of the torus GL; on V(2) = C can be recaptured by
the center of GL,,. So both invariant rings for G («) and GL,, are the same.

Let us consider any closed cycles. Since we take traces, we can start from any
vertices contained in the cycle. If it only contains the vertex 1, the traces are t;’s. If
it contains the vertex 2, we will start from 2 which necessarily ends in 2. Decompose
the cycle into several cycles which start from 2 and end in 2. Since V(2) = C is
1-dimensional, a decomposed cycle starting from 2 represents a scalar being equal
to its trace. Thus the trace of the cycle which we are considering is a product of
various yfj’s. [l

Let us denote 7 = 7ty : W — W//G, an affine quotient map by the action above.
As a set, the quotient W //G corresponds to the set of closed G-orbits in W. It
is known that these closed orbits are precisely the set of equivalence classes of
completely reducible representations of a quiver corresponding to W.

Let Y (W) = JTV_VI (rw (0)) be the nilpotent variety, which consists of the nilpotent
elements x with the property G - x 5 0. The nilpotent variety J1(W) is the “worst”
fiber. So we are strongly interested in its structure. In particular, we are interested in
dim (W), its irreducible components, its orbit structure, and whether it is reduced
or not. For the dimensions and irreducible components, we have a complete result,

which is stated in Section 3 in detail. The problems of orbit structure and reducibility
of (W) also seem very interesting but these are our future subjects.
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On the other hand, general fibers are supposed to have “best” properties we can
expect. This will be helpful for studying the quotient space (at least its smooth
part), which we shall do in Section 2.

It would be too ambitious to expect to get a very explicit orbit structure of the
whole space W. Also it seems to be a difficult problem to clarify the structure of
the singularities of the quotient space.

2. Enhanced adjoint action

In the following, we restrict ourselves to the case r =1,s0 W =M,, , ®M, , ®M,,
on which G = GL,, acts. In matrix form, g € GL,, acts on

(B,C,A)eM, , @My, &M,

viag-(B,C, A) = (gB, Cg"!, Ad(g)A). We call this action the enhanced adjoint
action.
Now Theorem 1.1 gives a set of generators of G-invariants:

2-1) Ty 1= trace(Ak) (1<k<n),
2-2)  yf=(CA*B); (O<k=n-11<i<q. 1<j<p).
Note that A” is a linear combination of A¥’s (0 <k < n — 1) thanks to the Cayley—

Hamilton formula, so we don’t need higher powers of A in t; or yl.’f ;- Letus denote
the affine quotient map by

mw W —C'® My, )",
(A, B, C) —~ (@)= (i )iZo) = ((m)izy: (CA B ).

By the general theory of quotients, we know the image Im mryy is a closed subvariety
of C"®(M,, ,)". Letus denote by Det, (M, ,) the determinantal variety consisting of
matrices in M, of rank less than or equal to . Clearly, if we put m = min{p, g, n},
Im 7y is contained in C" x Det,,(My, ,)". However, it is much smaller, as you can
see from the theorem below.

(2-3)

Theorem 2.1. Under the setting above, the image Im my, is isomorphic to the affine
quotient W// G = Spec (C[W]9). Moreover:

(1) There is a dominant map
W C" x (Detj(My, )" — Immyy,

whose restriction to a dense open subset of C" x (Det; (Mg, ,))" gives an affine
quotient map under the diagonal action of S, (permuting both coordinates) to a
dense open subset of Im my. Consequently, we get dim W//G =dimIm y =

n(p +q), and a general fiber of Ty is of dimension n’.
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) If p=1o0rq =1, the quotient map mww is surjective, and

Immy =C"® M, ,)®"
is an affine space. In particular, the quotient map my is coregular, and C[W 1%
is a polynomial ring of the fundamental invariants listed in (2-1) and (2-2).

