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BRAID GROUP REPRESENTATIONS FROM
BRAIDING GAPPED BOUNDARIES OF
DIJKGRAAF-WITTEN THEORIES

NICOLAS ESCOBAR-VELASQUEZ, CESAR GALINDO AND ZHENGHAN WANG

We study representations of the braid groups from braiding gapped bound-
aries of Dijkgraaf-Witten theories and their twisted generalizations, which
are (twisted) quantum doubled topological orders in two spatial dimensions.
We show that the braid representations associated to Lagrangian algebras
are all monomial with respect to some specific bases. We give explicit formu-
las for the monomial matrices and the ground state degeneracy of the Kitaev
models that are Hamiltonian realizations of Dijkgraaf—Witten theories. Our
results imply that braiding gapped boundaries alone cannot provide univer-
sal gate sets for topological quantum computing with gapped boundaries.

1. Introduction

Interesting new directions in topological quantum computing include its extension
from anyons to gapped boundaries and symmetry defects, with the hope that
anyonic systems with nonuniversal computational power can be enhanced to achieve
universality. Enrichment of topological physics in two spatial dimensions by gapped
boundaries has been investigated intensively, but their computing power has not
been analyzed in detail yet. One interesting case is gapped boundaries of Dijkgraaf—
Witten theories both for their experimental relevance and as theoretical exemplars
(see [Cong et al. 2016; 2017a; 2017b]).

In this paper, we study representations of the braid groups from braiding gapped
boundaries of Dijkgraaf—Witten theories and their twisted generalizations, which are
(twisted) quantum doubled topological orders in two spatial dimensions. We show
that the resulting braid (pure braid) representations are all monomial with respect to
some specific bases, and their entries are roots of unity; hence all such representation
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images of the braid groups are finite groups. The finiteness of the image of the
braid representation from braiding gapped boundaries of twisted Dijkgraaf—Witten
theories follows directly from [Etingof et al. 2008], since they are braid representa-
tions obtained from group-theoretical braided fusion categories. Besides, we give
explicit formulas for the monomial matrices and the ground state degeneracy of the
Kitaev models that are Hamiltonian realizations of Dijkgraaf—Witten theories. The
universal gate sets from [Cong et al. 2017c] include a nontopological measurement
primitive. Our results imply that braiding gapped boundaries alone cannot provide
universal gate sets for topological quantum computing with gapped boundaries.

For a topological order of the form C = Z(S), were S is some unitary fusion
category, gapped boundaries are modeled by Lagrangian algebras (see [Cong et al.
2016]). For these models the ground manifolds have the form

Hom¢(1, A1 ®---® Ay),

where the A;’s are the Lagrangian algebras modeling the gapped boundaries; see
[Cong et al. 2016, Section 3] for details. Recall that a Lagrangian algebra in any
modular (tensor) category is a commutative étale algebra whose quantum dimension
is maximal. A group theoretical modular category (GTMC) admitting a Lagrangian
algebra is a category of the form C = Z(Vec(;) for some finite group G and some
w € Z3(G, C*), where Z denotes the Drinfeld center and Vecg, is the category of
finite-dimensional G-graded vector spaces with associativity constraint twisted by
w € H3(G,C*); see [Davydov et al. 2013; Davydov and Simmons 2017].

Kitaev [2003] proposed Hamiltonian realizations of Dijkgraaf—Witten theories,
whose topological orders are GTMCs. Moreover, extensions of these Hamiltonian
realizations to surfaces with boundaries can be constructed from Lagrangian algebras
[Bravyi and Kitaev 1998; Bombin and Martin-Delgado 2008; Beigi et al. 2011;
Kitaev and Kong 2012].

Lagrangian algebras in GTMCs are in one-to-one correspondence with indecom-
posable module categories of Vecy; [Davydov et al. 2013], which are in bijection
with pairs (H, y), where H is a subgroup of G and y € C*(H,C*) such that
8(y) = w|yxs3, all up to conjugation [Natale 2017]. A more direct description of
the relationship between Lagrangian algebras and pairs (H, y) can be found in
[Davydov 2010].

Recently, a quantum computing scheme to use gapped boundaries to achieve
universality has been proposed [Cong et al. 2016; 2017a; 2017b; 2017c]. Braiding
gapped boundaries can be either added to braiding anyons as in Kitaev’s original
proposal or as new computing primitives supplemented with other topological
operations. Gapped boundaries lead to additional degeneracy of the topologically
protected subspace, which potentially allows the implementation of more powerful
gates. More precisely, the new gates come from representation matrices of the
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braid groups, B, on objects of the GTMCs that are tensor products of Lagrangian
algebras. However, a characterization of the computational power of these new
braid representations, mathematically a study of the representation images, was left
as an important open problem [Cong et al. 2016; 2017c].

The goal of this paper is to provide such a characterization. We find a canon-
ical monomial structure for Lagrangian algebras in Z(Vecg), which allows us
to compute things more easily. This paper is organized as follows. Section 2
develops the theory of monomial representations. Specifically, it shows how to
calculate invariants for a representation of G using the monomial structure. In
Section 3 we recall the notion of a monomial twisted Yetter—Drinfeld module.
We use the theory developed in Section 2 to give an explicit description and a
basis for Hom Z(Veclg,)(@, V@) if V is a monomial object. Next, we describe the
representation of B,, with respect to this basis. Theorem 3.3 states the representation
is monomial and Theorem 3.4 gives an explicit formula for the nonzero entries.
In Section 4 we prove that every Lagrangian algebra in Z(Vec;) has a canonical
monomial structure. Then the results of Section 3 are applied to Lagrangian algebras
in Z(Vecy;). We finish the section developing some examples and applications.

2. Monomial representations

In this section, we recall some basic definitions and results on monomial represen-
tations of groups.

Definition 2.1. A monomial space is a triple V = (V, X, (Vy)xex), where

(1) V is a finite-dimensional complex vector space,
(i1) X is a finite set,
(iii) (Vy)xex is a family of one-dimensional subspaces of V, indexed by X, such
that V=, x V.

Let G be a group. By a monomial representation of G on V we mean a group
homomorphism

I':G— GL(V)

such that for every g € G, I'(g) permutes the V,’s; hence, I" induces an action by
permutation of G on X. We will denote I'(g)(v) by g v.

If V is a representation of G, we denote by V¢ the subspace of G-invariant
vectors, i.e.,

Vi={veV:gov=u, forall g € G}.

For each x € X, we denote by Stag(x) the stabilizer of x and by Og(x) the
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G-orbit of x. For G finite, and a representation V define

1
Avg:V >V, UHEE g>v.
Gl 7%

It is easy to see that Avg is a G-linear projection onto V. We define
Avg (Vo) = Avg (Vy), x € Ox),

since for any x" € Og(x), Avg(Vy) = Avg(Vy).

We say that an element x € X is regular under the monomial action of G if I'(g)
is the identity map on V, for all g € Stag(x).

Let us write X/G for the set of orbits of the action of G on X, and X for the
regular ones.

Proposition 2.2 [Karpilovsky 1985, Lemma 9.1]. Let V = (V, X, (Vy)rex) be a
monomial representation of G.

(a) x € X is a regular element if and only if Avg(V,) # 0.

(b) If x € X is a regular element under the monomial action of G, then so are all
elements in the G-orbit of x.
(c) The triple
VO =V X, (A6 (Vo) pex)

is a monomial space.

(d) The dimension of VS is equal to the number of regular G-orbits under the
monomial action of G on X.

Let V=(V,X, (Vi)sex) and V' = (V' Y, (Vy/)yey) be monomial spaces. A
linear isomorphism 7 : V — V'’ is called an isomorphism of monomial spaces if
TV, = Vy’ for any x € X.

Proposition 2.3. Let V=(V, X, (Vy)rex) and V' =(V', Y, (Vy’)yey) be monomial
representations of a finite group G. If T : V — V' is a G-linear isomorphism of
monomial spaces, then T |yc : VO — V'O is an isomorphism of monomial spaces.

Proof. Clearly, T|yc : V¢ — V'O is a linear isomorphism. Let x € X be a regular
element. Since 7 is an isomorphism of monomial spaces, there is some y € Y such
that T (V) = Vy’. In that case,

AvG (Vy) = Avg (T (Vy) = T (Avg (V).

This implies y is regular, because Avg(Vy) # {0} and T is an isomorphism. It also
gives T'|ye (Avg (Vo)) = AVG(Vé)(y)), which means T'|y¢ is an isomorphism of
monomial spaces. U
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3. Monomial representation of the braid group

In this section we recall the notion of monomial twisted Yetter—Drinfeld module
introduced in [Galindo and Rowell 2014, Definition 4.12] and prove that the rep-
resentation of the braid groups B,, over Hom g(vecaé)(C, V@1 is monomial if V is
monomial.

3A. Dijkgraaf-Witten theories. Let G be a discrete group. A (normalized) 3-
cocycle w € Z3(G,C*)isamap w: G x G x G — C* such that

w(ab,c,d)wl(a,b,cd) =w(a,b, c)w(a,bc,d)wb,c,d), w(a,l,b)=1,

foralla,b,c,d € G.

Let us recall the description of the modular category Z(Vecg,), the Drinfeld center
of the category Vec{ sometimes called the category of twisted Yetter—Drinfeld
modules. The category Z(Vec;) is braided equivalent to the representations of the
twisted Drinfeld double defined by Dijkgraaf, Pasquier and Roche [Dijkgraaf et al.
1991, Section 3.2].

Given w € Z3(G; C*), we define

o(h, g, ¢Nw(g. g h) (g f.h) o(f. g h)
w(g.fhg) T (g fo o (f 6h, g)

w(g, g’ h) =

for f, g, ¢, heG.
The objects of Z(Vecy,) are G-graded vector spaces V = geG Ve With a linear
map >:C?’G®V — V such that 1 >v =v for all v € V, and

(ghrv=w(g, h;k)(g> (h>v)), g, h,keG, veV,
satisfying the compatibility condition
gDthvghg—l, g,hEG.

Morphisms in Z(Vecy;) are G-linear G-homogeneous maps. The tensor product of
V=®¢ecV and W = @,yccw is V Q W as vector space, with

(VRW), =D Vi ® Wy,
heG

and forallve V,, we W,
h>(v@w)=w(h; g, )(h>v)® (h>w).
For V, W, Z € Z(Vecy), the associativity constraint is defined by

aywz: (VIW)®Z—->VR(WRZ),
(Ve ® W) ® 2k > (g, b, k) vy ® (wh ® 24
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forall g,h,k € G, vy € V., w, € Wy, zx € Z;. The category is tensor braided,
with braiding cy w : VW - WV, V,W e Z(Vecy),

cvw(®@w) =(grw) v, g€G, veV, weW.

3B. Braid group representation of twisted Yetter—Drinfeld modules. Since the
braided category Z(Vec) is not strict, we must be careful about the way we
associate terms when we consider tensor products with more than two objects. For
a list of objects Ay, Az, ..., A, € Z(Vecg), we define

AQ - ®Ay=((Al®A)Q-- QA1) ® Ay,
and an isomorphism by

’r_ —1 . . .
(1) Gi _(aA]®---®A[_1,A,'+1,A,'®1dAi+2®“'®An)O(ldAl®"'A[—l ®cAi7Ai+l®1dAi+2®”'®An)
O(aA1®-~~®A,>1,Ai,Ai+1 ®1dAi+2®"'®An)’

where ay w, z denotes the associativity constraint.
IfA=A,=---=A,, there exists a unique group homomorphism

P By = Autzvecs) (A®")

sending the generator o; € B, to 0.
In general, the pure braid group P, actson A; ® - - - ® A, in the sense that there
exists a group homomorphism p, : P, — Autg(Vecg)(Al ®R---®A,.

3C. Crossed G-sets. Let G be a group. We will recall the definition of (left)
crossed G-set introduced in [Freyd and Yetter 1989]. A crossed G-set is a left
G-set X and a grading function | — | : X — G such that

lgx| = glx|g™",

forallx e X, g€ G. If X and Y are crossed G-sets, a G-equivariantmap f: X — Y
is a morphism of crossed G-sets if | f(x)| = |x]| for all x € X.

If X and Y are crossed G-sets, the cartesian product X x Y is a crossed G-set
with the diagonal action and grading map |(x, y)| = |x]| |y|.

The category of crossed G-sets is a braided category with braiding

cxy: X xY =Y xX,
(x, ) = (Ix|>y, x).
Thus, given a crossed G-set X the braid group B, acts on X", in the following way:
o/ :=idyi-1 X cx, x X idyn—-1 .

3D. Monomial objects of Z(Vecg). Let G be a finite group and w € Z*(G, C*)
be a 3-cocycle.



BRAIDING GAPPED BOUNDARIES OF DIJIKGRAAF-WITTEN THEORIES 7

Definition 3.1 [Galindo and Rowell 2014]. A monomial Yetter—Drinfeld module
is a monomial space V = (V, X, (Vy)xex) such that V € Z(Vecg), the twisted
G-action > permutes the V,’s, and each V, is G-homogeneous.

Remark 3.2. (a) If V = (V, X, (Vy)xex) is a monomial Yetter—Drinfeld module,
the set X is a crossed G-set with the induced G-action and the grading map.

b) If V= (V, X, (Vi)rex) is a monomial Yetter—Drinfeld module, the action
of G on (V,, X¢, (Vx)xex,) is monomial, where X, :={x € X : |x| = e} and
Ve = éBxeXe Vx-
Theorem 3.3. Let G be a finite group, w € Z3(G, C*). If V. = (V, X, (Vi)rex) is
a monomial Yetter—Drinfeld module in Z(Vecg,), then
(a) the action of B, on Hom Z(Vec?, ) (C, V) is monomial,

(b) the dimension of Homzvecs)(C, V@) is equal to the number of regular G-
orbits under the monomial action of G on

(Xn)e = {(xlv"'vx}’l) : |x1||xn| :e}‘

Proof. The action of G on (Ve®”, (X™Mes (Vi)xex,) 1s monomial. Hence, by
Proposition 2.2, the triple

V= ((Ve®”)G, xm.., (AVG((Ve®n)O))@E&T):>

is a monomial space. Since Homz(vee)(C, V") = (V®)S, and each of the
automorphisms ¢’ are morphisms in Z(Vecg.),

G/|Ve®" : (Ve®n’ (Xn)m (Vx)xeXe) g (vg®n7 (Xn)ea (Vx)xeXg)

is a G-linear isomorphism of monomial spaces. It follows from Proposition 2.3 that
o’ |(venyg is an isomorphism of monomial spaces. Thus, the linear representation

Pn : By — GL((VEM ),
oo’

is a monomial representation of 3,. The second part follows immediately from
Proposition 2.2. O

3E. Monomial matrices of the braid representation. In this subsection we obtain
concrete formulas for the monomial braid representations associated to a monomial
Yetter—Drinfeld module.

Let G be a finite group, w € Z3(G,C*),and V =(V, X, (Vy)rex) be amonomial
Yetter—Drinfeld module. If we fix nonzero vectors S := {v, € V, : x € X}, the
twisted G-action defines a map

Ax:Gx X — C*,
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by g vy = Ax(g; X)vgy, where g € G, x € X.

For the monomial Yetter—Drinfeld module V& = (V®" X" (V,) cx») and the
basis S®" :={v,, ® - - Q vy, : vy, €S, 1 <i <n}, the action is determined by the
map Ax» : G x X" — C*,

n
@) Axn(gxr, .o, x) = [ [Ax (g xw (g bl bxal- bl 1) ™!

i=1

X o(g; 1]+ [l [xa—1 D' o(gs 1xal, 1xal) 7
that is,
gl (y, ® - ®uy,) = Axn(g; X1, -+, Xn) (Vgx; @ -+ - @ Vgy, ),
for all g € G, x1, x2, ..., x, € X. Hence an element (x1, ..., x,) € (X"), is regular

if and only if

n
(3) dxn(gixt,....xy) =1, forall ge( )Stax).
i=1

Let R C X be a set of representatives of the regular orbits of X". Let Syeq =
(v, ®---®uy, : (x1,...,x,) € R}. By Proposition 2.2, the set {AvG (V) : v € Speg}
is a basis of (V&Y.

To express the action of the generator o; € B, in terms of {Avg (v) : v € Speg}, for
each x = (x1, ..., x,) € R choose g, € G such that g, >crlf(x) =y,where ye R
and o/(x) = (X1, ..., Xi—1, |X;|Xi41, Xi, Xiy2, ..., x,). Hence there is §; , € C*
such that g, >0/ (Vy, ® -+ - Vy,) = BixVy, @ --Qv,,.

Since the action of the generator o; € B, is given by

—1
4 0/ (v ® - Quy,) =w(xi|- - |xi—1l, lxil Ixipa | 127, xi])
. —1
X Ax (Ixi s xie Do (x| -+ |xi—1l, x|, [xig1])
XUy @+ @ Uy @ Vjxifxip @VUx; @+ - @y,

we have

(5) Bix=w(xi| - lxials [xil x| x|~ i)
x Ax (1615 xip D@ (x1] - [xi—1 ], Xl 11D ™ g (ges 0] ().
Theorem 3.4. Let G be a finite group, w € Z>(G,C*) and V = (V, X, (Vi) rex)

be a monomial Yetter—Drinfeld module. Let Y be the set of all regular elements in
X} and let R C Y be a set of representatives of the G-orbits of Y.

(a) The projection w : Y — R is map of By,-sets. The image of x € R by the
generator o; € By, will be denoted by o; > x.
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(b) Let Speg = {vy, ® -+ - Q vy, : (X1, ..., X,) € R}. The action of the generator
o; € B, in the basis {Avg(vy) : x € R} is given by

0i (AvG (Vx)) = Bix AVG (Ugex)
where B; x was defined in (5).

Proof. The first part is a consequence of Theorem 3.3.
For the second part, recall that the number §; , and the element g, € G are such
that

8x >0 (Vx) = BixVoex-
Hence,
0i(Avg (vy)) = Avg (0i (vx))
= gx > AV (0i (Vx)) = AvG (8x > 0i (vx))
= AVG (BixVopx) = Bix AVG (Voyox)- U

Example 3.5. Let G be a finite group and X be a left crossed G-set. Then the
linearization Vx := @®,cxCx is an (untwisted) Yetter—Drinfeld module in Z(Vecg).
Clearly Ax = 1, thus every element in (X"), is regular. Hence the canonical
projection

(XM)e = (X")e// G,

is an epimorphism of B,-sets. In other words, the linear representation of B,
on Homz(vec,;)(C, fo") is the linearization of the permutation action of 5, on

(X"e//G.

4. Braid groups representations associated to Lagrangian algebras

In this section, we prove that every Lagrangian algebra in Z(Vecy;) has a canonical
monomial structure. Then the results of Section 3 can be applied to Lagrangian
algebras in Z(Vecy).

4A. Lagrangian algebras. Following Corollary 3.17 of [Davydov and Simmons
2017], we will describe the Lagrangian algebra on Z(G, w) associated to a pair
(H, y), where H C Gis a subgroup and y : H x H — C* is a map such that

y(ab, c)y(a, b)
y(a,bo)y (D, c)

Let C,[H] = @)ecnCey be the group algebra of H with the multiplication

=w(a,b,c), a,b,ceH.

enen, =y (hi, ha)epn,, hi,hy € H.

The vector space C, [H] = ®;ecnCey, is a commutative algebra in Z(Vec%), where
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the H-action is given by

y(hi, hy)

—— hy,hheH,
y(Mha, hy)

hlbehzze(hl,hz)ehlh2h;1, E(hl,hg) =

and grading |e,| = h for all h € H.
Let Map(G, C,[H]) be the vector space of all set-theoretic maps from G to
C, [H]. With the grading given by

lal=f < lax)|=x"'fx forallxeg,

and twisted G-action

1

(gra)(x) =0, g7 a)a(g b x), g,x€G,

Map(G, C, [H]) is a twisted Yetter—Drinfeld module.

The Lagrangian algebra L(H, y) is the Yetter—Drinfeld submodule

L(H,y) = {a € Maps(G, C,[H]) | a(xh) = w(h™", x~ ! laDh™ > a(x)};

see [Davydov and Simmons 2017] for more details.
4B. Monomial structure of the Lagrangian algebras L(H, y). In this section
we will prove that every Lagrangian algebra of the form L(H, y) has a canonical
monomial structure.

Let G be a group and H C G be a subgroup. We can regard G x H as a left
H-set with actions given by h> (g, h') = (gh_l, hh'h~"). Then we can consider

the set of H-orbits that we will denote by G xy H. The set G xy H is equipped
with a left G-action given by left multiplication on the first component.

Definition 4.1. Let L(H, y) be a Lagrangian. For each g € G and f € H, define
Xg.f € L(H,y) by

0, x¢gH,
(6) Xg,f(x) = -1 _—1. 1
ok g7 8e(h™", feypp-1, x =gh, where h e H.

Remark 4.2. The function yx, , can be characterized as the unique map in L(H, y)
with support g H and such that x, (g) = ej.

Lemma 4.3. Let L(H, y) be a Lagrangian algebra in Z(G, w). Then
D) Koy =, @D )elh, Hxgns, ge€G, fheH.
@) oo =) 178 ) X s g.leG, heH.

Proof. Since the supports of ., r and x, », are g H, and

Xgh.f (&) = Xgh.r(ghh™") = w(h, (gh) ™" 8" fle(h, [xzns(8),

we obtain (7).
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By the definition of the action of G we have

Io X r(8) = (Ug) " I 8 )Xo (8) = (U™ 175 8 ey
Since [ > x,, r and xg, y are supported in g/ H, we get (8). (Il

It follows from Lemma 4.3 that Cx,, n ; = Cxg, r. Then forany (g, h) € G xy H
the space Cy,,  is well defined.

Theorem 4.4. Let L(H, y) be a Lagrangian algebra in Z(G, ). Then L(H, y)
with the decomposition

LHy)= P Cxen
(g.h)eCGxpyH

is a monomial twisted Yetter—Drinfeld module.

Proof. First we will check that in fact the sum }_, e, CXg,n is direct. Since
supp(xe, ) = g H, we have that y, r and y,, r are linearly independent if g H # g’ H.
Hence it is suffices to check linear independence of the collections {x, ¢} ren, with

g fixed. Butif f # f', |x sl # | xr, ;|. It follows that the sum Z(g,h)eGXHH Cxe,n
is direct.

In order to see that L(H, y) = Z(g’h)erHH Cxgen, ix R C G, a set of repre-
sentatives of the left coset of H in G. Let a € L(H, y). For each r € R, suppose

) a(r) = Z A fer.

feH

Then we have

(10) a= > dsxns€ Y. Cxen

reR,feHd (g,h)eGxyH

By (8) and the fact that |x, 7| = gfg~!, we obtain that L(H, y) is a monomial
twisted Yetter—Drinfeld module. ]

Corollary 4.5. Let G be a finite group, w € Z>(G, CX). If L(H, y) is a Lagrangian
algebra in Z(Vecg,), then

(a) the action of B, on Homzvecs)(C, L(H, ¥)®") is monomial,

(b) the dimension of Hom Z(Vec2) (C, L(H, y)®") is equal to the number of regular
G-orbits under the monomial action of G on

(G xu HY ™o :={((g1,11), -+, (&> ) g1higy ' 2hogy " - - guhngy ' =e).

Proof. This follows from Theorem 4.4 and Theorem 3.3. [l
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We will fix a set of representatives of the left cosets of G in H, R C G. Thus
every element g € G has a unique factorization g =rh, h € H, r € R. We assume
e € R. The uniqueness of the factorization G = R H implies that there are well
defined maps

>:GXR—>R, k:GxXxR—H,

determined by the condition
gr=(gvr)k(g,h), geG,reR.
As a crossed G-set we can identify G x y H with R x H with action
g (r, h) == (g>r<&h), reR, heH, geG,
and grading map
|—1:RxH—>G  (r,h)+>rhr'

It follows from Theorem 4.4 that B :={x,nlr €R, he€ H}isabasis for L(H, y).
In order to apply the results of Section 3E, we only need to compute the map
MxH .G x (R x H) — C*, such that

8% Xrh = ARrxH (83 1y 1) X oy ka1 geG,reR,heH.
Using Lemma 4.3 we obtain
(1) rpxm(g;r,h) =g g7 "hwk(g, r), (gr) " 8 h)elc (g, r), h),

forallge G,reR,h € H.
By (3), we have that an element t = ((r1, h1), ..., (rn, hp)) € (R x H) is regular
if and only if

n
(12) Aoy (g: (1. h1), ... (ra b)) =1, forall g € ()r; ' Culhi)ri,

i=1

where A x gy was defined in (2) as a function of Az and .

4C. Applications and examples. In this last section we present some applications
of the results of the previous section.

4C1. Central subgroups.

Proposition 4.6. Let G be a finite group and L(H, y) a Lagrangian algebra in
Z(Vecg), where H C G is a central subgroup. Then

dim(Homz vec,)(C, L(H, y)®")) = |G|""".

Moreover, the representation of By, is actually a representation of S,,.
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Proof. Since H is a central subgroup, g> (v, h) = (g>r, h) and
X1y <+ ® Xy | = hu - by,
forany ry,...,rc € R, hy, ..., h, € H. Hence,
(R x H); | =|(R"/G)IH" | =[G : HI"[H|""' = |G|"™".

To determine the number of orbits, notice that € : H x H — C* is a bicharacter
such that e (hy, hy)e(ha, h1) = 1. Then, by (12), an element

((r1,h1), ..o, (ra, hn)) € (R X H),,

is regular if and only if

n
l_[e(h, h)y=1, forallheH.
i=1

But ]‘[?:1 €(h,h;)=€(h, hy---h,) =€, e) = 1. Hence every element is regular.
By Corollary 4.5 the dimension of Homzvecy)(C, L(H, y)®") is |G|" L.
Finally, using (4), we see that

0] 007 (Krihy @ ® Xryut,) = €(hiy hig1)€ i, B) Xryhy @+ @ Xy )
= Xri,h K- ® Xrp by
Hence representation of 5, factors as a representation of S,,. (Il

4C2. Lagrangian algebra of the form L(H, 1). The Lagrangian algebras L(H, 1)
as an object in Z(Vecg) are completely determined by the crossed G-set G x g H,
and the monomial representation Hom(C, L(H, 1)®") is a permutation representa-
tion; see Example 3.5. Let us see some extreme cases:

Case H ={e}. Inthis case the crossed G-set is G with the regular action and grading
map the constant map e. It is clear that the braiding c¢ ¢ is just the flip map

(g1, 82) — (g2, 81),

hence, really the symmetric group S, acts on G".
The set of G-orbits is in bijection with G"~,

O(G" — G" 1,
OG(81, 82> &) > (e, 8782, -, 8 8n)-

Using the previous map the action of §, is given by

o1(g1s s gn-1) = (g7 87 820 - 87 8n1)
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and

Gl(gla ) gi’ gi+]’ L) g}’l—l) - (g17 L) gl+19glv L) gn—l)’ 1 <l <n.
It is clear that permutation action of S, on G"~! is faithful; thus the image is
isomorphic to S,.
Case H = G. In this case the crossed G-set is G with the action by conjugation
and grading map the identity map. Hence, the braiding is given by
6.6 (x,y) > (3, ¥ 'xy).

Note cg, ¢ is symmetric if and only if G is abelian.
If G is abelian, G, = {(g1, ..., &gu—1, (&1, - .., g,,_l)_l)} is the set of orbits and,
as in the previous example, the group S, acts faithfully.

4C3. Dihedral group. Every time we take H to be a normal subgroup of G, the
following proposition provides a way to simplify the situation.

Proposition 4.7. Let G be a finite group, H < G, and R a collection of representa-
tives for G/ H. Define B,[H] € Z(Vecg) as

B(H,y):=span{b.,|r e R,h € H},
with grading |b, | = h and the G-action

-1
(13) ngr,h =e(k(g,r) " h)bgw,gh-
Then, the mapping

B(H,y)— L(H,y), b+ X1,

is an isomorphism in Z(Vecg).
Proof. We need to show the map preserves the grading and the G-representation.

We have
ro—1
IX,’,-—l = h)y=h=|b.yl.

Now, since

-1
. - — €K N ,r h Kk(g,r) _ )
8 X1, =€lk(g,r) )ng’ @ty

and o) 1
k(g,r) — 7))~
Ty =7 ghg™,
we have that

-1
_ r
grb o =€k(g,r), h)agbr,(gw)_1 ©Ghy’

Hence, by (13) the map is equivariant. U
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Proposition 4.7 works particularly well when y =1, since (13) is just

g>brp= bg>r,gh-

Thus, the action of G is “decoupled”. We use this idea in the following example.
Let G = Dy be the dihedral groups of order 2k and H = (r). We take R =
{e, s} ={s'}iez/2z. Then

no
|bsi1 il K- bsi'l,rjtz | = er:l jm,

and
dim(B(H, y)®") =2" x k",
Since
(s'r)(s5) = siHhpD0
we have

(sir-’) b5k =s't*  and K(Sil’j, sk) = r(_l)kj.
Hence, the action, on the set label is
s sk, = (57, ).
It follows that the number of orbits in (R x H)? is
=l k= = |G

Since y = 1 all orbits are regular and so dim(Homz(vec,)(C, L(H, 1)®")) = |G| 1.
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SPACELIKE HYPERSURFACES WITH
CONSTANT CONFORMAL SECTIONAL CURVATURE IN R}*!

X1U J1, TONGZHU L1 AND HUAFEI SUN

Let f:M" — [R{;”'l be an n-dimensional umbilic-free spacelike hypersurface
in the (n+1)-dimensional Lorentzian space IR{;”'I. One can define the confor-
mal metric g on f which is invariant under the conformal transformation
group of [R{'l'“. We classify the n-dimensional spacelike hypersurfaces with
constant sectional curvature with respect to the conformal metric g when
n > 3. Such spacelike hypersurfaces are obtained by the standard construc-
tion of cylinders, cones or hypersurfaces of revolution over certain spirals
in the 2-dimensional Lorentzian space forms S1(1), Rf, R}, respectively.

1. Introduction

Recently the Mobius geometry of submanifolds in Riemannian space forms has
been studied extensively and many special hypersurfaces were classified under the
Mobius transformation group (see [Guo et al. 2012; Hu and Li 2003; Li et al. 2013;
Li and Wang 2003]). As its parallel generalization, the conformal geometry of
submanifolds in Lorentzian space forms is another important branch of submanifold
theory; however there are fewer results (see [Li and Nie 2013; 2018; Nie 2015]).
In this paper, we investigate the spacelike hypersurfaces with constant conformal
sectional curvature. Since the conformal geometry of spacelike hypersurfaces
in Lorentzian space forms Mi’“(c) is uniform by the conformal map (2-4) (see
Section 2), we only consider the hypersurfaces in [R’f“.

Let f: M" — R’f“ be an n-dimensional umbilic-free spacelike hypersurface in
the (n+1)-dimensional Lorentzian space [Ri’f“. Given the first fundamental form
I =df -df as well as a local orthonormal basis {e;} and the dual basis {6;}, we
denote I = ) _, ;hij6; ® 0; the second fundamental form and H = % > hii the
mean curvature. The conformal metric of f,

(1-1) g=pdf -df =

is a Riemannian metric which is invariant under the conformal transformations

n
n—1

(M |1> —nHI,

MSC2010: 53A30, 53B25.
Keywords: conformal metric, conformal sectional curvature, conformal second fundamental form,
curvature-spiral.
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of [R{‘H. Together with another quadratic form (called the conformal second
fundamental form) they form a complete system of invariants for the spacelike
hypersurface (n > 3) in conformal geometry of the Lorentzian space erwrl (see
Section 2). In this framework, a notable class of spacelike hypersurfaces are those
with constant conformal sectional curvature (i.e., constant sectional curvature with
respect to the conformal metric g). Here we classify them up to a conformal
transformation of the Lorentzian space R'l’“, and our main result is stated below.

Theorem 1.1. Let f: M" — IR'I’H, n >3, be an umbilic-free spacelike hypersurface
with constant conformal sectional curvature . Then locally f is conformally
equivalent to one of the following hypersurfaces:

(1) A cylinder over a curvature-spiral in a Lorentzian 2-plane [R{% (where § <0).
(i1) A cone over a curvature-spiral in a de Sitter 2-sphere S% C R? (where 6 < 0).

(iii) A rotational hypersurface over a curvature-spiral in a Lorentzian hyperbolic
2-plane [R% 4+ C R% (the constant curvature § could be positive, negative or
zero).

(iv) A cone over the hyperbolic torus H1(—+/a* — 1) x SP(a), a > 1, (where
5 =0).

The curvature-spiral y(s) € N 12(6) in a 2-dimensional Lorentzian space form
le(e)(: S?(l), R?, [RE%Jr for Gauss curvature € = 1, 0, —1, respectively) is a
spacelike curve which is determined by the intrinsic equation

] ]
(1-2) L1 qel 2] =,
ds k K

where s is the arc-length parameter, and x denotes the geodesic curvature of the
spacelike curve y, and § is a real constant. Note that (1-2) is equivalent to the
harmonic oscillator equation (1/x)” 4+ €/k = 0 for the function « (s). It is easy to
see that for fixed € and § the solution curve is unique (because N 12(6) is two-point
homogeneous, since any two solutions with arbitrary initial values are congruent to
each other).

The Lorentzian hyperbolic 2-plane R% +C R% is defined by

Ri, ={(x,y) eR*|y >0},

endowed with the Lorentzian metric ds? = #(—dx2 +dy?). The Gauss curvature
of [R{% + 1s € = —1 with respect to the Lorentzian metric ds® Let I]-I]%(—l) be a
2-dimensional anti-de Sitter sphere; there exists a standard isometric embedding

y2—x24+1 x yz—xz—l)
2y Ty 2y '

(1-3)  ¢:Ri, — Hi(=1), me=<
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The rest of this paper is organized as follows. In Section 2, we study the confor-
mal geometry of spacelike hypersurfaces in Lorentzian space forms M ;’“ (c). In
Section 3, we construct some examples of the spacelike hypersurfaces with constant
conformal sectional curvature. In Section 4, we give the proof of Theorem 1.1.

2. Conformal geometry of spacelike hypersurfaces

In this section, following Wang [1998], we define some conformal invariants on a
spacelike hypersurface and give a congruent theorem of the spacelike hypersurfaces
under the conformal group of Lorentzian space forms M f“ (c).

Let [Ri;’*z be the real vector space R"+? with the Lorentzian product (, ), given by

n+2

N
(X,Y)s = _in)’i + Z Xjyj
i=1

Jj=s+1

For any a > 0, the standard sphere $"*!(a), the hyperbolic space H"*!(—a), the
de Sitter space S| e (a) and the anti-de Sitter space [I-I]'llJrl (—a) are defined by

" (a) = {x e R"™? | x-x = a?},
H™ (—a) = {x € R™*? | (x, x); = —a?},
Si*(a) = {x e R} | (x, x); = a?},
Wi (—a) = (x € Ry | {x, x)o = —a?).
Let M7+ (c) be a Lorentzian space form. When c=0, M} "' (c) =R!*"'; whenc=1,
M (e) = ST (1); when ¢ = —1, Mt (c) = HIT (—1).

Denoting by C"*? the cone in R} ™ and by @' the conformal compactification
space in RP"3,

C'P2={XeRIP|(X,X),=0,X #0}, Q' ={[X]eRP""?|(X, X),=0}.

Let O(n + 3, 2) be the Lorentzian group of [R{ZJr3 keeping the Lorentzian product
(X, Y), invariant. Then O(n + 3, 2) is a transformation group on @'f“ defined by

T(XD)=[XT], XeC'"?, TeOomn+3,2).

Topologically, @’f“ is identified with the compact space S" x S!/S° which is
endowed by a standard Lorentzian metric

h=gs ®(—gs!),

where g denotes the standard metric of the k-dimensional sphere S*. Therefore,
@'{H has conformal metric [h] = {e*h}, T € Coo(@'1’+]), and [O(n+ 3, 2)] is the
conformal transformation group of @'{H(see [Cahen and Kerbrat 1983; O’Neill
1983]).
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Setting P = {[X] € @' | xi = x,43}, P_ = {[X] € Q" | x,45 = 0}, and
P, ={[X]e€ @'f“ | x; =0}, we can define the following conformal diffeomor-
phisms

1 , , —1
O'()iRT—H —>@'1’+1\P, U |:( +<Z u>1,u, fu M>21 ):|,

@D e 1) s @R, ues (1L W],

o1 HP (=) — QTP us [(u, D]

We may regard Qf *1 a5 the common compactification of R} + S’I’H (1), H} .

Let f:M"—> M f“(c) be a spacelike hypersurface. Using o, we obtain the
hypersurface 0.0 f : M" — @’f“ in @’1'“. From [Cahen and Kerbrat 1983], we
have the following theorem:

Theorem 2.1. Two hypersurfaces f, f: M" — M f“ (¢) are conformally equivalent
if and only if there exists T € O (n+3, 2) suchthato.o f =T (o.0 f) : M" — @’f“.

Since f: M" — Mf‘“(c) is a spacelike hypersurface, (o, o f).(TM") is a
positive definite subbundle of T@'I’H. For any local lift Z of the standard projec-
tion 7 : C"*? — Q™! we get a local lift y = Zoo.0 f : U — C"*! of 6,0 f :
M — @YH in an open subset U of M". Thus (dy, dy), = p2(df, df) is a local
metric, where p € C*°(U). We denote by A and « the Laplacian operator and
the normalized scalar curvature with respect to the local positive definite metric
(dy, dy)», respectively. Much as in the proof of Theorem 1.2 in [Wang 1998], we
can get the following theorem:

Theorem 2.2. Let f : M" — M f“(c) be a spacelike hypersurface, then the 2-
form g = —((Ay, Ay)s —n?k){(dy, dy)s is a globally defined conformal invariant.
Moreover, g is positive definite at any nonumbilical point of M".

We call g the conformal metric of the spacelike hypersurface f, and there exists
a unique lift
Y :M" - C"?
such that g = (dY, dY),. We call Y the conformal position vector of the spacelike
hypersurface f. Theorem 2.2 implies the following:

Theorem 2.3. Two spacelike hypersurfaces f, f : M" — M ;’J“l(c) are conformally
equivalent if and only if there exists T € O(n+3,2) such that Y = YT, where Y
and Y are the conformal position vectors of f and f, respectively.

Let {E|, ..., E,} be alocal orthonormal basis of M" with respect to g with dual
basis {wi, ..., w,}. Denote Y; = E;(Y) and define

1 1
N=——AY — —(AY, AY),Y,
n 2n2
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where A is the Laplace operator of g, then we have
(N,Y)o =1, (N,N)2=0, (N, Yi)2=0, (Y;,Y;)o =6, 1=i,jk=n.
We may decompose [Rg+3 such that
[RR’;Jr3 =span{Y, N} @®span{Yy,..., ¥V, } BV,

where VL span{Y, N, Yi, ..., Y,}. We call V the conformal normal bundle of f,
which is a linear bundle. Let & be a local section of V and (£, £), = —1, then
{Y,N,Yy,...,Y,, &} forms a moving frame in [Rig+3 along M". We write the
structure equations as follows:

dY=Za),-Y,-, dN = ZA,,w,Y +Zc wiE

(2-5) ZA,]w]Y w,N+Za)le —I—ZB,ij§
de = ZCw,Y—i—ZB,]wJ ,,
where w;; (= —wj;) are the connection 1-forms on M" with respect to {w1, ..., w,}.

Itis clear that A = } ;; Ajjw; @ i, B =3} Bjjoj®w;, C =3, Ciw; are
globally defined conformal invariants. We call A, B and C the Blaschke tensor,
the conformal second fundamental form, and the conformal 1-form, respectively.
The covariant derivatives of these tensors are defined by

Zcuw, =dG; +chwk,,

ZA” kW = dAlj + ZAlka)kj + ZAkja)klv
Z Bjj xwr =dBjj + Z Birwyj + Z Byjwyi.
k k k

By exterior differentiation of the structure equations (2-5), we can get the integrable
conditions of the structure equations

(2-6) Ajj=Aji, Bij=Bji,

(2-7) Aijk — Aik,j = BijCr — By Cj,
(2-8) Bij ik — Bik,j = 8ijCx — 6ikC;,
(2-9) Cij—Cji= Z(BikAkj — BjiAy),

k
(2-10) Rijii = BiiBjx — BixBj1 + Ajxdj1 + Ajiix — Audjx — Ajidir.
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Furthermore, we have

1
tr(A) = %(HZK —1), R,’j = tI'(A)(S,'j +(n— 2)A,’j + Z BikBkj,

k
-mC=Y By YB=""1 Y=o
Jj ij i

where « is the normalized scalar curvature of g. From (2-11), we see that when n > 3,
all coefficients in the structure equations are determined by the conformal metric g
and the conformal second fundamental form B, thus we get the congruent theorem:

(2-11)

Theorem 2.4. Two spacelike hypersurfaces f, f : M" — Mf“(c), n >3, are
conformally equivalent if and only if there exists a diffeomorphism ¢ : M" — M"

which preserves the conformal metric g and the conformal second fundamental
form B.

The second covariant derivative of the conformal second fundamental form B;;
is defined by

(2-12) Y " Bijim®m =dBij i+ Y Bujk@mi+ Y Bimk®mj+ > BijmOmk.
m m m m

Thus we have the following Ricci identities

(2-13) Bij i — Bij i = Z Byj Riikt + Z Bim Rijki-
m m

Next we give the relations between the conformal invariants and the isometric
invariants of a spacelike hypersurface in [RR’fH.
Assume that f : M" — [R{’l”rl is an umbilic-free spacelike hypersurface. Let

{e1,...,e,} be an orthonormal local basis with respect to the induced metric
I = (df,df), with dual basis {61, ..., 6,}. Let e, be a normal vector field of f,
(en+1, ent1)1 =—1. Letll = Zij hi;j0; ® 6; denote the second fundamental form,

H = % > _; hii the mean curvature. Denote by A the Laplacian operator and «
the normalized scalar curvature for /. By the structure equation of f : M" — R 1
we get

(2—14) AMf:I’lHen_H.

There is a local lift of f

y:Mn_)CrH—Z’ y:(<fvf>l+1 <f7f>1_1>.

2 S 2

It follows from (2-14) that (Ay, Ay), —n’ky = 25 (=1 > + n|H*) = —e*".
Therefore the conformal metric g, the conformal position vector of f, and & are



HYPERSURFACES WITH CONSTANT CONFORMAL SECTIONAL CURVATURE IN [R’IHFI 23

expressed as
g=—— (I = HP)Af.df) =1, ¥ =e.
n —

§=—Hy+ ([, ens1)15 €nt1, ([, ent1)1)-

By adirect calculation we get the following expression of the conformal invariants

(2-15)

A,‘j =€72r[‘[,"[j —h,'jH—'L'i’j +%(—|V‘E|2+ |H|2)5,'j],

Bij:e_f(hij—Hé,-j), Ci=€_2I<HTi—Hi—ZhijTj),
j

(2-16)

where 7; = ¢;(7) and |Vt|? = > tl.z, and 7; ; is the Hessian of 7 for / and
Hi = e,-(H).

3. Typical examples

In this section, we construct some spacelike hypersurfaces with constant conformal
sectional curvature. Such spacelike hypersurfaces are obtained by the standard
construction of cylinders, cones or hypersurfaces of revolution over curvature-
spirals in N 12(6). A key observation is that the conformal metric of those spacelike
hypersurfaces constructed over these curvature-spirals are of the form

g =rk()*ds* + 171,
where Ifé_l is the metric of the (n—1)-dimensional Riemannian space form of
constant curvature —e. For such metric forms we have the following result:

Lemma 3.1. The metric g = k(s)>(ds* + Ife_l) given above has constant curva-
ture § if and only if the function k (s) satisfies (1-2).

This lemma is easy to prove using exterior differential forms and we omit the
proof. Next we give the explicit construction of the spacelike hypersurfaces.

Example 3.2. The cylinder in R’I’H over a curve y(s) C IR% is defined by

FRXRT S RIL 00 = (), ),
where y € R"~1,
The first and the second fundamental form of the cylinder f are given by
I =ds>+ Iy, I =«ds?,

where k (s) is the geodesic curvature of y(s) C R?, and -1 denotes the standard

metric of the (n—1)-dimensional Euclidean space R""". Thus the principal curvatures

of the cylinder are («, 0, ..., 0), and the mean curvature H = £. From (2-15), we

n
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see that the conformal metric of the cylinder f is g = k?(s)(ds®> + Ign-1). By
Lemma 3.1 we have the following result:

Proposition 3.3. The cylinder in IR'I'Jrl over y(s) C [F\E% as in Example 3.2 is of
constant conformal sectional curvature if and only if y (s) is a curvature-spiral
in R2.

1

Example 3.4. The cone in [R'l‘+1 over a curve y(s) C S%(l) C IR% is defined by
FiRxRY xR = R fs,1,y) =ty (), ),
where y € R""2 and Rt = {r | r > 0}.
The first and the second fundamental form of the cone f are given by
I =1%ds® + Igor, 1 = teds?,

where k (s) is the geodesic curvature of y (s) C S%(l). Thus the principal curvatures

of the cone are (7,0, ..., 0), and the mean curvature H = --. From (2-15), we
know that the conformal position vector of the cone f is
2 2 2 2
“+ +1 -+ —1
Y = K Iy | 9 J/ (S) b X 9 |y| .
2t t 2t
Note that

CHyP+L y Pyl
2t Tt 2t

(3-17) i(t,y):( ):R+><R”—2:H"—‘—>H"—‘ CR!
is nothing but the identity map of H"~!, since RT x R"~2 = H"~! is the upper half-
space endowed with the standard hyperbolic metric. From (2-15), the conformal
metric of the cone fis g = ’;—zz(tzdsz—i—IRn_l) = Kz(ds2+IHn_1 ), where [ ,—1 denotes
the standard hyperbolic metric of H"~!. By Lemma 3.1 we have the following
result:

Proposition 3.5. The cone in IR'{Jrl over y(s) C S%(l) - IR% as in Example 3.4 is
of constant conformal sectional curvature if and only if y (s) is a curvature-spiral
in S%.

Example 3.6. Let [Ri% + = {(x,y) | y > 0} be the Lorentzian hyperbolic 2-plane.
The rotational hypersurface in [RR'{“ over a curve y(s) C IR% 4 1s defined by

FiRxS" PRI £(s,0) = (x(s), y(5)8),
where 6 € S"~! is the standard round sphere, and y (s) = (x(s), y(s)) C [R% e

Denote the covariant differentiation of the metric ds> by D in [R{% 4 Fory(s) =

(x(s), y(s)) C Rl2 4o let x denote the derivative % and so on. Choose the unit tangent

vector @ = i(fc, v) and the unit normal vector 8 = %(5), x). The geodesic curvature
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is computed via k (s) = (Dya, B) = xyy yi —l— . The rotational hypersurface f has
the unit normal vector n = —(y x0). The ﬁrst and the second fundamental form of
the rotational hypersurface f are given by

[ =df -df =y*ds*+1g1), H=—df dn=(yk —%)ds* — %I

Thus the principal curvatures of the rotational hypersurface f are 2- x , _f, ey _f.

From (2-15), we know that the conformal metric of the rotational hypersurface f is
= k2 (x)(ds® + Isn-1). By Lemma 3.1 we have the following result:

Proposition 3.7. The rotational hypersurface in [RR’;H over y(s) C R% 4 asin
Example 3.6 is of constant conformal sectional curvature if and only if y(s) is
a curvature-spiral in [R%Jr

Example 3.8. Let p, g be any two given natural numbers with p +¢g < n and
let a be a real number a > 1. We define the cone over the hyperbolic torus
H?(—va? —1) x SP(a) C §f+q+1(1), as follows:

f:[}-l]q(—\/cﬂ)XSP(a)XR+x[R”’P"1’1—>[R{’1’+1, Fau” e, uy= ', tu" u"),
where v’ € H1(—va2 = 1), u” € SP(a), u"” € R—P~9-1

Let b = +/a* — 1. One of the normal vectors of f can be taken as e, | =
(4, b u”, 0). The first and second fundamental form of f are given by

=1>({du’, du')y +du” - du") +dt - dt +du”" - du”,
b
II=—(dx,deyt1)1 = —t(%(du/, du’y, + —du”-du”).
a

Thus the mean curvature of f satisfies

_pb2 _ qa2
nabt

H =

and

[Z W H2i| p(n—p)b* —2pqa’h® +qn—q)a*  «
13} (

T a—1 n— 1)a2b2? T

Let idy denote the k-dimensional identical mapping. From (2-16), we have
B =bid, ®byid, ®b3id,_;_p, A=ajid; ®arid, Bazid,_4_p,
where

b2_ _ 2 2 _ _ b2 b2 2
p= Pz g — = pbt o pbTga

nabo nabo nabo
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and
_ (pb® + qa®)* — (pb* + qa®)2na® + n*a’b?
- 2n%a’b2a? ’

aj

(pb* + qa*)? — (pb* + qa*)2nb?* + n*a’b?
a) = ’
2n2a?b2¢?

_ (pr +qa2)2 —n2a2b2

as
2n2a?b2¢?

Using these equations and (2-10), it is easy to prove the following result:

Proposition 3.9. Let f : M" — R} *1 be a cone over a hyperbolic torus

HY(—+va? — 1) x SP(a).

If f has constant conformal sectional curvature §,then § =0, p=q =1andn = 3.

A spacelike hypersurface is called a conformal isoparametric spacelike hypersur-
face if the conformal 1-form vanishes and the eigenvalues of the conformal second
fundamental form are constant. In [Li and Nie 2018] and [Nie and Wu 2008], the
authors characterized the cone over the hyperbolic torus as follows:

Theorem 3.10 [Li and Nie 2018]. Let f : M" — M?H (c) be a conformal isopara-
metric spacelike hypersurface with r distinct principal curvatures. If r > 3, then
r =3, and locally f is conformally equivalent to the cone over the hyperbolic torus

H9(—vaZ— 1) x SP(a).

4. The proof of Theorem 1.1

The hypothesis of constant conformal sectional curvature implies that the spacelike
hypersurface is conformally flat. A classical result says that a spacelike hypersurface
fM'—-M f“ (c)(n = 4) is conformally flat if and only if there exists a principle
curvature which has multiplicity at least n — 1 everywhere. Since our classification
theorem is local, we consider the following two cases:

(1) The spacelike hypersurface has only two distinct principal curvatures.

(2) The 3-dimensional spacelike hypersurface has three distinct principal curva-
tures.

First, we consider case (1). Let f : M" — [Ri’l“r], n > 3, be a spacelike hypersur-
face with two distinct principal curvatures; one of which is simple, while the other
has multiplicity n — 1.

Lemmad4.1. Let f: M" — R’f“, n >3, be a spacelike hypersurface with two dis-
tinct principal curvatures. If the conformal sectional curvature has constant 8, then
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we can choose an orthonormal basis {Ey, ..., E,} with respect to the conformal
metric g such that

(B) = diag( "1, =1 “1). ¢ Cp=0
i) =diag| ——, —, ..., — ); =...=C,=0;
(4-18) Y s n n n 2 "
wig =—Clwg; 8=C11—(CD* Cou=—(C1)> a=2.
Proof. We take a local orthonormal basis {E1, ..., E,}, with respect to g, under
which,
(Bij) = diag(by, b, . .., b2).
——
n—1
From the fourth equation in (2-11), we assume b; = "n;l and b, = —%. Since the
spacelike hypersurface has constant conformal curvature 3, by (2-11), we have
(A;) = di 5 2n-—1 8+1 8+1
jiy=diag| - ————, = +—, ..., =+ —].
J 27 22 2T 2 T2

In this section, we make use of the following convention on the range of indices
l<i,jk=n, 2<a B,y =n
From dB;j + ), Bxjwii + Y Bikwij = Y i Bijrwi and (2-8), we can get

(4_19) Bla,oz =_C15 'wloz =_C1waa C(x :Oa zfa Snv
(Bijx = 0 otherwise).

Using dC; + ), Crwni = Y, Ci rwy and (4-19), we get
(4-20) Coa=—(CD* Cor=0, a#k.
From (4-19), we see that

dwla:—dC1/\wa—Clza)l/\a)a—Clza)y/\wya,

Y
and
da)la — Za)lj NWjg = —% Z Rigrior N wy .
j kl
Thus we have
(4-21) Rigia =C1.1— (C1)*,  Rigpa — C1.5=0. O

From Lemma 4.1, we know that the distributions
D) =span{E}, D, =span{E,, E3, ..., E,}

are integrable. Any integral submanifold of distribution D is a curve y, and any
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integral submanifold of distribution D, is an (n—1)-dimensional submanifold L.
Thus locally, we have

M'=y x L.

Under the orthonormal basis {E}, ..., E,} asin Lemma 4.1, {Y, N, Y1,...,Y,, &}
forms a moving frame in IRZJr3 along M". We define

1 1
F=—Y-¢ X =-CiY-Y,, P=—a)Y+N+CX|—-F.
n n

Therefore we have

(F,F)=—1, (Xi,X1)=1, (P,P)=—Cy1,
(4-22)
(F, P)=0, (F,X1)=0, (X1,P)=0.

From Lemma 4.1 and the structure equation of f we can derive
Ey(F)=Xi, Eq(F) =0,

(4-23) Ei(X))=P+F, Eq(X1) =0,
Ei(P)=CiP+Ci11X1, Eu(P)=0.

Thus the subspace Vi = span{F, X, P} is fixed along M". From § = Cy; — (C1)2,
we get

(4-24) Ey(C11) =2CiCr1,  Eo(Cr1) =0.
We define T = —a,Y — N +C Y] — %5, then we have
T1V,, (I, T)=C11, (T,Y4)=0, 2<a=<n.
From (4-24), Lemma 4.1, and the structure equation of f we can derive

E,(T)=—Ci1Ye, E(T)=CT. Ep(Ye)=) wuy(Ep)Yy,
(4-25) v
Eo(Yo) =Y wup(E)Yp+T, Ei(Yo) =) wup(ENYp, a#p.
B B
Thus the subspace V, = span{T, Y», Y3, ..., Y,} is fixed along M", and V| LV,.
Using theory of linear first-order differential equations for C; 1, (4-24) means
that C1 1 =0 or C;,; # 0 on an open subset U C M". Thus we need to consider the
following three subcases: (1) C;.; =0 on M"; (2) C;;; <0on M"*; 3) C;,1 >0
on M". We will treat them case by case.

Proposition 4.2. Under the assumptions in Lemma 4.1, if C1,1 =0 on M", then f
is conformally equivalent to a cylinder over a curvature-spiral in [R%.
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Proof. Since C1,1 =0, we have (P, P)=0. From (4-23), we know that P determines
a fixed direction. Hence up to a conformal transformation we can write the fixed
direction P € Rg” and constant subspace V| C RSH as follows:

P=(1,0,...,0,1),

Vi =span{F, X, P}=span{(0, 1,0,...,0), (0,0,1,0,...,0), (1,0,...,0, D}
From (4-22), we have

(4-26) (F,P)=(F,(1,0,0,...,0,1D))=0, (X;,P)=(X1,(1,0,0,...,0,1))=0.

Let {«x1, k2, ..., k2} be the principal curvatures of the spacelike hypersurface f, then
e' = |k1 — k3z|. We choose an orthonormal basis {ey, ..., e,} of T M" with respect
to the first fundamental form I =df - df such that (h;;) = diag{x1, «2, ..., Kk2};
then {E; = e~ Y¢;, 1 <i <n}is an orthonormal basis as in Lemma 4.1. From (2-15)
and (4-26), we can deduce

(4-27) Ky = 0, E](‘E) = —C1.
On the other hand, we have (Y, P) = 0 which implies that
(4-28) Ey(7)=0.

Let {@1, ..., @,} be the dual basis of {e, ..., e,}, and {®;;} be the corresponding
connection forms. Since w; = e*@;, 1 <i < n, its connections have the relations

wij = wjj + e (T)wj —e;(T)w;.

Equations (4-27) and (4-28) imply that @;, = 0. Thus the spacelike hypersur-
face f is conformally equivalent to the hypersurface given by Example 3.2. By
Proposition 3.3, we finish the proof of Proposition 4.2. O

Proposition 4.3. Under the assumptions in Lemma 4.1, if C1,1 <0 on M", then f
is conformally equivalent to a cone over a curvature-spiral in S%.

Proof. Since C; 1 < 0, by (4-22), the vector field P is a spacelike vector field
in [RigJr3 . Thus up to a conformal transformation we can write

V) =span{F, X1, P} =span{(0, 1,0, ...,0), (0,0,1,0,...,0), (0,0,0,1,...,0)}.

Let f have principal curvatures {ky, k2, ..., k2}. Since e = (1,0, ...,0, 1)LV, we
have (F, e) = (X1, e) = 0 which implies k, =0, E{(r) = —C;. By (2-15), we
obtain 27 = K12. Setting

P
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then (P, P) =1 and (9, #) = —1. From (4-23), we know
P:y—>SicR =V
is a curve, and (4-25) gives that
0:L—H"!c R

is a standard embedding and the sectional curvature of 6(L) is —1. Since dim L =
dimH"~! =n —1, we know that 6 : L — H"~! is a standard isometric isomorphism.
By (3-17), we have the standard isometric isomorphism

6:L— H"!'=Rt x R" 2.

Since P+T =—Cq 17,

1 —
Y:—C(P,Q):M”:yXLAS%XH”—l:g%XR+XRn—chr{+3.
—Cu,1

Therefore .
g=1(dY,dY) = ———(ds* + Iy1).
Cia
Thus the spacelike hypersurface f is conformally equivalent to the hypersurface

given by Example 3.4. By Proposition 3.5, we finish the proof of Proposition 4.3. [

Proposition 4.4. Under the assumptions in Lemma 4.1, if C11 > 0 on M", then
[ is conformally equivalent to a rotational hypersurface over a curvature-spiral
in [RR% 4

Proof. Since C1,1 > 0, we have (P, P) <0. Thus up to a conformal transformation
we can write

Vi =span{F, X, P} =span{(1,0,...,0), (0,...,0,1), (0,1,0,...,0)}.
Thus e = (1,0,...,0,1) € Vj, and (Yy,e) =0, 2 < o < n, which imply that
Ey(1) =0, 2 <o <n. Setting

— P T
P:— 9:

\/C],l, \/Cl,l’

then (P, P) = —1 and (0, 6) = 1. From (4-23), we know

F:y—)lHI%CIR@:Vl
is a curve. From (4-25), we see that
6:L—S"'CR"

is a standard embedding and the sectional curvature of 6 (L) is 1. Since dim L =n—1,
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0:L— S"!is a standard isometric isomorphism. Since P+ T = —C; 1Y,
—1
VvCi

Denote P = (uy, us, u3) € I]-I]%, then

Y= (ﬁ,@):nyeH%xS”_l.

Y = Uz —uj ( 231 uj U3 0 )
\/ﬁ,l Uy —u3 uy—u3z ug—uz u;p—u3)
Thus the hypersurface f : R x $"~! — [R{’l’+l is given by f = ( U2 g )

ur—u3z’ uy—uz/’
Note that
Uy 1
oy, up, u3) = ( , )
Up—uz up—us3

is the inverse mapping of the local isometric correspondence ¢ : [F\R% L [H]%
(see (1-3)). Thus the spacelike hypersurface f is conformally equivalent to the
hypersurface given by Example 3.6. By Proposition 3.7, we finish the proof of
Proposition 4.4. (I

Next we consider case (2). Let f : M — IR? be a spacelike hypersurface with
three distinct principal curvatures.

Proposition 4.5. Let f: M> — R? be a spacelike hypersurface with three distinct
principal curvatures. If the conformal sectional curvature has constant §, then
8 =0 and f is conformally equivalent to the spacelike hypersurface defined by
Example 3.8.

