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SYMMETRY AND NONEXISTENCE OF SOLUTIONS FOR A
FULLY NONLINEAR NONLOCAL SYSTEM
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We study the system involving fully nonlinear nonlocal operators:

Fy(u(x)) = Cy o PV G =1O) 4 fuix), vex),
i |x — y|rre
G(v(x) —v(y))

|x — y|nth dy = g(u(x), v(x)).

Fg(v(x)) =C, g PV «/R:"

We will prove the symmetry and monotonicity for positive solutions to the
nonlinear system in whole space by using the method of moving planes. To
achieve it, a narrow region principle and a decay at infinity are established.
Further more, nonexistence of positive solutions to the nonlinear system
on a half space is derived. In addition, the symmetry and monotonicity in
whole space for positive solutions to a fully nonlinear nonlocal system

Fy(u(x))=—u’(x)+v1(x), Fgw(x))=—-v"(x)+u’(x)

can be derived.

1. Introduction

We are interested in the general nonlinear system involving fully nonlinear nonlocal
operators:

Fo(u(x)) = fu(x), v(x)), Fpgwx))=gu(x),v(x))
with
G(M(X)—M(y))d
no e —ylrte

Fy(u(x)) = Cn,ot PV/

where the PV stands for the Cauchy principal value, G is a nonlinear operator and
is at least local Lipschitz continuous with G(0) =0 and 0 < «, 8 < 2. The operator
F, was introduced by Caffarelli and Silvestre [2009].
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In order to make the integral significative, we require

11ﬁL and v(x)EC

loc

a_{u R”—)R)/ |u(x)| x<oo},
a1+ | X |n+a
and Lg is defined similarly.

The special case is that when G (-) is an identity map, F, becomes the usual
fractional Laplacian (—A)®/2. It is the nonlocal nature of fractional operators that
makes them difficult to study. To circumvent this, Caffarelli and Silvestre [2007]
introduced the extension method, which turns the nonlocal problem involving the
fractional Laplacian into a local one in higher dimensions. A series of fruitful
results show that this method has been applied successfully to treat equations
involving the fractional Laplacian (see [Brindle et al. 2013; Chen and Zhu 2016;
Gilbarg and Trudinger 1977]). Another way is using the integral equations method,
such as the method of moving planes in integral forms (see [Cao and Chen 2013;
Cao and Dai 2013; Li and Zhuo 2010; Lu and Zhu 2012; Zhuo et al. 2016]) and
regularity lifting to investigate equations involving fractional Laplacian by showing
that they are equivalent to corresponding integral equations (see [Chen et al. 2005;
2006; 2015]). For more articles concerning the method of moving planes for
nonlocal equations and for integral equations, see [Gilbarg and Trudinger 1977;
Hang et al. 2009; 2012; Hang 2007; Lei et al. 2012; Li 2017; Li and Ma 2017;
Lu and Zhu 2011; 2012; Ma and Chen 2006; Ma and Zhao 2010; Wang and Niu
2017].

Chen, Li, and Li [Chen et al. 2017b] developed a systematic approach to carry out
the method of moving planes for equations involving fractional Laplacian directly.
Subsequently, by using this direct method, many authors investigated different
equations involving fractional Laplace; see, for example, [Cheng et al. 2017a;
2017b; Cheng 2017; Li and Ma 2017; Liu and Ma 2016; Zhang et al. 2017].

However, for the fully nonlinear nonlocal equations, so far as we know, there
is neither any corresponding extension method nor equivalent integral equations
that one can begin to work. Chen, Li, and Li [Chen et al. 2017a], developed a new
method that can deal with the fully nonlinear nonlocal equations directly. Then with
the help of the direct method of moving planes, Wang and Yu [2017] studied a fully
nonlinear nonlocal system where u(x) and v(x) belong to different nonhomogeneous
terms. Wang and Niu [2017] studied a fully nonlinear nonlocal system with special
nonhomogeneous terms which have u(x) and v(x) simultaneously while u(x) and
v(x) have positive coefficients.