Proof. Let us fix a generic diagonal matrix A =t =diag(tq, ..., t,), where t; # ¢,
(i #j). For1 <r <n, put
Cl,r

- c
X0 =" ] 1. bra, - brg) € DetiMg,p),

Cp,r

where ¢; ; denotes the (i, j)-element of the matrix C € M, ,, and similarly b; ; for
B eM, ,. We get

n

@4 CAB=0f iy = (D curtfhns)

r=1

n
= tfx0 =",
j
r=1

i

Thus, in the matrix expression,

1 1 -1 x M o
1 rh -+ xX® rd
(2-5) o ; =1 . |
t?;l tg;l tr,L,;l xm ALY

hence

x o

X r®
(2-6) . |=pO7| .|

x =0

where D(t) = (t;._l),», ;j denotes the Vandermonde matrix in (2-5). Bearing this
calculation in mind, we define a map W : C" x (Det; (Mg, ,))" — C" @ (My,,)" by

@-7) W (X)) = ((Zr{‘)
i=1

We will show that Im ¥ C Im 7y so that we get a map from U :=C" x (Det; (M, ,))"
to Im my, denoted by the same letter W.

To see Im ¥ C Im 7y, take (t; (I'®);) € Im 7y for which 7 is in an image of reg-
ular semisimple A. For this A, we can pick a diagonal matrix r = diag(#, ..., #,;) in

n

: (F(k))zzl = D(t)(X(k))Ll)'
k=1



ENHANCED ADJOINT ACTIONS AND THEIR ORBITS 147

the same adjoint orbit of A, which implies 74 (A) =) "_, tl.k. Using this ¢, we can re-
cover X %)’s via (2-6), since #; # tj (i #j). Aswesaw above, if (t; (Y, eImmw
then rank X*) < 1. Here we require that those X*)’s are all exactly rank one
matrices. This is an open condition (in Im ) and it does not depend on the choice
of the diagonal representatives of A. We define an open dense set (Im )’ C Im 7y
consisting of (7; (I'®);) € Im 7y for which (i) 7 is in an image of regular semisim-
ple A; and (ii) rank X = 1 for 1 <k < n. Thus we conclude that W is a surjective
map from an open dense subset of U to (Im 7y)". Consequently, the image Im W
is contained in the closed subvariety Im wy, and we get a well defined map from
U =C" x (Det;(My,,))" to Im 7y by

V.U — Imny,

2_ n n
@9 (t; (X“")ZZQH((Z@-") ;<r<’<>>zzl=D(r)<x<k>>z:1).

i=1 7 k=l

The map VW is generically an n!-fold covering map, and it is invariant under S,
which acts on U by the diagonal coordinate permutation on both factors. '
Since W is a dominant map with generically finite fibers, we conclude that

dimImmy =dimU =n+n(p+qg—1)=n(p+q),

where we used dim Det; (M, ,) = p +¢ — 1. Comparing the dimension, we know
the dimension of a generic fiber of my is n? =dim W — dim Im 7y .
Now let us assume p =1org =1. Then M, , = C? or C?, and

dim(C" & M, ,)®") =n(p +¢) = dimImmy

(the last equality follows from Theorem 2.1(1)). Since the image Im my is closed
in C" @ (Mg, ,)®", we have a surjective quotient map wy : W — C" & (M, ,)®"
so W//G ~C" @ (My,,)®", an affine space. This means the invariants are alge-
braically independent and C[W]C is a polynomial ring. ([

Corollary 2.2. Let us denote the quotient map by wy : W — C" & My, ,)" as
in (2-3). Assume that (t;T") = (t; (F(k))zzl) e C"® My, )" satisfies the following
conditions:

(i) There exists a regular diagonal matrix t with T = (ti(t));_,, i.e., T € C" with
the k-th coordinate being t, = Y|, tl.k, where t; =1t ifi # j.

(i) T'™ (0 <k <n—1) corresponds to X via (2-6), which are of rank 1.

Then (t; I') is in the image Im my and dim n‘;,l (r; 1) =n? ie., the fiber of (t; ')
is generic and of dimension n> Moreover, it is a single closed G-orbit.

1Unfortunately, W may not be a quotient map. See Remark 2.4
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Proof. By condition (i), we can choose a regular diagonal matrix ¢t with 7 =
(te(1))}_,. Thus we can define (X®) = D(#)"'T via (2-6). If X® is of rank 1,
then we can write X ® = ¢ 'b; for certain ¢; € C? and by € CP. From these vectors,
we can restore ‘B = (by,...,b,) and C = (cy, ..., c,). Thus

(; ) =aw(, B,C) e Immy.

