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ON THE BRAVERMAN-KAZHDAN PROPOSAL FOR
LOCAL FACTORS: SPHERICAL CASE

ZHILIN LUo

We study the Braverman—Kazhdan proposal for the local spherical situa-
tion. In the p-adic case, we give a definition of the spherical component
of conjectural space S,(G, K) and the p-Fourier transform kernel <I>,’f ,
and verify several conjectures of Braverman and Kazhdan (GAFA 2000
special volume, part I, 237-278) in this situation. In the archimedean
case, we study the asymptotic of the basic function 1, ; and the p-Fourier
transform kernel @7 .

1. Introduction

The theory of zeta integrals can be traced back to the work of B. Riemann, who
first wrote the Riemann zeta function ¢(s) = 2 | 1/n* as the Mellin transform
of a theta function. The idea was developed by J. Tate in his thesis [1950] using
the theory of zeta integrals. For convenience, in the introduction we restrict to
the nonarchimedean local fields case. For each character y of F*, where F is a
nonarchimedean local field, one considers a family of distributions given by zeta
integrals Z(s, f, ¢) with parameter s € C on the space S(F*) = C°(F). Tate
showed that the distribution admits meromorphic continuation to s € C, possibly
with a pole at s = 0. The pole can be described by the L-factor L(s, x), in the
sense that the distribution Z(s, -, x)/L(s, x) admits holomorphic continuation to
the whole complex plane.

R. Godement and H. Jacquet [1972] generalized the work of Tate and studied, for
any irreducible admissible representation 7 of GL(n) over a nonarchimedean local
field, the family of distributions given by zeta integrals Z (s, f, ¢) with parameter
s € C on the space S(GL(n)) = C°(M,,), where ¢, € C(rr) is a matrix coefficient
of w. They showed that Z (s, f, ¢) has meromorphic continuation to s € C with a
possible pole at s = 0, and their poles are captured by the standard local L-factor
L(s, ) attached to .

According to R. Langlands [1970], for any reductive algebraic group G defined
over F, and for any finite dimensional representation p of the Langlands dual
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group “G, one may define the local L-factor L(s, , p) associated to an irreducible
admissible representation 7w of G(F). It is natural to ask: Is it possible to find
a family of distributions similar to the case of Godement—Jacquet that define the
general local L-factor L(s, r, p)? Over the last fifty years, various types of global
zeta integrals of Rankin—Selberg type, whose local zeta integrals may define local
L-factors for a special list of G and p, were found. Often, the zeta integrals of
Rankin—Selberg type are not the same as those of Godement—Jacquet. In 2000,
A. Braverman and D. Kazhdan [2000] proposed a conjectural construction of
families of distributions that may define the general L-factors L(s, i, p), similar to
those in [Godement and Jacquet 1972]. We will explain their proposal below.

1.1. Notation and convention. Throughout the paper, we fix a local field F' of
characteristic 0, which can be either a p-adic field or an archimedean field. When
F is a p-adic field, we let OF be the ring of integers of F' with fixed uniformizer @,
and we assume that the residue field of F has cardinality g.

We fix a valuation |- | on F. When F is a p-adic field, we normalize | - | so that
|w| =¢q~!. When F = R, it is the usual valuation on R. When F =C, |z| =zZ
for any z € C, where Z is the complex conjugate of z.

Let G be a split connected reductive algebraic group over F. Following the
notation of [Li 2017, Section 3.1], we assume that the group G fits into the short
exact sequence

(1) - Gy— G5 G, — 1.

Here G is a split connected semisimple algebraic group over F, and o is a character
of G playing the role of determinant as in the GL(n) case.
Let LG be the Langlands dual group of G. We fix an irreducible algebraic
representation
p: G — GL(V,)

of dimension n = dim V,,. There are similar results for reducible p, but for conve-
nience we only work with the case when p is irreducible. Following [Braverman
and Kazhdan 2000, Definition 3.13] and [Li 2017, Section 3.1], we further assume
that p is faithful, the restriction of p to the central torus G,, — “G is z — z1d, and
ker(p) is connected.

We require that the representation p fits into the following commutative diagram:

o

1 G LG LGy 1

LT

1 — G, — GL(V,C) —— PGL(V,C) —— 1

The top row is obtained by dualizing the short exact sequence (1), and p is the
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projective representation obtained from p. By [Li 2017, Section 3.1], we may
assume that the rows are exact and the second square is cartesian.

We fix a Borel pair (B, T') for our group G. Let X,(T) and X*(T) be the
cocharacter and character group of T, respectively. Let W = W(G, T) be the
Weyl group. Let pp be the half sum of positive roots. The corresponding modular
character is denoted by ép. Following the suggestion of [Bouthier et al. 2016], we
let/ =2(pp, 1), where A is the highest weight of the representation p.

When F is a p-adic field, we choose a hyperspecial vertex in the Bruhat—Tits
building of G which lies in the apartment determined by 7. The corresponding
hyperspecial subgroup G (F) is denoted by K as usual. When F is an archimedean
field, by the Cartan—Iwasawa—Malcev theorem [Borel 1998, Theorem 1.2], we fix a
maximal compact subgroup K of G.

When F is a p-adic field, we fix the Cartan decomposition

GF) = || Kr@)K,

AEXy (T)+

where X, (T) is the positive Weyl chamber. When F is an archimedean field, we
also fix the Cartan decomposition G = K exp(a) K, where a is a maximal abelian
subalgebra of the Lie algebra g of G. Let T(F)N K = Tk.

We fix a nontrivial additive character ¢ of F' with conductor Or. We also fix
a Haar measure on F such that the Haar measure is self-dual with respect to the
additive character 1.

1.2. Braverman—Kazhdan proposal. In [Braverman and Kazhdan 2000], the local
aspect of the Braverman—Kazhdan proposal was to construct a family of zeta
distributions associated to each finite-dimensional representation p of the Langlands
dual group LG that define the general L-factor L(s, m, p) for every irreducible
admissible representation 7 of G(F') via a generalization of the work of Godement
and Jacquet [1972]. Roughly speaking, they proposed the existence of a function
space S,(G) C C*(G), which should be the space of test functions for the zeta
distributions, such that the following conjecture holds:

Conjecture 1.2.1 [Braverman and Kazhdan 2000, Conjecture 5.11]. With the nota-
tion above, the following hold.

(i) Forevery f € S,(G) and every ¢ € C(r), the integral

Z(s. f.0) = /G F©e@lo @5 dg

is absolutely convergent for Re(s) > 0.

(ii) Z(s, f, ¢) has a meromorphic continuation to C and defines a rational function
N

of q°.
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(i) I = {Z@, f,o) | f € S,(G), ¢ € C(m)} is a finitely generated nonzero
fractional ideal of the ring Clq®, q—°1, where C(m) is the space of matrix
coefficients of 1.

Remark 1.2.2. Braverman and Kazhdan [2000] defined the number [ to be the
semisimple rank of G. Following [Bouthier et al. 2016], it is suggested that the
correct normalization should be [ =2(pp, 1), where A is the highest weight of p. In
the case where p is the standard representation of GL(n), [ =n — 1. The definition
coincides with the work of Godement and Jacquet [1972].

Assuming that the Conjecture 1.2.1 holds, one may define the local L-factor
L(s, 7, p) to be the unique generator of the fractional ideal I, of the form P (g %)),
where P is a polynomial such that P(0) = 1. Moreover, they also proposed the ex-
istence of a Fourier-type transform 7, [Braverman and Kazhdan 2000, Section 5.3]
that is defined by

Fo(H=lol™ " (@y,px [, feCEOG),
and satisfies the following:

Conjecture 1.2.3 [Braverman and Kazhdan 2000, Conjecture 5.9]. The p-Fourier
transform F, extends to a unitary operator on L%(G, |o|'"T'dg) and the space
S,(G) is Fp-invariant. Here the character o is defined in (1).

Here & , is a G-stable o-compact distribution in the sense of [Braverman and
Kazhdan 2000, Definition 3.8]. After an unramified twist, the action of ® , ; on
the space of m € Irr(G) is given by a rational function in s, which is the associated
local gamma factor y (—s — 5, 7V, p, ¥).

Remark 1.2.4. Here we want to make a remark on the y-factor. Assuming the
local Langlands functoriality for p, we can set

y(s,m, 0, ¥) =y(s, p(@), ¥),

where p (;r) is the functorial lifting of = along p. The y-factor is a rational function
in s. Hence, for special values of s, for instance s = —%, there might exist 7 € Irr(G)
such that the constant y (—é, p(m), w) does not exist for 7. In this case, we can
take an unramified twist of ®y, ,, which we denote as ® , ;. Then the action of
®y s on the space of 7 is given by the local gamma factor y(—s — é, 7, p, w).

Remark 1.2.5. Braverman and Kazhdan [2000, Section 1.2] defined the distribution
®y »,s with the property that its action on the space of 7 €lrr(G) is given by
the local gamma factor y (s, 7, p, ¥) with parameter s € C. For normalization
purposes, we define our G-stable distribution ®y ,  with action on 7 via the

scalar y(—s — 5, 7Y, p, ¥). In Lemma 2.4.4, we show how to derive the relation

2
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between the y-factor and &, , ¢ formally from the conjectural functional equation

Z(l _safp(f)v (ﬂv) :V(SJT, P, W)Z(S, fv (ﬂ)’ f ESp(G)aQO EC(T[)

Braverman and Kazhdan [2000, Section 7], gave a conjectural algebrogeometric
construction of the distribution @ , ;. It is not difficult to define the distribution
®y ,0is on T associated to the representation p oi of T

LT L5 LG 25 GL(V,).