To prove Proposition 4.5, we need the following two lemmas.

Lemma 4.6. Under the same assumptions as in Proposition 4.5, there exist a local
orthonormal basis {E1, E», E3}, consisting of eigenvectors of B such that

B _b3_b1C B _bz—blc B _bs—bzc
n2 =gy O 3=y 6 2= 5 €
(4-29)
by — by by — bs by —bs
B = C;, B = Ci, B = C,.
n3=p 5 6 1=y 5 C Br= O

Proof. Since f is of constant conformal curvature, from (2-11), we have

(4-30) R,‘j =255ij ZZBikBkj +(l‘)’A)5l‘j +A,'j.
k

Thus we can take a local orthonormal basis {E|, E,, E3} such that

(4-31) (Bij) = diag(by, ba, b3), (A;j) = diag(ai, a2, a3).
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Using (4-30) and (4-31), we have

(4-32) Biji(bi +bj)+Aijx =0, 1=<i, jk=<3.

Using (2-7) and (2-8) and (4-32), we can obtain (4-29) and

(4-33) Bijx=Aijx=0, i#j, i#k k#]j.

Thus we complete the proof. (]

If the conformal 1-form C is equal to 0, by Lemma 4.6, we know that the
eigenvalues of the conformal second fundamental form are constant. Thus the
spacelike hypersurface is a conformal isoparametric spacelike hypersurface. By
Proposition 3.9 and Theorem 3.10, we can prove Proposition 4.5. Next we need to
prove C = 0.

Lemma 4.7. Under the same assumptions as in Proposition 4.5, the conformal
1-form C is equal to 0.

Proof. Let {w;, wy, w3} be the dual of the local orthonormal basis {E;, E;, E3} in
Lemma 4.6, and {w;;} the connection forms. Using covariant derivatives of B;;,
B::: B
l],l a)l l],] a)j’
bi—b;j bi—b;

(4-34) wjj = i#j, 1=<i,j<3.

Using (2-8), we have B;; j = Bj;; — C;, i # j. Using (2-12), (4-33) and (4-29),
we can obtain

B2
by — by

Bi31
by —b3’

Bi231 = (B11,3— B»3) + (Bi2,1 — B32,3)

3(byB11,3 — b1B223)
(b1 — by)?
B33 3b B3> 3B131
Crz— —C . —.
+( 2 b —by B)bz—b1+ bz — b,

From (2-10) and the Ricci identity (2-13), we have C; ; — Cj; = (b; —bj)A;; =0,
and Bi3 31 = Bi2,13. Using (4-35), we can derive

(4-35) Bpaz= 2

biby +2b3
(by —b3)(b3 — b1)

where we use by + by + b3 =0 and b% + b% —|—b§ = % Similarly b,Cy 3 = —C3C;
and b3C1,2 = —C2C1. Thus

b1Cr3 = C3C, = —C3C,

(4-36) bCij=—CiCj, i#j, i#k k#]J.
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Using the covariant derivative of C; and taking the derivative for (4-36) along Ej,
we obtain

Byi i Byjk
4-37)  BuxCij+bi| Cijk — Crj—— — C; ’
( ) kk,k l’]‘i‘ k|: i,jk k,]bk_bi l,kbk_bj]
Biix Bik k
:—Ci Cix—C - —Cj|Cix—C ’ ’
[ 7k kbk—bj] j|: o kbk_bi]

If b1 brb3 =0, we can assume that b =0. From (2-11), we know that b, = —b3 = \%
Using (4-29) we have C = 0.

We assume b1brb3 # 0. From (4-29), (4-36), (4-37) and By x = —Bjj x — Bii k>
we conclude that
4CC;C  4CGC3

4-38 beCijp = —= .
(4-38) T T3 bbby 3 bibabs

Since C; jx = Cjix = Cr,ij and b; # b, i # j, from (4-38) we get
Ci3=0, CiCC3=0.
We can assume that C; =0, and (4-34) can be written as

By Bi3,1 By By 3
w1, W13 =

4-39 - -
(4-39) @iz =7 by —bs by—bs 2 by —by

Using the covariant derivative of C; and

I
doj— Y o Aoy =—3 Y Rijuoi Ao,
k Kl

we can derive

3C2[b3 — b3 — 6b1b3 + 6b2Ds] 27b3b5C3
(b1 — b3)*(b3 — b2) (b1 — b2)?(b3 — b2)
=3b1C3 5 + (b1 — b3)*8,
3C3[b3 — b3 — 6b1b3 + 6b7b3] 27b3b,C3
(4-40) (b1 — b2)?(by — b3) (b1 — b3)*(by — b3)

=3b1Cy2 + (b — b2)?s,

3C32[b; — b3 +3b3 + 15b1b3]  3C3[b} — b3 + 3b3 + 15b1b3]
(b3 — b2)?(b3 — by) (b3 — b2)?(by — by)
=3b3C22+3b2C3 3+ (b3 — b2)?8,

where we use B;j j = Bj;; — C;, tr(B) =0 and |B|? = % We can eliminate C5
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and C3 3 in (4-40) and derive

@4 3[2b} 4 2b3 4 2b3 — 9b3b3 — 6b3by — 12b1b3] -
(b1 — b3)? }

N 3[2b7 + 2b5 + 2b5 — 9b3b3 — 6b3bs — 12b1b3] -

(b1 = b)? ?

= —b(by — b3)?s.
On the other hand, using the covariant derivative of C; and C; = 0, we have

_3biC3 3b1C3
C (by=b1)? (b3 —b)?
Cr1=C12=0, C31=C13=0,

1,1

Cro=Ey(Cr) + LC%
’ (b3 — by)?
(4-42) C2 3= E3(C2) —_ M
’ (b3 — b)?’
3b,CrC3
C3,2 = EZ(C3) - (b3——bz)2’
Cs3 = E3(C3) + LC%
’ (b3 — by)?

Using the second covariant derivative of the conformal 1-form C defined by
Z Ci jmwn =dC; j + Z Chn, jmi + Z Cim@mj,
m m m

and combining (4-29) and (4-42), we can deduce

by —by 6b2b1 (b1 — b) )
Cs 23 = E3(E2(C3)) — 3 _ C
323 = £3(82(C3)) |:(b2—b3)3 (b3—b2)4<b1—b3)} 32
13(Cyn—C33) b3
22 by —by)?
b2 it CrCant D (C2Cy — C)
(b3—b2)2 3L2.3 2L33 (b3—b2)2 3L2 2) |
by — b3 6b3b1 (b1 — b3) 3
Cs 30 = E2(E3(C3)) +3 —
352 = E2(E5(C3)) + [(b3—b2)3 (bs—bz)“(bl—bz)} :
6b3 18b3b; D)
B Gy — —72 20,
T2 2 T Gy by 7
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Using the Ricci identity C33—C3 3= Zl CiRi323 = 6C»,, we obtain
3b1b3by + byb? 4 5b3bT — 8b1b3 — 2b3bs — b1b3 + 2byb3 o
(b3 —b2)*(by — b2) 2
N 3b1b3by + b3b? + 5bab? — 8b1b3 — 2byb3 — bib3 + 2b3b3 -
2
(b3 = b2)*(b1 — b3) ’

b ¢ b oo
(b3 —D0)2 =2 (bs—b)2 27 bi(bs — bo)?

5
(4-43) 3G, =

C2C3,
where we use the equation

E3(E2(C3)) — E2(E3(C3))
= [E3, E2](C3)
= (w23(E3) E3 — w32(E2) E2)(C3)
3bs 93 3b, %5
=75 35— _ C3C39,— —2__¢C
(bs—b2)2 2 0 (hy—b)* 2 (bs—D)? 0 T (bs—bpt ?

Cs.

From the third equation in (4-40) and (4-43), noting that by b>b3 # 0, we can deduce

2by
bi(b3 — by)?

We can assume that C, = 0. Next we prove that C3 = 0. In fact, if C3 # 0,
from (4-39), we have

(4-44) C2C3 =0.

wp=0, wp3= JEN ) w3 = Bas.2 )
12=0, 3= 00 BT T e
Using
don— Y ouAon=—3Y_ Rouwr Ao,
k ki
we can derive
—9b1b,C2
(4-45) §=Rppn = 3

(b1 — b3)?(by — b3)*

Since C, =0, (4-41) becomes

3[2b7 + 2b5 + 2b5 — 9b3b3 — 6b3by — 12b1b3]
(b3 — b1)?(b3 — b)?

Combining (4-45) and (4-46), we have

(4-46) C? = —by (b — b3)8.

(4-47) [2b% +2b% +2b% + 12515 (b1 b3 — bH)1C2 = 0.
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Using by 4+ by + b3 =0 and b% —{—b% +b2= %, we see that
bi+b5+b3=3% and bibs—bi=—1

Thus (4-47) is written as
(5 —4b1b2)C3 = 0.

Since C3 #0, g —4b1by = 0 which implies that b1, by, b3 are constant. Thus (4-29)
means that C =0, which is a contradiction. Thus C3 =0 and C = 0. This completes
the proof. O

Combining Propositions 4.2, 4.3, 4.4 and 4.5, we finish the proof of Theorem 1.1.
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CANONICAL FIBRATIONS OF
CONTACT METRIC («, n)-SPACES

EUGENIA LOIUDICE AND ANTONIO LOTTA

We present a classification of the complete, simply connected, contact met-
ric (k, p)-spaces as homogeneous contact metric manifolds, by studying the
base space of their canonical fibration. According to the value of the Boeckx
invariant, it turns out that the base is a complexification or a paracomplex-
ification of a sphere or of a hyperbolic space. In particular, we obtain a
new homogeneous representation of the contact metric («, u)-spaces with
Boeckx invariant less than —1.
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1. Introduction

The study of the curvature tensor of associated metrics to a contact form is a central
theme in contact metric geometry. Actually some important classes of contact metric
manifolds can be defined using it. We recall for example that Sasakian manifolds,
the odd-dimensional analogues of Kéhler manifolds, can be characterized by

R(X,Y)§ =n(¥)X —n(X)Y,

where X, Y are any vector fields and & denotes the characteristic vector field of the
contact metric manifold. A meaningful generalization of this curvature condition is

R(X,Y)§ =x((Y)X —n(X)Y) + n(n(¥)hX —n(X)hY),

where «, i are real numbers and 24 is the Lie derivative of the structure tensor ¢
in the direction of the characteristic vector field &.

MSC2010: primary 53C25, 53D10; secondary 53C30, 53C35.
Keywords: contact metric (k, t)-space, regular contact manifold.
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The contact metric manifolds with this property were introduced by Blair, Koufo-
giorgos and Papantoniou [1995], and are called contact metric (k, ()-spaces in the
literature. These spaces have many interesting geometric properties; first of all,
they are stable under D-homothetic deformations and moreover in the non-Sasakian
case, i.e., when k # 1, the curvature tensor of the associated metric is completely
determined. Looking at contact metric manifolds as strongly pseudoconvex (almost)
CR manifolds, it was shown in [Dileo and Lotta 2009] that the («, @) condition is
equivalent to the local CR-symmetry with respect to the Webster metric, according
to the general notion in [Kaup and Zaitsev 2000]. In this context, another charac-
terization was given by Boeckx and Cho [2008] in terms of the parallelism of the
Tanaka—Webster curvature.

Boeckx gave a crucial contribution to the problem of classifying these manifolds;
after showing that every non-Sasakian contact («, )-space is locally homogeneous
and strongly locally ¢-symmetric [Boeckx 1999], he defined a scalar invariant Iy,
which completely determines a contact («, i)-space M locally up to equivalence
and up to D-homothetic deformations of its contact metric structure [Boeckx 2000].

A standard example is the tangent sphere bundle 771 M of a Riemannian manifold
M with constant sectional curvature ¢ # 1. Being a hypersurface of T M, which
is equipped with a natural almost-Kéhler structure (J, G), where G is the Sasaki
metric, 71 M inherits a standard contact metric structure (for more details, see
for instance [Blair 2010]). In particular, the Webster metric g of Ty M is a scalar
multiple of G. The corresponding Boeckx invariant is given by

Iy = A€
I1—c|
Hence, as c¢ varies in R \ {1}, I7, )y assumes all real values strictly greater than —1.

The case I < —1 seems to lead to models of different nature. Namely, Boeckx
found examples of contact metric (k, u)-spaces, for every value of the invariant
I < —1, namely a two parameter family of (abstractly constructed) Lie groups with
a left-invariant contact metric structure. However, he gave no geometric description
of these examples; in particular, to our knowledge, nothing can be found in the
literature regarding the topological structure of these manifolds.

One of the first aims of this paper is to fill this gap, showing that simply connected,
complete contact metric («, u)-spaces of dimension 2n + 1 (where n > 1) with
I < —1 are exhausted by a one parameter family of invariant contact metric structures
on the homogeneous space

SO(n, 2)/ SO(n).

Actually, we provide a unified treatment of all the models with I;; # £1. Our
classification is accomplished intrinsically, by studying the canonical fibration of
non-Sasakian contact metric (k, u)-spaces with Boeckx invariant /), # 41 and
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Boeckx invariant model space base space
Iy >1 SO(n+2)/SO(n) SO +2)/(SO(n) x SO(2))
—l<Iy<1l SOm+1,1)/SOMm) SOMnr+1,1)/(SO) x SO(1, 1))
Iy < —1 SO(n,2)/ SO(n) SO, 2)/(SO(n) x SO(2))

Table 1. Simply connected complete contact metric (k, ()-spaces
with Iy # +1.

endowing the base spaces of a canonical connection. Here we refer to the fibration
M — M /& over the leaf space of the foliation determined by the Reeb vector
field; as such, it depends only on the contact form of M. First, in Theorem 7,
non-Sasakian contact metric («, i)-spaces with Boeckx invariant not equal to +1
are characterized by admitting a transitive Lie group of automorphisms whose Lie
algebra g has a (canonical) symmetric decomposition. This decomposition yields
a reductive decomposition for the base space B of the canonical fibration and the
associated canonical connection makes B an affine symmetric space (Corollary 8).

Next we show that B admits a uniquely determined standard invariant complex or
paracomplex structure, by which it is a complexification or a paracomplexification
of the sphere S” or of the hyperbolic space H", according to the value of the Boeckx
invariant of the («, ;)-space. After identifying the possible base spaces B, in the
final section we construct explicitly our models as homogeneous contact metric
manifolds fiberings onto them. In conclusion, we obtain the classification list in
Table 1. This table also provides a new geometric interpretation of the Boeckx
invariant.

2. Preliminaries

Let M be an odd-dimensional smooth manifold. An almost contact structure on
M is a triple consisting of a (1, 1) tensor field ¢, a vector field &, and a 1-form n
satisfying

P’ =—id+n®E, nE) =1.

An almost contact manifold always admits a compatible metric, namely a Riemann-
ian metric g such that

8@X, 9Y) =g(X,Y) —n(X)n(¥),
for all vector fields X, Y on M. If such a metric g satisfies also

dn(X,Y) = g(X, ¢Y),
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then (¢, €, n, g) is called a contact metric structure on M. In this case 7 is a contact
form; we shall denote by D the corresponding contact distribution D = ker(n) and
by D the module of smooth sections of D.

A contact metric manifold M is said to be a K -contact manifold if its character-
istic vector field £ is Killing. This condition is equivalent to the vanishing of the
(1, 1) tensor field

h:= %Eg(p,

where L; is Lie differentiation in the direction of &.
If the curvature tensor R of a contact metric manifold M satisfies the condition

R(X,Y)§ =n(¥Y)X —n(X)Y,

for all vector fields X, Y on M, then M is a Sasakian manifold. In this case £ is a
Killing vector field and hence M is a K -contact manifold.
A contact metric (k, |L)-space is a contact metric manifold (M, ¢, &, n, g) such
that
R(X,Y)§ =x(n(¥)X —n(X)Y) +pn((Y)hX —n(X)hY),

where X, Y € X(M) are arbitrary vector fields and «, u are real numbers. The
(x, ;) condition is invariant under D,-homothetic deformations. We recall that a
D,-homothetic deformation of a contact metric manifold (M, ¢, &, n, g) is given
by the following changing of the structural tensors of M:

(1) i:=an, &:=1& g=ag+a@a—Dnemn,

where a is a positive constant.
By direct computations one can check that a D,-homothetic deformation trans-

forms a contact metric (k, ;) space into a contact metric (k, i) space where

. k+ad’—-1 . M+2a-2

K=—3oH—> HKH=—7"""

a a

In particular, a D,-homothetic deformation of a contact metric manifold (M, ¢, §,
n, g) satisfying R(X, Y)& =0 yields

at—1 2a

) _ _
" m¥)X —n(X)Y)+ p M(Y)hX —n(X)hY).

R(X,Y)E =

Blair, Koufogiorgos, and Papantoniou [1995] proved the following result.

Theorem 1. Let (M, ¢, &, n, g) be a contact metric (k, ) manifold. Then k < 1.
Moreover, if k =1 then h =0 and (M, ¢, &, n, g) is Sasakian. If k < 1, the contact
metric structure is not Sasakian and M admits three mutually orthogonal integrable
distributions D(0), D(L), and D(—A) corresponding to the eigenspaces of h, where

A=+1—k.
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The explicit expression of the Riemannian curvature tensor of a non-Sasakian
contact metric (k, ()-manifold is known (see [Boeckx 1999, Theorem 5]).

Theorem 2. Let M be a contact metric (k, (b)-space. If k £ 1, then

gRX,VZ, W) = (1—3u)(g(Y, 2)g(X, W) — g(X, Z)g(Y, W)
+8(Y, Z)g(hX, W) —g(X, Z)g(hY, W)
—8(Y, W)g(hX,Z)+g(X, W)g(hY, Z)

+ B2 fff (g(hY, Z)g(hX, W) — g(hX, Z)g(hY, W))
— Tu(g(@Y, 2)g(9X, W) — g(¢X, Z)g(pY, W))
K

1__M,</2 (8(phY, Z)g(phX, W) — g(phY, W)g(phX, 7))

+ug(eX,Y)geZ, W)

+nXOnW)((k — 14+ 3u)g (Y. Z) + (u— Dg(hY, 2))
—nCONZ)((k — 1+ 31)g(Y, W) + (u— Dg(hY, W))
+ (VN2 ((k — 14 31)g(X, W)+ (u — Dg(h X, W))
—n(@nW)((k — 14 51)g(X, Z) + (n — D)g(hX, Z)).

The class of non-Sasakian contact metric (k, ()-spaces coincides with the class
of contact metric manifolds with nonvanishing n-parallel tensor £, according to
[Blair, Koufogiorgos, and Papantoniou 1995, Lemma 3.8] and the following result
of Boeckx and Cho [2005]:

Theorem 3. Let (M, ¢, &,n,g) be a contact metric manifold which is not K -
contact. If g((Vxh)Y, Z) = 0 for all vector fields X, Y, Z orthogonal to &, then M
is a contact metric (k, |L)-space.

+

Finally, we recall also the following characterization in the context of CR geom-
etry (we refer to [Blair 2010, §6.4; Dragomir and Tomassini 2006] for a general
reference on this topic):

Theorem 4 [Dileo and Lotta 2009, Theorem 3.2]. Let (M, HM, J, ) be a pseudo-
Hermitian manifold. Assume that the Webster metric g, is not Sasakian. The
following conditions are equivalent:

(1) The Webster metric g, is locally CR-symmetric.
(2) The underlying contact metric structure satisfies the (k, ) condition.
Non-Sasakian contact metric (k, ;)-spaces have been completely classified by
Boeckx [2000]. In this case ¥ < 1 and the real number
o l=p/2

Iy :
M 1=k
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is an invariant of the (x, u)-structure, which we call Boeckx invariant. Indeed we
have:

Theorem 5 [Boeckx 2000]. Let (M;, ¢;, &, ni, &), i = 1,2, be two non-Sasakian
(ki, i)-spaces of the same dimension. Then Iy, = Iy, if and only if, up to a D-
homothetic transformation, the two spaces are locally isometric as contact metric
spaces. In particular, if both spaces are simply connected and complete, they are
globally isometric up to a D-homothetic deformation.

Next we recall the notions of straight and twisted complexifications of a Lie
triple system (LTS). For more details we refer the reader to [Bertram 2000; 2001].
Given a Lie triple system (m, [ , , ]) we shall write as usual

R(X,Y)Z:=—[X,Y, Z].

We shall also write (m, R) instead of (m, [, , ]). An invariant complex structure
on m is a complex structure J : m — m such that for every X, Y, Z e m,

[X,Y,JZ]=J[X,Y, Z].

An invariant paracomplex structure I on m is a paracomplex structure on m (i.e.,
an endomorphism of m such that /> = id,, and the +1 eigenspaces of I have the
same dimension) satisfying

[X,Y,I1Z]=1[X,Y, Z]

for every X, Y, Z e m.

For every LTS m endowed with an invariant (para-)complex structure, the corre-
sponding simply connected symmetric space G/H is canonically endowed with
a G-invariant almost (para-)complex structure and vice versa (see [Bertram 2000,
Proposition 1I1.1.4]).

An invariant (para-)complex structure J on a Lie triple system (m, [, , ]) is
called straight if

[JX,Y, Z]1=[X,JY, Z]
or twisted if
X, Y, Z]=—[X,JY, Z].

Accordingly, a straight or respectively twisted (para-)complex symmetric space is
an affine symmetric space M = G/H endowed with an invariant almost (para-)com-
plex structure J such that

R(IX,Y)Z=R(X,JY)Z
or respectively
R(IX,Y)Z=—-R(X,JY)Z,
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where R is the curvature of M.

A (para-)complexification of an LTS m is an LTS (q, [ , , ]) together with an
invariant (para-)complex structure J and an automorphism t such that 7J 4+ J7 =0,
2= idy, and the LTS q* given by the space of t-fixed points of q is isomorphic
to m. The (para-)complexification (q, [ , , |, J, ) of m is called straight or twisted
respectively if J is a straight or twisted.

We recall that every LTS (m, R) has a unique straight complexification given by
the C-trilinear extension R¢ : m¢ X mg X mg — mge of R [Bertram 2001, Proposi-
tion 2.1.4]. The existence of a twisted complexification or paracomplexification
of m is instead related to the existence of a particular (1, 3)-tensor, the Jordan
extension of R.

Let M =G/ H be a symmetric space endowed with an invariant almost (para-)com-
plex structure J. The structure tensor of J is the (1, 3)-tensor

T(X,Y)Z=—-3R(X,Y)Z-JTRX,JT'V)2).
This tensor satisfies the following two properties:

JdTH TX,Z=T(Z,Y)X,
JdT2) T(U, VT (X,Y, Z)
=T(TU,VX,Y,Z)—-TX, TU,V)Y,Z)+T(X,Y, T(U,V)Z).

Now, a Jordan triple system is a pair (V, T), where V is a vector space and
T:V xV xV — V isatrilinear map satisfying (JT1), (JT2), called a Jordan triple
producton V.

Observe that if T is a JT product on V, then

[x,y,21:=Tx, y)z—=T(y, %)z

is a LT product on V.

Let T be a JT product on an LTS (m, R). We set

Rr(x,y):==T(x,y)+T(y,x).
T is said to be a Jordan extension of R if R = Ry.

Theorem 6 [Bertram 2000, Theorem I11.4.4]. Let (m, R) be an LTS. The following
objects are in one-to-one correspondence:

(1) twisted complexifications of R,
(2) twisted paracomplexifications of R,

(3) Jordan extensions of R.

In the next section we shall be concerned with the following basic examples,
studying their interplay with the classification of contact metric (k, n)-manifolds.
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Consider the Lie triple systems (R", R) and (R", —R), associated respectively to
the sphere S” and the hyperbolic space H”, where R is
R()C, )’)Z = 2(()’» Z)-x - ()C, Z))’)

On (R", R) one can consider the following JT product:

T(x,y)z={x,2)y —{x, y)z—(y, 2)x.

Then, according to Bertram [2000, Proposition IV.1.5], the corresponding twisted
complexification and paracomplexification of S” are the symmetric spaces

SO(n +2)/(SO(n) x SO(2))
and
SO(n+1,1)/(SO®m) x SO(1, 1)).

In the case of H", one can consider —7'; the corresponding twisted complexifica-
tion is (see [Bertram 2000, p. 91])

SO(n, 2)/(SO(n) x SO(2)).

3. A characterization of contact metric (x, u)-spaces

Let (M, ¢, &, 1, g) be a connected homogeneous contact metric manifold. Consider
a Lie group G acting transitively on M as a group of automorphisms of the contact
metric structure, and denote by H the isotropy subgroup of G at x, € M. The
natural map j: G/H — M given by j(aH) = ax, is a diffeomorphism. Thus G/H
is a homogeneous Riemannian space and in particular it is a reductive homogeneous
space (see, e.g., [Tricerri and Vanhecke 1983]). Fix a reductive decomposition of
the Lie algebra g of G:

2 g=hbém,

where h = Lie(H). The identity component G° of G acts again transitively on M,

and the isotropy subgroup of G at x, is H N G°. Let
7:G°—>G°/HNG°~M

be the natural fibration of G° onto the homogeneous space G°/H N G°. Since
Lie(H) =Lie(H NG?), (2) is also a reductive decomposition for G°/H NG°. Then
m decomposes into the direct sum of two H N G°-invariant subspaces:

m=RJ @b,

where J is the vector of m corresponding to &, and b corresponds to the determina-
tion of the contact distribution D = ker(n) at o := 7 (e) = x,,, where e is the neutral
element of G.
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Now, homogeneity ensures that the contact form 7 is regular (see [Boothby and
Wang 1958, § II]); hence we have a canonical fibration of M, given by (see also
[Musso 1991, p. 225])

G°/HNG’ — G°/S°(HNG°),
where §° is the identity component of the closed Lie subgroup
S:={heG’|Ad(h)*n =1}

of G°. Here 1 denotes the one form on G pull back of n via 7. We have that
H N G° C S [Boothby and Wang 1958, Lemma I1.4].
Moreover, the Lie algebra h of H := S°(H N G°) is given by

hb=boRJ,
and we have the following decomposition of g:
3) g=hob.

Our first aim is to characterize the non-Sasakian contact metric (k, p)-spaces as
homogeneous contact metric manifolds for which decomposition (3) is symmetric,
1.e.,

[h,h1Ch, [h,blCh, [b,b]CH.

Using this, in Corollary 8, we shall be able to endow B of G’-invariant affine
connections making it an affine symmetric space.

Theorem 7. Let (M, ¢, &, 1, g) be a simply connected, complete, contact metric
manifold. Assume M is not K -contact. Then the following conditions are equivalent:

(a) M is a contact metric (k, )-space.

(b) M admits a transitive, effective Lie group of automorphisms G whose Lie
algebra g is a symmetric Lie algebra with symmetric decomposition (3).

Proof. (a) = (b): According to [Boeckx 1999], (M, ¢, &, n, g) is a homogeneous

contact metric manifold. Let G = Aut(M) be the Lie group of all the automorphisms

of the contact metric structure of M, and H be the isotropy subgroup of G at x, € M.
We fix a reductive decomposition of g:

€] g=hdm,

where g and h are respectively the Lie algebras of G and H. Keeping the notation
above we consider also the decompositions

g=hORIBb=hHb.



48 EUGENIA LOIUDICE AND ANTONIO LOTTA

By Theorem 4, for every x € M there exists a local CR-symmetry at x. Since M
is simply connected and complete, the local CR-symmetries are actually globally
defined. Let o be the CR-symmetry at o = e H. We recall that ¢ is an isometric
CR diffeomorphism of M, whose differential at ¢ is —Id on D,,. In particular, it is
an automorphism of the contact metric structure and an affine automorphism of the
canonical G-invariant affine connection V associated to (4). Hence, denoting by T
the torsion of %, we have that, for every X, Y, Z e b Cm:

(T(X,Y),Z) = g,(0.T(X, Y),0,Z) = g,(T (6, X, 0,Y), 0. Z)
=—g,(T(X,Y), Z),
which yields that [ X, Y]m = ﬁ,(X Y) e RJ, and hence [b, b] C 6

The curvature tensor R of V and the Reeb vector field & are also preserved by o.
Hence for every X, Y, Z € b:

2(R(J, X)Y, Z) = g,(0,R(J, X)Y, 0,Z) = g,(R(0,J, 06, X)0,Y, 0, Z)
= —g,(R(J, X)Y, Z),

moreover, since VD C D we have that R (J, X)Y € D,; thus
[[J, X1y, Y]=0

for every X, Y € b. Since G is effective on M, the adjoint representation ad : h —
End(m) is injective; therefore, using also [h, J] =0, we conclude that [/, X], = 0.
Finally we prove that [J, X] € b; indeed we have

2o (T (1, X), J) =g,(0.T(J, X), 0.J) = go(T (0., 0. X), 5,J)
= —g,(T(J, X), ).
This completes the proof of (b).

(b) = (a): Let g = bh @ m be a reductive decomposition for the homogeneous
contact metric space M = G/H, where H is the isotropy subgroup of G at a point
X, € M.

Let V and V respectively the Levi-Civita connection of g and the canonical
affine connection on M associated to the fixed reductive decomposition. If we set
A=V — %, then

(Vxh)Y = (Vxh)Y + A(X, hY) — hA(X, Y).

Now, since the tensor & = —Eg(p is invariant under automorphisms of the contact
metric structure, it is parallel with respect to the canonical connection v [Kobayashi
and Nomizu 1969, p. 193] and hence

(5) (Vxh)Y = A(X, hY) — hA(X, Y).
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Since V is a metric connection, for X, Y, Z € X(M) we have that

(6) g(A(X,Y), Z)+g(Y, A(X, Z2))=0.

Then for every X, Y, Z € X(M),

(M) 28(AX,Y), 2) =—¢(T (X, 1), 2)+g(T (Y. 2), X) —g(T(Z, X), V).
Now observe that for every X, Y € b,

T,(X.Y) = —[X, V]n,
and
[X,Y]ehdRJ,

since g = b @ b a symmetric decomposition by assumption. Thus TQ(X ,Y)eRJ.
Hence for every X, Y, Z € D,

g(T(X.Y),Z)=0,
and then, by (7),
g(A(X,Y),Z2)=0.

Thus, using (5), we obtain that
g((Vxh)Y, Z) =0

forevery X, Y, Z € D. This implies that M is a contact metric («, w)-space according
to Theorem 3. ]

Corollary 8. Let M =G /H be a simply connected, complete, non-Sasakian contact
metric (k, w)-manifold. Then the base space B = G°/H of the canonical fibration
of M is an affine symmetric space.

Proof. Tt suffices to prove that B = G°/H is a homogeneous reductive space
with respect to decomposition (3); indeed, the associated canonical G°-invariant
connection makes B a locally symmetric affine manifold. Observe that B is simply
connected since the fibers of the canonical fibration are connected (see [Boothby
and Wang 1958, Theorem I1.4]). Since the canonical invariant connection is always
complete (see [Kobayashi and Nomizu 1969, Chapter X, Corollary 2.5]), B is
actually a symmetric space.

To prove our claim, we recall that H N G° C S; thus S C S°(HN G?) C S and
Lie(S°) = b. Since [B, b] C b and S is connected, it follows that Ad(S?)b C b and
hence, since also Ad(HNG?)(b) C b, we conclude that Ad(H)b C b, as claimed. [

We remark that the affine symmetric structure on B thus obtained a priori depends
on the initial choice of a reductive decomposition (2) of g. In the next section, we
shall see that actually different choices lead to the same affine symmetric space, up
to isomorphism (see Corollary 10).
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4. The base space of the canonical fibration

The aim of this section is to give a complete classification of the symmetric base
spaces B of the canonical fibrations of simply connected, complete, non-Sasakian
contact metric (k, u)-manifolds with Boeckx invariant Ip; #= 1. We obtain that B
is a twisted complexification or paracomplexification of the sphere S”, or of the
hyperbolic space H" according to this table:

Boeckx invariant base space type
Iy >1 SO(n+2)/(SO(n)xSO(2)) complexification of S
—1<Iy<l1 SO(n+1, 1)/(SO(n)xSO(1, 1)) paracomplexification of §”
Iy <—1 SO(n,2)/(SO(n)xSO(2)) complexification of H"

Keeping the notations above, we identify the tangent space of B at the base
point with the linear subspace b = D,. Moreover we denote by by and b_ the
subspaces of b corresponding respectively to the eigenspaces D, (1) and D,(—X)
of h, : b — b.

We start by computing the curvature of B.

Proposition 9. Let (M, ¢, &, n, g) be a simply connected, complete, non-Sasakian
contact metric (k, j1)-manifold and B the base space of the canonical fibration
of M. If V is the canonical affine connection on B associated to any reductive
decomposition of type (3), then the curvature tensor R of V at the base point o € B
is given by

)  R(X.Y)Z=((1-1n)g(Y.2)+ghY, 2))X
—((1-31)8(X. 2) +g(hX, 2))Y
+ (1= “/zg(hy Z)+g(Y, Z))hX

=
(1—-M)g(<0Y Z)+g(phY, Z))pX
—((1=31)8(9X, Z) + g(¢hX, 2))pY

+(11 Wzg(gohy Z)+ g(pY, Z))gth

+

(5
(1 20X, Z) + g(X, Z))hy
(

1—u/2
~ (5L (hX, 2) + 89X, 2))phY

+(n—2)g(pX, Y)pZ —2g(pX, Y)phZ.
Proof. For every X, Y, Z € b we have

R,(X,Y)Z =—[[X, Y], +[X, Y]y, Z]
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(see [Kobayashi and Nomizu 1969, Chapter X]), and hence
) R,(X,Y)Z=R(X,V)Z~IIX, Y1, Z],

where [X, Y]; and [X, Y]; are the components of [X, Y] € g=hDRJ ® b respec-
tively in RJ and b; R is the curvature tensor of the canonical connection of the
homogeneous reductive space M with reductive decomposition g = h @ m.

Let V be the Levi-Civita connection of g and R the curvature tensor of V. If we
set A=V — V, then a standard computation yields:

R(X,Y)Z=R(X,Y)Z—AX, A(Y, Z)) + A(Y, A(X, Z))
+ AT (X, Y), Z)+x A, Z) — (Vy A (X, 2),

forevery X, Y, Z € X(M). Moreover, since A is a G-invariant tensor, we have that
A is parallel with respect to the canonical connection V and hence

ﬁ(X, Y)Z=R(X,Y)Z—-AX,A(Y,2)+ A(Y, AX, 2))+ A(T(X, Y), 72),
and (9) becomes
Ry(X,Y)Z=R(X,Y)Z— A(X, A(Y, 2)) + A(Y, A(X, Z))
+AT(X,Y), 2) =X, Y1y, Z].
We already observed in the proof of Theorem 7 that for every X, Y, Z € D,
g(AX,Y),2)=0, gT(X,Y),2)=0;
hence
(10) AX,Y)=g(A(X,Y),§)E,
(1D T(X.Y)=g(T(X.Y),£)¢ = —g([X. Y], £)§ = 28(X, pY)&.
In (11) we are using the parallelism of the distributions D(£A) with respect to %,

which is a consequence of the fact that Vh=0.
Moreover, we have

(12) A(X, &) = Vx& — Vx& = pX + phX.
Then, using (10), (11), (12), specializing at the point 0 we obtain
(13) R (X,Y)Z=R(X,Y)Z—g(A(Y, Z), DAX, J)+g(A(X, Z), A, J)
F28(X, 9Y)AWJ, Z)HT (X, Y), Z]
=R(X,Y)Z—g(A(Y, Z), J)(pX+¢phX)
+8(AX, Z2), J) (Y +phY)+2g(X, 9Y)A(J, Z)
+28(X, oY)J, Z],
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where X, Y, Z € b. The (1, 1)-tensor A(X, -) is a skew symmetric tensor, since
Vg = 0. In particular,
g(AX,Y),§) =—g(Y, A(X, §)),
so that, by (12)
8(A(X,Y),§) =—g(Y,pX +¢hX).
Thus, (13) becomes

Ro(X,Y)Z=R(X,Y)Z+g(Z,pY +¢hY)(pX +phX)
—g(@X +ohX, Z)(Y +9hY)+2g(X, 9Y)A(J, Z)
+2g¢(X, pY)IJ, Z].
Now, using Theorem 7,
T,(J,2)=-1J, Zlw = —1J, Z;
on the other hand,

TE W)=VeW —Vy& —[£, W =V: W+ AE, W) — [£, W]
=—W —phW + AE, W),

for every W vector field on M. Thus,

Ry(X,Y)Z=R(X,Y)Z+8(Z, pY + ¢hY)(¢X + ¢hX)
—8(@X +9ohX, Z)(pY +ohY) +2g(X, ¢Y)A(J, Z)
—2¢(X, oY) (—@pZ —phZ + A(J, Z))
=R(X,Y)Z+g(Z,pY +phY)(pX + phX)
—gleX+ohX, Z) (@Y +phY)+2g(X, oY) (9Z +phZ).

Finally, taking into account the explicit expression of the curvature tensor R of M
(see Theorem 2), we obtain (8). O

Corollary 10. The affine base spaces (B, V) of a simply connected, complete,
non-Sasakian, contact metric (k, w)-manifold are all mutually equivalent affine
symmetric spaces.

For a non-Sasakian contact metric (k, ©)-space the restriction of the (1, 1) tensor
@ to the horizontal distribution does not induce a complex structure on the base
space, as occurs in the homogeneous Sasakian case, because h # 0. However,
we shall see in the following that B admits a standard complex or paracomplex
structure, according to the following definition and Theorem 13.
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Definition 11. Let (M, ¢, &, n, g) be a contact metric (k, n)-manifold and (B, V)
the base space of the canonical fibration of M.

A G°-invariant almost complex structure 7 on B will be called standard complex
structure provided its determination at the base point o is of the form

agp on by,
(14) Jo= { 1
29 onb_,
where a is a positive constant.
A standard paracomplex structure on B is a G°-invariant almost paracomplex
structure on B whose determination at the base point o is of the form

b El
(15) 7, = [“‘/’1 on o
—2@ onb_,

where a is a positive constant.

Remark 12. A (para-)complex structure J on the vector space b defined as in (14)
or (15) does not induce in general a G°-invariant almost complex or paracomplex
structure on B.

Theorem 13. Let (M, ¢, &, n, g) be a simply connected, complete, contact metric
(k, v)-manifold and let (B, V) be the symmetric base space of the canonical fibra-
tion of M. Then:

(1) |Iy| > 1ifand only if B admits a standard complex structure.
(2) |Iy| < Vifand only if B admits a standard paracomplex structure.

Moreover, in each case such a standard complex or paracomplex structure is
uniquely determined; precisely, it corresponds to the following value of the constant
ain (14), (15):

Iy +1
a =
Iy —1
when |Iy| > 1, and
Iy +1
a=_|—
Iy —1

when |Iy| < 1.

Proof. Let (b, [, , ]) be the Lie triple system associated to the symmetric space
(B, V). The Lie triple product [ , , ] is given by the curvature R of V at the base
point o:

[X,Y,Z]=—R,(X,Y)Z.
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Let J : b — b be a complex structure on b of the form

agp on b,

1

(16) J =
29 onb_,

where a is a real parameter, a > 0.
Forevery X4, Y, Z,€byand X_,Y_, Z_ €b_, using (8) and (16), by a direct
computation, one can check that

R(X4,Y)JZy=JR(X+,Y)Z,, RXy,Y)JZ_=JR(X,,Y)Z_,
R(X_,Y))JZy=JR(X_,Y_)Z,, R(X_,Y_)JZ_=JR(X_,Y_)Z_,
R(X4,Y)IZ = ;2h—pu+2)g(9X4, Y)Z-,

JRIX{, Y )Z_=—a(u—2+20)g(@X, Y )Z_.

Hence, the condition
R(X4,Y)JZ_=JR(X,,Y_)Z_

is satisfied for every X e by, Y_, Z_ € b_ if and only if there exists a > 0 such
that 21 — pu +2 = —a?(u — 2+ 22).

If w —2+ 21 =0 then also 2A — u + 2 = 0. It follows that « = 1, but by
assumption M is non-Sasakian, then it must be u — 2 +2A # 0 and

_2A—u+2

p—2 Y
This condition is equivalent to requiring that || > 1.
Finally,
RX{, Y )VIZy=—ar+pu—2)g@X, Y )Z,,
JR(X4, Y)Zy = ;0 — p+2)g(9 X4, Y) Zs.
Thus,

R(Xy,Y)JZy =JR(X;, Y )Z,
forevery X, Z, €b,, Y_ €b_ if and only if there exist @ > O such that 2A —u+2 =

—a?Qr+p—2).
We conclude that the complex structure J is invariant if and only if |I/| > 1.

Moreover, in this case
a0 2—p+2x
TV 2—p=2A7
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With analogous considerations, we obtain that the paracomplex structure defined
on b by

(17) 1::[“¢ on b,

—Ll—l<p onb_,

where a > 0, is an invariant paracomplex structure if and only if —1 < Iy < 1. In

this case,
_ | 2—pt2A
R A Ty =

Remark 14. Cappelletti-Montano, Carriazo, and Martin-Molina [2013] showed that
every non-Sasakian contact metric («x, w)-manifold (M, ¢, &, n, g) with |[Iy| > 1
admits a Sasakian structure (¢, &, n, ) obtained by deforming the (1, 1)-tensor ¢
and the Riemannian metric g as
- 1 ~ -
§=c¢ Lehoh, g=—dn(-,¢-)+n®n,
(1=K 2= p)? =41 k)

where
€ — 1 ifIM> 1,
-1 if Iy < —1.

Moreover, for every point of M there exists a local CR-symmetry [Dileo and
Lotta 2009, Theorem 3.2]. Observe that the CR-symmetries preserve the tensor
field &, and hence they preserve also ¢ and g. Thus, (M, ¢, €, n, g) is a Sasakian
@-symmetric space [Dileo and Lotta 2009, Proposition 3.3] and fibers over a Kéhler
manifold (B, 7, g) that is a Hermitian symmetric space [Takahashi 1977]. One can
check that 7 coincides with the standard complex structure J on B in our sense.

Proposition 15. The standard (para-)complex structure on the base space (B, V)
of a simply connected, complete, non-Sasakian, contact metric (x, )-manifold M
with |1y | > 1 (|1y] < 1) is actually a twisted (para-)complex G°-invariant structure.

Proof. This can be easily verified directly using (8). U

Theorem 16. Let M*"*! be a simply connected, complete, non-Sasakian, contact
metric (k, (u)-manifold. Then:

(@) Iy > 1 if and only if its twisted complex symmetric base space (B, V, J) is
the complexification SO(n +2)/(SO(n) x SO(2)) of ™.

(b) —1 < Iy < 1 if and only if its twisted paracomplex symmetric base space
(B, V,T) is the paracomplexification SO(n + 1, 1) /(SO(n) x SO(1, 1)) of §".

(¢) Iy < —1ifand only if its twisted complex symmetric base space (B, V, J) is
the complexification SO(n, 2)/(SO(n) x SO(2)) of H".
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Proof. Consider the Lie triple system (b, [ , , ]) associated to the canonical symmet-
ric base space (B, V). The Lie triple commutator [, , ]: b x b x b — b is given by

[Xa Y7 Z] = _RO(X, Y)Zv

where R is the curvature of V. By direct computation, using Proposition 9 we see
that the linear mapping
T:Xeb— %hX €b

is an involutive automorphism of the LTS (b, [, , ]). Thus the space b* of the
7-fixed elements of b, together with the induced Lie triple bracket, is a Lie triple
system. Actually, since

br - b+,

and because the restriction R, of R to b is given by
Ri(X4, YD) Zi = Q= p 420 (Ve Z) X — 8(X4, Z)Y),

we have that the LTS (b, R, ) is isomorphic to the LTS belonging to the sphere
S" or the hyperbolic space H", according to the circumstance that the Boeckx
invariant I, is greater than —1 or less than —1 respectively; indeed we have
2—pu+20 =21y +1).

Suppose |Iy| > 1. Let J be the twisted complex structure on b corresponding to
the standard complex structure 7 of B. Observe that Jt+tJ =0, since ph+hep =0.
Then (b, [, , ], J, ) is a twisted complexification of (b, E+).

We recall that, by definition, the structure tensor 7 of J at the base point o is

T,(X,.Y)Z=—3(R(X.Y)Z+JR,(X,JY)Z),

and that its restriction 75 to b, yields the Jordan extension (b, 7) of the LTS
(b4, R.), uniquely associated to its twisted complexification (b, [ , , 1, J, 7) (see
Theorem 6).

Computing 7, we obtain

Ty (X4, Y1) Zy = =3(R(X 4, YO Zy A+ T R(X 4, JY) Z4)
= 5(u—2-22)(g(Y4, Z) X4 —g (X4, Z)Y+g(X4, Y1) ZY).

Hence, taking into account the complexification diagrams of the sphere and of the
hyperbolic space [Bertram 2000, Chapter IV], we obtain assertions (a) and (c).
Now suppose |I37| < 1 and denote by / the twisted paracomplex structure on b
corresponding to the standard paracomplex structure Z of B at the base point. We
have that It 4+t =0, since ph 4+ hgp =0, and hence (b, [ , , ], I, 7) is a twisted
paracomplexification of (b¥, R,). The structure tensor of Z at the base point o is

T,(X,Y)Z=—=3(Ro(X,Y)Z —IR,(X,1Y)Z).
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Then the Jordan extension of R uniquely associated to the twisted paracomplexifi-
cation (b, [, , 1,7, ) of the LTS (b, —R;) is
T(X+,Y)Z = =5 (R(X4, YD) Zo—TR(X1, 1Y) Z4)

= —3Q=pu 20 (Y, Z) X1 —g (X4, Z)Yitg(X+, Y1) Z1).

Then, comparing again with the complexification diagram of the sphere we obtain
assertion (b). U

5. Homogeneous model spaces of contact metric (k, i)-spaces

In this section we complete our classification, showing that one can actually construct
a contact metric («, u)-space with prescribed Boeckx invariant starting from each
of the symmetric spaces in the table on page 50. More precisely, we prove

Theorem 17. The simply connected, complete, contact metric (k, |L)-spaces of
dimension 2n + 1 (where n > 1) with Boeckx invariant different from 1 can be
classified as follows:

(a) The homogeneous space SO(n, 2)/ SO(n) carries a one-parameter family of
invariant contact metric (k, ()-structures whose Boeckx invariant assumes all
the values in |—oo, —1].

(b) The homogeneous space SO(n +2)/ SO(n) carries a one-parameter family of
invariant contact metric (k, (1)-structures whose Boeckx invariant assumes all
the values in 11, +o0l.

(c) The homogeneous space SO(n + 1, 1)/ SO(n) carries a one-parameter family
of invariant contact metric (k, i)-structures whose Boeckx invariant assumes
all the values in 1—1, 1[.

Proof. Starting from a fixed Hermitian or para-Hermitian symmetric structure on
each of the symmetric spaces,

B; =SO(n+2)/(SO(n) x SO(2)),
By =S50(n, 2)/(SO(n) x SO(2)),
B3 =S0(n+1,1)/(SO(n) x SO(1, 1)),

we shall construct explicitly a one-parameter family of invariant contact metric
(k, p)-structures on the homogeneous spaces

M =SO(n+2)/SO(n),
M, =SO(n, 2)/ SO(»),
M3 =SO0(n+1,1)/SO(n),

with Iy, > 1, Iy, < —1,and —1 < Iy, < 1.
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We first consider the symmetric Lie algebras g; := so(n +2) and g := so(n, 2)
with symmetric decompositions

gi=bhi®b;,
where
b1 ="bhy:= A ER, acso(n); =s0(2) ®so(n),
by = ¢ v, welR'} ~T,B;,
[ v ow 0
- o7
0 T
by = 1 w v, weR'"} ~T,B,.
lvw | 0

The Ad(SO(2) x SO(n))-invariant almost complex structure J; : b; — b; defined by
Jiww) = (=1'(w —v),
and the Ad(SO(2) x SO(n))-invariant metric G; on b;
Gi((vw), (u2)) = (v, u) +(w, 2),

determine an invariant Hermitian symmetric structure (\7;, g;) on B;; here () denotes
the standard inner product on R" and (v w) denotes the matrix

00| —wl

00 —vT

vow 0
in the case i = 1, and the matrix

00 | w”

00 vl

vw |0

in the case i = 2. Observe that the decomposition of g;,

(18) gi =s0(n) ®m;,
0 —1
m;:=Reb;, £:=|1 0
0 0|0

0
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is a reductive decomposition for M;. Indeed, for every

10
0
a=|01 €eSO(n), X =sé+ (vw)em;,
00| a

we have that Ad(a) X = s& + (av aw). In particular, we have Ad(a)& = & for every
a € SO(n).
We have a natural decomposition of b;,
b =p; ®q;,
where
pi={w0)[veR"}, g :={0w)|weR"}.

By using this decomposition, we define on m; a (1, 1) tensor ¢;, an inner product
gi, and a 1-form »; as follows:

aJZ ifZ ey,
(19) 9i(Z):=111z ifZeq,

0 if Z € R¢,
gi(X, V) =st+3(a(v, u) + 2w, 2)), 0 (X):=s,
where o« > 0, and X = s§ + (vw), ¥ = t§ + (u z) are arbitrary elements of m;.
These tensors are Ad(SO(n))-invariant. Indeed for every a € SO(n),

Ad(@)@;i X = Ad(@) ((=1) (@0 —v) + L(w0)))
= (=D (a(0 —av) + Law 0))
= @; Ad(a)X,
gi(Ad(a)X, Ad(@a@)Y) = g(s& + (avaw), t& + (au az))
= st + 3 (a(av, au) + é(aw, az))
=st+%(a(v,u)+é(w,z))
=g(X,Y).

Finally, since Ad(a)é = &, we also have that Ad(a)*n; = n;. Observe that the
invariance of n; implies that, for every X € g; and Y € X(M;),

0= (Lxn)Y =X"(;Y) —mi([X", YD),
where X* is the fundamental vector field determined by X. Thus, for every X, ¥ em;
2dn; (X*, Y") = X" (0 V") = Y* (0 X™) — i ([X*, Y™])
=—ni([Y*, XD = —n: ([X, YT).
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Evaluating this formula at the base point 0 € M; yields

(20) 2(dni), (X, Y) = —ni([X, Y]m,).

By direct computations, using (19), (20), we obtain that
dni)o(X,Y)=gi(X,9Y), X, Yem,.

This proves that the invariant tensors (¢;, &, 1;, g;) make up a contact metric struc-
ture on M;. Moreover it is a K-contact structure if and only if « = 1. Indeed, since
& and ¢; are invariant tensors on M;, they are parallel with respect to the canonical
connection V associated to the decomposition (18), hence,

(Lep)Y =18, ¢i Y] —@il§, Y]
=VepiY =T, @i¥) — i (VY =T (£, 7))
=-TE oY) +aTEY),
then
2(hi)o(vw) = (Lepi)o(v w)
=&, pi(vw)] — ¢i[§, (vw)]
=(=D'[5 (zw —av)] —g@i(-wv)
= (—l)i(ow éw) — (—l)i(év oew)
= (—l)i(O{Z_lv — az_lw).

o o

Applying Theorem 7, we see that (¢;, &, n;, g;) is a contact metric (k, )-structure
on M; for every o > 0, o # 1; moreover, by construction, J; is a standard complex
structure on the base space B; of the canonical fibration of M;, in the sense of
Definition 11. In particular if 0 < o < 1 then, by the uniqueness result in Theorem 13,

we must have
IM1+1_1 IM2+1—0[
IMl—l_Ol’ IMz—l_ ’

or equivalently

Thus, as « varies in ]0, 1[, 37, assumes all the values in ]1, 4-00[ and I, assumes
all the values in | — oo, —1].
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Now we consider the Lie algebra g :=so(n+1, 1) with symmetric decomposition
g="b@b, where

6:: ; :AeR, aeson) ; =so0(l,1)Dson),
[ v
0 T
b= { —w v,weR"} ~T,B3.
v ow 0

Let (Z, g) be the para-Hermitian structure on B3 determined by the Ad(SO(1, 1) x
SO(n))-invariant structure (/, G) on b:

IThvw):=—(wv), G((vw), mz)):=v,u)—{(w,z),

where (v w) denotes the matrix

0 v
—w’ eb
vV ow 0

The homogeneous space SO(n + 1, 1)/ SO(n) is reductive with respect to the
decomposition

so(n+1,1)=s0(n)®m,

where
m:=s0(1,1)®b=RE Db,
01
=10
000
indeed

Ad(a)(s& + (vw)) =s& + (avaw),

for every a € SO(n), X =s&é + (v w) e m.
Now we consider the natural decomposition of b:
b=pDq,

where
p:={(w0)|veR'}Cb,

qg:={O0w)|weR"}Cb.
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Using this decomposition, we define on m the following Ad(SO(n))-invariant
tensors:

—wlZ ifZep,
0Z):=3 L1z ifzeqy,

@1 ai s Tecd
0 if Z eRE,

g(X,Y) :=st+ %(a(v, u)~+ é(w, z)), n(X):=s,
where o > 0 and X = s& 4 (v w), Y =1& + (u z) are any matrices in m. One checks
by the same method used above that (¢, &, 1, g) is a contact metric («, @)-structure.

Moreover

2 2
o +1va +1w>.
o o

2hy(v w) = (-
Then applying again Theorem 13 we get
_ a?—1
a2 +1

and hence, as « varies in R, I3, assumes all the values in | — 1, 1[. |

M;

Remark 18. Of course, in the case I > 1 we recover, up to isomorphism, the
unit tangent sphere bundle 77 M of a Riemannian manifold (M, g) with constant
sectional curvature ¢ > 0, ¢ # 1.

In the case I < —1, we obtain a new homogeneous representation of the contact
metric («, n)-manifolds M with Iy < —1, different from the Lie group representa-
tion furnished by Boeckx. Actually these models can be geometrically interpreted
also as tangent hyperquadric bundle over Lorentzian space forms, as shown in
[Loiudice and Lotta 2018].

Remark 19. The homogeneous model spaces of contact metric (k, w)-manifolds
here obtained also appear in the classification list of the simply connected sub-
Riemannian symmetric spaces carried out by Bieliavsky, Falbel, and Gorodski
[1999]. However, in their paper the contact metric structures are not considered.
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THE SL;(D)-DISTINCTION PROBLEM

HENGFEI LU

We use the local theta correspondences between the quaternionic Hermit-
ian groups and the quaternionic skew-Hermitian groups to understand the
distinction problem for the symmetric pair SL,(E)/SL;(D), where E is a
quadratic field extension of a nonarchimedean local field F and D is a 4-
dimensional division quaternion algebra over F.

1. Introduction

Distinction problems are very popular in representation theory. Let F be a finite
field extension of @,. Let G be a reductive group defined over F. Let H be a
closed subgroup of G. Given a smooth representation 7 of G(F) and a character
xu of H(F), if dimHompgr) (7, xg) is nonzero, then m is called (H(F), xu)-
distinguished. Furthermore, if xpg is a trivial character, then 7 is called H (F)-
distinguished. There is a rich literature, such as [Adler and Prasad 2006; Flicker and
Hakim 1994; Anandavardhanan and Prasad 2006; Prasad 2015; Anandavardhanan
and Prasad 2013], trying to classify all H (F)-distinguished representations of G (F).
In this paper, we will focus on the case where G = Rg/rSL,, H =SL;(D) and xp
is trivial, where E/F is a quadratic field extension, D is the unique 4-dimensional
quaternion division algebra defined over F' and Rg,r denotes the Weil restriction
of scalars.

Let E be a quadratic field extension of a nonarchimedean local field F of
characteristic 0. Let Wg (resp. Wr) be the Weil group of E (resp. F) and W Dg
(resp. W D) be the Weil-Deligne group of E (resp. F'). Let G be a quasi-split re-
ductive group defined over F' with Langlands dual group G. Let 7 be an irreducible
smooth representation of G (E) with enhanced Langlands parameter (¢, A), where

bz : WDE —> G(C) x Wg

is the Langlands parameter and A is a charactAer of the component group 7o(C (¢r)),
where Cg(¢r) is the centralizer of ¢, in G. Dipendra Prasad [2015] formulated
a conjectural identity for the multiplicity dim Homg, (r) (7, x¢), in terms of the
Langlands parameter ¢ of G satisfying ¢|w Dy = ¢, where G is a quasi-split

MSC2010: primary 11F27; secondary 22E50.
Keywords: theta lift, distinction problem, division quaternion algebra.
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group defined in [Prasad 2015, §9], G, is a pure inner form of G satisfying G, (E) =
G (E) and yx¢ is a quadratic character of G (F') defined in [Prasad 2015, §10].

It is natural to ask what happens if G, is an inner form of G satisfying G, (E) =
G (E). There is a well-known result of Prasad [1992] and Jeffrey Hakim [1991]
about D*-distinguished representation & of GL,(E).

Theorem 1.1 [Prasad 1992, Theorem C]. Let w be a square-integrable repre-
sentation of GLy(E); then w is D*-distinguished if and only if w is GLy(F)-
distinguished.

Remark 1.2. Raphael Beuzart-Plessis [2018] generalizes this result to any inner
form G’ of a quasi-split reductive group G for the stable square-integrable represen-
tations. More precisely, let E be a quadratic field extension of a nonarchimedean
local field F. Let xg. g (resp. xg' g) be a quadratic character of G (F) (resp. G'(F)).
Suppose that the stable square-integrable representations 7 of G(E) and 7’ of
G’'(E) are matching, then there exists an identity

dim Homg ) (7, x¢,r) = dimHomg () (7', xo'.E)-

Let us fix an element € € F*\Ng,p E*. Let SL1(D) be the inner form of SL, (F),
which is a non-quasi-split F-group. There exists an embedding

X €y

(1-1) SLi(D) = {g = (y . ) | det(g)=1,x,y¢€ E} C SLy(E),

where ¥ =a—b/@ if x =a+b/@ witha, be F and E = F[ /@], @ € F*\F*~
Let Vp be an n-dimensional Hermitian right D-vector space with Hermitian
form A p; then

Aut(Vp, hp) ={g € GL,(D) | hp(gvi, gv2) = hp(v1,v2) forall vy, v2 € Vp},

where n = dimp Vp. Assume that R = M>(E) = D ®pr E is the split quaternion
algebra over E. Due to the Morita equivalence, a right Hermitian (resp. left skew-
Hermitian) free R-module (Vg, hg) corresponds to a symplectic (resp. orthogonal)
E-vector space (W, hg) satistying

dimg Qg =2dimg Vg, Aut(Vg, hg) = Aut(Wg, hg),

see [Scharlau 1985, §10.3]. Let Vg = Vp ®p R be the natural Hermitian free
R-module, then Aut(Vg, hg) = Sp,,(E) and there exists a canonical embedding

Aut(Vp, hp) — Aut(Vg, hg) = Sp,, (E).
Letting n = 1, we obtain a group embedding

(1-2) SL{(D) = Aut(Vp, hp) = Aut(Vg, hg) = SLy(E)
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which is compatible with the embedding (1-1). We will focus on the embedding
(1-2) when we use the local theta correspondence over the quaternionic unitary
groups to deal with the distinction problem

HomSLl(D)(r, C)

Theorem 1.3. Suppose that t is an irreducible SL|(D)-distinguished representa-
tion of SLy (E).

(1) If T is a square-integrable representation, then

2 0f |y, | =2,

dim Homgy , (p) (7, C) = )
1  otherwise.

Here |I14, | denotes the size of the L-packet Iy, .
(i) If t = I(x|—1%) is a principal series representation, dim Homsy, (p) (7, C) =2.

(iii) If‘L’ (- I(C()K/E), then dimHOI‘l’lSLl(D)(T, C) =1.