There is not so much choice for the fiber. We know the fiber over t of the adjoint
quotient is just the conjugation of ¢, which is of dimension n> —n. For B and C,
since any column of B and C is nonzero, we can only multiply scalars column by
column, which is of dimension 7.

It is now clear that any element in the fiber can be obtained from (¢, B, C)
through the action of G. Since the stabilizer of the fiber (¢, B, C) is trivial, we
again get the right dimension n’. U

Remark 2.3. Let us assume p =1 or ¢ = 1. In this case, the action of G = GL,,(C)
on W is coregular, i.e., the quotient space is an affine space and the generators
listed in (2-1) and (2-2) are algebraically independent.

However, if we consider an action of the simple group SL,, (C) instead of GL,,(C),
this action is not coregular (coregular actions are classified for simple groups; see
[Schwarz 1978; Adamovich and Golovina 1979]).

To see this, let us assume p = g = 1 for simplicity. Consider two invariants D
and D;, with respect to the action of SL, defined as follows. For

u,v,A) e VeV oM,
(we consider V = C" as a column vector), we put

v
VA
Di(u,v, A)=det| vA> . Dy(u,v, A) = det(u, Au, A%, .., A" u).

UAn—l

Both D and D; are clearly SL,-invariants, and they are not GL,,-invariants so they
cannot be expressible by using 7; and y* above.>? However, it is easy to see

Dy Dy = det(vA™u), . = det(y™*); ,

which gives a relation. This shows that the action of SL,, is not coregular.
When p > 1 or g > 1, similar arguments lead to the same conclusion.
However, even if it is not coregular, it seems the SL,-orbit structure has good
properties. We will discuss it in the future.

ZNote that, since p = g = 1, we do not need subscripts i and j for yl.k j
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Remark 2.4. Let us consider a toy model for the map (2-8), as illustrated below.
Assume that V is a vector space and S, acts on C" x V" as the diagonal coordinate
permutation.

C'"x V"> (ay,...,ay; v1,...,0,)

b/
¢
e x Vs (D abiys (T dfuy) ——— @ x V™)/S,
Consider a closed set Z = {(a; v) |a;v; =u (1 <i <n)} for a fixed nonzero vector u,
which is stable under the S, -action. The image 1/ (Z) does not contain an element of

the form (0; w), however its closure contains (0; (n u, 0, ..., 0)). Thus the image
¥ (Z) is not closed, hence v is not a quotient map.

Remark 2.5. Let us consider a semidirect sum L = gl(V) x (V & V*) and the
corresponding Lie group S. Then L admits a deformed universal enveloping algebra
called “infinitesimal Cherednik algebra”. The infinitesimal invariant ring C[L*]%
is isomorphic to the center of the infinitesimal Cherednik algebra, which is a
polynomial ring of n-variables (n = dim V'). Our invariant ring naturally contains it
as a subalgebra if p = g = 1. For details, see [Tikaradze 2010; Panyushev 2007;
Rais 2009].

3. Structure of the null cone

We will study the structure of the null cone JI(W) = nv_‘,l (7rw (0)) in this section.
For this, we follow the strategy of [Popov 2003] and [Kraft and Wallach 2006]. We
briefly recall their theory.

3A. In this subsection, we consider a general situation so that the notation is
independent of those in the former (sub)sections.

Let G be a connected reductive algebraic group G over C, which acts on a vector
space V linearly. Let w : V — V //G be the quotient map, and

Ny =7 @0)={veV|Gv>0)

be the null cone. For any one parameter subgroup (abbreviated as “1-PSG”) A :
C* — G, we define V(L) :={v e V |lim;_,o A(t)v =0}. Then v € V is in the null
cone Ny if and only if v € V(A) for a suitable 1-PSG A (the Hilbert~-Mumford
criterion).

