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Let f:M" — [RR;’H be an n-dimensional umbilic-free spacelike hypersurface
in the (n+1)-dimensional Lorentzian space R;""l. One can define the confor-
mal metric g on f which is invariant under the conformal transformation
group of [RQ;”']. We classify the n-dimensional spacelike hypersurfaces with
constant sectional curvature with respect to the conformal metric g when
n = 3. Such spacelike hypersurfaces are obtained by the standard construc-
tion of cylinders, cones or hypersurfaces of revolution over certain spirals

in the 2-dimensional Lorentzian space forms S}(1), Rf, Rf_, respectively.

1. Introduction

Recently the Mobius geometry of submanifolds in Riemannian space forms has
been studied extensively and many special hypersurfaces were classified under the
Mobius transformation group (see [Guo et al. 2012; Hu and Li 2003; Li et al. 2013;
Li and Wang 2003]). As its parallel generalization, the conformal geometry of
submanifolds in Lorentzian space forms is another important branch of submanifold
theory; however there are fewer results (see [Li and Nie 2013; 2018; Nie 2015]).
In this paper, we investigate the spacelike hypersurfaces with constant conformal
sectional curvature. Since the conformal geometry of spacelike hypersurfaces
in Lorentzian space forms M f’“(c) is uniform by the conformal map (2-4) (see
Section 2), we only consider the hypersurfaces in R’f“.

Let f: M" — I]Qi’l’+1 be an n-dimensional umbilic-free spacelike hypersurface in
the (n+1)-dimensional Lorentzian space [R'f“. Given the first fundamental form
I =df -df as well as a local orthonormal basis {e;} and the dual basis {6;}, we
denote I = ), ;hijf; ® 0; the second fundamental form and H = % > ;i hii the
mean curvature. The conformal metric of f,

(1-1) g=pldf -df ="

n—1

(I 1* —nHHI,

is a Riemannian metric which is invariant under the conformal transformations
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of [R'I’H. Together with another quadratic form (called the conformal second
fundamental form) they form a complete system of invariants for the spacelike
hypersurface (n > 3) in conformal geometry of the Lorentzian space [RE'I‘+1 (see
Section 2). In this framework, a notable class of spacelike hypersurfaces are those
with constant conformal sectional curvature (i.e., constant sectional curvature with
respect to the conformal metric g). Here we classify them up to a conformal
transformation of the Lorentzian space [R{’I’H, and our main result is stated below.

Theorem 1.1. Let f: M" — [R{’{H, n >3, be an umbilic-free spacelike hypersurface
with constant conformal sectional curvature 8. Then locally f is conformally
equivalent to one of the following hypersurfaces:

(1) A cylinder over a curvature-spiral in a Lorentzian 2-plane R% (where § <0).
(i1) A cone over a curvature-spiral in a de Sitter 2-sphere S? - [Ri? (where 5 < 0).

(iii) A rotational hypersurface over a curvature-spiral in a Lorentzian hyperbolic
2-plane [F\E% 4+ C [R{% (the constant curvature § could be positive, negative or
zero).

(iv) A cone over the hyperbolic torus H1(—+/a? — 1) x SP(a), a > 1, (where
8 =0).

The curvature-spiral y (s) € le(e) in a 2-dimensional Lorentzian space form
N12(e)(= S%(l), R2, I]Q{%Jr for Gauss curvature € = 1, 0, —1, respectively) is a
spacelike curve which is determined by the intrinsic equation

FHECH
(1-2) —— | +e€|—| =46,
ds k K

where s is the arc-length parameter, and « denotes the geodesic curvature of the
spacelike curve y, and § is a real constant. Note that (1-2) is equivalent to the
harmonic oscillator equation (1/x)” 4+ €/x = 0 for the function « (s). It is easy to
see that for fixed € and ¢ the solution curve is unique (because N 12 (€) is two-point
homogeneous, since any two solutions with arbitrary initial values are congruent to
each other).

The Lorentzian hyperbolic 2-plane [R{% +C R% is defined by

R, ={(x,y) eR*|y >0},

endowed with the Lorentzian metric ds? = yl—z(—dx2 +d yz). The Gauss curvature
of [R% n is € = —1 with respect to the Lorentzian metric ds Let [H]%(—l) be a
2-dimensional anti-de Sitter sphere; there exists a standard isometric embedding

y2—x241 x yz—xz—l)
2y Tyl 2y '

(1-3)  ¢:Ri, — Hi(-D), ¢<x,y>=(
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The rest of this paper is organized as follows. In Section 2, we study the confor-
mal geometry of spacelike hypersurfaces in Lorentzian space forms M f’“ (c). In
Section 3, we construct some examples of the spacelike hypersurfaces with constant
conformal sectional curvature. In Section 4, we give the proof of Theorem 1.1.

2. Conformal geometry of spacelike hypersurfaces

In this section, following Wang [1998], we define some conformal invariants on a
spacelike hypersurface and give a congruent theorem of the spacelike hypersurfaces
under the conformal group of Lorentzian space forms M f’“ (c).