Since the distribution ®y, , ; is conjectured to be G-stable, using the adjoint quotient
map G™¢ — T /W, one can naturally extend it to a distribution on G once the W-
equivariance of the distribution ®;, ,.; ; is established as conjectured in [Braverman
and Kazhdan 2000, Conjecture 7.11]. Braverman and Kazhdan conjectured that
the construction gives us the distribution @y, , ; that we want. There is a parallel
conjecture in finite field case, and some recent works ([Braverman and Kazhdan
2003; Chen 2016; Cheng and Ng6 2017]) confirm the construction.

For the construction of the function space S, (G), Braverman and Kazhdan [2000,
Section 5.5] expected to use the Vinberg’s monoids [Vinberg 1995]. For each p,
one can construct a reductive monoid G p containing G as an open dense subvariety,
whose unit is just the group G, and there is a G x G equivariant embedding of G
into G o- Here G » was expected to play the role of M,, as in [Godement and Jacquet
1972]. But for almost all p, G, is a singular variety. Hence we cannot simply
use the locally constant compactly supported functions on G » as our conjectural
function space S,(G). Recently, some work in the function field case ([Bouthier
et al. 2016]) has explained the relation between the geometry of G » and the basic
Sunction in §,(G).

Assuming the local Langlands functoriality for p, L. Lafforgue [2014] proposed
the definition of S, and F, using the Plancherel formula. However, the analytical
properties of S, and F, may not be easily figured out from such an abstract
definition.

By the work of Godement and Jacquet [1972], when p is the standard representa-
tion of GL(n), the above conjectures hold. We can take S, (G) to be the restriction
to GL(n) of functions in C2°(M,), and GL(n) embeds into M,, naturally. Here M,
is the monoid of n x n matrices which fits into the construction of Vinberg [1995].
F, in this case is the classical Fourier transform on M,, fixing C2°(M,,) defined by

F(f)(g) =Idetg| ™ (Py.sta* f)(g)

_ / FOW () dy. feCEM,),
M, (F)

where @y a(g) = ¥ (tr(g))|det(g)]".
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Basic function: Although the structure of the space S,(G) is still unclear, there is
a distinguished element in the space S,(G), called the basic function, which we
will introduce below.

In [Godement and Jacquet 1972], the authors found that the characteristic function
Im, (0r) of M,,(OF) satisfies the following two properties:

(i) For any spherical representation w of G = GL(n) with Satake parameter
c e T/W,let ¢, be the associated zonal spherical function; then

Z(s, IM,(0r)> ) =/ Im, ) (&)@ (g)|det [T ~D/2 qg
G

=det(1 — (c)g~*|V)~' = L(s, n, std).
(i) Fsa(Im,0r) = Im,0F)-

LetS:H(G,K) — C[T/ W] be the Satake transform, which is an isomorphism
of algebras. Using the Cartan decomposition, the zeta integral Z (s, Im,0,), ¢=) 1S
equal to the Satake transform of the function

IM,,(OF) |detls+(1’l*1)/2

evaluated at the Satake parameter ¢ € T/ W of m. For general p, one is naturally
led to the following definition of the basic function 1, ; with parameter s € C.

Definition 1.2.6 [Li 2017, Defintion 3.2.1]. The basic function 1, ; =1,|o|* with
parameter s € C is the smooth bi- K -invariant function on G such that

S(ps)(c) = L(s, 7, p)

for any spherical representation w of G with Satake parameter ¢, where o is the
character defined in (1).

Following the work of Godement—Jacquet [1972], one hopes that the function
lp,—1p=1,l0 | ~!/2 lies in the function space S,(G) and has the following property:

Conjecture 1.2.7. F,(1, _12) =1, 1.

It is shown in [Braverman and Kazhdan 2000, Lemma 5.8] that Conjecture 1.2.7
holds assuming the compatibility of parabolic descent and p-Fourier transform
[Braverman and Kazhdan 2000, Conjecture 3.15].

One of the reasons that we care about the function 1, ; is its role in Langlands’
“Beyond endoscopy” program [2004]. When Re(s) is sufficiently large, we expect
to plug it into the Arthur—Selberg trace formula [Finis et al. 2011]. On the spectral
side, we would get a partial automorphic L-function. On the geometric side, the
weighted orbital integrals of the basic function can tell us information about the
automorphic L-function. For details, the reader is recommended to read [Ngd 2018]
and the last section of [Getz 2018].
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1.3. Our results. We obtain results uniformly for both p-adic and archimedean
local fields. For convenience, we treat them separately in the following.

p-adic case: We give a construction of the spherical component of the function
space S,(G) and the distribution kernel of p-Fourier transform &, ,, which we
denote by S,(G, K) and @57 o AHere we need to use the extension of Satake
isomorphism S : H(G, K) — C[T /W] to almost compactly supported functions
Hae (G, K) in the sense of [Li 2017, Proposition 2.3.2], since the L-functions and
y-factors are rational functions rather than polynomial functions on 7"\/ W. The
functions in S,(G, K) are not always compactly supported, but always almost
compactly supported.

Definition 1.3.1. Define the function space S, (G, K) to be

Sp(G.K)=1, 1 *H(G, K).

L
2

Define the distribution kernel of the p-Fourier transform CDI[;’ p.s 1O be

s

q)ips:l 1+v+’*81( 11 )
R L(=s—35,7,p")

In Proposition 2.2.2, we show that when p is the standard representation of
G = GL(n), we actually have

Swa(G, K) = lstdﬁ% *H(G, K) = 1m, 05 * H(G, K).

Here Sq(G, K) is the restriction of functions in C2°(M,,, K), the bi-K -invariant
functions in C2°(M,,), to GL(n). The structure for the standard case will be our
main ingredient for introducing Definition 1.3.1.

Based on Definition 1.3.1 we can verify that Conjectures 1.2.1 and 1.2.3 hold
under the assumption that the functions and representations are spherical. We can
also verify Conjecture 1.2.7 without referring to [Braverman and Kazhdan 2000,
Conjecture 3.15]. More precisely, the following theorem holds:

Theorem 1.3.2. Let 7w be a spherical representation of G. For every f € S,(G, K),
¢ € C(m), the integral

ZGs, fr9) = /G F(@e@)o () dg

is a rational function in q°, and the fractional ideal I, = {Z(s, f,¢) | f €
Sp(G, K), 9 € C(m)}is equal to L(s, w, p)Clg*, q~°].

The idea for the proof of Theorem 1.3.2 is as follows. We notice that the function
f €8,(G, K) is bi-K -invariant. Following the proof of Proposition 2.2.2, we can
actually assume that ¢ is bi-K -invariant, which means that ¢ is a scalar multiple of
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the zonal spherical function associated to 7. Then, up to multiplying by a constant,
the zeta integral Z (s, f, ¢) is equal to S(fs4/2)(c), where ¢ € ’f/ W is the Satake
parameter associated to 7. Now Theorem 1.3.2 follows from the definition of
S,(G, K) and Remark 2.2.3.

Theorem 1.3.3. For any f € S,(G, K), define the p-Fourier transform F, as in
[Braverman and Kazhdan 2000 ] by the formula

Fp()=la 17 @y px ).
Then F, extends to a unitary operator on L*(G, K, |o|'"t'dg) and the space
S,(G, K) is Fp-invariant.

The idea for the proof of Theorem 1.3.3 is as follows. To show that 7, extends
to a unitary operator on L?(G, K, |o|'*'dg), we can equivalently show

(Fo()s Fo(M)) 126,k o +1dg) = (fs M) 126 Kk o 1 dg)
for any f, h € H(G, K), since the smooth compactly supported functions are dense
in L?(G, K, |o|'T'dg).
We first rewrite the integration as

(Fo()s Folh)) 126k ol 1dg) = Foir1 (F) % Fp(h) " (),
(f. h) 126 K o+ 1dg) = his1 % [V (€).

Then as in the proof of Proposition 2.4.8 we can show that after the Satake transform,
the functions F, ;11 (f) * F, (h)v and h; 1% fV are equal to each other as a rational
function on T/ W. Hence we get the first part of Theorem 1.3.3. To show that the
space S, (G, K) is F,-invariant, we show that 7,(S,(G, K)) and S,(G, K) have
the same image under Satake transform.
Theorem 1.3.4. .7:/,(1/)’_1/2) = lp,_[/z.

The idea for the proof of Theorem 1.3.4 follows from the direct computation of
the Satake transform of F,(1, _;/2) and 1, _;>. We show that they coincide with
each other after Satake transform as a rational function on 7'/ W, from which we

deduce that they are equal to each other.
The detailed proofs of the theorems are given in Section 2.4.

Archimedean case: We give a construction of <I>§’ , using the spherical Plancherel
transform. More precisely:
Definition 1.3.5. We define

®K 1 ! *7-{,_1< 1 )
V.0,8 p,1+S+§ L(_S - %, T, IOV)

Here # is the spherical Plancherel transform.
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Parallel to the p-adic case, we can verify that Conjecture 1.2.7 holds through
showing that F,(1, _;/2) and 1, _;/> have the same image under spherical Plancherel
transform H.

We also study asymptotic properties of 1, ; and <I>§’ 0.5 Welet SP(K\G/K) be
the L?-Harish-Chandra Schwartz space, where 0 < p < 2 is any real number. Then
we can prove the following theorem.

Theorem 1.3.6. (i) If F =R, and Re(s) satisfies the inequality
Re(s) > max{wy(n) | 1 <k <n, e C*"},

or

(ii) if F = C, and Re(s) satisfies the inequality
Re(s) > max{%wk(u) |[l<k<n,pe CW},

then the function 1, g lies in S? (K\G/K).