Let T C G be a maximal torus. We fix T once and for all, and denote by X*(T')
the character group of 7. Then V has the weight space decomposition

V= @ V,, Vy={veV|tv=y@)v, t T}
yeX*(T)
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We denote the set of 1-PSGs A : C* — T by X, (T). Then there is a natural pairing
(—, =) : X4(T) x X*(T) — Z determined as follows. For (A, y) € X.(T) x X*(T),
m= (A, y)if y(A(2)) =1t™ (t € C*).

With these notations, for a 1-PSG A : C* — T C G, we have

vin= @ .
(x,y)>0
Since every 1-PSG of G is conjugate to a certain A € X, (T), we get
M= ] G vw.
reX,(T)

In this decomposition, there appear only finitely many different V (1) # 0. Thus, a
maximal V(L) may contribute to an irreducible component of Ny (but not always).
We call such U = V(1) a maximal unstable subspace, and put

Xy:={yeX"(T)|V, cU}={y|(r,y)>0},

a maximal unstable subset of weights. Let X1, ..., X; be a complete set of rep-
resentatives of maximal unstable subsets of weights up to the conjugation of the
Weyl group Wg(T), and U; =P V), (1 <i <) be the corresponding maximal
unstable subspace.

For a 1-PSG A, put

veX

P(}) :={g € G | the limit lin(l) Ad(\(?)) g exists}.
t—

Then P (}) is a parabolic subgroup which leaves V (1) stable; see Kempf [1978]. If
U = V(1) is a maximal unstable subspace, then the stabilizer Stabgs (U) contains
P ()) and hence it is a parabolic subgroup.

Define P; := Stabs (U;) for each 1 <i <s. Thus, we get a natural multiplication
map G xp, Ui — C; C Ny, where C; = G - U;. Since G/P; is projective, the
image C; is closed and irreducible. Thus we can choose Cy, ..., C, which give
irreducible components of Ay, after renumbering if necessary. In this way, we can
determine the irreducible decomposition of Ay :

(3-1) N =G

k=1
Let us apply this theory to our situation of the enhanced adjoint representation.
3B. Now let us return to our original notation, so G = GL,(C) which acts on
W =M, ,®M,, DM, as before. It is easy to see that the set of weights of W is

given by
A=AW)={0lUA, U{xe; |1 <i<n},

Ap={e—¢;|1<i#j=<n}.
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Here, A, denotes the set of roots of type A, and &; denotes the standard basis
in t*, where t is the Lie algebra of the diagonal torus 7 C G. The multiplicity of
o € A, is 1, while the multiplicity of « = 0 is n; that of ¢; is p and that of —¢; is q.
We describe a family of maximal unstable subsets of weights up to the Weyl group
conjugation. Take a standard positive system A ={g; —¢; | 1 <i < j <n} of A,.

Lemma 3.1. For0<k <n,put X;:=AU{g |1 <i < kYU{—¢; |k < j <n}. Then
Xo, X1, ..., X, gives a complete system of representatives of maximal unstable
subset of weights up to the conjugation of the Weyl group Wg(T) = §,,.

Proof. Let X be a maximal unstable subset corresponding to a 1-PSG A. Taking
conjugation of A by S, we can assume A = (A, ..., A,), With A1 > Xy > --- > A,.
Note that, if an equality appears among A;’s or one of A;’s is equal to zero, the cor-
responding unstable subset is not maximal. If A > 0 > A¢y, X is given by X;. UJ

Let Uy C W be the maximal unstable subspace corresponding to Xy, so that

(3-2) Ui=P Wo={E n.v) €M, ,&M, , &M, |
€ Xk £ ,;=0(@>k,n =0 (' <k,vent},

where n* denotes a maximal nilpotent subalgebra consisting of upper triangular
matrices with 0’s on the diagonal. It is the Lie algebra of the unipotent radical of a
Borel subgroup B of upper triangular matrices in G = GL,,. Note that

E = <%(-)1 > (51 € Mk,p), while n= (O, 7]2) (172 c Mq,n—k)-

Lemma 3.2. Let Uy (0 < k < n) be a maximal unstable subspace as above. Then
the stabilizer Py = Stabg (Uy) of Uy is the Borel subgroup B for any k and ¥y :
G xg Uy — Cy COUW) is a resolution of singularity. In particular, Cy is an
irreducible closed subvariety in W(W) of dimension (n*> — n) + pk +q(n — k).