Let R"*2 be the real vector space R"*2 with the Lorentzian product {, ); given by

K n+2
(X.Y)s==> xyi+ Y x;.
i=1 j=s+1

For any a > 0, the standard sphere S"*!(a), the hyperbolic space H"*!(—a), the
de Sitter space S’f“ (a) and the anti-de Sitter space [H]’l”rl (—a) are defined by

"M (a) = {x e R"? | x - x = d?},
H'™ ! (—a) = (x e R"? | (x, x); = —a?},
S (@) = {x e R | (x,x)1 = %},

H M (—a) = {x e RE™? | (x, x)2 = —a?).

Let M{ *1(¢) be a Lorentzian space form. When ¢ =0, MY )= R} +1. whenc=1,
M (e) = " (1); when ¢ = —1, M (¢) = HI T (D).

Denoting by C"*? the cone in [F\Rg+3 and by @'{H the conformal compactification
space in RP"+3,

C'?={X Ry (X, X)2=0, X #0}, Q"' ={[X]eRP""? (X, X),=0}.

Let O(n + 3, 2) be the Lorentzian group of [RigJr3 keeping the Lorentzian product
(X, Y), invariant. Then O (n + 3, 2) is a transformation group on @’f“ defined by

T(XD)=[XT], XeC'"?, TeOom+3,2).

Topologically, @’f“ is identified with the compact space S” x S'/S° which is
endowed by a standard Lorentzian metric

h=gs @ (—gs!),

where g« denotes the standard metric of the k-dimensional sphere S*. Therefore,
@’f“ has conformal metric [h] = {e*h}, T € C“(@’f“), and [O(n +3,2)] is the
conformal transformation group of @’f“(see [Cahen and Kerbrat 1983; O’Neill
1983]).
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Setting P = {[X] € @' | x1 = xpy3}, P- = {[X] € Q" | x,13 =0}, and
P, ={[X]e @’f“ | x; =0}, we can define the following conformal diffeomor-
phisms

00:R7+1_)@7+1\P, u'_>|:(1+<uvu>l u <M,M>]—1>}’

2 72
CY o) - @FNPL ue (L),
o1 H (=) — @PN\P_,  us [(u, D]

We may regard @’f“ as the common compactification of R + SH T, HY .

Let f: M" — M{’H (c) be a spacelike hypersurface. Using o., we obtain the
hypersurface o. o f : M" — Qf 1 in @'1’+]. From [Cahen and Kerbrat 1983], we
have the following theorem:

Theorem 2.1. Two hypersurfaces f, f: M" — M {’H (c) are conformally equivalent
if and only if there exists T € O (n+3, 2) suchthato.o f =T (c.0 f) : M" — @7“.

Since f: M" — M{’“(c) is a spacelike hypersurface, (o, o f).(TM") is a
positive definite subbundle of T@’I‘H. For any local lift Z of the standard projec-
tion 7 : C"*2 — Q}™!, we get a local lift y = Zoo,0 f : U — C"* of 0.0 f :
M — @’f“ in an open subset U of M". Thus (dy, dy), = p>(df, df); is a local
metric, where p € C*°(U). We denote by A and « the Laplacian operator and
the normalized scalar curvature with respect to the local positive definite metric
(dy, dy)2, respectively. Much as in the proof of Theorem 1.2 in [Wang 1998], we
can get the following theorem:

Theorem 2.2. Let f : M" — M{Z'H (¢) be a spacelike hypersurface, then the 2-
form g = —((Ay, Ay)y — nzK)(dy, dy), is a globally defined conformal invariant.
Moreover, g is positive definite at any nonumbilical point of M".

We call g the conformal metric of the spacelike hypersurface f, and there exists
a unique lift
Y :M" — C'?
such that g = (dY, dY),. We call Y the conformal position vector of the spacelike
hypersurface f. Theorem 2.2 implies the following:

Theorem 2.3. Two spacelike hypersurfaces f, f : M" — M ?H(c) are conformally
equivalent if and only if there exists T € O(n+3,2) such that Y = YT, where Y
and Y are the conformal position vectors of f and f, respectively.

Let {Ey, ..., E,} be alocal orthonormal basis of M" with respect to g with dual
basis {w1, ..., w,}. Denote Y; = E;(Y) and define

1 1
N=—-AY — —(AY, AY),Y,
n 2n?
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where A is the Laplace operator of g, then we have
(N,Y)o=1, (N,N)2=0, (N,Y)2=0, (Y;,Y;)o=6;, 1=i,j,k=<n.
We may decompose Rg+3 such that
[Rg+3 = span{Y, N} @ span{Y;,..., Y, } ®V,

where V.1 span{Y, N, Yy, ..., Y,}. We call V the conformal normal bundle of f,
which is a linear bundle. Let & be a local section of V and (&, £), = —1, then
{Y,N,Yy,...,Y,, &} forms a moving frame in Rg+3 along M". We write the
structure equations as follows:

dY:Zini, dN = ZA,]a)]Y —l—ZCa)l

(2-5) ZA,/(UJY w,N—i—Zw,,Y +ZB,Ja)JS
d¢ = ZC,‘Q),‘Y—FZ B,‘j&)jY,‘,
i ij
where w;j(= —wj;) are the connection 1-forms on M" with respect to {wy, ..., w,}.