In this paper, we extend the direct method in [Chen et al. 2017a] to more general

ulx)ecC ﬂL}g

loc

with
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fully nonlinear nonlocal systems:

Fo(u(x)) = fu(x),v(x)), xeR",
(-1 Fp(v(x)) = g(u(x), v(x)), xeR",
ulx) >0, v(kx)>0 xeR"
and
Fo(u(x)) = f(u(x),v(x)), xeRY,
(1-2) Fp(v(x)) = gu(x), v(x)), xeR],
ux)=0, vx)=0, x¢R",
where f, g are continuous functions. It is worth mentioning that (1-1) is more
general than the system in [Wang and Yu 2017] and is different from the system in
[Wang and Niu 2017]. Because (1-1) can be allowed, u(x) or v(x) have negative
coefficients.
We first establish the narrow region principle and decay at infinity for the systems

and they will play important roles in carrying out the method of moving planes.
To state them, let

={xeR"|xi;=AAreR}
be the moving plane, and denote by
Y={xeR"|x; <A}
the left region of the plane T, by
x* = QA —x1,%X2,...,Xn)
the reflection of x about 73, and let

Us(x) = u; (x) —u(x), Vi(x) =0, (x) —v(x)
with
w(x) =u(x"), v(x) = v,

For simplicity of notation, in the following, we denote U, (x) by U (x) and V, (x)
by V (x). Throughout this paper, we assume that

(1-3) GeC'(R), GWO)=0, and G'(t1)>cy>0 VieR.

Theorem 1.1 (narrow region principle). Let 2 C X, be a bounded narrow region
contained in the strip

x| A=1l<x1 <A}
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with small | > 0. Suppose that U(x) € Ly N Cpol (Q), V(x) € Lg N CLl (), U(x)
and V (x) are both lower semicontinuous on Q, and satisfy

Fo(u;.(x)) — Fo(u(x)) +c11(x)U(x) +cr2(x)V(x) >0, x €,

Fg(v.(x)) — Fg(v(x)) +c21(Xx)U(x) + c2(x)V(x) >0, x €,
U(x), V(x) =0, x e X\ Q,

UehH =-U), VOh=-V©), xex,,

(1-4)

ifci2(x) <0, c21(x) <0, and c;j(x), i, j =1, 2, are bounded from below in 2, then
for sufficiently small I, we have

(1-5) Ux)>0, Vx)=0 in Q;

Sfurthermore, if U(x) or V (x) equals O at some point in <2, then

(1-6) Ux)=Vx)=0, xeR"

These conclusions hold for the unbounded region Q2 if we further assume that

(1-7) lim U(x)=0, lim V(x)=0.

|x]—o00 |x|—o00

Theorem 1.2 (decay at infinity). Let Q2 be an unbounded region in ). Assume that
Ux)e Cllo’c1 (NLL(R"), V(x)e Cllo’cl (2)NLg(R™) are both lower semicontinuous
and satisfy
Fo(up(x)) — Fo(u(x)) + ci(x)U (x) + c2(x)V(x) =0, x €,
Fg(v.(x)) = Fp(v(x)) + c21(x)U (x) +cn(x)V(x) =0, x €€,
U(x), V(x) =0, xe ;)\,
U =-Uw), VEH)=-Vw), xeyx,,

(1-8)

with

1
(I-9)  c11(x), c2(x) NO(

|x|*

), c1(x), cn(x) ~ 0<L> for |x| large
|x|#

and c12(x), c21(x) <0, then there exists a constant Ry > 0 depending only on c;;(x)
such that if

UX) = rrgn Ukx)<0 and V(x)= mén V(x) <0,
then

(1-10) IXI<Ro or [X|] = R.
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Based on Theorems 1.1 and 1.2, we apply the method of moving planes to
obtain symmetry and monotonicity of positive solutions to (1-1) in R”, as well as
nonexistence of positive solutions to (1-2) on the half space R, .

Theorem 1.3. Assume that u(x) € Laﬂcl’l(R"), v(x)€Lg ncL! (R™) are positive

loc loc
solutions of system (1-1). Suppose that for some y1, y» > 0,

1 1
(1-11) u(x):0<|xlyl>, v(x):o(w> as |x| — oo

and f, g are continuous functions satisfying

(i) forfixedt: —Cis? < f{(s,1) <0, 0<gi(s,1)<Cas?;

(1-12)
(i) forfixeds: 0< f3(s,1) <Cst?, —Cat? <gi(s,1) <O0;

with min{pyy, py2} > o, min{gy1, g2} > B,and C; > 0,i =1,2,3, 4.
Then u(x) and v(x) must be radially symmetric and monotone decreasing about
some point in R".