Here {w};_, are the weights of the representation p, & = % — 1, and C*78 is
the convex hull in a* generated by elements W - epp.

Theorem 1.3.7. (i) If F = R, and Re(s) satisfies the inequality
Re(s) > —1— é +max{w(u) |1 <k <n,ue C®8},

or

(ii) if F = C, and Re(s) satisfies the inequality
Re(s) > —% — f—‘ —I—max{%wk(,u) | l1<k=<n,ue CspB},

then the function CI>$N lies in SP(K\G/K).

The idea for proving the asymptotic theorems is based on several asymptotic
estimations for the classical I'-function and its derivatives, which are recalled and
proved in the beginning of Section 3.4.

The details are presented in Section 3.4 and Section 3.5.

Jayce Getz [2018] also has similar descriptions for F,(f), where f lies in
C°(G, K). His description of the Fourier transform uses the relation between
F, and the standard transform on GL(n) via a spherical Plancherel transform, in
which the p-Fourier transform is not written as an explicit kernel function. Using
the functional equation, one can observe that his definition coincides with our
definition of F,. On the other hand, using the explicit estimation for the kernel
function & 5 o.s» We find that our domain for the Fourier transform F, is bigger than
C°(G, K). For instance, we can take Fourier transform for the basic function 1, ;.
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Organization of paper In Section 2.1, we have a quick review of the Satake
isomorphism. In Section 2.2, we give a description of the structure of Syq(G, K),
which are the restriction of functions in C2°(M,, K) to G = GL(n). In Section 2.3,
we briefly review the theory of basic functions. In Section 2.4 we prove the
unramified part of the conjectures mentioned in the introduction.

In Section 3.1, we review the theory of spherical Plancherel transforms. In Sec-
tions 3.2 and 3.3, we review the Langlands classification and Langlands correspon-
dence of spherical representations for GL, (R) and GL,(C). From the Langlands
classification and Langlands correspondence, we obtain the explicit formula of
local L-factors. In Sections 3.4 and 3.5 we prove asymptotic properties of 1, s

and @57 0,57 from which we can deduce the theorems mentioned in the introduction.

2. p-adic case

The theory of spherical functions and spherical representations for p-adic groups
were developed by 1. Satake [1963]. In particular, Satake proved that under the
Satake transform &, the spherical Hecke algebra H (G, K) is isomorphic to C[?/ w1,
which nowadays is called the Satake isomorphism.

On the other hand, H(G, K) is contained in the conjectural function space
S,(G, K) as a proper subspace. In order to obtain a similar description for S, (G, K),
we need to extend the Satake isomorphism to S, (G, K). This is achieved in [Li
2017, Proposition 2.3.2]. For the basic function 1, _;/», although it is not compactly
supported on G, it is compactly supported on the sets {g € G | |0 (g)| =g " }nez-
For different 7, the sets are disjoint. This means that the function 1, _;/> is almost
compactly supported as defined in [Li 2017, Definition 2.3.1]. In particular we can
apply the Satake isomorphism to 1, _;/>.

Using the Satake isomorphism, we will give a definition of S, (G, K') and CD{;, 0.8
and we can verify several conjectures in this case as mentioned in the introduction.

2.1. Satake isomorphism. In this section, we review the Satake isomorphism. The
main references are [Cartier 1979; Gross 1998; Satake 1963].
Definition 2.1.1 (Satake transform). For f € H(G, K), define S(f) to be

S(HH1) =385(1) /N f(n)dn.

Satake [1963] proved the fact that S is an algebra isomorphism from H(G, K)
to H(T, Tx)", where both algebras are equipped with convolution structure.
Using the canonical W-equivariant isomorphisms

T/Tx = X.(T) = X*(T),

we have
H(T, Tx)V = CIX. ()Y = C[x*(T)1".
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Since C[X *(f)] consists of C-linear combinations of algebraic characters of f, it
can naturally be identified with algebraic functions on T. Therefore C[X *(f)]W =
C[T/ W]. Sometimes we abuse the notation of Satake transform S with the image
identified with C[T/ W].

2.2. Structure of Ssq(G, K). In this section, we review the theory of the zeta
integrals for the standard L-function of GL(n) over a nonarchimedean local field
following the approach of Godement-Jacquet. The main references are [Godement
and Jacquet 1972] and [Jacquet 1979]. In the end we give a description of the
structure of Sgq(G, K).

Godement and Jacquet [1972] established the theory of standard L-functions
for multiplicative groups of central simple algebras following the approach of
[Tate 1950]. For our purpose, we only focus on G = GL(n), though the story for
multiplicative groups of central simple algebras is almost the same.

Let (;r, V) be an admissible representation of G with smooth admissible contra-
gredient dual (7, V). Let

(,):VxV—ﬂC,
(0, v) = (U, v)

be the canonical linear pairing between V and V.
Let C(;r) be the C-linear span of the functions

M08 — (U, 1(gv), veV,veV.

Elements in C(7r) are called the matrix coefficients of 7.
By the admissibility of 7, the smooth contragredient of 7" is canonically iso-
morphic to 7. It follows that for any ¢ € C(sr), the function

V(g =pg™"

is a matrix coefficient of 7 V.
Let M,,(F) be the space of n x n matrices over F. Let C>°(M,) be the space of

smooth compactly supported functions on M,, (F').
Forgp e C(m), feC>(M,), s €C, set

@) Z(s. fr) = /G F(@)o(g)ldet g+ d*g.

In [Godement and Jacquet 1972], the following proposition was proved.

Proposition 2.2.1 [Jacquet 1979, Proposition (1.2)]. Suppose that w is an irre-
ducible and admissible representation of G, then:

(i) There exists sg € C such that the integral (2) converges absolutely for Re(s) >
Re(sp).
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(ii) The integral (2) is given by a rational function in g —°, where q is the cardinality
of the residue field of F. Moreover, the family of rational functions in q—°

I(m)={Z(s, f.9) | f € CZMy), ¢ €C(m)}

admits a common denominator which does not depend on f or ¢.

(iii) Let ¥ # 1 be an additive character of F. There exists a rational function
y (s, 7, ¥) such that for any ¢ € C(r) and [ € CZ°(My,), we have the functional
equation

(3) Z(I—S»-F(f)»(Pv):V(S»TF’ W)Z(Sv f,(p),

where F(f) is the Fourier transform of f with respect to {r,
F(Hx) = fM FY (tr(yx)) dy.

Here we choose dy to be the self-dual Haar measure on M,,(F), in the sense
that

FEFEUN@) = f(=x).

Now we prove the claim in the introduction, that the space Sgq(G, K), which
consists of the restriction to G = GL(n) of bi-K -invariant functions in the space
C2°(M, (F)), has the simple expression

an(o) *H(G, K) = lstd,—% *H(G, K)

Proposition 2.2.2. Suq(G, K) = 1wm,0,) * H(G, K).

Proof. Let m =, be a spherical representation of G with Satake parameter ¢ € ’T\/ w.
By Proposition 2.2.1

{Z(S, f’ §07T)

LGs.7) feCoMu(F)), ¢x EC(n)} =Clg—. ¢’

Now for any matrix coefficient ¢, (g) = (v, m(g)v) in C(;r), there exist finitely
many constant numbers ¢; in C, hg and gé (1 <i <n)in G, such that ¢, (g) =
Yo eily (hf)ggé), where I', is the zonal spherical function associated to 7. There-
fore up to translation and scaling, we can assume that our ¢, is just the zonal
spherical function I',,. Moreover,

Z(s, f.T,) = /G F(@)T, (9)ldet g+ dg

= fldet"""T % T (e),
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and by the fact that G is unimodular,

cn—1
Z(s, f.T)) =/ £l (g Videtg ™! *+'F" dg
G
=T % fldet]**> (o).

Since F; is bi-K-invariant, we can assume that f is bi-K-invariant as well. It
follows that Proposition 2.2.1 in the spherical case can be restated as

{Z(Gs, T | [ €8aa(G, KD} =L(s, 1)Clg ™", ¢°].

Now we notice that Z(s, f, I'y) = S(f|det|*T"=D/2)(c). If we let 'y ; be the
zonal spherical function associated to gy = m|det|*, then we have Z(s, f,T'y) =
Z(0, f,Ty.s), and

Z(0, £, Ty.s) = S(fIdet]' T )(c-g™) =S(f)c-g~*~"T),

where ¢ - ¢ 7* is the Satake parameter of . ; = m.|det|".
Therefore,

Z(s. H(G. K),T}) =S(H(G, K))(c- ¢~ "7 ) =CIT/Wl(c-qg—* 7).

The space C[f/ Wl(c-q~* _%) is contained in C[g*, ¢ ~*] naturally.
On the other hand, the space

CIT/Wlc ¢~ ~"T) = (Z(s. £.Ty) | f € H(G. K)}
can be identified with

{Z(s, fron) | f € CZ(G), oz €C(m)}

using the same argument as in the beginning of the proof. Moreover, the space
{Z(s, f,o2) | f €CX(G), ¢z €C(mr)} is a fractional ideal of C[g*, ¢ —*] containing
the constants; it follows that {Z (s, f, o) | f € C°(G), ¢r € C()} =Clg*, ¢~°],
and we have proved that C[f/ Wl(c-q=s~"=D/2)y = C[g~*, ¢°]. Therefore we get

Z(S’ f’ F)()
L(s,m)

n—1

eCIT/Wl(c-q—*~7), feS8ulG, K).