It is clear that A = Z Ajjwj ® wj, B = Z Bijwj @ wij, C =), Ciw; are
globally defined conformal invariants. We call A B and C the Blaschke tensor,
the conformal second fundamental form, and the conformal 1-form, respectively.
The covariant derivatives of these tensors are defined by

ZC,‘JC{)J‘ =dC[+ZCka)kj,
J k

Z Ajjrowr =dA;j + Z Ajrwrj + Z Ajwyi,
k k k

Z Bij,ka)k = dB,'j + Z Bikwkj + Z Bkjwk,-.
k X k

By exterior differentiation of the structure equations (2-5), we can get the integrable
conditions of the structure equations

(2-6) Ajj=Aji, Bij=Bji,

(2-7) Aijk — Aik,j = BijCr — Bix Cj,
(2-8) Bijx — Bir,j = 6ijCr — 8ix Cj,
(2-9) Cij—Cji= Y _(BixAxj — BjxAx),

k
(2-10) Rijki = BiiBjx — BixBji + Ajxdji + Ajidix — Audji — Ajidir.
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Furthermore, we have

1
(A) =~k = 1), Rij =uw(A)d;j+ (1 =D Aij+ ) _ BBy,

k
(l_n)CiZZBij,ja ZBl%:nT_l, ZBiiZOa
Jj ij i

where « is the normalized scalar curvature of g. From (2-11), we see that when n > 3,
all coefficients in the structure equations are determined by the conformal metric g
and the conformal second fundamental form B, thus we get the congruent theorem:

2-11)

Theorem 2.4. Two spacelike hypersurfaces f, f : M" — M{’H(c), n >3, are
conformally equivalent if and only if there exists a diffeomorphism ¢ : M" — M"
which preserves the conformal metric g and the conformal second fundamental
form B.

The second covariant derivative of the conformal second fundamental form B;;
is defined by

(2-12) Z Bij kmwm = dBijjx + Z Bij kwmi + Z Bim kmj + Z Bjj m@mk-
m m m m

Thus we have the following Ricci identities

(2-13) Bij ki — Bijix = Z Bj Rk + Z Bim Ryjii-
m m

Next we give the relations between the conformal invariants and the isometric
invariants of a spacelike hypersurface in IR’I’H.

Assume that f: M" — [F\R’fJr1 is an umbilic-free spacelike hypersurface. Let
{e1,...,e,} be an orthonormal local basis with respect to the induced metric
I = {df, df), with dual basis {6y, ..., 6,}. Let e,+| be a normal vector field of f,
(ent1,enp1)1=—1l LetlI =), j hi;j0; ® 0; denote the second fundamental form,
H = % >, hj; the mean curvature. Denote by Ay, the Laplacian operator and «
the normalized scalar curvature for /. By the structure equation of f : M" — R’l’“
we get

(2-14) Ay f =nHeu.

There is a local lift of f

1 -1

yIMn—>C"+2, y= <f’f>l+ ,f, (f?f)l )
2 2

It follows from (2-14) that (Ay, Ay), —n’ky = 25 (=1 >+ n|H*) = —e*".

Therefore the conformal metric g, the conformal position vector of f, and & are
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expressed as
g=——(H=nHP)Af df) =1, ¥=ey.
n—

E=—Hy+{(f ent1)1, €ns1, (fs €nt1)1).

By adirect calculation we get the following expression of the conformal invariants

(2-15)

Aij = e_ZT[ti‘Ej —hin — T+ %(—|V‘E|2+ |H|2)3ij],
2-16 _ _
( ) Bl-j:e t(h,'j—HSij), Ci:e ZI(HTi—Hi—ZhijTJ'),
J
where 7; = ¢;(7) and |V7|? = > rl.2, and 7; ; is the Hessian of 7 for / and
Hl' =€,'(H).

3. Typical examples

In this section, we construct some spacelike hypersurfaces with constant conformal
sectional curvature. Such spacelike hypersurfaces are obtained by the standard
construction of cylinders, cones or hypersurfaces of revolution over curvature-
spirals in N 12 (e¢). A key observation is that the conformal metric of those spacelike
hypersurfaces constructed over these curvature-spirals are of the form

g=r(s)2ds* + 1Y),

where Iﬁgl is the metric of the (n—1)-dimensional Riemannian space form of
constant curvature —e. For such metric forms we have the following result:

Lemma 3.1. The metric g = k(s)>(ds* + 1", 1) given above has constant curva-
ture § if and only if the function k (s) satisfies (1-2).

This lemma is easy to prove using exterior differential forms and we omit the
proof. Next we give the explicit construction of the spacelike hypersurfaces.