Instead of considering each individual dimension, we consider the sum

S(t)= Y dimHomgsL,p)(r, C),

JTEH,M

where Iy, is the L-packet of representations of SL>(E) containing an SL;(D)-
distinguished representation 7.

Theorem 1.4. Assume that t is an SL|(D)-distinguished representation of SL;(E)
with an L-parameter ¢.

(1) Suppose that T is a square-integrable representation.

(@) If [Ty, | =1, i.e., the size of the L-packet T1y_is 1, then S(t) = 1.

(b) If |1y, | = 2, then only one of them is SLi(D)-distinguished, the other is
not SLy (D)-distinguished and S(t) = 2.

(c) If Ty, | =4 and p # 2, then two members inside the L-packet I1y_are
SL(D)-distinguished with the same multiplicity and S(t) = 2.

(d) If Iy, | =4 and p =2, then S(t) =2 o0r S(7) =4.

(i1) If T is an irreducible principal series representation, then S(t) = 2.

(iii) If T is not discrete but tempered and |I1y_| = 2, then S(t) = 2.

Remark 1.5. The main contribution in Theorem 1.4 is that not only is the sum
S () known, but also the partition of S(7) in one L-packet Iy, is given. However,

there is no way in terms of the Whittaker datum to specify which member is
SL;(D)-distinguished inside ITy_ when S(7) is nonzero.
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We will use the local theta correspondence for the quaternionic groups to prove
Theorem 1.3. The basic ideas come from [Lu 2016; 2018]. With the help of
the explicit theta correspondences between small groups, we can use the see-saw
identities to transfer the distinction problems for SL; (D) to another side, which
is related to the branching problems for the 1-dimensional quaternionic skew-
Hermitian groups (which are nonsplit tori) over a quadratic field extension E/F,
and so it becomes easier, see Section 3 for more details.

Remark 1.6. Anandavardhanan and Prasad [2013] discuss the global period prob-
lems for SL;(D) over a quadratic number field extension E/F. More precisely,
[Anandavardhanan and Prasad 2013, Proposition 9.3] implies that there exists an
automorphic representation r of SL;(D)(Af) which is locally distinguished by
SL;(D)(Af), but not globally distinguished in terms of having nonzero period
integral on this subgroup.

Now we briefly describe the contents and the organization of this paper. In
Section 2, we set up the notation about the local theta lifts. In Section 2B, we give
a careful description for the see-saw identities involving the quaternionic Hermitian
groups. In Section 3, the proof of Theorem 1.3 is given and the proof of Theorem 1.4
follows as a result. The identity (3-5) in Lemma 3.3 from the see-saw diagram
is the key of the proof, which transfers the SL;(D)- distinction problems to the
branching problems for the 1-dimensional torus. Finally, we give two tables for the
multiplicities in one L-packet I1y_ when 7 is SL;(D)-distinguished.

2. The local theta correspondences

In this section, we will briefly recall some results about the local theta correspon-
dence, following [Mceglin et al. 1987].

Let F be alocal field of characteristic zero. Consider the dual pair O(m) x Sp(2n).
For simplicity, we may assume that m is even. Fix a nontrivial additive character v
of F. Let wy be the Weil representation for O(m) x Sp(2n). If 7 is an irreducible
representation of O(m) (resp. Sp(2n)), the maximal 7 -isotypic quotient of wy, has
the form

7 X Oy (1)

for some smooth representation @y, (1) of Sp(2n) (resp. O(m)). We call @y, (1) the
big theta lift of 7. It is known that ®y, () is of finite length and hence is admissible.
Let 0y (7r) be the maximal semisimple quotient of ®y, (;r), which is called the small
theta lift of . It was conjectured by Roger Howe that

e 0y () is irreducible whenever ©, () is nonzero;

o the map 7 > 6y (77) is injective on its domain.
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This has been proved by Waldspurger [1990] when the residual characteristic p of
F is not 2. Gan and Takeda [2016a; 2016b] have proved it completely.

Theorem 2.1. The Howe duality conjecture (stated on the previous page) holds.

Gan and Sun [2017] proved the Howe duality conjecture for the quaternionic
unitary groups. More precisely, let D be the unique 4-dimensional quaternion
division algebra over F' with involution *. Let Vp be an n-dimensional Hermitian
right D-vector space with quaternionic Hermitian group U (Vp) and Hermitian
form (—, —)vy,. Let Wp be an m-dimensional skew-Hermitian left D-vector space
with quaternionic Hermitian group U(Wp) and skew-Hermitian form (—, —)w,.
The tensor product space Vp ® Wp admits a symplectic form defined by

vw,veuw)
= (0, V) v, (w, wly, + W, wHw, @, 0)},), v,V €V, w,w € Wp.

There is an embedding of F-groups
U(Vp) x U(Wp) —> Sp(Vp & Wp) = Spy, (F).

We may define the Weil representation wy, on U(Vp) x U(Wp) similarly. Given
an irreducible representation 7w of U (Vp) (resp. U(Wp)), the maximal 7 -isotypic
quotient of wy, has the form 7 X Oy (;r) for some smooth representation ©, (77)
of U(Wp) (resp. U(Vp)), where Oy (7r) is called the big theta lift and it has an
irreducible quotient 6y, (r). The map 7 +— 6y () is injective on its domain.

2A. First occurrence indices for pairs of orthogonal Witt towers. Let W, be the
2n-dimensional symplectic vector space with associated symplectic group Sp(W,,)
and consider the two towers of orthogonal groups attached to the quadratic spaces
with nontrivial discriminant. More precisely, let Vg (resp. € V) be the 2-dimensional
quadratic space with discriminant E and Hasse invariant 41 (resp. —1), H be the
2-dimensional hyperbolic quadratic space over F,

VrJr =VgdH ! (resp. V. =€eVg® H Y,

and denote the orthogonal groups by O(V,") (resp. O(V,7)). For an irreducible
representation 7 of Sp(W,), we may consider the theta lifts (9,* (7r) and 6, ()
to O(V,") and O(V,”) respectively, with respect to a fixed nontrivial additive
character yr. Set

rt () = inf{2r : 6,7 () # 0},

{r‘(n) =inf{2r : 67 () # 0}.

Then Kudla and Rallis [2005], B. Sun and C. Zhu [2015] showed the following
theorem.
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Theorem 2.2 (conservation relation). For any irreducible representation w of
Sp(W,), we have

rt(@) +r (m) =4n+4=4+2dim W,.
There is an analogous problem where we fix an irreducible representation of
O(V") or O(V,") and consider its theta lifts 8, (7r) to the tower of symplectic groups

Sp(W,,). Then with n(;r) defined in the analogous fashion, thanks to [Sun and Zhu
2015, Theorem 1.10], we have

n(w) +n(r @ det) = dim V=,

2B. See-saw identities. Let Vp be a Hermitian right D-vector space; then Vp®p R
forms a right Hermitian vector space over R = M,(E) which corresponds to a
symplectic E-vector space 20 g by the Morita equivalence. Let U g be an orthogonal
E-vector space corresponding to a skew-Hermitian left free R-module (Wg, hg).
Let Wp = Resg/p Wr be the same space Wy but now thought of as a D-vector
space with skew-Hermitian form (—, —)w,, given by

(w1, w2)w, =trg/p(hg(wi, wz))/2  for wy, wy € Wg.
Then we have the following isomorphism of symplectic spaces:
Wp ®p Vp =Resg r(Ug Q@ We) =W

There is a pair
(O(VE), Sp(Wk)) and (U(Wp), U(Vp))

of dual reductive pairs in the symplectic group Sp(W):
Sp(QBE) U (WD)
U(Vp) O(Vk)

A pair (G, H) and (G’, H') of dual reductive pairs in a symplectic group is called a
see-saw pair if H C G’ and H' C G. Following [Kudla 1994], let us fix the natural
splittings

i1:0(8Ep) x Sp(Wg) — Mp(W) and ip:U(Wp) x U(Vp) — Mp(W).

Lemma 2.3 (see-saw identity). For some see-saw pair of dual reductive pairs
(SpQg), O(VE)) and (U(Wp), U(Vp)), let w and 7’ be irreducible representa-
tions of O(Ug) and U (Vp) respectively. If the splittings i1 and i, satisfy

2-1 i1lo@p)xU V) = 12100 xU(Vp)>»
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then we have the isomorphism
HOII]Q(Q]E)(@,/,(JT/), 7'[) = Homu(vD)((aw(JT), JT/).

This follows from [Gurevich and Szpruch 2015, Theorem 8.2]. However, (2-1)
may not hold, see [Lu 2016, Lemma 4.3.7]. For our purpose, suppose dimp Vp =1
and dimg Ug = 2; then U(Vp) = SL(D). Let (SE\QI/E) denote the preimage of
O(Vg) in Mp(W). Let 7 be a genuine representation of O(Ug) associated to 7,

that is, —
T(h,e)=¢€-m(h) for (h, €) € O(VE).

Observe that ij(h) = (h, 1) € O(Tp) and ir(h) = (h, det(h)) € O(T) for h €
O(Ug). This means that (i, liz)lo(mE) corresponds to the quadratic character
det(O(*Ug)). Hence

Hom;, ow;)) (a),/,, )= Homiz(o(q;E))(a),/,, T ® det).

This will be useful in the proof of Theorem 1.3, see Lemma 3.3.

2C. Vector spaces. Let K/E be a quadratic field extension. Consider K as a
2-dimensional quadratic space Ug over E with the norm map Ng,g. Given a
2-dimensional quadratic E-vector space U with a nontrivial discriminant e €
EX\E XZ, associated with a skew-Hermitian left free R-module (Wg, hg) by the
Morita equivalence, we may construct a skew-Hermitian form hp =trg,;pohg/2
on Wp = Resg/pWg. Then Wp becomes a 2-dimensional skew-Hermitian left
D-vector space with discriminant Ng,r(e) € F*/F *2 If N g/F(e) =1, then the
skew-Hermitian quaternionic group U (Wp) is denoted by Uy (D). If Ng,r(e) is
nontrivial, then the discriminant d of Wp corresponds to a quadratic field extension
L = F(J/d). Moreover, there is a 4-dimensional quaternion division algebra over
L such that
U(Wp) =GLi(DL)"/F*

where GL1(D)* = {x € D} : Np,;(x) € F*}, see [Prasad and Takloo-Bighash
2011, §9].

2D. Degenerate principal series representations. Assume that U(Wp)=U; (D).
There is a natural group embedding O(Ug) < U; (D). Let P be a Siegel parabolic
subgroup of Uj {(D). Assume that

I(s) ={f :U11(D) > C| f(pg) = 18p(p)I'*"/* f(g), p € P, g € Uy 1(D)}

is the degenerate principal series of Uy 1(D), where §p is the modular character.
Let us consider the double coset decomposition P\U; 1(D)/O(UE).

« If XK is a field, then there is only one orbit in P\U; ((D)/O(Vk).
o If K = E@E, then there is one open and one closed orbitin P\Uj 1(D)/O(VE).



72 HENGFEI LU

Assume that there is a stratification for Uy 1 (D), i.e., P\U1 1(D)/O(UEg) = |_|§:O X;
such that |_|f.‘:0Xi is open for each k lying in {0, 1,2, ..., r}. Then there is an
O(Ug)-equivariant filtration {/;};—o,1,2,....» of Z(s)|ow,) such that

O=I_1clhhychLcCc---Cl, :I(S)|O(‘BE)

and the smooth functions in the quotient /; /I;_; are supported on a single orbit X;
in P\U,,1(D)/O(VE).

Definition 2.4. Given an irreducible representation = of O(Ug), if

Homoy,)(Li+1/1;, ) #0

implies that /;/1; is supported on the open orbits in P\U; 1(D)/O(UE), then we
say that the representation 7 does not occur on the boundary of Z(s).

It is well known that only the open orbits can support supercuspidal representa-
tions.

3. Proof of Theorem 1.3

Before we prove Theorem 1.3, let us recall some facts. Let Vp denote the rank 1
Hermitian space over D with quaternionic Hermitian group U (Vp) = SL{(D).

Lemma 3.1. If the discriminant d of Wp = *Ug Qg D is nontrivial in FX/FXZ,
let L=F (ﬁ ), then the theta lift of the trivial representation from SL|(D) to
U(Wp) = GL(Dy)*/F* is a character, i.e.,

Oy, =1Xw,/F,

where Dy is a quaternion division algebra over L and GL (D) = {g € DZ |
Np,/L(g) € F*}.

Proof. Following [Gan and Tantono 2014, Proposition 5.1], let L/ be a quadratic
extension of number fields and D (resp. D) be a quaternion [F-algebra (resp. L-
algebra) with involution * such that for some place vy of [, we have

(L/F)y,=L/F and D,, =D (resp. (Dp)y, = DL).
Let V denote the rank 1 Hermitian space over D with hermitian form
()C, )’> =X- y*

and let W denote the nonsplit rank 2 skew-Hermitian space over D of discriminant L,
such that

Vy, = Vp and Wy, = Wp.
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Then we have a dual pair U (V) x U (W) over F and we may consider the global
theta lift from

U)=SL(D)

to
U(W)° = GL;(Dy)*/F*,

where GL(D)? = {g € ID[f : Np, 1.(g) € F*} and U(W)° is the connected com-
ponent of U (W) containing the identity. The global theta lift to U (W)° of trivial
representation of SL; (D) is nonzero since we are in the stable range. Moreover, at
the places where D is unramified, [Lu 2018, Lemma 3.1] implies that the local theta
lift of the trivial representation is a character of U (W, ). By the strong multiplicity
one theorem for GL; (D), we conclude that

O0) =1Xaw /.

By the local-global compatibility of theta correspondence, we have 0y, (1) =1Xwy /.
Because U (Wp) is a compact group, the Howe duality theorem implies that

O,1)=0,1)=1Xwr/F. |
Now we start to prove Theorem 1.3.

Proof of Theorem 1.3. We separate the proof into four cases as follows:

e T is a supercuspidal representation; see (A).
7 is an irreducible principal series representation; see (B).
e T is a Steinberg representation Stg; see (C).

T is a constituent of a reducible principle series I (x) with x2=1; see (D).

(A) If 7 is supercuspidal, then there exists a character u : K* — C* such that ¢, =
WK /E @Ind%ﬁ (n® /), where Wk is the Weil group of K, which is a quadratic field
extension over E with associated quadratic character wk /g. In fact, if T = 0 (%),
where X is a representation of O(Ug) and U is a 2-dimensional E-vector space
of discriminant K, then the Langlands parameter ¢ of X is given by

Xk (8) .
( x;l(g)) ifg € Wk,

01 o
(1 O) if g =s,

where s € Wg \ Wk and the character xx : Wxg — C* is the pull back of a
nontrivial character ;; of K'! under the map K* — K! via k — k*k7), ie.,

»(g) =
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xx (k) = 1 (k°k~1), see [Kudla 1996, §6.4]. Furthermore, there is an isomorphism
between two Langlands parameters of O(2),

¢ wk/E = Ind%i (/).

In other words, we have yx = u®/u and wy = p|g1 is the restricted character.
Moreover, if 47 # 1, then T = 6, (Indgéq(%;)(m)). If u? =1, then there are two
extensions of p; from SO(Ug) to O(VE), denoted by uf The theta lift of ,uf“
(resp. ;) from O(Ug) to SL,(E) is a tempered representation T (resp. 7). For
convenience, if M% #1, we use u™ = u~ to denote Indg(()%%z) 1 as well. Assume
that ®W(MT) is a supercuspidal representation of SL,(FE).
If the discriminant disc(Resg,pWg) € F* /(F *)2 is nontrivial, by the see-saw

diagram

T SLy(E) U(Wp) Oy 1)
1 SLi(D) SO(Vk) 78
where 77 =0 if ,u% # 1, we have an isomorphism

Homgy, (py(tt @17, C) = Homso,) (1, (1)

which is nonzero if and only if u; = 1. However, Homg: (1, 1) = 0, therefore
HOHISLI(D)(‘Ei, G:) =0.

If the discriminant of Wp = Resg,pWg is 1 € F*/(F*)? we denote by Z(s)
the degenerate principal series of Uy 1(D). Further, we assume that F*/(F*)? D
{l,u, w,uw} and E = F[\/o ] with associated Galois group Gal(E/F) = (o),
where K = E[/u]. Then (3-5) (which will be proved later) implies

(3-1)  Homgy, (p)(r", €) = Homoy,) (Z(3), #7) = Homy ) ((u;) ™", ©),

where K is a quadratic unramified extension over E, W' is a one-dimensional
skew-Hermitian left D-vector space with discriminant . Here we use the fact that
there is only one orbit for the double coset P\U; 1(D)/O(*UE), whose stabilizer is
isomorphic to U (W’). In this case, (3-1) can be rewritten as the identity

(3-2) dim Homng(D)(r+, C) = dim Homy w (1] , C),
which is nonzero if and only if

(3-3) p(x —yvu) = p(x +ys/u)

for x, y € F. Similarly, if M% =1, we have

dim Homgy,, (p)(t~, €) = dim Homy (wn (1], C).
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Remark 3.2. If the Hasse-invariant of U g is —1 and the discriminant of U is K,

then
dim Homgy, (py(r ", C) #0

if and only if

(3-4) p(x —yvuw ) = pu(x + yvuw)

for x, y € F. If both (3-3) and (3-4) hold, then u®/u = xr o Ng,r with X% =1
Moreover, if p is odd, then u®/u is trivial. Because u® # u, (3-3) and (3-4) can
not hold at the same time unless p = 2.

Lemma 3.3. Let U be a 2-dimensional quadratic E-vector space associated with
a skew-Hermitian free R-module Wg by the Morita equivalence. Assume that
Wp = Resg/pWrg is a 2-dimensional skew-Hermitian left D-vector space with
trivial discriminant and 7 is an irreducible representation of O(UE), then

(3-5) dim HOH]SL] (D)(®1/,(T[ ® det), (C) = dim Homo(mE)(I(l/Z), 7'[),

where ZL(s) is the degenerate principal series of U(Wp), and the big theta lift
Oy (m ® det) is under the splitting iy : SLo(E) X O(Ug) — Mpg(F).

Proof. Let us fix the splitting i : SL;(D) x U(Wp) — Mp(W); then [Yamana
2011, Theorem 1.3] implies that ®, (1) =Z(1/2) is an irreducible representation
of U(Wp). The splitting from SL,(E) to Mpg(F’) is unique, so 1'11'2_1 is a quadratic
character on SL(D) x O(Ug) and trivial on SL; (D). Thus,
(3-6) dim Homygy, (p)(®y (mr ® det), C) o

= dim Hom;, 51, (p) 0@ (@y, C® (7 @ det))

= dim Homy, (s1., (p) x0wz)) (@y, C® )

= dim Homo ) (©y (1), )

= dim Homo ) (Z(1/2), 7),

where 7 (h, €) =€ - (h) for (h, €) 66(\1)7). O
Now we continue with the proof of Theorem 1.3, recalling that
dim HomSLl(D)(r+, C) =dim HomU(W/)(ul_, G:)

is nonzero if and only if w(x — y/u) = u(x +y+/u) for x, y € F, where disc(W’)
isueF*/F**

Suppose that p # 2 and u? = 1. If u(x —u/u) = u(x + y/u), then v+ is
SL;(D)-distinguished. Moreover,

dim HomSLl(D)(T+, C) =1=dim HOHISLI(D)(‘L'_, C)
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In the L-packet containing an SL; (D)-distinguished representation 7, half mem-
bers in Iy, are SL;(D)-distinguished and

> dimHomgy, (p)(t', ©) = 2.
T/€n¢r
If p # 2 and u? # 1, then dimHomsy,, (p)(z, C) = dimHomoy,)(Z(1/2), ui),
which is equal to the sum

dim Homy (w7 (1, C) + dim Homg () (147 ', ©)

_ |2 ifule=xroNgr, E'#E,
0 otherwise.

If p =2, there are two more cases.

(i) Suppose that there are two distinct quadratic fields E’ and E” over F such that
wler = xp o Ngyp and u|gr = xj o Ng»jp. Furthermore, x5./xy is a quadratic
character of F'* that is not trivial restricted on the Weil group Wk of K, i.e., x/ X
is different from three quadratic characters wg,r, wg//r and wgr ) F,

w() = pu @) - (xp/xP)lwe (0, t € Wk

which may happen only when p = 2. We obtain dim Homgy, (p)(z ™, C) = 1 by the
identity (3-2).

Suppose that 7 is SL;(D)-distinguished, then the set {dim Homgy, (p)(t’, C) :
v elly  }is{l,1,1,1} and

Z dim HomSLl(D) (‘L'/, C) =4.

r’el‘l,,g,

Remark 3.4. For the SL,(F)-distinction problem, the set of the multiplicities in
the L-packet Iy, is {4, 0, 0, 0}, see [Anandavardhanan and Prasad 2003; Lu 2018].

(i1) A supercuspidal representation 7 of GL;(E), which is not dihedral with respect
to any quadratic extension K over E, is irreducible when restricted to SL,(E).
Suppose that T = 7 st (k) is irreducible. If we consider a 2-dimensional skew-
Hermitian left D-vector space X with trivial discriminant, then U(X) = U; (D)
can be naturally embedded into the special orthogonal group SO(2, 2)(E). Let
7w X 7 be the irreducible representation of the similitude special orthogonal group

GL,(E) x GLo(E)
{(t,t7 )t e EX}’

GSO(2,2)(E) =
Observe that

(m X 7)lso@,2)E) = O(T)|soe,2) k) = O IsLyE) = O(T)
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is irreducible since 7 is supercuspidal. Suppose that Y is a 2-dimensional Her-
mitian right D-vector space. Let J(s) be the degenerate principal series of U (Y).
Considering the see-saw diagram

J(1/2) Uuwy) SO(2,2)(E) (mXm)
T |SLy(E) SLy(E) Ui 1(D) C

due to the structure of J(1/2) in [Yamana 2011, Theorem 1.4], we can get an
equality

dim Homgy,(£)(J(1/2), ) = dim Homy, , (py ((r X 7)[s02.2)(E), C).

The supercuspidal representation 7 |sp, £y does not occur on the boundary of J(1/2),
thus

dim Homgy ,(g)(J(1/2), 7) = dim Homgy, (py (7 ¥, C).
Hence

(3-7) dimHomgy, (p) (", C) = dim Homy, , (p)((r ®7)[s0@,2)(E). C)
= dimHomgy, ,(p)(7r ¥, C) +dimHomgy, ,(p)(7r X7, wg/r)

= dim Homgg, () (7, C) dim Hompx (7, C)
+ dil’nHOl’IlGLz(F) (m, a)E/F) dim Hompx (7, a)E/F),

where
GL,(F) x D*

GULI(D) = ((t,t7 1) :te F})

Therefore, if 7 is not dihedral with respect to any quadratic field extension K over
E and so T = m|s, (k) is irreducible, then the following are equivalent:

o The Langlands parameter ¢, is conjugate-self-dual in the sense of [Gan et al.
2012, §3].
e dim HOl’nSLl(D)(‘L', C) =1.

Remark 3.5. This method can be used to deal with the case when 7 is the Steinberg
representation Stz of SL,(E), which implies dim Homgy, (p)(Stg, C) = 1 directly.

Remark 3.6. When we consider the distinction problem for the symmetric pair
SL,(E)/SLy(F) in [Lu 2018], instead of U} 1 (D), we use SO3 | (F)=GLy(E)*/F*,
where

GL(E)* = {g € GLy(E) | det(g) € F*} = GSpiny ; (F).
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We use the big theta lift of the trivial representation from SOs3 1 (F) to Sp,(F) to
deduce the multiplicity dim Homgy, () (7, C). The see-saw identity implies

(3-8) dim Homgy, ) (I (1/2, wg/F), w) = dim Homo, , () ((w X )", 0),
where P = M N is the Siegel parabolic subgroup of Sp,(F) and M = GL,(F).

1(1/2, wg/p) = { f : Spy(F) —> C| f(mng) = |det(m)|****wg,r(detm) £ (g)
formne P, g€ Sp4(F)}

since the big theta lift of the trivial representation equals I (1/2, wg,r), see [Gan and
Ichino 2014, Proposition 7.2]. Due to the fact that the supercuspidal representation
7 does not occur on the boundary, (3-8) implies that

(3-9) dim HOl’IlSLZ(F)(T[v, (E) =dim HOIIlSLz(E)(I(l/Z, a)E/F), T[)

= dim Homo, , (x X 7)*, C)

=dim HOIIlGLZ(F) (7‘[0 , Tl’v).
(B) Let x be a unitary character of E*. Since there is only one orbit for D*-
action on the projective variety P(E)\GL2(E) = B(E)\SL,(E), where P(FE) is the
Borel subgroup of GL,(E), its stabilizer is isomorphic to E* and B(E)\SLy(E) =

E>\ D*. There are two orbits for SL; (D)-action on B(E)\SLy(E). Ift=1(z, x)=

Ind%l(“%()E) x|—|% (normalized induction) is an irreducible principal series, due to the

double coset decomposition
SLy(E) = B(E)SLi(D) u B(E)nSLi(D),

where n = (¥ .2),d = z1 +22j,21,22 € E and Np;p(d) = € € F* \ Ng/rE*,

i 2 Z1/€
there is an exact sequence

(3-10) 0 — Homg:(x, C) — Homgy, (py(r, C) — Homg:(x, C) — O,

where E! =ker Ng,r. Then dim Homgy, (p)(7, C) =2 if and only if x = xroNg/F.

(C) If v = Stg is a Steinberg representation of SL,(E), then the exact sequence
(3-10) implies that
dim Homgy, (p)(I (|—|£), C) =2,

so that dim HOHISL] (D)(StE, C)=2—-1=1.

(D) Assume that 7 is tempered. If T C I (wk/g) is an irreducible constituent of a
reducible principal series, set x = wg/E, xT(@=1,0= (1 1); then from [Kudla
1996, page 86], we can see that

I(wk/e) =0y (x ) ®0y(x7), where x~ = xT ®det
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and tH= 0y (x ") = Oy (x 1), T7=0y(x "), where 0y (xF) is the theta lift of x*
from Oy 1 (E) to SLy(E). By (3-5) and the see-saw diagram

Tt SL,(E) U1,1(D) 7(1/2)
C SL(D) 01,1(E) xt ®det

where Z(s) is the principal series of Uy (D), we have an identity
dim Homgy, (p) (", €) = dim Homo, , () (Z(3), x* ® det),
which is equal to

1 if x = xroNgrF,

dim Homgi(x, C) = {0 otherwise

Similarly, we can prove dim Homgy, ( D)(r+, C) = dimHomgy, (py(z ™, C).
This finishes the proof of Theorem 1.3. O

Corollary 3.7. Let t be an SL|(D)-distinguished -generic representation of
SLy(E). If the representation t' lies in the L-packet T1y, and is y,-generic for
some a € E', then

dim HOIIlSLl(D)(‘L’/, G:) = dimHomSLl(D)(r, C)

Proof. Let U, be the non-quasi-split unitary group contained in GL,(E). Thanks to
the isomorphism
SU, =SL(D),

if 7/ is y,-generic for a € E', then 7/ = 7% where
a; N a a
“o=(("1)s("))

dim HomSLl(D)(f/, (E) =dim HOIHSLI(D) (‘L’a, C) = dim HOIIlSLl(D)(‘L’, (E)

and so

Thus the multiplicity dim Homsgy, (p) (7, €) is stable under the inner-conjugation
action of U,. U

Remark 3.8. In [Anandavardhanan and Prasad 2003, Lemma 3.2], there is an
analogous result

dim Homgy, () (t*, C) = dim Homgy,(r)(7,C) forx € F*,

which implies that dim Homgy, () (7, C) is stable under the inner-conjugation action
of GLo(F).
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In fact, Theorem 1.4 follows from the above arguments as well.
The tables below show the multiplicities for the L-packet ITy_ containing an
SL;(D)-distinguished or SL, (F')-distinguished representation 7 of SL;(E).

SL1(D)- SL(F)- _
distinguished distinguished the character p of K>, K = E [\/ﬁ ]
[Ty |=1 {1 {1 N.A.
My 1=2| (2,0} (2,00 p(x—yva)=p(xtyv/a) ud#1
S __ 2 —
M, | =4 {1,0,1,04  {1,1,0,0} p'=—pand ui=1

{1,1,1,1}  {4,0,0,0}  pxp/xp=wn'#+panduj=1

Multiplicities for the L-packet I1y, assuming 7 is square-integrable.
The case shown on the last row of the first table occurs only when p =2
and 7 is a supercuspidal representation of SL,(E).

SL1(D)- SLo(F)-
distinguished distinguished the character x g of E*
{2} {2} xe=1
[Ty, =1 {2} {2} XE=xroNg/r and xz #1
{0} {1} xelpx=1and xz #1
M, |=2 {1,1} {1, 1} wk/E = XFoNg/r With X7 = wg/F
o 1,1 (3,0} wk & = xroNgr with x2 =1

Multiplicities for the L-packet ITy assuming 7 is not square-integrable.

Remark 3.9. If t = I (xg) is an irreducible principle representation of SL;(FE),
where xg is a unitary character of £* with X% #1and xg|px =1, then I (xg)
is not SL(D)-distinguished but SL;(F')-distinguished. It corresponds to the case
where the representation

w=mn(X, XXE)
of GL,(E) with x|gx =1, is not GL; (D)-distinguished but GL, (F')-distinguished.

Remark 3.10. Assume that T C I (wk/g), where K is a quadratic field extension
over E associated with a quadratic character wg g by the local class field theory.
If wg/ep|lp< =1, then a)‘I’(/E = wg/E, and so wk g must factor through the norm
map Ng,r. The third case of D from [Lu 2018, Page 490] does not exist, i.e., the
set {1, 0} does not appear in the above tables when 7 is SL; (F)-distinguished.
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EIGENVALUE ASYMPTOTICS AND BOHR’S FORMULA
FOR FRACTAL SCHRODINGER OPERATORS

SZE-MAN NGAI AND WEI TANG

For a Schrodinger operator defined by a fractal measure with a continuous
potential and a coupling parameter, we obtain an analog of a semiclassical
asymptotic formula for the number of bound states as the parameter tends
to infinity. We also study Bohr’s formula for fractal Schrodinger operators
on blowups of self-similar sets. For a locally bounded potential that tends to
infinity, we derive an analog of Bohr’s formula under various assumptions.
We demonstrate how this result can be applied to self-similar measures with
overlaps, including the infinite Bernoulli convolution associated with the
golden ratio, a family of convolutions of Cantor-type measures, and a family
of measures that are essentially of finite type.
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1. Introduction

Negative eigenvalues of a Schrodinger operator are referred to by physicists as
bound state energies. Let A be the Dirichlet Laplacian on R" and let N~ (V) be
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the number of negative eigenvalues of the Schrodinger operator —A + V, where V
is a potential. In the early 1970s, Birman and Borzov [1972], Martin [1972], and
Tamura [1974] proved various forms of the semiclassical asymptotic formula

Wn

B"? (=V@)?dx  as B — oo,
(dm)n/2 Dy (V)

(1-1) N=(BV) ~

where V is a continuous and compactly supported potential, g is called a coupling
parameter, D, (V) :={x e R" : V(x) <0}, w, is the volume of the unit ball in
R" and, throughout this paper, f ~ g means lim,_,» f(x)/g(x) = 1. The main
ingredients are the Dirichlet—~Neumann bracketing technique [Reed and Simon 1978;
Kigami and Lapidus 1993; Hambly and Nyberg 2003] and the Weyl law [Weyl 1912],
which are basic and useful techniques for deriving various asymptotic formulas of
Laplace and Schrodinger operators. When computing spectral asymptotics, it is
often necessary to decompose a domain into a finite union of subdomains. Using
the idea of Dirichlet-Neumann bracketing, one can bound the Laplacian on the
domain by those obtained by imposing Dirichlet or Neumann boundary conditions
on the common boundary of the subdomains (see, e.g., [Reed and Simon 1978,
Section XIII.15]). We use this technique in the proof of Theorem 1.2.

For fractal sets, Strichartz [2009] studied the counting function for the negative
eigenvalues of the Schrodinger operator —A + V on the product of two copies of an
infinite blowup of the Sierpinski gasket, where A is the Laplacian on the product
and V is a Coulomb potential. He showed that the number of eigenvalues that are
less than —e is of the order € % as € — 0, where § = (In(25/9) In9)/(In(9/5) In 5).
A main goal of this paper is to obtain a crude analog of (1-1) for Schrédinger
operators —A, + BV defined on domains by a measure p (see Theorem 1.2).

Let A be a self-adjoint operator in a Hilbert space H that is semibounded below.
If A has compact resolvent, then the number of negative eigenvalues, counting
multiplicity, is finite; moreover, each eigenspace is finite-dimensional. We define
the eigenvalue counting function as

(1-2) N, A):=#n:1,(A) <A},

where 1, (A) is the n-th eigenvalue of A counted according to their multiplicities,
and #F denotes the cardinality of a finite set F. Furthermore, we define the lower
and upper spectral dimensions of A, respectively, as
2InN(A, A - — 2InN(\, A
dy(A) = lim 2N A) g diA) = Tim Ve A
A— 00 In A A—00 InA

If ds(A) = ds(A), the common value, denoted by d;(A), is called the spectral
dimension of A; it measures the asymptotic growth rate of the eigenvalue counting
function.
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Let E C R™ We denote by E, OE, |E|, E° and L£"(E) the closure, boundary,
diameter, interior, and n-dimensional Lebesgue measure of E, respectively. For a
real-valued function f on E, we define f :=max{ f, 0} and f_ :=— min{f, 0}, and
let f|F denote the restriction of the function f to F C E. For a positive measure v
on E, we denote by v|r the restriction of v to F C E, and let |lul| v := lullpre, v
denote the norm in L?(E, v), where 1 < p < 0.

The classical one-dimensional Bohr’s formula states that, under suitable condi-
tions,

1 (o.¢]
N(A,—A+V)~—/ A=V dx  asr— oo,
7T Jo

where A is the Laplacian in L2([0, 00), dx), and V (x) — 00 as x — 0o (see [Holt
and Molchanov 2005]). In the classical setting, various forms of Bohr’s formula
have been obtained and studied extensively (see, e.g., [Reed and Simon 1978]).
In the fractal setting, Bohr’s formula has been obtained by Chen et al. [2015]
for some unbounded potentials V on several types of unbounded fractal spaces
K » supporting a measure (1o, and having a well-defined Laplacian A, . Ko is
obtained by blowing up some fractal K. In [Chen et al. 2015], sufficient conditions
for the following Bohr’s formula to hold are obtained:

NQA, Ay +V)~gV, 1) as A — oo,

where
(1-3)  g(V,0):= /K (= VE@)DH2G (3 In((A = V() 1)) d oo (),

dy =dg(—Ay,), and G(-) is a periodic function. Moreover, these conditions are
verified for fractafolds and fractal fields based on nested fractals. A key condition
in [Chen et al. 2015] is

(14 NQO.,—AL  )=2%%(G(3In1)+R° (V)  asi— oo,

where b € {D, N}, R’(%) is a remainder term of order o(1), and —Aﬁle and
—Aﬁ'mll{ are Dirichlet and Neumann Laplacians in L*(K, Uoolk), respectively.
Unfortunately, fractals with overlaps usually do not, or are not known to, satisfy
this condition. Thus it is another main goal of this paper to derive an analog of
Bohr’s formula for such fractals by modifying (1-4).

In the rest of this section, we let X C R" be a compact subset with nonempty inte-
rior and p be a positive finite Borel measure on X with ©(X°) > 0 and supp(u) € X.
It is known that u defines a Dirichlet Laplace operator Afz (or denoted simply
by A,) provided the following Poincaré inequality for a measure (MPI') holds:
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There exists a constant C > 0 such that
(1-5) f lul*du < c/ |Vul*dx  forall u e C°(X°);

see, e.g., [Mazya 1985; Naimark and Solomyak 1995; Hu et al. 2006]. By assuming
some regularity conditions of the boundary of X, one can define a Neumann
Laplacian as in [Hu et al. 2006]. We say that f € C*°(X) if f € C*(X°) and
all of whose partial derivatives can be extended continuously to X. Assume X°
has the extension property. The following analog of MPI, which we call Poincaré
inequality* for measures (MPI*) is crucial: There exists a constant C > 0 such that

(1-6) /|u|2d,u§C(/ |Vu|2dx+/ |u|2dx) for all u € C*®(X).
X° Xe Xe

We remark that MPI* is stronger than MPI. We need one additional inequality,
namely, Poincaré inequality (PI), i.e., there exists some constant C > 0 such that

(1-7) f|u—u*|2dx§c/ |Vul|? dx forall u € H'(X°),

where u* := (1/L£"(X?)) 'fxo u dx (see, e.g., [Lieb and Loss 2001, Theorem 8.11]).
If MPT* and PI hold, then using the same procedure for constructing Af (see [Hu
et al. 2006]), one can obtain a Neumann Laplace operator Aﬁ' defined by u. For con-
venience, we summarize the definitions of A fz and Aﬁ/ in Section 2B and Section 2C,
respectively. Also, in the rest of this section, we assume that u satisfies MPL

The first part of this paper studies Schrodinger operators —A , + BV in L*(X, w)
with a continuous potential V and a coupling parameter §, focusing on self-similar
measures. Throughout this paper, we let D™ (V) :={x € X : V(x) <0} and N, (V)
be the number of negative eigenvalues of —A, + V, where V is a real-valued
continuous function V on X.

Before stating the main results, we introduce some definitions that will be used.
We call a pu-measurable closed subset B of X a cell (in X) if u(B°) > 0. Clearly,
X itself is a cell.

Definition 1.1. We say that a cell B in X satisfies condition (N) if
(1) B° has the extension property and satisfies PI;

(2) w|p satisfies MPI*;

3 —Aﬁ’lg has compact resolvent.

Conditions (1) and (2) ensure that —Allle is well defined, and condition (3)
implies that N (X, —Afle) is well defined for A > 0. We call a finite family P of
interior disjoint cells a u-partition of X if u(X) =) p.p 1(B). Let v be a positive
finite Borel measure on X. Roughly speaking, a sequence of p-partitions (Px)i>1
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is said to be refining with respect to v if each member of Py is a subset of some
member of P;, and max{v(B) : B € Py} — 0 as k — oc.

Theorem 1.2. Let X C R" be a compact subset with nonempty interior and |1 be
a positive finite Borel measure on R" with supp(u) € X and n(X°) > 0. Assume
that u satisfies MPI and V is a real-valued continuous function on X. Let v be a
positive Borel measure on X.

(a) If there exist positive constants C and o, and a refining p-partition (Py)k>1 of
X with respect to v such that for all B € | Ji—, Pk,

(1-8) NQOL—=AD ) = 2*(Cu(B)+0o(1))  ash— oo,

then

(1-9) N (BV) = ﬂ“/z(c/ (=% dv +0(1)) as p — oo.
D

-V
(b) If there exist positive constants C and a, and a refining p-partition (Py)ix>1 of
X with respect to v such that each B € | ;- Px satisfies condition (N), and

(1-10) N, —AN ) <2**(Cv(B) +o(1)) as » — oo,
then the reverse inequality in (1-9) holds.

We remark that (1-8) and (1-10) are more general than the Weyl law. In the
proof of Theorem 1.2, we use a similar method as in [Reed and Simon 1978,
Theorem XIII.79] with (1-8) and (1-10) replacing the Weyl law. We illustrate
Theorem 1.2 by a family of self-similar measures that are said to be essentially of
finite type (EFT) (see Section 3).

An iterated function system (IFS) {S;}i2, on R" is said to satisfy the open
set condition (OSC) if there exists a nonempty bounded open set U C R” such
that U;":l Si(U) €U and S;(U)NS;(U) =z if i # j. An IFS that does not
satisfy OSC is said to have overlaps; in this case, we also say that an associated
self-similar measure has overlaps. The second part of this paper studies Bohr’s
formula for the Schrodinger operator on blowups of compact subsets with locally
bounded nonnegative piecewise continuous potentials that tend to infinity, focusing
on fractals defined by IFS with overlaps. We first state some Weyl asymptotic
properties for A, which will be used in Section 4.

Definition 1.3. Let X € R" be a compact subset with nonempty interior and u be
a positive finite Borel measure on X with £ (X°) > 0 and supp(n) € X. Assume
that p satisfies MPI. Let A, be the associated Dirichlet Laplacian (see definition in
Section 2B), and assume that the spectral dimension d; of —A, exists. Define the
following two Weyl asymptotic properties.
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(W1) There exist positive constants C, C» such that
CiA%? < N\, —A,) < C2%/> for all sufficiently large A.

(W2) There exists a finite collection of closed subsets {Y;};c; of X with (Y J?’) >0
satisfying the following conditions:

(1) There exist positive constants Co and (§; 1) jes, kK = 1,2, such that for

all A > 0,
(1-1D) Y Nk =Ay) = Co < NG, =A) £ ) NGk, —Auy,) + Co.
jeJ jeJ

(2) For each j € J, there exists a periodic or constant function G : R — R
such that 0 <infG; <sup G; < oo, and

(1-12) NG, =Aupy,) = 1%/2(Gj(InA) + R; (1)) as A — 00,
where R; (1) is a remainder term of order o(1).

We remark that (W2) is stronger than (W1). Condition (2) of (W2) means that
—A uly, satisfies (1-4) for all j € J. Consequently, (W2) is more general than (1-4),
which corresponds to (W2) with J = {1}, Y; = X, and G;(-) being a periodic
function. Weyl asymptotic properties of fractal Laplacians have been studied in
[Kigami and Lapidus 1993; Hambly and Nyberg 2003; Ngai 2011; Ngai et al. 2018;
Naimark and Solomyak 1995]. If no confusion is possible, we also call d;(—A )
the spectral dimension of .

We extend X to an unbounded space X, as follows. Let X, :=J;.; X;, Where

iel

(C1) [ is a countably infinite index set containing 0;

(C2) for each i € I there corresponds a similitude 7; : X — X; of the form
7i(x) = x + b;, with b; € R" such that 79 is the identity map on R" and
Ti(X) = X33

(C3) for any distinct i, j € I, X;NX; =0X;N0X;.

Since each t; is an isometry, |X;| = |X| for all i € I. Condition (C3) implies
that the interiors of any two distinct X; are disjoint. For eachi € I, u; ;= po ‘L'l»_l
defines a positive finite Borel measure on X;. Intuitively, u; and p have the same
measure structure. Also, o = w. In a natural way, we can define a glued measure
Koo ON X by

(1-13) foo(E) := Z wi(ENX;)  forall Borel subsets E C Xoo.

iel
Throughout this paper, we assume that (1o (X; N X ;) = 0 for any distinct i, j € I.
For a real-valued function f on X, and A > 0, we define the distribution function
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of f with respect to (s as:

(1-14) F, f) = oo ({x € Xoo 1 f(x) <1)).
Assume (W2) holds. For any j € J, define
(1-15) Xooji=|Ju¥) and pej:=poolx.-
iel

In order to state the precise results, we introduce the following associated Bohr’s
asymptotic function: forany j € J, A >0, and f € L} (Xoo,j» Moo, ), define

loc

(1-16) g;(x, f):= (A= F ) DE2G j(In((— £ (X)) 1)) d oo, (X),

n¥;) Jxy,

where G (-) is given in (W2). We remark that g;(-, -) is an analog of the g(-, -)
in (1-3), which appears in [Chen et al. 2015], but is slightly different because
it is assumed in [Chen et al. 2015] that u(K) = 1. Let V be a locally bounded
nonnegative piecewise continuous function on X, such that V (x) — oo as |x| — oc.
Also, let V" (resp. V) be the piecewise constant function which takes the value
sup,cx, V(x) (resp. infyey, V(x)) on X;. Theorem 1.4 gives the eigenvalue asymp-
totics of N(A, —A, + V), where —A, =D, (—A,).

Theorem 1.4. Use the notation above. Let V be a locally bounded nonnegative
piecewise continuous function on X » such that V (x) — 0o as |x| — 00. Assume
MPI and (W2) hold. Let F(-,-)and g;(-, -) be defined as in (1-14) and (1-16) for
J € J, respectively. Assume that

(1-17) FO, VV)/F(A, V) =140(1) as A — 00,

and that there exists some C > 0 such that F(2A, VY) < CF (A, V") for all suffi-
ciently large . > 0. Then as .. — o0,

(+0(1)Y " gjEjar E1V) SN, —Au +V) < (1+0(1)Y  gj(Ejah. £2V),
jed jed

where (§j i) jes, k =1, 2, are the constants in (1-11).

We remark that Theorem 1.4 cannot be deduced from [Chen et al. 2015, The-
orem 2.11], since (W2) is more general than (1-4), which is a key assumption in
[Chen et al. 2015, Theorem 2.11]. Theorem 1.4 allows us to obtain eigenvalue
asymptotics of Schrodinger operators in the absence of condition (1-4), as illustrated
in the examples of IFSs with overlaps in Section 5. It also enables us to draw
conclusions on N (A, —A,_ + V) even though we only have information about the
Weyl asymptotics of the Laplacian on proper subsets of X.

In Section 5, we apply Theorem 1.4 to three classes of self-similar measures.
The infinite Bernoulli convolution associated with the golden ratio and a class of
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convolutions of Cantor-type measures have been studied very extensively (see [Lau
and Ngai 1998; 2000; Lau and Wang 2005; Feng and Olivier 2003; Ngai 2011;
Gu et al. 2016]). They define Laplacians that exhibit many behaviors analogous
to Laplacians on post-critically finite fractals, such as sub-Gaussian heat kernel
estimates [Gu et al. 2016] and infinite wave propagation speed [Ngai et al. 2019].
The third class is used in [Ngai et al. 2018] to illustrate self-similar measures
satisfying EFT. We show that all these three classes of measures satisfy (W2).
However, it is not clear whether they satisfy (1-4).

The rest of this paper is organized as follows. Section 2 summarizes some of
the definitions and results that will be needed throughout the paper. In Section 3,
we prove Theorem 1.2, and apply it to a class of self-similar measures satisfying
EFT. In Section 4, we study Bohr’s formula for Schrodinger operators defined
by measures and nonnegative locally bounded potentials, and prove Theorem 1.4.
Finally, in Section 5, we illustrate Theorem 1.4 by the three classes of self-similar
measures with overlaps mentioned above.

2. Preliminaries

Let (Hy, || - |l1) and (Ha, || - ||2) be Hilbert spaces. Let A, A, be linear operators
in H; and H,, respectively. A; and A, are said to be unitarily equivalent, denoted
A & Ay, if there exists a unitary operator ¢ : H; — H, such that

p(domA;) =domA; and ¢(A;(n)) = Ax(p(u)) forallu €edomA;.

Note that u is a A-eigenvector of A if and only if ¢(u«) is a A-eigenvector of A;. In
particular, unitarily equivalent operators have the same set of eigenvalues.

Let (H;)ic; be a finite or countably infinite family of Hilbert spaces. Define a
Hilbert space

H= EB% = {u = (ui)ies 1u; € H; foralli € I and ||ull3, := Z ||ul~||%£i<oo}.
iel iel

Assume that each A; is a self-adjoint operator in H;. We write A 1=, _; A; if

Au := (Aju;)ic; with domain dom A :={u = (u;)ic; € H:u; edom A; foralli € [

and Au € #H} (see [Reed and Simon 1972]). We remark that (A, dom A) is a

self-adjoint operator in H.

2A. Quadratic forms. Let H be a (real or complex) Hilbert space with inner prod-
uct (-, -) and norm || - ||. We call a symmetric densely defined bilinear form £ in ‘H
a quadratic form in ‘H. A quadratic form (£, dom £) is said to be (a) semibounded
below if there exists some constant M > 0 such that

2-1) E(u,u) > —M|ul|? for all u € dom &;
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(b) nonnegative if we may take M = 0 in (2-1) (see [Reed and Simon 1972]); and
(c) closed if it is semibounded below and (£ys41, dom &) is a Hilbert space, where
Emr1(u,v) =&, v)+ M+ 1)(u, v) for all u, v € domé&.

A self-adjoint operator (A, dom A) in H is said to be semibounded below if there
exists some constant C > 0 such that (Au, u) > —C|ju||* for all u € dom A. It
is well known that a closed quadratic form (£, dom £) corresponds to a unique
self-adjoint operator A, that is semibounded below, such that dom A € dom &, and

E(u,v) = (Au, v) for all u € dom A and v € dom &;

see, e.g., [Fukushima et al. 2010, Section 1.3]. In this case, A is called the generator
of (£,dom¢&). On the other hand, any self-adjoint operator (A, dom A) in H
determines a quadratic form (£, dom A) by £(u, v) := (Au, v) for all u, v € dom A.
Moreover, if A is semibounded below, then (£, dom A) is closable, and its clo-
sure (£,dom¢) is called the closed quadratic form associated with A. We let
dompg(A) :=dom € and call it the form domain of A. Furthermore, if A is nonneg-
ative, then A'/2 is well defined, and

Eu,v) = (A"%u, AY?v) and domé& =dom(A'/?);

see, e.g., [Fukushima et al. 2010, Theorem 1.3.1]. Moreover, for u € dom £, we
have u € dom A if and only if there exists a unique f € H such that £(u, v) = (f, v)
for all v € dom £. In this case, Au = f.

Fori =1,2, let (§;,dom&;) be a closed quadratic form in a Hilbert space H
with generator A;. If dom & Ndom &; is dense in 7, then we denote the generator
of the closure of (€] 4+ &, dom & Ndom &) by A| + A, and say that A; + Ay is
an operator defined as a sum of quadratic forms.

Let E be a subset of R” and v be a positive o -finite Borel measure on E. For
any V e L! (E,v), the quadratic form £y given by

loc

€V(u,v)=/ uvVdy forall u, v e C°(E),
E

is closable on L*(E, v). In this case, we denote the closure of (Ey, C°(E)) by

(§y,dom Ey) and regard V as the generator (see [Davies 1989; Reed and Simon
1972)).

Definition 2.1. Fori =1, 2, let A; be a self-adjoint operator in a Hilbert space H;
that is semibounded below, and (&;, dom &;) be the associated closed quadratic form.
We say A1 < A (in the sense of quadratic forms) if H, € H;, dom & € dom &y,
and & (u, u) < & (u, u) for all u € dom &,.

We state a simple proposition. A proof can be found in [Reed and Simon 1978,
Section XIII].
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Proposition 2.2. Fori =1, 2, let A; be a self-adjoint operator in a Hilbert space
H; that is semibounded below. Assume A <X Aj. If A1 has compact resolvent, then
so does Ajy; moreover, N(A, A1) > N (A, Ap) forall A € R.

2B. Dirichlet Laplacian defined by a measure. For convenience, we summarize
the definition of the Dirichlet Laplacian on a bounded domain defined by a measure;
details can be found in [Hu et al. 2006]. Let U < R" be a bounded open subset
and u be a positive finite Borel measure with supp(u) C U and u(U) > 0. We
assume that u satisfies MPI (see (1-5)). MPI implies that each equivalence class
ue HO1 (U) contains a unique (in the L>(U, i) sense) member i that belongs to
L?(U, ) and satisfies both conditions below:

(1) There exists a sequence {u,} in C°(U) such that u, — u in Hol(U) and
u, — i in L>(U, p).

(2) u satisfies inequality (1-5).

We call i the L2(U, w)-representative of u. Define a mapping ¢ : HO1 (U)— L*(U, p)
by (1) =u. ¢ is abounded linear operator, but not necessarily injective. Consider the
subspace A of HO1 (U) definedas N :={u € HO1 U): lt(u) 2., =0}. Now let N be
the orthogonal complement of A/ in HO1 (U). Then ¢ : Nt — L2(U, p) is injective.
Unless explicitly stated otherwise, we will denote the L?(U, )-representative i
simply by u.

Consider the nonnegative bilinear form Ep( -, -) in L*(U, ) given by

(2-2) Ep(u, ) :=/ Vu-Vvdx
U

with domain dom £p = A, or more precisely, ((N+). MPI implies (p, dom £p)
is a nonnegative closed quadratic form in L?(U, 1). We use —A/{f (or simply —A,)
to denote the generator of (£p, dom Ep), and call it the (Dirichlet) Laplacian with
respect to (.

Some sufficient conditions for MPI and the existence of an orthonormal basis
{on}2, of L>(U, ) consisting of the eigenfunctions of —A, can be found in [Hu
et al. 2006; Davies 1995; Mazya 1985]. We remark that if n = 1, then MPI holds for

any such u, and thus A, is well defined; moreover, —A, has compact resolvent.

2C. Neumann Laplacian defined by a measure. We state a result below that is
sufficient for the purpose of this paper. Let U be a bounded open subset of R"
Suppose U is a bounded open subset in R” that has the extension property. Then
C*®(U) is dense in H'(U). All bounded regions in R" with piecewise smooth or
Lipschitz boundaries have the extension property. Let x be a finite positive Borel
measure on U with supp(u) < U and (U) > 0. Assume that y satisfies MPI* (see
(1-6)). As in the construction of the Dirichlet Laplacian, MPI* implies that each
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equivalence class u € H'(U) contains a unique (in the L?>(U, 1) sense) member i
that belongs to L?(U, ) and satisfies both conditions below:

(1) There exists a sequence {u,} in C*(U) such that u,, — # in H'(U) and
u, — 0 in LU, ).

(2) u satisfies inequality (1-6).
Define a quadratic form Ex (-, -) in L*>(U, ) by

En(u,v) ::/ Vu-Vvdx,
U

with domain dom Ey := ((N1), where ¢ : H'(U) — L*(U, ) and \ are analogs of
those in Section 2B. Assume, in addition, U satisfies PI (see (1-7)). Then MPI* and
PI imply that (£, dom Ey) is a nonnegative closed quadratic form in L*(U, 1) (see
[Hu et al. 2006; Lau and Ngai > 2019]). We denote the generator of (Ey, dom Ey)
by —AY, and call it the Neumann Laplacian with respect to . We remark that
—AV < —AD.

We remark that if n =1 and U = (a, b), then MPI* holds for any such x and PI
holds, and thus Aﬁ’ i1s well defined. Moreover, Aﬁ’ has compact resolvent.

3. Fractal analog of a semiclassical asymptotic formula
for the number of bound states

In this section, we prove Theorem 1.2 and illustrate it by a class of self-similar
measures with overlaps.

Let X € R" be a compact subset with nonempty interior and p be a positive
finite Borel measure on R" with supp(x) € X and w(X°) > 0. We say that two
cells B and B’ are j-equivalent, denoted by B =~ . ,, B’ (or simply B ~,, B’), if
there exist some similitude 7 : B — B’ of the form t(x) =rx +b, r > 0,b € R,
and some constant w > 0 such that 7(B) = B’ and

(3-1) mlp=w-ulgor .

It is easy to check that 2, is an equivalence relation.

Let (Pr)k>1 be a sequence of p-partitions of X, and let v be a positive finite
Borel measure on X. For each k > 1, let in; = my(Py) := max{v(B) : B € P;}. We
say that (Px)r>1 1S refining with respect to v if it satisfies the following conditions:

(1) {my} is nonincreasing and limy_, oo iy = 0.
(2) For any B € Py and any B’ € Py, either B'C B or (B)°NB° = &.

Condition (2) means that each member of Py is a subset of some member
of Py.
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3A. Proof of Theorem 1.2. We now prove Theorem 1.2 by modifying a method
in [Reed and Simon 1978, Theorem XIII 79].

Proof of Theorem 1.2. Since X is compact and V is continuous, —A, + BV has
discrete spectrum on the negative real line for any g > 0, i.e., N, (BV) is finite
for any 8 > 0. In fact, Nl;(ﬂV) < N;(,BVmin) = N(—BVmin, —A,) < 00, where
Vmin := min{V(x) : x € X}. For each k > 1, let Py := {Bk ¢}¢em, and define
V. (resp. V) to be the piecewise constant function over each By ¢ with the value
V/p :=min{V (x) : x € By ¢} (resp. VkA’Z :=max{V(x) : x € Br}).

(a) Fork>1,let — Aﬁ’D be the Dirichlet Laplacian on the union of the interiors of the
cells in Py. Since C;’O(UBGPk B°) C CX(X°), we have —A, < —A’;L’D for k > 1.
Combining this inequality with V <V, we have —A, + BV < —Aﬁ’D + BV, for
k> 1and B > 0. It follows from Proposition 2.2 that for all k > 1 and 8 > 0,

(3-2) N, (BV) =N, -AL”+ V) =) N(. AMB + BV
(GH/‘

= Z N(_IBVkA,Z’ M\B )= Z N(_ﬂvk/’\g’ _A‘?'Bk,z)'

Lell; {tell;: v, <0}

Combining (1-8) and (3-2) yields, for each k > 1,

(3-3) N,I(ﬁV)zﬁ"‘/z(C Y = )“/2v<8ke>+o<1>) as B — oo.

{€eTT;:V, <0)

The definition of refining implies that limy_, oo max{v(Bx ) : £ € 1} =0. Moreover,
it follows from the continuity of V that

G4 Jim Y VB = [V Ray forbe(vinl,
oo{eenk:vk’fzgm b=

which, together with (3-3), yields the desired inequality.

(b) The proof is similar to that of part (a). Condition (N) implies that —Aﬁ"B is
well defined for all B € | J;-| Px. Thus the Neumann Laplacian —A’/;*N on the
union of the interiors of the cells in P is well defined for all £ > 1. We note that
—ANN S —A, for k > 1. Hence —ANN + V)Y < —A, + BV forall k > 1 and
B > 0, which, together with Proposition 2.2, yields

N, (BV) <N, AN + V)= )" N(O. AMB BV
Eel'lk

=D NGBV =0, )= Y NGBV =4, ).

Lellk {tel:v,Y, <0}
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Thus (1-10) implies the following analog of (3-3), which holds for all kK > 1,

(3-5) N,I(ﬂV)Sﬁ“/Z(C > (—Vkv,a“/zv(Bk,zHo(l)) as B — oo.

{LeM:VY, <0}
Hence, the assertion follows from (3-4) and (3-5). O

Let X € R” be a compact subset with nonempty interior and u be a positive
finite Borel measure on R” with supp(x) € X and pu(X°) > 0. It is well known
that if » = 1 and a cell B is a closed interval, then B satisfies condition (N), and
N, —Al’i’lB) <N, —Afle) <N, —Afj‘g) +2 for all A > 0 (see, for example,
[Ngai 2011]). Thus N(A, —Ale) and N(A, _A/]l\«]lB) have the same asymptotic
behavior as . — oo. Consequently, the following remark holds.

Remark 3.1. Let X = [a, b]. If there exist positive constants C and «, and a
refining p-partition (Px)x>1 of X such that each B € U,fil P is a closed interval,
and satisfies the reverse inequality in (1-8), then the conclusion of Theorem 1.2(b)
holds.

A sufficient condition for condition (N) can be found in [Lau and Ngai > 2019]
for n > 2.

Let (E, v) be a measure space with v being a o-finite Borel measure, and let
(£, dom €) be a nonnegative closed quadratic form in L?(E, v) with generator A. By
assuming that Sobolev’s inequality holds for some g > 2, namely, there exists some
constant C > 0 such that ||u ”521,\) < C&(u, u) for all u € dom &, Levin and Solomyak
[1997, Theorem 1.2] proved the following general Cwikel-Lieb—Rosenbljum (CLR)
inequality:

(3-6) N(O,A—,BV)SepCpﬁp/ VP dy for all 8 > 0,
E

where 0 <V e LP(E,v)and p:=¢q/(g—2) > 1. Inthecase E=R", n >3, uis
Lebesgue measure on R”, and the generator A is the Dirichlet Laplacian —A on R",
then (3-6) holds with p =n/2 and Cl=mmn- 2)/4)"/2wn_1, where w,_1 is the
volume of the unit (n—1)-sphere in R". In this case, (3-6) is called the classical CLR
inequality (see [Rozenbljum 1972; Cwikel 1977; Lieb 1976; Reed and Simon 1978;
Li and Yau 1983]). We give a simple corollary of the general CLR inequality (3-6).