Theorem 1.4. Assume that u(x) € Ly N Cpl (RM), v(x) € Lg N Cyt (RY) are non-

loc loc
negative solutions to system (1-2) where f, g are nonnegative continuous functions

and u, v are lower semicontinuous on R',. Suppose

(1-13) lim wu(x)=0, |llim v(x) =0,

|x|—o00
thenu(x) =0, v(x) =0.

In Section 2, we prove Theorems 1.1 and 1.2 with a key inequality (2-2) below.
Sections 3 and 4 are devoted to the proofs of Theorems 1.3 and 1.4, respectively,
by using the previous results and the method of moving planes. In Section 5, we
will consider the fully nonlinear nonlocal system

Foy(u(x)) = —uf(x) +v?(x), xeR",
Fg(v(x)) = —v’(x) +ul(x), xeR",
u(x), v(x) >0, x e R,

where p, g > 0. And it is a specific case of (1-1).

2. Proofs of Theorems 1.1 and 1.2

Let

Clux) —u®y)) ,

noJx =yt _
— Cya lim G(u(x) u(y))d

e—>0 R7\ B, (x) |x _y|n+a

Fa(u(x)) = Cn,a PV/
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and use ¢ and C for general various positive constants that are usually different in
different contexts.

We first introduce a lemma which is often called the strong maximum principle
to F,.

Lemma 2.1. Let Q2 be a bounded domain in R". Assume that u(x) € Cllo’c1 N Ly (R™)
is lower semicontinuous on Q and satisfies

Fo(u(x)) >0, xeq,

(2-1)
u(x) >0, xeQ°.

If u(x) attains 0 somewhere in 2, then

u(x)=0, xeR".

The proof of this lemma was completed in [Wang and Yu 2017], we omit the
details here.

Proof of Theorem 1.1. If (1-5) does not hold, without loss of generality, we assume
U (x) < 0 at some point in €2. By the lower semicontinuity of U (x) on Q, we know
that there exists some X € €2 such that

Ux)= mg%n Ux) <O.
It follows from (1-4) that X must be in the interior of 2. Then we have

(2-2)  Fo(u;.(%)) — Fo(u(x))

=Chq PVf G (u;,(x) — M;\|(y)) —|nfa(u(x) — u(y))

—c,. PV/ G (un(¥) —up(y)) — Gu(x) — u®) ,
’ % X — y|"te

‘e, PV/ Gu (X) —u(y)) — Gu(x) — ux(y))
' 5 |X — yh|nte
<c,. PV/ G (U (X) —up (y)) — Gu(x) — u(y))
> N |x _ |n+a
+Coe PV/ G(u; (x) — u|(y)) - |G£u(x) - Mx()’))
X — n—+—ao

s

2G'()HU(x)
= Cn,o[ PV/ ~—WX dy
5, X — Y
- 1
S 260l | e -
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LetD={y|l<yi—% <1, |y =X|<1},s =y =%, =y —X'|, and w,_> be
the area of an (n — 2)-dimensional unit sphere. Here we write x = (x1, x’). Then
we have

1 Wy — 21’
23 Iy dr ds
( ) 5, |i_y)\|n+ol yz /D |x_y|n+oz / »/O (S +.L—2)(n+a)/2
[ el s
= sn+oz(1 +12)(nta)/2
1/s w zln 2
1 = dtds
+a (1+ t2)(n+o:)/2
w "= 2
f I+a / - 22 (n+a)/2 dtds
o (I1+17)

>C/l sl-l—ads—l_a

Thus from (2-2) and the fact that ¢y (x) is bounded from below in €2,

C
(2-4) Fo (5. (X)) — Fo(u(X)) + c11 (X)u(x) < l—aU(i) <0.
Together (2-4) with (1-4), we have
(2-5) UX) = —cl%n(x)V(x).

From (2-5) and the lower semicontinuity of V (x) on Q, we know that there exists
X in €2 such that

Vix)= mg%n Vx)<O.
Similar to (2-4), it is easy to see that
Fg (v (X)) — Fp(v(X)) +cn(x) V(x) < I%V(i) <0.
Together with (2-5), for [ sufficiently small, we have
0 < Fg(vp(x)) — Fg(v(x)) + c21(X)U (X) + c22(X) V (X)

C

=V + 21 (DU (X)
C

= pVE - cea (D)% e (X)V (X)
C

= pVE - cea1 (D)% c2(X)V (X)

C
=FV@®a- 21 (F)en(F)*1F) < 0.
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This contradiction shows that (1-5) must be true. If 2 is unbounded, then (1-5) is
easily obtained by using (1-7).