Example 3.2. The cylinder in [R{’f“ over a curve y(s) C R% is defined by

FRxBRI SR fls, ) =), ),
where y € R* 1,
The first and the second fundamental form of the cylinder f are given by
I=ds>+ Iy, I =kds?,

where « (s) is the geodesic curvature of y (s) C R?, and Ipn-1 denotes the standard
metric of the (n—1)-dimensional Euclidean space R""". Thus the principal curvatures
of the cylinder are (k, O, ..., 0), and the mean curvature H = % From (2-15), we
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see that the conformal metric of the cylinder f is g = k?(s)(ds? + Igi-1). By
Lemma 3.1 we have the following result:

Proposition 3.3. The cylinder in R’I‘H over y(s) C R% as in Example 3.2 is of
constant conformal sectional curvature if and only if y(s) is a curvature-spiral
in [R%.
Example 3.4. The cone in R'l’“ over a curve y(s) C S%(l) C [Rf is defined by
fiRXRY RS RTL O fGs,0,9) =@y (), ),
where y e R* 2 and R* = {r | r > 0}.
The first and the second fundamental form of the cone f are given by

[ =1%ds® + Igur, 1 = tkds?,

where « (s) is the geodesic curvature of y (s) C S%(l). Thus the principal curvatures
of the cone are (f, 0,...,0), and the mean curvature H = £, From (2-15), we

nt”
know that the conformal position vector of the cone f is
Py +1 y PHlyP-1
Y=« Y §)y = —~ |-
< 2t 7() t 2t
Note that

CHyPHL Y Py - - -
3-17) i(t,y) = .=, RYXR"Z2=H"! > H" ' CR}
<>z<y>(2t T x — W' CR]
is nothing but the identity map of H"~!, since Rt x R"~2 = H"~! is the upper half-
space endowed with the standard hyperbolic metric. From (2-15), the conformal
2
metric of the cone f is g = ’;_z(tzds2+IRn—l) =k?(ds®>+ Iypn-1), where I -1 denotes
the standard hyperbolic metric of H"~!. By Lemma 3.1 we have the following

result:

Proposition 3.5. The cone in [Ri’l”l over y(s) C S?(l) C [RR? as in Example 3.4 is
of constant conformal sectional curvature if and only if y (s) is a curvature-spiral
in S%.

Example 3.6. Let IR% 4+ =1{(x,y) | y > 0} be the Lorentzian hyperbolic 2-plane.
The rotational hypersurface in R} 1 over a curve y(s) C [R{% + 1s defined by

fiRxS" S R, (s, 0) = (x(5), y(5)6),
where 6 € S is the standard round sphere, and y (s) = (x(s), y(s)) C IR{% 4

Denote the covariant differentiation of the metric ds* by D in [R% 4 Fory(s) =

(x(s), y(s)) C R% 4o let x denote the derivative g—’; and so on. Choose the unit tangent

vector o = %()'c, y) and the unit normal vector 8 = i( v, X). The geodesic curvature
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is computed via « (s) = (Dgat, B) = * y} 2. + . The rotational hypersurface f has
the unit normal vector n = ; (y, x6). The ﬁrst and the second fundamental form of
the rotational hypersurface f are given by

[=df-df =y*(ds*+Ig-1), I =—df -dn= (yx —%)ds’ —MSH.

Thus the principal curvatures of the rotational hypersurface f are 2 = —_ ==
From (2-15), we know that the conformal metric of the rotational hypersurface f is

g =K>(x)(ds* + Isp-1). By Lemma 3.1 we have the following result:

Proposition 3.7. The rotational hypersurface in [RR'{H over y(s) C [R{% 4 asin
Example 3.6 is of constant conformal sectional curvature if and only if y(s) is
a curvature-spiral in [R{%Jr

Example 3.8. Let p, g be any two given natural numbers with p + ¢ < n and
let a be a real number a > 1. We define the cone over the hyperbolic torus

HY (—v/a? — 1) x SP(a) C SPT (1), as follows:
f:[H]q(—\/aZ—l)xSp(a)x[R+x[R"_”_q_l—>R'l’+l, f@u’ t,u"y=@u' tu”, u"”),
where ' € H1(—+a? — 1), u” € SP(a), u” e R*—P~¢—1,

Let b = ~/a? — 1. One of the normal vectors of f can be taken as e, =
(Z—‘u’ , gu/ ’ 0). The first and second fundamental form of f are given by

=t2((du', du'y +du” - du") +dt - dt +du" -du”",
b
Il =—(dx,deyy1)1 = —t(%(dul, du'yy + —du”-du”).
a

Thus the mean curvature of f satisfies

—pb* —qa’
nabt

H =

and

) ;1 pn—pb*— 2pqa2b2+q(n—q)a @
n—l[zh —nH:|

(n — 1)a?b?s? NE
Let id; denote the k-dimensional identical mapping. From (2-16), we have
B =0 idq @b, idp @®b; idn_q_p, A=a idq Par idp Daj idn_q_p,

where

qa® — (n— p)b* _ pb*+qa®

_ _ 2
(n—q)a e

pb*
b == . b =
! nabo 2

naba naba
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and
(pb? + qa*)? — (pb* + qa*)2na’* + n*a*b?
2n2a’b%a? '

a) =

(pb? + qa*)? — (pb* + qa*)2nb? + n*a*b?
a = ,
2 2n%a?b2a?

(pb? + ga?)? — n2a2b?
as =
3 2n2a?b2¢?