Letting s = (1 —n)/2, we get
S(f) € S(Im,00))CIT/ W1 = S(m, 05 * H(G, K)).

From this we get Sq(G, K) C 1m0 * H(G, K), and therefore we have proved
the equality

Sad(G, K) = 1w, 05 * H(G, K). 0
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Remark 2.2.3. Actually, from the proof of Proposition 2.2.2 we find that if a
smooth bi-K -invariant function f satisfies the condition

Z(s, f,Ty) CClg®,q™°] for any unramified character x,
then the function f lies in H(G, K).

Proposition 2.2.2 will be our basic ingredient for introducing the space S, (G, K).
2.3. Unramified L-factors and the basic function. In this section, we review basic
results of the basic function. The main references are [Li 2017] and [Sakellaridis
2018].

Let 7z, be the spherical representation of G with Satake parameter ¢ € f/ w.
First we recall the definition of the unramified local L-factor.

Definition 2.3.1. The unramified local L-factor attached to 7, and p is defined by
L(rc, p, X) = det(1 — p(©)X)~",
which is a rational function in X.

The usual L-factors are obtained by specializing X, namely
L(s, ., p) =L(mwe, p,q7 "), seC.

Then we recall the following identity.

Lemma 2.3.2 [Bump 2004, Proposition 43.5].

n i —1
L(s. 7. p) = [Z(—l)"u(/\ p(c))q”] =) u(Sym*p(e))g .
i=0

k>0

Here we notice that, by assumption p o ¢ can be identified with the standard
embedding of G,, into GL(V,) via z — zId. Moreover, following the assumption
in [Li 2017, Section 3.2], the restriction of p to the central torus is z — zId, z € C.
Therefore we find that for all s € C,

L. ® o, p, X) =det(1 - p(c-g~)X)™"
=det(l — p(c-¢*Id)X)~!
=det(1 - p()g ™ X) ™ = L(7e, p. 4~ X).
Now to define the basic function 1, s, we want to apply the inverse Satake isomor-
phism to L(w,, p, X). But L(7r., p, X) is arational function rather than polynomial
on 7'/ W; hence we need to analyze the support of the inverse Satake transform of
L(m,, p, X). Following [Li 2017, Section 3.2], we give an argument showing that

the basic function is a formal sum of compactly supported functions on G with
disjoint support.
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We recall the Kato—Lusztig formula for inverse Satake transforms.

Theorem 2.3.3 [Kato 1982; Lusztig 1983]. For » € X.(T)+ = X*(?)+, let V(M)
be the irreducible representation of “G of highest weight A, then

Vo= Y g K L@ DS U kumk)
MEX(T)4,u=A

as an element in H(T, Tx)". Here the function K;_,, is the Lusztig’s q-analogue
of Kostant’s partition function as mentioned in [Li 2017, Section 2.2].

If we let mult(Symk o : V(X)) be the multiplicity of V(}) in Symk p, then

L(te,p. X)=)_ > mult(Sym‘p: V())rV () (c)X*.
k>0 AeX,(T)4

By the Kato-Lusztig formula, this equals

Z( Z mult(Symkp:V(k))q_mB’“)K;L,,L(q_l)S(lKM(mK)(C))Xk

k>0 “A,ueX.(T)+
JN

= > (Z > Kiu(g™Hmult(Sym“p: V()»))Xk>q_<p8’“>5(1Ku(w)K)(C)-
HEX(T)+ k=0 2e X (T)+
AZp
Here we observe that each weight v of Symk p satisfies o (v) = k, where k is
identified with the character of G,, : z — z*. Thus for each p € X,(T), the inner
sum can be taken over k = o (u).
For n € X (T)4, we set

) @)= Y Kiulg HmuliSymp: V1),
reXs(T)4,A=p
if o(u) > 0, and O otherwise.

We have to justify the rearrangement of sums. Given u with o(un) = k > 0,
the expression (4) is a finite sum over those A with o (A) = k as explained above,
and hence is well defined. On the other hand, given k > 0, there are only finitely
many V (1) that appear in Symk p. Thus only finitely many u are in X, (T)4+ with
o(u) =k and ¢, (q) # 0. To sum up, we arrive at the following equation in C[[X]]:

Lite,p. X)= Y cul@q "M Sk pua)x) ()XW,
neX(T)s
Now we define the function ¢, x : T(F)/Tx — C[X] by

oox =Y. cul@q Sk )XW
HEX, (T
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By the previous argument we find that for fixed &,

> multSymbp: V())g K, (g™ S Uk k) (©) X
AmeX (T4, <A

lies in H(T, Tx)". Hence ¢, x 1s a formal sum of functions in H (T, THW.

Definition 2.3.4. Define the basic function 1, x as a formal sum of functions; each
is supported on {u € X, (T)+ | o () = k} for some k > 0 lying in H(G, K) as

Lx= Y cu@q """ g X7,
HeXo(T),

One may specialize the variable X. Define 1, ; as the specialization at X =g .

Then
lys=1,l0/".

In [Li 2017], several analytical properties of 1, ; were proved. By definition,
we have S(1, x) = ¢, x. Letc € 7"\/ W and 7. be the K-unramified irreducible
representation with Satake parameter c¢. Let V. denote the underlying C-vector
space of .. Then

@p,x(c) = L(m,, p, X)

is a rational function in ¢ € f/ W. For Re(s) sufficiently large with respect to c, the
operator 7.(1, ) : V. — V. and its trace are well defined and

tr(lp,s | VC) = L(Sa T, 10)

Moreover, it was shown in [Li 2017] that the coefficient ¢, (g) is of polynomial
growth with respect to u, and the integrability of 1, ; when Re(s) is sufficiently
large was also demonstrated. We refer the reader to [Li 2017] for further details.

2.4. Construction of S,(G, K) and F,. In this section, we give a definition of
the space S, (G, K) and construct the spherical component of the operator F, using
the inverse Satake transform.

The definition is motivated by the structure of Ssq(G, K) as in Proposition 2.2.2.

Definition 2.4.1. We define the function space S,(G, K) tobe 1, ;2 * H(G, K).

By our definition of S,(G, K), the spherical part of Conjecture 1.2.1 holds
automatically. Moreover, following the proof of Proposition 2.2.2, we find that

(Z(s, £.T) | f € H(G, K)} =C[T/Wl(c ¢~ %) =Clg*. ¢*]

for any spherical representation 7, with Satake parameter ¢ € /T\/ W. From the proof
of Proposition 2.2.2, we realize that S, (G, K) is the largest subspace of C*°(G, K)
satisfying the spherical part of Conjecture 1.2.1. In other words, the following
theorem holds.
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Theorem 2.4.2. Let 7w be a spherical representation of G. For every f € S,(G, K),
@ € C(), the integral

!
Z(@s, f.9) 2/ f@e@lo(@)*"2 dg
G
is a rational function in q°, and I, = {Z(s, f,¢) | f € S,(G,K),p € C(7)} =
L(s, 7, p)Clg*, q7"1.
Using our definition, we can also show the following
Lemma 2.4.3. S,(G, K) contains H(G, K).

Proof. By Satake isomorphism, the space S(1,,_;2*H (G, K)) as rational functions
onceT/W isequalto L(—%, m., p)C[T /W], which contains C[7 /W]. Applying
inverse Satake transforms, we get the lemma. O

Before we give our definition of the spherical component of the kernel d>§ o
we show how to derive the relation between y (s, 7, p, ) and ®y , from the
conjectural functional equation

Z(l _Sa}—,o(f)’ ‘Pv) = V(SJT, pv w)Z(S’ f’ (p)a
where

Z(s, fro)= /G (@)oo () dg

and ¢(g) = (v, w(g)v) lies in C ().

Since the analytical property of ®, , is still conjectural, the proof of the following
lemma is purely formal. But later when restricting to the spherical component, we
can make it rigorous.

Lemma 2.4.4. For any irreducible admissible representation w of G

[
T( Py ps) = )/(—s — 3 T, p, w)Id.

Proof. As conjectured in [Braverman and Kazhdan 2000], the function F,(f) is
defined to be

o1 @y % ).
We plug the formula into the functional equation, and get
) (3, ZA =5, o] @y % ), T I0) =y (s, 70, p, YT, Z(s, f, 7))

Here Z(s, f, m) is defined to be the operator fG f(e)m(g)|o(g)]/* dg whenever
Re(s) is sufficiently large. We can further simplify the left-hand side of (5) to

(6) ZA=s, oDy, V), 7)) = Z(=s =1, Dy px ', 1Y)

= (1) 1@y @)1 ().
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Then the conjectural identity can be simplified to be
(0, (T __ 1 (Pyp) (w1 (f D) =y (s, 7. p, Y) (B, 1 (V).

Now by assumption, @, , is a G-stable distribution, therefore it should be
conjugation-invariant. Then by Schur’s lemma the operator (nv)_s_l/z(dhp, 0)
should act as a scalar c(s). Hence the identity can be further simplified as

C) (@, (T)_ 1 (FI0) =y (5.7, 0. ) (0, 741 (V).
Now we arrive at the equality
O Z(=s =1L [, 0)=y(s, 7,0, ¥)Z(s, f.@).
Using the identity Z(—s — 1, f¥, ") = Z(s, f, ¢), we get
c(s) =y (s, 7, p, ).