To prove (1-6), without loss of generality, we suppose that there exists n € Q
such that

Um) =0.
Combining the fact

1 1

>
Ix =yl |x—y*

Vx,ye€ X,

we have

Fo (u.(m)—Fo(u(n))

=CMPVf G (u (M=, () =G (u(m) —u(y)) dy
’ " In—y|"+e

=C,WPV/ G (m)—ur()—Gu(m—u(y)) dy
=5 [n—y|*te
+CMPV/ G, (m)—u(y)—Gu(n)—u,(y)) dy
' N |n—y*|nte
1 1
=Cpa PV [G(uA(n)—ux(y))—G(u(n)—u(y))]( - YT >dy
N [n—yl"te  [p—yr[rte
+Cn,aPV/ W(G(ux(n)—u(y))—G(u(n)—ux(y))
5 -
+G (up (M) —u;, () =G (u(m)—u(y))) dy
1 1
=Cra PV [G(ux(n)—ux(y))—G(u(n)—u(y))]( —— T a>dy
% [n—yl"te n—y*"t

+Ch o PV/

5, =y (G ur(m—u(y)—Gu(m—u(y))

+G (M)~ () —G (u(m) —us (y))) dy

1 1
= Cn,aG/(')/ (U(n)—U(y))< ) dy
)

Ip—ylrre  |p—yr[rte
+CM/ G'(HUm+G' (HU(n)
P

[n—y*|nte 4y

IA

1 1
c, CO/ U(y)( - )dy.
s, [n—ylrte  |p—y*|rte

That is,

(2-6)  Fy(u)(n) — Fo(u(n) +cri(mU(n)

1 1
<—C,, c/ U(y)( — )dy.
s, In—ylrte |p—yrrte
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If U(x) #0, x € X, then (2-6) implies

Fo(u; () — Fo(u(n)) +c1i(mUn) <O0.

Together with (1-4), it is easy to see that V(1) < 0. This contradicts with (1-5).
Hence U (x) must be identically 0 in X;. Since
Ueh=-U), xeZ,,
it gives
Ukx)=0, xeR"

Together with the first equation in (1-4), we see

Vix)<0, xeX,.
Noting we already have
Vx) =0, xeX,
it must hold
Vix)=0, xeX,.
Recalling V (x*) = —V (x), we deduce
Vix)=0, xeR"
Similarly, one can show that if V (x) attains O at some point in €2, then both U (x)
and V(x) are identically O in R"”. This completes the proof. ([

Proof of Theorem 1.2. Assume that there exists X € Q such that
Ux)= mg%n Ux) <O.

Using the key inequality (2-2), we have

1

Fa(uk(i)) - Fa(u(i)) = 2Cn,OtCOU()E) yk|n+a

— dy.
5, X —

For each fixed A € R, there exists C > 0 such that for x € X, and |X| sufficiently
large,

2-7) / L s / L iy~ S
- _ y > — y ~ — .
5, X — yrrte Bz ()\ By @) 1X — VI x|«

Hence, from (2-7) and (1-9), we have

C
(2-8) Fo(uy (X)) — Fo(u(x)) +cnn(0)U(x) < WU@) <0.
Together (2-8) with (1-8), it is easy to know

(2-9) V() <0,
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and

(2-10) U(x) = —cern(0)]x|*V (%).

From (2-9) and the lower semicontinuity of V (x) on Q, there exists X such that
Vix)= mg%n Vx) <0.

Similarly to (2-8), we can derive

C
(2-11) Fg(vr (%)) = Fg(v(X)) +c2(x)V (¥) < WV(J?) <0.

Combining (1-8), (1-10), and (2-11), for A sufficiently negative, it follows that
(2-12) 0 < Fg(va(x)) — Fg(v(x)) + c21 (X)U (x) + c22(x) V (x)
< S V@H+en®U
|x|P
C
< —5 V@) —cea(@)en(@)[X|*V (%)
|x|P
C
< =5 V@) —cea(@)en(@)[X|*V(x)
|x1P
C
< l—ﬂV()E)(l — @ [*en @ %)) < 0.