Using these equations and (2-10), it is easy to prove the following result:

Proposition 3.9. Ler f : M" — IR’I‘+1 be a cone over a hyperbolic torus

H?(—va? — 1) x SP(a).

If f has constant conformal sectional curvature §,then § =0, p=qg =1 and n =3.

A spacelike hypersurface is called a conformal isoparametric spacelike hypersur-
face if the conformal 1-form vanishes and the eigenvalues of the conformal second
fundamental form are constant. In [Li and Nie 2018] and [Nie and Wu 2008], the
authors characterized the cone over the hyperbolic torus as follows:

Theorem 3.10 [Li and Nie 2018]. Let f : M" — M ;’“ (c) be a conformal isopara-
metric spacelike hypersurface with r distinct principal curvatures. If r > 3, then
r =3, and locally f is conformally equivalent to the cone over the hyperbolic torus

H7(—va? — 1) x SP(a).

4. The proof of Theorem 1.1

The hypothesis of constant conformal sectional curvature implies that the spacelike
hypersurface is conformally flat. A classical result says that a spacelike hypersurface
fM'—> M f‘“ (c)(n > 4) is conformally flat if and only if there exists a principle
curvature which has multiplicity at least n — 1 everywhere. Since our classification
theorem is local, we consider the following two cases:

(1) The spacelike hypersurface has only two distinct principal curvatures.

(2) The 3-dimensional spacelike hypersurface has three distinct principal curva-
tures.

First, we consider case (1). Let f: M" — R'f“, n > 3, be a spacelike hypersur-
face with two distinct principal curvatures; one of which is simple, while the other
has multiplicity n — 1.

Lemmad4.1. Let f: M" — R’f“, n > 3, be a spacelike hypersurface with two dis-
tinct principal curvatures. If the conformal sectional curvature has constant §, then
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we can choose an orthonormal basis {E1, ..., E,} with respect to the conformal
metric g such that

By =diag("—L =1 Z1). ¢ Ci=0
;i) =diag| ——, —, ..., — |; =...=C,=0;
(4-18) ! T n 2 "
wig=—Ciog; 8§=C11—(C1)* Coa=—(C1)*, a=2.
Proof. We take a local orthonormal basis {E, ..., E,}, with respect to g, under
which,
(B;j) =diag(by, by, ..., by).
[ —
n—1
From the fourth equation in (2-11), we assume b = ”n;l and b, = —%. Since the
spacelike hypersurface has constant conformal curvature 8, by (2-11), we have
(A;) = di § 2n-1 5+1 8+1
ii)y=diag| - — ——, =+ —, ..., =+ —].
i 27 22 2 27" o2

In this section, we make use of the following convention on the range of indices
l<i,j,k<n, 2<a,B,y <n.
From dB;; + ), Bijwki + Y Bikwrj = Y _; Bijxwx and (2-8), we can get

Bla,a:_cl, wig = —Clowy, Cux=0, 2<a<n,
(4-19)
(Bijx = 0 otherwise).

Using dC; + ), Craxi = Y ;. Cirwy and (4-19), we get
(4-20) Cow=—(CD)*: Cor=0, a#k.
From (4-19), we see that

dwig = —dCi A wy —Clzwl Awy — Cq Za)y AWy

%
and
dwiy — Zwlj ANWjg = —% Z Rigrior Ny
j ki
Thus we have
(4-21) Rigla = C1,1 — (C1)*,  Rigpa —Ci1,5 =0. O

From Lemma 4.1, we know that the distributions
Dl =span{E1}7 D2=Span{E2’E3a"'aEn}

are integrable. Any integral submanifold of distribution D is a curve y, and any
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integral submanifold of distribution D; is an (n—1)-dimensional submanifold L.
Thus locally, we have

M'=y x L.
Under the orthonormal basis {E}, ..., E,} asin Lemma 4.1, {Y, N, Y,...,Y,, &}

forms a moving frame in R4 along M". We define

1 1
F:——Y—E, X]:-C]Y—Yl, P:—a2Y+N+C1X1——F.
n n

Therefore we have
<F5 F>=_19 (XI’X1>=1’ <Pa P>=_Cl,17
(4-22)
(F, P)=0, (F, X1)=0, (X;,P)=0.
From Lemma 4.1 and the structure equation of f we can derive
E((F)= X, Ey(F)=0,
(4-23) Ei(X1)=P+F, Ey(X1) =0,
E{(P)=CP+Ci1X1, E (P)=0.

Thus the subspace V| = span{F, X, P} is fixed along M". From § = C | — (C))?
we get

(4-24) Ei(C11) =2CiCr1,  Ef(Ci1) =0.
We define T = —aY — N +CY; — ,175, then we have
T1Vv,, (I,T)=Cy1, (T,Y4)=0, 2<a<n.
From (4-24), Lemma 4.1, and the structure equation of f we can derive

Eo(T)==Ci1Yy, EWT)=CiT, Ep(Yo)=) way(Ep)Y,,
(4-25) v
Eo(Ya) =) wup(E)Yp+T, Ei(Ya)=) wus(ENYs o .
B B
Thus the subspace V, = span{T, Y», Y3, ..., Y,} is fixed along M", and V| LV,.
Using theory of linear first-order differential equations for C; 1, (4-24) means
that C1,1 =0 or Cy,; # 0 on an open subset U C M". Thus we need to consider the
following three subcases: (1) C;,; =0 on M"; (2) C1;; <0on M"*; (3) C;,1 >0
on M". We will treat them case by case.