In other words, we obtain

(nv)fsfé(q)lf/,i)) = )/(S, T, P, W)Id,

which is equivalent to the desired relation

[
n(q)lﬂ,p,S):V(_s_E,nv, ,O,W)Id I:,

Now we restrict our representation 7 to be a spherical representation.
By the definition of y-factor in the spherical case, we know

(1_S’7TV910)

L
)/(5777,/),1#):8(3,”,/3,‘#) L(S - ,0)

Since we assume that v is self-dual, this means that ¢ has level 0. By the compu-
tations in [Godement and Jacquet 1972] we know that (s, 7, p, ¥) = 1 when p is
the standard representation of GL(n). In order to be consistent with the functoriality
for general p, which means that (s, w, p, ¥) = (s, p(7), ¥), where p () is the
functorial lifting of = along p, we can just let (s, w, p, ¥) = 1 for general p
whenever ¢ is of level 0.
Therefore y (s, 7, p, ¥) can be simplified as
L(—s,7Y,p)
y(s, o, )= L(s—Jr,o)

If we assume that the spherical representation = has Satake parameter ¢ € /T\/ W,
then 77V has Satake parameter ¢! € f/ W. For convenience, we write 7, to mean
that the spherical representation has Satake parameter ¢ € ?/ w.
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Using the definition of the unramified L-factor, we find that
L(s, 7, p) = det(1 —p(c)g )",
L —s,7", p) =det(1—p(cg'™)7".

On the other hand, we know that

det(1 — p(c™NHg' ™) =det(1 — p”(c)g' ™),

where p" is the contragredient of p.
It follows that y (s, 7, p, V) can be further simplified to be

L(l—s,m, pY)
L(s,m, p)

Now by previous discussion, we know that

y(s,m p,¥) =

)
7@y =y(=s = 5.7 0. v )

Using the inverse Satake isomorphism, we get the spherical component of the

C . K
distribution @y, , 5, which we denote by ®,, | .,

_ l
cbiyp,sz 1(7/(_*9_5’77\/? P, W))

1

—1 / \VAESRVY] —1

= L(l—l— + -, , )) .
S ( S+ TP *S (L( P % V,p))

Since L(l +s5+ %, TV, pv) =L(l+s+ é, T, (pv)v) = L(l + 54+ %, 7, ,0), and
L(—s — é, v, p) = L(—s — %, 7, ,ov), we get

of . =5 (L(14+s+L 7 0)) x5 1,
]//”07S 2’ ’ L(_S_jvnv p\/)

1
_ -1
R Gy

Remark 2.4.5. We notice that for a fixed s € C, as a function in the Satake parameter
ceT/W,

1 B 1

L(—s— % 7, pV) B L(—s— % e, pV)

lies in C[f/ W1, therefore

st 1,
L(—s — 3,7, pV)

lies in H(G, K). We also notice that the spectral property of <I>§, p.s 18 really
determined by the basic function 1, ;. On the other hand, we find that when writing



450 ZHILIN LUO

the function fb{,i p as expansion via basis {1k k }rex, (7). all its coefficients are real
numbers, from which we deduce that the complex conjugate of CD{Z’ > Which we

denote as d>§’ , 18 equal to <I>$ o~ This will be useful for proving Proposition 2.4.8.

By construction, our definition of CDg , does give us the functional equation

Z(l -5, fp(f)v (P) - V(S’Tf, P, 'g/f)Z(S, f’ (p)a f € S,O(Gv K),
where F,(f) = |0|_l_l(d>{;’p x fV).

Proposition 2.4.6. Conjecture 1.2.7 holds, i.e., F, sends the basic function 1, _;/>
to1 0,—1/2-

Proof. By definition
Foll, @) =lo@7 (@, 1) (@) =lo@I ™ @y, + (1))

Applying the Satake isomorphism to the function <I>,’;’ o % (1/{)1 /2, One gets a rational
functionon T/ W,

L(l + %, T, ,0)
L(=5.7.p")
Here we notice that if ¢, is the zonal spherical function of 7, then ¢(g~!) is exactly
the zonal spherical function of 7Y, so we get S( 1;)(0) = L(0, ., p). Hence

S(@K ,# (1) 1)(©) =S@F )(OS(1})1)(e) = S((1)1)(e).

SANPE@=L(=1.7%p) =L(=5.7.0").

Therefore
L(1+45.mp0) (4
[+1 _ K vV _ 207" \%
Sl Fp(1,_) = S@F 5 (1)) = —— 2L (=1 7 0")

_ L(l + é 7, p) =5(1,,,0=50, (lo]*h).
Using the inverse Satake isomorphism, it follows that 7, (1, —;p) =1, —;p. 0
Finally we are going to verify the spherical part of Conjecture 1.2.3.
Proposition 2.4.7. F, preserves the space S, (G, K).

Proof. To show that F,, preserves the space S,(G, K), we only need to show that
for any f € H(G, K), as a rational function on T/ W

S(Fy(1, 1% )
L(=3, 7, p)

lies in C[T/ W].
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By definition,

—I-1, 5K \ —I-1 5K Y \

Folly % ) =lol 7 @F x (1, _ix NV = ol @f e f ey .

Since H(G, K) is commutative, and functions in H(G, K) also commute with 1, g,
we get

OF x fY L= Dy Lo f
As shown in the proof of Proposition 2.4.6, we know that @1’;"0 * IX’_I/Z = 1,142
Therefore we only need to show
o177 A, 1 fY) € 8,(GL KD,
which, after applying the Satake isomorphism, is equivalent to showing that
S, 1% f)C L(l + % 7o, p)a:[’f/ wl.
But this follows from the definition. (]

Proposition 2.4.8. The transform F, extends to a unitary operator on the space
L*(G, K, |o|"dg).

Proof. To show that the transform F, extends to a unitary operator on the space
L?*(G, K, |o|"t'dg), we only need to show

(Fo()s Fo(M)) 126,k o +1dg) = (fs M) 126 Kk o 1 dg)

for all f and & in H(G, K).
Now

(Fo(f)s Folh)) 126,k Jo+1dg) = fG Fp()QF,(h)(9)lo ()| dg

= Fpi1(f) % Fplh) (o),

(fs M) 126,k o )+1dg) = /G f@h(@lo(@)t dg

= hip1 % £ (e).

To show that they are equal to each other, using the Satake isomorphism, it is
enough to show that as a rational function in ¢ € T /W, we have

S(Fpi11(f) % Fo(h) )(e) = S(hisr % fV)(c).

Using the fact that S is an algebra homomorphism, we get

(7) S(Fpi11(f) % Fp(h) ) = S(Fp i1t (FNSF, () ).
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Now
Fou1()(@) = Fo()(®lo ()

=@y % £V (g)

Fo) () =F,()(g ) =lo (@)1 ok «h¥(g™h
= lo (@K x1")"(g)
— o (@) i oK (o).

Plugging the calculations into (7), we get that as a rational function in ¢ € ’7:/ W,
the left-hand side of (7) can be written as

—V

(8) S@y NOSf)S) (c- g~ FS@K Ty g7 ).
Similarly, the right-hand side of (7) can be written as
©) S @S (©) =Sh)(c g~ TNHS(fV) ().

Comparing (8) and (9), we only need to show
—V
S(@) ) )S@K Hc-g7)=1.

First we simplify the term

S@F e g~ ) = S(@F, ().

K

v.p.s» W€ have

Then using the definition of &

L(1+S+%,7TC7 /0)

L(—s — %, T, ,OV) ’

S@f )@ =y(=s =5 @) p. ) =

Letting s = 0, we get that as a rational function in ¢ € 7"\/ W,

L(1+ Lo, p)
S(@y Q) = —— =
V.0 L(—%, ., IO\/)

By Remark 2.4.5, the function <I>$ o is real-valued, which means that d>$’ o= @5’ y
therefore

_\/ ——
SUPE @ =8@K | ) =8@F , gD
_ L=zmlp) _ L(=57ep)
L(5+1,70pY) L(§+ 1,7 0)

=8(@) , )"

It follows that

SFpas1(f)* Fph) )(e) = S(hysr * f7)(©)
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as a rational function in ¢ € T/ W. Using the inverse Satake isomorphism we get
the desired equality

Four1 ()5 Fp(h) =y % £ O

3. Archimedean case

In this section we study asymptotic properties for 1, ¢ and d)l’;’ . When F is an
archimedean field.
First we give the definition of 1, ; and <I>1’§’ o5

Definition 3.0.1. The basic function 1, ; is defined to be the smooth bi- K -invariant
function on G such that

/G 1,5(8)pr(g)dg =L(s, m, p),

where ¢, is the zonal spherical function associated to the spherical representation
mof G,and 1, = 1,0

Definition 3.0.2. The spherical component of the distribution kernel of the p-
Fourier transform kernel ®, , ¢, which we denote by <I>§’ o5 18 defined to be the
smooth bi-K -invariant function on G such that

l
/G cbgqﬂ,s(g)(pn(g) dg = V(_S - 55 n\/’ P, ‘/f>7

where ¢, is the zonal spherical function associated to the spherical representation

K _ oK
7 of G, and Dy o5 = d>w’p|a|s.

By the spherical Plancherel transform, we know that the analytical properties
of 1, and d>$ p.s are completely determined by the corresponding analytical
properties of L(s, w, p) and y (s, 7w, p, V).

3.1. Spherical Plancherel transform. In this section, we review the theory of
the spherical Plancherel transform for any real reductive Lie group belonging to
the Harish-Chandra class as defined in [Gangolli and Varadarajan 1988, Defini-
tion 2.1.1]. In particular, it applies to our situation. The main references are [Anker
1991] and [Gangolli and Varadarajan 1988].