The last inequality follows from assumption (1-9). This contradiction shows that
(1-10) must be true. O

3. Symmetry of solutions in the whole space R”
Proof of Theorem 1.3. Choose an arbitrary direction for the x;-axis. Let
Th={xeR"|x1=A, 2R}, Yi={x eR"|x1 <A},
X =Qh—xx), wx) =u?),
Up(x) =up.(x) —u(x),  Vi(x) =v(x) —v(x).

Step 1: Starting moving the plane 7, from —oo to the right along the x;-axis. We
need to show that for A sufficiently negative,

(3-D Up(x) 20, Vilx) =0, xeX.
By the assumption (1-11), for fixed A and x € X,, we know that

u(x) — 0 as x| — +o0.
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Since |x*| — 400, as |x| — 400, we have
u,(x) = u(x)‘) — 0.
Hence for x € X,
(3-2) U, (x) —> 0 as |x|] > +o0.
Similarly, one can show that for x € %,

Vi(x) — 0 as |x| = 4o0.
If
Y, ={xeX|Uwx) <0} #2,

then by the lower semicontinuity of U, (x), there must exist some X € ¥, such that

U, () =minU (x) < 0.
P}

Let
I = f(up(x), va(X)) — fu(x), va(X)),
J = fux), v;(x)) — fu), vx)).
Then
(3-3) I+J = fu (%), v;,(x)) — fux), v(x))
= Fo(u;. (%)) — Fu(u(x))
- 1
<2CpqcoUs(x) . F oy dy
< 0.

By the mean value theorem and the assumption (1-12), we have

G4 I=fiEE, u@E)UE) >0 and T = fu®), 0 () Vi),

where &, (X) is between u; () and u(x); n; (X) is between v, (X) and v(x). Together
(3-3) with (3-4) and (1-12), it is easy to see that

Vi(x) < 0.
This implies that there exists some x € X, such that

Vi(x) =minV(x) <0.
2

By the mean value theorem again, we have
Fo(up (X)) — Fou(x)) =1+J
> f1(En(X), v @ENULE) + fu(E), 1:.(3) Vi (F).
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By the decay assumptions (1-11) and (1-12), we deduce that

1
FIER), (X)), fru(X), n (X)) ~ 0(@)'
Hence
Fy(u3 (X)) — Fo(u(x)) +c11(X) U (%) + c12(X) Va(X) > 0,
where

ci1(®) = —fi(E.(F), va(X) and  cp(X) = — f(u(X), N1 (X)).
Similarly, we have

Fg(0(X)) — Fg(v(x)) + c21(XN)Up(X) + c22(X) Vi (X) = 0,

where

e1(X) = =g (E,(F), v (X)) and  en(F) = —gh(u(X), 17 (X))
with

1
€21(X), c22(X) ~ O(W).

Consequently, there exists Ry > 0, such that if X and x are negative minima of
U, (x) and V, (x) in X, respectively, then by (1-2) we know that

(3-5) |X| <Ro or [x] < Ry.
Without loss of generality, we may assume
(3-6) IX| < Ro.

Combining (3-2) with the fact that U, (x) =0, x € T;, it is easy to see if U, (x) <0
at some point in X, then U, (x) must have a negative minimum in X,. For A
sufficiently negative, it contradicts (3-6). Hence we have for A sufficiently negative,

(3-7) U (x) = 0.

It follows that U, (x) > 0 in X,. Otherwise, there exists x in X, such that
Vi(x) = rr)gn V(x)<O.

From (2-11), we have

(3-8) Fg(u (%)) = Fg(v(X)) + c22(%) Va(x) <O.

Combining (1-8) with (3-7), however, we have

Fg(0(X)) — Fp(v(X)) + c22(X) V(X)) = 0.
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This is a contradiction with (3-8) and V; (x) cannot attain its negative value in ;.
It follows that (3-1) must be true. This completes the preparation for the moving
planes.

Step 2: Keep moving the plane to the limiting position 7}, as long as (3-1) holds.
Let
2o =sup(A| Up(x), Vu(x) = 0, x € Ty, pu < A).
Obviously,
(3-9) Ao < 00.