Proposition 4.2. Under the assumptions in Lemma 4.1, if C1,; =0 on M", then f
is conformally equivalent to a cylinder over a curvature-spiral in Rf.
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Proof. Since C1,1 =0, we have (P, P)=0. From (4-23), we know that P determines
a fixed direction. Hence up to a conformal transformation we can write the fixed
direction P € Rg+3 and constant subspace V| C RZH as follows:

P=(,0,...,0,1),
Vi =span{F, X, P}=span{(0, 1,0, ...,0), (0,0,1,0,...,0), (1,0,...,0, 1)}
From (4-22), we have
(4-26) (F, P)=(F,(1,0,0,...,0,1))=0, (X, P)=(X1,(1,0,0,...,0,1))=0.

Let {«x1, k2, ..., K2} be the principal curvatures of the spacelike hypersurface f, then
e’ = |k1 — k2|. We choose an orthonormal basis {e1, ..., e,} of T M" with respect
to the first fundamental form I = df - df such that (h;;) = diag{xy, «2, ..., Kk2};
then {E; = e~ Y¢;, 1 <i <n} is an orthonormal basis as in Lemma 4.1. From (2-15)
and (4-26), we can deduce

(4—27) Ky = O, El(‘L') = —Cl.
On the other hand, we have (Y,,, P) = 0 which implies that
(4-28) E,(t)=0.

Let {1, ..., @,} be the dual basis of {ey, ..., e,}, and {®;;} be the corresponding
connection forms. Since w; = e*@;, 1 <i < n, its connections have the relations

w;j = jj —i—ei(‘r)d)j —ej('r)d)i.

Equations (4-27) and (4-28) imply that @, = 0. Thus the spacelike hypersur-
face f is conformally equivalent to the hypersurface given by Example 3.2. By
Proposition 3.3, we finish the proof of Proposition 4.2. U

Proposition 4.3. Under the assumptions in Lemma 4.1, if C1,; <0 on M", then f
is conformally equivalent to a cone over a curvature-spiral in S?.

Proof. Since C1,; < 0, by (4-22), the vector field P is a spacelike vector field
in [F\R’21+3. Thus up to a conformal transformation we can write

Vi =span{F, X, P} =span{(0, 1,0,...,0), (0,0,1,0,...,0), (0,0,0,1,...,0)}.

Let f have principal curvatures {«y, k2, ..., k2}. Since e = (1,0, ...,0, 1)LV, we
have (F, e) = (X1, e) = 0 which implies k, =0, E|(r) = —C;. By (2-15), we
obtain 27 = Klz. Setting

_ P T

P = =
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then (P, P) =1 and (8, 8) = —1. From (4-23), we know
Py —>SICcR =V
is a curve, and (4-25) gives that
6:L—H"'CR}

is a standard embedding and the sectional curvature of (L) is —1. Since dim L =
dimH"~!=n—1, we know that 6 : L — H"~! is a standard isometric isomorphism.
By (3-17), we have the standard isometric isomorphism

0:L—H"'=RT xR" 2.

Since P+ T = —C) 1Y,

1 _
Y=—C(P,9):M”=yxL—>§%xH"*1=§%XR+XRn72CR?H‘
—C11
Therefore

1
g=1(dY,dY)= —a(dsz + L),

Thus the spacelike hypersurface f is conformally equivalent to the hypersurface
given by Example 3.4. By Proposition 3.5, we finish the proof of Proposition 4.3. [

Proposition 4.4. Under the assumptions in Lemma 4.1, if C1,; > 0 on M", then
f is conformally equivalent to a rotational hypersurface over a curvature-spiral
in Rf 4

Proof. Since C; 1 > 0, we have (P, P) < 0. Thus up to a conformal transformation
we can write

Vi = span{F, X1, P} =span{(1,0,...,0), (0,...,0,1), (0,1,0,...,0)}.
Thus e = (1,0,...,0,1) € V|, and (Yy,e) =0, 2 < o < n, which imply that
Ey(t) =0, 2 <a <n. Setting

_ P T
P= 0=

\/Cl,l’ B \/Cl,l’

then (P, P) = —1 and (0, 6) = 1. From (4-23), we know

Py >HICRI=V,
is a curve. From (4-25), we see that
6:L—S"'cR"

is a standard embedding and the sectional curvature of 6 (L) is 1. Sincedim L =n—1,
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0 : L — S"!is a standard isometric isomorphism. Since P+ T = —Cy 1Y,

_1 _
Yz?(P,Q):ny—)IHI%XS"_I.
1,1

Denote P = (uy, uz, u3) € I]-I]%, then

v u3—u1< u Uy us3 ) )
- 9 9 9 .
VCi1 \U1—u3 up—u3z up—u3 up—Uus

Thus the hypersurface f : R x $"~! — [R{’l’+l is given by f = (-2 o )

ur—u3z’ ur—u3z/’
Note that
ur 1
oy, uz, u3) = ,
Uy —uz uyp—Uus

is the inverse mapping of the local isometric correspondence ¢ : [F\R% L I]-I]%
(see (1-3)). Thus the spacelike hypersurface f is conformally equivalent to the
hypersurface given by Example 3.6. By Proposition 3.7, we finish the proof of
Proposition 4.4. U

Next we consider case (2). Let f : M> — IR‘l1 be a spacelike hypersurface with
three distinct principal curvatures.