Proof. Since Py stabilizes n, it is contained in B. On the other hand, clearly B
stabilizes Uy, hence P, = B.

Let us show that a generic fiber of the map vy is a one-point set. Since
Cr D U, we will examine the fiber of (&, , v) € Uy, where v € nt is a prin-
cipal nilpotent element. Take an element [g, (§', 7', u)] € ¥ Y((¢, n, v)). Then
& n.v)=v(g. & .0’ w)]) = (g&'.n'g~", Ad(g)u). In particular, v = Ad(g)u €
Ad(g)b=:b%. It is well known that a principal element belongs to a unique Borel
subalgebra. Since v € b, we conclude b = bé, hence g € B. Now we know
g, &, n',u)] ~[1,, (§,n,v)], which means the element in the fiber is uniquely
determined.

The set of elements {(&, n, v) € Cy | v is principal nilpotent} is open dense in Cy,
so the map v is generically one-to-one, hence it is birational. Since G x g Uy is a
vector bundle over a projective variety, the map y is proper and it is a resolution. [J
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Theorem 3.3. Let NY(W) be the null cone, and let C;, C U(W) (0 <k <n) be as
in Lemma 3.2.

(1) (W) = UZ:O Cy gives the irreducible decomposition. So the null cone has
(n + 1) components, the number of which is independent of p > 1 and g > 1.
The dimension of (W) is n> —n +n - max{p, q}.

(2) The null cone YW(W) is equidimensional if and only if p = q. In this case, the
dimension of W(W) is n> —n + pn.

(3) The dimension of M(W) is n? if and only if p = q = 1. If this is the case, any

fiber n‘;l ((t; 1)) of (v; T) € Immyy is of dimension n’.

Proof. From Lemma 3.2, the subvariety Cy is closed and irreducible. The general
theory described in Section 3A gives the irreducible decomposition of (W)
(cf. (3-1)). Since dim Cy = (n> —n) + pk+q(n —k),

dim (W) zom]?x {(n2 —n)+pk+qn —k)} =n*—n+n-max{p,q}.

This proves (1). The claim (2) follows immediately from (1).

Let us prove (3). For any (t; I') € Im wryy, the dimension of the fiber nv;l (r; M)
is greater than or equal to that of a general fiber, which is n? by Theorem 2.1. On
the other hand, the dimension of the null cone is the greatest among those of the
fibers (see [Popov and Vinberg 1994]). O

3C. Orbits in the null cone. Let us investigate orbits in an irreducible component
Ci =G -Up CNW) (cf. (3-2)). So pick w = (£, n,v) € Uy, where v ent is a
principal nilpotent element. We denote the G orbit through w by O(w).

We compute the stabilizer Zg(w) of w. Up to G conjugacy, we can assume

01
01
vV=¢ .= S S .
01
0
By direct calculation, we get
n—1 n
(3-3) Zg(e) = exp({Zme’ | o; € R}) > ijef_l = g.
i=0 j=1

Assume that k > n — k, and denote £ € M,, , and n € M, ,, as

(3-4) s=<§01) (61€Mep) and n=(01m) (m€Myu).



ENHANCED ADJOINT ACTIONS AND THEIR ORBITS 153

Here we take

(3-5) &1 = (ex, &) (€] € My p—1),

where e; € CF is the k-th elementary vector whose k-th coordinate is 1 and whose
other coordinates are 0. Then, the element g in (3-3) stabilizes & and 7 if and only
ifx;=1, xp=---=x; =0. Thus we get

n .
Zg(w) = {ln + Z Xjejil}.
j=k+1
In particular, we know codim O(w) = n — k. For the orbit O(w), we can take &,
in (3-5) and n; in (3-4) freely, and they are uniquely determined by the orbit. So
there is a fibration of orbits O(w) with the base space My, ,—1 XMy, of dimension

dim O(w) +dim My, ,_1 xMy ,— = n>— m—k+k(p—1)4+gn—k)
=n’>—n+kp+ (n—k)g=dimCy.