Otherwise, if Ao = oo, then for any A > 0,

u(OM >u0)>0, v >v0) >0,

) ~of 0 ~o 2—), 1o
u o |O)~|)/l , U o W s .

This is a contradiction and (3-9) is true.
Now we point out that

(3-10) Up()=0, Vi, (x)=0, xe,.

If (3-10) is not true, then from the proof of Theorem 1.1, we only have the case
that U,,(x) > 0 and V,,(x) > 0 but U,,(x) # 0 and V,,(x) # 0.

In what follows, we will show that the plane 7) can be moved further to the right.
More rigorously, there exists some € > 0, such that for any A € [Ag, Ao + €),

(3-11) Up(x) 20, Vi(x)=0, xeX,.

This contradicts the definition of Ay and hence (3-10) must be true.
Now we prove (3-11) by using Theorems 1.1 and 1.2. From Theorem 1.1, we
have
Uy,(x)>0, V,,(x)>0, xe,.

Let Ry be the constant determined in Theorem 1.2. It follows that for any 6 > 0,
Uyy(x) =co>0, Vi(x)=>co>0, xe€Xy_5NBg(0).

Together with the continuity of U, (x) and V; (x) with respect to A, there exists
€ > 0, such that for all A € [Ag, Ag + €), we have

(3-12) Upo(x) >0, Vi(x)=0, xeZ;,_sNBg,(0).

Suppose that (3-11) is not true. By the proofs of Theorems 1.1 and 1.2, we
know that if one of U, (x) and V; (x) becomes the negative minimum value at some
point in %, , then there exist X and x which are the negative minima of U, (x) and
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Vi (x) in X, respectively. Additionally, by Theorem 1.2, at least one of them lies in
(2 \ X5,—5) N Bg,(0). Here we consider two possibilities.

Case 1: One of the negative minima of U, (x) and V) (x) lies in Bg,(0), i.e., in the
narrow region X; .\ X3,—s, and the other is outside of Bg,(0). Without loss of
generality, we assume the negative minimum of U, (x) lies in Bg,(0). From (2-5),
we have

(3-13) Un(X) = —clc1n(X) Vi (%)

and
0 < Fg(va(x)) — Fg(v(X)) + c21(x)Us(X) + c22(xX) Vi (X)

C
= =@ +en (U

C
< ——=Vi(X) —cca1(X)cin(X)I* Vi(X)

|%1#

C
< —=Vi(X) —cca1(X)cin(X)I* Vi (X)
X8

C . e

< Wvux)(l — cp(®)1%e1 (%) |x1P).
Hence,
(3-14) 1 < (@)% (X)|x|P.

By (1-9), we know that ¢ (¥)|X|? is small for | x| sufficiently large. Since [ =€ +§
is very narrow and c12(x) is bounded from below in X 1.\ X;,—s, it is easy to see
that c1p(x)[* can be small. Consequently,

crn(®1%er (0)]%)P < 1.

This is a contradiction with (3-14) and (3-11) is proved.

Case 2: Both of the negative minima of U, (x) and V) (x) lie in Bg,(0), i.e., they
are all in the narrow region X;,1¢\ X;,—s-
Recalling (2-4),

- - - .. C -
(3-15) Fo(u3 (%)) — Fo(u(X)) + cti(X)Us(X) < l_aUA(x) <0,
where [ = § 4 €. Together with (1-4), it implies
(3-16) Us. (%) = —cepp(X)I* Vi (X).

Similarly to (3-15), we have

C
Fg(u(x)) = Fg(v(x)) + c22(X) V3 (x) < l—ﬁVA(i) <0.
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Noting (3-16), for [/ sufficiently small, it gives
0 < Fp(va (X)) — Fg(v(x)) + c21 (X)) U (X) + c22(%) V3 (¥)

Cc
ST V(%) + 21 (0) Us.(X)

Cc
= Vi(X) = cear (D) e ()1 Vi (X)

Cc
=5 (X) = cea1(X)er2 ()1 Vi (x)

C
= 5 V@O0 = co@®en®IH) <0.
This contradiction shows that (3-11) has to be true.
Now we have proved that U,,(x) =0, V,,(x) =0, x € Z,,. Since the x;-
direction can be chosen arbitrarily, we actually indicate that u(x) and v(x) are

radically symmetric about some point x°. Also the monotonicity follows easily
from the argument. This completes the proof of Theorem 1.3. ([

4. Nonexistence of positive solutions on a half space R,

In this section, we investigate the system (1-2).