Proposition 4.5. Let f : M — [Ri‘lL be a spacelike hypersurface with three distinct
principal curvatures. If the conformal sectional curvature has constant §, then
6 = 0 and f is conformally equivalent to the spacelike hypersurface defined by
Example 3.8.

To prove Proposition 4.5, we need the following two lemmas.

Lemma 4.6. Under the same assumptions as in Proposition 4.5, there exist a local
orthonormal basis {E, E», E3}, consisting of eigenvectors of B such that

B _b3—b1C B _b2_blc B _b3—b2C
n2=g—p O 3 =30 21 =g 5 Cn
(4-29)
by —by by — b3 by — b3
B = C s B = C N B - C .
2.3= ) 6 3= G Be= O

Proof. Since f is of constant conformal curvature, from (2-11), we have

(4-30) Rij :288ij :ZBikBkj+(trA)8ij+Aij~
k

Thus we can take a local orthonormal basis {E;, E;, E3} such that

(4-31) (Bij) = diag(by, b2, b3),  (Ajj) = diag(ay, a2, a3).
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Using (4-30) and (4-31), we have

(4-32) Bijx(bi+b;)+Ajjx=0, 1=i,j,k=<3.

Using (2-7) and (2-8) and (4-32), we can obtain (4-29) and

(4-33) Bijk=Aijx=0, i#]j, i#k k#*].

Thus we complete the proof. ([

If the conformal 1-form C is equal to 0, by Lemma 4.6, we know that the
eigenvalues of the conformal second fundamental form are constant. Thus the
spacelike hypersurface is a conformal isoparametric spacelike hypersurface. By
Proposition 3.9 and Theorem 3.10, we can prove Proposition 4.5. Next we need to
prove C = 0.

Lemma 4.7. Under the same assumptions as in Proposition 4.5, the conformal
1-form C is equal to 0.

Proof. Let {w, w, w3} be the dual of the local orthonormal basis {E, E;, E3} in
Lemma 4.6, and {w;;} the connection forms. Using covariant derivatives of B;;,
Bij.j

Bij.i
——w; + wj,
bi—b; ’

bi—b;

Using (2-8), we have B;; j = Bj;; — C;, i # j. Using (2-12), (4-33) and (4-29),
we can obtain

(4—34) wijj =

Bz
by — by

B3,

B2 31 = (Bi1,3— B»3) PR——
1—b3

+ (Bi2,1 — B32.3)

3(baB11,3 — b1 B223)
(b1 — by)?

B33 3b B3> 3Bi131
Crsz— —C ’ —.
+< 23 3)b2—b1+ bz —by

From (2-10) and the Ricci identity (2-13), we have C; j; — C;; = (b; —b;)A;; =0,
and Bj2,31 = Bj2,13. Using (4-35), we can derive

(4-35) Bpiz=

biby +2b3
(by — b3) (b3 — by)

where we use by + by + b3 =0 and b? + b3 + b3 = 3. Similarly b,Cy 3 = —C3C|
and b3C1’2 = —C2C1. Thus

b1Cr3 = C3Cr = —C30,,

(4-36) biCij=—=CiCj, i#F]j, iFk k#].
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Using the covariant derivative of C; and taking the derivative for (4-36) along Ey,
we obtain

(4-37) B kCij+bk C; jk_ckj Bki,k —Cis Bkj,k
o ’ by — b; “by —b;

Bk k Bif k
=—Ci|Cjy—Cr—L2— | = Cj| Cip — Cr—"— |
z|: J.k kbk_bj:| ]|: ik kbk_bi]

1
7

If b1byb3 =0, we can assume that b; =0. From (2-11), we know that b, = —b3 =
Using (4-29) we have C = 0.

We assume b1b2b3 # 0. From (4-29), (4-36), (4-37) and By x = —Bjj x — Bii k>
we conclude that

4C;C;Cy 4CCyC5
3 bibjby 3 bbby

(4-38) biCi jx =

Since C; jx = Cj ik = Cyij and b; # b, i # j, from (4-38) we get
Cix=0, CC,C3=0.
We can assume that C; = 0, and (4-34) can be written as

B » ° Bi31 ° » By 0+ B33 »
1 13= 1 23 = 2
by—by ' by — b3 by — b3

(4-39) w2 = 3.