This means the family of orbits {O(w)} makes up an open dense subset of the
irreducible component Cy. Since the orbits of the largest possible dimension
constitute an open set, dim O(w) = n? —n +k is the largest among the orbits in Cy.
For the family parametrized by My , 1 x My ., there is no reason to specialize
the first column of &. So, if the k-th row of £ does not vanish, we can follow the
same arguments.

This construction also applies to the case of k < n — k, if we take n instead of £.

Let us summarize what we have proven here.

Theorem 3.4. Let C;, C OUW) (0 < k < n) be an irreducible component of the null
cone (W) (see Lemma 3.2). The largest dimension of the nilpotent orbits in Cy
2 —min{k, n — k). Moreover, there exists an open dense subset of Cy which is
fibered over an affine space of dimension kp + q(n — k) — max{k, n — k} with the

isn

fiber of isomorphic nilpotent orbits O of the largest dimension.
In particular, an irreducible component Cy, contains a nilpotent orbit of dimen-
sion n? if and only if k = 0 or n.

Remark 3.5. Let us consider w = (&, 1, v) € Uy as above. Even if v is not principal,
a G-orbit O(w) through w can attain the largest possible dimension in the irreducible
component Ci. This seems difficult to describe when an orbit O(w) has the largest
dimension.

Acknowledgements

We thank Minoru Itoh for useful discussions on invariants. We thank Prof. Mustapha
Rais for pointing out relevant references.



154 KYO NISHIYAMA AND TAKUYA OHTA

References

[Achar and Henderson 2008] P. N. Achar and A. Henderson, “Orbit closures in the enhanced nilpotent
cone”, Adv. Math. 219:1 (2008), 27-62. Correction in 228:5 (2011), 2984-2988. Zbl

[Achar et al. 2011] P. N. Achar, A. Henderson, and B. F. Jones, “Normality of orbit closures in the
enhanced nilpotent cone”, Nagoya Math. J. 203 (2011), 1-45. MR Zbl

[Adamovich and Golovina 1979] O. M. Adamovich and E. O. Golovina, “Simple linear Lie groups
having a free algebra of invariants”, Vopr. Teor. Grupp Gomologicheskoj Algebry 2 (1979), 3—41. In
Russian; translated in Selecta Math. Soviet. 3:2 (1983/84), 183-220. Zbl

[Finkelberg et al. 2009] M. Finkelberg, V. Ginzburg, and R. Travkin, “Mirabolic affine Grassmannian
and character sheaves”, Selecta Math. (N.S.) 14:3-4 (2009), 607-628. MR Zbl

[Fresse and Nishiyama 2016] L. Fresse and K. Nishiyama, “On the exotic Grassmannian and its
nilpotent variety”, Represent. Theory 20 (2016), 451-481. MR Zbl

[Henderson and Trapa 2012] A. Henderson and P. E. Trapa, “The exotic Robinson—Schensted
correspondence”, J. Algebra 370 (2012), 32-45. MR Zbl

[Itoh 2013] M. Itoh, “Cayley—Hamilton type theorems and invariant theory”, pp. art. id. 10, 20 pp. in
Proceedings of the Symposium on Representation Theory (Miura, 2013), 2013. In Japanese.

[Johnson 2010] C. P. Johnson, Enhanced nilpotent representations of a cyclic quiver, Ph.D. thesis,
University of Utah, 2010, Available at https://search.proquest.com/docview/748818453.

[Kato 2009] S. Kato, “An exotic Deligne—Langlands correspondence for symplectic groups”, Duke
Math. J. 148:2 (2009), 305-371. MR Zbl

[Kempf 1978] G. R. Kempf, “Instability in invariant theory”, Ann. of Math. (2) 108:2 (1978), 299-316.
MR Zbl

[Kraft and Wallach 2006] H. Kraft and N. R. Wallach, “On the nullcone of representations of reductive
groups”, Pacific J. Math. 224:1 (2006), 119-139. MR Zbl

[Le Bruyn and Procesi 1987] L. Le Bruyn and C. Procesi, “Etale local structure of matrix invariants
and concomitants”, pp. 143—175 in Algebraic groups (Utrecht, 1986), edited by A. M. Cohen et al.,
Lecture Notes in Math. 1271, Springer, 1987. MR Zbl