Corollary 3.2. Suppose p is a continuous Borel probability measure on R with
supp(u) C la, b], and that (£p, dom Ep) is defined as in (2-2). Assume 0 <V €
L?((a, b), u) for some p > 1. Then,

b
N(O, —AM—,BV)Sep(b—a)pﬂpf VPdu forall B > 0.
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Proof. For all u € HO1 (a,b) and x € [a, b],

X
/ u'(t) dt
a
It follows that for all g > 0,

b 2/q
(/ u(x)|? du) <(b—-a)épu,u),

and thus Sobolev’s inequality holds with C := b —a. Setting g :=2p/(p — 1),
and using the discussion above or [Levin and Solomyak 1997, Theorem 1.2], the
desired inequality holds. ([

lu(x)| = |u(x) —u(a)| = <b-a)*pu,u)'?.

We remark that Theorem 1.2(b) does not follow from [Levin and Solomyak 1997,
Theorem 1.2], which requires Sobolev’s inequality. For n = 1, Corollary 3.2 implies
that the general CLR inequality (3-6) holds for all p > 1. However, Theorem 1.2(b)
does not follow from [Levin and Solomyak 1997, Theorem 1.2] in this case either,
since the constant « in Theorem 1.2(b), which corresponds to the constant p in the
general CLR inequality (3-6), could be less than or equal to 1. Precisely, we would
like to have o = d,(—A,) < 1if d;(—=A,) exists and n = 1, as in our examples
below.

For the convenience of the reader, we state a slightly modified version of [Ngai
2011, Proposition 2.2(b)] below, which will be used later in this paper.

Proposition 3.3 [Ngai 2011, Proposition 2.2]. Let S : R — R be a similitude, with
Lipschitz constant r, such that S[a, b] = [c,d], S(a) =c,and S(b) =d. Let v be a
continuous positive finite Borel measure on [a, b] with supp(v) C [a, b]. Assume
that [a, b] >~ y.s [c, d]. Then —Ay, , ~ (rw)~ . (—AV‘W]).

We now apply Theorem 1.2 to self-similar measures on R. Let {S;}7_,, m > 2, be
an IFS on R, and let u be a self-similar measure defined by {S;};”; and a probability
vector (p;);-,. For k > 0 and

i=G, ... i0e{l,...om* = {G ... i e{l,...om} forj=1,... k},
we use the standard notation
Si:=S[10"'OS[k, ri:=ri1"'rik’ pi:=pl‘1”'pl’k

with Sy :=1id, rg = py := 1, where id is the identity map on R. Assume that
{8;}7L, satisfies OSC with respect to an open set (a, b). Let X = [a, b], and d, be
the unique solution of

m
Z(Piri)dsﬂ =1,
i=1
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where r; is the contraction ratio of S;. Solomyak and Verbitsky [1995] studied the
asymptotic behavior of the eigenvalue counting function N(A, —A,) as A — oo.
They proved that there exist positive constants Cy, C, such that

(3-7) CA41% < N@A, —Ay < Cy) %12 for all sufficiently large A.

In particular, if at least one of the ratios In(rg pr)/ In(re p¢) is irrational for k, £ €
{1, ..., m}, then there exists some constant C > 0 such that N(A, —A,) ~ C 2912,
The same holds for the Neumann Laplacian with the same constant C. We note
that dy = d;(—A,).

Proposition 3.4. Use the notation above and let {S;}!" | be an IFS on R satisfy-
ing OSC. Let v be the self-similar measure defined by {S;}/_, together with the
probability vector ((p;r;)®/ 2);”:1. Then for any continuous function V on X,

(a) there exist positive constants Cy, Cy such that for all sufficiently large £,

N (BV)
(3-8) Ci / (=V)42dv < “d—ﬂz <G f (—=V)42 dv;
D-(V) B/ D-(V)
(b) if at least one of the ratios In(ry pr)/ In(rg py) is irrational fork, £ € {1, ..., m},

then one may take C1 = C, in (3-8).

Proof. Using the discussion above, we see that (b) follows from (a). Thus, we only
prove (a). For k > 1, let Py :={S;([a, b]) :i € {1, ..., m}*y. Tt is easy to see that
(Pr)k>1 is a refining p-partition of [a, b] with respect to v, and all cells in | J,-., P«
are closed intervals. Fix any k > 1 and any i € {1, ..., m}* OSC implies_ that
ls;(a,b)) = Pittlla,b) © Slfl on S;([a, b]). It follows that [a, b] ==, . s; Si([a, b])
and w(S;([a, b])) = p;. In view of Proposition 3.3, we get N(X, —Aulsiqmp) =
N(ripi», —A,). Combining this with (3-7), we see that there exist positive con-
stants C1, C» such that, for all sufficiently large A,

Cr(ri p)™ P22 < N (b =B up) = Calripi) 20072,

Hls; (la,b
Since (r; pi)%/? = v(Si([a, b))), for all sufficiently large A,

Crv(Sila, BDIAY? < N(h, =B g 0n) < C2v(Sila, BD)A?,
which, together with Theorem 1.2 and Remark 3.1, implies the desired result. [

3B. A class of self-similar measures satisfying EFT. In this subsection, we con-
sider the following family of IFSs:

(3-9) Six)=rix, SHx)=rx+ri(l1—-r), Sx)=rx+1-—r,

where the contraction ratios ry, r, € (0, 1) satisfy r; + 2r, — rirp < 1; that is,
S>(1) < 8§3(0). The Hausdorff dimension of the self-similar sets is computed in
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[Lau and Wang 2004]. The multifractal properties and spectral dimension of the
corresponding self-similar measures were recently studied in [Deng and Ngai 2017;
Ngai et al. 2018].

Let 1 be a self-similar measure defined by an IFS in (3-9) and a probability
vector ( p,-)?: 1> and —A, be the associated Dirichlet Laplacian with respect to .
We note that X := supp(u) € [0, 1]. Let ds be the unique solution of

o.¢]
dy/2 2 X X
(3-10) (1=(p2r)™A(1=(p3r)®®) Y (w1 kyr1r§) 24 (py P+ p )P =1,
k=0
where wi (k) := p; Zf:o péf" pé. [Ngai et al. 2018, Theorem 1.2] implies that there
exist some positive constants C, C, such that, for k =0, 1,

(3-11) C1A%/2 < N, _AMBI k) < Coah/? for all sufficiently large A,

where By 1 := S§1(X) U S$>(X) and By o := $3(X). In particular, dy = d;(—A,,).

In order to define a sequence of refining p-partitions of [0, 1] with respect to u,
we adopt the definition of an island from [Ngai et al. 2018]. Let My := {1, 2, 3}k
for k > 1 and Mg := . A closed subset B C [0, 1] is called a level-k island with
respect to { M} if the following conditions hold:

(a) There exists a finite sequence of indexes ig,iy,...,I, in My such that
S, (0,HNS;,,,(0,1) A forallk=0,...,n—1,and B = UZ:O Si ([0, 1]).
(b) S;(0,1)NS;(0,1) = forany j € My \{ip,...,i,} and any k € {0, ..., n}.

Intuitively, for each level-k island B, B° is a connected component of Sy, (0, 1) :=
UieMk Si (0, 1) (see Figure 1). For k > 1, define

(3-12) Pr :={B : B is a level-k island with respect to { M}}.

We note that P; = {By 1, By,0} (see Figure 1). It is easy to see that (Py)x>1 is a
sequence of p-partitions of [0, 1]. By the proof of [Ngai et al. 2018, Example 3.3],
(Pr)k>1 is refining with respect to w; moreover, for any k > 1 and any B € P, if B
is not p-equivalent to By ;, i =0, 1, then for any £ > 1, there exists some subset

14

(3-13) By := (U{Bio,Bffl})U{BZ‘}’

i=1
of U k=1 Pk satisfying the following conditions:

(i) B} € Pi4¢ is not pu-equivalent to By j, j =0, 1, and u(B;) — 0 as £ — oo.

(i) For 1 <i < ¢, {Bl?fo, B;’jl} C Piyi, and for m € {0, 1}, there exists some

j € {0, 1} such that Bl."fm ~, By ;.
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X
0 « 1
By Bio
k=11 | e ———— g
Lm e e e & —————-——-—-—-—-——= J
B
k=2 e - | - -
L — —— T e— -~
‘L,,,!T‘
*
1
— o — o ~— o ~— o
_ Fo— -— :‘o—‘ — o— Fo— -— -
k=3 -— R : -~— -~
.

Figure 1. p-partitions Py for k = 1,2,3, B := S>(By,1), and
B} := Syet1(By,1), where P is defined as in (3-12). Cells that are
labeled consist of line segments enclosed by a box. The figure is
drawn with ry =1/3 and r, =2/7.

For example, if B :=S$>(B1,1), then B is not pu-equivalent to By ;, i =0, 1. Moreover,
for any £ > 1,

¢
By := (U{Szil(Bl,l)v Soit1 (BI,O)}) U {Sye+1(B1,1)}
i=1

satisfies conditions (i) and (ii) (see Figure 1).

Proposition 3.5. Use the notation above. Let v be a positive finite Borel measure
on R and assume that max{v(B) : B € P} — 0 as k — oo. Let d; be defined as in
(3-10) and let Py, :={B € Py : k > 1 and B ~,, By ; for some i € {0, 1}}.

(a) If there exists some constant ¢ > 0 such that
(3-14) (IBl w(B)®/?> > cv(B)  forall B € P,

then there exists some constant C > 0 such that

(3-15 N, (BV)= C,sdﬂ(/ (=V)%/2 gy +0(1)> as B — .
D

—(V)
(b) The reverse inequality in (3-15) holds if (3-14) holds with the inequality being

reversed.

Proof. (a) Since (Py)r> is refining with respect to i and max{v(B): B € Py} - 0
as k — 00, (Pr)k>1 is refining with respect to v. In view of Theorem 1.2(a), it
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suffices to show that for all B € ;- Pk,
(3-16) N, —Au,) = A%52(Cv(B) +o(1))  as i — oo.

Assume that B € P,. Then there exists a unique number w > 0, a unique « € {0, 1},
and a unique similitude T with contraction ratio r, such that By , 2, ,,  B. Thus
w(B)= w,u(B1 «)» | Bl =r¢|B1 |, and Proposition 3.3 implies that N (A, —A,|,) =
N(wr:d, —Ay 8 ) Combining these equalities with (3-11) and (3-14), we obtain
positive constants Cq, C; such that

wB) 1B )d“”%d&/z
M(BI,K) |BI,K|
> CyA%/2u(B) for sufficiently large A,

(3-17) N (2, _AM|B) = Cl(wrr)dX/z)‘dX/z = C1<

proving (3-16) for B € P,.

On the other hand, assume B € ;. Px but B ¢ P,. Let BB, be defined as in
(3-13) satisfying conditions (i) and (ii) in the paragraph preceding this proposition
for £ > 1. By assumption, we have v(B;) — 0 as £ — oo, and thus

(3-18) v(B) = ZZ\)(B*

i=1 j=0

Using calculations from [Ngai et al. 2018, Sections 4 and 5], we get, as A — 0o,

oo 1
(3-19) NOW=Bppp) =Y ) NG =By, ) +2%0(D).

i=1 j=0

Combining (3-19) with (3-17) and (3-18), we obtain, as A — 00,

oo 1
N —Ay,) > czxdsﬂ(Z > v(B})) —I—o(l)) = CB2(W(B) +o(1)).

i=1 j=0
Finally, (3-16) holds for all B € | k>1 Pk, which completes the proof.

(b) The proof is similar to that of part (a). If (3-14) holds with the inequality being
reversed, then the same is true for (3-17). Consequently, the desired inequality
holds. =

We now give a sufficient condition for the reverse inequality in (3-14) to hold.

Remark 3.6. Use the notation in Proposition 3.5. If (r; p1)%/? < p1, p = p3 and
(r pz)d“/ 2 < P2, then there exists some constant ¢ > 0 such that

(IBlw(B)%/* <cu(B)  forall B € P,.
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Proof. Let ¢ be a positive constant such that
(3-20) (1Bl w(B)** <cu(B)  for B € {Biog, Bu1}.

By assumption, w;(j) = pi Z{:o pg_ipg =p(J+ l)pé for j > 0. Using the
assumptions (rlpl)”l“/2 < p; and (rzpz)ds/2 < p», we have

G21)  (nAwi () = rip)® 2 (G + D(par) )2 < pi(j + D% p]
< p1(j+Dp) =wi()),

where the last inequality uses the fact d;/2 < 1. Fix any B € P,. By the def-
inition of P,, there exist a unique ko € {0, 1}, w > 0, and i € [J,-,{1,2, 3}k
such that By x, 2, s B. Let r; be the contraction ratio of ;. By_the defini-
tion of >~,, |B| = ri|Bi | and u(B) = wu(Bi,). From the proofs of [Ngai
et al. 2018, Lemma 3.5 and Example 3.3], we see that w can be expressed as

N —l—i—j— N o k—l—i—j ..

w=w () pl plps T = wiG)pl phT' T forsomed, j, £€{0, 1, ..., k}. Tn
. . Gl k—j—

this particular case, r; =r] 1, . Hence,

(IB| 1W(B)*/% = (ri| By gy | - wpe(By 1)) ™2

. . . I ds 2
= (1B1.so I (B1go) - rirdwi () - (p1r1) - ((parp)* 1=y */

<cuBriwip{py = cwn(Bii) = cu(B).
where we have used (3-20), (3-21), and the assumptions to get the inequality. This

completes the proof. U

4. Bohr’s formula for Schriodinger operators with locally bounded potentials

Let X CR" (n > 1) be a compact subset with nonempty interior, and p be a positive
finite Borel measure on X such that (X°) > 0 and supp(u) € X. We extend X to
Xoo :=J;¢; Xi as described in Section 1 so that conditions (C1)—(C3) are satisfied.
Foreachi € I, let 7;(x) = x + b;, b; € R", be the similitude in condition (C2), and
Ui = Lo rl._l. Also, let 1o be a positive measure on X, defined as in (1-13).
Assume that /100 (X; N X ;) = 0 for any distinct i, j € I.

We first give a simple proposition.

Proposition 4.1. Let (4;)icr, (Xi)ier, Xoo, and oo be defined as above. Assume
that w satisfies MPI, and let —A,, be the Dirichlet Laplacian with respect to .
Then

(a) for any i € I, the Dirichlet Laplacian — A, with respect to ju; is well defined
and — A, = —Ay;

(b) =A==, (—AL) is a nonnegative self-adjoint operator in L?(Xoo, foo)-
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Proof. Part (a) can be proved by verifying MPI and using a similar argument as that
in [Ngai 2011, Lemma 2.1]. Part (b) follows from the facts that L?*(X oo, Hoo) =
D;c; L?(X;, ;) and that —A w; 18 anonnegative self-adjoint operator in L2(X;, i)
for all i € I. We omit the details. ([

In the rest of this section, we assume that p satisfies MPI, and let —A,  be as
in Proposition 4.1(b).

Theorem 4.2. Use the notation in Proposition 4.1 and assume that V is a locally
bounded nonnegative piecewise continuous function on X, so that V(x) — oo as
|x| — oo. Then the Schrédinger operator — A, +V, defined as a sum of quadratic
forms, is a nonnegative self-adjoint operator in L*>(Xoo, [too) and has compact
resolvent.

Proof. Let D = {(u;)ie; € L>(Xoo, hoo) : Ui € C°(X?) forall i € I}. It follows
from the fact
D Cdomp(—A, ) Ndomg(V)

is dense in L2(X oo, fhoo) that —A 1 TV, defined as a sum of quadratic forms, is a
nonnegative self-adjoint operator in L*(X oo, ioo). The remaining assertion holds
by using the proof of [Reed and Simon 1978, Theorem XIII.16] and [Reed and
Simon 1978, Theorem XIII.64]. O

Let V be a locally bounded nonnegative piecewise continuous function on
X oo such that V(x) — oo as |x| — oo. Then —A,, + V|x, is a nonnegative
self-adjoint operator in L*(X;, ;) foralli e I Proposition 4.1(b) implies that
—Au +V =@, (—A, + Vlx,). It follows that

4-1) N =Au,+V)=Y NG, —Ay +V]y)  forallA>0.
iel

Let V" (resp. V) be the piecewise constant function which takes the value
sup,cx, V(x) (resp. infycx, V(x)) on X;. By applying Theorem 4.2 to V? for
b € {V, A}, we see that —A,__+ V" is a nonnegative self-adjoint operator in
L?(X s, [too). Note that o is an eigenvalue of —A,, + Vb|x,, with eigenfunction
¢ if and only if o — V?| x; 18 an eigenvalue of —A ,, with the same eigenfunction.
Hence,

(4-2) NG, —=Au + VO x)=NG— VP, —AL).

This allows us to relate the eigenvalue counting function of the Schrédinger operator
to that of the Laplacian. Since 0 < VY <V < V”, we have —A,  + VY <
—Ay,+V <—A,, + V" and thus, for all 2 > 0,

(4-3) NO,=Au + VY <NOQ,=A + V)N, —Au + V).
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Asin (4-1), for b € {Vv, A},
4-4) NOL=Dp AV =D N =Au+V1x) =Y NG—=V’|x, —Ay)

iel iel

=) NO=V[x,.—Ay)

iel

= > NO=V'Ix,—Ap,
{iel:VP|x, <A}

where (4-2) and Proposition 4.1(a) are used in the second and third equality, respec-
tively.

Define B(x,r) :={y € Xoo : |x — ¥| < r}. The following theorem gives the
existence of spectral dimension of —A, _ + V. A similar result was obtained by
Chen et al. [2015]. We replace their assumption on the Ahlfors-regularity of (o
by a more general condition.

Theorem 4.3. Use the notation in Theorem 4.2. Let B(x,r) and Vb b e {v, A},
be defined as above. Assume that (W1) holds, and that there exist positive constants
c1, ¢, c3, 0 such that

4-5) x| <Vx) <celx/? for all x € X with sufficiently large |x|,

and that o (B(0, 2r)) < c31heo(B(0, 1)) for all sufficiently large r. Then there exist
positive constants C, Cy, Cy such that for all sufficiently large A,

FQr, VY)Y <CF(, V")

and
COEPEG, VY < N, —A, +V) < CoAbPF (0, V),

where F (-, -) is defined as in (1-14) and d; comes from (W1).

Proof. Fix any b € {Vv, A}. Since 4 x; 1s a constant for any i € I, we see that

4-6) FOL V= > peo(X)=pX)-#{i €I:V’|x, <1} forx>0.
{iel:Vh|x, <1}

By (W1), there exist positive constants c4, c5, Mg such that cal /2 < N (A, =AY <
csA%/2 for all A > My. Thus,

N —Vlx, —A,) <N@Q, —A,) <csa®/? forall A > My and any i € 1,
while for all A > 2M and i € I such that V?|x, < 1/2,

NO=VP0x, —A) = N(W /2, —Ay) = (cq27 /%) - 1572,
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Combining these estimates with (4-4) and (4-6), we get
N, =Apu, + VP <esd®#{i e 1:VP|y, < 1)
= (cs/u(X)) - A%2F(x, V) forall A > My, and,
NOw =B +V0 = Y N=VPx. —Ay)
{iel:VP|x, <)/2}
> (272 A5 e I VP |y, < 1/2)
= (4272 /(X)) - ABPF( 2, VP)  forall A > 2M,.
It follows that there exist constants cg, c7 > 0 such that for all A > 2M,
4-7) cohBPE(A )2, VP < N(A, = A, + VP < cid®PFE (L, VD).
By the definition of F(-,-), F(A/2, V") < F(A, V) < F(A, V") for all A > 0.
Using (4-3), we have

N, =N, +V") NG A +Y) NG A+ VY)
ABI2ZE(L, VY)Y T A2ZF(A, V) T AB2ZE(L)2, V)

for all A > 0,

which, together with (4-7), gives

F(A/2, V") - N, —-Au +V) - F(, VY)

< <cy for all A > 2M,.
F(, VYY) ALI2ZE(L, V) F(/2,VHN)

(4-8) co

Using (4-5), we obtain positive constants rg, cg, cg such that
cslx|? < VV(x) <V A(x) <colx|?  forall x € Xo with |x| > ro.
Define Dy :=sup{V"(x) : x € X such that |x| < ry}. Then for all A > 2Dy,
F(A/2, V™) > poo(Ix € Xoo 1 colx|? < 1/2}) = 1oo(B(O, c102'?)), and
FOu,VY) < poo({x € Xoo t cglx|” <A}) = oo (B(O, c114)),

where ¢ := (2¢9)™"/% and ¢y; := cg 16 Moreover, in view of the assumption that
Hoo(B(0, 2r)) < c3peo(B(0, 1)) for all sufficiently large r, we have

1oo (B(O, c11A1?)) < 7 1o (B(0, 27011 219)) < €5 oo (B(O, 101 1%))

for all sufficiently large A, where mg := min{i € Z : i > In(c11/c10)/In2}. Thus
F(x, V) <c3°F(,/2, V") for all sufficiently large 1. Combining this inequality
with (4-8), we get, for all sufficiently large A,

C;m0C6)\.dS/2F()\-, VSN, —A, +V)< c;”OC7)»dS/2F()L, V),

which completes the proof. U
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Assume (W2) holds with a finite collection of closed subsets {Y;} ;< and spectral
dimension d;. Hence, we can obtain the following analogs of Proposition 4.1 and
Theorem 4.2.

Remark 4.4. Use the notation in Proposition 4.1. Assume that u satisfies MPI and

(W2). Let X, j and oo, j be defined as in (1-15) for j € J. Then for all j € J,

(a) —A,mri(yj) ~ _Aulyj forany i € I;

(b) the operator —A . 1= @, (—A M\ri(yj)) is nonnegative and self-adjoint in
Lz(Xoo,j» Moo,j);

©) —Au; T Vixe,; is a nonnegative self-adjoint operator in LZ(XOO, j» Moo, j) with

compact resolvent, where V is given as in Theorem 4.2.

Replacing Proposition 4.1(b) and Theorem 4.2 by Remark 4.4 (b) and (c), re-
spectively, we can also obtain analogs of (4-1) and (4-4) as follows. For all j € J
and b € {V, A},

(4-9) N, =Ap,; +Vxe,;) = ZN()\’ _A/Lilr,w_,-) +Viawy),
iel
b b
(4-10) NOG =B, +VIx )= Do NO=VIx, —Auy)
{iel:VP|x, <A}

Fix j € J and b € {Vv, A}. Define

RjO, V= Y (= VPIx)BR;0.— VPIx)),

(4-11)
{iel:VP]y, <A}

where R;(-) is the remainder term in (1-12). Let g;(-, -) be defined as in (1-16)
for j € J. We first observe that

(4-12) g, VP = Z (= VP x)42G j(In(r — VP|x))).
liel:VP|x, <)

Thus lim; o R; (A, V?)/g; (A, V®) = 0, and using (4-10) and (1-12), we have
N =Apy, +VPxe,) =8k, VP)+ R;(A, V?) as L — oco. It follows that

N)\,—A +Vb . .)\"Vb R‘)\.,Vb
(4_13) llm ( Moo, j |Xoo,J) . llm g}( )+ ]( ) —1

200 gj(h, Vb) oo gj(x, Vb)

The following theorem is slightly modified from a similar one in [Chen et al.
2015], in order to suit our purpose. We include a proof for completeness.

Theorem 4.5 [Chen et al. 2015, Theorem 2.11]. Use the notation in Remark 4.4.
Let V be a locally bounded nonnegative piecewise continuous function on X », such
that V(x) — o0 as |x| — oo. Assume that (W2) and (1-17) hold. Let F(-, )
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and g;(-,-), j € J, be defined as in (1-14) and (1-16), respectively. Then for each
jeJ,

(4-14) N —=Ap; +Vixe,) ~8g®, V) as A — oo.
Proof. Fix any j € J. We claim that
(4-15) g, V) /gL, V) =1+0(1) as A — oo.

Define F; (A, V?) := poo({x € Xooj : VP(x) < 1)) for b € {Vv, A}. Similar to
(4-6), we get Fj(A, V) = n(Y;)- #{i € I : VP|y, <A} forb € {Vv, A} and A > 0.
This, together with (4-6), yields Fj(A, VY)/F;j(A, V") =F (&, VY)/F(x, V"). By
[Chen et al. 2015, Proposition 4.2], if F;(x, VY) ~ Fj(A, V") as A — oo, then
(4-15) holds. The claim follows by combining these observations with (1-17).
Combining (4-15) and (4-13), we get

_ \ _ A
(4_16) lim N()\" AMOOJ +V |Xoo,_/) = lim N()\" AH«OO,_/ + 14 IX:)O,_/')

= =1.
A—>00 gj(k, VA A—00 gj()\, VY)

We note that /() := 212G j(In ) is nondecreasing on (M, 0o) for some constant
M > 0. Hence, by the definition of g;(-,-) in (1-16),

4-17)  giA, VM) <giA, V) <gi(, V") for all sufficiently large A.
As in (4-3), for all A > 0,
N(}\'a _Aﬂoc.j + V/\|Xoo,j) = N()\', _Allvoo.j + V|Xoo.j) = N()\” _Aﬂco.j + VV|Xoo.j)'

It follows that, for all sufficiently large A,

N()»,_Auoo‘,-+v/\|xoo,,‘) N()“7_A;Loo,j+v|xoo‘j) N()"v_A[LOO,/+VV|XOQJ)
g, VY) - gi(A, V) B gi(A, V7h)
which, together with (4-16), yields (4-14). O

We now prove Theorem 1.4.

Proof of Theorem 1.4. Proposition 4.1(a) and Remark 4.4(a) imply N(A, —A ;) =
N, —A,)and N(A, i) = NG =By ) foralli e [,all j € J,and A > 0.
Also, (1-11) holds by (W2). Thus, for all i € I and all A > 0,

@-18) Y Nk —Auiyq,) — Co

jeJ
=< N()"’ _A[Li) =< ZN(%.]Q)‘H _A/I.,'|1l.(yj)) + CO'
jeJ
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Foralli € I, since —A,, +VV|x, < —A,, +Vix, < —Ay, + V7, Proposition 2.2
and (4-2) give
N()\' - V/\|X," _A;,L,') = N()"a _A/L,' + V/\IX,') = N()\" _A}Li + V|Xi)
S N()\‘v _Alt,‘ + VV|X,') = N()\' - Vv|X,‘v _ALL[)7

which, together with (4-18), yields

Y N =V %), =Aula,) — Co
jedJ
<NO =Dy +ViIx) =D N(E20=VVIx), = Apij,) + Co.
jeJ
It follows that, for all A > 0,
YD NGO =V x), =Dy, —Co- #i € 1:V |y, <)
iel jelJ

SN =D +V)=D NO, —Ay + Vix)
iel
<Y D NGO = VYIx), =D, + Co- #i € T:VYx, <)
iel jelJ

Combining this equality with (4-6) and (4-10), we get, for all A > 0,

4-19) Y NEjah —Duy, +E0V x,,) — CLF (R, V")
et < NG —Au +V)
<D NEjoh —Apuy, +E2VV[x,,) + CF (L VY),
jeJ
where C;, i =1, 2 are positive constants. We observe that (4-12) and (4-6) imply
that for b € {Vv, A}, all ¢ > 0, and all A > 0,
(4-20) gj(ch,cV?) = (¢*infGy) - > (A =VPIx)*?
{iel:VP|x, <A}
> (™2 inf Gj)(A/2)B% - #{i e 1: VP|x, <1/2)
> CBPF(3./2, VP, (by (4-6)),

where C3 > 0 is a constant. In view of (4-20) and the assumption F (21, V) <
CF (), V") for all sufficiently large A, there exists a constant C4 > 0 such that

4-21)  gj(ch, cVP) > Csa™?F(, VP) >0  for all sufficiently large A.
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Consequently, combining the above estimates, we have
) N, =Ay +V)

lim

h—oo Y i 8i(Ej 1A, &1 V)

> lim Yjer NEjh, —Ap  +61V x )

A—>00 D jes 8iEjin, 1 VY)
. CiF(A, V")
— lim . (by (4-17) and (4-19))
h—00 Y i 86 1A, 11 VY)
CiFQ., VA
o1 fim —CFRVD (by (4-16))
A—00 gjo(gjo,l)\’gjo,lv )
CiFQ., VA
Z 1 fim S VD (by (4-15))
a0 gi(§jo1h, Ejp 1 V)
C
>1— lim —Lp=%/2 (by (4-21))
r—o00 Cy
—1-0=1,

where jo is any index in J. Similarly, we have

 NOu—A+V)
lim <
100 Yo 8 (6 oA, §2V)

which completes the proof. O

’

A sufficient condition for (1-17) is given in [Chen et al. 2015, Remark 2.9]. We
now give a simple sufficient condition for (1-17), which is needed in Section 5.

Proposition 4.6. Use the notation in Proposition 4.1, and let X := [0, a]. Assume
that V is a locally bounded nonnegative piecewise continuous function on X ., and
assume that there exist positive constants B and c such that V (x) = c|x|? for all
x € X with |x| sufficiently large. Let F (-, -) be defined as in (1-14). Then (1-17)
holds.

Proof. By the assumptions on V, there exists some ry > a such that for all x € X
with |x| > rg, we have

(4-22) V@) =clx| and c(x|—a)f < VY(x) <V (x) <c(x|+a)P.

Let M :=max{V"(x) : x € Xo With |x| <rg}. For A >0, let W; :={x € X :
VV(x) <X < V"™(x)}. We claim that for all A > M, poo(W;) <4u(X). To see this,
we first notice that for all A > M,

{x € Xoo 1 x| <10} S {x € Xoo : V/(x) <1} SR\ Wi
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Next, it follows from (4-22) that for x € W,
VY (x +2sgn(x)a) > c(|x +2sgn(x)a| —a)? = c(|x| +a)? = V" (x) > 4,

and hence x + 2sgn(x)a ¢ W,. Finally, we observe that Vb(x), b e {Vv, A}, is
nondecreasing (resp. nonincreasing) on (rg, +00) (resp. (—oo, —rp)). We conclude
that W, intersects with at most four translates of X in X ... This proves the claim.
Using the claim and the definition of F( -, -), we obtain

. F,VY) . eo({x € Xoo : VV(x) <A))
1< lim —— = lim
a0 F(A, VA)  hoo0 too(fx € Xoo : VA(X) < A})

— lim Moo({x €Xoo: V/\()C) =< )\}) +MOO(W)L)
T oo Moo ({x € Xoo : VA(X) < A))

m Poo({x € Xoo 1 VA(x) <A +4u(X)
— i>o0 Loo({X € Xoo: VA(X) < A)) N

This completes the proof. (]

5. Examples: self-similar measures on R with overlaps

In this section, we apply Theorem 1.4 to self-similar measures on R with over-
laps. We first prove a simple proposition, which leads to a sufficient condition for
Theorem 4.3.

Proposition 5.1. Let X := [0, a] and u be a positive finite Borel measure with
supp(u) € [0, a] and n(0,a) > 0. Let X := Uie[ X; and |l be defined as in
Section 1 with I =7, t;(x) = x + b;, and b; = a + b;_1. Then X = R, and
there exist positive constants Cy, Cp such that Cir < ueo(B(x, 1)) < Cor for all
x € Randr > 2a, where B(x,r) := {x € R: |x| < r}. Consequently, under the
assumptions of (W1) and (4-5), the conclusions of Theorem 4.3 hold.

Proof. By assumption, 7;(0) = 7,_;(a) and |X;| = |t;(X)| =a for all i € Z. Thus
X~ =R. Fix any x € R and r > 2a. Then there exist positive integers mg, m; such
that my —mo > 2 and J}"!,, X; € B(x,r) €U X;. Thus

i=my—1
mi mi+1
a(my—mo)= Y X} <2r < > |Xi| =a(mi —mo+2) <2a(m; —m).
i=mg i=my—1

It follows that

X 4 (X
KO L < (1 = mou(X) < oo (B(x, 1) < 20m; — moyu(X) < 45

r,

where the fact (oo (X;) = w(X) for all i € I is used. Hence the assertion holds. []
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The spectral dimension of the examples in Sections 5A and 5B are computed in
[Ngai 2011]. We will compute the spectral dimension of the example in Section 5C
by using a similar method. The technique is to apply a vector-valued renewal
theorem [Lau et al. 1995, Theorem 4.2] by deriving a system of renewal equations
for the eigenvalue counting functions, and express them in vector form as

(5-1) f=f*xM,+z,
where o > 0, and

f=ro=[f"0.... . fP0]. ter

(5-2) M, = [[LED’;)] is an n x n matrix of Radon measures on R;
7:=7%() = [zga)(t), e Z;la)(t)] is some error function.

Let

(5-3) M (00) = [ ®)]; -

If the error functions decay exponentially to 0 as t — oo, then dg(—A ) is given
by the unique « such that the spectral radius of M, (c0) is equal to 1.

For the examples in this section, the functions G ; in condition (W2) tend to either
a constant or a (nonconstant) periodic function as A — oo. This dichotomy is deter-
mined by whether a set Ry in [Lau et al. 1995] is arithmetic or nonarithmetic, where
M:=M,= [um]zmzl is given as in (5-2). Precisely, Ryy is the closed subgroup
of (R, +) generated by G := (J{supp(u, ) : y is a simple cycle on {1, ..., n}} (see
[Lau et al. 1995, Lemma 2.3]), where y1,, = ;Ll(f’ll * Mz(;le Kook Mf}f‘jlik for any path
y = (i1, 12, ..., k).

5A. Infinite Bernoulli convolution associated with the golden ratio. In this sub-
section, we consider the infinite Bernoulli convolution associated with the golden
ratio:

(5-4) p=tuoS; +inos;t,

where S;(x) = px, S2(x) = px+ (1 —p), and p = 5 — 1)/2. We note that
supp(u) = [0, 1] =: X. Strichartz et al. [1995] showed that p satisfies a family of
second-order identities with respect to the following auxiliary IFS:

(5-5) To(x) := p*x, Ti(x) :=p’x+p%,  To(x):=p*x+p.

For any integer k > 0 and any index j = (ji, ..., jr) € {0, 2}%, define

1 1 11 10
cjzzm[l 1]Pj[1], Pj:=Pj - Pj, P0:|:0 J, and PF[I 1].
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The vector-valued renewal equation (5-1) reduces to the following scalar-valued
equation:

o0

fO=)"3" (0*Fep® ft+In(e* ) +27 @),

k=0 je{o,2}k

where f(t) =e “'N(e', —Aplr, ) and 2% (1) = o(e™°") as t — oo for some o > 0
(see [Ngai 2011, Section 5]). Moreover, M = [#®]is a 1 x 1 matrix-valued
Radon measure, where 1@ is a discrete measure with supp G = {— In(p?+3¢ i)
k>0, j €{0,2}*}. Thus Ry, is the closed subgroup of (R, +) generated by G.

[Ngai 2011, Theorem 1.2] shows that d;(—A ) = d, and (W1) holds, where d;
is the unique positive solution of

(5—6) Z Z (p2k+3Cj)d“/2 —1.

k=0 je{0,2}k

Proposition 5.2. Let u be the self-similar measure defined as in (5-4), and — A,
be the associated Dirichlet Laplacian with respect to . Then (1-11) holds with
J ={1} and Y| := T (X), where T is defined as in (5-5). Moreover, (W2) holds; in
particular, the nonarithmetic case holds: there exists a constant G| > 0 such that

Nk =Dup ) =A%2(Gr+0(1))  ask— oo,
where d; is defined as in (5-6).

Proof. From the paragraph following Proposition 3.2 in [Ngai 2011], we see that
there exists a constant & > O such that

(5-7) N(A =D 0) SNGu =B ) SN(EA, =Dy o) +1 forall A>0,

and hence (1-11) holds with J = {1} and Y| := T (X). Condition (2) of (W2) holds
by using [Ngai 2011, Theorems 1.2 and 4.1]. We now use [Ngai 2011, Theorem 4.1]
again to show that the nonarithmetic case holds by verifying that Rys = R. Suppose,
on the contrary, that Ry # R. Letting k = 0 and 1, we obtain the elements
a:=—1In(p>/4) and b := —In(3p°/32) in G. Hence b/a =1 —1In(3p?/8)/a € Q@
and thus there exist m,n € Z such that —In(3p%/8)/a = n/m. Consequently,
3m = 23m=2ng2m=3n where B =2/(v/5 — 1) = 1/p. Without loss of generality,
we assume that 2m — 3n > 0. Define h(x) := 23"~ 2"x2m=3n _3m Then h(B) = 0.
Since B is an algebraic integer with x> —x — 1 being its minimal polynomial, x> —x —1
divides & (x), a contradiction. Hence, Ry; = R, which implies the desired result. [J

Define X, := UieZ 7;(X), where 7;(x) =x +1i fori € Z. Thus X, = R, and

conditions (C1)—(C3) in Section 1 hold. For each i € Z, let u; := o rl._l be
the induced positive finite Borel measure on X; := 7;(X). Then we can define
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a glued measure fto On X as in (1-13). Define Xoo 1 := ;o7 7 (T1(X)) and
Moo 1 = Mool Xe,-

Corollary 5.3. Let Xoo, Moo, Xoo.1 and [Leo,1 be defined as above. Assume the
same hypotheses on 'V as in Proposition 4.6. Let d; be defined as in (5-6). Then

(a) there exist positive constants Cy, Cy such that, for all sufficiently large X,
CIASPFEOLVY<S NG, —Ay + V) < CoABPF (A, V),
where F (-, -) is defined as in (1-14);
(b) as A — o0,
(I+o(1)gi(A, V) < N@, —Au, + V)< (I+o(l1))gi(§A,8V),

where & comes from (5-7), and g((-, -) is defined as in (1-16) with G(-)
being a constant function in Proposition 5.2.

Proof. Part (a) follows from Proposition 5.1, the fact that (W1) holds, and the
assumptions on V. Part (b) follows by combining Theorems 1.4 and 4.3 with
Propositions 4.6, 5.1 and 5.2. (]

5B. A class of convolutions of Cantor-type measures. The m-fold convolution
W, of the standard Cantor measure is the self-similar measure defined by the
following IFS with overlaps (see [Lau and Ngai 2000; Ngai 2011]):

1 m—1, )
Six)=—x+ I i=0,1,...,m,
m
together with probability weights w; := (’;”) /2", i=0,1,...,m; that is,
m
(5-8) Mm:ZIUi'MmOS;l.
i=0

We will assume that m is an odd integer and m > 3. Note that supp(u,,,) =[0, m]=: X.
It is shown in [Lau and Ngai 2000] that u,, satisfies a family of second-order
identities with respect to the IFS

1
(5-9) Tj(x)=—x+j, j=01,....m—1.
m

The vector-valued renewal equation (5-1) is given in [Ngai 2011, Section 6]. In
particular, M := M, = [,u,(z) ]ZZI is an (m—2) x (m—2) matrix of Radon measures.

By the proof of [Ngai 2011, Proposition 6.2], we have

m—1 cj X
supp(u'?) = {m(zm), —ln< ot )}u {—1n(mk’+2) k>0,je{0,m— 1}"},
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where for any integer k > 0 and any index j = (ji, ..., ji) € {0, m — 1},

1 1
Pj:=Pj---Pj, cj =W[(nz1) (T)] Pj |:1]’

10 m 1
P0—|:1 m]’ Pm—l-—|:0 1]

By the definition of G and [Lau et al. 1995, Lemma 2.3], we get G* := supp(,uﬁ)) cg.
In particular, the equation holds if m = 3.

If no confusion is possible, we denote w,, simply by u. An explicit formula for
the spectral dimension of —A , is given in [Ngai 2011, Theorem 1.3], which also
shows that (W1) holds.

(5-10)

Proposition 5.4. Let p := ,, be defined as in (5-8), and — A, be the associated
Dirichlet Laplacian. Then (1-11) holds with J = {j} and Y; := T;(X) for any
J=1,...,m—2, where T; is defined as in (5-9). Moreover, (W2) holds. In
particular, the nonarithmetic case holds: forany j =1, ..., m — 2, there exists a
constant G ; > 0 such that

NGy =Bupp ) =242(Gj+o(1)  ash— oo,
where dj is the spectral dimension of —A,.

Proof. As in the proof of Proposition 5.2, using the discussion in the paragraph
following Proposition 3.2 in [Ngai 2011], we see that there exist positive constants

(Sj)’}’;lz such that foreach j=1,...,m—2,

(5_11) N()"7 _A,uh"j(x)) S N()"a _A[,L‘X) E N(S])\'a _A/JblTj(X)) + 1

Hence, (1-11) holds. Condition (2) of (W2) follows from [Ngai 2011, Section 6 and
Theorem 4.1]. As in Proposition 5.2, we show that Ry; = R. Letting k£ = 0, we get

a:=—In((m+1)/Q2m)) +2In(2™) € G*  Ryy.

Suppose Ry # R. Since In(2™) € G* we have —a/In(2™) + 2 = In((m +
1)/(2m))/In(2™) =t /s for some s, t € Z. Thus (m+1)* /m® =2"""5, a contradiction,
and the assertion follows. O

LetY; :=T;(X) for j=1,...,m—2. Let I := Z and define 7;(x) = x +mi
for all i € I. Define X :=J;; 7:(X) and let ;o be defined as in (1-13). Then
Xoo =R. Define Xoo, j :=;e; i (¥)) and oo, j i= toolx,,; for j=1,...,m—2.

Corollary 5.5. Let X, fhoos (XOO,J-);.":_I] and (Moo,j)l}:f be defined as above.
Assume the same hypotheses on V as in Proposition 4.6. Let dy be the spectral
dimension of —A . Then the following hold:



114 SZE-MAN NGAI AND WEI TANG
(a) There exist positive constants Cy, Co such that, for all sufficiently large A,
CIASPF(G, V) S NO, —Au, +V) < CA%F (L, V)
where F (-, -) is defined as in (1-14).

(b) As A — o0,
m—2 m—2
A+0(1) Y g V) SN —Au +V) = (1+0(1) Y g;(Er & V),
j=1 j=1

where &; comes from (5-11), and g;( -, -) is defined as in (1-16) with G ;(-)
being the constant function in Proposition 5.4.

Proof. The proof is similar to that of Corollary 5.3 with Proposition 5.4 replacing
Proposition 5.2. U

5C. A class of graph-directed self-similar measures satisfying EFT. The pur-
pose of this subsection is to illustrate the arithmetic case by constructing a special
graph-directed self-similar measure.

A graph-directed iterated function system (GIFS) of contractive similitudes is an
ordered pair G = (V, E) described as follows (see [Mauldin and Williams 1988]).
V:={1,...,q} is the set of vertices and E is the set of directed edges with each
edge beginning and ending at a vertex. It is possible for an edge to begin and end
at the same vertex and we allow more than one edge between two vertices. Let
E;; denote the set of all edges that begin at vertex i and end at vertex j. We call
e=ej ...e apath with length & if the terminal vertex of each edge e¢; (1 <i <k—1)
equals the initial vertex of the edge e; ;.

Consider the GIFS G = (V, E) with V ={1,2} and E = {¢; : 1 <i <5}, where
e1,er € Eq1, ez € Eqp, e4 € Eyq, e5 € Eyy. The five similitudes associated with £
are defined by

Sei ()= 3%, Sy () =3x+7, Sex(0)=gx—75, Se(¥)=3x+2, Ses(x)=gx+7.

The GIFS G = (V, E) is used in [Das and Ngai 2004] as a basic example for the
graph finite type condition. It is known (see [Falconer 1997; Mauldin and Williams
1988]) that if for each edge ¢ € E there corresponds a transition probability p,,
then for each i € V there exists a unique Borel probability measure p; such that

2

=Y > pe-pjoS, .

[:1 eeE,-_,-

We note that supp(ue1) = [0, 1] and supp(uz) = [2, 3].
Define u(E) := u1(E N[0, 1]) + u2(E N [2,3]) for all measurable subsets
E C R. We call u the graph-directed self-similar measure defined by G = (V, E)
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and probability matrix (p.).cr. Since u satisfies EFT (see [Ngai et al. 2018,
Example 3.6]), we can derive a vector-valued renewal equation by the method in
[Ngai et al. 2018, Section 4] as follows. Let Y1 := S, ([0, 11)US,,([2, 3]) and Y> :=
Se, ([0, 1]). For @ > 0 and j = 1,2, define f;(t) = f{* (1) ;="' N (e, —Auly,)-
Thus, combining the proof of [Ngai et al. 2018, Example 3.6] and the process of
deriving the vector-valued renewal equation in [Ngai et al. 2018, Section 4], we see
that (5-1) can be written as

i) = (%) fi (t—l—ln(p: ))
Pe; PesPey Des Pey
+ + f <t+1n( + ))
< 4 4p€2 ) 4 4p62
k
p23pe4pe5 pe3pe4pe5 (@)
() () o

fr) = (’%) fi (t+ln<pf)) + (%) f (r +1n(pf>) +290),

where 2(t) == e (N(e', = Ay, ) + (1, 1)), By, = Sy -1 (Ses[2, 31), and
2(1) = e (2, 2).
For j, k € {1, 2}, let ué‘fn) be the discrete measure such that

(@) Pa\\._ (P
ar(-n() = (%)
so(u(2)) = (5
() Pe, peape4 Pe peape4
o () = (5 )
G-19) 2 4pe, 41!9e2

(5-12)

(Ot) p63pe4p65 p€3p84p35
K12 ( ( 4+ p, ) ( 4+ p, fork =1,

()~ (2)

Let M, (c0) be defined as in (5-3). Since u'>)(R) > 0 for all £, m € {1,2},
M, (0c0) is irreducible. The remaining conditions of [Ngai et al. 2018, Theo-
rem 1.1(b)] can be easily checked by using the same method as in [Ngai et al. 2018,
Propositions 5.2 and 5.4]. Finally, It follows from [Ngai et al. 2018, Theorem 1.1(b)]
that the spectral dimension of — A, exists, and (W1) holds.
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Proposition 5.6. Let i be the graph-directed self-similar measure defined by the
above GIF'S with probability vector (p.)eck, and — A, be the associated Dirichlet
Laplacian. Also, let Y| and Y, be defined as above. Then (1-11) holds with

={j}andY; :=T;(X) for any j =1, 2. Moreover, (W2) holds. In particular, if
Dey = De; = 1/4 and pe, = pe, = pes = 1/2, then the arithmetic case holds: there
exist nonconstant period functions G((-) and G>(-) such that for j =1, 2,

(5-14) NG =Dy = A5G i(nr) +o(1)  as A — oo,

where dj is the spectral dimension of —A,.

Proof. Combining [Ngai et al. 2018, Example 3.6] and [Ngai et al. 2018, Proposi-
tion 4.5], we see that for each j =1, 2, there exists some constant &§; > 0 such that

(5-15) N, =Agy) S NG, =AW < Nk, —Auy,)-

Hence, (1-11) holds with J = {j} and Y; := T;(X) for any j = 1, 2. Since all
conditions of [Ngai et al. 2018, Theorem 1.1(b)] hold, condition (2) of (W2) follows
from [Ngai 2011, Theorem 4.1]. Hence, (W2) holds. Assume that p,, = p., = 1/4
and p., = pe, = Pes = 1/2. Using [Ngai 2011, Theorem 4.1] again, we show
that the arithmetic case holds by verifying that Ry, can be generated by a real
number a € R. By (5-12), M := M, = [,ul(j)] is a 2 x 2 matrix-valued Radon
measure, where M( ) is defined as in (5-13). It follows from [Lau et al. 1995,
Lemma 2.3] that [RM is the closed subgroup generated by supp(u “)) supp(,uzz) ),
and the closure of supp(,ulz)) + supp(,uﬂ)) Combining (5-13) and the assumptions
on (pe)ec shows that supp(1e}) = {In(8)}, supp(u5y) = supp(usy) = {In(16)},
and supp(u12 ) = {In(4)} U {In(23%*+3) : k > 1). Consequently, Rps can be generated
by In(2), which completes the proof. (]

Let X =[0,3] and I := Z. Define 1;(x) = x 4+ 3i for all i € I. Define X, :=
Uie[ 7;(X) and let 1 be defined as in (1-13). Then X, = R. Define
Xeo,ji= Ufi(Yj) and oo j i= MoolXy
iel
for j =1, 2.

Corollary 5.7. Let X, oos (XOOJ‘)?:I and (,Uvoo,j)?:] be defined as above. As-
sume the same hypotheses on V as in Proposition 4.6. Let d; be the spectral
dimension of —A . Then the following hold.

(a) There exist positive constants Cy, Cy such that, for all sufficiently large A,
CIASPFA, VY < NG, —Ay, +V)
< CA2FGL V),
where F (-, -) is defined as in (1-14).
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(b) As L — o0,
2 2
(14+0(1)Y g V) S NG —Au + V) < +0(1) Y g1, & V),
j=l1 j=1

where §; comes from (5-15), and g;(-,-) is defined as in (1-16) with the
nonconstant period function G ;(-) in (5-14).

Proof. The proof is similar to that of Corollary 5.3 with Proposition 5.6 replacing
Proposition 5.2. U
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_ADIABATIC LIMIT AND
THE FROLICHER SPECTRAL SEQUENCE

DAN PoproviICI

Motivated by our conjecture of an earlier work predicting the degeneration
at the second page of the Frolicher spectral sequence of any compact com-
plex manifold supporting an SKT metric ® (i.e., such that 33w = 0), we
prove degeneration at E, whenever the manifold admits a Hermitian met-
ric whose torsion operator 7 and its adjoint vanish on A”-harmonic forms
of positive degrees up to dimc X. Besides the pseudodifferential Laplacian
inducing a Hodge theory for E, that we constructed in earlier work and
Demailly’s Bochner-Kodaira—Nakano formula for Hermitian metrics, a key
ingredient is a general formula for the dimensions of the vector spaces fea-
turing in the Frolicher spectral sequence in terms of the asymptotics, as a
positive constant & decreases to zero, of the small eigenvalues of a rescaled
Laplacian Aj, introduced here in the present form, that we adapt to the
context of a complex structure from the well-known construction of the
adiabatic limit and from the analogous result for Riemannian foliations of
Alvarez Lépez and Kordyukov.

1. Introduction

Let X be a compact complex manifold of dimension n. It is well known that
the existence of a Kéhler metric w on X implies the degeneration at E; of the
Frolicher spectral sequence that relates the complex structure of X (encapsulated in
the Dolbeault, i.e., the 8-, cohomology H”-?(X, C), the start page of this spectral
sequence) to the differential structure of X (encapsulated in the de Rham, i.e., the
d-, cohomology H*(X, C), the limiting page of this spectral sequence). However,
since Kdhler metrics exist only rarely when n > 3, it is natural to search for weaker
metric conditions on X that ensure a (possibly weaker) degeneration property of
the algebrogeometric object that is the Frolicher spectral sequence of X. The best
we can hope for in the non-Kihler context is the degeneration at the second page.
To this end, we proposed the following conjecture in [Popovici 2016]:
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Conjecture 1.1. If a compact complex manifold X admits an SKT metric w (i.e.,
a Hermitian metric w such that 00w = 0), the Frolicher spectral sequence of X
degenerates at E».

There is evidence that this ought to be true. The statement holds true on all
the examples of compact complex manifolds that we are aware of, namely all the
3-dimensional nilmanifolds, the 3-dimensional solvmanifolds that are currently
classified, the Calabi—Eckmann manifold S3 x S3, etc. We proved this statement
under the extra assumption that the SKT metric @ which is supposed to exist has a
small torsion in the sense that the upper bound of its torsion operator of type (0, 0)
(defined in a precise way) does not exceed a third of the spectral gap of the elliptic,
self-adjoint and nonnegative, differential operator A’ + A” in every bidegree (p, q)
[Popovici 2016]. As usual, A’ = A/, = 33* + 920 and A” = A” = 33* + 30 are
the 9-, resp. d-Laplacians on smooth differential forms on X.

While Conjecture 1.1 remains elusive at the moment, we give in this paper a
different sufficient metric condition for degeneration at E; that does not assume
the fixed Hermitian metric @ to be SKT. As usual (see, e.g., [Demailly 1986;
Demailly 2012, VII, §.1]), we consider the torsion operator 7 = t,, :=[Ay, 0O A - ]
of type (1, 0) defined on smooth differential forms on X, where A, is the adjoint
of the multiplication by @ w.r.t. the inner product defined by w, while [A, B] =
AB — (=1)“’BA is the graded commutator of any two endomorphisms A, B of
respective degrees a, b of the bigraded algebra C_; of smooth differential forms on
X. Specifically, we prove:

Theorem 1.2. Let (X, w) be a compact Hermitian manifold with dime¢ X = n such
that the inclusion of kernels

(1) ker A” C ker[t, T*]

holds for the operators A", [t,T*] : C°(X,C) — C*(X,C) in every degree
ke{l,...,n}.
Then, the Frolicher spectral sequence of X degenerates at the second page Ej.

Hypothesis (1) is of a qualitative nature and it is comparatively easy to check on
concrete examples of compact Hermitian manifolds (X, @) whether it holds or not.
For example, S° x 3 equipped with the Calabi—Eckmann complex structure and
the Iwasawa manifold do not satisfy it when they are given the natural non-Kéahler
metrics (easy verifications that are left to the reader). Intuitively, (1) requires the
torsion of w to be “small” since, for nonnegative operators, the smaller one has a
larger kernel. (We will use throughout the paper the usual order relation for linear
operators A, B: A > B will mean that ({(Au, u)) > ((Bu, u)) for all forms u, where
{, ) stands for the L? inner product induced by the fixed Hermitian metric w on X.)
Hypothesis (1) is obviously satisfied if w is Kéhler since v = 0 in that case. We do
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not know whether there exist compact complex non-Kéhler manifolds that satisfy
hypothesis (1).

Inspired by the extensive literature on the adiabatic limit associated with a
Riemannian foliation (see, e.g., [Witten 1985; Mazzeo and Melrose 1990; Forman
1995; Alvarez Lépez and Kordyukov 2000]), we adapt that construction to the case
of the splitting d = 9 + 9 defining the complex structure of X. Thus, for every
constant 4 > 0 that is eventually let to converge to 0, we define in Section 2 two
rescalings of the usual d-Laplacian A =dd*+d*d acting on the smooth differential
forms on an arbitrary compact Hermitian manifold (X, w):

Ay = dhd;l( + d;:dh,

where dj, := hd + 8 modifies d by rescaling 3 while keeping 9 fixed, but its formal
adjoint d} is computed w.r.t. the given Hermitian metric , and

Ay =dd}, +d7, d,

where d = d + 9 is kept unchanged, but its formal adjoint d;, is computed w.r.t. a
rescaled metric wj, that modifies the original w by multiplying the pointwise inner
product of (p, g)-forms by h%”. So, the antiholomorphic degree ¢ of (p, ¢)-forms
does not contribute to the definition of wy. Although strongly inspired by the
adiabatic limit construction in the presence of a Riemannian foliation, this partial
rescaling of a Hermitian metric seems to be new and to hold further promise for
the future.

In Section 2, we study these two rescaled Laplacians and the relationships
between them. As in the foliated case of [Alvarez Lépez and Kordyukov 2000],
Ay and A, are seen to have the same spectrum and to have eigenspaces that are
obtained from each other via a rescaling isometry.

A key ingredient in the proof of Theorem 1.2 is the following formula for the
dimensions of the vector spaces featuring on each page of the Frolicher spectral
sequence of X in terms of the number of small eigenvalues of the rescaled Laplacian
Ay, (or, equivalently, A, ). “Small” refers to the eigenvalues’ decay rate to zero
as h | 0. This result and its proof are strongly inspired by the analogous result
for foliations proved by Alvarez Lépez and Kordyukov [2000]. However, to our
knowledge, this particular form of the result in the context of the Frolicher spectral
sequence seems new and is of independent interest.

Theorem 1.3. Let (X, w) be a compact Hermitian manifold with dim¢ X = n. For
everyr € N* and every k =0, .. ., 2n, the following identity holds:

2) dime EX = 4(i | A¥(h) € O(W*") as h | 0},
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where EX := @p-ﬁ-q:k EP? is the direct sum of the spaces of total degree k on
the r-th page of the Frolicher spectral sequence of X, while 0 < k’f (h) < )»é (h) <
e < Af (h) <--- are the eigenvalues, counted with multiplicities, of the rescaled
Laplacian Ay, : Ci°(X, C) — C°(X, C) (equal to those of A, : C;°(X,C) —
CX(X, C)) acting on k-forms. As usual, § stands for the cardinal of a set.

The proof of this statement proceeds along the lines of the one given in [Al-
varez Lépez and Kordyukov 2000] for the analogous statement in the foliated case
with some simplifications, adjustments and inevitable differences in detail. We spell
it out in Section 4. In the proof of Theorem 1.3, we also use our pseudodifferential
Laplacian A = dp”9* + 3*p”d + A" : Co, (X, C) — C5% (X, C) (where p” is the
orthogonal projection onto ker A”) constructed in every bidegree (p, ¢) in [Popovici
2016] and shown there to induce a Hodge isomorphism between its kernel and the
space Eé’ "1 of bidegree (p, q) featuring on the second page of the Frolicher spectral
sequence.

Along with Theorem 1.3 and the pseudodifferential Laplacian A, the third main
ingredient in the proof of Theorem 1.2 is the following formula of the Bochner—
Kodaira—Nakano type for Hermitian (not necessarily Kéhler) metrics w established
by Demailly [1986] (see also [Demailly 2012, VII, §1]), originating in [Griffiths
1969] and also much related to [Ohsawa 1982, Chapter 1, §1]:

3) A=A +[A,[A, id00]] — [do A -, Qo A )],

where [ -, - ] is the usual graded commutator (see, e.g., Notation 1.4 below), A = A,
is the adjoint of the multiplication operator w A -, T = 1, := [A, dw A -] is the
torsion operator of @ and A :=[d + 7, (3 + 7)*]. This formula enables us to
compare various Laplacians and finish the proof of Theorem 1.2 in Section 6.

This paper owes much to the ideas and techniques in our main source of in-
spiration [Alvarez Lépez and Kordyukov 2000] and to the treatment given to the
Leray spectral sequence in [Mazzeo and Melrose 1990; Forman 1995], although
the setting and the objectives are different.

In the Appendix, we give an estimate of the discrepancy between the Laplacians
A’ and A” under the SKT assumption on the metric w (see Lemma A.1). This is of
independent interest and leads to the lower bound —Ch? for the operator A;, —h*A
for all 0 < h < 1 when w is SKT, where C > 0 is a constant independent of / that can
be chosen to be any upper bound of the nonnegative bounded torsion operator [T, T*]
(see Lemma 6.2). In view of Theorem 1.3 and some minor extra arguments, if the
lower bound —Ch? could be improved to 0, Conjecture 1.1 would be solved, but at
the moment we are unfortunately short of arguments to perform this improvement.

Notation 1.4. For a given Hermitian metric w on a given compact complex mani-
fold X, (( , ) ={( , ), will stand for the L? inner product defined by w on the spaces
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C;f’q (X, C) (resp. C°(X, ©)) of smooth differential (p, g)-forms (resp. k-forms)
on X, while || || = |l» will denote the corresponding L?-norm. For self-adjoint
linear operators A, B on the bigraded algebra &P v C;f’q (X, C), by A > B we shall
mean (as is the standard convention) that (Au, u)) > {(Bu, u)) for every form u
lying in the space on which A and B are defined. We shall also use the usual bracket
[A, B] := AB — (—1)“’ BA for graded linear operators A, B of respective degrees

a, b on the algebra @, A*T*X of differential forms on X.