Using the covariant derivative of C; and

|
dwij — Zwik ANwgj=—3 Z Rijuwr Ny,
k kl

we can derive

3C2[b3 — b3 — 6b1b3 + 6b3D] 27b3b5C3
(b1 —b3)?(b3 — b2) (b1 — b2)*(b3 — b2)
=3b1C33+ (b — b3)%,
3C3[b3 — b3 — 6b1b3 + 6b3b3] 27b1b,C3
(4-40) (b1 — b2)*(by — b3) (b1 — b3)* (b2 — b3)

=3b1Cap + (b1 — b)8,

3C3[b] — b3 +3b3 + 1561631 3C3[b] — b3 +3b3 + 15b1b3]
(b3 — b2)*(b3 — b1) (b3 — b2)* (b2 — b1)
=3b3C22+3b2C33+ (b3 —b2)*,

where we use B;; j = Bjj; — C;, tr(B) =0 and |B|? = % We can eliminate C» >
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and C3 3 in (4-40) and derive

@al) 3[2b7 4 2b3 4 2b3 — 9b7bs — 6b3by — 12b1b3] e
(b1 —b3)?
3[2b} + 2b5 + 2b5 — 9b3b3 — 6b3bs — 12b1b3] 2
i (b1 — b2)} ’
= —by(by — b3)%s.

On the other hand, using the covariant derivative of C; and C; = 0, we have
. 3biC 3b,C3

C(ba—b)? (b3 —b)?¥
Cr1=C12=0, C37=C13=0,

Ci1

Cos = Ey(Co) 4 3b,C3
22= 20D+ G
(4-42) 3b3C,C3
Cr3 = E3(Cy) — ——222
23 = E3(C2) (bs—by)?
3[92C2C3
Cir = Ey(C3) — ——222
32 = E2(C3) s —by)?
Con = Es(Cy) + 2352
BT by — by

Using the second covariant derivative of the conformal 1-form C defined by
Z Ci,jma)m = dci,j + Z Cm,ja)mi + Z C,-,ma)mj,
m m m

and combining (4-29) and (4-42), we can deduce

by —by 6b2b1 (b1 — b2) 2
Cs 23 = E3(E2(C3)) — 3 _ cic
323 = E3(E2(C2) |:(b2—b3)3 (bg—bz)‘*(bl—bs)} 362
b3C,
3(Cpy— C33)—"2
+3(C22 3’3)(b3—b2)2
302 st Gyl —03 (C2Cy — C3)
(by—bp)2 | T I g 2 T Y]
by — b3 6b3b1 (b1 — b3) 3
Cs 30 = E»(E3(C3)) +3 _
332 = H2(Es(C3)) + |:(b3—b2)3 (bg—bz)“(bl—bz)} 2

6bs 18b3b,

———(Cr g — ——— .
T o= T byt
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Using the Ricci identity C3 23 — C3 32 = Zl C1R;303 = 8C,, we obtain

3b1b3by + bab? + 5b3b? — 8b1b3 — 2b3b3 — bib3 + 2byb3 3
(b3 = b2)*(b1 — b2) ?

N 3b1b3by + b3b? + 5byb3 — 8b1b3 — 2brb3 — b1 b3 + 2b3b3 oo

5
(4-43) 3Cr =

(b3 — by)*(b1 — b3) 23
b ¢ a2 o2
(bs—b2)2 22 by —b)? 2 T by(by —bp)? 2T
where we use the equation
E3(E2(C3)) — E2(E3(C3))
= [E3, E2](C3)
= (w23(E3) E3 — w32(E2) E2)(C3)
3b; w3 3by 9%
=——(CC33— C; — C3C39p— ——=—C5C,.
(b3 — by)? 233 (b3 —b)* % (b3 —by)? 332 (b —by)* ? g

From the third equation in (4-40) and (4-43), noting that b,b,b3 # 0, we can deduce

2by
b1 (b3 — by)?

We can assume that C; = 0. Next we prove that C3 = 0. In fact, if C3 # 0,
from (4-39), we have

(4-44) C2C5 =0.

w12=0, wpi3z= Bis.1 1) w33 = B23’2a)

=0 o= wn o= o
Using

dwin — Z o Ao =—3 Z Rk A oy,

k ki
we can derive
—9b1b,C?

(4-45) 5= Ry =

(b1 — b3)2(by — b3)*

Since C, =0, (4-41) becomes

3[2b} + 2b5 + 2b5 — 9b3b3 — 6b3by — 12b1b3]
(b3 — b1)*(b3 — by)?

Combining (4-45) and (4-46), we have

(4-46)

C3 = —byi (b — b3)3.

(4-47) [2b% +2b% +2b% + 125155 (b1 b3 — bH)]C2 = 0.
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Using by 4+ b, + b3 =0 and bf +b§ +b2= %, we see that
bi+b5+bi=2% and bib3—bi=—1.

Thus (4-47) is written as
(3 —4b1b2)C3 =0.

Since C3 #0, g —4b1by =0 which implies that by, b;, b3 are constant. Thus (4-29)
means that C =0, which is a contradiction. Thus C3 =0 and C = 0. This completes
the proof. ([

Combining Propositions 4.2, 4.3, 4.4 and 4.5, we finish the proof of Theorem 1.1.
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