[Le Bruyn and Procesi 1990] L. Le Bruyn and C. Procesi, “Semisimple representations of quivers”,
Trans. Amer. Math. Soc. 317:2 (1990), 585-598. MR Zbl

[Nishiyama 2014] K. Nishiyama, “Enhanced orbit embedding”, Comment. Math. Univ. St. Pauli
63:1-2 (2014), 223-232. MR Zbl arXiv

[Ohta 2008] T. Ohta, “An inclusion between sets of orbits and surjectivity of the restriction map of
rings of invariants”, Hokkaido Math. J. 37:3 (2008), 437-454. MR Zbl

[Panyushev 2007] D. I. Panyushev, “On the coadjoint representation of Z;-contractions of reductive
Lie algebras”, Adv. Math. 213:1 (2007), 380-404. MR Zbl

[Popov 2003] V. L. Popov, “The cone of Hilbert null forms”, Tr. Mat. Inst. Steklova 241 (2003),
192-209. In Russian; translation in Proc. Steklov Inst. Math. 241:2 (2003), 177-194. MR

[Popov and Vinberg 1994] V. L. Popov and E. B. Vinberg, “Invariant theory”, pp. 123-278 in
Algebraic geometry, 1V, edited by A. N. Parshin and I. R. Shafarevich, Encyc. Math. Sciences 55,
Springer, 1994.

[Rais 2009] M. Rais, “Les invariants polynomes de la représentation coadjointe de groupes inho-
mogenes”, preprint, 2009. arXiv

[Rosso 2012] D. Rosso, “Classic and mirabolic Robinson—Schensted—Knuth correspondence for
partial flags”, Canad. J. Math. 64:5 (2012), 1090-1121. MR Zbl


http://dx.doi.org/10.1016/j.aim.2008.04.008
http://dx.doi.org/10.1016/j.aim.2008.04.008
https://doi.org/10.1016/j.aim.2011.05.030
http://msp.org/idx/zbl/1205.14061
http://dx.doi.org/10.1215/00277630-1331854
http://dx.doi.org/10.1215/00277630-1331854
http://msp.org/idx/mr/2834248
http://msp.org/idx/zbl/1252.17005
http://msp.org/idx/zbl/0446.22017
http://dx.doi.org/10.1007/s00029-009-0509-x
http://dx.doi.org/10.1007/s00029-009-0509-x
http://msp.org/idx/mr/2511193
http://msp.org/idx/zbl/1215.20041
http://dx.doi.org/10.1090/ert/489
http://dx.doi.org/10.1090/ert/489
http://msp.org/idx/mr/3576071
http://msp.org/idx/zbl/1364.14038
http://dx.doi.org/10.1016/j.jalgebra.2012.06.029
http://dx.doi.org/10.1016/j.jalgebra.2012.06.029
http://msp.org/idx/mr/2966826
http://msp.org/idx/zbl/1273.14093
http://dml.ms.u-tokyo.ac.jp/PSRT/PSRT_34/10.Itoh.pdf
https://search.proquest.com/docview/748818453
http://dx.doi.org/10.1215/00127094-2009-028
http://msp.org/idx/mr/2524498
http://msp.org/idx/zbl/1183.20002
http://dx.doi.org/10.2307/1971168
http://msp.org/idx/mr/506989
http://msp.org/idx/zbl/0406.14031
http://dx.doi.org/10.2140/pjm.2006.224.119
http://dx.doi.org/10.2140/pjm.2006.224.119
http://msp.org/idx/mr/2231654
http://msp.org/idx/zbl/1124.20030
http://dx.doi.org/10.1007/BFb0079236
http://dx.doi.org/10.1007/BFb0079236
http://msp.org/idx/mr/911138
http://msp.org/idx/zbl/0634.14034
http://dx.doi.org/10.2307/2001477
http://msp.org/idx/mr/958897
http://msp.org/idx/zbl/0693.16018
http://msp.org/idx/mr/3328431
http://msp.org/idx/zbl/1327.14212
http://msp.org/idx/arx/1410.2336
http://dx.doi.org/10.14492/hokmj/1253539529
http://dx.doi.org/10.14492/hokmj/1253539529
http://msp.org/idx/mr/2441911
http://msp.org/idx/zbl/1167.13004
http://dx.doi.org/10.1016/j.aim.2006.12.011
http://dx.doi.org/10.1016/j.aim.2006.12.011
http://msp.org/idx/mr/2331248
http://msp.org/idx/zbl/1177.17010
http://mi.mathnet.ru/eng/tm396
https://arxiv.org/abs/1009.6107
http://msp.org/idx/mr/2024052
http://dx.doi.org/10.1007/978-3-662-03073-8_2
http://msp.org/idx/arx/0903.5146
http://dx.doi.org/10.4153/CJM-2011-071-7
http://dx.doi.org/10.4153/CJM-2011-071-7
http://msp.org/idx/mr/2979579
http://msp.org/idx/zbl/1267.14067