2. Rescaled Laplacians

Let X be a compact complex manifold with dim¢ X = n. We fix a Hermitian
metric w on X.

2.1. Rescaling the metric. The first operation we will consider is a partial rescal-
ing of w in a way that depends solely on the holomorphic degree of forms.

Definition 2.1. For all p, g € {0, ..., n}, all (p, g)-forms u, v and every constant
h > 0, we define the pointwise inner product

(U, V), = h*" (U, v)y

where ( , ), stands for the pointwise inner product defined by the original Hermitian
metric .

Note that, for every i > 0, we obtain in this way a Hermitian metric w;, on every
vector bundle AP9T*X of (p, g)-forms on X. The maps

0, : APIT*X — APIT*X, uw> Opu:=hu,
induce an isometry of Hermitian vector bundles 6, : (AT*X, w,) — (AT*X, w)
since

(U, V), = (hPu, hPv), = (Opu, Opv), forall u,ve APIT*X.

In particular, we have defined a Hermitian metric

1
whzﬁa), h>0,

on the holomorphic tangent bundle T1:°X of vector fields of type (1, 0), or equiva-
lently, a rescaled C* positive-definite (1, 1)-form wj, = h~>w on X. This induces
a C* positive volume form

w1 o 1

o=y = ~
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on X, which in turn gives rise, in conjunction with the above pointwise inner product
(', Ya,» to the following L? inner product:
1 1
(i, V) = fX (4 V)oy Vi, = /X (Orte, OV = - (O, By
for all forms u, v € Clif’q (X, C) and all bidegrees (p, g).
Formula 2.2. For all (p, g)-forms u, v, we have

1

= i (V) hence  fully, = =" fullo.

{u, Vo,
Proof. The formula follows at once from the last identity and from the fact that
6pu = hPu for all (p, g)-forms u. U

Definition 2.3. Let (X, w) be a compact Hermitian manifold with dim¢ X = n. For
every k =0, ..., 2n and every constant 2 > 0, we consider the d-Laplacian w.r.t.
the rescaled metric wy, acting on C*° k-forms on X:

Aw, 1 CP(X,C) = CX(X,C), Ay, :=dd}, +d}d,

where d;; is the formal adjoint of d w.r.t. {(, ), and ((, ))w, has been extended
from the spaces C;f’q (X,O)to CF(X,0)=6P " C;?q (X, C) by sesquilinearity
and by imposing that {(u, v)),, = 0 whenever u C;f’q (X, C) and v € C(X, C)
with (p, q) # (r, 5).

2.2. Rescaling the differential. The second operation we will consider is a partial
rescaling of d = 0 + 9 that applies solely to its component of type (1, 0).

Definition 2.4. Let X be a compact complex manifold, dimg X = n. For every
constant & > 0, let

dy i =hd+9:CP(X,C) — C2,(X,C), kelo,...,2n}.

Some basic properties of the rescaled differential dj, are summed up in the
following:

Lemma 2.5. (i) The operators d and dy, are related by the identity
dy = 0,0, "
(i1) d,% = 0 and the d- and dy,-cohomologies are related by the isomorphism
HE(X,©) S H (X, ©), {u)g > {Ohut)a,;

here H [Il‘ (X,0)=H g r(X, C) stands for the usual de Rham cohomology groups,
and H 5}1 (X, C) for the d,-cohomology groups

ker(d, : C°(X,C) — C1(X,C))/Im(dy, : C;2 (X, C) — C°(X, C)).
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Proof. (i) If u is a (p, q)-form, we have

(0nd0; ") (u) = Opd (h™Pu)
=h™P0,(du) + h~P6,(du)
=h"PhP T u +h=PhPdu
= hou + du = dyu.

Thus, dj, = 6,d0, ! on pure-type forms, so this identity extends to arbitrary forms
by linearity.

(i1) On the one hand, d,% = thzeh_ ' = 0; on the other hand, dn(Opu) = Oydu, so
we have the equivalence: 6,u € ker(dy) <= u € kerd; 6,u = dyv if and only if
u = d(9h_1v), so we have the equivalence: 6,u € Im(dy) <= u € Imd. These
equivalences show that the linear map Hé‘ (X, C) > {u}qg — {Ohulq, € Hé‘h (X,0)is
well defined and bijective. ([

In particular, the spectral sequences induced by the pairs of differentials (3, d)
and (h0, d) are isomorphic, so degenerate at the same page. The first of them is
the Frolicher spectral sequence of X.

Definition 2.6. Let (X, w) be a compact Hermitian manifold with dim¢ X = n. For
every constant & > 0 and every degree k € {0, . .., 2n}, we consider the dj,-Laplacian
w.r.t. the given metric w acting on C* k-forms on X:

Ap:CR(X,0) = CP(X,0), Ay :=dpdy +d;dp,
where dj; is the formal adjoint of dj, w.r.t. the L? inner product induced by w.

2.3. Comparison of the two rescaled Laplacians. We now bring together the
above two operations by comparing the corresponding Laplace-type operators.
Note that A,, was defined by the rescaled differential dj, and the original metric w,
while Aj; was induced by the rescaled metric wy, and the original differential d.

Lemma 2.7. (i) If 0; and d;; stand for the formal adjoints of 0y, resp. dy, w.r.t. the
pointwise, resp. L2, inner product induced by w, we have

0r =6, and d=0,"'d"6o,.

(i1) The adjoints B(j)h, 5;)’1 of 0, 9 w.rt. to the metric wy, as well as the adjoints

0y = 0" and 52) = 3* of 9, d w.r:t. to the metric w, are related by the formulae

= h*0* and 9 =0
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Consequently, we get

Aw, = h* A+ A" +19, 31+ h*[3, 8%
=h2A + A" — 1[0, 7] — W2z, ") = h*A' + A —[1, 3*] — h?[9, *],

and

Ap=h>A + A +h[d, 3*]+ h[d, 3*]
=h*AN + AN —h[d, 7] —h[T, 0*] = h>A’ + A" — h[z, 3*] — h[d, T*],

where the adjoints 9*, 8*, T*, T* and the Laplacians A, A" are computed w.rt. the
metric w, while

T=14,:=[Agp, JWA-]: C;?q(X, C) — C;j—l,q(X9 0)
is the torsion operator (of type (1, 0) and order zero, acting on smooth forms of
any bidegree (p, q), where A, is the adjoint of the multiplication operator w N -)
associated with the metric w as defined in [Demailly 1986] (see also [Demailly
2012, VII, §1]).

In particular, the second-order Laplacians A, and Ay are elliptic since the
second-order Laplacians A’ and A" are and the deviation terms —[9, T*]—h?[T, 3*]
and —h[d, T*] — h[t, 0*] are only of order 1.

Note that ([, 0*u, u) = ([d, 3*u, u)) = O whenever the form u is of pure type
and whatever metric is used to define {( , )) (because pure-type forms of different
bidegrees are orthogonal w.r.t. any metric), so

“4) (At w) = (Apu, ul) = W (A'u, u) + (A", u)

for every pure-type form u.
(This fails, in general, if u is not of pure type, unless the metric w is Kdhler.)

(iii) The rescaled Laplacians A, and A, are related by the formula
(5) A =04 A0,0, "

Proof. (i) For any k-formsu=3_,  _, uP?andv=73" 4, we have

p,
p+q=k Y
(Ontt, v)o =Y (hPuPI, 0P = Y (uP?, hPvP ), = (u, hv),,
p+q=k ptq=k

s0 0, = 0. The second identity in (i) follows by taking conjugates in dj, = 6,d6," L
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(ii) For any forms « € C;"_l’q(X, C)and 8 € C;f’q (X, C), we have

(o, 95BN = (9a, Bho = /X<306, BlodVe

1
_ / 5 (00 B, B d Ve, = 2 (. B,
X

1
= h20P (o, ), By, = 2P f W0 e, 05, Blozsr d Ve

x h2n
1

= 2 o, oy B -

We get 0 = h_zc’);h, which is the first identity under (ii).

The identity 9; = 97 is proved in the same way by using the fact that 9 acts
only on the antiholomorphic degree of forms which is unaffected by the change of
metric from w to wy,.

Using these formulae, we get

Ay, =[0+0,9, +3;1=1[0,*0*1+[0, 3*1+[3, 0*1+[0, h*3"]
=h>A' 4+ A" +[8, 8*]1 + h?[0, 8*]
and
A =[hd+0,hd*+0*1=h[d,0*]+[d, 0*]1+Ah[d, 0*]1+Ah[d, 8*]
=h*AN + A" +h[d, 3*] +h[d, *].
On the other hand, we know from [Demailly 1986] (or [Demailly 2012, VII, §1])
that

[0,9%] = —[9, T*] = —[r, 0*]
and, by conjugation, we get
[8,8"]=—[d, T*] = —[7, 9"].

So, the terms measuring the deviations of A, and Aj, from h2A’+ A" are of order
1 and we get the alternative formulae for A, and Ay spelt out in the statement.

(iii) For any smooth (p, g)-form o, we have
—1 1 1 2 A7 1 "
OrAy, 0, o = h—thAwha = h—p@;,(h ANa)+ h—peh(A o)

1 ax 1 2rq ax*
+ h—p9h([3, 97 ]er) + h—p@h(h [0, 9" ]o)

h*h? h? R h2hP~!
= Na+—AN'aoa+ [9, 0% ] +

hP hP hP hP 19, 9" Jax
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=n*ANa+Aa+h[d,3*]a+h[d, "o = Aya.
Thus, 6,A,,0, '— A, on pure-type forms and this identity extends to arbitrary

forms by linearity. (]

Corollary 2.8. Let (X, w) be a compact Hermitian manifold with dimg X = n. For
every constant h > 0 and every degree k € {0, . .., 2n}, the spectra of the rescaled
Laplacians Ap, A, : C2° (X, C) — CX(X, C) coincide, i.e.,

(6) Spec(Ap) = Spec(Ay,),

and their respective eigenspaces are obtained from each other via the rescaling
isometry Oy:

(7)  6w(Ea, (W) =Ea, () forevery i € Spec(Ap) = Spec(A,, ),

where En, (1), resp. Ea, (), stands for the eigenspace corresponding to the
eigenvalue )\ of the operator A, , resp. Ay,.
Thus, A and A, have the same eigenvalues with the same multiplicities.

Proof. Let A € Spec(Ay,) and let € Ex,, (1) C CP (X, C). So A, = Aa, hence
An(Oher) = 05 80,0, ) (Ohat) = 0y (her) = A(Oher).

Thus, A € Spec(Ap) and O, € Ea, (A). These implications also hold in reverse
order, so we get the equivalences

A € Spec(Ap) <= X € Spec(A,,) and o€ EAwh (M) <= Oha € Ep, (M),

These equivalences amount to (6) and (7). U

Another consequence of the above discussion is a Hodge theory for the dj,-
cohomology and the resulting equidimensionality of the kernels of A and Ay, in
every degree.

Corollary 2.9. Let (X, w) be a compact Hermitian manifold with dim¢ X = n.
For every constant h > 0 and every degree k € {0, ..., 2n}, the operator dj, :
CX(X,C) — C°(X, C) induces the following Li-orthogonal direct-sum decom-
position:

C¥(X,C) =M}, (X, C) ®Imd, ®Imd},

where ’H]Zh (X, ©) is the kernel of A : C°(X,C) — C(X,C) and kerd, =
7—[’2 , (X,C) & Imdy. The vector space H/Z,, (X, ©) is finite-dimensional, while
Imdj, and Im d;; are closed subspaces of C°(X, C).

This, in turn, induces the Hodge isomorphism

HA, (X,©)~ H} (X,C), o> {alg,.
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Since H Zz{ (X,C) and H Zi‘h (X, C) are isomorphic (via 6y, see Lemma 2.5) and
H"A (X,0) ~ HZI‘ (X, ©) (by standard Hodge theory), we infer that HkA (X, C) and
H"Ah (X, C) are isomorphic (although the isomorphism need not be defined by 6y,).
In particular,

dimH}y (X, C) = dimHL (X, C) forall h> 0.

Proof. Since X is compact and Ay, is elliptic and self-adjoint, a standard conse-
quence of Garding’s inequality (see, e.g., [Demailly 2012, VI]) yields the two-space
orthogonal decomposition C°(X, C) = ’H’gh (X, C) & Im Ay, while this, together
with the integrability property dg = 0, further induces the orthogonal splitting
Im Ay, =Imd, @ Imd;. The same consequence of Gérding’s inequality ensures
that ker Ay, is finite-dimensional and that the images in C°(X, C) of dj, and d}; are
closed. (]

3. The differentials in the Frolicher spectral sequence

We begin by recalling the well-known construction of the Frolicher spectral sequence
in order to fix the notation and to point out the key features for us.

Let X be a compact complex manifold with dim¢ X = n. Recall that the zeroth
page Ej of the Frolicher spectral sequence of X consists of the spaces E(’)’ 1=
Cr (X, C) of smooth pure-type forms on X and of the type-(0, 1) differentials
dp := 0 forming the Dolbeault complex

d, —1 d d, 1 d
L Y Eg,q 0 Eg,q 0 Eéer 0

Thus, in every bidegree (p, ¢), the inclusions Imd/"?~" C kerd}"? ¢ E!** induce
(infinitely many, noncanonical) isomorphisms

(8) C®(X,C) ~Imd)* " @ E} @ (E)'! / ker d}'"),

where dy = dg 4 Eé’ 4 Eé’ “4*1 s the differential dp acting in bidegree (p, q)
and the Ef’q :=ker dé”q/ Im dg’q_l = Hép’q (X, C) are the Dolbeault cohomology
groups of X.

The first page E; of the Frolicher spectral sequence consists of the spaces E f 4
(i.e., the cohomology of the zeroth page) and of the type-(1, 0) differentials d:

d -1 d d 1 d
1 E{J .q 1 E{J,q 1 E{H— ,q 1

induced in cohomology by 9 (i.e., d1([a]3) :=[0]3). Thus, in every bidegree (p, g),
the inclusions Imd” ™" C kerd!*? ¢ EP? induce (infinitely many, noncanonical)
isomorphisms

9) EP? ~Imdl ™" @ EP* @ (EP? ) kerd™),
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where d{? is d; acting in bidegree (p, ¢), while the spaces
Eé”q = kerdf”q/ Imdffl’q

form the cohomology of the page E;.

The remaining pages are constructed inductively: the differentials d, = d/? :
EPY — EPT7 ! are of type (r, —r + 1) for every r, while the spaces E/4 :=
kerd”? /Im drp_flﬂrl"ﬁr*2 on the r-th page are defined as the cohomology of the
previous page E,_;. On every page E, and in every bidegree (p, ¢), the inclusions
Imd? =l c kerd/? c EP'? induce (infinitely many, noncanonical) isomor-
phisms

(10) EP4 ~Imd! "Y' @ EP% @ (EP / kerd?),

where E% :=kerd/?/Im dprratr=t
It is worth stressing that (8), (9) and (10) only assert that the vector spaces on
either side of ~~ are isomorphic, but no choice of preferred isomorphism is possible
at this stage.
A classical result of Frolicher [1955] asserts that this spectral sequence converges
to the de Rham cohomology of X and degenerates after finitely many steps. This

means that there are (noncanonical) isomorphisms

(11) HER(X,C) ~ @ ERY, k=0,...,2n,
p+q=k
where EL = ... = E11\71j£2 = E]I\’,zl = E{:,’q for all p, g and where N > 1 is the

positive integer such that the spectral sequence degenerates at E .

3.1. Identification of the d, with restrictions of d. Summing up (8), (9), (10) over

r=0,..., N —1, we get (infinitely many, noncanonical) isomorphisms
N-1 N-1

CX,(X.0) > P Imar"1" " @ EL! & @ (EP?/ kerd!?)
r=0 r=0

for every bidegree (p, g). Note that the isomorphisms (8), (9), (10) identify the
spaces Im d/ _r’q+r_1, EP? (including for r = 0o) and EY 4/ kerd!"? with certain
subspaces of C7° (X, C). However, these subspaces have not been specified yet
since multiple choices (and no canonical choice) are possible for the isomorphisms
(8), (9), (10). These choices can only be made unique once a Hermitian metric has
been fixed on X. (See Section 3.2.)
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s o — o —
Now, since C;°(X, C) = EBp+q:k Cyo, (X, C)forallk=0,...,2n, we get

CX(X.0O~ P mmar"'eo P EL'e @ (EN/kerd?)

0<r<N-1 p_l,_q:k 0<r<N-1

JV p+q=k p+q=k

CLX.O~ P mdrie @ ELT
0<r<N-I P q =k+1

prq=k
D @ (Ef+r,q7r+l/kerd;wrr,qfﬂrl).

0<r<N-1
p+q=k

Thus, under these isomorphisms, the operator d = d® : CPX,0) —» (X, 0)
identifies as

(12) d¥~ @ are,

0<r<N-1
p+q=k

where the isomorphism d/*? : EP*? / kerd?? — Imd}? is the restriction of d, =
dr? . EP? — EPT 46 the third piece on the right-hand side of (10). The
fact that d, is of type (r, —r + 1) will play a key role in the sequel.

On the other hand, summing up the splittings of C;‘fq(X , C) over p > s for any
given s, we get

A= P ¢, (x.0)

p=s
p+q=k N—-1 N-—1
D [EB Imd?~"4%" ' @ EXt & D (EP/ kerd,’”q)].
p=s r=0 r=0
p+q=k
Lemma 3.1. (i) For every r and every k, let E¥ := @p+q=k EP?. Then
(13) dimEf = Y dimEPY =be+mf ' +mf, 0<r<N, 0<k=<2,
p+q=k
where we setmf :=3",_ ) B— dim(E"?/ kerd?).
(i) For every r and every k, let
LY :=PE /kerd["") and L= @ LI
I>r p+q=k
Then, dim L’r‘ = m’r< (obvious) and, under the identifications defined by the
isomorphisms (8), (9), (10), the following inclusions hold:

(14) d(LP9) c AT 0<r<N, 0<p,q<n,
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where d(LI'?) = EBer dlp’q(Ef’q/kerdlp’q) in keeping with identification
(12).

Proof. (i) For every fixed r, summing up the splittings (10) with / in place of r
over [ > r and then summing up over p + g = k for every fixed k, we get

Ei~ P Et'o@ P ma "o P B kerd ).

pq=k I=r p+q=k I=r p+q=k
: —Lg+l-1 —Lg+l-1 —Lg+-1 :
Since Imd/ " ~ PNy ker dP T forall p, g, 1, if we set pi= p—1

and g’ :=qg+[—1, we have p’+¢q’ =k—1 when p+q =k and the above isomorphism
translates to

EEx P Eie@ P Ekerd! e P EP kerd) )

pHq=k [>r p'+q'=k—1 Izr p+q=k

for every k. Now, dim €5 piqk E P9 = by, (the k-th Betti number of X) thanks to
(11), so taking dimensions in the above isomorphism, we get (13).

(ii) Since d/"?: E["?/kerd"? — Imd/ is an isomorphism of type (I, — + 1)
for all /, p, g, we get for all [ > r,

d(LP9) = @d,p’q(E{”q/kerdf’q)
I>r
and

P4 P4 .4 p+l.g—1+1 00 p+q+1
d " (E" [ kerd"") C E| CColigi+1 CAp

under the identification of each space E/ T4 ith a subspace of Cotlg—it1
defined by the isomorphisms (8), (9), (10). This proves (14).

3.2. Explicit description of the above identifications. We take this opportunity to
point out an explicit description of the differentials d, in cohomology and of their
unique realisations induced by a given Hermitian metric on X.

Lemma 3.2. Let X be a compact complex manifold with dim¢ X = n.

(i) Foreveryr and every bidegree (p, q), the vector space of type (p, q) featuring
on the r-th page of the Frolicher spectral sequence of X can be explicitly
described as the following set of multicohomology classes (i.e., each of these is
the d,_-class of a d._»-class ... of a di-class of a E_J—class):

(15) EP9={L..[ella - 14, |@ € CZ,(X,C)

such that o satisfies condition (Pr)},

where condition (P,) on a requires the existence of forms u; € C;‘j_l’ -1 (X,C)
forle{l,...,r — 1} such that

(16) da =0, Oa=0uy, Ou;=0uy,...,0U—=0u,.
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(ii) For every r and every bidegree (p, q), the differential d, = dI"? : EI"? —
EF gt featuring on the r-th page of the Frolicher spectral sequence of X
is explicitly described as

(7) dr (... [ledgla, - g, ) = [ [Our—115la, - - a,y s

SJor every [.. . [[alzla, ... 1o, € EP?. Moreover, this description of d, is
independent of the choi_ce of forms u; € C;il’ q_l(X , C) in (16) (which are
unique only modulo ker 9).
Proof. These facts are well-known (see [Cordero et al. 1997]). We will only
explain the well-definedness of Formula (17) for d,. Let (uy, ..., u,—1) and (u; +
L1y, Up—1 +&r—1) be two sets of forms satisfying (16), i.e., do =0, da = du; =
d(uy +¢1) and

duy = duy,
8(”1 + g‘l) - 5(MZ + ;2), ey 8ur_2 = 51,{’,_1’
Aur—2+&-2)= E_)(Mrfl +&—1).

These identities imply the identities
361 =0, 3¢ =08,...,0¢_2=03¢1,

which, in turn, imply that ¢; satisfies condition (P,_;) (hence defines a multicoho-
mology class lying in Efjll’q_l) and that

dr1([... [[¢1)5)a - - Na,) = [ [108—115]a; -+ - 1a,_, € Imd,_y.

Consequently,
(... (8¢ —1l5]a - - - 14, 51a,, =0,
SO

.. (0@r—1+&-D3la, - - Ja,oy = [ [[Our—113la, - - - 1a,_,-

Thus, the result we get by (17) for d.([. .. [[a]3]4, - .- 14,_,) is the same whether we
work with the choices (uy, ..., u,—1) or (u; +2<1, ..., Ur—1 +&—1). Ul

Thus, da = da induces the multicohomology class d,([...[[all4, - 1a,_))-
This helps to explain that, intuitively, d acts as d, on representatives of E,-classes
(see (12)).

Now, recall that infinitely many choices are possible for the isomorphisms (8), (9)
and (10). However, any fixed Hermitian metric @ on X selects a unique realisation of
each of these isomorphisms and, implicitly, identifies each space Ef*? with a precise
subspace H!*? (depending on w) of C,:, (X, C) via an isomorphism E P4~y P
depending on . These harmonic subspaces HI'? C C g (X, ©) are constructed by

induction on r > 1 as follows:
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Definition 3.3. Let 7{"? C C5°, (X, C) be the orthogonal complement for the L7 -
norm of Imdp 4~ in kerdp o Due to (8), H1'? is isomorphic to E{*?. In every
bidegree (p, q) the linear map d!"? : E}"" — EV 14 induces a linear map (denoted
by the same symbol) d{*? : H{"? ”Hp+ 1 via the isomorphisms #}? ~ E{"? and
HITH ~ EPTM et 7—[” 4 C HPY C C, (X, C) be the orthogonal complement
for the L2 -norm of Im dp “inkerd{"? (Vlewed as subspaces of H{*?). Due to (9),
2 is isomorphic to E}? Contmumg inductively, when the lmear maps d}? :

E} pa — pptrartl have induced counterparts (denoted by the same symbol) d/” q

HP1 s HPTH petween the already constructed subspaces HY'? C Choy (X, C)
and HP T C 05, (XL 0), we let HIY € HPT C CF (X, ©) be the
orthogonal complement for the L2-norm of Imd? """ in ker a’p 7 (viewed as

subspaces of 7;"?). Due to (10), H/; is isomorphic to E}”%.

Note that we have

(18) H]! =ker(A”:C} (X, C) — C (X, 0))
{uEC (X C)Iau—Oanda*u—O}
7—[ —ker(A C (X C) — C (X C))
={uecCy, (X C)|du =0, 8*u =0, p”’(0u) =0 and p"9*u =0},

where A = dp”9* + 8*p"d + A" is the pseudodifferential Laplacian constructed in
[Popovici 2016].

Also note that standard Hodge theory (for the elliptic differential operator

A") is used to ensure that Imd[™?~ "is closed in €7, (X, C) and that HYT i
finite-dimensional. However, all the other images Im d’7 Fratr-l are automatlcally
closed since they are (necessarily finite-dimensional) vector subspaces of a finite-
dimensional vector space. It is also possible to construct pseudodifferential operators
Z(,) (X C) — C (X C) whose kernels are isomorphic to the spaces H??
(see forthcommg joint work of the author with L. Ugarte, where the Hodge theory
found in [Popovici 2016] for the second page of the Frolicher spectral sequence is
extended to all the pages), making these spaces into harmonic spaces for these pseu-
dodifferential Laplacians, but the mere spaces ! suffice for our purposes here.

When the vector space C (X, C) is endowed with the L?-norm induced by o,
every subspace H/? 1nher1ts the restricted norm. On the other hand, every space
E!"? has a quotient norm induced by the L2-norm. The isomorphisms E}? ~H}"?
constructed above are isometries when EF*? and H#7¢ are endowed with the quotient,
resp. L? norms.

Conclusion 3.4. Let X be a compact complex manifold and let @ be any Hermitian
metricon X. Let --- C ’Hr+1 CHIMMc---C ’Hp 1 Co, (X, C) be the subspaces
of Definition 3.3 induced by w.
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For every r and every bidegree (p, ¢), each class [...[[@]5l4 - .. 1a,_, € ED?
contains a unique representative o € H/'? (necessarily satisfying condition (P,)).
Forle{l,...,r—1},letuy; € C[ﬁl’q_l(X, C) be the unigue solutions with minimal
L2 -norms of the equations

da =0, da=0u;, Ou;=0uy,...,0U,—o=0u_
constructed inductively from one another. The well-known Neumann formula yields
u=A"19*0a) and w;=A""19*@Ou;_y) forle{2,...,r—1}.

In particular, the maps o — u| and u;_| +> u; are linear.
For all r, p, g, we define the linear operator

T,=TF9:HI — C;ﬁrr’qfrH(X, 0), ar T(a):=0u,_i.

Since H!? is finite-dimensional, 7, is bounded, so there exists a constant C/*? > 0
such that
17 ()| = [[dur—1]l < CP ¥l forall o € H.

It is easy to see that 7, («) need not belong to HPTH When o € HPY. I we

let P/ - C;?q (X, C) — HI be the L,-orthogonal projection onto H.*?, we get

I(PP9 0 T) @)l = | P27 uy )| < 3,1 ]| < CP ] for all o € HP.

4. Use of the rescaled Laplacians in the study of
the Frolicher spectral sequence

In this section, we prove Theorem 1.3.

As in [Efremov and Shubin 1989; Gromov and Shubin 1991; Alvarez Lépez and
Kordyukov 2000], we consider the spectrum distribution function associated with
any of the rescaled Laplacians Aj, A, in our context. Its definition and its study
are made far simpler in this setting than in those references by the manifold X
being compact and by the Laplacians A’, A” being elliptic.

Notation 4.1. Let (X, w) be a compact Hermitian manifold with dim¢ X = n. For
every k € {0, ..., n} and every constant A > 0, let N }l‘ (1) stand for the number of
eigenvalues (counted with multiplicities) of A, that are < A.

Replacing A, with A,, does not change the spectrum distribution function
N;f : [0, +00) — N since Aj; and A,, have the same eigenvalues with the same
multiplicities (see Corollary 2.8). Theorem 1.3 can be reworded to ensure the
existence of a constant C > 0 independent of / such that, for all r and k, we have

(19) dim E¥ = Nf(Ch*") when 0 <h < 1.
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4.1. The Efremov-Shubin variational principle. The main technical ingredient
we will need is the following variant of the variational principle proved in a more
general context in [Efremov and Shubin 1989] and used extensively thereafter
(e.g., [Gromov and Shubin 1991; Alvarez Lépez and Kordyukov 2000]) in settings
different from ours. We adapt to our situation the result of Efremov and Shubin.

Proposition 4.2 [Efremov and Shubin 1989]. Let (X, w) be a compact Hermitian
manifold with dimg X = n. For every k =0, ..., 2n and every A > 0, the following
identity holds:

(20) NEG) = FEY 0 + by + FF ),

where by, is the k-th Betti number of X and the function F,lf 1 [0, +00) — N is
defined by

(21) FF(A) =supdim L,
L

where L ranges over the closed vector subspaces of the quotient space
CX(X,C)/kerd
on which the operator
d:CP(X,0)/kerd — C7(X,0)

induced by d : Cp*(X, C) — Cp3 (X, C) satisfies the following Lih -norm estimate:

(22) 1dE Ny, < VAN Ny forevery ¢ € L.

(The understanding is that ||d¢ ||, stands for the usual L?-norm induced by the
metric wy, while || ||, stands for the quotient norm induced on C°(X, C)/ kerd
by the LZ);. -norm.)

We will present a detailed proof of this statement along the lines of [Efremov and
Shubin 1989] with a few minor simplifications afforded by our special setting where
the manifold X is compact and the operator A, is elliptic. While a more general
version for unbounded operators on L? spaces was needed in [Alvarez Lépez and
Kordyukov 2000], we stress that, in this context, we can confine ourselves to the
case of operators on spaces of C* differential forms.

The main step is the following statement (a version of the classical min-max
principle) that was proved in a more general setting in [Efremov and Shubin 1989].

Proposition 4.3. Let (X, w) be a compact Hermitian manifold with dim¢ X = n.
For an arbitrary k € {0, ...,2n}, let P : C°(X, C) — C°(X, C) be an elliptic,
self-adjoint and nonnegative differential operator of order > 1.
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Then, for every A > 0, the spectrum distribution function N, of P (i.e., Ny(\)
is defined to be the number of eigenvalues of P, counted with multiplicities, that are
less than or equal to M) is given by the following identities (in which the suprema
are actually maxima):

(23) Ny(A) = sup dimL = sup TrE,
LeL? EePl

where £f\k) stands for the set of closed vector subspaces L C C;°(X, C) such that
(Pu,u) <Mull> forall uel,

while Pk(k) stands for the set of all bounded linear operators E : C°(X,C) —
C°(X, ©) satisfying the conditions:

() E?=E = E* (i.e., E is an orthogonal projection w.rt. the L2 inner product);

(i) (Pu,u) < Allul||* for all u € ImE. (In other words, E is the orthogonal
projection onto one of the subspaces L € L:(k), so L =1Im E for some L € Eﬁk).)

Proof. The second identity in (23) follows at once from the fact that the dimension
of any closed subspace L C C;°(X, C) equals the trace of the orthogonal projection
onto L. So, we only have to prove the first identity in (23).

Since X is compact and P is elliptic, self-adjoint and nonnegative, the spectrum of
P is discrete and consists of nonnegative eigenvalues, while there exists a countable
orthonormal (w.r.t. the Li inner product) basis of C°(X, C) (and of the Hilbert
space L,% (X, ©) of L? k-forms) consisting of eigenvectors of P. For every u > 0,
let Ep(n) C Cg°(X, ©) be the eigenspace of P corresponding to the eigenvalue 1
(with the understanding that Ep(u) = {0} if i is not an actual eigenvalue). The
spaces Ep(u) are finite-dimensional and consist of C* forms since P is assumed
to be elliptic (hence also hypoelliptic) and X is compact.

For every A > 0, let L; := Py« Er(1) C C{°(X, C). Thus, L, is finite-
dimensional and dim L, = N (), while (Pu, u)) < A|lu||? for all u € L,. Hence
L, e E(k), so Niy(A) < SUP; ¢k dim L.

To prove the reverse inequality, let L > 0 and let L € L’;k). The existence of an
orthonormal basis of eigenvectors implies the orthogonal direct-sum decomposition

X0 = P Erw oD Er ).

O<p=<x w>A

In particular, P u>». Ep(p) =ker E;, where Ej is the orthogonal projection onto
GBOSMS)V EP(M)

Now, ((Pu,u)) > Allu||* for all u € @,,_, Ep (1) \{0}, while (Pu, u) < Allu|®
forall u e L. So, LNkerE, =L N EB/DA Ep(un) = {0}. This implies that the
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restriction
EyL:L—ImE; = ED Ep(w)
0<p=i
is injective. In particular, dim L < dim &, <u<i Ep() = Ni(A). Since L has been
chosen arbitrarily in E(k), we conclude that sup, _ £® dim L < Ni()) and we are
done. O

The second step towards proving Proposition 4.2 is the standard 3-space de-
composition used in Hodge theory. For every k =0, ..., 2n, the operator A, :
CP (X, C) — C°(X, C) is elliptic and since the manifold X is compact and d*=0,
we have the LZ),, -orthogonal decomposition

(24) Co (X, C)=H1‘Awh(X, O @ EX,0) @ E; (X, O,

where kerd = HkAwh (X,0)® Er(X,C) and ’HkAwh (X, C) is the kernel of A, :
CrX,C) — CX(X,0), Ex(X,0) :=Im(d : C2,(X,C) — CX(X,C)) and
EX(X, C) :=Im(d;, : C5 (X, C) — C°(X, C)).

Moreover, each of the three subspaces into which C°(X, C) splits in (24) is
Ay, -invariant, i.e.,

Doy (Hp, (X,©) CHy, (X, 0), Ay, (Ex(X,0)) C Ex(X, 0),
Aw, (Ef (X, ©)) C E{(X, ),

because A, commutes with d and with d7, . The invariance implies that an LZ;,,'
orthonormal basis {ef.‘ (h)}ien+ of CZ°(X, C) consisting of eigenvectors for A,
(whose existence follows from the standard elliptic theory) can be chosen such that
each el’.‘ (h) belongs to one and only one of the subspaces ”HkAw (X,0), Ex(X,0)
and E;(X,C). Let 0 < )J]‘(h) <. < Af (h) <--- bethe correspénding eigenvalues,
counted with multiplicities, of the rescaled Laplacian Aj, : CZ°(X, C) — C°(X, ©)
(equal to those of A, : C°(X, C) — C°(X, C)). Thus, A,, ek (h) = 1*(h)ek (h)
for all i.
Consequently, we can define functions F; ,f 1[0, +00) — N and G’;l 1[0, +00) > N

by

FF) =t{i | ef(h) € Ef(X,C) and A¥(h) <A}
and

GK(\) :=ti{i | ef(h) € Ex(X,C) and AF(h) <)
These definitions of F; /f and Gl,; (1) are independent of the choice of orthonormal
basis {ef.‘ (h)}ien~ of C°(X, C) satisfying the above properties.
Lemma 4.4. The functions F /l‘ and Gﬁ are the spectrum distribution functions of the

restrictions Ay, e2(x.0) * EF(X, C) = EY(X, C), resp. Ay, 1B x.0) * Ex(X, C) —
E (X, C).
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In other words, they are described as follows:

(25) Ff(A) = sup dimL, Gf(\)= sup dimL,
Leﬁz(k) LEE;(“

where E;(k) stands for the set of closed vector subspaces L C E; (X, C) such that
(26) Idul?, < Alull?, forall uelL,

and E;(k) stands for the set of closed vector subspaces L C Ey(X, C) such that
(27) I}, ull?, <Allulll, forall uelL.

Proof. This is an immediate application of the variational principle of Proposition 4.3
to the restrictions Awy | EF(X,C) E;(X,C)) — E;(X,C) and
AwyEvx.0) : Ex(X, C)) = Er(X, C).

Estimates (26) and (27) are consequences of the identity (A, u, u)w, = Idullg, +
ldy, ull2, and of the fact that d u = 0 whenever u € E}(X, C) (since Imd}, C

wp

kerd, ) and that du = 0 whenever u € Ex(X, C) (since Imd C kerd). O
The last ingredient we need is the following very simple observation.
Lemma 4.5. For every A > 0 and every k € {—1,0, ..., 2n}, we have
Fr() =Gt
with the understanding that
F'o=6""x=0.
Proof. We know from the orthogonal decompositions (24) that the restriction of d
to E; (X, C) is injective, so
digrx.0) - Ef(X, C) = Ex41(X, €)

is an isomorphism. Moreover, dA,,, = A, d, so whenever A, u; = )»i-‘ (h)u;, we
get Ay, (du;) = A;‘ (h)(du;). Combined with the above isomorphism, with the

invariance of E} (X, C) under A, and with the definitions of F, kh (A) and GZ @),
this implies the contention. U

Proof of Proposition 4.2. Putting together (24), the definitions of F (%) and G} (1)
and the fact that the Hodge isomorphism HkAw, ~H 1]3 g (X, C) (which follows at
once from (24)) implies b; = dim HkAmh’ we get

NF() =be+ G (W) + FE ()

for all k and all A > 0. Using Lemma 4.5, this is equivalent to (20).
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On the other hand, the descriptions (25) and (26) of F;]f (M) coincide with the
descriptions (21) and (22) thanks to the isomorphism E; (X, C) ~ C°(X, C)/ kerd,
which is another consequence of the decompositions (24). ([

4.2. Metric independence of asymptotics. Although the following statement has
no impact on either the statement of Theorem 1.3 or its proof, we pause briefly to
show, exactly as in the foliated case of [Alvarez Lépez and Kordyukov 2000], that
the asymptotics of the eigenvalues )Li.‘ (h) and of the spectrum distribution function
N }’f as h | 0 depend only on the complex structure of X. The proof is an easy
application of the variational principle of Proposition 4.2.

Proposition 4.6. The asymptotics of the Aff (h) and of N ,’1‘ as h | 0 are independent
of the choice of Hermitian metric w.

Proof. We adapt to our setting the proof of the corresponding result in [Al-
varez Lépez and Kordyukov 2000]. Let w and ' be two Hermitian metrics
on X. They induce, respectively, rescaled metrics (wp)p~0 and (602,)}»0- Let
N ;lk (M) =F ,;k_l (A)+br+ F };k (1) be the spectrum distribution function associated
with the rescaled Laplacian Ay C 2(X,C) — C(X, ©), written as in (20).

Since X is compact, there exists a constant C > 0 such that the respective
L?-norms satisfy the following inequalities in every bidegree (p, q):

1
EMMSMWSCMM
hence

1
oy =1 Ml Cll llw, on L}, (X, €) for every h > 0.

The constant C is independent of 4 > 0 thanks to Formula 2.2.
Hence, for every ¢ € C°(X, C)/kerd such that [|d¢ ||, < ﬁ”{”wh, we get
ld¢ ”wl, <VC*\|¢ ”wl,' Thanks to Proposition 4.2, this implies

FfF() < FXC*, =0, h>0.

By symmetry, we also get F,;k ) < F,f (C*1), so putting the last two inequalities
together, we get

EX(C™0 < Ffoy < FFC*y), 2=0, h>0. O
4.3. Proof of the inequality “<” in Theorem 1.3. We are now in a position to
prove the following:

Theorem 4.7. Let (X, w) be a compact Hermitian manifold with dimg¢ X = n. For
everyr and every k =0, ..., 2n, the following inequality holds:

(28) dim EX < (i | A¥(h) e O(W*") as h | 0}.
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Proof. We have to prove the existence of a uniform constant C > 0 such that
dim E¥ < NF(Ch?") for all r, k and all 0 < /i < 1. Recall the following facts:

() dim E¥ = by + m*=! +m*, where m* := dim L* and

L= P L= P PEkerd

p+q=k pq=k I=r
(proved in (13) of Lemma 3.1).
(il) NF() = b+ Ff () + FF(a) for all & > 0 (see (20) of Proposition 4.2).
Thus, it suffices to prove that

(29) mk < FK(Ch?) forall 0 <h < 1,
r h

for a uniform constant C > 0 and for all r and k.

Now, thanks to the definition (21) of F, ;l‘ to prove (29) it suffices to prove that
L’; is one of the subspaces of C°(X, C)/kerd contributing to the definition of
F ,f (Ch?*") for some uniform constant C > 0. In other words, it suffices to prove
that there exists C > 0 such that

(30) e, < \/Ehr||§||wh forall ¢ € Lf andall 0 < h « 1.

Meanwhile, every ¢ € Lf = @, L7 splits uniquely as ¢ =" . _; ¢4
with 74 € L?*? for all p, q. Thus, it suffices to prove that, for a uniform constant
C > 0, we have

B1) [1dg? e, <VCH ||c7]|, forall p,q, all 79 e L9 andall 0 <h < 1.

This holds mainly because d, is of type (r, —r + 1), so d, increases the holomor-
phic degree by r and thus the norm | |4, brings out an extra factor h". Specifically,
for every (P4 e LYY, (14) of Lemma 3.1 yields d¢P4 e d(LP?) C AZI;’_I.
Therefore, the holomorphic degree of d¢#¢ is > p +r, so from Formula 2.2 we get

ptr

1427 o, < =

ld¢P1), forall p,gq, all (7?7 eLP9andall0<h < 1.

Now, L% is a finite-dimensional vector subspace of C2°(X, C)/ kerd, so there
exists a constant C, > 0 (depending on r, p, g, but independent of /) such that
ldeP 4|, < CrlleP]|,, for all P4 € LI, Meanwhile, Formula 2.2 tells us again

that ||£ P9 ]|, = (h"/ hP)||{P+?]|4,, sO putting the last three relations together, we get

ldeP 9|y, < Coh" P4, forall p,q, all¢??e LP9andall0<h < 1.

This proves (31) after setting C := max o=r<v C? > 0. U

0=p.g=n
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Note that L is a vector space of classes of cohomology classes, rather than
of differential forms, so what is meant by L¥ in the above proof is its image in
C°(X, C)/ kerd under the isometries explained in Section 3.2. We can use these
isometries, the identification of d acting on HP? with d, and Conclusion 3.4 in the
following way to make the above proof even more explicit. If we choose ¢?°¢ to
be the wy,-harmonic representative of its class (also denoted by ¢7'7) and to play
the role of @ of Conclusion 3.4, we can rewrite the above inequalities in a more
detailed form as follows:

p+r
1dEP Ty, = (P Our—1)lw, < o [(PoT)(EP |
hp+r p.q r
=< W Cr”; ’ ”w=Crh ”05”50;7’

where P and T are the linear maps P/'? and T,/ (with indices removed) of
Conclusion 3.4 that was used above, while || ||, stands for the Lih -norm when
applied to a form and for the induced quotient norm when applied to a class.

4.4. Preliminaries to the proof of the inequality “>" in Theorem 1.3. We will
need a few simple observations.

Lemma 4.8. Let (X, w) be a compact Hermitian manifold with dimg X = n. For
every bidegree (p, q) and every (p, q)-form u on X, the following identities hold:

(32 (Apu, u)o =P (A u, ), =P (dull?, + Id ull?).

Proof. The latter identity is obvious, so we will only prove the former one. Since u
is of pure type, (4) yields the first identity below, while the second identity follows
from Formula 2.2:

(Ant, 0o =h*(Au, u)o + (A U, u)o
= PR (A ), + DD (A U, 1),
=P (Ag,ut, ), -
The last identity follows again from (4). U

Lemma 4.9. Let u € C}° (X, C) be an arbitrary form. Considering the splitting

d=d® = P dr:CP(X.C) - 3, (X, 0)

0<r<N-1
pq=k

of the operator d (see (12)) and the splitting

N-1 N—-1

u= Z u, +kerd, implying du= Z dyuy,
r=0 r=0
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with u, € E"?/kerd!"? (see Section 3 and recall that d, : EF?/kerd!? —

Imd/"* € €, 11 (X, C) is an isomorphism), the following identity holds:

(33) R P du|?, = Z R \dyu, )2 forall h > 0.

Proof. Since d, is of type (r, —r + 1), d,u, is of type (p +r, g —r + 1), so the d,u,
are mutually orthogonal (w.r.t. any metric) when r varies. We get

5 N-1 ) N—-1 hz(p+r) )
ldull, = Y _lldrurlis, = D == drur I,
r=0 r=0
where for the last identity we used Formula 2.2. U

Lemma 4.10. For every r and every bidegree (p, q), the formal adjoints of d, w.r.t.
the metrics wy, and w compare as follows:

(34) (d s, =h ()},

Thus, for every form u € C (X C), the following counterpart of Lemma 4.9 for
the adjoints holds. Conszdermg the splitting

@Oy, = € @9y, : (X, ©) — CX(X, ©)

0<r<N-1
p+q=k

of the operator d* and the splitting

N-1 N—-1
u= v +kerd;, , implying d u= Z(dr);h vy,
r=0 r=0
with v, € Imd? """~ (see Section 3.1), the following identity holds:
(35) R P\ d ul?, Z B2 ()i, |12 forall h> 0.

Proof. For every (p, q)-form v and every (p —r, g +r — 1)-form u, we have

B2

h—(((d) v, o = ((dr)}, Vs U)o,

2p h2p

= (v drith o, = 57 (v, dr) = ﬁ(((dr);v» U)o

This proves (34). Using the mutual orthogonality of the (d,)}, v, (due to bidegree
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reasons) and Formula 2.2, we get

' p2i-n) R
s, Zn(d )whvr||wh=z e [COWRH b2
r=0
h2(p=r) .
—Z perml (GO P
This proves (35). U

Putting together (32), (33) and (35), we get:

Corollary 4.11. Let (X, w) be a compact Hermitian manifold with dim¢ X = n.
For every bidegree (p, q) and every (p, q)-form u on X, the following identity
holds:

N—-1
{(Apu, u) w_ZhZ’ Iy, 7, +Zh2’ 1dvrlln,
=0 r’'=0

where u splits uniquely (see Section 3.1) as

N—1 N-1 N—1 N—1
U= Zu,f—l—kerd= Zvr/+kerd*= Z””+ Zvr/+w
r'=0 r'=0 r'=0 r'=0

’ /
- -1
with u, € ED'? /kerd??, v e Imd? ™" """~ and w € ERY.

4.5. Proof of the inequality “>” in Theorem 1.3. Following again the analogy
with the foliated case of [Alvarez Lépez and Kordyukov 2000], we will actually
prove a stronger statement from which the following result will follow as a corollary.

Theorem 4.12. Let (X, w) be a compact Hermitian manifold with dim¢ X = n. For
everyr and every k =0, ..., 2n, the following inequality holds:

(36) dim EX > 4(i | A¥(h) e O(W*") as h | 0}.
The first main ingredient we will use is the pseudodifferential Laplacian
A=0p 9"+ p" 9+ A" : CF(X.C) > C (X, 0)

defined in arbitrary bidegree (p, ¢g) and introduced in [Popovici 2016], where

p’: :Cpoy (X, €) — ker A" is the orthogonal projection (w.r.t. the L? -norm) onto the
A/ ! harmomc subspace of C° (X, C). The pseudodifferential Laplacian A gives a
Hodge theory for the second page of the Frolicher spectral sequence in the sense
that there is a Hodge isomorphism

(37 EV?T— H”q(x C)
—ker(A C (X, C)—)C (X C)) forall p,gq=0,.
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NOte that (p//)Z — p// — (p//)*, SO ap//a* — (p//a*)*(p//af) and a*p//a — (p//a)*(p//a)'
Thus, A is a sum of nonnegative operators, so its kernel is the intersection of the
respective kernels. Since ker(A*A) = ker A for any operator A, we get

ker A = ker(p”d) Nker(p”8*) Nker d Nker 8*.

The second main ingredient we will use is the following lower estimate of the
rescaled Laplacian Ay,. It is the analogue in our context of a result in [Alvarez Lépez
and Kordyukov 2000].

Lemma 4.13. Let (X, w) be a compact Hermitian manifold with dimec X =n. There
exists a constant C > 0 such that the following inequality of linear operators (see
Notation 1.4) holds on differential forms of any degree k =0, ..., 2n:

Ap=3A"+h*N —Ch* forall h >0,
where A" = 33* +8*3 and A’ = 33* + 3*d are the usual 3- and d-Laplacians.

The coefficients % and 1 are not optimal, but they suffice for our purposes and
the proof provided below shows that they can be made optimal if this is desired.

Proof of Lemma 4.13. We know from (i) of Lemma 2.7 that
(38) Ap=A"+h*A —h([z, 9]+ [*, 3],

where 7 = 7, := [A, dw A -] is the zeroth order torsion operator of type (1, 0)
associated with .
For any form u, the first-order terms on the right-hand side of (38) are easily
estimated using the Cauchy—Schwarz inequality as follows:
hI{([z. 8*Ju +[*, 8]u, u)|
= h|{0"u, T*u) + (Tu, du)) + (Ou, Tu) + (t*u, 0*u))|
< 2h|zulll|dull + 2kt u] 8"l
< SCUBu® + 15%ul®) + 4h* (lrul® + | 7*ull®)
< 74A"w u) + Ch|lu])?,

where the constant C > 0 exists because the linear operators T and t* are of order
zero, hence bounded. In particular, we get the operator inequality

a* * 1 /" 2
—h([z,97]+ [z ,3])Z—ZA —Ch7,

which, alongside (38), proves the contention. O

We are now ready to state and prove a general result that will imply Theorem 4.12.
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Theorem 4.14. Let (X, w) be a compact Hermitian manifold with dim¢ X = n.
Let k € {0, ...,2n} and r > 1 be fixed integers. Suppose there exist a sequence
(hi)ien of constants h; > 0 such that h; | 0 and a sequence (u;);eN of k-forms
u; € C°(X, C) such that ||u;||», = 1 for every i and

(39) (Anui, ui)o € o™V as i — +oo.

Then, there exists a subsequence (u;)ieN Of (U;)ien Such that (u;)jeN converges
in the L2-topology to some k-form u € H* = ®p+q=k HET ~ EX, where the
HI C C oy (X, C) are the “harmonic” vector subspaces of Definition 3.3 induced
by the metric w.

Proof. Case r = 1. In this case, hypothesis (39) means that (Ap,u;, u;), — 0 as
i — +o0. Then also {Ay,u;, ui))w—l—Chl.2 — 0 as i — +4o0. Since, by Lemma 4.13,
we have

(Aputis uio+Chi = (A ui, uio +hi (Aui ui)p =0 forall i €N,
we get

(40) »  (A"uiui)o — 0 asi— +oo,
(i) h2(Auij ui)y—0 asi— +oo.

Meanwhile, the d-Laplacian A” is elliptic and the manifold X is compact, so the
Garding inequality yields constants §;, §; > 0 such that the first inequality below

holds:
Salluillwr < (A ui, uide+81lluilly <Ci forall i €N,

where || ||y stands for the Sobolev norm W' induced by the metric . The second
inequality above holds for some constant C; > 0 since the quantity (A" u;, u; )
converges to zero (see (40)), hence is bounded, and ||, ||, = 1 by the hypothesis of
Theorem 4.14.

Consequently, the sequence (u;);cn is bounded in the Sobolev space W' (a
Hilbert space), so by the Banach—Alaoglu theorem there exists a subsequence
(ui))1en that converges in the weak topology of W! to some k-form u € W!. In
particular, the following convergences hold in the weak topology of distributions:

duj, — du and d*u; — 0*u as | — +oo.

On the other hand, ||du;[|> + [|0*u; |> = (A" u;, u;))e — 0 as i — 400, so du; — 0
and 9*u; — 0 in the L?-topology as i — +oo. Comparing this with the above
convergences in the weak topology of distributions, we get

du=0 and 9*u=0,
which, by (18), is equivalent to u € ker(A” : C2°(X,C) — C°(X,C)) = 7—[’1‘ ~ E{‘
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Note that by the Rellich lemma (asserting the compactness of the inclusion
W! < L?), the convergence of (u;)cn to u in the weak topology of W! implies
that (u;,);en also converges in the L2-topology to u. Moreover, the ellipticity of
A" and the relation u € ker A” imply that u is C*.

Case r = 2. In this case, hypothesis (39) means that (A, u;, u;)), € o(hl.z) as
i — 400. Since (Ap,ui, i) = lldnui 1>+ lldj uill® = Vi du; +u; >+ |17 0*u; +
9*u; |2, this implies that

1

(41) 8ui+hi

du; —0 and a*ui+hl5*u,~ — 0 in the Lz-topology as i — +00.
i

Since the orthogonal projection p” onto ker A” is continuous w.r.t. the L2-topology
and since p”d =0 and p”9* = 0 (because Im 9 L ker A” and Im 8* L ker A”), an
application of p” to (41) yields

(42) p"du; — 0 and p"9*u; — 0 inthe L>-topology as i — +0o0.

On the other hand, we know from the discussion of the case r = 1 (whose
weaker assumption is still valid in the case r = 2) that there exists a subsequence
(#;,)1en that converges in the weak topology of W1 to some k-form u € W!. Thus,
du;, — du € L? in the weak topology of L? as [ — +oo. This means that

(Quiy, v)w = (0u, v), forall velL?,
hence

(Bui,, p"v)w — (Ou, p'v), forall ve L?

as [ — +o00. (The second convergence follows from the first since || p”v| < |v||
for all v € L?, so p”(L?) C L?.) Now, p” is self-adjoint, so the last convergence
translates to

(p"oui,, V) — (p"0u,v), asl— 4oo forall ve L

This means that p”du;, converges to p” du in the weak topology of L? as [ — +o0.
However, we know from (42) that p”du;, converges to 0 in the L?-topology. Hence
p”du = 0. The same argument run with 0* in place of 9 yields that p”9*u = 0. On
the other hand, we know from the discussion of the case r = 1 that u € ker dNker 9* =
ker A”, so we get

u € ker(p"d) Nker(p”9*) Nker d Nker 3* = H5 ~ EX
after recalling the description (18) of the spaces 7—[5 ! and that HX = P " Hg 4,

Case r > 3. Using the information from the first two cases and from subsection
Section 4.4, this last case can easily be dealt with as follows.

ptq=
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For each of the k-forms u; given by the hypotheses of Theorem 4.14, we consider
the splitting

N-1 N-1
up = Z ul) + Z v 4w,
r'=0 r'=0

with uil,) € Erp,'q/ ker dﬁ’q, vﬁf) elm drp,_r 41 and w; € EX?, and the correspond-

ing splitting

N—1 N-1
(Anui uido= > h Ndeul 12+ W 1 do |12
r'=0 r'=0

obtained in Corollary 4.11.

On the other hand, (39) ensures that {Aj,u;, u;), € o(hl.z(’_l)) as i — +oo.
Together with the above identity, this implies the following convergences in the
L2-norm as i — +o0:

dou® >0 and (d)w? -0 forevery r' €{0,...,r—1}.

We even get

1 i)
—d,u;,, — 0 and -
BT -1 r r—r'—1

i i

(d,/)z)vg) — 0 for every re{0,...,r—1}.

Defining in an ad hoc way a “formal” Laplacian by Af?rmal =dp(d)} +(dr)dy,
we get that the limit u of a subsequence of (u;);en lies in

ker(Aﬁ(fI{"“l : @ EPY — @ Efql) ~ Hk ~ EF

p+a=k ptq=k
and we are done. |

Proof of Theorem 4.12. 1t is an immediate consequence of Theorem 4.14. Indeed, fix
any r e N*and k € {0, .. ., 2n} and suppose that inequality (36) does not hold. Then,
the reverse strict inequality holds, so there exists a sequence (h;);cn of positive
constants such that /; | 0 when i — +00 and a sequence (u;);cn Of eigenvectors
for the Laplacians Ay, acting on k-forms such that |lu;ll, =1, u; L 7—[’; for all i
and (Apu;i, ui) € o2 V) as i — 4o0.

Thanks to Theorem 4.14, there exists a subsequence (u;,);en Of (#;);en such that
(#;,)1en converges in the Li—topology to some k-form u € le‘ o~ Ef However, the
form u is orthogonal to H¥ since u; 1. H* for all i and the orthogonality property
is preserved in the limit. Since |u|, = 1 (because ||u;||, =1 for all i), u # 0, so u
cannot be at once orthogonal to and a member of H¥. This is a contradiction. [
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5. Consequences of Theorem 1.3

The following consequences of Theorem 1.3 are of independent interest.

Proposition 5.1. Let X be a compact complex manifold with dim¢ X = n. For
everyr € N* and every k =0, ..., 2n, the following identity (a kind of numerical
Poincaré duality extended to all the pages of the spectral sequence) holds:

dime EF = dime K,
where, as usual, Ef = pr:k El? is the direct sum of the spaces of total degree
k on the r-th page of the Frolicher spectral sequence of X.
This is an immediate consequence of Theorem 1.3 and of the following:

Proposition 5.2. Let (X, w) be an n-dimensional compact complex Hermitian
manifold. Fix an arbitrary constant h > (.

() If d};, resp. *, are the formal adjoint of dy,, resp. the Hodge star operator
induced by w, then
df = —xdyx.

@) If, for every h > 0, every k =0, ..., 2n and every A > 0, Egh (A) stands for
the A-eigenspace of Ay, : C°(X, C) — C°(X, C), the linear map
EX, (M) — EX7*0),  us wi,
is well defined and an isomorphism.
In particular, the operators Ay, : C°(X, C) — C°(X, C) and
Ap:C3_ 1 (X,0) — C3, (X, 0)

have the same spectra and their corresponding eigenvalues have the same multiplic-
ities for allh > 0 and all k =0, ..., 2n.

Proof. (i) We have d} = hd* + 0* = —h*3* — xdx = —%(hd + d)* = —xdj,x thanks
to the standard formulae 8* = —x9 and 9* = —%d*.

(i) Using the formula under (i) and *x = (— D on k-forms, we get the following
equivalences:

ue EZ,I (L) < —dp*dyxu — xdp*dpu = Au
& (—xdp*)dp (xit) — (—1) 3 sexdly e dpwexis. = A(xit)
> djdy(xit) + dpd (vit) = )(xit) <= #ii € EX' (L),

where (a) was obtained by conjugating and then applying the isomorphism .
This shows the well-definedness of the linear map under consideration. Both the
conjugation and  are isomorphisms, hence so is that linear map. U
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Proof of Proposition 5.1. By Theorem 1.3, dim¢ E¥, resp. dimg E?**, is the
number of eigenvalues )Lf.‘ (h) € Oh*"), resp. )Miz"*k (h) € Oh*), counted with
multiplicities, of Aj in degree k, resp. 2n — k. Since, by Proposition 5.2, k;‘ (h) =
)»l.zn_k (h) for all i € N* and all & > 0, the statement follows. O

The last consequence of Theorem 1.3 that we notice in this section is the following
degeneration criterion for the Frolicher spectral sequence.

Proposition 5.3. Let (X, w) be an n-dimensional compact complex Hermitian
manifold. For every constant h > 0, let Sf(lk)
of Ap: CP(X,0) — CP(X, C).

Then, for every r € N*, the Frolicher spectral sequence of X degenerates at E, if

and only if

> 0 be the smallest positive eigenvalue

%i_r)l})ﬁ:—i-oo forall ke{l,...,n}.
Proof. The multiplicity of 0 as an eigenvalue of A : C°(X, C) — C°(X, C) is
the k-th Betti number by of X (see Corollary 2.9), so the degeneration at E, of the
Frolicher spectral sequence (known to be equivalent to the identities by = dim Ei‘
forall k=0, 1, ..., 2n) amounts, thanks to Theorem 1.3, to 3}(!() converging to zero
(if it does converge to zero at all as & | 0) strictly less fast than C h? for all k =
0,1,...,2n. On the other hand, the numerical duality statement of Proposition 5.1
reduces the verification of this property to the cases k =1, ..., n. U

6. Degeneration at E; of the Frolicher spectral sequence

In this section, we prove Theorem 1.2.
We start off by noticing a lower estimate for A;, — h?A that holds for any
Hermitian metric.

Lemma 6.1. Let (X, w) be a compact complex manifold. For every 0 < h < 1, the
following inequality of operators holds on smooth differential forms of all degrees:

(43) Ap—h2A > (1= WA — hlz, T*)).