Let g be the Lie algebra of G. We fix the Cartan decomposition g = £®p, where £
is the Lie algebra of K. For any XA € a* where a is the maximal abelian subalgebra
of p, we let 7, be the spherical representation induced from the character

mexp(H)n — M Hoeaq,

of the minimal parabolic subgroup P = M AN. Here A =expa, M is the centralizer
of Ain K, and N is the corresponding unipotent radical.
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We denote the zonal spherical function of m; by @;.

We fix the norm | - | induced by the Killing form on G as in [Anker 1991,
1 Preliminaries].

The elements of U (g) act on C*°(G) as differential operators. Following [Anker
1991, 1 Preliminaries], for any (D, E) € U(g) x U(g) and f € C*(G), x € G,
we can define the left D right E derivative f(D; x; E) of f, which again lies in
C*(G).

We introduce the function spaces S”(K\G/K) and S(a}). Here 0 < p <2is
any real number, and ¢ = % -1

Definition 3.1.1. For 0 < p <2, let S?(K\G/K) be the space of bi-K -invariant
functions f in C*°(K\G/K) such that the norm
_2
o (f) = sup(lx| + 1) go(x) 7| £ (D; x; E)|

xeG
is finite for any D, E € U(g), s € Z™.

Using the natural convolution structure of two bi-K -invariant functions, we
can prove that S”(K\G/K) is a Frechét algebra, where the topology is induced
by the seminorms given by {aé’?gs | D, E € U(g),s € ZT}. Moreover, as men-
tioned in [Anker 1991, Lemma 6], the space CX°(K\G/K) is a dense subspace of
SP(K\G/K).

Now we introduce the space S(aj).

Definition 3.1.2. Let C® be the convex hull generated by W - gpp in a® Let
ay =a*4iC* 5. Then S(a}) consists of complex valued functions 4 on a such that

(i) A is holomorphic in the interior of a,

(ii) & and all its derivatives extend continuously to a?,
e . . +
(iii) for any polynomial function P on a}, t € Z™,

) (h) = sup (11| + 1)’ P(%)h(k)’

r€at

is finite.

Let S(a¥)" be the W-invariant elements in S(a}). We can show that S(a¥)" is
a Frechét algebra, where the algebra structure is given by pointwise multiplication,
and the W-invariant Paley—Wiener functions on ag, denoted by P(aE)W, give a
dense subspace of S(a¥)" after restriction to a.

In particular, when ¢ = 0, S(a*) is the classical Schwartz space on a*.

Definition 3.1.3. Forany f € S?(K\G/K), A € a* let H be the spherical transform
defined by

H)O) = /G F 000 () dx.
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Theorem 3.1.4 [Anker 1991; Gangolli and Varadarajan 1988]. (i) H is a topolog-
ical isomorphism of the Frechét algebra between SP(K\G/K) and S(a})V,
whereO<p§2and8=%—l.

(i1) The inverse transform is given by

' (h)(x) = const / dA e 2h(=1)@s (x).

a*

3.2. Langlands classification for GL,(R): spherical case. Before studying the
analytical properties of L-functions and y-factors, we need to obtain an explicit
formula for L-functions and y -factors. Therefore we review the Langlands classifi-
cations and Langlands correspondence of spherical representations for GL, (R) and
GL, (C). The main reference for this and the next sections is [Knapp 1994]. For
more advanced reference, the reader can consult [Langlands 1989].

The Langlands classification for GL, (R) describes all irreducible admissible
representations of GL,, (R) up to infinitesimal equivalence. Since we only care about
the spherical representations, we only present the classification and correspondence
for spherical representations of GL, (R).

The building block for spherical representations of GL,, (R) is the quasicharacter
a — |alf of GLi(R). Here | - |g denotes the ordinary valuation on R, and ¢ € C.

We have the diagonal torus subgroup

T =GL;(R) x - - - x GL; (R) = (GL; (R))".

For each j with 1 < j < n, let 0; be a quasicharacter of GL(R) of the form
a— |a|§{!§. Then by tensor product, (o, ..., 0,) defines a representation of the
diagonal torus 7, and we extend the representation to the corresponding Borel
subgroup B = T' N, where N is the unipotent radical. We set

[(o1,...,00) =Ind$ (o1, ..., 0,)
using unitary induction.
Theorem 3.2.1 [Knapp 1994, Theorem 1]. For G = GL,(R),
(1) if the parameters t; of (o1, ..., 0,) satisfy
Ret; > Rer, > --- > Ret,,

then I (o4, ..., oy) has a unique irreducible quotient J (o1, ..., 0y,);

(ii) the representations J (o1, ..., 0,) exhaust the spherical representation of G
up to infinitesimal equivalence;

(iii) two such representations J (o1, ..., 0,) and J (o}, ..., O'r/l,) are infinitesimally
equivalent if and only if n' = n and there exists a permutation j (i) of {1, ..., n}
such that o/ = o) for 1 <i <n.
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Next we determine the corresponding Langlands parameters of spherical repre-
sentations, which are given by homomorphisms of the abelianization of the Weil
group, which we denoted by W"‘-\;h = C¥*, into GL,(R). Following [Knapp 1994,
Section 3], the Langlands parameters corresponding to spherical representations of
GL, (R) are given by the direct sum of n one-dimensional representations of C* of
the form

+.0: @@ =lzlp @()=+1

Now let ¢ be an n-dimensional semisimple complex representation of Wg, which
is the direct sum of n quasicharacters of the form (+,¢). For any 1 < j < n,
let ¢; be the corresponding irreducible constituent of ¢. To ¢; we associate a
quasicharacter. In this way, we associate a tuple (o1, ..., 0,) of representations
to ¢. By permutations if necessary, the complex numbers ¢, ..., , satisfy the
assumption of Theorem 3.2.1. Then by Theorem 3.2.1, we can make the association

(10) ¢ = pr(p) =J (01, ..., 00)
and come to the following conclusion.

Theorem 3.2.2 [Knapp 1994, Theorem 2]. The association (10) is a well-defined
bijection between the set of all equivalence classes of n-dimensional semisimple
complex representations of Wr which are the direct sum of n one-dimensional
representations of the form (4, t), and the set of all equivalence classes of spherical
representations of GL,, (R).

If the association ¢ is one-dimensional by (4, ¢), the associated L-function and
e-factor are

s+ t
L(s, @)= n_%f‘c;

). eGmuy=1.
For ¢ reducible, L(s, ¢) and (s, ¢, ¥) are the product of the L-functions and
e(s, @, V) of the one-dimensional factors of ¢.

3.3. Langlands classification for GL,,(C): spherical case. The Langlands classifi-
cation for GL, (C) describes all irreducible admissible representations of GL,, (C) up
to infinitesimal equivalence. Since we only care about the spherical representations,
we only present the classification and correspondence for spherical representations.

The building block for spherical representations of the group GL,(C) is the
quasicharacter a — |a|g: of GL(C). Here | - |c denotes the ordinary valuation on
C given by

zle =2zl =1z, zeC,

and t € C.
We have the diagonal torus subgroup

T =GL;(C) x --- x GL{(C) = (GL(0))".
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For each j with 1 < j < n, let 0; be a quasicharacter of GL(C) of the form
a— |a|g. Then by tensor product, (o, ..., 0,) defines a representation of the
diagonal torus 7, and we extend the representation to the corresponding Borel
subgroup B = T N, where N is the unipotent radical. We then set

I(o1,...,0,) =Ind§ (o1, ..., 0,)
using unitary induction.
Theorem 3.3.1 [Knapp 1994, Theorem 4]. For G = GL,(C),
(i) if the parameters t; of (o1, ..., 0,) satisfy
Ret; >Ret, > --- > Rer,,

then I (o4, ..., oy) has a unique irreducible quotient J (o1, ..., 0y);

(ii) the representations J (o1, ..., 0,) exhaust the spherical representations of G
up to infinitesimal equivalence;

(iii) two such representations J (o1, ..., 0y,) and J (o}, ..., 0,,) are infinitesimally
equivalent if and only if n’ = n and there exists a permutation j (i) of {1, ..., n}
such that o/ = o) for 1 <i <n.

Next we determine the corresponding Langlands parameters of spherical rep-
resentations, which are given by homomorphisms of the Weil group W¢g = C*
into GL,,(C). Following [Knapp 1994, Section 4], the Langlands parameters corre-
sponding to spherical representations of GL, (C) are given by the direct sum of n
one-dimensional representations of C* of the form

0,1):z2€C* > |z, l€Z teC.

Now let ¢ be an n-dimensional semisimple complex representation of W¢, which
is the direct sum of n quasicharacters of the form (0, 7). To ¢; we associate a qua-
sicharacter o; = | - |g of GL(C). In this way, we associate a tuple (oy, ..., 0,) of
representations to ¢. By permutations if necessary, the complex numbers 71, ..., t,
satisfy the assumption of Theorem 3.3.1. Then by Theorem 3.3.1, we can then
make the association

(11) ¢ — pclp) =J(01, ..., 00)
and come to the following conclusion.

Theorem 3.3.2 [Knapp 1994, Theorem 5]. The association (11) is a well-defined
bijection between the set of all equivalence classes of n-dimensional semisimple
complex representations of W¢ which are the direct sum of n one-dimensional
representations and the set of all equivalence classes of spherical representations of

GL,(C).
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If ¢ is given by (0, ¢), the associated L-function and e-factor are
L(s,9) =2Qn) “t'T(s+1),  e@s,my) =L

For ¢ reducible, L(s, ¢) and (s, ¢, ¥) are the product of the L-functions and
e(s, ¢, ¥) of the irreducible constituents of ¢.