ENHANCED ADJOINT ACTIONS AND THEIR ORBITS 155

[Schwarz 1978] G. W. Schwarz, “Representations of simple Lie groups with regular rings of invari-
ants”, Invent. Math. 49:2 (1978), 167-191. MR Zbl

[Tikaradze 2010] A. Tikaradze, “Center of infinitesimal Cherednik algebras of gl,,”, Represent.
Theory 14 (2010), 1-8. MR Zbl

[Travkin 2009] R. Travkin, “Mirabolic Robinson—Schensted—Knuth correspondence”, Selecta Math.
(N.S.) 14:3-4 (2009), 727-758. MR Zbl

[Weyl 1939] H. Weyl, The classical groups: their invariants and representations, Princeton Univ.
Press, 1939. MR Zbl

Received March 19, 2018.

KyO NISHIYAMA

DEPARTMENT OF PHYSICS AND MATHEMATICS
AOYAMA GAKUIN UNIVERSITY

SAGAMIHARA

JAPAN

kyo@gem.aoyama.ac.jp

TAKUYA OHTA

DEPERTMENT OF MATHEMATICS
TokYO DENKI UNIVERSITY
ADACHI-KU

JAPAN

ohta@cck.dendai.ac.jp


http://dx.doi.org/10.1007/BF01403085
http://dx.doi.org/10.1007/BF01403085
http://msp.org/idx/mr/511189
http://msp.org/idx/zbl/0391.20032
http://dx.doi.org/10.1090/S1088-4165-10-00363-8
http://msp.org/idx/mr/2577654
http://msp.org/idx/zbl/1250.17015
http://dx.doi.org/10.1007/s00029-009-0508-y
http://msp.org/idx/mr/2511197
http://msp.org/idx/zbl/1230.20047
http://msp.org/idx/mr/0000255
http://msp.org/idx/zbl/65.0058.02
mailto:kyo@gem.aoyama.ac.jp
mailto:ohta@cck.dendai.ac.jp

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
ging@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2019 is US $490/year for the electronic version, and $665/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Y1 LIN and XIANGDONG YANG

Heegaard Floer homology of L-space links with two components
BEIBEI L1U

On the X-invariants of wreath products
LulS AUGUSTO DE MENDONCA

Enhanced adjoint actions and their orbits for the general linear group
KYO NISHIYAMA and TAKUYA OHTA

Revisiting the saddle-point method of Perron
CORMAC O’SULLIVAN

The Gauss—Bonnet—Chern mass of higher-codimension graphs
ALEXANDRE DE SOUSA and FREDERICO GIRAO

The asymptotic bounds of viscosity solutions of the Cauchy problem for
Hamilton—Jacobi equations
KA1zHI WANG

Global well-posedness for the 2D fractional Boussinesq Equations in the
subcritical case
DAOGUO ZHOU, ZILAI L1, HAIFENG SHANG, JTAHONG WU,
BAOQUAN YUAN and JIEFENG ZHAO

83

113

141

157

201

217

233



	Introduction
	1. Setting
	2. Enhanced adjoint action
	3. Structure of the null cone
	3A. 
	3B. 
	3C. Orbits in the null cone

	Acknowledgements
	References
	
	