Proof. We know from Lemma 2.7 that A, = h2A’ + A” — h[z, 3*] — k[, t*] for
any Hermitian metric o, while A = [0 + 9, 0* +93*] = A’ + A" — [z, 0*] — [0, T*].
Thus, we get
(44) Ap—h?A=(1—=hHA"+h(h— 1), T*]+[0*, T])

= (1 —h)((A+h)A" —h[9, T*] — h[0", T]).
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We shall now estimate the signless terms on the right-hand side of (44). For any
form u, we have

(18, T*Tu, ) + (18", Tlut, u)) = (T*u, 8*u)) + (Ou, Tu)) + (vue, du)) + (0", T*u))
=2Re((d*u, t*u) + 2Re((0u, Tu)).
Thus, for any Hermitian metric w, we have
RGO, ]+ [0*, TDu, u)| < 2h|(Ou, Tu))| + 2h|(0*u, T*u)|
< (18ul)> + 13*ul®) + P> (ltull> + [ T*u®)
= (A"u, u) + h*([t, T*lu, u)).
Using this last estimate in (44), we get A, —h?’A > (1 —h)(hA” —h?*[r, T*]) in

the sense of operators. This is precisely (43).
Note that we can also write

([0, T T4 [0%, Thu, u))| < (A"u, u) + [z, T*Ju, u)

for every form u, which, alongside (44), yields A, —h>A > (1 —h)(A" — h[t, T*]).
This is slightly better than (43) if the right-hand side is nonnegative, but worse
otherwise. O

We shall now give a sufficient condition for the right-hand side of (43) to be
nonnegative.

Lemma 6.2. Let (X, w) be a compact Hermitian manifold with dimg¢ X = n such
that the inclusion of kernels

ker A” C ker[t, *]

holds for the operators A", [t, t*] : C2°(X,C) — C(X,C) in a fixed degree
kef{l,...,n}.

Then, there exists a constant ho(k) € (0, 1] such that the following inequality of
operators holds in degree k:

A" > hlt,t*] forall 0 <h < ho(k).

Proof. Let §;) > 0 be the smallest positive eigenvalue of the elliptic, self-adjoint and
nonnegative differential operator A” : C°(X, C) — CX(X, C).

On the other hand, the operator [7, 7*] : C°(X, C) — C°(X, C) is of order
zero, hence bounded, so the constant Cy := supj <1 (I, *u, u)) is finite.

We put hg(k) := min{8]/Cy, 1} and will prove that (A"u, u)) > h{([r, T*1u, u))
forall u € C°(X, C) and all h € (0, ho(k)). Let us fix a form u € C°(X, C).

Since A" is elliptic and preserves bidegrees, the orthogonal splitting

CE(X,C)=kerA" ®ImA"
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holds and induces a unique splitting u = uy, +uj1 with u;, € ker A” and u;,. € Im A”.
In particular, u;, € ker[r, 7*] thanks to our assumption.
We get

(45) (A, u) = (A up, up +upn)) = (A wyr, wy0) = 8 ||

since uy1 | ker A”, so u,1 lies in the orthogonal direct sum of the eigenspaces
of A” corresponding to positive eigenvalues (equal to eigenvalues greater than or
equal to §).

On the other hand,

(46) (T, 9w, 1) 2 (e, T T, wn + upe)

© e o, T Tun)) + (L7, T T, ups)

© Uz, T upe, upyr))

@
< Cllup ]I,
where for (a) we used the fact that u;, € ker[t, t*], for (b) we used the self-adjointness
of [t, T*], (c) follows from u;, € ker[z, t*], while (d) follows from the definition of
Ck.

Since ho(k) = min{8;'/Cx, 1}, inequalities (45) and (46) imply that

Crh
o

for all h € (0, ho(k)). (]

h{([z, T*u, ) < Chllup|* < (A"u, u) < (A"u, u))

Corollary 6.3. Let (X, w) be a compact Hermitian manifold such that ker A" C
ker[t, ] in a fixed degree k. Then, there exists a constant hy(k) € (0, 1] such that
the following inequality of operators holds in degree k:

Ap>h’A forall 0 <h < ho(k).
Proof. This is an immediate consequence of Lemmas 6.1 and 6.2. O
We can now prove the spectral sequence degeneration statement of this paper.

Proof of Theorem 1.2. Let us fix an arbitrary k € {1, ..., n}. Hypothesis (1) and
Corollary 6.3 imply that ker A, C ker A for all 0 < h < ho(k) since ((Au, u)) >0
for every u and u € ker A if and only if (Au, u)) = 0. Meanwhile, we know from
Corollary 2.9 that ker Aj, and ker A are finite-dimensional vector spaces of equal
dimensions, so for all 0 < h < ho(k) we get

(CY)) ker A, =ker A.

For every h > 0, let S}Ek) > 0 be the smallest positive eigenvalue of the elliptic
operator Ay : C2°(X, C) — C°(X, C) and let u, € C°(X, C) be a corresponding
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unitary eigenvector, i.e.,
||L£h|| =1 and Ahuh = Si(lk)uh.

Now, uy, is orthogonal to ker Ay, hence, thanks to (47), uy, is also orthogonal to
ker A for every 0 < h < ho(k). Consequently, (Aup, up) > 8 llunll> = 8, where
8 > 0 is the smallest positive eigenvalue of A : C°(X, C) — CX(X, C).

Using this and Corollary 6.3, we get

81 = (Apun. up) = h*(Aup, up)) = §ch?  for all 0 < h < ho(k).

In particular, limh_>0(8}(lk) /h*) = +o0.
As in the proof of Proposition 5.3, this and Theorem 1.3 imply that dim E'z‘ = by

for the degree k € {1, ..., n} that was arbitrarily fixed in the beginning. By the
duality statement of Proposition 5.1, this also yields dim Ezzn_k = by = by,_. Since
this holds for all k € {1, ..., n}, the Frolicher spectral sequence of X degenerates
at 5. O

Appendix: Comparison of Laplacians when the metric is SKT

In this section, we come within an & (equal to Ch?) of solving Conjecture 1.1 as
an application of Theorem 1.3 and of a comparison of the Laplacians A" and A"
defined by an arbitrary SKT metric @ supposed to exist on a given compact complex
manifold X. Recall that an SKT metric w is a C* positive definite (1, 1)-form w
such that 99w = 0 on X.

Lemma A.1. Let X be a compact complex manifold on which an SKT metric »
exists.

(i) The usual 3- and 3-Laplacians A’ = [, 8*] and A" = [d, 3*] induced by w
satisfy the following inequalities on differential forms of all bidegrees:

1

V4 1 = =% /
48) (1+8)A +(1+8)[r,r 1242

A — %[‘c, ] forall § >0,

where T = 1, :=[Ay, 0w A -] is the torsion operator of type (1, 0) and T* is
the formal adjoint w.r.t. the Li—inner product of its complex conjugate.

(ii) The following inequality also holds:

(49) A" > hA + (h)_(a, _ f*]) forall 0<h <1,

h
1—h
where X, :=[0w A -, (0w A -)*]. Implicitly, we have

(50) Ap—hA>h((1—h)X,—[7,T*]) forall 0<h < 1.



156 DAN POPOVICI

Since X, and [T, T*] are zeroth order operators, they are bounded, so (50)
implies the existence of a constant C > 0 independent of h such that

1 Ap—hA>—-Ch forall 0<h<1.

Proof. (1) Demailly’s formula (see [Demailly 1986; 2012, VII, §.1]) of the Bochner—
Kodaira—Nakano type for arbitrary Hermitian metrics w (originating in [Griffiths
1969] and also contributed to in [Ohsawa 1982]) reads

A=A — X+ [Aws [Aw, 3i000]],
where A’r-’ =[0+7, (E_) +7)*]and X, := [DwA -, (c'_)a) A -)*]. The last term on the
right-hand side above vanishes if @ is SKT, so we get
(52) A"+ ([0, T+[T, D+ [T, T 1=A + X, if 30w =0.

Now, the signless terms can be easily estimated using the elementary inequality
2|ab| < 8a®+(1/8)b? for arbitrary a, b € C and § > 0. For every differential form u
of any degree, we get

(53) [0, T lu, u)+ ([T, 0*lu, u)| = [2Re{(du, Tu)+2Re((d*u, T*u))|
< 2|((u, Tu) |+2[(0*u, T*u)|

3 L - A% | -
< 8119u P+ 1T +8110 |+ 5117w
= 5w, u)+3 ([T, TJu, ).

Together with (52), this implies that (1 4+8)A” + (1+1/8)[T,T*] > A’ + X, if
is SKT. This is essentially an upper estimate for A’ whose conjugate yields a lower
estimate for A’ = A”. Putting these upper and lower estimates together, we get

/" l) = Zx_ Yy / L " L _ l *
(54) (149N + (1435771 = Ko = A= 75 A+ 75 X0 — 510 7]
for all § > 0. Since X, and X, are nonnegative operators, ignoring them weakens

these inequalities to (48).
(ii) After dividing by 1+ &, the left-hand side inequality in (54) translates to

" 1 / 1 = 1.-
Azt T Xesle Tl
This is precisely (49) if we put & :=1/(1 +6) € (0, 1) since in this case § =
(1—="h)/h.
To get (50) from (49), it suffices to notice that A, —hA=h(h—1)A'+(1—h)A" =
(1 —=h) (A" —hA). O

We now observe an analogue of inequality (50) for Aj, — h2A.
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Lemma 6.2. Let X be a compact complex manifold on which an SKT metric »
exists. The following inequalities of operators hold:

(55) Ap—h*A > W2 (1 —h)X,—[7,T*]) > —Ch* forall 0<h <1,
where X, = [0w A -, (e A - )*]1 and C > 0 is a constant independent of h.

Proof. Since A, =h?>A'+A"+hAand A=A'+A"+A, where A:=[9, 9*]+[0, 8*],
we get

Ap—h?A =1 =h)(A+h)A +hA).

On the other hand, the signless operator A can be estimated in the same way as
a similar operator was estimated in the proof of Lemma A.1. We get {(Au, u)) =
2Re((du, du)) +2Re((d*u, 0*u)), hence

R Au, u))| < B2 8ull® + 10u))® + A2 9% ull® + |0*ull* = h* (A u, w) + (A u, u)

for any form u. Consequently, (1 +h)A” +hA > hA” —h> A’ as operators, so we
get

Ap —h*A > h(1 —h) (A" —hA).

(Note that we can also write |{Au, u)| < (A'u, u)) + (A"u, u)) and we get A;, —
WA =(1—=h)((1+h)A" +hA)> (1 —h)(A" —hA") for every form u.)

Meanwhile, from (49) we know that (1—h)(A” —hA") > h((1—h) X, —[T, T*])
for all 0 < h < 1. Together with the last inequality, this proves the first inequality
in (55).

The second inequality in (55) follows at once from the first since X,, > 0 and
the nonnegative operator [T, T*] is of order zero, hence bounded, so we can choose
C :=sup, = ([T, T"]u, u)) < +o0.

(Using the alternative lower estimate A, —h>A > (1—h)(A”—h A’) noticed above,
the inequalities in (55) get replaced by Ay, —h2A>h((1=h)X,—[%,T*]) > —Ch.)

O

If the lower bound —Ch? in (55) could be improved to 0, then we would have
Ay > h?Aforall0 < h <« 1 (as in Corollary 6.3) and Conjecture 1.1 would follow
by the argument spelt out at the end of section Section 6.
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ON A COMPLEX HESSIAN FLOW

WEIMIN SHENG AND JIAXIANG WANG

We consider a gradient flow generated by a complex Hessian functional
which is defined on compact Kiihler manifolds. By setting up the a priori
estimates of the admissible solutions, we prove the long-time existence of
the solution to the flow and its convergence. Thus we show the functional
admits a local minimal point in the space of admissible functions. As its
application, we show the solvability of a class of complex Hessian equations.

1. Introduction

Let (M, ) be a compact Kédhler manifold of dimension n > 2. For convenience,

we write @ = +/—1g;;dz' AdZ/ in a local coordinate chart. Let u be a smooth

function on M. We denote w, = o+ /—190u. Locally it can be written as

V-1 (8ij+u; ]v)dzi Adz/. We formulate the complex Hessian equations as follows.
Let oy (A1, ..., A;) be the k-th elementary symmetric function, i.e.,

O’k()\’l"--a)\'n): Z )\'il"')\'ikv
1<ij<--<ix<n
where (A1, ..., A,) € R, and 1 <k <n. Let )La,{aij} denote the eigenvalues of the
Hermitian symmetric matrix {a;;} with respect to the Kihler form w. We define
Uk(ai]_‘) = Uk()\w{aij})-
By a simple calculation, it can be shown that
n) ok Ak

ox(wy) = (k

wn

When k£ = 1, it is a quasilinear operator; when k = n, the n-Hessian operator
corresponds to the complex Monge—Ampére operator, which plays a central role in
Kihler geometry. We require the function u to satisfy a natural admissible condition,

(1-1) ue SHy(w)={u e CZ’“(M) | aj(w+v—185u) >0, 1<j<k}

MSC2010: 35K55, 53C44, 53C55.
Keywords: fully nonlinear flow, complex Hessian equation.
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In this case, the operator log o} is concave. We consider the following parabolic
complex Hessian equation

oo (g, -, )—log £ e, =log () 22 iog £,
— =logoy (g s+u.:)—log f(x,u)=1lo - _log f(x,u),
(1-2) 9t g0k 8ijTU;j g g k o g u

| px {0} = Uo,

where f(x,z) € C*®°(M x R) is a given strictly positive function and [0, T) is
the maximal time interval in which the solution exists. We are going to study its
existence and convergence of the solution to the flow (1-2). In order to obtain
the L°-estimate of the solutions, we further require the function f to satisfy the
following conditions: w > 0 for each x € M, and there exists a positive constant
zo € R such that f(x, z) > (1) at each point when z > zo, and f(x, z) < (;) when
7 < —zp. This requirement is natural in real fully nonlinear type Yamabe problems;
see [Li and Sheng 2011], for example. When k = n and f(x, z) = f(x)e%, the
corresponding flow is the Kéhler Ricci flow over manifolds with negative first Chern
class, which has been solved by H. D. Cao [1985]. Our research can be viewed as
a generalization of Cao’s work.
Lu [2013] discussed the complex Hessian equation

n) (w~+/=133u)k A"k

’

k

a)}’l

(1-3) %@g+mﬁ=f@&0=(

and proved the uniqueness and existence of the solution in a weak sense under some
integrability condition. In the case that f does not depend on u, the complex Hessian
equation has been studied extensively in recent years. Hou [2009] proved an a priori
C? estimate and solved it on manifolds with nonnegative holomorphic bisectional
curvature. Hou et al. [2010] obtained the second-order estimate which depends
on the square of the gradient estimates. By a blow-up argument and a Liouville
type theorem, Dinew and Kolodziej [2017] further obtained the gradient estimate.
W. Sun [2017] obtained the L°° estimate under the assumption of cone condition.
D. H. Phong et al. [2016] studied more general complex Hessian equations for
f depending not only on u but also on Du, and got the C? estimates under the
assumption that the solutions are (k+1)-admissible. Recently Lu and Nguyen
[2015] studied the complex Hessian functional

Hy(u) = k(-lic-)l jz::()/Mu(a)—i—«/—_laéu)j A"

It can be easily shown that its gradient operator is

(n) (0 +/—130u)* A"+
v )

a)n
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In this paper we consider the complex Hessian functional
() § -
(1-4) Jk(u):/ F(x,u)w"—LZ/ u(w—+~=100u)’ Ao~
M k+1 = Jm

where F(x, u(x)) = sz(X) f(x,z2)dz. By use of the observation that (1-2) is the
gradient flow of (1-4), we can prove the long-time existence of the solution to (1-2)
and its convergence in the space of admissible functions. As its application, we
show the regularity of the solution in [Lu 2013] under a slight restriction on f.

Recently, the complex Hessian equations (1-2) and (1-3) have attracted much
interest because of their relations with many geometric problems, including the
J-flow [Song and Weinkove 2008], quaternion geometry [Alesker and Verbitsky
2010] and Fu—Yau equations [Fu et al. 2012], etc. The real counterpart of the
Hessian equations have been studied intensively in the literature; see the survey
paper [Wang 2009].

Our main result in this paper can be stated as follows:

Theorem 1.1. Let (M, w) be a closed Kihler manifold of dimension n > 2. Assume
that f(x, z) satisfies the particular monotonicity conditions,

0< feC®MxR), Bf(ax,z) >0, and
z
(1-5) f(x,z) > (Z) if z > zo,

there exists zq such that n
and f(x,7) < (k) if 7 < —20,

then (1-2) admits a unique solution u(x, t) defined on M x [0, T] for any T > 0, and

(1-6) lull 2 xjo,77) < €

where C depends only on ”f”CZ-“(MX[—IIMIICO,HuHCo])’ luollc2« and the metric w
on M. Further, u(x, t) converges to the solution of (1-3) uniformly when t — oo.

In Section 2 we calculate the first and second variations of the Hessian functional
(1-4), and show the parabolic equation (1-2) is a decreasing gradient flow, which
would converge to the critical point if it is convergent and achieves a local minima
under the monotonicity conditions (1-5) of f(x, z). We also give a proof of the
short-time existence of the parabolic equation, which follows from the standard
parabolic methods.

In Section 3, we obtain:

Theorem 1.2. Let (M, w) be a closed Kihler manifold of dimension n > 2. As-
sume that f(x, z) satisfies (1-5). Let u be an admissible solution to (1-2). Then
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lu(x,t)] <zo+1on M x[0,T] for any T > 0. Furthermore, %u(x,t)| <
e M|, (x, 0)ll co(ary» where the constant Hy = infyr« (-, 1) h;(x, 2) depends only
on zo and f(x,z),and h(x, z) =log f(x, z).

We note that the estimate on u, implies the convergence of the flow in the space of
the admissible functions. We also remark here that if we drop out the monotonicity
condition (1-5) on f, it would be much more complicated to obtain the lower bound
of u,, whereas the uniform upper bound exists by a direct calculation.

Next we denote |[u(x, )[|coarxio, 77y := L. In Section 5 we show:

Theorem 1.3. Let (M, w) be a closed Kihler manifold of dimension n > 2. Assume
that f(x, z) satisfies 0 < f(x, z) € C®°(M x R). Let u be an admissible solution to
(1-2). Then
sup |0du| <C( sup |Dul>+1),
M x{1} Mx[0,T)
where the positive constant C depends only on L, ||1og f(x, 2)|c2(mx[-L.L}) and
sup |u,|, and is independent of t.

Our argument comes from [Chou and Wang 2001] (see [Sheng et al. 2004] and
[Hou et al. 2010] also).

By use of a standard blow-up argument, we reduce the gradient estimate of u,
L.e., an estimate on sup, o 7 | Du|| independent of T, to a Liouville type theorem
which has been set up in [Dinew and Kotodziej 2017].

Theorem 1.4. Let (M, w) be a closed Kdhler manifold of dimension n > 2. Assume
that f(x, z) satisfies 0 < f(x, z) € C®°(M x R). Let u be an admissible solution to
(1-2). Then sup ;. | Dul|? < K, where K is a constant which depends only on L,
[ log f(x, 2)lc2(pmxqry)» and supyyyy lu:|, and is independent of t.

In the final section, we describe how to get the higher-order estimates, which
follows from the classic Evans—Krylov type local estimate. We state our result as
follows:

LetxeM, te[0,T], T >0,and R € R, R > 0. Denote

O(x,t,R):={(y,s) € Mx[0, T]|dist(y,x) <R,s € (—R, 1)},
C2(Mx(a, b)) : = {u(x, 1) € C>*(M)if fix £; u(x, 1) € C12%(d’, ) if fix x},

sup  |00u|:=S.
M x[0,T]
Theorem 1.5. Let 5
u
Fu)— — =h(x,
(u) o7 (x, u)

be a fully nonlinear parabolic equation on a closed Kdihler manifold M of dimension
n > 2, where F(A) is monotone and concave on admissible space. Then at each
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(x,t) € M x [0, T, there exists Ry, such that
llu(x, t)”éla(Q(x,[,RO)) = C(HMHCZ(Q(x,t,Rg)))'
2. Discussion on the functional

Throughout the paper, we denote A = {a, ]T} an Hermitian (1,1)-tensor, A, (A) its
eigenvalues with respect to the metric w, and F(A) := oy (A (q; ]r)). We also write
3’F

da;50apg

Fii:= oF , Fiipd . —
By a standard calculation (see [Wang 2009]) we can see when g; ;= d;j and a; i is
diagonal,

2-1) F'U = op_1,8,
and
I Lt e R Ve AR
22  FUP= Rl = o i=p.j=q.i#]
0 otherwise,
where Of:j ‘= Ok()ul, ey )»1'71, )\i+1, ey )»n).

We consider the following functional which was studied by Lu and Nguyen [2015]:
() ¢ -
(2-3) Ji(u) =/ F(x,u)o" — —* Zf u(w+v/—100u)! A" 7.
M k+1 o Jm

Its Euler-Lagrange equation is

—a5 Nk A -k
tu;;) = flx,u) = (Z) (@+V=100w! no

a)l’l

Q4 onlg;

k)

where
u(x)

F(x, u(x)) = f(x, 2)dz.
0

Note that F(x, z) > 0 when z > 0, and F < O otherwise.
For convenience, we list calculations on the first and second variations as follows.

n k
8J)p = fM f(x,u)tbw"—%z fM P(@) Ao
j=0

n k
W Zf Ju(V=1839) A (@)~ N,
—o’M

Ck+14
j_
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with the third term

k+1Zf Ju(V=180¢) A (@)~ e

k+12[ ¢ (V=100u) Nwi) ™ A"/

kHZf oV —=100u+w—w)A(wy) ' Aa7

_ W ' i W[ J npimi
k+1;fMJ¢<wu> Aw +k+1;0/M(1+1)¢(wu) Aw

_ (Z) n (Z) — j n—j k(Z) k n—k
—m/ﬁ/ﬁw +m;/M¢(a)u)J/\w ]—m/[u(ﬁ(wu) Aw™ .

Hence the original formula turns out to be

(2-5) 5J(u)¢=/ qbf(x,u)—(n)/ (w4 —100u)k A" 7*,
M k M

Now we calculate the second variations. It is easy to get

2-6) S2I(u)d” = / 9w PP
+J_/ AP AP A (w4 —130u)* 1 A

Under the normal coordinates @ + /—190u = /=13, (1 + u;;)dz' A dZ, we
compute the second term

N—=1dp N3P A+ —100u) " A F
= (n—k)!(k—=D)!(V=1)"¢i Y51 0% _1.i (0~ —108u)dz  AdZ' A- - - AdZ".

Therefore, under the monotonicity condition (1-5) on f(x, z), the second variation
(2-6) is positive for nonzero C 2 function ¢, and the functional J; would achieve a
local minimum at each critical point.

In the rest of this section, we show the solution to the flow (1-2) exists in a short-
time interval. Consider the following map [ which is defined from C 2 (M x[0, T))
to CO(M x [0, T)):

F(w) = logok(g”-l—w) log f(x, w) — wy.
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At first, for any initial function uy € SH(w), we extend ug to a function @ in
C>*(M x [0, T)) so that
J
(01)J li=

(F(®)) =0,
0

where j =0, 1. We write ®(x, t) = ug(x) +u;(x)t + %uz(x)tz, where
ui(x) =log Uk(g,-j + (UO)”_) —log f(x, up),

uz(x) = Fif(w+dd"uo)(u1)l~; — %(x, up)uy.

The linearization of the map F at ® is

DF(®)w = F'/ (®)w;; — ?(x, d)w — w;.
Thus, by the invertibility of the Fréchet derivative DIF(®) and the implicit func-
tion theorem, we can choose ¢ to be suitably small such that ® € SHy(w, t) and
IF(P) | coe(pxio.r) are sufficiently small, therefore F(® + w) = 0 is solvable.
Therefore we get:

Proposition 2.1. Let (M, w) be a closed Kéhler manifold of dimension n > 2 and
ug € SHi(w). Then the flow (1-2) has a unique solution on the interval [0, €) for
some € > 0.

3. Estimates on |u(x, z)|, |u;(x, z)| and convergence of the flow

Let x; be the maximal point of u at time ¢, and M, the maximum. It is easy to see
that M, varies continuously. At x;, by (1-2), we have

du

n
ar = logoy —log f (x;, M;) < log (k) —log f (x;, My).

Suppose M, > zo+ 1, then on (¢ — €, t 4 €), by the monotonicity condition (1-5),
we have f(x,, M) > (Z), which implies

du

— <0.

dt
Similarly, let y, the minimal point of u at time ¢ with its value m,. At y;, if m; < —z,

then by (1-5)

du

n
i log oy —log f (y:, m;) > log (k) —log f(y;, m;) > 0.

So Ju(x,z)| <zo+1.
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Next we estimate on |u,|. Differentiating (1-2) on both sides simultaneously at ¢,
we obtain

ijo _pij,
u,,:Ffuijt—hzu,_F]u”-j—hzu,,

where we denote i (x, z) =log f(x, z). Since h; > 0, let Hy =infy;[—1 1) h;(x, 2)
be its positive lower bound. Let ¢ € (0, T') be an arbitrary time. Suppose u; achieves
its maximum M, at x,. Without loss of generality, we may suppose M; > 0. Then
at x;,

i,
uy = F'u,;; —h (x, u)u; < —Hug,.

It follows that u, < e~ 1"||u,(x, 0)||. Similarly, we can get u; > —e =" |u,(x, 0)].
Therefore we have ||u,|| < e~ ""||u,(x, 0)||. Moreover, by use of the second-order
derivative and gradient estimates in the next two sections, we can get the C>¢-
estimate of the solutions to (1-2) in the last section. Then there is a subsequence
t; — oo such that u(x, t;) € C2(M) ()% (M, w) converges, which can be ob-
tained directly by the fact lim;_ o |u;(x, #)| = 0. So the limit of the solutions
lim;_, 5o u(x, t) is a critical point of Ji(u) which solves the corresponding elliptic

equation.

4. Second-order estimates

As we denoted above, A (x, z) :=log f(x, z). Our arguments are a parabolic version
of those in [Hou et al. 2010], through a careful calculation so as to make sure the
second-order estimate is controlled by the square of the gradient estimate linearly.
We use the following conventions in this section:

K = max{sup |Du|?, 1},

L =sup |u|,
H = ||h(x, Dllc2mx[-L.L)>
U = sup |uy|.
Consider
(4-1) W(x,1,&) = (1+u;:6E) exp( (|| Dull®) + 9 (),

where £ is a unit tangent vector at the corresponding point. We define

and
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Then we have

@) =330

9" =3 g = 20,
Vi@ = _AZLl—l—Z

V'@ =Ag—s >0,

and ¢'(I|1Dull®) € [ 1. 5% ], ¥/ W) € [—£, —3- A]. We choose A as
L
A =6Lsup||Rm| — ) + 1.

For any T > 0, we choose the coordinates around the maximum point of W on
M x (0, T] x S*"~! such that the matrix {g;7 +u;;} is diagonal at the point, and

satisfies
A=Ay == Ay,

where
AM=1+4u i
After a straightforward calculation, we see

i7 Ok—1;i
F'"'(xo, 19) = -,
Ok

n
=3 Fi= (n—k+1)E

Fiin =k

Since & = 33? we may extend & to the chart by letting & = (g,7)~ %il Using these

coordinates, at (xq, fp), we have
4-2) G(x,t):=logW(x,t,&) = log<1 + ) +¢(|1Dul®) + v (u),

(4-3) 0<G =1 Gy g Z{up,upw Wi} + ¥ us,
tugg

(4-4) 0=Gi= 1t ¢ upiuy+ iz} +¥'us,
: 1_|_u11 pittp ii !
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and
s T o U+T:T s U7:
(4-5) 0> F”Gi{_Gt — Fli 11ii _Fzz” 11i ”2
s Iy 2 o
@' F'upivt i+ F g |7+ F {u 7w ptu pu 57}
'y 2 Iy Iy 2
+¢" F'' |l piupruiug || +9" F g+ " F* ui | *=G,.

Taking the derivative of (1-2) on both sides in the d/dz” direction, we have

(4-6) Uiy = ttpe = Filugz, — oty — hp.

By commuting the covariant derivatives

i, _ il il p_
Frlug, =F uy;+ FR;pi5Uq,

where we have used the curvature tensor R(d/9z', 3/9z7)9/dz% = Rl_jkla/azl. We
obtain
Fiiupi; =up +hu,— FiZR;piquq +hp.
Similarly
Fily == Up +hup+hp.

pii

Hence we have

@7 @'Y F ' upup+upuyih =) (upup +upus)

— ¢'{2h,|Dul®> — F''R;

lpiququ];—f—hpuﬁ—l-hﬁup}

_ _sup|Ry|

> F_3q.
2 2

Taking the second derivative of (4-6) on both sides, we have
ey - — Flly e o FUPA - __ o _
Uy = gy = F i+ F P 5u 67 — yg — hicu — hougg — hoqug — hezugug.
Since
I pP _ ., pP_
(4-8) igd = Weij T Upi R — iR =

by choosing k = 1, [ = 1, and taking the value at the maximal point, we get

i i, iip_ -
Flugig=Fluyg; + FUR i (u; —uyq).
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Hence we have

T U7 U7
4-9 Fii 11ii 11t
4-9) 1+M11 1+uli

= )‘1_1 {_Fij’pquiflupqi +hyp+hgug+hougg +7hziu1 + hygluy |2
+F”Rihf(”11 _”iz")}

—2H —2HVK —HM — HK
—sup [Rm||(MF —k)}.

—-1f_ ij.pq,, - _
> M H=F P05y

We may suppose A1 > K, and K > 1, otherwise we are done. Thus

—2HVK —HK .
M -

—3H.

Then (4-9) becomes

(4_10) Fll_ Mliil_' _ ulil

_piipd,,
> —F Ujsiu

pgi — SUp [|[Rm||F —SH —k sup ||[Rm||.

The third term of (4-3) satisfies

, A
4-11) —Y'u, > ——U.
L
The seventh term of (4-5) satisfies
s s s A A
/ _ / L / - -
(4-12) W F g =y Fliy —y' Y Fli > TARETAR

The forth term of (4-5) satisfies

4-13) @' Flluq> = ¢ F(h; — 1)

= ¢'FA2—2¢'F3i +¢'F > %F”}? = %% - %
Substituting (4-7)—(4-13) into (4-5), we obtain
- S ugn P 7 2
(4-14) 0= —F""Pu;50u 57 — F" 14:—; + " upiup + uing,
11
" PP+ | =2 5up | Rl + 1 + 21 |7

. Ay A k)L i
{ksup|Rm|+5H—|—LU+Lk+K}+4KF Aj

Now we set
1 1

5= = .
1+2A 6Lsup||Rm|+2
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We separate the rest of the calculations into two cases.

Case 1: )\, < —6A;. The first term of (4-14) is

(4-15) —Fiiriy, U

T >
ij1%pgql > 0.

The second term is
2

Ui 1 /
—| = O (upiup+ujuz) +9'u;

1+M11

(4-16) _Fii _Fii

> =2 F upiup + winez, P = 200 F uy .
Since 2¢'? = ¢”, the first term of (4-16) cancels out the third term of (4-14). The
second term of (4-16) can be estimated as
(417) S22 F gl = 20K = ALK
Substituting (4-15)—(4-17) into (4-14), we obtain

1 A 2 8 on
(4-18) OZ{ 25up||Rm||—|— +3L A9L2 }JP

1

A A k
—{ksup ”Rm”+5H+ZU+Zk+?}+4_

= Fiip2,

In the final term of (4-18), since )»,21 > SZA%, and

imply
%
an > —,
T n
we can estimate F™" as
1 zz)\Z g)\’Z
4K T T4k !
Therefore, (4-18) becomes
1 A 7 8
{ZSup |Rm| — 1K 3L + A 9L2K}

2
AAk}(st

+{ksup||Rm||+5H+LU+ k 4+ Z 1K

The choice of A implies that the coefficient of & is negative. So we have

A <C(K*+1).
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Case 2: A, > —A;. The argument comes from [Chou and Wang 2001] in real
Hessian equations (see also [Hou et al. 2010] in complex Hessian equations) where
the authors proved the inequality F!! = Foll > K Al Thus, 1/F' < %A;. Let

= {j | Fii(xo, 10) = SFH(XO, ), i.e., Ox_1;j> %@—1;1}-

It is easy to verify 1 ¢ [. Then we separate the second term of (4-14) into two parts;
one part is
u
4-19 Fll _ 1 1i
( ) Z I+u, g

== 3 F1 (upiupuiz ) u
|](‘
> —2(¢") Y Fupiuptuiu P =200 Y Fui
Ie Ie

The final term in (4-19) can be estimated by

22n

11
L262F K.

(4-20) —2(y )ZZF”I =

We claim the other part of the second term of (4-14) satisfies

@21 =Y F"
0

2
Ui
1+uli

_FiJ_',MM

+¢" > Flupiuy +ujug; P+ Y 9" Fljug> = 0.
I

Then, by (4-19)—(4-21), (4-14) becomes

4-22) 0> {—ZSup | Rm|| +L+3%}

—{ksup IRm| +5H+%U+—k+ﬁ}

A
L
1 iiy2 2 2n i
+ag P - A3 UK.

Since A > 6L sup || Rm| — % + 1, the coefficient of F is positive. We denote it
as C1, which depends only on L. We then have

A Ak [ 1 .
4-23) ksup||R SH+=U+—k+—>C,F+—F'"2\?—2mA’>—_F''k.
(4-23) ksup || Rm||+ +L +L +K_ 1 +4K 1—2nAT

We may suppose

1 -
(4-24) F'2 — >2nA>—_FK,

18K = 1252
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otherwise,
K
)\.1 < SI’lA—,
Lé
and we are done. Now by (4-24), (4-23) becomes
ksup [Rol+5H + 20 + 2+ X 5 o5+ L piip2
SUP [ fm LT Tk =T gt

By [Chou and Wang 2001], we have Fll= Ok—1:1/0x = (k/n)(1/A1). Therefore
A =C(K+1).
Now in order to finish the proof of Theorem 1.3, we need to prove the claim (4-21).
In fact it was proved in [Hou et al. 2010], so we omit it here.
5. A blow up argument

In order to obtain the C'-estimate, we employ a blow-up method analogous to that
in [Dinew and Kotodziej 2017] and reduce the problem to a Liouville type theorem
which was proved in [Dinew and Kotodziej 2017]. Thus we obtain a contradiction.

Suppose on a compact Kédhler manifold (M, w), there exists a positive function
f(x,2) € C®°(M x R) and u(x, t) on M x [0, T], such that for each ¢, u(x,r) €
SH;(w) and

(5'1) (a)+\/—1aél/t)k/\a)n_k:f(x,u)e%a)”,

but there exists a sequence of ¢;,

(5-2) sup [[du(x, tj)|| = lldu(x;,t;)|| = C; — 400, as j — +00,
M
where x; is the maximal point of ||du(x, t;)|| =: ||du;(x)].

It follows from Theorem 1.3 that
sup [V=199u ;|| < C(Cj+1) = O(C}).

Without loss of generality, we suppose x; — xo, ; — fp as j — +00, and all x;
are contained in a geodesic ball B¢ (xg), which is of radius € and centered at xq,
where € > 0 is a fixed constant. Choose coordinates (zl, ..., 2", briefly denoted
by z, and centered at xo, and x; = (z}, e, z;f), briefly z;. By the definition of
Kihler metric, @ can be approximated by a standard Euclidean type metric 8 up to
order 2, i.e.,

w=pF+0(z), |z = 0.

Moreover by the d9-lemma, the metric can be locally written as the potential of a
function v,

w=+—100v(z',...,7").
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Now we consider the functions
uj(z) = u(zj + Ci’ tj).
J
By the construction, we conclude that it ; € SHy(w) on the ball
Bec; (0) ={z € C", |z| <€C}},

and

1
dij(z) = —du(z, t), N = Bauj(z) —dd‘u(z, tj).
Cj ]

Hence we have

sup ||dii;| =1, sup |[v/ =190 < C.
M M

This yields that i; is contained in the Holder space C'7 with a uniform bound.
Along with a standard application of the Azela—Ascoli theorem, we may suppose i ;
has a limit # on the complex Euclidean space C". However by (5-1),

(V=180 (v +u) (@) A (V=100v(2))" " = f(z, u(z, t;))e" (dd°v(z))".

Hence i satisfies

1 _ z _ k 1 _ z n—k
(5-3) (C—?«/—_laav(zj+c—j)+«/—_138uj(z)) /\(E«/—_l88v<zj+c—j>>

-ofeh) (o))

Since w = B+ O(|z|?) near the origin, we have for j sufficiently large,

| - k 1 n—k 1
(5-4) (Eﬂ —|—\/—138uj> A (Eﬂ) — O(Czn)ﬂn
j J

J

Taking the limits on both sides simultaneously,

(5-5) (V=183 () A g =0,

where # is defined on C". When 1 < m < k, similar arguments show that
(v—133i)™ A B > 0.

Then by the Liouville type theorem proved in [Dinew and Kotodziej 2017], & must
be a constant. Since ||dit(x;, t;)|| = 1, there is a sufficiently small neighborhood
of xo, [|dii(x,t;)|| > 1 —e€. Therefore ||dii(xo)|| > 1 — €. This is a contradiction.
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6. An Evans—Krylov type estimate of parabolic version

We give an Evans—Krylov’s type local estimate (Theorem 1.5) in this section.

At any point (x, t), choose local coordinates on its neighborhood U x [0, T).
First by differentiating the equation on both sides of (1-2) twice simultaneously, we
can obtain a uniform bound at each point in this neighborhood on {% — Areal}u i
and {% — Areal}u,.

(6-1) Fiiukl-i; — Uy, = _Fij,péuijkupql_ + hyg + higug + hougg + hjug
Fhogugui+ FU Ry (g — ug7),

where we have used the Ricci identities (4-8). Here we recall h(x, z) =log f (x, z).
Since

FU Ry (g — i) = FU Ry e = 2) = =28 sup | Rm|| ) F",
i

we then choose

¥ (z) = 6LS sup || Rm | log(l + ﬁ)

Note that
I = 6L S sup | Rm]||
YT T 2L +:
We have
Flug(e, t) = )7 — (ugg(x, 1) — ¥ ),
= — Fij’pqui]fkupq[—i—hkl-—l-hkzul-—l-hzukl-—l—hzl-uk + houiug

Since
F' Ry gz — u;) — F'y u;

> —2sup |Rm[|S Y " F'" — 6kLSsup | Rm| +2S sup | Rm| >  F"

> —6kLS sup ||Rm]||,
we have
(6-2) Fl g, £) =9 ) ;7 — (upg(x, 1) — ¥r(u)); = —Cr.
By (1-2), we have

(6-3) Filu, = —uy = ho(x,u) > —Cj.

tii

Furthermore, by a simple calculation, we can find 0 < A < A, such that for any
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smooth function w,
A ;7 A
(6-4) 7 Dreaw = Algw = Flwg 2 AMgw = 7 Dreall.
With the bounds we obtained before, there is a useful weak Harnack inequality

which we state as follows.

Lemma 6.1. (see [Lieberman 1996, Theorem 6.18)]) If w; — ADeqw < Cy, then
there exist positive constants p, C, k such that

1

1 v

(— ( sup w—w)p) fC( sup w— sup w—i—kR),
|1Q(x,t, R)| Jo@.r.R) Q(x.1.2R) Q(x.1.2R) Q(x,t,R)

Since ¥ (1) has bounds depending only on sup |R,,| and sup |dd“u|, and |lu||co
and {u;;} are Hermitian matrices, we can apply these to u;z, u; to obtain the
inequalities

1
1 »
R a— ( sup uk,;—uk,;)p> SC( SUp  Uz— Sup uk,;—i-kR),
<|Q(X,I,R)| 0(x.1,R) O(x,1,2R) 0(x,1,2R) 0(x.1.R)

1
1 2
_ ( sup u—u )p> §C( sup u;— sup u—i—kR),
<|Q(x,f, R Jox.t,R) 0(x.1,2R) o 0(x,1,2R) ' 0(x.1,R) '
where C does not depend on u;; or u;.
By concavity, for any two points (x, t), (y,s),
—Cry < h(x,u(x, 1)) tu(x, 1) —h(y, u(y, s)) —u(y,s)
= F(x’ M()C, t)) - F(y’ M(y, S))
- n
< FU 5000 —u;5(3. ) A (e 1) — (3, 5)).

i=1

Hence

D (v, $) =g (x, 1)) < CaA,
k=1

where A represents the maximal eigenvalue of F i,
Next we choose (y1, s1) in Q(x,t,2R), and (y2, s2) in Q(x, ¢, R),

u;i(y2, 82) —u;i(y1, 51) < C2A + Z(uklz(yl, s1) — i (¥2, $2)).
ki

Take the supremum on (yy, s1) on both sides simultaneously:

0<u;(y2,52)— inf Mi{(yl,sl)§C2A+Z( sup g (V1. 1)~y (y2, 52))-
Q(x,t,2R) ki Q(x,t,2R)

Let @(R) := Y {supp s ) Ui —I0fQ(x.r.R) Uy |- We have
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sup u,;— inf u,;
oeR) kT iR Kk

1 »
= | sup u,;— inf u-|”}
{IQ(R)I o) ocr) " oar) M

1 . 7 1
S{|Q(R)| Q(R)IM"E_Q%)M"EIP} +{|Q(R)| Q(R)'Qs(gl;)oukrump}
1
§C2A+Z! : | sup ”n"_”iﬂp}p‘i‘{ : | sup uklé—uk/ﬂp}p
7 U ow) ocr 10(R)| Jow) oer)

< CoA+C{w(2R)—w(R)+kR),

where the last step is established by Lemma 6.1 and the fact that

Z(sup u; —supu;;) < w(2R) — o(R).
Or

i 2R

We finally get w(R) < (I — )@ (2R) + £ + 2 Thus it follows from [Gilbarg
and Trudinger 1977, Lemma 8.23] that there are positive constants «, Ry such that
R)

o
”ukl;”CO'“(Q(x,t,Ro)) < sup W < C(Ol, RO, sup |I/lk];|)
R<Ry Q(x,l,R())

Therefore for each point (p, t), there exists a neighborhood U of p and a uniform
constant C which is independent of the choice of points such that fork =1, ..., n,

luillcze w0, < C,

and thus we obtain the Holder estimate for {u,;}(p, t) if we choose the normal coor-
dinates at that point. Consequently, around each point (x, ¢), there is a neighborhood
on which the required estimate holds.
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FULLY NONLINEAR PARABOLIC DEAD CORE PROBLEMS

JOAO VITOR DA SILVA AND PABLO OCHOA

We establish geometric regularity estimates for diffusive models driven by
fully nonlinear second-order parabolic operators with measurable coeffi-
cients under a strong absorption condition as follows:

F(x,t, Du, D*u) — du = ro(x, )u" Y(u»oy in Rr:=Rx(0,7),

where 2 Cc R” is a bounded and smooth domain, 0 < u < 1 and A is
bounded away from zero and infinity. Such models arise in applied sciences
and become mathematically interesting because they permit the formation
of dead-core zones, i.e., regions where nonnegative solutions vanish iden-
tically. Our main result gives sharp and improved C%1=# parabolic reg-
ularity estimates along the free boundary d{z > 0}. In addition, we derive
weak geometric and measure-theoretic properties of solutions and their free
boundaries as: nondegeneracy, porosity, uniform positive density and finite
speed of propagation. As an application, we prove a Liouville type result for
entire solutions and we carry out a blow-up analysis. Finally, we prove the
finiteness of parabolic (n+1)-Hausdorff measure of the free boundary for a
particular class of operators.

1. Introduction

Throughout this article, we are interested in sharp and improved geometric regularity
estimates for diffusive models with strong absorption as follows:

(DCP) Z(x,t, Du, D*u) — d;u = ro(x, 1).u" =0 (x, 1) in Qr:=Qx(0,T),

with continuous and nonnegative boundary data, where 2 C R”" is a bounded and
smooth domain, 0 < i < 1 is the order of reaction, A is bounded away from zero and
infinity and it is known as the Thiele modulus. Moreover, .% : Q7 xR" xSym(n) — R
is a fully nonlinear, second-order uniformly elliptic operator with Lipschitz character:
there exist constants A > A > 0 (ellipticity parameters) and k > 0 such that

(A-) Yl —«lgl = F(x, 1,8, X) = F(x,1,§ + ¢, X +Y) < AlY| +«c|
MSC2010: 35B65, 35K55.

Keywords: dead-core problems, fully nonlinear parabolic equations, sharp and improved regularity
estimates, parabolic Hausdorff measure estimates.
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for every X, Y € Sym(n) with Y > 0, (x,¢,&,¢) € Qr x R" x R". It is worth
mentioning that .% is assumed to have bounded measurable coefficients. For this
reason, bounded viscosity solutions to (IDCP) have, as the best a priori estimates, a
universal Holder modulus of continuity according to celebrated Krylov—Safonov
parabolic estimates; see [Krylov and Safonov 1980] for more details.

Another fundamental aspect of such models is that if f(u) = Aou" x(,>0) is not
Lipschitz, then the maximum principle is not applicable. Consequently, nonnegative
solutions may create plateau regions, which are known in the literature as dead-
cores and represent regions where no reaction takes place in the diffusion process
from (DCP). Solutions of this class are currently called dead-core solutions and
appear in a number of physical-mathematical models; see, for example, [Antontsev
et al. 2002; Bandle and Stakgold 1984; Choe and Weiss 2003; da Silva et al. 2018;
Guo and Souplet 2005].

The main first result of our manuscript concerns sharp and improved regularity
of dead-core solutions along their free boundaries. We refer the reader to Section 2
for the employed notation.

Theorem 1.1 (improved regularity at free boundary points). Let u be a nonnegative
and bounded viscosity solution to (DCP), so that 0;u > —co(x, t)u" x(u~0 (in the
viscosity sense)! for ¢y a nonnegative bounded function and & € Qr a compact set.
Then there exists a universal constant* € > 0 such that for all (xq, t9) € 0{u > 0}NRK,

2
u(x,t) < € lullp=@pdist, ((x, ), (xo, t0)) =+,
for all (x, t) sufficiently close to (xg, ty).
We shall also provide how dead-core solutions leave their free boundaries.

Theorem 1.2 (nondegeneracy). There exists a constant €=C(n, A, A, k,m, ;1) >0
such that any viscosity subsolution to (DCP) satisfies

(1-2) sup u(x, 1) > €h-rra,

Cr (x0,70)
for any (xg, ty) € {u > 0} N Ly and €, (xg, ty) C 2 x (0, 00).

Finally, our last main result concerns the parabolic Hausdorff measure of the
free boundary.

INotice that such an assumption is weaker than those imposed in [Choe and Weiss 2003; Shahgho-
lian 2003; 2008]. It means that solutions can decrease in time direction, but with an appropriate lower
bound control.

2Throughout this manuscript universal constants are those which depend only on dimension and
structural parameters of the problem, namely A, A (ellipticity constants of the operator), m, 9t (bound
of 1), « (bounds for the gradient variable of ), dist(, 9, 27) and .
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Theorem 1.3 (Hausdorff measure estimates). Let u be a viscosity solution to (DCP)
with % a concave operator. There exists a universal constant € > 0 such that for
all (xg, ty) € o{u > 0} ﬂ(fl/g,

A (3w > 0y NG (xo, 10)) < €p™t,

for all p < 1, where "+ is the (n+1)-dimensional Hausdorff measure with

par
respect to the parabolic metric.

1A. Motivations, state of the art and overview. Throughout the last four decades
parabolic PDEs with strong absorption conditions have received much attention
due to their connections with the modeling of several phenomena in pure and
applied sciences (see [Antontsev et al. 2002; Bandle and Stakgold 1984; Diaz
2001; Stakgold 1986]). An illustrative example coming from isothermal, catalytic
reaction-diffusion processes is

Au — du = u" x>0y in Qr,
ulx,t) =g(x,1t) on a2 x (0, 7),
u(x, 0) = up(x) in Q,

where the boundary data satisfy
O<uge CO(S_Z), gx,t)=¢>0 and u(x,0)=¢% forall x €9S2.

In this context, u represents the concentration of a (gas-liquid) reactant over a
diffusing material evolving in time. Hence, the development of dead-core regions
occurs precisely when the reactant becomes inactive. Notice that the boundary
condition means that the reactant is injected with a fixed isothermal flux on the
boundary. From a chemical engineering point of view, to understand the dead-core
phenomenon is crucial, since the catalytic material is wasted precisely along the
dead-core zone.

Other insights for our study come from the theory of nonlinear geometric free
boundary problems (see [Apushkinskaya et al. 2002; Caffarelli et al. 2004; Shahgho-
lian 2003; Teixeira 2016] for some enlightening examples). In this direction, we
cite the class of “pseudo” free boundary problems

max{Plu] — ou, —u} =0 in Q7,
(FBP) ulx,t)=g(x,t) ona2x(0,7),
u(x,0) =up(x) on,

where P[u] := Z (x, t, Du, D*u) — ro(x, Hut xu=o0y(x, 1) for u, g, up and .F as
before. As a particular application of (FBP) to financial markets, we may consider
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the operator

2y 2y
3G 76,06
PV = 50161, 028,) 32;/ 8127 (0161, 0262)

362361 3(62)2

2 kY% .

+ Z(Fo - O'i)Gi% —ro?, ",

i=1 !
where ro > 0 is the interest rate, o; is the volatility of the price of the corresponding
asset, ¥ is the American option and (&, G5) is the price vector of underlying assets.
Such nonlinear obstacle problems can be interpreted as the extended model (with
zero constraint) in pricing of American options in financial mathematics, which
precisely deals with the case i = 0 (an obstacle type problem). The interested reader
may see the references [Blanchet et al. 2005; 2006; Petrosyan and Shahgholian
2007; Shahgholian 2008] for a more complete treatment.

Despite the fact that a number of qualitative and quantitative features for linear
models in divergence form like

(1-3) Au—a,Lt:)\,ouMX{u>o}(X,l) in Q7

have been extensively studied by many authors by using variational approaches
in the last four decades (see [Choe and Weiss 2003] for a seminal treatment, see
also [Antontsev et al. 2002] and [Diaz 2001] for classical references on this theme),
many pivotal issues have not been established for a general model (DCP), until now,
due to the rigidity of the structure of such operators. For this reason, the treatment
of such free boundary problems in nondivergence form requires the development
of new approaches and modern techniques.

We are particularly interested in the smoothness and weak geometric properties
around free boundary points of viscosity solutions of models like (DCP). Such
issues were our impetus for researching parabolic dead-core problems via a modern,
nonvariational and systematic approach based on geometric regularity theory (com-
pare with [Choe and Weiss 2003] for a dead core problem ruled by a heat operator
and [da Silva et al. 2018] for its extension to degenerate evolution operators).

Beyond the several applications, the topics treated in this article help to understand
general issues in free boundary problems. This fact is illustrated by Theorem 1.1,
which shows that the dead-core’s analysis brings to light an impressive feature: better
regularity estimates (at free boundary points) than those currently available. In effect,
in our approach we impose just bounded measurable coefficients for .%#. Notwith-
standing, the modulus of continuity improves upon the expected Holder regularity
coming from the classical Krylov—Safonov regularity estimate (see [Crandall et al.
2000, Section 5; Krylov and Safonov 1980; Wang 1992a, Section 4.4]). Furthermore,
even for constant coefficient problems, % (Du, D*u) — du = f(x,t,u) € L*, our
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result is surprising, because in this setting, the C!+% (1+%)/2_egtimate is the available
regularity; see [Wang 1992b, Section 1.2] and [da Silva and Teixeira 2017, Sections 4
and 6]. Finally, we must compare our estimates with ones coming from Schauder
type estimates (see [Tian and Wang 2013] and [Wang 1992b, Section 1.1]). For
simplicity, let us suppose that .#(D?u) = Au and A9 > 0 is constant. Notice
that Agu* € C**/2(€). Therefore, the classical Schauder theory implies that
uecC lz()Jg“’(H” )2 (%1). On the other hand, the estimates from Theorem 1.1 tell us

that u has w(s) = s?/!=% as modulus of continuity at points on the free boundary.
Finally, the main point is that

2
—>24pu
l—n

for any u € (0, 1). In other words, we obtain an improved decay estimate (at free
boundary points for a right-hand side which is not not necessarily Holder) when
compared with classical Schauder estimates. Taking into account the previous state-
ments, our results are new even for linear parabolic problems with nondivergence
structure and bounded and merely measurable coefficients.

The insight for the proof of Theorem 1.1 is inspired by techniques from regularity
theory of fully nonlinear equations and free boundary problems (see, e.g., [da Silva
et al. 2017; da Silva and Teixeira 2017; Shahgholian 2003; 2008; Teixeira 2016]).
It consists of a finer geometric decay throughout an iterative process, which is
based on the sharp scaling of the equation and maximum principle tools for a
limiting caloric profile via a contradiction reasoning. It is worth mentioning that a
difficulty in our studies is the absence of a strong maximum principle for .%-caloric
functions, i.e., .Z(D*h) —9,;h =0 (a viscosity solution to homogeneous problem
with constant coefficients). For this very reason, the assumption of control in time
variable will play an essential role in our analysis in order to overcome such an
obstacle, since in such a limit configuration solutions will become nondecreasing
in time direction. This will enable us to apply a strong maximum principle for fully
nonlinear equations; see [Da Lio 2004].

Finally, it is worth highlighting that our article extends, as well as generalizes
to some extent, the previous seminal results (sharp regularity and weak geometric
properties) from [Choe and Weiss 2003] and [Teixeira 2016] by using different ap-
proaches and techniques adapted to the general framework of the fully nonlinear par-
abolic operators (compare also with [Caffarelli et al. 2004] and [Shahgholian 2008]).

The paper is organized as follows: The reader will find the main definitions and
assumptions in Section 2. Afterwards, we will present the proofs of the improved
regularity and nondegeneracy Theorems 1.1 and 1.2 in Section 3. In Section 4 we
put forward a number of consequences of these results. Section 5 treats global
analysis results of Liouville and blow-up type. Finally, the Hausdorff estimates in
Theorem 1.3 and related results will be delivered in Section 6.
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2. Preliminaries and main assumptions

Let us start with some standard parabolic notation. By 2 we shall denote a bounded,
open and smooth set in R*. For xo € R"” and r > 0, we denote by B,(x() the
Euclidean open ball with center x¢ and radius r. Also, for a point (xg, fp) € 2 x R
and r > 0, we consider three kinds of parabolic cylinders:

%, (x0, to) := B, (x0) x (to —r?, to+r>) (whole cylinder)
%f (x0, to) := B, (x0) X [to, to + r2) (the upper semi-cylinder)
E,. (x0, to) := B (xg) X (to — r2, to] (the lower semicylinder).

Moreover, we will omit the center of the cylinder as (xg, o) = (0, 0).
For a parabolic cylinder ¥’ = Q2 x .#, where .# is a closed interval with endpoints
a < b, we define the parabolic boundary by: 9,% := (Q x {a)U BN x .2).
Given (x, 1), (v, s) € Q x R the parabolic distance (or metric) between (x, t)
and (y, s) is given by

disty (v, 1), (7, ) =/ lx =y + 1t —s1.

Forr > 0 and ¢ C R"*!, we let A47(0) :={(x,1) € R"*!: dist,((x,1), O0) > r}
for the parabolic tubular neighborhood of radius r of &.

By Sym(n) we mean the set of symmetric real matrices of sizen x n. If M is a
given matrix, we shall use || M || to denote any matrix norm.

Throughout this manuscript % : €] x R" x Sym(n) — R is a second-order fully
nonlinear operator satisfying the structural condition

(SO) ,@;’A(M—P)—/d]_)’—cﬂ§§(x,t,ﬁ,M)—§(x,t,c?,P)
<P (M~ P)+«|F —7),

for any M, P € Sym(n) and p, g € R", where ﬁl\i/n A denote the Pucci’s extremal
operators

PENM):=2-) e+ A-Y e and P (M):=k-) ei+A-Y e
e; <0 e;>0 e; >0 e; <0

and {¢; : 1 <i < n} are the eigenvalues of M.
For a fixed (xg, ty) € 41, we will measure the oscillation of the coefficients of .#
around (xg, f9) by the quantity
F(x,t,0, M) — F(xq, 10,0, M
@) Os(otox.0) = sup 2 ) — 7 (x0, 10, 0, M)|
MeSym(n)\ {0} M

For notation purposes, we shall often write ® (0, 0, x, t) = ® z(x, t). Hence, the
coefficients of the operator are merely measurable.
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In the following definition, we provide the class of solutions that we consider in
this work.

Definition 2.1 (viscosity solutions). We say that a function u € C%(%)) is a viscosity
subsolution (resp. supersolution) to

(2-2) Z(x,t, Du(x, 1), D*u(x, 1)) — d,u — f,t,u)=0 in%

if forall p € C 21(#)) whenever u — ¢ has a local minimum (resp. maximum) at
(xg, tp) € € then

F(x,1, Dp(x, 1), D*@(x, 1)) = 9 — f(x,1,9) =0 (resp. <0).

Finally we say that u is a viscosity solution to (2-2) if it is both a viscosity subsolution
and a supersolution.

We recall the existence of a universal constant pg, satisfying % <po<n+l,

for which Harnack inequality (resp. Holder regularity) holds for viscosity solutions
with RHS in L?, provided p > pg; see for instance [Crandall et al. 2000, Section 5].
The following compactness result then becomes available:

Proposition 2.2 (compactness of solutions). Let u be a viscosity solution to
(2-3) du — F(x,t, Du, D*u) =f(x,t,u) in%,,

under the assumption f € LP with p > po. Then u is locally of class C*P for some
O0<B<land

_ p_nt+2
lulles ) < Cu, hy A k)P (lull oy +77 7 [ fleres)-

Another piece of information we need in our approach concerns the stability of
the notion of viscosity solutions, i.e., the limit of a sequence of viscosity solutions
turns out to be a viscosity solution of the limiting equation. More precisely, we refer
to the following lemma, whose proof and general form can be found in [Crandall
et al. 2000, Theorem 6.1].

Lemma 2.3 (continuity with respect to the equation). Let .7;, .7 be normalized
(A, A, k)-operators, p > po, with f, fj € LP(¢1) N C%%)) and let u;j be viscosity
solutions to

duj— Fj(x,t,Duj, D*u;) = f;(x,1) inG

for all j € N. Assume that uj — u locally uniformly as j — oo. Moreover, for all
@, (x0, t0) C 61 and all ¢ € C>Y (%, (xp, to)) (test function), assume that

gi(x, 1) = Fj(x,t, Dp(x, 1), D*p(x, 1)) — fj(x,1)

and
gx,t):=%(x,t, Dp(x,t), ngo(x, t)— f(x,1)
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satisfy
(2-4) I8 — &illLr @ (xot0p = O as j — oo.
Then, u is a viscosity solution to

du— F(x,t, Du, D*u) = f(x,1) in% (xo, o).

Proposition 2.4 (gradient estimates [Crandall et al. 2000, Remark 7.7; Wang 1992b,
Section 4.2). Let u be a viscosity solution to (2-3) with % a normalized (A, A, k)-
operator and f € LP(61). If

P
lim  sup (][ ®f;~(y,s,x,t)) =0,
=0+ (y5)e6; \JG (v.5)
2

then u € C1te(+)/2 (‘@) for some universal 0 < « < 1. Furthermore, there exists
a universal constant € = €(n, A, A, k) > 0 such that
I1Dull ooz 5y < €, A A i) (ullLoigy + 1L f o))

The next result can be proved in a similar way to one in [Crandall et al. 1992,
Theorem 8.3].