3.4. Asymptotic of 1, s and <I>§ pos’ real case. Based on the local Langlands cor-
respondence, we know that in order to study the asymptotic of L-functions, we
need to study the asymptotic of the I function, where

o
F(z)=f x* e dx.
0

Here we recall the following estimation from [Bateman 1953, 1.18(6)], which
can easily be derived from the classical Stirling formula.

Theorem 3.4.1. For fixed x € R,
L e 1
D(x+iy)=~2m|y 2™ y [1+0(m):|, |y| = o0.
y

Then we give a proof for the following estimation for the derivatives of the
I"-function.

Theorem 3.4.2. We have
) F(")(z)
lim — =
|z|—>o0,largz|<m ["(z)(log 2)"
where T (z) is the n-th derivative of T'(z).

Proof. We prove the theorem via induction.
Let D, (z) = '™ (z)/T(z). When n = 1, using the classical Stirling formula, we
have
log['(z) = %(log(%‘r) —log(z)) +z(logz — 1)+ O (%)

for any |z] — o0, | arg z| < . Diving both sides by z log z, we get

logl'(z)
dl>ooargzl<n zlogz

1.

By L’Hopital’s rule, we get
Dy (z)
im —_— =
|z|>o00,|argz|<7 1 4log z

Hence we obtain
Di(z)

|z|—>00,|argz|<m logz

1.

Thus we complete the proof for n = 1.
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By definition, I'(z) D, (z) = '™ (z). Taking the derivative on both sides, we get
r'Y@Dy (@) + DT (2) ="V (2).
From this we can deduce the equality
Dy11(2) = D, (2) + Dy (2) D1(2).

Hence
Dyi1(z)  Dy(2) Dy (z) D1(z)

(logz)"+!  (logz)"*t!' * (logz)"(logz)’

We assume that the limit
Di(z)

im =1, 1<k<n,
2|00, argzl <7 (log z)K

holds. To show the limit formula holds for k = n + 1, we only need to show that

D) (z)
m T <11 —
lzl—>o0,larg zl < (log 7)1+

Now we have the formula
. D, (2)
lim
|z|>o0,largz|<m (log )™

By L’Hopital’s rule, we get

zD) (2)
im — =
|z|—>00,|arg z| <7 n(log Z)nfl
Hence
z(10g2)* D) (z)
lzl>oolargzl<x  n(logz)"t!
and we get
D, (2)
im — =
|z|]—o00,|arg z|<m (IOg Z)n+1
Combining the above results we prove the theorem. U

Next we come to describe an explicit formula for L(s, m;, p).
By definition, m;, is induced from the character

mexp(H)n — e

If we assume A = (A, ..., Ay) € a¥, where m is 1 plus the semisimple rank of G,
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then its associated Langlands parameter is of the form
o]

1]
te Wi =R* —

|t|i)»m

Assume that p has weights @, @», ..., @w,, where n = dim(V,). Then the
associated parameter for p (7, ), which is the functorial lifting image of 7, along p, is

|t|iw1()~)
|t|iwz()»)

|¢]iEn )

where @ (1) = >, n,{)»k, ng € Z>o.
In the following, we need to use Lemma 3.4.3, on the representation p:

Lemma 3.4.3. We have the inequality
n m
(12) Dol =Co ) Il forallx=(xi, ... xn) € a*
k=1 =1

for some constant C,, > 0.

Proof. The basic ingredient that we use is the fact that the representation p is
faithful.

We restrict p to the split torus (C*)™ of “G. Up to conjugation, we can view p
as an injective homomorphism from (C*)™ to (C*)", where n = dim(V,,). Passing
to the Lie algebra, we get an injective homomorphism from (C)” to (C)", which is
given by the direct sum of the @wy, 1 < k < n. Here each @y can be viewed as a
character of (C)™.

We notice that the inequality (12) is invariant by scaling, and holds identically
when x = (x1, ..., x;,) = 0. Therefore in order to obtain the bound C,, we can
assume that Z;"zl |x;| = 1. In this case, the function f(x),

f) =)o@, Y lxl=1,
k=1 t=1

is continuous. Using the fact that the equality > ;- |x;| = I defines a compact set
in (C)™, we notice that there exists x € (C)™ with the property Z’t":l |x;| =1, such
that f(x) is maximal. We let C,, be the maximum.

Now if C,, is equal to 0, this means that @y (x) =0 for all 1 <k <n. In particular,
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it means that the morphism p is not injective when restricted to the Lie algebra (C)™,
which is a contradiction.
It follows that C, > 0. This completes the proof. ([

Now we are going to state our result on an asymptotic of 1, ;.

Theorem 3.4.4. If Re(s) satisfies the inequality
Re(s) > max{mwy(n) | 1 <k <n,u e CP},

then 1, s belongs to SP(K\G/K). Here ¢ = % -1, 0< p <2, and {wy}]_, are
the weights of the representation p : G — GL(V)).

Proof. By definition

Lo = [T (5 (D)

When Re(s) is sufficiently large, we want to show that the function L(s, my, p),
as a function of A, lies in the space S (a*)W The W-invariance of the function
follows from the fact that m,,;, = m; for any w € W. Therefore we only need to

show the following seminorm for L(s, m, p)

T LGs,m,0) = sup(12] + 1 P () LG, 7, p)

A€aX

is finite if Re(s) is bigger than max{w; () | 1 <k <n, u € C®#}. The reason that
we need this bound is to prevent touching the possible poles of L(s, ., p).
Now we are going to estimate

sup(|)»|+1)P( )[H” (=32) (_Hizzvk(k‘))]'

A€aX

The term . 5 _(Hl_?(k))
Goe 2

is dominated by I,
ST1]
Cy (] + Do~ ()

for some a > 0 and constant C; > 0.
For the term P(i>r<s+iwk()‘))
oA 2 ’
using Theorem 3.4.2 for the estimation on the derivative of I"(z), it is dominated by
s+ i (A
Cr(A] + 1)br<+())

for some b > 0 and some constant C, > 0. Here we use the fact that log(z) is
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dominated by C(|z| + 1) for some constant C if Re(z) is bigger than max{wy (1) |
1 <k<n, ueCers},
Hence we only need to show that the following term is bounded:

M)F(s—l—iwk(x))

sup(|k|+1)tl_[n 5

A€a

When A € a} = a* + iC*, the real part of (s + iwx(1))/2 is bounded and

lies in a compact set, so the function 7 ~(¢+®@x*)/2) i always bounded. Using
Theorem 3.4.1 for the estimation for I'(x 4 iy) for x € R fixed, we have

x+lZZ27k()\))F<S + zwk(k))

NESHE
sup (| |+>]‘[n >

AEa
< sup C(|A| + 1) (v2m)"

heor Re(s) = (7)1
ﬁ [ ‘ Im(s) + () [ T Re®) i) }

k=1 2
for some constant C > 0. Here we write A = x + iy with x € a¥, y € C*”.
Now we know that s € C is fixed, and y lies in C®’, which is a compact set. The
term @y (1) is also dominated by a polynomial function in |A| 4 1. Therefore up to
a constant and a polynomial in (|A| + 1), we only need to evaluate the term

" s k(xnn
sup(Ix]+ 1) [ ] e

xea* k=1

By Lemma 3.4.3, it is bounded by

CpIXklﬂ

sup(|x|+1)f]_[e :

xea*

which is bounded by a constant. This proves the theorem. U

Remark 3.4.5. As mentioned in [Getz 2018], by [Finis and Lapid 2011; 2016; Finis
et al. 2011], the Arthur—Selberg trace formula is valid for functions in S”(K\G/K)
whenever 0 < p < 1. Therefore our result gives an explicit bound of the parameter s
when the basic function 1, ; can be plugged into the Arthur-Selberg trace formula.

We can also prove an asymptotic for <I>K ;- By definition, the spherical compo-
nent of <I>§ s is determined via the 1dent1ty
L(l4s+5, 7, p)
L(—s—4.7v,p)

H(CIJW o) =
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Here we notice that if 7 has Langlands parameter

jr|
t |[|iA2
ﬁ 9
|t|ikm
then 7 has Langlands parameter
]~
|72
r—
|t|_i)\/)1

We first simplify the expression for the y-factor by the functional equation
of I'(2).

Lemma 3.4.6. The formula

0%, = (145 m0) (25 Lor)

can be simplified to be

n

H[n—(é+s+é+iwk(k))r(l +s+Li+ iwk()»))
2

1 < (2+s+§+iwk(x))> (2+s+%+iwk(k))]
. —sin| 7 r .
T 2 2

Proof. Using the definition of the L-function, we have

k=1

_1(1 [T 1+s+5+ime ()
L(i4s+5,mp)  [limz(resio I (He)

l . Ly
L(—S -3 TV, ,0) ]_[":1 n%(ﬁ"ﬁ‘%‘%llﬂk(l))r(_ H‘z"';wk()‘))

k

<1+s+§+iwk(x))

— ﬁ =G las+i+im)) 2 .
Pl F(_s+§+;'wk(x))
Using the functional equation for I'(z),
Fard-2= sin(z)’
we obtain
1 :lsin(n<2+s+é+iwk(k)>)r(2+s+%+iwk(k)>.
2 2

F(_s+§+iwk(,\)) T
2
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It follows that
<1+s+§+iwk(x)>

n
1_[7.[—(%+s+é+iwk()»)) ]2
s+5+iwp (L)
()
n l .
_ H[n(£+s+é+z’wk<x>)p<1 Tstat ’w"(’\))
2
k=1
1 245+ L +im(n 245+ L +im(n
(TR ()] o
T

We write A = x +iy with x € a* and y € C#°8, and we notice that the function

1 < (2+S+é+iw'k()»)>)
— S| 7
b4 2

is a Paley—Wiener function in A, and hence lies in S(a}) as the space S(a}) contains
all the Paley—Wiener functions. The function 7 ~(1/2+5+/2+im(1) s bounded. Then
combining with Theorem 3.4.4 and the fact that S(a}) is a Fréchet algebra, we
know that if Re(s +1+ é) is bigger than max{wmy () | 1 <k <n, u € C*’2} and
Re(s +2 + £) is bigger than max{wy () | 1 < k < n, u € C*#}, the function
’H(Cbg’p’s) lies in S(a}). Using the fact that 7, = m,, for w € W, we know
that H(®J | ) lies in S(af)".