Proof of Theorem 1.4. Based on (1-3), from the proof of Lemma 2.1 in [Wang and
Yu 2017], one can see that either

ux) >0, v(x) >0 or ulx)=0, vix)=0 forxe[R'fF,
where R = {x € R" | x,, > 0}. In fact, assume u(x) # 0, and there exists x0 e R’
such that u(x%) = 0, then
Gu(x°) — Gu(x° — - G(0
F, (u(x%) :/ (u(x") —u(y)) J / (") —u(y)) ) dy

|x0—y|"+°‘ = |x°—y|”+°‘

=/ G/’ —u()) dy<cof )
n - R ’

|x0—y|”+“ . |x0—y|"+0‘

ie.,0< f(u(x), v(x)) = F,(u(x)) <0, which is impossible. Hence if u(x) or v(x)
attains 0 somewhere in R’ , then u(x) = v(x) =0, x € R".

Now we always assume that u(x) > 0 and v(x) > 0 in R}.. Let us carry on the
method of moving planes to the solution u along the x,-direction.

Denote

Th={xeR |x,=%,1>0}, XZy={xeRL|0<x, <A}
Let
xkz(xl,xz,...,Z)»—xn)
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be the reflection of x about the plane 7j, and
Up(x) =up(x) —u(x), Vi(x)=wvi(x)—v(x).

Using the key inequality (2-2) obtained in the proof of Theorem 1.1, we only need
to take ¥ = X; UR”, where R” = {x e R" | x,, < 0}.

Step 1: It is obvious that, for A <0, we have

4-1) U,(x) >0, Vi(x)>0, xeR".

For A > 0O sufficiently small, X, is a narrow region, we have immediately
4-2) Uy(x)=0, Vi(x)=0, xeX,.

Step 2: Since (4-2) provides a starting point, we move the plane 7, upward as long
as (4-2) holds. Define

)\'0 = Sup{)" Z 0 | U,bL(x) Z 0’ Vﬂ(x) Z 07-x e EM’ /’L S )\'}
We show that
4-3) Ao = 00.

Otherwise, if Ag < 0o, we show that the plane 7) can be moved further up. To be
more rigorous, there exists some € > 0, such that, for any A € (A9, Ag + €),

U, (x) >0, Vilx) >0, xeX.

This is a contradiction with the definition of Ay. Hence, (4-3) holds.
By using Theorem 1.1, Theorem 1.2, and similar arguments as in Section 3, we
can prove that

U)LOEO, V)LOEO, XEE)LO, )\.0=OO,
which implies
u(xlv ot »xl’l—1$ 2)\'0) = u(x1$ . 'axl’l—la 0) :07
v(xX1, ..., Xn_1,200) = v(x1, ..., X,—1,0) =0.
This is impossible, because we have assumed that u(x), v(x) > 0 in R}

Therefore, (4-3) must be valid and the solutions u#(x), v(x) are increasing with
respect to x,. This contradicts (1-13) and completes the proof of Theorem 1.4. [
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5. Application to fully nonlinear nonlocal system

In this section, we consider
Fo(ux)) =—-uP(x)+vi(x), xeR",
(5-1 Fg(v(x)) = —vP(x) +u?(x), xeR",
u(x), v(x) >0, x e R".
Obviously, (5-1) is a specific case of (1-1) and we have the similar conclusion here.

Theorem 5.1. Assume that u(x) € L, ﬂCllo’Cl (RM),v(x) e L,gﬂCllo’cl (R™) are positive
solutions of system (5-1). Suppose that for some y1, y» > 0, u(x), v(x) satisfy the

assumption (1-11) and

min{(p — Dy1, (¢ — Dy1} >, min{(p — Dy», (¢ — Dy2} > B.

Then u(x), v(x) must be radially symmetric and monotone decreasing about some
point in R".

By using Theorem 1.3, we can prove Theorem 5.1 directly. Notice that, if we let
fux),v(x)) =—u?f(x)+v9(x) and g(u(x), v(x)) = —v?(x) +u(x), it is easy
to see that f, g satisfy the assumption (1-12). For convenience, we omit the proof
of Theorem 5.1 here.
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