Theorem 2.5 (comparison principle). Let uy and uy be continuous functions in €
so that

(2-5)  F(x,t, Duy, D*uy) — duuy — ho(x, 1) (ur);
<0< .Z(x,t, Duy, D*uz) — dyuz — ho(x, ) (u2),  in %
in the viscosity sense. If u1 > uy on 9,%1, then uy > uy in ¢).

In the next theorem, we shall state the existence of solutions to the problem

F(x,t, Du, D*u) — d,u = Ao(x, )u" xpu=0) (x, 1) in %7,
(2-6) u(x,1)=g(x,1) ondBy x (=1, 1),
u(x, 0) = uo(x) inB; x {—1},

for continuous functions g and u( satisfying the compatibility condition g(x, 0) =
ug(x) for x € dBy. The existence is achieved by the celebrated Perron’s method
combined with the previous comparison principle, Theorem 2.5.

Theorem 2.6 (existence of dead core solutions). Suppose that assumption (SC)
holds for #, and that A is continuous. If there exist a viscosity subsolution uy to
(2-6) and a viscosity supersolution u® to (2-6) such that

Uz = u® on 8,61,

then there exists a viscosity solution u to problem (2-6). Furthermore, such a u is
nonnegative provided the data are nonnegative.
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3. Improved regularity estimates and nondegeneracy of solutions

In this section we will prove our main results, Theorem 1.1 and 1.2. We start
by deriving the improved regularity estimate in a normalized class of viscosity
solutions defined in the unit cylinder, and then we extend the results to general
dead-core viscosity solutions.

Definition 3.1. For any fully nonlinear operator .# fulfilling (SC) we say that
u € J(F, ho, W) (€1) if:

o Z(x,t, Du, D*u)—d,u = ro(x, Hu* x>0y (x, t) in €1 (in the viscosity sense)
with [[Aou# || = 4) < 1.
e 0<u<l1,0<m<Xty<Min 4.

o Oiu > —co(x, )ut xu=0y(x, t) in €, (in the viscosity sense) for a nonnegative
and bounded function c.

e u(0,0)=0.
Hereafter, we shall adopt the notation (., x, r) U] := SUPe— ( 4,) U(X, 1).

In the next, we shall define for u € J(%#, Ag, u)(%1) the set

V(u] := {jeNU{O};&ﬁ[u]fZ'zﬂ max{l,%}-&’1[u]},

J+1
0 2.

where € > 0 is the nondegeneracy constant from Theorem 1.2. Notice that V[u] is
not empty. Indeed, j =0 € V[u] since, in view of Theorem 1.2,

which implies that

We now present a key lemma for proving Theorem 1.1, which provides the sharp
growth rate for functions on J(.Z, Ag, u)(%1).

Lemma 3.2. There exists a positive constant €y = Ey(n, A, A, w, M) such that

2

1\ Tx
(3-1) Yﬁ [u] <& - (Z_J)
forallu € J(F, Ao, L)(61) and j € V[u].

Proof. The proof will hold by reductio ad absurdum argument. Let us suppose
that the thesis of the lemma fails to hold. Then, for each & € N we might find
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up € J(Z, ro, 1) (€1) and ji € V[uy] such that

2

1\ T~
(3-2) sz+1 [u] > k(21 ) .

Now, we define the auxiliary function:

1 1
U szx, 22—ka)
vk(x,t) =

Thus, vy fulfills

[u]
e 0<up(x,1)< L" <2A:=2%1"W max{l, 1/€}} in ¢, and v (0, 0) =0.

1/21k+|[uk] -
o iu] = 1.
2
1 1 22k u . _
> )2k
o O;vf > co<2u s t) T l[Mk]vk (x,1)in%; .

Tt
* T, 1, Dog, DPo) = dhve = g oo (Fox Frt ) ot (v, 1) in 4
in the viscosity sense, where Tt
Fi(x,t,p, M)
. 1 1
y( X, Zzlkt 2 yl/21k+l[uk] P, 2 Jl‘yl/zijrl[uk] M)

T 2%k | i+l [ur] 2Jk

Notice that the operator .%; fulfills (SC). Moreover,

PR T PRl
jk+l

1 1 1 1 1
ﬁko(» —»t)(vk)i(x,t)HLoo( awzm(;) K50 ask—o0.

The previous sentences together with standard compactness arguments for fully
nonlinear parabolic equations (see Proposition 2.2) imply that, up to a subsequence,
vx — v locally uniformly in CK_/S and .%; — %p. Furthermore, by stability results
(see Lemma 2.3) we have

« Fo(D*v) = v =01in %, .

e 0<v<UAand 5 3 >()1n<€4/5

e v(0,1) =0 forall r € (—(£)*, 0]
s Splv] > 1

Therefore, according to the strong minimum principle (see [Da Lio 2004]) v =0,
which contradicts the previous sentence. (]

In the next result, we state a version of Theorem 1.1 for the class J(.%#, Ag, u)(%1).
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Theorem 3.3. There exists a positive constant € = €(n, A, A, u, M) such that for
all u € 3(F, ko, w)(%1)

u(x,t) <€-0(x, t)ﬁ forall (x,t) € ‘5%,

where

sup{r > 0; € (x,t) C{u > 0}} for(x,t)e{u>0},

0 otherwise.

0(x, 1) = {
Proof. The proof will be by induction. First of all, we claim that

(3-3) S u] < € <L) " forall jeN,

2J 2/-1
where & is the constant coming from Lemma 3.2. Note that if €y > 1, which we
can suppose without loss of generality, then (3-3) holds for j = 0. Suppose now
that (3-3) holds for some j € N. We will verify the (j+1)-th step of induction. In
fact, if j € V[u], the result holds directly by Lemma 3.2. On the other hand, if (3-3)

fails, by using the induction hypothesis we obtain

1\ INTa /1 \Tr 1\
stz (3) rze(3) () e (3)

Therefore, (3-3) holds for all j € N.
In order to finish the proof for a continuous parameter, for r € (0, 1) let j € N
be the greatest integer such that 1/2/%! <r < 1/2/. Then,

2

1 \*™

%[u]s%_[u]sao-(—zjl) S Sk, A, M T
2]

Finally, in order to obtain an estimate for # over the whole cylinder we will use
a suitable barrier function from above. Let us define

( m(l — )’ )
C.=

2[2Ap + k(1 — )]

and ¢(x, 1) :=c- (|x|>+2nA -1)"/1=* Then, we have

)
F(x,t,Dt, D*7) — 8—4; — ho(x, 1)k

du
<0< Z(x,t, Du, D*u) — o o, 'l inet.

Moreover, we have that ¢ > u on BP‘K]JF, where we have used .7, [u] < ¢ - r2/(1=#)
for the estimate on {tr = 0}. Consequently, the comparison principle for viscosity
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solutions in Theorem 2.5 implies that { > u in %ﬁ. Therefore,

supu(x,t)§€(n,A,A,u,K,m)-rﬁ. O
(gr

Remark 3.4. Following the same arguments as in the proof of Theorem 1.1, it
is possible to obtain similar regularity estimates for a family of problems with

a general (not u-homogeneous) nonnegative and nonlinear absorption term § :
€1 X [0, lulloc] = Ry, ie.,

F(x,t, Du, Dzu) —du=F(x,t,u) inQr,

provided f(x, ¢, r) < €, r*, for all 0 < r <« 1 and for some constant €, > 0. Some
interesting examples include

Xo(x, 1) (e — 1) fors > pu >0,

Ao(x, ) In(us, +1) fors > u > 0,

Ao(x, t)ui In(u®*+1) fors >0,

LoCx, Hu'l /(1 +u*)™ fors >0 and 0 <m < p.

flu) =

We have decided to treat the case f(x, ¢, u) = Ao(x, t)u‘fr(x, t) in order to intro-
duce the main novelties in our approach.

Remark 3.5. Notice that Lemma 3.2 ensures that there exists a universal constant
0 < 79 < 1 (small enough) such that if u € J(.Z, Ao, 1) (%) with

|.Z (x, t, Du, D*u) — d,ul| L) < o,

then

2
1\ 1=
yzjlﬂ [u] = Qfo- (2_J> )

We now are ready to prove the main result of the article.

Proof of Theorem 1.1. In order to prove Theorem 1.1, we have to reduce the
hypothesis presented on it to the framework of Theorem 3.3. We assume without
loss of generality that & = %, C Q7. For (x, 1) € {u > 0}N & let 0(x, t) the distance
comes from Theorem 3.3. For (xg, 79) € 9{u > 0} N K let us define

u(xo + Rox, 1o + Rir)

Ko

v(x,t):= in %)

for constants kg, R > 0 to be determined universally a posteriori.
From the equation satisfied by u, we easily verify that, in the viscosity sense, v
fulfills

(3-4) Y (x, 1, Dv, D*v) — v = Ao(x, 1) - v (x, 1),
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for
G 1,5, 2) R 5 + Rox, 0+ 92, V5 K0y
X, 1, ’ :__ X X, ’
P Ko 0 0+ 10 " R 9%2

and

o M2

. 0 2
lo(x, 1) = l_u)»()(X()—FfRox,to—i-fROt).
Ko

Observe that ¢ satisfies assumption (SC) from Section 2 with the same ellipticity

constants A and A, Lipschitz constant «, and a modulus of continuity @(s) = w (Rs).
Now, let 7o > 0 be the greatest universal constant, from Remark 3.5 such that

Lemma 3.2 holds provided ||¥4(x, t, Dv, Du) — V|| Loz < 0. By choosing

dist(R, 3,Qr) |0y "
2 Voo [

ko :=|lu|lL~,;) and O<9%<min{1,

v fits into the framework of Theorem 3.3. Hence, there exists a constant ¢ =
EC(n, A, A, 9N) so that

L
[

v(x, 1) <€-0(x,1)

where
20x. 1) sup{r > 0; € (x,t) C{v>0}} for(x,t)e{v>0},
X, 1) =
0 otherwise.
By scaling back, we obtain the conclusion of Theorem 1.1. O

This final part is devoted to proving Theorem 1.2 which tells us how dead-core
solutions detach their free boundaries. As a byproduct, we shall also give important
consequences of such a nondegeneracy property, including uniform Lebesgue
density of positive sets {u > 0}, porosity of z-level sets of the free boundary and
finite speed propagation of {u# > 0}; see Section 4 for more details.

Proof of Theorem 1.2. Firstly, notice that by continuity of viscosity solutions, it
is sufficient to show that (1-2) holds for (xg, fg) € {# > 0}. To this end, fix such a
point and take r > 0 so that % (xo, f9) C 2 x (0, c0). Now, define the comparison
function

1 _
W(x, 1) :=cillx —xol* + 2lto—)I™", (x,1) €6 (x0, f0),

.. . . 1
where ¢, ¢p are positive constants satisfying ¢y < m(l md ) ’1‘ and

1

= { m(1 — p)? }1“
PTlazea + A 00— 1]
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where 0 < m < Ay. Hence, it follows that
F(x,t, DV, D*W) — ) — Ao(x, DY <0 in € (x0, to).

Now, if ¥ > u on whole 3,%," (xo, t9), then the comparison principle Theorem 2.5
would imply that u < W in €, (xo, fo). However, this is a contradiction with the fact
that W (xo, 1) =0 < u(xo, t9). Therefore, there exists a point (x’, ') € 9,%,” (xo, to)
such that u(x’, ') > W(x’, t'). Since W (x’, t') = cvr?/1=1 for ¢ independently of
(x’, t), we have completed the proof of the theorem. O

4. Applications

Using Theorem 1.1 we are able to prove a similar growth rate for the gradient of dead-
core solutions provided that the coefficients of .# are VMO (see Proposition 2.4).

Corollary 4.1 (growth estimates for gradient). Suppose that the assumptions of
Proposition 2.4 are in force. Then a positive constant & =& (n, A, A, , IN) exists
such that for all u € J(F, Lo, L)(61):

IDux, )| < €1 -0(x, 1)k for all ,.

Proof. As before, it is enough to prove the estimate

Ltp Lu

I\Tw [1\T*
(4-1) Yzjhl[llDull]SmaX{Qiz-(§> (5) fzb[IIDMII]},

for all j € N and a constant €&, = €, (n, A, A, u, IN).
Let us suppose that (4-1) does not hold. Then, there exists u; € J(F, Ao, 1) (61)
such that

I\ 1\ T

- K
(4-2) yﬁ[”D”j”] ZmaX{J(E) : (§> Yzlj[IIDMjll]}-
Next, we define the auxiliary normalized and scaled function

2juj (%x, %t)
1 [IIDuj|l]
2j+1

vi(x,1) =

Notice that using (3-1) and (4-2) we obtain

. . 2
e Tr
0 < v,-(x) < (—)M
' < 1 _[l|1Dujl]
2j+1
<o
jl=r

<

for (x,t) € 4.



FULLY NONLINEAR PARABOLIC DEAD CORE PROBLEMS 193

Furthermore:

o Fj(x,t, Dvj, Dzvj) —0vj = )Co(x, t)(vj)’fr(x, t) in %1 in the viscosity sense,
where

fj(x,t,ﬁ,M)

1 1 ;
= — F\| =x, 5=t,.7 1 _[|Dujlll-p,2)
215”%[||Duj||] 2777 22 27+
2J+

| [||Du,~||]-M)

1
2/+

and

R 1 1 11
e, 1) = S5 yl?“[llDu,-ll]/\o(gx’ Et)'
2J+T

- /DI 1.

Consequently,

- 1
IR0 )% ey < M- —.

Finally, by using the a priori gradient estimate from Proposition 2.4 we obtain

1< y%[”DUj”] <&m, A, M)[llvjllLez) + ||):O(Uj)i”L°°(9€1)]

<¢*.——>0 asj— oo,

which is a contradiction. Therefore the proof is ended. (I

An interesting piece of information coming from our technique is that by using
again the previous iterative geometric argument and supposing better assumptions
on .% (to be clarified soon) we will be able to access an improved growth rate for
the higher derivatives of u (namely, the temporal derivative and the Hessian of u,
respectively) according to Schauder type estimates.

Corollary 4.2 (growth estimates for higher derivatives). Assume that (DCP) has
locally C*' a priori estimates, i.e., there exists a universal constant ¢ > 0 such
that

ID?ull Loy, 10t Loig,y < €5 forall r L 1.

Then, there exists a positive constant & = €y (n, A, A, , M) such that for all
u € J(F, ro, w)(61),

||D2u(x,t)||§¢2-b(x,t)% (resp. |8tu(x,t)|§€2-0(x,t)‘}%ﬂ) forall(x,t)e%%,

Remark 4.3. An interesting class of operators for which we can apply Corollary 4.2
is the class of convex (or concave) operators (recall that such a family of opera-
tors enjoy local C>+t%2+®)/2 3 priori estimates; see [Krylov 1983; Wang 1992b,
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Section 4.3]), because under such assumptions on % it is possible to develop a
Schauder type estimate provided the source term enjoys a universal modulus of
continuity, suitably integrable at origin (see [Tian and Wang 2013] and [Wang
1992b, Section 1.1] for more details and compare with [da Silva and Teixeira 2017,
Section 6] and [da Silva and dos Prazeres 2019, Section 6] for results when such
an assumption fails). Finally, in [da Silva and dos Prazeres 2019], Schauder type
estimates were proved for flat C*-viscosity solutions, i.e., solutions with very small
oscillation, provided .# is in C 1’T(Sym(n)) and has Dini continuous coefficients.
Therefore, such a family of solutions and operators is an interesting class where
Corollary 4.2 holds true.

Remark 4.4 (dead core solutions vs. flat solutions). In view of previous results, we
must highlight the relationship between regularity coming from dead-core solutions
and that coming from the classical Schauder theory. To this end, let us suppose
that u is a flat C%-viscosity solution to

(4-3) F(x,t, D*u) — du = ro(x, Hul (x,1) in &,

where 0 < i < 1, A9 € C¥* (%)) and .Z is subject to the assumptions in, for example,
[da Silva and dos Prazeres 2019]; see Remark 4.3. Under such assumptions, the
Schauder type estimates from [da Silva and dos Prazeres 2019] ensure that solutions
to (4-3) are Clzotﬂ (/2 (1) (particularly at free boundary points). On the other
hand, our main theorem, Theorem 1.1, claims that u is CST®(5+®)/2 at free boundary

points, where
2 2 2
¢g=|—| and ¢i=——|—|.
1—n 1—pn 1—pn

Nevertheless, notice that for any 0 < < 1 we have
2
cHa=-——>2+p,
I—p

which means that dead-core solutions are more regular, along free boundary points,
than the best regularity result coming from classical regularity theory in [da Silva
and dos Prazeres 2019].

Remark 4.5 (regularity in some problems from geometry). Over the last decades
the study of geometric flows has proved to be extremely effective in solving some
of the most important problems in topology, differential geometry and geometric
analysis. Geometric considerations lead to equations of the form

(4-4)  F(x,t, Du, D*u) — d,u

= f(x, t,u, / 4 (Du, Dzu) dx) Xw=0y 1n .4 C R+
By



FULLY NONLINEAR PARABOLIC DEAD CORE PROBLEMS 195

where .Z is a convex (concave) operator and ¥ € C*°(R" x Sym(n), R™) is a vector
field (see [Tian and Wang 2013] for more detail on these topics). Such equations
appear in many applications of parabolic PDEs in curvature and gradient flows.
For this reason, our work has also been motivated by the study of such equations
coming from differential geometry and geometric analysis in order to establish high
order estimates to solutions along their free boundaries.

Next, we will comment on interior regularity results for general nonlinear curva-
ture and gradient flows (4-4) (at free boundary points); they provide an interesting
application in the geometric setting for our main theorem. We consider .# to be
a closed manifold without boundary under a volume constraint assumption; thus
interior regularity is sufficient. For (4-4), one can to obtain C>! estimates for
solutions via maximum principle

lullcaiq,y < C  forallr < 1.

Furthermore, such an estimate implies that (4-4) is uniformly elliptic; thus the
structural condition is satisfied. Notice that such an estimate also implies that
the RHS is C? in x and bounded and measurable in ¢. Hence, we fall into the
assumptions of Remark 3.4. As a result, Theorem 1.1 can be applied for viscosity
solutions to equations of form (4-4).

Finally, this result can be further applied to equations of the form

F(Dh, D*h) — b — b1 120> =0,

where b is the inwards mean curvature vector of the surface at position x and time ¢
and |2(| represents the norm of the second fundamental form. This equation is the
extended version for models describing the mean curvature hypersurface in the
Euclidean space R"*!; see [Sheng and Wang 2010].

Next, we will establish a finer control for dead-core solutions close to free
boundary points. In brief, any viscosity solution to (IDCP) will be “trapped” between
the graph of two suitable multiples of dist, (-, d{u > 0})%/1=#),

Corollary 4.6. Let u be a nonnegative, bounded viscosity solution to (DCP) and
Q' € Qr. Given (xo, ty) € {u > 0} N, there exists a universal constant €; > 0
such that

Cydist, ((xo, fo), O{u > ON™# < u(xo, fo) < ¢Hdist, ((xo, o), d{u > N

Proof. The upper estimate is an immediate consequence of Theorem 1.1. Next,
let us suppose that such a €; > 0 does not exist. Then there exists a sequence
Pri= (xi, 1) € {u >0} N Q" with

2

di i=dist, (P, {u > 0}NQ) >0 ask—>oo and u(Py) <k 'd .
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Now, let us define the auxiliary function v : 47 — R by
u(Py + (dyy, d}s))

> .

T—p
dk

v (y, 8) i=

It is easy to verify that:
(1) Zi(x,t, Dvg, D*v) — d,vx = /):k(x, t)- (vk)i in €12 in the viscosity sense
where

2u 1+p 2u

Fi(y.5. 7. 2) :d/:q?(Pk+(dky,d,§s),dk"“ﬁ,d,{q%)

and
M (y, 8) i= ho( Py + (dyy, ds)).

2) u(Py+ (dry, d,fs)) < SUP+ (B, u(y,s) < Qfd,f/(l_“) according to Theorem 1.1,
where P is such that dj =kdistp(Pk, Pr). Hence, vy is nonnegative and uni-
formly bounded.

3) w(y,s) < C-df + % for all (y, s) € ‘@”1_/2 due to local Holder regularity of
solutions; see [Crandall et al. 2000, Section 5; Krylov and Safonov 1980;
Wang 1992a, Section 4.4].

From the nondegeneracy property, Theorem 1.2, and the last sentence we obtain
2

(4-5) 0<¢Cy- (%) e < sup e (y, 8) <supvg(y, s) < Cd,ff—i—% —0 ask— oco.

8,,‘6’% %I

2
Such a contradiction finishes the proof. O
As an another application, we establish an average control for the p-power of

dead-core solutions. Such an estimate will be useful in order to prove Hausdorff
measure estimates.

Corollary 4.7. Let u be a nonnegative, bounded viscosity solution to (DCP) and
Q' € Qr. Forall (xo, ty) € 3{u > 0y N2/, there exist universal constants €; > 0 and

dist, (. 9,92
0<ro<<min{1, ist,( . P T)}

such that

20
ut(x, 1) > Curi-n,
€ (x0,20)

forany r <ry.
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Proof. Once more, we will proceed via a contradiction argument. If sucha €, > 0
does not exist, then there would exist a sequence Py := (xy, fy) € 9{u > 0} N Q'
such that for any sequence ry — 0+ as k — oo we would have

2
][ ut(x,t) < kilrkl_“.
@, (PO

Now, define the function vy : 4" — R by

u(Pe + (rey, ris))
! .

ve(y, 8) == —
rgf“

It is easy to verify
G (x, t, Dog, D vg) — dyv = A (x, 1) - (vp)y in &7

in the viscosity sense, where

21 1+p 2

G (y,s,p, X)) = rk_?“ﬂ(Pk + (rry, r,?s), rkl_”ﬁ, rkl_“ )
and
(v, 8) 7= ho(Pe+ ey, 1))
On the one hand, using the contradiction assumption,
ut(x,r) 2"+2?

(4-6) f v (v, s) = 2"+2f o < — 0 ask— oo.
€70.0) G (P) TR k
2

I—p
Ty

On the other hand, using Corollary 4.6 we obtain

][ v (v, ) =][ ut (P + (rey, ris))
%7(0,0) ¢ %7(0,0) =n
3 2 r

k

N Cﬂ][ (dist,,(Pk + ey, r2s), d{u > 0}))1’1
~ a0 Tk '
2

Now, let us denote di (y, s) := dist, (P + (rry, r,fs), d{u > 0} N ). Under such a
notation we define

Dr:={0,9 e @1 0,001 di(y, s) < arrid,

where
1—p

2u 1- 1- 1-
a = (—) T 0,00 3 (&) 3 0y
2
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with o > 0 chosen such that
a(n+2)
10

Notice that for k >> 1 large enough, ©; N6, (Px) N {u > 0} # &. Moreover, since
a, — 0 as k — oo, we have, for k > 1 large enough, that |D;| > 11—0|<51—/2(0, 0)].
Therefore, we can estimate for k > 1

¢l d T
[ o [ (a00)*
€7 (0,0) |C5% 0,0 Jog\ 7%

2

|£7(0, 0)] > 2"+2.
2

20:(N+2) a(n+2) n+2
> Dl = %, (0,0 ,
> S —Dfl = T 16 0.0 > =
which contradicts (4-6). This finishes the proof of the corollary. U

The nondegeneracy property and the growth rate for viscosity solutions to (DCP)
will lead us to establish some measure-theoretic properties of the free boundary.
We start by showing a property of positive density.

Corollary 4.8 (positive Lebesgue density of {u > 0}). Let u be as in Theorem 1.1.
Then, there exists a positive constant { = ¢(n, A, A, M, |lu| L~,)) such that for
all (xo, to) € {u > 0} and 0 < r < 1 such that €, (xo, to) C €12, the inclusion

Ger (X', 1) C 6 (x0, 10) N {u > 0},
holds for some (x', t') € € (xo, o).

Proof. Let (xg, ty) € {u >0} N ‘m For r small enough, we have by Theorem 1.2
that there exists (x’, ') € €, 5(x0, to) such that

2

(4-7) u(x' 1) >c- (%)1'

Suppose that for all 0 < ? < 1 small, there exists a point (x, ) € d{u > 0} N € 2
satisfying
(4-8) (', 1) € Go(x, 1) C G (x0, 10).
Now, according to (4-7), (4-8) and Theorem 1.1, it follows

1—p 2
c-<—> <u(x',t')< sup u <€, 07x.

Go(x.1)

This clearly does not hold for 0 < & - %, where & := (%)(I_M)/Z < 1. Hence
Czar(x', 1) C 6 (x0, 10) N {u > 0}. This ends the proof of the theorem. O
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Remark 4.9. Notice that Corollary 4.8 ensures that the free boundary cannot have
Lebesgue points. Consequently, for any compact set R C %], we have

LA > 01N K) =0.

Next, we shall prove, as an easy consequence of the above result, that the free
boundary is a porous set. We recall the definition of this notion.

Definition 4.10 (porous set). A set & € R” is said to be porous with porosity
constant 0 < ¢ < 1 if there exists YR > 0 such that for each xp € £ and 0 <t <R
there is a point x so that B, (x) C Be(xo) \ &.

Observe that a porous set has Hausdorff dimension at most n — co¢", where
co =co(n) > 0.

Corollary 4.11 (porosity for ¢-level of free boundary). Let u be a viscosity solution
to (DCP). For every compact set ¥ C 61,

A u >0 N Nt =10)) < o0
foraconstant0 <8 =8, A, A, u, M, ||ul|Loz). dist(H, 0671)) < 1.

Proof. The proof is standard (see, for instance, [Choe and Weiss 2003]). However,
we quote full details for completeness. Without loss of generality we can suppose
that 7 = % Let (z, t9) € d{u > 0} ﬂ%; then for 0 < r < 1, according to the
nondegeneracy property, there exists x’ € d B (z) such that

M(x/, IO) > Q:; 'I"]Eiﬂ,
On the other hand, from Theorem 3.3,
u(x', 1) < €, 1) T

Consequently,
¢rtu <u(x',19) <€-0(x', to)ﬁ.
Next, by selecting § = (%)(1_”)/2, then d(x’, 1) > & - r. Therefore
Bs.,(x")N B.(2) C {u(-,t) > 0}.
Now, choose y € [z, x] such that |y — x'| = %’ Note that for any yo € B, 2(y),
[yo —x'| < |yo—y|+ |y — x| =ér.

Moreover, since |z —x'| = |y —z| + |y — x'|,

or or
lyo—zl <lyo—yl+(z—x"| = |y —x']) < 3+(r—7> =r,
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so we conclude that B(sry/2(y) C Bs(x") N By (2) C B, (2) \ (8{u > 0} N {t = 10}).
Therefore, 3{u > 0} N {t = to} N %} is porous with porosity constant 5. O

In contrast to one of the most known properties of heat equations, namely the
infinity speed of propagation, fully nonlinear parabolic dead core problems have
the property of finite speed propagation. Such a property supports the physical
soundness of the equation to diffusive models. Moreover, the occurrence of this
phenomenon is a consequence of loss of diffusivity of the equation at the level set
u = 0. The proof will be based on [Choe and Weiss 2003, Corollary 4.4].

Corollary 4.12 (finite speed propagation of {u > 0}). There exists a constant
c(n, A, A, u) > 1 such that, for any solution to (DCP), with nonnegative and
bounded time derivative, and any € (xo, to) C Q x (0, 00), the implication

u(-,10) =0 in By(x0) = u(-,10+5) =0 in Bmax(0.r—cs) (X0)
holds.

Proof. Let us suppose that for 0 < 5; < © there exists a point x; € B, s, (xo) such
that u(x1, o + 5%) > 0. The nondegeneracy property (Theorem 1.2) implies

2
u(xz, g) > Chs, "

for some (x2, ¢) € G5, (x1, o+ 5%). Moreover, since % is nonnegative and bounded,

we deduce that there exist 0 < t(n, u) < 1 and (x, g —i—s%) satisfying
u(xy, to+55) >0, with 0<sy<(1—71)5; and |x—x|<s.
By iterating the previous reasoning we can obtain a point (x, fy +52) such that

si[l —(1—0)*']
. .

)k—l

u(xp, to+s57) >0, with 0<s; <(1—7)*'s; and |x;—x1| <

Finally, up to a subsequence, x;y — xoo as k — 00; thus we obtain a point (X, fp) €
{u > 0} fulfilling |x» — x1| < s1/t. However, this contradicts our assumptions
provided ¢ > %. This contradiction proves the corollary. U

5. Global analysis results

5A. Blow-up analysis. Throughout this subsection we shall study the blow-up
analysis over free boundary points (interior touching points). Historically, such a
procedure provides a powerful device in order to study certain one-dimensional
profiles in several free boundary problems (see [Apushkinskaya et al. 2002] and
[Caftarelli et al. 2004] for some enlightenment). Thus, let # be a solution to (DCP),
po 1= (X0, fo) € d{u > 0} ﬂcfl/z and (px = (xk, t))ken € 0{u > 0} ﬂ(fl/z such that
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px — po. Now, consider, for each g, \( 0, the blow-up sequence u,, : 61, — R

iven b
& y u(xk—i—skx tk+8kl‘)
2

1
24

We must stress that this sequence is indeed an g¢-zoom-in of u (on the free boundary
points) rescaled in a suitable way. The next result analyses the “limiting profile”
for any blow-up sequence.

Theorem 5.1 (blow-up limit). Let po = (xo, to) € d{u > 0} be a free boundary point,
(Pr)ren € 0{u > 0} such that py — po and a blow-up sequence (ug,f)keN. Then, up
to a subsequence

upk — u ° uniformly in every compact & C R" x R.
Furthermore, ug is a nonnegative viscosity solution to the following global parabolic
dead-core problem with constant coefficients:

(5-1) Z(x0, to, D*ud’ (x, 1)) — dul’ (x, 1) = Ao(x0, t0) - (b)) (x, 1) inR" x R.

Finally, (0,0) € a{uPO > 0).
Proof. Note that u ¢ fulfills, in the viscosity sense,

&k’

o (x, 1, Dult, D2ul) — bt =Jex, ) - @B in€ 1
£k

where
_ 2 1+p 2;1.

Fo(x,t,p, 2) =g, ]_“ﬁ(xk+8kx,tk+ekt Ek] “D,e, g ")

and . 5

A (x, 1) = ho(xx + exx, 1y + &1).
Observe that .%,, satisfies assumption (SC) from Section 2, with the same structural
parameters. As a consequence, from Theorem 1.1 we have

ubt(x, 1) < C(n, A, A, M, u) forall (x, t)e%1 )

Particularly, usk is locally bounded in %7 /(2¢,). From universal Holder regularity,
see for instance Proposition 2.2, up to a subsequence, ug,f — uo locally uniformly
to an entire function. Furthermore, B{MSO > 0} has zero (n+1)-Lebesgue measure

and by stability results (see Lemma 2.3) ugo fulfills
F (xo, to, D2ug’ (x, 1)) = dug’ (x, 1) = ho(x0, 10) - (ugVi (x, 1) inR" x R,
Obviously, u8° is a global nonnegative solution. By nondegeneracy (Theorem 1.2)

sup ub’(x,1) = hm sup ubt(x,1) > €5 rin a8
% 0,0 k=g 0.0

which ensures that (0, 0) € 3{uf)’ > 0}. O
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From now on, for our purposes, uf)" will always denote a limiting function, using
the previous reasoning. For this reason, we will label it as the blow-up solution
at (xo, tp).

The next result establishes a quantitative control profile at infinity for a class of
entire solutions to the dead-core problem, namely, blow-up solutions.

Theorem 5.2 (behavior of blow-up solutions). Let ug be a blow-up solution at
(0,0) € 0{u > 0}. Then, there exist universal constants ¢y, &y > 0 such that

o uo(x, 1)
(5-2) ¢ <  liminf >
dist, ((x,1),(0,0))—o00 diStp((X, t), (0’ 0))q
, 1
< lim sup uolx, 1) — < &.

dist, ((r.0). (0,0)—oe dist , ((x, 1), (0, 0)) 7

Proof. Such a lower and upper control at infinity are a consequence of Theorem 1.1
and Theorem 1.2, respectively. (]

Remark 5.3. Note that (5-2) implies that blow-up solutions are nontrivial. More-
over, (5-2) says that blow-up solutions satisfy

2 2
co-r=n < Slupl < Co-ri-r,
for values of r large enough.

Remark 5.4. In view of Theorem 5.2, the nontrivial space-independent blow-up
solution u = u(t) to

F (X0, to, D*u) — dyu = ho(xo, fo)u'y (x, 1) inR" x R

is given by u (1) = [—(1 — u)ro(x0, )11y " . On the other hand, when .7 (-) =
Tr(-), nontrivial time-independent blow-up solutions # = u(x) are of the form

2 2

2 2 2
”(x) = {Cn,u : (xi)-ll,-_u s Cn,u ' (xi)l—_“ s Cn,//. : (l-x —X()| - 9{0)-1-_“ }»

foranyi =1,...,n, where

. ,_(xoa—mz“ﬂ)
T\ 20w )

Notice that the first blow-up type solutions are half-space solutions and the last
one is a radial solution with dead core being precisely By, (xo); see [da Silva et al.
2017, Section 6] for an analysis about radial solutions of fully nonlinear elliptic
dead core problems. Finally, another interesting example of blow-up solutions are
those with independent variables, i.e., u(x, t) = v(x) + w(?).
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5B. A Liouville-type theorem. In this section we are concerned with proving a
Liouville-type result for global dead-core solutions. In summary, we show that a
global viscosity solution must grow faster than (|x |+|¢|'/%)%/ (1= as |x |4|¢] /> — oo,
unless it is identically zero. The proof will be based on [Teixeira 2016, Theorem 8§].

Theorem 5.5. Let u be an entire viscosity solution to
F(x,t, D*u) — du(x, 1) = ho(x, 1) -ulf (x, 1)
withu(0,0)=0. Ifu(x, t) =o(dist,((x, 1), (0, O))ﬁ) as dist, ((x, t), (0, 0)) — o0,
then u = 0.
Proof. For each positive number r >> 1, let us define
u(r x, rt)
ur(x, t) = =
ri-u
Thus, it is easy to check that
Fr(x, 1, D2uyp) — yup = do(rx, r’)(w,)  in 6

and u, (0, 0) =0, where %, (x, t, 2) :=r 24/ 1= Z (rx, r?t, r?»/(1=W 27). More-
over, we note that ||u, ||z<%) =0 (1). In fact, for each r e N, let (x,, #,) € R" xR
be such that

up (X, t;) =supu,(x, ).
G

We must consider two possibilities:

(1) If lim dist,((rx,, r?t,), (0, 0)) = oo, we get
r—00

r Oy, 1) = disty (., 728,), 0, 00) T u(rxy, ) dist, (rx,., 771, (0, 0) ™7
<Cm,A, A, n)-0o(1) >0 asr— oo.

(2) On the other hand, if hm dlstp((rxr, rt,.), (0, 0)) < oo, the conclusion is
immediate, because u 1s a contlnuous function.

Therefore, applying Theorem 1.1 we have
(5-3) ur(x, 1) < 0 (1) - disty ((x, 1), (0,0) ™ in%).

Now, if we assume that there exists (£, f) € (R” x R) \ {(0, 0)} such that u (%, f) > 0,
we deduce from (5-3) that

(5-4) sup up(x, 1) - u(x, 1) ’

71 dist,((x, 1), (0, O))1 # o 100dist,((%, 7), (O, 0))137
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provided r >> 1. We now estimate, for r > max{2|x], V2071
u(x, 1) u(x,1)

<sup

dist, (%, ), (0,00) 7%~ 4 dist,((x, 1), (0,0) ™%
r at

<sup ! (x ) 2

1 dist,((x,1), (0,0)) ™

u(x,t
- (x,7)

" 100dist, (%, 7), (0,0) 7

which finally drives us to a contradiction, completing the proof of theorem. (]

6. Hausdorff measure estimates

In this section, we will proceed to estimate the parabolic Hausdorff measure (i.e.,
the Hausdorff measure with respect to the parabolic distance) of the free boundary
set of dead-core solutions u. To this end, we need first some preliminary results,
which are based on the set of assumptions in Section 2 on the operator .%, together
with the following additional hypothesis:

(C) ((M, b)-concavity) There exist a constant ¢ > 0 and a bounded symmetric
positive definite Lipschitz matrix M : 41 — Sym(n), M = [m;;], so that

g(x’tvﬁa%)STr(M%)+b|ﬁ|’

in the viscosity sense, where b > 0 and 0 < ¢(x, #) < ¢j. We further assume
that there exists a constant 8 > 0 such that m;; > B for all i, j (see [Ricarte
et al. 2017, Section 5] for a similar property).

(T) (lower bound for d,u) There is a constant ¢y > 0 such that d;u > —coui in the
viscosity sense.

Before discussing the main result of this section, let us present some useful
notions and preliminary results.

Definition 6.1. Let <7 be a subset of a parabolic domain . We say that .o/ has the
(8, ¢)-density property if there is § € (0, 1) so that there corresponds ¢ > 0 with
the property
LN (G (x, 1) N ) .

L (Gs(x,0) T
for all (x,t) € 9ANE. If (6-1) holds for all § in (0, 1), then we say that </ has
uniform density in ¢ along 9.«

(6-1)

As a consequence of the above definition, we derive the following facts which
will be used in our proof of Hausdorff estimates for the free boundary.
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Proposition 6.2. Let o C € be open. Then:
o If o has the (8, {)-density property, there is a constant M = M (n) such that

()

LN N5 0.) Ny (x0, 10) < ——L" TN (A5(d.7) N E, (x0, 10) N )

for (xo, t9) € 0./ NE and § K p.
o If o has uniform density in € along 3.4, then "1 (3.e/ N€) =

Proof. We prove the first part. Let (xg,%) € do/ N ¥ and § < p. Consider
a covering of 45(0.%7) N €,(xo, tp) by cylinders €5(x, t) centered at points on
0.9/ N6, (x, tp). By [Lieberman 1996, Lemma 7.8], we may extract a countable and
disjoint subfamily of cylinders {€s(x;, t;)}; so that {€ss(x;, t;)}; covers A5(0<7) N
€, (xo, to). Hence:

LA @) NGy (x0, 10)) < D LT (Gss(xi, 1))

<MW it 1 )

< M) i1 (s 0.07) A 63, (x0, 10) O ),

where we have used the (8, {)-density property of <7 and the fact that €5(x;, t;) C
N5(0.27) N 62y (X0, to) O

We start with the series of preliminary results needed in the proof of Theorem 1.3.
The first lemma contains an L? estimate on the gradient near free boundary points.

Lemma 6 3. There exists a constant C > 0 such that for all (xo, to) € 9{u > 0}NE 2
and p < 4, the following holds:

/ |Vu|2§CE,On+1

2
I

Gy (x0,10)N{0<u<e 1=}

Proof. Define

(6-2) D(x, 1) :=u(x,t)x H (x, t)+ex ﬁ}(x,t).

67 u>e -~

Integration by parts gives

<I>-ml~jD,-‘,-u
Cp(x0,10) 2
to+p 1 . .
:/ |:— /@-mij-Dju-(x’—x(’))d%"_l— /Dl-(CI)-mij)Djudx}dt
t()—p2 ,0

9B, (x0) B, (x0)
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In view of the assumptions (C) and (T), nondegeneracy on average for dead core

solutions (Corollary 4.7), the growth rate on gradient, as well as that f_—"ﬂ < %J_’—Z
for any 0 < p < 1, we conclude
Tr(MD?u) > f (m — co)ull (x, 1) — b|Du|
Cp(x0,t0) Cp(x0,10)
2 1+
> 0" E,(m — c)pTF — b pTH]
5 2w
> w,p" T p T [€s(m — cp) — b&;] > 0.
In particular, we derive
(o m,'jD,‘ju > 0.
Cp (x0,t0)
Hence
1 fo+p? . .
/ 2 mijD;u-Djuf—f / dD-mij-Dju‘(x’—x(’)) d%n_l
Cp(x0,10){0<u<e =1} P J1y—p2 JIB,(x0)
—/ P CIDD,-mij~Dju.
‘Kp(xo,to)ﬂ{0<u<em}

Using regularity of Du and that 0 < p < 1, we conclude the proof of the lemma. [J

The above gradient estimate may be applied to get bounds on the Lebesgue
measure of the set {0 < u < €2/(1=)} near the free boundary, in terms of the upper
bound €. Precisely, we have the next lemma.

Lemma 6.4. There exists a constant C > 0 such that for any € > 0 small enough,
any (xo, to) € 0{u > 0} N C1 2 and any p small, the estimate

L (G, (0, 10) {0 < u < 7)) < Cp"He,
holds.

Proof. From a Vitali covering theorem for parabolic cylinders, see [Lieberman 1996,
Lemma 7.8], consider {%}, a finite covering by cylinders of d{u > 0} N €, (xo, to),
with center at (x;,t;) € d{u > 0} and radius C*¢, for a constant C* > 0 to be
determined a posteriori. Moreover, we require that

U%j C A1 (81) NEp(x0, 10)
J

Observe that, from the Heine—Borel lemma there exists a constant [ > 0 (with
dimensional dependence) such that

(6-3) > X x ) <L
j
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We first prove the estimate

(6-4) f \Vul? > C2" (%)),
{0<u<e‘T2ﬂ INE;

for some C > 0 and C* to be chosen large enough. Indeed, in view of the nonde-
generacy property, there is (x Jl., t }) € %‘@”j such that

2

(x! th =supu > € - lC*e o
uxj,j—lpu_o 1 .
1%j

Next, choose C* > 0 large enough so that

1
Ki= swp |Vulz = and €-(C™F > 470,

M (%% )
Next, we choose € > 0 small enough so that if r} = ¢ and r; = &, then
e 1. 1.1
(6-5) D > vy in¢; = <K,}(xj,tj)
and
2¢ .0
(6-6) D < EY <€ in ‘fj = %,.%(xj, 1),

where @ is defined in (6-2). We claim that if m; := fb, ®, then |[® —m | > ge for
some ¢ > 0 and for at least one of the cylinders ¥ jl and €. In fact, if this is not
the case, then we can find sequences (xg, #) € ‘ﬁjl and (yg, s) € ‘KJZ such that
[P (xg, 1) —mj| 1 [P (yk, sx) —mjl 1
< — < —

and .
€ k € k

Letting k — co, we obtain

| D (xk, te) — P (v, si0)
—
€

0.
This contradicts (6-5) and (6-6). Thus, by Poincaré inequality, we have
%€ sf |®—mj| < <C*e)2][ Vo
i i
and hence, for a universal constant C, > 0, we conclude that

|Vu|? > Cr.2" (%)),

{0<u<e}ne;
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Moreover, by Corollary 4.6, if (y,s) e {0 <u < e2/d=m1n €, (x0, to), then

L
-

Codist((y, s), d{u > O})1 L <u(y,s)<e
Thus,
{O<u< eﬁ} NG, (xo, t0) C A . 12 (3{u > 0} NG, (X0, 10)).
() °
Therefore, by enlarging C* and diminishing € if necessary, we conclude that
(0 <u < T} NG00, 10) € |24, C .
J

Appealing to Lemma 6.3 and the estimate (6-4), we conclude

corl= [ wPziy [ e

{0<u<e?/d-ming; J 2¢;N{0<u<e?/ (-1}

C n+1
ET;‘X )

c
> Tz.,zﬂ"“({o <u<eTHNG,(x0, 10)). O

Theorem 6.5. There exists a constant C > 0 such that
LN (Ae({u > 0Y N6y (x0. 10))) < Cep™™!

fOI” (x0, t0) € d{u > 0} N %1/2.
Proof. First, observe that

67) [ > 0) NG, (x0, 10) N {u > 0} C [{0 < u < €677} N, (x0, 10)]

for € > 0 as in Theorem 1.1. Indeed, if (x, t) € A5(3{u > 0}) N €, (x0, to) N {u > 0}
and (y, s) € 0{u > 0}, then
2

u(x, 1) < C(lx — y| + |t — s|3) 7 < €57

By the uniform positive Lebesgue density of the positive set of u (see Corollary 4.8),
we have that there exists a constant ¢ so that
L (@5 (x0, 10)) N {u > 0} -
L5 (x0, 10)) B

Hence, the set {u > 0} has the (8, ¢)-density property, and then by Proposition 6.2,
there is a constant M > 0

LM A50{u > 0) Ny (xo, 1))
< Cr. 2" N (A58 {u > 0}) NG, (x0, to) N {u > 0}) + MSp" .
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Thus, by appealing to (6-7), we derive
2" (50{u> 0D, (xo, 10)) < Cr. 2" (0 <u <€8T7 NG, (x0, f0))-+Mp" .
From Lemma 6.4, we get for § small enough that
L (A 0fu > 0} NE, (0. 19))) < Cop"F!,
for some universal C > 0. O

Remark 6.6. It will be useful to introduce the notion of parabolic Hausdorff
dimension for a set o C R+,

Hpar(Zp) 1= inf{O <s < 00 :forall y > 0 there exists {€r;(xj, 1)} j=1
such that Xy C U %r,(xj,t;)and er < y}.
j=1 j=1

We will finish this section with the proof of the Hausdorff estimate for the free
boundary.

Proof of Theorem 1.3. Let 0 < § < p < 4—1‘, and consider a covering ¢; by cylinders
of the set d{u > 0} N6, (xo, tp) centered at points in d{u > 0} N €, (xo, 7o) and with
radius §. Hence,

% c A01u > 0) NE,15(x0. t0).
J

Thus, we derive

par,s
J

1
(6-8) A3 (d{u>01N%,(x0. 00) <C Y _8"'=C) g.f”“ (%))
i J
C
< S LA > 0D NEp5(x0, 10)
<C(p+o",

where we have used Theorem 6.5 to obtain the last inequality. Hence, the conclusion
is reached by letting § — 0. ]

Remark 6.7. We must highlight that the parabolic Hausdorff dimension and classi-
cal Hausdorff dimension have the relationship given by

2 (X0) —n < Hpar(Zp) < H(Zp) + 1.
Therefore, 77 ((0{u > 0}NRKR)) <n+ %, for any R € Qr.

We end this section by providing a z-integral estimate on lower-dimensional
Hausdorff measure of the free boundary. This is a direct consequence of the previous
arguments.
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Lemma 6.8. Consider the set-valued mapping §(s) :=d{u > 0}N{t =s}. Hence the
mapping s — A" NEF ()N €, (X0, 10)), for (xo, to) € {u > 0}, is Borel measurable
in (to — p?, to + p?) and the estimate

to+p? R
(6-9) / AT ()N Ey(x0, 10)) ds < Ep"
10—p?

holds for a universal constant ¢ depending only on dimension.

Proof. We first show that § is upper semicontinuous in (fo — p2, o + p>). Indeed, if
7 is an open set containing §(so) N R, K C 1,2 compact, then §(s) N K C % for
all s sufficiently close to sg. In fact, if this is not the case, then we can build up a
sequence (yi, Sx) € §(sx) N (K\ %) with s, — 59. Passing to a subsequence, we have
(V&> Sk) = (Vo, So) € {u > 0}N(RK\ % ). This contradicts that §(s¢g) C % . Therefore,
the mappings s — %‘g”‘l ($(s)NE,(x0, 1)) and s — A" (F ()N €, (x0, 1)) are
Borel measurable.

Consider now the covering by cylinders from Lemma 6.4. Hence by (6-8), we
obtain

1
Q:'(p+8)n+l Z_/ d$n+]
8 U; € (xj.t))

1 (8+p)?
= —/ " (U Ci(xj, tp)N{t = s}) ds  (by coarea formula)
8 J—(+pp2 r

(8+p)*

w. _ .

> / 8"ty apnu=snds  (Lasin (6-3))
—(8+p)? j

o, (6+p)* 4
> / K F6INE, (o, 10)) d.
lwp—1 J_(54p)

By letting § — 0, we derive the estimate (6-9). (]
Remark 6.9. We highlight that Lemma 6.8 implies particularly, from geomet-
ric measure theory results (see [Federer 1969, Theorems 4.5.6 and 4.5.11]), that

X{u=0}( -, 1) is a function of bounded variation for almost every ¢ € (0, T'). Moreover,
for any ¢ € CO1(Q: R) it follows that

/ divopdx = / @-vd#""" for almost every ¢ € (0, T),
{u(-,1)>0} Brea{u(-,1)>0}
where v is the normal vector in the measure theoretic sense. Nevertheless, such
a previous sentence does not yield any additional information on the singular

set of free boundary, because neither the x,~0y(-, ) nor the reduced boundary
Ored{u( -, t) > 0} detect the singular set.
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HOMOTOPY DECOMPOSITIONS OF THE
CLASSIFYING SPACES OF POINTED GAUGE GROUPS

STEPHEN THERIAULT

Let G be a topological group and let G*(P) be the pointed gauge group of a
principal G-bundle P — M. We prove that if G is homotopy commutative
then the homotopy type of the classifying space BG*(P) can be completely
determined for certain M. This also works p-locally, and valid choices of
M include closed simply connected four-manifolds when localised at an odd
prime p. In this case, an application is to calculate part of the mod-p ho-
mology of the classifying space of the full gauge group.

1. Introduction

Let G be a topological group and let M be a pointed space. Let P — M be a
principal G-bundle over M. The gauge group G(P) is the group of G-equivariant
automorphisms of P that fix M. The pointed gauge group G*(P) is the subgroup
of G(P) that fixes the fibre over the basepoint in M. Gauge groups are of wide
interest due to their prominent role in both mathematical physics, Donaldson theory,
and the study of semistable holomorphic vector bundles and their related moduli
spaces. Important problems are to calculate the mod-p homology and cohomology
of the classifying spaces BG(P) and BG*(P) for a prime p when M is a closed
simply connected four-manifold, and to determine the integral homotopy types of
various spaces related to BG*(P) when M is an orientable closed Riemann surface.

In this paper, assume that the topological groups have the homotopy type of
connected, finite type CW-complexes. We show that if G is homotopy commu-
tative then for certain spaces M there is a homotopy decomposition of BG*(P)
as recognisable factors. This also works p-locally. Two applications are given.
The first is in the case when G is a simply connected, simple compact Lie group
and M is a closed simply connected four-manifold. For appropriate primes p, a
p-local homotopy decomposition of BG*(P) holds and this is used to determine a
large split subalgebra of the mod-p cohomology of the full gauge group BG(P).

The author would like to thank the referee for making many valuable comments that helped improve
the clarity of the paper.

MSC2010: primary 55P15, 55R35; secondary 54C35, 81T13.

Keywords: gauge group, mapping space, homotopy type, homology.
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The second is in the case when G is the infinite unitary group and M is a closed
orientable Riemann surface. A homotopy decomposition of BG*(P) is used to
determine the homotopy type of the space Hom(7(X,), U) of homomorphisms
from the fundamental group of the Riemann surface to the infinite unitary group.

The key result is a decomposition of certain pointed mapping spaces. Consider
adjunction spaces of the form

m
N = <\/ EAI) Ua €n,
i=1

where \//_, £ A; is a CW-complex of dimension strictly less than n, a: sl
\/;-":1 Y A; is the attaching map of the n-cell, and m > 2. For 1 <i < m, let
tj: TAj — \//L, £ A; be the inclusion of the j-th wedge summand. Let A be
the collection of all such adjunction spaces N with the additional property that the
attaching map a factors through a map a’ which is a wedge sum of some of the
Whitehead products A ; A Ak DTN Vil TA;.

Observe that there is a cofibration

m
\/ 24 LN VI
i=1

where b is the inclusion and ¢ collapses \//_; £ A to a point. Let G be a topological
group and let BG be its classifying space. Then the cofibration sequence induces a
fibration sequence

m
(1)  Map*(N, BG) %> Map*(\/ TA;, BG) 2 Map*(5"~!, BG).

i=1

Theorem 1.1. Let N € N and let G be a topological group whose multiplication is
homotopy commutative. Then the map b* in (1) has a right inverse and there is a
homotopy equivalence

m
Map*(N, BG) =~ Map*(\/ TA;, BG) x Map*(S", BG).
i=1

A p-local version of Theorem 1.1 also holds if the multiplication on G is
only homotopy commutative at p. This is particularly relevant since James and
Thomas [1962a] showed that no simply connected, simple compact Lie group has
its standard multiplication being homotopy commutative, but McGibbon [1984]
showed that after localising at an odd prime there are cases when the multiplication
is homotopy commutative and he classified these. The classification is given in
Section 2.
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The connection with gauge groups comes from work of Gottlieb [1972] or Atiyah
and Bott [1983]. They showed that if M is a pointed space and P — M is a prin-
cipal G-bundle then there is a homotopy equivalence BG*(P) >~ Map*p (M, BG),
where Map*, (M, BG) is the component of Map*(M, BG) that contains the map
inducing P. Consider two cases. First, let M be a closed simply connected four-
manifold and let G be a simply connected simple compact Lie group. By [Milnor
1958], M is homotopy equivalent to a CW-complex (\//_, 5?) U, ¢*. Second,
let M be an orientable closed Riemann surface of genus g and let G = U (n).
Classically (see [Hatcher 2002] for instance), M is homotopy equivalent to a CW-
complex (\/lzi 1 S1) Ug €2, In either case, [M, BG] = Z so there is a component
of Map*(M, BG) for each integer k, and this integer determines a corresponding
equivalence class of principal G-bundles P — M. Write P; for the equivalence
class corresponding to k and let G; (M) = G*(Py).

Let QSG be the component of 3G containing the basepoint. Write X p) fora
space X localised at the prime p.

Corollary 1.2. Let M be a closed simply connected Spin four-manifold with m
two-cells, m > 2, and let G be a simply connected simple compact Lie group whose
multiplication is homotopy commutative when localised at p. Then there is a p-local
homotopy equivalence

m
BGy (M)(p) = (1_[ 9G<p>) X G ().
i=1
In the second case, stabilise by considering the infinite unitary group U. Since
U is an infinite loop space its loop multiplication is homotopy commutative. Write
3, for the surface of genus g, and let QoU be the component of QU containing
the basepoint.

Corollary 1.3. Let X, be a closed orientable closed Riemann surface of genus
g > 1. Then there is an integral homotopy equivalence

2g

BG{(Z,) ~ (]_[ U) x QoU.

i=1

Corollaries 1.2 and 1.3 are the first systematic decompositions of the classifying
spaces of pointed gauge groups. In the context of Corollary 1.2, Masbaum [1991]
proved the G = SU (2) case earlier but by using different methods that depended
on the specific group. Also, while a great deal of work has been done recently to
identify the p-local homotopy types of gauge groups [Kishimoto and Kono 2010;
Kishimoto et al. 2013b; 2014; Theriault 2010] and study their properties [Kishimoto
et al. 2013a], nothing has been done for their classifying spaces.
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Applications of these decompositions to the mod-p homology of gauge groups
and the homotopy type of Hom(rr(%,), U) will be discussed in the final section
of the paper.

2. Preliminary homotopy theory

In this section we discuss some notions from homotopy theory involving Whitehead
products and the homotopy commutativity of topological groups. As we are building
towards a strictly commutative diagram in (6) rather than a homotopy commutative
diagram, some extra care will be taken along the way.

Let G be a topological group and let

ev: XQBG — BG

be the evaluation map. Letiy: XQBG — XQBGV XQBG and ig: XQBG —
YXQBG vV XQBG be the inclusions of the left and right wedge summands respec-
tively and let

lir,ir]: ZQBG AQBG — XQBGV 2QBG

be the Whitehead product of i; and ig. By [Arkowitz 1962] there is a homotopy
equivalence

(EQRBGVXEQBG)U, i C(EQRBGAQBG) = XQBG x XQBG,

where C(ZQBG A 2BG) is the reduced cone on XQ2BG A 2BG. Let t be the
composite

evVvev

t: SQBG Vv TQBG  BGV BG — BG,
where V is the folding map and let
[ev, ev]: TQRBG AQBG — BG

be the Whitehead product of ev with itself. Note that [ev, ev] is homotopic to
Volir, ir]. The following proposition connects the homotopy commutativity of G
to the existence of a certain extension.

Proposition 2.1. Let G be a topological group. Then the following are equivalent:

(a) G is homotopy commutative.

(b) The Whitehead product [ev, ev] is null homotopic.
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(c) There is a strictly commutative diagram

YQBG vV SQBG !

[

(EQBGV £QBG) Uy, i, C(EQBG AQBG)

BG

for some map e.

Proof. The equivalence of parts (a) and (b) was proved by James and Thomas [1962b]
and the equivalence of parts (b) and (c) was proved by Arkowitz [1962]. O

Remark 2.2. It should be noted that the homotopy commutativity condition in
Proposition 2.1 is fairly restrictive. For example, there are no simply connected,
simple compact Lie groups which are homotopy commutative [James and Thomas
1962a]. However, obstructions to homotopy commutativity may vanish when
localised at a prime p (see [Hilton et al. 1975] for a good discussion of localisation).
McGibbon [1984] classified those simply connected, simple compact Lie groups G
which are homotopy commutative at p. To describe these, recall that G is rationally
homotopy equivalent to a product of spheres, G ~q ]_[f:1 §2ni=1 The type of G is
defined to be {n1, ..., n;}. The loop multiplication on G is homotopy commutative
when localised at p in precisely the following cases:

2) p>2n; G=8Sp2)and p=3; G=G, and p=>5.

On the other hand, Bott periodicity implies that the infinite matrix groups U, SU,
SO, and Sp are all infinite loop spaces and so are integrally homotopy commutative.

Next, we generalise the (a) implies (c) part of Proposition 2.1. Let Xy, ..., X,, be
path-connected, pointed spaces and consider the wedge \/;~; £X;. For 1 < j <m,
lettj: £X; — \/iL, TX; be the inclusion of the j-th wedge summand. Let

m
fo 'V =xiaxi—>\/3x
1<j<k<m i=1
be the wedge sum of the Whitehead products [¢;, t]. Let
T(ZX1,...,5Xp) = (\/EX,-) ufc( \/ sz/\Xk).
i=1 1<j<k<m

Observe that there is a homotopy equivalence

T(EX1.....2Xw) > | ZX;xIXk

1<j<k<m
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To be clear, T(X X4, ..., X¥X,,) is a subspace of XX x --- x X X,,, each term
¥ X; x ¥ X in the union is regarded as including into the (j, k) coordinates of
X x---x XX,,, and intersections are identified.

This construction is natural. Suppose that there are maps g: XA — Z,h: B —
Z,and t: Z — Z'. Represent the homotopy class [g, i] as the adjoint of the
Samelson product (g’, h’), where g': A — QZ and h': B — QZ are the adjoints of
g and h respectively. The Samelson product is defined by the pointwise commutator
in 2Z, which commutes with any loop map 2Z ¥, Q7'. Thus we obtain tolg, h]=
[t o g, oh] on the nose. Hence, given maps f;: X X; — ZX; forl <i <m, we
obtain a strictly commutative diagram

" Vi) f e,
\/i:I X X; \/i:I EXi
> l
T(f1,.s Sm) , ,
TEXy,...,2X,) — T(XX,,...,XX,,).

In our case, for 1 <i <m, let X; = QBG. Write T(XQBG) for T(XQBG, ...,
YQBG). Let t,, be the composite

m m
f: \/EQBGM\/BG%BG,

i=1 i=1
where V,, is the m-fold folding map. By Proposition 2.1, if G is homotopy com-
mutative then the restriction of ¢,, to any pair XQBG Vv XQBG extends to a map

(£QBG V SQBG) Uy, i) C(SQBG AQBG) — BG.

Construct an extension for all pairs of wedge summands indexed by (j, k) for
1 < j <k <m. Observe that the extensions are compatible because they intersect
only on the wedge summands. Thus they may be assembled to produce a map
T(XQBG) — BG extending t,,. This is recorded as follows.