In other words, we have proved the following asymptotic for ®

K
V,0,8°

Theorem 3.4.7. If Re(s) satisfies the inequality
Re(s) > 1 — & +max{my(u) | 1 <k <n, jre C¥%),

then the function <I>{;’p’s lies in SP(K\G/K).

We can also show that the Fourier transform F,, preserves 1, ;2. The proof is
just the same as for the p-adic case by verifying that they have the same image
under spherical Plancherel transform.

Remark 3.4.8. We make a remark on the function space S, (G, K). In [Godement
and Jacquet 1972], the authors defined the space Syq(G) to be the derivatives of the
basic function 144, which is not the restriction of the classical Schwartz functions
on M,, to G. Using the classical theory of Fourier transform, one can show that
Sxd(G) is fixed by Fyq. Moreover, using Casselman’s subrepresentation theorem
[Casselman and Milici¢ 1982], one can show that the function space Syq(G) is
enough to obtain the standard L-factors.

Let C[g] be the polynomial ring on g and let U (g) be the universal enveloping
algebra of g. Since Syq(G) is invariant under multiplication by C[g] and U (g),
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the function space Syq(G) is a Weyl algebra module, which means that the space
Sstd(G) has a nice algebraic structure. It seems that Sgq(G) defined in [Godement
and Jacquet 1972] does not carry any natural topological structure. In general, we
might hope that our function space S,(G) carries natural topological structure like
the Fréchet topology on classical Schwartz space.

On the other hand, one may ask why we do not set up our space S, (G, K) to be
just1, ;2% CZ(G, K) as in p-adic case. Here we notice that the L-factor cannot
be written as the fraction of two functions in the Paley—Wiener space P(aé), since
the function I'(z) satisfies the limit

. I'(z)
lim

lz|—>00,| arg z|] <7 eZ10g2

In other words, the function space L(—%, ), p)P(a(’E) does not contain P(ag) as
a proper subspace. We can define S, (G, K) to be the space of functions generated
additively by 1, _;», C°(G, K) and F,(C(G, K)). Then S,(G, K) naturally
contains 1, /> and is fixed by F,, but the algebraic and topological structure is
not as clear as in the p-adic case.

3.5. Asymptotic of 1, ; and <I>K Vopos : complex case. Following the proof in the real
case, we describe an explicit formula for L(s, my, p).
By definition, m;, is induced from the character

mexp(H)n — e

If we assume A = (A, ..., Ay) € a¥, where m is 1 plus the semisimple rank of G,
then its associated Langlands parameter is of the form

irg

1] e
~ 21" _ £l
teWe=C" — . = C
ti)\m M
|] Bk
Assume that p has weights @, >, ..., @,, where n = dim(V,). Then the

associated parameter for p (i), which is the functorial lifting image of r; along p,
is
iw) (%)

Itle

iwy (1)

r— L

imp (M)

It

where w ()») = kazl n,{kk, nig € ZZO’
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Now we are going to state our result on an asymptotic of 1, ;.

Theorem 3.5.1. IfRe(s) satisfies the inequality
Re(s) > max{wkT(M) |[1<k<n,puce Cng},

then 1, s belongs to SP(K\G/K). Here ¢ = % —1, 0 < p <2, and {w;};_, are
the weights of the representation p : *'G — GL(V)).

Proof. By definition

2s+iwi(d) 2 ] A
LG, m,m—]_[z(zn) e ]

When Re(s) is sufficiently large, we want to show that the function L(s, my, p),
as a function of A, lies in the space S (aj)W. The W-invariance of the function
follows from the fact that 7, = m; for any w € W. Therefore we only need to
show the seminorm for L (s, m), p),

e (L(s, m2, 1)) = sup (1] + 1) P( )L(s T p).

Aca¥

is finite if Re(s) is bigger than max{%wk(,u) |1 <k<n,ue(Cts }
Now we are going to estimate

sup<|x|+1)P( )[]_[(2 (BHZE) (—25+i;”‘(k))].

Aeat

The estimation is almost the same as the real case.

The term
(29+twk(k))
( )(271) B

is dominated by
25+ \)
i) + 12y~ ()

for some a > 0 and constant C; > 0.

For the term 5 »
P S + iy
F (ﬁ) g < 2 ) ’
using Theorem 3.4.2 for the estimation on the derivative of I"(z), it is dominated by

.
Co(IA] + 1)br(H+”‘(’\)>

for some b > 0 and some constant C, > 0. Here we use the fact that log(z) is
dominated by C(|z| + 1) for some constant C if Re(z) is bigger than max{ Z) |
l<k<n, peces}



BRAVERMAN-KAZHDAN PROPOSAL FOR LOCAL FACTORS: SPHERICAL CASE 467

Hence we only need to show that the following term is bounded:

sup(l)»l—l—l)tl_[(Zn) 28+lmm) (—2s—|—i2wk()\)>'

A€ak

When A € a} = a* +iC*”, the real part of (25 + i@y (1))/2 is bounded and
lies in a compact set, so the function (277)~ >+ @xM)/2 i5 always bounded. Using
Theorem 3.4.1 for the estimation for I'(x 4 iy) for x € R fixed, we have

sup ([A| + 1)’ ]_[(271)

A€at

(2etiguo) | (2S+iZD'k()‘-))
2

< sup C(|A] + 1) (V27)"

rea¥

l—[ U 2Im(s) + @y (x)

2Re(s)— ka(y) I ow(y) _ 2Re(s) _ [2Im(s)+mp (x)|m
2 2 4
2 }

k=1

for some constant C > 0. Here we write A = x + iy with x € a¥, y € C*”.

Now we know that s € C is fixed, and y lies in C®", which is a compact set. The
term @y ()) is also dominated by a polynomial function in |A| 4+ 1. Therefore up to
a constant and a polynomial in (|A| + 1), we only need to evaluate the term

IZUk(X)Iﬂ

sup (x| + 1)’ H

xea* k=1
By Lemma 3.4.3, it is bounded by

|xk|7T

sup(|x|+1)t1—[e = ,

xea* k=1
which is bounded by a constant. This proves the theorem. (]

We can also prove an asymptotic for @w o.s- By definition, the spherical compo-

nent of <I>{§ o5 is determined via the identity

L(1+s+14 7 p)

L( s—%,nv ,0).

H(@I’;,p,_v) =

Here we notice that if 7 has Langlands parameter

|t|i)q
1]

|t |i)tm
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then ¥ has Langlands parameter

|t|—i)\,]
|72

|t|—ikm

We first simplify the expression for the y-factor.

Lemma 3.5.2. The formula H(Cbg,p,s) = (L(l—i—s—i—%,rr, p))/(L(—s—é,nv, ,0))
can be simplified to be

n

i .
H[n—(;+2s+§+iwk(/\))r(1 +25+5+ ’wk()‘))

2
- 2425+ 4 +im (L) 2425+ 5 +imp(h)
— s\ @ 5 r 5 .

Proof. Using the definition of the L-function, we have

k=1

—(142s+ Lt +ime () /2 1425+ L img (0
L+s+imp) Tl (1254 5im )/ F(+)

L(=s=5.7%p0) [t nCstitiont)) F(_2s+%+2im<k>>

k=

(1+2s+é+iwk(x)>

n
— l‘[n—(%+2s+§+im(k)) 12 )
2s+5+iwr (L)
(—me)
Using the functional equation for I'(z),
F@Qrd—z) = ,
sin(mz)
we get
1 _ L (2425w () \ | (2425 + 5 im()
F(— 2s+§+iwk(,\)> s 2 2 '
2
It follows that
1_[ g~ (GH2s+5tim) 12
plie F(— 2s+§+2iwk(k))
n 1 .
— 1_[ |:7T—(§+2x+§+im(x))r < T+2s+ 52"‘ lwk()»))

k=1

2425+ L +im(h 2425+ L +im(h
.%sin(n( + S+22+lwk( )))F( + s+22+ZWk( )>:| O
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We write A = x +iy with x € a* and y € C*°8, and we notice that the function

1 . 2+2s—|—%+iwk(k)
— sin
b4 & 2

is a Paley—Wiener function in A, and therefore it lies in S(a}). The function
g~ (1/2425+1/2+i@ M) is bounded. Then combining with Theorem 3.5.1 and the
fact that S(a}) is a Fréchet algebra, we know that if Re (2s +1+ é) is bigger than
max{wy () |1 <k <n, pe C} and Re(2s +2 + L) is bigger than max{wy (1) |
1<k <n, ue C*38}, the function H(Cbgw) lies in S(a}). Using the fact that 77, =
7Ty for w € W, we know that 7'[(@{;”0,5) lies in S(a})".

In other words, we have proved the following asymptotic for ®

K .
V.p,8°

Theorem 3.5.3. If Re(s) satisfies the inequality

Re(s) > —%—£+max{wkT(M) |1 fkfn,MeCSpB},

then the function CDg’pJ lies in SP(K\G/K).
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