Lemma 2.3. Let G be a topological group whose loop multiplication is homotopy
commutative. Then there is a strictly commutative diagram

Im

/™, QBG —— BG

| <

T(XQBG)

for some map ey,.
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We close this section with one more observation about 7 (X Xy, ..., X X,,). Let
X L5 Q¥ X be the suspension map, defined by sending x € X to the loop w, on
¥ X, where w, is characterised by w, () = (¢, x). The evaluation map X QY Ly
is defined by sending (s, ) to w(s). The definitions imply that the composite
X 25 33X - X is the identity map on ¥ X. Now suppose that there is
amap f: ¥X — Y. The naturality of the evaluation map implies that there is a
strictly commutative diagram

2Qf
YQRYX — XQY

XX —— Y.

X

Thus, if f = (ZQf) o T E, then we obtain a lift
QY

@) / l
f

XX ——Y.

Combining this with (3) we obtain the following:
Lemma 2.4. Suppose that for 1 <i < m there are maps f;: ¥ X; — Y. Then there
is a strictly commutative diagram

L fi
\/:n=1 XX Vie \/;n=1 xQy

L l

.....

T fon
T(ZX1,....,2Xn) M T(ZQY, ..., ZQY).

3. The class N/

Recall from Section 1 that N is the class of adjunction spaces

m
N = (\/ EA,-) U, e,
i=1

where \//_, £ A; is a CW-complex of dimension strictly less than n, the attaching
map a factors through a map a’ which is a wedge sum of some of the Whitehead
products X A; A Ay HUICIN \/:": | XA;, and m > 2. The factorisation condition on
a can be restrictive. In the context of gauge groups, one typically wants to work
with an N that is homotopy equivalent to a manifold. Most manifolds do not satisfy
the attaching map condition. However, there are some very interesting families of

manifolds that do. For example,
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(a) if M is a simply connected Spin four-manifold with H 2(M; Z) of rank m > 2,
then M is homotopy equivalent to a CW-complex (\/7_, $%) U, e* € NV

(b) if X, is a closed orientable surface of genus g > 1, then X, is homotopy
equivalent to a CW-complex (\/lzi S 1) Uge? eN;

(c) if M is a simply connected Spin five-manifold then M is homotopy equivalent
to a CW-complex (\/;":1 EAI-) U, €, where each T A; is either S2, S3, or a
mod-p” Moore space of dimension three, and if m > 2 then this CW-complex
is in \V.

The CW-structure for M in (a) is due to Milnor [1958]; the CW-structure for X,
in (b) is commonly known, one reference is [Hatcher 2002]; the CW-structure
for M in (c) is given in [Stocker 1982]. Other examples exist, such as certain
(n — 1)-connected 2n-dimensional manifolds [Wall 1962] and the connected sum
of products of two spheres.

The property that is needed for the spaces in  is the following. Recall that there
is a homotopy cofibration §"~! - \ViL, ZA; Ay , where b is the inclusion.

Lemma 3.1. Let N € N. Then there is an extension

Vi 24— N

|

T(X2A,...,XAn)

for some map ey;.

Proof. Since N = (\//L; £A;) U, €", to show that the extension ey exists it is
equivalent to show that the composite gn—1 45 \/?121 YA > T(ZA, ..., 2A,)
is null homotopic. By definition, T(X Ay, ..., ¥ A,,) is the adjunction space formed
from coning off the sum of all the Whitehead products [¢;, ] for1 < j <k <m.In
particular, each composition XA ; A Ay DTN \/?1=1 YA > T(ZA, ..., XA,)Iis
null homotopic. Thus, as a factors through a wedge sum of some of the Whitehead
products [¢;, t], the composite S"~! -5 \/T| £A; - T(Z A4, ..., ZAy) is also
null homotopic. (]

4. A decomposition of Map*(N, BG)

Let N € V. In the sequence of maps

m
s \/zA 5 N L s,
i=1
the maps a and b form a homotopy cofibre sequence, while b and g form a cofibre
sequence on the nose. If G is a topological group then there is an induced sequence
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(5) Map*(s", BG) -L> Map*(N, BG)

m
% Map* ( \/ =4, BG) <, Map*(s"~', BG),
i=1
where the maps ¢* and b* form a fibre sequence on the nose while »* and a* form a
homotopy fibre sequence. We will show that if the multiplication on G is homotopy
commutative then the map b* has a right inverse.

Let f: \//L, ZA; — BG be a pointed map. Universally, a map out of a wedge
is determined by its restrictions to the wedge summands, so f = \//_, fi, where
fi: TA; — BG is the restriction of f to ¥ A;. By (4), each f; lifts through
YQBG -5 BG toamap f; = (2Qfj) o ZE. So if N € N and the multiplication
on G is homotopy commutative, we may combine the diagrams in Lemmas 2.3,
2.4, and 3.1 to obtain a strictly commutative diagram

¥ 71= fl m
/I, T A Vi \/", £QBG 2 BG

T ) '
-

NN T(SA, ..., T A, T(ZQBG).

By the definitions of #,, and each f;, we have t,, 0 (\/I_, f;) = /L, fi- So (6) lets
us define a map

m
0: Map*(\/ TA;, BG) — Map*(N, BG)

i=1
by 0(f) = 0(\V/', fi) = em o T(fi, ..., fm) o ex. We wish to show that 6 is
continuous and that b* o 6 is the identity map.

Lemma 4.1. The map 6 is continuous.

Proof. The map 6 is defined as the composite of the continuous maps e,, and
ey and the continuous functor T(fi, ..., f,»). Note that if Y is a locally compact
Hausdorff space then the composition Map™* (Y, Z) x Map*(X, Y) — Map*(X, Z) is
continuous with respect to the compact open topology. Therefore 6 is continuous. [

Lemma 4.2. The composite of continuous maps
m . m
Map*(\/ T A;, BG) %5 Map*(N, BG) -2 Map*(\/ TA;, BG)
i=1 i=1

is equal to the identity map.
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Proof. By definition, b* sends a map ¢: N — BG to the composite
m
b ¢
\/ =4, = N % BG.
i=1
Therefore, by the definition of 8, we have

b*oe(f)zb*oe(\/f,-)
i=l1
=b*(emoT(fi,.... fmoen) =emoT(fi,..., fu)oenob.

By (6) and the definition of ¢,,, we have

m

emoT(ﬂ,-~-,fm)oezvob=tm0<\/ﬁ>=\/ﬁ=f-
i=1

i=1
Thus b* 0 0(f) = f. 0

Proof of Theorem 1.1. In general, suppose that Q2B 2 F S E-sBisa
homotopy fibration sequence and r has a right homotopy inverse : E — F. Then
s is null homotopic because

(i) rot >~ 1 implies that s ~ s or ot, and

(i1) s or is null homotopic as it is the composition of two consecutive maps in a
homotopy fibration.

The null homotopy for s implies that F >~ E x QB. In our case, consider the
homotopy fibration sequence (5). By Lemma 4.2, the map b* has a right inverse.
Therefore there is a homotopy equivalence

m
Map*(N,BG):Map*(\/ TA;, BG) x Map*(S”, BG). O

i=1

To illustrate Theorem 1.1 we consider two cases of interest. Note that
Map*(S', BG) ~ Q' G.

Example 4.3. Let M be a simply connected Spin four-manifold with m two-cells,
where m > 2. Asin Section 3, there is a homotopy equivalence M =~ (\/f": 1S 2) Uge*.
Let G be a simply connected, simple compact Lie group listed in (2), whose
multiplication is homotopy commutative when localised at p. By [Hilton et al.
1975], p-localisation commutes with mapping spaces in the context of simply
connected (and more generally, nilpotent) spaces, so we have Map*(M, BG),) =~
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Map* (M), BG(p)). Thus Theorem 1.1 implies that there is a homotopy equiva-
lence

m
Map*(M, BG) () = (]_[ QG(p)) x QG
i=1
Example 4.4. Let X, be a close orientable surface of genus g > 1. As in Section 3,
T (\/fi1 S')Uq e* € N. Let G = U, the infinite unitary group. Since U is
an infinite loop space it is homotopy commutative so by Theorem 1.1 there is a
homotopy equivalence

28
Map* (g, BU) ~ (]_[ U) x QU.

i=1
We close this section by proving Corollaries 1.2 and 1.3.

Proof of Corollary 1.2. Recall from Section 1 that if G is a simply connected
simple compact Lie group, M is a simply connected four-manifold, and P, — M
is a principal G-bundle induced by the homotopy class in [M, BG] = Z corre-
sponding to k, then there is a homotopy equivalence BG; (M) >~ Map* (M, BG).
By Example 4.3, there is a p-local homotopy equivalence Map* (M, BG)(p) =~
(TTL, QG (p)) x QG (p), where Q}G is the connected component of Q°G that
contains the map S° — G of degree k in the third homology group. Since
70(223G) is a group, there is a homotopy equivalence Q;EG ~ QSG. Therefore
BGi (M) p) = ([T7L1 QG ) x G- 0

Proof of Corollary 1.3. Again, recall from Section 1 thatif G = U, %, is a closed
orientable surface of genus g, and P, — X, is a principal G-bundle induced by
the homotopy class in [Xg, BU] = Z corresponding to k, then there is a homotopy
equivalence BGi(Xy) >~ Map* (X, BU). By Example 4.4, there is a homotopy
equivalence Map*.(Z,, BU) =~ ( ,zi  U) x QU, where QiU is the connected
component of QU that contains the map S' — U of degree k in the first homology
group. Since mo(2U) is a group, there is a homotopy equivalence ;U >~ QuU.

Therefore there is a homotopy equivalence BGy(X,) >~ (]_[lzi U ) x QU. ]

5. Applications

In this section we give two applications, one to the calculation of the mod-p
homology or cohomology of the classifying space of certain full gauge groups, and
the other to the homotopy type of a certain group of homomorphisms.

First, return to the case when G is a simply connected simple compact Lie group,
M is a simply connected four-manifold, and Py — M is a principal G-bundle
induced by the homotopy class in [M, BG] = Z corresponding to k. By [Atiyah
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and Bott 1983] there is a homotopy commutative diagram

BG (M) ——— BGi(M)

) lw* P

Map* (M, BG) —— Map, (M, BG),
where {* and y are homotopy equivalences. Observe also that there is a fibration
Map*, (M, BG) — Map, (M, BG) = BG,

where ev evaluates a map at the basepoint of M. Stated in terms of gauge groups,
up to homotopy equivalences, there is a fibration

BG; (M) — BG(M) — BG.

Take homology and cohomology with mod- p coefficients. Corollary 1.2 imme-
diately implies that if G is homotopy commutative when localised at p then there
is a coalgebra isomorphism

H.(BGf (M) = (@ H*<9G>> ® H.(26)

i=1

and an algebra isomorphism

H*(BG} (M)) = ((X) H*(QG)) ® H*(Q3G).

i=1
We aim to prove the following:
Theorem 5.1. Let M be a closed simply connected Spin four-manifold and let G

be a simply connected simple compact Lie group whose multiplication is homotopy
commutative when localised at p. Then the composite of coalgebras

é H.(QG) — H.(BG;(M)) — H.(BG(M))
i=1
has a left inverse, and the composite of algebras
H*(BG(M)) — H*(BG;(M)) — é H*(QG)
i=1
has a right inverse.

For example, let G = SU(2), in which case G is homeomorphic to S and
H*(25%) is well known. This case is of key interest in Donaldson theory and a
major open problem is calculating the mod-p homology of BG;(M). As SU(2) is
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homotopy commutative when localised at primes p > 5, Theorem 5.1 applies for
any such prime, giving significant information about H,(BGy(M)).

To prove Theorem 5.1, we begin by recalling some general facts about mapping
spaces. Let Xi,..., X,, and Y be Hausdorff spaces, and let ]_[1-”:1 X; be their
disjoint union. Then there is a homeomorphism

m m
Map(]_[ X, Y) = nMap(Xi, Y).
i=1 i=1

Further, if each of X1, ..., X, and Y are pointed, then there is a homeomorphism

m

Map*<\m/ X;, Y) ~ l_[Map*(Xi, Y).

i=1 i=1

These two decompositions are compatible in the following sense. There is a quotient
map

m m
a: [[xi >\ X
i=1 i=1

which identifies the basepoints in each space X; to a common point. So there is an
induced map

m m
q: Map(\/X,-, Y) — Map<]_[X,~, Y).
i=1 i=1

The two homeomorphisms above are compatible via a strictly commutative diagram

Map*(\/7L, X;, ¥) —25 Map(\/7, X, ¥) —— Map( [, X, Y)

(8) F F

m . [T, incl "
[T/Z; Map*(X;,Y) [TiZ; Map(X;, Y).

Returning to the case of interest, as in Section 3, if M is any closed simply
connected Spin four-manifold then there is a space N = (\/2-":1 S2) Uy e* e N. The

. . b . o
inclusion \/!"_; $2 — N induces a commutative diagram

Map*(N, BG) —— Map(N, BG)

(9) lb* J{b*

Map*(\/"", $2, BG) —— Map(\/™, 5, BG).
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Localising at p, the fact that mapping spaces commute with localisation of nilpotent
spaces [Hilton et al. 1975] implies that there is a homotopy commutative diagram

Map* (M, BG)(,y — Map(M, BG),)

(10) J~ lw

Map*(N, BG)(,y) — Map(N, BG) ).

Juxtaposing the diagrams (7), (8), (9), and (10) we obtain a p-local homotopy
commutative diagram

BG (M) ) BG (M) p)
I/ ¥
Map*k(M, BG)(p) Mapk (M, BG)(p)
Map*, (N, BG)p) Map, (N, BG)())
b* b*

Map (\/m SZ’ BG)(p) _— Map(\/:nzl S2, BG)(/’)

*

q

14

Map(]_[;n:l s2, BG)(,;)

[T/, incl
1_[1 lMap (S BG)([,) _— 1_[1 lMap(S BG)(];).
By Lemma 4.2, the map b* has a right inverse. L1ft1ng this, up to homo—
topy, through the homotopy equivalences BG; (M), AN Map* (M, BG)(,) =
Map* (N, BG)(,), we obtain the following:

Lemma 5.2. Let M be a closed simply connected Spin four-manifold and let G be
a simply connected simple compact Lie group whose multiplication is homotopy
commutative when localised at a prime p. Then there is a homotopy commutative
diagram

Map* (/i $%. BG),,, ——— BG{ (M), BG (M) ()

—~

[TiZ, Map* (s, BG)(/))—”_[,  Map(52, BG)(y).

Lemma 5.2 is used to extract information about H,(BG;(M)) and H*(BG,(M)).
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Proof of Theorem 5.1. Consider the map Map* (52, BG) incl Map(S?, BG) whose
p-localisation appears in the bottom row of the diagram in Lemma 5.2. The
inclusion is the fibre of the evaluation map Map(S?, BG) = BG, which sends
amap f: > — BG to f(x). Also, we have Map*(S%, BG) = QG. So there is a
fibration

(11) QG — Map(S?, BG) 2> BG.

By (2), the cases when the multiplication on G is homotopy commutative when
localised at p are known. In each such case, H*(G) is an exterior algebra on odd
degree generators, so by [Borel 1953] H*(BG) is a polynomial algebra on even
degree generators. Since cohomology is with mod-p coefficients, we can dualise
to see that H,(BG) is also concentrated in even degrees. Further, by [Bott 1956],
the integral cohomology of Q2G is concentrated in even degrees, and therefore so is
the mod-p cohomology. Therefore the homology Serre spectral sequence for the
fibration (11) collapses at the E2-term and there are no extension issues. Hence

H,(Map(S?, BG)) = H.(BG) ® H.(QG).

Consequently, taking homology for the diagram in Lemma 5.2, we see that the
composite

Q) H.(Q2G) — H.(BG;(M)) — H.(BGr(M))
i=1
has a left inverse.
Similarly,
H*(Map(S?, BG)) = H*(BG) @ H*(QG)

and the composite

H*(BG(M)) — H*(BG;(M)) — XR) H*(Q6)
i=1

has a right inverse. O

We now turn to the second application. Let K and L be topological groups,
and let Hom(K, L) be the set of homomorphisms from K to L, topologised as a
subspace of the mapping space Map(K, L). If BK, BL are the classifying spaces
of K and L respectively, there is a natural map

B: Hom(K, L) - Map*(BK, BL).

This map has been a subject of intense study due to its connections with the
Sullivan conjecture in homotopy theory, to the moduli space of representations in
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algebraic geometry, and to the space of flat connections modulo gauge equivalence
in Yang—Mills theory. Consider the special case

Hom(7; (%), U(n)) — Map*(Bmi(2,), BU (n)).

Since the universal cover of X, is contractible there is a homotopy equivalence
¥, >~ Bmi(Zg). So up to a homotopy equivalence we may regard the preceding
map as

Hom(m|(X,), U(n)) — Map*(X,, BU (n)).

Ramras [2011, Theorem 3.4] used gauge theoretic methods to show that this map
is an injection on 7y and an isomorphism on 1, for m <2g(n — 1) + 1. Stabilising
to the infinite unitary group, we obtain a map

Hom(m1(X,), U) — Map*(%,, BU),

which is an injection on 7y and an isomorphism on 7, for every m > 1. Thus if
Homy; (1(Xg), U)) is the component of Hom(7r1(%,), U)) containing the identity
map, from Corollary 1.3 we obtain homotopy equivalences

2g
Hom; (771 (Z,), U)) —> Map*y(Z,, BU) —> (]_[ U) x QoU,
i=1

which lets one easily identify 7, (Hom(m(X%,), U)) form > 1.
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LOCAL SOBOLEV CONSTANT ESTIMATE FOR INTEGRAL
BAKRY-EMERY RICCI CURVATURE

LiL1 WANG AND GUOFANG WEI

We extend several geometrical results in Dai et al. (2018) for Riemann-
ian manifolds with integral curvature to complete smooth metric measure
spaces with integral Bakry—Emery Ricci curvature.

1. Introduction

Sobolev inequalities not only encode rich analytical and geometrical information
about manifold, but have wide applications in differential geometry. A useful
method to estimate the Sobolev constant is to estimate the isoperimetric constant
since they are equivalent [Cheeger 1970; Chavel 1993; Li 2012]. A key issue for
the isoperimetric constant study is the volume control, which is given by the Ricci
curvature lower bound. After Petersen and Wei [1997] generalized the classical
Laplacian and volume comparison to the integral Ricci curvature bound, many
results for the pointwise Ricci lower bound have been extended to the integral Ricci
curvature bound, see, e.g., [Petersen and Wei 2001; Aubry 2007; 2009; Dai et al.
2000; Tian and Zhang 2016; Dai et al. 2018; Zhang and Zhu 2017; 2018; Rose
2017; Rose and Stollmann 2017]. In particular, Dai, Wei and Zhang [Dai et al.
2018] obtained the local isoperimetric constant estimate for integral Ricci curvature.

An n-dimensional smooth metric measure space, denoted by M JL’ =(M", g,
e~fdvol), is a complete n-dimensional Riemannian manifold (M", g) coupled
with a weighted volume e~/ d vol for some f € C% (M), where d vol is the usual
Riemannian volume element on M. For a smooth metric measure space M}, a
natural generalization of the Ricci curvature is the Bakry—Emery Ricci curvature
[Bakry and Emery 1985] defined by

Ricy := Ric + Hess f.

A great deal of effort has been devoted to the study of smooth metric measure
spaces with Bakry—Emery Ricci curvature bounded below, and some of the earlier
works are [Lott 2003; Wei and Wylie 2009; Cao and Zhou 2010; Munteanu and

MSC2010: 53C23, 53C20.
Keywords: integral Bakry—Emery Ricci curvature, isoperimetric constant estimate, Sobolev constant.
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Wang 2011]. However, limited work has been done for the integral Bakry—Emery
Ricci curvature.

Recently, Wu [2018] has extended the volume comparison in [Petersen and Wei
1997] to the integral Bakry—Emery Ricci curvature case. In this paper we extend the
local isoperimetric constant estimate in [Dai et al. 2018] to integral Bakry—Emery
Ricci curvature and give some applications.

To state the results, we fix some notations. Given x € M }’, let pr(x) be the
smallest eigenvalue of Ricy : Tx M — Tx M, and

Ricfl = ((n—1)H — ps(x))+ = max{0, (n — 1) H — py(x)}.

Denote Bx(R) C M by the ball with radius R, centered at x. Various weighted
L? norms of the function / on a smooth metric measure space M j’f are

1

)4

||h||p,f,3x(m=( / |h|Pe—de01) ,
Bx(R)

R 1
12l p, fa(R) = sup [/ / |h|pe_“’Af(t,9)d9dt]p.
0 Jsn—1

n
xer

Here df is the volume element of the unit sphere S"~! and Ar(t,0) is the
volume element of weighted measure e~/ d vol = Ar(t,0)d0 A dt. Clearly,
”RiC;I_”p,f,Bx(R) = 0 if and only if Ricy > (n — 1)H. For convenience, we
assume H = 0 and write Ric;)c_ = Ricy_ in the whole paper. Then Ric}_ is the
negative part of pr, denoted by ps_. The following scale-invariant curvature
quantity will be useful:

1
k(p, f,a,R) = R? sup [][ ,ojlf_e_mAf(t, 0)do A dti| p,
xGM;’ By (R)

where

1
vol r Bx(R) = / ¢ /dvol and ][ = .
1o B(R) B(R) Voly Bx(R) Jp.(®)
For a fixed point x € M, let r(y) := d(y, x) be a distance function from x to y.
In geodesic polar coordinates at x, let Vi = d,. Our first result gives an estimation
of the local normalized Dirichlet isoperimetric constant under a lower bound of 9, f.

Theorem 1.1. Let M ;’ be a complete smooth metric measure space. Assume that
dr [ = —a along all minimal geodesic segments for some constant a > 0. For
p > %n, there exists € = e(n, p,a) > 0 such that if k(p, f,a,1) <&, then for any
X € M}’, 0Bx(R) # T, R < 1, we have the estimate

(1-1) ID; Bx(R) > 1072124 R~
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where

* _1. VOlf a2
ID,, fo(R) =vol f Bx(R)™n inf{ ————r.
’ € L(voly Q)

Here the infimum runs over all subdomains Q C By (R) with smooth boundary and
0QNIBx(R) = @.

Remark 1.2. Clearly, the local normalized Dirichlet constant has explicit and
accurate dependency of the growth of f'; Theorem 1.1 will recover to [Dai et al. 2018,
Theorem 1.1] when f is a constant. The smallness of i (p, f,a, 1) is necessary; see
the counterexample in [Dai et al. 2018, §6] when f is constant and i (p, f,a, 1) is
bounded. Also the result is not true when p < %n; see details in [Aubry 2007].

It is well known that the classical Dirichlet isoperimetric and Sobolev constants
are equivalent; see, e.g., [Li 2012]. In Section 3, we introduce their weighted
versions for smooth metric measure spaces; see Definitions 3.1, 3.2. A similar proof
shows that they are also equivalent; see Theorem A.1. Hence we have:

Proposition 1.3. With the assumptions of Theorem 1.1, the Sobolev inequality

n—1

(1-2) ][ \Vhle™/ d vol > 1072"¢ =24 R~ (][ hnfle—fdvol) ’
x(R) B (R)
holds for all h € C§°(Bx(R)).

Recall that the f-Laplacian of M }1 is

A =A-Vf.V.
Given the normalized form of integral in Proposition 1.3, we denote the normalized

L? norm for function / by

_1
12115, 7 By = 1hllp, £,B.(R)(VOL £ Bx(R)) ™7,
and

115, fa(R) = sup (][ he @ Ar(t,0) do A dz)”
xer’J «(R)

with the same Ay (z, 0) df A dt as above. It is easy to observe that

* aR %
(1-3) 1815 15 cry < €7 NI fa(R).

and the normalized L°° norm is independent of f satisfying ||h||:‘;o fB(R) =
supg _(g) - By employing the above Sobolev inequality (1-2), we extend the
maximum principle in [Petersen and Wei 2001; Dai et al. 2018] to the integral
Bakry-Emery Ricci curvature situation.
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Theorem 1.4. Let M be a complete smooth metric measure space. Assume that
dr [ = —a along all minimal geodesic segments for some constant a > 0. For
p > %n, there exists an ¢ = e(n, p,a) > 0 and C = C(n, p,a) > 1 such that if
k(p, f,a,1) <eand R < 1, then for any function u : Q(C Bx(R)) C M} - R

S
with Agu > h, we have

supu < supu+C-R2-||h—||;va
Q il w

where h—_ denotes the negative part of the function h.
Also we have the gradient estimate.

Theorem 1.5. Let M ;’ be a complete smooth metric measure space. Assume that
dr [ = —a along all minimal geodesics for some constant a > 0. For p > %n, there
exists an ¢ = ¢(n, p,a) > 0and C(n, p,a) > 1 such that if k(p, f,a,1) < ¢ and
R <1 and u is a function on Bx(R) satisfying

Afu = h,
then

2 -2 2 2
SUPBX(g) |Vul|* <C(n, p,a)R [(”h”;p’f,Bx(R)) +(||u||;,f’Bx(R)) ].

An outline of this paper is as follows. In Section 2, we review the Laplacian and
volume comparison for the integral Bakry—Emery Ricci curvature. In Section 3,
we define local Dirichlet isoperimetric and Sobloev constants, as well as their
normalized form in smooth metric measure spaces. Moreover, we estimate the
normalized isoperimetric constant for integral Bakry—Emery Ricci curvature; see
Theorem 1.1. In Section 4, as applications, we establish the maximum principle
(Theorem 1.4) and the gradient estimate (Theorem 1.5) in a complete smooth metric
measure space with integral Bakry—Emery Ricci curvature. In the Appendix, we
give the proof of equivalence between the two constants defined in Section 3.

2. Preliminaries

In this section, we review the Laplacian and volume comparison for smooth metric
measure spaces. Let M }’ be a complete smooth metric measure space and r(y) =
d(y, x) be a distance function from x € M ;’ Assume that f satisfies 9, f > —a
along all minimal geodesic segments for some constant ¢ > 0. By choosing
the Euclidean space with a weighted function as the model space, that is R =
(R", gmn, e~"d vol) with h(x) = —alx| for x € R”, then the f-Laplacian error
term is a1
v(y) = (Af” —T—G)Jr-

Wei and Wylie [2009] have proved that Ricy > 0 yields Agr < nT—l + a; that is,
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[Rics_||p, £.a(r) = 0 implies that ¢ = 0. In [Wu 2018], this has been extended to
integral Bakry—Emery Ricci curvature bound following the work of Petersen and
Wei [1997] for integral Ricci curvature.

Theorem 2.1 [Wu 2018, Theorem 1.1]. For any p > 1n, we have

2-1) 1 ll2p. fa(r) < Cln, p)lIIRics_|lp.fa(r)]Z,

with

Clnpy = (@=DC2=D)

Moreover, letting By (ry) and Bx(r1) be geodesic balls centered at x with radius
rp > r1 > 0, we have

02 (vol fo(rz))Zlv (vol 5 Bx(r1)

1

2p .
_ <C , Rics_ 2,
o V(n,a,rl)) < C(n poa,ra)(Ries_lp, fa(r2)

where V(n,a, t) denotes the volume of geodesic ball By(t) in the model space R}

Remark 2.2. In fact, the proof of [Wu 2018, Theorem 1.1] gives the following
normalized form of Laplacian comparison:

(2-3) 113, .a(r) < COr. p)(IRicr_[% (1)

_ 1

=C(n, p)r~ ' (k(p. fra.r))2.
Remark 2.3. Here we choose the power 2 p rather than 2p — 1, so the explicit
expression of C(n, p,a, ry) is similar to the one in [Petersen and Wei 1997, Lemma
2.1] rather than the one in [Wu 2018]. If we denote the volume of (7—1)-dimensional

unit ball in R” and the weighted volume of geodesic sphere dBy(¢) by w, and
A(n,a,t), respectively, then A(n,a,t) = w,t" e and

C C ? A L)y,
op.ar)=Coup) [ eaoman(etos) T

r t —(1455)
<C(n, p)/ tA(n,a,t)(/ A(n,0,s) ds) dt
0 0

n

1_7
=C(n, p)e®r, .

Hence, (2-2) implies that
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== 1
(2-4) (M)zp > (V(n’a’rl))zp(l—C(n,p)e”’2r21_21’

volfo(rz) V(n,a,rp)
NI 1
-(V(n,a,12))27 (|Ricy _|15 £,(12))2)

2y
ze_”(r_l) (1= Cn e+ 372k (. fra 1),
rp

where C(n, p) is a constant depending on # and p. Hence, there exists a constant
go = €o(n, p,a,rg) > 0 such that if k(p, f,a,rg) < &g, then
vol ¢ Bx(r)

@-5) vol £ Bx(ro)

1 r\"
> se 470 (—) Vr <ryp.
2 o

For ry < 1, from (2-4), it is easy to observe that there exists a &g = go(n, p, @),
independent of r, such that (2-5) holds for k(p, f,a,ry) < &o.

Remark 2.4. The scale invariant (p, f,a,r) has curvature inequalities. For any
r1 <ry,and k(p, f,a,r;) < &y, on one hand,

(2-6) k(p. f.a.ry)

1

lcB »

< rz(VO f X(r2) / / _atAf(t, 9) do dt) p
vol ¢ By (r1) VOlfo(}"z) Sn— 1

ar 2_7
211761’2(r—1) k(p, f,a,rp).

ra

A

Hence, ©(p, f,a,r1) < & holds for r; < 271/@p=m)e=ar2/Q2p=n);., On the other
hand, if k(p, f,a,r1) < &g, using the same method as in [Petersen and Wei 2001,
§2.3] and the volume doubling property (2-5), we have

2-7) k(p. f.a.rz)

1
4
— 2 e Y Ac(t, 0 d@dt)
2x613n(V01fo(V2)/ /S”‘ 7(9)
s 2 n+l1 ary
< (—) 270 e ik(p, fra,ry).
ri

Hence, it is sufficient to work with the case where k(p, f,a, 1) is small and then
scale the metric to obtain the curvature condition of ¥ (p, f,a,r).

3. Local Dirichlet isoperimetric constant estimate

In this section, we introduce the local isoperimetric and Sobolev constants in smooth
metric measure spaces motivated by the classical ones in [Cheeger 1970; Li 2012].
Furthermore, we estimate the normalized form of these constants.
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Definition 3.1. Let B, (r) be a geodesic ball with dBx(r) # @ in a complete
smooth metric measure space M ;’ For n < o < oo, the Dirichlet «-isoperimetric
constant of By (r) is defined by

) vol r 92
Dy s By (r) = inf ——L " _
2 (voly Q)17

where €2 is an open submanifold of By (r) with 0Q2 NdBx(r) = @.

Clearly, ID,,, s Bx(r) is a scale invariant and ID, s Bx(r) is a weighted Cheeger
constant.

Definition 3.2. The Dirichlet a-Sobolev constant of By (r) C M }’f is defined by

VA1, £,B ()

SD,. r Bx(r) = inf ,
o B w1l 15

where the infimum is taken over all & € Cg°(Bx(r)).

For convenience, we normalize the two kinds of constants above thus:

o ID} ;B (r) = IDg, s Bx(r)(vol y By (r)) @,
B _1
SD;’f By (r) =SDy, f Bx(r)(vol f Bx(r)) ™ «.

To estimate ID; ! B, (R), we need several lemmas. A suitable modification of
Gromov’s observation [Gromov 1979; Cheeger and Colding 1996] yields the first:

Lemma 3.3. Let M” be a complete smooth metric measure space. Assume that
dr [ = —a along all minimal geodesic segments for some constant a > 0. Let S be
any hypersurface dividing M Ji’ into two parts My, M,. For any subsets W; C M;,
there exists x1 in one of W;, say Wy, and a subset W in another one, Wy, such that
the unique minimal geodesic joint x1 and any x, € W intersects S at g with

(3-2) d(x1,q) > d(x2.9q),
and
(3-3) vol s Wy <2vol s W.

Analogously to [Dai et al. 2018, Lemma 4.2], we have the following volume
estimate by using the Laplacian comparison method in smooth metric measure
spaces:

Lemma 3.4. Let Mj’f, S, W and x1 be as in Lemma 3.3. Then for any p > %n,
(3-4) vol W <2" '[P Dol S’
+e“T P Cn, p)R(p, f.a, D))? Vol y By, (D)].
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where D = sup,.cp d(x1,x) and S’ is the set of intersection points with S of
geodesics Yxx, forall x € W.

Proof. Let I C Sy, be the set of unit vectors v such that y, = yx, x, for some x, € W.
Using the polar coordinate (6,7) € Sy, x R* and e~fdvol = Ar(0,1)d0 Adt.
Recalling [Wu 2018, Theorem 3.1], we have

0 J4f n—1 Jif Ji/
(3_5) E th—1pat = (Afl a t _a) th—1pat = 1‘”tn—leat

with ¥ = (Ast —(n—1)/t —a). Integrating (3-5) from ¢ to s gives

Ap(s,0) < (f)"_le“(s—’) (Af(t, 0) + /t YA 6) dl)

<2 1% (Af(z, 0) + /s v As(l,0) dl)
t

for any %s <t <s. Forany 8 €T, let 51(f) and 5,(6) be the minimum and
maximum radius, respectively, such that exp, (s;/) € W, and s(6) such that
expy, (s(0)0) € S. Then Lemma 3.3 implies that 25(6) > s2(6) = 51(0) = s(6).
Thus,

52(0)
(3-6) volfWS// Ar(s,0)ds do
T Js1(6)

52(6) 5
< 2n—1eas(0)/ / (Af(s(G), O+ YvAe(,0) dl) ds do
I Js1(9) s(6)

D
52”_16“DD(/ Af(s(e),e)d9+/ /WAf(s,G) dsd@).
r 0o JT
On the other hand,

;[ Ar(s(6),0)

where «(0) is the angle between S and the radical geodesic exp,, (s0). Apply-
ing this result, the Holder inequality, (1-3) and the Laplacian comparison (2-3)
successively in (3-6), we obtain

vol f W < 2”_16”DD[V01f S"+ vl 1,f.Bx, (D)l
< 2”_le”DD[VolfS' + ||W||zp,f,BxI(D) volr By, (D)]
<2162 Dlvol ;S + €57 113, a(D) vol ; By, (D)]
<27 1P D[vol s ' +e% C(n. p) D~ & (p. f.a. D))* vol s By, (D).

which completes the required estimate. O
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Lemma 3.4 enables us to obtain a local Cheeger’s constant estimate.

Lemma 3.5. Let Mf”, S, W and x| be the same as in Lemma 3.3. For p > %n,
there exists € = e(p,n,a) such that if k(p, f,a,1) < &, then for a geodesic ball
B =B,(r),r < % which is divided equally by S, we have

volf By (r) < 213y vols (S N By (2r)).
Proof. To begin, we choose W; = By (2r) N M; with M; as in Lemma 3.3; then
vols (B N My) = volg(B N M;) < min{vol f Wy, vol f W5} <2vol s W,
and D <2r and S’ C S N Bx(2r). Thus, by Lemma 3.4, we have
(3-7) volyBx(r) <4vols W
< 2"*t1[2re??” voly (S N By (2r))
+e2 @3 Cn, p)(ie(p, fra,2r))? vol s Bx(2r)].

Next we aim at canceling the curvature inequality term. Since volume doubling
property (2-5) implies that

V(n,a,?2r)

(3-8) vol f By (2r) <2 e

-vol f Bx(r) < pntlea vol ¢ By (1)

holds for k(p, f,a,2r) < &y. From the curvature inequality (2-6) and r < % the
curvature condition reduces to &(p, f,a,1) <27VPe=a/Pgy and

(3-9) "I C(n, p) & (p. f.a.2r)2 eI C(n, p) 27 eFR(p, fra.1))2.
Inserting (3-8) and (3-9) into (3-7) gives
(3-10)  vol s Bx(r) < 2"T2e%r vols (S N Bx(2r))

+ 22255 295 Cn, p) (R (. f.a. 1))% volf By (r).

Here we used r < % Hence, we get the required result by choosing

e(n, p,a) = min{Z_%e_%so, (2-22"+2+ﬁ62a+%C(n, )%}
and regrouping (3-10). O

Volume doubling property (2-5) indicates that the volume quotient of a concentric
geodesic ball is lower bound by a function of the quotient of corresponding radius.
The next theorem not only offers the other direction but also extends [Dai et al.
2018, Theorem 3.3] to the case of integral Bakry—Emery Ricci curvature. Actually,
by fixing the upper bound to % and the bigger radius to 1, we obtain the other radius.



242 LILI WANG AND GUOFANG WEI

Theorem 3.6. Let M }’ be a complete smooth metric measure space with 0, f > —a
along all minimal geodesic segments for some constant a > 0. For p > %n, there
exists e = e(n, p,a) > 0and rg = ro(n,a) > 0 such that if k(p, f,a,1) < e, then

vol ¢ By (ro) - 1

G-1D vol ; Bx(1) ~ 2

n
VxeM;.
Our proof follows the idea in [Dai et al. 2018, Theorem 3.3], but using the
approach directly runs into obstacles. The difficulties were conquered by repeating
the process of choosing the radius & — 1 times with & depending on a.

Proof. For any x € M;’ andi =2,...,k,letr; =1, choose points x; € By (ri—1)

1

with rj < 3ri—1 and d; = d;(x, x;) = %(ri_l —ri) > %ri_l, then

Bx(ri) C Bxi(di+ri)\Bxi(di_ri) C Bxi(di+ri) C Bx(”i—l): i :2’39 cee ’k'

Moreover,
vol ¢ By (r;) - vol f( By, (di +1i) \ By, (di — 1)) <1 vol r By, (di — 1)
VOlfo(Vi_l) - VOlfol.(d,'—l-}"i) - VOlfoi(di —{-l’,’).

By (2-4), we have

VOlf Bxi (dl — l’,')
vol s By, (d; +1i)

di—1i\' _adi+r, 1+L1)g-1

- - ( ) s J.d, dj i p

>( ) AT — C(n, p)e 1 IURE (p, fa.di + 1)
di +ri

D=

(p. fra, D]*?

PR— . n
> (d’ r’) e~ —C(n, p)el 209 . (269 2 ¢
di +ri

PR . n
_ (dl rl) 1 = C(n. )P (p, foa DIFP.
di +ri

Here we used the curvature inequality (2-6) and d; 4+ r; < 1 in the second inequality.
Choose a ¢ = g(n) such that

l—q _ 3yn
1+q_(4) ’

then for any r; < %qri_l, since d; > %r,-_l, we have
n
di —ri >3
di+ri) — 4

(3-12) (1= C(n, p)e D253 (p, fra, 1027 = 2.

Choose € < g such that
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Then
vol ¢ By, (di — i) ~3.,-a 2 _1,-a
vol ¢ By, (di +r; =ae Tt o
f Dx;\dj ri)
and
vol ¢ Bx (1) <l_l,a
volf By(ri—y) = 2
Hence,

k

vol ¢ Bx (rg) _ 1—[ vol ¢ By (ri) _ (1_ 1 _a)k—l
VOlfo(}’l) i=2V01fo(r,~_1)

with rp = (%q)k_lrl. We choose the integer k = k(a) such that

( _le_a)k—l < )k—z‘

<(1- %e_“

Since r; = 1, the proof is completed by choosing ry = r; and ¢ < g satisfying
(3-12). O

We now turn to prove the Theorem 1.1.

Proof of Theorem 1.1. Our first step is to show that the estimation (1-1) holds
for some radius rog = ro(n, p,a) if k(p, f,a,1) < &; for some small constant
g1 =¢&1(n, p,a) > 0. By Theorem 3.6, we assume that &; = &1 (n, p, a) is chosen
such that

vol ¢ By (2r)

vol ¢ By (1)
holds for some ry = ro(n, a). Given any yg € M f”, let 2 be a smooth subdomain
of By, (ro). Assume that Q is connected and its boundary S = 02 divides M ;’
into Q and Q€. For any y € €, let r, be the smallest radius such that

<} VyeM;

(3-13) voly (By (ry) N Q) = voly (B, (ry) NQC) = 3 vol s By (ry).

From Q C By(2r¢) and vol ¢ By, (2rg) < %Volf By(ll—o), it follows that r), < 11—0.
Since €2 has a covering
Q CUyeqBy(2ry),

thanks to the Vitali covering lemma (see [Lin and Yang 2002, §1.3]), there exists a
countable family of disjoint balls { B, (2r;)} such that Q C U; By, (10r;). On one
hand, choosing &; such that k(p,a, f,r) < &g for all » < 1, and using the volume
doubling property (2-5) leads to

(3-14) vol;Q < Zvolfo,.(mr,-) <2-10". Zem’f“ vol 7 By, (r7)
i i

<2-10"-¢? Zvolfoi (ri).
i
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Choosing ¢; as in Lemma 3.5 and using the disjoint of the balls { By, (2r;)} gives

(3-15) Vol 0 > > "vols(By, (2r;) N S) = 27T > "(voly By, (ri))r]”!
i i

Combining (3-14) with (3-15) we obtain
vol r 92 S 10-(=Dy=(rta—1) —2a+ 8 > i(voly By, (ri))r!
(vol p )" (> (Volfo, )T
S gl g ne2a+E i (voly By, (ri)r;”!
> i(vols By, (r,)) n
91 (o 2np—2a+e iy (VOIf By, (ri))r;”!
(VO]fo, (r,)) 7

> 91,10 2np—2a+] mf[rl._ VOI? By, (ri)].
1

(3-16)

On the other hand, since d(y;, yo) < 1o, then By, (ro) C By,(2r¢). Using the
volume doubling property (2-5) with r; < 10 and (3-13) yields

vol ¢ By, (r;) > E(lOri)"e_W vol ¢ By, (ﬁ) > (107;)"e 10 vol ¢ By, (r9).

Inserting the above inequality into (3-16), we obtain

ol r 02 a_ _a 1 1
O > 511072724 i 18 vol . By, (ro) 2 107224 vol . By, (o).
(vol2) n

Hence,
ol r 02
(vol f By, (ro)) ™" 1nf{L} > 1072724,
(volg ) n

Our task now is to show (1-1) holds for any radius R <1 and for i (p, f,a,1) <&,
with e, = e,(n, p,a) > 0. Let r; = R/rg < 1/ry. After a scaling, its sufficient to
check that k(p, f,a,r1) <e1. Choose ¢, satisfying e, < &g, and then (2-5) holds
for all R < 1. Now if r; <1, by (2-6),

k(p, f,a,r1) =< Z%e%/?(p, fia, 1) < 2%6%82.
If 1 <r; <1/rg, then by (2-7) we have

+1 _a
P ePlor, ~es.
Using the two cases, let
. _1 _a _ntl __a -,
gy =min{2 Pe rey,2" P e POriEl, o).

The proof is completed by setting ¢ = &;. O
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Theorem A.1 implies that the normalized constants in (3-1) are equivalent, that

is,

Hence, Theorem 1.1 gives the following Sobolev inequality:

Corollary 3.7. If k(p, f,a,1) < ¢ for the ¢ in Theorem 1.1, then for any R < 1,

G-17) VAT .5 gy = 107"e2*R™ 1||h|| 0 Vh e C$°(Bx(R))

1:/>Bx(R)

and

-2 —2 -1

Vh e C(Bx(R)).

Applying (3-17) to h = , together with the Holder inequality, we get (3-18).
The first eigenvalue of the f-Laplacian is defined by

A (Bx(R)) =
1B (B) = <C5* (B (R)) 5. (ry h*d voly

As in Cheeger’s inequality [1970] we have:

Corollary 3.8. With the same assumption as in Theorem 1.1, for p > %n, there
exists ¢ = e(n, p,a) > 0 such that k(p, f,a, 1) < e, then for any R < 1, the first
eigenvalue of the Dirichlet f-Laplacian has lower bound

2
A (Bx(R)) = C(n,p,a)R_Z, C(n, p.a) = %10—% —4a_

Proof. Suppose Agh = —\h for some A > 0, and normalize / such that

][ h2e=/ dvol =1
B.(R)

and & = 0 on dBx(R). Then using (3-18) we have

2

_ * 2 - -2 1
A= (IVhlly, 5B (r) Z(2(:1—1)10 e RN 25, f.Bx (R))
_ 0=2)?
T 4(n—1)2
_ -2
~ 4(n—1)2

1074 R2(AI3 1 5 (»)?

10744 R=2, 0
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4. Applications

In this section, we prove the maximum principle and the gradient estimate for
integral Bakry—Emery Ricci curvature with the help of the normalized local Dirichlet
Sobolev constant estimate.

Let Cs(£2) be the normalized local Sobolev constant of Q2 C Bx(R) C M }’f such
that

(4-1) IIhII*zTnz,f,Q <GV fo Yhe ().

Obviously, Cs(£2) is the smallest constant such that (4-1) holds for all # € C§°(S2).
Since i € C3°(Bx(R)), then (3-18) gives

4-2) C(Q) < Cs(Bo(R)) < %102%2“1{

Theorem 4.1. Let M” be a smooth metric measure space and Q@ C Bx(R) C M }1
be a domain. For p > %n and any function u with u|yq = 0, we have

lull’, o < C2Bx(RNC@. pIAsul’ /5 (-
where C(n, p) is a constant depending on n and p.

The proof of this result is quite similar to the one used in [Petersen and Wei
2001, Theorem 3.1] with s = %n due to the Sobolev inequality and the self-adjoint
of Ay, and we omit it.

Corollary 4.2. With the same assumption as in Theorem 4.1, for p > %n and any
function u : Q C M}’ — Rwith Agu > —h, where h is nonnegative on 2, we have

supu < supu + C(n, p)- CF(Bx(R)- |11} f.q-
Q R

Proof. Without loss of generality, we can assume that sup, ¢y #(x) = 0. Then we

have the Dirichlet problem

(4-3) Ajpv=—h in Q, v=0 on 0.

Hence u — v is f-subharmonic, and ¥ — v < 0 on d2. By the maximum principle
we get u < v in 2, that is supg u < ||v]|«, f,@- Using Theorem 4.1 we complete
the proof. O

Combining Corollary 4.2 with (4-2) gives Theorem 1.4.

Following the idea in [Dai et al. 2018, Theorem 5.2], we use the standard and
powerful Nash—Moser iteration and establish the gradient estimate. We give the
details of the proof because there are still many differences compared to the previous
arguments.
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Theorem 4.3. Let M be a complete smooth metric measure space. Assume that
M }’ satisfies 0, [ > —a along all minimal geodesic segments for some constant

a=>0. For p> %n, ifu is a function on Bx(R) withu = 0 on 0B (R) and satisfying

Aru=h,
then

, voly Bx(R)

sup |Vul> < C(n, p)R™ )((IlhIIZD,fJ_qx(R))2 +(lul3, £ 5. (r)°)

Bo(%) voly Bx(3R
X(R2CH(Bx(R)(1 +a+ R2C(Bx(R)e? R (p. f.a, R))
+(R72CH(Bx(R))e R (p, f.a, R))Zl%")%-

Proof. By scaling we assume R = 1. We omit the volume form e~ d vol for
convenience. From the Bochner formula, we have

(4-4) Af|Vu|2 = 2|Hess u|*> +2(Vu, VAru) + 2Ricy(Vu, Vu)
> 2(Vu, Vh) —2[Ricy_||Vul?,

Letv = |Vu|?> + ||h||; r and v = |Vu/|? if 4 is constant. For any 1 € CsP(Bx (1)),
[ > 1, we have

@) [1VaR == [ohle! apn+ 290 9y + nsgal]

= [ nam =2 [ v (T.09)
—1/n2v2’—1Afv—1(1— 1)/n2v2’—2|W|2

< [.2 [ 2dpg2 L =1 [ 2,02

= (v A+ [T IValT + == [0tV
iy nzvzl_l(Z(Vu,Vh)—2|Rin_|v)—Z_Tl 2|Vl 2

I
=/vz’(—nAfn)+m/vﬂlvnl2

— 21/7721)21_1 (Vu,Vh)+21 /n2v2’|Ricf_|.

Here we used Young’s inequality 2xy < ex? + % y? with & = I—Ll and (4-4) in the
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above inequality. Integrating by parts and using |Vu| < v'/2 gives
—21/n2v21_1(Vu,Vh)
= 21/7721)21_1}12 + 41 / nthI_l(Vn, Vu)
+2l(21—1)/nthZ’—z(vu,vu)
521/n2v2’—1h2+2/(2«/va’—ih)(flv’|vn|)
+2/((41 — 2!~z h) (S| Vo))
=[61+(41—2)2]/n2v2’—1h2
[+ 4 [ 19— i
5(1612—101+4)/n2v2’—1h2+(1+%)/v2’|vn|2+§|vmv’)|2.
Here we used the L2-Holder inequality and
7P|V = V') =o' Va2 =21V (o) 2 + 207V .
Inserting (4-6) into (4-5) and regrouping gives
(4-6) /|V(17vl)|2 S/UZI(—2nAfn)+<12_—ll+2l+1)/v21|Vn|2
+4(812—51+2)/n2v2’-1h2+4z/n2v2l|Ricf_|.
In order to control A7, choose a cut-off function ¢ € C5°(Bx (1)) such that
0<¢<I1.ForO<r<1,¢(t)=1;forte|0,r],¢p(t)=0; forz > 1, and ¢’ <0.

Then define n(y) = ¢(r(»)) and let ¥ (y) = d(x, y) be a distance function from x.
Thus |Vn| = |¢’|, and

@7) Apn=¢"+¢'Agr = 9" +¢/ (v + L 1)

—1
> "= 1¢'lv == =1¢'| —alg.
where ¥ = (Agr —(n—1)/r —a)+. Hence, for [ > n/(n—2), (4-6) becomes

/ Va2 < Cni? / (6”1 +16'1r" + ayqv?! + [¢/ |y
+ |¢l|2v2[ + n2h2v2[—1 + 7]2U21|Rin_|).
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Notice that this formula remains valid for / = 1. Indeed,

v 2
U%Vn + r]MV|Vu| <2v|Vn|* 4+ 2n*| Hess u /|,

1 2

and

/772|Hessu|2:_/Viu(2nvjvivj”+UZViAf“+’72(Rin)ijVju)

E%/’72|HGSS”|2+3/|V7I|2U+2/772h2+/172|Ricf_|v_

Next we use Cs denote Cs(Bx (1)) for simplicity. Letting 8 = n/(n — 2), and
applying the Sobolev inequality (4-1), then for / > n/(n—2) and / =1,

(4-8) (7[ (n2v2’)ﬂ)B
B (1)

< Cﬁf Vih)?
By (1)

<C2Cn)l? ][

By (1

(" |+1¢")r ' +aynv?
)

+CSZC(}’1)12][ 1)(|¢/|Wﬂv21+|¢/|2U21+7}2h2U21_1+772U21|Rin_|).

X

The integration involving Bakry—Emery Ricci curvature can be estimated as follows:

][ n2v21|Rin_|
By (1)
< |IRicy_|% (nPv2)7eT
= B =lp. rB )\ T, @ n
< 2,21 e 221 -
EEPHRle_H;,a’f(l)(]i (1)77 v ) (]i (1)(;7 v )ﬂ)

1
a B n
<erk(p, f,a,l)[s(][ (nzvy)ﬂ) —|—g_2p—n(][ nZUZI)],
B.(1) B.(1)

where ¢ = ¢(n, p) = 2p—n)/(2(p —1)) > 0 is determined by g + (1 —¢)8 =
p/(p—1), and we also used the Young’s inequality

p—1

p

b _ﬁ b* 1 1
Xy=ex“"+e& by Vx,y>0,b>1, —+4+-=1,
b* b
where
S N
(1-¢)(p—1)B (p—Dgq
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By choosing ¢ = (4CS2C(n)Ize%IZ(p, f.a,1))~!, we obtain
(4-9) CSZC(n)lz][ v [Rics_|
)

(f )
B, (1)

+Cn. p)(CR2e5R(p. fra. 1) ][ n*v?l.
B (1)

=

ENP

272,20-1 2%
For the term fo(l) n“hv , since v > ||h ”p,f,Bx(l)’ we have

p—1

][ N R *1 ][ n2h2p? < (][ (nzhzvﬂ)pfl) "
By (1) 1221175 7 3.1y / Be(1) By (1)

Now the same argument as above with & = (4C2C(n)l?)~! gives

(4-10) CSZC(n)IZ][ n2h?v? 1
By (1)
1

B
< i(][ (n2v21)/3) +C(n’p)(cs212)2§£,,][ n2v21'
Bx (1)

Bx(1)

For the term with ¥, applying the Holder inequality, (1-3) and the Laplacian
comparison (2-3) gives

(4-11)
C2C(n)l? ][

= CECMPIVI, 5oy ||'7¢/”21||’;§731,f,3x(1)

S Ol ] IO R L PP
p—1°/>7x

a. _ 1
< CECmIPer C(n, p)E(p. f.a. )7 - [ng v ||*2, :
3221, fBx(1)

|8/ [y v
1)

Note that for

_pn=2) 1 _p
n2p—1) B2p—1

<1,
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we have

4-12)  [Ing'v|*,,

2p—1
2p—1

p_| 2

— |:][ (n2v21)aﬂ(|¢/|2v21)2p_1:|

By(1)

: .\ B

<|(f o) (f, aermtt=)

B.(1) Bx(1)
[ ()

Bx(1) Bx(1)

1

58(][ (nzvzl)ﬂ) +4_][ 2o

B.(1) € JB(1)

where we used the Holder inequality; note that p > %n impliesnp/(np+2p—n) <1
in the second inequality. By setting

=

e = (4CICI2e3 Cn, PR (p, fra, 1))

and inserting (4-12) into (4-11) we obtain

1

@iz ceorf et =i(f o)
Bx(1) B« (1)

L (CEC M) eE CP (. p)R(p. S 1))]i N

Inserting (4-9), (4-10) and (4-13) into (4-8) gives

(4-14) (][ (nzvz’)ﬂ)ﬁ
Bx(1)

/
<4C2C(n)l? ]i (1)(|¢”| A a)nl)Zl

r

FAC2CM)I2(1 + C21%e? C2(n, p)i(p. f.a, 1))][ ¢/ |20
B, (1)
242 _2p a _ . _2p 2 2]
+C(n, p)(C2I )wn[1+<evx<p,f,a,1>)2w1( ][ v )
B (1)

Define /; = %ﬂi’ i 20,and r; = % - Z;-:O 27/~1, Choose the cut-off functions
ni = ¢i(r) € C§°(Bx(r;)) such that

ni=1 on Bx(riz1); |gjl <21, || <2%F2.
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Then (4-14) becomes

||v||;§i+1,f,Bx(ri+1)
< C(n, p{C2B*N(1 +a+ C2e5k(p, f.a,1))

;o _2p a _ . _2p
+ (Cs21821)2,,,n [1+ (erk(p, fra, 1)) 2’]7"]}”1)“;1"]”3)((”)
< C(n, pB{CI(1+a+Clerie(p, f.a, 1))

4p

o—n a _ _2p
+CT T EFR(p. fa DTl g
where s = max{4,4p/(2p—n)}. Then substituting n; into the estimate and running
the iteration from i = 0 gives

017, 5.1y < COLPYARIOIT g o)

(4-15)
where

4p

A=C2(1+a+CRei(p, fra. D)+ C7 1+ (€57 (p, foa,1)7°7].

Finally, we estimate the term ||v||’f,f,Bx(3/4). For n € C§°(Bx(1)) withn =1 in
Bx(%) and |Vn| <5, then

vol y Bx (1)
vl 5 < —2 |}
LABx() ™ volp By(3) /B

VOlfo(l) ][ 5 ’ "
=—— n~(IVul” + |14 )-
VOlf Bx(%) B.(1) p.f,Bx(1)

Using the integration by parts and Young’s inequality, we have

][ n2|Vu|2 = —2][ n{Vn, Vu)u—][ nzhu
B.(1) Bx(1) B.(1)

517[ n2|w|2+2][ |vn|2u2+1][ (*h>+nu?).
2 JB.(1) By (1) 2 JB.(1)

Regrouping the above inequality and inserting it into (4-16) gives

vol r B, (1
(4-17) ”v”T £ B — #[4][ |V77|2u2—{—][ 772142
S8 volp Be(3) L /Be() By (1)
+f PR+ ]
Bx(l) p:fyBX(l)

[01(Nlul3, /gy > +20IA15, £ 5o 1)):

(4-16)

< vol y Bx (1)
vol s By (3)
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Combining (4-15) with (4-17) yields

1+ By(1
sup [Vuf? = Cn, p)~2L )
Be(d) vol y B (3)

x {C2(1 +a+C2evic(p, fra,1))

(13, 5. + (ulls /51’

4p

5 a _ 2p 1
+C" [+ (eri(p, f.a, 1))2n—n]} 2,
Thus we get the desired result by scaling. O

Combining Theorem 4.3 and the local Sobolev constant estimate (4-2) with the
volume doubling property (3-18) gives Theorem 1.5.

Appendix: Equivalence of isoperimetric and
Sobolev constants for weighted measure

Here we show the equivalence between the local isoperimetric and Sobolev constants
defined in Section 3 by adapting the proof of [Li 2012, Theorem 9.5]. A special
case of Theorem A.1 can be found in [Cheng and Oden 1997, Proposition 1.1].

Theorem A.1. Forall n <o < oo, we have
(A-1) IDy, r Bx(R) = SDg, r Bx(R).

Proof. Let oy be an (n — 1)-dimensional Hausdorff measure. We omit the weighted
measure ¢~/ d vol for convenience. For @ C By (R) with 2 N 3B (R) = &, let
Q. ={yeQ:d(y,dR) > ¢}. Construct a function by

0 Bx(R)\ 2,
he(y) = (1/e)d(y,0Bx(R)) Q\Qe,
1, Qe

Since the distance function d is Lipschitz, /i is Lipschitz with /.|y = 0. Applying
the Sobolev inequality to A, gives

a—1
(A-2) / Vhe| = SDa,fo(R)(/ |hs|ﬂ1)
B.(R) By(R)
> SDy, s Bx(R)(voly Q)&
The coarea formula implies
&

(A-3) lim |Vhele™ d vol = lim 1/ op(3Q) dt = o7 (3Q).

£=>0 /B (R) e—=>0¢& Jo

Combining (A-2) with (A-3), together with Definition 3.1, we have
IDg,  Bx(R) = SDg, r Bx(R).
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To see that ID,,  Bx(R) < SDg, r Bx(R), it suffices to show that

a—1
(A-4) / IVh| > D, s Bx(R) (/ ha“—I)
B, (R) By (R)

holds for A[yp, gy = 0. Without loss of generality, we may assume & > 0. Let
B; :={y € Bx(R) | h(y) > t} to be the sublevel set of /. By the coarea formula,

o
(A-5) / |Vh| = / o7 (3B;) dt > 1Dy, s Bx(R) / Vol " B, d.
0

x (

Let

s a‘fl N
o o a%
F(S)_(/O VOlf Btdt) T a1 5 t 1V01thdl‘.

Obviously, F(0) = 0 and

S
F'(s) = _1( V01 Btd[) Vol O_‘lsﬁvolst.

oa—1 oa—1
Since By C B; for t < s, then fo vol & B;dt > svol
hence F(s) > 0. Applying this inequality to (A-5) yields

By yields F'(s) > 0,

\
\

a—1

oo o
(A-6) / |Vh|zIDa,fo(R)(L/ zal—lvolfB,dz)
B, (R) a—1 Jo

Integrating by parts and using the coarea formula,

o [T / d(ta—t 1)/ / dof(aBs)
—_— te=1volr By dt = dt
a1 J OB 0 Y]
/ / doy(9By) z_/ e
aB, |Vh| By (R)

Inserting the above equality into (A-6) gives (A-4). O
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